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/ZUSAMMENFASSUNG

Diese Arbeit besteht aus zwei nahezu unabhédngigen Teilen. Im ersten Teil werden wir
uns mit Korrelationen und Wechselwirkungen in kolloidalen Systemen beschéftigen.
Insbesondere werden wir uns dabei auf Drei-Teilchen-Korrelationen und Drei-Teil-
chen-Wechselwirkungen konzentrieren. Der zweite Teil behandelt die Wechselwir-
kung zwischen geladenen biologischen Membranen, unter der besonderen Bertick-
sichtigung eines moglichen Kontaktes zwischen zwei Membranen.

Kolloide

Kolloide haben sich in der aktuellen physikalischen Forschung einen festen Platz als
Modellsysteme gesichert. Dazu haben ihnen einige herausragende Eigenschaften ver-
holfen. So sind sie bei einer Gréfle von wenigen Mikrometern noch problemlos mit
einem normalen optischen Mikroskop sichtbar und lassen sich durch dieses auch gut
mit dem bloflen Auge beobachten, da sich ihre Bewegungen auf einer Zeitskala von
Sekunden abspielen. Zudem hat man auch vielfaltige Moglichkeiten, die Wechselwir-
kung zwischen den Teilchen zu variieren. Weil man also zu jedem Zeitpunkt tiber die
volle Information {iber die Position jedes einzelnen Teilchens verfiigt, sind kolloidale
Suspensionen ideale Systeme zum Studium von Struktur und Phasenverhalten.
Neben den Kolloiden befinden sich jedoch auch haufig noch zusétzliche Kompo-
nenten im System. So sind bei ladungsstabilisierten Systemen nattirlich auch immer
die Gegenionen, sowie die fast unvermeidlichen Salzionen zu bertiicksichtigen. Al-
lerdings ist man meistens an deren Verhalten gar nicht interessiert, da man sie im
Gegensatz zu den Kolloiden nicht direkt beobachten kann. Wenn man ein solches
zusammengesetztes System nun mit den Mitteln der statistischen Physik beschreibt,
ist das gleichbedeutend damit, dafs man die Freiheitsgrade aller anderen Kompo-
nenten ausintegriert. Dieses Vorgehen ist unter anderem dadurch gerechtfertigt, daf
sich die kleinen Ionen deutlich schneller bewegen als die Kolloide und sich ihre Ver-
teilung um die Kolloide daher immer im Gleichgewicht befindet. Man erhélt somit
eine mean-field Beschreibung des Systems, in dem die Kolloide iiber effektive Wechsel-
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wirkungen interagieren, die die Beitrdge der ausintegrierten Komponenten mit ein-
schlieflen. Und diese effektiven Kolloid-Kolloid-Wechselwirkungen enthalten immer
Mehr-Teilchen-Wechselwirkungen, sogar wenn alle zugrundeliegenden Wechselwir-
kungen reine Paar-Wechselwirkungen sind.

In dieser Arbeit werden wir uns exemplarisch mit den experimentellen Daten von
zwei verschiedenen kolloidalen System beschéftigen. Im ersten System befinden sich
neben den Kolloiden keine weiteren Komponenten; es fillt damit in die Katego-
rie der einfachen Fliissigkeiten (simple liquids). Es wird bestimmt von magnetischen
Dipol-Dipol-Wechselwirkungen, die paarweise additiv sind. Das Zweite ist ein gela-
denes System, das wegen der anwesenden Gegen- und Salzionen zu den komplexen
Flussigkeiten (complex liquids) gehort. In diesem System miissen wir also davon aus-
gehen, auch Mehr-Teilchen-Wechselwirkungen anzutreffen. Im ersten Kapitel wer-
den wir die beiden experimentellen Systeme niher vorstellen.

Im weiteren Verlauf werden wir uns auf die niedrigste Ordnung der Mehr-Teil-
chen-Wechselwirkungen beschranken, nimlich auf die Drei-Teilchen-Wechselwirkun-
gen. Fiir geladene Systeme ist dieses Thema schon in meiner Diplomarbeit [Russ 01]
behandelt worden. Im zweiten Kapitel werden wir daraus zentrale Ergebnisse noch
einmal zusammenfassen. Neben der abgeschirmten elektrostatischen Paar-Wechsel-
wirkung werden wir auch die Drei-Teilchen-Wechselwirkung vorstellen, die wir fiir
stark geladene Kolloide in salzarmen Suspensionen gefunden haben. Zudem werden
wir auch kurz auf die Wechselwirkungen des magnetischen Systems eingehen.

Nach diesen vorbereitenden Ausfithrungen werden wir uns dem eigentlichen Kern
dieser Arbeit zuwenden. Finden wir diese theoretisch beschriebenen Drei-Teilchen-
Wechselwirkungen tatsdachlich auch in experimentellen Systemen und wie konnen
wir sie aus den Daten extrahieren?

Dazu werden wir uns im dritten Kapitel den Korrelationen zuwenden. Insbeson-
dere werden wir uns mit den Drei-Teilchen-Korrelationen auseinandersetzen, denn
dort erwarten wir eindeutige Hinweise auf das eventuelle Vorhandensein von Drei-
Teilchen-Wechselwirkungen. Zunédchst aber werden wir jegliche Mehr-Teilchen-Wech-
selwirkungen heraushalten indem wir die Korrelationen am magnetischen System
studieren. Um die bisher kaum untersuchten Drei-Teilchen-Korrelationen besser zu
verstehen, werden wir sie mit der Superpositions-Naherung (superposition approxima-
tion) von Kirkwood vergleichen. Mit dieser Vergleichsbasis werden wir uns die Po-
tentiale der mittleren Kraft (potentials of mean force), sowie die Born-Green-Gleichung
ndher anschauen. Wir werden dabei einem Drei-Teilchen-Potential der mittleren Kraft
(triplet potential of mean force) begegnen, was aber rein durch Korrelationseffekte her-
vorgerufen wird und nicht mit einer echten Drei-Teilchen-Wechselwirkung verwech-
selt werden darf.

Nachdem wir die Drei-Teilchen-Korrelationen besser kennengelernt haben, wer-
den wir im vierten Kapitel zwei Methoden zur Extraktion von Drei-Teilchen-Wech-
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selwirkungen vorstellen, die beide von uns neu entwickelt worden sind. Mit diesen
Methoden werden wir experimentelle Daten des geladenen Systems untersuchen.
Die erste Methode nutzt dabei das Grenzwertverhalten der Korrelationsfunktionen
bei verschwindenden Dichten. Allerdings sind direkte Messungen bei sehr geringen
Dichten nahezu unméglich, weil nur noch sehr wenige Teilchen im Bildausschnitt zu
sehen sind. Daher benétigen wir eine Serie von Messungen mit abnehmender Dichte,
von denen aus wir bis zur verschwindenden Dichte extrapolieren konnen. Vorteilhaf-
ter ist daher die zweite Methode, bei der eine einzige Messung bei mittlerer bis hoher
Dichte ausreicht. Angewandt wird eine inverse Monte-Carlo-Methode, bei der eine
Monte-Carlo-Simulation mit einem Testpotential gestartet wird. Deren Korrelations-
funktionen werden nun wiederholt mit den experimentellen Korrelationsfunktionen
verglichen und aus den Abweichungen werden Korrekturen fiir das Testpotential er-
mittelt. Mit diesen Korrekturen konvergiert das Testpotential sukzessive gegen das
Wechselwirkung-Potential des experimentellen Systems.

Da beide Methoden neu entwickelt worden sind, werden wir zunidchst einmal de-
ren Giiltigkeit und Genauigkeit sicherstellen miissen. Dazu werden wir Referenz-Si-
mulationen benutzen, bei denen wir die Wechselwirkungs-Potentiale natiirlich exakt
kennen. Diese Potentiale sind so gewihlt, dafs sie moglichst nahe an den erwarteten
Potentialen des geladenen experimentellen Systems sind. Insbesondere sind wir an
einer zuverldssigen Detektion einer eventuellen Drei-Teilchen-Wechselwirkung in-
teressiert. Deswegen werden wir mit den Referenz-Simulationen testen, ob und wie
genau ein vorhandenes Drei-Teilchen-Potential erkannt wird. Nach dieser Priifung
der korrekten Arbeitsweise unserer Methoden werden wir sie letztlich auf die expe-
rimentellen Daten des geladenen Systems anwenden.

Teile unserer Resultate wurden schon an anderer Stelle publiziert:

[Russ 01] C. Russ. Numerische Studien zu Struktur und Wechselwirkung heterogen
geladener Kolloide. Diploma thesis, Universitat Konstanz, 2001.

[Russ 02] C. Russ, H. H. von Griinberg, M. Dijkstra, and R. van Roij. “Three-
Body Forces Between Charged Colloidal Particles”. Phys. Rev. E, Vol. 66,
p- 011402, 2002.

[Zahn 03a] K. Zahn, G. Maret, C. Russ, and H. H. von Griinberg. “Three-Particle
Correlations in Simple Liquids”. Phys. Rev. Lett., Vol. 91, p. 115502, 2003.

[Russ 03b] C. Russ, K. Zahn, and H. H. von Griinberg. “Triplet Correlations
in Two-Dimensional Colloidal Model Liquids”. ]. Phys.: Cond. Mat.,
Vol. 15, pp. 3509-3522, 2003.

[Russ 05] C. Russ, M. Brunner, C. Bechinger, and H. H. von Griinberg. “Three-
Body Forces at Work: Three-Body Potentials Derived From Triplet Cor-
relations in Colloidal Suspension”. Europhys. Lett., Vol. 69, pp. 468474,
2005.
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Membrane

Im fiinften Kapitel beschéftigen wir uns mit der Wechselwirkung von biologischen
Membranen. Dieser zweite Teil unserer Arbeit ist mit dem ersten Teil tiber die Art
der Wechselwirkung verbunden. Ahnlich wie beim geladenen kolloidalen System
befinden sich die Membrane in wifiriger Losung und ihre Oberfldchen sind elek-
trisch geladen. Damit 14fst sich auch dieses System mit Hilfe der Poisson-Boltzmann-
Theorie beschreiben und die Wechselwirkungen lassen sich entsprechend berechnen.
Im Unterschied zum kolloidalen System sind wir diesmal an zwei entgegengesetzt
geladenen Oberflichen und der Mdglichkeit eines Kontaktes zwischen ihnen inter-
essiert. Der Hintergrund dieser Fragestellung ist die Gen-Therapie. Dort ist es ein
gebrduchliches Verfahren, eine DNS mit einer Lipid-Doppelschicht zu umbhiillen, da-
mit sie die Zellmembran durchdringen kann. Die Membran ist ihrerseits ebenfalls
im wesentlichen eine Lipid-Doppelschicht. Dabei ist im besonderen zu beachten, dafs
sich die Lipide mit ihren elektrisch geladenen K&pfen auch seitlich — innerhalb der
Membran —bewegen konnen. Damit kann sich die Oberfldchenladung der Membran
lokal verdndern. Dieser Tatsache werden wir in den Randbedingungen der Poisson-
Boltzmann-Gleichung Rechnung tragen.

Wir werden unsere Vorgehensweise auf der viel beachteten Arbeit von Parsegian
und Gingell [Pars 72] aufbauen, die sich mit einem Spezialfall dieser Frage schon
beschiftigt haben. Wir werden diese Vorarbeit um die laterale Beweglichkeit der
Lipide erweitern. Zudem werden wir auf die Problemstellung neben der linearen
Poisson-Boltzmann-Theorie auch die nichtlineare Theorie anwenden.

Teile unserer Resultate wurden schon an anderer Stelle publiziert:

[Russ 03a] C. Russ, T. Heimburg, and H. H. von Griinberg. “The Effect of Lipid

Demixing on the Electrostatic Interaction of Planar Membranes across
a Salt Solution”. Biophys. J., Vol. 84, pp. 3730-3742, 2003.



INTRODUCTION

This work consists of two almost independent parts. In the first part, we will study
correlations and interactions in colloidal suspensions. In particular, we will focus on
triplet correlations and triplet interactions. In the second part, we will analyse the
interaction between charged biological membranes. Here, we are mainly interested
in the conditions which make contact possible.

Colloids

In today’s physics, colloids have secured their place as a model system because of
some important properties. At a size of a few micrometers and at a diffusion time of
the order of seconds, colloidal particles are easily observable through a normal optical
microscope. Using video-microscopy, we can record the positions of every particle
at every point in time. The additional possibility of changing particle interactions,
makes colloidal suspensions to ideal model systems for studying structural changes
and phase transitions on a microscopical level.

Often, colloidal systems contain additional components. In charged stabilised sus-
pensions, for example, we will always be faced with the presence of counter-ions and
salt-ions. Most of the time, however, their behaviour is of no interest at all because
we cannot observe them directly. We can still describe the colloidal particles in statis-
tical physics even though we do not have any detailed knowledge of the additional
components. This is achieved by integrating out the degrees of freedom of the respec-
tive components which is justified by the different time-scales on which the different
components move. The small ions move much faster than the colloidal particles and
we may therefore assume that the micro-ionic distribution around the particles is
in equilibrium at all times. Proceeding like this, yields a mean-field description of
the system with effective interactions between the colloidal particles. These effective
interactions include the contributions of every other component in the system that
were integrated out. And via these contributions, the effective interactions will con-
tain many-body terms even when all the basic interactions are strictly pair-wise.
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In this work, we will exemplarily study the experimental data of two different
colloidal systems. The first system (magnetic system) consists of superparamagnetic
particles which interact via a strictly pair-wise magnetic dipole-dipole potential. As
there are no additional components in the system, it belongs to the class of simple
liquids. The second system (charged system) is a charge stabilised colloidal system. As
just mentioned, there are counter-ions and salt-ions as additional components present
and thus it belongs to the class of complex liquids. We will present both experimental
systems in the first chapter.

In the further course of this work, we will restrict ourselves to the lowest order
of many-body interactions: the triplet interactions. We have studied them already
in my diploma thesis [Russ 01]. In the second chapter, we will summarise the most
important results of it. We will present the screened electrostatic pair interactions as
well as the triplet interactions we found for highly charged colloids in deionised sus-
pensions. Additionally, we will address the dipole-dipole interaction of the magnetic
system.

Following to these preliminary remarks, we will turn to the crucial points of this
work. Can we find these theoretically described triplet interactions in experimen-
tal systems and how can we extract them from experimental data?

To answer this question, we will take a closer look at correlation functions in the
third chapter. Keeping in mind that we are primarily interested in triplet interactions,
we will focus in particular on triplet correlations. There, we expect to see clear signs
in the case that triplet interactions are present. But at first, we will exclude any many-
body interactions from our scope by examining the experimental data of the magnetic
system. As triplet correlations have been rarely studied previously, we decided to use
the easy to grasp superposition approximation of Kirkwood as a reference function. On
the basis of this reference, we will analyse the potential of mean force and the Born-Green
equation. In the course of the chapter, we will encounter a triplet potential of mean force
which, however, must be clearly distinguished from a true triplet interaction as it is
entirely due to correlation effects.

Having extensively studied triplet correlations, we will present two newly devel-
oped methods which enable us to extract triplet interactions from positional data in
the fourth chapter. With these two methods, we will examine experimental data of
the charged system with regards to triplet interactions of detectable strength. The first
method exploits the behaviour of correlation functions in the low density limit. Yet,
any direct measurements at low densities are almost impossible because of the low
number of particles per picture frame. Therefore, we need a series of measurements
with decreasing density such that we can extrapolate to zero density. Thus, the sec-
ond second method is advantageous because one single measurement at medium to
high density is sufficient. The method is an inverse Monte-Carlo scheme commencing
with a Monte-Carlo simulation which is governed by a test potential as a first guess to
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the expected interaction potentials. By comparing the resulting correlation functions
repeatedly to the experimental correlation functions, we can determine corrections to
the test potential. With these corrections, the test potential will gradually converge
towards the interaction potential of the experimental system.

As both inversion methods have been newly developed, we have to ensure their
validity and their accuracy. To this end, we will apply our methods to data of refer-
ence Monte-Carlo simulations whose interaction potentials are known precisely and
which are chosen as close as possible to the expected experimental potentials. We
will be particularly interested in a reliable detection of triplet interactions. With our
reference simulations, we will therefore evaluate to which extend and with which ac-
curacy we may extract triplet potentials. After passing these tests, we will apply both
inversion methods on experimental data of the charged system.

Parts of our results have previously been published elsewhere:

[Russ 01] C. Russ. Numerische Studien zu Struktur und Wechselwirkung heterogen
geladener Kolloide. Diploma thesis, Universitidt Konstanz, 2001.

[Russ 02] C.Russ, H. H. von Griinberg, M. Dijkstra, and R. van Roij. “Three-Body
Forces Between Charged Colloidal Particles”. Phys. Rev. E, Vol. 66,
p- 011402, 2002.

[Zahn 03a] K. Zahn, G. Maret, C. Russ, and H. H. von Griinberg. “Three-Particle
Correlations in Simple Liquids”. Phys. Rev. Lett., Vol. 91, p. 115502,
2003.

[Russ 03b] C. Russ, K. Zahn, and H. H. von Griinberg. “Triplet Correlations in
Two-Dimensional Colloidal Model Liquids”. ]. Phys.: Cond. Mat.,
Vol. 15, pp. 3509-3522, 2003.

[Russ 05] C. Russ, M. Brunner, C. Bechinger, and H. H. von Griinberg. “Three-
Body Forces at Work: Three-Body Potentials Derived From Triplet Cor-
relations in Colloidal Suspension”. Europhys. Lett., Vol. 69, pp. 468-474,
2005.

Membranes

The fifth chapter will be concerned with the interaction between biological mem-
branes. This second part of our work is linked to the first part by the nature of the
interaction between the membranes. Similar to the charged system, the membranes are
in aqueous solution and their surfaces are electrically charged. Therefore, we may de-
scribe the system with the means of Poisson-Boltzmann theory and we may calculate
the interactions accordingly. Contrary to the colloidal system, we will be studying
two oppositely charged surfaces and their possibility of making contact. This ques-
tion has been raised in the context of gene-therapy. There, pieces of DNA are com-
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monly coated with a lipid double-layer in order to penetrate the cell through the
membrane which is itself mainly a lipid double-layer. We will in particular consider
that the lipids with their charged heads may move laterally within the membrane. In
effect, the surface charge of the membrane may vary locally and we will be taking
this into account via the boundary condition of the Poisson-Boltzmann equation.

The structure of this chapter will follow the much respected work of Parsegian and
Gingell [Pars 72] which deals with a simplified aspect of this problem. We will extend
their early work by incorporating the lateral mobility of the lipids. Moreover, we
will treat the problem not only with linear but also with non-linear Poisson-Boltzmann
theory.

Parts of our results have previously been published elsewhere:

[Russ 03a] C. Russ, T. Heimburg, and H. H. von Griinberg. “The Effect of Lipid
Demixing on the Electrostatic Interaction of Planar Membranes across
a Salt Solution”. Biophys. |., Vol. 84, pp. 3730-3742, 2003.



Part I.

COLLOIDS






SYSTEMS

In this first chapter, we will introduce the two different experimental systems which
we will study. Both are two-dimensional colloidal systems where individual parti-
cles are observed by video-microscopy and their positions are recorded after image
processing on a computer. The first experimental system, the magnetic system (chap-
ter 1.1), consists of paramagnetic particles which interact via a tuneable dipole-dipole
interaction. In the second experimental system, the charged system (chapter 1.2), the
colloidal particles are highly charged macro-ions which are surrounded by a cloud
of micro-ions. The colloidal interactions may often be well described by a screened
Coulomb potential which is mediated by the overlapping micro-ionic clouds. But be-
cause of the present micro-ions, the colloid-colloid interactions are effective interac-
tions which may contain many-body contributions. The charged system is therefore a
complex liquid while the one component magnetic system belongs to the class of simple
liquids.

In addition to the experiments, we will perform Monte-Carlo simulations (chap-
ter 1.3). They will provide us not only with a controlled reference system (see chap-
ter 3.2 and chapter 4.2), but they will be also at the heart of the inversion scheme
which will enable us to extract triplet interactions from structural data (see chap-
ter 4.1.2).

1.1 Magnetic System

The magnetic system has been studied for a long time and under a variety of differ-
ent aspects. Outstanding among its properties are the long-time stability and the
reversible external control of particle interactions. After briefly describing the setup,
we will discuss the system’s properties and briefly mention some of the previous
studies.

11
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rometrical
syringe

Figure 1.1: The colloidal particles sediment to the bottom of a hanging water droplet. The water-air
interface can be accurately kept flat with the help of a computer triggered micrometrical syringe. The
particles interact with magnetic dipole moments which are induced by an external magnetic field B.
Varying the strength of this external field allows us to easily and reversibly control the correlation
strength in the system.

1.1.1 Setup

The general setup of the magnetic system has been described in great detail in the PhD
thesis of Klaus Zahn [Zahn 97b]. Here, we would like to focus on three important
aspects: the sample cell, the reversible control of correlation strength by an external
magnetic field and the observation of the colloidal particles by video-microscopy.

Sample Cell

The most distinctive feature of the sample cell is its ‘hanging droplet’ geometry. A
drop of the colloidal suspension is applied to a glass slide which is subsequently
turned upside down. The relatively large (diameter ¢ = 4.7um) and heavy (mass
density 1.7kg/dm®) particles [Zahn 97a] quickly sediment to the bottom of the droplet
(~ 1min) and are subsequently confined by gravity to the water-air interface. Partic-
ular care has been taken to ensure the flatness of this interface. Thus, the glass slide
actually consist of two slides which are glued together. In one slide (thickness Imm),
two cylindrical holes have been drilled and they have been connected on the surface
of the slide by a capillary. The larger hole (diameter 8mm), now covered on the top
side by the second slide, is the probe compartment. Its sharp and perpendicular sides

12
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circumvent any deformations at the edges of the droplet. The curvature at the bottom
of the droplet is controlled by adjusting the water volume in the probe compartment
via the connected second, smaller volume (diameter 4mm). There, a syringe is dipped
into the suspension. The indirect regulation with the second volume had to be cho-
sen because the tip of the syringe distorts the surface of the interface. The syringe is
driven by a micrometrical motor which is triggered by a computer. By monitoring the
conjoint drift of all particles, it is possible to initially adjust the surface to be almost
perfectly horizontal. After this initial adjustment, the focus of the optical apparatus
is slightly moved away from the interfacial plane. Hence, any vertical displacement
of the interface results in a change of the apparent particle size. By triggering the
syringe accordingly, any vertical deviation of the interface can be counterbalanced.
This way, the system can be kept stable for a long time because it is possible to com-
pensate for evaporation of the solvent. See [Zahn 97b] for an extensive description or
[Will 02] for a short overview.

Controlling Correlations

Particle interactions, and thus the correlation strength in the system, can reversibly
be tuned by applying an external magnetic field. The polystyrene particles are doped
with grains of ferromagnetic iron-oxide. Due to the allocation and the size of the
grains (max. 30nm), the colloidal particles do not behave ferromagnetic but rather
paramagnetic. Because they remain highly magnetisable with a susceptibility of the
order of x ~ 7.6 x 107" Am? /T, they are called super-paramagnetic. A description
of a precise determination of x can be found in [Zahn 97a]. An external magnetic
field B induces a magnetic dipole moment M = xB in the particles, which start to
repel each other o B2/7® (see chapter 2.1). For our purposes, the strength of the mag-
netic field is varied in the range of 0.1...1.0mT. As the magnetisation of the parti-
cles shows no hysteresis, the interaction strength exclusively depends on the external
field B. One can therefore easily and reversibly switch between different interaction
strengths. Measurements at different correlation strengths can be performed with
one single system which consists of the very same particles for every set of data.

Observing Particles

The colloidal particles are observed with video-microscopy. Processing the images
on the computer, the particles’” positions are extracted. The field of view has a size
of 520pm X 440pm containing typically about 10° particles. An example is shown
in fig. 1.2. The entire sample contains ~ 10° particles. The time step between two
successive pictures was chosen between 3 and 5s. Given a value Dy ~ 0.1pm?/s
of the self-diffusion coefficient, a time step corresponds to a mean displacement of
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Figure 1.2: Snapshot of the paramagnetic colloidal particles at a typical density. The magnetic field
has a medium intensity such that the system is well in the liquid phase.

the particles of ~ 1um, which approximately equals the lateral optical resolution.
As already mentioned, the focal plane of the microscope is on purpose slightly off
the particle centre’s plane. The direction of any vertical shift of the interface can
therefore be identified and compensated by triggering the micrometrical syringe (see
the previous paragraph ‘sample cell” and fig. 1.1).

1.1.2 Properties

Among the important properties of the magnetic system are its two-dimensionality
and its phase-behaviour. We will present a short overview in the following.

Two-Dimensionality

Due to their iron oxide doping of approximately 10%, the particle’s density is rather
large (mass density 1.7g/cm?) and they sediment relatively fast (~ 6um/s) to the
bottom of the hanging droplet (compare fig. 1.1). Although the interface itself can be
considered perfectly horizontal, there are some additional effects which may influ-
ence the two-dimensionality.

Let us first consider the local deformation of the interface. The angle ¢ between the
horizontal and the solvent interface at particle contact depends on the gravitational
force Fy and the force F, due to the surface tension. As the ratio of F;/F, is only of the
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order of 10°, the deformation angle ¢ is of the order of urad and therefore negligible.

Let us now take a look at capillary waves. Given the size of our cell, we can ne-
glect inertial waves. The wave vector spectrum {(7) is completely determined by the
surface tension 7 and is given by

kg T

52y
D) = e (1)
The mean-squared amplitude of the interface is now calculated as
fJmax
. kgT 1 kgT i
o -2\ 2= _ KB g KB min \ |
@ = [ewpei="2 [ ag= (), a

Jmin is determined by the system size (qmin = 271/16mm) and gmax is limited by the
shortest possible wavelength, which we assume to be Imm. Thus, the mean ampli-
tude /(Z?) is of the order of 1nm, which is entirely negligible on the length scale of
colloids.

Let us finally consider the vertical extent of Brownian motion. A vertical displace-
ment of Az increases the potential energy by mgAz. With the average thermal energy
of 1kgT we get a displacement of Az = 6nm at room temperature.

This last effect, the Brownian motion, is actually the largest of the three which
we discussed above. Compared to the particle diameter ¢ = 4.7um it is still small
enough to consider this system basically an ideal two-dimensional system. The above
estimates are all taken from [Will 02].

Phase Behaviour

With this experimental setup it has been possible to thoroughly study the melting
of a two-dimensional crystal which differs substantially from the melting of a three-
dimensional crystal. In two dimensions, contrary to the three-dimensional case, the
density-density correlation function decays at large distances algebraically to zero.
The crystalline order in the systems on hand is thus quasi-long-ranged [Merm 66,
Merm 68]. The melting process should therefore differ and it was proposed that there
is a continuous transition mediated by the dissociation of dislocation pairs [Kost 73].
It was later shown that the dissociation led to the so-called hexatic phase and a sec-
ond transition induced by the formation of disclinations is necessary to reach an
isotropic liquid [Halp 78, Youn 79, Nels 79]. This melting process is usually referred
to as KTHNY theory (Kosterlitz, Thouless, Halperin, Nelson, Young) and has indeed
been observed using not only the decay behaviour of the static correlation functions
[Zahn 99] but also the time-dependent correlation functions [Zahn 00]. For the sys-
tem on hand, the liquid-hexatic phase transition occurs at I' = 57 and the hexatic-
solid at I' = 60.
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The solid phase allows investigations of elastic properties of crystals. The shear
modulus has been determined by observing the relaxation of a rotated triangle con-
sisting of three neighbouring particles [Will 02]. Using Brownian fluctuations, it has
been possible to determine the elastic properties [Zahn 03b], to measure the band
structure and to compare it with the harmonic lattice theory [Keim 04] and to confirm
in the KTHNY theory the limiting behaviour of the renormalised Young’s modulus
when approaching the melting transition [Griin 04].

1.2 Charged System

Systems of charged colloidal particles have been studied for a long time and under
various aspects. One of the many interesting points is the interaction between the
colloidal particles. Suspended in water, the charged colloidal macro-ions are sur-
rounded by a cloud of micro-ions. The full system is therefore not a simple liquid
anymore but a complex liquid. If we are interested only in the colloidal particles, we
have to integrate out the micro-ionic degrees of freedom. Hence, particle interactions
are so-called effective interactions which may thus include many-body interactions
and may bear a dependence on the state, e. g. the density.

Generally, classical DLVO theory (named after Derjaguin and Landau [Derj 41],
Verwey and Overbeek [Verw 48]) is very accurate to describe the particle interactions
with a screened Coulomb potential (see chapter 2.2). However, quite a few experi-
ments are concerned with the limitations of DLVO theory and observations of liquid-
liquid phase separations or like charged attraction (we will give a short overview in
the following section 1.2.2). As some of the effects can be explained by many-body in-
teractions, we will focus on this experimental system when we will later try to extract
triplet interactions from experimental data (see chapter 4).

The specific system on hand is characterised by its two-dimensionality and the
versatile use of laser tweezers. The latter may be utilised to superimpose external
potentials, e. g. periodic lattices. For our purposes, the laser tweezers are just needed
to enclose a number of particles in a certain area. By changing the area, it is possible
to change the density and thus to control the amount of correlation in the system.

1.2.1 Setup

The general setup of the charged system has been described in great detail in the PhD-
thesis of Matthias Brunner [Brun 03]. Like in the description of the magnetic system,
we would like to focus on three important aspects: the sample cell, the reversible
control of correlation strength by an optical laser tweezer and the observation of the
particles by video-microscopy.
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vertical light

pressure scan.ned
trapped optical
particle tweezer

Figure 1.3: Because gravity is not strong enough, the colloidal particles are additionally pushed down
by a broadened laser beam. A second beam encircles the system and effectively traps particles along
its path. This line of trapped particles encloses a constant number of particles inside. Changing the
enclosed area now changes the density of the system and thus the correlation strength.

Sample Cell

The sample cell consists mainly of two horizontally aligned glass slides with a 500pm
spacing. It is connected to a closed circuit for continuous deionisation of the sol-
vent. This deionisation is only stopped for the data acquisition. To perform a set of
measurements, colloidal particles are injected into that circuit. When they have been
flushed into the sample cell, the cell is being sealed and aligned horizontally. Without
the constant deionisation, the ion concentration starts to slowly increase over a time
span of many hours due to several effects. Although extreme care has been taken to
keep the conditions as stable as possible, we will show later on (see chapter 4.3.2) that
there is indeed a small drift in the salt concentration which we can resolve with our
methods.

The particles are polystyrene spheres of 3um diameter with a polydispersity of 4%.
Their surface is covered with up to 20 million sulphate headgroups which dissolve
upon immersion in water. This results in positive counter-ions in the solvent and in
highly charged, negative colloidal particles.

In the deionisation process, a conductivity of 0.07nS/cm is reached after ca. 20 min-
utes. This is quite close to the theoretical minimum value of 0.055uS/cm which is due
to the inherent self dissociation of the water molecules into H;O" and OH ™~ ions. The
measured conductivity corresponds to a screening length of x ! a2 500nm.
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Controlling Correlations

Different correlation strengths of the system can be achieved by changing the density.
In this experiment it is realised with the help of an optical tweezer as sufficiently pow-
erful and focussed laser beams are called. At high intensities, light can exert notable
forces on interfaces with different refractive indices on both sides (see e.g. [Jack 98]
in general and [Hara 96] in particular). In effect, colloidal particles are trapped inside
the beam. In colloidal physics, the effect has first been reported by Ashkin [Ashk 70],
who subsequently refined it [Ashk 86], and it is in widespread use nowadays.

With the help of a computer controlled galvanostatic mirror, it is possible to posi-
tion the focal spot of the laser beam anywhere in the plane of the colloidal particles.
If we now move the tweezer slowly, we will also move any particle which is trapped
in the focal spot. If we, on the other hand, move the tweezer fast, the particle will not
be able to follow. It will remain at its place and will start to diffuse freely. Moving the
laser beam quickly back to its former position, we may trap original particle again—
provided that it had only time to diffuse a fraction of its diameter. Thus letting the
tweezer rapidly follow a rectangular outline, we can trap a full line of particles along
the path. The trapped particles along this line efficiently enclose the inner particles
because of their mutual repulsion (see fig. 1.4). And by changing the enclosed area,
the density of the system may easily and reversibly be changed.

In the experiment on hand, an Argon-ion laser was operated at a wavelength of
514nm. The repetition rate of 300Hz for drawing the rectangular corral was much
faster than the relaxation time of the colloidal particles. The beam was focussed to a
diameter of around 1.3um. Depending on the path lengths, a laser power of 100 to
500mW yielded a potential depth of circa 30kgT.

Observing Particles

Very similar to the magnetic system, the particles” positions are recorded by video-
microscopy and subsequent image processing on a computer. Typical snapshots, as
shown in fig. 1.4, contain more than 10° particles. There, we can clearly see the path
of the laser tweezer as the particles form a pearl-necklace along its line. To avoid any
influence of the boundary, we have considered only the central part of the system in
the later data evaluation. Statistically independent configurations were obtained at a
rate of one frame per second.

1.2.2 Properties

Similar to the preceeding section 1.1.2 concerning the magnetic system, we will present
a short overview over the two-dimensionality and the phase-behaviour of the charged
system in the following.
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Figure 1.4: Snapshot of colloidal liquid monolayer at medium density. The length of the black bar
equals 50um. The density of the system is distributed homogeneously. The effect of the scanned
laser tweezer can be seen, as the particles on the laser trap align like a pearl-necklace, creating an
impenetrable barrier for the particles inside. Picture taken from [Brun 03].

Two-Dimensionality

Like in the magnetic system, polystyrene particles are used. But in the charged system,
they are significantly lighter because they are smaller and they lack the iron-oxide
doping. Although they still sediment to the bottom of the sample cell, they are much
more susceptible to out-of-plane fluctuations. With the help of light forces, however,
they can be effectively confined to two dimensions. In the experiment, the beam
of a frequency-doubled Nd:YVOy laser at a wavelength of 532nm was broadened
such that the sample area of the cell was well covered. The resulting light pressure
(see e.g. [Jack 98]) pushes the particles down with a force of the order of a hundred
piconewtons [Griin 0la]. This exceeds the gravitational force which is less than ten
femtonewtons by far. Even at medium light pressure (laser power of ca. 1W) the out-
of-plane fluctuations were smaller than 100nm, which is less than 3% of the particle
radius [Brun 03].

Phase Behaviour

The charged system on hand is particularly interesting for the possible use of exter-
nal potentials. Splitting the beam of the Nd:YVO; into two or three parts, one can
produce an interference pattern in the sample cell. This periodic light lattice yields
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the desired external potential. Phase transitions were studied for a broad variety
of different lattices and allocations of colloidal particles [Brun 00, Bech 01, Brun 02a,
Baum 03, Baum 04, Blei 04].

But more important for our work is some extraordinary phase behaviour that has
been observed at various other system of charged colloidal particles. There are re-
ports of multiparticle voids in colloidal fluids and crystals [Ito 94, Ise 94], a phase
separation between fluid phases of different densities [Tata 92, Palb 94, Tata 94] and
meta-stable colloidal crystallites in dilute suspensions [Lars 96, Lars 97].

Initially, one thought this behaviour could be explained by long-ranged attractions,
which have been observed in confined geometries [Kepl 94, Carb 96, Croc 96b]. But
the so-called like charged attraction poses more questions than it answered. Because the
attraction has not been observed on unconfined colloids [Croc 94, Croc 96a, Vond 94]
and it cannot be explained within mean-field theory [Neu 99, Sade 00]. Moreover,
new studies suggest that the whole phenomenon of like charged attraction might be
nothing but an optical artefact [Baum 05].

Another attempt to explain the extraordinary phase behaviour has been made by
looking at possible many-body interactions. One approach has been made with
density-dependent volume terms [Roij 97, Roij 99a, Roij 99b] which result in density-
dependent pair interactions. But it has been shown [Klei 01, Griin 01d] that these vol-
ume terms can be traced to a linearisation of the Poisson-Boltzmann equation around
the Donnan potential [Donn 24] and that they will vanish if the full non-linear the-
ory is applied. Whereas introducing renormalised charges Z.i instead of the bare
charges Z makes the volume terms consistent with non-linear theory and a liquid-
liquid phase coexistence seems possible in the presence of salt [Levi 03]. But also
without any salt, an approximate effective one-component Hamiltonian—with or
without the disputed volume terms—yields a phase diagram with a possible phase
coexistence [Ruiz 03].

Instead of using volume terms, one also can take many-body interactions directly
into account. Mainly triplet interactions have been studied because they are the first
correction to pair interactions. We have estimated the free energy with the above cal-
culated three-body potentials and using the scaling behaviour and found evidence
for possible phase coexistence [Russ 01, Russ 02]. Yet, subsequent Monte-Carlo simu-
lations based on our three-body potentials did not reveal any fluid-fluid phase coex-
istence but a distinctive influence on the crystalline structure [Hynn 03]. Other stud-
ies are taking the full non-linear many-body effects into account. This is achieved
by combining a continuous mean-field Poisson-Boltzmann description for the mi-
croscopic electrolyte ions with a Brownian-dynamics simulation for the mesoscopic
colloids. At low salt concentrations, a strong influence on the solid-liquid melting
line is noted [Dobn 03a, Dobn 03b].

We thus conclude from the above that interactions in charged colloidal systems are
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still a hot topic in today’s physics despite the long and widespread success of classical
DLVO theory.

1.3 Simulation

In addition to the experimental data, we evaluate data obtained by computer simu-
lations of the experimental systems. We can therefore check whether our knowledge
of the experimental systems is sufficient to reproduce the data with the simulations.
In particular, we can study the influence of possible error sources, like finite-size ef-
fects, vertical particle dislocations, insufficient system equilibration or poor statistics.
Furthermore, we can arbitrarily change particle interactions and switch many-body
interactions on and off. Therewith, we can ensure that we have indeed fully under-
stood the underlying properties of the experimental systems and that they do not
bear any systematical errors. Moreover, we can test our evaluation routines under
controlled conditions. We can verify the correctness and the accuracy of our routines.

We have used the Metropolis algorithm [Metr 53] to produce a set of configu-
rations. This algorithm belongs to the class of Monte-Carlo methods which derive
their name from the heavy use of (pseudo) random numbers. The obtained con-
figurations do not represent a time evolution of the system like the experimentally
recorded configurations. They rather sample the phase space of the system whereby
the Metropolis algorithm takes care of the proper distribution of these configurations
throughout the phase space. According to the ergodic hypothesis, however, sam-
pling the phase space is equivalent to sampling the time evolution of a system. We
can therefore equally apply our evaluation routines to the data obtained by experi-
ment or simulation. For an introduction to Monte-Carlo simulations see for example
[Alle 89, Bind 88, Fren 96].

In chapter 3, we will use Monte-Carlo simulations the normal way. This means that
we will start with microscopical properties, e. g. particle interactions, as input pa-
rameters and, from our simulation data, we will calculate structural quantities, e. g.
the distribution functions. The simulations in chapter 3 serve mainly as a support of
our experimental data and help us to separate the signal from the noise with their
increased statistical accuracy.

In chapter 4, Monte-Carlo simulations will have a dual use. On the one hand, we
will use them normally in the sense that we just described. They will serve us as a
reference system with known interaction potentials and high statistical accuracy. On
the other hand, we will employ them to solve the inverse problem of how to extract
microscopical properties, i. e. the particle interactions, from structural quantities, i. e.
the distribution functions. With both of these utilisations, Monte-Carlo simulations
are indispensable for this whole work.
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INTERACTIONS

Having introduced the setup and some basic properties of the experimental systems
in the previous chapter, we will focus in this chapter on the interactions between
the colloidal particles. The magnetic system is rather simple to understand. Its sole
relevant interaction is a magnetic dipole-dipole interaction which can be reversibly
adjusted (chapter 2.1). The charged system may often be described with classical DLVO
theory which leads to purely pair-wise interactions (chapter 2.2.1). But because the
charged system is a complex liquid, particle interactions are effective interactions which
may include many-body contributions. In the course of this work, we will concen-
trate on triplet interactions as the lowest order correction to a purely pair-wise de-
scription. For a particular set of parameters, we will exemplarily present calculated
triplet potentials for highly charged colloids in different geometries (chapter 2.2.2).
These calculations have been carried out as a part of my diploma thesis and have
been published previously [Russ 01, Russ 02].

2.1 Magnetic System

As already briefly mentioned in the presentation of the experimental setup (chap-
ter 1.1), the particles in the magnetic system are mono-disperse polystyrene particles
which are doped with grains of iron-oxide. More specifically, crystallites of ferromag-
netic iron-oxide (Fe,O3) are embedded into the pores of the polymer matrix. In each
crystallite, the magnetic moments of all atoms point in the same direction because
the Curie temperature Tc is well above room temperature. But as the crystallites
are sufficiently separated, the resulting magnetic moments are not correlated and the
moment of each crystallite may have a different direction. Moreover, the small size
of the crystallites allows thermal fluctuations to change this direction. Without any
external influence, the fluctuating magnetic moments of the individual grains cancel
each other. Thus, the net magnetic moment of each colloidal particle is zero.
Switching on an external magnetic field B, however, starts to align the grains’ mag-
netic moments along the field direction. This alighment yields an averaged mag-
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netic moment M of each colloidal particle. This behaviour—when whole domains
are aligned instead of individual atomic moments—is called super-paramagnetism.
Now, the colloids begin to interact with a magnetic dipole-dipole interaction which
is the only interaction besides the obvious hard-core interaction. And, because there
is only one species of particles, the whole system belongs to the class of simple liquids.

2.1.1 Pair Interactions

At the applied external field intensities, there is a linear relation between the particles’
moment M and the external field B

—

M = xB 2.1)

with the effective susceptibility of the particles x ~ 7 x 101! Am?/T [Zahn 97a]. At
this point, we would like to point out that there is no hysteresis in the magnetisation
process. The particles interact with these induced magnetic moments. In general, the

dipole-dipole interaction of two particles at the distance 7 = 7, — 7; is given by
. &3(7 Tﬁﬂ(? 7’7_/21) - 7’2

u(r) 1y - 1y
47 2r5 ’

(2.2)

In the case that the field B is perpendicular to the interface, this can be simplified to

u(?) = 1o B 23)

47 13

We can now define the interaction parameter I’

212
_ Mo X°B 3/2
I= e () (2.4)

which can be understood as the ratio of the potential energy of two particles at dis-
tance 1/,/7tp divided by the thermal energy. The parameter I" can therefore be inter-
preted as the inverse system temperature. Using this definition, eq. 2.3 can be written

as r
@)= ——

pu'(r) (17 (2.5)
Hence, the interaction potential may conveniently and reversibly be adjusted by
varying the interaction parameter I' through the external field B. Note in particu-
lar that the density has been scaled out. Thus, I is the only parameter determining
the phase behaviour of the system. The system is in the liquid state for I' < 57, it is
solid for I > 60 and for values of I in-between, i.e. for 57 < I' < 60, there is a hexatic

phase.
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Other possible interactions in the magnetic system are van-der-Waals forces and
screened electrostatic interactions. Both can be ruled out on basis of the following
observations (see [Will 02]). Switching the external field off, particles are occasionally
observed to collide. The screened electrostatic interactions at contact are thus of the
order of a few kgT. Because this system is not specially de-ionised, the decay length
is much less than a particle diameter and therefore negligible at distances typical for
our measurements. Van-der-Waals forces at contact, on the other hand, are also of
the order of a few kgT, because thermal energy is also able to separate particles in
contact. They, too, have decayed to zero at typical particle separations.

Lastly, we have to consider surface tension forces because the particles are close
to an interface. If the particles are not completely wetted, the contact angle between
their surface and the interface introduces an additional force due to the Laplace pres-
sure. However, this has been avoided by adding a small amount of surfactant. This
ensures complete wetting.

In conclusion, the magnetic dipole-dipole interaction is the only relevant interac-
tion. Therefore, the system is entirely controlled by purely pair-wise interactions
without any possible many-body contributions.

2.2 Charged System

In the charged system, the particles’ surface is covered by sulphate headgroups which
dissociate upon immersion in water. This turns the particles into highly charged
macro-ions which are surrounded by a cloud of micro-ions. This cloud consists not
only of the dissociated counter-ions, but also of salt-ions of both signs and of H;O™
and OH™ due to autoionisation of water.

For the observer, only the positions of the macro-ions are of interest. The micro-
ions are just too small, move therefore too fast and are simply too many (~ 107 per
macro-ion) to be tracked individually. But using statistical mechanics, we can get
an expression for their density distribution. In thermal equilibrium, their density
follows a Boltzmann distribution in an external electrostatic potential. This potential
is created by the surface charge of the macro-ions and by the micro-ionic distribution
itself. The combination of Boltzmann’s equation and Poisson’s equation leads to the
(highly non-linear) Poisson-Boltzmann equation (see appendix A) which is commonly
written as

V2®(7) = «%sinh (7). (2.6)

In this notation, we have used the scaled electrostatic potential @ = Be¢ and the
Debye-Hiickel screening length x~! which depends on the salt concentration cs

K> = 87 ARCs. (2.7)
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For our numerical calculations, it has been proven useful to use a scaled version of
the Poisson-Boltzmann equation

V' ®(7) = %2 sinh &(7) (2.8)

with the quantities V = ¢V, ¥ = ko und Z = ZAg /0. The surface charge Z (respec-
tively Z) of the colloidal particle is taken into account by the boundary conditions.
Again, we would like to refer to appendix A for a more comprehensive treatise.

By solving the Poisson-Boltzmann equation, we obtain the micro-ionic density dis-
tribution function. We can calculate with it the system energy and from that we can
extract macro-ionic interaction potentials. In this formalism, the micro-ionic degrees
of freedom have been integrated out. Therefore, the macro-ionic interaction poten-
tials are effective potentials which certainly depend on other parameters describing
the state of the system, like densities of the various micro-ions or the density of the
macro-ions themselves. And furthermore, the macro-ionic interaction potentials may
include significant many-body interactions even though all the underlying interac-
tions are purely pair-wise.

But the Poisson-Boltzmann equation has no general analytical solution and we can-
not obtain any exact analytical expressions for the interaction potentials. There are,
however, approximate expressions. In the regime of low surface charges, the Poisson-
Boltzmann equation may be linearised which leads to the classical DLVO theory (Der-
jaguin, Landau [Derj 41], Verwey and Overbeek [Verw 48]). According to it, the par-
ticles interact mainly with a screened Coulomb potential. At higher surface charges,
the concept of charge renormalisation has been quite successful. A numerical so-
lution of the Poisson-Boltzmann equation confirms the analytical expressions for the
pair potential (chapter 2.2.1). But in the non-linear regime, we encounter also higher
order interactions besides the pair potentials. We have in particular studied triplet
interactions as they are the lowest order correction to a purely pair-wise description
(chapter 2.2.2).

2.2.1 Pair Interactions

Some 60 years ago, Derjaguin, Landau [Derj 41], Verwey and Overbeek [Verw 48]
independently developed the so-called DLVO theory. They linearised the Poisson-
Boltzmann equation by invoking the Debye-Hiickel [Deby 23] approximation and they
could solve the equation subsequently analytically. The electrostatic potential next to
a colloidal particle of diameter ¢ carrying a charge of —Ze results as

7 Ko /2 —Kr
¢_¢ ¢ (2.9)

o(r) = - € 1+ko/2 r
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with the Debye-Hiickel screening length x~! which is related to the concentration of
the salt-ions, see eq. (2.7). Within DLVO theory, it is assumed that the presence of a
second particle does not disturb the micro-ionic cloud around the first particle. The
pair potential between two colloids at centre-to-centre distance r can be obtained by
integrating eq. (2.9) over the surface of the second particle. The integration yields a
screened Coulomb potential

2 —Kr
ﬁu(z)(r)z( 2z ) g ° (2.10)

2+ ko r

with the screening length k! and the Bjerrum length Ap (again see appendix A for
more details). Using the scaled parameters ¥ and Z, see appendix A, we obtain the
scaled pair potential 0

— 2 —
—) B 27 - e—Kr/U
Q7 (r)= <2+K0) & (2.11)

The full DLVO theory includes also dispersion interactions, but they are negligibly
weak for all well-separated spheres [Pail 82, Sugi 97].

Charge Renormalisation

Dealing with highly charged colloids, a simple linearisation is no longer justified.
Nevertheless, pair interactions may still be described by a screened Coulomb potential
but with a renormalised surface charged. This concept is based on the consideration
that linearisation fails only in comparably small volumes close to the charged particle
surfaces. There, micro-ions can be regarded as a quasi bound layer which neutralises
part of the bare surface charge. The colloidal particle can thus be described by a
particle with slightly larger diameter and a reduced effective charge Z.g [Alex 84].
A concept that has already been proven successful as the Stern layer [Ster 24]. Sub-
sequent studies showed indeed that non-linear screening influences only Z and «
[Lowe 92, Gisl 94, Bell 98].

While the original prescription of Alexander et. al. [Alex 84] yields only numerical
results, an analytical expression for the effective charge has been found by Trizac et.

al. [Triz 02, Triz 03] -

eff = Ap
This expression is valid in the limit of very high surface charges. Interestingly, the
effective charge Z.s becomes independent from the bare surface charge Z. Inserting
into this simple expression the charged system’s parameters (0 = 3um, Ag = 0.72nm,

Z (2 + ko). (2.12)

x~! = 430nm) leads to an effective charge of Z.; ~ 37000¢ which is much smaller
than the number of dissociated surface groups (~ 107) [Brun 03].
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Figure 2.1: Comparison of the pair potential obtained by numerical solution of the Poisson-Boltzmann
equation (symbols) with DLV O theory (continuos line). At low surface charges, see a), DLVO theory
matches the numerical solution perfectly. At high surface charges, however, DLVO theory overesti-
mates the pair interaction. The numerical data can be fitted with a screened Coulomb potential with
reduced surface charge (dashed line). This can be explained by a partial neutralisation of the surface
charge due to quasi bound micro-ions.

By calculating pair interactions numerically (see [Russ 01, Russ 02]), one can ob-
serve the decrease of the ‘visible” surface charge, as shown in fig. 2.1. At the low
surface charge Z = 0.029 in fig. 2.1 a), the electrostatic potential @ in the Poisson-
Boltzmann equation (2.6) is everywhere well below 1 and a linear treatise is certainly
justified. Accordingly, the numerical results show no deviation from the DLVO pair
potential.

Increasing the surface charge to Z = 2.9, see fig. 2.1 b), the calculated pair potential
begins to deviate from DLVO theory. As mentioned above, DLVO theory is a lin-
ear theory but the Poisson-Boltzmann equation becomes non-linear close to the highly
charged particle surfaces. The deviation as such is therefore not at all remarkably.
We can, however, fit the numerical data by a screened Coulomb potential with reduced
surface charge. This clearly confirms Alexander’s considerations [Alex 84] that the
bare surface charge is partly neutralised by quasi bound micro-ions. But we were not
able to test the limiting value of eq. (2.12) because our numerical methods could not
handle sufficiently high surface charges.
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2.2.2 Triplet Interactions

In the linear regime, it can be shown that particle interactions are purely pair-wise.
In the non-linear regime, this is not valid anymore and we also have to take higher
order interactions into account. In the following, we will deal with triplet interac-
tions as the lowest order correction to pure pair-wise interactions. One difficulty in
studying triplet interactions is the fact that they depend on the relative coordinates
of three particles namely the three particle separations r, s and t. This restricts us to
study only selected configurations. We will start with the collinear geometry, where
the attractive triplet interaction may be understood with the concept of macro-ion
screening. Next, we will present results for two other geometries and we will be able
to extract a scaling behaviour which allows us to give an approximative—but very
simple—analytical expression for the triplet potential.

In the following, we will present our results in scaled potentials (%, Z) because
this reduces the number of system parameters from four (Z, o, Ap, ¢s) to two (%, Z).
More details regarding how to obtain the interaction potentials from the calculated
micro-ionic distributions may be found in appendix A.

Macro-Ion Screening

For the first set of configurations, all three particles are placed in line and we will call
this the collinear geometry. While keeping the distance between two particles con-
stant we move the third along the axis. This generates a sequence of configurations
with constant distance r and varying distances s and ¢. We then calculate the triplet
interaction for each of the configurations. In fig. 2.2 a), we show a typical example
from our calculations. According to our calculations, the triplet potential a% is al-
ways negative and it decays with larger particle separations by either increasing s
(continuous line) or 7 (from red to orange).

Qualitatively, this negative triplet potential can be understood with classical DLVO
theory and pair-wise interactions only. From DLVO theory, we know that an increase
in the salt concentration results in an increased charge screening. The screening be-
comes even stronger for multi-valent salt ions. Therefore, a macro-ion with its sur-
rounding micro-ionic cloud should increase the screening if it is placed between two
other colloids. If transferred to the collinear geometry, this means that the pair po-

tential 5%) between isolated particles 1 and 3 should be diminished to a reduced
pair potential 5%)
screening mechanism—the macro-ion screening—relates to a negative triplet potential,
we have to consider the overall energy of a triplet of particles.

, by the presence of particle 2. To understand how this additional

The overall energy is actually the quantity which we can calculate directly from
the micro-ionic density distribution and the interaction potentials are derived from it
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Figure 2.2: Screening of the repulsion of a pair of macro-ions (1 and 3) by a third macro-ion
(2) inbetween. While fixing the distance v of particle 1 and 2 at four different values r/o =
1.25, , 3.75, , we vary the distance s. In a), we show the scaled effective triplet potential

a® dependent on s/ o, the separation of particles 2 and 3. It is negative for all configurations and
compensates partly the positive contributions of the individual pair repulsions. In b), we compare this
negative triplet potential with the pair potential of the outer particles 1 and 3. With all three particles
at close distance (v /o = s /0 = 1.25) almost 90% of the pair repulsion is compensated by the negative
triplet interaction. Thus, the middle particle screens the repulsion between the outer two particles.

by combining the results of several configurations (see appendix A or in more detail

[Russ 01]). Due to the negative triplet interaction 5(3), the overall energy is less than

(

o . —(2) —=(2 —(2 . .
the sum of the pair interactions (2%2), (213) and Q§3). In this particular geometry,
we may identify the negative triplet potential as the contribution due to macro-ion

(2)

screening. Thus, the diminished pair potential (23 " between the outer two particles

is the sum of the undisturbed pair potential 5&? and the triplet interaction a®.

In the next step, we would like to quantify the amount of additional screening.
In the special case of three parallel plates, there has been previous work of van Roij
[Roij 00]. This study predicts a 100% screening of the interaction between the two
outer plates by an intermediate plate. In our case, we have to relate the triplet po-
tential 2 to the undisturbed pair interaction ﬁg) between particles 1 and 3. In
fig. 2.2 b), we have plotted the ratio -a® / ﬁ%) for the same configurations which
were already shown in fig. 2.2 a). We find for the smallest separations in r and s that
the triplet interaction’s absolute value is almost 90% of the pair interaction. In other

o . =(2) . :
words, almost all the pair interaction 053) is screened by the presence of particle 2.
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Figure 2.3: The effective scaled triplet potential a® for two additional configurations. In a), we plot
the triplet potential as a function of the distance h/ o of the third particle from the baseline r. The four
curves correspond to values of r /o = 1.25, , 3.75, 5.00. In b), we show the triplet potential of an
equilateral triangle r = s = t as a function of its side-length r /0.

The screening is further reduced if either r or s are increased.

Scaling

To further investigate the triplet potential, we need to consider a variety of possible
configurations. Exemplarily, we will shortly mention two more. In the first configu-
ration, we again fix the first two particles at the distance r. Then, we insert the third
particle right in the middle between the two and move it perpendicularly outward.

In fig. 2.3 a), we have plotted the triplet potential % over the distance h of the third
particle from the centre-line. Similar to our previous results, we find a negative triplet
potential which decays with increasing separations r and /. Next, we have studied an
equilateral triangle configuration. We have kept the pair separations equal (r = s = t)
and varied the side-length of the triangle. Like before, the triplet interactions simply
decay with increased separation.

So far, our results only cover isolated regions in the parameter space (r, s, t). But we
may generalise our results with the help of an interesting scaling behaviour. Plotting
the various triplet potentials as a function the combined distances L = r 4 s + t (see
fig. 2.4), all of them can be fitted by a single curve of the form

% = _AG gL, (2.13)
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Figure 2.4: The triplet potential Q%) exhibits a remarkable scaling behaviour. The in figs. 2.2 and
2.3 presented data sets are plotted as a function of the combined pair distances L = r +s+t. The

continuous line is a best fit of the function Q% = _AB)ge L / Lwith A®) and 7 as free parameters.
Colours and symbols correspond to the previous plots.

Although we have not yet understood this scaling behaviour, it seems to be more
general as it holds for a wide range of parameters Z and %, see [Russ 01, Russ 02]
for a more detailed discussion. Quite recently, it has been confirmed with density
functional theory [Kim 05]. Our findings are important because they enable us to
do approximative analytical calculations as well the easy use in numerical studies,
see for example [Hynn 03]. Particularly, we will use it in our reference systems in
chapter 4.2.0.
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CORRELATIONS

In this chapter, we will outline the role of distribution functions in the description
of the static structure of simple fluids. Besides the well-known and commonly used
pair distribution function, we will concentrate on the triplet distribution function.
Later on (see the following chapter 4), triplet correlations will enable us to extract
triplet interactions from positional data. But within the scope of this chapter, we
will restrict ourselves to discuss properties of the triplet distribution function which
are entirely due to pair-wise interactions. Therefore, we will focus on the magnetic
system in this chapter because it is a simple liquid with well-understood purely pair-
wise interactions. Nevertheless, the charged system behaves very similar although it is
a complex liqguid with many-body interactions in certain parameter regimes.

After introducing the theoretical background (chapter 3.1), we will shortly men-
tion accompanying (purely pair-wise) simulations (chapter 3.2). Following, we will
demonstrate the importance of triplet correlations with the help of three different
examples. We will begin with showing that an accurate description of the two-
dimensional structure is impossible on a pair-wise basis using the Kirkwood super-
position approximation (chapter 3.3.2). Next, we will quantify the errors of the ap-
proximation with the effective potentials of mean force and we will show that the
approximated potentials deviate up to several kgT from the exact potentials (chap-
ter 3.3.3). And finally, we will consider the consistency of statistical mechanics with
the Born-Green equation derived from the Yvon-Born-Green hierarchy of integral equa-
tions (chapter 3.3.4).

Parts of this chapter have been published in [Zahn 03a, Russ 03b].

3.1 Theory

Important for a theoretical description of thermodynamical systems are m-body dis-
tribution functions ¢("), measuring the probability densities of finding two, three and
more particles at specified positions in space. They are the connective link between
microscopical properties, as for example the particle potentials, and macroscopical
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quantities, like the internal energy or the pressure [McQu 76, Hans 86]. In the case of
pair-wise interacting particles, the pair distribution function ¢(? is sufficient in many
equations which relate the particle interactions to macroscopical quantities. But as
soon as many-body interactions are present, we naturally also have to take higher or-
der distribution functions into account. But even for a system with pair interactions
only, the triplet distribution function ¢{3) can play an essential role. Examples are the
Yvon-Born-Green integral theory [Kirk 35, Yvon 35, Born 46], perturbation theories for
static fluid properties [Stel 74, Madd 78, Gray 78] and transport theories [Sche 90].
Also, the triplet distribution function is used to describe solvent reorganisation pro-
cesses around solutes [Laza 00] or systems under shear flow [Dhon 00, Wang 02].
And finally, temperature and density derivatives of the pair distribution function can
be expressed by means of the triplet distribution function [Scho 66, Egel 94]. But un-
like the pair distribution function, the triplet distribution function cannot be obtained
so easily and has probably never been directly measured yet.

3.1.1 Distribution Functions

The general m-body distribution function g™ can be defined by means of the molec-
ular distribution function n(") (7 ™) [Egel 94]. The lowest-order member of this class
of functions n(!) (#) d7}, is the probability of finding a particle in the volume d7; at
71. In a homogeneous medium, this is equal to the density p. Accordingly, the sec-
ond order molecular distribution function n? (71,72) d7 d7; is the joint probability
of finding one particle in the volume d7; at 7; and a second in the volume d7, at 7.
Functions of higher order are defined correspondingly.

In a fluid system without any long-range order, particle positions become indepen-
dent from each other at sufficiently large separations. The joint probabilities 1" (7)

thus factorise to (n(l)) "o p™. Dividing out this asymptotic dependency, we obtain

the set of m-body distribution functions g™ (7 ™)
gM(F™) = p "M (F"). (3.1)

The first non-trivial distribution function is (2 (71, 7,). As we are considering homo-
geneous, isotropic systems, the pair distribution function ¢?) = ¢(?(r) depends only
on the particle separation r = |, — 71 |. The next higher order is g(3) (71,72,73) which
describes the probability of finding triplets of particles. Configurations of three par-
ticles in homogeneous, isotropic media are uniquely characterised by three indepen-
dent parameters. Our choice were the inter-particle separations r = rp = |2 — 71|,
S =1T13 = ‘73 —71‘ and t = Yoz = ’73 —72’.
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3.1.2 Superposition Approximation

As previously mentioned, distribution functions are important because they allow us
to calculate macroscopical quantities from microscopical properties, like the particle
interactions. But we cannot easily derive the distribution functions themselves di-
rectly from the inter-particle potentials. Trying to do so, one usually ends up with
sets of coupled integral equations. To decouple them, an additional approximative
assumption is necessary, the so-called closure relation.

Most of the integral equations are based on the Ornstein-Zernicke equation [Orns 14]
(see also [McQu 76]) with the often used Percus-Yevick [Perc 58] or hyper-netted chain
[Leeu 59, Meer 60, Mori 60] closure relations (see e. g. [Hans 86] or [Perc 64]). An
inversion of the Ornstein-Zernicke equation has actually been used to determine the
parameters of the simulation potentials for the charged system [Brun 02b, Klei 02] pre-
sented later in this chapter (section 3.2).

Another set of coupled integral equations is the Yvon-Born-Green hierarchy which
we will introduce later in chapter 3.1.4. Within this hierarchy, distribution functions
of mth-order g(™) are related to the subsequent (m + 1)th-order ¢"+1). The super-
position approximation proposed by Kirkwood [Kirk 42] approximates the triplet dis-
tribution function g3 exclusively in terms of ¢(?) and can thus be used as a closure
relation for the Yvon-Born-Green hierarchy.

The reasoning behind this approximation can be explained by looking at a dilute
system. In such a system, particle separations are much larger than the range of the
interaction potential. The probability of finding two particles within interaction dis-
tance is therefore much larger than the probability of finding three or more particles
interacting. Also, particles are correlated only at very short distances. Therefore, the
probability of finding a specific triplet should be given mainly by the combined prob-
abilities of finding the individual pairs. This is called the superposition approximation
(SA) which leads to an approximate triplet distribution function g&)

3
85 (1,5,1) = 8P (g P (5)g (1), (32)
Introducing the correction factor G, we take the error made by the superposition
approximation into account
g§¥(r,5,t) = G(r, s,t)gé“;)(r, s, t)
= G(r,5,)g? (g (s)3 (1) (3.3)
This géi) includes already all correlations which spring from pair correlations. The
quantity G thus includes only the intrinsic correlations due to the presence of a triplet
of particles. For this reason, G(r,s, t) is called the triplet correlation function. In other

words, if G(r,s,t) is unity everywhere, there are no genuine triplet correlations in the
system besides the trivial ones that can be expressed by pair correlations alone.
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Kirkwood [Kirk 42] now argued that G(r, s, t) can be neglected under certain con-

ditions and that géi) already contains all the important features of ¢®). Identifying

now ¢® with géa is called the Kirkwood superposition approximation. Generally, it
holds quite well for low to medium densities. It has been tested—mainly by com-
puter simulations—for hard sphere systems [Alde 64, Rice 65, Miill 93], for Lennard-
Jones fluids [Rahm 64, Krum 72a, Krum 72b, Wang 72, Rave 78, McNe 83], for lig-
uid sodium [Tana 75] and for Yukawa fluids [J] Gu98]. And although deviations
have been observed, all qualitative features of ¢(> are reasonably described by the
superposition approximation. However, quantitative differences at small distances
and high densities can be appreciable. See [McNe 83], for instance, where simula-
tions are also compared with analytical theories going beyond the superposition ap-
proximation. More recently, higher-order correlations were studied in simulations
of two-component asymmetric electrolyes [Lins 91], in an aqueous 1:1 electrolyte
[Humm 93] and in strong 3:3 and 1:3 electrolytes [Jorg 02]. Moreover, theoretical
work has been done using integral equation theory, as for example in [Fush 91]. A
review is provided by [Rave 78].

3.1.3 Potential of Mean Force

The superposition approximation can also be understood with the concept of mean force.
It provides us additionally with a measure for the accuracy of the superposition ap-
proximation. Let us therefore consider a system of particles interacting with pair po-
tentials 1(?) (r). Two isolated particles separated by the distance r will experience a
force —ou® (r)/dr. The situation of the same two particles immersed in a colloidal
suspension is more complex. Certainly, the direct force between the two will be the
same. But there are additional contributions from the surrounding particles. If we
fix the separation of the first two particles at r and average appropriately over all
possible configurations of the surrounding particles, we obtain the mean force. This
force depends not only on the separation but also on the density of the system. No-
tably, for certain distances the particles can be pushed together even though the pair
interaction is purely repulsive. A short calculation [McQu 76] shows that the force is
the negative gradient of a quantity w(?) (r) which is thus called the (pair) potential of
mean force and which is simply related to the pair distribution function via

¢?(r) = e P ), (3:4)

At low densities, the influence of the surrounding particles vanishes and the pair
distribution can simply be described by a Boltzmann distribution

lim ¢ (r) = e P (), (3.5)

‘0~>OO

36



Theory CORRELATIONS 3.1

And thus, in the limit of low densities, the pair potential of mean force converges to

the true pair interaction w?) (r) — u(?)(r). This feature will later be used in chapter 4

to extract interaction potentials from correlations by extrapolation to zero density.
Generally, we can define the m-body potential of mean force as

Bw™ = —1Ingtm. (3.6)

Inserting this definition into the superposition approximation eq. (3.2) yields the follow-
ing expression
wg(r, s, 1) = w? (r) + w? (s) + w?(t). (3.7)

The superposition approximation thus assumes the additivity of the pair potentials of
mean force and neglects the correction term Aw(®) stemming from the correction factor
G of eq. (3.3)
InG(r,s,t)
p

We will call Aw®) the correction potential of mean force. The exact three-body potential
of mean force thus decomposes as

Aw® (r,s,t) = . (3.8)

w® (r,s,8) = w2 (r) + w0 (s) + w? () + 2Aw® (1,5, 1). (3.9)

This correction potential Aw(®) contains all higher-order correlation information. Its
strength will serve us as a measure for the accuracy of the superposition approximation.
We would like to point out that even for purely pair-wise interacting particles it may
be several kgT strong, as we will see in chapter 3.3.3.

3.1.4 Born-Green Equation

A prominent example of a hierarchy of integral equations is the Yvon-Born-Green hier-
archy [Kirk 35, Yvon 35, Born 46], which was also derived independently by Bogoli-
ubov [Bogo 46]. For pair-wise interacting particles, it relates distribution functions of
successive orders with each other [Hans 86]

—kgTVig™ (F™) — Y Viu® (7,)g™ (7 ™)
j=2

=p / Vaul? (71 )"V (FH) dFia. (3.10)

The most important member of that hierarchy is the case of m = 2. With the previ-
ously introduced potential of mean force, it can be written as [Egel 94]

drs. (3.11)

aw(z) (1’12) au(z) (1’12) . /au(z) (1’13) g(3) (71,72, ?3)

o on o1 @ ()
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This is the so-called Born-Green equation [Born 46] which provides us with an expres-
sion for the difference between the direct force and the mean force. This difference is
caused by the fact that the two particles are immersed in a suspension of density p.
It is equal to a summation of the forces du(? (r3)/97; which act on particle 1 due
to a third particle over all possible positions 73 of the third particle. Every position
73 is thereby weighed by the conditional probability pg(®) (71, 7,,73) d73/g? (r12) of
finding a third particle at 73 while the first two are fixed at 7; and 7,.

Using the superposition approximation (eq. (3.2)) as a closure relation to express g(®)
in terms of g(?), we can obtain the following approximate version of the Born-Green
equation

g (r13)g? (r3) drs.  (3.12)

ow? (r)  ou? () Np/ ou? (r13)

o7y o7 o7

By comparing the right-hand sides of egs. 3.11 and 3.12, we have a measure for the
validity of the Kirkwood superposition approximation.

3.1.5 Numerics

Before we move on and present the data from simulation and experiment, we would
like to elaborate on the numerical procedure to obtain the distribution functions
¢@(r) and g®)(r,s,t). Calculating the pair distribution function is certainly a well
known standard routine, but we will nevertheless discuss it shortly because it con-
tains all the relevant ideas that we need for the triplet distribution function.

Pair Distribution Function

To obtain the pair distribution function, we are counting particles in the histogram
H®(r;). Around a central particle, H?) (;) is the number of particles whose distances
r are in the interval r; — Ar/2 < r < r; + Ar/2 (see fig. 3.1) up to a maximum distance
rmax- Choosing every particle which is at least rmax away from the boundary as the
central particle and averaging the histograms H? (r;) over all these particles on every
configurational snapshot, we obtain the quantity 12 (r;). Dividing h® (r;) by the
density p and the ring area A(r;) = 27tr; Ar, now yields the pair distribution function
at the discrete values r;
g@(r) = S
p 27triAr
But why? Going back to the definition of the distribution functions in chapter 3.1.1,
we remember that the molecular distribution functions n(") are connected to prob-

(3.13)

abilities of finding particles. In particular, n2 (71,72) d7; d7> is the joint probability
of finding one particle in the volume d7; at r; and a second in the volume d7, at ;.
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Figure 3.1: The discrete pair distribution function g\?) (r;) is obtained from positional data by laying
circular rings of thickness Ar at distances r; around a central particle. For each ring, the number of
particles is counted whose centre-to-centre distance v to then central particle is within r; — Ar <r <
r; + Ar /2. This procedure is repeated by taking every particle as central particle and by subsequently
averaging the count. Dividing the particle count by the density p and the ring area A(r;) = 27tr; Ar
yields the pair distribution function g (r;) at discrete r;, see eq. (3.13).

We can split this joint probability into the probability ngl) (71) d7; of finding the first
particle and the conditional probability n§|11)

d7, at rp while the first is in d7; at r; and we get

(72) d7; of finding the second particle in

n®) (71, 72) diy &7y = ni") (71) &7y iy () dFs. 319

(1)

In an isotropic and homogeneous medium, the term n; "’ in the above equation is
just the density p. And because of the homogeneity, we can chose 7; = 0 such that

(1)

My (7) can be written as a function of the particle separation 7 = 7, — 7;. Furthermore
because of the isotropy, we can choose the infinitesimal volume d7, = 27tr dr and

(1)

1, (r) depends only on the distance r = |F|. And in the limit of infinitely small Ar,

201
the histogram /(2 (r;) tends to this conditional probability ngl) (r) 27tr; dr
(1) dr = K @) (.
nyj) () 27r;dr = lim (h®)(r)). (3.15)

And starting from the defining equation (3.1) for ¢g(?), we can finally write

1 1 KhA(r)
@ () — & @ () — = (D) 1) A i
8 (7’1) P2 n (1’) nl (0) n2|1 (7’) PZ % 27_[7,1_ Ar

(3.16)
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from which we can directly read off eq. (3.13).

Care has to be taken at the first and last slot of the histogram /() (;). Generally,
the intervals are centred around the discrete distances r;. But surely, this is not pos-
sible if we choose r;i—y; = 0 as the minimum distance rmj,. Therefore in our nota-
tion, the first ring is only Ar/2 wide and centred around 7min + Ar/4. The normal-
isation area A(7min) has thus to be changed to A(fmin) = 27T(*min + Ar/4)(Ar/2).
Similarly, we have treated the last slot at 7;_,,,, which is equal to the cut-off ra-
dius rmax. It is centred around rmax — Ar/4 and the normalisation area is hence
A(Tmax) = 270 (Fmax — Ar/4)(Ar/2).

Triplet Distribution Function

To calculate the triplet distribution function, we proceed similar to the pair distribu-
tion function. Having chosen a central particle, we loop through all possible pair
combinations of the remaining particles and count each combination of their dis-
tances 7, s and ¢ in an histogram HG) (ri,sj, ki) such that r; — Ar/2 < r < r;+ Ar/2
and correspondingly for s and ¢t with Ar = As = At. We then average over all par-
ticles on every configurational snapshot to obtain //(®)(r;, s;, k;) in analogy to h®) (r;).
Now, we have to identify the counterpart of this histogram in terms of the molecular
distribution functions. We can split the three-particle molecular distribution function
nB) (71,75, 73) d7y d7, ds similar to eq. (3.14) into the one-particle function ngl) (1) dAy
and the conditional two-particle function ng;)‘l (7273) d7, d75. The latter describes the
probability of finding a second particle in d7, at 7, and a third in d7; at 75 if we have
the first particle in d7; at 74

n®) (71,7, 75) dfy dF, dFs = ny") (7)) dFy () | (FaFs) dFs d7s. (3.17)

There, ngl) yields again a factor p and ”E%)u (¥o73) d7, d7; is the infinitesimal counter-

part of our histogram he) (r;, sj, ki). Trying to insert this into the defining equation of
®)
8

Lo oL 1 S oo
g(s)(rl,rz, 73) = E n(3)(r1,r2, 73) = E ngl)(rl) n2) (7a73) (3.18)

leaves us with the tasks to transform the coordinates from (7,,73) to (r,s,t) and de-
termine the volume d7, d73 subsequently in terms of (dr, ds, dt). This infinitely small
volume V,n, can be expressed analytically

47T7’1'S]'tk drdsdt

st — (12 + 57— (2)2/4

Vana(7i,8j, t) = (3.19)
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i

Figure 3.2: We need the intersection area Asec(R, sj, ty) to calculate the numerical normalising vol-
ume Voum (7,8, t) by integrating over it from R = r; — Ar/2 to R = r; + Ar/2. This numerical
procedure enables us to properly handle the situation Al.. where the two circular rings intersect al-
though the ring centres at s; and ty do not. The centre values (R, sj, ty) cannot form a triangle and
thus a calculation of the analytical normalisation volume Van, fails.

This equation holds also quite well for the finite Ar, As and At, allowing us to calculate
g(3) by normalising h®) (ri,sj, ki) with 0? Vana

1
G (. s - Gy g
§ (rl, o kt) p2 Vana(rir Sjs tk) ; (rl,S], kt)

2.2 2 22y

\/rz. ;= (75 + 5 —t2)2/4

= G)(r: s
p?47tristrArAsAt 12 (i sjo k). (3:20)

There is, however, one little problem. Substituting in eq. (3.19) the infinitesimal
(dr, ds, dt) with the finite (Ar, As, At), results in erroneous behaviour for stretched
triangles. For example, a triangular configuration with the pair separations r = 1.4 Ar,
s = 1.4 Ar and t = 2.6 Ar has one angle close to 180° opposite to side r (at particle 3).
Otherwise, it is a perfectly reasonable configuration. It is counted in the histogram
H®) (1, sj, ki) (remember that we have chosen Ar = As = At) with the indices (i =
1,j = 1,k = 3). The corresponding centre values (r; = 1Ar,s; = 1Ar,t3 = 3 Ar),
obviously, do not constitute a valid triangle. And thus, calculating V,n, fails because
the square root in eq. (3.19) turns imaginary.

While for most of our considerations, these solitary data points of the histogram do
not play any role, they are important for treating the Born-Green equation eq. (3.11)
correctly. If we want to integrate the triplet distribution function g©®)(r,s, t) over the
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full parameter range, we cannot afford to lose any entries of the histogram 1) (r;, s i kt)
in the normalisation procedure. A numerical calculation of the normalisation volume
as described by Krumhansl and Wang [Krum 72b], however, can achieve this.

Obtaining the numerical volume V,um for a combination of distances (r;, Sj, tr) is
a two-step process. In the first step, we are interested in the area spanned by the
variations in s and t. We fix the separation between the particles 1 and 2 at some
distance R taken from the interval r; — Ar/2 to r; + Ar /2. The third particle may then
be in the area Asec(R, Sjs ty), see fig. 3.2, with distances s and t ranging from sj—As/2
tosj + As/2 and ty — At/2 to t; + At/2. This area of two intersecting rings can easily
be calculated as

ASEC(R’ Sjs tk) = AR,s;r,t‘;r + AR,s;,t; - AR,s;r,t,: - AR,s]f,t;r (321)

with the intersection areas Ag s of two circles whose centres are separated by R and
radius s on the left and t on the right. Thereby, sj+ is the shorthand notation for
sj+As/2 and so on.

The second step is the integration of Agec(R, Sjs ty). The orientational degree of
freedom around the central particle 1 yields straightforward the factor 27tR. Subse-
quently, we integrate the resulting product 27T1R Agec (R, Sjs ty) over R from r; — Ar/2
to r; + Ar/2 and we obtain the numerically calculated volume Vhum

ri+Ar/2
Voum (i), 1) = 271 / RAsee(R, 5, t) dR. (3.22)
ri—Ar/2

Contrary to the analytically calculated volume Vjpn,, this normalising volume gives
correct values if the distances (7, Sjs ty) do not represent a valid triangle as in the ex-
ample mentioned above. Finally, we properly normalise our histogram 1) (r;, sj, ki)
by dividing through p?>Voum and we obtain the triplet distribution function g(®)

1

G (y: s
p2 Vrlum(ri,S]‘,tk) h (rl/S]/kt) (323)

8(3) (ri/ Sj/ kt) -

3.2 Simulation

Throughout this third chapter, simulations play the minor role besides the experi-
mental data. The latter, we will present in-depth later on in chapter 3.3. Nevertheless,
all aspects have also been studied using Monte-Carlo simulations of the magnetic sys-
tem and the charged system. And in many of the graphs in chapter 3.3, these results are
shown next to the experimental results. The simulations provide us with a controlled
environment, from which we can better interpret and evaluate the experimental data.
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Most important, we can control the statistical errors of the distribution functions
and, moreover, we can achieve an accuracy far better than the experimental data.
The data of the magnetic system, which is in the centre of the following experimental
section, consists of roughly 200 configurations of little more than 500 particles. The
simulations were run with 2000 particles and we gathered 500 statistically indepen-
dent configurations. With the help of this much broader data basis, we can clearly
separate the signals from the noise.

And, we are able to reproduce all the relevant experimental observations with our
simulations. All we need is a two-dimensional system with the following pair poten-
tials:

Magnetic System

The magnetic system is governed by the magnetic dipole-dipole interaction described
in chapter 2.1.1, see eq. (2.5)

r
B = ——= (3.24)
u' (r . .
P (/or)

Its strength is controlled via the interaction paramter I' = B(uo/47)(xB)?(7tp)
Scaling the pair separation with the square root of the density ,/p, the correlations
depend exclusively on I'. Thus, the density is kept constant at some arbitrary value.
Simulations have been run at I’ = 4, 14, 46.

3/2'

Charged System

The charged system has been simulated with a screened Coulomb potential as described
in chapter 2.2.1 with a renormalised surface charge Z.. Recalling eq. (2.10), it has the
form

() 27 £f 2 e
2 _ e Ko
pu'?(r) = (2 T KU) " A - (3.25)

The parameters Z¢s and x have been obtained by inverting the pair distribution func-
tion at low densities via the Ornstein-Zernicke equation and a subsequent fit. Our
numerical values differ slightly from the values of [Brun 02b, Klei 02] because of a
different fitting procedure, but that does not significantly change the pair interaction
at the relevant distances. And the pair distribution functions are also very similar,
as we can see. In numbers, we obtained a renormalised charge Z.;¢ = 16650 and the
screening length k! = 435nm. The particle diameter is ¢ = 3pm and the Bjerrum-
length in water is Ag = 0.72nm. Different correlation strengths are realised by differ-
ent densities p. In particular, we have simulated paz = 0.037, 0.135, 0.186.

Finally, we would like to remark that we do not need any triplet or higher order
interactions to explain all the observations which we will present in the following
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experimental section. Although we do know for the charged system (see the previous
chapter) that there are many-body interactions in certain parameter regimes. And
even despite the fact that we will present evidence for the presence of triplet interac-
tions in the following chapter. Actually, we will be using the very same data set of
the charged system as we are using here. Nevertheless, these triplet interactions obvi-
ously bear no significance within the scope of this chapter. To avoid, however, any
unnecessary discussions, we will focus almost exclusively on the magnetic system in
the following section, even though all the presented results are equally valid for the
charged system.

3.3 Experiment

Despite the theoretical efforts outlined in chapter 3.1.2 to study the triplet distribution
function ¢ and its superposition approximation analytically and numerically, there are
only few papers dealing with triplet correlations on the experimental side. One in-
direct way to obtain information on ¢(®) is via the isothermal pressure derivative of
the fluid structure factor dS(q) /9P, which is related to the triplet distribution func-
tion [Scho 66]. This idea has been exploited in rare-gas fluids mainly by Egelstaff and
co-workers in a series of experimental papers: in Argon [Egel 69, Egel 71], Krypton
[Winf 73], Neon [Egel 73] and Helium [Mont 91]. But, to our knowlegde, there is no
direct measurement of ¢(®). It is clear, where the problems come from: x-ray or neu-
tron diffraction data provide information just on the fluid structure factor, i. e. essen-
tially on the pair distribution function g(2). A measurement of ¢(®), however, requires
a knowlegde of the positions of three particles at the same time, which is technically
very demanding to obtain in three-dimensional samples (see however [Diet 89]).

Our advantages are the two-dimensional systems and the use of video-microscopy.
We are therefore able to directly measure all particle positions at all times. Essentially,
one follows the phase-space trajectory of the system as it evolves in time and has
thus the same amount of information as one obtains in a simulation. It is rather
straight forward to calculate higher-order distribution functions from the measured
configurations. The here presented results are probably the first direct measurement
of a three-body distribution function.

The data have been gathered for both, the magnetic system and the charged system, at
different correlation strengths. In the case of the magnetic system, we are varying the
interaction strength I'. Choosing the values I' = 4, 14 and 46, we cover the range of a
hardly correlated system to a strongly correlated but still liquid system. Similarly for
the charged system, we are changing the density p and set their value to pc? = 0.037,
0.135 and 0.186.
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Figure 3.3: Pair distribution functions g2 (r) for a) the magnetic system and b) the charged system.
The magnetic system at an interaction strength of I' = 4 shows only weak and short ranged corre-
lations. Increasing the interaction strength to and I' = 46, correlations become stronger and
longer ranged. The same applies to the charged system when the density is increased from pc® = 0.037
over to po? = 0.186.

3.3.1 Distribution Functions

Commonly, if we speak of distribution functions, we refer to the pair distribution
function ¢(?)(r) as previously defined in chapter 3.1.1. In a homogeneous system,
the one-body distribution function is of no interest at all because it is has the con-
stant value g(l) = 1. Higher order distribution functions, on the other hand, are
almost never accessible. Because of their definition, distribution functions are cen-
tred around the value of 1. This value means that the probability of finding a certain
configuration of m particles is just equal to the unconditional probability of finding
the individual particles ~ p~™. A value larger than 1, thus corresponds to an in-
creased probability and we speak of correlation. For values smaller than 1, particles
are said to be anti-correlated.

In fig. 3.3, we show some typical pair distribution functions of liquid systems. First
of all, each particle has an exclusion area at small distances r such that g®?)(r) = 0.
For our systems, this minimum distance is certainly at least given by the particle di-
ameter o, but it is actually larger due to the strong pair repulsion. On the long range
end, liquid systems have—contrary to crystalline systems—no far stretching order
and correlations vanish at larger distances. Thus, the oscillations of ¢(?)(r) decay
with increasing separation r. Systems like the magnetic system at I' = 4, fig. 3.3 a),
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and the charged system at pc? = 0.037, fig. 3.3 b), exhibit only weak and short-ranged
correlations. The first peak is not very pronounced and there are only traces of a
second peak. Particles further apart than ~ 2.5rp!/2 are already completely uncorre-
lated. With increasing interaction strength in the magnetic system, I' = 14 to I' = 46,
respectively increasing density of the charged system, pc® = 0.135 to po? = 0.186,
more peaks of the pair distribution function are emerging and the individual peaks
become larger. In other words, correlations become stronger and longer ranged. Two
particles are correlated over several average inter-particle separations.

Naturally, one expects at this place that we move on straight to the triplet distri-
bution function and that we will present it nicely in some few plots. But presenting
¢®) will need some effort because it depends on three parameters—the particle sep-
arations r, s and t—which makes it more difficult to plot. Additionally, the triplet
distribution function combines features due to pair correlations with features unique
to triplet correlations. We will distinguish between the two with the help of the su-
perposition approximation in the following section.

3.3.2 Superposition Approximation

The superposition approximation gg(r, s,t) = ¢@(r)g®(s)g?(t) is composed of the
individual pair distribution functions. It thus comprises the pair contributions to
the triplet distribution function. Hence, if we can explain any features of the triplet
distribution function by the superposition approximation, these features are not due to
triplet correlations. All characteristics of genuine triplet correlations must therefore
be comprised in the differences between the triplet distribution function and the su-
perposition approximation, denoted by the factor G(r, s, t) of eq. (3.3).

In the following, we will visualise g(3)(r, s,t) and gg’,\)(r, s,t) with one and two-
dimensional sections through their three-dimensional parameter space. We will be-
gin with the simplest section, the one-dimensional line given by r = s = t, which
corresponds to the configuration of an equilateral triangle. Next, we will fix the sep-
aration r between the particles 1 and 2 and we will compare the superposition approxi-
mation to the triplet distribution function with two-dimensional contour-plots.

Equilateral Triangle

In the equilateral triangle configurations (r = s = t), the superposition approximation

géi) given by eq. (3.2) simplifies to

g&)(r, r,r) = g(z)(r)g(z)(r)g(z)(r) = (g(z)(r)> ) (3.26)
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Figure 3.4: Comparison between the triplet distribution function (¢ (r,r,7))'/? (dashed line) and
the superposition approximation (gé‘? (r,7,7))Y/3 (continuous line) in the equilateral triangle config-
uration. In this configuration (v = s = t) the cubic root of the superposition approximation equals
the pair distribution function ( géi))l/ 3 = ¢ already shown in fig. 3.3. At low interaction strengths
in the magnetic system, I' = 4 in a), respectively low densities of the charged system, pc® = 0.037 in
b), ) is well approximated by g&). With increasing correlations in the systems, — I =46
and — po? = 0.186, the superposition approximation starts to differ significantly from

the triplet distribution function.

Taking the cubic root, ( gé“;) (r,7,7))/3, the superposition approximation is thus identical

to the pair distribution function ¢(®)(r). Besides having reduced the parameter de-

pendency of géi) (r,s,t) to the single parameter r, we have related the yet unfamiliar

function géi) to the well-known pair distribution function ¢(®) which we have already
shown in fig. 3.3.

We have therefore decided to generally plot the cubic roots of gg and ¢®. In
fig. 3.4, we are comparing the triplet distribution function (¢©® (r,,7))/3 of the mag-
netic system in a) and of the charged system in b) to the superposition approximation
( géi)(r, r,1))1/3. For the weakly interacting magnetic system (I = 4) and the charged
system at low densities (00> = 0.037), the superposition approximation fits the triplet
distribution function very well. This is expected because, in this regime of low over-
all correlations, particles interact mainly as isolated pairs with each other. We hardly
find any interacting triplets of particles, and hence, we do not find any significant
genuine triplet correlations (G(r,7,7) ~ 1).

To study higher correlated systems, we increase the interaction strength of the mag-
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netic system to I' = 14 and I' = 46, respectively the density of the charged system to
po? = 0.135 and po? = 0.186. With increasing correlation strength, the superposi-
tion approximation differs more and more from the triplet distribution function. The
general characteristics of the triplet distribution functions are nevertheless well pre-
dicted. The shape and the exact locations of the maxima and minima, however, are
quite different. This is most pronounced around the region of the first minimum.
Within this section, we will content ourselves with a qualitative discussion of the dif-
ferences. We will quantify them in the subsequent section (chapter 3.3.3) using the
potential of mean force.

Two-Dimensional Superposition

Now, we will be visualising ¢®) and géi) by two-dimensional contour-plots. Fix-

ing the separation r between particles 1 and 2, we can easily convert the remaining
parameters (s, t) to cartesian coordinates (x,y). Next, we have to choose a suitable dis-
tance r to obtain a typical and informative two-dimensional plot. We have therefore

picked the most probable pair separation, the distance rr(ﬁgx at which the pair distri-

bution function ¢(? has its first and most pronounced maximum g% (rr(,%gx) = max.
This distance is almost, but not exactly, equal to the mean distance 1/,/p. And if we
were studying a crystal, this would be nothing but the lattice spacing. This is impor-
tant because we will be observing local structure such that peaks of the distribution
function are close to lattice sites. But before we present any of these results, let us first
consider the superposition approximation more closely.

Having fixed the pair separation of the first to particles at ri2., the superposition

approximation reads as

88 rhaans5,1) = 82 (rna) g ()5 (1), (327)

If the third particle is now far away, i. e. at large distances s and ¢, both pair distribu-

tion functions ¢(?)(s) and ¢® () will tend to 1. This means that the limiting value of

the superposition approximation gg;) (rr(ﬁgx, s, t) will be the maximum value of the pair

(2) )

correlation function ¢ (i,

tim (52 (25,1)) = $® (). (329)
t—o0

(2)

We will choose the value g(z) (rmax) as our neutral reference level. At positions where

gé‘z) (rr(ﬁgx, s, t) is equal to this reference level, any third particles are uncorrelated to the

central two particles. In regions where géi) (rfﬁ;x, s, t) is larger than g(z) (rl(ﬁgx), there is

an increased probability of finding third particles or, in other words, particles are

correlated to the central pair. Likewise in regions where gé‘? (rr(ﬁgx, s, t) is smaller than
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Figure 3.5: Two-dimensional plot of the superposition approximation ( gg)l/ 3 for the magnetic sys-
(2)

tem at I = 46. The distance r is fixed at the most probable two-particle separation rn%ax. Darker areas

3)

indicate peaks in gg . The circles represent the distances at which ¢ around the respective particle
has its first and second peak (white circles) and its first minimum (black circles).

g(z) (rl(ﬁgx), the probability of finding third particles is less than average and particles
are anti-correlated to the central pair.

In fig. 3.5 we have plotted (gg(rl(ﬁgx, 5,t))1/3 for the I' = 46 measurement of the
magnetic system. The darker grey to black areas correspond to the areas with an in-
creased probability of finding a third particle under the condition that the first two are
separated by r and oriented as indicated. The lighter grey to white areas correspond
to a decreased probability.

Let us now discuss the major features of gé‘l). They can easily be understood by con-

sidering that gé‘l) is by definition the superposition of the individual pair distribution

functions. Fixing r, we are left with ¢(?) (s) times g(?) (t) times the constant g(?) (rggx)
If either ¢(?)(s) or g(?)(t) equals zero, their superposition is also zero. Therefore are
both central particles surrounded by an extensive white-labelled exclusion area. For
hard spheres, this would be due to their physical volume, but for the magnetic parti-
cles, it is usually much larger than their diameter and it is entirely due to the strong
repulsion at small distances.

Remembering the pair distribution funtion in fig. 3.3, this exclusion area is fol-

(2)

lowed by the major peak. And having fixed r at exactly this distance 7y, we expect
atr =s =1t = rr(i)ix the overall maximum of géi). To make this point in space clearer,
we have additionally drawn circles around the centre-particles to indicate important

distances of s and t. The inner white circles correspond to exactly this distance rl(ﬁgx

and at their intersection, we observe the most pronounced peak of géi).
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Moving from this intersection point further out into the y-direction, we see a local
minimum where the two black circles intersect. With these black circles, we have
indicated the distances s and t at which the respective pair distribution functions
have their first minimum. Continuing along the y-direction, the two larger white
circles intersect and this indicates the position of the second maximum in ¢®?)(s) and
¢?)(t). There, another local maximum is observed, but it is much less pronounced

and spatially not so confined as the global maximumatr =s =1t = rl(ﬁgx.

Let us now have a closer look around particle 2 on the right hand side. We will keep
s = rr(ﬁgx constant which means that we will follow the path along the inner white
circle on the right. We start at t = 0 which is just the position of particle number 1 on
the left hand side. At small distances t, we are in the exclusion zone around particle
1 which is given by ¢?)(t) = 0. Adjacent to this zone, we encounter the previously
mentioned global maximum where the two inner white circles intersect. Increasing ¢
further, g(? (t) has its first minimum where the black circle intersects the right inner
white circle. There, we have a local minimum considering the path along the white
circle and a local maximum on the path along the black circle. Summing it up, gé‘?
has a saddle point here.

At even larger ¢, the distribution function ¢(?)(t) increases again in value until it
reaches its second maximum, denoted by the larger white circle. But contrary to the
previous intersections, the two circle intersect almost tangentially. This is equivalent
to the fact that t changes only marginally further along the constant s = rr(ﬁgx path.
While ¢®)(#) is continuously close to or even at a local maximum, we observe an
extended ‘banana’-shaped maximum to the right of particle number 2. Following our
circle further, t decreases again and we encounter all of the above features in reverse
order. But let us come back to the ‘banana’. Of course, there are two slight maxima at
the two intersection points of the white circles. But as ¢(?)(t) varies only slightly and
g1 (s), like g'?)(r), is kept constant at s = ri2,, also géi) varies only slightly. Thus, the
‘banana’ can be considered as an almost constant plateau without any important sub-
structure. We are pointing this out because we will see the most important deviations
from the superposition approximation géi) to the triplet distribution function ¢(® along
this ‘banana’.

Besides the above discussed features, there are hardly any other interesting fea-
tures in the superposition approximation. Generally, géi) quickly looses any significant
structure at increasing distances s and ¢ from the central pair. In the y-direction, we
can identify a sequence of maxima and minima which become rapidly less and less
pronounced. In the x-direction, we can similarly see a sequence of ‘banana’” maxima

and minima which also decay in height quite rapidly.
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Figure 3.6: Comparison between the superposition approximation géiz in the left half of each plot to

the exact triplet distribution function g®) in the right half. Because each missing half is just the mirror

image of the one actually plotted, no information is lost. To provide a finer resolution of the structure,
we display only the peaks (dark grey to black) by pulling the reference level (white) up to g2 (rr(i)ix)

which is the limit of g©®) (rr(ﬁgx,s, t) for s,t — oo. We superimposed a hexagonal lattice to emphasise
the local structure of §®). In a) the magnetic system with I' = 46 is shown, in b) the charged system
at density pc* = 0.186.

Two-Dimensional Triplet Distribution

After all this preparatory work, let us turn towards to the triplet distribution function
g% itself. We will present the data of both experimental systems with their strongest
correlations. This is the magnetic system at I' = 46, shown in fig. 3.6 a), and the charged
system at po? = 0.186, shown in fig. 3.6 b). To provide a finer resolution of the struc-
ture, we are focussing exclusively on the peaks (coloured dark to black) by setting
the base (coloured white) of our grey-level scheme at g(?) (rggx) which has been the
neutral level in the preceding discussion. We have divided each plot and we show
on the left the superposition approximation ( g&))l/ 3, which we already know, and on
the right the triplet distribution function (¢(®)'/3, which is new. Due to the under-
lying symmetry, we have not lost any information by displaying only one half of the
xy-plane. Actually, one quarter of the original plot in fig. 3.5 would have been suffi-
cient, but plotting a full half-plane enhances the clarity of our plots. And, as a final
technical remark before moving on to discussing the results, we would like to note,
that the lens-shaped stripes along the x-axis are due to the parameter transformation
(s,t) — (x,y) and do not bear any physical meaning.

Comparing now gg on the left with ¢® on the right, we can see that the super-
position approximation predicts the general behaviour of the triplet distribution func-
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tion quite well. There are, however, some important differences. They are most pro-
nounced in the ‘banana’-shaped structure that we described in the preceding discus-
sion of the superposition approximation. This ‘banana’ is the first peak—besides the
equilateral triangle peak—next to each particle and thus represents a shell of nearest
neighbours. Contrary to the superposition approximation, the triplet distribution func-
tion reveals that this shell actually resolves into three distinct peaks. Using the angle
¢ as defined in fig. 3.6 a), they are located at 120, 180 and 240 degrees. Taking these
peaks together with the two equilateral triangle peaks at ¢ = 60 and ¢ = 300 degrees
and particle number 1 at ¢ = 0 degrees, particle number 2 is in the centre of a six-fold
symmetry. Although we are studying a liquid system, we can observe how locally
a hexagonal structure evolves. To further emphasise this, we have superimposed a
hexagonal lattice in fig. 3.6. And indeed, the peaks around the central particle occupy
exactly the lattice sites.

Another interesting difference can be spotted close to the y-axis. Looking back at
fig. 3.5, we can see along the y-axis the superposition of the primary maxima (inner
white circles) and secondary maxima (outer white circles) of g2 (s) and g(? (¢). While
the primary maxima fall exactly on top of a lattice site, see fig. 3.6, the superposition of
the secondary maxima lies in-between two lattice sites. A comparison with the triplet
distribution function now reveals that the maximum is in reality broadened and it
extends up to the lattice site next to the y-axis. This effect might appear insignificant,
but, when quantifying correlation effects in chapter 3.3.3, we will see that they are
most pronounced close to this point.

Further away from the central particles, like in the second ‘banana’, no substan-
tial sub-structure can be identified and the maxima do not correspond to individual
lattice sites.

Throughout the preceding discussion, we did not distinguish between the magnetic
system or he charged system. Both behave qualitatively the same. Hence, we can con-
clude that the effects are largely independent from the interaction potential and they
are genuine correlation effects.

Two-Dimensional Triplet Distribution: Various r

For a complete picture of the triplet distribution function, we ought to study two-
dimensional plots at all distances r, not only at one single distance. With the distance

(2)

max in fig. 3.6, however, we have already covered the most probable pair separation
and any findings there are certainly of general importance for the system. In addition
to the special pair separation rr(ﬁgx, we have selected some other distances for which
we will present similar plots. In particular, we show in fig. 3.7 the three larger dis-
tances 1.33 rr(i)ix, 1.67 rl(ﬁgx and 2.00 rr@ix and the shorter distance 0.78 rr(i)ix. We have

restricted ourselves to the magnetic system, because the differences between the su-
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Figure 3.7: For the magnetic system, we compare the superposition approximation g to the correct
triplet distribution function ¢®). The plots directly correspond to fig. 3.6 except that the particle
separation v is varied. First, the distance of the central particles is stepwise increased from a) v =
1.33 rr(i),x over b) r = 1.67 rr(ﬁgx toc)r = 2.00 rl(ﬁgx at which distance finally another particle can

occupy a lattice site in-between. At last, the particle separation is decreased down to d) r = 0.78 rr(ﬁgx.

perposition approximation and the triplet distribution function are largely independent
from the pair potential, as we have seen in fig. 3.6.

Again, we show the superposition approximation g&) on the left and the triplet dis-
tribution function g©®) on the right. The peaks of the superposition approximation can
once more very simply be understood as the combination of the individual peaks
of ¢?(s) and g(?(t), similar to fig. 3.5 and its detailed description. Like in fig. 3.6,
only the peaks are shown and the reference level is taken to be g2 (r) at the proper
distance r. And, we have also superimposed a hexagonal lattice with the unchanged
lattice constant rt(ﬁgx. This might seem artificial, since already the distance of the two
central particles does not fit. But plotted separately for each half-plane, it does pro-
vide guidance for the eye.

Starting with the upper left plot, fig. 3.7 a) with r = 1.33 rr(i)ix, we can see how

the hexagonal symmetry of the shell of nearest neighbours is about to be broken.
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According to the triplet distribution function on the right hand side, each particle
still has six nearest neighbours. Due to the increased distance r, however, the adjacent
particles are slightly displaced. The primary peaks at ¢ = 60 and ¢ = 300 degrees
of fig. 3.6 have moved inwards, filling the space between the two central particles.
Comparing g&) to g3, we notice an additional third peak at ¢ = 180 degrees in the
‘banana’ and the shifted secondary peak along the y-axis.

Further increasing the separation to r = 1.67 rﬁﬁgx, see fig. 3.7 b), the two primary
peaks have moved almost in-between the two central particles and begin to overlap.
The ‘banana’ extends further and starts to enclose the central particles.

Looking at fig. 3.7 c), the central particles are two full lattice spaces apart and a
third particle can occupy the space in-between. According to ¢(®), its position is much
more localised than predicted by gé‘?. Also, the superposition approximation again fails
to properly describe the sub-structure of the ‘banana’-shaped shell of nearest neigh-
bours.

Decreasing the pair separation to r = 0.78 rggx, see fig. 3.7 d), we can observe how
the primary maximum on the y-axis are squeezed out. The main difference between
the superposition approximation and the triplet distribution function is again found in
the shell of nearest neighbours where g(®) as opposed to ggi) clearly shows distinct

peaks.

3.3.3 Potential of Mean Force

To quantify our analysis of the previous section, we will employ the concept of mean
force as introduced in chapter 3.1.3. More specifically, we will use the correction po-
tential of mean force, as defined in eq. (3.8). As we have seen, the triplet distribution
function differs most from the superposition approximation in the shell of nearest neigh-
bours and along the y-axis. So, let us take a closer look at these two regions for the
magnetic system. We will support the experimental data by simulations with enhanced
statistical accuracy.

Shell of Nearest Neighbours

To study the differences between the superposition approximation and the triplet dis-
tribution function in the shell of nearest neighbours, we will consider a circular path
around particle number 2. This path is defined by keeping r = rr(i)lx and s = rﬁﬁgx con-
stant while changing t = t(¢) by varying the angle ¢, see fig. 3.6 for a definition of
the parameters. Along his path, we will plot the superposition approximation ( géi))l/ 3
the triplet distribution function (¢(®))!/3 and the correction potential of mean force

—InG = pAw®).

4
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Figure 3.8: Along the shell of nearest neighbours (r = s = rﬁﬁgx), we have plotted the triplet distri-

bution function g3 and for the magnetic system as a function of ¢
as defined in fig. 3.6. The symbols represent the experimental data, the significantly smoother lines are
obtained by Monte-Carlo simulations. Additionally, we show the correction potential of mean force
BAW®) = —1InG as a measure for the strength of triplet correlations. Arrows indicate the position
of lattice points of the hexagonal lattice in fig. 3.6. With increasing I' the lattice points become more
favourable and BAw'®) becomes significantly stronger.

In fig. 3.8, we show these functions for three different interaction strengths I' =
4,14,46. At low interaction strength (I" = 4), the superposition approximation describes
the triplet distribution function quite well, as we have expected and as we have al-
ready seen for different parameters in fig. 3.4. This concordance is expressed by the
fact that the correction potential of mean force assumes values close to zero.

With increasing interaction strength, correlations generally start to increase but also
the deviations of the superposition approximation from the triplet distribution function
become more pronounced. In particular, the correction potential of mean force as-
sumes values of up to £0.5kgT, see fig. 3.8 c) Moreover, the differences between g&)
and ¢(®) are not just quantitative but also qualitative. The previously discussed sub-
structure of the ‘banana’ enclosing the central particles, compare fig. 3.6, can also be
observed in fig. 3.8. Instead of an almost constant plateau at larger angles, we ob-
serve the formation of two peaks at ¢ = 120 and ¢ = 180 (indicated by arrows)
which corresponds almost perfectly to the lattice sites of fig. 3.6. The correction poten-
tial of mean force now is the potential to the forces which push particles from their
positions predicted by the ggj;) to their positions in accordance to g®). But beware:
These triplet correlation forces must not be mistaken for ‘real’ triplet forces caused by

a genuine triplet potential!
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Figure 3.9: The triplet distribution function g, the and the correc-

tion potential of mean force pAw'®) are shown along the y-axis (defined in fig. 3.6) with r = rr(i)lx and

s = t. As in fig. 3.8, correlations and in particular BAw®) become more pronounced with increasing
interaction strength T'. Note, that BAw®) assumes values of up to 2kgT.

Along The y-Axis

Even stronger, however, is the correction potential of mean force along the y-axis of

(2)

fig. 3.6. Varying s, while keeping r = rmax constant and under the condition t = s, we

are following the path along the y-axis. Similar to fig. 3.8 we have plotted in fig. 3.9

the superposition approximation ( ggi))l/ 3, the triplet distribution function (g(®))!/3

the correction potential of mean force —In G = BAw(®).

and

Again, we can observe a good agreement between géi) and g® at low interaction

strengths (I" = 4). At high interaction strengths (I' = 46), the superposition approxi-
mation deviates mainly around the first minimum at sp!/? ~ 1.5 from the triplet dis-
tribution function. There, the correction potential of mean force Aw(®) peaks at about
2kgT! Particles are literally pushed out of that area towards the two neighbouring
maxima.

But the correction potential of mean force fAw®) can become even stronger. In-
creasing the pair separation tor = 1.33 rr(ﬁgx, we observe for Aw®) a peak of over 4k T
along the y-axis, see fig. 3.10. This peak, or rather its rising flank from sp'/?2 ~ 1...1.5
corresponds to the inward shift of the primary peak in fig. 3.7 when comparing géi)

on the left to ¢(® on the right.

We can conclude that triplet correlations are certainly very important to explain the
structure locally in the presented systems. In the following section we will study the
global effect of triplet correlations on structural properties.
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Figure 3.10: The absolute highest values of the correction potential of mean force BAw'®) are found on

the y-axis of fig. 3.6 for a particle separation r = 1.33r£§§x. As before, symbols are experimental data

and the continuous line is obtained by simulation. We also show Aw'®) of fig. 3.9¢) as a comparison.

3.3.4 Born-Green Equation

After having seen that triplet correlations are very important locally, we would like
to study now whether they are also important globally. To this end, we will use
the Born-Green equation in its exact form, eq. (3.11), and compare it to the approxi-
mated form, eq. (3.12). This approach has already been used by Krumhansl and Wang
[Krum 72a, Wang 72] to check the accuracy of the superposition approximation in their
early simulations of a Lennard-Jones fluid. We copy their ideas but, additionally, we
will use experimental data.

We numerically computed for the magnetic system at I' = 4and I' = 46 the left-hand
side of the Born-Green equation. We then calculated the right-hand side using the ex-
act triplet distribution function g3 according to eq. (3.11) and using the superposition
approximation gé‘;) according to eq. (3.12). The comparison is shown in fig. 3.11. In
case of weak interactions, I' = 4, we know from the two precedent sections that the
superposition approximation does not differ much from the exact distribution function,
see for example the figs. 3.4, 3.8 or 3.9. Thus, we hardly see any difference between
the exact and the approximated version of the Born-Green equation for the weakly

57



3.3 CORRELATIONS Experiment

30 : =
¥ Born-Green eq.
L X -
— left-hand side
20 X rhs with g(s)
I rhs with g(ssi
10 =46 h

1/2

Figure 3.11: We compare the exact Born-Green equation, eq. (3.11), to the approximated version,
eq. (3.12), in order to test the accuracy of the superposition approximation. We show the results of
the magnetic system for weak (I = 4) and strong (I = 46) interactions. The left-hand side is drawn
as a continuous line (I' = 4 and I' = 46). The right-hand side of the exact version is denoted by
crosses (I' = 4 and I' = 46), while circles ( and ) mark the approximated version. The
superposition approximation yields good results for weak interactions (I' = 4), but it fails significantly
in the case of strongly correlated system (I = 46).

interacting system in fig. 3.11. By contrast, both versions of the Born-Green equation
differ significantly in case of strong interactions, I' = 46, and thus strong correlations.
Hence, for stronger correlated systems, triplet correlations are important to describe
a system not only locally but also globally!

Furthermore, a number of other approximations for g3/ are known [Egel 94] and
could be checked in a similar way. This includes the Schofield equation [Scho 66], re-
lating 9g(?) /9p to ¢®, which in turn is the basic equation for a number of thermo-
dynamic consistency relationships [Egel 94]. From our results, we expect that g(®)
once more cannot be approximated at high I', but has to be taken in the correct form.
Our results confirm predictions from simulation studies on Lennard-Jones and hard-
sphere systems. They show that qualitatively the structure of g(®) is correctly de-
scribed by the superposition approximation, but quantitative failures can be appreciable
[Krum 72b, McNe 83, ] Gu 98].
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Figure 3.12: Comparison of the triplet distribution function ¢ of a liquid (I = 46) and a solid

(I' = 80) magnetic system. Orange to red colours represent peaks, blue colours represent low values

and white areas stand for g®) (rr(ﬁgx,s(x,y),t(x,y)) (almost) equal to zero. Close to the y-axis, the

most pronounced differences in the structure can be seen.

3.3.5 Liquid-Solid Comparison

In the discussion of the two-dimensional sections of the triplet distribution function,
we have described the local structure with the help of a hexagonal lattice as in the
figs. 3.6 and 3.7. We could clearly see how particles arranged themselves locally on
the lattice sites, although we were studying a liquid system (I" = 46). For the magnetic
system, a transition to the hexatic phase occurs not before I' = 57 and to the crystalline
phase only at I' = 60. So how does the triplet distribution function actually look like
for a two-dimensional crystalline system? Are there any significant differences or are
they quit similar?

In fig. 3.12, we have plotted such a comparison. On the one hand, we see the fa-
miliar strongly correlated but still liquid system at I' = 46. On the other hand, we
see a crystalline system at I' = 80. First of all, one might have expected that the
triplet distribution function of a crystalline phase is exactly correlated to the hexag-
onal lattice that we have already introduced when we discussed the liquid system.
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This is clearly not the case. By far, not all lattice sites have corresponding peaks in
the distribution function and correlations decay on the scale of a few times the lattice
constant. This does not imply, however, that we are studying an imperfect crystal. A
snapshot of the system reveals a perfect two-dimensional crystal without any disloca-
tions at all. And furthermore, this has nothing to do with the fundamental absence of
long-range correlations in two-dimensional crystals according to the Mermin-Wagner
theorem [Merm 66, Merm 68]. It is rather due to the fact that we have switched to
a coordinate system which is relative to the two central particles and which is thus
not fixed in the laboratory space. Even though the two central particles are confined
to their lattice sites, they still perform thermal motion around their equilibrium po-
sitions. So, if we would fix all particles but the central two to their lattice sites, the
resulting triplet distribution function would still decay at longer distances because of
slight rotations of the coordinate system relative to the crystal.

But let us have a more detailed look at the differences between the liquid and the
solid system. Already the liquid system exhibits in the shell of nearest neighbours a
local order such that a third particle is most likely found close to a lattice site. This
behaviour is clearly more pronounced in the case of the crystalline system. The peaks
become much higher and much more distinct, but they are not completely separated
from each other. Particles can still be found with a rather high probability at angles ¢
midway between 120 and 180 degrees. Increasing s to 1.5r§§§x, we see how the ‘valley’
adjacent to the shell of nearest neighbours becomes very deep at I' = 80. There, the
triplet distribution function partly drops off to almost zero. This effect is particularly
pronounced close to the y-axis. Moving a little bit further out along the y-axis, we can
spot another big difference between the two systems. In the liquid phase (I" = 46),
we can see a light green band starting just to the left (x ~ —0.5r§§§x) of the y-axis
and moving towards it. And although we did not plot the right-hand side of the
liquid system, this band extends continuously to the lattice point to the right of the
y-axis (x ~ +0.5r§§3x). In the crystalline phase, by contrast, this continuous band has
markedly split into two distinct and quite pronounced peaks. Along and close to
the y-axis we can spot thus a significant increase in local order corresponding to the
hexagonal lattice sites. Along the x-axis, however, the triplet distribution function
hardly corresponds at all to the lattice sites and all correlations can be explained by
the superposition approximation alone.

3.4 Summary

1. The here presented results are probably the first direct derivation of triplet dis-
tribution functions from experimental data.
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2. Triplet distribution functions are necessary to correctly describe local ordering
phenomena. The widely used superposition approximation of Kirkwood does not
only fail quantitatively but also qualitatively in the case of strong correlations.

3. The errors made by the superposition approximation are most pronounced in the
shell of nearest neighbours. There, we could observe how particles begin to
preferentially occupy sites of a hexagonal lattice even though the system is still
in the liquid state.

4. The differences between between the superposition approximation and the correct
triplet distribution function can be quantified with the correction potential of
mean force. Its magnitude can be of the order of a few kgT with peaks of over
4kgT.

5. By calculating both sides of the Born-Green equation, we have found that us-
ing the superposition approximation leads to a thermodynamically inconsistent
system. Thus, the errors made by the superposition approximation affect the de-
scription of the system not only locally but also globally.
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FROM CORRELATIONS
TO INTERACTIONS

Following the chapters on interactions (chapter 2) and correlations (chapter 3) we
will now have a closer look at the interplay of interactions and correlations with each
other. Both, the Born-Green equation (see chapter 3.1.4) and the potential of mean
force (see chapter 3.1.3) have given us first impressions how pair distribution func-
tions are influenced by pair interactions. Using statistical mechanics, the exact depen-
dency of the distribution functions on the Hamiltonian—and thus on the potential—
can easily be written down. Unfortunately, we cannot perform any exact calcula-
tions with non-trivial potentials. We can nevertheless employ numerical techniques
to study the interplay between of interactions and correlations.

On the one hand, we can calculate highly accurate distribution functions for a sys-
tem with known interactions using methods like Monte-Carlo simulations or molecular
dynamics simulations. On the other hand, obtaining particle interactions from distri-
bution functions, is much more complicated. To solve this so-called inverse problem,
there are quite a few approaches (a short but comprehensive overview can be found
in [Alma 03]). Each approach has its own advantages and disadvantages, but all of
them have in common that they are limited to pair interactions only. In this chapter,
we would like to present two new methods, which enable us to successfully recover
triplet interactions from positional data only. Particularly, we will be dealing with
the problem of finding the correct pair and triplet interactions between particles if
the pair and triplet distribution functions of the system are known.

After introducing the two methods (chapter 4.1), we will test them on a reference
system with known pair and triplet potentials (chapter 4.2). These in-depth tests will
provide us with valuable information about limitations, systematical problems and
accuracy of the methods. We will conclude this chapter by applying both methods to
experimental data of the charged system (chapter 4.3). This system is a complex liquid
for which we have experimental [Brun 03] and theoretical (chapter 2.2.2) evidence of
triplet interactions under certain conditions.

Parts of this chapter have been published in [Russ 05].
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4.1 Theory

The first method to obtain particle interactions from distribution functions stems
from the limiting behaviour of the distribution functions approaching zero density.
In this limit, the interactions can easily be read off from the potentials of mean force,
which themselves are directly related to the distribution functions. However, any
measurement at almost zero density can never provide us with reasonably accurate
data. We thus need to study sets of distribution functions at different densities and
extrapolate the data to zero density.

The second method takes advantage of a theorem by Henderson [Hend 74] which
guarantees that distribution functions are uniquely associated to particle interactions.
Hence, we try to emulate the distribution functions of a reference system as close
as possible by a series of Monte-Carlo simulations. After each Monte-Carlo run, the
potentials used in the simulation are adapted by using the deviations to the reference
distribution functions. This scheme is repeated until the distribution functions are
equal within the statistical error margin. Generally, such a technique is called an
inverse Monte-Carlo method.

4.1.1 Extrapolation

Following the discussion around the potential of mean force in chapter 3.1.3, we had
the idea to use extrapolation for reconstructing the interaction potentials from the dis-
tribution functions. We remember that the m-body potential of mean force is nothing
but the negative logarithm of the m-body distribution function. And, that the pair
potential of mean force is mainly the direct pair potential corrected by an averaged
interaction due to surrounding particles. Reducing the density p of the system, the
correction to the direct pair potential becomes smaller and smaller. In the limes of
zero density, one can thus write

g (r) 22 =P, (4.1)

In other words, the pair potential fu(?)(r) can be obtained by

Bu? (r) = —1In (lim [g(z)(r)]> . 4.2)

p—0

Likewise, the following relation should hold

ﬁu(z)(r) = lim [—ln <g(2)(r)>}

p—0

= lim |0 ()], (4.3)
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but having tested this method on the known potentials of the reference Monte-Carlo
simulation (later in chapter 4.2.1), we obtained better results when we extrapolate the
distribution function first and take the logarithm afterwards according to eq. (4.2).

Using the superposition approximation of Kirkwood (chapter 3.1.2) we can also ob-
tain triplet potentials from correlation functions. As previously discussed for pair
interactions, the superposition approximation works increasingly well with decreasing
density. But we need to take an additional factor e=P"” into account if there is a
triplet potential Bu(®)(r, s, t) present. So, we get in the limit of zero density

—0

—Bul (s
805, t) == 8B (g (s)g® (e P, 44)
Therefore, the triplet potential can be calculated as follows:
(3)
o (x 9 (r,s,)
Pt = (,%E% [g<2><r>g<2> ©370) ) .

Similar to eq. (4.3), we could also obtain the triplet potential by extrapolating the
corresponding potentials of mean force

o g% (r,st)
Bu(rs,t) = lim [_ln <g<2><r>g<2><s>g<2><t>>]

= lim |0l (r5,1) = pu® (1) — pu(s) ~ pu®(1)] . 46)

However, we again achieved better results by proceeding according to eq. (4.5).

Unfortunately, we cannot use these relations to determine the interaction potentials
directly because measurements become very difficult at densities close to zero. Ap-
proaching zero density, the statistical accuracy determining the distribution function
dramatically deteriorates. This can be exemplified with a short quantitative consider-
ation. As explained in chapter 3.1.5, the calculation of distribution functions consists
essentially of counting particles. Decreasing the density by a factor of 1/2 leads to an
equal decrease by 1/2 of central particles and, for the pair distribution function, to a
further decrease by 1/2 of neighbouring particles. All in all, the number of entries in
the histogram is down by a factor of 1/4 for the pair distribution function. Moreover
the count for the triplet distribution function is reduced by a factor of 1/8! The cor-
responding numerical errors of the distribution functions thus increase by a factor of
2 and 2+/2 respectively. In a simulation, one can compensate for this loss of counts
with longer observation times and larger systems. In an experiment however, the
observation time is limited by the stability of the colloidal suspension and the system
size is mainly limited by the optical apparatus.

Our idea to overcome these problems is to perform a series of measurements at fi-
nite densities and extrapolate the distribution functions to zero density. We will show

65



4.1 FROM CORRELATIONS TO INTERACTIONS Theory

the details of the procedure only for the pair distribution function. For the triplet dis-
tribution function, it is essentially the same. At sufficiently low densities p, we can

write the density dependency of the pair distribution function gf,z) (r) in powers of p

87 (1) = ao(r) +aa(r)p + ax()p? +as (1)’ 4. «7)
The lowest order coefficient of the expansion «g(r) is obviously the pair distribution

function at zero density gézz)o(r) which is exactly the function we are interested in

because of its direct relation to the pair potential.

The Scheme

To calculate the coefficient ap(r), we need a set of n (pair) distribution functions
gé/z,) (r) at densities p; (j = 1,...1). We then have to take into account that any distri-
bution function is only known at discrete distances r;. At each of these distances we
thus end up with n data points consisting of the density p; and the value gé/z.) (r;) of

the distribution function.

2 2 2
(ergi (1)), (p2gid (), oo (Pughl (1) (4.8)
We now have to find suitable coefficients ay(r;) for the expansion up to mth-order in p

887 (r) = o) + aa(r)p + -+ + (i)™ 49)

In this notation, we can easily see that our problem is equivalent to fitting an m-th
order polynom

Yy =ag+a1x + x> 4 -+ apa™ (4.10)
to a set of data points
(x1,y1), (x2,¥2), - -, (X, Yn) with n>m+ 1. 4.11)

Usually, the quality of a fitting curve is measured by adding up the square errors
at each data point. The best fitting curve is thus the function f(x) that minimises the
sum of the square errors I'1

lyi — f(x)]? (4.12)

-

Il
—_

I =

2 ..
lyi — (a0 + a1x; + ax; + -+ amx}")]” = minimum.

I
™=

Il
—_
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It is therefore necessary that the derivatives with respect to the unknown coefficients
oIl/9day, ..., 0I1/0a,, are all equal to zero

aIl !

FY 2Y [yi— (a0 +axi+ax7 + - +ayxl")] =0
i=1

oIl !

E — Zin [yi—(a0+a1xi+a2xi2+---+ﬂmxlmﬂ:0
i=1

oIl ! 2 2 m

S = 2Y 2 [yi— (ap +ayx; + a2 + -+ axl)] =0 (4.13)
i=1

aIl &

— = 2 2" [y — (a0 + arxi + axx? 4 -+ - + ayx")] =0

m i=1

Expanding the above equations, we get

n n
yi = ﬂoZl —|—a12xi —|—a22x? +... —|—am2x§”
j j i=1 i=1

n n
+a) x) A tay Yy
i=1 '

M-

,.
Il
—_
-
I
—_
-
Il
—_

™=
R
=
I
s
Nag!
Ra
+
2
g
R

i=1 i=1 i=1 i=1
n n n n n
Yoxty, = ag) x +a ) x) +a) x4 4auy a"t? (414)
i=1 i1 i=1 i=1 i=1
n ' n n n n
Yoxlyi = agY xl+ar Y x T b Y a4 g, )
i=1 i1 i=1 i=1 i=1

The unknown coefficients ag, a1, a2, ..., a, can hence be obtained by solving the
above equations. As we remember, the coefficient ay corresponds to the lowest order
coefficient wg(r;) at distance r; in eq. (4.9). And, ao(r;) equals gézz)o(r) from which we
can simply obtain the pair potential by taking the negative logarithm. So far, we have
a scheme that theoretically works. But how do we expect it to perform practically?
Certainly, our approach works only for sufficiently small densities at which we can
neglect higher order terms in the density expansion of eq. (4.7). But how do we know
what ‘sufficiently small densities” actually are? We have to admit that we do not have
any theoretical predictions for the size and the importance of each correction term.
The only way to answer this question is to apply this method to a set of Monte-Carlo
simulations with known potentials. We have done that and we will discuss the valid-
ity and the limitations of this method in great detail later in chapter 4.2.1. In general,
we can expect that we should surely stay away from the crystallisation transition and
from any dense liquids with longer ranging order effects. Such strongly correlated
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systems can certainly not be described by a low order polynomial density expansion.
Also, higher order expansions become very soon very impractical. We have therefore
restricted our studies to linear, quadratic and cubic extrapolation. As we will see in
section 4.2.1, this range of extrapolation is sufficient up to moderate densities which
are well accessible in the experiment.

4.1.2 Inverse Monte-Carlo

The second method to obtain particle interactions from distribution functions, relies
on the uniqueness theorem of Henderson [Hend 74]. The theorem guarantees that
two different pair potentials can never yield the same pair distribution function g?.
So, if a pair potential can be found, it is unique. However, the theorem does not
guarantee the existence of a pair potential for any arbitrary distribution function.
And although it is not yet proven, there exists strong evidence that the theorem can
be extended to triplet interactions such that any set of pair and triplet potential is
uniquely correlated to a set of pair and triplet distribution function. In addition, the
distribution functions must be known very precisely that the uniqueness theorem
guarantees a reliable result for the particle interactions.

There have been early attempts to solve the inverse problem theoretically. Starting
with Johnson, Hutchinson and March [John 64] there have been various sophisticated
approaches [Howe 72, Aila 74, Dhar 86, Kahl 96], but all of them with rather limited
success. Moreover, it is very difficult and computationally expensive to include orien-
tational degrees of freedom in these theoretical approximations. Computational ap-
proaches seem to be more promising. Levesque, Weis and Reatto [Leve 85] proposed
the combination of an integral equation (predictor step) with computer simulation
(corrector step) to generate a pair potential compatible with a given input pair dis-
tribution function. The weakness of the method lies in the need to extract the bridge
function from the simulation data, a process plagued with numerical inaccuracies. By
directly comparing the potentials of mean force, Soper [Sope 96] was able to avoid
this inconvenience. But with this scheme, each iteration implies a complete equili-
bration of the simulation sample using the test potential before the next correction
is applied. Furthermore, the method—as currently formulated—does not correctly
account for the thermodynamic properties, even when the input pair distribution
function corresponds to a strictly pair-wise additive potential energy. McGreevy and
Pusztai [McGr 88] introduced the reverse Monte-Carlo simulation. Without the need
for an input potential, the simulation is carried out to minimise differences between
calculated and reference averages. But because the Hamiltonian is not reconstructed,
the inverse problem is not completely solved. Lyubartsev and Laaksonen [Lyub 95]
proposed a method that, at least in principle, allows to account for triplet interactions.
Their recipe requires the solution of a set of linear equations and relatively long sim-
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ulations with the trial pair potential in each refinement step. The possible inclusion
of triplet interactions would dramatically increase the number of linear equations to
be solved and would make the computation very demanding [Lyub 95]. Consider-
ing pair potentials only, it has already been successfully applied to our charged system
[Brun 02b, Klei 02] but exhibits inaccuracies at long interaction ranges [Loba 03].

The approach chosen by us, is initially based upon Wang and Landau’s [Wang Ola,
Wang 01b] procedure to evaluate the density of states in lattice models. Almarza
and Lomba [Alma 03] adapted the procedure and tested it on two computer sim-
ulation systems, the same two systems that have been studied by Levesque et al.
[Leve 85]. The first with a truncated and shifted Lennard-Jones interaction potential
[Alle 89, Fren 96] and the second with model potential of liquid aluminium [Dage 75].
In both systems, interaction potentials and thermodynamical properties were suc-
cessfully recovered. Almarza and Lomba themselves proposed the possible exten-
sion of their scheme on triplet interactions but could not imagine an application on
experimental data due to an assumed lack of directly accessible triplet distribution
functions. Using video-microscopy of colloidal systems, however, we do have direct
access to experimental triplet distribution functions. Additionally, the colloidal sys-
tems on hand provide us with sufficiently high precision statistical data, which has
been seen by Almarza and Lomba as the main limiting factor.

Besides the easy implementation of triplet interactions, the scheme has another big
advantage. Contrary to the other mentioned procedures, it does not need equilibra-
tion time between successive iterations. It shares, though, the basic idea of using a
trial potential, calculating the distribution function and correcting the trial potential
until convergence is achieved. But unlike to the other procedures, these steps are not
separated from each other by equilibration steps. The corrections to the trial poten-
tials are applied continuously. During convergence, the corrections become smaller
and smaller until the potential varies only slightly around an equilibrium value.

The Scheme

In detail, the method works as follows. Input parameters are the pair and the triplet
distribution functions of a reference system in a discretised form. At distances r;, the

if) and its statistical error Agﬁf)

ingly, the triplet distribution function gSf) and its error Agsf) are known at distances
ri,Sj, tx. The indices i, j, k run from 0,...,m — 1 and, in the following, we refer to r,,
as the "cut-off” radius. Before we can start, we have to choose initial trial potentials.
Usually, good choices have been the pair potential of mean force for the initial pair

potential

pair distribution function g are known. Correspond-

Bl (ri) = —In (8%} (r:)) (4.15)
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and zero for the initial triplet potential
Bulih (1,5, ) = 0. (4.16)

At the beginning of the inversion procedure, we have to let the system equilibrate
once with these interaction potentials. As previously mentioned, no further equili-
bration is needed throughout the rest of the calculation.

After this initial equilibration, we take a snapshot of the system and calculate the
(2) (®)

inst and inst
these, we adjust the trial potentials according to the following expressions

(2) (2)

instantaneous correlation functions g from the particle positions. With

5ur(12e)w(ri) _ ﬁu(()i)i(ri) + /\lginst(ri)(; gref (ri> <Ag£§f)> (417)
Agref (rl)
Bul (ri, i tk) = 5”&?21(71‘,8]‘, te) +
.(3) (1’1‘ S tk) — (3)(1’1' S tk)
,u/\l Sinst ] ® gref ] <Ag$f)> ] (4.18)
Agref (ri/ Sj/ tk)

Let us now discuss the prescription exemplarily for the pair potential. Important for
(2)

each correction is the difference between the instantaneous distribution function Sinst

and the reference distribution function ggf)

interaction potential shall be corrected. This difference is divided by the statistical er-

at that particular distance r; at which the

ror of the reference function Aggf) at that distance and weighted by the factor <Ag£§) >,
which is the spatially averaged mean error. The parameter A; controls the magnitude
of the corrections. Its value decreases in the progression of the scheme whenever a
certain convergence criterion (see further below eq. (4.19)) is fulfilled. We then ad-
vance to the next convergence step | — [ + 1. It has been a good choice to start with
A1 = 0.1 and to reduce it after every convergence step according to A;; = 0.5A;.
While the convergence step [ lasts, snapshots of the particle configuration are taken
every few full Monte-Carlo cycles. For each configuration, the instantaneous distri-
bution functions are calculated and the potentials are adjusted. The procedure of
adjusting the triplet potential is almost the same. The only difference is the freely
adjustable parameter u that takes care of the different convergence speeds of pair
and triplet potentials. Choosing y ~ 0.1 we allow greater changes for u(®) and there-
fore relatively faster convergence compared to u(?), by contrast, # ~ 0.01 means only
small changes to u(®) and therefore relatively slow convergence compared to the pair
potential. The appropriate value for y depends also on other parameters like the
number of particles in the simulation.

Before we proceed to explain the convergence criteria, we have to point out that
the system does not equilibrate after each change in potential. And strictly speaking,
we should not calculate any averages with a system that is not in thermodynamic
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equilibrium. Nevertheless, we can justify our ansatz because the potential varies only
slightly for the last convergence steps (I = 12...15). And if the potential reproduces
the distribution functions, we do not have to bother anymore how we obtained it
because the theorem of Henderson [Hend 74] guarantees its uniqueness.

During each convergence step [/, the various instantaneous correlation functions

are averaged to obtain gé%,)g and gg?,)g. With these averaged correlation functions we
(2) 3)

check if they resemble sufficiently our reference correlation functions g rof

and g

1t ((g8(n) - g )
m

S\ A

ref

1 (4.19)

2
3 3

1 (0 - 0
m3

i,jk=0 Ag(3) (rissj tx)

ref

IN
—_

(4.20)

If both conditions are satisfied, we start convergence step / + 1 and the averaging
procedure for the gé%,)g and g&?g is restarted. The number of iterations needed to fulfil
both above criteria, depends very much on the accuracy of the reference data. If we
are using the same number of particles in the inverse Monte-Carlo scheme as in the
reference data (~ 1000), it takes roughly as many trial configurations as there are
configurations in the reference data. Using less particles (~ 200), sharply increases
the number of trial configurations but also significantly reduces computational time
without sacrificing accuracy or introducing finite-size effects.

Obviously, the scheme can also be applied on a strict pair-wise level. In the follow-
ing, we will call such an inversion PairIMC which means that only the pair potential
is reconstructed on the basis of the pair distribution function. The full inversion pro-
cedure as presented here which produces pair and triplet interactions from pair and
triplet distribution functions, we will call TripletIMC.

4.2 Simulation

For both of the above presented methods, it is difficult to give accurate error esti-
mates. Therefore, we will extensively test them with data obtained by Monte-Carlo
simulations. The simulations provide us with a controlled environment of exactly
known pair and triplet interactions. The simulation potentials are chosen to be very
similar to the expected experimental potentials. We will first introduce the Monte-
Carlo reference system and, in particular, explain why we chose certain parameters for
the triplet interaction (chapter 4.2.0). This section will be followed by the applica-
tion of the extrapolation method (chapter 4.2.1) and the inverse Monte-Carlo method
(chapter 4.2.2).
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4.2.0 Reference System

The interaction potentials of the reference system have been chosen to realistically
model the potentials that we expect to find in the charged system. Clearly, the pair
potential needs to be a screened Coulomb potential as described in chapter 2.2.1. The
choice of the triplet potential will be inspired by our previous numerical calculations
[Russ 01], see chapter 2.2.2.

Pair Potential

The experimental data of the charged system has already been the subject of several
publications [Brun 02b, Klei 02, Loba 03]. In these papers, the pair potentials have
been determined by inverting the Ornstein-Zernicke equation using different closure
relations and by using a different inverse Monte-Carlo approach [Lyub 95]. As a matter
of course, these potentials are screened Coulomb potentials of the form

(4.21)

with minor deviations. Having redone the Ornstein-Zernicke inversion, we have de-
cided to use slightly different numerical values than in the above named papers. In
numbers, we have chosen the prefactor to be A = 10”pm and the screening con-
stant as x = 2.3um~!. These parameters correspond for particles with a diameter of
o = 3pm in aqueous solution (Ag = 0.72nm) to the effective charge (see chapter 2.2.1)
Zest = 16650 and the screening length x ! = 435nm.

We will refer to simulations with this pair potential and no additional many-body
interactions as PairMC.

Triplet Potential

It is much more difficult to choose a suitable triplet potential for our reference Monte-
Carlo simulations. Several criteria have to be fulfilled. First of all, it has to be strong
enough to be detectable but, at the same time, it must not lead to phase separation
or coagulation as reported in [Hynn 03]. Secondly, it has to be easily manageable
for computation but it still has to be physically reasonable. The scaling behaviour
described in chapter 2.2.2 provides us with a good starting point. Though our nu-
merical calculations there are in a different parameter regime, a triplet potential of
the form
e~k

pul® (L) = B—— 4.22)

with L = r + s + t seems physically reasonable. Due to the analytical form and the
simple parameter dependence, it is certainly computationally well manageable. But
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Figure 4.1: Interaction potentials for the reference simulations. We label simulations with pair-wise
interactions only as PairMC, and simulations with pair and triplet interactions as TripletMC. The
parameters of the pair potential are A = 10”um, x = 2.3um~" which correspond to an effective
charge Zog = 16650 and a screening length k= = 435nm. The parameters are
B = —3x10”um and y = 0.7667um "

we have to take care that our simulations do not show a phase behaviour as reported
in [Hynn 03]. We therefore decide not to extrapolate our fitting constants [Russ 02] to
suit the particle size and salt concentration. Rather, we feel free to experiment with
the parameters and choose them as B = —3A and v = x/3 (see fig. 4.1). But why?

Why did we choose an attractive triplet potential? Because almost every work
on this subject indicates that triplet interactions—if they are present—are attractive.
Besides our own calculations, there have been other numerical studies [Lowe 98,
Dobn 03a, Dobn 03b], direct [Brun 04, Dobn 04] and indirect [Klei 02, Loba 03] mea-
surements on triplet interactions or their effects in charged colloidal suspensions.
And also the observations of multi-particle voids [Ise 94] and a—although disputed
[Palb 94, Tata 94]—liquid-liquid phase separation [Tata 92] strongly suggest the pres-
ence of attractive many-body interactions.
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Why did we choose 7 the way we did? Because the following discussion will show
that it is important for the pair and triplet interactions to have roughly the same
range. Let us consider the total interaction energy E;o of the particular configuration
of an equilateral triangle

e~ KT e ks e~ Kt e~ (rts+t)
E = A A A B
o A A T
—Kr —Kr —Kr —(x/3)(3r)
= A+ At 1A% 4B
r r r 3r
1 e *r

= (3A+3B)

—. (4.23)
Obviously, pair and triplet interactions decay on the same length scale for this partic-
ular choice y~! = 3x~!. This is important because we are interested in a triplet poten-
tial that is pronounced enough to be observable without, at the same time, changing
basic properties of the suspension.

A significantly smaller screening length 7~ ! decreases the triplet interaction range
and would effectively hide triplet effects behind the sharply increasing repulsive pair-
potential. Trying to overcome this by increasing the absolute value of the prefactor
|B| results in a deep well at short distances r while keeping the longer ranged re-
pulsive tail virtually unaffected. Between the two realms lies a peak whose height
depends on the exact combination of parameters. A Monte-Carlo simulation with
such a combination of potentials exhibits two distinct behaviours. It is either com-
pletely unaffected by the triplet potential because it only explores the phase-space
of the long-range repulsive pair potential where triplet interactions have decayed to
zero. Or the suspension is not stable anymore because particles start to coagulate due
to the —1/r decay at short distances. This has actually been observed in Monte-Carlo
simulations [Hynn 03] that have been performed by extrapolating the parameters of
[Russ 02].

A significantly larger screening length 41, on the other hand, means that triplet
interactions dominate at larger distances. Long-range attractive interactions, how-
ever, are typically associated with systems that have a critical point. In such systems,
a fluid-fluid phase separation should be observable. Although, this has allegedly
been observed for certain colloidal systems [Tata 92, Ise 94], there are no indications
of such a phase separation for the particular charged system on hand.

Why did we chose B the way we did? Because our main requirement was that the
triplet potential should be strong enough to be detectable, yet not too strong to cause
unrealistic macroscopic effects. We therefore studied a system at a typical medium
density of po? = 0.144 and slowly increased the absolute value |B| until we could
detect a slight shift in the distribution functions for the surprisingly high value of
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Figure 4.2: Correlation functions g (r) and (§©®) (r,r,7))'/3 of the reference Monte-Carlo systems

with only pair interactions (PairMC) and with triplet interactions in addition to the unchanged pair

interactions ( ) at moderate density po? = 0.144 with (¢ = 3um).

B = —3A (see fig. 4.2). With this choice, the total energy of an equilateral triangle of
eq. 4.23 further transforms to

e—K}’

(3A +

e—KV

B)

24 (4.24)

In other words, one third of the repulsive pair interaction in this configuration is can-
celled due to triplet interactions. But still, one hardly sees any difference in the dis-
tribution functions of a system with pair interactions only (PairMC) and for a system
with pair and triplet interactions (TripletMC). Actually, the pair distribution function,
fig. 4.2 a), hardly changes at all if triplet interactions are switched on. The triplet
distribution function, fig. 4.2 b), however, exhibits a small but significant shift of the
flank where the function rises from zero to the first maximum. From the second
maximum onwards, the pair and the triplet distribution functions are almost indis-
tinguishable.

We will refer to simulations with this triplet potential in addition to the above men-

tioned pair potential as TripletMC.
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Figure 4.3: Correlation functions g\ (r) (solid line) and (§®)(r,r,7))'/3 (dashed line) of the refer-
ence Monte-Carlo systems PairMC and at medium scaled density po® = 0.144. Switching
on the triplet interactions is barely noticeable in ¢'?) (r) but shifts (§®) (r,r,r))Y/3 significantly.

Distribution Functions

We have taken in fig. 4.3 a closer look at the pair and the triplet correlation functions
¢®(r) and (¢ (r,7,7))!/? which we have combined into a single plot. It becomes
even more obvious how little actually ¢(?) changes despite the rather strong triplet
attraction. The triplet correlation function g(3) (r,7,r), on the other hand, exhibits a
small, but significant shift of the first maximum. This feature once more underlines
our ansatz to use higher order correlations to study higher order interactions. And
indeed, we will see in the following that both distribution functions g?) and g® of
the TripletMC system cannot be simultaneously reproduced by a solely pair-wise in-
teracting system.

Finally, we want to demonstrate the importance of triplet interactions even at lower
densities. Depicted in fig. 4.4 are PairMC and TripletMC systems at the densities
po? = 0.108 and po? = 0.072. Lowering the density, the height of the first peak
of the two triplet distribution functions does not differ anymore. For the PairMC sys-

1/3

tem, the pair ¢(?) and the cubic root of the triplet distribution function (g(®))!/3 start

to converge in accordance with the discussions in the chapters 3.1.2 and 3.3.2. For
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Figure 4.4: Correlation functions ¢ (r) (solid line) and (g (r,r,7))'/? (dashed line) of the ref-
erence Monte-Carlo systems PairMC and . For comparison, we show the data of fig. 4.3
in the background. For the pair correlation functions, the difference between PairMC and

vanishes, while, for the triplet distribution function, a shift persists significantly in the rising flank to
the first peak from around 5 to 7um.

the TripletMC system, by contrast, there remains a noticeable difference in the rising
flank. This can easily understood by looking at eq. (4.4) and, in fact, this is exactly the
effect we are trying to exploit by the extrapolation method.

The simulations were performed with 1000 particles and usually 3000 configura-
tions were recorded. This is statistically comparable to the data used in the inverse
Monte-Carlo section (chapter 4.3.2) and much better than the data on which the ex-
trapolation section (chapter 4.3.1) is based. To test the extrapolation method in the di-
rectly following section, we increased the number of configurations at low densities
(oo? = 0.018...0.054) to 12000! Unfortunately, recording experimentally this many
configurations is beyond today’s capabilities.

4.2.1 Extrapolation

As we have just seen, triplet interactions leave their fingerprint in the triplet distri-
bution function. So we started a set of Monte-Carlo simulations at 15 slightly differ-
ent densities p = 0.018, 0.027, 0.036, ...0.144 with triplet interactions switched on
(TripletMC) and we will be trying to recover the input potentials from the positional
data as described in chapter 4.1.1.
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Figure 4.5: Pair distribution functions ¢ (r) and potentials of mean force pw'® (r) = —In(g@ (r))
for TripletMC simulations of different densities. The black curve is the theoretical result for p = 0,
which shall be obtained by extrapolation of the coloured curves to zero density. In b) the zero density
limit is precisely the input pair potential.

The Data

To familiarise ourselves with the procedure and the data involved, we have plotted
some pair distribution functions ¢(?)(r) out of the full range of densities in fig. 4.5 a).
Intuitively, one immediately sees that the series of distribution functions tends to the
black line which is the theoretical limit e %4 (") at zero density according to eq. (4.1).
To further illustrate this, we show in fig. 4.5 b) the potential of mean force fw(? (r) =
—1In(g®(r)) which tends directly to the pair potential fu(?)(r), see eq. (4.2). For the
extrapolation procedure, however, we are using the set of distribution functions and
not the potentials of mean force.

Similarly, we have plotted in fig. 4.6 the corresponding triplet functions. Looking
at eq. (4.4), we recognise that we need to consider ¢ (r,s,t)/(g? (r)g'? (s)g® (t))
which reduces to ¢©®) (r,7,7)/(g'? (r))? in the case of an equilateral triangle, as shown
in fig. 4.6 a). At p = 0, this function is equal to e PuC(rr) shown as a black line.
Again, we have also plotted for illustration purposes in fig. 4.6 b) the potentials of
mean force according to eq. (4.6) that are directly comparable with the input triplet
potential Bu® (r,r,r) (black line). The actual extrapolation is performed with the
curves in fig. 4.6 a).

Obviously, the pair distribution functions bear much less statistical error than the
ratio g(3) (r,r,7)/( g(z) (r))3. The curves in fig. 4.5 a) are well ordered and clearly sep-
arated from each other. The quotient of the triplet and the pair distribution functions
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Figure 4.6: For a set of TripletMC simulations, we show in a) the ratio g® (r,r,7) /(g (r))3, re-
spectively in b), the negative logarithm pw® (r,r,r) — 3w (r) of this ratio. The black curve is
the theoretical result for p = 0, which shall be obtained by extrapolation of the coloured curves to
zero density. In b), the zero density limit is precisely the input triplet potential. Contrary to the very
smooth curves in fig. 4.5, the triplet distribution functions are subjected to a much larger statistical
error, especially at low densities.

in fig. 4.6 a), on the other hand, does not seem to be that ordered. Though, in princi-
ple, they follow the theoretical curve, they are not very clearly separated. Moreover,
they seem to be quite noisy, especially at low densities. We therefore increased simu-
lation times, and thus the numbers of available configurations, by a factor of 4 for the
densities po? = 0.018...0.054. Instead of 3000 configurations with 1000 particles, we
gathered as many as than 12000 configurations. Nevertheless, poor statistics at low
densities will be the main problem of this extrapolation scheme.

Extrapolation in Detail

We will now take a direct look at the procedure. Let us fix the particle distance
to r = 6.00um and take the appropriate values of the pair distribution function
¢ (r) from fig. 4.5 a). Plotting them over the density pc?, we obtain the red curve
of fig. 4.7 a). We also show the data for the distances r = 6.33um (green) and
r = 6.67um (blue). Clearly, any linear extrapolation (solid line) is bound to fail.
Quadratic (dashed line) and cubic (dotted line) extrapolation yield almost perfectly
the theoretical values (Symbol X on the y-axis). Without the known input potential
and with less accurate distribution functions, however, it is not that easy to choose the
proper polynomial order for the extrapolation scheme. We will discuss this in much
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Figure 4.7: The extrapolation process is shown in detail for certain distances r. In a), we
plot the value of the pair distribution function ¢ (r) of fig. 4.5 a) at the fixed distances r =
6.00um, , 6.67um for all scaled densities po®. The lines are the best linear (solid), quadratic
(dashed) and cubic (dotted) fit. The X on the y-axis denotes the theoretical value e P Inb), we plot
the ratio g3 (r,7,7)/(g@ (r))? which is the corresponding data to extract the triplet interactions.
Theoretical values at p = 0 are denoted with an X on the y-axis. For each density, we have two in-
dependent simulations. They lie exactly on top of each other in a), while they deviate quite strongly
in b), especially for low densities and short distances r. The mismatch gives a rough indication of the
statistical error involved.

greater detail later when we will be dealing with experimental data (chapter 4.3.1).

In fig. 4.7 b), we plot the corresponding data to calculate the triplet potential. Ac-
cording to eq. (4.5), we are considering the ratio (3 (r,s,t) /(¢ (r)g® (s)g®(t)). In
the case of the equilateral triangle configuration, this reduces to g® (r,r,7) /(¢ (r))3,
as in fig. 4.6 a). Again, we show the linear (solid line), quadratic (dashed line) and
cubic (dotted line) extrapolation at the side length of the triangle r = 6.00pm (red),
r = 6.33um (green) and r = 6.67pm (blue).

Actually, our data consists of two independent TripletMC simulations for each den-
sity. In fig. 4.7 a), the data points lie nicely on top of each other which indicates the
high statistical accuracy of our data which has already been hinted by the smoothness
of the curves in fig. 4.5 a). Quite contrary, we see in fig. 4.7 b) large deviations between
the two simulations of equal density. At first, this seems surprising if one looks at
the full triplet distribution function ¢ (r,7,7) as for example in fig. 4.2 or for lower
densities in fig. 4.4. A second look reveals that the statistical accuracy at the largest
distance r = 6.67pm of fig. 4.7 b) is indeed quite satisfactory. At this distance, how-
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Figure 4.8: Pair (solid line) and triplet (dashed line) potentials obtained by linear, a), quadratic, b),
and cubic, c), extrapolation of the full density set of TripletMC simulations. As indicated in fig. 4.7,
linear extrapolation is not sufficient to extract the correct pair potential. Quadratic extrapolation works
reasonably well and cubic extrapolation improves the result only at low particle distances r. By con-
trast, the triplet potential is best recovered by linear extrapolation. Quadratic and cubic extrapolation
only increase the noise.

ever, the triplet potential has already decayed to almost zero (see fig. 4.1 or fig. 4.8)
and, thus, we need to focus on the smaller values for r. But these interesting distances
are smaller than the distance at which the first peak of the distribution functions is
located. At such small distances, particles repel each other quite strongly. Thus, the
values of the distribution function are much smaller than one, which is equivalent
to a very low number of counts at these distances. It becomes even worse at low
densities, as the value of the distribution functions decreases further and equally the
statistics deteriorates further. With these inaccuracies, it is difficult to decide which
polynomial order to use in the extrapolation scheme. At the selected distances, lin-
ear extrapolation seems to deliver the best results. This does not necessarily mean
that we are in a regime where quadratic and cubic terms in a density expansion (as
in eq. (4.7)) are negligible. It is more likely because of the statistically problematic
data. In this case, higher order polynomials try to follow the noisy patterns instead
of levelling them out. The cubic extrapolation (dotted line) at ¥ = 6.00pm in fig. 4.7 b)
is a nice example of this problem. Within the range of the data, from po? = 0.144 to
po? = 0.018, the cubic fit is not much different to the linear fit (solid line). Outside of
this range, at p = 0, the cubic extrapolation deviates quite strongly from the linear.

Extrapolation in General

Having seen the extrapolation procedure in detail for selected distances r, we would
like to come back to discuss the overall picture. Applying the linear scheme on the
data, we obtain the pair and triplet potentials shown in fig. 4.8 a). As already expected
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Figure 4.9: Additional to fig. 4.8, we investigate different sets of densities. Starting with the full
set of densities (po” = 0.018 — 0.144), we subsequently omit the higher densities to study the density

sets ( ), (0.018 — 0.072) and ( ). Considering only the lower den-
sities ( and 0.018 — 0.072) the pair potential (solid line) is nicely recovered by linear
extrapolation. Including higher densities ( and 0.018 — 0.144), higher order extrapo-

lation becomes more important for recovery of the pair potential. For the triplet interactions (dashed
line), omitting higher densities generally increases the noise. Linear extrapolation seems to be the best
choice for all density ranges.

from fig. 4.7 a), the pair potential is only very poorly recovered. The triplet potential,
on the other hand, is very close to the theoretical curve. Quadratic extrapolation,
fig. 4.8 b), significantly increases the precision for the pair potential but does not
make any important difference regarding the triplet interaction. Cubic extrapolation,
tig. 4.8 ¢), recovers the pair potential best, while increasing the noise in the triplet
potential.

Extrapolation at Low Densities

But we make life ourselves a bit too easy because we know which potential to expect.
When applying the scheme to experimental data, it will be much more difficult to
decide whether the linear pair potential in fig. 4.8 a) or the quadratic pair potential in
fig. 4.8 b) is closer to the real potential. Also, we might not have such a comprehen-
sive spectrum of densities. Therefore, we will systematically omit the higher densities
and observe the recovered potentials (see fig. 4.9). Remember, the basic idea of this
extrapolation scheme was to write the distribution functions in eq. (4.7) as an expan-
sion in powers of the density p. Thus, we expect the influence of higher order terms
to vanish with decreasing density. And indeed, this is what we observe in fig. 4.9 a).
The linear extrapolation of the pair distribution function recovers very well the theo-
retical pair potential for the sets comprising only lower densities (00> = 0.018 — 0.036
and po? = 0.018 — 0.072). Including higher densities, we leave apparently the linear
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Figure 4.10: Like fig. 4.9, but this time for a set of PairMC simulations. Generally, the pair and the
triplet potential behave analogously to the set of TripletMC simulations shown in fig. 4.9. Contrary to
the TripletMCs, we do not see any signal in the triplet potential, only noise. This makes us confident
that there are no systematical errors in our scheme.

regime and the quadratic term of eq. (4.7) cannot be neglected anymore. We again
refer to fig. 4.7 a), where this behaviour can be observed directly for the particular
distances shown.

The ratio g4 (r,5,t) /(g (r)g® (s)g'? (t)), on the other hand, which is used to re-
cover the triplet potential, behaves differently. In a density expansion corresponding
to eq. (4.7), all terms but the linear seem to be negligible. Reducing now the range
of densities, an increased noise is the consequence. This becomes even more pro-
nounced for the quadratic and cubic extrapolation. Another look at fig. 4.7 b) makes
this completely understandable.

To further ensure that our method works and to exclude systematical errors, we
repeat observations of fig. 4.9 for a set of PairMC simulations in fig. 4.10. The pair
potential behaves exactly the same as for the set of TripletMC simulations. The con-
siderations concerning the triplet potential can be adopted, with the difference that
it fluctuates around zero. We are therefore confident that the method works as de-
scribed.

Extrapolation without Low Densities

The above evaluation of reduced density sets is certainly very helpful to assess the
capabilities and limitations of this method. However, the biggest problem in the ap-
plication to experimental data will be the lack of rather small densities. This can
simply be pictured by some short considerations. Our simulations were done with
constantly 1000 particles in 3000 configurations at higher densities (o> > 0.064) and
12000 configurations at lower densities (oo? = 0.018...0.054). For the experimental
charged system, at maximum 1500 particles can be covered in a typical snapshot at
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Figure 4.11: With this plot, which directly corresponds to fig. 4.7 at , we illustrate the

increasing statistical noise at lower densities. At each density, we have two TripletMC simulations
with 3000 configurations each. (Note, that we have omitted here the additional configurations at the
low densities.) Further splitting up the data into subsets provides us with six data points at each
density. The pair distribution functions in a) hardly exhibit any noise at all over the full range of
densities. By contrast, the ratio g®) (r,7,7)/(g® (r))? shown in b), becomes significantly prone to
statistical errors. This is caused because the number of counts at lower densities reduces—additional
to correlation effects—uwith 1/ p? (see chapter 3.1.5) and thus the statistical error increases with 1/ p.
As in fig. 4.7, we also show linear (solid), quadratic (dashed) and cubic (dotted) fit and the theoretical
values (X) at the y-axis.

the medium density po? = 0.15. Reducing the density meant for our simulations an
increase of the simulation box in order to keep the particle number constant. The ex-
perimental system, by contrast, has a fixed observation area due to the camera optics.
Decreasing the density is thus equivalent to a lower number of particles. At a density
of po? = 0.1 we still have around 1000 particles, but this reduces to around 500 parti-
cles at po? = 0.05 and around 200 particles at po? = 0.02! To acquire data of similar
statistical accuracy, 5 times more (= 60000) snapshots would have to be taken. And
due to the mobility of the colloidal particles, a time span of around one second has
to separate to consecutive configurations so that they are statistically independent.
At this rate, we need more than 16 (sixteen!) hours to record one set of data at the
lowest density. And our simulations comprises two sets per density! By now, the salt
concentration—and therewith the interaction potentials—in the charged system is only
constant over the time-span of several hours, and thus, we will have to face the prob-
lem of absent data at low densities. This slow increase of the salt concentration can
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actually be observed by the inverse Monte-Carlo method (see fig. 4.23 in the following
section 4.3.2).

Moreover, it might not even be desirable to include the lowest densities. Looking
at fig. 4.7 b) we see the strong increase in statistical noise at the lowest densities. To
illustrate this more clearly, we will concentrate on the single distance r = 6.33um of
tig. 4.7 and examine the data more thoroughly. Furthermore, we have left out the
additional number of configurations at lower densities (oo = 0.018...0.054) to pro-
vide comparable conditions throughout the full density range. Thereafter, at each
density we have split up the positional data of both TripletMC simulations into three
subsets, so that we finally end up with six data sets of 1000 configurations per den-
sity. As usual, we continue to calculate the distribution functions on each subset
separately and apply our extrapolation scheme. Plotted over the density as in fig. 4.7,
the pair distribution function exhibits hardly any noise at all, see fig. 4.11 a). The
ratio g (r,7,7)/(g®(r))? depicted in fig. 4.11 b), however, becomes at lower densi-
ties increasingly susceptible to statistical fluctuations. This can easily be understood
by looking at the normalising procedure described in chapter 3.1.5. The number of
particle counts in each slot (R;, S;, Ty) is proportional to 1/p?. Therefore, apart from
changes of ¢®) due to correlations, the statistical error increases with 1/p for decreas-
ing density. Looking again at fig. 4.11 b), we guess that we might be better off to
ignore the error prone lowest densities, because they could eventually deteriorate the
extrapolation results.

Obviously, this applies only to the extrapolation leading to the triplet potential. Re-
garding the pair potential, we have highly accurate pair distribution functions even
at the lowest densities (fig. 4.11 a)). Any reduction of the underlying data basis nega-
tively affects the precision of the extrapolation. Even more important, the set of data
points is separated further from the extrapolation target p = 0. In this case, especially
higher order extrapolations are easily disturbed by slight variations of the data points
and it becomes extremely difficult to obtain reasonable results.

Hence, we are going to explore the behaviour of our extrapolation method with
missing low densities. In fig. 4.12 we show the extrapolated potentials for the full
range of densities (0o? = 0.018 — 0.144) and for reduced sets obtained by successively
omitting lower densities (pa2 = 0.054 — 0.144, 0.090 — 0.144, 0.126 — 0.144). Regard-
ing the pair potential first, we observe the expected problems to recover the input
potential correctly. Linear extrapolation, fig. 4.12 a), is completely useless, but this
comes as no surprise because we are surely in a non-linear range and the problems of
any linear approach will increase the more we enter this non-linear range. The results
obtained by quadratic, fig. 4.12 b), and cubic, fig. 4.12 c), extrapolation, are also quite
different to the known input potentials. But let us remember that we selected these
data sets because of the considerations that these low densities are experimentally
almost inaccessible and that any nonetheless obtained triplet distribution functions

85



4.2 FROM CORRELATIONS TO INTERACTIONS Simulation

L L "o ~ 1T 17 T
pc”=0.018-0.1447 3.0\ po”=0.018-0.1447 3.0f

Lu® 0.090-0.1447 20T \\ pu® 0.090-0.1447 2°f
1.0F i 10
0.0~ 0.0

1.0\ S [ A 110
o\ W7 AC) 1 WY @ 1

2.0+ \/I BU (r,r,r) - 2.0 'i’ BU (r,r,r) - -2.0
5 ] e ] s

a0k ¥ linear ] 3 o[3.s// quadratic J 3o

' P A PR I P B P B I I I ' : : : : :
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10
r/pm r/pm r/pm

Figure 4.12: Similar to fig. 4.9, we investigate different sets of TripletMC simulations. As very
low densities are experimentally difficult to access, we start at the full range (oc* = 0.018 — 0.144)
and omit subsequently the lower densities ( , 0.090 — 0.144 and ).
As expected, linear extrapolation of the pair potential (solid line) becomes completely useless, and
cubic extrapolation becomes very noisy. The triplet potential (dashed line) is best recovered by linear
extrapolation, while the counter-intuitive increase in accuracy at low distances r is partly due to a
systematical error, as fig. 4.10 will reveal.

are statistically highly inaccurate. Before this background, we are more concerned
with the problem to yield reasonable—not perfect—results from rather high densi-
ties. And from this point of view, we see that we still get not too bad results for
quadratic and cubic extrapolation of the range po? = 0.054 — 0.144.

Let us now focus on the triplet interactions. And indeed for linear, fig. 4.12 a),
and quadratic, fig. 4.12 b), extrapolation, we do see a an improved result for the two
sets po? = 0.054 — 0.144 and pc? = 0.090 — 0.144. The improvement mainly consists
of a better resolution of our method towards lower distances. Cubic extrapolation,
tig. 4.12 ¢), hardly delivers anything else but noise. But we have to mention a big
caveat concerning the data set pc? = 0.090 — 0.144 because the perceived improve-
ment may be due to a systematical error as we will elaborate in the following.

Like in the previous section, we again use a system of PairMC simulations to val-
idate our results from the TripletMC simulations (see fig. 4.13). With respect to the
pair potentials, there is nothing new to say. The extrapolation results are almost iden-
tical to the TripletMC case of fig. 4.12. Likewise, the triplet potential obtained by
cubic extrapolation behaves quite similar to fig. 4.12 ¢) and contains no meaningful
information whatsoever. The constantly zero triplet potential seems to be best recov-
ered by quadratic extrapolation, fig. 4.12 b), of the ranges pc?> = 0.018 — 0.144 and
pc? = 0.054 — 0.144. Linear extrapolation, fig. 4.12 a), works satisfactorily, too, partic-
ularly for po? = 0.054 — 0.144. The set po? = 0.090 — 0.144 exhibits a remarkable sys-
tematical error at short distances. We therefore have to conclude that the seemingly
well recovery of the input potential is deceptive and we have to be very cautious
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Figure 4.13: Like fig. 4.12, but this time for a set of PairMC simulations. The pair potential behaves
exactly as in fig. 4.12. The triplet potential exhibits a rather large systematical error at small particle
separations r.

with any results coming from such a density range. Unfortunately, the experimental
data covers a density range in-between the well-behaving pc? = 0.054 — 0.144 and
the unreliable po? = 0.090 — 0.144 (see chapter 4.3.1).

4.2.2 Inverse Monte-Carlo

Similar to the previous section, we will now check the accuracy of the inverse Monte-
Carlo method by applying it to data of the reference system. Contrary to the extrapola-
tion method, data at one single density is sufficient for the inverse Monte-Carlo scheme.
At this density, we will study data of reference Monte-Carlo simulations with pair inter-
actions only (PairMC) and with pair and triplet interactions (TripletMC). To this data,
we will apply the inversion scheme excluding triplet interactions (PairIMC) and in-
cluding triplet interactions (TripletIMC). On the basis of the four possible combina-
tions, we can judge the reliability and the accuracy of this inversion method.

The Data

We have chosen the density of the reference Monte-Carlo simulation as po? = 0.144.
This is a medium density well in the liquid phase but already with some pronounced
structure. The distribution functions at this density have already been shown in the
figs. 4.2 and 4.3. They are the highest densities of the previous extrapolation section
and they are therefore not plagued with the statistical problems at low densities that
we have described in the previous section (chapter 4.2.1).

Similar to the extrapolation method, the accuracy of the underlying data is deci-
sive for this method. On the one hand, the statistical error is directly used for the
convergence criterion, and on the other hand, the uniqueness theorem of Henderson
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Figure 4.14: Inversion of the purely pair-wise interacting PairMC reference system at the medium
density po? = 0.144 using the strictly pair-wise inverse Monte-Carlo scheme (PairIMC). In a), we
show the reference pair (solid line) and triplet (dashed line) distribution functions which are recovered
up to their inherent statistical error by the inversion method (circles and squares). In b), the refer-
ence pair potential and the inverted pair potential (circles) are shown. Both, the and the
inversion (squares) triplet potentials are fixed to constantly zero. And although the inversion scheme
focusses solely on the pair distribution function, also the triplet distribution function in a) is very
nicely matched.

[Hend 74] relies on the sufficient accuracy of the distribution functions. With 3000
configurations of 1000 particles we achieve highly accurate distribution functions.
For example at the distances r = 6pm and r = 7um, the error due to the number of
counts is below 0.1%. And even at the short distance » = 5.5um the very low value
of ¢?)(r) = 0.028 has only an error of 1%. Because the inverse Monte-Carlo scheme re-
quires that the distribution functions are equal within these small error margins, any
resulting pair distribution function will lie almost perfectly on top of the reference
function. The triplet distribution function, though, is a little less accurate. Typical
errors are 5% at r = 6.0pum and 2% at 7.0pm which roughly equal the symbol size in
the following plots (figs. 4.14-4.17).

Pair Inversion

We start with the simplest case by completely ignoring triplet interactions in both, the
reference system and in the inversion scheme. In other words, we compare the results
obtained by applying a PairIMC scheme onto the data of a PairMC system. The solid
line in fig. 4.14 a) denotes the reference pair distribution function with the result of
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Figure 4.15: Inversion of the reference system using the same strictly pair-wise inverse
Monte-Carlo scheme (PairIMC) as in fig. 4.14. The slightly shifted reference pair distribution function
( ) is well recovered with the pair potential shown as circles in b). This effective pair potential
incorporates the on a pair-wise level. In a), we can see how the effective pair

potential successfully recovers the pair distribution function (circles). But it fails to recover the correct
triplet distribution function (squares). To elucidate the differences of the pair potential in b), we have
connected the data points of the inverted potential with a solid line which will reappear for comparison
in the next plot (fig. 4.16).

the inverse Monte-Carlo method (circles) right on top. Again, this is nothing special
because this is required by the convergence criterion. Any converged scheme delivers
by definition distribution functions which differ only by the inherent statistical error
from the reference functions. The important result of the inversion scheme is the
potential shown in fig. 4.14 b). The inverted pair potential (red circles) lies exactly
on top of the input potential of the reference system (blue line). The triplet potentials
(red circles and orange line) are also shown for completeness despite both are fixed
at zero in the PairMC and PairIMC systems. Going back to fig. 4.14 a), we see that
also the triplet distribution function is very well recovered, although it has not been
used as a convergence criterion in the PairIMC scheme. Anyhow, this is the expected
result because the triplet potentials are identical set to zero and the pair potential is
accurately recovered. Thus, with equal potentials, distribution functions of all orders
have to be the equal.

Next, we apply the PairIMC scheme to a TripletMC simulation (see fig. 4.15). Again,
the pair distribution function is matched because this is the essential criterion for con-
vergence. The triplet distribution function of the PairIMC system, however, differs
significantly from the TripletMC reference function. So we can directly see that any
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Figure 4.16: Similar to the previous plots, we show the distribution functions in a) and the potentials
in b). In this plot we have inverted the simulation with the scheme. We also
show the relevant results for comparison.

purely pair-wise inversion will fail to correctly describe higher-order correlations.
Surprisingly, the inverted pair potential in fig. 4.15 b) hardly differs from the refer-
ence potential. It looks like a perfectly normal screened Coulomb potential and with-
out knowing the correct input potential one would never suspect any many-body
interactions present. This is a very important finding of this chapter: We cannot ex-
pect to discover any many-body interactions by analysing the pair distribution func-
tion only! To successfully extract triplet interactions we necessarily have to consider
triplet distribution functions!

In order to elucidate the difference between the input potential inverted pair poten-
tial, we draw a line connecting the data points of the effective pair potential. This line
will reappear in the next figure (fig. 4.16) when we will invert the TripletMC system
with the full triplet inversion scheme (TripletIMC).

Triplet Inversion

We will now apply the TripletIMC scheme to the TripletMC simulation (see fig. 4.16).
Contrary to the PairIMC, the TripletIMC also matches the triplet distribution function
in addition to the pair distribution function. Both distribution functions are shown
in fig. 4.16 a). We would like to stress once more that the almost exact reproduction
is just a direct requirement of the convergence criterion. More important than the
distribution functions are the interaction potentials in fig. 4.16 b). And indeed, pair

90



Simulation FROM CORRELATIONS TO INTERACTIONS 4.2

L] I L] I L] I L] I L] l\‘ I L] I L] I L] I L]
201-2) e o) ;
5 l/ r ‘b- 6 - —
PairMC 2 i ; ]
1.5 // m 4 \‘\ -
- / - - (2
1@ 2k . BuT(n _
10— / g (r) L \~\.\ -
L y 3 131 OF 0 g e e-S-a=
(R . .
0.5F // 4 -2} -
l,/ 2 L -
i Y/ po =0.144 1 I ]
0.0t | A I R R P PR B R
5 55 6 6.5 7 75 5 5.5 6 6.5 7 7.5
r/ um r/pm

Figure 4.17: The PairMC simulation is inverted with the TripletIMC scheme to check for systematical
errors. The triplet potential exhibits only small fluctuations around zero. For comparison, the corre-
sponding results for the inverted triplet potential of the system are also shown. Besides
the very slight deviation of pair potential, no significant errors can be seen.

and triplet potential are successfully recovered. The triplet interaction is not nearly
as accurate as the pair interaction, which is similar to the experiences from the ex-
trapolation method. The statistics of triplet distribution function will always be worse
than the statistics of the pair distribution function. Also, the triplet inversion does not
work up to very short distances (r < 5.67pm in the equilateral triangle configuration)
and thus at not very large absolute values of fu® (r,r,r). This is caused by the strong
pair repulsion which leads to very low probabilities (v) of finding pair at such a short
distance and even much lower probabilities (~ 1%) of finding corresponding triplets.

Coming back to the pair potential, we can see that the result of the TripletIMC
(green circles) scheme is closer to the input potential (blue line) than the PairIMC
result (brown line). The small remaining difference to the reference potentials has to
be considered as a systematical error because it occurs also at the TripletIMC inversion
of the PMC system (fig. 4.17). But despite this error, we would like to mention how
remarkably accurate our results are compared to the previous extrapolation scheme
(e. g. fig. 4.8). The difference between the TripletIMC and the PairIMC inversion is
due fact that the resulting potential of the PairIMC scheme is an effective potential
incorporating also the triplet interactions.

Finally, we have applied the TripletIMC scheme to the PairMC simulation. Beside
the very slight deviation of the pair potential from the reference potential we do not
find any other systematical errors. Especially the triplet interaction does not exhibit
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any irregular behaviour. Let us bear this in mind when we later discuss the inversion
results of the experimental data.

We have also tested the inversion scheme for effects related to the rather short cut-
off. We found that our results were independent of the cut-off radius in the range 7 —
12pm. Using longer cut-off radii (> 14pm, respectively at approximately the second
maximum of g(z)), we were facing problems similar to Lobaskin et al. [Loba 03]. Our
inverse Monte-Carlo scheme produced a long ranged minimum in the pair potential.
This failure of the scheme can be explained by the local nature of the corrections in
our scheme. To illustrate this problem, let us consider a system with a hard-core
repulsion. Starting the inversion scheme with a slightly shifted hard-core potential
results in an instantaneous distribution function with similar peak heights but shifted
peak positions. The scheme now tries to correct the potential at every distance r; even
when it should only correct the hard-core radius. Nevertheless converges the scheme
to the correct result if the cut-off radius includes only the first maximum. A too long
cut-off radius, however, leads to erroneous behaviour like the extended minimum in
the pair potential.

To draw a first short comparison between the extrapolation method and the in-
verse Monte-Carlo method, we are much more confident with the inverse Monte-Carlo
method. It requires only one single density and it works at medium to high densities.
The distribution functions are therefore far more accurate even at shorter distances.
Potentials can thus be determined up to higher interaction energies.

4.3 Experiment

Having thoroughly tested both methods on reference Monte-Carlo simulations with
known pair and triplet interaction potentials, we will now apply them to experimen-
tal positional data of the charged system. As repeatedly stated elsewhere, the charged
system is a complex liqguid where many-body interactions are possible and, further-
more, where we have experimental [Brun 03] and theoretical [Russ 01] (see chap-
ter 2.2.2) evidence of triplet interactions.

4.3.1 Extrapolation
In the following discussion of the experimental data, we will use the experiences

gained in chapter 4.2.1 from applying the extrapolation method to data of the reference
system as a guide us throughout this section.
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Figure 4.18: Pair distribution functions ¢ (r) and the potentials of mean force pw® (r) =
—1In(g®(r)) from experimental data at different densities. This plot directly corresponds to fig. 4.5.

The Data

Corresponding to the figs. 4.5 and 4.6 we will first familiarise ourselves with the data
on which our calculations are based. Because slightly smaller particles were used in
this experiment, the densities are not exactly transferable to the simulation section,
but still similar enough to compare the results.

Plotting the pair distribution functions ¢(® (r) and the potentials of mean force in
fig. 4.18, we observe two things. Firstly, the available range of densities does not
extend very far towards the lower end and stops well above the lowest densities of
chapter 4.2.1 (especially fig. 4.5). Secondly, we can clearly see that the curves are
not nearly as accurate as the curves obtained for the reference system. Although we
do have 1500 — 2000 configurations per density, they contain only 260 to 90 particles
each! This is well below the 3000 configurations with constantly 1000 particles we
used to study the reference system at medium densities. And we are certainly orders
of magnitude away from the 12000 configurations at the lowest densities po? < 0.054.

The poor statistical quality of the experimental data even stronger affects the triplet
distribution function. Therefore both, the ratio g (r,r,7)/(g®(r))? of the triplet
distribution function divided by the pair distribution function, fig. 4.19 a), and the
corresponding difference of the potentials of mean force fw® (r,7,7) — 38w (r),
tig. 4.19 b), are subject to strong statistical errors. In fig. 4.19 a), the ratio of the dis-
tribution functions fluctuates strongly without any clear tendency towards a limiting
function. Also, the difference of the potentials of mean force does not hint to anything
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Figure 4.19: This plot corresponds to fig. 4.6. We show in a) the ratios g (r,r,7)/(g® (r))? of
the distribution functions and in b) their negative logarithm Bw® (r,r,r) — 3w (r) at different
densities.

similar as the attractive potential which can be anticipated in fig. 4.6 b). We hence do
not expect to extract any clear triplet interactions with our extrapolation scheme.

Extrapolation in Detail

We will turn now towards the extrapolation in detail at selected distances. Following
closely the course of the discussion in chapter 4.2.1, we will consider the distances
r = 5.5um, 6.0um and 6.5um. There, we have already briefly mentioned that a higher
order polynomial fit—though interpolating the data quite well—may possible fail at
extrapolating the data reasonably. Here, we will drastically witness such a behaviour
in fig. 4.20. In accordance to fig. 4.18 a), the data points of the pair distribution func-
tion (fig. 4.20 a)) do not show any significant noise. Moreover, quadratic and cubic
interpolation hardly differs at all for the featured density range. Quadratic and cubic
extrapolation, however, differ already substantially at densities that are only a little
bit smaller than the lowest density pc? = 0.081 of the data set.

We have learned from the investigations in chapter 4.2.1 that the data points in
this density range do not follow a simple linear dependency (clearly visible also in
fig. 4.20). Hence we have to consider the quadratic and cubic term of eq. (4.7). Both in-
terpolate the data almost equally well. But we know from chapter 4.2.1, especially the
tigs. 4.12 and 4.13, that the quadratic extrapolation is preferable. It is sufficient to cap-
ture the features of the potential and, at the same time, less susceptible to statistical
noise. Cubic extrapolation, however, predicts even negative values as at r = 5.5pm.
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Figure 4.20: Corresponding to fig. 4.7, the extrapolation process p — 0 is shown in detail for certain

distances r. In a), we plot the value of the pair distribution function g (r) of fig. 4.18 a) at the fixed
distances r = 5.5um, , 6.5um for all scaled densities po?. The lines are the best linear (solid),
quadratic (dashed) and cubic (dotted) fit. In b), we plot the corresponding data regarding the triplet
interactions. The ratio g (r,r,7)/(g@ (r))? at particle separations r = 5.5, , 6.5um in
dependence on the scaled density po?.

And the rather steep rise predicted at r = 6.5um is not at all indicated in the data.
Hence, cubic extrapolation does not seem credible to interpret this specific set of ex-
perimental data.

All of the above problems are intensified for the ratio @) (r,r,7) /(3@ (r))3, see
tig. 4.20 b). It is much more subjected to statistical noise than the pair distribution
function ¢®)(r). Higher order extrapolation attempts are therefore likely to fail. As
for the distance r = 5.5pum, for example, cubic extrapolation does a very good job in
following almost every data point but miserably fails by predicting the value of —10
for p = 0, which is the point we are really interested in. In principle, also quadratic
extrapolation is susceptible to this problem. But fortunately, we have learned from
the discussions around the figs. 4.12 and 4.13, that linear extrapolation is the way to
go. As we can hardly make any judgement by further looking at fig. 4.20 b), we move
on to the interaction potentials.

Extrapolation in General

Let us first discuss the results regarding the pair potential. In line with the previous
discussions, the linear extrapolation, see fig. 4.21 a), hardly reveals any information
at all. Despite the rather limited set of densities, we can clearly see non-linear con-
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Figure 4.21: These are the results of our extrapolation method. We show the pair (solid line) and
triplet (dashed line) potentials for a) linear, b) quadratic and c) cubic extrapolation. We did not obtain
any reasonable potentials because the underlying distribution functions lack statistical accuracy.

tributions in fig. 4.20 a). And at the distances r = 5.5um and r = 6.0pm, linear
extrapolation yields negative values at which no data points can be obtained because
the logarithm is not defined. Quadratic extrapolation, fig. 4.21 b), seems to result in
a reasonable pair potential, but due to the rather poor resolution (i. e. large separa-
tions between the discrete data points) it appears to be rather crude and quite steep.
But this is the best we can extract from the experimental data, because cubic extrap-
olation, fig. 4.21 c), is plagued by the statistical inaccuracies we lengthily discussed
before. Because of these obvious deficiencies we do not try to fit a screened Coulomb
potential to our result.

Moving finally to the central point of this whole effort—triplet potentials in col-
loidal suspensions—we have to admit that we cannot present any meaningful results.
First of all, we will completely ignore the cubic extrapolation, fig. 4.21 c), because it
cannot reveal anything but noise according to our experience. Our investigations
with the reference Monte-Carlo simulations recommend the quadratic extrapolation,
especially when we cannot access very low densities. But also linear extrapolation
should work reasonably. But with both, see figs. 4.21 a) and b), we do not detect any
trace of non-zero triplet interactions. One might be wondering about the value of
+1.5kgT at r = 5.5pm, but if we look at figs. 4.20 b) and 4.19, we have to consider
it as an error because of excessive noise. If there are triplet interactions between the
particles at all, they have to be either very small or they are only present at shorter
distances.

In conclusion, we could prove in section 4.2.1 that the method works in principle.
But if we apply it to experimental data, we face massive problems because the under-
lying data lacks statistical accuracy. Though the present experimental setups allow
for an improvement of this accuracy, we cannot overcome some inherent problems of
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Figure 4.22: The distribution functions of the experimental data at densities po® = 0.186, and

0.144. In a), we plot the pair distribution functions up to large particle separations to give an overview
over the correlation strength. In b), we plot the pair and triplet distribution functions up to the cut-off
radius used in the inverse Monte-Carlo scheme.

this method. It is generally not possible to access the really low densities that would
be needed to boost the accuracy of the extrapolated triplet potentials. The pair po-
tential, certainly, could be recovered far better than presented, but we did not have
further interest in that because there are alternative and better methods available.
The inverse Monte-Carlo method presented here would be one of them.

4.3.2 Inverse Monte-Carlo

In the preceding tests with the reference Monte-Carlo simulations, the inverse Monte-
Carlo method has proven very reliable. Compared to the extrapolation method, its
major advantages are that we only need one single density and that this density may
be rather high. We can therefore increase the measurement time and additionally we
have more particles per snapshot. Both features significantly increase the accuracy of
the underlying distribution functions.

The Data

At each density experimental the data comprise around 1000 configurations with
1400 — 1700 particles each. The statistical accuracy comes close to the reference Monte-
Carlo simulations with 3000 configurations of 1000 particles.
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Figure 4.23: Applying the pair-wise inverse Monte-Carlo scheme (PairIMC), we plot the resulting
distribution functions in a) and the extracted interaction potentials in b). For clarity reasons, we show
in a) the results only for the densities pc” = 0.186 and po> = 0.144. Despite of the pair-wise inver-
sion, also the triplet distribution function is quite well matched. In b) the potentials follow perfectly
the fit of a screened Coulomb potential (black line). There is a small shift of the potentials. But this
is no density dependence but rather due to the slight increase of the salt concentrations over time. To
illustrate this, we have added the starting times of each measurement in the lower right corner.

The densities range from the medium density pc? = 0.144 where the pair distri-
bution function has only two peaks up to the density po? = 0.186 where the system
shows pronounced and long ranged correlations, see fig. 4.22 a). In the inversion
procedure, we use a cut-off radius eyt = 7.5pm which is shortly beyond the first
maximum. At this distance, the expected pair potential has already decayed to less
than 0.05kgT and we do not experience any cut-off effects as we have thoroughly
tested.

Actually, we are studying the same data sets that have already been briefly fea-
tured in the previous chapter, see for example figs. 3.3 b) and 3.4 b). It has also been
the basis of a series of papers with other inversion methods applied to it [Brun 02b,
Klei 02, Loba 03]. Hitherto, all investigations of these data have been performed on a
pair-wise level and there have not been any indications to mistrust such a pair-wise
approach. Yet, we have learned from the PairIMC inversion of the TripletMC simula-
tion (see fig. 4.15) that the pair potential might be an effective pair potential and may
hide many-body interactions in an almost unnoticeable shift.
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Figure 4.24: Similar to fig. 4.23, we apply this time the full TripletIMC scheme to the experimental
data. The obtained pair potentials are almost identical to those in fig. 4.23 b). The triplet potentials,
however, exhibit a density independent drop at v = 6.167um.

Pair Inversion

Let us start by applying the pair-wise inverse Monte-Carlo scheme to the experimen-
tal data. In fig. 4.23 a), we can see that the pair and the triplet distribution functions
are very well recovered. This is remarkable because only the pair-distribution func-
tions are considered throughout the inversion procedure. And we have learned from
the reference Monte-Carlo simulations that we cannot expect to reproduce the triplet
distribution function with the pair-wise inversion, see fig. 4.15.

The resulting potentials, fig. 4.23 b), are almost perfect screened Coulomb potentials,
eq. (4.21), with the prefactor A = 4.47 x 107 um (Zg ~ 27800) and the screening con-
stant x = 2.5um ™! (k! = 400nm). This is quite close to the parameters obtained by
previous studies of the same data [Brun 02b, Klei 02]. But the potentials do not lie
exactly on top of each other. At this point, one might expect to see a density depen-
dent pair potential. But interestingly, the potentials are not ordered according to the
densities but according to the time at which the data was recorded! What we are in
fact observing is a slow increase of the salt concentration over time. And therefore
the screening length x~! decreases and the interactions become shorter ranged. The
whole system is deionised in the beginning but later this has to be switched off for
the measurements and thus ions can diffuse into the system. And, we can indeed
describe the interactions by screened Coulomb potentials with identical charge Z.¢ and
steadily decreasing screening length.

However, neither the perfect shape of the resulting potentials nor the good recov-
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ery of the triplet distribution function with a simple pair potential are proofs for the
absence of triplet and higher order interactions. Regarding the potential, we have to
recall how small the differences between the true potential and the effective potential
tig. 4.15 b) actually were. And the clear difference between the triplet distribution
functions in fig. 4.15 a) is certainly partly due to the unphysically high triplet interac-
tions and the specific form of the triplet potential chosen. We thus do not really know
how a real world triplet potential will leave its fingerprint in the triplet distribution
function.

Triplet Inversion

Therefore, we are now studying the experimental data once more, this time with the
TripletIMC scheme, see fig. 4.24. Comparing the figs. 4.23 and 4.24, we cannot spot any
difference in the pair distribution function or the pair potential. Also the recovered
triplet distribution seem strikingly similar. However, we do see a non-zero triplet
potential at small particle separations. It is attractive and around —4kgT strong! But
because of its short range, it does not leave such a visible fingerprint in the triplet
distribution function as the triplet potential in the reference TripletMC simulation.
Yet, we are able to reliably extract a signal at all three densities. After our extensive
tests of the method with the reference system in chapter 4.2.2 and by directly looking
at the statistics of the underlying data, we are very confident that the data point at
r = 6.167nm is indeed reliable. By contrast, we do not think that we can trust in the
upswing of the potential back to zero at r = 6.0um for the densities pc? = 0.144 and
pc? = 0.169. Nevertheless, we decided to plot it because we are unable to decide
whether the particular values correspond to the actual potential or if they are just
misleading noise.

Two-Dimensional Plot

Up to now, we have only seen one-dimensional sections through the full triplet po-
tential. But of course, the triplet potential depends on three parameters. And sim-
ilar to the two-dimensional sections of the triplet correlation functions in chapter 3,
we have plotted in fig. 4.25 two-dimensional visualisations of the triplet potential
obtained at the density po? = 0.144. With the inter-particle distances 7, s and t as
defined in fig. 3.5, we fix the separation of the first two particles at r = 6.000pm in
a), at r = 6.167um in b) and at r = 6.500pm in c) of fig. 4.25. The two particles are
located at the centres of the concentric white circles which indicate lines of constant
distances s and t to the third particle. Spaced at As = At = 0.167um, they form a
mesh corresponding to the discrete values at which the triplet distribution function
is known and the triplet potential is calculated. The values of the latter are displayed
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Figure 4.25: Two-dimensional section through the full triplet potential for the experimental data at
p0? = 0.144. Two particles are held fixed at a distance r = 6.000um in a), r = 6.167um in b)
and r = 6.500um in c). They are located at the centres of the concentric white circles while the
third particle may move around. The grey-level scheme with steps of 0.5kgT indicates the value of the
potential at the parameter set (r,s,t). The circles define lines of constant distances s and t with the
separation As = At = 0.167um which is also used in the inversion procedure. They are cut below
Smin = tmin = 6um. The strong minimum in b) corresponds to the drop in fig. 4.24

by a grey-level scheme with steps of 0.5kgT. The scale ranges from —4kgT (black) to
+1kgT (white) but no values are shown for s < 6pum and t < 6pm (read the previous
‘and” as a logical ‘or’) due to insufficient statistics. To give a quick orientation, the
black spot in fig. 4.25 b) corresponds to the —4kgT of fig. 4.24 b).

Obviously, the triplet potential decays very fast. Already for r = 6.500pm—a
distance shorter than the maximum of ¢(?) (r)—the potential is has completely van-
ished, no matter how small we chose s and ¢, see fig. 4.25 c). This easily explains
the perceived paradox between the strong and attractive triplet potential and its ob-
vious insignificance to the distribution functions. It is only relevant at combinations
of the distances r, s and t which are very rarely sampled. Such a combination is
r = s =t = 6.167pm which we have already considered in fig. 4.24. In fig. 4.25 b)
we have fixed r at this very distance. Also, the circles with the smallest radii denote
the distances s = 6.167um and t = 6.167um and at their intersection we recognise the
pronounced minimum of —4kgT also depicted in fig. 4.24 b). This plot reveals how lo-
calised the attractive region really is. Just the adjacent points towards smaller s and ¢
are also negative. Decreasing the separation between the first two particles further to
r = 6.000pm, we again see an attractive region mainly located at the smallest particle
separations, with either s = 6.000pm or t = 6.000pum.

Concluding, we have applied a very well tested and reliable inversion method to
experimental data of the charged system. We have found a very short-ranged but sur-
prisingly strong and attractive triplet interaction. The presence of triplet interactions
in charged colloidal suspension has been examined theoretically [Russ 01, Russ 02]
and experimentally [Brun 04, Dobn 04]. And although these investigations are not
directly comparable because they have been performed with different parameters,
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respectively particles, they are nonetheless very much in accordance to our findings.
Furthermore, they do not contradict the previous pair-wise studies of the same data
sets [Brun 02b, Klei 02, Loba 03] because the triplet interactions are too short-ranged
to significantly contribute to particle interactions at typical distances. Likewise, any
influence on the distribution functions is rather limited and hardly noticeable. Nev-
ertheless, it is there and we are able to detect it.

4.4 Summary

1.

102

In this chapter, we have exemplarily shown that triplet distribution functions
are beyond the pure theoretical interest and that they are useful for studying
many-body interactions in colloidal suspensions.

We have developed the extrapolation method to extract triplet interactions from
distribution functions. We systematically tested its applicability, its limitations
and its accuracy on reference Monte-Carlo simulations.

We extended the inverse Monte-Carlo method of Almarza and Lomba [Alma 03]
to include triplet interactions. We tested this method on reference Monte-Carlo
simulations, too.

Both methods yield the triplet potential Bu(®)(r,s,t) over the full parameter
space (r,s, t). Furthermore, the input data can be taken directly from colloidal
suspensions. This is an improvement over previous experimental arrangements
[Brun 04, Dobn 04] which yield only triplet interactions of isolated particles in
limited geometries.

Applying the extrapolation method to experimental data, we struggle with in-
herent problems of distribution functions at low densities which cannot be over-
come by current experimental techniques.

Compared to the extrapolation method, the inverse Monte-Carlo method works
at higher densities which means that the underlying distribution functions are
significantly more accurate. And because we only need data at one single den-
sity, the maximum observation time is significantly increased. The inverted
potentials are thus of much higher quality.

Our intensive tests with reference Monte-Carlo simulations have once more clar-
ified that we cannot identify many body-interactions by studying systems on a
pair-wise level. The pair-wise inversion of the TripletMC reference system yielded
an effective pair potential which is almost indistinguishable from a true pair-
wise screened Coulomb potential.
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8. Evaluating the experimental data with the inverse Monte-Carlo method, we ob-
tain at each density slightly different pair potentials. These differences, how-
ever, do not depend on the density but on the time when the measurement was
performed. This can simply be explained by a slow increase of the salt concen-
tration over time.

9. From the experimental data, we have have extracted an attractive triplet poten-
tial at very short particle separations. It has the considerable strength of up to
4kgT but it is too short-ranged to significantly influence structural properties.
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MEMBRANE
INTERACTIONS

In this second part, we would like to present how methods from colloid physics can
be applied to biological topics. In chapter 2.2, we presented the interaction potentials
between charged colloidal particles which have been calculated using Poisson-Boltz-
mann theory (see appendix A). And similarly, many biological objects are of colloidal
dimension, are charged and are naturally in aqueous solution. Some prominent ex-
amples are DNA, proteins and vesicles. The latter are two-dimensional membranes
forming a closed surface in three dimensions. Membranes consist of lipids that are
arranged as a bilayer and they are the subject of our interest.

In particular, we will study if and when oppositely charged membranes can come
into contact with each other. This is interesting in a variety of recent biological topics,
including the delivery of genetic material past the cell membrane into the nucleus.
But also the adhesion of proteins to cell membranes is of much relevance in current
research. As we will see, contact between oppositely charged objects is not as easy as
it seems because charge neutrality has to be ensured by counter-ions in between the
membranes. But the lateral mobility of charged lipids can significantly enhance the
ability to make contact.

Our study is based on the combination of an older publication of Parsegian and
Gingell [Pars 72], to which we will refer repeatedly, and quite recent work by Fleck et
al. [Flec 01, Flec 02]. Parsegian and Gingell have calculated interactions of oppositely
charged planar membranes without considering the lateral mobility of lipids, thus
keeping surface charge densities constant. Fleck, however, took specifically the mo-
bility of charged lipids into account while studying the interaction of charged rods
(e. g. DNA) with membranes. The interaction area of the membrane can therefore
have a locally varying surface charge density due to a rearrangement, or demixing, of
lipids.

In this chapter we will first shortly introduce lipids and the formation of bilayers
(chapter 5.1) followed by an overview of how our work fits in the context of current
research (chapter 5.2). Next we will present our model and formulate the problem
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Figure 5.1: Schematic representation of a phospholipid. The hydrophilic head is formed by the polar
parts, namely glycerol, the phosphate group and any attached alcohols. The fatty acids are referred to
as the hydrophobic tail.

(chapter 5.3). Guided by the paper of Parsegian and Gingell [Pars 72], the main the-
oretical task is to calculate the intermembrane distance where the force between the
membranes vanishes. This will be first done by resorting to the simpler linear Poisson-
Boltzmann theory to uncover the underlying physics (chapter 5.4), and then repeated
by now starting from the full non-linear Poisson-Boltzmann equation (chapter 5.5). A
summary will conclude this chapter (chapter 5.6).

The results of our studies have been published in [Russ 03a].

5.1 Introduction

Cell membranes are highly complex structures separating the interior of a cell from
its surrounding. But they also provide the ability of controlled transport in and out
of the cell. A membrane is mainly a lipid bilayer of 10nm thickness that contains
a variety of different proteins, each specialised for its own purpose. Proteins pro-
vide the ability of active and passive transport through the membrane and they are
responsible for the mutual recognition among different cells and their biological in-
teraction. To break down the complexity of cell interactions, we focus on the physical
interactions which—under typical conditions—are almost exclusively electrostatic in
nature. We therefore consider in our study only the naked lipid bilayer and neglect
any proteins.

Generally, the term ‘lipid” denominates a diverse range of relatively water insoluble
or non-polar molecules of biological origin. In the context of membranes, it refers to
a group of molecules which have a polar (hydrophilic) head in addition to the non-
polar (hydrophobic) tail. Naturally, biological membranes consist mainly of phos-
pholipids. Most phospholipids consist of a three-carbon alcohol, glycerol (propan-
1,2,3-triol), two fatty acids usually between 14 and 24 carbon atoms in length, a nega-
tively charged phosphate group and often another alcohol attached to the phosphate.
The two fatty acids are attached to carbon atoms 1 and 2 of the glycerol and form
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Figure 5.2: Lipids form in water spherical micelles or laterally extending bilayers depending on the
concentration and on the detailed structure of the lipid. Bilayers can stack on top of each other or form
vesicles enclosing some water.

the hydrophobic tail. Attached to the third carbon atom is the phosphate group. The
resulting compound is called phosphatidate (Diacylglycerol-3-phosphate), and is the
simplest phospholipid. It is, however, uncommon in cell membranes, and it is an
intermediate compound in the formation of other—more complex—phospholipids.
These complex lipids are formed by the addition of an alcohol to the phosphate
group. The glycerol together with the phosphate group and any attached alcohols
form the hydrophilic head. Schematically, lipids are often represented as shown
in fig. 5.1 with the hydrophilic head and the fatty acids as hydrophobic tail, see
[Wiki 05b].

But there exists a great variety of other lipids besides the phospholipids which
are dominant in biological membranes. Some are also negatively charged (anionic)
lipids, but there are also lipids bearing neutral—nonetheless polar—or positively
charged (cationic) heads. Some lipid headgroups even change the sign of their charge
and can be either negatively or positively charged (ampholytic) depending on pH-
value of the solution.

If lipids are placed in water, the hydrophobic tails try to avoid the contact with
water. They align themselves in a way that their lipid tails are next to each other and
that their polar heads face the water molecules. Depending on their concentration
and on the detailed structure of the molecules, they can form spherical micelles or
laterally extending bilayers, sketched in fig. 5.2. Bilayers can stack on top of each
other but usually they try to achieve a closed surface in three dimensional space by
bending themselves and enclosing some water. By this means, bilayers do not have
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Figure 5.3: Computer simulation of a lipid bilayer formed by dipalmitoylphosphatidylcholine (DPPC).
The carbon chain completed by the are the hydrophobic tail. The rest is the hydrophilic
head consisting of the phosphate group, the glycol chain, oxygen atoms and a N(CHs)3 group. Water
molecules are clearly expelled from the inside and surround the lipid heads of the bilayer. Lipids can
laterally move within the layer, which is therefore referred to be in the ‘'liquid state’. The picture is
taken from [Wiki 04], originally published in [Fell 97]

any open sides, and contact between water and the hydrophobic tails can be avoided.
Let us recall that the lipid bilayer is the fundament of every cell membrane and that
vesicles are thus a very useful model system to study some basic properties of cells.
One distinguishes between fluid and frozen membranes. Both terms refer only to
the internal state of the membrane and not to the state of the solute, which is usu-
ally water and always liquid. In a frozen membrane, lipids cannot move freely. They
are bound to lattice sites and have well defined neighbours and long-ranged corre-
lations, just like the two-dimensional colloidal systems, we have studied in the first
part (see for example chapter 3.3.5). A membrane in the fluid state, however, consists
of lipids that can move freely in a lateral direction. A nice example, how a phos-
pholipid bilayer in the fluid state looks like, is shown in fig. 5.3. It is a snapshot of a
computer simulation of dipalmitoylphosphatidylcholine (DPPC) immersed in water
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[Fell 97]. The lipid tails are heavily disordered and the heads are not properly aligned.
Nevertheless, water molecules are completely expelled from the inside of the bilayer.
A frozen membrane would look more like the sketch of fig. 5.2 with the tails neatly
aligned just like the heads forming a level surface (see the website of [Fell 97] for
an example). Biological membranes are usually—but not always—fluid. Anyhow,
even in a fluid membrane, different kinds of lipids do not always mix ideally. Some-
times, microdomains are formed—the so-called ‘lipid rafts” [Brow 98, Simo 97] (see
[Wiki 05a] for a short definition).

In the following, we will be interested in the demixing of different kinds of lipids
that is due to external influences. Approaching a membrane with a charged object,
lipids with a like-charged head will feel a repulsive force while oppositely-charged
lipids will be attracted. This may even lead to the phenomenon that a neutral mem-
brane can become oppositely charged underneath the approaching object. This will
then result in an attractive electrostatic force between the charged object and the glob-
ally neutral membrane. Using Poisson-Boltzmann theory with appropriate boundary
conditions, we can account for such effects and we can calculate interaction potentials
subsequently.

5.2 Context

Adhesion between biological membranes is governed by a manifold of interactions,
which include specific binding and unspecific repulsion by macromolecules [Gutt 01],
as well as bending undulations of the membrane [Helf 78]. A further important con-
tribution originates from electrostatics, which is the key issue of this chapter. On
average, about 10% of all lipids in biomembranes carry a negative charge. The ac-
tual charged lipid fraction depends strongly on cell type and the organelles. Due to
its high cardiolipin content the average lipid charge density of mitochondrial mem-
branes is about 4 times larger than that of plasma membranes [Sack 95]. There are es-
sentially no positively charged lipids in biomembranes. By contrast, many membrane
associated proteins carry a net positive charge, as, for example, the 8 net positive
charges of cytochrome ¢, which is associated to the negatively charged mitochondrial
membranes.

Although positively charged lipids are not abundant in biomembranes, liposomes
of artificially synthesised cationic lipids play an important role as putative nonviral
gene carriers (vectors) for therapeutic purposes [Felg 87, Li 00]. They serve as targets
for negatively charged nucleic acids [Wetz 01, Safi 01, Ches 00]. The likely reason for
the high efficiency of gene transfer is the electrostatic interaction of the positively
charged carrier liposomes with the biological cell membranes, which, on average, are
negatively charged [Safi 01]. In artificial systems, DNA binds to positively charged
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liposomes in a multilayer arrangement, where negatively charged DNA layers and
positively charged membranes stack in an alternating manner [Radl 97, Kolt 99]. It
has been demonstrated that the release of counter-ions is an important factor for the
electrostatic free energy of such lamellar complexes [Wagn 00].

In general, lipids do not mix ideally, but rather form domain, sometimes called rafts
[Brow 98, Simo 97]. These domains exist on nanoscopic and mesoscopic length scale
and there is a yet ongoing discussion concerning their lifetimes and length scales. In
biomembranes, rafts display a distinct lipid and protein composition, and it is likely
that the formation of these domains depends on the non-ideal mixing properties of
the membrane components [Riet 98]. Such domains have also been identified in ar-
tificial membranes by confocal microscopy [Korl 99]. The physical chemistry of such
demixing processes is based on interactions between adjacent lipids [Suga 99]. The dif-
fusion behaviour of lipids can well be altered by domain boundaries which serve as
diffusion barriers [Alme 95]. The finding that membranes containing anionic lipids
and basic proteins form domains is an indication that biomembranes may contain
positively and negatively charged regions.

The analysis of membrane electrostatics is, however, significantly complicated by
the fact that lipids may not mix ideally. For this reason the theoretical treatment
has so far been restricted to systems with ideally mixing components, e. g. diacyl
phosphatidylcholine mixtures with diacylphosphytidylglycerols [Cuts 89, Mosi 92,
Mont 93, Heim 99]. In these experimental systems unfavourable mixing properties
of membrane components can be neglected. Likewise, in the following we will fo-
cus on membranes containing ideal mixtures of negatively and positively charged
molecules.

Charged biomembranes interact with other charged objects like soluble proteins
via Coulomb forces. These forces are screened by the micro-ions of the electrolyte
solution, but for membranes this is not the only screening mechanism possible. As
mentioned, biomembranes consist of many different types of lipids with a rich variety
of attached alkane chains and a variety of headgroup areas some of which are charged
[Lipo 95, Safr 94].

According to our present knowledge, membranes are predominantly in a fluid state
in which the individual membrane components are free to move within the plane
of the membrane. In ideal mixtures, the lateral diffusion is not hindered by do-
main boundaries. If another charged object approaches the surface of such a multi-
component (mixed) membrane, charged lipids are allowed to migrate towards, or
away from, the interaction zone. This demixing of charged and neutral lipids results
in alocally varying lipid composition profile on the membrane. One may consider the
demixing as a kind of two-dimensional screening of the electrostatic forces by charged
lipids confined within the plane of the membrane. This supplements the more famil-
iar screening that is due to the electrolyte ions in the three-dimensional space of the
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solution. Such local demixing has been observed for several peripheral like prothrom-
bin [Cuts 89] and cytochrome ¢ [Heim 99] as well as for integral proteins using elec-
tron spin resonance methods[Mars 87], e. g. for Nat,K"-ATPase [Esma 88, Aror 98],
bacteriophage M13 coat protein [Wolf 89], and myelin basic protein [Sank 02].

That membrane demixing can have an enormous impact on the electrostatic ad-
sorption free energy has been recognised and emphasised mainly in the literature
on protein and DNA binding on membranes [May 00, Flec 02, Mene 98, Deni 98,
Heim 95, Heim 99, Taka 01, Last 01, Hust 00]. For example, it has been shown that
protein-induced lipid demixing is responsible for the formation of huge lipid-protein
domains in membranes [Deni 98]; these are regions with a large lateral density of
adsorbed proteins, coexisting with other regions of lower protein density. A similar
partitioning phenomenon has recently been observed in systems consisting of nega-
tively charged latex spheres and positively charged mixed bilayer vesicles [Aran 99,
Ramo 99]. While initially the spheres adsorb without preference everywhere onto
the vesicles, adhesion saturation has been found at a later stage and the membrane
partitioned into attractive and repulsive zones where additional incoming spheres
were attracted to, respectively, repelled from. Again, lipid demixing has turned out to
be crucial for the understanding of the underlying mechanism [Chen 00]. It should
be noted that similar lipid reorganisation phenomena may occur close to the tips
of atomic force microscopes close to charge surfaces [Butt 91, Xu 97, Miill 99]. An-
other recent experiment that must be mentioned in this context is that of Nardi et al.
[Nard 97, Nard 98] who have studied the adhesion process between a cationic vesi-
cle and an anionic membrane, both simple binary mixtures of neutral and charged
lipids serving as model systems for cationic gene delivery vectors. Measurements
of the membrane tension have revealed that due to the adhesion-induced reorgani-
sation (or demixing) of the membranes adhesion of multi-component membranes is
fundamentally different from that of single-component membranes.

These aforementioned experiments have motivated the present theoretical study.
With this work, we address the rather general question of how lipid demixing affects
the interaction between two oppositely charged membranes, modelled here as two
planar and parallel surfaces. That this is an interesting non-trivial physical question
can be seen already from the case of two membranes with a frozen lipid composition,
that is, if the two membranes are considered as two uniformly charged planar sur-
faces immersed in an electrolyte solution. If the two surfaces are oppositely charged
with exactly the same charge density, then their interaction is always attractive. This
is however not the case if they are oppositely charged but with surface charge densi-
ties that are not equal. Then, the interaction is attractive at large surface separations
only and becomes repulsive at close approach. That oppositely charged surfaces
can interact repulsively is a surprising and counter-intuitive effect which has first
been discovered and analysed by Parsegian and Gingell [Pars 72]. These authors have
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shown that the observed repulsion is due to the osmotic pressure of counter-ions that
must remain within the gap between the surfaces to ensure the electroneutrality of the
system. Parsegian and Gingell, starting from the linearised Poisson-Boltzmann equation,
have systematically calculated that distance separation between the charged surfaces
where attraction changes over to repulsion, that means, where the disjoining pressure
between the surfaces is zero.

In the present work we elaborate and extend the study of Parsegian and Gingell
by examining if and how their ideas apply to mixed membranes, consisting of lat-
erally mobile lipids. We thus consider the interaction of two oppositely charged
planar surfaces, hosting a two-dimensional system of screening of lipidic charges.
Two-dimensional lipid screening here competes with three-dimensional screening
by micro-ions belonging to the salt solution between the surfaces. We will show
that lipid demixing increases the region in parameter-space where oppositely charged
membranes attract each other; that, in particular, it allows oppositely charged mem-
branes to make touching contact even if there is a certain charge mismatch between
the surfaces; that a switching between contact/non-contact situations can be regu-
lated via the salt concentration of the solution; and, finally, that the results obtained in
linear Poisson-Boltzmann theory remain qualitatively correct if the calculation is based
on the full non-linear Poisson-Boltzmann equation.

The effect of demixing on the interaction of oppositely charged membranes has pre-
viously been studied by Lau and Pincus [Lau 99] for the case of no added salt, a
restrictive assumption that allowed them to obtain exact solutions to the non-linear
Poisson-Boltzmann equation. A brief theoretical discussion of the thermodynamic and
kinetic aspects of adhesion between oppositely charged binary membranes is also
given in [Nard 98]. The phenomenon of repulsion between oppositely charged sur-
faces has recently been discussed by Ben-Tal [Ben 95]. Related free energy expres-
sions can be found in [Stah 91, Jons 99, Oshi 75], derived in linear but also in non-linear
Poisson-Boltzmann theory [Jons 99]. A theoretical discussion of adhesion processes
of multi-component membranes, also related to our problem, is given in [Weik 01].
Here the interplay between membrane reorganisation and adhesion is considered for
a system of two interacting model membranes, with one membrane having compo-
nents that are attracted by the second membrane, thus acting as local stickers, see also
[Bell 88, Lipo 96].

The validity of the Poisson-Boltzmann theory, which our calculations are based on,
for treating the interaction between charged surfaces in aqueous salt solutions has
been examined by various authors by comparison to computer simulation studies,
for reviews see [Ande 95, Vlac 99]. In essence, these studies confirm that Poisson-
Boltzmann theory is adequate for monovalent salt ions and salt concentrations not
exceeding ~ 0.1M.
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Figure 5.4: Schematic view of our model of two membranes. The membranes interact only locally
via interaction zones, assumed to be planar and parallel surfaces, located at x = 0 (membrane 1) and
x = | (membrane 2). We consider only electrostatic interactions. Outside the interaction zones, the
membranes are characterized by their surface potentials (97°), their surface-charge densities (07°), the
valency of the lipidic charges (q;) and the surface fraction of charged lipids (y;) (i = 1,2). In our
model, we allow lipids to freely flow between the interaction zones and those parts of the membrane
not involved in the interaction (reservoir), so the surface potentials in the interaction zone ($(0) for
membrane 1 and (1) for membrane 2) as well as the surface charge densities (oq and o3) can be
different from their corresponding values in the reservoir.

5.3 Model

We consider the interaction between two charged membranes embedded in an aque-
ous electrolyte solution. We model the membrane surface as an incompressible two-
dimensional fluid mixture composed of different types of lipidic surface groups. In
principle, our treatment also applies to charged or uncharged membrane peptides
or proteins. However, in the following we restrict our notation to lipids. The mem-
branes are assumed to interact with each other only locally, that is, the interaction
is governed by a membrane area Aj, which is small compared to the total surface
Ayor of the membrane, Ainy < Ayor. This small area, the interaction region, is treated
here as the system while those parts of the membranes, not involved in the interac-
tion, are treated as reservoir for the surface groups. These groups can freely move
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between the interaction region and the reservoir. The interaction regions are further-
more taken to be planar stiff sheets, oriented parallel to each other and separated by a
relative distance /. Thus, we assume that surface undulation forces can be neglected.
These planar interaction regions, though being small compared to Ay, are still large
enough that one can safely ignore effects, which might occur due to the finite size of
the interaction zone. The first membrane (i = 1) is located at x = 0, the other one
(i = 2) at x = I. Fig. 5.4 shows a schematic view of the whole arrangement.

Let us first introduce the notation for the reservoirs of each membrane, whose sur-
face properties are not affected by the presence of the other membrane. For simplicity,
we consider here membranes composed of just two types of mobile surface groups;
one type is neutral, the other charged. We denote with #; the surface fraction of the
charged lipids on both membranes (i = 1,2). With g; being the valency of the charged
lipid, the surface charge density (given in units of the elementary charge ¢) becomes
o = qini/a? (i = 1,2) where a? is the headgroup area per charged lipid on mem-
brane i = 1,2. Through this relation, the quantities 7>, aZ-Z, g; and #; are linked, and
we thus have three independent variables to characterise the surface properties of the
membranes which in the following we choose to be ¢;°, g; and 7;. Finally, the surface
potentials @° and @3° are related to the ratio between ¢7° and the screening constant
to be introduced below (eq. (5.7) and (5.11)). We remark that #; can be tuned via the
pH of the solution. If ¢; is the total surface fraction of those lipids that are allowed to
dissociate, then

i = Pit; (5.1)
where «; is the degree of dissociation, which is determined by the appropriate disso-
ciation constants and the pH value of the solution via the law of mass action [Flec 02].
Since the pK, of charged lipids depends on the electrostatics of the environment, we
assume in the following that the pH of the aqueous medium is far away from the pKa
of the lipids.

The first quantity to be calculated is the reduced electrostatic potential @ = Beg
(see appendix A) on and between the two membranes. If the interaction zones of the
two membranes are separated by a finite distance /, small enough for them to start
interacting with each other, charged lipids will either come into or escape from the
interaction region, depending on what is energetically more favorable. This redistri-
bution of charges results in a difference of potential between the membrane surface
potentials in the interaction region and those in the reservoir @{°,

AP = P(x = 0) — O AP, = D(x=1) — D (5.2)

It can be shown [May 00, Flec 02] that the lipid distribution minimising the total free
energy follows the relation
e_in"Di

oe]

0"
Yoy 1A% 4 (1 — ;)

o, = (53)
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where 0; (i = 1,2) is now the surface charge density in the interaction region, to be
distinguished from ¢7°, the surface charge density on the non-interacting parts of the
membranes in the reservoir. Eq. (5.3) results from the balance of two terms in the
free energy functional [Flec 02], the electrostatic energy and the mixing entropy of
lipids. In our case where the difference A®; is caused by the interaction of oppositely
charged objects, this specifically means that an entropy penalty in the total free energy
prevents too strong an accumulation of lipidic charges in the interaction zone, which,
from the electrostatic point of view, would be rather favourable. The nominator of
eq. (5.3) is recognised as the Boltzmann factor, while the denominator takes account of
the finite size of the lipidic groups, preventing that the local surface density of lipids
in the interaction zone exceeds the maximum packing value 1/#; (close packing). We
observe that o; reduces to its reservoir value ¢7°, (i) if the difference of potential is
zero as it is the case for immobile lipids, or (ii) if all lipids are fully charged (; = 1)
in which case lipid mobility is of course of no consequence to our problem.

The electrostatic potential can be calculated from the one-dimensional Poisson-Boltz-
mann equation (see appendix A) which for a 1:1 electrolyte takes the form

" (x) = k> sinh ®(x) (5.4)

where the prime denotes differentiation with respect to x. k%2 = 87 Apc, is the screen-
ing constant with Ay = ¢?B /¢ the Bjerrum-length and cs the salt concentration in the
reservoir. We can understand Ag as the distance where the interaction energy of two
elementary point charges in the solvent under consideration equals kgT, and Ap can
thus be regarded as a measure for the relative significance of electrostatic forces in
this specific solvent. The potential is taken to be zero deep in the bulk of the elec-
trolyte, far away from any charged surface. The solution to eq. (5.4) for the case of
one planar membrane with a charge density ¢, is the famous Gouy-Chapman poten-
tial [Gouy 10, Chap 13], see also e. g. [Evan 94]

Poc(x) _ e " tanh $cc(0)

tanh
a 4 4

(5.5)
with the first derivative
D (x) = —2xsinh(Dge(x) /2) (5.6)

where 2sinh(®@gc(0)/2) = 4Ago™/«x. Therefore the relationship between o7 and
®* is given by

o°
)
Returning now to our problem of two interacting planar membranes, we formulate a
complete boundary value problem by specifying the boundary conditions for solving

(o]
_ 47T ABO;
K

2 sinh( (5.7)
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for @,

®/|x:0 = —47‘()\30’1 (58)
(D/‘x:l = +4mAgoy,
with the effective surface charge densities from eq. (5.3). At this point, it becomes
clear that the principal problem of our calculation lies in the fact that the potential
to be calculated not only appears in eq. (5.4), but via egs. (5.2) and (5.3) also on the
right-hand side of the boundary conditions. In fact, the boundary conditions mark
the point where the two-dimensional system of screening lipid charges is coupled to
the three-dimensional system of screening electrolyte ions.
Once @(x) is known for a given membrane-membrane distance I, one can eventu-
ally turn to the quantity that is of central interest in this chapter, the pressure p, which
at a given point in the electrolyte solution relative to the bulk pressure, is [Evan 94]

1

_ N2 _
Bp = S ()" +2¢cs(coshd —1). (5.9)

Negative values for p at a given distance / indicate an effective attraction between the
membranes, positive values a repulsive interaction.

5.4 Linear Interaction

Now, we first restrict ourselves to the condition @ < 1 which allows linearisation of
the sinh @ in eq. (5.4) and of eq. (5.3). This greatly simplifies our problem while still
preserving its qualitative features. The boundary value problem introduced above

now reads,
o"(x) = K*d(x) (5.10)
Plicg = —47Ap0f |1 - qu(@(0) — PF)(1— 1)
Plec = 4mAgos [1— qa(@(1) — ) (1 - 1))

where the surface potentials in the reservoir @:° follow from eq. (5.7),

AT Ao
O = % (5.11)

The Gouy-Chapman potential, eq. (5.5), simplifies in linear theory to

4T\
Dge(x) = %e—” (5.12)
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and the equation for the pressure, eq. (5.9), to

1
Bp = — — (@) + cs®? . (5.13)

The general solution to the PB equation in eq. (5.10) is
®(x) = A" + Be ™ (5.14)
so that eq. (5.13) reduces to just

Bp = 4csAB. (5.15)

5.4.1 Immobile Lipids

To set the stage, we start by considering the limiting case of immobile lipids when
@(0) = @° and @(I) = P5°. This important case is discussed by Parsegian and Gingell
in [Pars 72], the major points of which we now briefly repeat to lay the ground for our
considerations further below. As in [Pars 72], we wish to determine that specific dis-
tance Imin where the effective intermembrane force changes its sign. In other words,
we seek to find the distance where p in eq. (5.15) becomes zero. Obviously, this is the
case if either A = 0 or B = 0. If A = 0, then the boundary conditions in eq. (5.10)
together with eq. (5.14) lead to

—xB = —4nApoy’

—kBe Mmin = 47 Ago® (5.16)
from which we conclude that
e ¥ (5.17)
and

oo = —efmin (5.18)
p=0

The last equation specifies the distance Imin at which the pressure vanishes. Clearly,
this equation cannot be satisfied for like charged surfaces, but only for oppositely
charged surfaces. One recognises that for 0;° = —o5° the point of zero force is at
contact. If however o7° differs slightly from —o3° then the point of zero pressure is
at some finite distance /nin, meaning that even oppositely charged membranes can
repel each other at distances | < Inin. This is due to the electroneutrality condition
which in cases where 07° # —03° requires a few counterions to stay in the slab be-
tween the two membranes, thus leading to a repulsive osmotic pressure if | < Inin.
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Figure 5.5: Regions of attraction and repulsion between two oppositely charged membranes consisting
of immobile lipids as a function of the intermembrane distance and the ratio of surface charge densities.
This plot essentially shows the findings of Parsegian and Gingell [Pars 72].

We furthermore observe from eq. (5.18) that |07°| > |05°| since ¢flmin > 1 that is, the
case A = 0 corresponds to the situation where the magnitude of the surface charge
density of the first membrane located at x = 0 is higher than that of the other mem-
brane at x = Inin. The potential, eq. (5.17), is the linear Gouy-Chapman potential for a
single, isolated membrane, eq. (5.12), as if the second membrane were non-existent.
In other words, the effective intermembrane force vanishes if the less charged mem-
brane is at a distance /i, where its surface charge density just equals the net surface
charge density one would obtain by integrating the Gouy-Chapman profile in front of
an isolated membrane from /i, to infinity. The surface charge density of the second
membrane thus replaces the missing tail of the Gouy-Chapman density profile of an
isolated membrane. This has been pointed out by Jonsson et al. in another context
[Jons 99].

It is readily seen that the other case leading to zero pressure, B = 0, corresponds
to the situation where |05°| > |07°|. Then for | = Inin there is an unperturbed Gouy-
Chapman layer in front of the second membrane and the surface charge density of
the membrane at x = 0 takes the role of simulating the cut tail of the Gouy-Chapman
profile. The condition for /i, becomes

o2/ o= — Flmin | (5.19)

120



Linear Interaction MEMBRANE INTERACTIONS 5.4

Kmin and e**min are plotted against ki, in fig. 5.5. They divide

The two curves e~
the parameter-space spanned by ¢7°/03° and «! into regions of attractive and repul-
sive intermembrane interaction. This plot represents the central finding of Parsegian
and Gingell [Pars 72]. It is obvious from the preceding considerations that the plot
contains redundant information. The case |07°|/|05°| < 1is simply a repetition of the
case |07°|/|05°| > 1 with interchanged membranes, which is verified by the fact that
by swapping the labels of the membranes in eq. (5.19) one indeed recovers eq. (5.18).
Demanding that the membrane with the higher magnitude of the surface charge den-
sity is located at x = 0, one could without loss of generality concentrate on the case
A = 0 and the part |05°|/|05°| > 1 in parameter-space. Nevertheless, in the following
discussion we will consider the whole parameter-space, mainly to keep close contact

with the familiar plot of Parsegian and Gingell.

5.4.2 Mobile Lipids

We return to the boundary value problem, eq. (5.10), seeking to determine again the
zero pressure line in the parameter space, but now for the case of mobile lipids. From
now on, we focus on oppositely charged membranes, because the case of like charged
membranes leads always to repulsion, be the lipids mobile or not [Pars 72]. Therefore,
we demand that g1 /g2 < 0 and 07°/05° = &7°/PF° < 0. In addition, 0 < 71 < 1 and
0 < 72 < 1. Note that both q;®7° and g,®P5” must be positive quantities. Again we
start from the expression for the pressure, eq. (5.15), which is zero if either A or B is
zero. Assuming A to be zero, the first boundary condition in eq. (5.10) results in

kB = — 4o [1 — (1 —m)(B - @;")]. (5.20)
This equation is solved by
B=oy. (5.21)

leading us to the potential ®(x) = ®°e™™* which is again the familiar Gouy-Chapman
potential. So, like in the case of immobile lipids, the potential (and thus the ion dis-
tribution) in the slab 0 < x < [yin between the membranes is identical to the one
that one would find if membrane 1 were alone, provided of course that the two mem-
branes are separated just by the zero-pressure distance Iimin. We note that due to this
property two of the parameters specifying the surface properties of membrane one,
namely g1 and 771, are now immaterial for the following considerations.

Inserting the potential ®(x) = ®°e ™" into the second boundary condition of
eq. (56.10) and using eq. (5.11), yields

— e min = & [1 — q2(1 = 1) D3 (D MImin / D — 1)] : (5.22)
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Figure 5.6: Regions of attraction and repulsion between two oppositely charged membranes, as a
function of the intermembrane distance and the ratio of surface charge densities. Similar to the plot for
immobile lipids (fig. 5.5) we allow this time lipid mobility. In both plots, we show the line of zero net
force for four different values of the surface fraction of charged lipids 1, (17, = 1.00, , 0.50, ).
The sign of the effective intermembrane force in the brown-background region of the parameter-space
can be inferred from a corresponding point in the grey-background region.

and hence

(5.23)

i esz.m{(l —’72)512@50+1]
05°lp=0 O (1—1m2)q2@5 — 11

If 7o = 1, the right hand side of this equation reduces to —e"mn, and we recover
eq. (5.18). It is clear from our previous discussion that the case B = 0 can not provide
new information, one can check this by redoing the calculation with B = 0, which
leads to a potential @(x) = PFe™ and again to eq. (5.23) but with the label 1 re-
placing the label 2. We show in fig. 5.6 the zero-pressure line in the parameter-space
calculated from eq. (5.23) for four different values of 7, in fig. 5.6a) for ®3°q, = 0.05
and in fig. 5.6b) for ®3°q> = 0.5. For completeness, we have also added the curves
for the case B = 0 (|o5°| < [05°|, brown-background region). Via eq. (5.11), g2®5°
is related to the two quantities characterising the electrolyte solution, Ag and x, and
can thus be experimentally changed through variation of temperature, salt concentra-
tion, or the choice of the solvent (¢). In particular, g, P53 increases (with 03° remaining
constant) on increasing Ag, that is, if the significance of electrostatic forces relative to
thermal forces increases.

We now discuss the findings of fig. 5.6. We have seen that the surface properties of
the membrane having the higher surface density of charged lipids remain completely
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unaffected by the presence of the other membrane, that is, if, for example, |o7°| >
|05°|, then @(0) = @5° and 07 = 07° so that there is no difference between the lipid
distribution on those parts of the membrane belonging to the interaction region and
those belonging to the reservoir. However, on the other membrane having the lower
density of charged lipids (membrane 2 if |07°| > |05°|), the lipid surface density in the
interaction region changes in response to the presence of membrane 1. Assuming that
membrane 1 is positively charged (g1 > 0, g2 < 0) and recalling that ®°/®3° < 0, we
see that A@, = e *min — P must be positive. Consequently, the surface charge
density in the interaction zone of membrane 2,

0 = 0 [1 = (1= 1) Ay (5.24)

must be larger in magnitude than its reservoir value 03°. In other words, at | = Iimin
additional lipids must have flowed from the reservoir into the interaction zone of
membrane two. One may say that the membrane with the higher density of charged
lipids, while remaining itself inert, attracts charged lipids on the other membrane
out of the reservoir into the interaction zone. The other conceivable mechanism—
that one membrane expels charged lipids from the interaction region of the other
membrane—is not observed. That, of two interacting membranes, only one mem-
brane shows a major rearrangement of lipids, is a surprising result. Lipid mobility
is thus completely irrelevant for the membrane with the higher surface density of
charged lipids; it suffices to model this membrane just by a planar wall with a homo-
geneous surface charge density.

To understand the implications which the observed lipid redistribution has on the
effective interaction, let us return for a moment to the case of immobile lipids (17, = 1)
and assume that the system of two membranes are at a state-point in parameter-
space where there is zero pressure (solid thick curves in the |0{°| > |03°| regions
of fig. 5.6. If now the lipid mobility is switched on (7, < 1), additional charged
lipids are allowed to flow into the interaction zone of membrane 2. This results in a
change from zero pressure to negative pressure at this particular point in parameter-
space; the effective interaction between the membranes will now be attractive. In
other words, lipid mobility is responsible for an additional attractive contribution
to the effective intermembrane interaction potential, the latter being nothing but the
total free energy of the system as a function of x/. We see from fig. 5.6 that as a result of
this additional attractive component in the free energy, the region in parameter-space
where the two membranes attract each other increases with decreasing 7, and/or
increasing g, ®@5°. This statement, of course, applies to the part of the parameter-space
where |0{°| > |05°|; in the |05°] < |05°| part (brown-background region) the relevant
quantities to look at are 7, and g1 P7°.
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Figure 5.7: Regions in parameter-space where touching contact (kI = 0) between two oppositely
charged membranes corresponds to the equilibrium configuration, as a function of 07°/03° and the
surface fraction 1, of mobile lipids on the membrane with the lower surface densities of lipids. The
dashed line is the function —1/1,. See text for details.

5.4.3 Contact

The consequences of the fact that lipid mobility produces some extra attraction can
best be illustrated by plotting those regions of parameter-space where touching con-
tact (kI = 0) between the membranes is energetically possible. In fig. 5.7, we show the
zero-pressure line calculated from eq. (5.23) for kI = 0, now in the parameter-space
spanned, on the one hand, by 07°/05° and, on the other hand, by #, for |o5°| > [05°]
and 77 for |o5°| < |o5°|. For state-points located to the left of this line contact between
the membranes is possible, for those lying on the right hand side, two membranes at
kl = 0 would repel each other and contact is not possible. Again, we consider the
case o5 = 0.5 and restrict the following discussion of fig. 5.7 to the |05°| > |05°|
part of the parameter-space, that is, we assume the more strongly charged membrane
to be membrane one at x = 0.

In case of immobile lipids (7, = 1), two oppositely charged membranes can come
into contact without an additional external force only if they have exactly the same
number of lipids per unit area, in other words, only if 07° is equal to —03°. For mem-
branes consisting of mobile lipids (172 < 1), we find, however, that there is a whole
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range of possible values for 07° /75° over which touching contact between membranes
is possible. This means that a certain mismatch between ¢7° and ¢5° is now allowed; it
can be compensated by charged lipids, flowing in from the reservoir into the interac-
tion zone of membrane 2. Combining eq. (5.23) and (5.24), one recognises that every-
where on the zero-pressure line in a plot (07°/03° vs. 172) the surface charge density
07 just equals —07°. For state-points to the right of the line, the mismatch between ¢7°
and —o5° becomes too large, contact is impossible, even if allowance is made for lipid
mobility. Entropy then prevents a further flow of lipidic charges into the interaction
zone, so that here |02| < |07°|. Then, electro-neutrality again requires counter-ions to
stay in the slab between the membranes, resulting in an effective repulsion between
the membranes at those state-points. A theoretical limit to the highest surface charge
density possible in the interaction zone of membrane 2 is ¢5°/#,. This is the condi-
tion, when close packing of lipids in the interaction region is reached. Therefore, the
zero-pressure line must be located always to the left of the curve —1/7, (green line
in fig. 5.7), regardless the value of 17,®5°. We observe that for the case 7,®5° = 0.5,
considered in fig. 5.7, close packing is the mechanism delimiting the contact region
only at rather high values of 77,, where the zero-pressure is seen to approach the line
-1 / 2.

The range in 07° /05°, over which a lipid redistribution can compensate a mismatch,
increases with decreasing 7, see fig. 5.7, until for 7, — 0 the largest allowed mis-
match is reached,

o7’ Py +1

= i 5.25
05° 1 p=0lmin=0,=0 2P —1 ( )

The limit 77, — 0 for finite values of ®3° implies that the area per lipid headgroup
goes to zero, and that one is thus approaching the limit of point-like lipids. Close
packing then ceases to work as a mechanism against the infinite accumulation of
charges in the interaction zone; then entropy alone is responsible for the fact that the
largest possible charge mismatch in eq. (5.25) remains still finite. Only if g,®3° — 1
(7295° < 1), i. e. on approaching the limits of the range of validity for linearisation,
eq. (5.25) shows a divergence.

These findings have an interesting implication. We recall that the surface fraction
of charged lipids is linked to the degree of dissociation of the lipids, see eq. (5.1).
Hence,

G _ i _ it (5.26)
0y Qo2 qadaia
Suppose the lipids on the second membrane have a rate of dissociation ay ~ 1 which
depends only weakly on the pH of the solution, while the charge state of the lipids on
the first membrane (i. e. the membrane with the higher surface charge density) de-
pends strongly on the pH via a1. Then, by changing the pH of the solution, one can
regulate the state of charge of the first membrane, while 77, and thus 5° is kept ap-
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Figure 5.8: Regions in parameter-space where touching contact between oppositely charged mem-
branes is energetically allowed. Plot is similar to that in fig. 5.7, but now the parameter-space is
spanned by 01° /05> and g, @3, while 1 is fixed to 0.1, 0.3, 0.5, 0.7, . Variation of go @3 =
q241AB0y° /x can experimentally be realised by controlling the salt concentration in the electrolyte
solution. State-points to the left (right) of the curves corresponds to systems where touching contact
between the membranes is energetically impossible (resp. possible). Reducing the salt concentration in
the electrolyte, can cause membranes to make contact.

proximately fixed. Varying the pH, one is then moving in vertical direction through
the plot of fig. 5.7. This means that systems are conceivable where by changing the
pH of the solution one can switch between a contact and no-contact situation of two
membranes.

A similar effect has the variation of the salt content of the electrolyte solution. We
illustrate this point with fig. 5.8. The zero-pressure line is shown now in the (¢7°/ 05’
vs. 42 P5°) plane of the parameter space; the curves are again computed from eq. (5.23)
with kI = 0 for various values of #,. The quantity go®5’ is linked through eq. (5.11)
to the screening length 1/« which shrinks on increasing the salt concentration in the
electrolyte. To the right of the curves in fig. 5.8, contact between the membranes is
possible while state-points on the left-hand side of the curves correspond to a situ-
ation of net repulsion between the membranes at contact. For a given pair of oppo-
sitely charged membranes, characterised by the value of 07°/03° and 17, increasing
the salt concentration in the system means moving from the right to the left on hor-
izontal lines in the plot. The state-point where this horizontal line crosses the corre-
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sponding zero-pressure curve (labelled by 77;) marks the point where the net inter-
membrane force at contact switches from attraction to repulsion. Therefore, increas-
ing salt causes membranes, initially at touching contact, to separate from each other,
and vice versa: decreasing the salt concentration in the electrolyte can induce mem-
branes to make contact. The salt concentration necessary for inducing this change
can be directly read off from fig. 5.8.

5.5 Non-Linear Interaction

We are now in the position to return to our initial non-linear boundary value problem,
formulated in the egs. (5.1) to (6.9). Again, we want to calculate the distance Inin
where the pressure p in eq. (5.9) vanishes. Hence, from eq. (5.9),

(@'(x))? = 2«*(cosh @(x) — 1) = 4k>(sinh @ (x)/2)?. (5.27)

It is crucial for the following to realise that this equation is nothing but the square
of eq. (5.6) which means that the differential equation (5.27) is satisfied by the Gouy-
Chapman potential, eq. (5.5). This result confirms our expectation based on the results
of the previous sections that at zero pressure, i. e. if | = Inin, the potential between the
membranes follows a Gouy-Chapman potential up to the point of the other membrane,
as if only one membrane in isolation were present.

Equation (5.27) must be satisfied everywhere in the region between the membranes,
in particular at the boundaries. Inserting the first boundary condition of eq. (5.8) in
conjunction with eq. (5.3) into eq. (5.27), taken at x = 0, and using eq. (5.7), results in

L P(0 L Px e~ N (2(0)=27) 2
(sinh ;))2 = (sinh 71)2 [meql(@(o)@;’") +(1— ,71)]

(5.28)

Evidently, one of two possible solutions to this equation is ®(0) = @{°; this is the
solution we first focus on. Equation (5.3) shows that the surface charge density in the
interaction zone is the same as in the reservoir, and the microionic distribution and
the potential between the membranes looks as if only membrane one were present. It
follows that for this case the potential at x = Iy, is, from eq. (5.5),

[ee]

o
D (Iimin) = 4 arctanh [e"‘lmi“ tanh Tl} (5.29)

which one can use in the second boundary condition of eq. (5.8) to obtain (using again
eq. (5.7))

®(lmin)

sinh( (5.30)

P gqu((p(lmin)*d’;O) 2
2 _ : 2 \2
) —(smh—2 ) [ )}

Uzequ(‘P(lmin)fdﬁo) —+ (1 — 12
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Now, fixing the input parameters g5, 172, 7°, P3°, one can solve the pair of equations
(5.29) and (5.30) for the only remaining unknown, the zero-pressure distance Ipin. A
solution can be found provided |®5°| < |®5°|. Then 03° is lower in magnitude than
o7°. 1f this were not the case, then the Gouy-Chapman profile in the region between
the membranes would be governed by the second membrane, meaning that, firstly
eq. (5.30) would be satisfied with @ (Imin) = P5°, secondly eq. (5.29) would change to

o0

o
®(0) = 4 arctanh [e*’dmin tanh TZ] (5.31)

and lastly one would have to search for the second solution of eq. (5.28) which then
determines the equilibrium distance /min. It is obvious that, as in the previous sec-
tions, the two solutions expected from eq. (5.28) and (5.30) reflect the fact that either
the first or the second membrane can have a higher density of charged lipids. With-
out loss of generality we can place the more strongly charged lipid at x = 0. So, we
assume |07°| > |05°|, allowing us to concentrate on just one of two possible solutions
in eq. (5.28) and (5.30). Then, ¢(0) = @5°, and Imin follows from the two equations
(5.29) and (5.30).

5.5.1 Immobile Lipids

If lipid mobility were not allowed for, Iimin would be that distance where the surface
charge density of membrane two just equals the net surface charge density of the
Gouy-Chapman profile integrated between x = Inin and infinity, see [Jons 99]. Here,
the 2D system of mobile lipids offers another possibility to reduce the total free en-
ergy. From this and the discussion of the linear case treated in the previous section,
one expects again the equilibrium inter-membrane distance to be shifted towards
smaller distances when lipids are allowed to move. In the linear case we had to make
a choice for two parameters only, 7,®5° and 77,. Due to the non-linearity in eq. (5.3),
we now need to specify three parameters, g, ®5° and 17,, to be able to calculate the
zero-pressure line in the space spanned by ¢7°/05° and «I. In the following, we as-
sume for simplicity that each charged lipid on the second membrane carries just one
elementary charge. In the figs. 5.9 and 5.10 we show the zero-pressure line for vari-
ous combinations of 7,®5° and 7, calculated from numerically solving eq. (5.30) for
Imin for given values of 07°/05° (i. e. @F° through eq. (5.7)). Only the part of the
parameter-space where |07°| > |05°| is shown in the figures.

With fig. 5.9 we first explore the effect of the non-linearity alone, without making
allowance for the demixing of the membrane (that is, we set 77, = 1). We recall that in
linear theory for 17, = 1 the zero-pressure line is given by eq. (5.18), and that there is
thus no dependence on ¢, ®3°. By contrast, we observe that non-linear theory predicts
the region of attractive interactions in parameter-space to considerably expand with
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Figure 5.9: Regions of attraction and repulsion between oppositely charged lipid membranes with
immobile headgroups, corresponding to 11, = 1.00 Plotted are various g, @3> similar to fig. 5.5, but
now with the zero-pressure line determined from the non-linear Poisson-Boltzmann equation. The thin
solid line is the function —emin, giving the zero-pressure state-line for 7o = 1.0 in linear theory, see
eq. (5.18).

increasing values of q,®5°. While the curve for q,®5° = 0.01 is practically identical
to —e from eq. (5.18), a small difference between the zero-pressure lines predicted
by linear theory and non-linear theory is already observable at 7,5 = 0.5, for high
values of 07 /05°. While for g, ®5° = 0.5 linear theory is supposed to be still valid for
the second membrane, this is not necessarily the case for the first membrane where
at high values of 07” the surface potential can become considerably larger than one.
Note that if the surface charge densities of both membranes are equal in magnitude,
|o°| = |05°|, the membranes will be always in contact at equilibrium, regardless the
value of > ®3°. Note, on the other hand, how dramatically the predictions of linear
theory fail for go®5° = 5.0.

5.5.2 Mobile Lipids

We illustrate the effect of lipid demixing on the interaction in fig. 5.10. For fixed values
of (@3, P37 = 0.5 1in fig. 5.10a) and ¢, P3° = 1.0 in fig. 5.10b), we have calculated
zero-pressure lines for various values of 77,. The plot in fig. 5.10a) can be directly com-
pared to the results of linear theory depicted in fig. 5.6b). One recognises at a glance
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Figure 5.10: Regions of attraction and repulsion between oppositely charged lipid membranes, varying
12 for go®5° = 0.50 and 1.00. Plots are similar to fig. 5.6, but now with the zero-pressure line deter-
mined from the non-linear Poisson-Boltzmann equation. The thin solid line is the function —e*/min,
giving the zero-pressure state-line for 7, = 1.0 in linear theory, see eq. (5.18).

that for this value of g, ®3° linear theory makes qualitatively correct predictions, with
only minor corrections at high values of ¢}° necessary to account for non-linear ef-
fects. The thin solid line in fig. 5.10a) and fig. 5.10b) gives the results of linear theory
for 77 = 1. The huge difference between the results of linear compared to non-linear
theory for 77, = 1 (thin, respectively thick solid line) in fig. 5.10b) indicates that lin-
ear theory becomes questionable for highly charged membranes, something we have
already noticed in fig. 5.9. In fig. 5.10b), it is demonstrated that lipid demixing has a
marked effect on the effective interaction between the membranes in this highly non-
linear parameter regime. For the lowest value of 7, and the highest value of P,
the interaction between the membranes is attractive almost over the whole region in
parameter space investigated here (0 < x/ < 1.5and —5 < ¢7°/03° < 0)!

5.5.3 Contact

In fig. 5.11 we plot again various zero-pressure state lines for x/ = 0 in the plane
spanned by 07° /03" and 775, obtained now from eq. (5.28) to (5.30). The state-line for
72®P5° = 0.5 of fig. (5.7), calculated in linear theory, is also shown (thin black line).
A major result of the previous section has been that due to lipid demixing membrane
contact is possible even in cases of a certain charge mismatch. Comparison of the thin
solid curve of linear theory with the corresponding curve of non-linear theory (blue
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Figure 5.11: Same as in fig. 5.7, but now the zero-pressure state-lines are calculated within the
non-linear Poisson-Boltzmann theory. For comparison, the state-line depicted in fig. 5.7 is given
as thin black line. The other curves (from top to bottom) correspond to values of qoP3° =
0.2, 04, 0.5, 1.0, . Pairs of membranes with state-points lying to the right of the curves will
repel each other at contact. The dashed black line is the function —1/1 which the zero-pressure lines
approach in the limit g, @3° — oo.

line) now reveals that the non-linearity of the problem tends to even enhance this
effect: the contact region in parameter-space becomes much larger. Notice that the
curve for g, @5° = 2.0 (yellow line) lies on top of the curve —1/1, (black dashed line),
indicating close packing. So, here close-packing is really limiting the contact region in
parameter-space. Indeed, inspection of eq. (5.30) reveals that for go @5 — co the zero-
pressure state line tends to —1/17,, for finite #,. Another interesting limit is 7, — 0 for
finite go®@3°. As can be seen from fig. 5.11, the zero-pressure line for 7, — 0 terminates
at finite values of 07°/03°, for low values of 7,®@5°. However, eq. (5.30) predicts that
this termination point goes exponentially to —co if g, ®@5° — co.

This implies that if the more weakly charged membrane exceeds a certain surface
potential ®@5°, and if the surface fraction of charged lipids on this membrane vanishes
(72 — 0), then the two membranes will always make contact, regardless the charge
mismatch between the membranes. This important result should be contrasted to the
behaviour one finds ignoring lipid demixing. Such a membrane model of two planar
surfaces with homogeneous surface charge densities, as described by Parsegian and
Gingell [Pars 72], requires 0;° = —03° for contact!
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5.6 Summary

We have studied the effect of lipid demixing on the electrostatic interaction of two
oppositely charged membranes, modelled here as two planar and parallel planes,
hosting a two-dimensional binary mixture of neutral and charged mobile lipids. The
lipids in the interaction zone are assumed to be in contact with a reservoir of lipids
from those parts of the membrane not involved in the interaction. We have been
guided by the classical paper of Parsegian and Gingell [Pars 72] in our search for state-
points in the parameter-space where the two membranes do neither repel nor attract
each other.
This is a summary of our main results:

1. Demixing adds an attractive component to the effective interaction between the
membranes.

2. Therefore, the distance separation where there is a zero net force between the
membranes is generally reduced when compared to calculations ignoring lipid
demixing. For separations smaller than this zero-pressure distance, the osmotic
pressure of counter-ions, remaining between the membranes, leads to repul-
sion, even though the membrane are oppositely charged.

3. According to Parsegian and Gingell, oppositely charged membranes are in con-
tact at equilibrium only if 07° = —03°. Lipid demixing, however, allows contact
between membranes even if there is a certain charge mismatch, |07°| # |o35°|.

4. In certain limiting cases, contact is always possible, regardless the value of
oy /oy (if 070 /050 < 0).

5. Provided the surface potentials of both membranes are low enough, linear the-
ory produces qualitatively correct results. We give analytical expressions, based
on the linear theory, for the zero-pressure state-line in parameter-space.

6. The predictions of linear theory has been compared to those of non-linear theory.
The main effect of the non-linearity of the underlying Poisson-Boltzmann equa-
tion is that it further expands the region of attractive interactions in parameter-
space, compared to the predictions of linear theory.

7. The non-linearity of our problem has an enhancing effect also with respect to our
main finding that lipid demixing considerably increases the region in parameter
space where contact between unequally charged membranes is possible.

8. Of the two interacting membranes, only one membrane shows a major rear-
rangement of lipids while the other remains in exactly the same state it would
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have in isolation. It is the membrane with the lower surface density of charged
lipids which charges up and which thus adapts to the presence of the other
membrane. Lipid mobility is therefore completely irrelevant for the membrane
with the higher surface density of charged lipids; it suffices to model this mem-
brane just by a planar surface with a homogeneous surface charge density, iden-
tical to that which the membrane has if it is well separated from any other
charged object.

9. At zero disjoining pressure, that means, if the two membranes are at a distance
where the net force is zero, the potential between the membranes follows a
Gouy-Chapman potential from the more strongly charged membrane up to the
point of the other, more weakly charged membrane (characterised by 17, = 1, g,
®7°) as if only the more strongly charged membrane in isolation were present.

10. In cases where demixing cannot occur (172 = 1), linear theory predicts a zero-
pressure line in the 07°/05° — «l plane that is independent of ®3°, whereas non-
linear theory shows a rather strong dependence on this quantity.

The results shown here add to the understanding of adhesion phenomena between
charged membranes. Many important interactions are at least partially mediated
by the electrostatics of layered systems. As described in chapter 5.2, this includes
the fusion of positively charged liposomes with cell membranes in non-viral gene
delivery systems [Felg 87, Li 00, Ches 00, Wetz 01, Safi 01]. The concepts outline here
may also be applicable to multilayered DNA-cationic lipid systems [Radl 97, Kolt 99],
which serve as model systems for problems related to gene delivery.

It has been pointed out by several authors that reorganisation of charged com-
pounds in (bio)membranes can occur close to electrodes [Ging 76] and atomic force
microscopy tips. Actually, this experimental problem is very similar to that described
in fig. 5.4. In this context it is interesting to note that it has been observed that elec-
trostatic forces on atomic force microscopy tips are strongly dependent on the ionic
strength of the aqueous buffer [Miill 99], which has been attributed to osmotic forces
[Xu 97]. A very similar effect occurs when a polarised electrode approaches a biolog-
ical surface.

In this chapter several simplifications were made: Membranes are considered to
be planar and the charged components of membranes are allowed to diffuse freely.
This neglects the possibility of domain formation, of specific molecular interactions
via stickers and repellers, and of membrane undulations. Domain formation due to
complex mixing properties of multi-component systems leads to complications when
describing the local arrangement of charged molecules. It has been found in both,
artificial and biological membrane systems that domains may form on nanoscopic
to microscopic length scales [Korl 99, Riet 98, Simo 97]. Unfavourable lipid mixing
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properties will affect the segregation of charged lipids and proteins. Furthermore, in
many studies it is pointed out that adhesion may be partially controlled by specific
molecular interactions - in contrast to the non-specific electrostatic interactions de-
scribed here. Membranes may be crosslinked by macromolecules like integrin (stick-
ers) [Gutt 01, Lipo 96] or be repelled by lipids with polymeric head groups (repellers)
[Weik 01, Weik 02, Brui 00, Gutt 01]. A further important repulsive feature of oppos-
ing membranes are the undulation forces, which are a consequence of surface bend-
ing fluctuations [Helf 78, Hong 94]. The interplay of attractive and repulsive molecu-
lar interactions with surface undulations and local electrostatic interactions has been
reviewed by Sackmann and Bruinsma [Sack 02].

To combine electrostatics with specific molecular interactions, undulations and do-
main formation remains a goal for future studies.
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Colloids

In the first part of this work, we have been dealing with some of the many aspects
that make colloidal systems such an interesting topic in today’s physics. One inter-
esting feature, for example, is the ability to observe individual particles with video-
microscopy and to study thus phase behaviour and structural properties live on
screen. Another feature is the frequent presence of additional components in col-
loidal suspensions. As one is usually interested in the colloidal particles only, the
additional component’s degrees of freedom are integrated out which leads to effec-
tive interaction potentials between the colloidal particles. These effective interactions
will always contain many-body contributions even when all the basic interactions are
strictly pair-wise.

In particular, we have been dealing with two experimental systems (chapter 1).
Both have been observed by video-microscopy and we had therefore access to the full
positional data at all times. The first system, the magnetic system, is a simple liquid and
interacts with a strictly pair-wise magnetic dipole-dipole interactions. The second
system, the charged system, is a complex liquid because of the presence of additional
micro-ions. The particle interactions thus include also many-body contributions.

The numerical calculation of such many-body interactions in my diploma thesis
has been the starting point of this work [Russ 01]. Because of its direct relation to
the present work, we included a summary of the major results in chapter 2.2. In
that past work, we detected triplet in the regime of high surface charges and low
salt concentrations interactions and systematically explored them. Additionally, we
have found a remarkable scaling behaviour such that we could reduce the parameter
dependency of the triplet potential by fitting the data to a modified screened Coulomb
potential of the form Be "L /L with L = r +s + t.

With this background, we wanted to study the effect of triplet interactions on the
structure. One way, the more traditional way, has been followed by Hynninen et.
al. [Hynn 03]. With Monte-Carlo simulations, they determined structural properties
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and phase behaviour of colloidal suspensions governed by pair and triplet interac-
tions, as they had been calculated in my diploma thesis. But we went the opposite
way. We wanted to find out, if these triplet interactions can actually be found in ex-
perimental data. With video-microscopy, we had access to the full positional data
and we could, for the first time, directly extract distribution functions of higher or-
der from experimental data. Thence, the key-questions of this work arose: Can we
find any traces of triplet interactions in these experimental distribution functions
and, subsequently, can we reversely extract triplet interaction potentials from the
distribution functions?

As a preparation to successfully extract triplet interactions, we have been study-
ing triplet distribution functions first (chapter 3). Triplet distribution functions had
been investigated quite extensively by theory and simulation. But as just mentioned,
video-microscopy enabled us for the first time to obtain experimental triplet distribu-
tion functions. All previous work on experimental data, by contrast, was restricted
to the pair distribution function because the structure factor S(g) was often the only
accessible quantity. We have been studying the triplet distribution functions regard-
ing the popular superposition approximation of Kirkwood in detail, quantified its errors
with the triplet potential of mean force and checked the thermodynamic consistency
of the superposition approximation with the Born-Green equation. To clearly separate
triplet correlation energies from true triplet interaction energies, we chose to concen-
trate these investigations on the magnetic system, which is a simple liquid with pair
interactions only. We have found that even in a purely pair-wise interacting system,
triplet correlation energies can be up to 4kgT strong.

Subsequent to this important preparatory work on the simple liqguid—the magnetic
system—we turned back to the complex liquid—the charged system—with possible triplet
interactions. To finally extract triplet interactions from triplet distribution functions,
we developed two methods (chapter 4.1). In the first, we were exploiting the limit-
ing behaviour of the distribution functions at low densities. In the second, we have
extended the inverse Monte-Carlo method of Almarza and Lomba [Alma 03] to triplet
interactions. Both methods provided us with the ability to study triplet interactions
in situ. We now had the capability to extract the full three-dimensional parameter de-
pendency of the triplet interactions fu(®)(r, s, t) from the positional data of colloidal
particles in suspension. This was a major improvement over previous experimental
approaches [Brun 04, Dobn 04] which yield only triplet interactions of isolated parti-
cles in limited geometries.

We have been applying both methods on reference Monte-Carlo simulations where
we could selectively switch triplet interactions on and off (chapter 4.2). In addition to
testing the accuracy and limitations of both methods, we have learned furthermore
that we generally need to consider higher order distribution functions to properly
extract higher order interactions. Even comparably strong triplet interactions hardly
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affected the pair distribution function. And even more important, this slightly mod-
ified pair distribution function could always be explained with an effective pair po-
tential which hardly differs from the true pair potential. It is therefore essential to go
beyond pair distribution functions if one wants to extract many-body potentials from
structural data. This justifies and explains the basic idea of this work.

Finally, after predicting triplet interactions theoretically, we were able to observe
triplet interactions at work in colloidal suspensions (chapter 4.3). And indeed, we
have found an attractive potential of considerable strength in the charged system.
It is, however, too short-ranged to significantly influence structural properties.

Membranes

In the second part (chapter 5), we have studied the effect of lipid demixing on the
electrostatic interaction of two oppositely charged membranes. We have found that
demixing adds an attractive component to the effective interaction between the mem-
branes and allows contact even though a certain charge mismatch exists.

Generally, linear theory predicts most of the features qualitatively correct. Non-
linear theory mainly enhances the attractive forces and the maximum charge mis-
match for which contact is possible.

Of the two interacting membranes, only one membrane shows a major rearrange-
ment of lipids while the other remains in exactly the same state it would have in
isolation. It is the membrane with the lower surface density of charged lipids which
charges up and which thus adapts to the presence of the other membrane. Lipid
mobility is therefore completely irrelevant for the membrane with the higher surface
density of charged lipids.

At equilibrium distance, the potential between the two membranes follows a Gouy-
Chapman potential from the more strongly charged membrane decreasing in value to
the weaker charged membrane, as if only the more strongly charged membrane were
present.
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With this appendix, we would like to elaborate on the Poisson-Boltzmann theory which
has been the basis for our calculations of interactions between charged colloidal par-
ticles (chapter 2.2) and between charged biological membranes (chapter 5). We will
first mention the most important steps in the derivation of the Poisson-Boltzmann
equation and we will introduce the scaled parameters being used in chapter 2.2.
Next, we will describe how to calculate forces and potentials and how to split the
total energy of the full system into pair, triplet and higher order particle interaction
potentials.

Poisson-Boltzmann Equation

The Poisson-Boltzmann equation describes the electrostatic potential in a system of
freely diffusing ions in front of charged surfaces. Within the scope of our work,
the surfaces belong either to colloidal particles (part I) or to biological membranes
(part II). In both cases, the surfaces are charged due to ionisable head-groups which
dissociate upon immersion in water. The released counter-ions may now diffuse
freely in the solvent. Their behaviour is governed by two antagonistic tendencies.
The electrostatic attraction pulls them towards the oppositely charged surfaces while
entropy tries to distribute them evenly over the available volume.

In aqueous solution, there are additional small ions present. Almost always, we
encounter various salt ions of both signs. And even in deionised water, we will al-
ways find hydroxide (OH ™) and hydronium (H30™) ions due to autoprotolysis. We
will refer to these small ions as ‘micro-ions’ in contrast to the colloidal particles or
biological membranes which we will also call ‘macro-ions’. The micro-ions have in
common that their diffusion constants are orders of magnitude larger compared to
the macro-ions. This means that they move much faster and that their distribution
follows almost instantaneously any change in position of the macro-ions. At any
given time, we may thus consider the macro-ions to be static and the micro-ions in
an equilibrium distribution around this fixed arrangement of charged surfaces.

We can now apply the methods of statistical mechanics to the problem. We are con-
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sidering a system of N micro-ions of charge g; at positions 7; in the available volume
(2. Their partition function Q reads as

0= Qo/d?‘l . diyexp (— BV{7})). (A1)
0

The prefactor Qy results from the integrals over the momenta, and p = 1/kgT is the
thermal energy at temperature T. And V is the total Coulomb energy

1 N
V{7i}) = - ;%(P(?i) (A.2)

of the N micro-ions in the electrostatic potential ¢ which is created by the macro-ions
but also by each of the micro-ions themselves. Implicitly, we have used the primitive
model and approximated the influence of the solvent through its dielectric constant
€.

The partition function can now be expressed as a functional integral over all possi-
ble micro-ionic distributions n(7)

0= QO/,Dn exp (— Bfn)). (A3)

with the corresponding action to each distribution

Bf[n] ~ BV[n] + /nlnn 4. (A4)
0

The prime on the integral in eq. (A.3) indicates that the number of micro-ions is con-
served: [,nd(Q = N.

We have omitted terms in eq. (A.4) which take higher-order correlations among
the micro-ions into account. By dropping these terms, we have obtained an analyti-
cally tractable theory on the expense of thermodynamical inconsistencies [Onsa 33].
Nevertheless, the results of this procedure have proven quite successful and we may
therefore assume that we may neglect these inconsistencies in the following. In the
next step, we apply the mean-field approximation by minimizing f[n] and this finally
leads to the Poisson-Boltzmann equation

47 _
Vip = — ;caqae Paas (A.5)
Here, ¢, denotes the concentration of type a micro-ions in the bulk that means far
away from all charged surfaces.

Often, we are dealing with monovalent ions only and, due to hydration, their prop-
erties are very similar. We can therefore further simplify this equation by assuming
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the presence of only two types of monovalent (7 = =e) saltions (x = 1,2) which form
a uniform background (c; = ¢ = ¢;). This leads to the following short and common
notation

V2®(7) = x*sinh (7). (A.6)

In this notation, we have used a scaled electrostatic potential ® = Be¢ and the Debye-
Hiickel screening length k1. The latter is given by

k? = 87T ApCs. (A7)

The Bjerrum length A = ¢?B/€ can be understood as the distance at which the inter-
action potential of two elementary charges equals 1 kgT.

We have yet to define the boundary conditions for the Poisson-Boltzmann equation
(A.6). At distances far away from any charged surfaces (|r| — o0), we demand a
vanishing potential ¢

‘1|im O(7) =0. (A.8)
r|—o0
On the surface of the macro-ions with diameter ¢ and charge Z, the gradient of the
potential V@ has to fulfil the condition

47T)\BZ
T2

il VO(7) = (A.9)

with the surface’s normal vector 7i pointing to the inside of the macro-ion.

Scaled Poisson-Boltzmann Equation

In the above notation, any solution to the Poisson-Boltzmann equation depends on the
parameters Z, o, Ag and cs. But as it will turn out, they are not independent from
each other. By appropriately scaling the Poisson-Boltzmann equation, we will be able
to reduce the number of free parameters to only two.

If we define the scaled screening length ¥ 1 = (k) ~! and the scaled surface charge
Z = ZAg/o and if we further introduce the scaled nabla operator V = oV, we obtain
the scaled Poisson-Boltzmann equation

V20 (7) = ®*sinh O (7). (A.10)

Their boundary conditions are accordingly

‘l‘im O(7) =0 (A.11)
r|—00
and on the charged surfaces

;- VO (7) = 4Z. (A.12)
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Stress Tensor

By solving the Poisson-Boltzmann equation, we will obtain the full information about
our system. With the solution @(7), we can calculate all important quantities. In

particular, we can calculate forces with the help of the stress tensor T.
The force F on a macro-ion can be obtained by integrating the stress tensor over a

closed surface S around it ~
Fo 7{ ds Ti (A.13)
S

with the norrgal vector 71 on the surface S directed to the inside of the surface. The
stress tensor T is given by [Griin 01b]

= € 3 € as
T=(+-B)I-~EE. A.l4
i 87t 4 ( )
The electrical field E and the osmotic pressure IT can both be expressed in terms of
the electrostatic potential ®. The electrical field is defined as the negative gradient of

the unscaled electrostatic potential ¢ = @/ (ep)

Eo_V® (A.15)
ep
and the osmotic pressure is given by
BIT = 2¢c5(cosh @ —1). (A.16)

Defining finally the scaled force f = 47tAgF, we can combine the above equations
and we obtain the expression

F= fds [Kz(coshé—l)?—i—;\vqbfzf— (Vo) @ (Vo) | A (A17)
S

Grand Canonical Potential (2

Also, we can calculate configurational energies. The overall energy is given by the
grand canonical potential (2. A configuration of N macro-ions located at 71, 7,...,7xN
has the potential Qy (7). It can be calculated by the expression [Griin 01c]

BON(TN) = ! /d? [(V®)? + 21* (P sinh & — cosh @ +1)]
87'()\]3
G
18 o, Z
= —2;/dr @cp (A.18)

TG
K2 . ,

+87T/\Bc/dr (Psinh @ — 2cosh @ + 2).
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This overall energy includes all particle interactions. We will use it later on to calcu-
late pair and triplet interaction potentials

Scaled Grand Canonical Potential Q)

Corresponding to the scaled Poisson-Boltzmann equation (A.10) we define the scaled
grand canonical potential Qn = BQnAp/ 0. Accordingly, eq. (A.18) can be written as
— zZ N
o) = =) / d7 @ (A.19)

T =
z—laGi

=2
+E%[ /d? (Psinh @ —2cosh @ +2).
G

As mentioned already, this switch to the scaled Poisson-Boltzmann equation reduces
the number of free parameters. Hence, any calculations for a particular set (Z, k) can
be transferred to many possible combinations of the parameters (Z, o, A, ¢s).

Effective n-Body Interactions o™

With the scaled grand canonical potential (2, we can determine the overall energy of
a system. This energy depends on the positions but also on the number of particles.
Let us begin by considering a single, isolated particle. Because of the homogeneity
of the suspension medium, the grand canonical potential of this single particle (2; is
independent from the particle position 7;

a,(7) =o', (A.20)

We will call the term "' the self-energy of a colloidal particle in suspension.
Next, we will consider two particles. If we place them sufficiently far apart, they do

not interact and we can treat them as isolated particles. The resulting grand canonical

@ . At closer distances, the overall

)

. iy . . =2
energy includes an additional interaction energy (2

potential (), is therefore twice the self-energy 2

. Due to the isotropy of the sus-
pension medium and the symmetry of the particles, the additional interaction energy
depends only on the distance r = |, — 71| between the two particles at positions 7;
and 7. We can thus write

(7, 7) =20 +a% ). (A21)

.. . —(2 .
Consequently, we can calculate the pair interaction Q' )(r) in a two step process.

First, we need to obtain the self-energy 5(1) by calculating 0, for a single particle.
And second, we calculate the potential 52(71, 72) of two particles at positions 7; and

143



A POISSON-BOLTZMANN

" - . =(2 . . . e
2. The pair interaction a' )(r) can then be obtained by inserting the quantities in

—(1) .
eq. (A.21). And because the self-energy (2" is a constant, we only need to perform
the second step to calculate the pair potential at any additional distances r’.
We can further extend the scheme to a triplet of particles at positions 7y, 7> and 75.

The grand canonical potential (23 includes the three self-energies o

2 3
@) ®) The latter depends
on the relative distances r = |7, — 71|, s = |3 — 71| and t = |73 — 73|

, the three pair

energies (' of the individual pairs and an additional term (O

(1,70 75) =30 + 0P+ 0%+ 0V + 2% 0s ). (A2)

To calculate now the triplet interactions 5(3) (r,s,t) of a specific configuration (7, s, t),
we need to know the self-energy 2; and the pair interactions a®? (r), a®? (s) and

a® (t) which can be obtained as described above. Without any symmetries in the
configuration, we thus need to perform 5 calculations: once (,, thrice (2, and once
3. For any subsequent configurations, only the new pair potentials and (23 need
to be recalculated. If one distance, e. g. 7, is kept constant, only three calculations
are necessary: twice (2, and once (3. Introducing an additional symmetry, e. g.
s = t, further reduces the number of calculations per configuration. This property
was one of the reasons to choose the second set of configurations in chapter 2.2.2,
see fig. 2.3 a). Similarly, only two calculations per configuration were needed for the
equilateral triangle, see fig. 2.3 b).

Generalising the above procedure, we can split the N-particle grand canonical po-
tential Qy into a sum of self-energies and pair, triplet and higher-order interactions

N N N
ov=NaYiy ol Y ag+ Y agre (A.23)
i<j i<j<k i<j<k<l
where the notation Q(f) denotes the pair interaction between the particles i and j and
so on. Correspondingly, we may in principle calculate all higher order interactions.
In reality, this is hardly feasible.

On the one hand, the number of lower-order terms—which need to be calculated
per N-body configuration—increases significantly. And on the other hand and even
more important, the number of independent parameters increases dramatically for
higher-order interactions. For example, the pair interaction depends only on a single
parameter, the relative distance r. The triplet interaction already depends on three
parameters, namely the particle separations r, s and t. And the four-body inter-
action depends on six parameters. With each successive order, the number of free
parameters increases by three. As it was already very difficult to explore the three-
dimensional parameter space of the triplet interaction (see chapter 2.2.2), it becomes
almost impossible to cover the full parameter space for any higher order interactions.
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As a consequence, it is possible to calculate higher-order interactions for certain
configurations of high symmetry, but the full interaction potentials of orders n > 4
will be inaccessible due to the high dimension of its parameter space.
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