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for degenerate parabolic problems
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November 24, 1999

Abstract

We analyse the large-time asymptotics of quasilinear (possibly) degener-
ate parabolic systems in three cases: 1) scalar problems with confinement
by a uniformly convex potential, 2) unconfined scalar equations and 3)
unconfined systems. In particular we are interested in the rate of decay
to equilibrium or self-similar solutions. The main analytical tool is based
on the analysis of the entropy dissipation. In the scalar case this is done
by proving decay of the entropy dissipation rate and bootstrapping back
to show convergence of the relative entropy to zero. As by-product, this
approach gives generalized Sobolev-inequalities, which interpolate between
the Gross logarithmic Sobolev inequality and the classical Sobolev inequal-
ity. The time decay of the solutions of the degenerate systems is analyzed
by means of a generalisation of the Nash inequality. Porous media, fast
diffusion, p-Laplace and energy transport systems are included in the con-
sidered class of problems. A generalized Csizar-Kullback inequality allows
for an estimation of the decay to equilibrium in terms of the relative en-
tropy.
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1 Introduction

This paper is concerned with the large-time asymptotics of solutions of degen-
erate scalar parabolic convection-diffusion equations and of certain systems of
degenerate parabolic equations. In the scalar case we consider the nonlinear
Fokker-Planck equation

‘3—7; =div(uVV (z) + Vf(u), (xR t>0), (1)

u(z,t =0) = ug(x) > 0, (z e RY) (2)

where the function f and the confining potential V' satisfy suitable assumptions
which guarantee the existence of a (unique) stationary solution u... For parabol-
icity we require f’(u) > 0 for u > 0. We proceed, formally for the moment, to the
analysis of the main properties of (1) imposing decay conditions at |z| = +oc.



The divergence form of (1) implies that the total mass is conserved at subsequent
times,

/]Rd u(z,t) de = /]Rd uo(z) dx

In general, mass conservation is the only conservation law we can extract from
(1). We now define the strictly convex function ¢ by

!
" (u) = M, (1) =0, @0)=0
u
If Vu and ¢(u) belong to L'(R?), a direct calculation shows that the entropy
functional defined by

E(u(t)) == /Rd(V(x)u(x,t) + @ (u(x,t))) dx (3)

is nonincreasing in time when evaluated along a solution of (1), and

dE(u(t))

F7am /Rd w(z,t) [VV + &"(u)Vul® (z,1) do (4)

Equation (4) measures the dissipation of entropy, and the functional
I(u(t)) := / w(z, 1) [V + 0" () Vul? (z,4) d (5)
R4

is usually referred as the entropy production functional. Now, one can show
that an equilibrium solution of the evolution problem (1) is the minimizer of the
entropy functional F on the set of all admissible comparison functions

C:= {uELl(Rd):uzo,/Rdu(x) dx:M}.

Hence, the convergence of the solution of (1) towards the stationary solution can
be seen as a consequence of the tendency of the system to evolve towards the
state of minimal entropy.

The idea of using the time-monotonicity of the entropy of the system to mea-
sure the distance between the solution and the equilibrium density has been de-
veloped mainly in the framework of the kinetic theory of rarefied gases, with a de-
tailed study of the spatially homogeneous Boltzmann equation [Cer88|, [CIP94].
There, given an initial density of mass p, momentum v and temperature 7', the
stationary solution is the Maxwellian distribution function

Mywin(s) = o e {20 ©)



and the corresponding entropy functional is the relative entropy well studied in
information theory

E(u|M, ) = / u() log — ) gy (7)

R4 Mpwr (l" )

For this relative entropy (7), the classical Csiszar-Kullback inequality [Csi67,
Kul67] holds,

||u — M”il(Rd) <2E(u|M,yr), ifp= M,yr(z)de = | u(z)de=M
Rd Rd

and convergence in L' of the solution to equilibrium follows from the convergence
of the relative entropy to zero as t — oo.

Recently, this method has been successfully applied to general linear Fokker-
Planck equations in [AMTU98]. There, the rate of decay in relative entropy has
been obtained from the analysis of the time decay of the entropy production. The
same procedure is at the basis of [CaTo98b, DoPi99, Ott99], where the rate of
decay in L' of the solution of the porous medium/fast diffusion equation towards
the self-similar solution has been investigated by studying an equivalent nonlinear
Fokker-Planck equation of type (1) obtained through a suitable time rescaling.

The main tool of the entropy method is to analyze the relationship between
the entropy production and its time derivative. In fact, if the system is such that,
for some A > 0

dI(u(t))
—g = M) - R(), (®)

where the remainder R(t) > 0 on R?, we obtain coupling equation (8) with (4)

dE(u(t)) _ 1 [dI(U(t)) +R(t)}

dt A\ dt

which implies at once

B(uo) ~ Buse) < 5 T(uo) (9)

and

d[E(u(t)) — E(uoo)]
dt

< —AE(u(t) = E(uco)];

namely exponential convergence of the energy functional towards its minimum at
a rate A\. Then, a Csiszar-Kullback type inequality gives exponential convergence
in L' at a rate \/2. It is interesting to remark that (9) is a generalized Sobolev
type inequality. Thus, in addition to the exponential decay of the solution of
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the diffusion-advection equation, we obtain as a by-product a proof of differential
inequalities which in several cases where unknown. A proof of the classical loga-
rithmic Sobolev inequality originally obtained by Gross [Gro75] by means of the
study of the entropy decay of the solution to the linear Fokker-Planck equation
can be found in [Tos97].

In Section 2, we study the “time ¢ — o0” behaviour of certain quasilinear
systems of n(€ N) degenerate parabolic equations in d(€ N) space dimensions,
see equations (10), (11), where the assumptions on the nonlinearities are such
that the trivial (zero) solution is a solution of the steady-state system.

Since we have no confinement potential in equation (10), we cannot expect to
have exponential but only algebraic time decay of the solutions to the steady state
u = 0. In order to derive the decay rate, we shall employ the entropy method
in a somewhat simplistic setting. More precisely, by taking the time derivative
of the entropy, we derive an entropy inequality involving the entropy production.
Then we relate the entropy production to (a power of) the entropy, obtaining a
differential inequality which can be solved explicitly. This relation between the
entropy production and the entropy is obtained by employing a generalized Nash
inequality and making appropriate structural assumptions on the nonlinearities
a and b.

We remark that these results are valid for a large class of scalar equations
and systems, including fast diffusion, porous medium, p-Laplace equations and
energy-transport systems. The decay rates for the solutions of the scalar equa-
tions are the same as those of the corresponding Barenblatt-Prattle (fundamental)
solutions (see Remark 2).

In the second part of the paper, we shall perform rigorously the program we
outlined above, finding conditions on f and V' that imply exponential conver-
gence in relative entropy. One of these conditions on the potential V' concerns
the growth at infinity. Indeed, we require uniform convexity. The case of a
subquadratic growth of V' (z) (like |z|% « < 2) has been recently investigated in
[ToVi99) for the linear case f(u) = u. A polynomial decay of the solution towards
equilibrium, provided sufficiently many moments of the initial datum are finite,
was shown there.

The last Section deals with a proof of new generalized Csiszar-Kullback type
inequalities, i.e. estimates for the L!-distance of two functions in terms of their

relative entropy. Classical entropies are defined in terms of a convex function v,
with (1) = 0 by the formula

L(uy|ug) = /mn Y (Z—;) uy dz

where 0 < uj,up € L' and [u; = [wuy. For these entropies, the theory is well
understood [AMTU98]. In our case, we will consider as relative entropy the
difference F(u) — F(ux) between the entropies (3) of a general function u € C
and the function u.,, minimizer of the entropy functional E on the set C.



The analysis of Csiszar-Kullback inequalities allows us to obtain an explicit
rate of decay in L' for all the aforementioned problems.

2 Degenerate quasilinear parabolic systems
without confinement

The goal of this section is to show the algebraic time decay of solutions of the
following system of n(€ N) degenerate parabolic equations in d(€ N) space di-
mensions:

Ob(u) — div a(u, Vu) = f(u) in R* x (0, 00), (10)
b(u(-,0)) = b(ug) in R%. (11)

Here a(-,-) is a matrix-valued function with n rows and d columns, and Vu
stands for the Jacobian of the n-dimensional vector field u, i.e. (Vu);; = gz;
The divergence of a matrix-field is defined in the usual way, i.e. it is the vector
whose j-th component is the scalar divergence of the j-th matrix column.

Our assumptions on the nonlinearities are such that the trivial (zero) solution
is a solution of the steady-state system. As already mentioned in the introduction,
since we have no confinement potential in equation (10), we cannot expect to have
exponential but only algebraic time decay of the solutions to 0. In this context
we also refer to Section 3.2 of this paper, where connections between confined
and unconfined problems are outlined.

Now we specify our assumptions on the nonlinear functions b(u) and a(u, 2):

(HA1) The function b : R* — R with b(0) = 0 is strictly monotone and a gradient,
i.e. there exists a function y € C'(R") with b = V', x(0) = 0, and constants
G,B > 0, m > 0 such that for all u,v € R",

Blu — v|"F™ < (b(u) — b(v)) - (u — v) < Blu — v|T/m™.

(HA2) The function a : R* x R**¢ — R"*? is continuous in R® x R"*? and elliptic
in the sense

(a(u,z1) — alu, z2)) - (21 — 22) > |z — 22|7
for all u € R", 21, 2o € R™*?, with constants o > 0 and p > 1.
(HA3) The function f : R" — R" satisfies
fw) - u<0, |f(u)] < Ce(b(w)),
for all u € R*, where the function e is the Legendre transform of y;, i.e.

e(b(u)) =b(u)-u—x(u), ueR. (12)



The “” product of matrices in (HA2) is defined as sum over both indices of
products of equally indexed matrix elements, i.e. A- B := trace(AB”), where “7”
stands for matrix transposition.

The initial datum satisfies

(HA4) e(b(up)) € L*(R?) with measurable .

Systems of equations like (10)—(11) arise in a variety of physical situations.
For example, they describe the evolution of a fluid in non-Newtonian filtration
or the water flow through porous media (see [Kal87] and the references therein).
In this context, often single equations with n =1 are considered (see [KnOt96]).
Systems of equations with n > 1 arise, for instance, in non-equilibrium thermody-
namics [DGJ97], semiconductor modeling [DJP99, Jun96] and alloy solidification
processes [HLR83].

The porous medium equation (m > 1) or the fast diffusion equation (0 < m <
1)

A (ut'™) — Au=0, u>0,

are included in (10). Furthermore, the p-Laplace equation
Opu — div(|Vul[P~>Vu) = 0

is also included. Notice that the corresponding functions b(u) and a(u, z) satisfy
the conditions (HA1) and (HA2).

The existence of (global) weak solutions of (10)—(11) in bounded domains sub-
ject to mixed Dirichlet-Neumann boundary conditions has been shown by Alt and
Luckhaus in [AlLu83] (also see [Kac85]). They obtained an existence result for
elliptic-parabolic systems, that is, assuming the function b to be only monotone
(instead of strictly monotone). This result has been extended in different direc-
tions by various authors, for instance under more general assumptions on a(u, 2)
or b(up) [ADR96, FiKa95, Kac90]. No existence result seems to be available for
the whole space problem.

The uniqueness of weak solutions (always in bounded domains) in the case of a
single equation has been first shown in [AlLu83] under the additional assumption
Oib(u) € L'. This condition could be removed by Otto in [Ott96]. In the case of
systems of equations, uniqueness results seem to be available only for functions
a(u,z) = Az + g(u) (see [AlLu83, Jun99)).

The plan of this section is as follows. In Section 2.2 we show the algebraic
decay in time of the solutions. The main result of this chapter is Theorem 3.
The proof is based on generalized Nash inequalities which we prove in Section
2.1. Section 2.3 is devoted to the time decay for the energy-transport system
which arises in non-equilibrium thermodynamics and semiconductor modeling.



2.1 Generalized Nash inequalities

The classical Nash inequality reads as follows [BCLS95, Calo93, Nas58]: There
exists a constant [' > 0 such that for all w € L*(R?) N H(R?),

1+2/d 2/d
w532 < Tl 22 V|| 2. (13)

For the degenerate parabolic system (10)—(11) under the assumption (HA1) how-
ever, it is more natural to work in the space L't'/™ instead of L2. We shall call
the corresponding inequality generalized Nash inequality:

Lemma 1. Let m > 1/2, d € N and p € [1,00) such that
dim+1)
dm+m+1
Then there exists a constant I' > 0 only depending on d,m and p such that for
all w € WP (R?) with |w|'/™ € L*(R4):

[l 51 < Tl o™ 127 V0], (14)

where
> dpm + (m +1)(p — d)

p— > 0.

The classical Nash inequality (13) is obtained for m = 1 and p = 2.

Proof. The generalized Nash inequality is a consequence of the Gagliardo-Niren-
berg and the Holder inequality. This is not very surprising since there are close
relations between the Sobolev, the Gagliardo-Nirenberg and the Nash inequality
[BCLS95].

First, let w € D(R?) and r € (1,00) with 1/m < r < 1+ 1/m. Then there
exists a constant G > 0 only depending on d,p and r such that the Gagliardo-
Nirenberg inequality holds:

[w]| pre1/m < GVl [|wllz7?, (15)
where
om_ 1
+1
b=1"71-71
P T d

It is easy to check that the inequality p > d(m+1)/(dm+m-+1) implies 0 < 0 < 1.
For all v € L}(R%) N L™ ! (R?), the Holder inequality

[ollzrm < [lollZallo]l %
holds, where
_m+1l—rm

a =
rm?2
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The inequalities 1/m < r < 1+ 1/m imply 0 < a < 1. Taking v = |w|/™ we
obtain
lwller < I /™ IE el -

Substituting the L™ norm of w in (15), we conclude

10104100 mjam(1—0)/8
|| O < GO Y| 97 | .

Lit1/m
Since
1 (1-a)(1-6) 1-6 dpm + (m +1)(p — d)
0 0 tay + dpm? T

we obtain the Nash inequality (14) for all w € D(R?). The assertion then follows
from a density argument. O

2.2 Long-time behavior of the solutions

We introduce our notion of weak solution of the system (10)—(11), see [AlLu83].
We call u € LP(0,T; W'P(R?)) a weak solution of (10)—(11) on the time interval
[0,7), if b(u) € L*®(0,T; LY(R%)), d;b(u) € LP'(0,T; W' (R?)), a(u, Vu) €
L7 ((0,T)xR%), u satisfies (10) in the distributional sense and the initial condition
(11) is satisfied in the weak sense, i.e.

Rd

for all smooth function w such that w(x,T) = 0 for all z € R¢. Here, p' =

p/(p—1).

Later we need an auxiliary result for integration by parts in time:

Lemma 2. Let u be a weak solution of (10)—(11). Furthermore, let (HA4) hold.
Then e(b(u)) € L®(0,T; L*(R?%)) and for almost all t € [0,T) the following
formula holds:

¢
/ e(b(u(t)))dz — / e(b(u))dz = / (Ob(u), u)dt.
R4 R4 0
Here {(.,.) denotes the duality bracket between W'P(R?) and W 1# (R%).

The proof of this result is almost exactly as in [AlLu83, Lemma 1.5]. Since
(0¢b(u),u) € L'(0,T) the entropy

H(t) = /R bz, 1) (16)

is actually well defined for all ¢ € [0, 7] and absolutely continuous on [0, T].
The main result of this subsection is the following theorem.
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Theorem 3. Let the hypotheses (HA1)-(HA4) hold and

>1 >d(m+1)
m> = —_
2’ P dm +1

Let u be a weak solution of the system (10)—(11) for t € [0, 00) with

b(u) € L*(0, 00; L' (R%)).

Then there exist constants Cy, Cy, C3 > 0 only depending on o, B, B, By, d, m,

n, and p with
Bo = [1b(vo) || Lo (0,0051 ())
such that for almost allt > 0,

H(t) < (H(0)™+6Ct)™,
()| prsaym < Co(H(0)™® + 5Ct)~™/3m+D)
and if m > 1,
lu)llzr < C3(H(0)™ + 8Cyt)~(m=1/om,
where

—1 —
dm(p—1)+p d>

0= dm

0.

Proof. The proof is divided into several steps.

Step 1: Entropy inequality.

Using equation (10) and conditions (HA2)—(HA3), we obtain for 0 < s < t (see

Lemma 2),

H(t) — H(s) = / (Ob(w), uydr
__ / t /R a(u, V) - Vudzdr + / t RORZ,

<—a / IVu(r)|Edr. (21)

The condition (HA1) yields b(u) - u > B|u|'/™ for all u € R*. Therefore, for

alli=1,...,n,

(@)™ |z < (@)™l < (1/B)1b(u) Iz < bo/B,

10



where by = sup; ||6(u(t))||z1(re). Since p satisfies the hypotheses of Lemma 1,
we can apply the generalized Nash inequality (14):

luill i m < T(bo/B) ™ Vi ()l 2s,

and hence

- 140
lu@ 1 m = (3 I ®llgassrn)
i=1

n

< max(1,n°)C(bo/B)7™ Y IIVus(t)llr = Coll Vult)| v,

=1

where

Co = max(1,n7)I'(bo/B3)7™.
Employing the above inequality in (21) we obtain

t
H(t) — H(s) < —aC;? / ()P, dr.

Step 2: Relation between the entropy and ||ul| i+1/m-

In order to relate the L'*Y/™ norm of u(r) to H(7) we use the condition (HA1).
Then, for all u € R,

1 1 do_
e(b(u)) = /O (b(u) — b(ow)) - udo = /0 (b(u) — blow)) - (u — ou) 2
1
<B / u— ouftt/m 97— B (g
0 l-0c m+1
Therefore B
m m
H(r) < ——|lu(r)|[ ;11

which yields
t
H(t) - H(s) < —C; / H (r)me(+0)/(+m) g

where (140)/(ms1)
~ m+1 mp o)/(m
Cl = C\{CO P <W) .
This implies
dH
< _C H1+(5
da — !
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for almost all t > 0, where § > 0 is given by (20). Notice that § > 0 if and only
if p > d(m+1)/(dm+ 1). The above differential inequality immediately implies
(17). The decay (18) is obtained from condition (HA1) and (22):

@

H(t) 2 p1i+1ym  for almost all ¢ > 0,

with Cy = ((m + 1)/mﬂ)m/ m),

Step 3: Decay rate in L'.
In order to derive the decay rate (19), we employ the estimate (18) and the Holder
inequality

1—1 1
wllzm < w1,

applied to w = |u;(t)|'™, to obtain

[u(@)or = leuz IILl<(bo/ﬁ)”mZIIUi(t)llifi%

=1

< max(l,nl/m ) (bo/B) ™ lu(t) |7l < Ca(H(0)™° + 5C,¢)~m=1/om,

where , ,
Cs = max(1, /™) (by/B)/™Cy ™.

This proves the theorem. O

Remark 1. The most serious restriction of Theorem 38 is the uniform bounded-
ness of b(u(t)) in L'(R?). In the following two important cases sufficient assump-
tions can be given:

(1) Let the solution u(t) = (ui(t),... ,us(t)) of (10)-(11) satisfy u;(t) > 0 for
almost allt > 0,1 =1,... ,n, and assume

ij(u)gOforalluz(ul,... JUp) with ug > 0,4, k=1,... ,n
Also let b(ug) € LY(RY).

(2) n =1 (scalar case) and b(ug) € L*(R?).

If (1) or (2) holds then b(u) € L*®(0,00; LY(R?)) for the solution u = u(t) of
(10)-(11). In the case (1) it is sufficient for the proof to add the rows of (10) and
to integrate (formally) over Re:

I(u(t)12e) = Z [ b dw—Z ) RO U

< 16(uo) | 1 (rey-

12



To be more precise, use a reqularization of the characteristic function on the ball
Bgr(0) with center 0 and radius R as test function in the weak formulation of
(10). 1t is not difficult to see that one obtains for R — oo:

1o(u(E)]| 2t ey = Hm [[6(u(®))l[1(Br0) < 16(uo)l| Lt (@a)-

In the scalar case (2) we take a non-decreasing reqularization S7 of the sign
function (with v > 0 the regularization parameter) such that sign — S?7 — 0 as
v — 0 in LY(R?) and multply Eq. (10) by S7(b(u(t))). Integration by parts and
the limit v — 0 give the desired result.

Remark 2. We consider examples for n = 1 (single equation) with b(u) =
lu|"™= ", a(u, 2) = |2P22:

1. Heat equation (m = 1,p = 2): Let up € L'(R?) N L*(R¢). Then
w(t)||2 ~tY* ast — oo.
More precisely, we have

lu@ll < —C2llullz:

—_— 4 d b
(1 + 2C ||uo|[ ') /4

which is sharper for large t than the usual estimate ||u(t)||z2 < ||uol|z2 (see, for
instance, [Rac92]).

2. Porous medium equation (m > 1,p = 2): Let uo € L (R?) N L'+1/m(RY).
Then

u(t)||pr ~ t-Um=D/dmt2=d) 64 5 0. (23)

This estimate is sharp in the sense that the Barenblatt-Prattle solution has the
same decay rate. Indeed, the Barenblatt-Prattle solution

V(t,z) =t ( [C _m-1 (%)2] +) o (24)

2m
with k =1/(2+ d(m — 1)) and C > 0 solves the equation
o,V = AV™ inR%, (25)

with V(0,z) = D§(x), where D is a constant depending on C. Thus U = V™
solves the equation (10) with the special choice of the nonlinear functions a and
b given above. An easy calculation shows

[U)|| g1 ~ ¢ ) = gdim-Dfdma2=d) ey o0,

13



We also refer to [CaTo98, DoPi99] for related results.
3. Fast diffusion equation (m < 1,p = 2): Let ug € L (RY) N L1*/™(RY) and
assume m > max(1/2,1 — 2/d). Then

[ (t)|| prs1ym ~ ¢4/ dmt2=d)me) oy o0, (26)

The Barenblatt-Prattle solution V' (see (24)) solves the fast diffusion equation
(25) for m > 1—2/d, and the function U = V™ satisfies

||U(t)||L1+1/m ~ ¢ mak(m+2)/(m+1) tfde/(dm+27d)(m+1) as t — oo,
This decay rate is the same as derived above for the solution u (also see [CaTo98,
DoPi99]).
The condition m > max(1/2,1—2/d) is weaker than the condition derived by

Otto [Ott99], i.e. m > d/(d+ 2) and m > 1 —1/d, if and only if d > 3. For
d = 2, both conditions give the restriction m > 1/2.

4. p-Laplace equation (m = 1,p > 2): Let up € L*(R¢) N L2(R?). Then
|w(t)|| g2 ~ t~HCAP=2420) g5 ¢ 5 0.
The function

Ut,z) =t~ ([C B 19;2(@>p/(p—1)]

(r—1)/(p—2)
p \UE )

_|_

with k = 1/(d(p—2) +p) and C > 0 solves the p-Laplace equation with U(0,x) =
Dé(x) where, again, D is a constant which depends on C. This function satisfies

U (@) 2 ~ t7/2 = =4/ CdP=2+2) g5 5 o0,
which is the same decay rate as above. For related results, see, e.g., [Jun93].
Remark 3. The rates of decay of the solution u(t) of the equation
o(u'™) = Au inR?

to the Barenblatt-Prattle solution U(t) with the same mass in L*(R?) have been
recently obtained in [CaTo98b, DoPi99, Ott99] by spatial-temporal rescaling tech-
niques (cf. section 3.2). For instance, from [CaTo98b, Thm. 6.1] we have the
estimate

||u(t)1/m . U(t)l/m“Ll ~ t—l/((dm+2m—d) as t — 0,

for m > 1, whereas for 1 —1/d < m < 1 (and d = 2,3,4, m # %) [DoPi99,
Thm. 1.2]:

u(t) — U(t)||pr ~ ¢~ E-dtm)/ldmt2=d) g6 p 5 o,
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Using the triangle inequality and Remark 2 we can only conclude the same rate
for u(t) — U(t) as for u(t) itself (i.e. the rate (23) in L' for m > 1 and the rate
(26) in L'*m for max(3,1 — 2) <m < 1). Clearly, these rates are not sharp.

We do not obtain the same results on the time decay of the difference u(t) —
U(t) as in [CaTo98b, DoPi99, Ott99] since we do not control the entropy dissi-
pation rate. However, our method is simpler and valid for a very large class of
problems.

2.3 Example: the energy-transport model

In this subsection we show how our methods can be applied to the energy-
transport equations, which form a system of strongly coupled, quasilinear parabo-
lic equations for a charged fluid or gas, exposed to an electric field. They arise
originally from non-equilibrium thermodynamics and are used in many applica-
tions of charged particle transport, for instance in semiconductor theory [DJP99],
in electro-chemistry [Dey79], and alloy solidification processes [HLR83]. In or-
der to simplify the presentation, we consider a gas consisting only of negatively
charged particles with particle density p, internal energy density 7, chemical
potential p, and temperature 7. We assume that the self-consistent electric po-
tential is neglibible compared to the externally given potential V' = V(z). Setting

u = (u1,uz) = (u/T,=1/T) and  bu) = (bi(u), bo(u)) = (p: ),
the initial-value problem reads as follows [DGJ97]:

Obi(u) —divJ, = 0  in RY (27
Ji = Lii(u)(Vuy + ueVV) + Lis(u)Vus, (28

Oiby(u) —div Jy, = —J;-VV, (29
Jo = Lot (u)(Vuy + uaVV) + Lao(u)Vus, (30

b(u(0)) = b(ug)  in RY. (31

~— N N N N

The variables uq, us are called entropy variables, J; is the particle current density
and Js is the energy current density.
We impose the following assumptions on the nonlinear functions:

(HB1) Let (HA1) with n = 2 and m > 1 hold.

(HB2) The matrix (L;;) with L;; : R* — R is symmetric, uniformly positive defi-
nite and bounded:

2

D Lij(w)zz > ala, |Lij(u)] < A,

1,j=1

for all u, z € R?, for some o, A > 0.
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(HB3) e(b(ug)) € L*(R?) with uy measurable, and b(ug) € L'(R?), V € L®(R?).

The functions e and H are defined as in the previous section (see (12) and (16)).
We refer to the paper [DGJ97] for a discussion of the above hypotheses. The
existence of weak solutions to (27)-(31) subject to mixed Dirichlet-Neumann
boundary conditions in bounded domains is shown in [DGJ97] under the as-
sumption m = 1.
We obtain the following decay rate:

Theorem 4. Let u be a global weak solution to (27)—(31) with p(t) = by (u(t)) >0
and n(t) = by(u(t)) > 0 for a.e. t > 0 and assume (HB1)-(HB3). Then

w(t)|| pr1ym < Cyt=0m*mT2=d)m+1) oty o,
Remark 4. The non-negativity of the particle density p(t) and of the internal
energy density n(t) is necessary for a physically reasonable solution.

Proof. We cannot apply Theorem 3 directly since the right-hand side of the en-
ergy equation (29) may not be dissipative. However, employing the dual entropy
variables

w; = Uy + UQV, Wo = U2,

the system (27)-(30) can be written in symmetrized form:
0;b1 (u) — div[Dy11 Vwy + D12Vws] = 0, (32)
Oy(bo(u) — by (u)V) — div[Dg; Vwy + Dy Vws| = 0, (33)
where the new diffusion coefficients are given by
Dy =Ly, Diy=Dy =Ly —VLy, Dy =Ly—2VLy+V’Ly.

The matrix (D;;) is also uniformly positive definite. We immediately conclude
the uniform L' bounds for b; and by:

101 w2y < b (uo)[zr < o0,
162 (u())]] 21 [V [ oo [01 (u(®) |1 + [|b2(u(t)) — b1 (u(?)) V]|
[V [ oo 161 (uo) || 21 + [|b2(u0) — b1 (uo) V|11

A calculation shows that for ¢ > s,

<
<

H(t)— H(s) = / (0;b(u), u)dr

- / ((Oeb1 (w), wr) + (Op(ba(u) — b1 (u) V'), we)) dr

t 2 t
= —/ / Y Dy Vw; - Vwjdzdr < —A/ |Vw||2.dr,
s JR4 s

i,j=1
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where A > 0 depends on ||V||p~. Using the generalized Nash inequality (14) we
obtain for i =1, 2,

lwill {153/ < Tllfeoi V™ |2 Vil 2 < C.

Here, ¢ > 0 and I' > 0 are given by Lemma 1 and the L' norm of |w;|'/™ is
uniformly bounded since, by assumption (HB1),

m m 1/m m
Y™ llzx < e(lllua ™ e + VI ™ 120)
1/m
< c([lbr(@)llor + VI b2(w)11) < e,

where ¢ > 0 denotes henceforth a constant independent of £. Therefore we obtain
lwill (1sm < el Va2
and hence
HO) — H) < ¢ [ 1wl
The assumption (HB1) and the definition of w yield

1+1/m 14+1/m
H(t) < ellu@)|;T0n < cllw(@)|)h

L1+1/m L1+1/m

and "
H(t) > cllut)| i

[1+1/m>

so that we can conclude

dH

. oY/ (m (140
—r(£) < —cHPME ) < —llu(n) |57,

14+1/m*

The assertion of the theorem follows.

Remark 5. We remark that the somewhat ‘unphysical’ result T — oo stems
from the assumption (HB1) on the constitutive relations p = p(u, T), n = n(p,T)
(which itself is physically doubtfull) and from the lack of temperature relazation
in our model.

3 Asymptotic behavior of degenerate scalar
parabolic equations and generalized
Sobolev inequalities

The main objectives of this section are, first, to study the asymptotic behavior
of certain degenerate scalar parabolic equations both in bounded domains with
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no-flux boundary conditions and in R? (with confinement) and, second, to es-
tablish generalized Sobolev inequalities. Both aims will be accomplished using
the entropy method. This method has been applied successfully in the linear
case (general linear Fokker-Planck equations see [AMTU98, CaTo98]) and in the
porous medium/fast diffusion cases [CaTo98b, Ott99, DoPi99]. In this section
we extend these results to a more general class of parabolic equations.

Consider the Cauchy problem for the general nonlinear Fokker-Planck equa-
tion

3—7: =div(uVV(z) + Vf(u)), (z€Q,t>0), (34)

u(z,t =0) = ug(x) > 0, (x € Q) (35)

supplemented by a decay condition at |z| = oo if @ = R? or by a zero outflux
condition on 9 2 if Q is bounded. We assume for the moment (further assumptions
will be imposed in the course of the analysis)

(HD1) Q C R? is either a smooth, bounded domain or = R¢.
(HD2) ug € L'(2), up > 0 and [, up(z) dz =: M € (0, 00).
and
(HV1) If Q = R%, then V € W, (R?), and if Q is bounded, then V € Wh(Q).
(HV2) If Q = R?¢, then VA € R: {z|V(z) < A} is bounded.
(HV3) infqV = 0.
as well as
(HF1) f:R{ — R is continuous, strictly increasing and f(0) = 0.
(HF2) flg+ € C3(RY).
(HF3) The function h, defined by

h(u) := /1u f'(s) ds, u € (0,00),

S

belongs to Lj,.([0,00)). Then
B:[0,00) > R, B(u) = / h(s) ds
0
is well-defined with ®'(u) = h(u) for all u € RT.
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Remark 6. In case of Q = R? assumption (HV2) is, e.g., satisfied for uniformly
conver functions V. which will be of distinctive importance later on. Furthermore
(HV2) implies V (z) — 00 as |z| — oco.

Remark 7. a) Throughout this paper we shall be concerned with non-negative
solutions u of (34), (35).

b) Canonical examples for f are f(u) = u™ with m € (0, 00).

¢) The function h can be interpreted as the enthalpy function in semiconductor
modeling or as the pressure in the study of the evolution of a gas density in a
porous medium.

d) Since f is stricly increasing the enthalpy h is so, too. Therefore, h is a home-
omorphism from (0,00) onto the open interval (inf h,suph) = (h(0+), h(c0))
where in accordance with the definition of h the inequalities —oo < h(0+) < 0 <
h(o0) < oo hold.

e) Since h is strictly increasing, the function ® is strictly conver (®' = h).

f) By a trivial calculation

®(u) =uh(u) — f(u), forallueR".

g) It is easy to verify that min® = ®(1) < 0 and lims_,,, D(s) = co. From the
converity of ® we deduce: There is s, € (1,00) such that ® is decreasing and
non-positive on [0, 1], increasing and non-positive on [1,s,|, and increasing and
non-negative on [s,, 00).

We shall be concerned with certain “generalized solutions” of (34), (35):

Definition 1. Assume (HD1), (HD2), (HV1)-(HV3), (HF1)-(HF3).
Then, u : [0,00) x © — R is a generalized solution of (34)-(35) iff

(1) ue L>®(Q2 x (0,T)) for any T > 0.
(2) If Q = R¢, then Vf(u) € L}, (R x R, : R?) and

loc

if Q is bounded, then (V f(u))|ax@r) € L*( Q2% (0,T) : R?), for any T € R*.
(3) For all test functions ¢ € C®(R% x R;) with supp(4) N (02 x {0}) = 0 we

have
9¢
/Quo(zv) é(z,0) dox — /met (u E) (x,7) dxdr

+/Q (uVV +Vf(u) (z,7) Vé(z,T) dedr = 0.

Remark 8. If ) is bounded, then the involved test functions correspond to zero
out-flux boundary conditions

n(z) - (uVV + Vf(u))(z,t) =0, (x € 00, > 0),

where n(x) is the outward unit vector of 02 at .
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This section is organized as follows. First, we study the stationary states of
the equation (34). Then we analyze the relation with other nonlinear diffusion
problems through time-dependent rescalings. Subsection 1.3 is devoted to the
study of the asymptotic behavior for equation (34) in bounded domains with
zero out-flux boundary conditions. Then we shall prove the main result of this
section about generalized Sobolev inequalities. Finally, we deduce the existence

of a weak solution and we analyze its asymptotic behavior for equation (34) in
R?,

3.1 Equilibrium solutions

We consider stationary solutions of (34) in © which satisfy

uVV(z)+Vf(u) =0, /Qu dz = M. (36)

We wish to re-construct u from (36) now. The intuitive way to proceed is to
replace V f(u) in (36) by u Vh(u) and to cancel u from the resulting equation.
One obtains V(V + h(u)) = 0 such that

V(z) + h(u(z)) =C, VzeQ, (37)
for some C € R.

This argumentation, however, has a gap which concerns the cancellation of wu.
For the sake of simplicity we only consider continuous u here.

1) The cancellation of u is rigorously justified only if u > 0 in . As a
consequence, equation (37) is a priori equivalent to equation (36) if and
only if only strictly positive solutions are encountered. Indeed, if (36) has a
solution u which is strictly positive, then u will satisfy (37) for some C' € R.
Furthermore if the L'-norm of u solving (36) is prescribed, then C is -
according to the fact that h is strictly increasing - unique. We conclude:
(36) has at most one strictly positive solution of a prescribed L'-norm.

2) In many cases also non strictly positive solutions of (36) are of importance.
But for such u the open set {z : u(z) > 0} may have several components.
The derivation of (37) is valid on each of these components then and several,
component-dependent constants C' € R may arise.

3) Let us now consider (37) for prescribed C € R. Then the value u(z)
is uniquely determined only for C — V' € (h(0+), h(c0)). In this case,
u(z) = h1(C — V(z)), where A : (h(0+), h(c0)) — (0,00) is the inverse
function of h. No problems arise here if h(0+) = —oo and h(oo) = oo.
However, if A(0+) > —oo or h(oco) < oo, the range of the function C — V
may exceed (h(0+), h(o0)). In this case (37) makes no sense anymore.

20



The questions “Why are strictly positive solutions (if they exist) of (36) distin-
guished?” and “How to proceed if C'—V exceeds the range (h(0+), h(c0)) of h?”
can be settled at once by passing from equation (36) to a variational formulation.
(This procedure has been succesfully employed for non-linear drift-diffusion mod-
els [MaUn93| where similiar difficulties with thermal equilibrium solutions arose
[Unt94, Unt95].)

We introduce the energy functional corresponding to the stationary problem,
namely

Definition 2. Assume (HD1), (HF1)-(HF3). Let V : Q — R be measurable and
non-negative. Let

E : Lﬁ_(Q) — R U {o0},
E(u) = /Q(Vu + <I>+(u))(x) dr — / & (u(x)) dov, ® (u) € LI(Q)

Q

00, else

where L (Q) = {u € L*(Q) : u > 0}.
Remark 9. As usual, we denote the non-negative (non-positive) part of a real-
valued function g by g* (g7), i.e. g=¢g" — g~ and |g| =g" +g~.

Remark 10. Clearly, E(u) < oo iff Vu € LY(Q) and ®(u) € L* (). Further-
more, if E(u) < oo, then

Bu) = /Q(Vu + B(u)) de.

Next we introduce

Definition 3. Assume (HD1), (HD2), (HV1)-(HV3), (HF1)-(HF3). A function
Uoomr € LY(Q) is an equilibrium solution of (34), (35) iff o n i a minimizer of
E in

C:= {uELﬁr(Q):/Qu(x) dx:M}.

Remark 11. The definition 3 of an equlilibrium solution explicitly refers to the
mass M of the initial condition. This convention simplifies the forthcoming pre-
sentation.

As we shall see soon (Lemma 6) we have under rather natural additional as-
sumptions existence and uniqueness of a minimizer of £ in C. Before entering the
proof and the assumptions a few comments will clarify the situation in advance.
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One can expect - and it will turn out that this is indeed justified - that the
minimizer of F in C satisfies the corresponding Fuler-Lagrange equations,

V(z)+h({U(z,C))=C , if0<U(z,O) (38)
V(z)+h(U(z,C))>C , ifU(z,C)=0"

i.e.

ueC

where C' € R and U(.,C) € C. The first question is: Does C € R exist such that
U(.,C) eC,ie. [,U(z,C) dz = M (non-negativity and measurability of U(.,C)
is obvious) ? To answer this question let us remark that the (in)equality (38)
allows for an explicit representation of U(z,C),

U(z,C) ==k (C—V()), (39)
with the “generalized” inverse i '
0 , o<h(0+)
(0)={ h7' (o) , h(0+) <o < h(c) .

oo , h(oco) <o

— —1

R iR— 10,00, h

One immediately verifies that - for all C' € R - the function z — U(z, C) is
measurable with

0<U(z,C) < .

Hence the quantity
M(C) := / Uz, C)dzx € [0, 0]
Q

is well-defined for all C' € R. We have to impose the additional assumption
(HV4) If Q = R? and h(0+) = —oo, then there is C € R with U(z,C) € L'(R?).

Remark 12. a) There is no necessity to impose a condition like (HV4) for
bounded Q or if h(0+) > —o0, because in these cases the function U(x,C) will be
compactly supported (due to (HV3)) and bounded for any C < h(c0).

b) (HV4) is a condition on f as well as on V. If we, e.g., consider in case of
Q=R a potential V(z) = a|z|?> + B|z|* for some a, B,k > 0, and f(u) = u™,
m > 0, then (HV4) will be equivalent to the dimension-dependent restriction

d — max{2, k} -m

d
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Remark 13. A minimization procedure similiar to “E — min in C” can be
found in [McCan97]. In that paper no confining potential is involved and different
interaction potentials are considered. The requirements on f are closely related

to the ones presented here. In particular the need to impose an assumption like
(HF}) arises.

The following continuity and monotonicity properties of the mapping M :
C +— M(C) are of importance. Let us introduce

C*:=sup{C € R: U(z,C) € L'(Q)}.

We have C* € (h(0+), h(oo)] and C* = h(oco) if 2 is bounded or if A(0+) > —

a

b

d

(S

)
)
c)
)
)
)

f

M is increasing.
lime, o M(C) =0, limg_,oo M(C) = oo.
M(C) =0 for all C € (—o0, h(0+)].
M(C) = oo for all C € (C*, o).
M is continuous and strictly increasing on (h(0+), C*).

If h(0+) € R, then M is continuous at h(0+) with M(h(0+)) = 0.

We introduce

M = lim M(C).

c—C*

It is clear that M may depend on ©, we will eventually denote it by M(). Let
us distinguish several cases depending on h(0+) and h(c0).

(1)

Case I: h(0+) = —oo and h(oco) = co. (Example: h(u) = u log(u) which
corresponds to f(u) = u.) In this case we have 7' =hland U(z,C) solves
(37). We deduce from the properties of M that M = oo, i.e. there exists a
unique C' € (h(0+),C*) such that M(C) = M. We set ueo s := U(z,C).

Case II: —co < h(0+) and h(oo) = oo. (Examples: h(u) = (u™ ! —
1)/(1 = (1/m)), 1 < m, which corresponds to f(u) = u™.) We easily
deduce M = oo. Hence there is a unique C € (h(0+), h(oo)) such that
M(C) = M. As in Case I we set uq 2 := U(z,C).

Case III: h(0+) = —oo and h(oo) < oo. (Examples: h(u) = (um! —
1)/(1 - (1/m)), 0 < m < 1, which corresponds to f(u) =u™.) If M > M
(or, more specifically, M = oo) then there is a unique C € ( oo, C*) with
M(C) = M. In case of existence we set uo rr = U(z,C).
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(4) Case IV: —oo < h(0+) and h(oco) < co. Similar arguments as in the two

previous cases ensure the existence of a unique equilibrium solution e as
with mass M if 0 < M <M = limg_,c« M(C).

Summarizing the discussion outlined so far we shall impose the additional
assumption

(HV5) M < M(Q) = lime_,c- M(C).

Remark 14. If h(0+) > —oo one may work with a functional different from
E. Consider ®(u) = ®(u) — h(0+)u. We observe that ®(u) > 0. Let us define
E:LL(Q) - RU{oco} by

B(u) = /Q (Vu + &(w)(z) da.

Of course, E(u) — E(u) = —h(0+)M.

It remains to verify that . s is indeed the unique minimizer of £ in C. The
proof of this result heavily relies on the following inequality which involves the
relative entropy functional

E(Juconr) : LL () — [0, o],

Pluftopr) = [ (®) = ®(t10) = ¥ o) (1= ) o) i,

where we implicitly make use of the fact that us a(x) belongs for all z € Q to
the domain of ¢’ and due to convexity,

O () = ®(uoo,m) = P (Uoo,mr) (U = Uoo,m)(7) 2 0

for all z € €2 such that the integral in the definition of E(.|uc ) has a well-
defined value in [0, o).
The key estimate is

Proposition 5. Assume (HD1), (HV1)-(HV5), (HF1)-(HF3). Furthermore, as-
sume

E(too,m) < 00.
Then, for allu € C,
E(u) = E(too,m) = E(uftco,um), (40)
where equality holds for all u € C iff

V(z) + h(uoo,m(x)) = C,  for almost all z € €.
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Proof. Obviously there is nothing to prove in case E(u) = oo. Hence assume
E(u) < co. We observe

V(z) + h(toom(z)) = C if ue m(x) >0,
V(z) 4+ h(0+) > C if uem(z)=0.
Furthermore, E(u) < oo implies Vu,®(u) € L'(Q). Since E(uoo ) < 00 is
assumed, we also have Vuoo,@(uoo,M) € L'(Q). Let us now prove that these
assumptions imply E(u|too,n) < 00.
It sufficies to prove @' (uoo ar)t, Y (Uoo,1r)Uoconr € L'(2). This is trivial whenever
®'(0+) = h(0+) > —oo. In case of h(0+) = —oo we have V +®'(uy pr) = C such
that ' (ue ) = C —V and @' (ueopr)u = Cu — Vu € L'(Q), O (toonr) ooy =

Cioo st — Voo € L'(2). This settles E(u|too,m) < 00.
Next we calculate

E(u) = E(too,n) — E(ultioo i)
= /Q(V(:L")u(x) + @(u(x)) = V(@)oo 1 (2) — P(too,m(x))
— ®(u(x)) + (oo, (7)) + ' (too m1(2)) (u(x) — thoo,u())) d
= /Q V(@) + hluoon () (u() = too,m(2)) d

_ / V(@) + b (@) @(0) = taea(2)) da
+/ :O(V(x) + h(too,m (7)) (U(x) = Uoo,m (7)) d
=] c@ @) dot [ (V@) + (@) ule) do

UOO,MZO

e / ) @) dr / w(z) da

=C (u(z) — Uoo,m()) dz + C (u(2) — Uoo,m()) dx

Uoo,M>O Uoo,M = =0

—C’/ ) — Uoo,m(2)) dz = 0.

The verification of the statement concerning equality is left to the reader. [.

Remark 15. If h(0+) = —oo, then one has for all x € Q the identity
V(x) + h(ucom(z)) = C. Hence in this case the inequality of Proposition 5 is an
equality.

Remark 16. a) The assumption E(usonr) < 00 is essential for the forthcoming
analysis which concerns to a large extent the convergence of E(u(t)) to E(toeo,nm)
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as t — o0.

b) In case of bounded Q we trivially have E(uoo ) < 00.

d) For Q =R%, E(ux ) < 00 can be seen as a condition on the growth of e ar
locally and at |z| = oco.

e) If Q=R if V(z) = alz|* + Bz]%, a,B,k > 0, and if f(u) = u™, m > 0,
then E(toom) < 00 iff

d
d + max{2, k} s m

We shall henceforth assume
(HV6) If Q = R?, then E(uwy) < oo for n € (0, M).

Proposition 5 contains the essential informations to prove

Lemma 6. Assume (HD1), (HD2), (HV1)-(HV6), (HF1)-(HF3). Then uoon is
the unique minimizer of E in C and, by definition, the unique equlibrium solution

of (34), (35).

Proof. Since FE is strictly convex there is at most one minimizer of F in C. Hence
it sufficies to prove E(uc ) < E(u) for all w € C. This inequality is trivial
whenever E(u) = co. Therefore we assume E(u) < oo henceforth. In this case
we obtain from (40) the estimate E(u) > E(too,n) + E (|t ) which gives due
to the non-negativity of F(u|us, a) the required estimate E(u) > E(uq ). 0.
For later reference we need two monotonicity properties of the functional E:

Lemma 7. Assume (HD1), (HF1)-(HF3). Let V : Q — R be measurable and
non-negative. Assume furthermore

o uy € LL(Q) and (up)nen is a sequence in L (Q).
o E(up) < oo.
o u, <ug, foralln € N.

Then E(u,) < oo for all n € N, and if u,(x) — v(x) as n — oo for almost all
z € Q, thenv e LL(Q), E(v) < o0 and E(v) = lim, o E(uy).

Proof. Due to the positivity of V' we have Vu, < Vuy € L*(2) for all n € N.
Hence [,(Vun)(z) dz < [,(Vuo)(z) dz. We recall that ® is decreasing and
non-positive on [0, 1], increasing and non-positive on [1, s,| and increasing and
non-negative on [s,, c0). Hence, |®| is increasing on [0, 1] U [s,, 00). We set

Qo= {up <1}, Q= {1 <up < 5o}, U :={s0 < ug},

and obtain for each n € N:
If z € Qf, then |®(u,(x))] < |®(uo(z))|,
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if z € 02, then |®(u,(z))|
if z € O3, then |®(uy,(z))]
Furthermore, both Q2 and

< [®(1)],
< max{|®(uo(z))|, [®(1)[}-
Q3 have finite measure such that we can conclude

B (un)| < [®(uo)| + [B(1)] indgg + max{ [ B(uo), | B(L)]} indgg € L'(©).  (41)

Hence |®(u,)| € L'(Q2) and therefore F(u,) < co.

Now assume u,(z) — v(z) as n — oo for almost all z € 2. By Lebesgue’s domi-
nated convergence theorem we obtain [, (Vv)(z) do = lim,_,o [,(Vu,)(z) dz <
Jo(Vug)(z) dz < co. We obtain E(v) < co and E(v) = lim, o E(u,) from
Lebesgue’s dominated convergence theorem. O

Lemma 8. Assume (HD1), (HF1)-(HF3). Let V : Q@ — R be measurable and
non-negative. Assume furthermore

o ug € L1 (Q) and (uy)nen is a sequence in L1 (S2).

o U, < Upiy < ug, for alln € N.

o lim, , u,(z) = uo(z) for almost all z € .
Then

a) limy, o [o(Vun)(z) dz = [,(Vuo)(z) dz € Rt U {oo}.
b) limp,_o0 o @F(un)(z) dz = [, ®T(uo)(x) dz € RT U {oo}.
¢) limy, o0 fQ O (up)(z) dz = [, P (ug)(z) dz € Rt U {oo}.
d) If [ ® (uo)(z) dz < oo, then [, ® (un)(x) dz < oo for alln € N, and

lim E(u,) = E(ug)-

n—oo

Proof. a) follows from the non-negativity of V' and from the monotone conver-
gence theorem.

b) We observe: &7 is increasing. Hence b) follows from the monotone conver-
gence theorem.

c) We set as in the proof of Lemma 7

Q= {ug <1}, Q8= {1 <up < 8o}, U == {5, < g}

Since Q9 has bounded measure and since ®~ (ug) is bounded on Q2, we obtain

n—00 Q(Q)

lim [ & (u,)(z) do = /Q @ (ug)(2) dr
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from Lebesgue’s dominated convergence theorem. Clearly,

/ng @™ (un)(z) do = / @7 (up)(z) dz =0, VneN

a3

Since @~ is increasing on [0, 1] we obtain

lim [ & (u)(z) do = /Q @ (ug)(a) d

n—o0 1
Q0 0

from the monotone convergence theorem.
d) We have for all n € N,

/92 O (u,)(z) dr < |®(1)| meas(QF) < oo,

0
I

lim, o E(u,) = E(ug) follows from a),b),c). O

O~ (uy)(z) dz < / B~ (ug) () dz < 0.

1
Q0

3.2 Time dependent scalings, ()} = R¢

Time dependent scalings have been studied in [CaTo98b, DoPi99] establishing a
connection between the asymptotic behavior of equations (34) and the general
filtration equation

0
a_:: Af(v), (zeRt>0). (42)
In fact, the results in [CaTo98b| show that if f’ is homogeneous of degree r with

dr + 2 > 0, there exists a time dependent scaling

v(z,t) = a(t) u(a(t)z, B(1) (43)

with a(0) = 1, 3(0) = 0 and 3(t) — oo as t — oo, such that u is a solution of
(34) with V(z) = |z|?/2 if and only if v is a solution of (42). Thus, this scaling is
valid for f(u) = u™ with d(m — 1)+ 2 > 0 for d > 1 or f(u) = log(u) for d = 1.

The time dependent scaling is very useful since results on the asymptotic
behavior of equations of the type (34) with V(z) = |z|?/2 and f(u) = u™ (d(m —
1) +2 > 0) translate into results of the asymptotic behavior of the equations (42)
with f(u) =u™ (d(m — 1) + 2 > 0). This includes the porous medium equation
and the fast diffusion equation with m > 2.
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Moreover, the stationary solutions for (34) obtained in the previous subsec-
tion correspond to the Barenblatt-Prattle self-similar solutions for the filtration
equation (42) through the scaling (43).

If f is not a power function, there are no self-similar solutions of the cor-
responding filtration equation (42) and then the time dependent scaling does
not work. Nevertheless, one can show very easily that the scaling (43) with
a(t) = (2t +1)7Y? and () = — log a(t) translates (34) with V(z) = |2[2/2 into

W= A OAf (0, (B> 0) (44)

and choosing w = a(t) "% we have

%f: Qt;ilw+Af(w), (z €RL £ > 0). (45)
Therefore, we have found a time dependent scaling translating (34) with V (z) =
|z|>/2 into the filtration equation with sources (45).

Again, the stationary solutions of (34) with V() = |z|?/2 correspond to self-
similar solutions of (45) and the asymptotic behavior of (45) is reduced to the
asymptotic behavior of (34) with V' (z) = |z|*/2.

We conclude: From the analysis of the asymptotic behavior of (34), we will
obtain (as a byproduct) results on the asymptotic behavior of (35) and (45) using
different time dependent scalings (43). The interested reader can produce them
without any difficulty.

3.3 Exponential decay of the entropy, {2 bounded

In this section we consider the generalized Fokker-Planck equation

(3—1; = div(uVV(z) + Vf(u)), (x € Q,t > 0), (46)
with initial condition
u(z,t=0) =ug(x) >0, (x € Q) (47)

and zero-outflux boundary condition

oV(z)  Of(u)
u8n+8n

assuming (HD1), (HD2), (HV1)-(HV6), (HF1)-(HF3) and bounded Q.
The aim of this subsection is to apply the entropy dissipation (production)
method to prove exponential decay of the Liapunov-type relative entropy

=0, (z€dt>0) (48)

RE(u(t)|uoom) = E(u(t)) — E(toom), ast— oo.
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The strategy of the proof is the following.
First of all, smooth solutions for appropriately modified data (eventually wu
and f have to be mollified) are considered. In this case the relative entropy
RE(u(t)|uco,n) is (twice) differentiable in time. The crucial step is the verifica-
tion of the exponential decay of the entropy production

I(u(0)) = - (RE(u(t) oes)).

From this decay rate it is easy to deduce the corresponding exponential decay of
RE(u(t)|too,nr)-

In a second step, the generalized solution u of the original system (46), (47), (48)
(which is generally not smooth enough to apply the techniques of the first step) is
approximated by solutions u. of appropriately defined “mollified” systems. Let-
ting tend ¢ — 0 means to go back to the original system. Several e-independent
estimates and a lower semi-continuity argument allow for the verification of the
exponential decay of the relative entropy. Several difficulties arise from the fact
that one might loose the differentiability of the relative entropy in the limit ¢ = 0.

The entropy production method requires additional assumptions both on f and
on V. As it will become clear in the proof of Theorem 11, we have to require

(HVT) Q is convex.

(HV8) V = W|q, where W € C%(R% R) is uniformly convex, that is, there is
oy > 0 such that
£ Hess(W(2))-€" > anlé]”
for any z, £ € R?.

d
d—1
Remark 17. a) Obviously assumption (HV8) implies (HV1) and (HV2).

b) Assumption (HF4) restricts the possible values for m if f(u) = u™, m > 0,
namely m > d%dl. Thus, (HF4) is a restriction of the velocity of the diffusion,
that is, the diffusion cannot be very fast.

(HF4) f(u) < uf'(u), for all u > 0.

Remark 18. In the sequel assumption (HF4) will be of distinctive importance. It
seems appropriate to add a few remarks whose verifications are left to the reader.

We assume that f satisfies (HF1)-(HF3).
a) (HF4) is equivalent to

e There is a non-decreasing, non-negative function a € C*(R") with

0<a(u)<1l, if0<u<l, and 1<a(u), ifl<u, and



1.e.

a(u) = exp (/lu’y(s) ds) w0,

with non-negative v € C*(R").

b) In the sequel we use approzimations f., € € (0,00), of f such that each f.
satisfies (HF1)-(HF4) with fL(0+) > 0, fL. > f', fI — f" uniformly on compact
subsets of (0,00) and f- — f uniformly on compact subsets of [0,00). Indeed, if
f'(04) > 0, then one may take f. = f, so it remains to consider the case f'(0+) =
0. We choose v € C*®(R") such that supp(y) C [0,2], v > 0 and y(u) = 7 for
u € (0,1). Then we define for € € (0,00) the function f. : [0,00) = R, where for
u >0,
d—1

fo(w) = F(u) + ¢ exp ( G ds> i

We obtain: f.(u) = eu+f(u) for 0 < u < 1 and f. trivially satisfies (HF1)-(HF4)

and the required approximation properties as € — 0.

Before we develop the entropy production method for sufficiently smooth solu-
tions u(t) we cite an auxiliary result which will be of great importance in the
sequel

Lemma 9. [Ott99] Given any non negative u € L},.(R?) and vector valued A €
L. (R¢,RY):

loc
1 2(2) -
. /Rd frac {|AP() : u(z)} da

:sup{/RdA-ﬁda:—%/RduEFdac : {fECf"(Rd:Rd)},

where the “generalized fraction” frac is

w/z , z#0
frac : [0,00) X [0,00) = RU {0}, frac{w:z} = 0, w=2=0
o© , w#0,z2=0
The representation of the integral § [..frac {|A|*(z) : u(z)} dz as supremum
of a (nonlinear) functional allows for the verification of a lower semi-continuity

property similiar to the lower semi-continuity of the norm.
To fix ideas let us give
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Definition 4. Assume (HD1), (HV1). Let f : Rf — R be measurable. Then

K;: LL(Q) = RU {+o0},

frac{|(uVV +Vf(u)(2)|* :u(z)} dz , ueD
e A W)@ s )} f

3

oo , else
where
Dy = {u € LL(Q) : f(u) € Li, (), Vf(u) € L}, (2 : R)}.
Then we have

Lemma 10. Assume (HD1), (HV8). Let f : Rf — R be measurable. Forn € N
let fn : R — R be measurable and let u, € Dy,. Assume furthermore

a) u, = u as n — oo, weakly in L*($2).

b) Vfulun) = Vf(u) as n — oo, weakly in L' (2 : R?).
Then, with the notations of Definition 4,

1) K¢(u) <liminf, o Ky, (un).

2) If liminf, ,o Ky, (u,) < 00, then u € Dy and Ky(u) < oco.

Proof. Obviously, we can restrict ourselves to the case liminf,_,o K7, (u,) < oo.
We wish to apply Lemma 9 [Ott99] with

{(uVV+Vf(u))(ac) , €N

AR SR Az) =
0 , else

where we observe that due to assumptions a) and b) we have u € L} (Q), f(u) €
LY(Q : R?). Furthermore, we infer A € L} (R : R?) from a), b), (HV8). We also
introduce the trivial extension

uewt . Rd — Rd, uewt(x) —

of u. Then we have
Ky (u) = / frac {|A]2(z) : u(z)} da. (49)
Rd
Proceeding in analogy we obtain

K; (un) = /R frac {|AuP(0) £ g (@)} dr, neN (50)
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According to assumptions a), b), (HV8) we have for each £ € C°(R? : RY)

lim Ap - Edr = / A-&dz, lim / ufft|f|2 dr = / ut ¢ da.
Rd R4 n—o0 R4 Rd

n—00

On the other hand we have for each such £ and each n € N due to Lemma 9 the
estimate

/ frac{|An‘2(x):uzwt(3;)} dx22/ An-{:dm—/ u;zlwt‘é-‘Q dz,
Rd R iy

such that we obtain

2 / A-gd:c—/ u|Ef? da
Rd Rd
= lim 2 / An-fd:r—/ uf®€? da
n—oo R4 Rd
< liminf/ frac {|A,*(z) : ut™(z)} dx,
Rd

n
n—o0

and we obtain (again due to Lemma 9) the estimate
/ frac {|A|*(z) : u*(2)} da
Rd
= sup {2 / A-Edx —/ u|EP da s € € CP(R? - ]Rd)}
Ré Ré

< lim inf/ frac {|An|*(z) : ue™ ()} da.
R4

n—0o0

Propositions 1) and 2) follow from (49) and (50) now. O
For later use we define

Definition 5. Assume (HD1), (HV1). Let h: Rt — R be measurable. Then

Iy o LL () = R U {400},

Jn(u) = />0 (u|VV 4+ Vh(u))]?) (z) dz , u € Dy

bl

oo , else

where Dy, 1s as in definition 4 with “h” replacing “f”.
We introduce for any 7" > 0, Q7 := (0,7) x Q.

Theorem 11. Assume (HD1), (HD2), (HV3)-(HVS), (HF1)-(HF4)
with bounded Q) and let u be a generalized solution of (46), (47), (48). Assume
furthermore
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(A0) For each t € Ry, [lu(®)]l1 ) = lluoll 1) = M.

(A1) u € CY¥(Qr), for each T > 0.

(A2) There is py € RY with ug > po.

(A3) There is K € Rt such that ||u(t)||re() < K, for allt € R] .
(A4) h(0+) = —o0.

(A5) Each sequence (ug)ren in CY%(Qr) of solutions of (46), (48), which is uni-
formly bounded in L*>°(Qr), has a subsequence (u,))ren such that {u, g, :
k € N} is equicontinuous.

Then
a) The functions t — RE(u(t)|ucn) and t — E(u(t)) belong to C*(RY) with

RE(u(t) [too nr) < RE(u(to)|tioo ar) e 21010 ¢ > 4 > 0. (51)

b) The entropy production rate

1u(t) = % B(u(t)) =~ RE(u(t) oo 1) (52)
satisfies
I(u(t)) < I(u(ty)) e 2 (t=to), (53)

¢) RE(u(t)|uco,m) and I(u(t)) are related via

0 < RE(u(t) oo 1) < %I(u(t)), £>0. (54)

Remark 19. a) The requirement (A1) implies that u(x,t) satisfies the differen-
tial equation (46) pointwise and the zero outfluz boundary condition (48).

b) Due to (A1) the initial function ug belongs to C%(Q) and satisfies the no-fluz
boundary condition (48).

c) (A5) can be viewed as requirement on f, [DiB83]. We shall discuss this topic
later on.

Proof. The proof is divided into several steps.

Step 0: u(t) > poos pPoo € RT, for all t € RT. By assumption we have ug > pg
for some py € R*. Since h(0+) = —oo we have for each C € R U(z,C) =
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B H(C—V(z)) = h"{(C—V(x)), such that V +h(U(.,C)) = C. We immediately
obtain: U(.,C) is a generalized solution of

?9—1; =div(uVV +Vf(u)), u(t=0)=U(,C),

subject to no-flux boundary conditions. Furthermore, U(.,C) < h'(C). Since
limg,_oh H(C) = 0, we can take C,y € R with uy > py > h 1(Cy) >
U(.,Csx). Hence by the comparison principle for strictly positive generalized
solutions [LSU68| we obtain

u(t) > U(.,Cx) > inf U(z,Cy) = poo,

- e

where due to the boundedness of V' on €, p € RT.

Step 1: RE(u(t)|tuco,nm) is decreasing with lim; . RE(u(t)|tueo ) = O.
Since u(t) > po independently of ¢ and since for all T > 0, u € C1%(Qr), we can
interchange integration with the derivatives and we obtain

RE(u(t)tioo,nr) € C*(RY)
with

~1(ut) = LRE(O ) = |

Cdt o

(V + h(u)) (%) (0,6) v, (55)

where we made use of ®'(u) = h(u) for all u € RT. Since u is a strong solution
of (47) we can replace du/0t by div(uVV (z) + Vf(u)), and obtain after an
integration by parts by using the no-flux boundary condition

Iu(t) = [ u(a,t) lyP(@.) da,

Q

where y(z,t) = (VV + Vh(u))(x,t). Hence the function t — RE(u(t)|uco,m), t €
R{, is decreasing. On the other hand, we trivially have RE(u(t)|tuco,a) > 0 such
that RE(u(t)|uoo,n) is bounded below. We obtain: limy oo RE(u(t)|teonr) =: H*

exists and RE(ug|uoo,m) > H* > 0. We furthermore have for all ¢ € R the
estimate

t
00 > RE(ug|too,mr) > RE(Ug|too,mr) — RE(u(t)|too,mr) = / I(u(s)) ds,
0
such that we obtain due to the non-negativity of I(u(.)), I(u(.)) € L'(R{) and

0< /O T (u(s)) ds < RE(uo]tteo ar).
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Hence there is a sequence (tx)ken in RT with limy_, o ¢ = 0o and

limg 00 I (u(tx)) = 0. We observe: The set {u(.+1x) : [0,T] — Q : k € N} consists
of C'?(Qr)-solutions of (47) and is uniformly bounded in L*®(Qr). Hence by
assumption there is a subsequence - again denoted by (tx)ren - and @ € C(Qr)
such that u(.+1%;) — 4 uniformly on Q7. We especially have u(t;) — ¢ uniformly
on ). Furthermore, due to ||u(ts)||Le@) < K € (0,00), K independent of k£ € N,
and due to u > ps, We have

/Q(u(tk)VV + Vf(u(tp))?(z) dr < /Q U(Iti)

=K /Q u(ty) (VV + Vh(u(t) (@) de = K I(u(ty)) < K.,

(u(tp)VV + Vf(u(ty)))*(x) dz

where K; € (0,00) is independent of £ € N. This estimate implies: Since the
L?-norms of u(t;)VV are uniformly bounded, the L?-norms of V f(u(t;)) are
uniformly bounded, too. Furthermore the L*-norms of f(u(tx)) are uniformly
bounded. We obtain due to the boundedness of €2 and possibly after extraction
of a subsequence (which is again denoted (x)ken),

flu(ty)) = f*, weakly in H'(Q) as k — co.

On the other hand we have f(u(tz)) — f(g) strongly in L?*(Q2) as k — co. Hence
fr=1(g) € H(Q).

The convergences u(ty) — ¢ uniformly on Q and V f(u(ty)) — Vf(g) weakly in
H'(Q), as n — oc, allow for an application of Lemma 10:

Ky(9) = [ frac{lg¥V + V1(9)(0) : gla)} da

< liminf Ky (u(ty)) = liminf/Q @W(tk) VV + Vf(u(ty) do

k—o0 k—o00

k—00

Where we made use of the fact that - due to u(tx) > poo on Q - Kf(u(ty)) =
fﬂ iy [u(te) VV + V f (u(ty))[* dz. Hence

/erac {|gVV + Vi(9)P(@) : 9(z)} da =0,

from which we readily deduce from the definition of frac,

/>0$\gVV+Vf(g)\2dx:0. (56)
g
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On the other we have due to uniform convergence, g > p,. Hence Q = {g > 0}
and we deduce from (56)

I(g) = / g|VV + Vh(g)P(z) dz = 0,

as well as g = h='(C' — V) for some C' € R. Furthermore, [, g(z) doz = M. Hence

g = Uoo,M-
We summarize: u(ty) — Uoo,nr = ¢ uniformly on 2 as k& — oo. This conver-
gence is sufficient to obtain

lim E(u(ty) ueo,n) = lim | (Vu(te) + ®(u(ty)))(z) dz =0,

k—o0 k—o00 Q

such that limy_,oo RE(u(tg)|too,nr) = 0. Since RE(u(t)|too,nr) is decreasing in ¢,
we finally obtain H* = lim;_,o RE(u(t)|teo,nr) = 0.

d
Step 2: Calculation of %I(u(t))

Equation (55) relates the relative entropy to the entropy production. From this
relation we just concluded the convergence to zero of the solution in relative
entropy, without any rate. To find the rate of convergence requires a further
step. Therefore let us calculate the time evolution of I(u(t)),

%I(U(t)):/gz(%—?w) (2,1 d:c—|—2/n(uy-%> (,1) da
= L) + D(t),

where - according to u € CY%(Qr) with u > ¢ > 0 such that h(ur) € CH?(Qr) as

well - we interchanged integration with differentiation. The second term, taking
into account the boundary conditions (48), can be written as

DL(t) = —2 /Q (div(uy)%h(u)) (2,1) do = —2 /Q (1 (w)(div(uy))?) (2, 1) da,

and the first term can be written as (using again (48) and the assumed smoothness
of the involved functions)

Li(t)=— /Q (u(y - Jacob(y) -y")) (z,t) dz .
Since Jacob(y) = Hess(V') + Hess(h(u)) we have
I, (1)

~ 9 /Q (uly - Hess(V) - y7)) (z, ) do — 2 /Q (uly - Hess(h(w)) - y7) (&,1) da
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Now, the last integral reads

[ty s 1) @ty = 3 [ (o, I (1)

4,j=1

_ Z/( uyi)( Z’gﬁ) (,t) dz.

3,j=1

Using the divergence theorem, the smoothness of the involved functions and tak-
ing into account the boundary conditions (46), it is straightforward to check that

Z/( wys) (uys) ha( )>( ) dz

> [ (5 o

2,7=1
d
, ou Ou

i,j=1

B0 )

4,j=1

= Z_[)(h'(@%%;—;%) T, 1) da:—QZ/ (h' vaz Bxgj)) (z,1) dz

4,j=1

g ()

4,j=1

dy; __ 9yj
61: = 5o, We obtain

Since

d

Z ou (ya(uyj) _y_a(uyi))
i1 337, 8xj 1 83:j
. zd: ou ayj _ ou 0y;
B — vi 8361 aﬂfj — Y a’EZ 8:]5]-
2,j=1

d 2
. ou c’)y] 1 Ou 3yj - . 1 2
= u”ZZI ( D a—x] 292 02, ) = u | (y- Vu)divy 2Vlyl Vu ).
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Thus, simplifying and collecting terms we obtain
I(t) + Ix(?)
= —2/ (u(y - Hess(V)-y")) (z,t) dz — 2/ (f'(u)u (divy)Q) (x,t) dx
Q

_ 2/0 (f’(u) ((y - Vu)divy — 5 V]y?- w)) (2, 1) da.
that we can write as
L(t) + L)
=2 /Q (u(y - Hess(V) -y")) (z,t) do — 2 /Q (f'(w)u {divy}?) (z,t) dx

—2 [ ({w- vrayamy - 392 vrw}) a

Applying the divergence theorem in the last two terms and taking into account
that
div(ydivy) = (divy)® +y - V(divy)

we deduce
d
< Iu(r)
= =2 [ (uly- Hess(V)-3") (@,t)do =2 [ (/") f(u) {divy’) . 0) do

—2 [ (s (5807 - - Vi) ) ) .0 ds
+2 /a (f@)ly- Jacob(y) - n")) (z.)ds

Using that % = %, we obtain that
J [

1 d i \°
“Aly2 = (y - V(di = -
5 Al = (v V(divy)) 3_21< a:cj)

and as a consequence

d
T (u(®) o)

= —2/Q (u(y - Hess(V)-y")) (z,t) dz — 2/Q ((f"(w)u — f(u)(divy)?) (z,t) dz
—Q/Q (f(u) (Z (ggj) )) (z,t) dz + 2 aﬂf(u)(y- Jacob(y) - nT) dS

i,j=1

< =20y I(u(t)) — R(t), (57)
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where we made use of the uniform convexity of V' and we put

Rt =2 [ (7 (0)u— () (dv9)?) (@,1)da
+ 2/Q (f(“) (Z (35;) >) (z,t)dz — 2/aQ (f(u)(y - Jacob(y) -n")) dS.

ij=1
Step 3: Exponential decay of I(u(t)).

With respect to (57) it sufficies to prove R(t) > 0. This estimate is a consequence
of the convexity of {2 and the imposed assumptions on f:

Let first show that the boundary term of R(¢) is negative for convex domains
[Ott99]. Consider the function ¥ : 922 — R defined by ¥(z) = y(z) - n(z).
Now, since y(z) is a vector in the tangent space to 02 in z due to the boundary
condition (48), take a smooth curve a(t) such that «(0) = x and o/(0) = y(z).
Using basic differential geometry calculus we have

%‘I’(Oz(t)) = o/(t)" Jacob(y)(a(t)) n(a(t) +y(a(t))" Hag o (t)

where I, is the second fundamental form of the manifold 0€2. Since ¥ = 0
because of boundary condition (48), we have

C0(a(1)) o = ()" Jacob(y)(x) n(a) +y(x)" T, y(a) = 0.

Due to the convexity of  we have y(x)T Jacob(y)(z) n(z) = —y(x)T 11, y(z) <0
on the boundary 0f).
We therefore have R(t) > R,(t) with

Ro(t) =2 /Q ((F(wu — f(u)(divy)?) (&, 1) da

+2/Q (f(u) (Ed: (35;)2)) (2,1) da.

t,j=1

which gives

L 1(u(t)) < ~20n T (u(t)) ~ R (t). (58)

Let us set Z(x,t) = Jacob(y)(z,t). We can write R,(t) as

Ro(t) = 2 /Q T(u)(z, 1) dz
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with
T(u)(z,t) = ((az — a1)(trace (Z))* + astrace (Z2°)) (z,1)

where ay(z,t) = f(u)(z,t) and ag(z,t) = (f'(v)u) (z,t). Taking into account
that Z is symmetric it is easy to show that

(trace (Z))* < d trace (Z%), 1i.e. (trace (Z))*(x,t) = 0(x,t)d trace (Z%)(z,1),
with 6(z,t) € [0,1]. Hence
T(u)(z,t) = ((ag — a1)0d + a1)(z,t) trace (Z%)(x,1)

which is non-negative if

d
d—1

Therefore T'(u) > 0 which proves R,(t) > 0 as well as R(t) > 0. Now we infer
from (57)

f(u) <

uf'(u) for any u > 0.

I(u(t)) < I(u(ty)) e 2 (t-to), (59)

Step 4: Exponential decay of RE(u(t)|too,n)-
We recover I(u(t)) from (58), and we plug it into (55):

d d
200 —RE 00 > —1 o(1).
aro R (w(t) |too,nr) > pn (u(t)) + Ro(t)
Using limy 00 RE(u(t)|too,n) = 0 (see Step 1) we integrate between ¢t > 0 and
+00 and obtain
1

0 < RE(u(®)|use,rr) < 5 —I(ut)), ¢ >0. (60)

Finally, we use inequality (60) in (55) to conclude
RE(u(t)|too,nr) < RE(u(to)|usonr) € 2200 ¢ > 15 > 0. (61)

]

The next step in the analysis is to get rid of the assumptions (A0)-(A5) by
approximation arguments.

Let us recall the available L' theory which was developed by M. Bertsch
and D. Hilhorst in [BeHi86] for h(0+) > —oo (plus additional assumptions, see
below). However, it is not difficult to check the proofs in [BeHi86, DiB83] to
conclude that these results hold for the cases h(0+) = —oco (see sections 5,7,8 in
[BeHi86|, Theorems 6.2 and 7.1 in [DiB83] and [LSU68|) as well. Hence we can
make use of
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Theorem 12. [BeHi86] Assume (HD1), (HD2), (HV3)-(HVS), (HF1)-(HF4)
with Q) bounded. Furthermore, assume

(HD3) uy € L™(Q).
(HF5) If h(04+) > —oo, then there is so € RT with f"(u) > 0 for all u € (0, s).
Then:

a) (46), (47), (48) has a unique non-negative, preserving-mass solution u,
1.€. ||U,(t)||L1(Q) = ||U'0||L1(Q) = M, t> 0.

b) ue C(RT x Q).
c) If ug € C(Q), then u € C(R x Q).
d) u(t) = veor in C(Q) ast — cc.

Remark 20. In [BeHi86] it is additionally assumed that f'(0) = 0. This is, how-
ever, a direct consequence of the continuity of f at 0, of the assumed monotonicity
of f', locally around 0, and of the assumption

/ul f's) ds‘ = |h(04)] < oo.

S

lim

u—0

Now it is our aim to obtain exponential decay of the entropy (and of the
entropy production) under the assumptions of Theorem 12. The strategy is to
make use of a “parabolic approximation of the nonlinearity f” as already specified
in Remark 18:

Proposition 13. Assume that f : Rf — R satisfies (HF1)-(HF5). Then there
is for any € > 0 a function f. : Rf — R satisfiying (HF1)-(HF5) (with h.(u) :=
[ fi(s) s™ ds, u > 0) and

(1) 0 < ci(€) < fl(u) (hence he(0+) = —o0 and h.(00) = 00) and f'(u) < fl(u)
for any u > 0.

(2) fe— f uniformly in compacts of Ry,
and f! — f" uniformly in compacts of R as e — 0.

(8) he = h as e — 0 uniformly in compacts of RT.
(4) e " = B uniformly on each half-infinite interval (—o0,c], ¢ < h(c0).

(5) ®. — @ uniformly on compacts in R, where
O, Rf 9> R, ur— D (u) = fou he(s) ds,
i.e. ®.(u) =uh.(u)— fo(u) foru>0 and ®.(0) = 0.
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We recall: The function f needs to be regularized only if A(07) = A > —oc.
For the other cases we can keep the original f.
We refer to [BeHi86, DiB83, LSU68] for the following approximation result:

Theorem 14. Assume (HD1)-(HD3), (HV3)-(HVS), (HF1)-(HF5).
Fore € R* let f. as specified in remark 18 and proposition 13, respectively. Then,
there exists for each e € R" a function u € C*(Q) such that

1) 0 < ca(e) < uf < |luollz=(o),
2) u§ — ug in L*() as e — 0,
3) the no-flux reqularized boundary condition is satisfied, that is,

V(@) | 05.(u5)

= Q
0 on on O: (Z’ € 0 )a
and the regqularized system
ouf )
5 = div(u‘VV (z) + V fe(u)), (x € Q,t>0), (62)
with initial condition
u(z,t=0)=u5(z),  (z€Q) (63)
and no-flux boundary condition
V@ O 0 e a0t s o). (64)

on on

satisfies

(A5) Each sequence (uf)ren in CV*(Qr) of solutions of (62), (64), which is uni-
Jormly bounded in L*°(Qr), has a subsequence (ug ) )ken such that {ug, :
k € N} is equicontinuous,

and for each e € R", the system (62), (63), (64) has a unique generalized solution
u® which satisfies

(A0) for each t € Ry, [lu* ()|l = lluglloie) =: Mz, 0 < M. < M(9).
(A1) uf € CY*(Qr), for each T > 0.

(A3) there is K € R" such that ||[u®(t)||pe(o) < K, for allt € Ry .
Furthermore,

4) ut > cs(e) >0,
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and for all T > 0,
5) u¢ — u uniformly in all compacts [7,T] x Q with0 <7 < T,
6) u¢ — u strongly in L*>(Qr) and almost everywhere.

where u is the unique non-negative, mass-preserving solution of (46), (47), (48)
(see Theorem 12).

Let us discuss the stationary states for the regularized problem now. We
adopt the notations of the subsection “Stationary Solutions” and assume that
e € (0,00) is fixed. We distinguish two cases.

I) h(0+) = —oo. In this case we have f. = f. We particularly have the
unique existence of C, € (—o0, h(c0)) with M(C;) = M, < M(2). Hence
the corresponding stationary solution uf, 5, = oo ar. is well-defined.

IT) If h(0+) > —oo, then the parabolic regularization f, is constructed such
that h.(0+) = —oo and h.(00) = co. As discussed in the subsection “Sta-
tionary Solutions” there is a unique C. € R with M. (C.) = M., where

M., is defined in analogy to M by replacing «p by “55_1”. We set
USo pr, *= E;l(CE -V).

We introduce for ¢ € (0, 00) the functionals

E.:C. - RU {00},

7

E.(u) = /Q(V(x)“("’”)ws(u(wm dz , Vu,.(u) € L}(Q)
o , else

where

C. = {ueLl(Q) :uZO,/Qu(x) dx:Mg},

RE(Juon,) : Cc = RU{oo},  RE(ulugon,) = Ee(u) — Ec(ucon,);

and

E.(|too,n.) : Cc = [0, 00,

E(ultoon.) = / (Pe(u) = Dc(ugg ar,) — PL(uge,nr,) (v — g 11,)) () d.

Q

Now it is a straight-forward task to verify that the assumptions of Theorem
14 except (HF5) (which is needed for the limit ¢ — 0) are sufficient to ensure
that system (62), (63), (64) satisfies all assumptions of Theorem 11:
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Theorem 15. Assume (HD1)- (HD3), (HV3)-(HVS), (HF1)-(HF5). Fore € R*
let f. as specified in Remark 18 and Proposition 13, respectively, and let uj as
specified in Theorem 14. Let u® be the unique, non-negative mass-preserving
solution of (46), (47), (48) (see theorem 14).

Then

a) The function t — RE_(u(t)|u, 5.) belongs to C*(Ry) with
RE, (uf(t)|us, ) < RE.(uf(to)|us, ) € 2 0 ¢t >¢,>0. (65)

b) The entropy production rate

d d

L(u(t) = — 5 B (u*(t) = — o RE(u" (t) Juo,nr,) (66)

satisfies

L(uf (b)) < L(uf(ty)) e 22 (=t) ¢ > ¢ > 0. (67)
¢) RE_(u®(t)[us, ps) and I.(u®(t)) are related via

0 < RE.(uf(t)[ul, ) < ——L(uf(t), > 0. (68)

Now we want to make use of approximation arguments to pass from the
propositions of Theorem 15 - valid for regularized data and smooth solutions - to
corresponding results for generalized solutions of (46), (47), (48). The involved
approximation arguments require a careful handling of the relative entropy and
the entropy production rate. It is therefore apropriate to give a few remarks with-
out refering explicitely to several additional assumptions which will be specified
later on.

a) It turns out that the relative entropy RE.(u®(t)|ug, »,.) converges for all £ > 0
to the entropy RE(u(t)|uco, ). Hence part a) of Theorem 11 (exponential decay
of the relative entropy as ¢ — oo) will hold for generalized solutions as well.

b) A much more delicate question concerns the differentiability of the function
t = RE(u(t)|t%oo,n)- This is by no means a trivial problem. Indeed Theorem 15
is a consequence of Theorem 11 whose proof makes use of the equalities

I(u(t)) = =Ju(u(t)) = —K;(u(t)), (69)

and of

Jn(u(t)) :/ (u |[VV + Vh(u)\Q) (z,t) dz, (70)

Q
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and of

K (u(t)) = /Q (% |uVV+Vf(u)|2> (2.1) da. (71)

When passing from the regularized problem to the original system one looses the
assumptions which are required to verify (69), (70), (71) and - due to the possible
lack of differentiability of f and A at 0 - the function I(.) may not be the classical
derivative of the entropy anymore.

All in all it is not clear whether after passing to the limit e — 0,

1) the entropy E(.) is strongly differentiable, i.e. whether the entropy production
rate can be defined as classical derivative of F(.);

2) Ju(.) equals K¢(.);

3) the distributional derivative of E(.) equals J,(.) or K(.);

4) by which quantity the function I.(u®(¢)) in b) and c¢) of Theorem 15 has to be
replaced;

5) which modifications of b) and c) of Theorem 15 are necessary.

It turns out - and this is according to the lower semi-continuity of the func-
tional K(.), see definition 4 and lemma 10 not entirely surprising - that the
exponential decay in time of Kf(u(t)) is not affected by the limiting procedure
e — 0.

Theorem 16. Assume (HD1)-(HD3), (HV3)-(HV8), (HF1)-(HF5) with 2
bounded. Let u be the unique, non-negative mass-preserving solution of (46),
(47), (48) (see theorem 12). Then

a) RE(u(t)|toonr) < RE(u(to)|toon) 722070 > 45> 0.
b) For allt >0,

K(u(t)) < Ju(ug) e 27

¢) For allt >0,

6_2 art

RE(u(t)|ueom) <

Jh(uo).

(631
d) If Jn(ug) < oo, then the distributional derivative

d d

I .= —%E(u(.)) = —ERE(U(.)WOO,M)

satisfies

I > Ks(u(.)), in the sense of distributions.
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Proof. In the sequel let u®, ¢ € Rt, be the unique, non-negative mass-preserving
solution of (46), (47), (48) as defined in theorem 14. Eventually we shall replace
the parameter € by the term £(n), where we tacitly assume that (€(n)),en is a se-
quence in RT with lim,,,, €(n) = 0. Occasionally we shall pass to a subsequence
of (¢(n))nen and we do this - by a slight abuse of notation - without changing
notations.

Step 1: lim,_,, Ug 11, = Uoo,M> uniformly on (.

We observe lim, ,o M, = M. Let us consider the net (C.).cr+, where
Uo s, = he (C. = V).

We wish to prove: lim, o C, = C, where uq p = E_I(C — V). We deduce from
lim, ,o M. = M the estimates h(0+) < liminf, ,o C. < limsup,_,C: < h(c0).
Indirect. Assume there is a sequence (1(k))ren, n(k) € RY, limy oo n(k) = 0,
such that (Cp))ken does not converge to C. Then - eventually by passing to a
subsequence, but without changing notations - we have |C—Cy)| > po > 0, for all
k € N. Since h(0+) < liminfy o Cpry < limsupy_, o Cyry < h(00), the sequence
(Ch(k) )ken is bounded. Hence - after eventually passing to a subsequence, but
without changing notations - we have limy_,o Cyy = C* € (h(0+), h(c0)) and
h(0+) < a < Cyy < b < h(oo) for all k € N. We recall: h. — k= uniformly
on the half-infinite interval (—oo, b]. Hence E;&c) (Coey = V) — RUC.-V)=0
uniformly on Q. Furthermore, B s uniformly continuous on (—oc,b]. Hence

E_I(C’E -V) —E_I(C’* —V) — 0 uniformly on Q as well. Due to the boundedness
of € these two convergence statements are sufficient to deduce

1

Jim My = / Pty (Coy = V) () da
o0 Q
= / R H(C* = V)(z) dz = M(C*) = M,
Q

such that C* = C.
We obtain: lim, .o C. = C. Mimicking the argumentation carried out right
now, we easily deduce that

Ugo a1, — Uco,v uniformly on © as e — 0.

Step 2: lim. o RE, (u®(t)|ug, ar.) = RE(u(t)|too,m), for all £ > 0.

We recall: @, — ® on compact subsets of R} . Furthermore, according to theorem
14, we have for all t € Rt u*(t) — u(t) uniformly on Q as & — 0. We also have
USo a1, — Uoo,pr uniformly on © as & — 0. Due to the boundedness of €, these
convergence statements are sufficient to prove

lirré RE (u®(t)|ui, pr.) = RE(u(t)|tuconr), for allt > 0.
£—> e ’
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Furthermore, we have u§ — ug strongly in L*(Q2) as ¢ — 0 with ||u§]| L) <
||to|| oo (). Together with the available uniform convergence of ®, — ® on com-
pact subsets of Rf we also have

lim RE. (u§|11%r,) = RE(uiotocv)-

Step 3: RE(u(t)|uoonr) < RE(u(ty) [ticoar) €201 ¢ > 15 >0
We obtain from Step 2 for all 0 < ¢, < t,

RE(u(f) oo 1) = lim RE(u (1), )
e—> e
< T RE,(u (1) [ r.) €72 = RE(ulto) tso,r) €210
£— bl € I

Step 4: In case of J,(uy) = +00 nothing remains to be shown. Hence we may
assume Jy(ug) < oo henceforth. We observe: According to J,(ug) < oo we may

assume without loss of generality that the sequence (ug™)nen in L°(€) has the
additional property

Tny (ug™) = / (ug™ |VV 4 Vheimy (ug™) ?) (@) dz = Ju(uo) as n — oo,
Q
especially

/Q (us(") (t) [VV + Vh(y (us(") (t))\2) (z) dz < Ky,

where K € R{ is independent of ¢t € Rf, n € N.

Step 5: K;(u(t)) < liminf, o Ky, , (u™(t)) for all ¢t € R*.
Let ¢ € Rt. We set y(t) := liminf, Kfs(n)(us(")). By passing (if neces-
sary) to a subsequence (which may depend on ¢) we have lim,, o K., (u™) =

v(t). We recall: u*™(¢t) — wu(t) uniformly on  as n — oco. (In particular:
|us® (t)]| () < Ki(t) € RT, independently of n € N with K;(t) € RT.) Fur-
thermore, f.,) — f uniformly on compact subsets of RS as n — oo. Hence
femy(@*™(t)) — f(u(t)) uniformly on Q as n — oco. In particular we obtain
femy(@s™(2)) = f(u(t)) in the sense of distributions as n — co. From the
estimate of Step 4 it is easy to deduce

/\u OV + VO @@ @) (@) do < Ki(t) Ko.

We obtain: (£ (u*(™(t)))nen is a bounded sequence in H'(£2). We can extract
a subsequence (without changing notations) such that

e (™ (1)) = g(t), weakly in H'(Q) as n — oc.
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Since f5(™ (uf™)(t)) — f(u(t)) in the sense of distributions as n — oo, we obtain
g(t) = f(u(t)). Now we can apply Lemma 10 to obtain

Kp(u(t) < (1) = liminf K7, (u (1)),

n—oo

Step 6: Proof of b). We have for each ¢t € Rf and for each n € N the estimate

s(n)) 201t

Ig(”)(us(") () = Kfa(n) (ug(")(t)) < Ia(n)(ug(n)) g2t — g ug

I’

E(n)(

such that we get from Step 4 and Step 6

Kp(u(t)) < liminf K7, (u*)(1))
n—oo

<liminfJ,_ (ug™) e 2" = lim Jj, (ug™) e72t

n—00 n—00
— Jh(uo) e—2a1 t’
for all ¢ > 0.

Step 7: Proof of c). We deduce c) from a) and Step 4.

Step 8: Proof of d). We have for all T > 0, for all £ € C3°(Ry), and for all
neN

/0 L (n) (ug(")(s)) &(s) ds = /0 (—%REE(M (us(") (t)|uoo,ME(n))> (s) &(s) ds

T
d
0

We easily obtain from Step 2

T
lim REs(n) (us(n) (t) |U’°°aME(n))(8)

n—oo [o dt
such that in the sense of distributions,

d
Ig(n)(uf(n)) N I() = _ERE(U(‘)‘UOO,M)’ as n — oo.

On the other hand we have for each n € N and each t € Rf
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such that we obtain from Fatou’s lemma with the aid of b) for each non-negative
¢ € Oy (Ry)

T

/ I(s)&(s) ds = lim Ig(n) (u=™ (s)) £(s) ds

n—oo

n) — e(n
nh_)rgo/ Kf(n) ) ds = h;r_l)g)lf/ Kf(n) (s)) &(s) ds

> / K (u(s)) €(s) ds,

which settles d). O

Remark 21. Under the assumptions of Theorem 16 one may rather wish to deal
with the functional Jy, than with K¢. When are they equal ¢ A sufficient condition
is certainly u(t) > 0. In this case we can supplement statements b) and d) as
follows:

b.supp) For allt > 0: If u(t) > 0, then Jy(u(t)) < Jp(up) e 2211,

d.supp) If Jy(ug) < oo, and if u(.) > 0 on a measurable set 7 C R, then I >
Jn(u(.)) on 7 in the sense of distributions.

We deduce as a byproduct from Theorem 16 ¢) for t = 0 a generalized Sobolev
inequality in bounded domains.

Corollary 1. Assume (HD1)-(HD3), (HV3)-(HV8), (HF1)-(HF5), in particular:
uo(z) > 0 belongs to L*°(Q) with mass M. Then,

1
RE(up|tueo m) < o Jp(ug)- (72)
03]

3.4 Generalized Sobolev inequalities, ) = R?

The aim of this section is to prove generalized Sobolev inequalities on R?. The
procedure is as follows. Let us take a positive function uy € L*(R?) with mass M
such that the entropy production J,(ug) in R? is finite. We can approximate it
by functions defined on Euclidean balls B,, of radius n. For these approximations
the generalized Sobolev inequality (72) is available. Letting tend n — oo finishes
the proof.

Theorem 17. Assume € = R? and assume that uo satisfies
up € LHRY), up > 0 and [p, uo(z) do = M.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8). For n € N let B, be the
FEuclidean ball of radius n centered at the origin. Assume that
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(U1) There exists g € L*(R?) and ny € N such that
n ‘VV|2 ind{meBn:uo(z)>n} <g, Vn>ny,

where ind{ze B, wo(z)y>n} 5 the indicator function of {x € By, : ug(z) > n}.

(U2) /R @ (ug) () dr < .

Then

RE (uluse ) < %Jh(uo). (73)

631

Remark 22. a) According to (HV6), the relative entropy RE(uo|uco,nr) has a
well-defined value in R U {+00}.

b) up may be unbounded.

c¢) (U1) is trivially satisfied if ug € L®(R?) or if ug|VV|? € L*(R?) or if there is
A € R" such that the set {z : ug(xz) > A} is bounded.

d) (U2) holds if E(ug) < 0o or if h(0+) > —oo. However it is worth noting that
(U2) is weaker than E(ug) < 00.

Proof. We observe: There is nothing to prove in case J,(ug) = co. Hence assume
Jn(ug) < oo henceforth. We introduce for n € N the function

ug = min{n, up}|p,.

We observe: uf € L*®(B,,), for all n € N. We set for n € N,

M, ::/ ug () dz.

It is easy to see that M, < M for alln € N and M,, — M as n — oo. Let us put
forn € N,

M,, := sup {/ Eil(C’ —V)dx: Eil(C’ - V)is, € Ll(Bn)} .

n

It is left to the reader to deduce from the boundedness of B,, for n € N, that

M,= lim [ & '(C-V)dz

Since limy, o0 ff7 E_I(C —V)dz = [p E_l(C’ — V) dx for any C < h(o0), we
obtain

M < lim inf M,,.

n—oo

o1



Taking into account (HV5), there is ny € N with
0 < M, <min{M,M,}, no<n,neN (74)

This observation allows for the unambiguous introduction of

US = E_I(Cn - V"), C, € R such that / E_I(Cn — V™)) de = M,,

oQ,
n

where ng < n € N. Now we introduce for nyg < n € N the functional

E"™ : C, — RU{o0}

[ e ey i veew e i)

oo , else

with

C, = {ueLl(Bn) :uzo,/ u(z) dx:M},

n

and the functional

Ly LY (B,) - RU{+oc},

Li() = />0 (u|VV + Vh(u))]?) (z) dz , ue D}

7

o , else
where

D} := {u € L\ (B,) : h(u) € L},.(By), Vh(u) € L},.(B, : R)}.

Step 1: E"(ug, ;) < 0o, for all ng < n € N. This is obvious, because uf, ,, is

bounded on the bounded set B,,. Hence we can define for each ng <n € N,

RE"™(ug|uge,ar,) = E™(ug) — E" (ugo a,)-

Step 2: There is n, € N with ng < n; and

1
RE™(ug|um ar ) < Q—JE(U(}), n <néeN (75)
3 Vin o

We wish to apply (72) of Corollary 1. We have to check the assumptions imposed
there for 2 = B,,, ug, M, and V", n € N sufficiently large.
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(HD1) holds for ©Q = B,,, for each n € N.
(HD2) holds for “M,” replacing “M” for all ng < n € N.
(HV8) V™ is the restriction of V to B,, i.e. (HV8) holds for all n € N.
(HV7) is satisfied for all n € N.
(HV®6) is of no relevance.
(HV5) holds due to (74) for all n € N with ng < n.
(HV4) is of no relevance.
(HV3) holds due to the assumed uniform convexity of V' and infgza V' = 0 for all
sufficiently large n € N, say, for ng3 < n € N with n3 € N.
(HD3) holds due to the definition of uf for all n € N.
(HF1)-(HF5) are not affected by restricting ug and V' to B,.
Summarizing the discussion, we obtain (75) from Corollary 1 with n; =
max{ng, n3}.

Step 3: lim,, o J} (ug) = Jr(ug). We introduce for ny <n € N,

a,: R > R,
uo(z) |[VV + Vh(uo)|*(z) , x € B,,0<up(z) <n
a,(r) = n|VV|*(z) , z € By,up(xz) >n :

0 , else

where we tacitly make use of the fact that both h(ug) and Vh(ug) are locally
integrable. We obviously have

Jp (ug) :/ a,(z) dz,
Rd
and for all sufficiently large n € N (see (U1)),
0 < a, < up|VV + Vh(ug)|*> + g € L' (RY),

and clearly lim, o a,(2) = (uo|VV + Vh(uo)|?) indgy,>01(2) for almost all z €
R?. Hence lim,, o J7*(ud) = Ju(ug) by Lebesgue’s dominated convergence theo-
rem.

Step 4: lim, o E"(ul, 11, ) = E(Uconr). We have uq nr = E_I(C — V). Since
M < M there is M* € (M,M) and C* € (C,C*) with
Uoo, M+ = E_I(C’Jr — V). Furthermore, for all sufficiently large n € N,

W =B (Co—V™), C,eR

Since M,, - M as n — oo we obtain: lim, ,,, C, = C. Due to the growth
property of V' it is easy to deduce that ug, 1, — oo, uniformly on R¢. We
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furthermore have C < C,. Due to lim, . C,, = C we have C, < C, for all
sufficiently large n - say, n > ns. Hence

U, = E_I(C’n V) <ueu+, n>ns.

Let us denote by [ul ;, ]°* the trivial extension of u” ,, to R?. By (HV6)

we have E(ugp+) < 00. Since [ul 5y | < Up < Ugom+ and E([ul, 5. %) =
E™(uy, p,) for all n > ns, we obtain lim,, o E™(uly, 5, ) = E(tco,nr) from Temma
7.

Step 5: lim, ;o E™(ul) = E(ug). If we denote the trivial extension of u to R?
by [ug]e*, then we will obtain [uf]®®* < [uf*']*"* < uy. Hence lim, ;0 E™(u}) =
E(up) by Lemma 8.

Step 6: Finishing the proof. By Step 4 and Step 5 we have

lim, o RE™(ug|ul, 1) = RE(ug|too,n), by Step 3 we have lim,, o Jp'(ug) =

Jp(up). Hence it is possible to pass to the limit n — oo in (75) yielding (73). O
Equation (73) is a generalized Sobolev inequality. Indeed after some elemen-

tary manipulations we obtain in particular for f(u) = v™ and V(z) = \w\ the
following inequality (see [CaTo98b, DoPi99]).

Corollary 2. Let ug(xz) > 0 belong to L}Y(RY) and uf* € L*(R?) with mass M

and m > max(dd , d+2) m # 1, % such that the distributional gradient of ugy 12

12
1S square integrable, then

1 m 1 m—1/22
(a4 ) [ da:§§<2m_1> [ 9 e+ A ol (70

where

A (M) = / il ! d
m B R4 2 ]. OOM &
Remark 23. Naturally we derive inequality (76) from Theorem 17 only for func-
tions ug which satisfy (U1), (U2). We observe: (U2) holds due to ul* € L*(R?)

and if assumption (U1) does not hold, then we can approzimate ug by L°(R?)
functions and pass to the limit in inequality (76).

In a similiar way we can proceed if m =1 to recover the logarithmic Sobolev
inequality (see [Gro75, AMTU9S]).

Corollary 3. Let ug(x) > 0 belong to L'(R?) with mass M, such that the distri-
butional gradient of \/ug is square integrable, then

[ o togtun) ds <2 [ |9 do+ Aol (
R R
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where

Ay (M) =d+ M log (#)

3.5 Existence of solution and exponential decay of the
entropy, ) = R%,

The main problem to attack the large-time asymptotics in the R? case is the lack
of existence and uniqueness results for problem (34)-(35). We show the existence
of generalized solution - Definition 1 - verifiying the exponential convergence of
the entropy and the entropy production. Let us denote by F(u) a primitive
of the nonlinearity f(u) with F(0) = 0 and G(u) = uf(u) — F(u) such that
G'(u) = uf'(u).

Theorem 18. Assume (HD1)-(HD2), (HV3)-(HVS), (HF1)-(HF5). In addition,
we assume (U1),(U2),

HE1) F(ug) € L*(RY).

HE2) There exists A > 0 such that G(u) < AF(u) for u > 0.

HEA4) uo € L®(RY).

(
(
(HE3) AV € L=(R?).
(
(HF6) Either f is convez on [0,00) or f~' is globally Hélder continuous.
(

)
)
)
)
)
)

HF7) If h(0+) = —oo we assume there exists 0 < s1 < 1 such that

®(u)

b= sup{—,0<u<81} < +00.

uh(u)
Then, there ezists a generalized solution of problem (34)-(35) satisfying
a) If h(0+) = —oo, then
RE(u(t)|uoo 1) < RE(ugltuoonr) € °*Y,  ace. t > 0.
If h(04) > —o0, then

RNE(u(t)|uoo,M) = E(u(t)) — EN‘(uoo,M) < RE(up|too,nr) e 2t ge t>0.

b) For a.e. t >0,

Ky(u(t) < Ju(uo) e ™.
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¢) For a.e. t >0,
lu(t)|| L1 (rey = M.

Remark 24. o) (HE1)-(HE3) imply an energy estimate needed for the compact-
ness argument. In order to apply this argument we need condition (HF6). Note
that f(u) = u™ for all m > 0 satisfies (HF6).

b) Assumption (HE2) is implied by the condition: there exists A > 0 such that

f(u) > %uf’(u) for u > 0.

This condition is verified by f(u) = u™ for any m.

c) We do not know the uniqueness of generalized solution for problem (34)-(35).
Under more restrictive assumptions (strong L'-solutions) one may produce a stan-
dard uniqueness result, we refer to [AlLu83, Vaz92].

d) (HE3)-(HE4) can be substituted by alternative hypotheses, we come back to this
point after the proof of this theorem.

e) We recall that E is defined in remark 14. RE coincides with RE provided u
1S a mass-preserving solution.

f) Condition (HF7) is needed for the mass conservation.

Proof. Step 1: Sequence of approximate problems. Consider the sequence of
subsets €2, defined by

Q, = {z € R? such that V(z) < n}

for any n > 1. Using (HV3)-(HVS8) €, is an increasing sequence of convex
bounded smooth domains covering R¢ as n — oc. Let us define

ugy = Uglq, -

We observe: uy € L*(€2,), for alln € N. We set for n € N,

M, ::/ ug () du.

We follow the same notations as in the proof of Theorem 17 by substituting B,
by Q.. It is obvious that (U1), (U2) and (HV3)-(HV8) together with the same
arguments in the proof of Theorem 17 imply that for n > n,

(1) M, <M foralln € N, M, - M as n — oo, 0 < M,, < min{M(9,,), M}.
(2) E™(uf) — E(up) as n — oc.

(3) Ji(ug) = Jn(up) as n — oo.
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(4) E™(ug, ar,) = E(uconr) as n — oo,
(5)
/ F(ug)dz — / F(up) dz as n — oo.

Taking now u{ as the initial data for the problem (34)-(35) in the bounded
domain 2, and applying Theorem 16, we deduce that the unique solution u™ of
the problem (46)-(48) in (2, satisfies

K7 (u™(t)) < Ju(ug)e ', >0 (78)
and
RE™(u™u, ) < RE™(ug|uly ym)e™ " £>0 (79)

for n > n,.

Step 2: Energy estimates. Each solution u” is obtained using Theorem 14 as
the limit of a regularized problem. Let us take u™*¢ the regularized solution for a
regularized initial data ug™. Then, by the divergence theorem it is straightforward
to show that

d
g |, P de = / GU)AV da
- / VE@Pdr— [ G(um)(VV - n(z)) dS(z).
n (21979

where F, and (G, have the same definitions as F' and G which correspond to
the regularized f.. In the regularization procedure for the nonlinearity one can
assume without loss of generality that (HE1)-(HE2) are preserved, i.e.,

Ge(u) =uf(u) — Fe(u) < AF(u) for u>0 (80)

and that
/ F(ug®)dz — F(ug) dz as € — 0. (81)
n Qn

Due to (HV8) and the definition of €,, we have

8_V >0 on 09,
on

and therefore using (80)

d

— | F(u")dz < A/ F.(u™)AV dz.
dt Jq,

n
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This inequality together with (HE3) implies that

/ Fu(u™) dz < exp{ A AV]|pogust} / F.(u™)dz for >0
n QTL
and

T
/ / V£ () d dt < C(T, V) / F.(u) dz for any T > 0.
0 n

n

Now, we take the limit € — 0 in the above expressions. Using that
(1) u™¢ — u™ uniformly in all compacts [, T] x Q, with 0 <7 < T.
(2) fo(u™) — f(u™) strongly in L?(Q%) and weakly in L?(0,T; H'(£2,)).

the lower semicontinuity of the norms and (81), we show

/ Fu) dr < expl{ AIAV ||t} [ F@)dz for >0

Qn

and
T
/ / \Vf(u")\dedtg(?(T,V)/ F(uy)dz for any T > 0.
o Ja, n

Step 3: L estimate. Let us denote by [u"]?*" the trivial extension of u™ to

R? x R;. Using (HE3) and (HE4) it is very easy to check that u™ given by

u"(t) :== ”uO”L‘X’(Rd)||AV||L°°(md)edt-

are supersolutions for the regularized problem. Therefore, by the comparison
principle, one has u™¢(¢t,z) < @"(t) for any t > 0, z € Q, and n > 1. Using
the uniform convergence of v to u”, one finally deduces that u™ is bounded in
L®(R? x (0,T)) for any T > 0 independently of n.

Step 4: Compactness. Let €2 be any bounded domain in R¢. Using step 3
we have that [u"]***VV is bounded in L2 (2 x R;) independently of n. Step 2

loc
assures that [V f(u")]¢** is bounded in L? (2 x R;) independently of n for n > n;.

Using the equation for 22 we deduce that [222]°* is bounded in L7, (R, H;, (2))

independently of n for n > n;.

Using the compactness result in [Jun97] in case f convex or in [GaMa96] in
case f~! is Holder continuous we have the compactness of the sequence [u"]¢*!
for n > ny in LZ,.(Q x R;) for any 2 bounded domain in R?. A standard Cantor

diagonal selection argument implies the convergence in L? (R¢ x R;) and thus,

also a.e. in R¢, of a subsequence, that we denote with the same index, to a
positive function u.
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Let us check that u is a generalized solution of the problem (46)-(47). By step
3 and the a.e. convergence we have u € L®(R¢ x (0,T)) for any T > 0. Previous
estimates imply that [f(u")]*”* converges to f(u) strongly in L7 (2 x R;) and
weakly in L2 (R;, H'(2)) for a subsequence, that we continue denoting with the
same index. Therefore, Vf(u) € L} (R? x R; : R?) and the equation (46) is

loc
satisfied in distributional sense.

Step 5: Proof of a). We have to take the limit n — oo in (79). In view of the
previous properties of the approximations ug in step 1, the limit as n — oo of
the right hand sides of (79) is obvious. As a consequence of step 4 we have that
for a.e. t > 0, [u"|°®*(¢) converges in L}, (R?) and a.e. in R¢ to u(t). Let us fix
t > 0 for which this is true.

Let us focus on the left hand side of (79). If h(0+) = —oo then by Proposition
5 we have that

RE(u(t)too,nr) = E(u(t)]tioo,u)

and
RE™(u" (1) |uge prn) = E™(u" (t) [ugg arn)

where

E™(u" (1) lugo,mn) = / (P(u") = ®(uge,nn) = (Ul prn) (U™ — ug prn)) (2, 1) da,

n

Since u"(t) converges a.e. to u(t), uf, m converges a.e. to U and @ is a
convex function we have

[(D(u") = D (uge agn) — O (uge apm) (U™ — ugg apn)) (@, )]
is a sequence of positive functions converging a.e. in R? to
(P (u) = P(uoo,nr) = ' (thoo,nr) (U = Uso,m)) (2, 1)
Fatou’s lemma implies that

RE(u(t) oo r) < i inf RE™ (" (1) o 510

Now, if h(0+) > —oo we have ®(u) = ®(u) + h(0+)u with ®(u) > 0 (see
remark 14). Then we can write

E™(u" (1)) = E"(u"™()) + h(0+) M"

where

Br(un(t)) = / (Vu + (un)) (x, 1) da.

n
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Since u"(t) > 0 converges a.e. to u(t) > 0 and ® is positive we have [(Vu"™ +
®(u™))(z,1)]%" is a sequence of positive functions converging a.e. in R? to (Vu +
®(u))(x,t). Fatou’s lemma and M™ — M imply that

E(u(t)) + h(0+)M < liminf E™(u"™(t)).

n—oo

Since M™ — M and E"™(ul, 5s ) — E(uconm) as n — 0o, we have E™(ug, 1 ) —

E(toonr) + h(0+)M as n — oco. Therefore,

RE (u(t) [too pr) < liminf RE™(u™(t)|u™ psn)-
n—>00 ’

Step 6: Proof of b). We have to take the limit n — oo in (78). In view of the
previous properties of the approximations ug in step 1, the limit as n — oo of
the right hand sides of (78) is obvious. As a consequence of step 4 we have that

for a.e. t > 0, [u"]**(¢) converges in L} (R?) and a.e. in R? to u(t). Let us

fixed one of the almost ¢ > 0 for which this is true.

As a consequence of step 4, we know that given a bounded domain 2 in R?, f(u™)
converges strongly to f(u) in L (2 x R;) and weakly in L2 (R,, H'(Q2)) for a
subsequence which we continue denoting with the same index. Using Lemma 10

we obtain

K7 (u(t)) < liminf K7 (u"(t)) < liminf K} (u"(t))

n—oo n—oo

where by K7 we mean the functional K defined on the domain . Using (78)
and step 1 we deduce
K7 (u(t)) < Ju(uo) e 21",

for any € bounded domain in R?, which finally proves b).
Step 7: Proof of c). We need first to prove that

| e, do (52)

is bounded indepently of n in [0,T]. Using step 5, we know that E™(u™(t)) is
bounded independtly of n in [0,7]. In the case, h(0+) > —oo since E™(u"(t)) =
E™(u™(t)) +h(0+)M™, ® is positive and M™ — M as n — oo, it is easy to deduce
the uniform bound on (82).

Let us focus now on the case h(0+) = —oo. The main difference is that we
have to estimate

/ & (u")(z, ) da.

n

In order to do so, we divide (,, into three subsets

Q= {u" <wuul, Q2 ={us <u" <1}and Q3 = {u" > 1}
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where uy := h™1(C — (V(z)/A)), C < 0 and A > 0 to be specified. Taking into
account remark 7 we have &~ (u") < @ (uy) in Q) and = (v") < &~ (1)u” in
Q3. In Q2 we use that the function ®(s)/s is decreasing in s to have

[ o wmnis [ (#0) (g ar

Now, we take C' small enough to assure that u, is well-defined, us € L'(R?)
and ®~(u,) € L'(R?) by hypotheses (HV4)-(HV6). Thus, we deduce

/ O (u")(z, 1) dz < By + / (UM> (2.1) da.

n Q2 Ua

Using (HF6) and taking C small enough we prove

%ZA) < —bh(ug) = %V(m) e

in R¢. Therefore,

/ O (u")(z, 1) dz < By + % (Vum)(z,4) da.

n QTL

Since E™(u"(t)) is decreasing in ¢, we have that

/R (Va)(@,0) de < B (0)) + / O (u")(z,1) da

n

Take b < A and using step 1, we conclude that

(1 _ %) /Rd(Vu”)(a:,t) dz < B,

and then (82) is proved.

Since u™ converges to u in L?, (R?xR;) and the uniform bound of (82), we have
that for a.e. ¢ > 0 u™(t) converges weakly in L'(R¢). Therefore, u(t) € L'(R?)
for a.e. ¢ > 0 and u"(t) — u(t) weakly in L'(R¢) and strongly in L'(Q2) for any
Q2 bounded domain in R?.

Now, let us fix €e > 0 and 7 > 0, we can find a ball Bg such that for n > n,,

we have By in the support of " and

/ [u"]**(z,t) dz < €
R¢/Bg

for any ¢ € [0,T]. This is proved just by using that V(z) > a;|z|? > a1 R? out
of Bi. Let us remark that R is independent of n but depends on ¢, R — oo as
€ — 0. Therefore, we have that

" (z,t) dz > M™ — €
Br
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for n > ne. Taking the limit n — oo for a.e. ¢ > 0 for which u™(¢) converges
strongly in Br we deduce

/ u(z,t) de > M —e.
Bpg

We find the conservation of mass just taking the limit ¢ — 0 in the previous
expression and using that
|lu(t)|| 1 ray < M.

since u™(t) — u(t) weakly in L!(R?). O

In particular, we can take f(u) = u™ and V(z) = % to recover the follow-

ing known result (see [CaTo98b, Ott99]), where the generalized solution for the
problem (34)-(35) is known to be unique, mass-preserving and C([0, 7], L*(R?))
for any 7' > 0.

Corollary 4. Let ug(z) € L} N L*(R*) with mass M and m > max(%t, 74).
Then, the unique generalized solution of problem (34)-(35) with f(u) = u™ and

V(z) = @ satisfies
a) For a.e. t >0, RE(u(t)|ucon) < RE(Upltoonr) e 2"

b) For a.e. t >0, Kf(u(t)) < Ju(uo) e 2"

(HE3) can be dropped if one is able to prove L™ estimates for the solution
independent of (HE3). The following result is an alternative to the previous
theorem.

Theorem 19. Assume (HD1)-(HD2), (HV3)-(HVS), (HF1)-(HF7). In addition,
we assume (U1),(U2),

(HE1) F(uo) € L'(RY).
(HE2) There exists A > 0 such that G(u) < AF(u) for u > 0.

(HE3b) There erists 0 < M < M such that uy < Ug iy 0 R with uy, g AV €
LY (R?).

Then, there exists a generalized solution of problem (34)-(35) satisfying
a) If h(0+) = —o0,
RE(u(t)|toonr) < RE(ug|tuoo nr) €2 ace. t > 0.
If h(0+) > —o0,
RE(u(t)|[too p1) < RE(uoltioo nr) €721, ace. t > 0.
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b) For a.e. t >0,

Ky (u(t) < Jn(uo) e ™.

¢) For a.e. t >0,
lu()|| L1 (ray = M.

The proof is exactly the same as in Theorem 18. We have only to prove
the energy and the L™ estimates using the hypothesis (HE3b) instead of (HE3)-
(HE4). We keep the same notations. The L*™ estimates are an easy consequence
of the comparison principle. The restriction of u, y; to €2, is a stationary solution
for the problem in €, with different mass, thus u,, ;; = u” - . By (HE3b) we
have uj < (G ,, then by comparison principle in the bounded domain

problem (see [BeHiSG]) we have u" <wu” - =u, y for any n > 1. This bound
gives us uniform L> global estimates in {:r, t) of the sequence u".

The energy estimates can be obtained following as in step 2 of Theorem 18.
We avoid the use of (HE3) by the following argument. Since F'(0+) = 0 then,
there exists A > 0 such that F(u) < Au for any u € [0, sup(uy, 5r)]- Using

(HE2)-(HE3b) we have

Gu")AV dx < A/\/ u"AV dr < A/\/ Uy, 1AV dx.

Qp n R4

The proof continues as in Theorem 19. O

Remark 25. a) Theorem 19 applies to any positive compactly supported bounded
initial data when M = oo provided ue AV € L'(R?) for any M > 0. The last
assertion is true for instance if there exists D > 0 such that AV < DV in
R? and vV € L'(R?) for any M > 0. For ezample, this is satisfied for
V(z) = alz]* + B |z|® for some o, 3,k >0, and f(u) = u™, m > 0 if

d
d + max{2, k} < m

b) Theorems 18 and 19 could be improved if we were able to produce an a priori
L>®(R?) estimate of the solution u(t) for any t > 0 in terms of the L'(R%)norm of
the initial data. Global uniform estimates were obtained for the porous medium
and general filtration equation. Their proof is not trivial at all and involves
delicate arguments either on nonlinear semigroup theory [BeBe85, Ver79] or on
estimates for non integrable initial data [Vaz92).
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3.6 A general result on the exponential decay of the en-
tropy
Theorem 20. Assume Q) =R? and assume that v, satisfies
uy € LY(R?), ug > 0 and g, uo(z) doe =M > 0.
Furthermore, assume (HF1)-(HF5), (HV3)-(HV8). Let u € L. (R" : L'(R?)) be

loc

a generalized mass-preserving solution of (34), (35). Let 0 < Ty, < Ty. Assume
for each t € [Ty, T),
(HG1) h((u(t)) € L}, (RY).

loc

(HG2) There is a nonvoid, open interval Iy C [Ty, T1) such that
(h(u(t)) +V)u(s) € L'(R?), sel,

(HG3) The function

PiI, >R Ps) = / (h(u(t)) + V) u(s) da

R4

1s differentiable at t with
P/(t) = Jn(u(t)) (:/ u(t) |Vh(u(t)) + VV|? dx) < 00.
R4

(HG4) u(t) satisfies (U2), E(u(t)) < oo and

Jim D(u(s)) — <D(U(t));_ht(U(t)) (uls) —u®) ., _ ¢

and assume that the function
J [Ty, T1) = R, J(t) = Ju(u(t))

belongs to L'(Ty, T}).
Then

RE (u(t)|too,m) < RE (u(Tp) [ugoar) e 217100 Ty <t < T3
Proof. We set for the sake of simplicity for ¢ > 0, E(t) := E(u(t)). Then we have

E(t) < oo for all t € [Ty, Ty) and (h(u(t)) + V) u(s) € L'(R?) for any s € I.
Hence,

®(u(s)) + Vuls) — @(u(t)) = Vu(t) — (h(u(t)) + V) (u(s) — u(t)) € L'(R?),
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for any s € I}, such that the integrand of (HG4) is well-defined. We calculate for
SEIt WlthS;ét,

E(s) = E(t) _ Pys) = Pi(t)

s—1 s—1
[ ) = B0(0) M) () =)
Hence by (HG3), E(.) is differentiable at ¢ with
E'(t) = P/(t) = J(t).
By (HG4) we have J € L'(Ty,T;). This sufficies [Rud87] to deduce
E(t) — E(Ty) = t J (o) do, (83)

To

with absolutely continuous E(.) : [Ty, 71) — R. We obtain from the generalized
Sobolev inequality (73),

t

RE(u(t)|too,pr) — RE(u(T0)|too,nr) < —2 al/ RE(u(o)|too,n) do,

To

such that due to the continuity of RE(u(.)|teo,nm),
RE (u(t)|uconr) < RE(u(To)|uconr) e 20100 Ty <t < T,

O

Remark 26. The intention of Theorem 20 is to formulate “minimal” require-
ments on a generalized solution of (34), (35) which imply exponential decay of
the relative entropy. It is useful to relate the assumptions to the theory of parabolic
equations.

a) The requirement Jy,(u(t)) < oo on [Ty, T1) (see (HG3)) is obligatory for a non-
trivial application of the generalized Sobolev inequality which is the main idea
behind the proof. Hence assumption (HG1) is a preliminary step to give sense to
the integrand of Jy(u(t)).

b) The main step in the proof is the verification of (83) with real E(t) and E(Tp).
The assumption E(u(t)) < oo on [Ty, T1) is therefore obligatory.

¢) A more critical assumption is (HG2). Let us, however, note two aspects:

c.1) If one wishes to prove the conservation of mass (we consider here only such
solutions) one usually starts with the derivation of estimates on the L' norm of
Vou(t).

c.2) According to c.1) one has to check whether h(u(t))u(s) € L*(R?) for s
in an interval containing t. In the pure power case we have u(t) h(u(t)) =
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c.®(u(t)) € L'(R?) (since E(u(t)) < oo) such that it is rather natural to believe
that u(t) h(u(t)) € L'(R?) can be verified. From that point of view the assump-
tion “h(u(t)) u(s) € L*(R?)” is a regularity assumption on the time-evolution of
u, locally at each t € [Ty, T}).

d) Once one has verified (HG2) the proof of local continuity of P; is probably not
out of sight. A much more delicate requirement is the differentiability of P, at
t for all t € [Ty, T1). Certainly, one can not go much beyond the requirements
“P; is differentiable on I,” and “P} € L' (see the assumption on J)” to establish
equation (83), compare well-known counterezamples, to be found, e.g. in [Rud87].
e) Yet another aspect of (HG3) is the identity P/(t) = Ju(u(t)). This is seemingly
a reqularity assumption on u(t) for fized t: The concept of generalized solutions
is usually settled on the identification of u; with an element of an appropriately
chosen dual space of a Banach space of Bochner-integrable functions such that

d
(e 8)(6) = (5 [ (V506 +u() V) Vo d (84
R
for a sufficiently large class of (t-independent) test functions ¢. Now if we assume
continuity of u(t), say for t > 0 (which is true for the pure power case), then it
is easy to verify that u(t)Vh(u(t)) = Vf(u(t)) for almost all x € R¢ (with the
tacit identification u(t)Vh(u(t)) = 0 whenever u = 0) such that

/ (VF(u(t) + u(t) VV) Vo dz = / u(t) (Vh(u(t) + VV) Ve dz.

R u(t)>0

Finally, one may try a density argument to replace “p” in (84) by the function
h(u(t))+V. This strategy could lead to a verification of P/(t) = Ju(u(t)) whenever
P, is differentiable at t.

f) It is reasonable to assume u(t) > 0 pointwise whenever ® is not differentiable
at 0. Hence it is very reasonable to assume that the integrand of (HG/) tends
pointwise to 0 as s approaches t. The differentiability assumption of (HG4) is a
reqularity assumption on the time-evolution of u(t) then.

g) As already mentioned in d) one cannot go beyond the L' property on J(.).

h) Unfortunately, the partial integration in time, i.e. Lemma 2 in Section 2.2,
cannot generally be used here. The assumptions of this lemma are that Ou €
LP(0,T; X') and h(u)+V € LP(0,T; X) where 1/p+1/p =1 and X = W'P(R?).
If these conditions are satisfied (and the integrals are defined), we obtain

RE(u(t)|uco,m) — RE(u(s)|uoo,m) = / (ug, h(u) + V)dt

= /: /Rd u|V (h(u) + V)|*dzdt,

which is (83). From the proof of [AILu83] is can be seen that the space W1P(R?)
can be replaced by a more general Banach space X satisfying some additional as-
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sumptions. However, in the porous medium case with compactly supported initial
data the function h(u) +V does not belong to any LP space.

Yet another strategy to prove exponential decay of the relative entropy in the
R? may be settled on an approximation of u(t) by solutions ug(t) which solve
(34), (35) on an euclidean ball Bg centered at the origin with radius R.

Definition 6. Assume Q = R? and assume that ug satisfies
up € LY(RY), ug > 0 and [p, uo(z) do =M > 0.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8) and let u € L} (R* : L}(R%))
be a generalized mass-preserving solution of (34), (35). Let T € R*. Then u is
said to be consistently approximable at T iff there is a strictly increasing sequence
(Ru)nen in RY and a sequence (uon)nen in U, ey L' (Br,) such that

cat.1 For alln € N: wgy,, € L°(Bg,), uoyn > 0 and fBR ugn(z) dz = M, > 0.
cat.2 infg, V =0.
cat.8 For allm € N: M,, < M(Bg,).

]ezt

cat.4 E(toonr) = nh_)rgo E([toon, ™), where U ar,]*t is the trivial extension of

Uoo, M, € LOO(BRR) to R™.
cat.5 E(up) = lim E([ugn]").
n—oo
cat.6 There isp € [1,00) such that [u,(T)]*" — u(t) weakly in LP(R?) asn — oo,

where u,(t) is the unique solution of (34), (35) on Bg, with initial datum
Uo,n, See theorem 12.

Remark 27. The approzimating sequence u,(t) may depend on T € RT.
Theorem 21. Assume 2 = R and assume that ug satisfies

uy € L*(R?), ug > 0 and g, uo(z) de =M > 0.
Furthermore, assume (HF1)-(HF5), (HV3)-(HV8) and let u € L} (R* : L}(R?))

loc
be a generalized mass-preserving solution of (34), (35). Let T € RT. Assume

that
(1) E(u(T)) < 0.
(2) wu is consistently approximable at T.

Then

RE(u(T)|toom) < RE (|t n) €727 (85)
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Proof. Tt is left to the reader to verify that the assumptions of theorem 16 are
satisfied for the approximative systems on Bg , n € N. Hence we have for any
neN

RE ([un(T)]%[too,nr, ™) < RE([uo]™|[too,r, ") € 2T

Due to E(u(T)) < oo and due to the convexity of & we have by lower semiconti-
nuity (apply cat.6),

E(u(T)) < liminf E([u,(T)]*").

n—oo

The formula (85) follows from cat.4 and cat.5 now. O

4 A Csiszar-Kullback-type inequality

This section is devoted to the derivation of a generalized Csiszar-Kullback in-
equality for the relative entropy E(.|uc ) introduced in the previous section,
i.e. we are looking for a real function U such that the estimate

[l = thoo, mrll 21 (0) < U(E(ultioo, )

holds for a rather general class of functions .

For the sake of a broader range of applicability the discussion is performed in a
more general measure-theoretic background and a larger class of convex functions
® than used in the previous section is considered.

4.1 Properties of the relative entropy E(.|.)

Henceforth we shall make use of the following notations and assumptions.

A1 ®: 71— R I=R] or I =R", is strictly convex and continuous.
If I =R", then ®(0+) = co.

A.2 @ is differentiable on RT and we set
I' .= {s eI: & is differentiable at s},
and h:=®": I' > R.
A3 (S, B, ) is a measure space.

We note: RT C I' C I CR{ and if 0 ¢ I, then ®(0+) = oo.
Let us introduce

C:={veL(S):v(z) €I for p-aa z € S},
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C':={ve L'S):v(z) € I for p-aa z € S}.

We certainly have ¢’ C C C L (S) (with ¢’ = Cif I' = I and C = L} (9) if
I =Rj). Clearly, C',C, L} (S) are closed, convex subsets of L'(S).

We shall be concerned with relative entropies with respect to a fixed reference
function u., and assume

A4 uy € C' with [gue dyu=: M € R,

The derivative h of @ is strictly increasing. As in the previous section we set

h(0+) :=infh = lir% h(s) € [—00,0),
s—

h(c0) :=sup h = lim h(s) € (—o0, 0],

§—0Q

where we note that h(0+) = h(0) if ® is differentiable at 0. We recall the
definition of the generalized inverse B of h,

— —1

B iR [0,00, B (0)=14 h'(o) , h(0+) <o < h(co) .

Let us consider for ¢ € R the function E_l(c + &' (ux)). We immediately
obtain: If ¢ < 0, then & (¢ + @ (uso)) < Uso, hence i (¢ + @' (uo)) € L1 (9).
Due to this observation it is easy to see that

Ji={ceR:h (c+ ¥ (us)) € L (S)}

is an interval containing the non-positive real axis. For ¢ < sup J we set

M(c) = / 2 e+ B () dpp € RE
s
Now we can introduce

M := sup M(c),
ceJ

where we immediately obtain M = lim,_sup s M(c) > M, due to monotonicity.
As in the previous section it is easy to see that there is for each N € (0, M)

exactly one ¢(N) € J with [ E_l(C(N) + ®'(uy)) du = N. Hence we can define
unambigously

1

uy :=h (c(N)+®(ux)), N € (0,M).
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We note: u’ € C' for any N € (0, M).
We introduce the relative entropy functional

E(].):CxC - Rf U{c}, E(v|v*)= /S(Q(v) - ®(v*) — d'(v*) (v —v")) du,

where we make use of the fact that - due to the convexity of ® - the function
Q) : I xI' >R, (s,5) — D(s) — B(s*) — ®'(s*)(s — s*) is non-negative such
that E(v|v*) has a well-defined value in [0, oc].

Remark 28. The definition of E(u|us) neither requires ®(uys) € L'(du) nor
Q' (ue) € L®(dp).

We make the following observation.

Proposition 22. Assume A.1-A.4. Letv € C and let v* € C' (such that E(v|v*),
E(v*|uw), E(v|us) have well-defined values in [0, 00]). Assume furthermore

A (@ (uo) — ®'(v*)) (v* —v)] € LY(S).
Then

E@[v*) + E(v*|us) + /S(<I>'(uoo) — @' (v"))(v* —v) du = E(v|u)- (86)

Remark 29. Any of the values E(v|v*), E(v*|us), [¢(P'(uso) — @' (v*))(v* —
v) du, E(v|us) may be co.

Proof. We have due to non-negativity of the first two integrands and due to A.,

E(v[v") + E(v"|uce) + /S(@'(uoo) — ®'(v))(v" —v) dp

= [ @)= 0) =¥ )" =0) dit [ (@(0")=Dl1t) =¥ (1) (0" ~e)

" / (& (10e) — B (0")) (0" — v) dp
= /S(CD(U) — D(Ugo) — P'(v) (v — v*) + P(v*) — PtUoo) — D' (Uoo) (V* — Uoo)
+ ' (ugo) (v* — v) — ' (v*) (v* —v)) du
- / (1) — D(ttne) — B (1100) (v — t10)) s = F(v]us).

]
From Proposition 29 one easily deduces
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Lemma 23. Assume A.1-A4. Let N € (0,M). Then for all v € C with
Jsvdp=N,

Ew|uy) + E(uy|te) < E(v|to), (87)
in particular
E(uy|uce) < E(v]ug). (88)

Remark 30. a) In (87), (88) we have N = |[uy|lrign) = ||vllzt(an, which is
usually not equal to M = ||uc||p1(au). This is in contrast to the assumptions on
which the (rather similiar) derivation of (40) (||ul|L1(gu) = M) is based.

b) As it will become clear from the proof, one has equality in (87) iff (' (o) —
®'(uy))(2) = ¢(N) for p-aa z € S. This is in particular the case for ®'(0+) =
—00.

Proof. As already mentioned before, u}, € C'. Hence E(v|u}y) is well-defined.
We wish to apply (86) of proposition 22. First we have to verify A. It is easy to
deduce from the definition of u}, that ®'(u}) = ®'(uw) + ¢(N), if u}y > 0, and
®'(0) > P'(ueo) + ¢(N), if uly = 0. Hence due to non-negativity of v

/5 (8 (t100) — B (u)) (ty — v) dp
——e) [ r—ndi [ @) - @O de

such that A. has to hold. Furthermore, the integral arising in (86) is non-negative.
This proves (87). (88) follows from (87) due to non-negativity. O
For later reference we state

Proposition 24. Assume A.1-A.4. Let vi,v, € C.
If v < vy < Uy, p-almost everywhere, then E(v1|us) > E(va|too)-

Proof. Since ® is convex, we have for all t € R :

O(s) — 2(1)
Ay [0,t]] = R, Ay(s) = s—1
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is increasing and non-positive. Hence

— Bloafu) = [ (9(02) = D) = (1) (o0 = )
- / Ao (02(2)) (t0(2) = v2(2)) dpa(2)
> / B (11(2)) (t0(2) — v2(2)) dp(2)
> [ A1) (ue(2) = 01(2) )
_ /S(CIJ(vl) — B(tag) — ¥ (t10g) (theg — 1) dpt = —E (w1 |t1ag).

]
We introduce for p € R*

Cp::{UEC:/vd,uzp},
S

Ry :=sup{E(u|ux) : u € Cpr},

and

where we recall [¢us dy = M. Furthermore, let
Ciy={u€Cy: E(uux) < R},
and

Seo = sup{||u — uoo||L1(du) cu € Chy )

Remark 31. Since uy € Cpr and since E(Uoo|tiog) = 0 we have Ry € [0, 00].

To avoid trivialities we shall assume henceforth
A5 Ry # 0 and Cj; contains an element different from .

Remark 32. a) Assumption A.5 is a rather technical requirement on the measure
space (S,B,p). A.b is fullfilled in many cases, e.g. when S is a nonvoid, open
subset of RY, B is the usual Borel-o-algebra and i is the Lebesque-measure.

b) According to A.5 we have So, > 0. On the other hand we trivially have
Seo < 2M. Hence Sy € (0,2 M.

¢) If A.5 did not hold we would have Ry = 0 (implying Cyr = {uxo} such that
Uso 18 the L' function with norm M and well-defined entropy) or Ci; = {uso}
(i.e. ux 18 the only function in Cp whose entropy is not mazimal.). Both cases
are not interesting here.
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The reader will have no difficulties to verify that the mapping
E(|uxw) :C > RU{o0}, ur E(ulu)
satisfies
Vu€eC: Eulux) >0 and [E(u|uw) =0 iff u=1uy].

This property shows that FE(u|us) can be interpreted as a ”distance” between
u and us. The question is: Does this notion of ”distance” have something in
common with the canonical distance || — Ul 11 (au) of u and s, at least in Cp,?
The affirmative answer is given in the subsequent section.

4.2 A GCsiszar-Kullback inequality for E(.|us)

The following Theorem is the main result of this section.

Theorem 25. Assume A.1-A.5. Then there is a function
U:RS —[0,2M),
such that
1. U(0) =0.
2. U is continuous at 0, i.e. limy 04 U(¢) = 0.
3. U s increasing.

4. For all uw € Cpy with E(ulus) < 00 one has the Csiszar-Kullback-type in-
equality

[t = ool L1 (dy < U(E(ulucs)). (89)

Proof. The main ingredient of the proof of Theorem 25 is a minimization argu-
ment. This can be seen after several preparational steps.

Step 1. Inequality (89) will follow from an estimate involving a function H whose
“generalized inverse” equals U.

Definition 7. [BeLo76] Let H : (0, So) — RT be increasing. Then the “general-
ized inverse H™* of H” is defined as

H™ : Ry — [0,2 M],
0, 0<o<H()
H (o) = ¢ sup{s € (0,Sx) : H(s) <o} , H(0) <o <H(Sw) ,
S , H(Sx) <o
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where

H(0) := lir% H(s) = infH € R ,H(Sy) := lim H(s) =supH € R" U {oc0}.
s—

5—S00

For the sake of completeness we give a proof of

Lemma 26. [BeLo76] Let H : (0, So) — RY be increasing. Then:
a) H™* is increasing and H*(0) = 0.
b) For allo € Ry and all s € (0,Sy): If H(s) < o, then s < H™*(0).
¢) H™ is continuous at 0, i.e. lim, oy H™*(0) = 0.

Proof. The proof of a) can be left to the reader.
b) If 0 < ¢ < H(0), then H(s) < o < H(0), which is not possible. If H(0) < ¢ <
H(Sx), then H™*(0) = sup{t € (0,S) : H(¢t) < o}. Since H(s) < ¢ we obtain
s <H™*(0). If H(Sw) < 0, then H™*(0) = Sy > s.
c¢) There is nothing to prove in case of H(0) > 0. Hence assume H(0) = 0
henceforth. We note: H(s) € R, i.e. H(s) > 0 for all s € (0, S). We observe:
If (sn)nen is a sequence in (0, So) with lim, . H(s,) = 0, then lim,,_,, s, = 0.
(Indeed, if not, then there is a subsequence (sy(n))nen With s,my > st > 0,
hence H(sy)) > H(s™) > 0 by monotonicity of H and by the positivity of H.)
Furthermore - due to the positivity of H - H(Sw) > 0. Now let (0,)nen be a
sequence in RT with lim, ,, 0, = 0. We assume without loss of generality:
0 < 0, < H(Sx) for all n € N. By definition of H™*, there is for each n € N a
number s, € (0,Sy) with

1

H(sy) <on, H™(0,) <sp,+—, neN
n

As shown above, we obtain lim,, . s, = 0 which settles lim,, ,,o H"*(0,,) = 0 =
H=*(0). O

Step 2: With the aid of the generalized inverse we can re-state the proposition
of Theorem 25 as follows.

Lemma 27. Assume A.1-A.5. Let H : (0,Sy) — R* such that
a. H is increasing.

b. For allu € C3;:

If [[u — Uoo|L1(dp) € (0,Sc), then H(||u — Uso|L1(4)) < E(ultco).
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2. H™* is continuous at 0, i.e. lim, o H™*(0) = 0.
3. H™ is increasing.

4. For all uw € Cpy with E(ulus) < 00 one has the Csiszar-Kullback-type in-
equality

[t = ool [ £ gy < H (B (uftico))- (90)
Proof. 1. ,2. and 3. follow from Lemma 26.
4. Let u € Cpy. Ifu € C};, then we obtain (90) from assumption b) and Lemma 26.
It remains to consider the case u € Cpr \Ciy, i-6. E(u|too) = Roo = SUp{ F(v|teo) :
v € Cpr}. Since E(ulu) < 0o we obtain Ry, < oco. We furthermore - trivially -
have due to b) the estimate H(Sy) < R = E(u|tu). If H(Sw) < Ru, then due
to the definition of H™*, ||u — e |11 (gp) < Soo = H*(Ro) = HT*(E(u|u)), and
if H(Sw) = Roo, then H(S) < oo and (90) follows in a straight-forward manner
from the definition of H™*. O

Step 3: As shown in Step 2 it is sufficient to find a function which satisfies a. and
b. of Lemma 27. Now we shall prove that the existence of such a function can be
established by considering a minimization problem.

Lemma 28. Assume A.1- A.5. Let
A, :(0,1) - RT
such that
i. A, is decreasing.
#. For all @ € (0,1):

Ao () < inf{E(v|uwe) : v € Conr, v(2) < uono(2) for p-almost all z € S}.
Then the function
) + ._ _ 9
Ho @ (0, 85) = RY, Ho(0) := A (1 QM)
has the following properties:

a. H, is increasing.

b. For allu € Cj;:

If [lu — uso || L1 (ap) € (0,8x), then Ho(||u — oo || L1 (dp)) < E(u]too).
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Proof. a. is obvious.

b. Let u € Cj; with 0 < [[u — teo||£1(dp) < Seo- We put 0 := 1 [o[u — ug|™ dp.
Since [yu dp = [ uo dpu = M we obtain ||u—tel|11(4uy = 2M6. Hence 6 €]0, 1]
Let ST :={z € S : u(z) > ux(z)}. We put a := f5\5+u du. Then we obtain
S+ too dpp = (1 — )M — o and

D (ulte) d,u+/ O (uluc) dp

S+

E(u\uoo)zfscb(umoo) d,u:/

5\S+

> / O (u|un) du
S\S+

> inf {/ D (v|ueo) di: v € C,v(2) < ux(z) for p-aa z € S\ ST,
S\S+

and / vdu = a}
S\s+

= inf {/ Q(v|ue) dp: v € C,v(z) < ux(z) for p-aa z € S\ ST,
s

and v(z) = ux(2) for p-aa z € S+,/v dp = o+ /+ Uoo d,u}
=inf{E(v|ux) : v €C,v(z) < uoofz) for p-aa z ESS \ ST,
and v(2) = ux(2) for p-aa z € S+,/v dpu = (1— H)M}

> inf {E(v\uoo) v € Ca—gym, v(2) < uoo(Z) for p-almost all z € S}

A (1 0)= A, (1 - uooIILlum) = Ho (]|t — tisoll 11 (dp)-

2M
0

Step 4: As shown in Step 3 it is sufficient to prove the existence of a function A,
which satisfies i. and ii. of Lemma 28. We observe

Lemma 29. Assume A.1-A.5. Then the function
Ay:(0,1) > RT U{oo}, Ag(f) = énf E(.|te)
6 M

18 decreasing.

Proof. We observe: 6 € (0,1) implies §M < M and - since M < M - § M < M.
Hence due to Lemma 23 we obtain E(uj,,|uew) < E(v|us) for all v € Cyyp,
i.e. E(upy|tuco) = infe,,, E(.|us). We recall:

wppr =B (e(0M) + @ (uco)),
such that due to monotonicity of n
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If 6, < 6, then c(0, M) < c(0oM) <0 and uj 3y < up 3 < Uoo-
> E

Hence by Proposition 24, E(uj, ;|too)
We have for any 6 € (0,1),

(up,arltioo), i-€. Ag is decreasing. [

Ay(0) < inf{E(v|uc) : v € Conr, v(2) < uxo(2) for p-almost all z € S}.

We deduce from Lemma 29: No matter whether A, equals oo on a subinterval
of (0,1) or not, there is always a decreasing, positive function A, which satisfies
i. and ii. of Lemma 28. O

4.3 Applications

Hardly any information about U follows from Theorem 25. This is not surprising,
because the function U will usually depend on local properties of u.,. However
upper bounds on U may be available.

Theorem 30. Assume A.1 - A.5 and

A.6 There are m, A € R™ such that for all s,t € I witht < s < eSS SUP Uy €
Rt U {oco} the estimate ®(t) — ®(s) — ®'(s)(t — s) > m|t — s|*** holds.

For 6 € (0,1) let cy € RT such that' [[us — co]™ dp = OM. Furthermore, let
R:(0,1) = Rf,R(0) = sup {m e, u({uc > c}) +m (too) T dp 3 .
n€b,1) {uoogcn}
Then,
1. R is decreasing and positive.

2. For all 0 € (0,1), we have

R(f) < inf{E(v|ux) : v € Conr, v(2) < ueo(2) for p-almost all z € S}.

3. For all decreasing, positive S : (0,1) = Rt with S <R, and all u € C}; with
E(u|uw) < 0o one has the Csiszdr-Kullback-type inequality

”u - U'oo”Ll(du) S Tg*(E(u‘uw)): (91)

where Tg™ is the generalized inverse function of

Ts: (0,2M) > R, Ts(o) =S5 (1 - ﬁ) .

1Tt can be left to the reader to verifty that cy € Rt is uniquely determined.
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Remark 33. a) With respect to 1. one may take S = R.

b) If 1(S) = oo or if - more generally - p({u < cp}) # 0 for any 6 € (0,1) - then
one may take S =m [, _. (us)™ dp.

c) We note: 0 — cy is decreasing with limg_,; cg = 0. Hence the second condition
“b{u < cp}) # 0 for any 6 € (0,1)” of b) is equivalent to “‘u({u < cp}) > 0 for
each 6 € (0,1)”.

d) If p({u < cp}) =0 for some 6 € (0,1), then pu(S) < oo and there is 6* € (0,1)
with w({u < cp}) > 0 on (0,60%) and pu({u < cp}) = 0 on (0*,1). One may take
S = mu(S) min{cy ™, ¢y}

Proof. The verification of 1. is left to the reader.
2.,3. Let v € Cypr with 6 € (0,1) and v(z) < uxo(2) for p-almost all z € S. We
calculate

Bofue) = [ (B0) = Blu) = ¥ (1) (0 = 1) di
> m/ v) A dp > m/ — (oo — o] ") dp

>m ™ u({uc > co}) +m (too) ™ dp.
{u<cs}

Furthermore, since  — ¢y is decreasing, we obtain for any n € [0, 1) the estimate

m [ (oo = oo = cal ) dpr = m [ (o — [ttoe — /") d
I /

>m ey p({ue > ¢p}) +m (t100) 2 dpu.
{u<ey}

Hence

nelg,1 {u<en}

(ugo) du}

2. and 3. follow from Lemma 28 now. O
As an example, consider ®(t) = t(log(t) — 1), ue = 1 and p(S) = 1. Then for
all 0 <t < s <1 we obtain for a £ € (0,1) the estimate

B(t) — B(s) — D'(s)(t — 5) = D" (&t + (1 — &)s)(t — s)?
1
T+ (1-6)s

hence m = A = 1. Furthermore, ¢ = 1 — 6 and pu({us > cp}) = 1. We deduce
from Theorem 30 for all u € L (du) with [, u dp =1 the estimate

lw = 121 < \/4/U10g(u) dp
s

E(v|ux) > sup {m ™ u({use > cp}) +m
)

t—sl*> |t — ],




We observe that the constant v/4 is not optimal (the optimal constant is known
to be v/2), but Theorem 30 provides the right decay rate.

In corollary 30 it is only assumed that us, € L'(du) holds. If one additionally
assumes u? € L'(du) for some 3 € R, then one can employ Lemma 28 to extend
an argumentation outlined in [Ott99] to get

Theorem 31. Assume A.1-A.5 and additionally
A.7 There are c € R", a € (1,00), b € R such that
A.7.1 For allt,s € I with t < s < ess sup ue, €]0,00] the estimate
B(t) — ®(s) — B'(s)(t — s) > c 5" (s — 1)°
holds and
A.7.2 uflf € LY(du).

Then for all u € Cy; with ||u — Uso||L1(gp) € (0, Sso)-
a—1

2 a=b e a
o= vl < oz ([0 ) * (Bl

Proof. We wish to apply Lemma 28. Let v € Cgpy with 8 € (0,1) and v(z) <
Uso(z) for p-almost all z € S. Due to assumption A.7 we have the estimate

Ewlux) > /c uls? (Uoo — v)* dpt.
s

On the other hand we can employ u., € L%(du) to obtain from Holder’s in-
equality the estimate

i o ()]
< ([t an) B (f[ua- Dy du)‘l’
~ ([ du>% ([ e (=01 a i
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We set

1—a
A.(0) := (1 —0)*M° ¢ ( / (o) 51 du)
s
and apply Lemma 28. O
We wish to apply Theorem 31 in cases where A.1-A.5 holds with
O(t) =t h(t) — f(t), tH(t)=f(1),

where f is of one of the following types:

a) f(t) = t. Then ®(t) = t(log(t) — 1), I = R and ®" = 1/t is decreasing.
Hence we have for all ¢,s € I with ¢ < s < ess sup uy € RT U {oo} the estimate

B(1) — B(s) ~ ()t~ 5) = 5 B (5 + (1) 1)(s — 1)

> S (s) (s — 1) = - 57 (s — 1),

N | —
N | —

because 7 €]0,1[. We can apply Theorem 31 with ¢ = 1/2, b =1 and a = 2 to
obtain

lu — weellaca < 8/SE(U|UOO).

b) f(t) = t™ with m € (0,1). Then ®(t) = — =2 t™, I = Rf and ®" = m t™ % is
decreasing. As above we have for all ¢, s € I with ¢ < s < ess sup uy € RT U{oco}

B(t) ~ B(s) ~ ()t —5) = 5 V'(ms+ (L) t)(s — )" > 7

8m—2 (S _ t)Q,

such that we obtain with ¢ = m/2, a = 2 and b = m the estimate [Ott99]

3 . 1/2
o=l < |5 [ @ ] VBT,

Clearly, this estimate is non-trivial only in cases where uy, € L*™™(dpu).

c) f(t) =log(t). Then ®(t) = —1 —log(t), I = R and ®" = ¢ ? is decreasing.
As above we have for all ¢, s € I with ¢t < s < ess sup us € R" U {00}

B(1) — B(s) ~ ¥(5)(t — 5) = 5 (s + (- ) D)5 1) > 3 57 (s~ 1),

N | =
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such that we obtain with ¢ = 1/2, a = 2 and b = 0 the estimate

1/2
o= ol < |5 [ ws as| VBT,

Clearly, this estimate is non-trivial only in cases where u., € L*(dpu).

d) f(t) =t™ with m € (1,2). Then ®(t) = — ¢, I =R} and " =m ™2 is
decreasing. As above we have for all ¢, s € T with ¢t < s < ess sup us € Rt U{oo}

B(1) — B(s) ~ ¥(5)(t — 5) = 5 D'(ns+ (L= p)(s — 1) > T 5™ (s — 1),

such that we obtain with ¢ = m/2, a = 2 and b = m the estimate

3 . 1/2
o = ool 1 < [— / (1) du} Elalus).
m Js

This estimate is non-trivial only in cases where u2;™ € L'(du), where we note
that 0 <2 —-m < L.

e) f(t) = t*. We can proceed as in d) to obtain

1
||u—uoo||L1<dms2[/S (uoo>°du] VE(uluz) = /A a(S) Eulug).

This is a non-trivial estimate if and only if u(S) < oo. What happens in case
of u(S) = oco? Will there be an estimate involving square roots available? The
answer to the second question is according to f) below: usually not.

f) f(t) = t, S =]0,00[, B = set of all Borel-measurable subsets of ]0,00[, 1 =
Lebesgue measure, u(z) = e7*. We have for all v € L' (du) with u(z) > 0 p-aa
and [°u(z) dz =1,

Bluluy) = /0 " ulz) — e)? de.

For 6 €]0,2/e[ let ¢ = ¢(#) €]0,1/e[ and B = B(6) €]0, oo[ such that
6 = —2c(0) log(c(h)), 2¢(0)B(#) =86.
We note })i_r)ré c(f) = 0. For 0 €]0,1/¢[ let
ug : RY - R
e ?—c(0) , 0<z< —log(e(h))
up(z) =< e *+c(0) , —log(c(d)) < z< —log(c(d))+ B(H) .
e , —log(c(d))+ B(f) < =z
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We certainly have for all 8 €]0,2/e[: ug(z) > 0 for u-aa z €]0, oo| and

o0 ~ log(c(0))
fualliay = [ wn(e) dz= [ (e = cl9) a:
0 0

—log(c(8))+B(6) 00
+/ (e +¢(F)) dz+ / e " dz
~log(c(8)) —log(c(6))+B(8)

=1+clog(c) +c¢B =1,
and
lug — Uso||L1(ap) = —c log(c) + ¢ B =10, E(ugluc) = —¢* log(c) + ¢* B = c#.
Hence

. ||U9 o UOOH%,l(du) . 0 .
N Fluolg) oy — s 2 log(e(6)) = oo.

Hence there is no K €]0,00[ such that for all u € L'(du), u(z) > 0 for p-aa
z €]0,00[, [;° u dp =1 an estimate of the form ||u — teo|11(gp) < K /F(u|tioo)
would be available.

f) (continued) We keep the notations and assumptions of the previous example.
The above discussion suggests an estimate of the form

||U' - Uoo”Ll(du) S Kl F_I(KQE(U|UOO))’ (92)

where K, K, €]0,00[, at least for "small” values of ||u — e ||11(4y), Where F is
the strictly increasing function 6 — ¢(0) 6, 6 €]0,2/e[. Estimate (92) actually
follows from Lemma 28. This can be seen as follows. For 6 €]0, 1] it is easy to
see that we have for all u € L1 (dp) with us(z) = €™ > u(z), [;° u du = 0 the
estimate

E(u|uoo) > E([u . C]+|Uoo) = —2 log(C) + 02/2 > —c2 ]og(c) = #,

where ¢ = ¢(1 — 0). (92) follows with K; = K, = 2 from Lemma 28 now.

g) f(t) = t™ with m € [2,00[ (hence ®(t) = ﬁtm) and p({ue > 0}) < oc.
According to the discussions of e) and f) the norm ||t — || 114y can usually not
be estimated by K \/E(u|u). This is shown at hand of the counter example of
f). In this example the support of u, has infinite measure. On the other hand the
stationary solutions u., of the evolution systems investigated in previous sections
are compactly supported, i.e. pu({us > 0}) < co. The question arises whether
this additional property of u,, can be exploited to achieve a more transparent
description of U. The affirmative answer is given in
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Theorem 32. Assume A.3, A.4. Let m € [2,00[ and let ® : Ry — Ry, ®(t) =
ct™ with c € RT. Assume A.5 and additionally

p({ue > 0}) < oc.

Then there is K € R" (only depending on m, ¢, p({us > 0})), such that for all
u € C} with [|u — Usol|L1(dp) € (0,5):

lu = wscllzria < K (Buluc))'’™.
Proof. We wish to apply Lemma 28. Hence we have to estimate
inf{E(v|te) : v € L'(dp),0 < v < U, /v du = 6},

where 0 €]0,1[. Let v € L'(du) with 0 < v < ue, [v du = 0. We note:
6= f{uw>0} v dp and

Ew|ug) = /[‘I’(U) — D(ugo) — P (Uoo) (V — tUeo)] dpu
D(v) — P(us) — ' (us) (v — uso)| d
E/WO}[ (0) = B(ttoe) — ¥ (t10) (v — 1e0)]
_ / [B(0) — B(tno) — ¥ (t1o0) (1 — t0)] .
{0 >0,v7# U0 }

Now comes an important estimate: There is Ky(m) € R* such that for all o €
[0,1]

o™ —mo+(m—1) > Ky,
(1 —o)m

Hence
/ [B(0) = Dlatc) — (1) (0 = )]
{80 >0},v#Uco
:c/ Ul [(v/tUoo)™ — m(v/Uoo) +m — 1] dp
{100 >0},v7£Uc0
> ¢ Ky / ul [1— (v/ue)]™ dp
{too >0} v#Uco

:cKO/ (Uoo — V)™ d,uchO/ (Uoo —v)™ dp
{20 >0},v#Uco {uoo>0}

> Ko (i > 0 /{ R i)
) — Ky (1— )™,
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Hence, due to Lemma 28: If u € C} and if ||u — el 11(4p) € (0, 5), then

X, (||u—U;o||L1(du)) < E(u|u),

which finishes the proof. O

Remark 34. In the previous sections exponential decay has been established for
superentropies E(t) of E(u(t)|uw) (i.e. E(t) > E(u(t)|uw)). Due to Lemma 32
we have under the assumptions mentioned there for f(t) = log(t) or f(t) = t™,
m € R*, the estimate

() = ool gany < K (B(1))"",

where K € R™ and k = 2 for limy_,o, f(£)t72 =0 and k = m for f(t) = t™ with
m € [2,00).
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