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CHAPTER 1

Introduction

In this thesis, we study systems of linear parameter-elliptic boundary value problems of the form

A—Aw=f inQ,

(1-1)
Bw=g on 0f)

in LP-based Sobolev spaces, where Q is either the half-space R% = {z € R" : x, > 0} or a
domain in R™ with compact and sufficiently smooth boundary 0€2. Moreover, A is a mixed
order N x N-matrix of Douglis—Nirenberg type with differential operators as entries. While the
orders may differ, we assume them to be constantly p € N on the diagonal of A. In addition,
we suppose pN to be even and consider M x N boundary systems B, where M := % In the
classical theory, g = (g1, .., gn) belongs to a product of Besov spaces of strictly positive order.
We focus on Besov spaces, where also zero or negative orders are allowed.

In those spaces even the formulation of the boundary conditions needs justification. It is known
that the classical trace u — ulsq, first defined for smooth functions, has a continuous extension

to an operator vo: H,(2) — Bpy Lp (09) if and only if s > %, see [45]. Nevertheless, it is possible

to define a continuous trace on subspaces of H,(f2) for s < %.

In the literature, one can find several approaches to generalized traces and corresponding bound-
ary value problems with rough boundary data: By considering the dual boundary value problem
as by Lions and Magenes [52], [53], one obtains unique solvability in some negative order spaces.
However, these spaces depend on the boundary conditions, which is the reason for introducing
the universal but less natural spaces Z°(€2) in the beginning of Section 6.3 in [52]. By Roit-
berg [68], [69], generalized traces were defined using the completion of smooth functions. This
concept leads to isomorphism results, but the considered spaces are non-standard and in general
not even spaces of distributions on 2. The Roitberg spaces are described in more detail in
Remark 3.1.8. Another approach to rough boundary data was developed for instance by Hum-
mel and Lindemulder [41], [43], where weighted Sobolev spaces (with respect to some distance
function to the boundary) lead to a priori estimates. The spaces are natural and do not depend
on the operators, but the order at the boundary is still restricted to the non-negative scale, see
Theorem 6.2 of [43]. Spaces of arbitrary negative tangential order can be obtained as combina-
tions of weighted spaces and spaces of dominating mixed smoothness, see Theorem 6.1 of [41].

In the present work, we will introduce a class of Sobolev spaces H,? (R™) of anisotropic type, for
which the trace exists as a continuous operator, following the ideas of Grubb, see [35] and [36].
These spaces differ from anisotropic Sobolev spaces in the sense of [45] and [78] and from spaces
with dominating mixed smoothness in the sense of [71] and [76]. For this class of Sobolev spaces,
both the existence of a continuous trace and the unique solvability of parameter-elliptic model
problems in the whole space and in the half-space follow immediately from known results. How-
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ever, the passage from model problems, that is constant coefficients and no lower-order terms,
to variable coefficients is not standard. It requires the application of an elaborate localization
procedure even for problems on the half-space. In domains the definition of the Sobolev spaces
with mixed smoothness is not canonical. Therefore, we work with classical Sobolev spaces in
domains but employ local embeddings into our spaces of mixed smoothness. The necessity to
estimate certain commutators leads to restrictions on the orders of the involved spaces, see
Lemma 3.3.4.

With the help of the one-dimensional Fourier transform, we pass over to time-dependent systems
of the form

(O — Aw=f in (0,7) x £,
Bw=g on (0,7) x 092, (1-2)
w(0) =0
for T' > 0. In some cases, this allows us to estimate the solution w in suitable Sobolev spaces

with |g]z2((0,7),22(0))- We restrict ourselves to the Hilbert space case p = 2 since it is sufficient
for our purpose.

As an application, we discuss a plate-membrane transmission problem with different variants of
damping. The geometric situation is illustrated in Figure 1.1.

9

Figure 1.1: Geometric situation of the plate-membrane system in the case n = 2.

To be more precise, we consider a thermoelastic plate in ;. The classical linear model of
thermoelastic plates due to Kirchhoff is given by
ug — YAuy + A2u+ A0 =0 in (0,0) x Q,

. (1-3)
Qt—Aut—A6:0 mn (0,00)XQh

where v > 0 represents the rotational inertia of the filaments of the plate. It is proportional to
the square of the plate thickness. The case v = 0 corresponds to a thin plate. In this case, (1-3)
can be written as a time-dependent Douglis—Nirenberg system of the form (1-2).

Here, u(t, x) represents the transverse displacement, and (¢, x) is the difference of temperature
on the plate of the point x at time ¢ with respect to a reference temperature. For the physical
model and the deduction of these equations, see Chapter I of [46] and Chapter 2 of [47].

In the region €29, we have an elastic membrane which is characterised by the equation

vy —Av+muy =0  in (0,00) x Qy, (1-4)
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where m > 0 describes the damping (or the abscence thereof) for the wave equation. Again,
v(t,z) is the vertical displacement of the point with coordinates = at time t. We endow the
equations with suitable boundary and transmission conditions as well as initial conditions and
study the well-posedness, regularity and asymptotic behaviour of the solution, in dependence
on the parameters m and ~.

In the literature, there are various results on thermoelastic plates in both cases v = 0 and v > 0,
and on plate-membrane systems. For the case v = 0, we refer to 7], [12], [38], [39] and [54],
where structures formed by a plate and a membrane were studied. In [39], the author models a
system composed by an elastic thin plate coupled with an elastic membrane and shows existence
and uniqueness of weak solutions. In [54], the authors study undamped plate-membrane sys-
tems, where the plate and the membrane are two layers occupying the same region in the plane.
In [7], a coupled system of a wave equation and a plate equation with damping on the boundary
without thermal effects is analysed. In [38], the author considers a transmission problem with
the configuration presented in Figure 1.1, but with the plate being surrounded by the membrane.
In [12] the plate is not thermoelastic but structurally damped. Most of these references study
some kind of stability for the solution but only a few of them deal with regularity. Regarding
~v > 0, we mention for instance [9], [14], [15], [31], [48], [49], [60] and [62]. From these, only
in [60] a transmission problem is analysed and it is of the thermoelastic plate-plate type. There
seem to be few results for the structure (1-3) and (1-4), even for the case v = 0.

The main results of this work state the existence and uniqueness of the solution of problem (1-3)
and (1-4) with appropriate boundary and transmission conditions as well as initial conditions,
and its continuous dependence on the data. It is also proved that the solution has higher reg-
ularity. In particular, the boundary and transmission conditions hold in the strong sense of
traces if the initial values are smooth enough. Furthermore, we study the asymptotic behaviour
of the solution in terms of the stability of the associated semigroup in different situations. For
a damped membrane m > 0, we show exponential stability of the solution in Theorem 4.3.1.
For an undamped membrane m = 0, there is a lack of exponential stability but we still get
polynomial stability under some geometric condition, see Theorem 4.3.14 and 4.3.5. To prove
that there is a lack of exponential stability for m = 0, we use the theory for time-dependent
systems of the form (1-2).

The thesis is structured as follows:

In Chapter 2, we give a short introduction to the notation used throughout this thesis. Ad-
ditionally, we present several tools needed for the succeeding chapters. We start with some
observations concerning interpolation and extrapolation scales. In particular, we analyse the
interaction between complex interpolation spaces and isomorphisms which depend on the inter-
polation parameter, see Proposition 2.2.1.

Afterwards, we introduce mild solutions and various types of stability of strongly continu-
ous semigroups. The Gearhart—Priiss Theorem as well as a generalization of the results of
Borichev and Tomilov yield an idea how to prove the exponential or polynomial stability of a
Cy-semigroup, see Proposition 2.3.6 and 2.3.7.

As preparation for the analysis of the long-time behaviour of the solution of system (1-3)
and (1-4), we deduce some integral equalities and inequalities. In doing so, we get an ex-
pression for the L?(0€))-norm at each point of time of the solution of the wave equation in €,
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see Corollary 2.4.4. Furthermore, we derive another presentation of the L?(2)-norm using an
identity of Rellich’s type, see Lemma 2.4.6.

In the last part of Chapter 2, we explain the structure of Douglis—Nirenberg systems and men-
tion the classical a priori estimates of parameter-elliptic boundary value problems. As example,
we show that the operator A™ with boundary conditions of the form o1, ..., 0@""1 is elliptic
in the half-space R”} for each m € N and ki,...,kn—1 € {0,...,2m — 1}, see Example 2.5.4. We
also discuss completely and not completely elliptic boundary conditions in Example 2.5.5. In
Proposition 2.5.10, we suggest an improvement of the classical a priori estimate in some special
cases. As an illustration, we discuss the statement of the before mentioned proposition for the
structurally damped plate equation and various types of boundary conditions.

Chapter 3 is based on a joint work with Robert Denk, David Plo§ and Jérg Seiler [19]. In the
first part, we introduce the spaces Hp? (R™) for s,0 € R and p € (1,00), which have different
smoothness in normal and in tangential direction. We also discuss what the complex interpola-
tion of those spaces looks like, see Lemma 3.1.3. In case that s > ]%, we can form the continuous
trace

Yo: H7(Q) — By 7 12(0Q),  ue ul,,

To obtain a priori estimates for the solution of (1-1), where the constants do not depend on the
parameter A\, we deal with parameter-dependent spaces H. ;; (R™). In Lemma 3.1.11, we analyse
the continuity of appropriate multiplication operators in H ;:K(R")

Having introduced the spaces H. ;’K(R”), we solve system (1-1) for @ = R” in those spaces of
mixed smoothness. The main result of Section 3.2 is Theorem 3.2.14, where we show that

>\_A T, n r,0 n
( B >:E/\’ (R%}) — Fy7(RY)

is an isomorphism for sufficiently large A. The solution space EY? (R ) is a product of spaces of
mixed smoothness. In Ff\’a (R?) we encode the suitable space for the right hand side f and g of
problem (1-1), which is also a product of spaces of mixed smoothness as well as Besov spaces.

In Section 3.3, we study problem (1-1) in domains £ with compact and sufficiently smooth
boundary. With localization procedures, we can use the observations of the half-space case, but
since it is not canonical to transfer the definition of H, ;j\' (R™) to domains, we restrict ourselves
to classical spaces in 2. This leads to the restriction o > —1 to preserve suitable commutator
estimates, see Lemma 3.3.4. In Theorem 3.3.5, we guarantee the unique solvability in larger
spaces and formulate a priori estimates in classical Sobolev spaces of lower order.

Lastly, we use the previous findings and the one-dimensional Fourier transform to get corre-
sponding results for the time-dependent problem (1-2). Here, we only investigate the Hilbert
space setting, as in this case Besov spaces and Bessel potential spaces coincide and we can use
the Theorem of Paley—Wiener in our arguments. The main result Theorem 3.4.8 is applied to
the thermoelastic plate equation (1-3), which leads to the a priori estimate in Theorem 3.5.3.
The considerations concerning time-dependent systems are not included in [19]. Moreover, [19]
is formulated for scalar equations, which are transformed to systems of Douglis—Nirenberg struc-
ture in this work.
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In Chapter 4, we keep on studying the thermoelastic plate equation (1-3) but in combination
with the wave equation (1-4). It is based on a joint work with Bienvenido Barraza Martinez,
Robert Denk, Jairo Herndndez Monzén and Jonathan Gonzalez Ospino [11]. In a first step, we
show the well-posedness of system (1-3) and (1-4) for v, m > 0 with appropriate boundary and
transmission conditions as well as initial conditions. To this end, we reformulate (1-3) and (1-4)
as a first-order Cauchy problem

ow—Aw =0 in (0,0)

with an operator A: H, > D(A) — H, in a suitable Hilbert space H,. The most challeng-
ing part is the rotational term -, which complicates the representation of A. Next, we prove
0 € p(.A) and higher regularity of the domain D(.A), which allows us to conclude the compactness
of A 7LiHy, > H,.

Section 4.3 is about the long-time behaviour of the solution of the plate-membrane system,
where we can observe a big difference between a positive damping parameter m > 0 and the
absence of damping m = 0. In the case of a damped membrane, the solution is exponentially
stable. Although there is a lack of exponential stability for m = 0, we can still find polynomial
stability under certain geometric conditions. This extends the stability results of [11] by some
combinations of v and m.

The last section is an excursion to resolvent estimates of structurally damped plate-plate trans-
mission problems in the one-dimensional case. It can be seen as a short outlook as there are no
rigorous proofs of the results therein but an illustration of numerical simulations.







CHAPTER 2

Tools for the proofs of the main
results

We start with some notation frequently used in the following. Parts of the notation are adapted
from [11] and [19]. Throughout the whole thesis C' > 0 stands for a generic constant, which may
vary in each time of appearance.

2.1 Function spaces and some notation

For two C-Banach spaces (X, |- ||x) and (Y, | - [ly), let L(X,Y’) be the space of bounded linear
operators from X to Y, L(X) := L(X, X), and let X’ := L(X,C) be the dual space of X. We
write X c Y if X is a subset of Y and the inclusion map X — Y is bounded. This induces in
particular that X =Y if both spaces have the same elements and equivalent norms. To express
that the norms on X and Y are equivalent, we sometimes use the notation | - |[x ~ | - [|y. In

case the inclusion map is compact, we write X EY. For a linear, densely defined operator
A: X 5 D(A) - Y with domain D(A) and range R(A), A': Y’ o D(A’) - X' describes the
adjoint operator. For a linear, closed operator A: X D D(A) — X, we denote by o(A) the
spectrum and by p(A) the resolvent set of A.

In Lemma 2.1.1 we elaborate that subsets in many cases automatically possess a bounded in-
clusion map. While the result is formulated for Hilbert spaces in Lemma 3.5 of [11], we give it
here in the more general context of Banach spaces. However, the proof works analogously as
the Hilbert space property is not used therein.

2.1.1 Lemma. [11, Lemma 3.5]. Let A: X D D(A) — X be a linear, closed operator on the
Banach space X, and let V be a Banach space. If D(A) is a subset of V, then we have the
continuous embedding D(A) < V', where we endow D(A) with the graph norm.

Proof. As A is closed, D(A) with the graph norm is a Banach space. We show that the identity
id: D(A) > V n X is a closed operator. For this, let (zx)keny © D(A) be a sequence with xp — =
in D(A) and 2, —» y in V n X. Then we obtain z; — x in X by the definition of the graph
norm, and also zx — y in X by the definition of the norm |- |v~x =] |v + |- |x iIn V n X.
This yields = y. Consequently, id: D(A) — V n X is closed and, by the closed graph theorem,
continuous. As the embedding V' n X — V is continuous by the definition of the norms, we
obtain the continuity of id: D(A) — V. O

Next, we introduce the function spaces we are dealing with throughout the thesis. The space
dimension is denoted by n € N. In the following, BUC*(R"™) denotes the space of all complex
valued functions which are s-times continuously differentiable in R™ and for which all derivatives
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up to order s € Ny are bounded and uniformly continuous. In addition, we write Z(R") for the
space of infinitely differentiable functions f on R™ with compact support supp f and 2'(R") for
the space of distributions. Analogously, we write ./(R") for the space of Schwartz functions
on R and /(R™) for the space of tempered distributions. For f € .#(R"™) we define the
n-dimensional Fourier transform .%, f of f by

1

@ Ja (z)e ®Edx (£ eRM).

(t(}\nf)(f) =

Here, x-& == Z;L=1 x;€; denotes the inner product on the Euclidean space R". Since the mapping
Fn: L(R") - L (R") is well defined and isomorphic, the Fourier transform can be canonically
extended to a mapping .%,: ./ (R") — .'(R"), see Corollary 2.2.15 and Definition 2.3.7 of [33].
If the dimension is clear from the context, we omit the index n and only write .%# for the Fourier
transform.

Before we give the definition of LP-based Bessel potential spaces, we explain our notation of
multi indices. For £ € R” and o € N} we write

€9 = Hfjaj and |af == 2 aj.
j=1

j=1
Additionally, let 5 € Nij. If a; < §; for every j = 1,...,n, we use the abbreviation o < 3.

For the half-space we write
R} = {z = («/,2,) e R" : z,, > O}

Similarly, we introduce C; := {z € C: Re z > 0}.
We fix p € N (which will be specified later) and define

EA = L+ [P+ NP2 and (€A = (L4 €] + NP2 (2-1)

for &€ = (&,&,) € R™ and X\ € C. Moreover, we write () := (£,0), (&) := (£, 0) and (\) := {0, \).
Even though the notation might not be very rigorous as we use the same description for different
things, the meaning will be clear from the context.

For (suitable) functions ¢ = ¢(£) defined on R™, we denote by (D) its associated Fourier
multiplier, which is defined by (D) := .Z }(¢.%). In particular, we have D* = (—i)l®lg® for
a € Njj, where 0 is the a-th distributional derivative. In case ¢(§) = ¢(¢’) is independent of &,,
the associated Fourier multiplier is also denoted by (D).

For p e (1,00) and s € R, we define the Bessel potential space H,(R") via
Hy(R") :={ue S'(R™) : (D)*u € LP(R")}

with the canonical norm |u|gs®n) = [[<D)*ul Lr@n) for u e H5(R™). Notice that for s € Ny the
spaces H,(R") coincide with the standard LP-based Sobolev spaces

W, (R") == {u e LP(R") : 0%u e LP(R") for |a| < s}
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of order s. This follows from Mikhlin’s Theorem, see Section IV.3.2 of [73]. In the Hilbert space
case p = 2 we sometimes omit the index p. On L?(R™) we use the inner product

(U, V) p2gny = JRn u(z)v(z)dr (u,ve L*R"Y)).

Besides the Bessel potential spaces, we also need to introduce Besov spaces which appear canon-
ically as trace spaces in the context of boundary value problems. There are various ways to
define Besov spaces. Here, we choose the definition via dyadic decompositions.

2.1.2 Definition. [77, Section 2.3.1]. A series (¢r)ken, © Z(R") is called a dyadic decomposi-
tion if the following three properties hold:

(i) ¢r =0 for all k € Ny, supp pg < {£ € R" : [£| < 2} and

supp o C {E€R™: 281 < |¢] < 2P} (ke N).

(ii) There exists a C' > 0 such that for all £ € R we have > ., ¢r(§) = C.

(iif) For every a € NZ there is a constant Cy, > 0 with [£]1*/[0%¢p(€)] < C, for all £ € R™ and
k € Np.

With the help of the definition above, we are now in the situation to describe Besov spaces.

2.1.3 Definition. [77, Section 2.3.2]. Let (¢r)ren, = Z(R™) be a fixed dyadic decomposition.
For s € R and p,q € (1,00), we call B (R") := {u € &'(R") : |u[ ps, (rn) < 0} the Besov space
of order s with parameters p and q. The norm on B;q(R") is given by

1/q
ol ey = (3 24 lou DNl
keNg

Up to equivalence of norms, this definition is independent of the concrete choice of the sequence
(Pr)ken, © Z2(R™).

If X is one of the function spaces mentioned above, that is, X € {7, %", H;, B, .. .}, we define

X(Q):= {u‘Q cue X(R™)}

for a domain ) < R"™, where the restriction is understood in the distributional sense, with the
canonical norm

vl x (@) = inf{]luf x@n) : v e X(R"), u|Q = v},

see for instance Definition 4.1 in [78]. Moreover, for a closed subset A < R™ we define
X(A) == {ue X(R") : suppu c A}.

By definition we see that X (2) can be identified with the quotient space X (R™)/X (R™\Q),
see Section 2.2 of [19].

Some of the spaces will also appear in the vector-valued setting. The definitions adapt in an
obvious way.
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2.1.4 Remark. In this remark, we want to collect some important characterizations concerning
Besov spaces.

(1)

Another quite common description of Besov spaces can be given by the method of real
interpolation. For sg,s1 € R, p,q € (1,00) and 6 € (0,1) it holds

Bjy(R") = (Hp*(R"), Hy' (R"))a g,

where (-, -)g 4 denotes the real interpolation functor and s € R is given by s := (1—6)sg+0s1,
see Remark 4 in Section 2.4 of [77].

In case p = ¢, the Besov spaces can be seen as trace spaces of H, (R%) in the following
sense, see Section 2.3 of [19]. The trace

vo: HE(RY) — B YP(R™Y),  wes you = u (2-2)

x,=0

exists and is continuous if and only if s > ]l?. In fact, it was shown in Theorem 2.4 of [45]
that for s < % the map u — ~u is not even continuous from HS(R") to Z'(R"1). If
5> %D, then (2-2) is a retraction, and -y is the unique extension of the classical boundary
trace u — u|mn:0 for smooth functions u € 7 (R”). We will also consider the higher-order

traces 7; : H;(R?r) — B;;j_l/p(Rnfl), U — 706%u for jeNg and s > j + %.

Both the Bessel potential spaces and the Besov spaces will also appear in a parameter-dependent
version later on. For this, we follow the approach of Grubb—Kokholm [36].

2.1.5 Definition. [19, Definition 2.8]. Let X and Y) be families of Banach spaces (parametrized
by A from some index set). A family of linear operators T'(\): X, — Y, is said to be contin-
uous if T(A) € L(Xy,Y)) for every fixed A and the operator norm |T'(\)|(x, v,) is uniformly
bounded in A. A continuous family is called an isomorphism if each T'(\) is invertible and
T(A)~': Yy, — X, is continuous, too.

In our context, the occurring families of spaces X will consist of a fixed vector space X equipped
with a norm depending on the parameter .

2.1.6 Definition. [19, Definition 2.9]. For p € (1,00) and A € C, let k) denote the homeomor-
phism on ./(R") given on . (R™) by

(kau)(z) = u((M)x) (ue L (R"), zeR").

Then, we define the parameter-dependent norms by

||U||H;7A(Rn) = <)‘>S_n/pH’{>T1UHHg(Rn)a

lulss \@®n-1y = <)\>S_(n_1)/p||“;1“|\B;p(w—l)

for s € R. Analogously, we define H} ,(R%}).

Notice that | - s mny = | - [ ey and |- |gs @n1y = | - |5, @n1y for s € R.
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To get a better feeling about how the parameter-dependent norms behave, we make the following
observation. The result was already shown in [36], which is the reason why we omit the proof
here.

2.1.7 Lemma. [36, Section 1.1, (1.6)]. Forpe (1,0), s >0 and X\ € C with |A| = 1 it holds
lullars , ny = Nl mgny + N Jul ogeny — (u € Hy(R™)).

In the case of Besov spaces, we get a similar result for s — 1, where s > 0 denotes an integer.
This follows from the structure of the trace space of H A(RL).

2.1.8 Lemma. For pe (1,0), se N and A € C with || = 1 it holds
[ gy = Nl povie nsy + NP gy (u € By P(R™TY).

Proof Due to (1.21) of [36] as well as Proposition 2.2 and Proposition 2.3 of [2], the mappings

s n s—1 n—
L HS \(R?) — BSYP(R™) and

ot HA(RL) = (B PR, | oy + O Ly )

with J,v = v| o for j = 1,2 are retractions. The appearing constants do not depend on A. In

1
consequence, there are continuous extension operators e : Bpp )\/ P(RP1) — Hp (R’_ﬁ) and

27 (B PR, | sy + GV (o)) — H\(RE)

(R™=1)
such that ¥;e; = id for j = 1,2. Altogether, we obtain
= |~ (s—1/p)/u
HUHBZ;yp(Rn_l) = H7162UHB;;§\/1’(R7L—1) < C(HUHB;;l/p(Rn—l) + |)‘| ”uHLP(R"*U)
and analogously
Jall oo nmsy + IO | o n 1y < Clul geye gn-ry

for u € By, 1/p(R" b. O

2.1.9 Remark. Using (1.16) of [36] and Proposition 5.1 of [50], real interpolation and Lemma 2.1.7
lead to

”u”BS L(Rn-1) T |)\|S/MHUHLP Rn—1) S CHUHBS L(Rn1) (Uesz(Rnfl))

for arbitrary s > 0, where C' > 0 does not depend on A € C with [A\| > 1
On the other hand, we have

lu(z) = u(y)l” Lp
P T R = 2 20
for s € (0,1) according to Remark 4 in Section 2.5.1 of [77]. Integration by substitution shows
lullps | @n-1) < C(lull gy, @n-1) + A Jul o@n-1y)  (ue By, (R*™)

for s € (0,1). Since C' > 0 is independent of A, this generalizes Lemma 2.1.8.
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2.2 Interpolation and extrapolation spaces

In this section, we give a short introduction to the method of complex interpolation, which is
based on Section 2.2 of [19] and references therein. Afterwards, we briefly recall the theory of
extrapolation spaces.

Let Xy and X7 be an interpolation couple of complex Banach spaces and
S:={2eC:0<Re(z) <1}

Denote by F(Xo, X1) the space of all continuous functions f: S — Xy + X3, defined on the
closure S of S, such that f ‘ g 1s holomorphic as an (Xo + X1)-valued function on S and the
mapping R — X, b — f(j +ib) is bounded and continuous for j € {0,1}. F(Xo, X1) becomes
a Banach space with the norm

= i +ib) || x .
1Lf 1l 7(x0,1) jax sup If(5 +ib) x,
For 0 € (0, 1), the complex interpolation space [Xp, X1]g is defined as the space of all x € Xo+ X1
for which x = f(#) for some f € F(Xo, X1), endowed with the norm

|/l x0,x110 = E{| flrx0,x0) ¢+ f(O) =}
With this norm, the complex interpolation space becomes a Banach space satisfying
Xon X C [XD,X1]9 c Xo + X1

In the definition of the interpolation space and the norm, the space F (X, X1) can be replaced
by the subspace Fo(Xo, X1) which consists of all f € F(Xo, X1) with lim,_ [|f(j + )| x;, =0
for j € {0, 1}, see Proposition C.2.4 of [44]. We will also consider the space Fy(Xo, X1; Xo N X1)
consisting of all f € Fo(Xo, X1) for which f(2) € Xgn X for all z € S and where f is holomorphic
on S and continuous on S as a function with values in Xo n X;. Note that the definition of this
space differs from the one in [44]. By Theorem 1.9.1 of [77], Fo(Xo, X1; X0 n X1) is dense in
Fo(Xo, X1).

The following proposition is a generalized version of Lemma 2.3 in [19]. The ideas of the proof
are adapted to the slightly different context.

2.2.1 Proposition. Let Xy,Yy be Banach spaces, where Xg, X1 and Yy, Yy are interpolation
couples of complex Banach spaces with [Xo, X1]g = Xg for each 6 € (0,1). In addition, let Z be
a Hausdorff space with Yo +Y1 € Z and Yy < Z for 0 € (0,1). Let T,: Xo+ X1 — Z be a linear
operator such that T : Xge(2) = YRe(z) @8 an isomorphism for all z € S.

(i) Let YonY;, < Yy for 0 € (0,1) and let the mapping S — Xo+ X1, z — T, 'y be holomorphic
on S and continuous on S for all y € Yo nYy. Moreover, we assume ||Tji‘,»1inL(§/j,Xj) < Ce”’
for j€{0,1}, be R, and a constant C > 0. Then we have [Yy, Y1]g < Yy for 0 € (0,1).

(ii) Let the mapping S — Yo + Y1, 2z + T.x be holomorphic on S and continuous on S for all
z€ Xon X1 and [Tjia|rix;y;) < Ce?” for j€{0,1}, be R, and a constant C > 0. Then
we have Yy < [Yo, Y1]g for 6 € (0,1).
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Proof. We prove the first statement in detail. The second one works similarly. Let 6 € (0, 1).

(i) Let y € [Yo,Y1]g and g € Fo(Yp, Y1) with g(f) = y. By density, there exists a sequence
(9k)ken < Fo(Yo, Y1; Yy n Y7) such that g — ¢ in F(Yp, Y1). It follows that gi(6) — g(6)
in [Yo, Y1]s. For k € N let us define

fre(z) = 622702Tzflgk(2) (z€ S).

We notice that fi(z) € Xo+ X for each z € S with continuous and holomorphic dependence
on z € S and z € S, respectively. In addition, we get

Ifk(G +b)lx; < Clge(G +ib)|y; (beR)

for j € {0,1}. In particular, we have
sup [ fi(j +ib)|x; < C'sup [gi(j +ib)]y,
beR beR
for j € {0,1}. Summing up, we have shown that f; € F(Xo, X1) with

el Fx0,x0) < Clal 7(vo,v1)-

As (gk)ken is convergent and therefore a Cauchy sequence, we obtain that (fi(6))ken is a
Cauchy sequence in [ Xy, X;1]p = Xy. By completeness, there exists x € Xy with f;(0) - =
in Xy and consequently gip(6) = Typfr(6) — Tpx in Yy for & — oo. On the other hand,
gk(0) — y in [Yp,Y1]p for k — oo. Because of the uniqueness of limits in Z we get
y = Tyx € Yy with

Iyl < Cllzlx, < C Jim [ fillroex) < € Jim Jonl 7o) = Clalzao)

As g € Fo(Yo,Y1) was arbitrary with g(0) = y, we obtain |ly|y, < C|yl{v;,v;}, which
finishes the proof of (i).

(ii) Let y € Yy and z := T, 'y € Xg = [Xo, X1]p, and let f € Fo(Xo, X1) with f(0) = z. We
approximate f by a sequence (fi)ren © Fo(Xo, X1; XonX1) and set gy (z) := = T, f1(2)
for z € S and k € N. We have gi(z) € Yy + Y7 for each z € S and can argue as above to
show the embedding Yy < [Yp, Y1]o. O

The next lemma shows the compatibility of interpolation and the dependence of a parameter in
the case of Bessel potential spaces.

2.2.2 Lemma. [34, Theorem 1.4.3.3]. Let p € (1,0), @ < R™ be a bounded domain with
Lipschitz boundary. For sy > sy > s3 = 0 there exists a constant C > 0 (depending on
s1, 82,83, and p) such that

51752
N5 ey < € (o + Wil

for allue H;l(ﬂ) and A € C. An analogue inequality also holds for Q = R™ and Q0 = R},
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Given two Banach spaces, the main idea of interpolation theory is to create new Banach spaces
“in between”. In contrast, the concept of extrapolation spaces is to generate larger Banach
spaces out of only one Banach space. Hereby, the new spaces depend on a closed operator A.
We give a short summary of the results and refer to Chapter V of Amann’s book [5] for more
details.

2.2.3 Definition. [5, Subsection V.1.3]. Let X( be a Banach space and A: Xy D D(A) —» X
a linear, closed and densely defined operator with 0 € p(A). Let X_; be the completion of X
with respect to the norm | - ||y := [|[A™!-|. Then it holds Xo = X ; and we call X i the
extrapolation space of Xy generated by A.

2.2.4 Remark. [5, Corollary V.1.4.7]. Under the assumptions of Defintion 2.2.3, we can identify
the space X_; with the dual space of D(A’), where A": X{j o D(A") — X{j denotes the adjoint
operator of A.

The following proposition connects the interpolation and extrapolation theory and gives both a
density and compactness result in the interpolation-extrapolation scale.

2.2.5 Proposition. [5, Theorem V.1.5.1]. Under the assumptions of Definition 2.2.8, we set
X_ g = [Xo,X_1]g for 0 € (0,1). Then the embedding X_o < X_g is dense for 0 < o < < 1.
The embedding is also compact if and only if A~' € L(Xy) is a compact operator.

2.3 Mild solutions and various types of stability of a semigroup
The Cauchy problem

oow—Aw =0 in (0,00),
w(0) = wo,

where the closed operator A: H o D(A) — H on a Hilbert space H and wg € D(A) are known,
is classically treated by semigroup approaches. It possesses a unique solution

w e C1([0,0), H) n C([0,0), D(A))
if A is the generator of a strongly continuous semigroup (S(t));>0. The solution is thus given
by w(t) = S(t)wg for t = 0, see Proposition I1.6.2 of [26].

We recall that a strongly continuous semigroup or Cy-semigroup is a family (S(t))¢=0 < L(H)
of linear, continuous operators on a Hilbert space H with

(i) S(t+s)=S5(t)S(s) for all t,s > 0,

(ii) lim S(t)x = = for all x € H.
0

If there is a constant C' > 0 such that ||S(t)|| )y < C for allt = 0, we call (S(t))i=0 a bounded Cp-
semigroup. In the case where we can choose C' = 1, we speak of a Cy-semigroup of contractions.
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The generator A of the Cy-semigroup (S(t))¢=o is defined by A: H > D(A) — H with

D(A) = {x € H : lim Sth)e — = exists}
ANO h

and Az = }111{1% % for x € D(A), see Definition 1.5.1 and Definition II1.1.2 of [26].
In addition to the classical solution introduced above, we also need a weaker concept of solutions

for a Cauchy problem. The following definition is adapted from Definition I1.6.3 in [26] to finite
time intervals.

2.3.1 Definition. [26, Definition 11.6.3]. Let T € (0,90), H be a Hilbert space, wy € H and
A: H o D(A) — H a linear, closed operator. A continuous function w: [0,7] — H is called a
mild solution of the abstract Cauchy problem

oow—Aw =0 in (0,7),

w(0) = wy (23)

if Sé w(s)ds € D(A) and

w(t) = AL w(s) ds + wop

for all ¢ € [0, T7.

It is of particular interest to us that the mild solution of an abstract Cauchy problem is unique.
The proof works analogously as the one of Proposition 11.6.4 in [26] but is modified for finite
time intervals.

2.3.2 Proposition. [26, Proposition 11.6.4]. Let T € (0,0) and A: H > D(A) — H be
the generator of a Cy-semigroup (S(t))i=0 on a Hilbert space H. Then w: [0,T] — H with
w(t) == S(t)wo is the unique mild solution of (2-3) for every wy € H.

Proof. Without loss of generality, we assume w: [0,7] — H to be a mild solution of (2-3) with
wp = 0 and take ¢t € (0,7"]. Then we obtain

d% (S(t — s) Josw(r) dr) = S(t — s)w(s) — S(t — S)ALSw(T) dr =0

for each s € (0,t). Integration from 0 to t of the equality above leads to

fotw(r) dr = fot % (S(t —s) fw(r) dr> ds = 0

and hence w(t) = 0. O

Besides the notion of mild solutions, we focus on the asymptotic behaviour of a semigroup.
Therefore, we introduce the definition of polynomially and exponentially stable semigroups. In
the literature the last mentioned concept is also called uniformly exponential stability but we
omit the term uniformly in this context.
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2.3.3 Definition. [26, Definition V.1.1]. Let H be a Hilbert space and (S(¢)):>0 a strongly
continuous semigroup with generator A: H > D(A) — H. We call (S(t))¢>0 exponentially stable
if there are constants C' > 0 and d > 0 such that

1S@) | rimy < Ce™
for all ¢ > 0.

2.3.4 Definition. Let H be a Hilbert space and (S(¢))i=0 a strongly continuous semigroup
with generator A: H o D(A) — H. We say that (S(t))i=0 is polynomially stable or decays
polynomially if there are constants C' > 0 and « > 0 such that

IS wolr < Ct=*(Jwola + [Awo| &)
for all t > 0 and wo € D(A).

2.3.5 Remark. The exponential stability is a condition on the operator norm in L(H) whereas
the polynomial stability is a condition on the operator norm in L(D(A), H) of the semigroup.
If we asked the operator norm in L(H) to tend polynomially to zero this would already be
equivalent to the exponential stability of the semigroup. For a proof we refer to Proposition V.1.2
of [26].

An approach to showing that a semigroup is exponentially stable is the following characteri-
zation. It is known as the Theorem of Gearhart and Priiss, see Corollary 4 of [66] and Theo-
rem V.1.11 of [26]. We only mention the special case of bounded Cp-semigroups here as it is
sufficient for our purpose.

2.3.6 Proposition. [16, Theorem 1.1]. Let H be a Hilbert space and (S(t))i=o0 a bounded Cjy-
semigroup with generator A: H o D(A) — H. Then, (S(t))i=0 is exponentially stable if and
only if the imaginary axis iR := {A € C : Re(\) = 0} is a subset of p(A) with the resolvent
satisfying

sup{|(iA — A) ()} < oo
AeR
Similarly, there is also a relation between the polynomial stability of a semigroup and some

condition on the norm of the resolvent of the corresponding generator. Here, we mention a
generalization of the result from Borichev and Tomilov, see Theorem 2.4 of [13].

2.3.7 Proposition. [61, Lemma 5.2]. Let o € Ng, 8 > 0, H be a Hilbert space and (S(t))t=0
a Cy-semigroup of contractions with generator A: H > D(A) — H and iR < p(A). Then, the
following two conditions are equivalent.

(i) There is a constant C > 0 and a A\g > 0 such that for all A € R with |A\| = Ao and all
f € D(A®) the inequality

[\ = A) 7 f i < CINP A fa
holds true.
(ii) There exists a constant C' > 0 such that for allt > 0 and wy € D(A) we have
|S@)wol i < Ct D | Awg| .
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2.4 Integral equalities and inequalities

This section might be seen as a groundwork for the last chapter. To investigate the stability of
the plate-membrane transmission problem given in Chapter 4 later on, we need some integral
equalities and inequalities. Our focus is especially on estimates of the L?(99)-norm of the
boundary of a domain 2 < R".

2.4.1 Lemma. [56, Theorem 1.4.4]. Let Q < R™ be a bounded domain with C*-boundary. Then,
there is a constant C > 0 such that for any function v € H' () the following estimate holds:
1/2 1/2
[ullz2gany < Clulyt g lul gy
Proof. We only sketch the proof to give a rough idea how one could prove the result and omit

the details. We restrict ourselves to the half-space case. For u e C 1(R1) with bounded support
it holds

||u||%2(Rn—1) = f |u(x',0)|2d:n’
Rn—1
o]
= —f J Onlu(a’, ) | day, da’
Rn—l 0

e o)
< J J 2|0pu(x’, ) - w(z', zy)| oy, da’
R7=1 Jo
< 2]l g gy |l L2 g )-

By density and partition of the unity, one also gets the result for u € H 1(R7}r) and general
domains ) < R”. O

2.4.2 Remark. Notice that we are in a kind of borderline situation in the previous lemma. It
is known that the trace mapping vo: H*(Q) — H* 1/2(09Q) with ~o(u) := u‘m is continuous for
every s > % In the case of s = %, the continuity of the trace function is lost, see Section 1.10 of

[3] for a counterexample. On the other hand, we have |[ul| 12y < CHUHZ?(Q)HUHlL/QZ(Q) for every

u € H() due to interpolation theory. Lemma 2.4.1 shows that although we cannot estimate
|luz2(00) from above with [lufz1/2(q), as the trace mapping is discontinuous in this case, it
is possible to skip this intermediate (and wrong) step and still get the estimate |ulz2(0) <

1/2 1/2
Clull s oy Il Loty

2.4 a) Integral equalities for solutions of the wave equation

As we deal with a plate-membrane transmission problem in Chapter 4, it is not too surprising
that there is a reasonable interest in integral equalities for solutions of the wave equation. The
following two results are a modification of Lemma 4.1 in [67] to a one-dimensional version. While
the first lemma is rather general, we highlight the meaning for solutions of the wave equation in
Corollary 2.4.4.

2.4.3 Lemma. Let T > 0 and Q < R™ be a bounded domain of class C with outward pointing
normal vector v. Let o € C1(Q)" be a vector field satisfying o = v on 0. For

v =u(t,z) e C([0,T], H*(Q)) n C1([0,T], H(Q)) n C%([0,T], L*(Q))
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and s € (0,T) it holds
—— 1 1
Re f vi(s)(o - Vo(s))dx = — 5”1%(3)“%2(69) + 2J [us(s)|? div(o) da
Q Q
+ Re 4 f vi(s)(o - Vo(s)) dx
ds Q

and
Ref Auv(s) (0 - Vo(s)) da —*Ha v(s )Hp(ag Z |10, v(s HL2(aQ J |Vo(s)|* div(o) dx

—Ref Vu(s) - (DoVu(s)) d.

Here, Do denotes the total derivative of o and 1; = 7;(x) are tangential to the boundary for
j=1,...,n—1 in each point x € 0 such that (v,71,...,Tn—1) form an orthonormal basis.

Proof. For the first equality, we use the product rule and get
d -
Ts f ve(s)(o - Vo(s))dr = f vi(s)(o - Vou(s)) dx + f vi(s)(o - Vo(s)) dx.
Q Q

Q

Integration by parts leads to
f vi(s)(o - Vor(s)) de = f oG ()0 - ) dS — | vyls) div(v(s)0) da
Q o2 Q
= 101(6) oy — | 9o div(on(s)r) d
Q

— )220 jﬂ [0(3)2 div(0) + () (0 - Vuu(s) do.

Therefore, we have

_ 1 1 .
Re | u(s)(o - Tor)) do = 5oy = 5 | (o) P div(e) da

Consequently,
= 1 1
Re f v (s)(o - Vo(s))dx = — 5”%(3)“%2(69) + QJ lus(s)|? div(o) da
Q Q
+ Re 4 f ve(8)(o - Vou(s)) dw.
ds Q

For the second equality, we use integration by parts again and get

Av(s)(o - Vu(s))dr = fg div(Vu(s))(o - Vo(s)) dz

:f (0 - V() (Vo) - v) dS—J Vo(s) - V(o - Vo(s)) da

719) Q

_ f 10,0(s)[2 dS —f Vo(s) - V(o - Vo(s)) da
oQ Q

= f |0,v(s)|? dS — J Vu(s) - (DaVu(s)) + o - (Hess(v(s))Vo(s)) d,
o0 Q
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where Hess(v(s)) denotes the Hessian matrix of v(s). It holds

Re L . (Hess(v(s))Vo(s)) dz — Re L S dro(s)oxandio(s) da

k=1

J 2 o0k (0v(s)dv(s)) dx

k=1

l\DM—~

ZJ o - (@w()210(3)) da

(Lg(aw(s)alv(s))(a v)dS — f (drv(s)du(s)) div(o) d;p)

Vu(s)as - f|w (s)2 div(o )da:)

N~ N~ N

/\/\TM: i

n—1
_10,0(5) |2+Z|Ov 2 dS — fm |2d1v()d>.

In consequence, we have

n—1

_1 'U 'U 2 v 2 1v{o
Re LAU(S)(U-W(S))dx_QJ 10, an )2 dS + f|v )2 div(o) da

—Ref Vu(s) - (DoVu(s)) d.

2.4.4 Corollary. Let 2 and o be as in Lemma 2.4.3. Then every solution
v =u(t,z) e C([0,T], H*()) n CL([0,T], H(Q)) n C%([0,T], L*(Q))
of the wave equation
vy —Av =0 in (0,7) x Q
fulfils

1000 (8) 7250y + [ve(s)| 2200y = Z |07, 0(5) 1 2000) + L div(o)(jve(s)|* = [Vo(s)[?) dz

+2Re L Vo(s) - (DoVo(s)) dz + 2 Re % L () (o - Vo(s)) da

for all s € (0,T).
Proof. Multiplying the differential equation with o - Vu(s) and integrating, we obtain

f ver(s)(o - Vo(s)) dx — J Auv(s)(o - Vu(s))dz = 0.
Q Q

Lemma 2.4.3 completes the proof. O
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2.4 b) Rellich’s identity

In the last part of this subsection, we state a special case of Rellich’s identity. A more general
version can be found in Corollary 2.1 of [59]. Later on, it will be useful to prove the polynomial
stability of the plate-membrane transmission problem analysed in Chapter 4 in the case of an
undamped membrane.

2.4.5 Lemma. [59, Corollary 2.1]. Let Q < R" be a bounded domain of class C* with outward
pointing normal vector v, u € H?(Q) and xo € R". We define q: R" — R" via q(x) = x — g for
x € R™. Then it holds

QJ Au(q-Vu)dr = f 20,u(q - Vu) — |Vul* (¢ -v)dS + (n — 2)HVUH2L2(Q)-
Q oQ
In particular, we obtain

_ — 1
j Au(q-Vu)dr = oyu(q - Vu) — §|Vu|2(q -v)dS
Q

%9
forn = 2.

In the following lemma, we state another representation of the L?(2)-norm of a function. The
two lemmas of this subsection are especially useful for estimates if the sign of ¢ - v is known.

2.4.6 Lemma. Let again @ < R" be a bounded domain of class C' and v,u,x9,q as in
Lemma 2.4.5. Then it holds

1 2 _
ol = 3 [ (@ wlulds = 2Re | utq-Fa)da.
n Joo n Q
Proof. Using integration by parts and the identity ¢ - Vu = div(qu) — nu, we get

L u(q - V) dz = JQ u (div(qa) — nT) da

- L udiv(qu) dz —n |ul 720

—f Vu - qudz + j u(q - v) dS —n|uljz(
Q 05}
_ _f V- quds + J (q-v)ul® dS —n ul22(q
Q 79
and therefore

ju<q-w>dx+ f u(q - Va) de = f (q- )l dS —n Jula
Q (9] o0

Thus,

2 N 1 2 2

ZRe | e Faydo = | (@l S~ lulfae).

n n Jo
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2.5 Parameter-elliptic systems of boundary value problems

In this section, we investigate so-called Douglis—Nirenberg systems of boundary value problems
in domains and in the half-space. In the following, let {2 < R" be a domain with compact and
sufficiently smooth boundary I', or let 2 = R”} with boundary I' = R"~!. Since we deal with
systems of partial differential equations, we introduce a notation for products of Sobolev spaces
as well as for products of Besov spaces.

2.5.1 Definition. For Ne N, pe (1,00), A\e C,r€ R and s = (s1,...,5x) € RY we write
N
R™) = [ [ H\(R"
j=1

. . N D /p ..
endowed with the canonical norm |w|gs (gn) = (ijl ijHHsj ® )) . In addition, we use
P, oA (R™

the abbreviation H;J;T (R™) = H;J;(T”"’T) (R™). In the case of Besov spaces, we define

Bm Rn 1 HBmJ Rn 1

PP,A

and BUEO(R™1) = BT (RL) for M € N, 0 € R and m = (my,...,ma) € RM.
For the parameter-independent spaces Hy(R") := Hj ((R") and B;g(R”_l) = B™ (R"1) the

pp,0
definitions are modified in an obvious way.

First, we introduce the vectors needed for the orders of the appearing differential operators and
boundary operators. We fix N € N and s, t € ZV with

; =0< in t;. 2-4

s =0S pin &4

In addition, we assume s; +t; =: i € N to be constant for i € {1,..., N}, uN to be even and set
M =¥ e N. Let m e ZM with

max my < 0. (2-5)

Notice that p appears in the definition of (£, \) and (¢, A) in (2-1).
In the following, let A < C be a closed sector in the complex plane with vertex at the origin.
We consider the system of boundary value problems

A—Aw = in €,

(= Ayw =/ 2
Bw=g onT,

where N\e A, f = (f1,...,fn)and g = (91,...,9m). A = (Aij)1<ij<n denotes an N x N-matrix

whose entries are linear differential operators of order ord A;; < s; +¢; if s; +t; = 0 and A4;; = 0,

whenever s; +t; < 0 and B = (Byj)1<t<M,1<j<n is an M x N-matrix whose entries are linear
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boundary operators of order ord By; < my+1t; if my+t; = 0 and By; = 0, whenever my +1; < 0.
The entries are of the form

Aij = Ay(z, D)= > af(z)D",
|a‘<8¢+tj
Byj = Byj(x,D) = ). bfj (z)y0D”

|Bl<mg+t;

for 1 <4,j < N and 1 < £ < M with given functions af}: Q — C and bfj: I' -» C. For the sake
of readability, we skip the concrete smoothness assumptions at this point and refer to Chapter 3
for details.

By Ag(z,§) = (A?j (2,€))1<ij<n we denote the principal symbol of A, where
A, &)= ), af@)E”.
|o|=s;+t;
Similarly, we define the principal symbol By(z,§) = (B?j (@,6))1<r<mi<j<n via
Bz, &)= Y| b(x)E’.
|Bl=m¢+t;

2.5.2 Definition. The family A—A(z, D) is called parameter-elliptic in A if the principal symbol
Ap(x, §) satisfies

det(A — Ap(x,€)) #0 (e Q, Ae A, E€R™, (§,0) #0). (2-7)

If (2-7) holds for A = 0, we say that A(z, D) is elliptic.

The boundary value problem (A—A(x, D), B(z, D)) is called parameter-elliptic in A if \— A(z, D)
is parameter-elliptic in A and if the following Shapiro—Lopatinskii condition holds:

Let zg € 092 be an arbitrary point of the boundary, and rewrite the boundary value problem
(A= Ap(zg, D), Bo(xp, D)) in the coordinate system associated with x(, which is obtained from
the original one by a rotation after which the positive x,-axis has the direction of the interior
normal to 02 at xg. Then the trivial solution @w = 0 is the only stable solution of the ordinary
differential equation on the half-line

(A = Ao(x0, €', D)) W(n)
BO(:L‘(M 5,7 Dn)ﬁj(o)

0 (x,>0),
0

for all ¢ e R" ! and A € A with (¢/,\) # 0. If the condition above is fulfilled for A = 0, we call
the boundary value problem elliptic.

2.5.3 Remark. If A(z, D) satisfies the slightly stronger condition that &, — det Ag(z,&’, &)
possesses % roots with positive and % roots with negative imaginary part for all z € Q and
0 # ¢ € R", we call A(z, D) regular elliptic, see Section 7.1 of [3]. For n > 2 ellipticity already
implies that ©N is even and every elliptic operator is regular elliptic, see Remark 6.1.1 of [3]. If
A — A(z, D) is parameter-elliptic in A, the natural number uN is already even for n > 2 due to

Proposition 2.2 of [4].
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2.5.4 Example. For m € N we consider the boundary value problem (A™, ~vk,,...,V,,_,) in
the half-space, where ko, ..., kp—1 € {0,...,2m — 1} with k; < k; for i < j. In particular, in
this case we have N = 1. To show ellipticity of the boundary value problem, we first notice
that the symbol of A™ is given by (—|¢2)™, which does not vanish for 0 # ¢ € R®. Thus A™
fulfils condition (2-7). The ordinary differential equation of interest for the Shapiro-Lopatinskii
condition is

(05 = 1) @(zn) = 0 (2-8)

with @*0)(0) = 0 for 0 < £ < m — 1. The stable solutions of (2-8) are functions of the form
W(xzy) = Z;.":_Ol cjad exp(—|¢'|x,) where ¢, ..., ¢n_1 € C. The initial condition leads to

at0) = 3, ()it

i=o N/

where ¢, = ... = co;n—1 = 0. Consequently, we have to show that the matrix L = ([Zj)0<£7j<m71
with
Ko\ - i
Iy = (f)‘7!(—|5/|)k‘Z T, g <k,
7o, ik

is invertible. By multiplying the /-th row with (—|¢/|)~* and the j-th column with

LD

obtain the matrix L = (ng)ogg,jgm,l with

T {(kl)v ,] < k[a
T YN
0, ] > ke

for 0 </, < m — 1. Now we consider the upper triangular matrix U = (u;)o<ji<m—1 with

Uj; = {(JZ)’ A

0, j>i

for 0 < j,i <m — 1. It holds LU = §, where § = (34;)0<si<m_1 with

m—1 min{i,kg} . .
N ~ ke\ (1 ke+1
St =), ljuji = <><>=< . )

j=0

for 0 < 4,9 < m — 1. The matrix Sis a quadratic submatrix of the 2m x 2m-Pascal matrix
S = (sei)o<ti<am—1 With sp = (Z:Ti) for 0 < /4,7 < 2m — 1. As the determinant of every
quadratic submatrix of S is positive due to Example 0.1.6 of [30], we have det(§ ) > 0. Because
of det(U) = 1 and S = LU we finally obtain det(L) > 0 and thus det(L) # 0. Therefore, the

boundary value problem (A™, g, ..., Vk,,_,) is elliptic.
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2.5.5 Example. We again restrict ourselves to the scalar case N = 1 in the half-space. There
are some boundary conditions (B (z, D), ..., By, (x, D)) such that the boundary value problem
(A(x, D), Bi(x, D), ..., Bn(z, D)) is elliptic for every regular elliptic operator A of order 2m.
Boundary conditions with this property are called completely elliptic, see Definition 3.1 of [40].
The prime example is given in the generalized Dirichlet boundary conditions (7o, . .., Ym—1), see
Remark 7.1.2 of [3].

This example can easily be extended to the boundary conditions (vs,...,Ym—1+s) for a fixed
s€{0,...,m — 1}. Let w be a stable solution of the corresponding initial value problem
Ao(20, &', Dp)W(zn) =0 (25 > 0) (2-9)

with @+ (0) = 0 for j € {0,...,m — 1}. We apply @ to (2-9). Since 83 and Ag(zo,&’, D)
commute, @®) is a solution of the problem with generalized Dirichlet boundary conditions and
thus @(*) = 0. As @ is a stable solution, we obtain @ = 0. For s = m — 1 we get the generalized
Neumann boundary conditions.

For m = 2 we can also show that (vy9,72) as well as (71,73) are completely elliptic. The second
claim follows, as before, from the first one. To see that the conditions (7o,72) are completely
elliptic, let A(x, D) be a regular elliptic differential operator of order 4. We assume that the
roots of the function &, — A (zo, ', —i&,) with negative real part are 7; := 7;(xo,&’) for j = 1,2
and fixed zg, & € R* ! with & # 0. We distinguish between the cases 71 # 7 and 7 = 7.

For m # 7o the stable solutions of the ordinary differential equation of interest for the Shapiro—
Lopatinskii condition are of the form w(z,) = ¢ exp(Tixy,) + c2exp(mezy,) for x, > 0 and
c1,co € C. As the matrix

1 1

2 2

is invertible since 7 # 7o both have negative real part, the trivial solution is the only stable
solution with @w(0) = @”(0) = 0.

For 7 := 7 = 75 the stable solutions are of the form w(z,) = ¢ exp(7xy,) + coxy, exp(Tay,) for
Zn > 0 and ¢, € C. Again, the only stable solution with

0= @(0) = (1,
0 =a"(0) = 7%¢; + 27¢3
is the trivial one. Thus (v0,72) are completely elliptic boundary conditions.

In view of the last observations one could suppose that the boundary conditions (v, - .-, Vk,, 1)
considered in Example 2.5.4 might also be completely elliptic in general. Actually, this is not
the case. We analyse for instance

n—1 n—1
AD) = (D342 X 02) (D246 Y, D7) = @+ 8@ + ),
j=1 j=1
where ( := exp (%) denotes a third root of unity. Because of

A(€) = (&n + CIEND) (En = CIEND) (En + CIE0) (En — CIEND)
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for £ € R the operator A is regular elliptic. As for a fixed ¢’ € R" ! with |¢| = 1 the function
W (z) = exp(Czy,) — exp(¢2x,) is a non-trivial stable solution of

A(glv D)W (xn) = (C2 - 0%)({4 - 82)@(1/‘”) =0 (zn>0)

fulfilling @(0) = 0 and @) (0) = ¢3 — ¢® = 0, the boundary value problem (A,~o,~3) is not
elliptic.

We mention here the classical a priori estimate of parameter-elliptic boundary value problems.
A proof in the case r = 0 can also be found in Theorem 2.6 of [29] and in Theorem 3.3 of [28].

2.5.6 Proposition. [68, Theorem 1.5.1]. Let p € (1,00), r > —1 +% and (\— A(xz, D), B(z, D))
be parameter-elliptic in A with orders as described in (2-4) and (2-5). Then there is a Ao > 0
such that the boundary value problem (2-6) possesses a unique solution w € HF(Q) for every

feH,~T(Q), ge Bp_perT_l/p(I‘) and A € A with |A\| = Aog. The solution w satisfies

[l sy < (I lyrroy + 19l mer )

for X € A with [A\| = X\o and a constant C > 0 not depending upon f, g and X\. In the case of
constant coefficients and no lower order terms, we can choose Ag > 0 arbitrary small.

The situation becomes easier in the whole space case, where an analogue statement follows from
Mikhlin’s Theorem, see Theorem 3.5 of [28].

2.5.7 Lemma. Letpe (1,0), r € R and A — A(x, D) be parameter-elliptic in A with orders as
described in (2-4). Then there is a A9 > 0 such that the problem

A—A(z,D))w=f inR"

possesses a unique solution w € HET"(R™) for every f € H,3t"(R") and X € A with [A| = Ao
satisfying

||w‘|H;:|;\T(R7L) < C|‘f‘|H;§+T(R")

with a constant C' > 0 not depending upon f and X. In the case of constant coefficients and no
lower order terms, we can choose Ag > 0 arbitrary small.

By using Lemma 2.1.7, we can write the dependency on A in the previous lemma explicitly in
the case r > 0.

2.5.8 Corollary. In the situation of Lemma 2.5.7 with r = 0, we can rewrite the a priori
estimate in the form

N N
HwHHIg+T(R") + Z A+ oy lLr ey < C<|f|Hps+r(Rn) + Z |)\|(si+r)/u|fi||Lp(Rn)> (2-10)
Jj=1 =1

for A€ A with |\| = max{1, \o}. In particular, we get

ol ygergany + NIl yzeerny < CLFlmgorgeny
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Proof. The first statement follows directly from Lemma 2.5.7 and Lemma 2.1.7. For the second
assertion notice that

Ml =eitr gy = IAI(”“*SJ'_’")/“\IMJ'I\H;

< C (gl g4 gy + N e

(=) EAMCY

(
for j =1,..., N due to Lemma 2.2.2. O

Under some additional smoothness assumptions, we can improve the a priori estimate from
Lemma 2.5.7 in the whole space case.

2.5.9 Lemma. [20, Theorem 4.1]. Under the additional assumption that A has constant coeffi-
cients, we obtain

HwHH;,“(Rn) + |)‘|||U’HHP—S+T(Rn) < CHfHH;S”(Rn) (2-11)
for Xe A with |A| = Ao in the situation of Lemma 2.5.7.

The following proposition improves the A-dependence in the a priori estimate of Proposition 2.5.6
in the half-space case with r = 0 for appropriate orders of boundary conditions.

2.5.10 Proposition. We assume that A and B both have constant coefficients. Let the boundary
value problem (A—A(D), B(D)) be parameter-elliptic with orders as described in (2-4) and (2-5).
We also assume

1
= —my—pu——p >0. 2-12
v s, o= -
Thus, there is a A\g = 1 such that the boundary value problem
AN—Aw=Ff in R7,

Bw =g on R* 1 (213)

possesses a unique solution w € H;(R’}r) for every A € A with [\ = Ao, f € H,°(R}) and

g€ Bpfpmfl/p(]R”_l). Furthermore, there exists a constant C > 0, independent of f, g and X,

such that
el + N0l =qayy < C (A1 L) + 191 vy )

Proof. We follow the proof of Theorem 3.6 in [22]. Let f bein H,%(R") and g € Bp_pm_l/p(Rnfl).
Since (A — A, B) is parameter-elliptic, we already know unique solvability of the boundary value
problem (2-13) for A € A with |A\| > A¢ and a suitable Ay > 0. We write the solution w in the
form w = wy + wy + wo. Here, wy = Tngf with w; being the solution of

()\ - A)ﬁf = eRif in Rn,

where rgn : HZE (R") — H;(R1)> w w‘Rn denotes the restriction of a function to R’ and
+

ern : Hy®(RY) — HyS(R") is a continuous extension operator, see Remark 3.1.5 for details.
The function w, solves the boundary value problem

(A—Awy =0 inR%,

Bwy, =g on R
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Therefore, wy is the solution to

A=Awy =0 in R,

Bwy = —Bw; on R L.

Due to Proposition 2.5.6, there exists a constant C' > 0 such that

lwgllars \ rny < CHgHB;p’;—l/P(Rn—l)'
Using the interpolation inequality of Lemma 2.2.2, we get

|)‘|||ngH;S(R1) < C|‘wg||H;7A(R1)-
Hence, we find a C' > 0 such that

”ngH{)(Ri) + |>‘|ngHHp—S(R1) < C”gHB;pr*l/P(an)-
Similarly, we get for wg the estimate
lwollzzgzyy + Wlwoll 72y < ClBwyl pm-1/p(gn-s)-

Now, we use Lemma 2.1.8 and consider every term of the right-hand side separately. We find

(2-11)
HBwaBp—pm—l/P(an) < CwaHHIE(Ri) S CHeR’lf”H;S(]Rn) < CHfHH;S(Rg)-

For the A-weighted LP-norms we distinguish between two cases.

Case 1: If—mg>,u+1%forée{l,...,M},weget

|\ (e /P | (Bwy = CIA|(me=1/p)/m ‘|(Bwf)g||37mrwl/p

)EHLP(R"—l (Rm=1)

< CINCm YD g

(2-11)
< Ot £ e

< O e
Case 2: If —my < p + % for £€ {1,..., M}, we can estimate as follows:

|A|Cme /P | (Bwy C|NCme1p)/e |(Bwy

)zHLp(Rn—l) S )éHB;;I/P(Rn—I)

CINC Y g esron,

/A

(R%)
va/u|)\|(—me—w—1/p)/uwaHH;Hme

(R?)

/N

C|)\|v/u|)\|(—me—1)/uwaHHHHW(Rn)
P +

I (o + Mg L )

/N

(2-11) y
< O £l e ey
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In the second to last step we used Lemma 2.2.2 again and the inequality
1 1
—Sj<1—5j—§=1—u—];+tj<1+mg+t]’<t]’

for j =1,..., N. Altogether, we obtain the desired result. O

2.5.11 Remark. Adapting the proof of Corollary 2.5.8 in the case » = 0 to boundary value
problems in the half-space, we get the estimate

lwlrgcae + Ml eqeny < O (1l eny + 1915 movnggn )
In Proposition 2.5.10 the power of A on the right-hand side concerning f is given by
IA/H = | N|CGatme)=si=1p)/i | x| =5i/k

for suitable £ € {1,...,M} and j € {1,..., N}. Consequently, the estimate in Proposition 2.5.10
is at least better in some components of f, particularly if the orders of the boundary conditions
are quite high.

2.5.12 Example. As an example we investigate the stationary plate equation with structural
damping, that is

(% )

for p > 0. We give a short summary of the results in Section 2 of [21]. The operator A(D) is of
Douglis-Nirenberg structure with t = (4,2), s = (—2,0) and g = 2. In addition, we have

A —1
A Al = <|§|4 A+p|e|2>

such that
det(X — A(€)) = A2 + plePA + 1€ = (axh + [€) (e A + [€]?)
e p oy o ,
where
Lain/1-2, 0<p<2,
a4 =
2
sEVT -1 p>2
For

9 e arctan(f)y/l—’f), 0<p<?2,

0, p =2,

0 < <m—0, 3, ={ze C\{0} : |arg(z)] < ¢} and () € (R" x X )\{0} it holds

det(A — A(§)) # 0. Thus, A — A(D) is parameter-elliptic in X, see Section 2 of [21].
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As we are interested in the parameter-ellipticity of (A — A(D), B(D)) for various boundary
conditions B(D), we take a closer look at the stable solutions of

A -1 w (xn)
QWP—%V A+mmv—ﬁb>aémm):0 (@n > 0). (2-14)

From the first row we know that wo(x,) = Aw; (), which reduces the second row to
N2wy (20) + (€12 = 2w () + (€17 = 02)wr () =0 (w0 > 0).

The stable solutions of (2-14) are of the form

o (b)) = (o).

where w{ (x) = exp(7jzy) and wg(xn) = )\w{ (xy,) for p # 2 with

1= gP+asA and = —/|¢P+a_)

for j = 1,2. The root 4/-: C\(—o0,0] — C denotes the principal square root, that is the one with
positive real part. In the case p = 2 the values 7 := 71 = 73 coincide and the stable solutions are
given by wi(x,) = exp(Tx,), W (zy) = znexp(T2y,) and again wi(z,) = \wl(z,,) for j = 1,2,

see Lemma 3.1 of [21].

For the Dirichlet boundary conditions By (D) = ( al 8) the resulting initial conditions are
n

w1(0) = w}(0) = 0. We easily check that the only stable solution with these initial conditions

is the trivial one. The same holds for the Neumann boundary conditions By (D) = <g§ 8)
n

1 0
A0
w1(0) = wf(0) — |&'|*w1(0) = 0. They directly simplify to w;(0) = w}(0) = 0, where again the
trivial solution is the only stable solution.

Lastly, we consider the boundary conditions Bs(D) = ( ), that is, the initial conditions

Notice that we sometimes omit the traces in the definition of the boundary conditions as it is
clear from the context how to read them.

We see that, even though we deal with a system of equations, the problem reduces to a scalar
initial value problem, where the initial conditions are similar to those we already took into
consideration in Example 2.5.5.

Now, we apply Proposition 2.5.10 in the Hilbert space case p = 2 to the operator A(D) of
the stationary structurally damped plate equation, defined in Example 2.5.12, to point out the
differences in the power of A for several boundary conditions.

1 0
o 0). As we have seen

in Example 2.5.12, the problem (A — A(D), B1(D)) is parameter-elliptic. Particularly due to
Proposition 2.5.10, we get the estimate

A4

2.5.13 Example. We consider the boundary conditions B;(D) = (

wlg-s@n)y < Cfll-s@n)
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forp=2,9g=0,Xe XT(, with [A] = Ap and 0 < ¢ < 7 — ¥ since the orders corresponding to
B1(D) fulfil m; = (—4,—3). The notation for w and u is adopted from Proposition 2.5.10. We

obtain the same result for B3(D) = (i 8), where mg = (—4, —2).

Together with the Neumann boundary condition By (D) = <6 0) , the system (A—A(D), B2(D))

n
2 0
also becomes parameter-elliptic, see Example 2.5.12. We have my = (—3,—2) and therefore ob-
tain
|/\|3/4Hw||H—s(R1) < O fl-srn)
for p, g and X\ as before.

Now, we use the Yosida-approximation in a slightly different form to gain a better estimate than
in Proposition 2.5.10 if f satisfies several additional assumptions, see Lemma I1.3.4 of [26].

2.5.14 Proposition. In the situation of Proposition 2.5.10, we define
A: H,®(RY}) o D(A) — H,*(RY)
by
D(A) :={we H}(R}) : B(D)w =0} and Aw:=Aw (we D(A)).

Then X\ — A is invertible for X\ € A with sufficiently large absolute value. For f € D(A), g =0
and v < p we obtain Mw — f in H(RY) for A — co. Particularly, there is a Ao > 0 such that

|>\|Hw||H;S(R1) < O flmsn) (2-15)

for Ae A with || = Xo.

Proof. First, we observe that A—A is invertible due to Proposition 2.5.6 for A € A with sufficiently
large absolute value. Let f be in D(A) and v < u. According to Proposition 2.5.10 there is a
Ao > 0 such that

2w = Fllgzsgny = IO = A7 = Fllyzeen)
= A=A A=A+ A = [l
=\ = A7 Af =
< CEHAS s ey

for all A € A with |[A| = A\g. The right-hand side converges to zero for A\ — c0. Inequality (2-15)
follows from

Al s gy < [ lazs gy + ClAf s gny < Clflagen)-




CHAPTER 3

Systems of boundary value problems
in spaces of mixed smoothness

This chapter is based on [19], which treats scalar parameter-elliptic boundary value problems
with rough boundary data. Here, we generalize the results to systems of parameter-elliptic
boundary value problems. While [19] focusses on the application to semigroup theory with
ground space LP(R™) x LP(R"™!), our main interests are a priori estimates in rougher Sobolev
spaces. Therefore, the studies of the linearised Cahn-Hilliard equation in LP(R™) x LP(R"1)
are omitted here but can be found in Chapter 5 of [19]. Throughout this chapter, we assume

p € (1,00).

3.1 Sobolev spaces of mixed smoothness and traces

3.1 a) Some function spaces

In this first section of Chapter 3 we want to introduce spaces of mixed smoothness, which have
different regularity in normal and tangential direction. The advantage of those spaces is that
we are able to define traces for functions, where the regularity in tangential direction is rather
bad and might even get negative. For p = 2, the following definition can also be found in
Appendix A.3 of [35].

3.1.1 Definition. For s,0 € R and p € (1,0) we define the Bessel potential space of mixed
smoothness Hy? (R™) as

Hy?(R") == {ue ' (R") : (D")7ue Hy(R")} = {ue ' (R") : (D)*(D")7ue LP(R")}
with canonical norm |uf gs.ogny = |[<D")7ulgs@ny = [KD)*(D)7u|Lon), Where ) is as de-
scribed in (2-1).

In the previous definition, (D’)? acts only on the z’-variable. Therefore, the spaces above have
smoothness s + ¢ in 2'-direction and smoothness s in z,-direction. We will often assume o < 0
because in our applications we need higher regularity in normal direction than in tangential
direction to define traces.

Clearly, Hp (R™) is a Banach space. Since (D")? and (D)* leave .(R™) invariant, the rapidly
decreasing functions are a dense subset of Hy,? (R™). For every ¢,7 € R the map

<D>t<DI>T . H;,O' (Rn) N H;—t,O’—T (Rn)

is an isometric isomorphism with inverse (D)~*(D'y~7.
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We remark that the scale Hp? (R") for s,0 € R is different from the scale of anisotropic spaces
Hg’a(R") in the sense of Proposition 2.10 in [45], see also Section 5.1.3 of [78]. In particular,
for s > 0 and ¢ < —s, we have positive smoothness with respect to x,, but negative smoothness
in 2/, which is not allowed for the anisotropic spaces. H,° (R™) is also different from the space of
dominating mixed smoothness, see for instance Section 1.1.2 of [76]. Spaces of dominating mixed
smoothness are defined similarly as above, but with (¢) being replaced by 1_[?:1(1 + sz)l/ 2. We
refer to Section 1 of [71] and Subsection 2.2 of [42] for further information on spaces of dominating
mixed smoothness and applications to boundary value problems.

We state some elementary properties of the Bessel potential spaces with mixed smoothness,
which we shall use frequently later on.

3.1.2 Proposition. Let s,0 € R.
(i) Hy°(R") = H3(R") and Hp"(R") = LP(R, HJ(R"1)).
(ii) Hy™(R™) c Hy° (R™) whenever s <t and o < 7.
(iii) For o = 0 we have
H; 7 (R") ¢ Hy?(R") ¢ Hy(R") ¢ Hy °(R") ¢ Hy 7 (R").
(iv) Let q be the dual coefficient to p, that is % + % = 1. Then the standard bilinear pair-

ing LP(R™) x LY(R") — C induces an identification of the dual space of Hy’(R"™) with
Hy 7 (R™).

(v) In case of s = 0 we have

H37(R™) = LP(R, H3 "7 (R"™1)) n H3(R, HJ (R™™1)).

(vi) For a € N}, the derivative 0“: Hy’ (R") — H;f‘a”w*‘al‘(]R”) is continuous.

(vii) If s € Ny is an integer, u € ' (R™) belongs to Hy” (R™) if and only if dhue HY (R
orall j =0,...,s. Moreover, |[ul := >°_y||0hu] y0.s+0-ipmny defines an equivalent norm
INj=0 M 5o lonul ®n) 4 wal
P
on Hy? (R™).

Proof. The main idea of the proof is to go back to the case 0 = 0, where the results are well-
known.

(i) This statement is clear from the definition of the spaces.

(i) This embedding holds true, since (D)*~%{D'Y*~" is a bounded operator in LP(R") due to
Mikhlin’s Theorem.

(iii) By Mikhlin’s Theorem, both (D) 7(D")? and (D’)~“ are bounded operators in LP(R")
for ¢ > 0. This yields the first and the second inclusion. The other two are verified
analogously.
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(iv) As (D")7: Hpy?(R") — Hj(R™) is an isometric isomorphism, the adjoint operator
(D7) (Hp(R™))' — (Hp? (R™))'

is an isometric isomorphism in the dual spaces. In the bilinear pairing, this adjoint operator
is again (D')?, and the dual space of H;(R"™) is given by H_ *(R"). Hence, the dual space
of Hy?(R™) is identified with (D')?(H,*(R")) = Hy >~ (R™).

(v) The equality is known to be true in case o = 0. Applying {(D')"7 to both sides of this
equality yields the claim.

(vi) This holds because 0*(D’Y~1*I{ D)~ is bounded in L”(R") due to Mikhlin’s Theorem.

(vii) Again this is known in case 0 = 0. The general case follows because (D')? commutes
with 0,. O

3.1 b) Interpolation spaces

In this subsection we show that complex interpolation of the spaces H,” (R™) works as one would
expect. The following result is an application of Proposition 2.2.1. In difference to Lemma 2.3
n [19], we can also vary the parameter p here.

3.1.3 Lemma. Let s, s1,00,01 € R, pg,p1 € (1,0), and 6 € (0,1). Then
37 (). H3o (R = H ™ (R &1

(1-9) , 6
Po +p1'

with sp = (1 = 0)so + 0s1, o9 = (1 = 0)og + 0o, and - =

Proof. Because of [Xo, X1]o = [X1, Xo]1-9, we may assume s; < so. Applying the operator
(D)*1{D")?° and setting s := sg — s1 = 0 and o := 01 — 0 € R, by the retraction argument from
Proposition 2.3.2 of [5], it remains to show that

[ (R™), HOP (R™)]p = HGL=00° (R"). (3-2)
First, we observe
[H, (R"), Hp? (R™)]g = [Hp* (R") n Hy (R, LP(R™ 1)), Hy? (R™)]g
< [Hp* (R™), HO”(R")] N [Hpy (R, L (R™1)), Hp? (R™)]g
= LP9(R, z() )s-‘r@a(Rn 1)) A HZ(,;_Q)S(R,H]?;’(R"_I))
= H(1=0s07 ()

(3-3)

according to Proposition 3.1.2 and Theorem 3.18 of [51].

For the other inclusion, we apply Proposition 2.2.1 (ii) to the spaces
Xo=H{*(R") and Yp:= H{ V=07 (R

for 6 € [0,1]. Tt is known from Theorem 3.18 of [51] that [H, (R"), LP*(R")]s = H(1 0)s *(R™).
We notice that (D')~*7: Hy (R") + LP1(R") — 7'(R") is linear such that

<D/>—za: H;;—Re(z))s(Rn) _)Hzg;—Re(z))s,Re(z)a(Rn)
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is an isomorphism for all z € S with
KD~ N aag, oy, g, Ry < KDY g0 ), oo () < C(1 + [bar)),
KD 00 o oy sy < KD o oy o gy < O+ o)
for all b € R due to inequality (5.53) of [44]. If o0 > 0, the mapping
S — Hy (R") ¢ Hy (R") + HY?(R"), 2z (D) 7z = (D) D"y *(D)’x

is holomorphic on S and continuous on S for all z € Hj (R™) n LP*(R") < Hj (R™) because of
Lemma 5.6.8 in [44]. In case o < 0, the mapping

S — HY(R") < Hy (R™) + HY(R™), 20 (DY 7z = (DY (D197

fulfils again the desired smoothness assumptions for = € Hy (R")n LP1(R") ¢ LP1(R") according
to Lemma 5.6.8 in [44]. An application of Proposition 2.2.1 (ii) finishes the proof. O

3.1.4 Remark. Because of Lemma 3.1.3 and the inclusion (3-3), we have

[HO(R™) A HE, (R, LP(R"1)), HY7 (R™) ],

=[HY*(R™), HY (R™)]p N [Hj, (R, L (R™ 1)), HY (R™)]g (3-4)

for s > 0 and o € R. Therefore, we can interchange complex interpolation and intersection for
those spaces in the given way. For general spaces, it is not clear in which setting this equality
is true, see for instance [65]. A counterexample can be found in [74]. If there was an argument
to see equality (3-4) independently of the proof of Lemma 3.1.3, one could show Lemma 3.1.3
with only (3-3) and (3-4).

3.1.5 Remark. In this remark we collect some properties which are still true if we replace R"
by R’} or a domain 2 < R" with smooth boundary.

(i) Let © = R7}. Then the restriction rgy : X(R") — X(R%), u — U‘R,i is a retraction for

Xe{s, 7 Hy B, Hy’,...}. This follows from the fact that there exists a restriction-
extension pair (R, E) for (<'(R"),.’(R)) in the sense of Theorem VI.1.2.3 in [6] which
yields the restriction-extension pair (rgy,ern) on (X(R"), X(R%)) by Lemma VIL2.8.1
of [6]. In particular, the extension operator ern is universal for all considered spaces.
Later, we will also consider e?), the canonical extension from 2 to R™ by zero.

(ii) Similarly, if < R™ has smooth boundary, the map u +— u‘ q Is aretraction from H,(R") to
H;(2) and from B,,(R") to B,,(£2), and for all N € N there exists a common coretraction,
that is, a continuous right-inverse, for all |s| < N, see Theorem 3.3.4 of [79].

(iii) Due to (i) and standard retraction-coretraction arguments, see Section 1.2.3 of [5], all
statements of Proposition 3.1.2 and Lemma 3.1.3 remain valid if we replace R"™ by R},
with the exception of Proposition 3.1.2 (iv) which has to be modified in the following form:
For all s, 0 € R the dual space of H,” (R") with respect to the standard pairing is given by
(Hy" (R™)) = Hy*~°(R™). Noting that (D’)?u has support in R™ if u does, this follows
in the same way as in the proof of Proposition 3.1.2 (iv) from (H;(R"}))" = H;S(@), see
Theorem VII.4.4.2 of [6].
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3.1 ¢) Boundary traces

To define the trace space of Hp°(R") on the boundary JR"} = R"~!, we recall that for the
standard space H,(R"}) the j-th order trace

v HSRY) — B3 PR, we yju = ddulge
is a continuous retraction for s > j + %, see Remark 2.1.4 (ii).

3.1.6 Definition. Let j € Ny, s > j + %, and o € R. Then we define the j-th order trace ¥;
on Hy°(R%) as

52 Hy"(RY) — By o™ Vr(R), s (DY 0D (3-5)

3.1.7 Remark. Note that 7; is well defined as (D")?u € H;(R’) and the unique continuous
extension of the classical trace which is defined on the dense subspace .#(R"). The fact that
7; is a retraction on the classical space Hy;(R”) immediately implies that (3-5) is a retraction,
too. In fact, if e; is a coretraction to v;, then €; := (D")"%¢;(D’)? is a coretraction to ;. As 7,
is (for o < 0) the unique continuous extension of v; to Hy” (R"), we will write ; instead of ¥;
again.

3.1.8 Remark (Roitberg spaces). There is a theory of generalized boundary value problems in
spaces of negative regularity due to Roitberg [69]. In this theory, for s € R and ¢ € Ny, the space

ﬁ;’(@ (R%) is defined as the set of all tuples (u,go,...,g¢—1) such that there exists a sequence
ug)peny C L (RT) satisfying (ug, Youg, - .., Ye—1ur) — (u,qgo,...,gr—1), where the convergence
( ) + y g I ’Y I I 7 I g I I g I g
takes place in the space

-1

HyR?) x [ [ By, 7 P@®")  ifs>0,
j=0

. — e_l .

Hy®RY) x [ [ By, 7 P@®"1)  if s <0.
j=0

For s > ¢ —1+ %, the space ﬁ;’(@ (R%) can be identified with the standard Sobolev space
H; (R ), and we have g; = yju for j =0,...,£ — 1 in this case, see Section 2.1 of [69].

Let £ € Ng, s >¢—1+1 0 <0, and u € Hy?(R?). By density, there exists a sequence
(uk)ken < 7 (RY) with |uy — UHH;"’(Ri) — 0 for k — oo. The continuity of (3-5) yields

ik =Ygl g ros-vpggn1y = 0 (k= 0)
for j =0,...,¢ —1. From this and Lemma 3.1.2 (i), we obtain the continuous embeddings

H7 (R c H3PORY) ifs+0>0,
HS"(RY) n HEP(RT) ¢ BT O®RY) i s +0 <0,

where we identify v € Hp? (R") with the tuple (u,you, ..., v—1u).
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3.1 d) Parameter-dependent spaces

In a next step we extend the parameter-dependent norms from Definition 2.1.6 to the spaces of
mixed smoothness H, (R").

3.1.9 Definition. For ) € C let k) again denote the homeomorphism on .’ (R") given on . (R")
by (kxu)(z) = u({\)z). Then, we define the parameter-dependent norms by

lullg2g @y = <)\>5+"_”/”IIH;1u|\H;,a(Rn) (s,0 € R).

Analogously, we define H,'§ (R'}).
3.1.10 Lemma. We observe the following properties of the parameter-dependent spaces.

(i) The statements from Proposition 3.1.2 (i)—(vi), Lemma 3.1.3, Remark 3.1.5 and Re-
mark 3.1.7 remain valid in the spaces H;; for A € C with respect to the parameter-
dependent norms.

(ii) For all s,0 € R and X\ € C, we have

lallzrzg ey = KD, N7ulls | @y = I<KD, A)*(D", M7l o ny-

(iii) For s,o0 =0 and \ € C, we have

[l g gy = Jull g ey + O Tl mp@ny + O (Ul go.ogay + OO ull o @)

(iv) (Interpolation inequality) Let s < s < s1 and o € R. For every ¢ > 0 there ezists a
constant C(e) > 0 such that

||UHH;;;’(R”) S EHUHH;}A’U(Rn) + C(€)<>\>HOHUHH;?A!U(RTL)
for every Ae C and u € HZKJ(R”). The analogue statement holds for R instead of R™.

Proof. (i) We can apply the above results in the parameter-independent norms to the func-
tion /i/(lu and obtain constants independent of A, noting also that k) commutes with
taking the trace on the boundary R™ 1.

(ii) For 0 = 0, the statement follows from Formula (1.9) in [36]. For general o, we use the
identity

</\>”/i>\<D’>U/£;1 = /i,\<<)\>D’, )\>U/£;1 =(D" \)’,
which is obtained by straightforward calculation. This yields
HUHH;)K(Rn) = </\>S+afn/PH<D/>J,$;1UHHS(RR) = <)‘>UHH)‘<DI>UH;1UHH;>\(R")

= 4Dy = KD DN
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(iii) Due to Mikhlin’s Theorem we obtain
[l zzz @@y = KD, A)*(D", A7l Loy
CICDY" + XD Nl o)
CI<KD", N ul s gny + OO IKD, M7 ull Lo )
Clull g gny + X7l iz ey + OO Nl oo oy + O™ ull Lo @)

For the other inequality, we use s, > 0 and again Mikhlin’s Theorem to get

/A

NN

[l e gy + O Nl gy + Ol oo gy + O™ ul Lony < Clull g gy

(iv) An application of the standard interpolation inequality gives

[ull g @y = 7P DY K3l

Hs(R™)

< QP (D5l g ey + CEICD'Y 15 o

S 5”“”}1;};(11%") + C(£)<)‘>s_so|‘u|‘H;?f(R")'

O

Let us remark that a statement analogous to Lemma 3.1.10 (ii) does not hold for the parameter-
dependent Besov spaces (with LP(R") being replaced by B (R")). Although

(D', A By a(R™1) = BY, (R

is an isomorphism, the norm in the Besov space ng )\(R”_l) still depends on A, in contrast to
[ - HHOA(RTL) = || - | p(mny- This was observed in Section 1.1 of [36].
P,

3.1 e) Multiplication operators

We finish this section with some considerations concerning multiplication operators. For a
sufficiently smooth function a: R® — C, we define the multiplication operator M, by M,u = au
whenever the function u belongs to some Sobolev space of positive order. For negative order

spaces, we define the multiplication operator by duality with respect to the canonical pairing
LP(R™) x LU(R"), where 1 + 1 = 1.

3.1.11 Lemma. Let s,0 € R, p' = p/(s,0) := max{|s|, |o|,|s + 0|}, and a € BUCIP'I(R™).
(i) There is a constant C = C(p') = C(s,0) > 0 such that for all e C
[Mallzcrzg@ny < Clalgyeeny- (3-6)

(ii) For every e > 0 there exists a 6 = d(e,s,0) >0 and a \o = /\o(HaHBUC[pq(Rn),E) > 0 such
that
[Mallgrrzgmny) <€
whenever |all < 0 and A € C with |A] = Xo.
(11t) The results in (i) and (i) hold analogously for R instead of R™ with a € BUCI”'l (R7).

(iv) The results in (i) and (ii) also hold if we replace [p'] by ||s|]+1 and H;:j\' (R") by B, \(R™).
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Proof. We set p == [p'].

(i) Consider the hexagon which is the convex hull of the vertex set

H = {(pv 0)> (Oa P)» (_/)7 p)a (_07 0)7 (Oa _0)7 (P, _p)}>
see Figure 3.1. In a first step we are going to show that for all P € H we can deduce the
bound
|Malzr@nyy < Clp)lalpuce @n)-
For the first two vertices this follows from the fact that Hy*(R") = LP(R, HS(R"1)) and
HEP(R™) = HY(R™) due to Lemma 3.1.2 (i) as well as the product rule. Their counterparts

(0,—p) and (—p,0) can be treated by a duality argument. For the space HF *(R") we
use Lemma 3.1.2 (vii) to obtain

p
] gp s gy < © D 103 (@) o g

7=0
P J A
<O Y Y@ a) (@)l o g
j=01=0
P J '
<O Y 2@ a) (@)l o1 gy

Il
=}
~

Il
=}

J

where we used Hg’fl(R”) c Hgﬁj(R”). Furthermore, we have &} 'a € BUC!(R™) as j < p.
So we may apply the boundedness of M, on HS ’_l(R”) and find

P J
l
Jatl g -0 any < Clallsucen) Y, Y- 16kl ot
j=01=0
p

= Clallgucrny Y (0 = L+ DI 0ul o1 gn
=0

P
I
< Clalpuceemy Y. 10nul 0.1 en
=0

< Clalucs @ lul s gy

for all u € HY ”(R™). The last vertex follows again by duality.

In a second step we interpolate along the edges of the hexagon, which is precisely the
domain {(¢,7) : max{|t|,|7|, |t + 7|} = p}. For any point Py = (1 — 0)Fy + 6P;, where
0 <6 <1 and Py, P, € H, we obtain by interpolation H}*(R") = [H}°(R"™), H}" (R")]g
and thus

[ M| o] 0.7t | Ml < Cllafpuce@n)- (3-7)

<
L(H,? (Rm)) L(HEo (Rn)) L(HD (Rn))
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Finally, we interpolate along a straight line that starts in the origin, passes through (s, o)

and hits the boundary of the hexagon in the point (%, %7). More precisely, we use the
interpolation

HS,J(R") = [LP(R™), H}/;S/p po/p (R”)]p//p
to find

1Mo Leage @y < Cllalsuce ®n)-

P
’
P
o - 00" \
| \\
| \\
| N
l I ps po
| N AN
1 (5,0) “u
| A
| AN
1
—p IPVARN 0 Lo P
2N P
N !
AY |
. |
. !
\\ )
N |
> I
NI !
—p
—p

Figure 3.1: In a first step, we see that the operator M, is continuous on H]f (R™) for every vertex
P € H of the outer hexagon and therefore by interpolation continuous on Hf o (R™)
for every Py on its boundary. Finally, we interpolate between that boundary and
the origin to get the continuity on H,’ (R") for every (s,o) on the boundary of the
dashed hexagon.

In order to carry the result over to the parameter-dependent norms, we observe the fol-
lowing for any bounded operator T' in H,? (R™): By Definition 3.1.9 we have

HTUHH;:K(RTL) = <)\>5+0'—n/p“/<;;1(Tu)HH;,O'(Rn)

= T (5 TR (R ) 137 -
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Dividing by HuHHs,;(Rn) = <)\>5+"*”/p||/£)_\1u|\H;,rr(Rn) and passing to the supremum over all
P,
0#ue H)Y(R"), we conclude that
-1
1Tl Lz myy = 163" TrAl g ey
Since we have
Ry Maryu(z) = wy Ha(@)u(W)2)] = a(N) ™ z)u(z) = (k) a)(2)u(),
it holds

| MallLcrrg mny) = M0l oy @),
Thus
| Mo HL 00 (RnY) S < Clr3 alguce@ny < Clalleo + A alpuce®n)) (3-8)
since [|0%(k @) = <)\>*‘a|\|0°‘a|\o@ for every o € Nj with o < p

(ii) Let ¢ > 0 and choose 0 < 5. Let a € BUC?(R") with |a] < d and Ag > 0 such that
oy Halguce®ny < 5. According to (3-8), we obtain

[ Mall 25y <

(iii) There exists a bounded extension operator Eg» : BUC?(R’}) — BUCP(R") for any p € No,
see for instance the construction in Theorem 5.19 of [1]. Then for R" part (i) and (ii)
follow from

| Maulgps@ny < 1Mpgn aleryw) |35 @)
C(IErnalw + X Ern al gucewn)) lern wl o rmy
< C(Jlalleo + N HalBuce @ IPEES
for all u e H)T(R%).

(iv) Taking o = 0, we use the result from (i) and (ii) for the spaces HHW(R”) and H,"(R")
for a sufficiently small v > 0 such that |s £ | < ||s|] + 1 still holds. Then the result

follows by real interpolation of the A-dependent, but classical Sobolev spaces, which was
established in (1.16) of [36]. O

3.1.12 Remark. In the case of s € Ny and 0 = A = 0 in Lemma 3.1.11 (i), we directly get back
the classical results for the usual Sobolev spaces H;(R™). Furthermore, we would like to note
that pointwise multipliers in Besov spaces with A = 0 are described for instance in [58] and [81].
In particular, it is known that functions which are Holder continuous with Holder index larger
than [s| are multipliers in B,,(R"), see Theorem 4.7.1 (ii) of [70]. For our purposes, however,
Lemma 3.1.11 (iv) is sufficient.

Notice that we need slightly higher smoothness assumptions for the multiplier a in the Besov
space case. Even though it might be natural to guess M, € L(ng’A(R")) for a € BUC’(R™), this
seems to be unclear. Since we use interpolation methods for the proof, we need some variability
in the smoothness, which is the reason why we are not able to handle the borderline case.




3.2 Systems of boundary value problems in the half-space 49

3.2 Systems of boundary value problems in the half-space

We now deal with Douglis—Nirenberg systems of boundary value problems in domains and in
the half-space. In the following, let €2 < R™ be a domain with compact and sufficiently smooth
boundary I', or let 2 = R} with boundary I' = R

First, we extend Definition 2.5.1 to Sobolev spaces of mixed smoothness.

3.2.1 Definition. For pe (1,0), A€ C, r,0 e R and s = (s1,...,sy) € RY we write
SO’ Rn o HHSJ,

/p
with canonical norm |w|| HES(Rn) = (Z] 1w ]HH o, (R")) . Additionally, we use the abbrevi-

ation H\"7(R") := HY "7 (R"). For H;“(Rn) = H¥§(R") the definition is modified in
an obvious way.

We fix N,ueN, s, t € ZV, and m € ZM with the conditions from (2-4) and (2-5) and consider
again the system of boundary value problems

AN=—Aw=f inQ,

(3-9)
Bw=g onl.
As in Section 2.5 the entries of A and B are of the form
Ajj = Aij(x, D)= > afi(x)D*, (3-10)
|Oé‘<8i+tj
By = Byj(x, D)= Y. b} (z)yD” (3-11)
|Bl<me+t;

for1 <4, < Nandl1l < /< M. Here, a :Q — C and bﬂ I' —» C are sufficiently smooth
functions.

More precisely, we will consider the following smoothness assumptions, depending on (7, o) € R2.

(S1) For each i€ {1,...,N}, let p} := max{|r — si|,|o|, |r — si + |} and p; := [p}]. We assume
a%- e BUCFi(Q) for all |a| < s; +tj, where 1 < j < N.

(S2) If Q is unbounded, then af;(0) = limyeq, |o| o0 af(7) exists for all |a] < s; +¢;. In
addition, all derivatives of the function

ol T
T ag; (|95|2) (x #0)

up to order p; possess a continuous extension to z = 0 for 1 <i,j < N and |o| < s; + ¢5.

(S3) For each £ € {1,...,M}, let kj := |[r —my + 0 — %| and k; := |ky] + 1. We assume
bfj € BUC*(T) for all |8] < my + tj, where 1 < j < N.
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(S4) If @ = R, then bfj(oo) = limyepn—1, |7/ o0 bfj(x) exists for 5] < my + t;. In addition, all
derivatives of the function

X
o=ty (gp) @0

up to order ky possess a continuous extension to x = 0 for 1 < j < N, 1 </ < M and
|/B| <my + tj.

(S5) The domain € is of class C™@ 5+l where p/ := max{|r|, |o], |r + o}.

In this section we show that parameter-elliptic problems induce an isomorphism between para-
meter-dependent spaces (in the sense of Definition 2.1.5). We focus on the case of the half-space.
In the following, let A < C be a closed sector in the complex plane with vertex at the origin.

3.2 a) Model problems and small perturbations

3.2.2 Lemma (Model problem in R™). Let Ag(D) = (A?j (D))1<i,j<n have constant coefficients,
that is, A%(D) = Z\a|=si+t]- aj; D%, where af; € C for 1 < i,j < N, and let A — Ao(D) be
parameter-elliptic in A. Then, for every r,o € R and every Ag > 0, the operator family

A= Ag: Hi W (R™) — H ST (RY) (3-12)
is an isomorphism for X\ € A with |A\| = Xo.

Proof. The result is well known in case o = 0, see Lemma 2.5.7. Let us denote by (A — Ao)(_TlO)

the corresponding inverse operator. We use the description of the parameter-dependent norm
from Lemma 3.1.10 (ii).

Since Ap commutes with (D', \)? and (D', X\)?: H;K(R”) — HJ,(R") is an isometric isomor-
phism for all € R, the inverse to (3-12) is

(A = A) gy = diag((D", )77 ... (D', N)77) (A = Ag) gy diag((D', 1), ... (D', )7),

which then has the same uniform bound as (A — Ao)(_rlo)- O
Let us now turn to the situation in the half-space, where we consider the following boundary
problem.

3.2.3 Theorem (Model problem in R ). Let (A— Ay, By) be parameter-elliptic in A. Here again,
we have Ayg(D) = (A?j (D))1<ij<n, where A?j (D) = Z|a\=si+tj ags DY with constant coefficients
aj; € C, as well as By(D) = (ng(D))lsfsM,lgjsN; where B?j(D) = szmﬁtj bfjfyoDﬁ with
constant coefficients bfj eC for1 <i,j < Nandl <l < M. Then, for every r > —1 + %,
o € R, and Ao > 0, the family of operators

(M) s T o H 3R BT R 13

is an isomorphism for X € A with |\| = Xo.
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Proof. The proof is similar to that of Lemma 3.2.2. The result is known for ¢ = 0, see The-
orem 2.5.6. Let L,.y(A) be the corresponding inverse. All involved operators commute with
(D', A\)?. Hence the inverse operator L, (A) for general o is given by

diag((D/, )7, ..., (D', A7) Ly (Ndiag (<D, A7, ..., (D', A7),

where the left diagonal matrix is of size N x N and the right one is of size (N + M) x (N + M).
Hence L, ) (A) has the same uniform norm-bound as L,,g)(}). O

Motivated by the last two results, we define the parameter-dependent spaces
EYY(Q) == H A\ (Q)  (with @ =R” or Q = R%}), (3-14)
as well as
FY7(R™) = H 77 (R™),

Fyo(RY) = H 377 (RY) x BN PR

(3-15)

for r,o € R. Then

—A
A— Ag: EX7(R™) — FL7(R™)  and (A 5 0) L ELO(R?) — Y7 (RY)
0

are both isomorphisms. Below, we will consider the case of variable coefficients which are close
to constant coefficients in an appropriate sense. As a preparation, we show some auxiliary
continuity results.

3.2.4 Lemma. Let (r,0) € R2.

(i) Let A be a system of differential operators in R™ as in (3-10) and assume (S1) to hold.
Let

M, := max ||G%HBUC”(R")
|al<si+t5,
1<i,j<N

for 1 < 4,5 < N. Then for every ¢ > 0 there exist constants 6 = d(e,r,0) > 0 and
Ao = Ao(Ma,e) > 0 such that

IA] L7 e my F7o mey) < €
holds for all X € C with |A| = Ao provided max,|—g, 41, |a$i]oo < 6 for 1 <i,j < N.

(i1) Let (A, B) be a system of boundary value problems of the form (3-10)—~(3-11) in R’} and
assume (S1) and (S3) to hold with r > —1 + %D. Let

Map = max |af|uceimn) + max ([ ——
) ¢(Rn—1)"
a2yt 143 (R%) Bl<mestt;, | IBUCHEM)
1<ij<N 1<0<M, 1<5<N
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Then for every € > 0 there exist constants § = 6(e,r,0) > 0 and X\g = Ao(Ma,p,c) > 0

such that
16| P——

holds for all A € C with |\| = Ao provided

max | ag; o + max ||b oo < O
lo|=s;+t; |Bl=m

for1<i,7< Nandl1<{< M.

Proof. The most important ingredients for this proof are the results on multiplication operators
from Lemma 3.1.11.
(1) We set Ag := (AY )1<ij<n With A = Djal= _— ag;(z)D* and A:=A— Ay Let e >0 be

fixed and w € H; T(R™) arbitrary. Then due to Lemma 3.1.11 (ii), there exist d(e,r,0) > 0
and A\g(Ma,€) > 0 such that for || = \¢ and appropriate ¢/ > 0 we have

[UTEDHp— <S Y lgon Wil 20

Jj= 1|a\ si+t;
< 8, 2 2 HDaijH;iler,o'(Rn)
J=1|al=s;+t; ’
€
SoN lwlgre @ny
for 1 < i < N given max|q|—g, 1+, lad]w < 6 for 1 < i,j < N. For Aw we use

Lemma 3.1.11 (i), as we only rely on the fact that the coefficients are multipliers. Thus,
we obtain the estimate

I(Aw)il,, w@wa 3 GO Wyl s gy

Jj=1 \cx\<sz+t]

<CMAZ > ||Dawj|\H;ii+r,a(Rn) (3-16)

7j=1 |Oé‘<8i+tj
< CMAHU)H]E':"\—I,U(R,”)
< CMA<)‘>_1”wHIE;’”(]R”)'

The last inequality holds true because we have

= [KD, XKD N wj | pageny < CO)THKD, MH(D" X7 wj | o gn)

w4 i+r—1,0
H JHH;]’;' ! (R")
uniformly in A for 1 < j < N, since (A&, A7 is a Mikhlin multiplier with symbol
estimates that are uniform in . As (\)"! vanishes for |\| — 0o, we can choose \g so large
that CMa{A)™! < 55 whenever [A| = .
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(ii) The calculations for A are similar to (i), we just replace the whole space estimates by
the half-space estimates. For the boundary operator B we use Lemma 3.1.11 (iv) instead,
noting that (S3) yields the required smoothness. Hence for B we split off the lower order
terms again. Then for a given € > 0 there exist 6(e,s,0) > 0 and Ao(Ma,B,e) > 0 such
that for |A\| = ¢ and appropriate ¢’ > 0 we obtain

N
I(Bow)el pmprso-iinguosy < D5 D5 000D s rso-tio gy
o J=118|=me+t e

N
!
< € 2 Z H,YODIBU)] ||B_m4+7'+a_1/p(Rn—1)
- JA
J=1|Bl=me+t; r

N
< CEI Z Z HDBUJ] HH;TE-'—T’U(RQ)
=1 [Bl=mett; ’

£
SON |wlgre @n)

for 1 < ¢ < M given max|q—, 14, [|afj|oo + max|g/—p, 14 Hb?j”oo <dforl<i,j <N and
1 < /¢ < M. Here, we also used the continuity of the trace from Definition 3.1.6. The lower
order terms can be handled as in (i) by applying Lemma 3.1.11 (iv) once more. O

3.2.5 Lemma (Small perturbation in R™). Let A— Aq be as in Lemma 3.2.2, and let A = Ao—i—;l,
where A = (Ajj)1<ij<n with
zzfz'j = gﬁj(l',D) = Z 5%(1‘)Da
|a‘<5i+t]‘
for1 <i,j < N. Moreover, let r,0 € R and assume (S1) to hold. Define § = 6(2—1p,7", o) and
Ao = max{Ao(Mj, i), 1} as in Lemma 3.2.4 (i), where

= su A— Ayt 7,0 (R0 BT (R1Y)) -
p w)PI I 0) " | LEne &y EL (R0

Then, if max|q|—s, 14, |Gl <8 for 1 < i,j < N, the operator family
A A EY(RY) - By (RY)
is an isomorphism for X € A with |\| = A¢.
Proof. Using Lemma 3.2.2, we can write
A—A=(\—A)(1—(\—A4) A (A#0).

Choosing § and g as stated and applying Lemma 3.2.4 (i) to ﬁ, we obtain

~ 1
1Al 7o @my F7 Ry < 2
whenever [A| = Ao and max|q|—s, ¢, [G[l0 < 6 for 1 < i,j < N. Therefore,
1

(A = AO)_lﬁ”L(]Ef\’”(R”)) <3




54 3 Systems of boundary value problems in spaces of mixed smoothness

By the usual Neumann series argument, 1 — (A — Ao)*lfl is invertible with

[(1— (A — Ag)tA) <2

-1
HL(IE;’U(R”))
for every |A| = Ao. We conclude that, for such A,
A=A = (1= —49) " A) " (A= 4"
with
IO = A) e ey g @) < 20 = A0) ™ e @) Epe @ny) -
Using again Lemma 3.2.2 completes the proof. O

3.2.6 Theorem (Small perturbation in R). Consider the boundary value problem (A — A, B)
with A = Ao+ A and B = By + B, where (A — Ag, By) is as in Theorem 3.2.3, A = (Ajj)1<ij<N
with

A’Zij = A’Zij (ZL’, D) = Z 6‘?‘A(x)Da
loe|<s5+t5

and B = (Byj)1<t<M,1<j<N with

Byj = Byj(x,D) = ) gfj(x)’YODﬁ
|Bl<mg+t;

for1<i,7< N and1 </l < M. Moreover, let r,o € R with r > —1 + %, and assume (S1) and
(S3) to hold. Define

p= lil‘;Pl HL()‘)|‘L(F§’”(R1),E;’”(R1))a
where L(\) denotes the inverse operator of the map in (3-13), and choose 6 = 5(%,7‘, a) and
Ao = max{)\o(Mg B ip), 1} as in Lemma 3.2.4 (ii). If

max [d%|e + max [B2]e <8
(i [T

for1<i,7< N and1 <l <M, then

(*37) mren - rrmy @17

is an isomorphism for X\ € A with |A\| = Xo.

Proof. We first note that by Theorem 3.2.3, the inverse L(\) of the map in (3-13) exists, so we

can write
(3= (3") () - (o) 00 (3))
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Choosing § and g as stated and applying Lemma 3.2.4 (ii), we see that

1
<32,
L(EY° (RT)FYI(RR)) 4P

~.

(5)

for all A € C with |A| = Ao provided

max [d%|e + max |52 <6
[l + max (5

for 1 <i,5 <N and 1 </ < M. Therefore

()

which allows us to use the Neumann series as above, yielding the desired isomorphism. O

1
<77

L(EYT(RY))

3.2 b) General boundary value problems

The analysis of the general case of variable coefficients is based on the classical method of freezing
the coefficients. In the following, let (A — A, B) be a system of boundary value problems in R’}
of the form (3-10)—(3-11) which is parameter-elliptic in A for all z € R? U {o0}. Let (r,0) € R?,
and assume the validity of (S1)—(S4).

For every point z € R, we consider the model problem A\ — Ay(zo, D) with frozen coefficients
ag’; (z9) € C and without lower-order terms. By the assumption of parameter-ellipticity, we can
apply Lemma 3.2.2 and obtain the existence of the inverse operator

(A = Ao(xo, D)) ™" € L(FY (R"), EY7 (R")).

In the same way, for o € R* 1 U {0} and 7 > —1 + %, we obtain from Theorem 3.2.3 the
existence of the inverse operator

Lo = (M) e ) By ),

3.2.7 Lemma. With the above notation, we have

pap = sup |(A— Ao(xo, D))~ ene memy e ey
z0€R1
AEA, |A[=1
+ sup HLCCO()‘)‘|L(F;"’(R1),E§’”(R1)) < 0.
.Z‘oERn71
AeA, [A=1

Proof. Let us consider the first supremum and assume this supremum to be infinite. Then there
exist sequences (zy)reny © R} and (Ag)geny < A with |Ag| > 1 such that

|(Ax — Ao (g, D))ilHL(FK’I:(R"),]EK’:(RTL)) — o (k—o0).

By passing to a subsequence we may assume that zj, — x* for & — o0 where either z* € R} or
x* = 00. Now write

Mk — Ao(zk, D) = M — Ag(a*, D) — A¥(D),  AM(D) := Ag(ax, D) — Ag(a*, D).
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Since Ag(z*, D) satisfies the assumptions of Lemma 3.2.2, we get
A — Ao(zk, D) = (A — Ag(z*, D))[1 — (\ — Ao(z*, D)) L A*(D)].

Now let

p* = Sup >\ - A[) :L’*, D -1 T,0 n r,o n
AeA,\A|>1”( ( ) HL(]F)\ (R™),E\” (R™))

which is finite due to Lemma 3.2.2. Using Lemma 3.1.11 (i), we observe similar as in the proof
of Lemma 3.2.4 that

A 1
k
sup ||A¥(D) 0 o T (o <
N, A[>1 [ HL(E/\ (R™),FL7 (R")) 2
for sufficiently large k, since the (constant) coefficients of AF (D) tend to zero for k — oo. It
follows that

~ 1
sup \— Ag(z*, D)) L A*(D ro mnyy K —
Ny I( of ) (D) g @ny) < 5

for all sufficiently large k. As above, using the Neumann series, we conclude that
-1 # —1 *
[(Xe = Aok, D))l ey ey e ey < 20k — Ao(@™, D)) gere my e ny) < 20

for all sufficiently large k. This is a contradiction.

To prove that also the second supremum appearing in the definition of p4 p is finite works
analogously. O

3.2.8 Remark. In the following, we construct a finite covering of R’} consisting of balls and
the complement of a ball centered in the origin. Afterwards, we need to extend the coefficients
of the localized problems to R", R}, and R"~1 respectively. To this end, we will use a general
extension function. We fix y € C*([0,00)) with 0 < x <1, x(2) =1for 0 <z <1 and x(z) =0
for z > 2 and define the function xy: R® — R™ U {00} via

ﬁ + x(%) (z— #) if there exists ' > 0: U = R™\B(0, ),

xu(x) = lo—y|
y+x(5A) (2 —y) if there exist ' >0, y e R" : U = B(y,r').

The function xy coincides with the identity on U and is later compatible with the parameter-

ellipticity of the local operators. Since we use reflection techniques for the construction of xy, it

is crucial that our covering consists of balls and the complement of a ball centered in the origin.

For the localization, we first apply Lemma 3.2.4 with ¢ =
Lemma 3.2.7. We fix

1 .
Tas where ps p is taken from

dp =20 )T O') >0 (3-18)

1
Cov
as being defined in Lemma 3.2.4. Let xy := o0 and Uy = {z € R" : |z| > 1o} where r( is
sufficiently large such that

oy g N By—pb N ;
o, Nai () = a5 (@0l e @y nmn) T g max, oy () =04 (@0) gy mn-ry < 00 (3-19)
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for 1 <i,j < Nand 1< ¢ < M with Uy := {reR":|z| > 2}, This is possible due to (S2)
and (S4). As the coefficients of A and B are continuous and B(0,79) n R" ! is compact, there
exists a finite covering R~ < U?:OO U with Uy := B(xg,ry) < R" for k = 1,..., Ky. Here,
x € R” ! and 7, > 0 are chosen such that

Q) gl N By — P N .
o, 1650) = e @0l @, ) + g max b () = by @0 n ey <90 (3-20)

with Uy = B(xy,2rg) for k=1,..., Ko, 1 <i,j < Nand 1 </ < M. We set

Ko
Omax = sup{(s >0: R x[0,0] U Uk}.
k=0

Similarly, as R\ Uszoo Uy is compact, we can choose x € R} and 0 < rp < 5"5”‘ such that
Ui == B(wg, 1) © {z € R" | 2, > 51“%} as well as R” < U?:o U, and

| |InaX Ha%() - a%(xk)||Lf(ﬁk) < do (3—21)
(=S8, i

with ﬁk = B(xy,2r;) for k=Ko+1,...,K and 1 <i,57 < N.

R 1
;
|
1
:
: Uo
To :
1
1
1
1
1
1
1
1
1
.
0 | Omax o
. :
1
1
1
1
1
1
|
1
—70 :
1
1
1
1
|
|
|

Figure 3.2: Example of a finite covering of m with Kg = 3 and K = 12. The grey part
visualizes Uy while the dark blue circles with centre points on R" ! form a covering
of the part of the boundary R"~! which is not already covered by Up. The light
blue circles are a finite covering of the remaining part of R7. Notice that they

are contained in {z eR™: z, > 5";”‘ } Additionally, the radii of those circles are at

most 5‘“% .
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3.2.9 Remark (Local operators and extensions). Let xg,...,zx be chosen as above. Starting

from the coeflicient functions af‘j and bfj let us define

for k=0,...,Kqgand, for k= Ky+1,..., K,

aif'(x) = afy(xv, () (z€R"),

where 1 <4,j < N and 1 < ¢ < M. Here, the function xy, is defined as in Remark 3.2.8. These

new coeflicients have the same smoothness as before. The function af‘jk coincides with a% on

Ui n R and Uy, respectively, b?jk coincides with bfj on Uy n R By (3-19)—(3-21), we have
Ha%k() - a%(xk)HL%(R,i) <dy fork=0,...,Ky,
Ha%k() - a?j(xk’)HLm(Rn) <6 fork=Ky+1,...,K, (3_22)
k

With the new coefficient functions we associate the operator matrices A% = (A%)King ~ and

k k :
B* = (ng)lsesM,lsjsN via

ij
|o|<si+t; |B|<m+t;

Afj = Afj(x,D) = Z al*(z) D, BZ- = BZ-(:E,D) = 2 bff(:n)ngﬁ.

We remark that the localization procedure contains a subtlety concerning the constants § and Ag
in Lemma 3.2.4, Lemma 3.2.5 and Theorem 3.2.6. We defined the neighbourhoods U, and the
radii 7 in dependence of §y which depends only on pa g, r, and o, see (3-18). For the new
coeflicients a%’“, bff, the | - |so-norm still satisfies the desired smallness conditions, as seen in
(3-22). However, as xy, appears in the definition of the new coefficients, the BUCf*-norm and
BUC-norm of the new coefficients, respectively, depend on Uy, and therefore on the radius
ri. Here, it is important that §p does not depend on the BUCPi-norm (in contrast to Ao, see
Lemma 3.2.4). Due to this, the above modification of the coefficients might lead to a larger
constant Ay, but we do not have to redefine the radii r;, which prevents a circular reasoning in
the definition of Uy.

3.2.10 Remark. The additional assumption on the derivatives of the functions af; (ﬁ) and

bfj (ﬁ) in (S2) and (S4) has technical reasons to preserve the ellipticity of the local operators.

It might be possible to omit this assumption by using the same extension a%o of the local
coefficients as before, that is a?jo(x) = af;(xv, (7)), but only for z ¢ B(0,7') with 0 <1’ < 2
sufficiently small such that we are close to af;(0) on the boundary of B(0,7'). As the ellipticity

condition is open, we can use (smoot@) convex combinations of the coefficients on the sphere
af‘jo (%) and a%(oo) for z € B(0,r") "R to preserve the ellipticity. In difference to the approach

presented above, this changes in general the range of the coefficient functions.
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3.2.11 Lemma. Letr,0 € R withr > —1+ %, and assume (S1)—(S4) to hold. Then there exists
a Ao = 1 such that the operators

A_Ak r,0 n r,0 n
gt )T EVRY) SFYRY) (=0, Ko),
A— AR EY (R 5 FY(RY) (k=Ko +1,...,K)

defined in Remark 3.2.9 are isomorphisms for every A € A with |A\| = \g. We denote the inverse
operators by Li(\) fork=0,..., K.

Proof. We split the operators into a part with constant coefficients and a perturbation, that
is, A¥ = A¥(z, D) = Af(xx, D) + A*(z, D). The operator B¥ can be decomposed in a similar
way. Due to the smallness property (3-22), the considered operators thus fit into the setting of
Lemma 3.2.5 and Theorem 3.2.6, respectively. This yields the assertion. O

In the following, we will fix a smooth partition of unity ¢ € C®(R"), k = 0,..., K, with
supp or € Ug, 0 < ¢ < 1, and Zlf:(] ¢r =1 on R?. In addition, we fix functions ¢ € C®(R"™)
with 0 < ¢ < 1, supp ¢, < Uy and ¢, = 1 on supp pi. We can solve (3-9) locally in Uy, using
the extended local operators in the half-space and in the whole space and their inverses Ly ()\).
However, the solution operators Lg()) are not local, so we have to multiply the half-space
solution by . In this way, commutators appear, which are estimated in the following lemma.
We write [-, -] for the standard commutator and use the notation 1)y, also for the operator of
multiplication by . For the boundary operators, the commutator [B*, ;] is defined as

[B*, y]w = B*(1hrw) — (vo1b) BFw.

3.2.12 Lemma. Let r,oc € R with r > —1 + %, and assume (S1)—(S4) to hold. Let Ry(\) be
defined on FY7(R%) by

AR oS X
Ro(\) (g) = Y ueE) ((%mg) N ) (3-23)
Then
(A ;A> Ro(A\) =1+C(N), (3-24)

where C(X) € L(FY(R?)), and there exists a Ao = 1 such that 1 + C(X) € L(FY(R")) is
invertible for all A € A with |\ = Ao.

Proof. As a first step of the proof, we show that the operators

_[ Ak
= (T ) € LETRY) (b= 0 K,

Cr(\) = —[A* Y] Le(\) € LFYY(R™) (k=Ko +1,...,K)

have arbitrary small operator norm for sufficiently large A. In the following, we only consider
the case k =0, ..., Ky, since the proof for k = Ky + 1,..., K is analogous (and simpler).
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To this end, let w € Eg_l’g(Rﬁ). For 1 <i < N we have

( Akﬂpk Z z]’wk

The operator [Afj, Y] is a differential operator of order not greater than s; +¢; — 1. Therefore,
[ a¢k] r 10(R”)—>H S+ra(Rn)
is continuous. Similarly, for the boundary operators, it holds
N
([B*, velw)e = > [BE;, tr]w;
j=1

for 1 < ¢ < M. Since the operator [Béfj, Y] is a boundary operator of order not greater than
my +t; — 1, [Bk, Y] is continuous as an operator

[BY ] B3 (RY) = BRI RY).

bl <£> ESM7(RY)
H LN <‘£>
(2)

for given e > 0, (f,9) e FY?(R"), k = 0, ..., Ko, and sufficiently large A, since Lj()) is bounded
from Fy7(R") to EY(R) by Lemma 3.2.11.

Similar as in (3-16), we get

oo ()

<C

P (RY)

<O~

EY7(RY)

<e¢€

F3(RY)

Now, we compute

(5" ) () - ) (5" (ih,) > (M5 )ezenenn

k=0 k=Ko+1

and treat each term separately. For k = 0,..., Ky, we obtain

(5" Jmmn () = (5 Jmmn (220,

(i) (o] (7))
(ommitens) * N (i)

~(ens) * O (i)
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For k = Ky + 1,..., K, we obtain in the same way

(A ;A) VLN (enf) = (Sokf " C’B()\)(@kf))

(") (5) - veon(()

) (;) :: %Ck()\)(( orf >+ i (Ck()\)o(ﬁpkf))

k=0 W0eR9)

Summing up over k yields

with

Note that for sake of readability we have dropped the extensions and restrictions from our
notation, here. More precisely, the upper entry in the last term above would be TR? C’k()\)e]%1 orf.

From the above commutator estimates and the fact that multiplication by ¢ preserves the
smoothness, we obtain C()\) € L(FY? (R")).

Using the Neumann series as in Lemma 3.2.5, we obtain that the operator 1+C/(\) € L(Fy? (R"}))

is invertible for sufficiently large A, and the norm of its inverse is not greater than 2. O

The last result provides a solution operator for the boundary value problem (3-9). To show
uniqueness, the following observation will be useful.

3.2.13 Lemma. Let E, F be Banach spaces, and let T € L(E, F) be a retraction, that is, there
exists Re L(F, FE) with TR = idp. Let Ey be a dense subset of E. IfT‘EO: Ey — F is injective,
then T is injective.

Proof. Let f € F and w € E with Tw = f. We choose a sequence (w;)eny © Fo with w; — w
in E for | — o0. As T‘EO is injective, we have w; = Rf;, where f; := Tw;. With the continuity
of T, we see fi = Tw; —» Tw = f in F, and from the continuity of R we get w; = Rf; —» Rf
in E. As the limit is unique, this yields w = Rf, which shows the injectivity of 7' O

The following theorem is the key result of this section.

3.2.14 Theorem. Let p e (1,00) and r,0 € R with r > =1 + L. Let (A — A, B) be a system of
boundary value problems in R”} of the form (3-10)—(3-11) which is parameter-elliptic in A for all
z € R™ U {0}, and assume (S1)—(S4) to hold. Then, there exists a Ao = 1 such that for every
A € A with |A| = Ao, the operator

(A _BA) E(RY) - B (RY) (3:25)

is an isomorphism. Its inverse is given by
() = RoN)(1+C()™" € L(FY (RY). B’ (RY)),

where Ro(A) and C(X\) are defined in Lemma 3.2.12.
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Proof. Let A\g be as in Lemma 3.2.12. We have
R(N) = Ro(\)(1+C(N) ™" e L(FY7 (R}), EY (RY))

by Lemma 3.2.11 and Lemma 3.2.12. From (3-24) we obtain

<A ;A) RA) = (1+CN)(A+CN)™" = idgrean) -

Therefore, the operator in (3-25) is surjective. To show injectivity, that is, uniqueness of the
solution, we remark that IFT\’O(]R’}F) and ET\’O(R’YF) are classical spaces. Thus, we obtain unique
solvability in these spaces, see Theorem 2.5.6. In particular, the restriction of the operator (3-25)
to Z(R?) is injective. Now, we can apply Lemma 3.2.13 with 7" = (’\J_BA) and R = R(\) in the
spaces E = EY7(R"), F = Fy’(R%), and Ey = & (R%). O

3.2.15 Corollary. In the situation of Theorem 3.2.14, let additionally o € (—o0,0]. Then, there
exists a Ay = 1 such that for every A € A with |A\| = Ao and

— r n —m+r+o—1 n—
(f.9) € H 3 (RY) x B, (R

the boundary value problem (3-9) has a unique solution w € EY(R’). In particular, we have

we HX(RY) and

[l et reqany < C(U gy + 19l mersoingn )
with a constant C' independent of \.
Proof. This follows immediately from Theorem 3.2.14 and the continuous embeddings

H $"(RY) c H Y79(RY) and  EY7(RT) = Hy 37 (RY) © HEATHO(RY).

O]

In Theorem 3.2.14, we considered the half-space case. For an operator A acting in the whole
space, the analogue results hold, where the proofs are similar but much simpler, due to the
absence of boundary operators. We obtain the following result.

3.2.16 Lemma. Let A = A(x, D) be an operator matriz of the form (3-10) with coefficients
ag;: R" — C, and assume that A — A is parameter-elliptic in A. Let r,0 € R, and assume (S1)
and (S2) to hold. Then, there exists a Ao = 1 such that for every A\ € A with |\| = Ao, the
operator

A—A:EY7(R") - FY°(R™)

18 an isomorphism.
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3.3 Systems of boundary value problems in domains

We now consider (3-9) in a bounded or exterior domain. Throughout this section, we assume
Q to be a domain with compact boundary I', and (A — A, B) to be a system of boundary value
problems which is parameter-elliptic in some closed sector A < C with vertex at the origin.
Moreover, we assume (S1)—(S3) and (S5) to hold.

As the definition of the spaces H>'7 o IS non-canonical in domains, we will only consider standard
Sobolev spaces on €2. For the constructlon of the solution operators, we will use local coordinates
where the spaces H S(R%) are available.

We start with some remarks concerning the localization technique: Let zo € I'. Since the domain
Q has a C™ax; i+ boundary, there is an open set Uxo containing xo, a radius 7, > 0 and a
Cmax; 4 +17']_diffeomorphism ¥y, : Vay — Uy, where Vi, = B(0,2r4,), such that

Do (Vi N R%Y) = Up, n Q0 and  94,(0) = 0.

We set Vy, := B(0,ry,) and Uy, := Uy (Va,). By compactness of T', there are z1,...,2x, € I’
and open sets Uy, ..., Uy, as above such that I' < Uiiol Us,. For the sake of simplicity, we
shall use k instead of xj as index.

R 1 r
2 R /K 0

Tk

Tk
Yn
0 Vi Tk 2ry, Uk N
~ Uy
Tk Vi
_27ak \/
—1
1919
Figure 3.3: Visualisation of the diffeomorphism 1, and its inverse 0;1 for ke {1,...,Ko}.

We proceed similarly as in the half-space case. Hence, we define

Ko
Omax ::sup{5>0:{er:iglﬁ|x—z|<6}CkL;JlUk}.

If Q is bounded, Q\Ufzol U} is compact, and we can choose zj in 2 and 0 < rp < 5“;" such
that

Omax }

; (3-26)

Uy == B(zg, i) C {x eN: inlﬁ |z — 2| >
ZE

fork=KU+1,...,Kand§cU£(=1Uk.
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In the case of an exterior domain, this construction has to be slightly modified. We first define
Uko+1 == RM\B(0, 7k, +1), where the radius 7,1 is chosen such that R"\Q < B(O, %%) Now
O\ Uszofl Uy, is compact, and we choose zj and r with (3-26) for k = Ky + 2,..., K such that
again Q) c Uéil Uy. For formal reasons, we define Vi, := Uy and ¥y, = idy, for k = Ko+1,..., K.
3.3.1 Remark (Local operators and extellsions)fv. Let z1,...,xx be chosen as above. For
k=1,..., Ky, we define the local operator A* = (Afj)lgi,jgN as the pullback of the operator A
by 9. More precisely, for v € C'OO(V;C), we write
(Af0)(y) = Ao 0, N WOk(y) = >, a@F)D(y) (ye Vi nRY).
lo| <55+t
The explicit description of the coefficients 5%"” (Faa di Bruno’s formula, see Formula B of [32])

shows that &Z‘-’jk contains the function a;ovy as well as derivatives of 19,;1 up to order s;+t;+1—|c
for |a| = 1 (and no derivative for |a| = 0), concatenated with ¥;. Hence, we always need at most
s; + t; derivatives of 19,;1, which ensures 5%’“ e BUCI¥! because of P = s+ pg for 1 <i<N.
Consequently, condition (S5) implies that (S1) also holds for 5%’“.

In the same way, we define the local operator B* = (EZ)KKM,KKN via
~ B gk ~ B
(Bi)) = Bry(wo o N0sw) = 3, by WoDu(y) (e Vi nR")
|B]<me+t;
for k = 1,...,Kp. By an easy case-by-case analysis, we get [p'| = my + |kj| + 1 = my + k¢ and
thus (S5) also implies that the coefficients of the transformed operator B}fj satisfy (S3).

For k = Ko+ 1,...,K and y € B(xg, 2ry), we set ?Liajk(y) = af;(y) with some obvious modifica-
tions for k = Ky + 1 in the case of an exterior domain.

Again with the general extension function from Remark 3.2.8, we extend the coefficients G&¥

and EZ k%o R}, R™ and R”_l, respectively. We set N
alf(y) =3 (v (y) (WeRT)  fork=1,... Ko,
atf(y) =aF (v (v) (yeR")  fork=Ko+1,... K,
b (y) =0, (v (y)  (yeR™™) fork=1,..., K.
Finally, we define
Abo(y) = ) af()D%(y)  (yeRL)  fork=1,... K,

|o<si+t;

Afjv(y) = Z a%k(y)Dav(y) (y e R™) for k=Ky+1,..., K,
|a<si+t;

BZv(y) = Z bff(y)'yoDﬁv(y) (yeR™Y  fork=1,..., K.
|B]<myg+t;

The extended local operators A* and B¥ satisfy the above smoothness and ellipticity assump-
tions, see Remark 3 in Chapter 4 of [25]. Therefore, we can apply the results from Section 3.2.
However, as we do not have the spaces H;j\' in domains, we use the standard Sobolev spaces as
in Corollary 3.2.15.
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Thus, we additionally consider the spaces
EY7(Q) = HITH (), (3-27)
Fyo(Q) = H 37 (Q) x B, () (3-28)

pp,

and the analogue spaces with Q being replaced by R’f. We also set £, (R") := H;j\”"(R") and
FYO(R™) = HZ;/S\” (R™). Note that for o < 0 we have the continuous embeddings

FOcF and BT £17 (3-29)
see Proposition 3.1.2 (iii).

3.3.2 Lemma. Letr,0c € R withr > -1+ %, and let A* B* denote the extended local operators.
Then there exists a Ag = 1 such that the operator families

/\_Ak r,o n T,0 n
g JPEV(RY) S FYRY) (k=1 Ko),

A— AR BV (R™) - FYY(RY) (k=Ko +1,...,K)

(3-30)

are isomorphisms for A € A with |A\| = Xo. We denote the inverse operator by Li(\). For o <0,
the restrictions of Li(X) to Fy7(R™) and F\7 (R™), respectively, yield bounded operator families

L) € LFT (R, &7 (R)) (k= 1..... o), o)

Lp(X\) € L(FY°(R™),E7(RY)  (k=Ko+1,...,K).
Proof. We have already seen that A*, B satisfy conditions (S1) and (S3). Conditions (S2) and
(S4) follow directly from the fact that the extended coefficients are constant far away from the

origin by construction. Hence the statement follows for k € {1, ..., Ko} from Theorem 3.2.14 and
Corollary 3.2.15 and for k € {Ky+1,..., K} from Lemma 3.2.16 and the embeddings (3-29). [

To solve (3-9) in , we first construct an approximate solution operator Ry(\), using the local
solution operators Li(\) from Lemma 3.3.2 and the local coordinate maps 9 for k = 1,..., K.
Setting Orv :=v o 19,;1, the C™a%; 4 +1¢'l_diffeomorphisms 9}, induce isomorphisms

@k: H;T)',)\(Vk N R:L») - ;,A(Uk N Q) (k = 17 s 7K0)7

T T (3—32)
O: Hp,)\(vk) HHp,A(Uk) (k = Ko+ 1)5K)

for r € [0, max; t; + [p']]. Since we have @k(H;)\(Vk NR7Y)) = H;/\(Uk N ), we even get (3-32)

for all |r| < max;t; + [p'] via duality, see Theorem 3.5 of [75].

We fix a smooth partition of unity (¢$)1<k<x = CP(R"™) with supp ¢! Uk, 0 < ¢f¥ < 1 and
S 9P =1 on Q. Additionally, let (¢)1<pcx © CP(R™) with 0 < 9 < 1, supp e Uy
and w,? =1 on suppcpg. We set ¢ = @;lw,? = 7,/),? ot for k = 1,..., K, where here and
in the following, we identify functions with compact support and their trivial extensions for
sake of readability. Without this identification, we have for instance v = e?/k@lzl(r(jkwg) for
k = Ko+ 1,...,K, where again ry, stands for the restriction to U} and e?/k for the trivial
extension to R™ by zero.
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Note that for r € [0,max;t; + [p']] the mappings Oy: H o (Ve nRY) — H,"(Ug 0 Q) and
eV, P'(Vi,) — 2'(R") are defined via
Vie
(Orv)(u) = v(@,;lu) =v(uody) (ve H,"(VinRY), ue Hg(Uk N Q)),
(€),0) () = v((e)|y,) (ve 2'(Vk), p € 2(R"))
for ¢, € Z(R"™) with supp ¢, < Vi, ¥, = 1 on suppv and ]% + % = 1. This definition does not
depend on the concrete choice of v,.

Moreover, by the definition of Besov spaces on the closed ™% £ +[¢'l_manifold T, the restriction

ﬁk‘vka" Vi n R — U, AT induces the continuous mappings
Orti: By A(R™™Y) = By, \(D), (3-33)
O ek Bypa(D) = Bl (R

for k =1,..., Ko and all |r| < max;t; + [p'].

In the following let A\g = 1 be as in Lemma 3.3.2. The approximate solution operator Rg(\) is
formally defined as

() ZLQ <’7090k)> Z LN (@i f) (3-34)

k=Kop+1

for A € A with |A| > Ag. Here, L}()\) is given by
Q AN 1 (f _
Ly () g) = O,k Li(N)O; p (k=1,...,Kp),

LY = Opbi Li(\ O f (k=Ky+1,...,K).

3.3.3 Lemma. Let r,0 € R withr > —1 + l and o < 0. Then the operator Ro(\) in (3-34) is
well defined on F\7(Q) for X € A with |A] > )\0 and yields a bounded operator family

(3-35)

Ro(A) € L(F{7(2), €, (). (3-36)

Proof. The continuity of Rp(A) in the corresponding spaces follows from (3-32), (3-33) and
Lemma 3.3.2. ]

In the following, we modify Rg(\) to get a solution. For this, we compute (A — A, B)Ry(\) (’;),
where we may choose (f,g) sufficiently smooth such that the classical theory can be applied.
Therefore, we introduce r’, and assume from now on that r, o, 7’ € R satisfy

1
r>—-1+-, —-1<o<0, 7>r (3-37)
p

Moreover, we assume (S1)—(S3) and (S5) for (r, o) (as before) and also for (+7,0). The conditions
with respect to (1/,0) collapse to p} =1’ —s; and kj = ' —my — 5.
In contrast to the half-space situation, we have a restriction on ¢ in (3-37). This is caused by
the commutator estimates and the fact that we only consider standard Sobolev spaces in €.
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3.3.4 Lemma. Let r,o and r' satisfy (3-37).

(i) For A€ A with |\| = X\o, we define the operator Ci(\) by

_ T Ak
o)) = ( [ﬁ,;ﬁiﬁ]ﬁ’“m k=1,...,Kp),

Cr(N\) == —[A* ] Li(N) (k=Ko+1,...,K).
Then

CL(\) € L(FLO(R™)) (k=1,...,Ky),
Cr(\) € L(FI7(RY) (k=Ko +1,...,K)

>

with arbitrary small operator norm for sufficiently large .

(i) Let (f,g) € f§l’0(ﬂ). For Ro(\) as in (3-34), we get

(A - A) Ro()) (g ) = (1+CN) (g ) (3-38)

with an operator C(X) € L(Fy°(R)). Additionally, there exists a A\i = Ao such that
1+ C(\) € L(Fy°(Q)) is invertible for all X € A with |\ = A;.

Proof. We adopt the ideas of the proof of Lemma 3.2.12.

(i) Without loss of generality we assume k € {1,..., Ko}. Let 0 < & < 1+ 0. First, we observe
that the mappings

[Ak, %] : g;—e,cr (Rﬁ) _ H;:&/—\r—a—i—a (Ri) N Hp—})s\—i—r (Ri)
and

o — -1 —_
[BY,i]: €777 (RY) —» BT PR

are continuous. To see the continuity of the commutator of the boundary operator, we

notice that

k . pptitr—e+o mn —myg+r—e+o+1-1/p —my+r+o—1/p
[Béja ¢k] : Hp,)\ (R-‘r) - Bpp,)\ < Bpp,)\

is continuous for j € {1,...,N} and ¢ € {1,...,M} with —my +r +0 —1/p < 0. If
—my + 1+ 0 —1/p > 0 we directly obtain the boundedness of

[BZ,wk] H—;j*FT*EJrU(R'i) N Bpfpmfrﬂrafl/p

as the appearing traces exist in the classical sense.

In addition, we have Li(X) € L(Fy7(R%), £y (R™)) by Lemma 3.3.2. This and the above
mapping properties for the commutators show Ci(\) € L(Fy?(R")) with arbitrary small
operator norm for sufficiently large A, where we can argue as in the proof of Lemma 3.2.12.
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ii) It holds Rg(A ) e £7°(Q) due to Lemma 3.3.3, and, as r’ > 0, the boundary operator B
g A
can be applied to Rp(A) (g ) in the classical sense. Using calculations similar to the ones in
the proof of Lemma 3.2.12 and the equality @k(wk@gl(gp? )) = YSLf, we get

(") men(5) = -rcon(()

() Egkc 1(( i >+ i (@kck(»g)kl(so%f))_

0939 k=Ko+1

with

From (i) and the fact that multiplication by go% and the coordinate transformations ©j,
O, preserve the smoothness, we obtain C'(\) € L(Fy7(2)) with arbitrary small operator
norm for sufficiently large A. Proceeding as in the proof of Lemma 3.2.12, we conclude
that the operator 1+ C(X) € L(F7(2)) is invertible for sufficiently large A, and the norm
of its inverse is not greater than 2. O

The following theorem is the key result of this section and gives an a priori estimate for the
solution operator of (3-9) in spaces of rough regularity. Note that we first consider smooth
functions, where the boundary operators are defined in a classical way and where we know unique
solvability by classical results. However, the a priori estimate gives a continuous extension of
the solution operator to larger spaces.

3.3.5 Theorem. Let (A — A, B) be parameter-elliptic in the sector A, and let r,o,r" € R sat-
isfy (3-37). Assume (S1)-(S3), (S5) to hold for (r,o) and (r 0). Then for all X\ € A with

|IA| = A1 and every (f,g) € fﬁl’O(Q) the unique solution w € 5T Q) of (3-9) is given by

w = ROV (g ) — Ro(\)(1+C ()™ (g)

where A1 is as in Lemma 3.3.4 (ii). Additionally, we have the a priori estimate

[0 (g <)

with a constant C > 0 not depending on f,g or \. In particular, the solution operator R(\)
extends uniquely to a continuous operator family

R(A) € L(Fy7 (), £7()).

(3-39)

(@)

Proof. First, we remark that f§l’0(Q) and EKI’O(Q) are classical spaces, and therefore we obtain
unique solvability in these spaces, see Proposition 2.5.6. By Lemma 3.3.4 (ii), the operator

14+C(\) is invertible in L(]—"r O(Q)), and from Lemma 3.3.3 we get Ro(\) € L(]—';l’o(Q), 5;170((2)).
Therefore, w := R(\) (g) € 5; Q). As

(3 Jeascom-cor()- ()

by Lemma 3.3.4 (ii), w is the unique solution of (3-9). Finally, the a priori estimate (3-39)
follows from Lemma 3.3.3 and (1 + C(X))™! € L(F,7 (). O
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3.3.6 Remark. As shown in Remark 4.4 of [12], we also get suitable a priori estimates for
systems of boundary value problems with different boundary operators on disjoint and not
connected parts of the boundary, given that each part of the boundary fulfils the Shapiro—
Lopatinskii condition. To be more precise, let 02 = I'1 u I'y, where I'1 and I'y are compact,
disjoint parts of the boundary of Q. In addition, let (A — A, By) and (A — A, Bs) be parameter-
elliptic, where the orders are encoded in t,s,m; and ms. In the setting of Theorem 3.3.5, the
solution of

A=Aw=f inQ,
Biw=g only,
Bow=g only

is unique and satisfies

rTo < —s+r —mq+r+o— —mo+r+o— . -
[l gesrsm oy < C (I yeriay + 10l misrsoingy) + 10l mosrso v, ). (3-40)
Basically, the reason is that we use methods of localization, where (A*, B*) only notices one of the
compact, disjoint parts of the boundary such that the order m might also depend continuously
on x € I'. However, this means that m is constant on each compact, disjoint part of I'. This
fact is rather useful in the context of transmission problems.

3.3.7 Remark. Notice that we used the classical regularity for f and g to get estimates in
rougher spaces. It is also possible to extend this theory to functions f and ¢ with slightly
less regularity. Here, the main issue is to guarantee the existence of the appearing traces. As
Theorem 3.3.5 is sufficient for the application given in Chapter 4, we skip the precise formulation
of the stronger result and refer to Theorem 4.9 of [19] for details.

3.4 Time-dependent systems in the Hilbert space setting

In this section, we discuss the connection between parameter-dependent and time-dependent
systems. The rough idea is that the Fourier transform converts a time-dependent system into
a parameter-dependent system, such that we can apply the results of the previous section also
to time-dependent problems. For the sake of simplicity, we only consider parameter-elliptic
systems in the Hilbert space setting. One of the advantages in the case p = 2 is that Besov- and
Bessel potential spaces coincide and that we can make use of Plancherel’s Theorem as well as
the Theorem of Paley—Wiener.

During the whole section we assume p = 2 and omit the index p in the appearing spaces. Similar
to [37], we introduce the spaces

N
HSY(T x Q) := L*(Z, H3(Q)) n HY(Z, L*(Q H T,H%(Q)) n H% (T, L*(Q))
for N e N, s,t € RV, an interval Z R and Q c R™.

We start with an observation on how the parameter-dependent norms fit into the time-dependent
spaces.
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3.4.1 Lemma. Let Q < R” be open and t € RN with t > 0. Then
HEYH(R x Q) = {w e L*(R,H'(Q)) : J H(ﬂlw)()\)\ﬁ{;(m d\ < oo} :
R

An analogue statement holds for the boundary I' of €.
Proof. Let we HY*/M(R x Q). According to Lemma 2.1.7 and Plancherel’s Theorem it holds

JR H(%wa‘)(A)HZ;j @ JR [(Frw) M, g + [V (Frw)) (V][7 0y dA

= 1105 P s gy + 1+ V2200 a2

~ ij”i%R,Htj () + 1+ |2)tj/(2u)§1wjH%Q(R,LQ(Q))

= Jlwjl

2
L2(R,H' () + ”ijHtj/”(RL?(Q))

for j =1,...,N. Consequently,

| U0 O gy 02 ~ Tl ey (3-41)
]

As we mainly deal with functions which have support in the positive half-line, we need a gener-

alization of the previous lemma for functions f with f ‘( = 0. One of the main ingredients

—00,0)
is the Theorem of Paley—Wiener. It describes what the Fourier transform of a function with

support in the positive half-line looks like and vice versa. We only mention the statement and
refer, for instance, to Theorem 1.8.3 of [8] or Theorem 4.2 of [80] for a proof.

3.4.2 Proposition (Paley-Wiener). Let H be a Hilbert space.
i) Let f e L?>(R, H) with f = 0. Then (#1f)(—i-): C, — H is holomorphic with
(=0,0)

e = s [ 1Z0) = i)l
z>0 JR
where C4 := {z € C: Re(z) > 0}.

(it) Let h: Co — H be holomorphic with sup,q§g |h(z + iy)|3, dy < . Then it holds
(F7h) (i) € LA(R, H) with (9{%)(1'-)\(_0070) = 0.

In the following lemma we present another type of shift operator in the Sobolev scale. The

advantage of (1 4-)~? in contrast to (1 + | -|?)~#/? as a shift function is its holomorphy, which

allows us to apply the Theorem of Paley—Wiener to preserve the support of the shifted function.

3.4.3 Lemma. Let H be a Hilbert space and s € R. For S € R and f € H*(R, H) we define
Sgf = Y1 +i-) P2 f.
The operator Sg has the following properties.
(i) Sg: H*(R,H) — H**P(R, H) is an isometric isomorphism for B € R.

(ii) If s, =0 and f e H*(R, H) with f‘(iwo) = 0, we also get ng‘( 0.

—00,0) =
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Proof. We show the two statements separately.
(i) Because of |1 +i)\|? = 1+ |\ for A € R we obtain
1S fll oo (m,ery = (141 %) A2 (1 + i) P2y
= [+ |- PY 21 f |2,y
= || fll s (m, 1) -
One can easily see that Sg is invertible with Sgl =5_3.

(ii) Now, let s,8 > 0 and f € H*(R, H) with f|(700 o) = 0- As s > 0 we have f € L*(R, H)
and obtain that %1 f(—i-): C; — H is holomorphic with

Hf”%? R,H) — SupP (1) (y — ix)|F dy.
(R,H)
z>0 JR

In addition, the function (1 + -)~# is holomorphic and bounded because of
11+ A7 = |exp(—Blog(1 + )| = exp(—F Re (log(1 + \))) = exp(—Flog|l + A\|) < 1
for A € C,. Therefore, we can apply the Theorem of Paley—Wiener to the function
hi=(1+)PZf(-i): Cy > H

to get ng‘ = (Zh) (i = 0. O

(—o0,0) ‘( 0,0)

The next lemma gives another characterization of the norm in H*(R, H) whenever the support
of the function of interest lies in the positive half-line. The result is based on ideas of the proof
of Theorem 6.3 in [37] but it is extended to non-integer numbers s > 0.

3.4.4 Lemma. Let H be a Hilbert space, s > 0 and f € H*(R, H) with f‘ = 0. Then

ey % 510 | (1% o+ )1 (P2 = i)

Proof. First, we assume s = k to be a natural number or zero. Thus, we can apply the Theorem
of Paley~Wiener to the j-th derivative f) of f for j =0,..., k. We get

k
1y = 25 1P o

7=0

= 3o J [(Z1f D)y — i)|% dy

k
Z J|x+zy|f| )y — i) dy

~ sup j 1+ |o + iy (1 )y — i) |2 dy.

x>0 JR
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For arbitrary s > 0 we set 3 := [s] — s and obtain

£ gty = 1558100 gy
~sup [ (14 fo + iS50 o — i) By dy

>0 JR

= SUPJ (14 |z + iy + 2 + iy [P (P )y — i) | dy
R

x>0

~ sup f (1 + |z + iy ) (Ff) (g — ix) |3 dy

x>0 JR
due to Lemma 3.4.3. In the last step we used |1+ X| <1+ |A| < C(1 + |A\[*)¥? and
L+ AP =1+Re(A\)? +Im(A\)? < (1+Re(N)* +Im (V) = |1 + A]?
for A\e C,. O
3.4.5 Lemma. Let Q < R” be open. Ift € RN with t > 0 and f € HY*/M(R x Q) with

f‘(—oo,O) =0, we get

sup [ 1AW= i)l o0~ 1 anncy

>0 JR

Proof. For a function f € H*¥#(R x Q) with f| (—oo0) = 0 it holds

supf (Ff) i), dy

>0 z+zy ()

%

sup [ (1) = i0)ye )+ <o+ 9 (P11 = i)y dy

x>0 JR

~ supf [(F1LI) (= i)y ) + L+ |2+ i) (T L)y — i) 720 dy

>0
<C(I5 iy + 1 o)

for j =1,..., N due to Lemma 2.1.7 and Lemma 3.4.4. The second inequality

112 ey < C'sup fR I(F )y — ix)\l%;my(g) dy

follows from (3-41). O

In the following, we assume {2 © R" to be a domain with compact boundary I', and (A — A, B)
to be a system of boundary value problems in €2 of the form (3-10)—(3-11), which is parameter-
elliptic in a closed sector A > C,. Moreover, we assume r > 0 and (S1)—(S3) and (S5) to hold
for (r,0).

3.4.6 Lemma. Let Z < R be an interval and r = 0. Then, it holds

HE /(T Q) « HY(T, H=517(Q)). (3-42)
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Proof. Let j € {1,...,N}. Because of s; +t; = p€ N we have t; > 0. If s; = 0 and r = 0, it
holds ¢; +r = p and the claim follows trivially from the definition of the space H%"1(Z x Q). So
we may assume 7 > 0 or s; < 0 such that t]% € (0,1). We get

[L2(Z, H' ™ (Q)), HGMT, L) gy ey = HY (L, HIT7H(Q)) = HY(Z, H59V7(Q))

by complex interpolation, see Theorem 3.18 of [51]. Since the intersection of the spaces is always
a subset of the corresponding interpolation space, this shows (3-42). O

3.4.7 Proposition. Letr = 0 and A1 > 0, R(\) be as in Theorem 3.3.5 for A € A with |\| = A\,
where A © C.. In addition, we assume

fe Hferr,(ferr)/u(R x Q) and ge H7m+r71/2,(7m+r71/2)/,u(R % F)

with f‘(iwo) = 9‘(700,0) = 0. Then we get F; 'R(\; + i) (g) e HE /MR x Q) with

FTIR(\ +1i) P (ch)‘(—oo,o) = 0. In particular, we have

FTIR(\ +1i) P (g ) (0) = 0. (3-43)

Proof. We define h: C. — L?(2) via h()) := R(\1 + A%, (g)(—z’)\) for A € C.. The function h
is holomorphic due to the Theorem of Paley—Wiener and fulfils

(" 2

R(M + x + 1y)F <£> (y —ix) dy

su h(z + iy)|? dy < Csu
a:>18 JR H ( y)HLQ(Q) Y x>13 JR 5;10+z+iy(9)

2

R
f) :
< C'sup F ( Yy —ix dy
x>OJR "\g ( ) P (0)
r
f) , ‘2
< Csu F —ix d
P e 1(9 e

2 2
<C (Hf\|H—s+r,<—s+v->/u(RXQ) + HgHH—m+r—1/2,(—m+r—1/2)/u(er))

because of Lemma 3.4.5. Thus, we can apply the Theorem of Paley—Wiener to the function A
again to obtain F ' R(\; + i-).F (5) ‘(_OO 0 = 0. In addition, it holds

2

Hﬁ;lR(Al )T <£> )

HE+7. (7)1 (R X Q)

S\ (12
<C JR RGN 20 gy A

<ch |7 (g) )

<C(I By asnssrmqaay 191 mersmcmers o)

2

FQ)

according to (3-41). In particular, we get that
TR 4007 (g ) e HO (/MR x Q) « HY(R, HST7(Q))

is continuous due to Lemma 3.4.6, which shows (3-43). O




74 3 Systems of boundary value problems in spaces of mixed smoothness

With the help of Theorem 3.3.5 we are now in the situation to formulate an a priori estimate
for the solution of the time-dependent system. For the sake of readability we restrict ourselves
to the case r = 0.

3.4.8 Theorem. Let (A — A, B) be parameter-elliptic in A > C., and let o € (—1,0], T > 0.
Assume (S1)—(S3), (S5) to hold for (0,0) and (0,0). We set
H={weH *(Q):(Bw),=0forfe{l,..., M} with —my > pu},
D(A) = {we H*(Q) : Aw e H, Bw = 0}
and suppose that A: H > D(A) - H with Aw = Aw for allw € D(A) generates a Cy-semigroup
on H. In addition, we assume that the time-dependent problem
ow — Aw = f in (0,7) x €,
Bw =g on (0,7) x T, (3-44)
w(0) =0 in

possesses a solution w € C([0,T], H4(Q)) n CL([0,T], H 5(Q)) for given

f c H—Sv—s/ﬂ((_oo,T) X Q),
ge Hm=1/2.(-m=1/2/u((_on T) x T),

where f|(7000 = 0. Then, we have

)y~ Y |<foo,o>

2 2 2
Hw”HHa,(Ho)/u((o,T)XQ) <C (‘|f“H75175/H((07T)><Q) + Hg‘|H7m+071/2,(7m+071/2)/u((U,T)xr)) :

Proof. We fix Ay > 1 as in Theorem 3.3.5. Let E be a continuous extension operator, which
extends the appearing functions from (—o0,7T") to R while preserving the smoothness such that
Efliyrony = Edlgra = 0- We set f(N) = (F1(eEN)(A) and §A) = (Fi(e N Eg)) (V).

Due to Lemma 3.4.1 we have (f()\),§(\)) € ]:floJrZ/\(Q) for almost every A\ € R. According to
Theorem 3.3.5 the parameter-dependent system

(A1 +iX — A)(@(N) = f(A)  inQ,
B(w(A) =g(A) onT

possesses a unique solution w(\) € 52’10+ () with

[@(A) < Clo(A)] o0

Fo)
leo () o @) <C| (g(A)

for almost every A € R. Since

]-‘E’IC’HA(Q) S CH(

(M FT0()) () — A FT () () = M(FTH (A + i —A)w()(1)
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and B(eM . Z1i(-))(t) = (Eg)(t) for t € R, the function wg := e (F 1b(-)) is a solution of
dwp — Awg = E in R x €,
iwp — Awg = Ef  in (3.45)
Bwg = Fyg on R xT.

Because of f‘(_oo 0 = 9‘(—00 0 = 0 and Proposition 3.4.7, we obtain wg(0) = 0. In particular,
we have w — wg € C([0,T],H) with
(0 — A)(w—wg) =0 in (0,7T),
(w —wg)(0) = 0.

This means that w—wg is a mild solution of the Cauchy problem in the sense of Definition 2.3.1.
As the mild solution is unique due to Proposition 2.3.2, we obtain w E‘(o ) = W Using that e

is a bounded multiplication operator in Ht+oE+0)/1((0,T) x Q), we get
lwlfeso ooy < CIZT @) Frorornmn)

<O | w200, dX
[RER.

<o 1(4)

-1 72 —1 2
< C(1F Framnany + 171 3 miomsncmbo )

dX

2
FYo(Q)

< C (1B a sty * 1B asomsia sy

2 2
<C (||fHH—S7—S/u((07T)><Q) + Hg”H—m+o—1/27(—m+rf—1/2)/u((0,T)xI‘)) '
O

3.4.9 Remark. As the solution w in the theorem above only exists in the finite time interval
[0,T], we cannot transform the equation to a parameter-dependent problem via the Fourier
transform without extending the right-hand sides. Thus, we have to show wg = w in (0,7) in
the time-dependent setting. Both solutions w and wg solve the problem in the Sobolev sense.
We only use the theory of mild solutions to guarantee the uniqueness of the solution. This is
also the reason why we assume that A generates a Cy-semigroup. Actually, this assumption
seems to be rather strong as we already know the existence of a solution. Anyway, in many
cases the parameter-ellipticity implies that A is the generator of a Cy-semigroup. An example
is discussed in the next section.

3.5 The thermoelastic plate equation
As an example for a parameter-elliptic system in the sense of Douglis—Nirenberg, we consider
the thermoelastic plate equation
ugy + A%u+ A0 =0 in (0,T) x €,
Ht—Aut—A9:0 in(O,T)xQ

in a finite time interval (0,7") and a sufficiently smooth domain € with various boundary con-
ditions.
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Written as a first-order system in time, we obtain
orw — Aw = 0,

where w = (w1, wy, w3) correlates with (u,u:, ) and A acts in the form of the matrix

0 1 0
A=AD)=[-A% 0 -A}|. (3-46)
0 A A

The operator A is a Douglis-Nirenberg system with t = (4,2,2) and s = (—2,0,0). We take a
closer look at the two variants

1 0 0 -0, 0 0
Bi(D)=|—-0d, 0 0 and By(D)=|[ 0 0 1 (3-47)
0 0 —0,+1 oA 0 0y

of boundary conditions. The problems (A— A, By) and (A— A, Bs) fit into the Douglis—Nirenberg
setting with m; = (—4, —3,—1) and my = (-3, -2, —1).

We check that the systems are indeed parameter-elliptic and construct a suitable operator A on
a Hilbert space H such that A is the generator of a Cy-semigroup of contractions. Finally, we
apply Theorem 3.4.8 to gain generalized a priori estimates.

3.5.1 Lemma. The boundary value problems (A— A, B1) and (A— A, B2) are parameter-elliptic
in the closed sector C.

Proof. First, we observe

A -1 0
det(N — A(€)) =det [ [¢]* A —[¢?
0 [P A+[eP

= N+ ) + 1M+ 1) + 1A
= N+ PN+ 20 A + [¢°

for ¢ € R® and A € C,. It is known from Lemma 2.3 of [63] that there are 71,792,753 € C with
~v1 € (0,1), Re(y2) € (0, %), Im (72) > 0 and ~2 = 73 such that

MEAZ 204+ 1=A+7)\+72)\+93).

Therefore, we have

3

det(A — A() = [ [(A + I€*))-

j=1

To show that the Shapiro-Lopatinskii condition is satisfied, we consider the system of ordinary

differential equations
D o S R w) _ (0
(e s Pkl (6) =6 4

for 0 # (¢,\) e R~ x C .
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Let (u,0) be a stable solution of (3-48) with /(0) = 0. Similar to Lemma 4.1 of [63] and [23],
we multiply the first row in (3-48) by Aw, the second one by 6, sum up and integrate over (0, c0).
This yields
0 = AP Jul? + (05 = [€'1%)u, uy + M (05 — 1€']%)0, u)
+ M = 07)u, 0) + (A + [€'2 376, 6),

where || - | == | - | L2¢(0,00)) @and (- +) := {5 Dr2((0,00))- We use u'(0) = 0 and integration by parts
to obtain
0 = AP Jul® + A(s — u"(0)u(0)) = X', u') + 6" (0)u(0) + €10, up) (3.49)
+ A€, 0) + (', 07) + (A + )0 + 0] + 6(0)6(0)
with s = |2 + 2/¢'*[u/[? + [¢']" Ju]>.
(i) In addition, let u(0) = 0 and 6'(0) = 0. Taking the real part of (3-49) leads to
0 =Re (N (IAP[ul? +5) + (Re (A) +[€'1)]0] + 6] (3-50)

Because of Re(\) = 0 we get 6/ = 0. Since the solution is stable, we get § = 0. In case
A # 0, we know (|¢/|2—02)u = 0 from the second row in (3-48) and thus (02 — |¢/|?)?u = 0.
The first row of (3-48) finally shows u = 0. If A = 0, we have u = 0 due to Example 2.5.4.
Therefore, (A — A, By) is parameter-elliptic in C.

(ii) With the additional initial conditions #(0) = 0 and u”(0) = —6’(0), the real part of (3-49)
is also given by (3-50). Similar as before we obtain that (A — A, Bg) is parameter-elliptic
in (C+. ]

In preparation for the plate-membrane system considered in the next Chapter, we show that the
following operator A generates a Cy-semigroup. Recall that the orders of interest are determined
by t= (47272)7 s = (_25070)7 m; = (_47 _37 _1) and my = (_3) _27 _1)

3.5.2 Proposition. Let Q c R" be a C*-domain with 0Q = I'y u I'y, where Ty and T'y are
compact, disjoint parts of the boundary of Q. We define the operator A: H > D(A) — H by

H:={we H Q) :w =d,w; =0o0nT, dyw; =0on Iy},
D(A) = {we HY(Q) : A(D)w € H, Bi(D)w = 0 on I'y, By(D)w = 0 on I'y}
and Aw = A(D)w for w e D(A), where A(D), B1(D) and By(D) are as in (3-46) and (3-47).
On H we use the inner product induced by
[wlf = |Awi[72(q) + w2l Z2q) + [wslZay (weH),

which is equivalent to the canonical norm on H, see Lemma 4.1.1. Then A is the generator of
a Co-semigroup of contractions on H.

Proof. We follow the standard approach and show that A is disspative and that thereisa A\g > 0
such that Ay — A is surjective. Integration by parts leads to

Re (Aw, w) = Re (<Aw2, A’U}1>L2(Q) + <—A2'U}1 — Aws, ’U)2>L2(Q) + (Awsy + Aws, w3>L2(Q))

= —[Vws|2() — lwsl7zry
for all we D(A).
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Now, let f € ‘H. Because of Remark 3.3.6 and Lemma 3.5.1 we know that the system

A=AD))w=f inQ,
Bi(D)w=0 only,
By(D)w =0 onTy
is parameter-elliptic in C,. In particular, there is a A\g > 0 such that there is a w € D(A)

with (Ag — A)w = f. This shows that Ay — A is surjective. An application of the Theorem of
Lumer—Phillips yields that A is the generator of a Cy-semigroup of contractions on H. O

3.5.3 Proposition. Let Q and A be as before but with the slightly stronger assumption that Q
possesses C°-boundary. In addition, let T > 0 and

ge L*((0,T), HY(I'y)) n HY4((0,T), L*(Ty)).

We assume that the time-dependent problem

ow —A(D)w =0 in (0,7) x €,
Bi(D)w = 0 on (0,T) x Ty,
0
By(D)w = [0 on (0,T) x I'y
g

possesses a solution w € C([0,T], Ht(Q)) n CX([0,T], H $(2)). Then it holds

1wl 20,1y, 1t +o (@)~ HE+ 20,1y, 22(0)) < CllI L2(0,1), 117240 (0 )y HO 2008 0,7), L2(T5 )y (3-51)
for every o € (—1,0]. In particular, we obtain
HwHL2((o,T),Ht—1/2(Q))mH(Qt—1>/4((o,T),L2(Q)) S CH9||L2((0,T),L2(F2))- (3-52)

Proof. Because of Lemma 3.5.1 we know that our problem is parameter-elliptic in C,. Due to
Proposition 3.5.2, A is the generator of a Cg-semigroup on H. As i < %, we can extend g by

zero to a function in
LQ((—OO, T)? H1/2(P2)) N H1/4((—OO, T)? LZ(P2))7

see Theorem 1 of Section 4.3.2 in [77]. All in all, we are in the situation of Theorem 3.4.8, which
yields inequality (3-51). The estimate in (3-52) is (3-51) in the case 0 = —3. O




CHAPTER 4

A plate-membrane transmission
problem

This chapter gives a summary of the main results in [11]. We study the coupling between
a thermoelastic damped plate and an elastic membrane. After showing the well-posedness
and regularity results of the given problem, we investigate the asymptotic behaviour of the
solution. In contrast to [11], we usually consider arbitrary space dimensions n > 2 because the
generalization does not affect the proofs. We only use space dimension n = 2 to show polynomial
stability of the plate-membrane system in the case of an undamped membrane.

4.1 Formulation and well-posedness of the problem

To fix the geometric situation of the problem, we consider two non-empty, open, connected
and bounded subsets 2 and Q5 of R with boundary of class C* such that Qy < Q. We set
0 = O\Qy, T := 00 and I := 0Q. Note that 0Q; = T' U I. As visualized in Figure 4.1, we
denote the outward pointing unit normal vector to the boundary of £2; by v and consequently,
—v is the outward pointing unit normal vector to the boundary of €25. The plate-membrane
system of interest consists of a thermoelastic plate in 2; and a membrane in the region {2s.

9

Figure 4.1: Geometric situation of the plate-membrane system in the case n = 2.

Let u(t,z) and v(t,x) be the vertical displacement of the point x at time ¢ on the plate and the
membrane, respectively. The temperature difference to a given reference temperature on the
plate is denoted by 0(t,z). Then, the mathematical model for the structure can be described
by the equations
U — YAug + A2+ A0=0 in (0,00) x Qq,
Qt — Aut —A6=0 in (O, OO) X Ql, (4—1)

vy — Av+mug =0 in (0,00) x Q9
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with the boundary conditions

u=0d,u=0 on (0,00) xT,
0,0+60=0 on (0,00)xT,
y (0.0) )
oyu=0 on (0,00) x I,
=0 on (0,00)xI,
the transmission conditions
U= on (0,00) x I,
—0yAu— 0,0 = dyv on (0,00) x I
and the initial conditions
u(0, ) = ug, ut(0,-) = uq, 6(0,-) = 6y, v(0,+) = vy, v:(0,-) = vy. (4-4)

The coefficient v > 0 represents the rotational inertia term, while m > 0 prescribes the damping
(or the absence thereof) for the wave equation. Notice that we consider clamped boundary
conditions for u on I'. Due to the lack of thermal effects in the membrane, we assume that
the difference of temperature on the interface is zero. We also suppose that the plate satisfies
Newton’s cooling law, which leads to the second line in (4-2). The condition d,u = 0 on I has
the following interpretation: the transversal force caused by the tension and the one originated
by the shear stress between the plate and the membrane cancel each other, which forces the
horizontal displacements on the interface to be zero, see [38].

For the sake of readability, we do not include the case of a structurally damped plate equation
here. The additional damping improves the long-time behaviour as one would expect it from [12].
For details we refer to [11].

Following the standard approach, we will formulate problem (4-1)—(4-4) as an abstract Cauchy
problem and study the associated semigroup. We define w = (wy, ..., ws) = (u, ut, 0,v,v;) and
rewrite problem (4-1) with the initial conditions (4-4) formally as the first-order system

M(D)oyw — A(D)w =0 in (0,00),

4-5
w(0) = wy, (4-5)
where
1 0 000 0 1 0 0 0
0 1—7A 0 0 0O -A2 0 -A 0 ©
M(D):= |0 0 1 00|, AD:=] 0 A A 0 0
0 0 010 0o 0 0 0 1
0 0 00 1 0 0 0 A —m

and wy = (ug, u1, 6o, vo, v1).
To define a suitable ground space and domain for the related operators, we set

H>! = {(u,v) € H*(Q1) x H () :u=0u=0onT, d,u=u—v=0onI}.
On H?' we use the inner product induced by

[, 0) [ = 1Au Pz + V0|22, ((w0) € B2,
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4.1.1 Lemma. The norm in H>! is equivalent to the standard norm in H?(21) x H ().

Proof. Obviously, all terms in the norm | - [z21 can be estimated by the standard norm in
H?() x H'(92), so we only have to show | - | g2, )xm1(0,) < C| - |21

Let (u,v) € H*>!'. Then u is a solution of the boundary value problem

Au=f in Q,
o,u=0 on o

with f := Au € L?(Q). By elliptic regularity, we get

lull 2,y < C(1AuU] 20y + lullr2@y)), (4-6)

see Theorem 7.1.3 of [3]. Due to the boundary and transmission conditions v = 0 on I' and
u = v on I, the function xo,u + xq,v belongs to H(€2). Here, xq, denotes the characteristic
function on €; for j = 1,2. With Poincaré’s inequality, we obtain

[ulZo @y + 10220y = Ixaut + xevlT ) < C(IVulizqy) + IVVIi2@y). (47

Asu =0onTI and d,u = 0 on 091, we can apply Poincaré’s inequality, integration by parts,
and Young’s inequality to see that for every ¢ > 0 there exists a C; > 0 such that

HUH%%QI) < CHVUH%%QQ = C(-Au,u)r2(9,) < €||UH%2(91) + CEHAUH%Z(QI)'

Choosing € < 3, we can estimate ||u\|%2(91) < CHAuH%Q(Ql). Combining this with (4-6) and (4-7),
we obtain

[ulfzony + 10l @,y < CUIAUIL ) + IVVIE2(0,))-
O

For the definition of the related operators in a weak Hilbert space setting, we have to distinguish
the case v > 0 from the case v = 0. For v > 0, the Hilbert space H is defined as

,ny = {w S LQ(Ql)S X LQ(Qg)z : (wl,w4) € H2’1, wo € Hl(Ql), wo = 0 on F}
c H2(Q1) X Hl(Ql) X L2(Ql) X Hl(Qg) X LQ(QQ)

In case v = 0, we modify this definition by replacing the condition ws € H' (1) by ws € L?(Q1)
and omitting the boundary condition we = 0 on I', that is,

H() = {U} € LQ(Ql)g X L2(Qg)2 : (wl,w4) € H2’1}
c HQ(Ql) X LQ(Ql) X LQ(Ql) X Hl(QQ) X LQ(QQ)

We endow H, with the inner product induced by
[l = lwr, wolZes + fwalZaay) + 7IV02Za0y + wsl2eay + wsl2eq,) (e Hy)

for v = 0.
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To formulate the transmission problem (4-5) in a weak setting, we formally apply the operator A2
to the first component and —A to the fourth component. We obtain

M(D)éyw — A(D)w =0 in (0,00),

w(0) = wo
with
A? 0 0 0 0 0 A2 0 0 0
N 0 1—yA 0 0 O N -A2 0 -A 0 0
M(D)=1] 0 0 1 0 0] and AD):=] 0 A A 0 0
0 0 0 —A 0 0O 0 0 0 -A
0 0 0 0 1 0 0 0 A —-m

In this way, the weak formulation is adapted to the definition of the Hilbert space H, and to
the boundary and transmission conditions. Let ’H’7 denote the antidual space of H,, that is, the
space of all continuous, conjugate linear functionals on H,. Even though we also sometimes use
the same notation for the dual space, this should not cause any confusion as one can easily check
whether the functionals are linear or conjugate linear. We define the operator M: H, — ”H'7 by

Muw, 0330 s, =W, om, (W, € Hy).
To define the operator related to K(D) in a weak setting, we introduce the subspace V < H,
with
Vi={weH,: (w,ws) e H*', wy e H(Q), w3 = 0 on I}
c H?() x H*() x HY(Q) x HY(Qs) x HY (),
where the inner product on V is induced by
[l o= w1, wa) 3o + (w2, w5)ran + [VewslZagyy + lwsl3ay (we V).

Using Remark 2.1.4 (ii), Lemma 4.1.1 and a generalized version of Poincaré’s inequality, which
can be found for instance in Section 4.5 of [82], we see that the norm in V is equivalent to the

standard norm in H2(Q) x H?(Q1) x HY (1) x H(Qg) x H ().
Now we can define A: VYV — V' by

Aw, yyry = (w2, ws), (¢1,04) ) an — {(w1,wa), (92, 05)) fyan — (W3, Apa)r2(ay)
+ (Awz, 301200,y — Vw3, Vs)r2iq,) — (ws, ¥3)12(r) (4-8)
— m{ws, P5)12(04)
for w, € V. From the definition we immediately see that M € L(H,,H’) and A € L(V,)V').
Moreover, M is defined as the inner product in the Hilbert space H,. Therefore, M is an isometric

isomorphism from H, to 7—[’W This allows us to define the H,-realization of the transmission
problem as the operator A: H, > D(A) — H., with

D(A) ={weV:AweH)} and Aw:= M~ tAw (we D(A)).
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We consider the abstract Cauchy problem

orw—Aw =0 in (0, 00),

w(0) = wo (+9)

with wq = (ugp, u1, 0o, vo, v1)-

4.1.2 Remark. The following remark shows that this Cauchy problem is in fact the weak
formulation of the transmission problem (4-1)—(4-4).

(i)

We have Aw = A(D)w for all w € D(A) and Mw = M(D)w for all w € H in the sense
of distributions. This follows from the definition of the operators and integration by parts
by choosing ¢ € 2(01)? x 2(Q2)%. Recall that Z(;) stands for functions in Z(R") with
compact support in §2; for j = 1,2. Consequently, a function w € C1([0,), D(A)) is a
classical solution of (4-9) if and only if w satisfies (4-1) in the distributional sense.

Let w € D(A) be of the higher regularity w € H*(£) x H?(£1)? x H?(22) x H'(23). Then
w satisfies the boundary and transmission conditions (4-2)—(4-3) in the strong sense, that
is, as equality of the traces of the functions on I and I, respectively.

To see this, we only have to show that the second equality in (4-2) and in (4-3) holds, as
the other conditions are already included in the definition of V. Because of (i), the higher

regularity of w and the density Z(€2;) & L%(Q;) for j = 1,2, we get
(Aw, pvrxy = (A(D)w, )20y 3xr2(0) (9 € V).
Setting ¢ = (0,0, p3,0,0), we obtain
Aw, pyrxy = (Aws + Aws, p3)12(0,)

for all 3 € H' () with 3 = 0 on I. Integration by parts leads to
f (w3 + 0,/103)@ dS =0
r
for all 3 € H'(Q) with ¢3 = 0 on I. Therefore, w3 + d,w3 = 0 holds on T in the strong

sense, that is, as equality in the trace space H/2 (I"). In the same way, one can prove that
the second equality of (4-3) is satisfied in the strong sense.

To show well-posedness, we will also need the following result.

4.1.3 Lemma. The space V is dense in H, and therefore we have the dense embeddings

Ve H, oL () x L*(Q) cH, < V.

Proof. We divide the proof into two steps.

Step 1: In a first step, we show that

V() ={peH* () :¢=0p=00nT, d,o =0 on I}

is dense in HE(Qy) == {ue HY(Q) :u=0onT}.
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For this, let u € H{L(€21). We choose a function @ € C®(£)) with ¢ =1 near I, $ = 0 near I,
and 0 < & < 11in Q. We set ¢ := $2. Note that (1 — p)u € H' () and Ju € H' (). As
the test functions are dense in H* (€21), there exists a sequence (golgl)) reny © Z(£1) such that
<p§€1) — (1 — ¢)u in HY(Qy) for k — oo. Moreover, as the domain of the Neumann Laplacian

D(Ay) == {ue H*(Q1) : d,u = 0 on 8}

is dense in H'(£)), see Lemma 1.25 of [64], there exists a sequence (&,@)keN c D(Apn) with
(2) (2) =(2)

2,7 — Qu in HY() for k — 0. By setting ¢, = @@, € V() for k € N, we get
O = Spl(gl) + 9012;2) — (1 —@)u+ Fu =uin H(Qy) for k — oo.

Step 2: Now we prove that V is dense in H,. Comparing the definitions of V and H, and
noting that test functions are dense in L?-spaces, we only have to consider the case v > 0 and
show that the embedding

H?>' < HE () x L3(Qy)

is dense. Therefore, we fix u € HL(), v € L?(Q2) and € > 0. Using the first step, we find a
function ¢1 € V(Q1) with [u — ¢1] 1,y < 5. Moreover, let & € H'(Qs) such that o1 = &
on I, and choose @2, ¢3 € Z(Q2) with [$1 — p2[r2(0,) < § and v — @3] 12,y < §- Then we
obtain (1,31 — @2 + 3) € H*! and

[(u, ) = (o1, &1 = @2 + w3) () x £2(00) < €

This shows that the embedding V < H, is dense. The same holds for the second embedding
Hy < (L2(21))3 x (L?(922))%. Therefore, all embeddings stated in the lemma are dense. O

4.1.4 Theorem. For vy,m > 0, the operator A generates a Cy-semigroup (S(t))i=0 of contrac-
tions on H.. Therefore, for any wo € D(A) there exists a unique classical solution in

CH([0, ), H,) N C([0,0), D(A))
of the Cauchy problem (4-9).

Proof. We show that A is dissipative and 1 — A is surjective and apply the Theorem of Lumer—
Phillips, see Theorem 3.4.5 of [8].

As M: H,, — H., is defined by (Muw, Oz xH, = W, )y, We get
<A’UJ, w>7‘l7 = <M_1Aw7 w>’H7 = <Aw7 w>7—[fy><?-£«, (w € D(‘A)) (4'10)
By the definition of A in (4-8), we immediately obtain
Re (Aw, w)py <, = = [Vws|Taiq,) = lwslizry = mlws|Zaq,) <0 (we D(A),  (4-11)

which shows that A is dissipative.

To prove that 1 — A is surjective, it suffices to show that M — A: D(A) — "7'-[’7 is surjective since
M e L(H,H’,) is an isomorphism. Let f € H.. We have to find w € D(A) such that

(M—A)w=f inH,. (4-12)
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In particular, we have to find w € V with

(w, ©)a, — (w2, w5), (91,04)) o + (w1, wa), (P2, 95)) o + (W3, Apadr2(q,)
— Awz, p3)12(0y) + Vw3, Vs r2ia,) +{ws, p3)r2ry + m{ws, 95)12(qy)
={((M = A)w, pyr«y
={fsevxy

for ¢ € V. Choosing ¢ = (¢1,0,0, ¢4,0) € V yields

<(w17 w4)7 (9017 904)>H2,1 - <(w27 w5)7 (901’ 904)>H2,1 = <(f17 f4)’ (9017 904)>(H2’1)’><H2’1 (4‘14)

(4-13)

for all (¢1,04) € H>'. In a first step, we only take a look at problem (4-13) in the projection
of V to the components (wsq, w3, ws), that is,

Vo = {(wn, w3, ws) : (0, wa, w3, 0,ws) € V}

endowed with the canonical norm | - ||y,. Now, we choose ¢ = (0,2, ¥3,0,¢5) € V and re-
place (4-14), applied to (2, ¢5) € H*!, into (4-13). This leads to

b((w2, w3, ws), (p2,¢3, ¢5))

= (w2, p2)r2(a,) + VW, Voo 2,y + (ws, @3)r2,) + {(w2, ws), (92, 95)) yan
— (Vws, Vpo)r2a,) + {Vwa, Vos)rea,) + (Vws, Vs)rea,) + (ws, 3)r2(r)
+ (L +m){ws, 95)12(0,)

=(f2 = f1, f3, f5 = 1), (2,93, 95) )y s,

= <f, (b2, @3, <P5)>vg)xv()

(4-15)

for (v2, @3, ps5) € Vo. Obviously, b: Vy x Vy — C is continuous, and a short computation shows
Re b((wa, w3, ws), (w2, ws, ws)) = C|(wa, w3, ws) [}, (w2, w3, ws) € V).

Thus, we may apply the Theorem of Lax—Milgram to obtain a unique solution (ws, w3, ws) € Vy
of

b((w27 w3, w5)7 (3027 ¥3, @5)) = <f7 (9027 ¥3, SO5)>V6><V0 ((8027 ©3, 905) € V0)7
see Theorem 2.1 of [10]. One can argue similarly in H?! to get a unique solution (wy,wy) € H?!
of (4-14).
Altogether, we have found w € V with

M—-A)w=Ff inV.

As the right-hand side belongs to H; and V is dense in ‘H, by Lemma 4.1.3, also the left-hand
side belongs to H’, which shows (4-12). In particular, Aw = Mw — f € H!, which ensures
w € D(A). Therefore, 1 — A is surjective, and an application of the Theorem of Lumer—Phillips

finishes the proof. O




86 4 A plate-membrane transmission problem

4.2 Spectral properties and regularity results

In this section, we study properties of the spectrum of the operator A defined above and show
that functions in its domain have higher regularity. Note that due to Theorem 4.1.4, the oper-
ator A is closed and densely defined.

4.2.1 Proposition. For v,m = 0 we have 0 € p(A).

Proof. We show that A: H, D D(A) — H, is bijective. For this purpose, let f € H,. The
equality Aw = f is equivalent to

Aw, @)pe s, = Mf,om xu, (9 € MHy). (4-16)
Similar to (4-14), we obtain

(w2, ws), (01,04) Y o = {(f1, fa), (1,04)) 20 (01, 04) € H>Y),

which has the unique solution (wg,ws) = (f1, f1) € H*'. By choosing ¢ = (0,0, ¢3,0,0) € V
in (4-16), we get

(Vws, Vpspraay) + (ws, o302y = (Af1 — f3,903)12(0) (4-17)
for all p3 € H'(Q1) with o3 = 0on I. As Af; — f3 € L?(€1), the right-hand side is a continuous,
conjugate linear functional of 3. Let us denote the left-hand side of (4-17) by b(ws, ¢3). Then b
is a continuous sesquilinear form in the Hilbert space {ws € H'(€) : w3 = 0 on I}. Since b(, )
is equivalent to the H'(€1)-norm, the function b(-,-) is coercive. An application of the Theorem
of Lax-Milgram yields the existence of a unique solution ws € H'(€;) of equation (4-17) with
wg =0 on [.

For the remaining components w; and wy, we choose ¢ = (0,¢2,0,0,05) € V in (4-16) and
obtain

—(w1,wa), (©2,95)) 2 = (w3, D220,y + mlws, s)12(0,)
+ {2 e212000) + KV f2, Voryrea,) + {fs, 0501200,  (4-18)
= R(@Q) (105)

for (2, p5) € H*!. The conjugate linear functional R: H*! — C is well defined and continuous.
By the Riesz representation Theorem, there exists a unique solution (w1, ws) € H>! of (4-18).

In total, we have w := (wy, ..., ws) € V and, again by using the density V & H, w is a solution
of (4-16). In particular, Aw € H’, by construction such that w € D(A). This shows that A is
surjective. As the solution w constructed above is unique, we also obtain the injectivity of A.
As A: H, o D(A) — H, is bijective and closed, we get 0 € p(A). O

4.2.2 Remark. For the proof of higher regularity of the solution, we recall that A — A is
parameter-elliptic with Dirichlet boundary condition and with Neumann boundary condition,
see Example 2.5.5. As only the principal part is involved in the definition of parameter-ellipticity,
also A — A with the mixed boundary condition d,u + u is parameter-elliptic. The same holds
for A + A? with boundary conditions u and d,u, see Example 2.5.5.

In the following, we will show that D(.A) is embedded into a tuple of Sobolev spaces of higher
regularity. The a priori estimate for parameter-elliptic systems from Proposition 2.5.6 together
with the results above are the key for the strong solvability of the transmission problem, that
is, for higher regularity of the weak solution.
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4.2.3 Theorem. Let v,m = 0. Then the following embeddings are continuous.
(i) D(A) < H?() x H?(Q1) x H2(Qy) x H?(Q) x H(Qy),
(ii) D(A?) c H*(Qq) x H?(Q) x H2(Q1) x H?(Q) x H'(Qy),

(iii) D(A) c H*(Q1) x H?(21) x H?(Q1) x H*(Q2) x H' () for v = 0.

In consequence, if wy € D(A?), then S(t)wo is the unique solution of problem (4-1)-(4-4) for
t > 0 and satisfies the boundary and transmission conditions in the strong sense of traces. In the
case v = 0, we get the same result even for wg € D(A). Here, (S(t))t=0 denotes the Cy-semigroup
generated by A.

Proof. The main idea of the proof is to set up suitable parameter-elliptic boundary value prob-
lems, where we already know that the solution is of higher regularity. Hence, we show that this
solution coincides with an appropriate component of our element in the domain.

(i) Let w € D(A) and f := Aw. Due to the definition of D(A)  V, we only have to show
w3 € H2(Q4) and wy € H?(). First, we show wz € H?(£;). Similar to (4-16), we get

Aw, o3 xa, = M, 0m <, (€ Hy). (4-19)
As in (4-17), we have
(Vws, V<P3>L2(Ql) + (ws, <P3>L2(r) = {9 <P3>L2(Ql) (4-20)

for 3 € H' () with o3 = 0 on I, where g := Aws— f3. By Proposition 2.5.6, Remark 3.3.6
and Remark 4.2.2, we know that there exists some Ay > 0 such that the problem

()\0 — A) w3 = Nw3z +¢g in O,
&,wg = —Wws3 on F,
wg =0 on [

has a unique solution @3 € H%(Q1). Integration by parts and (4-20) show that z := @3 — w3
satisfies

0 =((Ao — A)W3 — Aows — g, p3)12(0,) = A2, 93)12(0,) T (V2, Vo3) 120
for all 3 € H'(€y) with 3 = 0 on I. Choosing @3 = z, we get w3 = W3 € H?().

Now, we prove wy € H?(Q2). We choose ¢ = (0,0,0,0,¢5) € V in (4-19). As in (4-18), we
obtain

(Vws, Vsyraia,) = (9, ¢50r2(0,) (95 € H' (),

where g :== —mws — f5. Again, by parameter-elliptic theory and Remark 4.2.2, there exists
a unique @y € H%(Qy) with

Ay =g in Q
Wy =w; on 1.
Therefore z := @y — wy € H'(Qy) fulfils
0 = (=Ay — g,05)12(0,) = V2, Viosdiaiay (05 € H' (D).

By choosing @5 = z, we obtain wy = Wy € H?({).
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(i) Now, let w € D(A?) and again f := Aw. We show w; € H*(£);). Integration by parts
and (4-18) leads to

—(w1, wa), (2,95)) 2 = (w3, Apayr2i0,y + mlws, s)12(0,)
+ (f2, 02)12(0:) + KV 2, Vo raay) + {5 0501200,
= — {91 p2)r2(0,) T My 0201201y — {945 P5)
for (2, p5) € H>, where g1 = A(—ws+vf2)—fa, h = 0,(—w3+7f2) and g4 == —mws— fs.
As f = Aw € D(A), we have 9, f» = 0 such that h = —0,ws3 € H'/2(I). Due to parameter-

elliptic theory, see Theorem 4 of [24], and Remark 3.3.6, there is a A\g > 0 such that there
exists a unique solution (@, wWs) € H*(1) x H?(Q2) of the transmission problem

(Mo + ATy = Nwy + g1 in - Q,
(Ao — A)ly = Xows + g4 in Q,

W, = 0,w1; =0 on T,
W1 — Wy = 0, w1 =0 on I,
O, AWy + 0, Wy = h on I.

Using integration by parts, we see that (z1,24) = (W1 — w1, Wy — wy) fulfils
0 = {(Ao + A?*)@1 — Aowi — g1, p2)r2(0,) + (Ao — A)Ta — Aowa — g4, ¥5)12(0,)
= Mo {21, p2)1200,) T (A21, Apa) 1200,y + Aokza, 050 12(0,) + (V24, Vos)12(0,)
for all (2, 5) € H*'. By choosing (2, ¢5) = (21, z4) € H>!, we get wy = W € H*(£2y).
(iii) Let v =0 and w € D(A). Following the proof of (ii), we obtain w; € H*(£).
According to Lemma 2.1.1 all embeddings are continuous. O
4.2.4 Corollary. For v,m = 0 we have the continuous embedding
D(A) c H?() x H*(Q1) x H*(Qy) x H*(Q2) x H' ().

Proof. From Theorem 4.1.4 we know that A: H, > D(A) — H,, is the generator of a strongly
continuous semigroup of contractions on H,. So, —A is an m-accretive operator, see Section 4.3
of [57]. By Corollary 4.30 and Corollary 4.37 of [57], we obtain D(A) = (H,, D(A?))1/9,2, where
(-, )1 /2,2 denotes the real interpolation functor with parameter % and 2. Due to the definition of
H~ and Theorem 4.2.3 (ii) it holds

H, c HA () x LA(Q) x LA(Q) x HY(Q2) x L2(Qa),
D(A%) c HY Q) x H*() x H* () x H*(Q) x H'(Qy).

Interpolation together with Theorem 4.2.3 (i) shows
D(A) © (H*(), H (Q1))1/22 x H*(Q1) x H* () x H*(Q2) x H' (D).

By Theorem 1 of Subsection 4.3.1 in [77], we get (Hz(Ql),H‘l(Ql))l/ZQ = H3(). O
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The following result allows us to affirm that the spectrum o(.A) coincides with its point spec-
trum o, (A).

4.2.5 Lemma. The operator A ': H, — H,, is compact for v,m = 0.
Proof. First, let v > 0. By Corollary 4.2.4 and the Rellich—-Kondrachov Theorem, we have
D(A) c H3(Q1) x H2(Q1) x H2(Q1) x H%(Qy) x H(Qy)
E H2() x HY(Q) x L2() x HY(Qs) x L*(s).

Since H., is a closed subspace of H?(21) x H(1) x L3(Q1) x H'(Q2) x L*(Q2), we get the

compact embedding D(.A) - M. Therefore the identity operator id: D(A) — H, is compact.
Proposition 4.2.1 implies the continuity of the operator A~!: H, — D(A). In consequence,
A =idoA1: H, — H, is a compact operator. One can argue analogously for v = 0. O

4.2.6 Lemma. Ify >0 and m > 0, then iR c p(A).

Proof. Let us suppose v = 0 and m > 0. Since A~! is compact, the spectrum of A consists of
eigenvalues only. Thus, we have to establish that there are no purely imaginary eigenvalues. Let
0# XeR and we D(A) with Aw = i\w, that is,

Aw, )3, = IMw, o, (p € Hy). (4-21)

Similar as in the proof of Proposition 4.2.1, we see that iA\w; = we and iAws = ws. Choosing
¢ = w in (4-21), we obtain

Am{Aw, whr <, = A w3, (4-22)
and
0 = Re(Aw, wypy x3, = —[Vws|Taiq,) = lwsl oy — mlws|?aq,)

as in (4-11). Hence, we have w3 = ws = 0 and therefore wy = 0, that is, w = (w1, w2,0,0,0).
Equality (4-22) leads to

20 w23,y = AmCAw, Wiy x, = [BwalFag, + A2 (lwal a0 + VIV, )
therefore, we have
| Aws[3agy) = A2 (lwal3agay) + N Tu2laqay)) (4-23)
Now, we choose ¢ = (0,0, ¢3,0,0) € H, in (4-21) and obtain 0 = (Aws, p3)12(q,) for all functions

@03 € H'(Qq) with 3 = 0 on I. In consequence, we get Awg = 0. It follows from (4-23) that
wo = 0 and thus w; = 0. ]

4.2.7 Remark. We will see in the proof of Theorem 4.3.14 that iR < p(A) also holds for m = 0.
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4.3 Asymptotic behaviour

In this section we investigate the asymptotic behaviour of the semigroup generated by A. Here,
we distinguish between the case of a damped membrane, that is m > 0, and an undamped
membrane, that is m = 0.

4.3 a) Exponential stability in the damped case

For m > 0 we can show that the semigroup generated by A is exponentially stable in the sense
of Definition 2.3.3. In difference to Theorem 4.1 of [11] we can also cover the case v > 0. The
proof is similar to the one of Theorem 4.1 in [11], but additionally uses some ideas of the proof
of Theorem 2.2 in [55].

4.3.1 Theorem. The semigroup generated by A is exponentially stable for v = 0 and m > 0.

Proof. For the proof, we use the characterization of exponential stability by Gearhart and Priiss
which tells us that the semigroup is exponentially stable if iR < p(A) and there is a constant
C' > 0, which does not depend on A € R, such that

|(ix = A)*1||L(Hv) <C (AeR),

see Proposition 2.3.6. Assume that this is not true. As we already know iR < p(A) from
Lemma 4.2.6, there are series (A\y)r = R\{0} and (w*); = D(A) with |w*[y, = 1 for every
k € N such that

= — Auw® -0 inH, (k- o).

Since (- — A)~': p(A) — L(H,) is continuous, it holds |A\;| — o for k — oo. Additionally, we
have higher regularity due to Corollary 4.2.4 such that

Nl W s oy x B2 (002 x 2 (90) x 1 (9) < ClARITH([wF 20, + |5 — i) < C - (4-24)
for k € N. Using (4-11), we obtain
IVl 20,y + lwh 72y + mlwE] 7z, = Re (A — Aw*,w*), -0 (k — o).

Applying Poincaré’s inequality, we get

wh — 0  in H(Qy), (4-25)
wf -0 in L*(Qy) (4-26)

for k — o0. In consequence, it holds
|, wi) [ Fza + w0572,y + VIVWE T2 = 1 (k= o). (4-27)

The equality f* = (i\p — A)w” implies
(iAkwy —wh, idgw] —wf) = (fF, 1), (4-28)

Gixw® = f* o, = Bk, o, (9 € Hy). (4-29)
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Choosing ¢ = (0,w?¥,0,0,w5) € V in equation (4-29) leads to

(xewh — f5, w20,y + WV (@Aewh — £5), V) e,y + GAsws — £5, w120, (4:30)
= — [ (W}, w§) 320 — W, Awfdraga,) — mdwh, w)r2q,)-

Taking (4-28) into account, we obtain
<i)\kw§, wlf>L2(Q1) + ’)/<Z')\ka]2€, lef>L2(Ql) + <i/\kw’§, wif>L2(Qz)
= — (w5, wh + 120 — 1VWs, V(w5 + f) 12,y — (WF, w0 + fr20,)
= — w522,y — VIV 200,y — 10512200
— (W, [ r2(00) — WVWS, V2. — (Wi, f)12(0,)-
We use this fact in equality (4-30) to see
[(w?, wh) | Fran = w5720,y — YIVWS]Z2(0,)
= ||wl5€||%2(92) + <wl§a ff>L2(Ql) + 7<le§7 Vf{c>L2(Ql) + <w§a ff>L2(Qz) + <f§7 wlf>L2(Ql) (4-31)
+ YV 3,V ragay) + U wh e,y — (Wi, Aw 2,y — mdwt, whreo,).-

The right-hand side converges to 0 for k — o0 because of |w¥|l = 1, |f¥|, — 0 and the
convergences (4-25) and (4-26). In consequence, we get

|, wi) [ Fza = 0517200,y = VIVWE T2 = 0 (k= o). (4-32)

Summing up the convergences (4-27) and (4-32) results in

[(wt, w320 = 5 (k= o). (4-33)

2
We split the remaining part of the proof into two parts.

Step 1: We show that HijfHQLQ(QQ) — 0 for k — c0. Using integration by parts, equation (4-28),
the convergence (4-26) and the boundedness (4-24), we see that

Vw72, + Ak WS, Qwi oy = Ag AV W] — Vg, Vwi o,y — A (W, Awf)paq,)

= )\I;1<fo, VU){Z>L2(Q2) - )\,:1<w§, AU}{Z>L2(Q2)

— 0
for k — 0. Plugging ¢ = (0,0,0,0,p5) € V with @5 € Z(£3) into (4-29), we get
GAew§ — f5, 05)12(0,) = —(Vwy, Vos)ra(a,) — m(ws, ©5)12(0y)-
Since 2(Q2) is dense in L?(£2s), we have
—Awh 4 (m +idp)wk = fE.
Together with (4-26) we obtain

MTAwE -0 in L2(Q) (K — o).
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To show A; '(w¥, 8,,wf,f>L2(I) — 0 we use Lemma 2.4.1, w* € D(A), Lemma 2.2.2, the bounded-
ness in (4-24) and elliptic regularity. This leads to

1/2 1/2
ek, whyra ] < CII Wbl o lof | e )

_ _ 1/2
< 2 by - 2 0 2

_ _ 1/2
COMI b a2y + Tl z2cany) - el 2 lof 1 )

1/2
< Ol 2

, /
< C(IM T (1w 2y + ek Iz + bl iean)))
— 0
for k — o0. In total, we have shown |\Vw4|\L2(Q y = 0 for k — c0.

Step 2: In the next part we prove |Aw} ||L2(Ql) — 0 for k — . Plugging ¢ = (0,0, ¢3,0,0)
with p3 € Z(1) into (4-29) we get
GMewh — f5,p3)r2(00) = (Awh, @3)12(0,) — (Vwh, Vios)r2(a,).
In consequence, we have
iNpw — Aw§ — Awf = f5.
Together with (4-25) it holds
A (Awh + Awk) -0 in L3H(Q1) (k- o).
Combined with (4-28) we obtain
iAwf + A\ PAwWE -0 in L2(Q1) (k> o). (4-34)
In particular, integration by parts leads to
iAW 2,y = A (<Vw§7 VAW 120,y — (s, Aw’fﬁ?(am))
= iAWY |T2(0,) + Ay (AWE, Awp) 20,
= GAwf + A\ LA, Awlf>L2(Ql)

—0

(4-35)

for k — oco. In total, we can estimate the inner products with Lemma 2.4.1 and the boundedness
n (4-24) as follows

el T VW, VAWE) 12(0,) — (Ovwf, Aw) 20,

knl/2 knl/2 knl/2 H ]f||1/2 )

< I (Il et Laragay) + o137 N L T I

1/2
<C (Juflnon + Il ,))

—0

anleh 1

for k — oo according to convergence (4-25). Combined with (4-35) we get HAwa%Q(Ql) — 0 for
k — oo0. Step 1 and 2 together are in contradiction to (4-33). O
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4.3 b) Lack of exponential stability in the undamped case

If the membrane is undamped, that is m = 0, there is a lack of exponential stability. For the
proof, we follow the ideas of Theorem 3.5 in [61] and use energy methods as well as compact
perturbations. To this end, we need the following compactness result of vector-valued L?-spaces.
It is known as the Lemma of Aubin-Lions. We state a formulation thereof in the Hilbert space
case.

4.3.2 Lemma (Aubin-Lions). [72, Proposition II1.1.3]. Let Xo, X, X1 be Hilbert spaces with
Xo EXc X1, and T > 0. Then it holds

{ue L*((0,T), Xo) : us € L*((0,T), X1)} & L*((0,T), X).

To apply the Lemma of Aubin—Lions later on, we make the following observation concerning the
time derivative of the solution of an abstract Cauchy problem in the larger extrapolation space,
see Definition 2.2.3.

4.3.3 Lemma. Let Xy be a Hilbert space and A: Xo o D(A) — Xy be the generator of a
Co-semigroup (S(t))i=0 with 0 € p(A). Then for all T > 0 there is a constant C' > 0 such that

sup [0y (S()wo)| -1 < Cllwolx,  (wo € D(A)),
te(0,T)

where || - |=1 denotes the norm of the extrapolation space X_1 in the sense of Definition 2.2.3.

Proof. By the definition of | - |-; and by using that A is the generator of (S(¢));=0, we obtain

sup [0:(S(t)wo)|-1 = sup [AS(H)wo|-1 = sup [S(t)wo|x, < Cllwo|x, (woe€ D(A))
te(0,7) te(0,7T") te(0,T)

as the operator norm of the semigroup (S(t)):>o is at least exponentially bounded in time and
therefore bounded on finite time intervals, see Proposition 1.5.5 of [26]. O

In view of Remark 2.2.4, we analyse the domain of the adjoint operator A to get a better idea
of the extrapolation space corresponding to A.

4.3.4 Lemma. For v,m = 0 it holds
@) x F2(E0) x H2@0) x (@) x H(@%) < D(A).
Proof. Let ¢ € Yy := H*(Q1) x H2() x H2(Q) x H2(Q3) x HY(Q3) c V, and let w € D(A).
By definition, we have
<Aw7 ()0>'H—y = <M_1AU}, ()0>'H—y = <Aw7 ()0>’ny><7'b, = <Aw7 SO>V’><V7
where the last equality follows from the fact that ¢ € V. Using the definition of A from
equality (4-8) and integration by parts, we obtain
(Aw, o)y, = — {(w1,wa), (02,95)) o + (Awa, A1) 1200,y + (Vws, Vo2,
— w3z, Ap2)r2 () + (Awa, w3) 120,y — (Vws, Vs rzq,) — mws, ©5)12(qy)
— {(w1,w4), (p2,95) ) o + W2, A%01) 1200,y — (ws, Apayra(ay)
—ws, Apayra(ay) + (way Aps)rea,y + (ws, Aps)rzia,) — M{Ws, ©5)12(,)-
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Hence, we get [(Aw, o), | < Cllgly, Juwla, Consequently, the map
(D). |- In,) = €, w > CAw, e,

is a continuous, linear functional and its continuous extension to H, is an element of ’HQY This
shows ¢ € D(A’), and therefore Yy < D(A"). O

We can now prove that in the undamped case m = 0 there is a lack of exponential stability for
v = 0. The case 7 = 0 is not included in [11].

4.3.5 Theorem. If the boundary 02 is of class C°, the semigroup generated by A is not
exponentially stable for v = 0 and m = 0.

Proof. We set H = {0} x {0} x {0} x H*(€2) x L2()). Note that # is a Hilbert subspace of H.
We define the operator A: H o D(A) — H given by

D(A) := {0} x {0} x {0} x (H*(Q) n H'(Q2)) x H' () c H
and
A = (0,0,0, @5, AWy) (@ € D(A)).

With respect to the fourth and fifth component, A is the first-order system related to the
non-damped wave equation for ¥ := w0y, that is,
6tt—A%:0 in (O,CD) XQQ,

4-36
=0 on (0,00) xI ( )

with appropriate initial values. Let (S(t))i=0 be the Cp-semigroup generated by A on H. As
(4-36) contains no damping term, (S(t))¢>0 is a unitary semigroup. Thus, the essential spectral
radius ress(S(t)) is equal to 1.

We will show that S(t) — S(t): H — H. is compact for every ¢ > 0, where (S(t)):=0 stands for
the Cp-semigroup generated by A as in Theorem 4.1.4. It is enough to prove that

~

St)—=St): W — Hy
is compact for some dense subspace W of H. We define
W = {0} x {0} x {0} x Z(Q2) x 2(82).

Then W is dense in H, and obviously W < D(A) n D(A). For wy € W, we consider

B(t) = Slw(t) — a(®)l3,,

where w(t) := S(t)wo and @(t) := S(t)wy for ¢ > 0.
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Step 1: We show the inequality

E(t) <Re JO@,,&;(S), wa(s))r2yds (t=0). (4-37)
For this purpose, we notice
(1) = 5 ) — 901,
= Re(w'(t) — @' (t), w(t) — D))z,
= Re(Aw(t) — Ad(t), w(t) — T(t))n, (4-38)

— RedAw(t), w(t)m, + Re(Ad(), @0,
— Re(Aw(t), @(t))3,, — Re (AW(t), w(t)) s,
From (4-11) we know Re (Aw(t),w(t))#, < 0, and for the undamped wave equation, we obtain
Re <.Zﬁ(t), w(t))3., = 0. Moreover, by the definition of A, we see that

(Aw(t), (t))n, = (Aw(t), W(t))vxy
= —(Vwy(t), Viis(t))12(,) + Vws(t), Vs (t)) L2 (qy)-
Integration by parts leads to
CAB(E), w(t) e, = Vs (t), Vwa(t))r2(ay) + (D@ (1), ws () r2(0y)
= (VW5(t), Vwa(t))r2(0,) — VWa(t), Vws (1)) r2(q,) — (v@a(t), ws(t)) L2(n)-
Taking the real part in the last two equalities and inserting this into (4-38) results in
E'(t) < Re {0, Wa(t), ws(t))r2(ry = Re{0Wa(t), wo(t))r2¢ry (t =0),

where we used ws(t) = wa(t) on I because w(t) € D(A). Since we have E(0) = 0, integration
finishes the proof of Step 1.

Now, let (wh)gen = W be a bounded sequence in H and t > 0. We define wh(s) == S(s)wk
and @*(s) := S(s)wf for s = 0. In the next two steps, we estimate the terms appearing on the
right-hand side of (4-37) separately.

Step 2: We show that the sequence (0,@5)ren < L?((0,t), L2(I)) is uniformly bounded. For
this, we first note that 9 := @k is a solution of (4-36). We fix a vector field o € C!(Q)"
satisfying 0 = —v on I. By Corollary 2.4.4 and 9*(s) = 0 on I, we get

10,3 ()3 = fﬂ (¥ ()2 — [V (s)[?) div(o) da + 2Re | VI*(s) - (DoVIH(s)) da

Qo
+2Re df
ClS Qo

for s > 0. We integrate the last equality with respect to s € (0,¢) and obtain

o (s)(0 - VOk(s)) dx

109" 120,01, 22(1y) < C sup (IV8* ()| Z2(0) + 17 () 72(0))
€

)

< C sup |@F(s) (4-39)

s€[0,¢]
<C.
Notice that C' = C(t) may depend on ¢ > 0.

I3




96 4 A plate-membrane transmission problem

Step 3: In the next step, we show that there exists a subsequence of (w’ﬂ ]) reny Which converges
in L2((0,t), L3(I)). Here, we distinguish between the cases v > 0 and v = 0. In both cases
the extrapolation theory introduced in Section 2.2 as well as the Aubin—Lions Lemma 4.3.2 are
crucial for the proof.

Case 1: Let v > 0 and X_; be the extrapolation space of Xy := H, generated by A. Then
Proposition 2.2.5 and Lemma 4.2.5 tell us that we have the dense and compact embeddings
Hy=Xoc X_oc X_ forall e (0,1), where X_,, := [Xo, X_1]o as in Proposition 2.2.5. As
X_1 is the dual space of D(A") due to Remark 2.2.4, Lemma 4.3.4 yields

X 1 c H Q) x H2(Q1) x H2(Q1) x H™3(Qy) x H™1(Qy). (4-40)
On the other hand, by definition of H,, we have
Xo =M, c H* () x H' () x L*() x H(Q2) x L*(Qa). (4-41)
With complex interpolation, we obtain from (4-40) and (4-41)
X o H¥52(Q) x HY734(Qq) x H2%(Q) x H73%(Qy) x H %(Qy). (4-42)

Now, we apply the Aubin-Lions Lemma to the compact embedding H, = Xo c X_, < X_;.
For this, we first note that (w*)gey is bounded in C([0, ], H,) and therefore in L2((0,t), H.).
The time derivative (0;w")xen is bounded in L2((0,t), X_1) due to Lemma 4.3.3.

The application of the Aubin-Lions Lemma yields that there exists a subsequence (w*7) jeN which
is convergent in L?((0,t), X_,). From embedding (4-42) we see that the second component

(ng)jeN converges in L2((0,t), H'3%(€1)). By choosing o < % and taking the trace on I, we
obtain convergence in L2((0,t), H/2=3%(I)) and therefore in L?((0,t), L*(I)) for (w];j |I)j€N'
Case 2: Let v = 0 and k € N. We consider the system of boundary value problems
utt+A2u+A9=0 in (0,00) x 4,
Gt—AG—Autz() iD(O,CX))XQl

with the boundary conditions

u=0o,u=0 on (0,00) x T,

0,0 +6=0 on (0,00) x T,

oyu =0 on (0,00) x I,

=0 on (0,00) x I,

—0,Au — 0,0 = 0wk on (0,00) x I

for u and 6. By construction, this problem is solved by (w¥,w5). Note that wh € D(A?) such
that w* e C1([0,0), D(A)), see Theorem IL.5.5 of [26]. In particular, we have

a0 € CL([0, 8], HYA(D)) < L2((0,4), HY2(1)) o HYA((0, ), LX(1).
According to Proposition 3.5.3 we obtain

[wSl 20, 9200y S ClovwhlLa o, 2.
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Similar as in (4-39) we get |0, w5204, 22(1)) < C because of Corollary 2.4.4, since the tan-
gential derivatives can be estimated by using the transmission condition w’f = w} on I. With
the help of Lemma 4.3.3 and embedding (4-40), we see that the time derivative (atwfg)keN
is bounded in L?((0,t), H=2(£21)). Due to the Lemma of Aubin-Lions, applied to the com-
pact embeddings H*?(Q1) ¢ H' () < H2(Q), there is a subsequence (w];j )jen which con-
verges in L2((0,t), H'(21)). After taking the trace we also get convergence of (w];j‘f)jeN in
L2((0,t), L*(I)).

Step 4: Due to Step 2 and Step 3 we have that, after passing to a subsequence, (9, W})en is
bounded in L?((0,t), L*(I)) and (wlg‘f)keN converges in L?((0,t), L*(I)). We define

EH(t) = 5[t (6) — a0,

where w*(s) := S(s)(wh — w§) and WH(s) = g’(s)(w’g —w§) for k,£ € N and s > 0. By (4-37)
we have

EM(t) < [Kou @5, w5 ragoy.r2ny| = 0 (K, € — o0).

Thus, ((S(t) — S (t))wk)ren is a Cauchy sequence in H., and therefore convergent. This shows
the compactness of the operator S(t) —=S(t): W — H. Consequently, also S(t) ~S(t): H— H,
is compact. As in addition ress(S(t)) = 1, Theorem 3.3 of [61] implies that (S(t))¢o is not
exponentially stable. O

4.3.6 Remark. It is easier to prove that there is a lack of exponential stability for v > 0 be-
cause in this case the space H,, is better in the second component. For v = 0 we have to make
more efforts to show the existence of a convergent subsequence of (w5 keN L2((0,t), L3(I)).
The additional smoothness assumption on ¢€2; is only used in the case v = 0 to apply Proposi-
tion 3.5.3.

4.3 c) Polynomial stability in the undamped case

Although the last result tells us that there is no exponential stability in the case of an undamped
membrane, we will show that the system still decays polynomially under a certain geometric
condition.

4.3.7 Definition. Let G  R” be a bounded domain with boundary of class C', g € R and
q: R" -5 R", q(x) = x — x¢ for all x € R". We say that G fulfils the geometric condition (with
respect to xo € R™) if

q(z)-v(x) =20 (ze€dq),
where v(z) denotes the outward pointing unit normal vector of G in the point x € 0G.

4.3.8 Remark. The geometric condition means that the angle between the vector x — =z,
which points from z( to x, and the outward pointing unit normal vector v(z) is less or equal
than 90 degree. It is not possible that a domain fulfils the geometric condition with respect to
a reference point zy € R"\G.
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As a short side note we want to point out the connection between star-shapedness and the
geometric condition above.

4.3.9 Lemma. Let G < R™ be bounded such that there is an xo € G with o+ p(x —x9) € G for
allx € 0G and p € (0,1). Then G is star-shaped with respect to xo € G, that is, xo+pu(r—1x0) € G
for allx € G and p e (0,1).

Proof. Let p € (0,1) and = € G. Since the domain G is bounded, there is an s > 1 such that
xo + s(xr — x0) € 0G. In particular, we get z¢ + p(z — x0) € G. Therefore, G is star-shaped with
respect to xp € G. O

4.3.10 Remark. There are unbounded sets which fulfil the remaining assumptions of the last
lemma but which are not star-shaped, for example R"\{0}.

The following proposition gives an answer to the relation between star-shaped domains and
domains which fulfil the geometric condition. Parts of the proof can also be found in Section 9.4.2
of [27].

4.3.11 Proposition. Let G be a bounded domain with C'-boundary. Then G fulfils the geo-
metric condition if and only if G is a star-shaped set.

Proof. Let the geometric condition be fulfilled for G' with respect to zo € G. Assume that G is
not star-shaped with respect to xg. Due to Lemma 4.3.9 there exists a point z € G and p € (0, 1)
such that zg + p(x —x9) ¢ G. We choose the smallest i > p with o1 := 29 4+ pu1(x —29) € G. In
particular, we have x1 € 0G. Since zg+s(x—xz¢) ¢ G for s € [, p1), it holds (x1 —z0)-v(x1) = 0.
On the other hand, there has to be an xs € dG close to x1 with (x9 — xg) - v(z2) < 0. This is a

contradiction to the assumption that G fulfils the geometric condition with respect to xg.

The other implication was already proved in Section 9.4.2 of [27], which shows the desired
equivalence. 0

4.3.12 Remark. Notice that not every domain G fulfilling the geometric condition necessarily
has to be star-shaped since it is possible that zg € R™ belongs to the boundary of the domain.

Zo

Figure 4.2: The domain G satisfies the geometric condition and is not star-shaped but G is
star-shaped with respect to xg € 0G.

Before we start the proof of the polynomial stability in the undamped case, we mention the
following auxiliary result.
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4.3.13 Lemma. Letx,y >0, seR, ke Nwithk >3 and 0 < a; <...<ag. Then it holds
k

:L,s—ozjyozj < (k‘ _ 1) (I'S_alyal + l’s_akyak) .
=1

j
Proof. We fix j € {2,...,k — 1}. Using Young’s inequality and 0 < a1 < ... < a, we get

(s—ap)(ag—aj)  aj(oagp—ay) S_Q__(S*Oq)(&k*aj) _aq(ag—aj)
xs_a]'ya]' = ap—al Yy kT . 7 ap—al Y 7 ap—al

ap—aq ap—aj
Ga)(ag—ay)  er(ag—aj)\ & =a; S_a__(S*m)(&k*aj) a__al(ak*aj) aj—oq
(.’E ap—oq Yy ap—oaq > + (.’L‘ J ap—oq y J ap—aq >
(s—a]-)(ak—al)—(s—al)(ak—aj) aj(ak—al)—al(ak—a]-)
— st—alyal +x C!j—Oq y aj—oq
—ajak—sa1+a1ak+saj ak(aj—al)
_ xs—alyal + aj—og Y aj—oag
s(ozj—al)—ak(aj—al)
:L,S—Oélyotl _{_:L, aj—al yOZk

/&

= pST yoq + {L‘S_akyak )

O]

For v > 0 and m = 0 we can now show the polynomial stability of the semigroup generated
by A in the sense of Definition 2.3.4 under the geometric condition introduced earlier. As we
use the Rellich’s identity from Lemma 2.4.5 for n = 2, we restrict ourselves to space dimension
n = 2. The following result extends Theorem 5.2 of [11] by the case v > 0.

4.3.14 Theorem. Letn =2, v = 0, m = 0 and assume that Qy < R? satisfies the geometrical
condition with respect to the point xy € R?. Since —v denotes the outward pointing unit normal
vector of Q9 this means that

q(z) -v(z) <0 (zel),
where q(z) == x — xg. Then, the semigroup (S(t))i=0 generated by A decays polynomially.

Proof. By Proposition 2.3.7, the semigroup is polynomially stable if iR < p(A) and if there exist
C >0, A >0and g8 > 0 with

[GA = A) " fllae, < CINC[Af e, (f € D(A), XER, [A] = Xo). (4-43)

To prove (4-43) let A\g > 0 and A € R with |A\| = A\g. Additionally, let w € D(A?) be arbitrary
and f := (1A — A)w. Then f e D(A) and

1IAw; — wy = fi, (4-44)
1AWy — IAYAws + A%y + Aws = fo—vAfs,
iAws — Awy — Aws = f3, (4-45)
iAwg — ws = fy, (4-46)
iAws — Awy = f5. (4-47)

We show an inequality of the form
2— 2 :
lwlFe, < CINP (lwll3 2 1AF 152, + lwl3 ®IAf1%)

for appropriate (1, B2, B3 > 0, which yields (4-43) by Young’s inequality.
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Replacing (4-44) into (4-45) leads to
IAwsg — IANAw, — Aws = —Af1 + fs. (4—48)
Similarly, by replacing (4-46) into (4-47), we get
—/\2w4 — Awy = ’i)\f4 + f5. (4—49)
First, we notice that
Vsl 220y, + lslZeqy = Re(fowdn, < hwla, | Fla,
due to (4-11). Poincaré’s inequality shows
lwsl 7,y < Clwlse, [ fln,- (4-50)
As in the proof of Theorem 4.3.1, Corollary 4.2.4 yields
lwllzs@uyxr2(00)2x B2 (00) 1 (02) S C|Wlln, + [f —idwlag,) < CMwla, + 1 fl3,), (4-51)
and with Theorem 4.2.3 (ii) we obtain
< Ollwla, + A = idw) [a,)
< Ollwlize, + [Aflla, + NS = idwln,)
< C(IMPlwlae, + M, + 1AF )
< CUAPlwls, + IMIASla)-
In the last step, we used 0 € p(A). Analogously to (4-31) it holds

w1 | raga,y <

(4-52)

lwall 22,y + YIVw2 T2y + lwsl72,)
= (w1, wa) 320 = Cwa, fidr2(a,y — WVwa, V) o,y — (ws, fa)raiay) — (fas widr2 ()

— WV f2, Vwiyra(a,) = {fss warz(ay) + {ws, Awi)raq,)y -
Therefore, it is enough to find a suitable estimate for ||(w1, wy)|g2.1.
Multiplying equation (4-48) by Aw; results in

N Awi 720,y = (Aws — Awg + Afi = f3, Awi)2,)

= iMws, Awi)r2q,) + {Vws, VAw )20,y — (Oyws, Aw1)r250,)
+(Af1 = f3, Awi) 20,

Together with (4-50), (4-51), Lemma 2.4.1 and Lemma 4.3.13 it follows

|Awi[72q,)

<Cluwl 321 £132 + CIN ol 21 F 132 (Ml + 1 flae,)

+ CINT sty w0l o, | Awi o T [,y + CIAT wlae, | Fllac,
<Clwl 321 £l32 + CIN el 21 £ 132 (M s, + 1 fll,) (4-53)

+ CIN 5211 (Mo, + 1 1e,) + CIN hwlae, [ £lbe,
<C (lwlF 10152 + w2115 + ol 1f e, + w5201 + bl 2 1F157)
<C (lwlF 152 + w2115 ) -
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To find an estimate for |Vws|2(q,), we multiply equation (4-49) by w4 and obtain
_)\2Hw4‘|%2(g2) — (Awy, w4>L2(Q2) = (Afy + f5, w4>L2(92).
Integration by parts leads to
[VwalZ2(0,) = Nwal 22, + A1+ fo, wa) 2,y — Dvwa, wa) 2y (4-54)
Using the transmission conditions, Lemma 2.4.1, interpolation, (4-51), (4-52) and (4-53), we get
|10vwall 21y
<0 Awi| 2y + [ Gvws| L2 (ny
1/2 1/2
< C (HAleHl QI)HA'U)lul_;Q (1) + H'LUSHH1 Ql)” 3“}52 Ql))
1/4 3/4 1/2
<C (Jawil o, lwnlyia,y + heslyg lwsl i)

<C (I awil i,y (APl + APAIARIL) + Tl 07152 (A2l + 17152))
<CIAP2 (ol AR + ol 1AL )

where we applied again Lemma 4.3.13 in the last step. Combined with Lemma 2.4.6, iden-
tity (4-49), Lemma 2.4.5, the geometric condition and (4-53) it holds

_ A2
)\2||w4|\%2(92) = —MRe f wa(q - Vwy) dz — 5 J (q-v)|ws|*dS
Qo I
. = A2 2
= Re (Awy 4+ iAfa + f5)(q - Vwy) dz — 5 (q-v)|ws|”dS
Qo I

= Re f (iXf1 + f5)(q - Vwy) dz — Re J dywa(q - Vwy) dS
Qs I

1 A2
+5 [@wiveas =7 | @ vlwfas
1 1

<C (I bty ol + Nl oy Pl ery + Xl

<C (I, lwlbae, + 10wall 20| V| ot IVl g,y + Xl 3z,

<C (Mt Iwlhe, + Novwalpzerylwle (INY2lwlsf? + 16152) + A2 Awn 3, )

<O (Jwlsd AL + w2 JAFI2) -
In consequent, (4-54) reduces to

IVwil3aqyy < CIAP (s P LAFS + ol 2IAFI3E)
Altogether, we obtain with Young’s inequality
Jwlf, < CINP (w5 AL + Jwli21Af152)
— C (w5 2N AL b, ) 22 4+ w32 ON Y2 AS e, )72)

< §Hw||3u + CIAPAS I3,
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that is,
lwls, < CINCHAS 3, (4-55)

Note that (4-55) implies that i\ — A is injective, and therefore iR < p(.A). In fact, let w € D(A)
with f = (i\ — A)w = 0. Then Aw = idw € D(A), which shows w € D(A?), and we can
apply (4-55) to see w = 0.

Now, the claim follows from Proposition 2.3.7. O

4.3.15 Remark. In case v = 0, we can use the estimate

lwillg@.y < CUMwla, +171#,)

instead of (4-52) to gain a slightly better decay rate with the same arguments as before. However,
the proof gives no information about the optimality of the decay rate.

4.3.16 Remark. Summarised we have seen that in the undamped case m = 0, there is a
lack of exponential stability but still polynomial stability, at least if Q5 is star-shaped and the
space dimension is 2. In general, it seems to be difficult to predict whether a transmission
problem with different damping behaviours on the regions under consideration adapts the long-
time asymptotic of the damped part or not. While the plate-membrane system analysed in [12]
possesses a similar long-time behaviour as the one studied here, the plate-plate system of [18]
has better decay properties in time. Even though in [18] there is only a damping term in the
exterior part 21, the whole plate-plate system remains exponentially stable, see Theorem 4.5
of [18]. One explanation for the differences could be the different order structure of the systems.
In our proof of Theorem 4.3.5 it seems to be essential that the orders in space of the equations
vary in 1 and . For instance, to handle the tangential derivatives appearing in the application
of Corollary 2.4.4, it is crucial that u already has higher regularity than v in the ground space.

4.4 Excursion to a structurally damped plate-plate system

In Section 2.5 we already saw some resolvent estimates for the structurally damped plate equa-
tion with different boundary conditions. Here, we want to illustrate the behaviour of the resol-
vent of a structurally damped plate-plate transmission problem for large A with some simulations
generated in MATLAB. Since there is no analytical proof for most of the observations given here,
this section can be seen as a short outlook and a first guess of the decay rate of the stationary
solution with respect to A in the case n = 1 and various Sobolev spaces.

0 1
AP = (—A2 pA)

belonging to a plate with structural damping p > 0 in the case n = 1 and take a look at
a structurally damped plate-plate transmission problem on the interval (0,27) with different
damping coefficients p; > 0 and p2 > 0 on (0, 7) and (7, 27), respectively, as well as canonically
transmission conditions.

We consider the operator
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Let f1 e H2((0,m)) x L?((0,7)), f? € H*((r,27)) x L*((7,27)), A € R and p1,p2 > 0. We
rewrite the transmission problem

(A= Ay u(z) = f(x)

(A= Ap)v(z) = f*(2)

ugk)(ﬂ) = ng)(ﬂ') for k=0,1,2,3

for z € (0,7),

for x € (m,2m),

with canonically transmission conditions as a scalar equation by using Au; = fi + ug and
vy = f12 + v9. This leads to

Ny — Mfl + A%uy — Ap1Auy + p1Af] = £ in (0,7),

Mg — AfE + A% — ApoAvy + poAfE = f2 in (m,2m),

ugk)(ﬂ') = ng) (m) for k=0,1,2,3.
Hence, we would like to solve the ordinary differential equation
Ny + A%uy — Ap1Aug = f3 + Mfl — p1Af] in (0,m),
Ny 4+ A% — ApoAvy = f2 + M2 — poAf} in (m,2m), (4-56)
ugk)(ﬂ) = ng) (m) for k=0,1,2,3
for different boundary conditions. The choice of the spaces for f! and f? seems to be reasonable
in view of the Douglis—Nirenberg structure of the system. Nevertheless, according to the follow-

ing theorem, we cannot expect that the H? x L?-norm of the solution is bounded by C|\|~! for
every choice of f! and f2.

4.4.1 Theorem. [17, Theorem 3.8]. Let Q < R" be a sufficiently smooth domain and assume
that (A — A, B) is parameter-elliptic in some sector A = C with constant coefficients and orders
encoded by s,t and m. If f € H 3(Q) fulfils an estimate of the form

|lw| ey + [Mwl -5y < Clfla-s)
for sufficiently large A € A, where w is the solution of
A—Aw = in Q,
A-Aw=f i .
Bw=0 on 052,
with a constant C > 0 independent of \, then (Bf); =0 for all ¢ € {1,..., M} with —my > p.

However, if f! and f? satisfy higher smoothness assumptions, we indeed expect a decay rate
of |A\|"! due to Proposition 2.5.14. We quickly recall the appropriate part of the proof of
Proposition 2.5.14 given in the half-space in the context of boundary value problems.

4.4.2 Reminder. Let (A — A, B) be parameter-elliptic in some sector A < C with constant
coefficients and orders encoded by s,t and m. We set ~ := manzL_,_,M{ —my — U — % and

assume v > 0. For f € {f € H*(R") : B(D)f = 0}, we obtain
Aw = fla-s@n) < CIA* | Af| g-s )

for sufficiently large A € A, where w is the solution of (4-57) in the case 2 = R". For v < p we
get the convergence Aw — f in H~5(R%) for A — oo.
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This gives a motivation to check how the decay rate changes if f! and f? only satisfy some of
the boundary and transmission conditions, which can be formulated in the ground space.

We use the notation h;: (0,7) U (7,27) — R,

() = fjl(x), x € (0,7),
hj(z) : {ff(x), o

for 7 = 1,2. The solution of (4-56), with boundary conditions as described below, is denoted by

) = {um), ze (0,m),
! v (z), € (m,2m).

As the function (f{, f2) € H?((0,7)) x H?((w,27)) already possesses higher regularity than L?
in the ground space, we can always form the traces up to order 1 and have thus some possibilities
to vary between boundary and transmission conditions, which are fulfilled for A7 or not. Con-
sequently, h1 seems to be more interesting to modify than hs. That is why we restrict ourselves
to the case ho = 0, p1 = 10, pa = 20, distinguish between various types of functions h; and
solve (4-56) numerically. We focus on Dirichlet boundary conditions, that is,

u1(0) = u}(0) = v1(27) = v} (27) = 0. (4-58)

In the end, we will give a short comparison to other types of boundary conditions but for the
moment we assume (4-58) to hold. We sometimes only write L? or H’ for j = 0,1,2 if the
domain is clear from the context.

According to Example 2.5.13, we expect at least a decay of the form |w}|| g2 < C|A|~Y* for
every h; € H?. We want to analyse for which choices of h; we can improve the decay rate. In
addition, we are interested in a comparison to the H'- and L?-norm of wi\.

Besides the decay rate of w{‘, we also take a look at /\w{‘ —h1in HY for j = 0,1, 2 since we expect
IAw? — by gz < CIA| =4 at least for sufficiently smooth functions hy, see Reminder 4.4.2.

In a first step, we consider functions f{ € H?((0,7)) and fZ € H?((w, 27)) fulfilling all boundary
and transmission conditions, which can be formulated in the H?-setting, that is,

(4-59)

We choose for instance

)1 —=cos(x), x € (0,m),
(@) = {1 —cos(z) + (x — m)%(x — 27m)%, z € (m,2m). (4-60)

Notice that h; is differentiable but not twice differentiable in 7w. To get a better feeling of what
the solutions of (4-56) look like, we first want to present a plot of /\w{‘ for various values of A,
including the function h;.
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e L B L | T T
—A=10 —A =102 —A =10 —A=10* —

=10° —A=10° —/y

Figure 4.3: Numerical solution w} of (4-56) with Dirichlet boundary conditions on the inter-

val (0,27) weighted by A for different values of A and h; as in (4-60).

As we can see in Figure 4.3, the functions )\w{‘ and hj are very close to each other, already for
small values of \. This fact is also reflected in the behaviour of Aw} — hy in H7 for j = 0,1, 2.

8_ T ToTrTTTT T ToTTTT T T ToTTTT T o
(@ AP A — Rl @ AP Nwd — Raflan @ AN} — B e

L +
5 /
) —— I

. +
4 - -
101 102 108 104 10° 106

A

Figure 4.4: Behaviour of the function Awj{ — h; with suitable A-weights in different Sobolev
spaces for A\ — oo, where h; is chosen as in (4-60).

Even though we are not in the situation of Reminder 4.4.2, Figure 4.4 suggests the convergence
)\w{‘ — hy for A = o0 even in H?. Comparing the powers of A\, we additionally see that
the convergence in H! and L? is much faster. Therefore, we expect an estimate of the form
IA|[w] g7 < C for j = 0,1,2. This is numerically confirmed in Figure 4.5.
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15 .
® — o o3 O— —O- -0
10 .
?'_/* —@ @ L T
101 102 108 104 10° 106

A

Figure 4.5: Behaviour of Aw? in different Sobolev spaces for A — oo with h; as in (4-60).

The situation changes if we consider functions f} € H?((0,7)) and f? € H?((r,2n)) with (4-59)
except for the last equality in there, for instance

b (@) = {1 — cos(z), w e (0,m),

4-61
1 —cos(x) + (v — m)(x — 2m)?%, z € (m,2m). (4-61)

Notice that hq is continuous but not differentiable in 7. In particular, we have
hy € H'((0,2m))\H?((0,2m)).

The functions h; and Mw; are illustrated in Figure 4.6 for some values of .

T T T T T T T T
— A\ =102 =10 —

12 —

=10° —A =10 —py

—A=10 —A=10° —

10

Figure 4.6: Numerical solution fwf of (4-56) with Dirichlet boundary conditions weighted by A
for various values of A and h; as in (4-61).
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The pointwise convergence of Aw; in Figure 4.6 is slower than the one in Figure 4.3. A similar
slowdown can be observed by studying the convergence of )\wi\ — hy in HY for j = 0,1,2.

— ——— T ——— ——
(@ P} — bl 2 @AM Awd = Palln @ ATV — B
40 ;

30 |

Figure 4.7: Behaviour of the function )\wi\ — hq multiplied by appropriate powers of A in different
Sobolev spaces for A — oo, where h; is chosen as in (4-61).

As we can see in Figure 4.7, we have no longer Aw} — hy in H? for A\ — oo because of
|Aw? — hi|| ~ C|A|Y*. However, the convergence Aw; — hy still seems to hold in H' for A\ — co.
We want to take a closer look at the behaviour of A + |w{| g for j = 0,1,2.

20 (@ [A[[|w] 2

® [Al[lwd [ ® AP |

101 102 108 104 10° 106
A

Figure 4.8: Behaviour of the numerical solution wy with different A-weights in L2, H! and H?
for A\ — o0, where h; is chosen as in (4-61).

Figure 4.8 confirms |A||w? | < C for j = 0,1, what we already concluded from the convergence
Aw} — hy in H? for j = 0,1. In addition, we suppose that |A*/*|w?] g2 < C.




108 4 A plate-membrane transmission problem

In a last example, we analyse the solutions of (4-56) with Dirichlet boundary conditions for
the function h; = 1 on (0,27). While h; satisfies the transmission conditions, the constant one
function does not fulfil the Dirichlet boundary conditions. In Figure 4.9 we present a plot of
Aws; for various values of \.

- —A=10 —=A=10> —=A=10° —A=10* —A=10° —A=10° — N -
1_ -
=
<
E A
051 .
O_I L L Il L L Il L L Il L L Il L Il L Il L ]
0 1 2 3 4 5 6

Figure 4.9: Numerical solution wy of (4-56) with Dirichlet boundary conditions weighted by A
for different values of A and hy = 1.

It turns out that the convergence A\w; — hy only seems to hold in L2, see Figure 4.10.

2.5_ T TrTTTTT T T UL | T TrTTTTT T T UL | T T ]
@A) — bl @ ATVt — bl @ A Aw) — hallge | ]
2‘_ —@ @— —& @ g
15F h

Figure 4.10: Behaviour of the function )\wf‘—hl multiplied by appropriate powers of A in different
Sobolev spaces for A — oo, where h; = 1.

Also the decay rate of A +— |w?| ; downgrades for both j = 1 and j = 2 with this choice of h;
compared to the ones in Figure 4.8.
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Figure 4.11: Behaviour of the numerical solution wy with different A-weights in H7 for A — oo
and 7 = 0,1, 2, where h; = 1.

In Figure 4.11 we find [A||w}|2 < O, N4 |w|m < C and [MY*|w}| g2 < C. The last
estimate is consistent with Example 2.5.13 and suggests that the decay rate shown there is
sharp for f{ € H?((0,7)) and fZ € H?((m,27)).

However due to the previous examples, the decay rates seem to improve if h; belongs to
Xo := {h1 € H*((0,7) U (m,27)) : hy fulfils all boundary and transmission conditions of order 0}.
The best decay rates could have been observed if

hi € X1 := {h1 € Xo : hy fulfils all boundary and transmission conditions of order 1}.

In addition to the studies of Dirichlet boundary conditions (4-58), also simulations for Neumann
boundary conditions, that is

u1(0) = uf(0) = vy (2m) = v{(2m) = 0,
as well as for boundary conditions of the form
u1(0) = uf(0) = vy (27) = v{(2m) =0

were generated.

No matter the boundary conditions, the plots indicate that the decay rates of wf and the
convergence of AMw;} — hy in H7 for j = 0,1,2 only vary for hy € H?((0,7) u (m,2m))\Xo,
hi € Xo\X1 and h; € X;. Note that Xo # H?((0,7) U (m,27)) even in the case of Neumann
boundary conditions because of the transmission condition wu;(m) = v1(7) of order 0.




110

4 A plate-membrane transmission problem

We summarise the results in the following table.

Table 4.1: Behaviour of w; and Aw; — hy in H7 for j = 0,1,2 and different choices of hy.

\ hy € H?((0,m) U (m, 27))\ X0 \ hi € Xo\ X3 \ hi € Xy
[Mwp = ha | 2 A7 A7 A7/
[\ = ha g AV A7 A8
[\wi — ha g2 AP A A4
Jwpz2 A7 A7 AT
| e A4 A7 AT
Al e A4 A4 AT

In the upper part of the table, we perceive that an estimate of the form ||Aw; — hy| 2 < C|A|®
implies

Mot = halgs < CIN*H2 (G =1,2).

Whenever j € {0,1,2} with |[Aw} — hi|lg; < C|A\|® for a positive value a > 0, we expect the
estimate |w}|| g < C|A|*! for the solution. If j € {0,1,2} with |Aw? — hq| g < C|A|® for a
negative value o < 0, we immediately conclude )\wi\ — hy in H7 for A\ — co. In this case, we
obtain ||w}|g; < C|A|~'. Furthermore, we observe that the estimate |Aw} — hy| g2 < C|A|~Y/*
suggested in Reminder 4.4.2 seems to be sharp for smooth functions h; € Xj.

In the lower part of the table, we see that the necessary condition for a decay rate of [A\|~! from
Theorem 4.4.1 might also be a sufficient condition in this specific situation.




Deutsche Zusammenfassung

In dieser Arbeit werden LP-Sobolevraume mit unterschiedlicher Glattheit in Tangential- und
Normalenrichtung eingefiihrt. Anschliefend betrachten wir Systeme parameterelliptischer Rand-
wertprobleme gemischter Ordnung der Form

A=Aw=f inQ,
Bw =g auf dQ

in diesen Radumen. Hierbei unterscheiden wir zwischen dem Halbraumfall 2 = R”! und Gebieten
Q) < R™ mit kompaktem Rand hinreichend hoher Glattheit. Wahrend sich im Halbraumfall viele
Eigenschaften aus dem klassischen Setting iibertragen, ist die Situation im Gebiet schwieriger,
da es dort keine kanonische Definition der anisotropen Rdume gibt. Aus diesem Grund arbeiten
wir im Gebiet mit Einbettungen in die klassischen Sobolevraume, was einige Zusatzforderungen
bedingt. Anstelle eines Isomorphismus zwischen dem Raum fiir die rechte Seite f und g und
dem der Loésung w koénnen wir in Gebieten daher nur noch eine injektive Abbildung erwarten.
Dennoch lassen sich so a priori Abschétzungen in Sobolevraumen niedrigerer Ordnung zeigen.

Im Anschluss wenden wir die oben genannten Ergebnisse im Hilbertraumfall mit Hilfe der eindi-
mensionalen Fouriertransformation auf zeitabhéngige Gleichungen der Form

(O —Aw=f in (0,7) x 9,
Bw =g auf (0,7) x 09, (%)
w(0) =0

fir 7" > 0 an. Das fiihrt in einigen Spezialfillen fiir f = 0 zu Abschétzungen der Losung w in
passenden Sobolevraumen gegen |9/ 20, 1y,12(00))-

Als Anwendungsbeispiel betrachten wir ein Platte-Membran Transmissionsproblem mit ver-
schiedenen Dampfungen. Waiahrend wir die Platte stets mit einer thermoelastischen Damp-
fung versehen, unterscheiden wir zwischen einer gedampften und einer ungedampften Membran.
Wir zeigen in beiden Fallen die Wohlgestelltheit des Problems sowie hohere Regularitat der
Losung.

Abschlielend analysieren wir das Langzeitverhalten der Losung. Im Fall einer geddmpften
Wellengleichung kénnen wir exponentielle Stabilitat der Losung nachweisen. Bei einer unge-
dédmpften Membran ist die Losung nicht mehr exponentiell stabil. Hier geht im Beweis die
Theorie fiir zeitabhéngige Systeme (%) mit ein. Dennoch bleibt die Losung des Platte-Membran
Systems auch im Fall einer ungeddmpften Membran polynomiell stabil.
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