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Timoshenko Systems with Indefinite Damping*

Jaime E. Munoz Rivera and Reinhard Racke

Abstract: We consider the Timoshenko system in a bounded domain (0, L) C R!. The system
has an indefinite damping mechanism, i.e. with a damping function a = a(z) possibly changing
sign, present only in the equation for the rotation angle. We shall prove that the system is still
exponentially stable under the same conditions as in the positive constant damping case, and
provided @ = fOL a(z) dr > 0 and ||la — @|f2 < ¢, for € small enough. The decay rate will be
described explicitly.

In the arguments, we shall also give a new proof of exponential stability for the constant
case a = a. Moreover, we give a precise description of the decay rate and demonstrate that
the system has the spectrum determined growth (SDG) property, i.e. the type of the induced

semigroup coincides with the spectral bound for its generator.

1 Introduction

Here we will consider the system

prgw — k(pe + ). =0 in (0,00) x (0, L), (1.1)

P2t — by + k(pr + ) +a(x)y =0  in (0,00) x (0, L), (1.2)

with positive constants p1, k, p2, b, 7, p3, k together with initial conditions
©(0,:) =¢o, ©i(0,)) =1, ¥(0,)) =0, ¥(0,) =11, 0(0,-) =0 in (0,L)(1.3)
and boundary conditions

p(t,0) = ¢(t, L) = 1(t,0) = ¢u(t, L) = 0 in (0, 00). (1.4)

It models the transverse displacement ¢ of a beam with reference configuration (0, L) C R}
and the rotation angle ¢ of a filament. The well-posedness of (1.1)—(1.4) is standard, cp.
[20].

YAMS subject classification: 35 B 40, 74 H 40, 47 D 06
9Keywords: Timoshenko system, exponential stability, spectrum determined growth property, indefi-

nite damping
*Supported by a CNPq grant.



There is a damping mechanism present (only) in one equation, (1.2), given by a(z)iy,
where a € L*((0, L)) may change sign, but will satisfy

=~ \

/L x)dx > 0. (1.5)

For strictly positive a it was shown by Soufyane [20] that the system is exponentially

stable if and only if
pr_ P2

E b
holds!. That is under this condition the damping in only one equation is strong enough
for the exponential decay of the associated energy

(1.6)

N | —

L
/plsoﬁ/wt + b2 + Kl + )7 (¢ 2)da
0
= Et o

)

(mostly dropping (¢, z) in the sequel). In the author’s paper [1] the damping av); could be
t

replaced by a memory term [ g(t — s)1,,ds, and in [14] by a coupling to a heat equation,
0

see also [15] for nonlinear systems.
Already for the wave equation

Uy — Uz + a(x)uy = 0,

with Dirichlet boundary conditions, it is a subtle issue to see whether an indefinite damp-
ing with the function a just satisfying (1.5) still leads to exponential stability, and which
additional conditions have to be added, respectively. The non-dissipative case with indef-
inite a seems to have been posed first by Chen, Fulling, Narcovich and Sun [3] where it
was conjectured that the energy

L
/ u? 4+ ul)(t, r)dx
0
decays exponentially if
L
Jy>0Vn=1,2,...: /a(a:) sin?(nrx/L)dx > v
0

holds. Later Freitas [6] found that the latter condition on the moments is not sufficient
to guarantee exponential stability when ||a|| .~ is large, but replacing a by ca, Freitas and

n [12] it was pointed out that this conditions for real materials never holds, but the analysis gives
inside for various problems.



Zuazua [8] proved that when a is of bounded variation and the condition on the moments
holds, then there is ¢* = €*(a) such that for all ¢ € (0,e*) the energy decays indeed
exponentially. This result was extended to a differential equation of the type

U — Uge + €a(x)uy + b(z)u =0 (1.7)

by Benaddi and Rao [2]. K. Liu, Z. Liu and Rao [10] gave an abstract treatment of these
results under certain conditions on the abstract damping operator. An extension to higher
space dimensions was presented by Liu, Rao and Zhang [11], for unbounded domains see

-----

In [16] the authors could show that is sufficient to require just
|la —al|zz  small enough. (1.8)

There it was also shown the there are certain pairs (a, L) with possibly negative moments
L
[ a(x)sin?(nwa/L)dr but still leading to exponential decay. An extension to the type of
0

equation (1.7) was given by Menz [13].

Fo the Timoshenko system under consideration, we shall demonstrate that the condi-
tions (1.5)—(1.8) are sufficient to yield exponential stability.

Moreover, we shall precisely describe the best rate of decay dy for the energy in the
estimate

Jdy>03Cy>0Vt>0: E(t) < CoE(0)e b, (1.9)

for the constant coefficient case a = @. This is related the result to be proved here that
the system has the so-called spectrum determined growth property (SDG property); that
is, after having reformulated the system as a first-order system (see Section 2) V; = AV.
with a Cy-semigroup generator A in an appropriate Hilbert space, we shall prove that the
type of the semigroup, the growth abscissa wy(A), equals the spectral bound w,(A),

wolA) = w,(A). (1.10)

Here, in general, the type of a Cy-semigroup generator G is defined as

Gt” '

. Inlle
wo(G) = i = =l =

In ||

(1.11)

and the spectral bound is given as the least upper bound for the real parts of the values
in the spectrum o(G) of G,

ws(G) =sup{ReX | A € 0(G)}. (1.12)

For a discussion of the SDG property see the work of Priiss [18], Huang [9] and Renardy
[19]. We shall prove the SDG property for our system using a characterization given by
Priiss [18] or Huang [9], saying

wo(G) =inf{w €R|IM =M(w) VAReA>w: [[(A=G)7 Y| < M}. (1.13)

3



To prove our results for A, we shall regard it as a perturbation of A, where A , as above,
represents the same system but with a(z) being replaced by a (the) constant @ > 0. This
corresponds to a previously discussed constant damping in one equation, cp. [20, 15].
Here it will be demonstrated that it yields exponential stability — first another proof of
this known result using (1.13), but second and additionally showing that

wolA) = w,(A) (1.14)

holds, and in determining w,(A) explicitly. An explicit representation of the inverse
(A — A)~! and a sophisticated analysis of ||[(A — A)~!|| will yield the result. Then a fixed
point argument for A, where (1.8) will describe the contraction precisely, will be used.
We remark that a stronger requirement of the smallness of ||a|| ~ as discussed for
wave equations by other authors, see [8, 2, 11] could be treated in an even easier way for
our system too.
Summarizing, our new contributions are, assuming (1.6),

e to show that in the positive constant damping case, the system has the SDG prop-
erty, and to give for this situation a precise computation of the rate of decay (and
the type of the semigroup),

e to show that also for the case of possibly indefinite damping, the system is still
exponentially stable, for small ||a — @|| 2.

The paper is organized as follows. In Section 2 we shall formulate the semigroup setting,
in Section 3 we discuss the constant coefficient case yielding the SDG property there, and
in Section 4 we finish the discussion of the original indefinite problem obtaining the result
on exponential stability.

2 The semigroup setting

We rewrite the initial-boundary value problem (1.1)—(1.4) as a first-order system for V' :=
(¢, @1, 1, 1), where the prime is used to denote the transpose. Then V' satisfies

V= AV,  V(t=0)=1, (2.1)

where Vj := (@0, ¢1, %0, %1) and A is the (formal) differential operator

0 1 0 0

k/p132 0 k/plax 0
_ P 2.2
A 0 0 0 1 (22)

—k/p20; 0 b/p202 —k/pa —a/py

Let
H = HY((0, L)) x L*((0, L)) x H"((0, L)) x L*((0, L))

4



be the Hilbert space with norm given by
VIE = li(e", ¢! ) I
= pull @2 + Ollallie + Kllén + ¥ IZe + pallv®|l7e.
Then A, formally given in (2.2), with domain
D(A) = {VeH]|¢ €H0,L), ¢ € Hy((0,L)), &' € H*((0,L)),
vy € Hy((0, L)), ¥* € L*((0,L))},

generates a semigroup {e},~o. We observe that for a solution (¢,%) to (1.2)-(1.4), and
the corresponding V', the norm ||V (¢)]|3, equals twice the energy E(t) of (p,1) defined by

Bt) = »

DO |

L
[l + palthl? + bleal? + Kl + 01, 7). (23)
0

Replacing the function a = a(x) in (1.2) by the constant @, we write A for the arising
constant coefficient operator instead of A. We shall first give in the next section a precise
description of the spectrum of A, and we show that the SDG property holds for A.

3 The constant coefficient case

Since it is not difficult to see that the inverse of the operator A is compact, we have to
determine the eigenvalues of A in a way that allows us to determine w,(A) and to estimate
the resolvent operators uniformly. Therefore, let

(A=W =0
with A € ¢\ {0} and W € D(A). Then W = (¢, Ap, 1, M), and (¢, 1) satisfy

PN —k(op +9), =0 in (0,L), (3.1)

PN — by + k(pp +10) +aNp =0 in (0, L), (3.2)
together with the boundary conditions
©(0) = (L) = ¢.(0) = (L) = 0. (3.3)

Observing the boundary conditions, we can reduce the system for (, 1) to a single one
for ¢ by differentiating (3.1) and using (3.2), yielding

bk Punze — [(kp2 + bp1) A% + kG 0ue + (p2 A2 + TN + k)p1 N2 = 0, (3.4)

p(0) = (L) = ¢22(0) = ¢ua(L) = 0. (3.5)

5



For (3.4), (3.5), we have a complete orthonormal system of eigenfunctions: ¢;(z) =
\/%sin(ejm) with 6; := (jm)/L. Then A = \; has to satisfy

P(X,0;) = pipoX* + api A + [(kpa + bp1)65 + kpi) A + kabi A + bkg; = 0.

Dividing by p1p2A? we find
a kb
Nt I [+ D)+ )+ —— 2+ p— 0.
P2 P1 P2

Rearranging terms we get

bk 41 kb k. a (k71
N+ —0i=+ +92++{J+A}:0 3.6
p1pz 7 A2 [(,01 P2) ! P2] p2 | p1 A (3.6)
Now assuming and using the identity (1.6), and defining
k62 1
= —L_ 4+ ) 3.7
S\ (3.7)
we obtain from (3.6)
a k
Pt Syt — =0 (3.8)
P2 P2
This implies
a a?  k
= =3, | — - —. 3.9
Y=Yz 2 12 o (3.9)
Multiplying (3.7) by A we get
T
A=y + — =0, (3.10)
P1
implying
Yy Y2 k’@?
A==+, |5 - —. 3.11
5 T (3.11)
Therefore the following set
2 ko? a @k '
B={4y L 2,2 |2 =2 jen (3.12)
2 4 p1 2p2 4p3  pa L

is the candidate for the (point) spectrum of A. For \; € B, a possible eigenfunction W
has the form W; = const.(v;, A\j@;j, 1;, A\j1;)', where 1; is determined from (3.1), (3.2) as

= = t.
77[}] '(/}J ($) cons k(p2)\§ Iy a)\j)

cos(6;x),

provided
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The validity of (3.13) can be seen as follows.
Observing (3.8), (3.13) and

A=A, r=1,2,3,4

with
)\1;2:@:;: yj_@’ )\3?74:%:}: y—%—k—ejz

3.14
J 2 4 p 2 4 m (3.14)

we have to show
A} # ym forr=1,2,3,4 and m = 1,2

Let w.lo.g. m = 1. Then, by (3.8), (3.13) we immediately have A} # y1, A} # y1. The
assumption A} = y; is equivalent to

e
Y2 Y J
— - - — = 3.15
9 + 1 (1 (3.15)

We can exclude the case that @* = 4pyk, because this would imply that A} = A3 =y, a
contradiction. For the case that @®> > 4p,k we conclude

T
0>y >p> 24, |20y
2 4 P1

again a contradiction (,/7-- being imaginary is impossible too).
In the last case that a2 < 4p,k, we conclude

implying, after taking squares and comparing the imaginary part,

8a\/4pk —a% =0,

or 4pok = @?, again a contradiction.
Altogether we proved (3.13) and hence

Theorem 3.1 Assume (1.6). Then

k02 a @k '
7J|y:_i:|: i_i’ QjZJI,jGN

o(A) =
( ) P1 202 40% P2 L

N =<

2
LY
4

Next we determine w,(A) explicitly.
Case I: @ > 4psk.
This implies
yip €ER, 0>y > 1o
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hence

2 kgz
max max Re)\;—Re{yl+ LIR G
JEN r=1,2,34 2 4 1
2
—a + \/a? — 4psk —a +y/a? — 4psk k2
= + Re — 5 <0 (3.16)
4p2 8,02 plL
Case II: @ < 4pok.
Then
—a £ iy/4pok — @? ,
Y12 = 2p2 = ¢1 + M/}Q, @bj € R. (317)
k62
Let & = i then
yi .
Z—fj:a—l—zﬁ, a,ER, a>0
with ) )
Q-3 = % ;¢2 —&, 200 = ¢12¢2
implying
wQ _ ¢2 w2 _ ¢2
ot — (4 . 2 —§,~)a2— 116 L_o,
that is
L (v} -3 I T R
=, = (—=¢& - — & 1
observing
a? — (4pok — a?) a® (4p.k —a@?
2 _y2_9% (4p2 242 _ % 2
¢1 2 4p% ) ¢1 2 4p% 4p%
we conclude form (3.14), (3.17) and (3.18)
a dy — € di — &\’
r_ % 1755 1765)
max Re); = 50 + 5 + ( 5 ) + dy (3.19)
where 2y 2
Y12 . F1¥2
dy : 1 dy : TR
Since x — f(x) = le_”" + (le_“‘)Q + dy takes for x > & = ;L; its Maximum in &;,
we have from (3.19)
max max Rel] = .
jJEN r=1,2,3,4 29
2
1 a dpok —a*  km? o, G (4pok — @)
- l=—] - — ———=<0. (320
2 ((2/)2) 4p3 niz) N\ TR g (3.20)

=z



Summarizing the cases I, IT we conclude from (3.16), (3.20)
Theorem 3.2 Assume (1.6). Then

0> w,(A) = max max Re\’
jEN r=1,2,3,4 J

given in (3.16) if @* > 4pok, and given in (8.20) if @* < 4psk, respectively.

Finally, we shall investigate ||(A—A)~!|| for ReA > w, and demonstrate the SDG property.

Let A € C, ReA > w, + ¢ for some € > 0. The equation
AN-—AW=F
implies W = (p, \p — F', 1, \p — F3) and (¢,4) solve
PN — k(ps +¥)e = i

P2 A2 — by + k(g + ) + AN = fo,
©(0) = (L) = 15(0) = (L) = 0,

where
fri= 1P+ p A, fy o= poFY 4 ppAF? al™.

The boundary conditions admit the expansions

Pa) = D 9V, e =D hjwje)
j=1 Jj=1

vj(@) = ﬁ sin(0;2),  w;(x) = ﬁ cos(f;x), ;= J;j

Then we obtain from (3.21), (3.22), (3.25) the relations

where

(pl)\Z + k@?)g] + kejhj = ij,

kO;g; + (p2X* + b0 +aX + k)h; = fa,

where (f;); and (f2;); denote the Fourier coefficients of f; and f,, respectively.

We compute
_ fljj(pg/\Z + a\ + b932 + k?) — f2,j ]{30]

pLp2 X2 (y? + Ly + )
B — —kiejij + f27]‘(€1)\2 + k@?)
pLo2 (Y2 + Ty + o)

where we used the transformation as in (3.5) — (3.7).

g; 5

I

We have to estimate
L L L L
[eew)Pdy, [ DewPdy. 1)l [ Ixo()Pdy.
0 0 0 0

9
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(3.27)
(3.28)

(3.29)

(3.30)

(3.31)



in terms of || F||%.

Rewriting
f1i(p2A? + 067) J1;@\+ k) — fa; kO,

g — - _ (3.32)
T ppe Xy + Byt p%) P12 (Y + -y + ,TIZ)
we hence first prove a bound for
_ 07 |p2 A’ —|:b9j2|2
012 X2 (y2 + 2y + )2
which is uniform in j and A, for ReA > w, + €.
Observing (3.7) and the essential condition (1.6) again, we obtain
paA? + b@? = P2y (3.33)
we have
T= oy
P (Y2 + Ty + )2
and since, by (3.7),
k6?
Y 41
A pl/\2
implying
62 Y
== -1 3.34
p1A% kA (3:34)
we have
Y Y I +1 (3.35)
I< = = =1 + 2 .
— a k a k
k-)\(y2+p*2+pf2)2 y2+p*2+p*2

without loss of generality we assume |A\| > 1. There is Ry > 0 such that for |y| > Ry we

know

y3

“ <1 (3.36)
(y2 + T ;’2)2

while in the compact set {y | (y) < Ry} the quadratic polynomial in y in the nominator
does not have a zero since Re\ > w, + €. Therefore there is a positive ¢ = ¢(g) such that

for (y) < Ry we have

yS

2 a k
W+ +0)

< A(e). (3.37)

Thus we can estimate I, and similarly /5, uniformly to obtain

I<c*(e). (3.38)

10



The remaining terms in the representation of g; in (3.32) are now estimated as follows.

02|la + k|?
I = 2J 2 . @ | k\2
(P12 A (Y + - + 2
a |’ o) 1 N k
w3 R e g g
a |’y N 1 L1 1 L
el ALl R R e AP
< const. (3‘39)
where we used (3.34).
62
I := j < < (3.40)

012N (y2 + Sy + )2 T |

¢ denoting as usual a positive constant that may vary from line to line, similarly c(e).
The estimates (3.38) — (3.40) imply

10,951 < (&) (1f15° + | o) (3.41)
The terms f; and f, contain AF'' and AF3, respectively. Observing

A
AF} = 7 0,F =
J

A

1 .

and the fact that the factor [2| does not affect the reasoning to obtain (3.41), we have
J
proved:

[lenw)Pdy < () I FIE, (3.42)

where ¢(¢) depends at most on €, not on A for ReA > w, + ¢.
Since A = %9]- we obtain analogously
J

[ew)Bdy + [1eaw)Pdy + [ Do) Pdy < ) 1P, (3.43)

hence we proved
Je(e) > OVA, Red > w, +e VE € H : [|(A — A)7'F ||y < c(e)||F| %
which implies by [9] or [18]:

Theorem 3.3 Assume (1.6). Then the SDG property holds for A,wo(A) = wy(A).

11



4 Exponential stability for indefinite damping

We return to the original system (1.1) — (1.4), or (2.1), with an indefinite damping a =
a(x). It will be shown that the system is exponential stable if ||a — @|| 2 is small enough.
Of course, we keep the basic assumptions (1.5) and (1.6), i.e. we assume

L
1
a= 7 /a(y)dy >0 (4.1)
0
and p p
1 2
— == 4.2
s (4.2)

Theorem 4.1 Assume (4.1) and (4.2). Then there is T > 0 such that if |ja —@l|p2 < T
the system (2.1) is exponentially stable, that is, the energy E, defined in (2.3), to the
initial boundary value problem (1.1) — (1.4) satisfies

3d>03C>0Vt>0: E(t) <Ce > E(0).

PROOF: Recalling [9, 18] again, it suffices to show that for sufficiently small 7 > 0 and
for A with Re A > w, + ¢, for some € > 0 such that w, +& < 0, (A\— A)W = F is uniquely
solvable for any F' € H, and ||W||x < C' || F||» with a constant C' > 0 at most depending
on 7 and €. A fixed point argument will be used. To solve

AN-—AW =F
is equivalent to solving

A=A W =F+(A- AW

=F —(a—a)BW
with
000 0
000 0
B :=
000 0
00 0 1/ps

Let Rel > w,, then W should satisfy W = (o, Ao — F1, 4, \p— F3) with (i, v) satisfying,
cp. (3.21) — (3.24),

PN = k(pz +4)s = f1, (4.3)
PP — by + K9y + ) + AN = (@ — )XY + fo, (4.4)
©(0) = (L) = 1.(0) = 9. (L) =0, (4.5)
where
fi:=piF2 4+ p AFY, fy = poF* + poAF? + aF®. (4.6)

12



(4.4) can be rewritten as

P2 +a) + k k a—a
5 VTt

=«

,lvz)a:a:_( )‘77/}_7(]02

2

Let N,(g) denote the solution v to the Neumann problem

Ugw — Q20 = g, v(0) = v, (L) = 0.

This is well defined if o # — for 7 =0,1,2,..., which is guaranteed if
—a+\/a* —4pik
ReX > —Re 5 P =: 2p.
P1

The sufficiency of (4.8) can be seen from

) 422 —a+ \/a —4pi(k + 257
=" S A= .
L? 2p

Thus, (4.7) can be written as

k a—a

Y= N, <b§0x

A — f2>
hence (4.3), (4.4) turn into
piX* e — k(e + 1) = fu,

PN — by + k(pz + ¥) + TN =
k

(@ M { G ALon) + PNl 00) — AL 4 e

For (v, w) let
k A
G(v,w) := g./\/'a(vx) + g./\fa((a —a)w) — ~Ny(f2)
and consider the mapping
P H(0,1)) x H'(0,1)) — HA(0, L)) x H'((0, L)),
(v, w) = (@, ),
defined as solution (¢, %) to

Pl)\QSD - k(SOx + w)x = f17

PINY = by + k(ipn + 0) + AN = (@ — a)AG (v, w) + fo,
¢(0) = (L) = 12(0) = (L) = 0

13
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which is well defined since A € p(A). As a norm in the space of definition of P we define
L
(v, w)|2 = /,01|)\v|2 + ol Mwf? + blw,|? + K|v, + w|2da.
0

We shall prove that P has a fixed point (¢, ) provided ||a — @||z2 is small enough. This
fixed point is also a solution to (4.3) — (4.5), which can be seen as follows: Let (¢, 1) be
this fixed point, and let

~

§ 1= Gle,w) = TNulen) + S Nullo = 0)0) = TAL ()

hence f ) )
P 2o — Ve — =
wx:p a w b(pw + b(a CL)I/} bf27
1&1«(0) = zﬁx(L) =0,
implying
Since (p, 1) is a fixed point of P, we also have
PN = bus + (0 + ) + TN = M@ — @)y + fo. (4.16)

We conclude for the difference U := @@ — 1)

\a—a
U, — a2 = M\p.

b

or \ B
U = Na(mb_a)\p)‘
With the estimates for N, to be proved below, we can conclude, with positive constants
C1, C2,
V| < afl(a =)V < ella —all 2] ]2,

hence

1¥][z2 < colla —al| 2| | 2,

implying ¥ = 0 if |ja — @||z2 < 1/co.
Now we shall prove that P is a contraction mapping provided ||a—al| 2 is small enough.
For this purpose let

(¢, 97) := P/, w’), j=1,2,
and
(0,¢) = (o' — %' —¥?),  (v,w) = (v — v} w' —w?).

14



Then (¢,v), (v,w) satisfy (4.12) — (4.14) with f; = fo = 0. Multiplying (4.12) and (4.13)
by A¢ and A1), respectively, and integrating we obtain

L
pM/IM@I dx + kX /%er Pedx =0,
0

p2A/|A¢\ dx+b/\/\¢z2dx+k /Lgoz—l—w wdm—l—a/|)\w\ dx—/\/a—aG)\wdx
0

Summing up we get

L L
Re || (o, )3 —1—6/ |\ |2dz = Re {)\/(a - a)G)ﬂpda:} : (4.17)
0

0

Multiplying (4.13) by ¢, + ¢ and integrating we get

L L L L
poX? [ (D) +b [ 0o Do+ k [ lps 4P de +aX [ (o D)o =
0 0 0 0

L

A (@ = a)G (. T 0)da

0

Using the assumption (4.2) on the coefficients we have

(o +0)s = %AQ %Vﬁ

implying

L I L L
[+ wlda+ pa(2 = X°) [, +0)dr +pa X [ [z +ax [l + D)dr =
0 0 0

L

A [(@— a)G (e T 0)da

0
Then we conclude

L L L L
k - o
— [ e +9)?dx < c ( IMNpPPdz + |\ [ (a —a)G(pe + ¢)dz| + |\ [ (a — a)G)\@/)dx|>
| st i fi-wear)

where ¢ will denote constants at most depending on the coefficients. We also used the fact
that it is sufficient to prove everything for A such that Re\ € [dy, d;] with some negative
dy and some sufficiently large, but fized d;.
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Multiplying (4.13) by 1 and integrating we obtain

L L L L L
pgv/\wy?d:wrb/|z/;w|2d:c+k:/(goz+w)$da¢+m/|¢\2dx — A/(a—a)G@dx. (4.19)
0 0 0 0 0

It is not difficult to show that 0 € o(.A), hence
321 >03c >0VA A <20 A€o(A) A[[A—A)7H <ap. (4.20)

That is, we assume in the sequel w.l.o.g. |[A\| > z;. Then

ity
@
Hw‘ =

/L YIRS (4.21)

Combining (4.19), (4.18) and (4.21) we get

L L L
b [ 0.fde < c (w [1@=a)lculdz + 1A [ 1@ - a)llGlp. + ) ldz+
0 0 0

/|>\1p|2dx+ |)\]2/\(a—a)\|Gw|dx). (4.22)

0

Multiplying (4.12) by %gp and integrating we obtain

L L L
p1/|)\<p|2dx <c (/ 2= +1/J|2dx—|—/|1/1|2dx) : (4.23)
0 0 0

We conclude from (4.18) and (4.23)

k7 k7
T [ lee+ultde + B2 [ Dgfdr <
40 4c J

(c/ I [2dz + A /(a — @) G (0 + ¥)dz| + |\ /(a - a)c:wdg;|> (4.24)

Combining (4.22) and (4.24) we get

4/|%+¢| da:+ |/\<,0| dx+b/|¢$| dr <

(c/ I\ [2dz + A /(a — @) Gy + ¥)dz| + |\ /(a - a)G)«/;dac|> (4.25)
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Multiplying (4.25) by + and combining it with (4.17) yields that there exists 7o > 0 such
that we have

(ReA+70)[l(, ¥)lIx < ¢ ((MI + MV)/!(@—Q)HGMdWr \AI/I(G—G)\\G(wx+w)!d$) :

(4.26)
It will now be demonstrated that the right-hand side R of (4.26) can be estimated by

[R| < clla —allz2[[(, ) Ial[ (0, w)]|x- (4.27)

For this purpose we recall that

ENu(0) + SN0~ ).

G(v,w) = 3

We have the representation

Na(g) = 1 cosh(a /cosh s))g(s)ds + — ! /sinh(a(a: —8))g(s)ds.

C smh
0

Decomposing a = a; + iay and A = v + in into its real and imaginary part, respectively,
we have

3B >0V ReX € [do,di] ¢ || =B, a2 =0(n]), (|| — o0),
(cp. similar considerations in [16]). This allows us to conclude that
WNa(ve) ()] < ellvallzz,  [APINa((a = @)w)(s)| < clla —al|z2 [ Aw]| 2.

Thus
[AG (v, w)(s)| < c|(v,w)|Ix

which implies (4.27). Combining (4.26), (4.27) we get for
ReA > v (428)

the estimate
[, D) Ix < ella —al| 2] (v, w)[[x < d(v, w)]|x (4.29)

for some d < 1 provided ||a — @||z2 is small enough. The thus existing unique fixed point
(p, 1) of P is the unique solution to (4.3)—(4.5), as explained above, and thus yields the
unique solution W to (A — A)W = F through

W= (@7 )‘307 2/}7 >\§0)/ + (07 _FIJ 07 _F3)/
which implies, using (4.29),
[, V) lIx < (Wl + [[F [l (4.30)
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Let T be the solution to (A — A)W = F| i.e.

W = (¢, \p, ¥, A\p)' + (0, —F",0, - F3Y

with
(#,¢9) = P((0,0))
Then we obtain, using (4.29), (4.30),

Wl = W e < IW = Wil = [[(0,9) = (&, 9) s =

1P((0,9)) = P& 9)Ix < (9, %) = (&, 9)|Ix < dIW e + | F e,

hence
1 |~ d
< - —||F
IWlhe < =W+ —=I1F e
< f|F|n
where we used
[Wl# < c||Flln

which is justified since A € o(A). Thus we have proved that for
ReA > max{—, 20}

where zj is given in (4.8) and 7 is given through (4.26), we have A € p(.A) and the norm
of the inverse (A —.A)~! is uniformly bounded in A. This completes the proof of Theorem
4.1.

Q.E.D.

L
We remark that @ = % [ a(x)dx could be replaced by any positive, fixed a yielding a result
0

for a situation near an exponentially stable situation (a(z) = a). But since @ depends on
a and tends to zero as ||al|z1 tends to zero (in particular if ||al|p=~ — 0), our result is not
just a perturbation result, because in the case a = 0 there is no energy decay.
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