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Abstract. Within a microscopic formalism for the nonequilibrium re-
sponse of colloidal suspensions driven by an external force, we study
the active micro-rheology of a glass-forming colloidal suspensions. In
this technique, a probe particle is subject to an external force, and
its nonequilibrium dynamics is monitored. Strong external forcing de-
localizes the particle from its nearest-neighbor cage, resulting in a
pronounced force-thinning behavior of the single-particle friction. We
discuss the dynamics in the vicinity of this delocalization transition,
and how long-range transport is induced for a particle that is localized
in the quiescent case.

1 Introduction

Colloidal dispersions offer unique possibilities to obtain mesoscopic information on
the dynamics of soft matter under large applied fields. One promising technique is
active force-driven microrheology, where a single probe particle is driven by an exter-
nal force through the embedding host medium [1-4]. This can be achieved through
laser tweezers or magnetic forces, or even through chemical reactions on (anisotropi-
cally) surface-treated particles [5]. The probe is typically comparable in size to those
comprising the host system, which makes active microrheology an ideal tool suited
to probe the dynamics of complex fluids [6-9], granular matter [10-13] and, e.g.,
cellular matter on the mesoscopic scale of its constituents [14-17]. Yet this implies
that a coarse-grained description where one treats the latter as a continuum is not
applicable.

In dense environments, the motion of the forced probe particle is governed by slow
structural relaxation of the surrounding host system [18-20]. This induces striking
nonlinearities in the force—velocity relations measured for the pulled probe particle.
In particular, if the host density is high enough so that it is close to a glass transition
where kinetic arrest occurs, the relaxation time of host-particle density fluctuations
becomes arbitrarily large. This implies that even small forces (on the order of pN or
less in soft matter) are sufficient to leave the linear response regime. One then needs
to understand the nonlinear friction induced by the slow structural relaxation.

Theoretical understanding of active microrheology is often based on the low-
density regime [21-23]. Here, the equations of motion can be solved exactly in the
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leading order in density, viz. the two-particle Smoluchowski equation for colloidal
suspensions. In this approach, hydrodynamic interactions that are mediated by the
solvent between the particles, are important. One finds that the correlations among
particles exhibit two different spatial regions: In the far field, the external forcing
effectively overwhelms thermal fluctuations and randomizes the system. Close to par-
ticle contact, however, Brownian motion and external forcing compete and cause the
build-up of a boundary-layer, especially for large Peclet numbers. It determines the
friction and the force-velocity relation of the probe. The Peclet number measures
the force induced velocity in relation to the intrinsic diffusion and indicates when
the force-velocity relation becomes non-linear. For anisotropic particles, insights can
already be gained by considering the trajectories of individual e.g. Brownian ellip-
soids [24,25]. Their effective friction is determined by the Lagrangian unsteadiness
experienced by the solvent flow, and the spatially inhomogeneous and rheologically
mixed strain field set up around the probe. The low-density theory of microrheology
has the advantage of being exact, but it is not easily extended to higher densities,
since a perturbative approach to the collective dynamics close to the glass transition
is not adequate. Ad-hoc models of glass relaxation have been extended to deal with
active microrheology [26], but there, the collective aspects of the probe-to-host par-
ticle coupling are not treated. Simulations have revealed that the depinning of the
probe in a dense environment is accompanied by anomalous fluctuations which re-
veal the spatial and dynamical heterogeneities in glass-forming systems [27,28]. These
phenomena will be the focus of the present mini-review.

We consider in the following the case of a single probe particle driven by a strong
external force through a glass-forming colloidal suspension. Other modes of driving
are possible, such as constant-velocity microrheology [29-31] or particles pulled along
a harmonic-potential trap [32,33]. The many-particle Smoluchowski equation is not
amenable to exact treatment. Yet, for the slow structural relaxation especially in
colloidal glass formers, the mode-coupling theory of the glass transition (MCT) [34]
offers a microscopic description that is able to capture the main aspects of the ensuing
dynamics quantitatively. This MCT has been extended to include nonequilibrium
driving, based on an integration-through-transients (ITT) approach of nonequilibrium
statistical physics [35,36]. This was first done for bulk shear flow [37,38]. In a similar
spirit, the ITT-MCT was formulated for active force-driven microrheology [39,40].
One arrives at a first-principles description of the dynamics of a pulled tracer in a
glass-forming host suspension. Here, hydrodynamic interactions are neglected, which
is an approximation suitable for high densities and presumably not too large forces.

Solving the ITT-MCT equations numerically, one obtains predictions for the force—
velocity relations, but also the statistics of the probe dynamics [41], based only on the
equilibrium static structure information. This route is technically very demanding,
since one has to deal with integral equations of motion covering exponentially large
timescales, spatial anisotropies, and possible instabilities in the discretized version of
the equations [42].

To give a qualitative account of measured data, one thus introduces ad-hoc sim-
plifications of the full ITT-MCT. These “schematic models” have been very fruitful in
understanding the liquid—glass transition in the quiescent state [34], but also for the
bulk-shear version of ITT-MCT [43]. Here they already contain the essence of the ki-
netic arrest transition and its modification through external driving. They are guided
by the ITT-MCT result that fluctuations on spatial length scales around the interpar-
ticle separation dominate the dynamics. Schematic models for active microrheology
have to account for spatial anisotropy, but otherwise ignore length scales. Neverthe-
less they are successful in describing force—velocity relations [44], or the stochastic
dynamics of the tracer around its mean path [45]. They have also been used to derive
asymptotic scaling laws for the friction coefficient [46].
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Fig. 1. Probe-particle steady-state velocity (v)e as a function of the applied external force
F**. Quantities are expressed in thermal-force units, ¥7'/a, where a is the average radius of
a bath particle. (o is the bare friction coefficient of a single tracer particle. Figure adapted
from Ref. [44].

In this paper, we review recent results obtained by the ITT-MCT and schematic
MCT (sMCT) descriptions of nonlinear, force-driven active microrheology in glass-
forming colloidal suspensions. An introduction to typical experimental results is given
in Sect. 2, after which the novel features of the theory are discussed in Sect. 3. We then
proceed to discuss the characteristics of localized probes (Sect. 4) and the dynamics
of the pulled probe particle in more detail (Sect. 5).

2 Force-velocity relations

Figure 1 shows typical force-velocity relations obtained in dense host suspensions.
Data is shown from the experiment by Habdas et al. [19]; there, a magnetic bead with
size a® ~ 2.5a relative to the bath-particle size a was pulled with various constant
forces, and the bath density was varied, approaching the glass transition from the
liquid side. At the lowest forces accessible in that experiment, the velocity—versus—
force curves increase superlinearly, before bending over to a regime of linear variation
at the highest forces shown. The superlinear regime becomes more pronounced with
increasing bath-particle density, and occurs in a range of F** = O(100 kT /a), i.e., on
a scale much larger than expected from forces induced by thermal fluctuations.

At lower forces than probed in experiment, one expects a linear-response regime
where v o< F°*, defining a force-independent friction coefficient ( as the coefficient
of proportionality. This is indeed indicated for the lowest-density experiment shown,
and was verified in Ref. [19] for a pulled particle in a dilute host suspension. Upon
increasing density, the linear-response mobility of the tracer decreases dramatically
as a precursor of the glass transition. Hence, the linear-response regime can no longer
be resolved in experiment. Recall that for a colloidal particle of radius a, a typi-
cal linear-response velocity scale is v ~ (kT'/a)/(o. Using kT ~ 4pNnm and the
Stokes expression for the friction coefficient, {(; = 6wna with the solvent viscosity
n ~ 1 mPas, this translates to v ~ 0.2/a? um?/s. For the experiment shown in Fig. 1,
particles are roughly @ = 1 um in size, hence the velocity scale is 0.2 um/s. As the
density is increased to the vicinity of the glass transition, the increase in the linear-
response friction causes v to drop by about four orders of magnitude. A linear-response
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Fig. 2. Nonlinear friction coefficient ((F°*) of a forced probe particle in dense colloidal
suspensions, as a function of the applied force, normalized by the free-particle solvent fric-
tion (o. (a) Results from stochastic-dynamics simulations of polydisperse quasi-hard-spheres
(filled symbols) at packing fractions ¢ as labeled. Open symbols are Brownian-dynamics
simulation results for monodisperse hard spheres from Ref. [47]. (b) Symbols are experimen-
tal results translated from Fig. 1. Solid lines in both panels are fits using a schematic model
of mode coupling theory as outlined in the text. Dashed lines are fits using the same model,
but neglecting a friction contribution from density fluctuations with Fourier components
perpendicular to the applied force. From Ref. [44].

measurement at this density would require to resolve particle motion over pym in
weeks. (This is a similar problem for NEMD simulations, albeit less severe.)

Mode-coupling theory rationalizes the superlinear increase of v(F***) as the sig-
nature of a force-induced depinning transition. This is best discussed in terms of the
single-particle friction coefficient (F***), defined through

CFT) (V) 100 = F, (1)

where (V)00 is the stationary velocity average. The superlinear increase in the
velocity observed in Fig. 1 corresponds to a strong decrease in the friction coefficient
as a function of applied force. This is shown in Fig. 2, where the data of Fig. 1 have
been transformed, and also computer-simulation results [39,44] are shown.

For the computer simulation, the approach to linear response is clearly seen at
the lower densities. At the highest density, ¢ = 0.62, the undriven system is not
able to equilibrate on the time scale of the simulation runs. Correspondingly, a
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linear-response friction coefficient could not be defined, and the points corresponding
to the lowest four forces in Fig. 2 would still be subject to a slight increase if the
simulation were run longer, due to aging effects in the glass.

The lines shown in Figs. 1 and 2 are fits with a schematic model of mode-coupling
theory, outlined below. The solid line fitted to the ¢ = 0.62 simulation data in Fig. 2a
demonstrates the depinning transition predicted to occur in the ideal glass. At zero
force, the probe-particle mobility is zero in the glass. This holds except for special
cases like very small probe particles whose equilibrium dynamics already decouples
from the host liquid [48]. We will not discuss the latter scenario in the present context.
Very small forces are not expected to induce a finite mobility for the probe particle
on the time scale of stability of the glassy host, since the host solid is able to sustain a
certain amount of (local) stress. This is particularly true for ideal hard-sphere glasses,
where MCT predicts infinite barriers for a single particle to escape its nearest-neighbor
cage.

If the external force exceeds a certain (density-dependent) threshold, the probe
particle is forced free out of its nearest-neighbor cage, and a finite mobility indicating
long-range motion results. In the liquid close to the glass transition, nearest-neighbor
cages are still present, albeit not persistent. Hence, the signature of the depinning
transition remains visible as a strong decrease of the friction coeflicient with increasing
force. This explains naturally the strong forces required to enter the force-thinning
regime, or equivalently, the superlinear increase in the probe-particle velocity: the
threshold force is determined not by thermal fluctuations, but by the local rigidity of
the embedding solid (persistent or not). It is thus a measure of a typical cage strength.
Loosely one can use the force threshold to estimate the degree of cooperativity in the
cage formation. Attributing 1k7T'/a to each thermally excited degree of freedom of
particles with radius a, of the order of some tens to (a few) hundred particles appear
to contribute to the cage strength. Not surprisingly, the force-velocity curves entering
the glassy regime indicate that the cage strength, viz. number of cooperative particles,
increases with packing fraction.

3 Mode-coupling theory

The mode-coupling theory for active microrheology starts from an integration-
through-transients (ITT) formalism that allows to derive generalized Green-Kubo
relations connecting transport coefficients and so-called transient correlation func-
tions in the nonlinear-response regime.

One starts from the Smoluchowski equation describing the motion of N host-
system particles and a single tracer. The nonequilibrium distribution function (T, ¢)
obeys 0:(T',t) = Q(T) (T, t), where I' = {ry,...rn,rs} is the configuration-space
element spanned by the particle positions. We assume that the particles are spherical
and do not possess internal degrees of freedom that couple to the dynamics. The
Smoluchowski operator Q(T") is then given as

Q= > 8- (kT —Fi)/¢G — (9 - F™)/(s, (2)

i=1,...N,s

where the last term 6Q = —(9; - F**)/({; is the nonequilibrium driving term. Here, (;
and (s are the Stokes friction coeflicients for individual host and probe particles. For
simplicity, we neglect hydrodynamic interactions among the particles.

The integration-through-transients (ITT) formalism starts by deriving an op-
erator identity expressing the time-dependent nonequilibrium distribution function
as a history integral where the equilibrium distribution teq o exp[—BU]| appears
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(where U is the potential energy of the system). For Eq. (2), we get, recalling
Wpeq = 0Npoq = —(Fs - F) /(KT (s )teq,

1

t
e /0 dt’ exp[Q](F - Fy)thoq 3)

¢(t) = %q -

assuming that the external force was switched on instantaneously at ¢ = 0, starting
from an equilibrium configuration. The friction coefficient is obtained by using this
equation to average the fluctuating probe velocity v = (Fs + F¥)/(,. Here, a stan-
dard problem recognized in the theory of dense colloidal suspensions arises [49,50]:
the resulting expression is not guaranteed to be positive if approximations are later in-
troduced, since it subtracts from the free-drag velocity the interaction contributions.
To arrive at a better-suited starting point for mode-coupling approximations, one
rewrites this in terms of the irreducible dynamics. Following a Dyson decomposition
of the time-evolution operator, one obtains [40]

oo

C CS + — dt <Fs eXp[Qi”(Fex)ﬂFs>eq ) (4)

3kT

where the exact form of the irreducible Smoluchowski operator Q' is not relevant
in the present context. It is an important result of the ITT formalism that this
latter average is taken with the equilibrium distribution function (assumed to be well
known), but contains the full nonequilibrium time evolution. Equation (4) has the
familiar form of a Green-Kubo relation, extended to the nonlinear response regime
because the correlation function appearing under the integral contains the nonlinear
perturbation in its time evolution. The relation recovers the classical Green-Kubo law
if the latter dependence is neglected. The correlation function is called transient since
it is formed with the equlibrium average [36].

The mode-coupling approximation to Eq. (4) is based on the assumption that the
slow decay of host-particle and probe-particle density fluctuations is the dominant
contribution to the friction coefficient. Projecting the dynamics in Eq. (4) to the
simplest nontrivial combination, the product of a host- and a probe-particle density,
one obtains an integral over a specific four-point correlation function. The latter is,
as part of the mode-coupling approximation split into a product of two-point density
correlation functions, at the same time replacing their irreducible time evolution with
the full one. One then arrives at

oepir.) = 3 0 o), )

where ¢y (t) = ¢1(t) = (0K exp[Q7t] ok )eq is the collective transient density correlation
function of the host particles, and ¢ (t) = (of exp[Q7t]of)eq is the transient probe-
particle density correlator. Here, g = Zjvzl explitk - r;j] and gf = expl[ik - r;] are the
collective host-particle, and probe-particle density fluctuations, respectively. It should
be noted that we assume spatial isotropy and translational invariance to hold in the
thermodynamic limit, since the single probe particle will have negligible influence
on the statistical properties of the system. Under this assumption, the host-particle
correlator ¢ (t) does not depend on the direction of the wave vector k.

For the density correlators, mode-coupling equations of motion are derived follow-
ing the standard procedure for colloidal suspensions [51]. Since the nonequilibrium
term in Eq. (2) acts only on the probe-particle degrees of freedom, the equation of
motion for ¢ (t) is exactly as in equilibrium, discussed in depth in connection with
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the glass transition [34]. For the probe-particle correlator, a similar equation holds,
akduonlt) + 04(0)+ [ myte — sy =0. (©)

Here, wqp = (q — iF®) - p/(s. The effect of the slow structural-relaxation dynamics
of the host enters through the memory kernel,

3 s 2 w
ma0 = [ s s a0l @

Here, ¢ = (m/6)p is the packing fraction of the host system, taken to be at number
density p and choosing the particle diameter as the unit of length. S(p) and S*(p) are
the static structure factors characterizing the equilibrium structure and interactions
of the host particles and the embedded probe. These are taken from standard liquid-
state theory; for a system of hard spheres the Percus-Yevick approximation [52] is
employed to arrive at a parameter-free prediction of the dynamics.

Equation (6) encodes a number of symmetries that are preserved by the mode-
coupling approximation to the memory kernel. First one notices that ¢ (¢) is in
general complex-valued, since it is an auto-correlation function formed with a non-
Hermitian operator. There holds ¢3.(t)* = ¢° , (¢). Under rotational symmetry around
the force axis, this implies that ¢ (¢) remains real-valued for all k L Fe*,

The ideal glass is signalled by a non-decaying contribution to the density-
correlation functions, called the nonergodicity parameter or glass form factor f, =
limy_, o0 ¢g(t). In the ordinary case where also the unforced probe-particle motion
arrests in the glass, we have fg = lim; o ¢g(t) > 0 at the same time. An ex-
plicit equation for this probe-particle nonergodicity parameter can be obtained from

Eq. (6), as
mglf, f°]
L+mglf, fo]’

where it is understood that mg is evaluated from Eq. (7) with ¢,(t) and ¢; (t) replaced
by fp and f;, respectively.

Using rotational symmetry around the axis of the applied force, one can solve
the ITT-MCT equations of motion on a discrete grid of wave-vector magnitudes and
angles between q and F*. For details on the numerical scheme we refer to Ref. [42].
The solution of the full ITT-MCT equations is still a numerically very demanding
task.

To ease the discussion of the effects induced by the long-lasting memory kernel
in Eq. (6), a schematic model has been devised that reduces the spatial dependence
of all wave-vector dependent quantities to one only on the alignment with respect to
the external force. The model is defined by two probe-particle correlation functions
¢% (t) and qSﬁ (t), together with a single host-particle correlator ¢(t), setting

fa= (8)

(1/wa) 005 (1) + 65t / i (¢ — )00 65 (¢) dt (9)

(1/T)d:0(t) / mt — )0 s(t') dt’ =0, (10)

with a € {1, |} and wj = wi (1 — ik F*). The parameters I' and w, set the unit of
time and define the bare friction coefficient for the probe particle, while | serves to
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set the unit of forces. All these parameters are used in fitting data, but are inessential
for the qualitative behavior of the model. The memory kernels of the schematic model
are defined as

mi () = [vi6]"(®) + w36t (0] 6(0)/(1 — iy F), (1)
m (1) = [01% (1) + 05 (0)] S(8)/[1 + (xL F)?), (12)
m(t) = v1g(t) + vag(t)*. (13)

The latter is the well-known F;5 model of glassy dynamics [34], allowing to capture
schematically the approach of the host liquid to a glass transition. Its coupling co-
efficients v; and vy determine the state of the host, and the model exhibits a line
of critical glass-transitions points (vf,vs). The coefficients vf , adjust the strength
of the probe—host particle interaction, and mimic the wave-vector dependent vertices
appearing in Eq. (7). The specific choice of complex conjugated and real parts of
@2 (t) in the memory kernels captures the symmetry properties of the full ITT-MCT.

The schematic-MCT (sMCT) model is complemented by a Green-Kubo-like ex-
pression for the friction coefficient, ((F'**) = 1 + A((F¥),

A =u [ s+ (- [ olomsio (14)

which again is dictated by symmetry considerations. Here, the mixing parameter p
has to be introduced to allow adjusting the relative weight of friction contributions
from the two chosen spatial directions. Based on low-density theory where the ratio
of A¢(0)/Al(c0) = 2 [53] one would expect p = 1/2. Note however, that in the
high-density regime, this fixed ratio is not observed, as is evident from Fig. 2.

4 Density distributions of pinned probes

A specific prediction of ITT-MCT is the existence of a critical force F* in the glass,
where the probe particle motion decouples from that of the host system. This corre-
sponds to a regime where f§ = 0, even though f; # 0.

In the localized regime, f§ # 0 holds, and one can identify the Fourier back-
transform of the probe-particle glass-form factor with the probability distribution
indicating the position of the probe,

3
£ = [ gt (15)

By construction, this quantity is zero both in the delocalized regime and in the liquid,
since in the ensemble average the probe is equidistributed over all space. (This already
implies that there is force-induced diffusion even in directions perpendicular to the
driving; an issue that we will discuss below.) In the case of a localized probe in the
glass, f*(r) can be measured in simulation by evaluating the van Hove correlation
function of the probe particle at a sufficiently large time, chosen still small enough so
that the eventual decay of density correlations observed in the non-ideal glass does not
interfere. In principle, this allows to estimate f*(r) even in equilibrated simulations
in the liquid, if the state is close to the glass transition.
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Fig. 3. Density plot of a 2-dimensional cut of the probe-particle distribution function f°(r),
evaluated from ITT-MCT at the glass-transition point for a hard-sphere system with a probe
of equal size, at F' = 10kT/a (directed to the right along the abscissa). From Ref. [41].
Reprinted with permission from De Gruyter.
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Fig. 4. Marginal probability density for the probe-particle location along the force axis, for
various external forces at the MCT glass transition in the hard-sphere system. The inset
shows the corresponding marginal probability distributions along an axis perpendicular to
the force. From Ref. [41]. Reprinted with permission from De Gruyter.

Figure 3 shows a contour plot of f*(r) obtained from the microscopic ITT-MCT
calculation. A two-dimensional cut through a plane containing the force-direction is
shown; the full distribution is rotationally invariant around this latter axis. A state
at the MCT glass transition was chosen, with an external force still sufficiently below
the delocalization threshold.

One clearly notices two features: the center of the distribution is shifted from
zero in the direction of the applied force. The second feature is a distortion of the
distribution in the direction of the force. The probability falls off less quickly along
the positive force axis than it does in the opposite direction.

To quantify this, is is convenient to discuss one-dimensional marginal probability
densities obtained by integrating all but one spatial direction. Figure 4 shows exem-
plary results close to the glass transition, for the distribution along the force axis,
f%(z), and (in the inset) for the distribution along the axis perpendicular to that,
f#(z). Several forces below the delocalization threshold are shown. As dictated by
symmetry, the distribution orthogonal to the force remains centered on zero, while
the peak of the in-force-directed distribution shifts as anticipated from Fig. 3. For the
largest force shown it is apparent that the distribution also develops a heavy tail in
the force direction. As a result, it becomes positively skewed. Interestingly, also the
orthogonal distribution f*(x) shows indications of heavy tails in both directions for
the largest force. Indeed one can decompose the distribution into a roughly Gaussian
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Fig. 5. Effective spring constant k£ obtained from the finite long-time displacement of a
localized probe in the ideal glass, for various host-system packing fractions ¢ as indicated.
Symbols are calculated using ITT-MCT for hard spheres. Figure adapted from Ref. [41].

center, and exponential tails [42]. The latter correspond to increasingly long-ranged
rare excursions of the probe particle even in its localized state, as a precursor to com-
plete delocalization. The schematic model and earlier analysis of the data emphasized
only this long-range contribution to the delocalization, neglecting the tightly localized
center of the distribution. In a simple schematic model, such a distinction is not built
in, since the model lacks the proper spatial resolution.

From the force-dependent displacement of the probe particle in the localized
regime, one can estimate an effective spring constant k = F¢*/(dz), where §z denotes
the finite long-time asymptote of the probe displacement, relative to its starting po-
sition. Figure 5 shows results based on I'TT-MCT for hard-sphere glasses of various
density. As F°* — 0, the linear-response cage rigidity can be read off from this graph.
The values are in good agreement with those reported from a computer simulation
[54]. At larger forces, force-induced softening sets in, i.e., the spring constant k de-
creases with increasing F°*. Following linear-response theory, the low-force spring
constants can also be connected to the fluctuations of the probe displacement [41].
In this regime, the response is still close to isotropic, but as anticipated from Fig. 3
already for moderate forces, noticable spatial anisotropies set in and cause deviations
from the linear-response behavior.

5 Dynamics

For the following discussion of dynamical properties, we restrict ourselves to the
schematic MCT (sMCT). First a priori calculations for the dynamics within full ITT-
MCT can be found in Ref. [42].

A central quantity for MCT are the transient density correlation functions. A
comparison of the sSMCT results with computer simulation is shown in Fig. 6. Due to
the force-induced anisotropy, density fluctuations with wave vectors aligned with the
external force and those perpendicular to it play a qualitatively different role. If the
probe particle moves along the force, a phase modulation of the corresponding density
correlation function results. Hence, this correlation function becomes complex-valued
and shows strong oscillations with a frequency that can be related to the drift velocity
at high forces [46]. As seen in Fig. 6, this qualitative behavior is well captured by the
schematic MCT. In the direction perpendicular to the force, there is no systematic
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Fig. 6. Density correlation function from a schematic-MCT model of active microrheology
(right), compared with results from a stochastic-dynamics simulation (left, evaluated at wave
vectors corresponding to the first maximum in the static structure factor). Correlators are
shown for fluctuations in the direction of the force, displaying both real and imaginary parts.
Figure from Ref. [44].

o

10 z
E 7T=0.17 3
10'F E
o .
10 E _ E
- E ch_O'S 3
& r o F_=10]7
= ex

%] Sl _
10 E o Fex=1'5 E
_ A FeX:2.O ]
10” . F,=25|3
> F,=50] ]
10° <« F =10 |3
I|||| 1 |||||II| 1 |||||||| 1 ||||||I| 1 |||||||| 1 |||||||| 1 II:

10" 10° 10' 10> 10° 10*

t/*co

Fig. 7. Mean-squared displacements of the probe particle measured in the direction orthog-
onal to the applied force, for a MD simulation of a glass-forming binary Yukawa mixture
(symbols), at a fixed temperature in the liquid close to the glass transition, for increas-
ing applied force. Lines are fits using schematic MCT. From Ref. [45]. © IOP Publishing.
Reproduced by permission of IOP Publishing. All rights reserved.

drift for the probe particle. The corresponding symmetry demands that the correlation
function remains real-valued, as is indeed verified by computer simulation [44].

It is already implicit in the above discussion, that for the delocalized particle,
long-range motion also perpendicular to the force sets in. This is a consequence of
the mode-coupling integral which introduces a coupling between density fluctuations
in all spatial directions. Consequently, the delocalization transition marks the point
where a finite f*(r) becomes zero everywhere.

The force-induced diffusion has been studied in detail in Ref. [45], employing the
schematic-MCT model, and fitting to computer simulations [27,28]. The result for the
mean-squared displacement in the direction orthogonal to the applied force is shown
in Fig. 7. Apart from a qualitative difference at short times that arises because the
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Fig. 8. Force dependence of the probe-particle diffusion coefficient orthogonal to the applied
force, for a binary Yukawa mixture (symbols from MD simulations) and a schematic-MCT
fit (lines); various temperatures close to the glass transition as labeled. The inset shows the
Stokes-Einstein ratio (D/T. From Ref. [45]. (© IOP Publishing. Reproduced by permission
of IOP Publishing. All rights reserved.

simulations use thermostatted Newtonian equations of motion, while the theory works
with the overdamped Brownian dynamics, the schematic model qualitatively explains
the simulation data. As the force is increased, the diffusivity of the probe particle is
increased by orders of magnitude. Here it should be noted that the simulations were
carried out in a liquid host, where already for zero external force, a finite long-time
diffusivity of the probe remains.

Since the orthogonal MSD become diffusive for long times even in the pres-
ence of the external force, it is possible to extract force-dependent diffussion coef-
ficients. These are shown in Fig. 8 for a set of different simulational temperatures.
Qualitatively, the shape of the D-versus-F°* curves resembles that of the inverted
friction-coefficient graphs. However, the “Stokes-Einstein-Sutherland” product (D /T
is roughly constant only for the smallest forces, as shown in the inset of Fig. 8. Once
the external force becomes comparable to the delocalization threshold, the motion in
the direction of the force (quantified by () decouples from the diffusive motion per-
pendicular to it (quantified by D). Indeed, the motion along the force axis becomes
much more efficient, as seen from the fact the (D/T grows with increasing force.
In MD simulations [27,28] it was indeed found that the statistics of the motion around
the mean path in the direction of the force becomes superdiffusive.

Let us mention a few features of the dynamics at very large forces. It is an in-
triguing finding obvious from Fig. 2 that in this regime, the probe-particle friction
coefficient does not approach that of the bare solvent as expected for a free particle.
This is even true at low densities, where it arises from a hydrodynamic boundary-
layer phenomenon [21]. In this regime, one finds in particular a fixed ratio between the
low-force linear-response friction coefficient ¢(0) and the one at infinite force ((o0):
€(0)/¢(c0) = 2, as found in a rigorous treatment of the Smoluchowski equation on
the two-particle level, and verified in simulations [22].

At high densities, the fixed ratio {(0)/{(c0) is no longer found, reflecting the
fact that ¢(0) is governed by collective particle interactions, while {(c0) arises from
features of the short-time two-body dynamics.

The high-force plateau in the friction coefficient increases much less than ¢(0)
when increasing the density. According to the low-density theory, it scales with the
contact value of the radial distribution function. This is tested in Fig. 9, where we
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plot the values obtained from computer simulation and also from experiment. Lines
are the theoretical predictions, using a correction of the low-density contact value
according to an empirical equation of state [44]. It is found that the increase of (o)
with increasing density iNonlinear friction coefficients qualitatively captured by the
corresponding increase in contact values, confirming that this part of the friction-
versus-force curves is governed by the physics of two-particle collisions.

In the schematic MCT model, a finite increment over the solvent friction remains
even for F* — oo if one assumes density fluctuations to wave vectors perpendicular
to the force to contribute significantly in the Green-Kubo integral. For the full MCT,
this question is still open.

Interestingly, recent simulations on a driven particle in a granular system [13] do
not show a large-force plateau in the friction coefficient. Instead, “force thickening” is
seen, where the effective friction coeflicient increases again with increasing force after
first having decreased in the vicinity of the delocalization threshold.

6 Summary and outlook

We have presented recent results of a theory for active microrheology in high-density
colloidal suspensions, based on the integration through transients formalism (ITT)
and mode-coupling theory of the glass transition (MCT). The theory predicts a de-
localization threshold for the localized probe-particle motion in the ideal glass. At
forces stronger than those corresponding to the rigidity of nearest-neighbor cages,
the glass locally shows force-induced melting, allowing for probe motion not only in
the direction of the applied force, but also perpendicular to it. This force-induced
diffusion is qualitatively understood based on a schematic simplification of MCT.
Recent MD simulations [27,28] have also investigated the mean-squared displace-
ment of the probe particle along the direction of the force, after subtracting the
average displacement. This quantity shows faster-than-diffusive growth as a function
of time. This has been rationalized based on a trap model with a random distrib-
ution of forces. The corresponding schematic-MCT analysis does not recover such
superdiffusive behavior [45]. The microscopic ITT-MCT, on the other hand, incor-
porates subtle effects coupling density fluctuations with different alignment to the
applied force, resulting in two different competing large-wavelength asymptotes for
the memory kernel in the equations of motion. It has been indicated [42] that this may
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be sufficient to recover a transient regime of superdiffusion. Whether superdiffusive
motion exists as a true long-time asymptote in the force-direction MSD, remains an
open issue.

Another aspect of the probe motion close to the delocalization threshold is its
intermittent dynamics, indicated in computer-simulation studies. Within MCT, only
averaged quantities are discussed, but it is striking that the probe-particle distribu-
tion functions develop heavy tails in the direction of the force, cf. Fig. 4. A careful
discussion of these tails and their behavior with increasing force will be fruitful.

One of the issues discussed in the context of microrheology is the connection of
its response to the macroscopic rheological properties of the embedding host system
[1]. Usually, this is restricted to the linear-response regime. In the nonlinear response
regime, the existence of a delocalization threshold indicates a local melting-by-driving
of the glass-forming host. Its macroscopic analog is the yielding of amorphous soft
solids under macroscopic stress. This has been analyzed in recent experiments on a
colloidal hard-sphere-like glass [55]. The macroscopic deformation +(t) under constant
applied stress can be rationalized in the spirit of ITT combined with a simple rheologi-
cal model accounting for shear thinning — the macroscopic analog of the force-thinning
behavior seen in Fig. 2. Qualitatively, «v(¢) displays the same transient behavior as
the single-particle displacement dz(t) for the microrheological probe driven by a con-
stant force [56]. It will be interesting to establish such a connection based on a fully
microscopic theory of glassy dynamics.

The work discussed here has been performed in project A7 of the SFB-Transregio TR6 “The
Physics of Colloidal Dispersions in External Fields”, funded by the Deutsche Forschungs-
gemeinschaft (DFG) in 2010-2013. We thank I. Gazuz, M.V. Gnann, and Ch.J. Harrer for
joint work on this project. We also thank A.M. Puertas for the fruitful cooperation and
discussions, and D. Winter and J. Horbach (project A5) for collaboration. Th.V. also ac-
knowledges funding from the Helmholtz-Gemeinschaft (HGF) and the Zukunftskolleg der
Universitat Konstanz.
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