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Chapter 1

Introduction

In this thesis, we study systems of linear parameter-elliptic boundary value problems of the form

pλ�Aqw � f in Ω,

Bw � g on BΩ (1-1)

in Lp-based Sobolev spaces, where Ω is either the half-space Rn
� :� tx P Rn : xn ¡ 0u or a

domain in Rn with compact and sufficiently smooth boundary BΩ. Moreover, A is a mixed
order N �N -matrix of Douglis–Nirenberg type with differential operators as entries. While the
orders may differ, we assume them to be constantly µ P N on the diagonal of A. In addition,
we suppose µN to be even and consider M �N boundary systems B, where M :� µN

2 . In the
classical theory, g � pg1, . . . , gM q belongs to a product of Besov spaces of strictly positive order.
We focus on Besov spaces, where also zero or negative orders are allowed.

In those spaces even the formulation of the boundary conditions needs justification. It is known
that the classical trace u ÞÑ u|BΩ, first defined for smooth functions, has a continuous extension

to an operator γ0 : H
s
ppΩq Ñ B

s�1{p
pp pBΩq if and only if s ¡ 1

p , see [45]. Nevertheless, it is possible

to define a continuous trace on subspaces of Hs
ppΩq for s ¤ 1

p .

In the literature, one can find several approaches to generalized traces and corresponding bound-
ary value problems with rough boundary data: By considering the dual boundary value problem
as by Lions and Magenes [52], [53], one obtains unique solvability in some negative order spaces.
However, these spaces depend on the boundary conditions, which is the reason for introducing
the universal but less natural spaces ΞspΩq in the beginning of Section 6.3 in [52]. By Roit-
berg [68], [69], generalized traces were defined using the completion of smooth functions. This
concept leads to isomorphism results, but the considered spaces are non-standard and in general
not even spaces of distributions on Ω. The Roitberg spaces are described in more detail in
Remark 3.1.8. Another approach to rough boundary data was developed for instance by Hum-
mel and Lindemulder [41], [43], where weighted Sobolev spaces (with respect to some distance
function to the boundary) lead to a priori estimates. The spaces are natural and do not depend
on the operators, but the order at the boundary is still restricted to the non-negative scale, see
Theorem 6.2 of [43]. Spaces of arbitrary negative tangential order can be obtained as combina-
tions of weighted spaces and spaces of dominating mixed smoothness, see Theorem 6.1 of [41].

In the present work, we will introduce a class of Sobolev spaces Hs,σ
p pRnq of anisotropic type, for

which the trace exists as a continuous operator, following the ideas of Grubb, see [35] and [36].
These spaces differ from anisotropic Sobolev spaces in the sense of [45] and [78] and from spaces
with dominating mixed smoothness in the sense of [71] and [76]. For this class of Sobolev spaces,
both the existence of a continuous trace and the unique solvability of parameter-elliptic model
problems in the whole space and in the half-space follow immediately from known results. How-
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ever, the passage from model problems, that is constant coefficients and no lower-order terms,
to variable coefficients is not standard. It requires the application of an elaborate localization
procedure even for problems on the half-space. In domains the definition of the Sobolev spaces
with mixed smoothness is not canonical. Therefore, we work with classical Sobolev spaces in
domains but employ local embeddings into our spaces of mixed smoothness. The necessity to
estimate certain commutators leads to restrictions on the orders of the involved spaces, see
Lemma 3.3.4.

With the help of the one-dimensional Fourier transform, we pass over to time-dependent systems
of the form

pBt �Aqw � f in p0, T q � Ω,

Bw � g on p0, T q � BΩ,
wp0q � 0

(1-2)

for T ¡ 0. In some cases, this allows us to estimate the solution w in suitable Sobolev spaces
with }g}L2pp0,T q,L2pBΩqq. We restrict ourselves to the Hilbert space case p � 2 since it is sufficient
for our purpose.

As an application, we discuss a plate-membrane transmission problem with different variants of
damping. The geometric situation is illustrated in Figure 1.1.

Ω2

Ω1

Γ

I

Figure 1.1: Geometric situation of the plate-membrane system in the case n � 2.

To be more precise, we consider a thermoelastic plate in Ω1. The classical linear model of
thermoelastic plates due to Kirchhoff is given by

utt � γ∆utt �∆2u�∆θ � 0 in p0,8q � Ω1,

θt �∆ut �∆θ � 0 in p0,8q � Ω1,
(1-3)

where γ ¥ 0 represents the rotational inertia of the filaments of the plate. It is proportional to
the square of the plate thickness. The case γ � 0 corresponds to a thin plate. In this case, (1-3)
can be written as a time-dependent Douglis–Nirenberg system of the form (1-2).

Here, upt, xq represents the transverse displacement, and θpt, xq is the difference of temperature
on the plate of the point x at time t with respect to a reference temperature. For the physical
model and the deduction of these equations, see Chapter I of [46] and Chapter 2 of [47].

In the region Ω2, we have an elastic membrane which is characterised by the equation

vtt �∆v �mvt � 0 in p0,8q � Ω2, (1-4)
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where m ¥ 0 describes the damping (or the abscence thereof) for the wave equation. Again,
vpt, xq is the vertical displacement of the point with coordinates x at time t. We endow the
equations with suitable boundary and transmission conditions as well as initial conditions and
study the well-posedness, regularity and asymptotic behaviour of the solution, in dependence
on the parameters m and γ.

In the literature, there are various results on thermoelastic plates in both cases γ � 0 and γ ¡ 0,
and on plate-membrane systems. For the case γ � 0, we refer to [7], [12], [38], [39] and [54],
where structures formed by a plate and a membrane were studied. In [39], the author models a
system composed by an elastic thin plate coupled with an elastic membrane and shows existence
and uniqueness of weak solutions. In [54], the authors study undamped plate-membrane sys-
tems, where the plate and the membrane are two layers occupying the same region in the plane.
In [7], a coupled system of a wave equation and a plate equation with damping on the boundary
without thermal effects is analysed. In [38], the author considers a transmission problem with
the configuration presented in Figure 1.1, but with the plate being surrounded by the membrane.
In [12] the plate is not thermoelastic but structurally damped. Most of these references study
some kind of stability for the solution but only a few of them deal with regularity. Regarding
γ ¡ 0, we mention for instance [9], [14], [15], [31], [48], [49], [60] and [62]. From these, only
in [60] a transmission problem is analysed and it is of the thermoelastic plate-plate type. There
seem to be few results for the structure (1-3) and (1-4), even for the case γ � 0.

The main results of this work state the existence and uniqueness of the solution of problem (1-3)
and (1-4) with appropriate boundary and transmission conditions as well as initial conditions,
and its continuous dependence on the data. It is also proved that the solution has higher reg-
ularity. In particular, the boundary and transmission conditions hold in the strong sense of
traces if the initial values are smooth enough. Furthermore, we study the asymptotic behaviour
of the solution in terms of the stability of the associated semigroup in different situations. For
a damped membrane m ¡ 0, we show exponential stability of the solution in Theorem 4.3.1.
For an undamped membrane m � 0, there is a lack of exponential stability but we still get
polynomial stability under some geometric condition, see Theorem 4.3.14 and 4.3.5. To prove
that there is a lack of exponential stability for m � 0, we use the theory for time-dependent
systems of the form (1-2).

The thesis is structured as follows:

In Chapter 2, we give a short introduction to the notation used throughout this thesis. Ad-
ditionally, we present several tools needed for the succeeding chapters. We start with some
observations concerning interpolation and extrapolation scales. In particular, we analyse the
interaction between complex interpolation spaces and isomorphisms which depend on the inter-
polation parameter, see Proposition 2.2.1.

Afterwards, we introduce mild solutions and various types of stability of strongly continu-
ous semigroups. The Gearhart–Prüss Theorem as well as a generalization of the results of
Borichev and Tomilov yield an idea how to prove the exponential or polynomial stability of a
C0-semigroup, see Proposition 2.3.6 and 2.3.7.

As preparation for the analysis of the long-time behaviour of the solution of system (1-3)
and (1-4), we deduce some integral equalities and inequalities. In doing so, we get an ex-
pression for the L2pBΩq-norm at each point of time of the solution of the wave equation in Ω,
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see Corollary 2.4.4. Furthermore, we derive another presentation of the L2pΩq-norm using an
identity of Rellich’s type, see Lemma 2.4.6.

In the last part of Chapter 2, we explain the structure of Douglis–Nirenberg systems and men-
tion the classical a priori estimates of parameter-elliptic boundary value problems. As example,
we show that the operator ∆m with boundary conditions of the form Bk1n , . . . , Bkm�1

n is elliptic
in the half-space Rn

� for each m P N and k1, . . . , km�1 P t0, . . . , 2m� 1u, see Example 2.5.4. We
also discuss completely and not completely elliptic boundary conditions in Example 2.5.5. In
Proposition 2.5.10, we suggest an improvement of the classical a priori estimate in some special
cases. As an illustration, we discuss the statement of the before mentioned proposition for the
structurally damped plate equation and various types of boundary conditions.

Chapter 3 is based on a joint work with Robert Denk, David Ploß and Jörg Seiler [19]. In the
first part, we introduce the spaces Hs,σ

p pRnq for s, σ P R and p P p1,8q, which have different
smoothness in normal and in tangential direction. We also discuss what the complex interpola-
tion of those spaces looks like, see Lemma 3.1.3. In case that s ¡ 1

p , we can form the continuous
trace

γ0 : H
s,σ
p pΩq Ñ Bs�σ�1{p

pp pBΩq, u ÞÑ u
��
BΩ
.

To obtain a priori estimates for the solution of (1-1), where the constants do not depend on the
parameter λ, we deal with parameter-dependent spaces Hs,σ

p,λpRnq. In Lemma 3.1.11, we analyse

the continuity of appropriate multiplication operators in Hs,σ
p,λpRnq.

Having introduced the spaces Hs,σ
p,λpRnq, we solve system (1-1) for Ω � Rn

� in those spaces of
mixed smoothness. The main result of Section 3.2 is Theorem 3.2.14, where we show that�

λ�A
B



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q

is an isomorphism for sufficiently large λ. The solution space Er,σ
λ pRn

�q is a product of spaces of
mixed smoothness. In Fr,σ

λ pRn
�q we encode the suitable space for the right hand side f and g of

problem (1-1), which is also a product of spaces of mixed smoothness as well as Besov spaces.

In Section 3.3, we study problem (1-1) in domains Ω with compact and sufficiently smooth
boundary. With localization procedures, we can use the observations of the half-space case, but
since it is not canonical to transfer the definition of Hs,σ

p,λpRnq to domains, we restrict ourselves
to classical spaces in Ω. This leads to the restriction σ ¡ �1 to preserve suitable commutator
estimates, see Lemma 3.3.4. In Theorem 3.3.5, we guarantee the unique solvability in larger
spaces and formulate a priori estimates in classical Sobolev spaces of lower order.

Lastly, we use the previous findings and the one-dimensional Fourier transform to get corre-
sponding results for the time-dependent problem (1-2). Here, we only investigate the Hilbert
space setting, as in this case Besov spaces and Bessel potential spaces coincide and we can use
the Theorem of Paley–Wiener in our arguments. The main result Theorem 3.4.8 is applied to
the thermoelastic plate equation (1-3), which leads to the a priori estimate in Theorem 3.5.3.
The considerations concerning time-dependent systems are not included in [19]. Moreover, [19]
is formulated for scalar equations, which are transformed to systems of Douglis–Nirenberg struc-
ture in this work.
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In Chapter 4, we keep on studying the thermoelastic plate equation (1-3) but in combination
with the wave equation (1-4). It is based on a joint work with Bienvenido Barráza Mart́ınez,
Robert Denk, Jairo Hernández Monzón and Jonathan González Ospino [11]. In a first step, we
show the well-posedness of system (1-3) and (1-4) for γ,m ¥ 0 with appropriate boundary and
transmission conditions as well as initial conditions. To this end, we reformulate (1-3) and (1-4)
as a first-order Cauchy problem

Btw �Aw � 0 in p0,8q

with an operator A : Hγ � DpAq Ñ Hγ in a suitable Hilbert space Hγ . The most challeng-
ing part is the rotational term γ, which complicates the representation of A. Next, we prove
0 P ρpAq and higher regularity of the domain DpAq, which allows us to conclude the compactness
of A�1 : Hγ Ñ Hγ .

Section 4.3 is about the long-time behaviour of the solution of the plate-membrane system,
where we can observe a big difference between a positive damping parameter m ¡ 0 and the
absence of damping m � 0. In the case of a damped membrane, the solution is exponentially
stable. Although there is a lack of exponential stability for m � 0, we can still find polynomial
stability under certain geometric conditions. This extends the stability results of [11] by some
combinations of γ and m.

The last section is an excursion to resolvent estimates of structurally damped plate-plate trans-
mission problems in the one-dimensional case. It can be seen as a short outlook as there are no
rigorous proofs of the results therein but an illustration of numerical simulations.





Chapter 2

Tools for the proofs of the main
results

We start with some notation frequently used in the following. Parts of the notation are adapted
from [11] and [19]. Throughout the whole thesis C ¡ 0 stands for a generic constant, which may
vary in each time of appearance.

2.1 Function spaces and some notation

For two C-Banach spaces pX, } � }Xq and pY, } � }Y q, let LpX,Y q be the space of bounded linear
operators from X to Y , LpXq :� LpX,Xq, and let X 1 :� LpX,Cq be the dual space of X. We
write X � Y if X is a subset of Y and the inclusion map X Ñ Y is bounded. This induces in
particular that X � Y if both spaces have the same elements and equivalent norms. To express
that the norms on X and Y are equivalent, we sometimes use the notation } � }X � } � }Y . In

case the inclusion map is compact, we write X
c� Y . For a linear, densely defined operator

A : X � DpAq Ñ Y with domain DpAq and range RpAq, A1 : Y 1 � DpA1q Ñ X 1 describes the
adjoint operator. For a linear, closed operator A : X � DpAq Ñ X, we denote by σpAq the
spectrum and by ρpAq the resolvent set of A.

In Lemma 2.1.1 we elaborate that subsets in many cases automatically possess a bounded in-
clusion map. While the result is formulated for Hilbert spaces in Lemma 3.5 of [11], we give it
here in the more general context of Banach spaces. However, the proof works analogously as
the Hilbert space property is not used therein.

2.1.1 Lemma. [11, Lemma 3.5]. Let A : X � DpAq Ñ X be a linear, closed operator on the
Banach space X, and let V be a Banach space. If DpAq is a subset of V , then we have the
continuous embedding DpAq � V , where we endow DpAq with the graph norm.

Proof. As A is closed, DpAq with the graph norm is a Banach space. We show that the identity
id : DpAq Ñ V XX is a closed operator. For this, let pxkqkPN � DpAq be a sequence with xk Ñ x
in DpAq and xk Ñ y in V X X. Then we obtain xk Ñ x in X by the definition of the graph
norm, and also xk Ñ y in X by the definition of the norm } � }VXX :� } � }V � } � }X in V XX.
This yields x � y. Consequently, id : DpAq Ñ V XX is closed and, by the closed graph theorem,
continuous. As the embedding V X X Ñ V is continuous by the definition of the norms, we
obtain the continuity of id : DpAq Ñ V .

Next, we introduce the function spaces we are dealing with throughout the thesis. The space
dimension is denoted by n P N. In the following, BUCspRnq denotes the space of all complex
valued functions which are s-times continuously differentiable in Rn and for which all derivatives
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up to order s P N0 are bounded and uniformly continuous. In addition, we write DpRnq for the
space of infinitely differentiable functions f on Rn with compact support supp f and D 1pRnq for
the space of distributions. Analogously, we write S pRnq for the space of Schwartz functions
on Rn and S 1pRnq for the space of tempered distributions. For f P S pRnq we define the
n-dimensional Fourier transform Fnf of f by

pFnfqpξq :� 1

p2πqn{2
»
Rn

fpxqe�ix�ξ dx pξ P Rnq.

Here, x �ξ :� °n
j�1 xjξj denotes the inner product on the Euclidean space Rn. Since the mapping

Fn : S pRnq Ñ S pRnq is well defined and isomorphic, the Fourier transform can be canonically
extended to a mapping Fn : S 1pRnq Ñ S 1pRnq, see Corollary 2.2.15 and Definition 2.3.7 of [33].
If the dimension is clear from the context, we omit the index n and only write F for the Fourier
transform.

Before we give the definition of Lp-based Bessel potential spaces, we explain our notation of
multi indices. For ξ P Rn and α P Nn

0 we write

ξα :�
n¹

j�1

ξ
αj

j and |α| :�
ņ

j�1

αj .

Additionally, let β P Nn
0 . If αj ¤ βj for every j � 1, . . . , n, we use the abbreviation α ¤ β.

For the half-space we write

Rn
� :� tx � px1, xnq P Rn : xn ¡ 0u.

Similarly, we introduce C� :� tz P C : Re z ¡ 0u.
We fix µ P N (which will be specified later) and define

xξ, λy :� p1� |ξ|2 � |λ|2{µq1{2 and xξ1, λy :� p1� |ξ1|2 � |λ|2{µq1{2 (2-1)

for ξ � pξ1, ξnq P Rn and λ P C. Moreover, we write xξy :� xξ, 0y, xξ1y :� xξ1, 0y and xλy :� x0, λy.
Even though the notation might not be very rigorous as we use the same description for different
things, the meaning will be clear from the context.

For (suitable) functions φ � φpξq defined on Rn, we denote by φpDq its associated Fourier
multiplier, which is defined by φpDq :� F�1pφF q. In particular, we have Dα � p�iq|α|Bα for
α P Nn

0 , where Bα is the α-th distributional derivative. In case φpξq � φpξ1q is independent of ξn,
the associated Fourier multiplier is also denoted by φpD1q.
For p P p1,8q and s P R, we define the Bessel potential space Hs

ppRnq via

Hs
ppRnq :� tu P S 1pRnq : xDysu P LppRnqu

with the canonical norm }u}Hs
ppRnq :� }xDysu}LppRnq for u P Hs

ppRnq. Notice that for s P N0 the

spaces Hs
ppRnq coincide with the standard Lp-based Sobolev spaces

W s
p pRnq :� tu P LppRnq : Bαu P LppRnq for |α| ¤ su
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of order s. This follows from Mikhlin’s Theorem, see Section IV.3.2 of [73]. In the Hilbert space
case p � 2 we sometimes omit the index p. On L2pRnq we use the inner product

xu, vyL2pRnq :�
»
Rn

upxqvpxq dx pu, v P L2pRnqq.

Besides the Bessel potential spaces, we also need to introduce Besov spaces which appear canon-
ically as trace spaces in the context of boundary value problems. There are various ways to
define Besov spaces. Here, we choose the definition via dyadic decompositions.

2.1.2 Definition. [77, Section 2.3.1]. A series pφkqkPN0 � DpRnq is called a dyadic decomposi-
tion if the following three properties hold:

(i) φk ¥ 0 for all k P N0, suppφ0 � tξ P Rn : |ξ|   2u and

suppφk � tξ P Rn : 2k�1   |ξ|   2k�1u pk P Nq.

(ii) There exists a C ¡ 0 such that for all ξ P Rn we have
°

kPN0
φkpξq ¥ C.

(iii) For every α P Nn
0 there is a constant Cα ¡ 0 with |ξ||α||Bαφkpξq| ¤ Cα for all ξ P Rn and

k P N0.

With the help of the definition above, we are now in the situation to describe Besov spaces.

2.1.3 Definition. [77, Section 2.3.2]. Let pφkqkPN0 � DpRnq be a fixed dyadic decomposition.
For s P R and p, q P p1,8q, we call Bs

pqpRnq :� tu P S 1pRnq : }u}Bs
pqpRnq   8u the Besov space

of order s with parameters p and q. The norm on Bs
pqpRnq is given by

}u}Bs
pqpRnq :�

� ¸
kPN0

2skq}φkpDqu}qLppRnq


1{q

.

Up to equivalence of norms, this definition is independent of the concrete choice of the sequence
pφkqkPN0 � DpRnq.
If X is one of the function spaces mentioned above, that is, X P tS ,S 1, Hs

p , B
s
pq, . . .u, we define

XpΩq :� tu��
Ω
: u P XpRnqu

for a domain Ω � Rn, where the restriction is understood in the distributional sense, with the
canonical norm

}v}XpΩq :� inft}u}XpRnq : u P XpRnq, u��
Ω
� vu,

see for instance Definition 4.1 in [78]. Moreover, for a closed subset A � Rn we define

9XpAq :� tu P XpRnq : suppu � Au.

By definition we see that XpΩq can be identified with the quotient space XpRnq{ 9XpRnzΩq,
see Section 2.2 of [19].

Some of the spaces will also appear in the vector-valued setting. The definitions adapt in an
obvious way.
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2.1.4 Remark. In this remark, we want to collect some important characterizations concerning
Besov spaces.

(i) Another quite common description of Besov spaces can be given by the method of real
interpolation. For s0, s1 P R, p, q P p1,8q and θ P p0, 1q it holds

Bs
pqpRnq � pHs0

p pRnq, Hs1
p pRnqqθ,q,

where p�, �qθ,q denotes the real interpolation functor and s P R is given by s :� p1�θqs0�θs1,
see Remark 4 in Section 2.4 of [77].

(ii) In case p � q, the Besov spaces can be seen as trace spaces of Hs
ppRn

�q in the following
sense, see Section 2.3 of [19]. The trace

γ0 : H
s
ppRn

�q Ñ Bs�1{p
pp pRn�1q, u ÞÑ γ0u :� u

��
xn�0

(2-2)

exists and is continuous if and only if s ¡ 1
p . In fact, it was shown in Theorem 2.4 of [45]

that for s ¤ 1
p the map u ÞÑ γ0u is not even continuous from Hs

ppRn
�q to D 1pRn�1q. If

s ¡ 1
p , then (2-2) is a retraction, and γ0 is the unique extension of the classical boundary

trace u ÞÑ u
��
xn�0

for smooth functions u P S pRn
�q. We will also consider the higher-order

traces γj : H
s
ppRn

�q Ñ B
s�j�1{p
pp pRn�1q, u ÞÑ γ0Bjnu for j P N0 and s ¡ j � 1

p .

Both the Bessel potential spaces and the Besov spaces will also appear in a parameter-dependent
version later on. For this, we follow the approach of Grubb–Kokholm [36].

2.1.5 Definition. [19, Definition 2.8]. LetXλ and Yλ be families of Banach spaces (parametrized
by λ from some index set). A family of linear operators T pλq : Xλ Ñ Yλ is said to be contin-
uous if T pλq P LpXλ, Yλq for every fixed λ and the operator norm }T pλq}LpXλ,Yλq is uniformly
bounded in λ. A continuous family is called an isomorphism if each T pλq is invertible and
T pλq�1 : Yλ Ñ Xλ is continuous, too.

In our context, the occurring families of spaces Xλ will consist of a fixed vector space X equipped
with a norm depending on the parameter λ.

2.1.6 Definition. [19, Definition 2.9]. For p P p1,8q and λ P C, let κλ denote the homeomor-
phism on S 1pRnq given on S pRnq by

pκλuqpxq :� upxλyxq pu P S pRnq, x P Rnq.

Then, we define the parameter-dependent norms by

}u}Hs
p,λpRnq :� xλys�n{p}κ�1

λ u}Hs
ppRnq,

}u}Bs
pp,λpRn�1q :� xλys�pn�1q{p}κ�1

λ u}Bs
pppRn�1q

for s P R. Analogously, we define Hs
p,λpRn

�q.
Notice that } � }Hs

p,0pRnq � } � }Hs
ppRnq and } � }Bs

pp,0pRn�1q � } � }Bs
pppRn�1q for s P R.
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To get a better feeling about how the parameter-dependent norms behave, we make the following
observation. The result was already shown in [36], which is the reason why we omit the proof
here.

2.1.7 Lemma. [36, Section 1.1, (1.6)]. For p P p1,8q, s ¥ 0 and λ P C with |λ| ¥ 1 it holds

}u}Hs
p,λpRnq � }u}Hs

ppRnq � |λ|s{µ}u}LppRnq pu P Hs
ppRnqq.

In the case of Besov spaces, we get a similar result for s � 1
p , where s ¡ 0 denotes an integer.

This follows from the structure of the trace space of Hs
p,λpRn

�q.
2.1.8 Lemma. For p P p1,8q, s P N and λ P C with |λ| ¥ 1 it holds

}u}
B

s�1{p
pp,λ pRn�1q

� }u}
B

s�1{p
pp pRn�1q

� |λ|ps�1{pq{µ}u}LppRn�1q pu P Bs�1{p
pp pRn�1qq.

Proof. Due to (1.21) of [36] as well as Proposition 2.2 and Proposition 2.3 of [2], the mappingsrγ1 : Hs
p,λpRn

�q Ñ B
s�1{p
pp,λ pRn�1q and

rγ2 : Hs
p,λpRn

�q Ñ
�
Bs�1{p

pp pRn�1q, } � }
B

s�1{p
pp pRn�1q

� |λ|ps�1{pq{µ} � }LppRn�1q

�
with rγjv :� v

��
xn�0

for j � 1, 2 are retractions. The appearing constants do not depend on λ. In

consequence, there are continuous extension operators e1 : B
s�1{p
pp,λ pRn�1q Ñ Hs

p,λpRn
�q and

e2 :
�
Bs�1{p

pp pRn�1q, } � }
B

s�1{p
pp pRn�1q

� |λ|ps�1{pq{µ} � }LppRn�1q

�Ñ Hs
p,λpRn

�q

such that rγjej � id for j � 1, 2. Altogether, we obtain

}u}
B

s�1{p
pp,λ pRn�1q

� }rγ1e2u}Bs�1{p
pp,λ pRn�1q

¤ C
�}u}

B
s�1{p
pp pRn�1q

� |λ|ps�1{pq{µ}u}LppRn�1q

�
and analogously

}u}
B

s�1{p
pp pRn�1q

� |λ|ps�1{pq{µ}u}LppRn�1q ¤ C}u}
B

s�1{p
pp,λ pRn�1q

for u P Bs�1{p
pp pRn�1q.

2.1.9 Remark. Using (1.16) of [36] and Proposition 5.1 of [50], real interpolation and Lemma 2.1.7
lead to

}u}Bs
pppRn�1q � |λ|s{µ}u}LppRn�1q ¤ C}u}Bs

pp,λpRn�1q pu P Bs
pppRn�1qq

for arbitrary s ¡ 0, where C ¡ 0 does not depend on λ P C with |λ| ¥ 1.

On the other hand, we have

}u}Bs
pppRn�1q � }u}LppRn�1q �

� »
Rn�1

»
Rn�1

|upxq � upyq|p
|x� y|n�1�sp

dx dy
	1{p

for s P p0, 1q according to Remark 4 in Section 2.5.1 of [77]. Integration by substitution shows

}u}Bs
pp,λpRn�1q ¤ C

�}u}Bs
pppRn�1q � |λ|s{µ}u}LppRn�1q

� pu P Bs
pppRn�1qq

for s P p0, 1q. Since C ¡ 0 is independent of λ, this generalizes Lemma 2.1.8.
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2.2 Interpolation and extrapolation spaces

In this section, we give a short introduction to the method of complex interpolation, which is
based on Section 2.2 of [19] and references therein. Afterwards, we briefly recall the theory of
extrapolation spaces.

Let X0 and X1 be an interpolation couple of complex Banach spaces and

S :� tz P C : 0   Re pzq   1u.

Denote by FpX0, X1q the space of all continuous functions f : S Ñ X0 � X1, defined on the
closure S of S, such that f

��
S
is holomorphic as an pX0 � X1q-valued function on S and the

mapping R Ñ Xj , b ÞÑ fpj � ibq is bounded and continuous for j P t0, 1u. FpX0, X1q becomes
a Banach space with the norm

}f}FpX0,X1q :� max
j�0,1

sup
bPR

}fpj � ibq}Xj .

For θ P p0, 1q, the complex interpolation space rX0, X1sθ is defined as the space of all x P X0�X1

for which x � fpθq for some f P FpX0, X1q, endowed with the norm

}x}rX0,X1sθ :� inft}f}FpX0,X1q : fpθq � xu.

With this norm, the complex interpolation space becomes a Banach space satisfying

X0 XX1 � rX0, X1sθ � X0 �X1.

In the definition of the interpolation space and the norm, the space FpX0, X1q can be replaced
by the subspace F0pX0, X1q which consists of all f P FpX0, X1q with lim|b|Ñ8 }fpj � ibq}Xj � 0
for j P t0, 1u, see Proposition C.2.4 of [44]. We will also consider the space F0pX0, X1;X0XX1q
consisting of all f P F0pX0, X1q for which fpzq P X0XX1 for all z P S and where f is holomorphic
on S and continuous on S as a function with values in X0XX1. Note that the definition of this
space differs from the one in [44]. By Theorem 1.9.1 of [77], F0pX0, X1;X0 X X1q is dense in
F0pX0, X1q.
The following proposition is a generalized version of Lemma 2.3 in [19]. The ideas of the proof
are adapted to the slightly different context.

2.2.1 Proposition. Let Xθ, Yθ be Banach spaces, where X0, X1 and Y0, Y1 are interpolation
couples of complex Banach spaces with rX0, X1sθ � Xθ for each θ P p0, 1q. In addition, let Z be
a Hausdorff space with Y0� Y1 � Z and Yθ � Z for θ P p0, 1q. Let Tz : X0�X1 Ñ Z be a linear
operator such that Tz : XRe pzq Ñ YRe pzq is an isomorphism for all z P S.

(i) Let Y0XY1 � Yθ for θ P p0, 1q and let the mapping S Ñ X0�X1, z ÞÑ T�1
z y be holomorphic

on S and continuous on S for all y P Y0XY1. Moreover, we assume }T�1
j�ib}LpYj ,Xjq ¤ Ceb

2

for j P t0, 1u, b P R, and a constant C ¡ 0. Then we have rY0, Y1sθ � Yθ for θ P p0, 1q.
(ii) Let the mapping S Ñ Y0 � Y1, z ÞÑ Tzx be holomorphic on S and continuous on S for all

x P X0 XX1 and }Tj�ib}LpXj ,Yjq ¤ Ceb
2
for j P t0, 1u, b P R, and a constant C ¡ 0. Then

we have Yθ � rY0, Y1sθ for θ P p0, 1q.



2.2 Interpolation and extrapolation spaces 21

Proof. We prove the first statement in detail. The second one works similarly. Let θ P p0, 1q.
(i) Let y P rY0, Y1sθ and g P F0pY0, Y1q with gpθq � y. By density, there exists a sequence

pgkqkPN � F0pY0, Y1;Y0 X Y1q such that gk Ñ g in FpY0, Y1q. It follows that gkpθq Ñ gpθq
in rY0, Y1sθ. For k P N let us define

fkpzq :� ez
2�θ2T�1

z gkpzq pz P Sq.

We notice that fkpzq P X0�X1 for each z P S with continuous and holomorphic dependence
on z P S and z P S, respectively. In addition, we get

}fkpj � ibq}Xj ¤ C}gkpj � ibq}Yj pb P Rq

for j P t0, 1u. In particular, we have

sup
bPR

}fkpj � ibq}Xj ¤ C sup
bPR

}gkpj � ibq}Yj

for j P t0, 1u. Summing up, we have shown that fk P FpX0, X1q with

}fk}FpX0,X1q ¤ C}gk}FpY0,Y1q.

As pgkqkPN is convergent and therefore a Cauchy sequence, we obtain that pfkpθqqkPN is a
Cauchy sequence in rX0, X1sθ � Xθ. By completeness, there exists x P Xθ with fkpθq Ñ x
in Xθ and consequently gkpθq � Tθfkpθq Ñ Tθx in Yθ for k Ñ 8. On the other hand,
gkpθq Ñ y in rY0, Y1sθ for k Ñ 8. Because of the uniqueness of limits in Z we get
y � Tθx P Yθ with

}y}Yθ
¤ C}x}Xθ

¤ C lim
kÑ8

}fk}FpX0,X1q ¤ C lim
kÑ8

}gk}FpY0,Y1q � C}g}FpY0,Y1q.

As g P F0pY0, Y1q was arbitrary with gpθq � y, we obtain }y}Yθ
¤ C}y}rY0,Y1sθ which

finishes the proof of (i).

(ii) Let y P Yθ and x :� T�1
θ y P Xθ � rX0, X1sθ, and let f P F0pX0, X1q with fpθq � x. We

approximate f by a sequence pfkqkPN � F0pX0, X1;X0XX1q and set gkpzq :� ez
2�θ2Tzfkpzq

for z P S and k P N. We have gkpzq P Y0 � Y1 for each z P S and can argue as above to
show the embedding Yθ � rY0, Y1sθ.

The next lemma shows the compatibility of interpolation and the dependence of a parameter in
the case of Bessel potential spaces.

2.2.2 Lemma. [34, Theorem 1.4.3.3]. Let p P p1,8q, Ω � Rn be a bounded domain with
Lipschitz boundary. For s1 ¡ s2 ¡ s3 ¥ 0 there exists a constant C ¡ 0 (depending on
s1, s2, s3,Ω and p) such that

|λ|
s1�s2
s1�s3 }u}Hs2

p pΩq ¤ C
�
}u}Hs1

p pΩq � |λ|}u}Hs3
p pΩq

	
for all u P Hs1

p pΩq and λ P C. An analogue inequality also holds for Ω � Rn and Ω � Rn
�.
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Given two Banach spaces, the main idea of interpolation theory is to create new Banach spaces
“in between”. In contrast, the concept of extrapolation spaces is to generate larger Banach
spaces out of only one Banach space. Hereby, the new spaces depend on a closed operator A.
We give a short summary of the results and refer to Chapter V of Amann’s book [5] for more
details.

2.2.3 Definition. [5, Subsection V.1.3]. Let X0 be a Banach space and A : X0 � DpAq Ñ X0

a linear, closed and densely defined operator with 0 P ρpAq. Let X�1 be the completion of X0

with respect to the norm } � }�1 :� }A�1 � }. Then it holds X0 � X�1 and we call X�1 the
extrapolation space of X0 generated by A.

2.2.4 Remark. [5, Corollary V.1.4.7]. Under the assumptions of Defintion 2.2.3, we can identify
the space X�1 with the dual space of DpA1q, where A1 : X 1

0 � DpA1q Ñ X 1
0 denotes the adjoint

operator of A.

The following proposition connects the interpolation and extrapolation theory and gives both a
density and compactness result in the interpolation-extrapolation scale.

2.2.5 Proposition. [5, Theorem V.1.5.1]. Under the assumptions of Definition 2.2.3, we set
X�θ :� rX0, X�1sθ for θ P p0, 1q. Then the embedding X�α � X�β is dense for 0 ¤ α   β ¤ 1.
The embedding is also compact if and only if A�1 P LpX0q is a compact operator.

2.3 Mild solutions and various types of stability of a semigroup

The Cauchy problem

Btw �Aw � 0 in p0,8q,
wp0q � w0,

where the closed operator A : H � DpAq Ñ H on a Hilbert space H and w0 P DpAq are known,
is classically treated by semigroup approaches. It possesses a unique solution

w P C1pr0,8q, Hq X Cpr0,8q, DpAqq

if A is the generator of a strongly continuous semigroup pSptqqt¥0. The solution is thus given
by wptq � Sptqw0 for t ¥ 0, see Proposition II.6.2 of [26].

We recall that a strongly continuous semigroup or C0-semigroup is a family pSptqqt¥0 � LpHq
of linear, continuous operators on a Hilbert space H with

(i) Spt� sq � SptqSpsq for all t, s ¥ 0,

(ii) lim
t×0

Sptqx � x for all x P H.

If there is a constant C ¡ 0 such that }Sptq}LpHq ¤ C for all t ¥ 0, we call pSptqqt¥0 a bounded C0-
semigroup. In the case where we can choose C � 1, we speak of a C0-semigroup of contractions.
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The generator A of the C0-semigroup pSptqqt¥0 is defined by A : H � DpAq Ñ H with

DpAq �
"
x P H : lim

h×0

Sphqx� x

h
exists

*
and Ax :� lim

h×0

Sphqx�x
h for x P DpAq, see Definition I.5.1 and Definition II.1.2 of [26].

In addition to the classical solution introduced above, we also need a weaker concept of solutions
for a Cauchy problem. The following definition is adapted from Definition II.6.3 in [26] to finite
time intervals.

2.3.1 Definition. [26, Definition II.6.3]. Let T P p0,8q, H be a Hilbert space, w0 P H and
A : H � DpAq Ñ H a linear, closed operator. A continuous function w : r0, T s Ñ H is called a
mild solution of the abstract Cauchy problem

Btw �Aw � 0 in p0, T q,
wp0q � w0

(2-3)

if
³t
0wpsq ds P DpAq and

wptq � A

» t

0
wpsq ds� w0

for all t P r0, T s.
It is of particular interest to us that the mild solution of an abstract Cauchy problem is unique.
The proof works analogously as the one of Proposition II.6.4 in [26] but is modified for finite
time intervals.

2.3.2 Proposition. [26, Proposition II.6.4]. Let T P p0,8q and A : H � DpAq Ñ H be
the generator of a C0-semigroup pSptqqt¥0 on a Hilbert space H. Then w : r0, T s Ñ H with
wptq :� Sptqw0 is the unique mild solution of (2-3) for every w0 P H.

Proof. Without loss of generality, we assume w : r0, T s Ñ H to be a mild solution of (2-3) with
w0 � 0 and take t P p0, T s. Then we obtain

d

ds

�
Spt� sq

» s

0
wprq dr



� Spt� sqwpsq � Spt� sqA

» s

0
wprq dr � 0

for each s P p0, tq. Integration from 0 to t of the equality above leads to» t

0
wprq dr �

» t

0

d

ds

�
Spt� sq

» s

0
wprq dr



ds � 0

and hence wptq � 0.

Besides the notion of mild solutions, we focus on the asymptotic behaviour of a semigroup.
Therefore, we introduce the definition of polynomially and exponentially stable semigroups. In
the literature the last mentioned concept is also called uniformly exponential stability but we
omit the term uniformly in this context.
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2.3.3 Definition. [26, Definition V.1.1]. Let H be a Hilbert space and pSptqqt¥0 a strongly
continuous semigroup with generator A : H � DpAq Ñ H. We call pSptqqt¥0 exponentially stable
if there are constants C ¡ 0 and δ ¡ 0 such that

}Sptq}LpHq ¤ Ce�δt

for all t ¡ 0.

2.3.4 Definition. Let H be a Hilbert space and pSptqqt¥0 a strongly continuous semigroup
with generator A : H � DpAq Ñ H. We say that pSptqqt¥0 is polynomially stable or decays
polynomially if there are constants C ¡ 0 and α ¡ 0 such that

}Sptqw0}H ¤ Ct�α
�}w0}H � }Aw0}H

�
for all t ¡ 0 and w0 P DpAq.
2.3.5 Remark. The exponential stability is a condition on the operator norm in LpHq whereas
the polynomial stability is a condition on the operator norm in LpDpAq, Hq of the semigroup.
If we asked the operator norm in LpHq to tend polynomially to zero this would already be
equivalent to the exponential stability of the semigroup. For a proof we refer to Proposition V.1.2
of [26].

An approach to showing that a semigroup is exponentially stable is the following characteri-
zation. It is known as the Theorem of Gearhart and Prüss, see Corollary 4 of [66] and Theo-
rem V.1.11 of [26]. We only mention the special case of bounded C0-semigroups here as it is
sufficient for our purpose.

2.3.6 Proposition. [16, Theorem 1.1]. Let H be a Hilbert space and pSptqqt¥0 a bounded C0-
semigroup with generator A : H � DpAq Ñ H. Then, pSptqqt¥0 is exponentially stable if and
only if the imaginary axis iR :� tλ P C : Re pλq � 0u is a subset of ρpAq with the resolvent
satisfying

sup
λPR

t}piλ�Aq�1}LpHqu   8.

Similarly, there is also a relation between the polynomial stability of a semigroup and some
condition on the norm of the resolvent of the corresponding generator. Here, we mention a
generalization of the result from Borichev and Tomilov, see Theorem 2.4 of [13].

2.3.7 Proposition. [61, Lemma 5.2]. Let α P N0, β ¡ 0, H be a Hilbert space and pSptqqt¥0

a C0-semigroup of contractions with generator A : H � DpAq Ñ H and iR � ρpAq. Then, the
following two conditions are equivalent.

(i) There is a constant C ¡ 0 and a λ0 ¡ 0 such that for all λ P R with |λ| ¥ λ0 and all
f P DpAαq the inequality

}piλ�Aq�1f}H ¤ C|λ|β}Aαf}H
holds true.

(ii) There exists a constant C ¡ 0 such that for all t ¡ 0 and w0 P DpAq we have

}Sptqw0}H ¤ Ct�1{pα�βq}Aw0}H .
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2.4 Integral equalities and inequalities

This section might be seen as a groundwork for the last chapter. To investigate the stability of
the plate-membrane transmission problem given in Chapter 4 later on, we need some integral
equalities and inequalities. Our focus is especially on estimates of the L2pBΩq-norm of the
boundary of a domain Ω � Rn.

2.4.1 Lemma. [56, Theorem 1.4.4]. Let Ω � Rn be a bounded domain with C1-boundary. Then,
there is a constant C ¡ 0 such that for any function u P H1pΩq the following estimate holds:

}u}L2pBΩq ¤ C}u}1{2
H1pΩq

}u}1{2
L2pΩq

.

Proof. We only sketch the proof to give a rough idea how one could prove the result and omit
the details. We restrict ourselves to the half-space case. For u P C1pRn

�q with bounded support
it holds

}u}2L2pRn�1q �
»
Rn�1

|upx1, 0q|2 dx1

� �
»
Rn�1

» 8

0
Bn|upx1, xnq|2 dxn dx1

¤
»
Rn�1

» 8

0
2|Bnupx1, xnq � upx1, xnq| dxn dx1

¤ 2}u}H1pRn
�q
}u}L2pRn

�q
.

By density and partition of the unity, one also gets the result for u P H1pRn
�q and general

domains Ω � Rn.

2.4.2 Remark. Notice that we are in a kind of borderline situation in the previous lemma. It
is known that the trace mapping γ0 : H

spΩq Ñ Hs�1{2pBΩq with γ0puq :� u
��
BΩ

is continuous for

every s ¡ 1
2 . In the case of s � 1

2 , the continuity of the trace function is lost, see Section 1.10 of

[3] for a counterexample. On the other hand, we have }u}H1{2pΩq ¤ C}u}1{2
H1pΩq

}u}1{2
L2pΩq

for every

u P H1pΩq due to interpolation theory. Lemma 2.4.1 shows that although we cannot estimate
}u}L2pBΩq from above with }u}H1{2pΩq, as the trace mapping is discontinuous in this case, it
is possible to skip this intermediate (and wrong) step and still get the estimate }u}L2pBΩq ¤
C}u}1{2

H1pΩq
}u}1{2

L2pΩq
.

2.4 a) Integral equalities for solutions of the wave equation

As we deal with a plate-membrane transmission problem in Chapter 4, it is not too surprising
that there is a reasonable interest in integral equalities for solutions of the wave equation. The
following two results are a modification of Lemma 4.1 in [67] to a one-dimensional version. While
the first lemma is rather general, we highlight the meaning for solutions of the wave equation in
Corollary 2.4.4.

2.4.3 Lemma. Let T ¡ 0 and Ω � Rn be a bounded domain of class C1 with outward pointing
normal vector ν. Let σ P C1pΩqn be a vector field satisfying σ � ν on BΩ. For

v � vpt, xq P Cpr0, T s, H2pΩqq X C1pr0, T s, H1pΩqq X C2pr0, T s, L2pΩqq
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and s P p0, T q it holds

Re

»
Ω
vttpsqpσ �∇vpsqq dx � � 1

2
}vtpsq}2L2pBΩq �

1

2

»
Ω
|vtpsq|2 divpσq dx

� Re
d

ds

»
Ω
vtpsqpσ �∇vpsqq dx

and

Re

»
Ω
∆vpsqpσ �∇vpsqq dx � 1

2
}Bνvpsq}2L2pBΩq �

1

2

n�1̧

j�1

}Bτjvpsq}2L2pBΩq �
1

2

»
Ω
|∇vpsq|2 divpσq dx

� Re

»
Ω
∇vpsq � pDσ∇vpsqq dx.

Here, Dσ denotes the total derivative of σ and τj � τjpxq are tangential to the boundary for
j � 1, . . . , n� 1 in each point x P BΩ such that pν, τ1, . . . , τn�1q form an orthonormal basis.

Proof. For the first equality, we use the product rule and get

d

ds

»
Ω
vtpsqpσ �∇vpsqq dx �

»
Ω
vttpsqpσ �∇vpsqq dx�

»
Ω
vtpsqpσ �∇vtpsqq dx.

Integration by parts leads to»
Ω
vtpsqpσ �∇vtpsqq dx �

»
BΩ
vtpsqpvtpsqσ � νq dS �

»
Ω
vtpsq divpvtpsqσq dx

� }vtpsq}2L2pBΩq �
»
Ω
vtpsq divpvtpsqσq dx

� }vtpsq}2L2pBΩq �
»
Ω
|vtpsq|2 divpσq � vtpsqpσ �∇vtpsqq dx.

Therefore, we have

Re

»
Ω
vtpsqpσ �∇vtpsqq dx � 1

2
}vtpsq}2L2pBΩq �

1

2

»
Ω
|vtpsq|2 divpσq dx.

Consequently,

Re

»
Ω
vttpsqpσ �∇vpsqq dx � � 1

2
}vtpsq}2L2pBΩq �

1

2

»
Ω
|vtpsq|2 divpσq dx

� Re
d

ds

»
Ω
vtpsqpσ �∇vpsqq dx.

For the second equality, we use integration by parts again and get»
Ω
∆vpsqpσ �∇vpsqq dx �

»
Ω
divp∇vpsqqpσ �∇vpsqq dx

�
»
BΩ
pσ �∇vpsqqp∇vpsq � νq dS �

»
Ω
∇vpsq �∇pσ �∇vpsqq dx

�
»
BΩ
|Bνvpsq|2 dS �

»
Ω
∇vpsq �∇pσ �∇vpsqq dx

�
»
BΩ
|Bνvpsq|2 dS �

»
Ω
∇vpsq � pDσ∇vpsqq � σ � pHesspvpsqq∇vpsqq dx,
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where Hesspvpsqq denotes the Hessian matrix of vpsq. It holds

Re

»
Ω
σ � pHesspvpsqq∇vpsqq dx � Re

»
Ω

ņ

k,l�1

BlvpsqσkBlBkvpsq dx

�
»
Ω

1

2

ņ

k,l�1

σkBkpBlvpsqBlvpsqq dx

� 1

2

ņ

l�1

»
Ω
σ �∇pBlvpsqBlvpsqq dx

� 1

2

ņ

l�1

�»
BΩ
pBlvpsqBlvpsqqpσ � νq dS �

»
Ω
pBlvpsqBlvpsqq divpσq dx



� 1

2

�»
BΩ
|∇vpsq|2 dS �

»
Ω
|∇vpsq|2 divpσq dx



� 1

2

�»
BΩ
|Bνvpsq|2 �

n�1̧

j�1

|Bτjvpsq|2 dS �
»
Ω
|∇vpsq|2 divpσq dx

�
.

In consequence, we have

Re

»
Ω
∆vpsqpσ �∇vpsqq dx � 1

2

»
BΩ
|Bνvpsq|2 �

n�1̧

j�1

|Bτjvpsq|2 dS �
1

2

»
Ω
|∇vpsq|2 divpσq dx

� Re

»
Ω
∇vpsq � pDσ∇vpsqq dx.

2.4.4 Corollary. Let Ω and σ be as in Lemma 2.4.3. Then every solution

v � vpt, xq P Cpr0, T s, H2pΩqq X C1pr0, T s, H1pΩqq X C2pr0, T s, L2pΩqq
of the wave equation

vtt �∆v � 0 in p0, T q � Ω

fulfils

}Bνvpsq}2L2pBΩq � }vtpsq}2L2pBΩq �
n�1̧

j�1

}Bτjvpsq}2L2pBΩq �
»
Ω
divpσqp|vtpsq|2 � |∇vpsq|2q dx

� 2Re

»
Ω
∇vpsq � pDσ∇vpsqq dx� 2Re

d

ds

»
Ω
vtpsqpσ �∇vpsqq dx

for all s P p0, T q.
Proof. Multiplying the differential equation with σ �∇vpsq and integrating, we obtain»

Ω
vttpsqpσ �∇vpsqq dx�

»
Ω
∆vpsqpσ �∇vpsqq dx � 0.

Lemma 2.4.3 completes the proof.
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2.4 b) Rellich’s identity

In the last part of this subsection, we state a special case of Rellich’s identity. A more general
version can be found in Corollary 2.1 of [59]. Later on, it will be useful to prove the polynomial
stability of the plate-membrane transmission problem analysed in Chapter 4 in the case of an
undamped membrane.

2.4.5 Lemma. [59, Corollary 2.1]. Let Ω � Rn be a bounded domain of class C1 with outward
pointing normal vector ν, u P H2pΩq and x0 P Rn. We define q : Rn Ñ Rn via qpxq � x� x0 for
x P Rn. Then it holds

2

»
Ω
∆upq �∇uq dx �

»
BΩ

2Bνupq �∇uq � |∇u|2pq � νq dS � pn� 2q}∇u}2L2pΩq.

In particular, we obtain»
Ω
∆upq �∇uq dx �

»
BΩ
Bνupq �∇uq � 1

2
|∇u|2pq � νq dS

for n � 2.

In the following lemma, we state another representation of the L2pΩq-norm of a function. The
two lemmas of this subsection are especially useful for estimates if the sign of q � ν is known.

2.4.6 Lemma. Let again Ω � Rn be a bounded domain of class C1 and ν, u, x0, q as in
Lemma 2.4.5. Then it holds

}u}2L2pΩq �
1

n

»
BΩ
pq � νq|u|2 dS � 2

n
Re

»
Ω
upq �∇uq dx.

Proof. Using integration by parts and the identity q �∇u � divpquq � nu, we get»
Ω
upq �∇uq dx �

»
Ω
u pdivpquq � nuq dx

�
»
Ω
udivpquq dx� n }u}2L2pΩq

� �
»
Ω
∇u � qu dx�

»
BΩ
upqu � νq dS � n }u}2L2pΩq

� �
»
Ω
∇u � qu dx�

»
BΩ
pq � νq|u|2 dS � n }u}2L2pΩq

and therefore »
Ω
upq �∇uq dx�

»
Ω
upq �∇uq dx �

»
BΩ
pq � νq|u|2 dS � n }u}2L2pΩq .

Thus,

2

n
Re

»
Ω
upq �∇uq dx � 1

n

»
BΩ
pq � νq|u|2 dS � }u}2L2pΩq .
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2.5 Parameter-elliptic systems of boundary value problems

In this section, we investigate so-called Douglis–Nirenberg systems of boundary value problems
in domains and in the half-space. In the following, let Ω � Rn be a domain with compact and
sufficiently smooth boundary Γ, or let Ω � Rn

� with boundary Γ � Rn�1. Since we deal with
systems of partial differential equations, we introduce a notation for products of Sobolev spaces
as well as for products of Besov spaces.

2.5.1 Definition. For N P N, p P p1,8q, λ P C, r P R and s � ps1, . . . , sN q P RN we write

Hs
p,λpRnq :�

N¹
j�1

H
sj
p,λpRnq

endowed with the canonical norm }w}Hs
p,λpRnq :�

�°N
j�1 }wj}p

H
sj
p,λpRnq

	1{p
. In addition, we use

the abbreviation Hs�r
p,λ pRnq :� H

s�pr,...,rq
p,λ pRnq. In the case of Besov spaces, we define

Bm
pp,λpRn�1q :�

M¹
j�1

B
mj

pp,λpRn�1q

and Bm�σ
pp,λ pRn�1q :� B

m�pσ,...,σq
pp,λ pRn�1q for M P N, σ P R and m � pm1, . . . ,mM q P RM .

For the parameter-independent spaces Hs
ppRnq :� Hs

p,0pRnq and Bm
pppRn�1q :� Bm

pp,0pRn�1q the
definitions are modified in an obvious way.

First, we introduce the vectors needed for the orders of the appearing differential operators and
boundary operators. We fix N P N and s, t P ZN with

max
i�1,...,N

si � 0 ¤ min
j�1,...,N

tj . (2-4)

In addition, we assume si� ti �: µ P N to be constant for i P t1, . . . , Nu, µN to be even and set
M :� µN

2 P N. Let m P ZM with

max
ℓ�1,...,M

mℓ   0. (2-5)

Notice that µ appears in the definition of xξ, λy and xξ1, λy in (2-1).

In the following, let Λ � C be a closed sector in the complex plane with vertex at the origin.

We consider the system of boundary value problems

pλ�Aqw � f in Ω,

Bw � g on Γ,
(2-6)

where λ P Λ, f � pf1, . . . , fN q and g � pg1, . . . , gM q. A � pAijq1¤i,j¤N denotes an N�N -matrix
whose entries are linear differential operators of order ordAij ¤ si� tj if si� tj ¥ 0 and Aij � 0,
whenever si � tj   0 and B � pBℓjq1¤ℓ¤M,1¤j¤N is an M �N -matrix whose entries are linear
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boundary operators of order ordBℓj ¤ mℓ� tj if mℓ� tj ¥ 0 and Bℓj � 0, whenever mℓ� tj   0.
The entries are of the form

Aij � Aijpx,Dq �
¸

|α|¤si�tj

aαijpxqDα,

Bℓj � Bℓjpx,Dq �
¸

|β|¤mℓ�tj

bβℓjpxqγ0Dβ

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M with given functions aαij : Ω Ñ C and bβℓj : Γ Ñ C. For the sake
of readability, we skip the concrete smoothness assumptions at this point and refer to Chapter 3
for details.

By A0px, ξq � pA0
ijpx, ξqq1¤i,j¤N we denote the principal symbol of A, where

A0
ijpx, ξq :�

¸
|α|�si�tj

aαijpxqξα.

Similarly, we define the principal symbol B0px, ξq � pB0
ℓjpx, ξqq1¤ℓ¤M,1¤j¤N via

B0
ℓjpx, ξq :�

¸
|β|�mℓ�tj

bβℓjpxqξβ.

2.5.2 Definition. The family λ�Apx,Dq is called parameter-elliptic in Λ if the principal symbol
A0px, ξq satisfies

detpλ�A0px, ξqq � 0 px P Ω, λ P Λ, ξ P Rn, pξ, λq � 0q. (2-7)

If (2-7) holds for λ � 0, we say that Apx,Dq is elliptic.
The boundary value problem pλ�Apx,Dq, Bpx,Dqq is called parameter-elliptic in Λ if λ�Apx,Dq
is parameter-elliptic in Λ and if the following Shapiro–Lopatinskii condition holds:

Let x0 P BΩ be an arbitrary point of the boundary, and rewrite the boundary value problem
pλ�A0px0, Dq, B0px0, Dqq in the coordinate system associated with x0, which is obtained from
the original one by a rotation after which the positive xn-axis has the direction of the interior
normal to BΩ at x0. Then the trivial solution rw � 0 is the only stable solution of the ordinary
differential equation on the half-line

pλ�A0px0, ξ1, Dnqq rwpxnq � 0 pxn ¡ 0q,
B0px0, ξ1, Dnq rwp0q � 0

for all ξ1 P Rn�1 and λ P Λ with pξ1, λq � 0. If the condition above is fulfilled for λ � 0, we call
the boundary value problem elliptic.

2.5.3 Remark. If Apx,Dq satisfies the slightly stronger condition that ξn ÞÑ detA0px, ξ1, ξnq
possesses µN

2 roots with positive and µN
2 roots with negative imaginary part for all x P Ω and

0 � ξ1 P Rn, we call Apx,Dq regular elliptic, see Section 7.1 of [3]. For n ¡ 2 ellipticity already
implies that µN is even and every elliptic operator is regular elliptic, see Remark 6.1.1 of [3]. If
λ�Apx,Dq is parameter-elliptic in Λ, the natural number µN is already even for n ¥ 2 due to
Proposition 2.2 of [4].
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2.5.4 Example. For m P N we consider the boundary value problem p∆m, γk0 , . . . , γkm�1q in
the half-space, where k0, . . . , km�1 P t0, . . . , 2m � 1u with ki   kj for i   j. In particular, in
this case we have N � 1. To show ellipticity of the boundary value problem, we first notice
that the symbol of ∆m is given by p�|ξ|2qm, which does not vanish for 0 � ξ P Rn. Thus ∆m

fulfils condition (2-7). The ordinary differential equation of interest for the Shapiro–Lopatinskii
condition is

pB2n � |ξ1|2qm rwpxnq � 0 (2-8)

with rwpkℓqp0q � 0 for 0 ¤ ℓ ¤ m � 1. The stable solutions of (2-8) are functions of the formrwpxnq � °m�1
j�0 cjx

j
n expp�|ξ1|xnq where c0, . . . , cm�1 P C. The initial condition leads to

rwpkℓqp0q � kℓ̧

j�0

�
kℓ
j



j!p�|ξ1|qkℓ�jcj ,

where cm � . . . � c2m�1 :� 0. Consequently, we have to show that the matrix L � plℓjq0¤ℓ,j¤m�1

with

lℓj �
#�

kℓ
j

�
j!p�|ξ1|qkℓ�j , j ¤ kℓ,

0, j ¡ kℓ

is invertible. By multiplying the ℓ-th row with p�|ξ1|q�kℓ and the j-th column with p�|ξ1|qj

j! we

obtain the matrix rL � prlℓjq0¤ℓ,j¤m�1 with

rlℓj �
#�

kℓ
j

�
, j ¤ kℓ,

0, j ¡ kℓ

for 0 ¤ ℓ, j ¤ m� 1. Now we consider the upper triangular matrix U � pujiq0¤j,i¤m�1 with

uji �
#�

i
j

�
, j ¤ i,

0, j ¡ i

for 0 ¤ j, i ¤ m� 1. It holds rLU � rS, where rS � prsℓiq0¤ℓ,i¤m�1 with

rsℓi � m�1̧

j�0

rlℓjuji � minti,kℓu¸
j�0

�
kℓ
j


�
i

j



�

�
kℓ � i

i




for 0 ¤ ℓ, i ¤ m � 1. The matrix rS is a quadratic submatrix of the 2m � 2m-Pascal matrix
S � psℓiq0¤ℓ,i¤2m�1 with sℓi �

�
ℓ�i
i

�
for 0 ¤ ℓ, i ¤ 2m � 1. As the determinant of every

quadratic submatrix of S is positive due to Example 0.1.6 of [30], we have detprSq ¡ 0. Because
of detpUq � 1 and rS � rLU we finally obtain detprLq ¡ 0 and thus detpLq � 0. Therefore, the
boundary value problem p∆m, γk0 , . . . , γkm�1q is elliptic.
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2.5.5 Example. We again restrict ourselves to the scalar case N � 1 in the half-space. There
are some boundary conditions pB1px,Dq, . . . , Bmpx,Dqq such that the boundary value problem
pApx,Dq, B1px,Dq, . . . , Bmpx,Dqq is elliptic for every regular elliptic operator A of order 2m.
Boundary conditions with this property are called completely elliptic, see Definition 3.1 of [40].
The prime example is given in the generalized Dirichlet boundary conditions pγ0, . . . , γm�1q, see
Remark 7.1.2 of [3].

This example can easily be extended to the boundary conditions pγs, . . . , γm�1�sq for a fixed
s P t0, . . . ,m� 1u. Let rw be a stable solution of the corresponding initial value problem

A0px0, ξ1, Dnq rwpxnq � 0 pxn ¡ 0q (2-9)

with rwps�jqp0q � 0 for j P t0, . . . ,m � 1u. We apply Bsn to (2-9). Since Bsn and A0px0, ξ1, Dnq
commute, rwpsq is a solution of the problem with generalized Dirichlet boundary conditions and
thus rwpsq � 0. As rw is a stable solution, we obtain rw � 0. For s � m� 1 we get the generalized
Neumann boundary conditions.

For m � 2 we can also show that pγ0, γ2q as well as pγ1, γ3q are completely elliptic. The second
claim follows, as before, from the first one. To see that the conditions pγ0, γ2q are completely
elliptic, let Apx,Dq be a regular elliptic differential operator of order 4. We assume that the
roots of the function ξn ÞÑ A0px0, ξ1,�iξnq with negative real part are τj :� τjpx0, ξ1q for j � 1, 2
and fixed x0, ξ

1 P Rn�1 with ξ1 � 0. We distinguish between the cases τ1 � τ2 and τ1 � τ2.

For τ1 � τ2 the stable solutions of the ordinary differential equation of interest for the Shapiro–
Lopatinskii condition are of the form rwpxnq � c1 exppτ1xnq � c2 exppτ2xnq for xn ¡ 0 and
c1, c2 P C. As the matrix �

1 1
τ21 τ22



is invertible since τ1 � τ2 both have negative real part, the trivial solution is the only stable
solution with rwp0q � rw2p0q � 0.

For τ :� τ1 � τ2 the stable solutions are of the form rwpxnq � c1 exppτxnq � c2xn exppτxnq for
xn ¡ 0 and c1, c2 P C. Again, the only stable solution with

0 � rwp0q � c1,

0 � rw2p0q � τ2c1 � 2τc2

is the trivial one. Thus pγ0, γ2q are completely elliptic boundary conditions.

In view of the last observations one could suppose that the boundary conditions pγk0 , . . . , γkm�1q
considered in Example 2.5.4 might also be completely elliptic in general. Actually, this is not
the case. We analyse for instance

ApDq :�
�
D2

n � ζ2
n�1̧

j�1

D2
j


�
D2

n � ζ4
n�1̧

j�1

D2
j



� pB2n � ζ2∆1qpB2n � ζ4∆1q,

where ζ :� exp
�
2πi
3

�
denotes a third root of unity. Because of

Apξq � pξn � ζ|ξ1|iqpξn � ζ|ξ1|iqpξn � ζ2|ξ1|iqpξn � ζ2|ξ1|iq
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for ξ P Rn the operator A is regular elliptic. As for a fixed ξ1 P Rn�1 with |ξ1| � 1 the functionrwpxnq � exppζxnq � exppζ2xnq is a non-trivial stable solution of

Apξ1, Dnq rwpxnq � pζ2 � B2nqpζ4 � B2nq rwpxnq � 0 pxn ¡ 0q

fulfilling rwp0q � 0 and rwp3qp0q � ζ3 � ζ6 � 0, the boundary value problem pA, γ0, γ3q is not
elliptic.

We mention here the classical a priori estimate of parameter-elliptic boundary value problems.
A proof in the case r � 0 can also be found in Theorem 2.6 of [29] and in Theorem 3.3 of [28].

2.5.6 Proposition. [68, Theorem 1.5.1]. Let p P p1,8q, r ¡ �1� 1
p and pλ�Apx,Dq, Bpx,Dqq

be parameter-elliptic in Λ with orders as described in (2-4) and (2-5). Then there is a λ0 ¡ 0
such that the boundary value problem (2-6) possesses a unique solution w P Ht�r

p pΩq for every

f P H�s�r
p pΩq, g P B�m�r�1{p

pp pΓq and λ P Λ with |λ| ¥ λ0. The solution w satisfies

}w}Ht�r
p,λ pΩq ¤ C

�
}f}H�s�r

p,λ pΩq � }g}
B
�m�r�1{p
pp,λ pΓq

	
for λ P Λ with |λ| ¥ λ0 and a constant C ¡ 0 not depending upon f , g and λ. In the case of
constant coefficients and no lower order terms, we can choose λ0 ¡ 0 arbitrary small.

The situation becomes easier in the whole space case, where an analogue statement follows from
Mikhlin’s Theorem, see Theorem 3.5 of [28].

2.5.7 Lemma. Let p P p1,8q, r P R and λ�Apx,Dq be parameter-elliptic in Λ with orders as
described in (2-4). Then there is a λ0 ¡ 0 such that the problem

pλ�Apx,Dqqw � f in Rn

possesses a unique solution w P Ht�r
p pRnq for every f P H�s�r

p pRnq and λ P Λ with |λ| ¥ λ0
satisfying

}w}Ht�r
p,λ pRnq ¤ C}f}H�s�r

p,λ pRnq

with a constant C ¡ 0 not depending upon f and λ. In the case of constant coefficients and no
lower order terms, we can choose λ0 ¡ 0 arbitrary small.

By using Lemma 2.1.7, we can write the dependency on λ in the previous lemma explicitly in
the case r ¥ 0.

2.5.8 Corollary. In the situation of Lemma 2.5.7 with r ¥ 0, we can rewrite the a priori
estimate in the form

}w}Ht�r
p pRnq �

Ņ

j�1

|λ|ptj�rq{µ}wj}LppRnq ¤ C

�
}f}H�s�r

p pRnq �
Ņ

i�1

|λ|p�si�rq{µ}fi}LppRnq



(2-10)

for λ P Λ with |λ| ¥ maxt1, λ0u. In particular, we get

}w}Ht�r
p pRnq � |λ|}w}H�s�r

p pRnq ¤ C}f}H�s�r
p,λ pRnq.
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Proof. The first statement follows directly from Lemma 2.5.7 and Lemma 2.1.7. For the second
assertion notice that

|λ|}wj}
H
�sj�r
p pRnq

� |λ|ptj�r�sj�rq{µ}wj}
H
�sj�r
p pRnq

¤ C
�}wj}

H
tj�r
p pRnq

� |λ|ptj�rq{µ}wj}LppRnq

�
for j � 1, . . . , N due to Lemma 2.2.2.

Under some additional smoothness assumptions, we can improve the a priori estimate from
Lemma 2.5.7 in the whole space case.

2.5.9 Lemma. [20, Theorem 4.1]. Under the additional assumption that A has constant coeffi-
cients, we obtain

}w}Ht�r
p pRnq � |λ|}w}H�s�r

p pRnq ¤ C}f}H�s�r
p pRnq (2-11)

for λ P Λ with |λ| ¥ λ0 in the situation of Lemma 2.5.7.

The following proposition improves the λ-dependence in the a priori estimate of Proposition 2.5.6
in the half-space case with r � 0 for appropriate orders of boundary conditions.

2.5.10 Proposition. We assume that A and B both have constant coefficients. Let the boundary
value problem pλ�ApDq, BpDqq be parameter-elliptic with orders as described in (2-4) and (2-5).
We also assume

γ :� max
ℓ�1,...,M

"
�mℓ � µ� 1

p

*
¡ 0. (2-12)

Thus, there is a λ0 ¥ 1 such that the boundary value problem

pλ�Aqw � f in Rn
�,

Bw � g on Rn�1
(2-13)

possesses a unique solution w P Ht
ppRn

�q for every λ P Λ with |λ| ¥ λ0, f P H�s
p pRn

�q and

g P B�m�1{p
pp pRn�1q. Furthermore, there exists a constant C ¡ 0, independent of f , g and λ,

such that

}w}Ht
ppRn

�q
� |λ|}w}H�s

p pRn
�q
¤ C

�
|λ|γ{µ}f}H�s

p pRn
�q
� }g}

B
�m�1{p
pp,λ pRn�1q

	
.

Proof. We follow the proof of Theorem 3.6 in [22]. Let f be inH�s
p pRn

�q and g P B�m�1{p
pp pRn�1q.

Since pλ�A,Bq is parameter-elliptic, we already know unique solvability of the boundary value
problem (2-13) for λ P Λ with |λ| ¥ λ0 and a suitable λ0 ¡ 0. We write the solution w in the
form w � wf � wg � w0. Here, wf :� rRn

�
rwf with rwf being the solution of

pλ�Aq rwf � eRn
�
f in Rn,

where rRn
�
: Ht

ppRnq Ñ Ht
ppRn

�q, w ÞÑ w
��
Rn
�

denotes the restriction of a function to Rn
� and

eRn
�
: H�s

p pRn
�q Ñ H�s

p pRnq is a continuous extension operator, see Remark 3.1.5 for details.
The function wg solves the boundary value problem

pλ�Aqwg � 0 in Rn
�,

Bwg � g on Rn�1.
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Therefore, w0 is the solution to

pλ�Aqw0 � 0 in Rn
�,

Bw0 � �Bwf on Rn�1.

Due to Proposition 2.5.6, there exists a constant C ¡ 0 such that

}wg}Ht
p,λpR

n
�q
¤ C}g}

B
�m�1{p
pp,λ pRn�1q

.

Using the interpolation inequality of Lemma 2.2.2, we get

|λ|}wg}H�s
p pRn

�q
¤ C}wg}Ht

p,λpR
n
�q
.

Hence, we find a C ¡ 0 such that

}wg}Ht
ppRn

�q
� |λ|}wg}H�s

p pRn
�q
¤ C}g}

B
�m�1{p
pp,λ pRn�1q

.

Similarly, we get for w0 the estimate

}w0}Ht
ppRn

�q
� |λ|}w0}H�s

p pRn
�q
¤ C}Bwf }B�m�1{p

pp,λ pRn�1q
.

Now, we use Lemma 2.1.8 and consider every term of the right-hand side separately. We find

}Bwf }B�m�1{p
pp pRn�1q

¤ C}wf }Ht
ppRn

�q

(2-11)
¤ C}eRn

�
f}H�s

p pRnq ¤ C}f}H�s
p pRn

�q
.

For the λ-weighted Lp-norms we distinguish between two cases.

Case 1: If �mℓ ¡ µ� 1
p for ℓ P t1, . . . ,Mu, we get

|λ|p�mℓ�1{pq{µ
��pBwf qℓ

��
LppRn�1q

¤ C|λ|p�mℓ�1{pq{µ
��pBwf qℓ

��
B
�mℓ�µ�1{p
pp pRn�1q

¤ C|λ|p�mℓ�1{pq{µ}wf }H�s
p pRn

�q

(2-11)
¤ C|λ|p�mℓ�µ�1{pq{µ}f}H�s

p pRn
�q

¤ C|λ|γ{µ}f}H�s
p pRn

�q
.

Case 2: If �mℓ   µ� 1
p for ℓ P t1, . . . ,Mu, we can estimate as follows:

|λ|p�mℓ�1{pq{µ
��pBwf qℓ

��
LppRn�1q

¤ C|λ|p�mℓ�1{pq{µ
��pBwf qℓ

��
B

1�1{p
pp pRn�1q

¤ C|λ|p�mℓ�1{pq{µ}wf }Ht�1�mℓ
p pRn

�q

� C|λ|γ{µ|λ|p�mℓ�γ�1{pq{µ}wf }Ht�1�mℓ
p pRn

�q

¤ C|λ|γ{µ|λ|p�mℓ�1q{µ}wf }Ht�1�mℓ
p pRn

�q

¤ C|λ|γ{µ
�
}wf }Ht

ppRn
�q
� |λ|}wf }H�s

p pRn
�q

	
(2-11)
¤ C|λ|γ{µ}f}H�s

p pRn
�q
.
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In the second to last step we used Lemma 2.2.2 again and the inequality

�sj   1� sj � 1

p
� 1� µ� 1

p
� tj   1�mℓ � tj ¤ tj

for j � 1, . . . , N . Altogether, we obtain the desired result.

2.5.11 Remark. Adapting the proof of Corollary 2.5.8 in the case r � 0 to boundary value
problems in the half-space, we get the estimate

}w}Ht
ppRn

�q
� |λ|}w}H�s

p pRn
�q
¤ C

�
}f}H�s

p,λpR
n
�q
� }g}

B
�m�1{p
pp,λ pRn�1q

	
.

In Proposition 2.5.10 the power of λ on the right-hand side concerning f is given by

|λ|γ{µ � |λ|p�ptj�mℓq�sj�1{pq{µ ¤ |λ|�sj{µ

for suitable ℓ P t1, . . . ,Mu and j P t1, . . . , Nu. Consequently, the estimate in Proposition 2.5.10
is at least better in some components of f , particularly if the orders of the boundary conditions
are quite high.

2.5.12 Example. As an example we investigate the stationary plate equation with structural
damping, that is

ApDq :�
�

0 1
�∆2 ρ∆



for ρ ¡ 0. We give a short summary of the results in Section 2 of [21]. The operator ApDq is of
Douglis–Nirenberg structure with t � p4, 2q, s � p�2, 0q and µ � 2. In addition, we have

λ�Apξq �
�
λ �1
|ξ|4 λ� ρ|ξ|2



such that

detpλ�Apξqq � λ2 � ρ|ξ|2λ� |ξ|4 � pα�λ� |ξ|2qpα�λ� |ξ|2q,

where

α� :�

$'&'%
ρ
2 � i

b
1� ρ2

4 , 0   ρ   2,

ρ
2 �

b
ρ2

4 � 1, ρ ¥ 2.

For

ϑ :�
$&%arctan

�
2
ρ

b
1� ρ2

4



, 0   ρ   2,

0, ρ ¥ 2,

0   φ   π � ϑ, Σφ :� tz P Czt0u : | argpzq|   φu and pξ, λq P pRn � Σφqzt0u it holds
detpλ�Apξqq � 0. Thus, λ�ApDq is parameter-elliptic in Σφ, see Section 2 of [21].
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As we are interested in the parameter-ellipticity of pλ � ApDq, BpDqq for various boundary
conditions BpDq, we take a closer look at the stable solutions of�

λ �1
p|ξ1|2 � B2nq2 λ� ρp|ξ1|2 � B2nq


�
w1pxnq
w2pxnq



� 0 pxn ¡ 0q. (2-14)

From the first row we know that w2pxnq � λw1pxnq, which reduces the second row to

λ2w1pxnq � λρp|ξ1|2 � B2nqw1pxnq � p|ξ1|2 � B2nq2w1pxnq � 0 pxn ¡ 0q.
The stable solutions of (2-14) are of the form

c1

�
w1
1pxnq

w1
2pxnq



� c2

�
w2
1pxnq

w2
2pxnq



,

where wj
1pxnq � exppτjxnq and wj

2pxnq � λwj
1pxnq for ρ � 2 with

τ1 � �
a
|ξ1|2 � α�λ and τ2 � �

a
|ξ1|2 � α�λ

for j � 1, 2. The root
?� : Czp�8, 0s Ñ C denotes the principal square root, that is the one with

positive real part. In the case ρ � 2 the values τ :� τ1 � τ2 coincide and the stable solutions are
given by w1

1pxnq � exppτxnq, w2
1pxnq � xn exppτxnq and again wj

2pxnq � λwj
1pxnq for j � 1, 2,

see Lemma 3.1 of [21].

For the Dirichlet boundary conditions B1pDq �
�
1 0
Bn 0



the resulting initial conditions are

w1p0q � w11p0q � 0. We easily check that the only stable solution with these initial conditions

is the trivial one. The same holds for the Neumann boundary conditions B2pDq �
�Bn 0
B2n 0



.

Lastly, we consider the boundary conditions B3pDq �
�
1 0
∆ 0



, that is, the initial conditions

w1p0q � w21p0q � |ξ1|2w1p0q � 0. They directly simplify to w1p0q � w21p0q � 0, where again the
trivial solution is the only stable solution.

Notice that we sometimes omit the traces in the definition of the boundary conditions as it is
clear from the context how to read them.

We see that, even though we deal with a system of equations, the problem reduces to a scalar
initial value problem, where the initial conditions are similar to those we already took into
consideration in Example 2.5.5.

Now, we apply Proposition 2.5.10 in the Hilbert space case p � 2 to the operator ApDq of
the stationary structurally damped plate equation, defined in Example 2.5.12, to point out the
differences in the power of λ for several boundary conditions.

2.5.13 Example. We consider the boundary conditions B1pDq �
�
1 0
Bn 0



. As we have seen

in Example 2.5.12, the problem pλ � ApDq, B1pDqq is parameter-elliptic. Particularly due to
Proposition 2.5.10, we get the estimate

|λ|1{4}w}H�spRn
�q
¤ C}f}H�spRn

�q



38 2 Tools for the proofs of the main results

for p � 2, g � 0, λ P Σφ with |λ| ¥ λ0 and 0   φ   π � ϑ since the orders corresponding to
B1pDq fulfil m1 � p�4,�3q. The notation for w and u is adopted from Proposition 2.5.10. We

obtain the same result for B3pDq �
�
1 0
∆ 0



, where m3 � p�4,�2q.

Together with the Neumann boundary conditionB2pDq �
�Bn 0
B2n 0



, the system pλ�ApDq, B2pDqq

also becomes parameter-elliptic, see Example 2.5.12. We have m2 � p�3,�2q and therefore ob-
tain

|λ|3{4}w}H�spRn
�q
¤ C}f}H�spRn

�q

for p, g and λ as before.

Now, we use the Yosida-approximation in a slightly different form to gain a better estimate than
in Proposition 2.5.10 if f satisfies several additional assumptions, see Lemma II.3.4 of [26].

2.5.14 Proposition. In the situation of Proposition 2.5.10, we define

A : H�s
p pRn

�q � DpAq Ñ H�s
p pRn

�q

by

DpAq :�  
w P Ht

ppRn
�q : BpDqw � 0

(
and Aw :� Aw pw P DpAqq.

Then λ � A is invertible for λ P Λ with sufficiently large absolute value. For f P DpAq, g � 0
and γ   µ we obtain λw Ñ f in H�s

p pRn
�q for λÑ8. Particularly, there is a λ0 ¡ 0 such that

|λ|}w}H�s
p pRn

�q
¤ C}f}Ht

ppRn
�q

(2-15)

for λ P Λ with |λ| ¥ λ0.

Proof. First, we observe that λ�A is invertible due to Proposition 2.5.6 for λ P Λ with sufficiently
large absolute value. Let f be in DpAq and γ   µ. According to Proposition 2.5.10 there is a
λ0 ¡ 0 such that

}λw � f}H�s
p pRn

�q
� }λpλ�Aq�1f � f}H�s

p pRn
�q

� }pλ�Aq�1pλ�A�Aqf � f}H�s
p pRn

�q

� }pλ�Aq�1Af}H�s
p pRn

�q

¤ C|λ|γ{µ�1}Af}H�s
p pRn

�q

for all λ P Λ with |λ| ¥ λ0. The right-hand side converges to zero for λÑ 8. Inequality (2-15)
follows from

}λw}H�s
p pRn

�q
¤ }f}H�s

p pRn
�q
� C}Af}H�s

p pRn
�q
¤ C}f}Ht

ppRn
�q
.



Chapter 3

Systems of boundary value problems
in spaces of mixed smoothness

This chapter is based on [19], which treats scalar parameter-elliptic boundary value problems
with rough boundary data. Here, we generalize the results to systems of parameter-elliptic
boundary value problems. While [19] focusses on the application to semigroup theory with
ground space LppRn

�q � LppRn�1q, our main interests are a priori estimates in rougher Sobolev
spaces. Therefore, the studies of the linearised Cahn–Hilliard equation in LppRn

�q � LppRn�1q
are omitted here but can be found in Chapter 5 of [19]. Throughout this chapter, we assume
p P p1,8q.

3.1 Sobolev spaces of mixed smoothness and traces

3.1 a) Some function spaces

In this first section of Chapter 3 we want to introduce spaces of mixed smoothness, which have
different regularity in normal and tangential direction. The advantage of those spaces is that
we are able to define traces for functions, where the regularity in tangential direction is rather
bad and might even get negative. For p � 2, the following definition can also be found in
Appendix A.3 of [35].

3.1.1 Definition. For s, σ P R and p P p1,8q we define the Bessel potential space of mixed
smoothness Hs,σ

p pRnq as

Hs,σ
p pRnq :� tu P S 1pRnq : xD1yσu P Hs

ppRnqu � tu P S 1pRnq : xDysxD1yσu P LppRnqu

with canonical norm }u}Hs,σ
p pRnq :� }xD1yσu}Hs

ppRnq � }xDysxD1yσu}LppRnq, where x�y is as de-

scribed in (2-1).

In the previous definition, xD1yσ acts only on the x1-variable. Therefore, the spaces above have
smoothness s� σ in x1-direction and smoothness s in xn-direction. We will often assume σ   0
because in our applications we need higher regularity in normal direction than in tangential
direction to define traces.

Clearly, Hs,σ
p pRnq is a Banach space. Since xD1yσ and xDys leave S pRnq invariant, the rapidly

decreasing functions are a dense subset of Hs,σ
p pRnq. For every t, τ P R the map

xDytxD1yτ : Hs,σ
p pRnq Ñ Hs�t,σ�τ

p pRnq

is an isometric isomorphism with inverse xDy�txD1y�τ .
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We remark that the scale Hs,σ
p pRnq for s, σ P R is different from the scale of anisotropic spaces

Hs,⃗a
p pRnq in the sense of Proposition 2.10 in [45], see also Section 5.1.3 of [78]. In particular,

for s ¡ 0 and σ   �s, we have positive smoothness with respect to xn but negative smoothness
in x1, which is not allowed for the anisotropic spaces. Hs,σ

p pRnq is also different from the space of
dominating mixed smoothness, see for instance Section 1.1.2 of [76]. Spaces of dominating mixed
smoothness are defined similarly as above, but with xξy being replaced by

±n
j�1p1� ξ2j q1{2. We

refer to Section 1 of [71] and Subsection 2.2 of [42] for further information on spaces of dominating
mixed smoothness and applications to boundary value problems.

We state some elementary properties of the Bessel potential spaces with mixed smoothness,
which we shall use frequently later on.

3.1.2 Proposition. Let s, σ P R.

(i) Hs,0
p pRnq � Hs

ppRnq and H0,σ
p pRnq � LppR, Hσ

p pRn�1qq.

(ii) Ht,τ
p pRnq � Hs,σ

p pRnq whenever s ¤ t and σ ¤ τ .

(iii) For σ ¥ 0 we have

Hs�σ
p pRnq � Hs,σ

p pRnq � Hs
ppRnq � Hs,�σ

p pRnq � Hs�σ
p pRnq.

(iv) Let q be the dual coefficient to p, that is 1
p � 1

q � 1. Then the standard bilinear pair-

ing LppRnq � LqpRnq Ñ C induces an identification of the dual space of Hs,σ
p pRnq with

H�s,�σ
q pRnq.

(v) In case of s ¥ 0 we have

Hs,σ
p pRnq � LppR, Hs�σ

p pRn�1qq XHs
ppR, Hσ

p pRn�1qq.

(vi) For α P Nn
0 , the derivative Bα : Hs,σ

p pRnq Ñ H
s�|αn|,σ�|α1|
p pRnq is continuous.

(vii) If s P N0 is an integer, u P S 1pRnq belongs to Hs,σ
p pRnq if and only if Bjnu P H0,s�σ�j

p pRnq
for all j � 0, . . . , s. Moreover, }u} :� °s

j�0 }Bjnu}H0,s�σ�j
p pRnq

defines an equivalent norm

on Hs,σ
p pRnq.

Proof. The main idea of the proof is to go back to the case σ � 0, where the results are well-
known.

(i) This statement is clear from the definition of the spaces.

(ii) This embedding holds true, since xDys�txD1yσ�τ is a bounded operator in LppRnq due to
Mikhlin’s Theorem.

(iii) By Mikhlin’s Theorem, both xDy�σxD1yσ and xD1y�σ are bounded operators in LppRnq
for σ ¥ 0. This yields the first and the second inclusion. The other two are verified
analogously.
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(iv) As xD1yσ : Hs,σ
p pRnq Ñ Hs

ppRnq is an isometric isomorphism, the adjoint operator

pxD1yσq1 : pHs
ppRnqq1 Ñ pHs,σ

p pRnqq1

is an isometric isomorphism in the dual spaces. In the bilinear pairing, this adjoint operator
is again xD1yσ, and the dual space of Hs

ppRnq is given by H�s
q pRnq. Hence, the dual space

of Hs,σ
p pRnq is identified with xD1yσpH�s

q pRnqq � H�s,�σ
q pRnq.

(v) The equality is known to be true in case σ � 0. Applying xD1y�σ to both sides of this
equality yields the claim.

(vi) This holds because BαxD1y�|α1|xDy�αn is bounded in LppRnq due to Mikhlin’s Theorem.

(vii) Again this is known in case σ � 0. The general case follows because xD1yσ commutes
with Bn.

3.1 b) Interpolation spaces

In this subsection we show that complex interpolation of the spaces Hs,σ
p pRnq works as one would

expect. The following result is an application of Proposition 2.2.1. In difference to Lemma 2.3
in [19], we can also vary the parameter p here.

3.1.3 Lemma. Let s0, s1, σ0, σ1 P R, p0, p1 P p1,8q, and θ P p0, 1q. Then

rHs0,σ0
p0 pRnq, Hs1,σ1

p1 pRnqsθ � Hsθ,σθ
pθ

pRnq (3-1)

with sθ � p1� θqs0 � θs1, σθ � p1� θqσ0 � θσ1, and
1
pθ
� p1�θq

p0
� θ

p1
.

Proof. Because of rX0, X1sθ � rX1, X0s1�θ, we may assume s1 ¤ s0. Applying the operator
xDys1xD1yσ0 and setting s :� s0� s1 ¥ 0 and σ :� σ1�σ0 P R, by the retraction argument from
Proposition 2.3.2 of [5], it remains to show that

rHs
p0pRnq, H0,σ

p1 pRnqsθ � Hp1�θqs,θσ
pθ

pRnq. (3-2)

First, we observe

rHs
p0pRnq, H0,σ

p1 pRnqsθ � rH0,s
p0 pRnq XHs

p0pR, Lp0pRn�1qq, H0,σ
p1 pRnqsθ

� rH0,s
p0 pRnq, H0,σ

p1 pRnqsθ X rHs
p0pR, Lp0pRn�1qq, H0,σ

p1 pRnqsθ
� LpθpR, Hp1�θqs�θσ

pθ
pRn�1qq XHp1�θqs

pθ
pR, Hθσ

pθ
pRn�1qq

� Hp1�θqs,θσ
pθ

pRnq

(3-3)

according to Proposition 3.1.2 and Theorem 3.18 of [51].

For the other inclusion, we apply Proposition 2.2.1 (ii) to the spaces

Xθ :� Hp1�θqs
pθ

pRnq and Yθ :� Hp1�θqs,θσ
pθ

pRnq

for θ P r0, 1s. It is known from Theorem 3.18 of [51] that rHs
p0pRnq, Lp1pRnqsθ � H

p1�θqs
pθ pRnq.

We notice that xD1y�zσ : Hs
p0pRnq � Lp1pRnq Ñ S 1pRnq is linear such that

xD1y�zσ : Hp1�Re pzqqs
pθ

pRnq Ñ Hp1�Re pzqqs,Re pzqσ
pθ

pRnq
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is an isomorphism for all z P S with

}xD1y�ibσ}LpHs
p0
pRnq,Hs

p0
pRnqq ¤ }xD1y�ibσ}LpLp0 pRnq,Lp0 pRnqq ¤ Cp1� |bσ|q,

}xD1y�p1�ibqσ}
LpLp1 pRnq,H0,σ

p1
pRnqq ¤ }xD1y�ibσ}LpLp1 pRnq,Lp1 pRnqq ¤ Cp1� |bσ|q

for all b P R due to inequality (5.53) of [44]. If σ ¥ 0, the mapping

S Ñ Hs
p0pRnq � Hs

p0pRnq �H0,σ
p1 pRnq, z ÞÑ xD1y�zσx � xDy�sxD1y�zσxDysx

is holomorphic on S and continuous on S for all x P Hs
p0pRnq X Lp1pRnq � Hs

p0pRnq because of
Lemma 5.6.8 in [44]. In case σ   0, the mapping

S Ñ H0,σ
p1 pRnq � Hs

p0pRnq �H0,σ
p1 pRnq, z ÞÑ xD1y�zσx � xD1y�σxD1yp1�zqσx

fulfils again the desired smoothness assumptions for x P Hs
p0pRnqXLp1pRnq � Lp1pRnq according

to Lemma 5.6.8 in [44]. An application of Proposition 2.2.1 (ii) finishes the proof.

3.1.4 Remark. Because of Lemma 3.1.3 and the inclusion (3-3), we have

rH0,s
p0 pRnq XHs

p0pR, Lp0pRn�1qq, H0,σ
p1 pRnqsθ

�rH0,s
p0 pRnq, H0,σ

p1 pRnqsθ X rHs
p0pR, Lp0pRn�1qq, H0,σ

p1 pRnqsθ
(3-4)

for s ¥ 0 and σ P R. Therefore, we can interchange complex interpolation and intersection for
those spaces in the given way. For general spaces, it is not clear in which setting this equality
is true, see for instance [65]. A counterexample can be found in [74]. If there was an argument
to see equality (3-4) independently of the proof of Lemma 3.1.3, one could show Lemma 3.1.3
with only (3-3) and (3-4).

3.1.5 Remark. In this remark we collect some properties which are still true if we replace Rn

by Rn
� or a domain Ω � Rn with smooth boundary.

(i) Let Ω � Rn
�. Then the restriction rRn

�
: XpRnq Ñ XpRn

�q, u ÞÑ u
��
Rn
�

is a retraction for

X P tS ,S 1, Hs
p , B

s
pp, H

s,σ
p , . . .u. This follows from the fact that there exists a restriction-

extension pair pR,Eq for pS 1pRnq,S 1pRn
�qq in the sense of Theorem VI.1.2.3 in [6] which

yields the restriction-extension pair prRn
�
, eRn

�
q on pXpRnq, XpRn

�qq by Lemma VII.2.8.1
of [6]. In particular, the extension operator eRn

�
is universal for all considered spaces.

Later, we will also consider e0Ω, the canonical extension from Ω to Rn by zero.

(ii) Similarly, if Ω � Rn has smooth boundary, the map u ÞÑ u
��
Ω
is a retraction fromHs

ppRnq to
Hs

ppΩq and from Bs
pppRnq to Bs

pppΩq, and for all N P N there exists a common coretraction,
that is, a continuous right-inverse, for all |s|   N , see Theorem 3.3.4 of [79].

(iii) Due to (i) and standard retraction-coretraction arguments, see Section I.2.3 of [5], all
statements of Proposition 3.1.2 and Lemma 3.1.3 remain valid if we replace Rn by Rn

�,
with the exception of Proposition 3.1.2 (iv) which has to be modified in the following form:
For all s, σ P R the dual space of Hs,σ

p pRn
�q with respect to the standard pairing is given by

pHs,σ
p pRn

�qq1 � 9H�s,�σ
q pRn

�q. Noting that xD1yσu has support in Rn
� if u does, this follows

in the same way as in the proof of Proposition 3.1.2 (iv) from pHs
ppRn

�qq1 � 9H�s
q pRn

�q, see
Theorem VII.4.4.2 of [6].
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3.1 c) Boundary traces

To define the trace space of Hs,σ
p pRn

�q on the boundary BRn
� � Rn�1, we recall that for the

standard space Hs
ppRn

�q the j-th order trace

γj : H
s
ppRn

�q Ñ Bs�j�1{p
pp pRn�1q, u ÞÑ γju :� Bjnu|Rn�1

is a continuous retraction for s ¡ j � 1
p , see Remark 2.1.4 (ii).

3.1.6 Definition. Let j P N0, s ¡ j � 1
p , and σ P R. Then we define the j-th order trace rγj

on Hs,σ
p pRn

�q as

rγj : Hs,σ
p pRn

�q Ñ Bs�σ�j�1{p
pp pRn�1q, u ÞÑ xD1y�σγjxD1yσu. (3-5)

3.1.7 Remark. Note that rγj is well defined as xD1yσu P Hs
ppRn

�q and the unique continuous
extension of the classical trace which is defined on the dense subspace S pRn

�q. The fact that
γj is a retraction on the classical space Hs

ppRn
�q immediately implies that (3-5) is a retraction,

too. In fact, if ej is a coretraction to γj , then rej :� xD1y�σejxD1yσ is a coretraction to rγj . As rγj
is (for σ ¤ 0) the unique continuous extension of γj to Hs,σ

p pRn
�q, we will write γj instead of rγj

again.

3.1.8 Remark (Roitberg spaces). There is a theory of generalized boundary value problems in
spaces of negative regularity due to Roitberg [69]. In this theory, for s P R and ℓ P N0, the spacerHs,pℓq

p pRn
�q is defined as the set of all tuples pu, g0, . . . , gℓ�1q such that there exists a sequence

pukqkPN � S pRn
�q satisfying puk, γ0uk, . . . , γℓ�1ukq Ñ pu, g0, . . . , gℓ�1q, where the convergence

takes place in the space

Hs
ppRn

�q �
ℓ�1¹
j�0

Bs�j�1{p
pp pRn�1q if s ¥ 0,

9Hs
ppRn

�q �
ℓ�1¹
j�0

Bs�j�1{p
pp pRn�1q if s   0.

For s ¡ ℓ � 1 � 1
p , the space rHs,pℓq

p pRn
�q can be identified with the standard Sobolev space

Hs
ppRn

�q, and we have gj � γju for j � 0, . . . , ℓ� 1 in this case, see Section 2.1 of [69].

Let ℓ P N0, s ¡ ℓ � 1 � 1
p , σ ¤ 0, and u P Hs,σ

p pRn
�q. By density, there exists a sequence

pukqkPN � S pRn
�q with }uk � u}Hs,σ

p pRn
�q
Ñ 0 for k Ñ8. The continuity of (3-5) yields

}γjuk � γju}Bs�σ�j�1{p
pp pRn�1q

Ñ 0 pk Ñ8q

for j � 0, . . . , ℓ� 1. From this and Lemma 3.1.2 (i), we obtain the continuous embeddings

Hs,σ
p pRn

�q � rHs�σ,pℓq
p pRn

�q if s� σ ¥ 0,

Hs,σ
p pRn

�q X 9Hs�σ
p pRn

�q� rHs�σ,pℓq
p pRn

�q if s� σ   0,

where we identify u P Hs,σ
p pRn

�q with the tuple pu, γ0u, . . . , γℓ�1uq.
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3.1 d) Parameter-dependent spaces

In a next step we extend the parameter-dependent norms from Definition 2.1.6 to the spaces of
mixed smoothness Hs,σ

p pRnq.

3.1.9 Definition. For λ P C let κλ again denote the homeomorphism on S 1pRnq given on S pRnq
by pκλuqpxq � upxλyxq. Then, we define the parameter-dependent norms by

}u}Hs,σ
p,λpRnq :� xλys�σ�n{p}κ�1

λ u}Hs,σ
p pRnq ps, σ P Rq.

Analogously, we define Hs,σ
p,λpRn

�q.

3.1.10 Lemma. We observe the following properties of the parameter-dependent spaces.

(i) The statements from Proposition 3.1.2 (i)–(vi), Lemma 3.1.3, Remark 3.1.5 and Re-
mark 3.1.7 remain valid in the spaces Hs,σ

p,λ for λ P C with respect to the parameter-
dependent norms.

(ii) For all s, σ P R and λ P C, we have

}u}Hs,σ
p,λpRnq � }xD1, λyσu}Hs

p,λpRnq � }xD,λysxD1, λyσu}LppRnq.

(iii) For s, σ ¥ 0 and λ P C, we have

}u}Hs,σ
p,λpRnq � }u}Hs,σ

p pRnq � xλyσ}u}Hs
ppRnq � xλys}u}

H0,σ
p pRnq � xλys�σ}u}LppRnq.

(iv) (Interpolation inequality) Let s0   s   s1 and σ P R. For every ε ¡ 0 there exists a
constant Cpεq ¡ 0 such that

}u}Hs,σ
p,λpRnq ¤ ε}u}Hs1,σ

p,λ pRnq � Cpεqxλys�s0}u}Hs0,σ
p,λ pRnq

for every λ P C and u P Hs1,σ
p,λ pRnq. The analogue statement holds for Rn

� instead of Rn.

Proof. (i) We can apply the above results in the parameter-independent norms to the func-
tion κ�1

λ u and obtain constants independent of λ, noting also that κλ commutes with
taking the trace on the boundary Rn�1.

(ii) For σ � 0, the statement follows from Formula (1.9) in [36]. For general σ, we use the
identity

xλyσκλxD1yσκ�1
λ � κλ

@xλyD1, λ
Dσ
κ�1
λ � xD1, λyσ,

which is obtained by straightforward calculation. This yields

}u}Hs,σ
p,λpRnq � xλys�σ�n{p

��xD1yσκ�1
λ u

��
Hs

ppRnq
� xλyσ��κλxD1yσκ�1

λ u
��
Hs

p,λpRnq

� ��xD1, λyσu��
Hs

p,λpRnq
� ��xD,λysxD1, λyσu��

LppRnq
.
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(iii) Due to Mikhlin’s Theorem we obtain

}u}Hs,σ
p,λpRnq � }xD,λysxD1, λyσu}LppRnq

¤ C}pxDys � xλysqxD1, λyσu}LppRnq

¤ Cp}xD1, λyσu}Hs
ppRnq � xλys}xD1, λyσu}LppRnqq

¤ Cp}u}Hs,σ
p pRnq � xλyσ}u}Hs

ppRnq � xλys}u}
H0,σ

p pRnq � xλys�σ}u}LppRnqq.
For the other inequality, we use s, σ ¥ 0 and again Mikhlin’s Theorem to get

}u}Hs,σ
p pRnq � xλyσ}u}Hs

ppRnq � xλys}u}
H0,σ

p pRnq � xλys�σ}u}LppRnq ¤ C}u}Hs,σ
p,λpRnq.

(iv) An application of the standard interpolation inequality gives

}u}Hs,σ
p,λpRnq � xλys�σ�n{p

��xD1yσκ�1
λ u

��
Hs

ppRnq

¤ xλys�σ�n{p
�
ε}xD1yσκ�1

λ u}Hs1
p pRnq � Cpεq}xD1yσκ�1

λ u}Hs0
p pRnq

	
¤ ε}u}Hs1,σ

p,λ pRnq � Cpεqxλys�s0}u}Hs0,σ
p,λ pRnq.

Let us remark that a statement analogous to Lemma 3.1.10 (ii) does not hold for the parameter-
dependent Besov spaces (with LppRnq being replaced by B0

pppRnq). Although

xD1, λys : Bs
pp,λpRn�1q Ñ B0

pp,λpRn�1q
is an isomorphism, the norm in the Besov space B0

pp,λpRn�1q still depends on λ, in contrast to
} � }H0

p,λpRnq � } � }LppRnq. This was observed in Section 1.1 of [36].

3.1 e) Multiplication operators

We finish this section with some considerations concerning multiplication operators. For a
sufficiently smooth function a : Rn Ñ C, we define the multiplication operatorMa byMau :� au
whenever the function u belongs to some Sobolev space of positive order. For negative order
spaces, we define the multiplication operator by duality with respect to the canonical pairing
LppRnq � LqpRnq, where 1

p � 1
q � 1.

3.1.11 Lemma. Let s, σ P R, ρ1 � ρ1ps, σq :� maxt|s|, |σ|, |s� σ|u, and a P BUCrρ1spRnq.
(i) There is a constant C � Cpρ1q � Cps, σq ¡ 0 such that for all λ P C

}Ma}LpHs,σ
p,λpRnqq ¤ C}a}

BUCrρ1spRnq
. (3-6)

(ii) For every ε ¡ 0 there exists a δ � δpε, s, σq ¡ 0 and a λ0 � λ0
�}a}

BUCrρ1spRnq
, ε
� ¡ 0 such

that
}Ma}LpHs,σ

p,λpRnqq   ε

whenever }a}8   δ and λ P C with |λ| ¥ λ0.

(iii) The results in (i) and (ii) hold analogously for Rn
� instead of Rn with a P BUCrρ1spRn

�q.
(iv) The results in (i) and (ii) also hold if we replace rρ1s by t|s|u�1 and Hs,σ

p,λpRnq by Bs
pp,λpRnq.
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Proof. We set ρ :� rρ1s.

(i) Consider the hexagon which is the convex hull of the vertex set

H :� tpρ, 0q, p0, ρq, p�ρ, ρq, p�ρ, 0q, p0,�ρq, pρ,�ρqu,

see Figure 3.1. In a first step we are going to show that for all P P H we can deduce the
bound

}Ma}LpHP
p pRnqq ¤ Cpρq}a}BUCρpRnq.

For the first two vertices this follows from the fact that H0,ρ
p pRnq � LppR, Hρ

p pRn�1qq and
Hρ,0

p pRnq � Hρ
p pRnq due to Lemma 3.1.2 (i) as well as the product rule. Their counterparts

p0,�ρq and p�ρ, 0q can be treated by a duality argument. For the space Hρ,�ρ
p pRnq we

use Lemma 3.1.2 (vii) to obtain

}au}Hρ,�ρ
p pRnq ¤ C

ρ̧

j�0

}Bjnpauq}H0,�j
p pRnq

¤ C

ρ̧

j�0

j̧

l�0

}pBj�l
n aqpBlnuq}H0,�j

p pRnq

¤ C

ρ̧

j�0

j̧

l�0

}pBj�l
n aqpBlnuq}H0,�l

p pRnq
,

where we used H0,�l
p pRnq � H0,�j

p pRnq. Furthermore, we have Bj�l
n a P BUClpRnq as j ¤ ρ.

So we may apply the boundedness of M
Bj�l
n a

on H0,�l
p pRnq and find

}au}Hρ,�ρ
p pRnq ¤ C}a}BUCρpRnq

ρ̧

j�0

j̧

l�0

}Blnu}H0,�l
p pRnq

� C}a}BUCρpRnq

ρ̧

l�0

pρ� l � 1q}Blnu}H0,�l
p pRnq

¤ C}a}BUCρpRnq

ρ̧

l�0

}Blnu}H0,�l
p pRnq

¤ C}a}BUCρpRnq}u}Hρ,�ρ
p pRnq

for all u P Hρ,�ρ
p pRnq. The last vertex follows again by duality.

In a second step we interpolate along the edges of the hexagon, which is precisely the
domain tpt, τq : maxt|t|, |τ |, |t � τ |u � ρu. For any point Pθ � p1 � θqP0 � θP1, where
0   θ   1 and P0, P1 P H, we obtain by interpolation HPθ

p pRnq � rHP0
p pRnq, HP1

p pRnqsθ
and thus

}Ma}LpHPθ
p pRnqq

¤ C}Ma}1�θ

LpH
P0
p pRnqq

}Ma}θ
LpH

P1
p pRnqq

¤ C}a}BUCρpRnq. (3-7)
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Finally, we interpolate along a straight line that starts in the origin, passes through ps, σq
and hits the boundary of the hexagon in the point

�
ρs
ρ1 ,

ρσ
ρ1

	
. More precisely, we use the

interpolation

Hs,σ
p pRnq � rLppRnq, Hρs{ρ1, ρσ{ρ1

p pRnqsρ1{ρ
to find

}Ma}LpHs,σ
p pRnqq ¤ C}a}BUCρpRnq.

ρ

ρ

�ρ

�ρ

ρ1

ρ1

�ρ1

�ρ1

ps, σq

�
ρs
ρ1 ,

ρσ
ρ1

	

0

Figure 3.1: In a first step, we see that the operatorMa is continuous on HP
p pRnq for every vertex

P P H of the outer hexagon and therefore by interpolation continuous on HPθ
p pRnq

for every Pθ on its boundary. Finally, we interpolate between that boundary and
the origin to get the continuity on Hs,σ

p pRnq for every ps, σq on the boundary of the
dashed hexagon.

In order to carry the result over to the parameter-dependent norms, we observe the fol-
lowing for any bounded operator T in Hs,σ

p pRnq: By Definition 3.1.9 we have

}Tu}Hs,σ
p,λpRnq � xλys�σ�n{p}κ�1

λ pTuq}Hs,σ
p pRnq

� xλys�σ�n{p}pκ�1
λ Tκλqpκ�1

λ uq}Hs,σ
p pRnq.
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Dividing by }u}Hs,σ
p,λpRnq � xλys�σ�n{p}κ�1

λ u}Hs,σ
p pRnq and passing to the supremum over all

0 � u P Hs,σ
p,λpRnq, we conclude that

}T }LpHs,σ
p,λpRnqq � }κ�1

λ Tκλ}LpHs,σ
p pRnqq.

Since we have

κ�1
λ Maκλupxq � κ�1

λ rapxqupxλyxqs � apxλy�1xqupxq � pκ�1
λ aqpxqupxq,

it holds

}Ma}LpHs,σ
p,λpRnqq � }Mκ�1

λ a}LpHs,σ
p pRnqq.

Thus

}Ma}LpHs,σ
p,λpRnqq ¤ C}κ�1

λ a}BUCρpRnq ¤ Cp}a}8 � xλy�1}a}BUCρpRnqq (3-8)

since }Bαpκ�1
λ aq}8 � xλy�|α|}Bαa}8 for every α P Nn

0 with |α| ¤ ρ.

(ii) Let ε ¡ 0 and choose δ   ε
2C . Let a P BUCρpRnq with }a}8   δ and λ0 ¡ 0 such that

xλ0y�1}a}BUCρpRnq   ε
2C . According to (3-8), we obtain

}Ma}LpHs,σ
p,λpRnqq   ε.

(iii) There exists a bounded extension operator ERn
�
: BUCρpRn

�q Ñ BUCρpRnq for any ρ P N0,
see for instance the construction in Theorem 5.19 of [1]. Then for Rn

� part (i) and (ii)
follow from

}Mau}Hs,σ
p,λpR

n
�q
¤ }MERn�

apeRn
�
uq}Hs,σ

p,λpRnq

¤ C
�}ERn

�
a}8 � xλy�1}ERn

�
a}BUCρpRnq

�}eRn
�
u}Hs,σ

p,λpRnq

¤ C
�}a}8 � xλy�1}a}BUCρpRn

�q

�}u}Hs,σ
p,λpR

n
�q

for all u P Hs,σ
p,λpRn

�q.

(iv) Taking σ � 0, we use the result from (i) and (ii) for the spaces Hs�γ
p,λ pRnq and Hs�γ

p,λ pRnq
for a sufficiently small γ ¡ 0 such that |s � γ| ¤ t|s|u � 1 still holds. Then the result
follows by real interpolation of the λ-dependent, but classical Sobolev spaces, which was
established in (1.16) of [36].

3.1.12 Remark. In the case of s P N0 and σ � λ � 0 in Lemma 3.1.11 (i), we directly get back
the classical results for the usual Sobolev spaces Hs

ppRnq. Furthermore, we would like to note
that pointwise multipliers in Besov spaces with λ � 0 are described for instance in [58] and [81].
In particular, it is known that functions which are Hölder continuous with Hölder index larger
than |s| are multipliers in Bs

pppRnq, see Theorem 4.7.1 (ii) of [70]. For our purposes, however,
Lemma 3.1.11 (iv) is sufficient.

Notice that we need slightly higher smoothness assumptions for the multiplier a in the Besov
space case. Even though it might be natural to guessMa P LpB0

pp,λpRnqq for a P BUC0pRnq, this
seems to be unclear. Since we use interpolation methods for the proof, we need some variability
in the smoothness, which is the reason why we are not able to handle the borderline case.
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3.2 Systems of boundary value problems in the half-space

We now deal with Douglis–Nirenberg systems of boundary value problems in domains and in
the half-space. In the following, let Ω � Rn be a domain with compact and sufficiently smooth
boundary Γ, or let Ω � Rn

� with boundary Γ � Rn�1.

First, we extend Definition 2.5.1 to Sobolev spaces of mixed smoothness.

3.2.1 Definition. For p P p1,8q, λ P C, r, σ P R and s � ps1, . . . , sN q P RN we write

Hs,σ
p,λpRnq :�

N¹
j�1

H
sj ,σ
p,λ pRnq

with canonical norm }w}Hs,σ
p,λpRnq :�

�°N
j�1 }wj}p

H
sj ,σ

p,λ pRnq

	1{p
. Additionally, we use the abbrevi-

ation Hs�r,σ
p,λ pRnq :� H

s�pr,...,rq,σ
p,λ pRnq. For Hs,σ

p pRnq :� Hs,σ
p,0 pRnq the definition is modified in

an obvious way.

We fix N,µ P N, s, t P ZN , and m P ZM with the conditions from (2-4) and (2-5) and consider
again the system of boundary value problems

pλ�Aqw � f in Ω,

Bw � g on Γ.
(3-9)

As in Section 2.5 the entries of A and B are of the form

Aij � Aijpx,Dq �
¸

|α|¤si�tj

aαijpxqDα, (3-10)

Bℓj � Bℓjpx,Dq �
¸

|β|¤mℓ�tj

bβℓjpxqγ0Dβ (3-11)

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤ M . Here, aαij : Ω Ñ C and bβℓj : Γ Ñ C are sufficiently smooth
functions.

More precisely, we will consider the following smoothness assumptions, depending on pr, σq P R2.

(S1) For each i P t1, . . . , Nu, let ρ1i :� maxt|r � si|, |σ|, |r � si � σ|u and ρi :� rρ1is. We assume
aαij P BUCρipΩq for all |α| ¤ si � tj , where 1 ¤ j ¤ N .

(S2) If Ω is unbounded, then aαijp8q :� limxPΩ, |x|Ñ8 a
α
ijpxq exists for all |α| ¤ si � tj . In

addition, all derivatives of the function

x ÞÑ aαij

�
x

|x|2



px � 0q

up to order ρi possess a continuous extension to x � 0 for 1 ¤ i, j ¤ N and |α| ¤ si � tj .

(S3) For each ℓ P t1, . . . ,Mu, let k1ℓ :� |r � mℓ � σ � 1
p | and kℓ :� tk1ℓu � 1. We assume

bβℓj P BUCkℓpΓq for all |β| ¤ mℓ � tj , where 1 ¤ j ¤ N .
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(S4) If Ω � Rn
�, then b

β
ℓjp8q :� limxPRn�1, |x|Ñ8 b

β
ℓjpxq exists for |β| ¤ mℓ � tj . In addition, all

derivatives of the function

x ÞÑ bβℓj

�
x

|x|2



px � 0q

up to order kℓ possess a continuous extension to x � 0 for 1 ¤ j ¤ N , 1 ¤ ℓ ¤ M and
|β| ¤ mℓ � tj .

(S5) The domain Ω is of class Cmaxj tj�rρ1s, where ρ1 :� maxt|r|, |σ|, |r � σ|u.

In this section we show that parameter-elliptic problems induce an isomorphism between para-
meter-dependent spaces pin the sense of Definition 2.1.5q. We focus on the case of the half-space.
In the following, let Λ � C be a closed sector in the complex plane with vertex at the origin.

3.2 a) Model problems and small perturbations

3.2.2 Lemma (Model problem in Rn). Let A0pDq � pA0
ijpDqq1¤i,j¤N have constant coefficients,

that is, A0
ijpDq �

°
|α|�si�tj

aαijD
α, where aαij P C for 1 ¤ i, j ¤ N , and let λ � A0pDq be

parameter-elliptic in Λ. Then, for every r, σ P R and every λ0 ¡ 0, the operator family

λ�A0 : H
t�r,σ
p,λ pRnq Ñ H�s�r,σ

p,λ pRnq (3-12)

is an isomorphism for λ P Λ with |λ| ¥ λ0.

Proof. The result is well known in case σ � 0, see Lemma 2.5.7. Let us denote by pλ�A0q�1
pr,0q

the corresponding inverse operator. We use the description of the parameter-dependent norm
from Lemma 3.1.10 (ii).

Since A0 commutes with xD1, λyσ and xD1, λyσ : Hr,σ
p,λpRnq Ñ Hr

p,λpRnq is an isometric isomor-
phism for all r P R, the inverse to (3-12) is

pλ�A0q�1
pr,σq � diagpxD1, λy�σ, . . . , xD1, λy�σqpλ�A0q�1

pr,0qdiagpxD1, λyσ, . . . , xD1, λyσq,

which then has the same uniform bound as pλ�A0q�1
pr,0q.

Let us now turn to the situation in the half-space, where we consider the following boundary
problem.

3.2.3 Theorem (Model problem in Rn
�). Let pλ�A0, B0q be parameter-elliptic in Λ. Here again,

we have A0pDq � pA0
ijpDqq1¤i,j¤N , where A0

ijpDq �
°
|α|�si�tj

aαijD
α with constant coefficients

aαij P C, as well as B0pDq � pB0
ℓjpDqq1¤ℓ¤M,1¤j¤N , where B0

ℓjpDq �
°
|β|�mℓ�tj

bβℓjγ0D
β with

constant coefficients bβℓj P C for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤ M . Then, for every r ¡ �1 � 1
p ,

σ P R, and λ0 ¡ 0, the family of operators�
λ�A0

B0



: Ht�r,σ

p,λ pRn
�q Ñ H�s�r,σ

p,λ pRn
�q �B

�m�r�σ�1{p
pp,λ pRn�1q (3-13)

is an isomorphism for λ P Λ with |λ| ¥ λ0.
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Proof. The proof is similar to that of Lemma 3.2.2. The result is known for σ � 0, see The-
orem 2.5.6. Let Lpr,0qpλq be the corresponding inverse. All involved operators commute with
xD1, λyσ. Hence the inverse operator Lpr,σqpλq for general σ is given by

diagpxD1, λy�σ, . . . , xD1, λy�σqLpr,0qpλqdiagpxD1, λyσ, . . . , xD1, λyσq,

where the left diagonal matrix is of size N �N and the right one is of size pN �Mq� pN �Mq.
Hence Lpr,σqpλq has the same uniform norm-bound as Lpr,0qpλq.

Motivated by the last two results, we define the parameter-dependent spaces

Er,σ
λ pΩq :� Ht�r,σ

p,λ pΩq pwith Ω � Rn or Ω � Rn
�q, (3-14)

as well as

Fr,σ
λ pRnq :� H�s�r,σ

p,λ pRnq,
Fr,σ
λ pRn

�q :� H�s�r,σ
p,λ pRn

�q �B
�m�r�σ�1{p
pp,λ pRn�1q

(3-15)

for r, σ P R. Then

λ�A0 : Er,σ
λ pRnq Ñ Fr,σ

λ pRnq and

�
λ�A0

B0



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q

are both isomorphisms. Below, we will consider the case of variable coefficients which are close
to constant coefficients in an appropriate sense. As a preparation, we show some auxiliary
continuity results.

3.2.4 Lemma. Let pr, σq P R2.

(i) Let A be a system of differential operators in Rn as in (3-10) and assume (S1) to hold.
Let

MA :� max
|α|¤si�tj ,
1¤i,j¤N

}aαij}BUCρi pRnq

for 1 ¤ i, j ¤ N . Then for every ε ¡ 0 there exist constants δ � δpε, r, σq ¡ 0 and
λ0 � λ0pMA, εq ¡ 0 such that

}A}LpEr,σ
λ pRnq,Fr,σ

λ pRnqq   ε

holds for all λ P C with |λ| ¥ λ0 provided max|α|�si�tj }aαij}8   δ for 1 ¤ i, j ¤ N .

(ii) Let pA,Bq be a system of boundary value problems of the form (3-10)–(3-11) in Rn
� and

assume (S1) and (S3) to hold with r ¡ �1� 1
p . Let

MA,B :� max
|α|¤si�tj ,
1¤i,j¤N

}aαij}BUCρi pRn
�q
� max

|β|¤mℓ�tj ,
1¤ℓ¤M, 1¤j¤N

}bβℓj}BUCkℓ pRn�1q.
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Then for every ε ¡ 0 there exist constants δ � δpε, r, σq ¡ 0 and λ0 � λ0pMA,B, εq ¡ 0
such that ����A

B


���
LpEr,σ

λ pRn
�q,F

r,σ
λ pRn

�qq
  ε

holds for all λ P C with |λ| ¥ λ0 provided

max
|α|�si�tj

}aαij}8 � max
|β|�mℓ�tj

}bβℓj}8   δ

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M .

Proof. The most important ingredients for this proof are the results on multiplication operators
from Lemma 3.1.11.

(i) We set A0 :� pA0
ijq1¤i,j¤N with A0

ij �
°
|α|�si�tj

aαijpxqDα and rA :� A�A0. Let ε ¡ 0 be

fixed and w P Ht,σ
p,λpRnq arbitrary. Then, due to Lemma 3.1.11 (ii), there exist δpε, r, σq ¡ 0

and λ0pMA, εq ¡ 0 such that for |λ| ¥ λ0 and appropriate ε1 ¡ 0 we have

}pA0wqi}H�si�r,σ

p,λ pRnq
¤

Ņ

j�1

¸
|α|�si�tj

}aαijp�qDαwj}H�si�r,σ

p,λ pRnq

¤ ε1
Ņ

j�1

¸
|α|�si�tj

}Dαwj}H�si�r,σ

p,λ pRnq

¤ ε

2N
}w}Er,σ

λ pRnq

for 1 ¤ i ¤ N given max|α|�si�tj }aijα }8   δ for 1 ¤ i, j ¤ N . For rAw we use
Lemma 3.1.11 (i), as we only rely on the fact that the coefficients are multipliers. Thus,
we obtain the estimate

}p rAwqi}H�si�r,σ

p,λ pRnq
¤

Ņ

j�1

¸
|α| si�tj

}aαijp�qDαwj}H�si�r,σ

p,λ pRnq

¤ CMA

Ņ

j�1

¸
|α| si�tj

}Dαwj}H�si�r,σ

p,λ pRnq

¤ CMA}w}Er�1,σ
λ pRnq

¤ CMAxλy�1}w}Er,σ
λ pRnq.

(3-16)

The last inequality holds true because we have

}wj}
H

tj�r�1,σ

p,λ pRnq
� }xD,λytj�r�1xD1, λyσwj}LppRnq ¤ Cxλy�1}xD,λytj�rxD1, λyσwj}LppRnq

uniformly in λ for 1 ¤ j ¤ N , since xλyxξ, λy�1 is a Mikhlin multiplier with symbol
estimates that are uniform in λ. As xλy�1 vanishes for |λ| Ñ 8, we can choose λ0 so large
that CMAxλy�1   ε

2N whenever |λ| ¥ λ0.
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(ii) The calculations for A are similar to (i), we just replace the whole space estimates by
the half-space estimates. For the boundary operator B we use Lemma 3.1.11 (iv) instead,
noting that (S3) yields the required smoothness. Hence for B we split off the lower order
terms again. Then for a given ε ¡ 0 there exist δpε, s, σq ¡ 0 and λ0pMA,B, εq ¡ 0 such
that for |λ| ¥ λ0 and appropriate ε1 ¡ 0 we obtain

}pB0wqℓ}B�mℓ�r�σ�1{p

pp,λ pRn�1q
¤

Ņ

j�1

¸
|β|�mℓ�tj

}bβℓjp�qγ0Dβwj}B�mℓ�r�σ�1{p

pp,λ pRn�1q

¤ ε1
Ņ

j�1

¸
|β|�mℓ�tj

}γ0Dβwj}B�mℓ�r�σ�1{p

pp,λ pRn�1q

¤ Cε1
Ņ

j�1

¸
|β|�mℓ�tj

}Dβwj}H�mℓ�r,σ

p,λ pRn
�q

¤ ε

2N
}w}Er,σ

λ pRn
�q

for 1 ¤ ℓ ¤ M given max|α|�si�tj }aαij}8 �max|β|�mℓ�tj }bβℓj}8   δ for 1 ¤ i, j ¤ N and
1 ¤ ℓ ¤M . Here, we also used the continuity of the trace from Definition 3.1.6. The lower
order terms can be handled as in (i) by applying Lemma 3.1.11 (iv) once more.

3.2.5 Lemma (Small perturbation in Rn). Let λ�A0 be as in Lemma 3.2.2, and let A � A0� rA,
where rA � p rAijq1¤i,j¤N with rAij � rAijpx,Dq �

¸
|α|¤si�tj

raαijpxqDα

for 1 ¤ i, j ¤ N . Moreover, let r, σ P R and assume (S1) to hold. Define δ � δp 1
2ρ , r, σq and

λ0 � maxtλ0pM rA
, 1
2ρq, 1u as in Lemma 3.2.4 (i), where

ρ :� sup
|λ|¥1

}pλ�A0q�1}LpFr,σ
λ pRnq,Er,σ

λ pRnqq.

Then, if max|α|�si�tj }raαij}8   δ for 1 ¤ i, j ¤ N , the operator family

λ�A : Er,σ
λ pRnq Ñ Fr,σ

λ pRnq
is an isomorphism for λ P Λ with |λ| ¥ λ0.

Proof. Using Lemma 3.2.2, we can write

λ�A � pλ�A0q
�
1� pλ�A0q�1 rA� pλ � 0q.

Choosing δ and λ0 as stated and applying Lemma 3.2.4 (i) to rA, we obtain

} rA}LpEr,σ
λ pRnq,Fr,σ

λ pRnqq  
1

2ρ

whenever |λ| ¥ λ0 and max|α|�si�tj }raαij}8   δ for 1 ¤ i, j ¤ N . Therefore,

}pλ�A0q�1 rA}LpEr,σ
λ pRnqq  

1

2
.
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By the usual Neumann series argument, 1� pλ�A0q�1 rA is invertible with���1� pλ�A0q�1 rA��1��
LpEr,σ

λ pRnqq
  2

for every |λ| ¥ λ0. We conclude that, for such λ,

pλ�Aq�1 � �
1� pλ�A0q�1 rA��1pλ�A0q�1

with

}pλ�Aq�1}LpFr,σ
λ pRnq,Er,σ

λ pRnqq   2}pλ�A0q�1}LpFr,σ
λ pRnq,Er,σ

λ pRnqq.

Using again Lemma 3.2.2 completes the proof.

3.2.6 Theorem (Small perturbation in Rn
�). Consider the boundary value problem pλ� A,Bq

with A � A0� rA and B � B0� rB, where pλ�A0, B0q is as in Theorem 3.2.3, rA � p rAijq1¤i,j¤N

with

rAij � rAijpx,Dq �
¸

|α|¤si�tj

raαijpxqDα

and rB � p rBℓjq1¤ℓ¤M, 1¤j¤N with

rBℓj � rBℓjpx,Dq �
¸

|β|¤mℓ�tj

rbβℓjpxqγ0Dβ

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M . Moreover, let r, σ P R with r ¡ �1� 1
p , and assume (S1) and

(S3) to hold. Define

ρ :� sup
|λ|¥1

}Lpλq}LpFr,σ
λ pRn

�q,E
r,σ
λ pRn

�qq
,

where Lpλq denotes the inverse operator of the map in (3-13), and choose δ � δ
�

1
2ρ , r, σ

�
and

λ0 � max
 
λ0
�
M

rA, rB
, 1
2ρ

�
, 1
(
as in Lemma 3.2.4 (ii). If

max
|α|�si�tj

}raαij}8 � max
|β|�mℓ�tj

}rbβℓj}8   δ

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M , then�
λ�A
B



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q (3-17)

is an isomorphism for λ P Λ with |λ| ¥ λ0.

Proof. We first note that by Theorem 3.2.3, the inverse Lpλq of the map in (3-13) exists, so we
can write �

λ�A

B



�

�
λ�A0

B0



�
�� rArB



�

�
λ�A0

B0


�
1� Lpλq

�� rArB




.
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Choosing δ and λ0 as stated and applying Lemma 3.2.4 (ii), we see that������ rArB

����

LpEr,σ
λ pRn

�q,F
r,σ
λ pRn

�qq

  1

2ρ

for all λ P C with |λ| ¥ λ0 provided

max
|α|�si�tj

}raαij}8 � max
|β|�mℓ�tj

}rbβℓj}8   δ

for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M . Therefore����Lpλq�� rArB

����

LpEr,σ
λ pRn

�qq

  1

2
,

which allows us to use the Neumann series as above, yielding the desired isomorphism.

3.2 b) General boundary value problems

The analysis of the general case of variable coefficients is based on the classical method of freezing
the coefficients. In the following, let pλ�A,Bq be a system of boundary value problems in Rn

�

of the form (3-10)–(3-11) which is parameter-elliptic in Λ for all x P Rn
� Y t8u. Let pr, σq P R2,

and assume the validity of (S1)–(S4).

For every point x0 P Rn
�, we consider the model problem λ� A0px0, Dq with frozen coefficients

aαijpx0q P C and without lower-order terms. By the assumption of parameter-ellipticity, we can
apply Lemma 3.2.2 and obtain the existence of the inverse operator

pλ�A0px0, Dqq�1 P LpFr,σ
λ pRnq,Er,σ

λ pRnqq.
In the same way, for x0 P Rn�1 Y t8u and r ¡ �1 � 1

p , we obtain from Theorem 3.2.3 the
existence of the inverse operator

Lx0pλq :�
�
λ�A0px0, Dq
B0px0, Dq


�1

P LpFr,σ
λ pRn

�q,Er,σ
λ pRn

�qq.

3.2.7 Lemma. With the above notation, we have

ρA,B :� sup
x0PRn

�

λPΛ, |λ|¥1

}pλ�A0px0, Dqq�1}LpFr,σ
λ pRnq,Er,σ

λ pRnqq

� sup
x0PRn�1

λPΛ, |λ|¥1

}Lx0pλq}LpFr,σ
λ pRn

�q,E
r,σ
λ pRn

�qq
  8.

Proof. Let us consider the first supremum and assume this supremum to be infinite. Then there
exist sequences pxkqkPN � Rn

� and pλkqkPN � Λ with |λk| ¥ 1 such that

}pλk �A0pxk, Dqq�1}LpFr,σ
λk

pRnq,Er,σ
λk

pRnqq Ñ8 pk Ñ8q.

By passing to a subsequence we may assume that xk Ñ x� for k Ñ 8 where either x� P Rn
� or

x� � 8. Now write

λk �A0pxk, Dq � λk �A0px�, Dq � rAkpDq, rAkpDq :� A0pxk, Dq �A0px�, Dq.
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Since A0px�, Dq satisfies the assumptions of Lemma 3.2.2, we get

λk �A0pxk, Dq � pλk �A0px�, Dqq
�
1� pλk �A0px�, Dqq�1 rAkpDq�.

Now let

ρ� � sup
λPΛ, |λ|¥1

}pλ�A0px�, Dqq�1}LpFr,σ
λ pRnq,Er,σ

λ pRnqq

which is finite due to Lemma 3.2.2. Using Lemma 3.1.11 (i), we observe similar as in the proof
of Lemma 3.2.4 that

sup
λPΛ, |λ|¥1

} rAkpDq}LpEr,σ
λ pRnq,Fr,σ

λ pRnqq ¤
1

2ρ�

for sufficiently large k, since the (constant) coefficients of rAkpDq tend to zero for k Ñ 8. It
follows that

sup
λPΛ, |λ|¥1

}pλ�A0px�, Dqq�1 rAkpDq}LpEr,σ
λ pRnqq ¤

1

2

for all sufficiently large k. As above, using the Neumann series, we conclude that

}pλk �A0pxk, Dqq�1}LpFr,σ
λk

pRnq,Er,σ
λk

pRnqq ¤ 2}pλk �A0px�, Dqq�1}LpFr,σ
λk

pRnq,Er,σ
λk

pRnqq ¤ 2ρ�

for all sufficiently large k. This is a contradiction.

To prove that also the second supremum appearing in the definition of ρA,B is finite works
analogously.

3.2.8 Remark. In the following, we construct a finite covering of Rn
� consisting of balls and

the complement of a ball centered in the origin. Afterwards, we need to extend the coefficients
of the localized problems to Rn, Rn

�, and Rn�1, respectively. To this end, we will use a general
extension function. We fix χ P C8pr0,8qq with 0 ¤ χ ¤ 1, χpzq � 1 for 0 ¤ z ¤ 1 and χpzq � 0
for z ¥ 2 and define the function χU : Rn Ñ Rn Y t8u via

χU pxq :�
$&%

x
|x|2

� χ
�
r1

|x|

��
x� x

|x|2

�
if there exists r1 ¡ 0 : U � RnzBp0, r1q,

y � χ
� |x�y|

r1

�px� yq if there exist r1 ¡ 0, y P Rn : U � Bpy, r1q.
The function χU coincides with the identity on U and is later compatible with the parameter-
ellipticity of the local operators. Since we use reflection techniques for the construction of χU , it
is crucial that our covering consists of balls and the complement of a ball centered in the origin.

For the localization, we first apply Lemma 3.2.4 with ε :� 1
2ρA,B

, where ρA,B is taken from

Lemma 3.2.7. We fix

δ0 :� δ
� 1

2ρA,B
, r, σ

	
¡ 0 (3-18)

as being defined in Lemma 3.2.4. Let x0 :� 8 and U0 :� tx P Rn : |x| ¡ r0u where r0 is
sufficiently large such that

max
|α|�si�tj

}aαijp�q � aαijpx0q}L8prU0XRn
�q
� max

|β|�mℓ�tj
}bβℓjp�q � bβℓjpx0q}L8prU0XRn�1q   δ0 (3-19)
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for 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤ M with rU0 :�  
x P Rn : |x| ¡ r0

2

(
. This is possible due to (S2)

and (S4). As the coefficients of A and B are continuous and Bp0, r0q X Rn�1 is compact, there
exists a finite covering Rn�1 � �K0

k�0 Uk with Uk :� Bpxk, rkq � Rn for k � 1, . . . ,K0. Here,
xk P Rn�1 and rk ¡ 0 are chosen such that

max
|α|�si�tj

}aαijp�q � aαijpxkq}L8prUkXRn
�q
� max

|β|�mℓ�tj
}bβℓjp�q � bβℓjpxkq}L8prUkXRn�1q   δ0 (3-20)

with rUk :� Bpxk, 2rkq for k � 1, . . . ,K0, 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M . We set

δmax :� sup

"
δ ¡ 0 : Rn�1 � r0, δs �

K0¤
k�0

Uk

*
.

Similarly, as Rn
�z

�K0
k�0 Uk is compact, we can choose xk P Rn

� and 0   rk   δmax
2 such that

Uk :� Bpxk, rkq �
 
z P Rn | zn ¡ δmax

2

(
as well as Rn

� � �K
k�0 Uk and

max
|α|�si�tj

}aαijp�q � aαijpxkq}L8prUkq
  δ0 (3-21)

with rUk :� Bpxk, 2rkq for k � K0 � 1, . . . ,K and 1 ¤ i, j ¤ N .

U0

0 r0
xn

�r0

r0

Rn�1

δmax

Figure 3.2: Example of a finite covering of Rn
� with K0 � 3 and K � 12. The grey part

visualizes U0 while the dark blue circles with centre points on Rn�1 form a covering
of the part of the boundary Rn�1 which is not already covered by U0. The light
blue circles are a finite covering of the remaining part of Rn

�. Notice that they
are contained in

 
z P Rn : zn ¡ δmax

2

(
. Additionally, the radii of those circles are at

most δmax
2 .
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3.2.9 Remark (Local operators and extensions). Let x0, . . . , xK be chosen as above. Starting

from the coefficient functions aαij and bβℓj let us define

aαkij pxq :� aαijpχUk
pxqq px P Rn

�q,
bβkℓj pxq :� bβℓjpχUk

pxqq px P Rn�1q

for k � 0, . . . ,K0 and, for k � K0 � 1, . . . ,K,

aαkij pxq :� aαijpχUk
pxqq px P Rnq,

where 1 ¤ i, j ¤ N and 1 ¤ ℓ ¤M . Here, the function χUk
is defined as in Remark 3.2.8. These

new coefficients have the same smoothness as before. The function aαkij coincides with aαij on

Uk X Rn
� and Uk, respectively, b

βk
ℓj coincides with bβℓj on Uk X Rn�1. By (3-19)–(3-21), we have��aαkij p�q � aαijpxkq

��
L8pRn

�q
  δ0 for k � 0, . . . ,K0,��aαkij p�q � aαijpxkq

��
L8pRnq

  δ0 for k � K0 � 1, . . . ,K, (3-22)��bβkℓj p�q � bβℓjpxkq
��
L8pRn�1q

  δ0 for k � 0, . . . ,K0.

With the new coefficient functions we associate the operator matrices Ak � pAk
ijq1¤i,j¤N and

Bk � pBk
ℓjq1¤ℓ¤M,1¤j¤N via

Ak
ij � Ak

ijpx,Dq :�
¸

|α|¤si�tj

aαkij pxqDα, Bk
ℓj � Bk

ℓjpx,Dq :�
¸

|β|¤mℓ�tj

bβkℓj pxqγ0Dβ.

We remark that the localization procedure contains a subtlety concerning the constants δ and λ0
in Lemma 3.2.4, Lemma 3.2.5 and Theorem 3.2.6. We defined the neighbourhoods Uk and the
radii rk in dependence of δ0 which depends only on ρA,B, r, and σ, see (3-18). For the new

coefficients aαkij , b
βk
ℓj , the } � }8-norm still satisfies the desired smallness conditions, as seen in

(3-22). However, as χUk
appears in the definition of the new coefficients, the BUCρi-norm and

BUCkℓ-norm of the new coefficients, respectively, depend on Uk and therefore on the radius
rk. Here, it is important that δ0 does not depend on the BUCρi-norm (in contrast to λ0, see
Lemma 3.2.4). Due to this, the above modification of the coefficients might lead to a larger
constant λ0, but we do not have to redefine the radii rk, which prevents a circular reasoning in
the definition of Uk.

3.2.10 Remark. The additional assumption on the derivatives of the functions aαij
�

x
|x|2

�
and

bβℓj
�

x
|x|2

�
in (S2) and (S4) has technical reasons to preserve the ellipticity of the local operators.

It might be possible to omit this assumption by using the same extension aα0ij of the local

coefficients as before, that is aα0ij pxq � aαijpχU0pxqq, but only for x R Bp0, r1q with 0   r1   r0
2

sufficiently small such that we are close to aαijp8q on the boundary of Bp0, r1q. As the ellipticity
condition is open, we can use (smoothed) convex combinations of the coefficients on the sphere
aα0ij

�
r1x
|x|

�
and aαijp8q for x P Bp0, r1qXRn

� to preserve the ellipticity. In difference to the approach
presented above, this changes in general the range of the coefficient functions.
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3.2.11 Lemma. Let r, σ P R with r ¡ �1� 1
p , and assume (S1)–(S4) to hold. Then there exists

a λ0 ¥ 1 such that the operators�
λ�Ak

Bk



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q pk � 0, . . . ,K0q,

λ�Ak : Er,σ
λ pRnq Ñ Fr,σ

λ pRnq pk � K0 � 1, . . . ,Kq

defined in Remark 3.2.9 are isomorphisms for every λ P Λ with |λ| ¥ λ0. We denote the inverse
operators by Lkpλq for k � 0, . . . ,K.

Proof. We split the operators into a part with constant coefficients and a perturbation, that
is, Ak � Akpx,Dq � Ak

0pxk, Dq � rAkpx,Dq. The operator Bk can be decomposed in a similar
way. Due to the smallness property (3-22), the considered operators thus fit into the setting of
Lemma 3.2.5 and Theorem 3.2.6, respectively. This yields the assertion.

In the following, we will fix a smooth partition of unity φk P C8pRnq, k � 0, . . . ,K, with
suppφk � Uk, 0 ¤ φk ¤ 1, and

°K
k�0 φk � 1 on Rn

�. In addition, we fix functions ψk P C8pRnq
with 0 ¤ ψk ¤ 1, suppψk � Uk and ψk � 1 on suppφk. We can solve (3-9) locally in Uk, using
the extended local operators in the half-space and in the whole space and their inverses Lkpλq.
However, the solution operators Lkpλq are not local, so we have to multiply the half-space
solution by ψk. In this way, commutators appear, which are estimated in the following lemma.
We write r�, �s for the standard commutator and use the notation ψk also for the operator of
multiplication by ψk. For the boundary operators, the commutator rBk, ψks is defined as

rBk, ψksw � Bkpψkwq � pγ0ψkqBkw.

3.2.12 Lemma. Let r, σ P R with r ¡ �1 � 1
p , and assume (S1)–(S4) to hold. Let R0pλq be

defined on Fr,σ
λ pRn

�q by

R0pλq
�
f

g



:�

K0̧

k�0

ψkLkpλq
�

φkf

pγ0φkqg


�

Ķ

k�K0�1

ψkLkpλqpφkfq. (3-23)

Then �
λ�A

B



R0pλq � 1� Cpλq, (3-24)

where Cpλq P LpFr,σ
λ pRn

�qq, and there exists a λ0 ¥ 1 such that 1 � Cpλq P LpFr,σ
λ pRn

�qq is
invertible for all λ P Λ with |λ| ¥ λ0.

Proof. As a first step of the proof, we show that the operators

Ckpλq :�
��rAk, ψks
rBk, ψks



Lkpλq P LpFr,σ

λ pRn
�qq pk � 0, . . . ,K0q,

Ckpλq :� �rAk, ψksLkpλq P LpFr,σ
λ pRnqq pk � K0 � 1, . . . ,Kq

have arbitrary small operator norm for sufficiently large λ. In the following, we only consider
the case k � 0, . . . ,K0, since the proof for k � K0 � 1, . . . ,K is analogous (and simpler).
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To this end, let w P Er�1,σ
λ pRn

�q. For 1 ¤ i ¤ N we have

prAk, ψkswqi �
Ņ

j�1

rAk
ij , ψkswj .

The operator rAk
ij , ψks is a differential operator of order not greater than si � tj � 1. Therefore,

rAk, ψks : Er�1,σ
λ pRn

�q Ñ H�s�r,σ
p,λ pRn

�q
is continuous. Similarly, for the boundary operators, it holds

prBk, ψkswqℓ �
Ņ

j�1

rBk
ℓj , ψkswj

for 1 ¤ ℓ ¤ M . Since the operator rBk
ℓj , ψks is a boundary operator of order not greater than

mℓ � tj � 1, rBk, ψks is continuous as an operator

rBk, ψks : Er�1,σ
λ pRn

�q Ñ B
�m�r�σ�1{p
pp,λ pRn�1q.

Similar as in (3-16), we get����Ckpλq
�
f
g


����
Fr,σ
λ pRn

�q

¤ C

����Lkpλq
�
f
g


����
Er�1,σ
λ pRn

�q

¤ Cxλy�1

����Lkpλq
�
f
g


����
Er,σ
λ pRn

�q

  ε

�����fg

����

Fr,σ
λ pRn

�q

for given ε ¡ 0, pf, gq P Fr,σ
λ pRn

�q, k � 0, . . . ,K0, and sufficiently large λ, since Lkpλq is bounded
from Fr,σ

λ pRn
�q to Er,σ

λ pRn
�q by Lemma 3.2.11.

Now, we compute�
λ�A

B



R0pλq

�
f
g



�

K0̧

k�0

�
λ�A

B



ψkLkpλq

�
φkf

pγ0φkqg


�

Ķ

k�K0�1

�
λ�A

B



ψkLkpλqpφkfq

and treat each term separately. For k � 0, . . . ,K0, we obtain�
λ�A

B



ψkLkpλq

�
φkf

pγ0φkqg


�

�
λ�Ak

Bk



ψkLkpλq

�
φkf

pγ0φkqg



�
��

ψkpλ�Akq
pγ0ψkqBk



Lkpλq �

��rAk, ψks
rBk, ψks



Lkpλq

��
φkf

pγ0φkqg



�
�

ψkφkf

pγ0ψkqpγ0φkqg


� Ckpλq

�
φkf

pγ0φkqg



�
�

φkf

pγ0φkqg


� Ckpλq

�
φkf

pγ0φkqg


.
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For k � K0 � 1, . . . ,K, we obtain in the same way�
λ�A

B



ψkLkpλqpφkfq �

�
φkf � Ckpλqpφkfq

0



.

Summing up over k yields �
λ�A

B



R0pλq

�
f
g



� p1� Cpλqq

�
f

g



with

Cpλq
�
f

g



:�

K0̧

k�0

Ckpλq
�

φkf

pγ0φkqg


�

Ķ

k�K0�1

�
Ckpλqpφkfq

0



.

Note that for sake of readability we have dropped the extensions and restrictions from our
notation, here. More precisely, the upper entry in the last term above would be rRn

�
Ckpλqe0Rn

�
φkf .

From the above commutator estimates and the fact that multiplication by φk preserves the
smoothness, we obtain Cpλq P LpFr,σ

λ pRn
�qq.

Using the Neumann series as in Lemma 3.2.5, we obtain that the operator 1�Cpλq P LpFr,σ
λ pRn

�qq
is invertible for sufficiently large λ, and the norm of its inverse is not greater than 2.

The last result provides a solution operator for the boundary value problem (3-9). To show
uniqueness, the following observation will be useful.

3.2.13 Lemma. Let E,F be Banach spaces, and let T P LpE,F q be a retraction, that is, there
exists R P LpF,Eq with TR � idF . Let E0 be a dense subset of E. If T

��
E0

: E0 Ñ F is injective,
then T is injective.

Proof. Let f P F and w P E with Tw � f . We choose a sequence pwlqlPN � E0 with wl Ñ w
in E for l Ñ 8. As T

��
E0

is injective, we have wl � Rfl, where fl :� Twl. With the continuity
of T , we see fl � Twl Ñ Tw � f in F , and from the continuity of R we get wl � Rfl Ñ Rf
in E. As the limit is unique, this yields w � Rf , which shows the injectivity of T .

The following theorem is the key result of this section.

3.2.14 Theorem. Let p P p1,8q and r, σ P R with r ¡ �1� 1
p . Let pλ� A,Bq be a system of

boundary value problems in Rn
� of the form (3-10)–(3-11) which is parameter-elliptic in Λ for all

x P Rn
� Y t8u, and assume (S1)–(S4) to hold. Then, there exists a λ0 ¥ 1 such that for every

λ P Λ with |λ| ¥ λ0, the operator�
λ�A
B



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q (3-25)

is an isomorphism. Its inverse is given by

Rpλq � R0pλqp1� Cpλqq�1 P LpFr,σ
λ pRn

�q,Er,σ
λ pRn

�qq,

where R0pλq and Cpλq are defined in Lemma 3.2.12.
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Proof. Let λ0 be as in Lemma 3.2.12. We have

Rpλq � R0pλqp1� Cpλqq�1 P LpFr,σ
λ pRn

�q,Er,σ
λ pRn

�qq

by Lemma 3.2.11 and Lemma 3.2.12. From (3-24) we obtain�
λ�A

B



Rpλq � p1� Cpλqqp1� Cpλqq�1 � idFr,σ

λ pRn
�q
.

Therefore, the operator in (3-25) is surjective. To show injectivity, that is, uniqueness of the
solution, we remark that Fr,0

λ pRn
�q and Er,0

λ pRn
�q are classical spaces. Thus, we obtain unique

solvability in these spaces, see Theorem 2.5.6. In particular, the restriction of the operator (3-25)
to S pRn

�q is injective. Now, we can apply Lemma 3.2.13 with T � �
λ�A
B

�
and R � Rpλq in the

spaces E � Er,σ
λ pRn

�q, F � Fr,σ
λ pRn

�q, and E0 � S pRn
�q.

3.2.15 Corollary. In the situation of Theorem 3.2.14, let additionally σ P p�8, 0s. Then, there
exists a λ0 ¥ 1 such that for every λ P Λ with |λ| ¥ λ0 and

pf, gq P H�s�r
p,λ pRn

�q �B
�m�r�σ�1{p
pp,λ pRn�1q

the boundary value problem (3-9) has a unique solution w P Er,σ
λ pRn

�q. In particular, we have
w P Ht�r�σ

p,λ pRn
�q and

}w}Ht�r�σ
p,λ pRn

�q
¤ C

�
}f}H�s�r

p,λ pRn
�q
� }g}

B
�m�r�σ�1{p
pp,λ pRn�1q

	
with a constant C independent of λ.

Proof. This follows immediately from Theorem 3.2.14 and the continuous embeddings

H�s�r
p,λ pRn

�q � H�s�r,σ
p,λ pRn

�q and Er,σ
λ pRn

�q � Ht�r,σ
p,λ pRn

�q � Ht�r�σ
p,λ pRn

�q.

In Theorem 3.2.14, we considered the half-space case. For an operator A acting in the whole
space, the analogue results hold, where the proofs are similar but much simpler, due to the
absence of boundary operators. We obtain the following result.

3.2.16 Lemma. Let A � Apx,Dq be an operator matrix of the form (3-10) with coefficients
aαij : Rn Ñ C, and assume that λ� A is parameter-elliptic in Λ. Let r, σ P R, and assume (S1)
and (S2) to hold. Then, there exists a λ0 ¥ 1 such that for every λ P Λ with |λ| ¥ λ0, the
operator

λ�A : Er,σ
λ pRnq Ñ Fr,σ

λ pRnq
is an isomorphism.
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3.3 Systems of boundary value problems in domains

We now consider (3-9) in a bounded or exterior domain. Throughout this section, we assume
Ω to be a domain with compact boundary Γ, and pλ�A,Bq to be a system of boundary value
problems which is parameter-elliptic in some closed sector Λ � C with vertex at the origin.
Moreover, we assume (S1)–(S3) and (S5) to hold.

As the definition of the spaces Hs,σ
p,λ is non-canonical in domains, we will only consider standard

Sobolev spaces on Ω. For the construction of the solution operators, we will use local coordinates
where the spaces Hs,σ

p,λpRn
�q are available.

We start with some remarks concerning the localization technique: Let x0 P Γ. Since the domain
Ω has a Cmaxj tj�rρ1s-boundary, there is an open set rUx0 containing x0, a radius rx0 ¡ 0 and a
Cmaxj tj�rρ1s-diffeomorphism ϑx0 :

rVx0 Ñ rUx0 , where
rVx0 � Bp0, 2rx0q, such that

ϑx0prVx0 X Rn
�q � rUx0 X Ω and ϑx0p0q � x0.

We set Vx0
:� Bp0, rx0q and Ux0

:� ϑx0pVx0q. By compactness of Γ, there are x1, . . . , xK0 P Γ
and open sets Ux1 , . . . , UxK0

as above such that Γ � �K0
k�1 Uxk

. For the sake of simplicity, we
shall use k instead of xk as index.

Rn
�

Vk rVk



0 rk 2rk
yn

�2rk

�rk

rk

2rk

Rn�1

ϑk

ϑ�1
k

Uk rUk

Ω


xk

Γ

Figure 3.3: Visualisation of the diffeomorphism ϑk and its inverse ϑ�1
k for k P t1, . . . ,K0u.

We proceed similarly as in the half-space case. Hence, we define

δmax :� sup

"
δ ¡ 0 :

!
x P Ω : inf

zPΓ
|x� z| ¤ δ

)
�

K0¤
k�1

Uk

*
.

If Ω is bounded, Ω z�K0
k�1 Uk is compact, and we can choose xk in Ω and 0   rk   δmax

2 such
that

Uk :� Bpxk, rkq �
!
x P Ω : inf

zPΓ
|x� z| ¡ δmax

2

)
(3-26)

for k � K0 � 1, . . . ,K and Ω � �K
k�1 Uk.
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In the case of an exterior domain, this construction has to be slightly modified. We first define
UK0�1 :� RnzBp0, rK0�1q, where the radius rK0�1 is chosen such that RnzΩ � B

�
0,

rK0�1

2

�
. Now

Ωz�K0�1
k�1 Uk is compact, and we choose xk and rk with (3-26) for k � K0 � 2, . . . ,K such that

again Ω � �K
k�1 Uk. For formal reasons, we define Vk :� Uk and ϑk :� idVk

for k � K0�1, . . . ,K.

3.3.1 Remark (Local operators and extensions). Let x1, . . . , xK be chosen as above. For
k � 1, . . . ,K0, we define the local operator rAk � p rAk

ijq1¤i,j¤N as the pullback of the operator A

by ϑk. More precisely, for v P C8prVkq, we write

p rAk
ijvqpyq :� Aijpv � ϑ�1

k qpϑkpyqq �:
¸

|α|¤si�tj

raαkij pyqDαvpyq py P rVk X Rn
�q.

The explicit description of the coefficients raαkij (Faà di Bruno’s formula, see Formula B of [32])

shows that raαkij contains the function aαij�ϑk as well as derivatives of ϑ�1
k up to order si�tj�1�|α|

for |α| ¥ 1 (and no derivative for |α| � 0), concatenated with ϑk. Hence, we always need at most
si � tj derivatives of ϑ�1

k , which ensures raαkij P BUCrρ1is because of ρ1 ¥ si � ρ1i for 1 ¤ i ¤ N .

Consequently, condition (S5) implies that (S1) also holds for raαkij .
In the same way, we define the local operator rBk � p rBk

ℓjq1¤ℓ¤M,1¤j¤N via

p rBk
ℓjvqpyq :� Bℓjpv � ϑ�1

k qpϑkpyqq �:
¸

|β|¤mℓ�tj

rbβkℓj pyqγ0Dβvpyq py P rVk X Rn�1q

for k � 1, . . . ,K0. By an easy case-by-case analysis, we get rρ1s ¥ mℓ � tk1ℓu� 1 � mℓ � kℓ and

thus (S5) also implies that the coefficients of the transformed operator rBk
ℓj satisfy (S3).

For k � K0 � 1, . . . ,K and y P Bpxk, 2rkq, we set raαkij pyq :� aαijpyq with some obvious modifica-
tions for k � K0 � 1 in the case of an exterior domain.

Again with the general extension function from Remark 3.2.8, we extend the coefficients raαkij
and rbβkℓj to Rn

�, Rn and Rn�1, respectively. We set

aαkij pyq :� raαkij pχVk
pyqq py P Rn

�q for k � 1, . . . ,K0,

aαkij pyq :� raαkij pχVk
pyqq py P Rnq for k � K0 � 1, . . . ,K,

bβkℓj pyq :� rbβkℓj pχVk
pyqq py P Rn�1q for k � 1, . . . ,K0.

Finally, we define

Ak
ijvpyq :�

¸
|α|¤si�tj

aαkij pyqDαvpyq py P Rn
�q for k � 1, . . . ,K0,

Ak
ijvpyq :�

¸
|α|¤si�tj

aαkij pyqDαvpyq py P Rnq for k � K0 � 1, . . . ,K,

Bk
ℓjvpyq :�

¸
|β|¤mℓ�tj

bβkℓj pyqγ0Dβvpyq py P Rn�1q for k � 1, . . . ,K0.

The extended local operators Ak and Bk satisfy the above smoothness and ellipticity assump-
tions, see Remark 3 in Chapter 4 of [25]. Therefore, we can apply the results from Section 3.2.
However, as we do not have the spaces Hs,σ

p,λ in domains, we use the standard Sobolev spaces as
in Corollary 3.2.15.
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Thus, we additionally consider the spaces

Er,σ
λ pΩq :� Ht�r�σ

p,λ pΩq, (3-27)

Fr,σ
λ pΩq :� H�s�r

p,λ pΩq �B
�m�r�σ�1{p
pp,λ pΓq (3-28)

and the analogue spaces with Ω being replaced by Rn
�. We also set Er,σ

λ pRnq :� Ht�r�σ
p,λ pRnq and

Fr,σ
λ pRnq :� H�s�r

p,λ pRnq. Note that for σ ¤ 0 we have the continuous embeddings

Fr,σ
λ � Fr,σ

λ and Er,σ
λ � Er,σ

λ , (3-29)

see Proposition 3.1.2 (iii).

3.3.2 Lemma. Let r, σ P R with r ¡ �1� 1
p , and let Ak, Bk denote the extended local operators.

Then there exists a λ0 ¥ 1 such that the operator families�
λ�Ak

Bk



: Er,σ

λ pRn
�q Ñ Fr,σ

λ pRn
�q pk � 1, . . . ,K0q,

λ�Ak : Er,σ
λ pRnq Ñ Fr,σ

λ pRnq pk � K0 � 1, . . . ,Kq
(3-30)

are isomorphisms for λ P Λ with |λ| ¥ λ0. We denote the inverse operator by Lkpλq. For σ ¤ 0,
the restrictions of Lkpλq to Fr,σ

λ pRn
�q and Fr,σ

λ pRnq, respectively, yield bounded operator families

Lkpλq P LpFr,σ
λ pRn

�q, Er,σ
λ pRn

�qq pk � 1, . . . ,K0q,
Lkpλq P LpFr,σ

λ pRnq, Er,σ
λ pRnqq pk � K0 � 1, . . . ,Kq. (3-31)

Proof. We have already seen that Ak, Bk satisfy conditions (S1) and (S3). Conditions (S2) and
(S4) follow directly from the fact that the extended coefficients are constant far away from the
origin by construction. Hence the statement follows for k P t1, . . . ,K0u from Theorem 3.2.14 and
Corollary 3.2.15 and for k P tK0�1, . . . ,Ku from Lemma 3.2.16 and the embeddings (3-29).

To solve (3-9) in Ω, we first construct an approximate solution operator R0pλq, using the local
solution operators Lkpλq from Lemma 3.3.2 and the local coordinate maps ϑk for k � 1, . . . ,K.
Setting Θkv :� v � ϑ�1

k , the Cmaxj tj�rρ1s-diffeomorphisms ϑk induce isomorphisms

Θk : H
r
p,λpVk X Rn

�q Ñ Hr
p,λpUk X Ωq pk � 1, . . . ,K0q,

Θk : H
r
p,λpVkq Ñ Hr

p,λpUkq pk � K0 � 1, . . . ,Kq (3-32)

for r P r0,maxj tj � rρ1ss. Since we have Θkp 9Hr
p,λpVk X Rn

�qq � 9Hr
p,λpUk X Ωq, we even get (3-32)

for all |r| ¤ maxj tj � rρ1s via duality, see Theorem 3.5 of [75].

We fix a smooth partition of unity pφΩ
k q1¤k¤K � C8pRnq with suppφΩ

k � Uk, 0 ¤ φΩ
k ¤ 1 and°K

k�1 φ
Ω
k � 1 on Ω. Additionally, let pψΩ

k q1¤k¤K � C8pRnq with 0 ¤ ψΩ
k ¤ 1, suppψΩ

k � Uk

and ψΩ
k � 1 on suppφΩ

k . We set ψk :� Θ�1
k ψΩ

k � ψΩ
k � ϑk for k � 1, . . . ,K, where here and

in the following, we identify functions with compact support and their trivial extensions for
sake of readability. Without this identification, we have for instance ψk � e0Vk

Θ�1
k prUk

ψΩ
k q for

k � K0 � 1, . . . ,K, where again rUk
stands for the restriction to Uk and e0Vk

for the trivial
extension to Rn by zero.
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Note that for r P r0,maxj tj � rρ1ss the mappings Θk : H
�r
p pVk X Rn

�q Ñ H�r
p pUk X Ωq and

e0Vk
: D 1pVkq Ñ D 1pRnq are defined via

pΘkvqpuq � vpΘ�1
k uq � vpu � ϑkq pv P H�r

p pVk X Rn
�q, u P 9Hr

q pUk X Ωqq,
pe0Vk

vqpφq � vppφψvq
��
Vk
q pv P D 1pVkq, φ P DpRnqq

for ψv P DpRnq with suppψv � Vk, ψv � 1 on supp v and 1
p � 1

q � 1. This definition does not
depend on the concrete choice of ψv.

Moreover, by the definition of Besov spaces on the closed Cmaxj tj�rρ1s-manifold Γ, the restriction
ϑk

��
VkXRn�1 : Vk X Rn�1 Ñ Uk X Γ induces the continuous mappings

Θkψk : B
r
pp,λpRn�1q Ñ Br

pp,λpΓq,
Θ�1

k φΩ
k : Br

pp,λpΓq Ñ Br
pp,λpRn�1q (3-33)

for k � 1, . . . ,K0 and all |r|   maxj tj � rρ1s.

In the following let λ0 ¥ 1 be as in Lemma 3.3.2. The approximate solution operator R0pλq is
formally defined as

R0pλq
�
f

g



:�

K0̧

k�1

LΩ
k pλq

�
φΩ
k f

pγ0φΩ
k qg



�

Ķ

k�K0�1

LΩ
k pλqpφΩ

k fq (3-34)

for λ P Λ with |λ| ¥ λ0. Here, L
Ω
k pλq is given by

LΩ
k pλq

�
f

g



:� ΘkψkLkpλqΘ�1

k

�
f

g



pk � 1, . . . ,K0q,

LΩ
k pλqf :� ΘkψkLkpλqΘ�1

k f pk � K0 � 1, . . . ,Kq.
(3-35)

3.3.3 Lemma. Let r, σ P R with r ¡ �1� 1
p and σ ¤ 0. Then the operator R0pλq in (3-34) is

well defined on Fr,σ
λ pΩq for λ P Λ with |λ| ¥ λ0 and yields a bounded operator family

R0pλq P LpFr,σ
λ pΩq, Er,σ

λ pΩqq. (3-36)

Proof. The continuity of R0pλq in the corresponding spaces follows from (3-32), (3-33) and
Lemma 3.3.2.

In the following, we modify R0pλq to get a solution. For this, we compute pλ� A,BqR0pλq
�
f
g

�
,

where we may choose pf, gq sufficiently smooth such that the classical theory can be applied.
Therefore, we introduce r1, and assume from now on that r, σ, r1 P R satisfy

r ¡ �1� 1

p
, �1   σ ¤ 0, r1 ¥ r. (3-37)

Moreover, we assume (S1)–(S3) and (S5) for pr, σq (as before) and also for pr1, 0q. The conditions
with respect to pr1, 0q collapse to ρ1i � r1 � si and k

1
ℓ � r1 �mℓ � 1

p .

In contrast to the half-space situation, we have a restriction on σ in (3-37). This is caused by
the commutator estimates and the fact that we only consider standard Sobolev spaces in Ω.
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3.3.4 Lemma. Let r, σ and r1 satisfy (3-37).

(i) For λ P Λ with |λ| ¥ λ0, we define the operator Ckpλq by

Ckpλq :�
��rAk, ψks
rBk, ψks



Lkpλq pk � 1, . . . ,K0q,

Ckpλq :� �rAk, ψksLkpλq pk � K0 � 1, . . . ,Kq.

Then

Ckpλq P LpFr,σ
λ pRn

�qq pk � 1, . . . ,K0q,
Ckpλq P LpFr,σ

λ pRnqq pk � K0 � 1, . . . ,Kq

with arbitrary small operator norm for sufficiently large λ.

(ii) Let pf, gq P Fr1,0
λ pΩq. For R0pλq as in (3-34), we get�

λ�A

B



R0pλq

�
f
g



� p1� Cpλqq

�
f

g



(3-38)

with an operator Cpλq P LpFr,σ
λ pΩqq. Additionally, there exists a λ1 ¥ λ0 such that

1� Cpλq P LpFr,σ
λ pΩqq is invertible for all λ P Λ with |λ| ¥ λ1.

Proof. We adopt the ideas of the proof of Lemma 3.2.12.

(i) Without loss of generality we assume k P t1, . . . ,K0u. Let 0   ε   1�σ. First, we observe
that the mappings

rAk, ψks : Er�ε,σ
λ pRn

�q � Ht�r�ε�σ
p,λ pRn

�q Ñ H�s�r
p,λ pRn

�q

and

rBk, ψks : Er�ε,σ
λ pRn

�q Ñ B
�m�r�σ�1{p
pp,λ pRn�1q

are continuous. To see the continuity of the commutator of the boundary operator, we
notice that

rBk
ℓj , ψks : Htj�r�ε�σ

p,λ pRn
�q Ñ B

�mℓ�r�ε�σ�1�1{p
pp,λ � B

�mℓ�r�σ�1{p
pp,λ

is continuous for j P t1, . . . , Nu and ℓ P t1, . . . ,Mu with �mℓ � r � σ � 1{p ¤ 0. If
�mℓ � r � σ � 1{p ¡ 0 we directly obtain the boundedness of

rBk
ℓj , ψks : Htj�r�ε�σ

p pRn
�q Ñ B�mℓ�r�σ�1{p

pp

as the appearing traces exist in the classical sense.

In addition, we have Lkpλq P LpFr,σ
λ pRn

�q, Er,σ
λ pRn

�qq by Lemma 3.3.2. This and the above
mapping properties for the commutators show Ckpλq P LpFr,σ

λ pRn
�qq with arbitrary small

operator norm for sufficiently large λ, where we can argue as in the proof of Lemma 3.2.12.
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(ii) It holds R0pλq
�
f
g

� P Er1,0
λ pΩq due to Lemma 3.3.3, and, as r1 ¥ 0, the boundary operator B

can be applied to R0pλq
�
f
g

�
in the classical sense. Using calculations similar to the ones in

the proof of Lemma 3.2.12 and the equality ΘkpψkΘ
�1
k pφΩ

k fqq � ψΩ
k φ

Ω
k f , we get�

λ�A

B



R0pλq

�
f

g



� p1� Cpλqq

�
f

g



with

Cpλq
�
f

g



:�

K0̧

k�1

ΘkCkpλqΘ�1
k

�
φΩ
k f

pγ0φΩ
k qg



�

Ķ

k�K0�1

�
ΘkCkpλqΘ�1

k pφΩ
k fq

0



.

From (i) and the fact that multiplication by φΩ
k and the coordinate transformations Θk,

Θ�1
k preserve the smoothness, we obtain Cpλq P LpFr,σ

λ pΩqq with arbitrary small operator
norm for sufficiently large λ. Proceeding as in the proof of Lemma 3.2.12, we conclude
that the operator 1�Cpλq P LpFr,σ

λ pΩqq is invertible for sufficiently large λ, and the norm
of its inverse is not greater than 2.

The following theorem is the key result of this section and gives an a priori estimate for the
solution operator of (3-9) in spaces of rough regularity. Note that we first consider smooth
functions, where the boundary operators are defined in a classical way and where we know unique
solvability by classical results. However, the a priori estimate gives a continuous extension of
the solution operator to larger spaces.

3.3.5 Theorem. Let pλ � A,Bq be parameter-elliptic in the sector Λ, and let r, σ, r1 P R sat-
isfy (3-37). Assume (S1)–(S3), (S5) to hold for pr, σq and pr1, 0q. Then for all λ P Λ with

|λ| ¥ λ1 and every pf, gq P Fr1,0
λ pΩq, the unique solution w P Er1,0

λ pΩq of (3-9) is given by

w � Rpλq
�
f

g



:� R0pλqp1� Cpλqq�1

�
f

g



,

where λ1 is as in Lemma 3.3.4 (ii). Additionally, we have the a priori estimate���Rpλq�f
g


���
Er,σ
λ pΩq

¤ C
����f
g


���
Fr,σ

λ pΩq
(3-39)

with a constant C ¡ 0 not depending on f, g or λ. In particular, the solution operator Rpλq
extends uniquely to a continuous operator family

Rpλq P LpFr,σ
λ pΩq, Er,σ

λ pΩqq.

Proof. First, we remark that Fr1,0
λ pΩq and Er1,0

λ pΩq are classical spaces, and therefore we obtain
unique solvability in these spaces, see Proposition 2.5.6. By Lemma 3.3.4 (ii), the operator

1�Cpλq is invertible in LpFr1,0
λ pΩqq, and from Lemma 3.3.3 we get R0pλq P LpFr1,0

λ pΩq, Er1,0
λ pΩqq.

Therefore, w :� Rpλq�fg� P Er1,0
λ pΩq. As�

λ�A

B



w � p1� Cpλqqp1� Cpλqq�1

�
f

g



�

�
f

g



by Lemma 3.3.4 (ii), w is the unique solution of (3-9). Finally, the a priori estimate (3-39)
follows from Lemma 3.3.3 and p1� Cpλqq�1 P LpFr,σ

λ pΩqq.
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3.3.6 Remark. As shown in Remark 4.4 of [12], we also get suitable a priori estimates for
systems of boundary value problems with different boundary operators on disjoint and not
connected parts of the boundary, given that each part of the boundary fulfils the Shapiro–
Lopatinskii condition. To be more precise, let BΩ � Γ1 Y Γ2, where Γ1 and Γ2 are compact,
disjoint parts of the boundary of Ω. In addition, let pλ�A,B1q and pλ�A,B2q be parameter-
elliptic, where the orders are encoded in t, s,m1 and m2. In the setting of Theorem 3.3.5, the
solution of

pλ�Aqw � f in Ω,

B1w � g on Γ1,

B2w � g on Γ2

is unique and satisfies

}w}Ht�r�σ
p,λ pΩq ¤ C

�
}f}H�s�r

p,λ pΩq � }g}
B
�m1�r�σ�1{p
pp,λ pΓ1q

� }g}
B
�m2�r�σ�1{p
pp,λ pΓ2q

	
. (3-40)

Basically, the reason is that we use methods of localization, where pAk, Bkq only notices one of the
compact, disjoint parts of the boundary such that the order m might also depend continuously
on x P Γ. However, this means that m is constant on each compact, disjoint part of Γ. This
fact is rather useful in the context of transmission problems.

3.3.7 Remark. Notice that we used the classical regularity for f and g to get estimates in
rougher spaces. It is also possible to extend this theory to functions f and g with slightly
less regularity. Here, the main issue is to guarantee the existence of the appearing traces. As
Theorem 3.3.5 is sufficient for the application given in Chapter 4, we skip the precise formulation
of the stronger result and refer to Theorem 4.9 of [19] for details.

3.4 Time-dependent systems in the Hilbert space setting

In this section, we discuss the connection between parameter-dependent and time-dependent
systems. The rough idea is that the Fourier transform converts a time-dependent system into
a parameter-dependent system, such that we can apply the results of the previous section also
to time-dependent problems. For the sake of simplicity, we only consider parameter-elliptic
systems in the Hilbert space setting. One of the advantages in the case p � 2 is that Besov- and
Bessel potential spaces coincide and that we can make use of Plancherel’s Theorem as well as
the Theorem of Paley–Wiener.

During the whole section we assume p � 2 and omit the index p in the appearing spaces. Similar
to [37], we introduce the spaces

Hs,tpI � Ωq :� L2pI, HspΩqq XHtpI, L2pΩqq �
N¹
j�1

L2pI, Hsj pΩqq XHtj pI, L2pΩqq

for N P N, s, t P RN , an interval I � R and Ω � Rn.

We start with an observation on how the parameter-dependent norms fit into the time-dependent
spaces.
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3.4.1 Lemma. Let Ω � Rn be open and t P RN with t ¥ 0. Then

Ht,t{µpR� Ωq �
"
w P L2pR, HtpΩqq :

»
R
}pF1wqpλq}2Ht

λpΩq
dλ   8

*
.

An analogue statement holds for the boundary Γ of Ω.

Proof. Let w P Ht,t{µpR� Ωq. According to Lemma 2.1.7 and Plancherel’s Theorem it holds»
R
}pF1wjqpλq}2

H
tj
λ pΩq

dλ �
»
R
}pF1wjqpλq}2Htj pΩq

� }xλytj pF1wjqpλq}2L2pΩq dλ

� }F1wj}2L2pR,Htj pΩqq
� }p1� | � |2{µqtj{2F1wj}2L2pR,L2pΩqq

� }wj}2L2pR,Htj pΩqq
� }p1� | � |2qtj{p2µqF1wj}2L2pR,L2pΩqq

� }wj}2L2pR,Htj pΩqq
� }wj}2Htj {µpR,L2pΩqq

for j � 1, . . . , N . Consequently,»
R
}pF1wqpλq}2Ht

λpΩq
dλ � }w}2Ht,t{µpR�Ωq. (3-41)

As we mainly deal with functions which have support in the positive half-line, we need a gener-
alization of the previous lemma for functions f with f

��
p�8,0q

� 0. One of the main ingredients

is the Theorem of Paley–Wiener. It describes what the Fourier transform of a function with
support in the positive half-line looks like and vice versa. We only mention the statement and
refer, for instance, to Theorem 1.8.3 of [8] or Theorem 4.2 of [80] for a proof.

3.4.2 Proposition (Paley–Wiener). Let H be a Hilbert space.

(i) Let f P L2pR, Hq with f ��
p�8,0q

� 0. Then pF1fqp�i�q : C� Ñ H is holomorphic with

}f}2L2pR,Hq � sup
x¡0

»
R
}pF1fqpy � ixq}2H dy,

where C� :� tz P C : Re pzq ¡ 0u.
(ii) Let h : C� Ñ H be holomorphic with supx¡0

³
R }hpx � iyq}2H dy   8. Then it holds

pF�1
1 hqpi�q P L2pR, Hq with pF�1

1 hqpi�q��
p�8,0q

� 0.

In the following lemma we present another type of shift operator in the Sobolev scale. The
advantage of p1� i�q�β in contrast to p1� | � |2q�β{2 as a shift function is its holomorphy, which
allows us to apply the Theorem of Paley–Wiener to preserve the support of the shifted function.

3.4.3 Lemma. Let H be a Hilbert space and s P R. For β P R and f P HspR, Hq we define

Sβf :� F�1
1 p1� i�q�βF1f.

The operator Sβ has the following properties.

(i) Sβ : H
spR, Hq Ñ Hs�βpR, Hq is an isometric isomorphism for β P R.

(ii) If s, β ¥ 0 and f P HspR, Hq with f ��
p�8,0q

� 0, we also get Sβf
��
p�8,0q

� 0.
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Proof. We show the two statements separately.

(i) Because of |1� iλ|2 � 1� |λ|2 for λ P R we obtain

}Sβf}Hs�βpR,Hq � }p1� | � |2qps�βq{2p1� i�q�βF1f}L2pR,Hq

� }p1� | � |2qs{2F1f}L2pR,Hq

� }f}HspR,Hq.

One can easily see that Sβ is invertible with S�1
β � S�β.

(ii) Now, let s, β ¥ 0 and f P HspR, Hq with f ��
p�8,0q

� 0. As s ¥ 0 we have f P L2pR, Hq
and obtain that F1fp�i�q : C� Ñ H is holomorphic with

}f}2L2pR,Hq � sup
x¡0

»
R
}pF1fqpy � ixq}2H dy.

In addition, the function p1� �q�β is holomorphic and bounded because of

|1� λ|�β � | expp�β logp1� λqq| � expp�βRe plogp1� λqqq � expp�β log |1� λ|q ¤ 1

for λ P C�. Therefore, we can apply the Theorem of Paley–Wiener to the function

h :� p1� �q�βF1fp�i�q : C� Ñ H

to get Sβf
��
p�8,0q

� pF�1
1 hqpi�q��

p�8,0q
� 0.

The next lemma gives another characterization of the norm in HspR, Hq whenever the support
of the function of interest lies in the positive half-line. The result is based on ideas of the proof
of Theorem 6.3 in [37] but it is extended to non-integer numbers s ¥ 0.

3.4.4 Lemma. Let H be a Hilbert space, s ¥ 0 and f P HspR, Hq with f ��
p�8,0q

� 0. Then

}f}2HspR,Hq � sup
x¡0

»
R
p1� |x� iy|2qs}pF1fqpy � ixq}2H dy.

Proof. First, we assume s � k to be a natural number or zero. Thus, we can apply the Theorem
of Paley–Wiener to the j-th derivative f pjq of f for j � 0, . . . , k. We get

}f}2HkpR,Hq �
ķ

j�0

}f pjq}2L2pR,Hq

�
ķ

j�0

sup
x¡0

»
R
}pF1f

pjqqpy � ixq}2H dy

�
ķ

j�0

sup
x¡0

»
R
|x� iy|2j}pF1fqpy � ixq}2H dy

� sup
x¡0

»
R
p1� |x� iy|2qk}pF1fqpy � ixq}2H dy.
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For arbitrary s ¡ 0 we set β :� rss� s and obtain

}f}2HspR,Hq � }Sβf}2HrsspR,Hq

� sup
x¡0

»
R
p1� |x� iy|2qrss}pF1Sβfqpy � ixq}2H dy

� sup
x¡0

»
R
p1� |x� iy|2qrss|1� x� iy|�2β}pF1fqpy � ixq}2H dy

� sup
x¡0

»
R
p1� |x� iy|2qs}pF1fqpy � ixq}2H dy

due to Lemma 3.4.3. In the last step we used |1� λ| ¤ 1� |λ| ¤ Cp1� |λ|2q1{2 and

1� |λ|2 � 1� Re pλq2 � Im pλq2 ¤ p1� Re pλqq2 � Im pλq2 � |1� λ|2

for λ P C�.

3.4.5 Lemma. Let Ω � Rn be open. If t P RN with t ¥ 0 and f P Ht,t{µpR � Ωq with
f
��
p�8,0q

� 0, we get

sup
x¡0

»
R
}pF1fqpy � ixq}2Ht

x�iypΩq
dy � }f}2Ht,t{µpR�Ωq.

Proof. For a function f P Ht,t{µpR� Ωq with f ��
p�8,0q

� 0 it holds

sup
x¡0

»
R
}pF1fjqpy � ixq}2

H
tj
x�iypΩq

dy

� sup
x¡0

»
R
}pF1fjqpy � ixq}2

Htj pΩq
� }xx� iyytj pF1fjqpy � ixq}2L2pΩq dy

� sup
x¡0

»
R
}pF1fjqpy � ixq}2

Htj pΩq
� p1� |x� iy|2qtj{µ}pF1fjqpy � ixq}2L2pΩq dy

¤C
�
}fj}2L2pR,Htj pΩqq

� }fj}2Htj {µpR,L2pΩqq

	
for j � 1, . . . , N due to Lemma 2.1.7 and Lemma 3.4.4. The second inequality

}f}2Ht,t{µpR�Ωq ¤ C sup
x¡0

»
R
}pF1fqpy � ixq}2Ht

x�iypΩq
dy

follows from (3-41).

In the following, we assume Ω � Rn to be a domain with compact boundary Γ, and pλ�A,Bq
to be a system of boundary value problems in Ω of the form (3-10)–(3-11), which is parameter-
elliptic in a closed sector Λ � C�. Moreover, we assume r ¥ 0 and (S1)–(S3) and (S5) to hold
for pr, 0q.
3.4.6 Lemma. Let I � R be an interval and r ¥ 0. Then, it holds

Ht�r,pt�rq{µpI � Ωq � H1pI, H�s�rpΩqq. (3-42)
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Proof. Let j P t1, . . . , Nu. Because of sj � tj � µ P N we have tj ¡ 0. If sj � 0 and r � 0, it
holds tj � r � µ and the claim follows trivially from the definition of the space Htj ,1pI �Ωq. So
we may assume r ¡ 0 or sj   0 such that µ

tj�r P p0, 1q. We get

rL2pI, Htj�rpΩqq, Hptj�rq{µpI, L2pΩqqsµ{ptj�rq � H1pI, Htj�r�µpΩqq � H1pI, H�sj�rpΩqq
by complex interpolation, see Theorem 3.18 of [51]. Since the intersection of the spaces is always
a subset of the corresponding interpolation space, this shows (3-42).

3.4.7 Proposition. Let r ¥ 0 and λ1 ¡ 0, Rpλq be as in Theorem 3.3.5 for λ P Λ with |λ| ¥ λ1,
where Λ � C�. In addition, we assume

f P H�s�r,p�s�rq{µpR� Ωq and g P H�m�r�1{2,p�m�r�1{2q{µpR� Γq
with f

��
p�8,0q

� g
��
p�8,0q

� 0. Then we get F�1
1 Rpλ1 � i�qF1

�
f
g

� P Ht�r,pt�rq{µpR � Ωq with

F�1
1 Rpλ1 � i�qF1

�
f
g

���
p�8,0q

� 0. In particular, we have

F�1
1 Rpλ1 � i�qF1

�
f
g



p0q � 0. (3-43)

Proof. We define h : C� Ñ L2pΩq via hpλq :� Rpλ1 � λqF1

�
f
g

�p�iλq for λ P C�. The function h
is holomorphic due to the Theorem of Paley–Wiener and fulfils

sup
x¡0

»
R
}hpx� iyq}2L2pΩq dy ¤ C sup

x¡0

»
R

���Rpλ1 � x� iyqF1

�
f
g



py � ixq

���2
Er,0
λ1�x�iypΩq

dy

¤ C sup
x¡0

»
R

���F1

�
f
g



py � ixq

���2
Fr,0

λ1�x�iypΩq
dy

¤ C sup
x¡0

»
R

���F1

�
f
g



py � ixq

���2
Fr,0

x�iypΩq
dy

¤ C
�
}f}2H�s�r,p�s�rq{µpR�Ωq � }g}2H�m�r�1{2,p�m�r�1{2q{µpR�Γq

	
because of Lemma 3.4.5. Thus, we can apply the Theorem of Paley–Wiener to the function h
again to obtain F�1

1 Rpλ1 � i�qF1

�
f
g

���
p�8,0q

� 0. In addition, it holds���F�1
1 Rpλ1 � i�qF1

�
f
g


���2
Ht�r,pt�rq{µpR�Ωq

¤C
»
R
}hpiλq}2Er,0

λ pΩq
dλ

¤C
»
R

���F1

�
f
g



pλq

���2
Fr,0

λ pΩq
dλ

¤C
�
}f}2H�s�r,p�s�rq{µpR�Ωq � }g}2H�m�r�1{2,p�m�r�1{2q{µpR�Γq

	
according to (3-41). In particular, we get that

F�1
1 Rpλ1 � i�qF1

�
f
g



P Ht�r,pt�rq{µpR� Ωq � H1pR, H�s�rpΩqq

is continuous due to Lemma 3.4.6, which shows (3-43).
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With the help of Theorem 3.3.5 we are now in the situation to formulate an a priori estimate
for the solution of the time-dependent system. For the sake of readability we restrict ourselves
to the case r � 0.

3.4.8 Theorem. Let pλ � A,Bq be parameter-elliptic in Λ � C�, and let σ P p�1, 0s, T ¡ 0.
Assume (S1)–(S3), (S5) to hold for p0, σq and p0, 0q. We set

H :� tw P H�spΩq : pBwqℓ � 0 for ℓ P t1, . . . ,Mu with �mℓ ¡ µu,
DpAq :� tw P HtpΩq : Aw P H, Bw � 0u

and suppose that A : H � DpAq Ñ H with Aw � Aw for all w P DpAq generates a C0-semigroup
on H. In addition, we assume that the time-dependent problem

Btw �Aw � f in p0, T q � Ω,

Bw � g on p0, T q � Γ,

wp0q � 0 in Ω

(3-44)

possesses a solution w P Cpr0, T s, HtpΩqq X C1pr0, T s, H�spΩqq for given

f P H�s,�s{µpp�8, T q � Ωq,
g P H�m�1{2,p�m�1{2q{µpp�8, T q � Γq,

where f
��
p�8,0q

� g
��
p�8,0q

� 0. Then, we have

}w}2Ht�σ,pt�σq{µpp0,T q�Ωq ¤ C
�
}f}2H�s,�s{µpp0,T q�Ωq � }g}2H�m�σ�1{2,p�m�σ�1{2q{µpp0,T q�Γq

	
.

Proof. We fix λ1 ¥ 1 as in Theorem 3.3.5. Let E be a continuous extension operator, which
extends the appearing functions from p�8, T q to R while preserving the smoothness such that
Ef

��
p2T,8q

� Eg
��
p2T,8q

� 0. We set f̂pλq :� pF1pe�λ1�Efqqpλq and ĝpλq :� pF1pe�λ1�Egqqpλq.
Due to Lemma 3.4.1 we have pf̂pλq, ĝpλqq P F0,0

λ1�iλpΩq for almost every λ P R. According to
Theorem 3.3.5 the parameter-dependent system

pλ1 � iλ�Aqpŵpλqq � f̂pλq in Ω,

Bpŵpλqq � ĝpλq on Γ

possesses a unique solution ŵpλq P E0,0
λ1�iλpΩq with

}ŵpλq}E0,σ
λ pΩq ¤ C}ŵpλq}E0,σ

λ1�iλpΩq
¤ C

����f̂pλq
ĝpλq


���
F0,σ

λ1�iλpΩq
¤ C

����f̂pλq
ĝpλq


���
F0,σ

λ pΩq

for almost every λ P R. Since

Btpeλ1�F�1
1 ŵp�qqptq �Apeλ1�F�1

1 ŵp�qqptq � eλ1tpF�1
1 ppλ1 � i � �Aqŵp�qqptq

� eλ1tpF�1
1 f̂p�qqptq

� pEfqptq
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and Bpeλ1�F�1
1 ŵp�qqptq � pEgqptq for t P R, the function wE :� eλ1�pF�1

1 ŵp�qq is a solution of

BtwE �AwE � Ef in R� Ω,

BwE � Eg on R� Γ.
(3-45)

Because of f
��
p�8,0q

� g
��
p�8,0q

� 0 and Proposition 3.4.7, we obtain wEp0q � 0. In particular,

we have w � wE P Cpr0, T s,Hq with
pBt �Aqpw � wEq � 0 in p0, T q,

pw � wEqp0q � 0.

This means that w�wE is a mild solution of the Cauchy problem in the sense of Definition 2.3.1.
As the mild solution is unique due to Proposition 2.3.2, we obtain wE

��
p0,T q

� w. Using that eλ1�

is a bounded multiplication operator in Ht�σ,pt�σq{µpp0, T q � Ωq, we get

}w}2Ht�σ,pt�σq{µpp0,T q�Ωq ¤ C}F�1
1 pŵp�qq}2Ht�σ,pt�σq{µpR�Ωq

¤ C

»
R
}ŵpλq}2E0,σ

λ pΩq
dλ

¤ C

»
R

����f̂pλq
ĝpλq


���2
F0,σ

λ pΩq
dλ

¤ C
�
}F�1

1 f̂}2H�s,�s{µpR�Ωq � }F�1
1 ĝ}2H�m�σ�1{2,p�m�σ�1{2q{µpR�Γq

	
¤ C

�
}Ef}2H�s,�s{µpR�Ωq � }Eg}2H�m�σ�1{2,p�m�σ�1{2q{µpR�Γq

	
¤ C

�
}f}2H�s,�s{µpp0,T q�Ωq � }g}2H�m�σ�1{2,p�m�σ�1{2q{µpp0,T q�Γq

	
.

3.4.9 Remark. As the solution w in the theorem above only exists in the finite time interval
r0, T s, we cannot transform the equation to a parameter-dependent problem via the Fourier
transform without extending the right-hand sides. Thus, we have to show wE � w in p0, T q in
the time-dependent setting. Both solutions w and wE solve the problem in the Sobolev sense.
We only use the theory of mild solutions to guarantee the uniqueness of the solution. This is
also the reason why we assume that A generates a C0-semigroup. Actually, this assumption
seems to be rather strong as we already know the existence of a solution. Anyway, in many
cases the parameter-ellipticity implies that A is the generator of a C0-semigroup. An example
is discussed in the next section.

3.5 The thermoelastic plate equation

As an example for a parameter-elliptic system in the sense of Douglis–Nirenberg, we consider
the thermoelastic plate equation

utt �∆2u�∆θ � 0 in p0, T q � Ω,

θt �∆ut �∆θ � 0 in p0, T q � Ω

in a finite time interval p0, T q and a sufficiently smooth domain Ω with various boundary con-
ditions.
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Written as a first-order system in time, we obtain

Btw �Aw � 0,

where w � pw1, w2, w3q correlates with pu, ut, θq and A acts in the form of the matrix

A � ApDq �
�� 0 1 0
�∆2 0 �∆
0 ∆ ∆

�
. (3-46)

The operator A is a Douglis–Nirenberg system with t � p4, 2, 2q and s � p�2, 0, 0q. We take a
closer look at the two variants

B1pDq �
�� 1 0 0
�Bn 0 0
0 0 �Bn � 1

�
 and B2pDq �
���Bn 0 0

0 0 1
Bn∆ 0 Bn

�
 (3-47)

of boundary conditions. The problems pλ�A,B1q and pλ�A,B2q fit into the Douglis–Nirenberg
setting with m1 � p�4,�3,�1q and m2 � p�3,�2,�1q.
We check that the systems are indeed parameter-elliptic and construct a suitable operator A on
a Hilbert space H such that A is the generator of a C0-semigroup of contractions. Finally, we
apply Theorem 3.4.8 to gain generalized a priori estimates.

3.5.1 Lemma. The boundary value problems pλ�A,B1q and pλ�A,B2q are parameter-elliptic
in the closed sector C�.

Proof. First, we observe

detpλ�Apξqq � det

�� λ �1 0
|ξ|4 λ �|ξ|2
0 |ξ|2 λ� |ξ|2

�

� λ2pλ� |ξ|2q � |ξ|4pλ� |ξ|2q � |ξ|4λ
� λ3 � |ξ|2λ2 � 2|ξ|4λ� |ξ|6

for ξ P Rn and λ P C�. It is known from Lemma 2.3 of [63] that there are γ1, γ2, γ3 P C with
γ1 P p0, 1q, Re pγ2q P

�
0, 12

�
, Im pγ2q ¡ 0 and γ2 � γ3 such that

λ3 � λ2 � 2λ� 1 � pλ� γ1qpλ� γ2qpλ� γ3q.
Therefore, we have

detpλ�Apξqq �
3¹

j�1

pλ� |ξ|2γjq.

To show that the Shapiro–Lopatinskii condition is satisfied, we consider the system of ordinary
differential equations �

λ2 � pB2n � |ξ1|2q2 B2n � |ξ1|2
λp|ξ1|2 � B2nq λ� |ξ1|2 � B2n


�
u
θ



�

�
0
0



(3-48)

for 0 � pξ1, λq P Rn�1 � C�.
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Let pu, θq be a stable solution of (3-48) with u1p0q � 0. Similar to Lemma 4.1 of [63] and [23],
we multiply the first row in (3-48) by λu, the second one by θ, sum up and integrate over p0,8q.
This yields

0 �λ|λ|2}u}2 � λxpB2n � |ξ1|2q2u, uy � λxpB2n � |ξ1|2qθ, uy
� λxp|ξ1|2 � B2nqu, θy � xpλ� |ξ1|2 � B2nqθ, θy,

where } � } :� } � }L2pp0,8qq and x�, �y :� x�, �yL2pp0,8qq. We use u1p0q � 0 and integration by parts
to obtain

0 �λ|λ|2}u}2 � λps� u3p0qup0qq � λpxθ1, u1y � θ1p0qup0q � |ξ1|2xθ, uyq
� λp|ξ1|2xu, θy � xu1, θ1yq � pλ� |ξ1|2q}θ}2 � }θ1}2 � θ1p0qθp0q

(3-49)

with s :� }u2}2 � 2|ξ1|2}u1}2 � |ξ1|4}u}2.
(i) In addition, let up0q � 0 and θ1p0q � 0. Taking the real part of (3-49) leads to

0 � Re pλqp|λ|2}u}2 � sq � pRe pλq � |ξ1|2q}θ}2 � }θ1}2. (3-50)

Because of Re pλq ¥ 0 we get θ1 � 0. Since the solution is stable, we get θ � 0. In case
λ � 0, we know p|ξ1|2�B2nqu � 0 from the second row in (3-48) and thus pB2n�|ξ1|2q2u � 0.
The first row of (3-48) finally shows u � 0. If λ � 0, we have u � 0 due to Example 2.5.4.
Therefore, pλ�A,B1q is parameter-elliptic in C�.

(ii) With the additional initial conditions θp0q � 0 and u3p0q � �θ1p0q, the real part of (3-49)
is also given by (3-50). Similar as before we obtain that pλ� A,B2q is parameter-elliptic
in C�.

In preparation for the plate-membrane system considered in the next Chapter, we show that the
following operator A generates a C0-semigroup. Recall that the orders of interest are determined
by t � p4, 2, 2q, s � p�2, 0, 0q, m1 � p�4,�3,�1q and m2 � p�3,�2,�1q.
3.5.2 Proposition. Let Ω � Rn be a C4-domain with BΩ � Γ1 Y Γ2, where Γ1 and Γ2 are
compact, disjoint parts of the boundary of Ω. We define the operator A : H � DpAq Ñ H by

H :� tw P H�spΩq : w1 � Bνw1 � 0 on Γ1, Bνw1 � 0 on Γ2u,
DpAq :� tw P HtpΩq : ApDqw P H, B1pDqw � 0 on Γ1, B2pDqw � 0 on Γ2u

and Aw :� ApDqw for w P DpAq, where ApDq, B1pDq and B2pDq are as in (3-46) and (3-47).
On H we use the inner product induced by

}w}2H :� }∆w1}2L2pΩq � }w2}2L2pΩq � }w3}2L2pΩq pw P Hq,
which is equivalent to the canonical norm on H, see Lemma 4.1.1. Then A is the generator of
a C0-semigroup of contractions on H.

Proof. We follow the standard approach and show that A is disspative and that there is a λ0 ¡ 0
such that λ0 �A is surjective. Integration by parts leads to

Re xAw,wyH � Re
�x∆w2,∆w1yL2pΩq � x�∆2w1 �∆w3, w2yL2pΩq � x∆w2 �∆w3, w3yL2pΩq

�
� �}∇w3}2L2pΩq � }w3}2L2pΓ1q

for all w P DpAq.
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Now, let f P H. Because of Remark 3.3.6 and Lemma 3.5.1 we know that the system

pλ�ApDqqw � f in Ω,

B1pDqw � 0 on Γ1,

B2pDqw � 0 on Γ2

is parameter-elliptic in C�. In particular, there is a λ0 ¡ 0 such that there is a w P DpAq
with pλ0 � Aqw � f . This shows that λ0 � A is surjective. An application of the Theorem of
Lumer–Phillips yields that A is the generator of a C0-semigroup of contractions on H.

3.5.3 Proposition. Let Ω and A be as before but with the slightly stronger assumption that Ω
possesses C5-boundary. In addition, let T ¡ 0 and

g P L2pp0, T q, H1{2pΓ2qq XH1{4pp0, T q, L2pΓ2qq.

We assume that the time-dependent problem

Btw �ApDqw � 0 in p0, T q � Ω,

B1pDqw � 0 on p0, T q � Γ1,

B2pDqw �
��0
0
g

�
 on p0, T q � Γ2

possesses a solution w P Cpr0, T s, HtpΩqq X C1pr0, T s, H�spΩqq. Then it holds

}w}L2pp0,T q,Ht�σpΩqqXHpt�σq{2pp0,T q,L2pΩqq ¤ C}g}L2pp0,T q,H1{2�σpΓ2qqXHp1�2σq{4pp0,T q,L2pΓ2qq
(3-51)

for every σ P p�1, 0s. In particular, we obtain

}w}L2pp0,T q,Ht�1{2pΩqqXHp2t�1q{4pp0,T q,L2pΩqq ¤ C}g}L2pp0,T q,L2pΓ2qq. (3-52)

Proof. Because of Lemma 3.5.1 we know that our problem is parameter-elliptic in C�. Due to
Proposition 3.5.2, A is the generator of a C0-semigroup on H. As 1

4   1
2 , we can extend g by

zero to a function in

L2pp�8, T q, H1{2pΓ2qq XH1{4pp�8, T q, L2pΓ2qq,

see Theorem 1 of Section 4.3.2 in [77]. All in all, we are in the situation of Theorem 3.4.8, which
yields inequality (3-51). The estimate in (3-52) is (3-51) in the case σ � �1

2 .



Chapter 4

A plate-membrane transmission
problem

This chapter gives a summary of the main results in [11]. We study the coupling between
a thermoelastic damped plate and an elastic membrane. After showing the well-posedness
and regularity results of the given problem, we investigate the asymptotic behaviour of the
solution. In contrast to [11], we usually consider arbitrary space dimensions n ¥ 2 because the
generalization does not affect the proofs. We only use space dimension n � 2 to show polynomial
stability of the plate-membrane system in the case of an undamped membrane.

4.1 Formulation and well-posedness of the problem

To fix the geometric situation of the problem, we consider two non-empty, open, connected
and bounded subsets Ω and Ω2 of Rn with boundary of class C4 such that Ω2 � Ω. We set
Ω1 :� ΩzΩ2, Γ :� BΩ and I :� BΩ2. Note that BΩ1 � Γ Y I. As visualized in Figure 4.1, we
denote the outward pointing unit normal vector to the boundary of Ω1 by ν and consequently,
�ν is the outward pointing unit normal vector to the boundary of Ω2. The plate-membrane
system of interest consists of a thermoelastic plate in Ω1 and a membrane in the region Ω2.

ν
ν

Ω2

Ω1

Γ

I

Figure 4.1: Geometric situation of the plate-membrane system in the case n � 2.

Let upt, xq and vpt, xq be the vertical displacement of the point x at time t on the plate and the
membrane, respectively. The temperature difference to a given reference temperature on the
plate is denoted by θpt, xq. Then, the mathematical model for the structure can be described
by the equations

utt � γ∆utt �∆2u�∆θ � 0 in p0,8q � Ω1,

θt �∆ut �∆θ � 0 in p0,8q � Ω1,

vtt �∆v �mvt � 0 in p0,8q � Ω2

(4-1)
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with the boundary conditions

u � Bνu � 0 on p0,8q � Γ,

Bνθ � θ � 0 on p0,8q � Γ,

Bνu � 0 on p0,8q � I,

θ � 0 on p0,8q � I,

(4-2)

the transmission conditions

u � v on p0,8q � I,

�Bν∆u� Bνθ � Bνv on p0,8q � I
(4-3)

and the initial conditions

up0, �q � u0, utp0, �q � u1, θp0, �q � θ0, vp0, �q � v0, vtp0, �q � v1. (4-4)

The coefficient γ ¥ 0 represents the rotational inertia term, while m ¥ 0 prescribes the damping
(or the absence thereof) for the wave equation. Notice that we consider clamped boundary
conditions for u on Γ. Due to the lack of thermal effects in the membrane, we assume that
the difference of temperature on the interface is zero. We also suppose that the plate satisfies
Newton’s cooling law, which leads to the second line in (4-2). The condition Bνu � 0 on I has
the following interpretation: the transversal force caused by the tension and the one originated
by the shear stress between the plate and the membrane cancel each other, which forces the
horizontal displacements on the interface to be zero, see [38].

For the sake of readability, we do not include the case of a structurally damped plate equation
here. The additional damping improves the long-time behaviour as one would expect it from [12].
For details we refer to [11].

Following the standard approach, we will formulate problem (4-1)–(4-4) as an abstract Cauchy
problem and study the associated semigroup. We define w � pw1, . . . , w5q :� pu, ut, θ, v, vtq and
rewrite problem (4-1) with the initial conditions (4-4) formally as the first-order system

MpDqBtw �ApDqw � 0 in p0,8q,
wp0q � w0,

(4-5)

where

MpDq :�

������
1 0 0 0 0
0 1� γ∆ 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

�����
, ApDq :�

������
0 1 0 0 0

�∆2 0 �∆ 0 0
0 ∆ ∆ 0 0
0 0 0 0 1
0 0 0 ∆ �m

�����

and w0 :� pu0, u1, θ0, v0, v1q.
To define a suitable ground space and domain for the related operators, we set

H2,1 :�  pu, vq P H2pΩ1q �H1pΩ2q : u � Bνu � 0 on Γ, Bνu � u� v � 0 on I
(
.

On H2,1 we use the inner product induced by

}pu, vq}2H2,1 :� }∆u}2L2pΩ1q
� }∇v}2L2pΩ2q

ppu, vq P H2,1q.
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4.1.1 Lemma. The norm in H2,1 is equivalent to the standard norm in H2pΩ1q �H1pΩ2q.
Proof. Obviously, all terms in the norm } � }H2,1 can be estimated by the standard norm in
H2pΩ1q �H1pΩ2q, so we only have to show } � }H2pΩ1q�H1pΩ2q ¤ C} � }H2,1 .

Let pu, vq P H2,1. Then u is a solution of the boundary value problem

∆u � f in Ω1,

Bνu � 0 on BΩ1

with f :� ∆u P L2pΩ1q. By elliptic regularity, we get

}u}H2pΩ1q ¤ C
�}∆u}L2pΩ1q � }u}L2pΩ1q

�
, (4-6)

see Theorem 7.1.3 of [3]. Due to the boundary and transmission conditions u � 0 on Γ and
u � v on I, the function χΩ1u � χΩ2v belongs to 9H1pΩq. Here, χΩj denotes the characteristic
function on Ωj for j � 1, 2. With Poincaré’s inequality, we obtain

}u}2L2pΩ1q
� }v}2L2pΩ2q

� }χΩ1u� χΩ2v}2L2pΩq ¤ C
�}∇u}2L2pΩ1q

� }∇v}2L2pΩ2q

�
. (4-7)

As u � 0 on Γ and Bνu � 0 on BΩ1, we can apply Poincaré’s inequality, integration by parts,
and Young’s inequality to see that for every ε ¡ 0 there exists a Cε ¡ 0 such that

}u}2L2pΩ1q
¤ C}∇u}2L2pΩ1q

� Cx�∆u, uyL2pΩ1q ¤ ε}u}2L2pΩ1q
� Cε}∆u}2L2pΩ1q

.

Choosing ε ¤ 1
2 , we can estimate }u}2L2pΩ1q

¤ C}∆u}2L2pΩ1q
. Combining this with (4-6) and (4-7),

we obtain

}u}2H2pΩ1q
� }v}2H1pΩ2q

¤ C
�}∆u}2L2pΩ1q

� }∇v}2L2pΩ2q

�
.

For the definition of the related operators in a weak Hilbert space setting, we have to distinguish
the case γ ¡ 0 from the case γ � 0. For γ ¡ 0, the Hilbert space Hγ is defined as

Hγ :�  
w P L2pΩ1q3 � L2pΩ2q2 : pw1, w4q P H2,1, w2 P H1pΩ1q, w2 � 0 on Γ

(
� H2pΩ1q �H1pΩ1q � L2pΩ1q �H1pΩ2q � L2pΩ2q.

In case γ � 0, we modify this definition by replacing the condition w2 P H1pΩ1q by w2 P L2pΩ1q
and omitting the boundary condition w2 � 0 on Γ, that is,

H0 :�
 
w P L2pΩ1q3 � L2pΩ2q2 : pw1, w4q P H2,1

(
� H2pΩ1q � L2pΩ1q � L2pΩ1q �H1pΩ2q � L2pΩ2q.

We endow Hγ with the inner product induced by

}w}2Hγ
:� }pw1, w4q}2H2,1 � }w2}2L2pΩ1q

� γ}∇w2}2L2pΩ1q
� }w3}2L2pΩ1q

� }w5}2L2pΩ2q
pw P Hγq

for γ ¥ 0.
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To formulate the transmission problem (4-5) in a weak setting, we formally apply the operator ∆2

to the first component and �∆ to the fourth component. We obtain

�MpDqBtw � rApDqw � 0 in p0,8q,
wp0q � w0

with

�MpDq :�

������
∆2 0 0 0 0
0 1� γ∆ 0 0 0
0 0 1 0 0
0 0 0 �∆ 0
0 0 0 0 1

�����
 and rApDq :�
������

0 ∆2 0 0 0
�∆2 0 �∆ 0 0
0 ∆ ∆ 0 0
0 0 0 0 �∆
0 0 0 ∆ �m

�����
.
In this way, the weak formulation is adapted to the definition of the Hilbert space Hγ and to
the boundary and transmission conditions. Let H1

γ denote the antidual space of Hγ , that is, the
space of all continuous, conjugate linear functionals on Hγ . Even though we also sometimes use
the same notation for the dual space, this should not cause any confusion as one can easily check
whether the functionals are linear or conjugate linear. We define the operator M : Hγ Ñ H1

γ by

xMw,φyH1
γ�Hγ

:� xw,φyHγ pw,φ P Hγq.

To define the operator related to rApDq in a weak setting, we introduce the subspace V � Hγ

with

V :� tw P Hγ : pw2, w5q P H2,1, w3 P H1pΩ1q, w3 � 0 on Iu
� H2pΩ1q �H2pΩ1q �H1pΩ1q �H1pΩ2q �H1pΩ2q,

where the inner product on V is induced by

}w}2V :� }pw1, w4q}2H2,1 � }pw2, w5q}2H2,1 � }∇w3}2L2pΩ1q
� }w3}2L2pΓq pw P Vq.

Using Remark 2.1.4 (ii), Lemma 4.1.1 and a generalized version of Poincaré’s inequality, which
can be found for instance in Section 4.5 of [82], we see that the norm in V is equivalent to the
standard norm in H2pΩ1q �H2pΩ1q �H1pΩ1q �H1pΩ2q �H1pΩ2q.
Now we can define A : V Ñ V 1 by

xAw,φyV 1�V :� @pw2, w5q, pφ1, φ4q
D
H2,1 �

@pw1, w4q, pφ2, φ5q
D
H2,1 � xw3,∆φ2yL2pΩ1q

� x∆w2, φ3yL2pΩ1q � x∇w3,∇φ3yL2pΩ1q � xw3, φ3yL2pΓq

�mxw5, φ5yL2pΩ2q

(4-8)

for w,φ P V. From the definition we immediately see that M P LpHγ ,H1
γq and A P LpV,V 1q.

Moreover, M is defined as the inner product in the Hilbert spaceHγ . Therefore, M is an isometric
isomorphism from Hγ to H1

γ . This allows us to define the Hγ-realization of the transmission
problem as the operator A : Hγ � DpAq Ñ Hγ with

DpAq :� tw P V : Aw P H1
γu and Aw :� M�1Aw pw P DpAqq.
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We consider the abstract Cauchy problem

Btw �Aw � 0 in p0,8q,
wp0q � w0

(4-9)

with w0 :� pu0, u1, θ0, v0, v1q.
4.1.2 Remark. The following remark shows that this Cauchy problem is in fact the weak
formulation of the transmission problem (4-1)–(4-4).

(i) We have Aw � rApDqw for all w P DpAq and Mw � �MpDqw for all w P Hγ in the sense
of distributions. This follows from the definition of the operators and integration by parts
by choosing φ P DpΩ1q3 �DpΩ2q2. Recall that DpΩjq stands for functions in DpRnq with
compact support in Ωj for j � 1, 2. Consequently, a function w P C1pr0,8q, DpAqq is a
classical solution of (4-9) if and only if w satisfies (4-1) in the distributional sense.

(ii) Let w P DpAq be of the higher regularity w P H4pΩ1q�H2pΩ1q2�H2pΩ2q�H1pΩ2q. Then
w satisfies the boundary and transmission conditions (4-2)–(4-3) in the strong sense, that
is, as equality of the traces of the functions on Γ and I, respectively.

To see this, we only have to show that the second equality in (4-2) and in (4-3) holds, as
the other conditions are already included in the definition of V. Because of (i), the higher

regularity of w and the density DpΩjq d� L2pΩjq for j � 1, 2, we get

xAw,φyV 1�V � x rApDqw,φyL2pΩ1q3�L2pΩ2q2 pφ P Vq.
Setting φ � p0, 0, φ3, 0, 0q, we obtain

xAw,φyV 1�V � x∆w2 �∆w3, φ3yL2pΩ1q

for all φ3 P H1pΩ1q with φ3 � 0 on I. Integration by parts leads to»
Γ
pw3 � Bνw3qφ3 dS � 0

for all φ3 P H1pΩ1q with φ3 � 0 on I. Therefore, w3 � Bνw3 � 0 holds on Γ in the strong
sense, that is, as equality in the trace space H1{2pΓq. In the same way, one can prove that
the second equality of (4-3) is satisfied in the strong sense.

To show well-posedness, we will also need the following result.

4.1.3 Lemma. The space V is dense in Hγ, and therefore we have the dense embeddings

V � Hγ � L2pΩ1q3 � L2pΩ2q2 � H1
γ � V 1.

Proof. We divide the proof into two steps.

Step 1: In a first step, we show that

V pΩ1q :� tφ P H2pΩ1q : φ � Bνφ � 0 on Γ, Bνφ � 0 on Iu
is dense in H1

ΓpΩ1q :� tu P H1pΩ1q : u � 0 on Γu.
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For this, let u P H1
ΓpΩ1q. We choose a function rφ P C8pΩ1q with rφ � 1 near I, rφ � 0 near Γ,

and 0 ¤ rφ ¤ 1 in Ω1. We set φ :� rφ2. Note that p1 � φqu P 9H1pΩ1q and rφu P H1pΩ1q. As

the test functions are dense in 9H1pΩ1q, there exists a sequence
�
φ
p1q
k

�
kPN � DpΩ1q such that

φ
p1q
k Ñ p1� φqu in H1pΩ1q for k Ñ8. Moreover, as the domain of the Neumann Laplacian

Dp∆N q :� tu P H2pΩ1q : Bνu � 0 on BΩ1u

is dense in H1pΩ1q, see Lemma 1.25 of [64], there exists a sequence
�rφp2qk

�
kPN � Dp∆N q withrφp2qk Ñ rφu in H1pΩ1q for k Ñ 8. By setting φ

p2q
k :� rφrφp2qk P V pΩ1q for k P N, we get

φk :� φ
p1q
k � φ

p2q
k Ñ p1� φqu� rφ2u � u in H1pΩ1q for k Ñ8.

Step 2: Now we prove that V is dense in Hγ . Comparing the definitions of V and Hγ and
noting that test functions are dense in L2-spaces, we only have to consider the case γ ¡ 0 and
show that the embedding

H2,1 � H1
ΓpΩ1q � L2pΩ2q

is dense. Therefore, we fix u P H1
ΓpΩ1q, v P L2pΩ2q and ε ¡ 0. Using the first step, we find a

function φ1 P V pΩ1q with }u� φ1}H1pΩ1q
  ε

2 . Moreover, let rφ1 P H1pΩ2q such that φ1 � rφ1

on I, and choose φ2, φ3 P DpΩ2q with }rφ1 � φ2}L2pΩ2q   ε
4 and }v � φ3}L2pΩ2q

  ε
4 . Then we

obtain pφ1, rφ1 � φ2 � φ3q P H2,1 and

}pu, vq � pφ1, rφ1 � φ2 � φ3q}H1pΩ1q�L2pΩ2q   ε.

This shows that the embedding V � Hγ is dense. The same holds for the second embedding
Hγ � pL2pΩ1qq3 � pL2pΩ2qq2. Therefore, all embeddings stated in the lemma are dense.

4.1.4 Theorem. For γ,m ¥ 0, the operator A generates a C0-semigroup pSptqqt¥0 of contrac-
tions on Hγ. Therefore, for any w0 P DpAq there exists a unique classical solution in

C1pr0,8q,Hγq X Cpr0,8q, DpAqq
of the Cauchy problem (4-9).

Proof. We show that A is dissipative and 1�A is surjective and apply the Theorem of Lumer–
Phillips, see Theorem 3.4.5 of [8].

As M : Hγ Ñ H1
γ is defined by xMw,φyH1

γ�Hγ � xw,φyHγ , we get

xAw,wyHγ � xM�1Aw,wyHγ � xAw,wyH1
γ�Hγ pw P DpAqq. (4-10)

By the definition of A in (4-8), we immediately obtain

Re xAw,wyH1
γ�Hγ � �}∇w3}2L2pΩ1q

� }w3}2L2pΓq �m}w5}2L2pΩ2q
¤ 0 pw P DpAqq, (4-11)

which shows that A is dissipative.

To prove that 1�A is surjective, it suffices to show that M�A : DpAq Ñ H1
γ is surjective since

M P LpHγ ,H1
γq is an isomorphism. Let f P H1

γ . We have to find w P DpAq such that

pM� Aqw � f in H1
γ . (4-12)
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In particular, we have to find w P V with

xw,φyHγ �
@pw2, w5q, pφ1, φ4q

D
H2,1 �

@pw1, w4q, pφ2, φ5q
D
H2,1 � xw3,∆φ2yL2pΩ1q

� x∆w2, φ3yL2pΩ1q � x∇w3,∇φ3yL2pΩ1q � xw3, φ3yL2pΓq �mxw5, φ5yL2pΩ2q

�xpM� Aqw,φyV 1�V

�xf, φyV 1�V

(4-13)

for φ P V. Choosing φ � pφ1, 0, 0, φ4, 0q P V yields@pw1, w4q, pφ1, φ4q
D
H2,1 �

@pw2, w5q, pφ1, φ4q
D
H2,1 �

@pf1, f4q, pφ1, φ4q
D
pH2,1q1�H2,1 (4-14)

for all pφ1, φ4q P H2,1. In a first step, we only take a look at problem (4-13) in the projection
of V to the components pw2, w3, w5q, that is,

V0 :� tpw2, w3, w5q : p0, w2, w3, 0, w5q P Vu

endowed with the canonical norm } � }V0 . Now, we choose φ � p0, φ2, φ3, 0, φ5q P V and re-
place (4-14), applied to pφ2, φ5q P H2,1, into (4-13). This leads to

bppw2, w3, w5q, pφ2, φ3, φ5qq
:�xw2, φ2yL2pΩ1q � γx∇w2,∇φ2yL2pΩ1q � xw3, φ3yL2pΩ1q �

@pw2, w5q, pφ2, φ5q
D
H2,1

� x∇w3,∇φ2yL2pΩ1q � x∇w2,∇φ3yL2pΩ1q � x∇w3,∇φ3yL2pΩ1q � xw3, φ3yL2pΓq

� p1�mqxw5, φ5yL2pΩ2q

� @pf2 � f1, f3, f5 � f4q, pφ2, φ3, φ5q
D
V 10�V0

�: @ rf, pφ2, φ3, φ5q
D
V 10�V0

(4-15)

for pφ2, φ3, φ5q P V0. Obviously, b : V0 � V0 Ñ C is continuous, and a short computation shows

Re bppw2, w3, w5q, pw2, w3, w5qq ¥ C}pw2, w3, w5q}2V0
ppw2, w3, w5q P V0q.

Thus, we may apply the Theorem of Lax–Milgram to obtain a unique solution pw2, w3, w5q P V0

of

bppw2, w3, w5q, pφ2, φ3, φ5qq �
@ rf, pφ2, φ3, φ5q

D
V 10�V0

ppφ2, φ3, φ5q P V0q,

see Theorem 2.1 of [10]. One can argue similarly in H2,1 to get a unique solution pw1, w4q P H2,1

of (4-14).

Altogether, we have found w P V with

pM� Aqw � f in V 1.

As the right-hand side belongs to H1
γ and V is dense in Hγ by Lemma 4.1.3, also the left-hand

side belongs to H1
γ , which shows (4-12). In particular, Aw � Mw � f P H1

γ , which ensures
w P DpAq. Therefore, 1�A is surjective, and an application of the Theorem of Lumer–Phillips
finishes the proof.
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4.2 Spectral properties and regularity results

In this section, we study properties of the spectrum of the operator A defined above and show
that functions in its domain have higher regularity. Note that due to Theorem 4.1.4, the oper-
ator A is closed and densely defined.

4.2.1 Proposition. For γ,m ¥ 0 we have 0 P ρpAq.
Proof. We show that A : Hγ � DpAq Ñ Hγ is bijective. For this purpose, let f P Hγ . The
equality Aw � f is equivalent to

xAw,φyH1
γ�Hγ � xMf, φyH1

γ�Hγ pφ P Hγq. (4-16)

Similar to (4-14), we obtain@pw2, w5q, pφ1, φ4q
D
H2,1 �

@pf1, f4q, pφ1, φ4q
D
H2,1 ppφ1, φ4q P H2,1q,

which has the unique solution pw2, w5q :� pf1, f4q P H2,1. By choosing φ � p0, 0, φ3, 0, 0q P V
in (4-16), we get

x∇w3,∇φ3yL2pΩ1q � xw3, φ3yL2pΓq � x∆f1 � f3, φ3yL2pΩ1q (4-17)

for all φ3 P H1pΩ1q with φ3 � 0 on I. As ∆f1�f3 P L2pΩ1q, the right-hand side is a continuous,
conjugate linear functional of φ3. Let us denote the left-hand side of (4-17) by bpw3, φ3q. Then b
is a continuous sesquilinear form in the Hilbert space tw3 P H1pΩ1q : w3 � 0 on Iu. Since bp�, �q
is equivalent to the H1pΩ1q-norm, the function bp�, �q is coercive. An application of the Theorem
of Lax–Milgram yields the existence of a unique solution w3 P H1pΩ1q of equation (4-17) with
w3 � 0 on I.

For the remaining components w1 and w4, we choose φ � p0, φ2, 0, 0, φ5q P V in (4-16) and
obtain

�@pw1, w4q, pφ2, φ5q
D
H2,1 �xw3,∆φ2yL2pΩ1q �mxw5, φ5yL2pΩ2q

� xf2, φ2yL2pΩ1q � γx∇f2,∇φ2yL2pΩ1q � xf5, φ5yL2pΩ2q

�:Rpφ2, φ5q
(4-18)

for pφ2, φ5q P H2,1. The conjugate linear functional R : H2,1 Ñ C is well defined and continuous.
By the Riesz representation Theorem, there exists a unique solution pw1, w4q P H2,1 of (4-18).

In total, we have w :� pw1, . . . , w5q P V and, again by using the density V d� Hγ , w is a solution
of (4-16). In particular, Aw P H1

γ by construction such that w P DpAq. This shows that A is
surjective. As the solution w constructed above is unique, we also obtain the injectivity of A.
As A : Hγ � DpAq Ñ Hγ is bijective and closed, we get 0 P ρpAq.
4.2.2 Remark. For the proof of higher regularity of the solution, we recall that λ � ∆ is
parameter-elliptic with Dirichlet boundary condition and with Neumann boundary condition,
see Example 2.5.5. As only the principal part is involved in the definition of parameter-ellipticity,
also λ � ∆ with the mixed boundary condition Bνu � u is parameter-elliptic. The same holds
for λ�∆2 with boundary conditions u and Bνu, see Example 2.5.5.

In the following, we will show that DpAq is embedded into a tuple of Sobolev spaces of higher
regularity. The a priori estimate for parameter-elliptic systems from Proposition 2.5.6 together
with the results above are the key for the strong solvability of the transmission problem, that
is, for higher regularity of the weak solution.
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4.2.3 Theorem. Let γ,m ¥ 0. Then the following embeddings are continuous.

(i) DpAq � H2pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q,
(ii) DpA2q � H4pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q,
(iii) DpAq � H4pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q for γ � 0.

In consequence, if w0 P DpA2q, then Sptqw0 is the unique solution of problem (4-1)–(4-4) for
t ¥ 0 and satisfies the boundary and transmission conditions in the strong sense of traces. In the
case γ � 0, we get the same result even for w0 P DpAq. Here, pSptqqt¥0 denotes the C0-semigroup
generated by A.

Proof. The main idea of the proof is to set up suitable parameter-elliptic boundary value prob-
lems, where we already know that the solution is of higher regularity. Hence, we show that this
solution coincides with an appropriate component of our element in the domain.

(i) Let w P DpAq and f :� Aw. Due to the definition of DpAq � V, we only have to show
w3 P H2pΩ1q and w4 P H2pΩ2q. First, we show w3 P H2pΩ1q. Similar to (4-16), we get

xAw,φyH1
γ�Hγ � xMf, φyH1

γ�Hγ pφ P Hγq. (4-19)

As in (4-17), we have

x∇w3,∇φ3yL2pΩ1q
� xw3, φ3yL2pΓq � xg, φ3yL2pΩ1q

(4-20)

for φ3 P H1pΩ1q with φ3 � 0 on I, where g :� ∆w2�f3. By Proposition 2.5.6, Remark 3.3.6
and Remark 4.2.2, we know that there exists some λ0 ¡ 0 such that the problem

pλ0 �∆q rw3 � λ0w3 � g in Ω1,

Bν rw3 � �w3 on Γ,rw3 � 0 on I

has a unique solution rw3 P H2pΩ1q. Integration by parts and (4-20) show that z :� rw3�w3

satisfies

0 �xpλ0 �∆q rw3 � λ0w3 � g, φ3yL2pΩ1q � λ0 xz, φ3yL2pΩ1q
� x∇z,∇φ3yL2pΩ1q

for all φ3 P H1pΩ1q with φ3 � 0 on I. Choosing φ3 � z, we get w3 � rw3 P H2pΩ1q.
Now, we prove w4 P H2pΩ2q. We choose φ � p0, 0, 0, 0, φ5q P V in (4-19). As in (4-18), we
obtain

x∇w4,∇φ5yL2pΩ2q � xg, φ5yL2pΩ2q pφ5 P 9H1pΩ2qq,
where g :� �mw5�f5. Again, by parameter-elliptic theory and Remark 4.2.2, there exists
a unique rw4 P H2pΩ2q with

�∆ rw4 � g in Ω2rw4 � w1 on I.

Therefore z :� rw4 � w4 P 9H1pΩ2q fulfils
0 � x�∆ rw4 � g, φ5yL2pΩ2q � x∇z,∇φ5yL2pΩ2q pφ5 P 9H1pΩ2qq.

By choosing φ5 � z, we obtain w4 � rw4 P H2pΩ2q.
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(ii) Now, let w P DpA2q and again f :� Aw. We show w1 P H4pΩ1q. Integration by parts
and (4-18) leads to

�@pw1, w4q, pφ2, φ5q
D
H2,1 �xw3,∆φ2yL2pΩ1q �mxw5, φ5yL2pΩ2q

� xf2, φ2yL2pΩ1q � γx∇f2,∇φ2yL2pΩ1q � xf5, φ5yL2pΩ2q

� � xg1, φ2yL2pΩ1q � xh, φ2yL2pIq � xg4, φ5y

for pφ2, φ5q P H2,1, where g1 :� ∆p�w3�γf2q�f2, h :� Bνp�w3�γf2q and g4 :� �mw5�f5.
As f � Aw P DpAq, we have Bνf2 � 0 such that h � �Bνw3 P H1{2pIq. Due to parameter-
elliptic theory, see Theorem 4 of [24], and Remark 3.3.6, there is a λ0 ¡ 0 such that there
exists a unique solution p rw1, rw4q P H4pΩ1q �H2pΩ2q of the transmission problem

pλ0 �∆2q rw1 � λ0w1 � g1 in Ω1,

pλ0 �∆q rw4 � λ0w4 � g4 in Ω2,rw1 � Bν rw1 � 0 on Γ,rw1 � rw4 � Bν rw1 � 0 on I,

Bν∆ rw1 � Bν rw4 � h on I.

Using integration by parts, we see that pz1, z4q :� p rw1 � w1, rw4 � w4q fulfils

0 � xpλ0 �∆2q rw1 � λ0w1 � g1, φ2yL2pΩ1q � xpλ0 �∆q rw4 � λ0w4 � g4, φ5yL2pΩ2q

� λ0 xz1, φ2yL2pΩ1q
� x∆z1,∆φ2yL2pΩ1q

� λ0xz4, φ5yL2pΩ2q � x∇z4,∇φ5yL2pΩ2q

for all pφ2, φ5q P H2,1. By choosing pφ2, φ5q � pz1, z4q P H2,1, we get w1 � rw1 P H4pΩ1q.
(iii) Let γ � 0 and w P DpAq. Following the proof of (ii), we obtain w1 P H4pΩ1q.
According to Lemma 2.1.1 all embeddings are continuous.

4.2.4 Corollary. For γ,m ¥ 0 we have the continuous embedding

DpAq � H3pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q.

Proof. From Theorem 4.1.4 we know that A : Hγ � DpAq Ñ Hγ is the generator of a strongly
continuous semigroup of contractions on Hγ . So, �A is an m-accretive operator, see Section 4.3
of [57]. By Corollary 4.30 and Corollary 4.37 of [57], we obtain DpAq � pHγ , DpA2qq1{2,2, where
p�, �q1{2,2 denotes the real interpolation functor with parameter 1

2 and 2. Due to the definition of
Hγ and Theorem 4.2.3 (ii) it holds

Hγ � H2pΩ1q � L2pΩ1q � L2pΩ1q �H1pΩ2q � L2pΩ2q,
DpA2q � H4pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q.

Interpolation together with Theorem 4.2.3 (i) shows

DpAq � pH2pΩ1q, H4pΩ1qq1{2,2 �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q.

By Theorem 1 of Subsection 4.3.1 in [77], we get pH2pΩ1q, H4pΩ1qq1{2,2 � H3pΩ1q.
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The following result allows us to affirm that the spectrum σpAq coincides with its point spec-
trum σppAq.

4.2.5 Lemma. The operator A�1 : Hγ Ñ Hγ is compact for γ,m ¥ 0.

Proof. First, let γ ¡ 0. By Corollary 4.2.4 and the Rellich–Kondrachov Theorem, we have

DpAq � H3pΩ1q �H2pΩ1q �H2pΩ1q �H2pΩ2q �H1pΩ2q
c� H2pΩ1q �H1pΩ1q � L2pΩ1q �H1pΩ2q � L2pΩ2q.

Since Hγ is a closed subspace of H2pΩ1q � H1pΩ1q � L2pΩ1q � H1pΩ2q � L2pΩ2q, we get the

compact embedding DpAq c� Hγ . Therefore the identity operator id : DpAq Ñ Hγ is compact.
Proposition 4.2.1 implies the continuity of the operator A�1 : Hγ Ñ DpAq. In consequence,
A�1 � id �A�1 : Hγ Ñ Hγ is a compact operator. One can argue analogously for γ � 0.

4.2.6 Lemma. If γ ¥ 0 and m ¡ 0, then iR � ρpAq.

Proof. Let us suppose γ ¥ 0 and m ¡ 0. Since A�1 is compact, the spectrum of A consists of
eigenvalues only. Thus, we have to establish that there are no purely imaginary eigenvalues. Let
0 � λ P R and w P DpAq with Aw � iλw, that is,

xAw,φyH1
γ�Hγ � iλxw,φyHγ pφ P Hγq. (4-21)

Similar as in the proof of Proposition 4.2.1, we see that iλw1 � w2 and iλw4 � w5. Choosing
φ � w in (4-21), we obtain

λImxAw,wyH1
γ�Hγ � λ2}w}2Hγ

, (4-22)

and

0 � Re xAw,wyH1
γ�Hγ � �}∇w3}2L2pΩ1q

� }w3}2L2pΓq �m}w5}2L2pΩ2q

as in (4-11). Hence, we have w3 � w5 � 0 and therefore w4 � 0, that is, w � pw1, w2, 0, 0, 0q.
Equality (4-22) leads to

2}∆w2}2L2pΩ1q
� λImxAw,wyH1

γ�Hγ � }∆w2}2L2pΩ1q
� λ2

�
}w2}2L2pΩ1q

� γ}∇w2}2L2pΩ1q

	
,

therefore, we have

}∆w2}2L2pΩ1q
� λ2

�
}w2}2L2pΩ1q

� γ}∇w2}2L2pΩ1q

	
. (4-23)

Now, we choose φ � p0, 0, φ3, 0, 0q P Hγ in (4-21) and obtain 0 � x∆w2, φ3yL2pΩ1q for all functions
φ3 P H1pΩ1q with φ3 � 0 on I. In consequence, we get ∆w2 � 0. It follows from (4-23) that
w2 � 0 and thus w1 � 0.

4.2.7 Remark. We will see in the proof of Theorem 4.3.14 that iR � ρpAq also holds for m � 0.
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4.3 Asymptotic behaviour

In this section we investigate the asymptotic behaviour of the semigroup generated by A. Here,
we distinguish between the case of a damped membrane, that is m ¡ 0, and an undamped
membrane, that is m � 0.

4.3 a) Exponential stability in the damped case

For m ¡ 0 we can show that the semigroup generated by A is exponentially stable in the sense
of Definition 2.3.3. In difference to Theorem 4.1 of [11] we can also cover the case γ ¡ 0. The
proof is similar to the one of Theorem 4.1 in [11], but additionally uses some ideas of the proof
of Theorem 2.2 in [55].

4.3.1 Theorem. The semigroup generated by A is exponentially stable for γ ¥ 0 and m ¡ 0.

Proof. For the proof, we use the characterization of exponential stability by Gearhart and Prüss
which tells us that the semigroup is exponentially stable if iR � ρpAq and there is a constant
C ¡ 0, which does not depend on λ P R, such that��piλ�Aq�1

��
LpHγq

¤ C pλ P Rq,

see Proposition 2.3.6. Assume that this is not true. As we already know iR � ρpAq from
Lemma 4.2.6, there are series pλkqk � Rzt0u and pwkqk � DpAq with }wk}Hγ � 1 for every
k P N such that

fk :� piλk �Aqwk Ñ 0 in Hγ pk Ñ8q.

Since p� � Aq�1 : ρpAq Ñ LpHγq is continuous, it holds |λk| Ñ 8 for k Ñ 8. Additionally, we
have higher regularity due to Corollary 4.2.4 such that

|λk|�1}wk}H3pΩ1q�H2pΩ1q2�H2pΩ2q�H1pΩ2q ¤ C|λk|�1p}wk}Hγ � }fk � iλkw
k}Hγ q ¤ C (4-24)

for k P N. Using (4-11), we obtain

}∇wk
3}2L2pΩ1q

� }wk
3}2L2pΓq �m}wk

5}2L2pΩ2q
� Re xpiλk �Aqwk, wkyHγ Ñ 0 pk Ñ8q.

Applying Poincaré’s inequality, we get

wk
3 Ñ 0 in H1pΩ1q, (4-25)

wk
5 Ñ 0 in L2pΩ2q (4-26)

for k Ñ8. In consequence, it holds

}pwk
1 , w

k
4q}2H2,1 � }wk

2}2L2pΩ1q
� γ}∇wk

2}2L2pΩ1q
Ñ 1 pk Ñ8q. (4-27)

The equality fk � piλk �Aqwk implies

piλkwk
1 � wk

2 , iλkw
k
4 � wk

5q � pfk1 , fk4 q, (4-28)

xiλkwk � fk, φyHγ � xAwk, φyH1
γ�Hγ pφ P Hγq. (4-29)
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Choosing φ � p0, wk
1 , 0, 0, w

k
4q P V in equation (4-29) leads to

xiλkwk
2 � fk2 , w

k
1yL2pΩ1q � γx∇piλkwk

2 � fk2 q,∇wk
1yL2pΩ1q � xiλkwk

5 � fk5 , w
k
4yL2pΩ2q

�� }pwk
1 , w

k
4q}2H2,1 � xwk

3 ,∆w
k
1yL2pΩ1q �mxwk

5 , w
k
4yL2pΩ2q.

(4-30)

Taking (4-28) into account, we obtain

xiλkwk
2 , w

k
1yL2pΩ1q � γxiλk∇wk

2 ,∇wk
1yL2pΩ1q � xiλkwk

5 , w
k
4yL2pΩ2q

� � xwk
2 , w

k
2 � fk1 yL2pΩ1q � γx∇wk

2 ,∇pwk
2 � fk1 qyL2pΩ1q � xwk

5 , w
k
5 � fk4 yL2pΩ2q

� � }wk
2}2L2pΩ1q

� γ}∇wk
2}2L2pΩ1q

� }wk
5}2L2pΩ2q

� xwk
2 , f

k
1 yL2pΩ1q � γx∇wk

2 ,∇fk1 yL2pΩ1q � xwk
5 , f

k
4 yL2pΩ2q.

We use this fact in equality (4-30) to see

}pwk
1 , w

k
4q}2H2,1 � }wk

2}2L2pΩ1q
� γ}∇wk

2}2L2pΩ1q

�}wk
5}2L2pΩ2q

� xwk
2 , f

k
1 yL2pΩ1q � γx∇wk

2 ,∇fk1 yL2pΩ1q � xwk
5 , f

k
4 yL2pΩ2q � xfk2 , wk

1yL2pΩ1q

� γx∇fk2 ,∇wk
1yL2pΩ1q � xfk5 , wk

4yL2pΩ2q � xwk
3 ,∆w

k
1yL2pΩ1q �mxwk

5 , w
k
4yL2pΩ2q.

(4-31)

The right-hand side converges to 0 for k Ñ 8 because of }wk}Hγ � 1, }fk}Hγ Ñ 0 and the
convergences (4-25) and (4-26). In consequence, we get

}pwk
1 , w

k
4q}2H2,1 � }wk

2}2L2pΩ1q
� γ}∇wk

2}2L2pΩ1q
Ñ 0 pk Ñ8q. (4-32)

Summing up the convergences (4-27) and (4-32) results in

}pwk
1 , w

k
4q}2H2,1 Ñ 1

2
pk Ñ8q. (4-33)

We split the remaining part of the proof into two parts.

Step 1: We show that }∇wk
4}2L2pΩ2q

Ñ 0 for k Ñ8. Using integration by parts, equation (4-28),

the convergence (4-26) and the boundedness (4-24), we see that

i}∇wk
4}2L2pΩ2q

� λ�1
k xwk

5 , Bνwk
4yL2pIq � λ�1

k xiλk∇wk
4 �∇wk

5 ,∇wk
4yL2pΩ2q � λ�1

k xwk
5 ,∆w

k
4yL2pΩ2q

� λ�1
k x∇fk4 ,∇wk

4yL2pΩ2q � λ�1
k xwk

5 ,∆w
k
4yL2pΩ2q

Ñ 0

for k Ñ8. Plugging φ � p0, 0, 0, 0, φ5q P V with φ5 P DpΩ2q into (4-29), we get

xiλkwk
5 � fk5 , φ5yL2pΩ2q � �x∇wk

4 ,∇φ5yL2pΩ2q �mxwk
5 , φ5yL2pΩ2q.

Since DpΩ2q is dense in L2pΩ2q, we have

�∆wk
4 � pm� iλkqwk

5 � fk5 .

Together with (4-26) we obtain

λ�1
k ∆wk

4 Ñ 0 in L2pΩ2q pk Ñ8q.
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To show λ�1
k xwk

5 , Bνwk
4yL2pIq Ñ 0 we use Lemma 2.4.1, wk P DpAq, Lemma 2.2.2, the bounded-

ness in (4-24) and elliptic regularity. This leads to

|λ�1
k xwk

5 , Bνwk
4yL2pIq| ¤ C|λk|�1}wk

2}H1pΩ1q}wk
4}1{2H2pΩ2q

}wk
4}1{2H1pΩ2q

¤ C|λk|�1{2}wk
2}H1pΩ1q � |λk|�1{2}wk

4}1{2H2pΩ2q

¤ C
�|λk|�1}wk

2}H2pΩ1q � }wk
2}L2pΩ1q

� � |λk|�1{2}wk
4}1{2H2pΩ2q

¤ C|λk|�1{2}wk
4}1{2H2pΩ2q

¤ C
�
|λk|�1

�}∆wk
4}L2pΩ2q � }wk

4}L2pΩ2q � }wk
1}H2pΩ1q

�	1{2

Ñ 0

for k Ñ8. In total, we have shown }∇wk
4}2L2pΩ2q

Ñ 0 for k Ñ8.

Step 2: In the next part we prove }∆wk
1}2L2pΩ1q

Ñ 0 for k Ñ 8. Plugging φ � p0, 0, φ3, 0, 0q
with φ3 P DpΩ1q into (4-29) we get

xiλkwk
3 � fk3 , φ3yL2pΩ1q � x∆wk

2 , φ3yL2pΩ1q � x∇wk
3 ,∇φ3yL2pΩ1q.

In consequence, we have

iλkw
k
3 �∆wk

2 �∆wk
3 � fk3 .

Together with (4-25) it holds

λ�1
k p∆wk

2 �∆wk
3q Ñ 0 in L2pΩ1q pk Ñ8q.

Combined with (4-28) we obtain

i∆wk
1 � λ�1

k ∆wk
3 Ñ 0 in L2pΩ1q pk Ñ8q. (4-34)

In particular, integration by parts leads to

i}∆wk
1}2L2pΩ1q

� λ�1
k

�
x∇wk

3 ,∇∆wk
1yL2pΩ1q � xBνwk

3 ,∆w
k
1yL2pBΩ1q

	
� i}∆wk

1}2L2pΩ1q
� λ�1

k x∆wk
3 ,∆w

k
1yL2pΩ1q

�xi∆wk
1 � λ�1

k ∆wk
3 ,∆w

k
1yL2pΩ1q

Ñ 0

(4-35)

for k Ñ8. In total, we can estimate the inner products with Lemma 2.4.1 and the boundedness
in (4-24) as follows

|λk|�1|x∇wk
3 ,∇∆wk

1yL2pΩ1q � xBνwk
3 ,∆w

k
1yL2pBΩ1q|

¤C|λk|�1
�
}wk

3}H1pΩ1q}wk
1}H3pΩ1q � }wk

3}1{2H2pΩ1q
}wk

3}1{2H1pΩ1q
}wk

1}1{2H3pΩ1q
}wk

1}1{2H2pΩ1q

	
¤C

�
}wk

3}H1pΩ1q � }wk
3}1{2H1pΩ1q

	
Ñ 0

for k Ñ 8 according to convergence (4-25). Combined with (4-35) we get }∆wk
1}2L2pΩ1q

Ñ 0 for

k Ñ8. Step 1 and 2 together are in contradiction to (4-33).
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4.3 b) Lack of exponential stability in the undamped case

If the membrane is undamped, that is m � 0, there is a lack of exponential stability. For the
proof, we follow the ideas of Theorem 3.5 in [61] and use energy methods as well as compact
perturbations. To this end, we need the following compactness result of vector-valued L2-spaces.
It is known as the Lemma of Aubin–Lions. We state a formulation thereof in the Hilbert space
case.

4.3.2 Lemma (Aubin–Lions). [72, Proposition III.1.3]. Let X0, X,X1 be Hilbert spaces with

X0
c� X � X1, and T ¡ 0. Then it holds

tu P L2pp0, T q, X0q : ut P L2pp0, T q, X1qu c� L2pp0, T q, Xq.
To apply the Lemma of Aubin–Lions later on, we make the following observation concerning the
time derivative of the solution of an abstract Cauchy problem in the larger extrapolation space,
see Definition 2.2.3.

4.3.3 Lemma. Let X0 be a Hilbert space and A : X0 � DpAq Ñ X0 be the generator of a
C0-semigroup pSptqqt¥0 with 0 P ρpAq. Then for all T ¡ 0 there is a constant C ¡ 0 such that

sup
tPp0,T q

}BtpSptqw0q}�1 ¤ C}w0}X0 pw0 P DpAqq,

where } � }�1 denotes the norm of the extrapolation space X�1 in the sense of Definition 2.2.3.

Proof. By the definition of } � }�1 and by using that A is the generator of pSptqqt¥0, we obtain

sup
tPp0,T q

}BtpSptqw0q}�1 � sup
tPp0,T q

}ASptqw0}�1 � sup
tPp0,T q

}Sptqw0}X0 ¤ C}w0}X0 pw0 P DpAqq

as the operator norm of the semigroup pSptqqt¥0 is at least exponentially bounded in time and
therefore bounded on finite time intervals, see Proposition I.5.5 of [26].

In view of Remark 2.2.4, we analyse the domain of the adjoint operator A to get a better idea
of the extrapolation space corresponding to A.

4.3.4 Lemma. For γ,m ¥ 0 it holds

9H4pΩ1q � 9H2pΩ1q � 9H2pΩ1q � 9H2pΩ2q � 9H1pΩ2q � DpA1q.

Proof. Let φ P Y0 :� 9H4pΩ1q � 9H2pΩ1q � 9H2pΩ1q � 9H2pΩ2q � 9H1pΩ2q � V, and let w P DpAq.
By definition, we have

xAw,φyHγ � xM�1Aw,φyHγ � xAw,φyH1
γ�Hγ � xAw,φyV 1�V ,

where the last equality follows from the fact that φ P V. Using the definition of A from
equality (4-8) and integration by parts, we obtain

xAw,φyHγ � � @pw1, w4q, pφ2, φ5q
D
H2,1 � x∆w2,∆φ1yL2pΩ1q � x∇w5,∇φ4yL2pΩ2q

� xw3,∆φ2yL2pΩ1q � x∆w2, φ3yL2pΩ1q � x∇w3,∇φ3yL2pΩ1q �mxw5, φ5yL2pΩ2q

� � @pw1, w4q, pφ2, φ5q
D
H2,1 � xw2,∆

2φ1yL2pΩ1q � xw5,∆φ4yL2pΩ2q

� xw3,∆φ2yL2pΩ1q � xw2,∆φ3yL2pΩ1q � xw3,∆φ3yL2pΩ1q �mxw5, φ5yL2pΩ2q.
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Hence, we get
��xAw,φyHγ

�� ¤ C}φ}Y0}w}Hγ . Consequently, the map

pDpAq, } � }Hγ q Ñ C, w ÞÑ xAw,φyHγ

is a continuous, linear functional and its continuous extension to Hγ is an element of H1
γ . This

shows φ P DpA1q, and therefore Y0 � DpA1q.

We can now prove that in the undamped case m � 0 there is a lack of exponential stability for
γ ¥ 0. The case γ � 0 is not included in [11].

4.3.5 Theorem. If the boundary BΩ1 is of class C5, the semigroup generated by A is not
exponentially stable for γ ¥ 0 and m � 0.

Proof. We set rH :� t0u�t0u�t0u� 9H1pΩ2q�L2pΩ2q. Note that rH is a Hilbert subspace of Hγ .

We define the operator rA : rH � Dp rAq Ñ rH given by

Dp rAq :� t0u � t0u � t0u � pH2pΩ2q X 9H1pΩ2qq � 9H1pΩ2q � rH
and

rA rw :� p0, 0, 0, rw5,∆ rw4q p rw P Dp rAqq.
With respect to the fourth and fifth component, rA is the first-order system related to the
non-damped wave equation for rv :� rw4, that is,

rvtt �∆rv � 0 in p0,8q � Ω2,rv � 0 on p0,8q � I
(4-36)

with appropriate initial values. Let p rSptqqt¥0 be the C0-semigroup generated by rA on rH. As
(4-36) contains no damping term, p rSptqqt¥0 is a unitary semigroup. Thus, the essential spectral
radius ressp rSptqq is equal to 1.

We will show that Sptq � rSptq : rH Ñ Hγ is compact for every t ¡ 0, where pSptqqt¥0 stands for
the C0-semigroup generated by A as in Theorem 4.1.4. It is enough to prove that

Sptq � rSptq : W Ñ Hγ

is compact for some dense subspace W of rH. We define

W :� t0u � t0u � t0u �DpΩ2q �DpΩ2q.

Then W is dense in rH, and obviously W � DpAq XDp rAq. For w0 P W, we consider

Eptq :� 1

2
}wptq � rwptq}2Hγ

,

where wptq :� Sptqw0 and rwptq :� rSptqw0 for t ¥ 0.
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Step 1: We show the inequality

Eptq ¤ Re

» t

0
xBν rw4psq, w2psqyL2pIq ds pt ¥ 0q. (4-37)

For this purpose, we notice

E1ptq � 1

2
d
dt}wptq � rwptq}2Hγ

� Re xw1ptq � rw1ptq, wptq � rwptqyHγ

� Re xAwptq � rA rwptq, wptq � rwptqyHγ

� Re xAwptq, wptqyHγ � Re x rA rwptq, rwptqyHγ

� Re xAwptq, rwptqyHγ � Re x rA rwptq, wptqyHγ .

(4-38)

From (4-11) we know Re xAwptq, wptqyHγ ¤ 0, and for the undamped wave equation, we obtain

Re x rA rwptq, rwptqyHγ � 0. Moreover, by the definition of A, we see that

xAwptq, rwptqyHγ � xAwptq, rwptqyV 1�V

� �x∇w4ptq,∇ rw5ptqyL2pΩ2q � x∇w5ptq,∇ rw4ptqyL2pΩ2q.

Integration by parts leads to

x rA rwptq, wptqyHγ � x∇ rw5ptq,∇w4ptqyL2pΩ2q � x∆ rw4ptq, w5ptqyL2pΩ2q

� x∇ rw5ptq,∇w4ptqyL2pΩ2q � x∇ rw4ptq,∇w5ptqyL2pΩ2q � xBν rw4ptq, w5ptqyL2pIq.

Taking the real part in the last two equalities and inserting this into (4-38) results in

E1ptq ¤ Re xBν rw4ptq, w5ptqyL2pIq � Re xBν rw4ptq, w2ptqyL2pIq pt ¥ 0q,
where we used w5ptq � w2ptq on I because wptq P DpAq. Since we have Ep0q � 0, integration
finishes the proof of Step 1.

Now, let pwk
0qkPN � W be a bounded sequence in rH and t ¡ 0. We define wkpsq :� Spsqwk

0

and rwkpsq :� rSpsqwk
0 for s ¥ 0. In the next two steps, we estimate the terms appearing on the

right-hand side of (4-37) separately.

Step 2: We show that the sequence pBν rwk
4qkPN � L2pp0, tq, L2pIqq is uniformly bounded. For

this, we first note that rvk :� rwk
4 is a solution of (4-36). We fix a vector field σ P C1pΩ2qn

satisfying σ � �ν on I. By Corollary 2.4.4 and rvkpsq � 0 on I, we get

}Bνrvkpsq}2L2pIq �
»
Ω2

p|rvkt psq|2 � |∇rvkpsq|2qdivpσq dx� 2Re

»
Ω2

∇rvkpsq � pDσ∇rvkpsqq dx
� 2Re

d

ds

»
Ω2

rvkt psqpσ �∇rvkpsqq dx
for s ¥ 0. We integrate the last equality with respect to s P p0, tq and obtain

}Bνrvk}2L2pp0,tq,L2pIqq ¤ C sup
sPr0,ts

�}∇rvkpsq}2L2pΩ2q
� }rvkt psq}2L2pΩ2q

�
¤ C sup

sPr0,ts
} rwkpsq}2

rH

¤ C.

(4-39)

Notice that C � Cptq may depend on t ¡ 0.
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Step 3: In the next step, we show that there exists a subsequence of pwk
2

��
I
qkPN which converges

in L2pp0, tq, L2pIqq. Here, we distinguish between the cases γ ¡ 0 and γ � 0. In both cases
the extrapolation theory introduced in Section 2.2 as well as the Aubin–Lions Lemma 4.3.2 are
crucial for the proof.

Case 1: Let γ ¡ 0 and X�1 be the extrapolation space of X0 :� Hγ generated by A. Then
Proposition 2.2.5 and Lemma 4.2.5 tell us that we have the dense and compact embeddings
Hγ � X0 � X�α � X�1 for all α P p0, 1q, where X�α :� rX0, X�1sα as in Proposition 2.2.5. As
X�1 is the dual space of DpA1q due to Remark 2.2.4, Lemma 4.3.4 yields

X�1 � H�4pΩ1q �H�2pΩ1q �H�2pΩ1q �H�2pΩ2q �H�1pΩ2q. (4-40)

On the other hand, by definition of Hγ , we have

X0 � Hγ � H2pΩ1q �H1pΩ1q � L2pΩ1q �H1pΩ2q � L2pΩ2q. (4-41)

With complex interpolation, we obtain from (4-40) and (4-41)

X�α � H2�6αpΩ1q �H1�3αpΩ1q �H�2αpΩ1q �H1�3αpΩ2q �H�αpΩ2q. (4-42)

Now, we apply the Aubin–Lions Lemma to the compact embedding Hγ � X0 � X�α � X�1.
For this, we first note that pwkqkPN is bounded in Cpr0, ts,Hγq and therefore in L2pp0, tq,Hγq.
The time derivative pBtwkqkPN is bounded in L2pp0, tq, X�1q due to Lemma 4.3.3.

The application of the Aubin–Lions Lemma yields that there exists a subsequence pwkj qjPN which
is convergent in L2pp0, tq, X�αq. From embedding (4-42) we see that the second component

pwkj
2 qjPN converges in L2pp0, tq, H1�3αpΩ1qq. By choosing α   1

6 and taking the trace on I, we

obtain convergence in L2pp0, tq, H1{2�3αpIqq and therefore in L2pp0, tq, L2pIqq for pwkj
2

��
I
qjPN.

Case 2: Let γ � 0 and k P N. We consider the system of boundary value problems

utt �∆2u�∆θ � 0 in p0,8q � Ω1,

θt �∆θ �∆ut � 0 in p0,8q � Ω1

with the boundary conditions

u � Bνu � 0 on p0,8q � Γ,

Bνθ � θ � 0 on p0,8q � Γ,

Bνu � 0 on p0,8q � I,

θ � 0 on p0,8q � I,

�Bν∆u� Bνθ � Bνwk
4 on p0,8q � I

for u and θ. By construction, this problem is solved by pwk
1 , w

k
3q. Note that wk

0 P DpA2q such
that wk P C1pr0,8q, DpAqq, see Theorem II.5.5 of [26]. In particular, we have

Bνvk P C1pr0, ts, H1{2pIqq � L2pp0, tq, H1{2pIqq XH1{4pp0, tq, L2pIqq.
According to Proposition 3.5.3 we obtain

}wk
2}L2pp0,tq, H3{2pΩ1qq

¤ C}Bνwk
4}L2pp0,tq, L2pIqq.
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Similar as in (4-39) we get }Bνwk
4}L2pp0,tq, L2pIqq ¤ C because of Corollary 2.4.4, since the tan-

gential derivatives can be estimated by using the transmission condition wk
1 � wk

4 on I. With
the help of Lemma 4.3.3 and embedding (4-40), we see that the time derivative pBtwk

2qkPN
is bounded in L2pp0, tq, H�2pΩ1qq. Due to the Lemma of Aubin–Lions, applied to the com-

pact embeddings H3{2pΩ1q � H1pΩ1q � H�2pΩ1q, there is a subsequence pwkj
2 qjPN which con-

verges in L2pp0, tq, H1pΩ1qq. After taking the trace we also get convergence of pwkj
2

��
I
qjPN in

L2pp0, tq, L2pIqq.
Step 4: Due to Step 2 and Step 3 we have that, after passing to a subsequence, pBν rwk

4qkPN is
bounded in L2pp0, tq, L2pIqq and pwk

2

��
I
qkPN converges in L2pp0, tq, L2pIqq. We define

Ekℓptq :� 1

2

��wkℓptq � rwkℓptq��2Hγ
,

where wkℓpsq :� Spsqpwk
0 � wℓ

0q and rwkℓpsq :� rSpsqpwk
0 � wℓ

0q for k, ℓ P N and s ¥ 0. By (4-37)
we have

Ekℓptq ¤ ��xBν rwkℓ
4 , w

kℓ
2 yL2pp0,tq,L2pIqq

��Ñ 0 pk, ℓÑ8q.

Thus, ppSptq � rSptqqwk
0qkPN is a Cauchy sequence in Hγ and therefore convergent. This shows

the compactness of the operator Sptq� rSptq : W Ñ Hγ . Consequently, also Sptq� rSptq : rH Ñ Hγ

is compact. As in addition ressp rSptqq � 1, Theorem 3.3 of [61] implies that pSptqqt¥0 is not
exponentially stable.

4.3.6 Remark. It is easier to prove that there is a lack of exponential stability for γ ¡ 0 be-
cause in this case the space Hγ is better in the second component. For γ � 0 we have to make
more efforts to show the existence of a convergent subsequence of pwk

2

��
I
qkPN � L2pp0, tq, L2pIqq.

The additional smoothness assumption on BΩ1 is only used in the case γ � 0 to apply Proposi-
tion 3.5.3.

4.3 c) Polynomial stability in the undamped case

Although the last result tells us that there is no exponential stability in the case of an undamped
membrane, we will show that the system still decays polynomially under a certain geometric
condition.

4.3.7 Definition. Let G � Rn be a bounded domain with boundary of class C1, x0 P Rn and
q : Rn Ñ Rn, qpxq :� x� x0 for all x P Rn. We say that G fulfils the geometric condition (with
respect to x0 P Rn) if

qpxq � νpxq ¥ 0 px P BGq,
where νpxq denotes the outward pointing unit normal vector of G in the point x P BG.
4.3.8 Remark. The geometric condition means that the angle between the vector x � x0,
which points from x0 to x, and the outward pointing unit normal vector νpxq is less or equal
than 90 degree. It is not possible that a domain fulfils the geometric condition with respect to
a reference point x0 P RnzG.
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As a short side note we want to point out the connection between star-shapedness and the
geometric condition above.

4.3.9 Lemma. Let G � Rn be bounded such that there is an x0 P G with x0�µpx�x0q P G for
all x P BG and µ P p0, 1q. Then G is star-shaped with respect to x0 P G, that is, x0�µpx�x0q P G
for all x P G and µ P p0, 1q.
Proof. Let µ P p0, 1q and x P G. Since the domain G is bounded, there is an s ¥ 1 such that
x0 � spx� x0q P BG. In particular, we get x0 � µpx� x0q P G. Therefore, G is star-shaped with
respect to x0 P G.
4.3.10 Remark. There are unbounded sets which fulfil the remaining assumptions of the last
lemma but which are not star-shaped, for example Rnzt0u.
The following proposition gives an answer to the relation between star-shaped domains and
domains which fulfil the geometric condition. Parts of the proof can also be found in Section 9.4.2
of [27].

4.3.11 Proposition. Let G be a bounded domain with C1-boundary. Then G fulfils the geo-
metric condition if and only if G is a star-shaped set.

Proof. Let the geometric condition be fulfilled for G with respect to x0 P G. Assume that G is
not star-shaped with respect to x0. Due to Lemma 4.3.9 there exists a point x P BG and µ P p0, 1q
such that x0�µpx�x0q R G. We choose the smallest µ1 ¡ µ with x1 :� x0�µ1px�x0q P G. In
particular, we have x1 P BG. Since x0�spx�x0q R G for s P rµ, µ1q, it holds px1�x0q�νpx1q � 0.
On the other hand, there has to be an x2 P BG close to x1 with px2 � x0q � νpx2q   0. This is a
contradiction to the assumption that G fulfils the geometric condition with respect to x0.

The other implication was already proved in Section 9.4.2 of [27], which shows the desired
equivalence.

4.3.12 Remark. Notice that not every domain G fulfilling the geometric condition necessarily
has to be star-shaped since it is possible that x0 P Rn belongs to the boundary of the domain.

G

x0

Figure 4.2: The domain G satisfies the geometric condition and is not star-shaped but G is
star-shaped with respect to x0 P BG.

Before we start the proof of the polynomial stability in the undamped case, we mention the
following auxiliary result.
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4.3.13 Lemma. Let x, y ¡ 0, s P R, k P N with k ¥ 3 and 0   α1   . . .   αk. Then it holds

ķ

j�1

xs�αjyαj ¤ pk � 1q �xs�α1yα1 � xs�αkyαk
�
.

Proof. We fix j P t2, . . . , k � 1u. Using Young’s inequality and 0   α1   . . .   αk, we get

xs�αjyαj � x
ps�α1qpαk�αjq

αk�α1 y
α1pαk�αjq

αk�α1 � xs�αj�
ps�α1qpαk�αjq

αk�α1 y
αj�

α1pαk�αjq

αk�α1

¤
�
x
ps�α1qpαk�αjq

αk�α1 y
α1pαk�αjq

αk�α1


αk�α1
αk�αj �

�
x
s�αj�

ps�α1qpαk�αjq

αk�α1 y
αj�

α1pαk�αjq

αk�α1


αk�α1
αj�α1

� xs�α1yα1 � x
ps�αjqpαk�α1q�ps�α1qpαk�αjq

αj�α1 y
αjpαk�α1q�α1pαk�αjq

αj�α1

� xs�α1yα1 � x
�αjαk�sα1�α1αk�sαj

αj�α1 y
αkpαj�α1q

αj�α1

� xs�α1yα1 � x
spαj�α1q�αkpαj�α1q

αj�α1 yαk

� xs�α1yα1 � xs�αkyαk .

For γ ¥ 0 and m � 0 we can now show the polynomial stability of the semigroup generated
by A in the sense of Definition 2.3.4 under the geometric condition introduced earlier. As we
use the Rellich’s identity from Lemma 2.4.5 for n � 2, we restrict ourselves to space dimension
n � 2. The following result extends Theorem 5.2 of [11] by the case γ ¡ 0.

4.3.14 Theorem. Let n � 2, γ ¥ 0, m � 0 and assume that Ω2 � R2 satisfies the geometrical
condition with respect to the point x0 P R2. Since �ν denotes the outward pointing unit normal
vector of Ω2 this means that

qpxq � νpxq ¤ 0 px P Iq,
where qpxq :� x� x0. Then, the semigroup pSptqqt¥0 generated by A decays polynomially.

Proof. By Proposition 2.3.7, the semigroup is polynomially stable if iR � ρpAq and if there exist
C ¡ 0, λ0 ¡ 0 and β ¡ 0 with

}piλ�Aq�1f}Hγ ¤ C|λ|β}Af}Hγ pf P DpAq, λ P R, |λ| ¥ λ0q. (4-43)

To prove (4-43) let λ0 ¡ 0 and λ P R with |λ| ¥ λ0. Additionally, let w P DpA2q be arbitrary
and f :� piλ�Aqw. Then f P DpAq and

iλw1 � w2 � f1, (4-44)

iλw2 � iλγ∆w2 �∆2w1 �∆w3 � f2 � γ∆f2,

iλw3 �∆w2 �∆w3 � f3, (4-45)

iλw4 � w5 � f4, (4-46)

iλw5 �∆w4 � f5. (4-47)

We show an inequality of the form

}w}2Hγ
¤ C|λ|β1

�}w}2�β2

Hγ
}Af}β2

Hγ
� }w}2�β3

Hγ
}Af}β3

Hγ

�
for appropriate β1, β2, β3 ¡ 0, which yields (4-43) by Young’s inequality.
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Replacing (4-44) into (4-45) leads to

iλw3 � iλ∆w1 �∆w3 � �∆f1 � f3. (4-48)

Similarly, by replacing (4-46) into (4-47), we get

�λ2w4 �∆w4 � iλf4 � f5. (4-49)

First, we notice that

}∇w3}2L2pΩ1q
� }w3}2L2pΓq � Re xf, wyHγ ¤ }w}Hγ }f}Hγ

due to (4-11). Poincaré’s inequality shows

}w3}2H1pΩ1q
¤ C}w}Hγ }f}Hγ . (4-50)

As in the proof of Theorem 4.3.1, Corollary 4.2.4 yields

}w}H3pΩ1q�H2pΩ1q2�H2pΩ2q�H1pΩ2q ¤ Cp}w}Hγ � }f � iλw}Hγ q ¤ Cp|λ|}w}Hγ � }f}Hγ q, (4-51)

and with Theorem 4.2.3 (ii) we obtain

}w1}H4pΩ1q ¤ Cp}w}Hγ � }Apf � iλwq}Hγ q
¤ Cp}w}Hγ � }Af}Hγ � |λ|}f � iλw}Hγ q
¤ Cp|λ|2}w}Hγ � |λ|}f}Hγ � }Af}Hγ q
¤ Cp|λ|2}w}Hγ � |λ|}Af}Hγ q.

(4-52)

In the last step, we used 0 P ρpAq. Analogously to (4-31) it holds

}w2}2L2pΩ1q
� γ}∇w2}2L2pΩ1q

� }w5}2L2pΩ2q

�}pw1, w4q}2H2,1 � xw2, f1yL2pΩ1q � γx∇w2,∇f1yL2pΩ1q � xw5, f4yL2pΩ2q � xf2, w1yL2pΩ1q

� γx∇f2,∇w1yL2pΩ1q � xf5, w4yL2pΩ2q � xw3,∆w1yL2pΩ1q
.

Therefore, it is enough to find a suitable estimate for }pw1, w4q}H2,1 .

Multiplying equation (4-48) by ∆w1 results in

iλ}∆w1}2L2pΩ1q
�xiλw3 �∆w3 �∆f1 � f3,∆w1yL2pΩ1q

� iλxw3,∆w1yL2pΩ1q � x∇w3,∇∆w1yL2pΩ1q � xBνw3,∆w1yL2pBΩ1q

� x∆f1 � f3,∆w1yL2pΩ1q.

Together with (4-50), (4-51), Lemma 2.4.1 and Lemma 4.3.13 it follows

}∆w1}2L2pΩ1q

¤C}w}3{2Hγ
}f}1{2Hγ

� C|λ|�1}w}1{2Hγ
}f}1{2Hγ

p|λ|}w}Hγ � }f}Hγ q
� C|λ|�1}w3}1{2H1pΩ1q

}w3}1{2H2pΩ1q
}∆w1}1{2L2pΩ1q

}w1}1{2H3pΩ1q
� C|λ|�1}w}Hγ }f}Hγ

¤C}w}3{2Hγ
}f}1{2Hγ

� C|λ|�1}w}1{2Hγ
}f}1{2Hγ

p|λ|}w}Hγ � }f}Hγ q
� C|λ|�1}w}3{4Hγ

}f}1{4Hγ
p|λ|}w}Hγ � }f}Hγ q � C|λ|�1}w}Hγ }f}Hγ

¤C
�
}w}7{4Hγ

}f}1{4Hγ
� }w}3{2Hγ

}f}1{2Hγ
� }w}Hγ }f}Hγ � }w}3{4Hγ

}f}5{4Hγ
� }w}1{2Hγ

}f}3{2Hγ

	
¤C

�
}w}7{4Hγ

}f}1{4Hγ
� }w}1{2Hγ

}f}3{2Hγ

	
.

(4-53)
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To find an estimate for }∇w4}L2pΩ2q, we multiply equation (4-49) by w4 and obtain

�λ2}w4}2L2pΩ2q
� x∆w4, w4yL2pΩ2q � xiλf4 � f5, w4yL2pΩ2q.

Integration by parts leads to

}∇w4}2L2pΩ2q
� λ2}w4}2L2pΩ2q

� xiλf4 � f5, w4yL2pΩ2q � xBνw4, w4yL2pIq. (4-54)

Using the transmission conditions, Lemma 2.4.1, interpolation, (4-51), (4-52) and (4-53), we get

}Bνw4}L2pIq

¤}Bν∆w1}L2pIq � }Bνw3}L2pIq

¤C
�
}∆w1}1{2H1pΩ1q

}∆w1}1{2H2pΩ1q
� }w3}1{2H1pΩ1q

}w3}1{2H2pΩ1q

	
¤C

�
}∆w1}1{4L2pΩ1q

}w1}3{4H4pΩ1q
� }w3}1{2H1pΩ1q

}w3}1{2H2pΩ1q

	
¤C

�
}∆w1}1{4L2pΩ1q

�
|λ|3{2}w}3{4Hγ

� |λ|3{4}Af}3{4Hγ

	
� }w}1{4Hγ

}f}1{4Hγ

�
|λ|1{2}w}1{2Hγ

� }f}1{2Hγ

		
¤C|λ|3{2

�
}w}31{32Hγ

}Af}1{32Hγ
� }w}1{16Hγ

}Af}15{16Hγ

	
,

where we applied again Lemma 4.3.13 in the last step. Combined with Lemma 2.4.6, iden-
tity (4-49), Lemma 2.4.5, the geometric condition and (4-53) it holds

λ2}w4}2L2pΩ2q
� � λ2Re

»
Ω2

w4pq �∇w4q dx� λ2

2

»
I
pq � νq|w4|2 dS

� Re

»
Ω2

p∆w4 � iλf4 � f5qpq �∇w4q dx� λ2

2

»
I
pq � νq|w4|2 dS

� Re

»
Ω2

piλf4 � f5qpq �∇w4q dx� Re

»
I
Bνw4pq �∇w4q dS

� 1

2

»
I
pq � νq|∇w4|2 dS � λ2

2

»
I
pq � νq|w4|2 dS

¤C
�
|λ|}f}Hγ }w}Hγ � }Bνw4}L2pIq}∇w4}L2pIq � λ2}w4}2L2pIq

	
¤C

�
|λ|}f}Hγ }w}Hγ � }Bνw4}L2pIq}∇w4}1{2L2pΩ2q

}∇w4}1{2H1pΩ2q
� λ2}w1}2H2pΩ1q

	
¤C

�
|λ|}f}Hγ }w}Hγ � }Bνw4}L2pIq}w}1{2Hγ

�
|λ|1{2}w}1{2Hγ

� }f}1{2Hγ

	
� λ2}∆w1}2L2pΩ1q

	
¤C|λ|2

�
}w}63{32Hγ

}Af}1{32Hγ
� }w}1{2Hγ

}Af}3{2Hγ

	
.

In consequent, (4-54) reduces to

}∇w4}2L2pΩ2q
¤ C|λ|2

�
}w}63{32Hγ

}Af}1{32Hγ
� }w}1{2Hγ

}Af}3{2Hγ

	
.

Altogether, we obtain with Young’s inequality

}w}2Hγ
¤ C|λ|2

�
}w}63{32Hγ

}Af}1{32Hγ
� }w}1{2Hγ

}Af}3{2Hγ

	
� C

�
}w}63{32Hγ

p|λ|64}Af}Hγ q1{32 � }w}1{2Hγ
p|λ|4{3}Af}Hγ q3{2

	
¤ 1

2
}w}2Hγ

� C|λ|128}Af}2Hγ
,
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that is,

}w}Hγ ¤ C|λ|64}Af}Hγ . (4-55)

Note that (4-55) implies that iλ�A is injective, and therefore iR � ρpAq. In fact, let w P DpAq
with f :� piλ � Aqw � 0. Then Aw � iλw P DpAq, which shows w P DpA2q, and we can
apply (4-55) to see w � 0.

Now, the claim follows from Proposition 2.3.7.

4.3.15 Remark. In case γ � 0, we can use the estimate

}w1}H4pΩ1q ¤ Cp|λ|}w}Hγ � }f}Hγ q

instead of (4-52) to gain a slightly better decay rate with the same arguments as before. However,
the proof gives no information about the optimality of the decay rate.

4.3.16 Remark. Summarised we have seen that in the undamped case m � 0, there is a
lack of exponential stability but still polynomial stability, at least if Ω2 is star-shaped and the
space dimension is 2. In general, it seems to be difficult to predict whether a transmission
problem with different damping behaviours on the regions under consideration adapts the long-
time asymptotic of the damped part or not. While the plate-membrane system analysed in [12]
possesses a similar long-time behaviour as the one studied here, the plate-plate system of [18]
has better decay properties in time. Even though in [18] there is only a damping term in the
exterior part Ω1, the whole plate-plate system remains exponentially stable, see Theorem 4.5
of [18]. One explanation for the differences could be the different order structure of the systems.
In our proof of Theorem 4.3.5 it seems to be essential that the orders in space of the equations
vary in Ω1 and Ω2. For instance, to handle the tangential derivatives appearing in the application
of Corollary 2.4.4, it is crucial that u already has higher regularity than v in the ground space.

4.4 Excursion to a structurally damped plate-plate system

In Section 2.5 we already saw some resolvent estimates for the structurally damped plate equa-
tion with different boundary conditions. Here, we want to illustrate the behaviour of the resol-
vent of a structurally damped plate-plate transmission problem for large λ with some simulations
generated in MATLAB. Since there is no analytical proof for most of the observations given here,
this section can be seen as a short outlook and a first guess of the decay rate of the stationary
solution with respect to λ in the case n � 1 and various Sobolev spaces.

We consider the operator

Aρ �
�

0 1
�∆2 ρ∆



belonging to a plate with structural damping ρ ¡ 0 in the case n � 1 and take a look at
a structurally damped plate-plate transmission problem on the interval p0, 2πq with different
damping coefficients ρ1 ¡ 0 and ρ2 ¡ 0 on p0, πq and pπ, 2πq, respectively, as well as canonically
transmission conditions.
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Let f1 P H2pp0, πqq � L2pp0, πqq, f2 P H2ppπ, 2πqq � L2ppπ, 2πqq, λ P R and ρ1, ρ2 ¡ 0. We
rewrite the transmission problem

pλ�Aρ1qupxq � f1pxq for x P p0, πq,
pλ�Aρ2qvpxq � f2pxq for x P pπ, 2πq,

u
pkq
1 pπq � v

pkq
1 pπq for k � 0, 1, 2, 3

with canonically transmission conditions as a scalar equation by using λu1 � f11 � u2 and
λv1 � f21 � v2. This leads to

λ2u1 � λf11 �∆2u1 � λρ1∆u1 � ρ1∆f
1
1 � f12 in p0, πq,

λ2v1 � λf21 �∆2v1 � λρ2∆v1 � ρ2∆f
2
1 � f22 in pπ, 2πq,

u
pkq
1 pπq � v

pkq
1 pπq for k � 0, 1, 2, 3.

Hence, we would like to solve the ordinary differential equation

λ2u1 �∆2u1 � λρ1∆u1 � f12 � λf11 � ρ1∆f
1
1 in p0, πq,

λ2v1 �∆2v1 � λρ2∆v1 � f22 � λf21 � ρ2∆f
2
1 in pπ, 2πq,

u
pkq
1 pπq � v

pkq
1 pπq for k � 0, 1, 2, 3

(4-56)

for different boundary conditions. The choice of the spaces for f1 and f2 seems to be reasonable
in view of the Douglis–Nirenberg structure of the system. Nevertheless, according to the follow-
ing theorem, we cannot expect that the H2 �L2-norm of the solution is bounded by C|λ|�1 for
every choice of f1 and f2.

4.4.1 Theorem. [17, Theorem 3.8]. Let Ω � Rn be a sufficiently smooth domain and assume
that pλ�A,Bq is parameter-elliptic in some sector Λ � C with constant coefficients and orders
encoded by s, t and m. If f P H�spΩq fulfils an estimate of the form

}w}HtpΩq � |λ|}w}H�spΩq ¤ C}f}H�spΩq

for sufficiently large λ P Λ, where w is the solution of

pλ�Aqw � f in Ω,

Bw � 0 on BΩ, (4-57)

with a constant C ¡ 0 independent of λ, then pBfqℓ � 0 for all ℓ P t1, . . . ,Mu with �mℓ ¡ µ.

However, if f1 and f2 satisfy higher smoothness assumptions, we indeed expect a decay rate
of |λ|�1 due to Proposition 2.5.14. We quickly recall the appropriate part of the proof of
Proposition 2.5.14 given in the half-space in the context of boundary value problems.

4.4.2 Reminder. Let pλ � A,Bq be parameter-elliptic in some sector Λ � C with constant
coefficients and orders encoded by s, t and m. We set γ :� maxℓ�1,...,M

 �mℓ � µ � 1
2

(
and

assume γ ¡ 0. For f P tf P HtpRn
�q : BpDqf � 0u, we obtain

}λw � f}H�spRn
�q
¤ C|λ|γ{µ�1}Af}H�spRn

�q

for sufficiently large λ P Λ, where w is the solution of (4-57) in the case Ω � Rn
�. For γ   µ we

get the convergence λw Ñ f in H�spRn
�q for λÑ8.
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This gives a motivation to check how the decay rate changes if f1 and f2 only satisfy some of
the boundary and transmission conditions, which can be formulated in the ground space.

We use the notation hj : p0, πq Y pπ, 2πq Ñ R,

hjpxq :�
#
f1j pxq, x P p0, πq,
f2j pxq, x P pπ, 2πq

for j � 1, 2. The solution of (4-56), with boundary conditions as described below, is denoted by

wλ
1 pxq :�

#
uλ1pxq, x P p0, πq,
vλ1 pxq, x P pπ, 2πq.

As the function pf11 , f21 q P H2pp0, πqq �H2ppπ, 2πqq already possesses higher regularity than L2

in the ground space, we can always form the traces up to order 1 and have thus some possibilities
to vary between boundary and transmission conditions, which are fulfilled for h1 or not. Con-
sequently, h1 seems to be more interesting to modify than h2. That is why we restrict ourselves
to the case h2 � 0, ρ1 � 10, ρ2 � 20, distinguish between various types of functions h1 and
solve (4-56) numerically. We focus on Dirichlet boundary conditions, that is,

u1p0q � u11p0q � v1p2πq � v11p2πq � 0. (4-58)

In the end, we will give a short comparison to other types of boundary conditions but for the
moment we assume (4-58) to hold. We sometimes only write L2 or Hj for j � 0, 1, 2 if the
domain is clear from the context.

According to Example 2.5.13, we expect at least a decay of the form }wλ
1 }H2 ¤ C|λ|�1{4 for

every h1 P H2. We want to analyse for which choices of h1 we can improve the decay rate. In
addition, we are interested in a comparison to the H1- and L2-norm of wλ

1 .

Besides the decay rate of wλ
1 , we also take a look at λwλ

1 �h1 in Hj for j � 0, 1, 2 since we expect
}λwλ

1 � h1}H2 ¤ C|λ|�1{4 at least for sufficiently smooth functions h1, see Reminder 4.4.2.

In a first step, we consider functions f11 P H2pp0, πqq and f21 P H2ppπ, 2πqq fulfilling all boundary
and transmission conditions, which can be formulated in the H2-setting, that is,

f11 p0q � f1 11 p0q � f21 p2πq � f2 11 p2πq � 0,

f11 pπq � f21 pπq,
f1 11 pπq � f2 11 pπq.

(4-59)

We choose for instance

h1pxq :�
#
1� cospxq, x P p0, πq,
1� cospxq � px� πq2px� 2πq2, x P pπ, 2πq. (4-60)

Notice that h1 is differentiable but not twice differentiable in π. To get a better feeling of what
the solutions of (4-56) look like, we first want to present a plot of λwλ

1 for various values of λ,
including the function h1.
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Figure 4.3: Numerical solution wλ
1 of (4-56) with Dirichlet boundary conditions on the inter-

val p0, 2πq weighted by λ for different values of λ and h1 as in (4-60).

As we can see in Figure 4.3, the functions λwλ
1 and h1 are very close to each other, already for

small values of λ. This fact is also reflected in the behaviour of λwλ
1 � h1 in Hj for j � 0, 1, 2.
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j6j5=4k6w61 ! h1kL2 j6j3=4k6w61 ! h1kH1 j6j1=4k6w61 ! h1kH2

Figure 4.4: Behaviour of the function λwλ
1 � h1 with suitable λ-weights in different Sobolev

spaces for λÑ8, where h1 is chosen as in (4-60).

Even though we are not in the situation of Reminder 4.4.2, Figure 4.4 suggests the convergence
λwλ

1 Ñ h1 for λ Ñ 8 even in H2. Comparing the powers of λ, we additionally see that
the convergence in H1 and L2 is much faster. Therefore, we expect an estimate of the form
|λ|}wλ

1 }Hj ¤ C for j � 0, 1, 2. This is numerically confirmed in Figure 4.5.
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Figure 4.5: Behaviour of λwλ
1 in different Sobolev spaces for λÑ8 with h1 as in (4-60).

The situation changes if we consider functions f11 P H2pp0, πqq and f21 P H2ppπ, 2πqq with (4-59)
except for the last equality in there, for instance

h1pxq :�
#
1� cospxq, x P p0, πq,
1� cospxq � px� πqpx� 2πq2, x P pπ, 2πq. (4-61)

Notice that h1 is continuous but not differentiable in π. In particular, we have

h1 P H1pp0, 2πqqzH2pp0, 2πqq.
The functions h1 and λwλ

1 are illustrated in Figure 4.6 for some values of λ.
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Figure 4.6: Numerical solution wλ
1 of (4-56) with Dirichlet boundary conditions weighted by λ

for various values of λ and h1 as in (4-61).
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The pointwise convergence of λwλ
1 in Figure 4.6 is slower than the one in Figure 4.3. A similar

slowdown can be observed by studying the convergence of λwλ
1 � h1 in Hj for j � 0, 1, 2.
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Figure 4.7: Behaviour of the function λwλ
1�h1 multiplied by appropriate powers of λ in different

Sobolev spaces for λÑ8, where h1 is chosen as in (4-61).

As we can see in Figure 4.7, we have no longer λwλ
1 Ñ h1 in H2 for λ Ñ 8 because of

}λwλ
1 �h1} � C|λ|1{4. However, the convergence λwλ

1 Ñ h1 still seems to hold in H1 for λÑ8.
We want to take a closer look at the behaviour of λ ÞÑ }wλ

1 }Hj for j � 0, 1, 2.
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Figure 4.8: Behaviour of the numerical solution wλ
1 with different λ-weights in L2, H1 and H2

for λÑ8, where h1 is chosen as in (4-61).

Figure 4.8 confirms |λ|}wλ
1 }Hj ¤ C for j � 0, 1, what we already concluded from the convergence

λwλ
1 Ñ h1 in Hj for j � 0, 1. In addition, we suppose that |λ|3{4}wλ

1 }H2 ¤ C.
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In a last example, we analyse the solutions of (4-56) with Dirichlet boundary conditions for
the function h1 � 1 on p0, 2πq. While h1 satisfies the transmission conditions, the constant one
function does not fulfil the Dirichlet boundary conditions. In Figure 4.9 we present a plot of
λwλ

1 for various values of λ.
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Figure 4.9: Numerical solution wλ
1 of (4-56) with Dirichlet boundary conditions weighted by λ

for different values of λ and h1 � 1.

It turns out that the convergence λwλ
1 Ñ h1 only seems to hold in L2, see Figure 4.10.
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Figure 4.10: Behaviour of the function λwλ
1�h1 multiplied by appropriate powers of λ in different

Sobolev spaces for λÑ8, where h1 � 1.

Also the decay rate of λ ÞÑ }wλ
1 }Hj downgrades for both j � 1 and j � 2 with this choice of h1

compared to the ones in Figure 4.8.
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Figure 4.11: Behaviour of the numerical solution wλ
1 with different λ-weights in Hj for λ Ñ 8

and j � 0, 1, 2, where h1 � 1.

In Figure 4.11 we find |λ|}wλ
1 }L2 ¤ C, |λ|3{4}wλ

1 }H1 ¤ C and |λ|1{4}wλ
1 }H2 ¤ C. The last

estimate is consistent with Example 2.5.13 and suggests that the decay rate shown there is
sharp for f11 P H2pp0, πqq and f21 P H2ppπ, 2πqq.
However due to the previous examples, the decay rates seem to improve if h1 belongs to

X0 :� th1 P H2pp0, πq Y pπ, 2πqq : h1 fulfils all boundary and transmission conditions of order 0u.

The best decay rates could have been observed if

h1 P X1 :� th1 P X0 : h1 fulfils all boundary and transmission conditions of order 1u.

In addition to the studies of Dirichlet boundary conditions (4-58), also simulations for Neumann
boundary conditions, that is

u11p0q � u21p0q � v11p2πq � v21p2πq � 0,

as well as for boundary conditions of the form

u1p0q � u21p0q � v1p2πq � v21p2πq � 0

were generated.

No matter the boundary conditions, the plots indicate that the decay rates of wλ
1 and the

convergence of λwλ
1 � h1 in Hj for j � 0, 1, 2 only vary for h1 P H2pp0, πq Y pπ, 2πqqzX0,

h1 P X0zX1 and h1 P X1. Note that X0 � H2pp0, πq Y pπ, 2πqq even in the case of Neumann
boundary conditions because of the transmission condition u1pπq � v1pπq of order 0.
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We summarise the results in the following table.

Table 4.1: Behaviour of wλ
1 and λwλ

1 � h1 in Hj for j � 0, 1, 2 and different choices of h1.

h1 P H2pp0, πq Y pπ, 2πqqzX0 h1 P X0zX1 h1 P X1

}λwλ
1 � h1}L2 |λ|�1{4 |λ|�3{4 |λ|�5{4

}λwλ
1 � h1}H1 |λ|1{4 |λ|�1{4 |λ|�3{4

}λwλ
1 � h1}H2 |λ|3{4 |λ|1{4 |λ|�1{4

}wλ
1 }L2 |λ|�1 |λ|�1 |λ|�1

}wλ
1 }H1 |λ|�3{4 |λ|�1 |λ|�1

}wλ
1 }H2 |λ|�1{4 |λ|�3{4 |λ|�1

In the upper part of the table, we perceive that an estimate of the form }λwλ
1 � h1}L2 ¤ C|λ|α

implies

}λwλ
1 � h1}Hj ¤ C|λ|α�j{2 pj � 1, 2q.

Whenever j P t0, 1, 2u with }λwλ
1 � h1}Hj ¤ C|λ|α for a positive value α ¡ 0, we expect the

estimate }wλ
1 }Hj ¤ C|λ|α�1 for the solution. If j P t0, 1, 2u with }λwλ

1 � h1}Hj ¤ C|λ|α for a
negative value α   0, we immediately conclude λwλ

1 Ñ h1 in Hj for λ Ñ 8. In this case, we
obtain }wλ

1 }Hj ¤ C|λ|�1. Furthermore, we observe that the estimate }λwλ
1 � h1}H2 ¤ C|λ|�1{4

suggested in Reminder 4.4.2 seems to be sharp for smooth functions h1 P X1.

In the lower part of the table, we see that the necessary condition for a decay rate of |λ|�1 from
Theorem 4.4.1 might also be a sufficient condition in this specific situation.



Deutsche Zusammenfassung

In dieser Arbeit werden Lp-Sobolevräume mit unterschiedlicher Glattheit in Tangential- und
Normalenrichtung eingeführt. Anschließend betrachten wir Systeme parameterelliptischer Rand-
wertprobleme gemischter Ordnung der Form

pλ�Aqw � f in Ω,

Bw � g auf BΩ

in diesen Räumen. Hierbei unterscheiden wir zwischen dem Halbraumfall Ω � Rn
� und Gebieten

Ω � Rn mit kompaktem Rand hinreichend hoher Glattheit. Während sich im Halbraumfall viele
Eigenschaften aus dem klassischen Setting übertragen, ist die Situation im Gebiet schwieriger,
da es dort keine kanonische Definition der anisotropen Räume gibt. Aus diesem Grund arbeiten
wir im Gebiet mit Einbettungen in die klassischen Sobolevräume, was einige Zusatzforderungen
bedingt. Anstelle eines Isomorphismus zwischen dem Raum für die rechte Seite f und g und
dem der Lösung w können wir in Gebieten daher nur noch eine injektive Abbildung erwarten.
Dennoch lassen sich so a priori Abschätzungen in Sobolevräumen niedrigerer Ordnung zeigen.

Im Anschluss wenden wir die oben genannten Ergebnisse im Hilbertraumfall mit Hilfe der eindi-
mensionalen Fouriertransformation auf zeitabhängige Gleichungen der Form

pBt �Aqw � f in p0, T q � Ω,

Bw � g auf p0, T q � BΩ,
wp0q � 0

(*)

für T ¡ 0 an. Das führt in einigen Spezialfällen für f � 0 zu Abschätzungen der Lösung w in
passenden Sobolevräumen gegen }g}L2pp0,T q,L2pBΩqq.

Als Anwendungsbeispiel betrachten wir ein Platte-Membran Transmissionsproblem mit ver-
schiedenen Dämpfungen. Während wir die Platte stets mit einer thermoelastischen Dämp-
fung versehen, unterscheiden wir zwischen einer gedämpften und einer ungedämpften Membran.
Wir zeigen in beiden Fällen die Wohlgestelltheit des Problems sowie höhere Regularität der
Lösung.

Abschließend analysieren wir das Langzeitverhalten der Lösung. Im Fall einer gedämpften
Wellengleichung können wir exponentielle Stabilität der Lösung nachweisen. Bei einer unge-
dämpften Membran ist die Lösung nicht mehr exponentiell stabil. Hier geht im Beweis die
Theorie für zeitabhängige Systeme (*) mit ein. Dennoch bleibt die Lösung des Platte-Membran
Systems auch im Fall einer ungedämpften Membran polynomiell stabil.





Bibliography

[1] R. A. Adams, J. J. F. Fournier. Sobolev spaces. Vol. 140. Pure and Applied Mathematics
(Amsterdam). Elsevier/Academic Press, Amsterdam, 2003.

[2] M. S. Agranovich, R. Denk, M. Faierman. Weakly smooth nonselfadjoint spectral elliptic
boundary problems. In: Mathematical topics 14, 1997, pp. 138–199.

[3] M. S. Agranovich. Sobolev spaces, their generalizations and elliptic problems in smooth
and Lipschitz domains. Springer, 2015.

[4] M. S. Agranovich, M. I. Vishik. Elliptic problems with a parameter and parabolic problems
of general type. In: Russian Mathematical Surveys 19.3, 1964, pp. 53–157.

[5] H. Amann. Linear and quasilinear parabolic problems. Vol. I. Abstract linear theory.
Vol. 89. Monographs in Mathematics. Birkhäuser Boston Inc., Boston, MA, 1995.

[6] H. Amann. Linear and quasilinear parabolic problems. Vol. II. Function spaces. Vol. 106.
Monographs in Mathematics. Birkhäuser/Springer, Cham, 2019.
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[62] J. E. Muñoz Rivera, J. C. Vega. Large time behaviour for non-simple thermoelasticity with
second sound. In: Electronic Journal of Differential Equations 2017.259, 2017, pp. 1–7.

[63] Y. Naito, Y. Shibata. On the Lp analytic semigroup associated with the linear thermoelastic
plate equations in the half-space. In: Journal of the Mathematical Society of Japan 61.4,
2009, pp. 971–1011.

[64] E. M. Ouhabaz. Analysis of heat equations on domains. Vol. 31. London Mathematical
Society Monographs Series. Princeton University Press, Princeton, NJ, 2005, pp. xiv+284.
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