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Zusammenfassung

Das Zusammenspiel von Wärme-, Ladungs- und Spintransport wird in einem neuen
und aufstrebenden Forschungsgebiet im Bereich des Magnetismus untersucht: die
Spinkaloritronik [1, 2]. Die im Rahmen der Spinkaloritronik entdeckten Mechanismen
wie der Spin-Seebeck-Effekt [3] oder der Spin-Hall-Effekt [4], sowie ihre inversen
Pendants [5, 6] eröffnen die Möglichkeit konzeptionell neue Techniken für die Umwand-
lung von Abwärme in elektrische Energie [7] oder zur Temperaturkontrolle [6] zu
entwickeln.

Auftrieb erhielt dieses schnell wachsende Feld durch die Entdeckung des Spin-
Seebeck-Effektes: In magnetischen Materialien wird durch Anlegen eines Temperatur-
gradienten ein Spinstrom erzeugt. Analog zum Seebeck-Effekt, der die Erzeugung
eines elektrischen Stromes durch Anlegen eines Temperaturgradienten beschreibt,
entsteht in diesem Fall ein Strom, bei dem jedoch keine elektrischen Ladungen,
sondern Drehimpuls übertragen wird. Durch Kontaktieren eines metallischen Detek-
tormaterials, kann dieser Spinstrom, der über Spin-Pumping in den Detektor fließt,
durch den inversen Spin-Hall-Effekt [5, 8] in einen elektrischen Strom transformiert
werden. In ersten Experimenten zum Spin-Seebeck-Effekt wurden Spinströme im
metallischen Ferromagneten Permalloy [3], im Halbleitermaterial GaMnAs [9], aber
auch im ferrimagnetischen Isolator Y3Fe5O12 (YIG) [10] nachgewiesen. Der Spin-
strom wurde jeweils senkrecht zum angelegten Temperaturgradienten gemessen, daher
spricht man vom transversalen Spin-Seebeck-Effekt.

Da der Effekt ebenfalls in Isolatoren gemessen wurde, in denen Elektronentransport
vernachlässigbar ist, wurden magnonische Spinströme als Ursache für den Effekt ver-
mutet [10–13]. Hierbei erfolgt der Transport nicht durch einzelne Ladungsträger, son-
dern durch kollektive Anregungen der magnetischen Momente, sogenannte Magnonen
[14]. Durch Anlegen eines Temperaturgradienten entsteht ein Ungleichgewicht im
System und in der warmen Region existieren mehr Magnonen als in der kalten. Daher
propagieren mehr Magnonen von der warmen in die kalte Region als umgekehrt
und es entsteht ein effektiver Spinstrom, der in die kalte Region fließt. Kann dieser
aufgrund von Randbedingungen nicht abfließen entsteht eine Spinakkumulation. In
den ersten Experimenten wurde diese Spinakkumulation senkrecht zum angelegten
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Zusammenfassung

Temperaturgradienten ortsaufgelöst gemessen und in den verschiedenen Materialien
wurde jeweils ein Signal in vergleichbarer Stärke bestimmt [3, 9, 10]. Jedoch konnte
in späteren Experimenten gezeigt werden, dass die gemessenen Spinströme durch
ungewollte transversale Temperaturgradienten entstanden sind und ohne diese kein
Effekt detektiert werden kann [15–18].

Uchida et al. schlugen 2010 einen alternativen Aufbau vor: Statt die Spinakkumula-
tion ortsaufgelöst transversal zum angelegten Temperaturgradienten zu messen, kann
der longitudinal zum Temperaturgradienten fließende Spinstrom direkt detektiert
werden [19]. Hierzu wird das Detektormaterial am warmen oder der kalten Ende
der magnetischen Probe aufgebracht. In den letzten Jahren wurde eine Vielzahl
von Experimenten in verschiedenen Gruppen durchgeführt, um den Ursprung dieses
Effektes zu bestimmen [20–27]. Kehlberger et al. konnten zeigen, dass thermisch
angeregte Magnonenströme die Ursache des Effektes sind [21]. Durch Messungen
in Serien mit unterschiedlicher Dicke des Isolators, konnte gezeigt werden, dass das
gemessene Signal mit steigender Dicke zunächst zunimmt und anschließend sättigt.
Die charakteristische Längenskala der Sättigung ist abhängig von den Eigenschaften
des Materials, sowie der Temperatur. Weiterhin konnte in aktuellen Experimenten
gezeigt werden, dass der Spin-Seebeck-Effekt durch externe Magnetfelder stark un-
terdrückt werden kann [25, 28–30]. So kann bei Raumtemperatur das Signal durch
ein Magnetfeld von 9 T um 40% reduziert werden. Durch die angelegten Magnetfelder
werden insbesondere niederfrequente Anteile des thermisch angeregten Magnonen-
spektrums unterdrückt [31]. Dies zeigt, dass, entgegen der Annahmen eines ersten
theoretischen Modells [32] zum longitudinalen Spin-Seebeck-Effekt, Magnonen mit
geringen Frequenzen eine wichtige Rolle spielen und Magnonen mit einer Frequenz
im Bereich ~ω ≈ kBT weniger beitragen als zunächst angenommen. Jedoch ist die fre-
quenzabhängige Zusammensetzung der experimentell bestimmten Spinströme bislang
noch ungeklärt.

Zur Beschreibung des magnonischen Spin-Seebeck-Effektes wurden im Rahmen
der vorliegenden Arbeit thermisch erzeugte Spinströme in magnetischen Materialien
mit Hilfe numerischer Methoden untersucht. Die dazu durchgeführten Simulatio-
nen basieren auf einem klassischen atomistischen Spin-Modell. Die Energie des
Systems kann mit dem Heisenberg-Modell unter Berücksichtigung der Austausch-
Wechselwirkung und einer uniaxialen Anisotropie beschrieben werden. Zur Unter-
suchung der betrachteten Systeme wurde die Bewegungsgleichung der einzelnen
magnetischen Moments, die stochastische Landau-Lifshitz-Gilbert Gleichung, nu-
merisch integriert. Diese Methode ermöglicht eine frequenzabhängige Untersuchung
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der erzeugten magnonischen Spinströme unter Berücksichtigung der Gitterstruktur
des zugrunde liegenden Materials.

Um die Längenskalen thermisch erzeugter Spinwellen zu beschreiben, wurde
zunächst in einem vereinfachten System, mit einem Temperatursprung, die Reichweite
des thermisch erzeugten Spinstroms untersucht. Das in den Simulationen vorgegebene
Temperaturprofil ist hierbei in den durchgeführten Simulationen zeitlich konstant und
erzeugt ein Ungleichgewicht im magnetischen System. In quasi-stationären Zuständen,
in denen sowohl der Spinstrom als auch die Magnetisierung im Mittel zeitlich konstant
sind, wurde die Magnonakkumulation bestimmt. Diese ist definiert als die Abwei-
chung der lokalen Magnetisierung zur Gleichgewichtsmagnetisierung und entspricht
dem magnonischen Beitrag der Spinakkumulation. Die Magnonakkumulation tritt in
unmittelbarer Nähe zum Temperatursprung auf und zerfällt mit wachsender Distanz
zu ihm. Erzeugt wird die Akkumulation durch einen thermisch angeregten Spinstrom,
der von der warmen in die kalte Region fließt. Dieser Strom weist am Temperatur-
sprung selbst ein breites Frequenzspektrum auf. Ein Großteil dieses Spektrums wird
jedoch unmittelbar am Temperatursprung gedämpft. Lediglich ein kleiner Anteil des
Frequenzspektrums propagiert über weite Distanzen. Im Rahmen der linearen Spin-
wellentheorie wurde ein eindimensionales analytisches Modell entwickelt, um sowohl
die Frequenzabhängigkeit der Propagationslänge, als auch die maximale Längenskala
zu beschreiben abhängig von Parametern wie der Dämpfungskonstante oder der
Anisotropie zu beschreiben.

In den meisten Messungen zum Spin-Seebeck-Effekt in den beiden Geometrien des
Spin-Seebeck-Effektes wurde durch Heizen auf der einen Seite und Wärme abführen
auf der anderen Seite ein Temperaturgradient erzeugt, der als linear angenommen
wird [3]. Zur numerischen Untersuchung des magnonischen Beitrages des Spin-
Seebeck-Effektes, wurden daher im Rahmen dieser Arbeit Systeme mit linearen
Temperaturgradienten simuliert. Hierzu wurde ein Temperaturprofil verwendet, in
dem ein linearer Temperaturgradient mit variabler Länge an beiden Enden mit
jeweils einem ausgedehnten Wärmebad verbunden ist. Eine Variation der Länge des
Gradienten entspricht dabei einer Änderung der Dicke des magnetischen Materials, in
welchem der Spin-Seebeck-Effekt untersucht wird. Die numerisch bestimmte Magnon-
akkumulation am kalten Ende des Temperaturgradienten weist in Übereinstimmung
mit den experimentellen Beobachtungen eine starke Dickenabhängigkeit auf. Analog
zu den Resultaten aus den Messungen, nimmt die Akkumulation zunächst bei wach-
senden Längen des Temperaturgradienten zu und sättigt oberhalb einer kritischen
Länge.
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Zusammenfassung

Basierend auf den durchgeführten Simulationen konnte gezeigt werden, dass die
charakteristische Länge der Sättigung durch die mittlere Reichweite des thermisch
angeregten Spinstroms gegeben ist. Bei kleinen Längen des Temperaturgradienten
erreichen nahezu alle in die kalte Region laufenden Spinwellen das kalte Ende des
Temperaturgradienten und tragen zur dortigen Magnonakkumulation bei. Bei steigen-
der Länge des Temperaturgradienten nimmt die resultierende Magnonakkumulation
am kalten Ende des Systems zu, da in den wärmeren Regionen zusätzlich Spinwellen
angeregt werden, die zur Akkumulation beitragen. Wenn jedoch die Länge des Gradi-
enten die mittlere Reichweite der Wellen überschreitet werden zwar mehr Spinwellen
angeregt, jedoch erreichen jene aus der wärmsten Region das kalte Ende des Systems
nicht mehr und es setzt eine Sättigung ein. Die charakteristische Länge für diese
Sättigung entspricht daher der mittleren Reichweite der Magnonen. Die mittlere
Reichweite für YIG bei tiefen Temperaturen kann, basierend auf den Ergebnissen
aus den durchgeführten Simulationen, mit etwa 10µm abgeschätzt werden. Dies ist
in Übereinstimmung mit den experimentellen Ergebnissen für die Reichweite. Bei
einer Temperatur von 50 K wurde eine Reichweite von 8µm bestimmt [21].

Im Rahmen dieser Arbeit wurde durch eine Untersuchung des Frequenzspektrums
der Spinwellen am kalten Ende des Systems gezeigt, dass insbesondere Spinwellen mit
geringen Frequenzen zur erzeugten Magnonakkumulation beitragen. Diese Spinwellen
können durch äußere Magnetfelder effektiv unterdrückt werden. Mit Hilfe numerischer
Simulationen wurde eine Verschiebung der Frequenzlücke durch die zusätzlichen
Magnetfelder gezeigt. Aus diesem Grund werden Spinwellen mit niedrigen Frequenzen
effizient unterdrückt, während der Anteil der Spinwellen mit höheren Frequenzen
durch die angelegten Magnetfelder nur geringfügig beeinflusst wird. Die bestimmte
Unterdrückung der Magnonakkumulation ist hierbei in guter Übereinstimmung mit
experimentellen Ergebnissen zur Magnetfeldabhängigkeit des Spin-Seebeck-Effektes.

Zusätzlich wurde in Simulationen mit variabler Länge des Temperaturgradienten
die Abhängigkeit der Unterdrückung von der Dicke des magnetischen Materials
untersucht. Die so numerisch bestimmte Frequenzverteilung der Spinwellen, die am
kalten Ende zur Magnonakkumulation beitragen, hängt im Allgemeinen von der Dicke
des Materials ab. Insbesondere der Anteil an niederfrequenten Spinwellen kann durch
deren große Reichweite durch die Dicke des Materials beeinflusst werden. Mit Hilfe
numerischer Simulationen konnte demonstriert werden, dass bei Proben mit geringer
Dicke der Anteil an Magnonen mit geringen Frequenzen geringer ist, als bei Proben
mit großen Dicken. Dies hat zur Folge, dass die Unterdrückung des Spin-Seebeck-
Effektes bei dicken Proben effizienter funktioniert. Die numerischen Ergebnisse sind
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hierbei in guter Übereinstimmung zu den durchgeführten Experimenten.
In den bisherigen Beschreibungen wurde YIG als ferromagnetische Struktur ver-

einfacht betrachtet. In verschiedenen Experimenten wurde jedoch eine komplexe
Temperaturabhängigkeit des Spin-Seebeck-Effektes beobachtet, die im Rahmen einer
ferromagnetischen Betrachtung bislang nicht beschrieben werden konnte [33]. Diese
Abhängigkeit könnte durch die komplexe Untergitter-Struktur des ferrimagnetischen
Materials bestimmt sein. Zusätzlich wurden Messungen in dem ebenfalls ferrimag-
netischen Material Gd3Fe5O12 (GdIG) durchgeführt, welches im Gegensatz zu YIG
einen Kompensationspunkt besitzt, an dem die Untergittermagnetisierungen sich
kompensieren. Messungen der Temperaturabhängigkeit des Spin-Seebeck-Effektes
zeigen in diesem Fall zwei Vorzeichenwechsel des gemessenen Signals [34].

Um das Verhalten ferrimagnetischer Materialien zu verstehen, wurden die im
Rahmen dieser Arbeit entwickelten Methoden erweitert, um zusätzlich thermisch
angeregte Magnonakkumulationen in Materialien mit einer kubischen Struktur und
zwei magnetischen Untergittern zu untersuchen. Hierzu wurde in einem ersten
Schritt die Akkumulation in Antiferromagneten untersucht. In Übereinstimmung
mit ersten theoretischen Vorhersagen [35] konnte numerisch gezeigt werden, dass
Magnonakkumulationen in den einzelnen Untergittern auftreten, sich jedoch gegen-
seitig kompensieren. Die thermisch erzeugten Spinwellen übertragen im Mittel keinen
Drehimpuls, jedoch transportieren sie aufgrund ihrer hohen Geschwindigkeit Wärme
effizient. Die Propagationslänge dieser Spinwellen konnte im Rahmen der linearen
Spinwellen-Theorie beschrieben werden. Im Gegensatz zu Spinwellen in ferromag-
netischen Materialien haben sie eine verminderte Reichweite aufgrund ihrer geringen
Lebensdauer.

Weiterhin wurde die Magnonakkumulation in ferrimagnetischen Materialien un-
tersucht. In diesem Fall wurde angenommen, dass eines der beiden Untergitter ein
höheres magnetisches Moment, jedoch auch eine geringere Untergitter-Austausch-
Kopplung besitzt. Analog zu dem experimentell untersuchten Material GdIG, weist
das untersuchte Modellsystem ebenfalls einen Kompensationspunkt auf. In diesen
Systemen wurde die Magnonakkumulation, erzeugt durch einen Temperatursprung,
abhängig von der Temperatur untersucht. Erste Untersuchungen ergeben, dass die
Magnonakkumulation in erster Näherung mit der Änderung der Magnetisierung,
gegeben durch den Temperatursprung, skaliert. Dies bedeutet, dass bei tiefen Tempe-
raturen zunächst die Akkumulation des Untergitters mit der höheren Magnetisierung
dominiert. Anschließend nimmt die Akkumulation bei tiefen Temperaturen zunächst
zu, da der Gradient der Magnetisierung mit der Temperatur bis zu einem maximalen
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Zusammenfassung

Wert zunimmt. Anschließend verringert sich die beobachtete Magnonakkumulation.
Dabei verschwindet die Akkumulation am Kompensationspunkt nicht, sondern sie
verschwindet in jenen Temperaturbereichen, in denen die Magnetisierung in den
beiden Wärmebädern gleich ist.

Die in dieser Arbeit gezeigten Ergebnisse im Zusammenspiel mit experimentellen
Ergebnissen zeigen den magnonischen Ursprung des Spin-Seebeck-Effektes und tragen
zu einem besseren Verständnis des mikroskopischen Ursprungs des Effekts bei. Dieses
Verständnis, insbesondere die Abhängigkeit von der Dicke des magnetischen Materi-
als, ermöglicht es neue Konzepte zur effektiveren Ausnutzung thermisch angeregte
Spinströme zu entwickeln. Dies ist ein wichtiger Schritt zu effizienten technischen
Anwendungen des Spin-Seebeck-Effektes. In kürzlich gezeigten Experimenten wur-
den erstmals mehrschichtige Systeme verwendet, in denen einen deutlich höherer
Spin-Seebeck-Effekt bestimmt wurde [36]. Unter Berücksichtigung der Reichweite der
thermisch angeregten Magnonen, könnte die Effizienz sogar noch weiter gesteigert
werden. Zusätzlich zeigen die hier gezeigten numerischen Untersuchungen in ferrimag-
netischen Materialien eine komplexe Abhängigkeit der thermisch erzeugten Magnon-
akkumulation von der Gitterstruktur, die die gemessene Temperaturabhängigkeit des
Spin-Seebeck-Effektes erklären können. Die gezeigte Abhängigkeit der Magnonakku-
mulation vom Gradienten der Magnetisierung nach der Temperatur ermöglicht es
neue Materialien zu finden, in denen effizient thermische Spinströme angeregt werden
können.
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1 Introduction

Spin caloritronics is an aspiring new research field in magnetism that examines
the interplay of heat, charge and spin transport [1, 2]. In contrast to conventional
thermoelectrics, the thermal spin transport provides conceptually new mechanisms
that can be used for thermal-to-electrical energy conversion leading to new devices
for waste heat recovery [7] or temperature control [6]. Moreover, the spin transport
via magnons with short wavelengths can be a relevant mechanism for a spin-based
logic [37].

This fast emerging research field was significantly stimulated by the discovery
of the spin Seebeck effect: In magnetic materials a spin current is excited due to
an applied temperature gradient [3]. A linear temperature gradient creates a spin
accumulation in the system that is measurable by attaching a non-magnetic metal,
in which a spin current can be inserted by spin pumping. The typical setup for
the original measurements is depicted in the left part of figure 1.1. A key role for
the study of spin currents is played by the inverse spin Hall effect, describing the
excitation of an electrical current transverse to a spin current of moving electrons
due to spin orbit interaction [5, 8]. This technique opens the possibility to detect
spin currents as well as to study some characteristic features of the spin Seebeck
effect.

In first measurements of the spin Seebeck effect, the spatial dependence of the
spin accumulation was investigated in different materials as metallic ferromagnet
permalloy [3], semiconducting GaMnAs [9] or even in the ferrimagnetic insulator
Y3Fe5O12 (YIG) [10]. The experimental results show measurable spin currents over
a thickness range of several millimeters in all cases. Since this effect appears even
in insulators, in which electron transport can be neglected, a dominating magnonic
contribution to the measurable signal has been under discussion [10–13]. In this case,
the spin current is not transported via the movement of single charge carriers, but
by collective excitations of the magnetic system, the so-called magnons [14].

By using a two temperature model, developed by Sanders and Walton in the
70’s [38], Xiao et al. derived a first theoretical model to explain the experimen-
tal findings regarding the spin Seebeck effect with a local temperature difference
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1 Introduction

Figure 1.1: Scheme of the experimental setups for the spin Seebeck effect. Left: In
the original setup the spatial dependence of the spin accumulation is
measured transversal to the applied temperature gradient by attaching
a platinum stripe at different position. Right: In the longitudinal setup
the spin current excited longitudinal to the temperature gradient is
measured. Taken from [19].

between magnons of the ferromagnetic insulator and electrons in the detector ma-
terial [11]. Later studies showed that the observed signals in the first spin Seebeck
measurements appear due to additional transverse temperature gradients in the
ferromagnet. Without these unwanted gradients, no measurable spin accumulation
was detected [15–18].

In 2010, Uchida et al. proposed a new measurement technique for the detection of
those thermally excited spin currents: In a longitudinal setup, the excited spin current
is measured, flowing longitudinal to the direction of the temperature gradient [19].
The described setup is illustrated in the right part of figure 1.1. In contrast to
the transverse setup, the detector material is attached at the hot or cold end of
the sample to measure the flowing spin current directly. In the meantime, several
groups performed a variety of experiments to study the origin of this effect [20–
27]. Kehlberger et al. claim a magnonic origin of the spin Seebeck effect due to
bulk magnons which propagate through the system [21]. They showed in thickness
dependent measurements that the spin Seebeck voltage first increases with increasing
thickness of the ferromagnetic insulator and later saturates on a characteristic length
scale. These results are corroborated by time-resolved measurements of the spin
Seebeck effect by Agrawal et al. where a rising time of the effect in the sub-microsecond
regime was measured [27]. This rising time is referred to a finite propagation length of
magnons in the range of several hundred nanometers in agreement with the thickness
dependence measurements. In both experiments, saturation effects due to a finite
propagation length of magnons were observed, although an understanding of the
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magnon propagation and the composition of thermal spin currents is missing.
To get a deeper insight into the frequency distribution of thermally excited spin

currents, the spin Seebeck effect can be manipulated by applying external magnetic
fields [31]. In recent experiments, a strong suppression of the longitudinal spin Seebeck
effect due to large magnetic fields was observed [25, 28–30]. Since an additional
magnetic field should increase the frequency gap of the magnons, it was expected
that a large suppression effect of the spin Seebeck effect implies a strong contribution
of low frequency magnons, which can be suppressed by external magnetic fields.
Furthermore, this effect is also thickness dependent. Whereas a suppression effect of
roughly 30% at a magnetic field of 9 T can be observed experimentally in thick films,
this effect is vanishing for films below a thickness of a micrometer [28, 29].

In the present work, the thermal excitation of magnonic spin currents and their
propagation is studied by performing atomistic spin model simulations, accompanied
by deriving analytical models of the presented effects. By solving numerically the
stochastic Landau-Lifshitz-Gilbert equation of motion for the magnetic moment of
each atom in the lattice, an investigation of the full frequency spectra of exchange
driven magnons without coarse graining effects [39] is possible leading to a better
microscopic understanding of thermally excited magnonic spin currents. In different
temperature profiles, the characteristic length scale of spin wave propagation is
studied including a frequency dependent investigation of the excited spin current.
A comparison of the numerical results with experimental observations of the spin
Seebeck effect at different thicknesses of the magnetic material gives an explanation
of the origin of this dependence.

In addition, the magnon accumulation is investigated within numerical simulations
dependent on external magnetic fields, to identify the microscopic origin of the
suppression effect of the magnon accumulation by large magnetic fields. Moreover, a
study of the frequency dependence is performed to get an insight into the frequency
composition of the excited spin currents leading to a better understanding of the
different thickness dependence observations of the suppression of the spin Seebeck
effect. The numerical results presented in this work demonstrate that different
frequency ranges are relevant for the measured signal dependent on the thickness of
the ferromagnetic insulator.

In the last years, several analytical models for a description of the spin Seebeck
effect have been developed [11, 32, 40–44]. In their derivations, the spin current is
often considered directly. Therefore, the thermally excited spin current is calculated
straightly within numerical simulations and the interrelation between the described

3



1 Introduction

magnon accumulation and the spin current is investigated. This new perspective on
the numerical results of spin current propagation allows a better comparison with
further theoretical approaches as a Boltzmann approach of the spin Seebeck effect.
The presented numerical results are utilized to verify the underlying assumptions of
the analytical models and further improve theoretical predictions of the spin Seebeck
effect.

Recently, also antiferromagnets have gained a lot of interest. Since they are less
sensitive to external magnetic fields and do not have internal stray fields, they
are under discussion as an alternative to existing ferromagnetic devices. In recent
experiments, spin pumping and spin transfer torque - key technologies for designing
antiferromagnetic spintronics - have been demonstrated [45–47]. Additionally to
phenomena based on spin polarized spin currents, also magnons can be used in
particular for heat transport in temperature gradients. Ohnuma et al. proposed
a vanishing spin Seebeck signal in antiferromagnets [35]. To verify the theoretical
predictions, atomistic spin model simulations of an antiferromagnetic system including
a temperature step in the center of the system are performed in the framework of
the present work. Accompanied by an analytical study of the spin wave propagation,
in simulated systems the magnon accumulation and its characteristic length scale of
the single sublattices are investigated.

In addition to the above mentioned studies, the derived methods are extended to
ferrimagnetic materials. The most common material for experimental studies of the
spin Seebeck effect is YIG due to its low damping and low anisotropy. Theoretical
models have treated YIG as ferromagnet, but this material has in fact a complex
ferrimagnetic structure. A numerical study of ferrimagnets offers a new insight
especially in the complex temperature dependence of the spin Seebeck effect, already
observable in experiments [33]. Moreover, first experimental results by Geprägs et
al. in the ferrimagnetic material Gd3Fe5O12 (GdIG) show a sign change of the spin
Seebeck signal close to the compensation point, at which the sublattice magnetizations
compensate each other. Furthermore, they report a second sign change at lower
temperatures [34]. In the present work, numerical simulations of thermally induced
magnon propagation in a two-sublattice ferrimagnet dependent on the temperature
are performed to investigate the mechanism causing this dependence.

The shown studies of thermally induced magnon propagation in the different
materials provide a better understanding of the microscopic origin the magnonic
contribution of the spin Seebeck effect and give an explanation of different aspects
of the spin Seebeck effect such as its dependence on the thickness of the magnetic
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material and the field dependence. This knowledge allows to find new materials for
efficient thermal spin current excitation and to improve the experimental setup. This
is an important step to design new devices based in the spin Seebeck effect.

The present work is structured in the following way: In chapter 2, the basic concepts
of the origin of the magnetic moment of an atom, the ferromagnetic interactions and
the considered Heisenberg model are introduced. Moreover, the employed equation of
motion for single magnetic moments, the stochastic Landau-Lifshitz equation, is briefly
discussed. Additionally, theoretical models describing magnon transport, such as the
two temperature model by Xiao et al. [11] as well as a Boltzmann transport equation
are presented. In the subsequent chapter the general properties of the simulated
systems and the numerical implementation of the stochastic Landau-Lifshitz-Gilbert
equation are described. Equilibrium properties of the described magnetic systems are
presented from a theoretical approach as well as from simulations in chapter 4. In the
chapters 5 to 7 the study of the spin wave propagation due to different temperature
profiles is included. Initially, the magnon accumulation and its length scale due to a
temperature step is described in chapter 5. In chapter 6, the methods are extended to
systems including a linear temperature gradient for various length and a discussion of
the excited spin current and its relation to the magnon accumulation in temperature
gradients is included in chapter 7. The extension of the methods to antiferromagnets
and ferrimagnets in a two-sublattice system is described in chapter 8. Finally, the
summary of this thesis and an outlook complete the present work.
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2 Modeling magnonic transport

The present work is focused on computer simulations of magnonic transport in
magnetic materials under non-equilibrium conditions caused by temperature gradients.
In the following, the origin of the magnetic moments and their interactions are
described. To simulate the magnetic properties of the magnetic systems, an atomistic
spin model based on the Heisenberg model has been used. The different energy
contributions, that can play a role, are presented as well as the equation of motion for
the magnetic moments in a thermal heat bath, the stochastic Landau-Lifshitz-Gilbert
equation.

Temperature gradients create a non-equilibrium distribution of the magnetic
excitations in the system, the so-called magnons. Therefore, net magnonic currents
are excited in the presence of temperature gradients. For these transport phenomena
exist analytical descriptions based on simplified models. In ferromagnetic insulators
a two temperature model, considering the magnon and the phonon temperature
in temperature gradients, can be used to describe the resulting spin accumulation.
Furthermore, an approach based on the Boltzmann equation for magnons can be
developed to study magnon currents in non-equilibrium. These models are briefly
introduced in this chapter.

2.1 Origin of atomic magnetic moments

A microscopic understanding of magnetism was mainly derived in the last century.
The origin of the magnetic moment of an atom lays in its electrons and their spin.
Therefore, a quantum mechanical treatment of the electronic structure is necessary
to estimate the resulting magnetic moment. A detailed description can be found
for example in [48, 49]. In the absence of relativistic effects, the energy levels of the
electrons in an isolated atom, which can be described quantum mechanically with the
Schrödinger equation, are characterized with four characteristic quantum numbers
n, l, ml and mspin. The size of the orbit and the energy of the state is given by the
quantum number n. Due to the Pauli exclusion principle, it defines the number of
electrons that can occupy a shell. The second quantum number l describes the orbital
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2 Modeling magnonic transport

angular momentum that can be calculated by ~
√
l(l + 1), where ~ is the Planck’s

action quantum. The quantum number l ranges from l = 0, 1, ..., n− 1. Furthermore,
the component of the angular momentum l along a particular direction, that could
be for example due to an applied field, is characterized by the quantum number
ml ranging from ml = −l,−l + 1, ..., 0, ..., l − 1, l. Additionally, electrons carry an
electron spin, leading to a spin angular momentum of ±~/2 described by the spin
quantum number mspin.

The magnetic moment µl of a moving electron can be determined by

µl = − |e|2m~l = −µBl . (2.1)

The scaling factor µB of the magnetic moment µl and the angular momentum l is
the so-called Bohr magneton and is defined as the magnetic moment of an electron
of a hydrogen molecule. The amplitude of the magnetic moment is in this case
|µl| = µB

√
l(l + 1). Similar for the spin magnetic moment µspin, one gets

µspin = −ge
|e|
2m~s = −geµBs , (2.2)

where ge is the Landé factor ge = 2.00229 and s the unit vector of the spin angular
momentum.

Figure 2.1: Illustration of the origin of magnetic moments. Left: Scheme of vector
addition of the magnetic moment µl and the spin magnetic moment
µs. The total angular momentum J is the sum of the vectors L and
S. The total magnetic moment µtot is not necessarily collinear to J,
but tilted by an angle θ causing a precession of the magnetic moment
around J. Right: Example for L, S and J dependent on the number of
electrons in a sub shell shown for 3d-ions; taken from [48].
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2.1 Origin of atomic magnetic moments

The total magnetic moment of one atom is given by the sum of the total orbital
momentum, L = ∑

i li, as well as the total spin angular momentum, S = ∑
i si, of

all incomplete shells. The contributions from orbital momentum and spin angular
momentum of a filled shell are compensated. The orbital momentum L and the
spin angular momentum S are coupled via spin-orbit interaction and form the total
angular momentum J = L + S. J ranges from (L − S) to (L + S). Due to the
fact that µl and µspin scale differently than L and S the total angular momentum
µtot = µl + µspin is not collinear with J but tilted by an angel θ. This fact leads to a
precession of the total magnetic moment as illustrated in figure 2.1.

The magnetic moment of one atom is given by

µtot = gJµBJ , (2.3)

where gJ in the Landé spectroscopic g-factor that can be calculated via

gJ = 1 + J(J + 1) + S(S + 1)− L(L+ 1)
2J(J + 1) . (2.4)

The ground state of the magnetic system can be estimated by applying Hund’s
rules [48]:

1. The value of S takes its maximum as far as allowed by the Pauli exclusion
principle.

2. The value of L takes its maximum as far as allowed by the first rule.

3. If the shell is less than half full, the ground state multiplet level has J = |L−S|,
but if the shell is more than half full the ground state multiplet level has
J = |L+ S|.

In the right part of figure 2.1, the total orbital momentum L, the total spin momentum
S and the total magnetic moment J are shown exemplary for 3d-ions dependent
on the number of electrons in the d-shell by applying Hund’s rules. First, the total
angular momentum is increasing since L and S are increasing, but with a higher
numbers of electrons it decreases again, because the shells are more than half filled.

Due to a random orientation of the magnetic moments even materials with large
atomic magnetic moments, do not show necessarily measurable magnetic effects on
the macro scale. However, magnetic order can appear due to interaction with external
magnetic fields. Paramagnetic ordering appears when the magnetic moments are
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2 Modeling magnonic transport

oriented in the direction of an external magnetic field and the order stays only as long
as a field is applied. Moreover, dipole-dipole interaction of the magnetic moments
can create ordering of the magnetic moment to eliminate internal magnetic fields.
This effect is called diamagnetism. Additionally, magnetic moments interact with
each other, leading to ferromagnetic or antiferromagnetic order. This interaction is
considered in the current study and is discussed in the next section.

2.2 Heisenberg model

In this section, the origin of the internal exchange interactions is briefly introduced (a
detailed description can be found for example in [50]). The origin lays in the interaction
of the electrons, where the Pauli principle and the Coulomb interaction have to be
considered. Additionally, the electrons can move from one atom to another, which
can be modeled using a tight-binding model to describe the hopping of the electrons.
Including the different energy contributions, one can calculate the eigenstates and
the belonging energies of the system. For example in a two-electron model the
resulting eigenstates can have a parallel alignment of the magnetic moments leading
to ferromagnetic order or an antiparallel alignment describing antiferromagnetic
order. The exchange interaction is in this case determined by the energy difference
between the lowest lying ferromagnetic eigenstate with energy EFM and the lowest
antiferromagnetic eigenstate and the corresponding energy EAFM,

J = 1
2(EFM − EAFM) . (2.5)

The exchange constant J of a two electron system can be estimated as

J = JD + U

4 −
√
t2hopp −

U2

16 . (2.6)

JD is the so-called direct exchange, describing the off-diagonal elements of the
Hamiltonian from the Coulomb interaction of two electrons. U is the Coulomb
integral, including the repulsion between the two electrons and thopp is the hopping
integral, that considers the hopping of electrons from one atom to another. The
direct exchange JD is much smaller than the Coulomb integral U , but the Coulomb
integral U and the hopping integral thopp can have comparable values.

In the first explanation of the origin of exchange interaction by Heisenberg in 1928
only the direct exchange JD was considered, which can be interpreted as an overlap
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2.2 Heisenberg model

of the wave functions of electrons from neighboring atoms [51]. This limitations
works for ferromagnetic insulators with well separated atoms, where hopping of the
electrons can be neglected. The direct exchange interaction in a bulk system can
be reduced to the interaction between nearest neighbors, since the overlap of wave
functions of electrons is vanishing for the interaction with further neighbors.

In the Heisenberg model magnetic moments are assumed to be continuous and
treated as classical three dimensional vectors. In the following, a magnetic material
with a cubic lattice of localized magnetic moments µi is considered. For the following
calculations the normalized magnetic moments Si, given by Si = µi/µs, are used.
In this case, µs is the absolute value of the magnetic moments µi. The exchange
contribution to the Hamiltonian of nearest neighbor interaction can be estimated as

Hexc = −
∑
〈ij〉

Jij · Si · Sj , (2.7)

with the exchange constant Jij. The summation over 〈ij〉 means a sum over all
magnetic moments i and their nearest neighbors j, but all pairs i, j are only counted
once. If the exchange constant Jij is positive, ferromagnetic orientation of magnetic
moments is preferred. For negative Jij the orientation is antiferromagnetic, following
from the definition of exchange interaction in equation 2.5. The exchange interaction
is assumed to be isotropic and equal for all magnetic moments with Jij = J .

The Heisenberg model can be extended by further contributions as interaction with
external magnetic fields, anisotropic effects, and dipole-dipole-interaction, all of which
are discussed in the following. The magnetic moments interact with external magnetic
fields. In the absence of exchange interaction, this is the origin of paramagnetism.
The Zeeman term of the energy can be written as

HB = −µs
∑
i

Si ·B . (2.8)

Due to this contribution, the magnetic moments can no longer freely rotate in the
system, but try to orient themselves parallel to the magnetic field. If the magnetic
field is strong enough the magnetic moments are oriented parallel to this field.

Moreover, the symmetry of the system can be broken by anisotropy effects. The
crystalline structure of the system can create a preferred orientation of the magnetic
moments. The surrounding of an atom in a crystal affects the orbits of electrons.
These orbits can have preferred orientations depending on the energy given by
the interaction with the surrounding atoms leading to a favored orientation of the
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2 Modeling magnonic transport

magnetic moments. Via the spin-orbit coupling, spin moments are affected as well. In
order to describe this behavior, it is necessary to solve the full electronic Hamiltonian,
which is in general very complex. A detailed discussion of those calculations can be
found for example in [49].

Instead, phenomenological expressions can be used to include the anisotropic
effects. They can either be measured in experiments or calculated from the electronic
structure. If the magnetic moments favor to be aligned parallel or antiparallel to a
special direction, the direction is called magnetic easy-axis. This directions are linked
to the crystallographic axis of the system.

In the following, an easy-axis in z-direction is considered. The energy contribution
due to the anisotropy in this case is given by

Hani = −dz
∑
i

(Szi )2, (2.9)

where dz is the anisotropy constant. If the value of dz is larger than zero, the system
prefers to be oriented parallel or antiparallel to the z-direction. For values smaller
than zero the magnetic moments avoid to be oriented in that direction.

Additional to the short range exchange interaction, the magnetic moments in-
teract also on a larger scale via dipole-dipole interaction. This contribution to the
Hamiltonian can be written as

Hdipole = −w
∑
i<j

3 (Si · eij) (eij · Sj)− Si · Sj
r3
ij

. (2.10)

The sum is performed over all i and j with the constriction that every term is only
counted once. rij denote the distance between magnetic moments i and j and the
vector eij is the unit vector in the direction (Si − Sj). The constant w in a regular
cubic lattice with lattice constant a and the magnetic constant µ0 can be written as

w = µ2
sµ0

4πa3 . (2.11)

In general, the interaction between two magnetic moments is much smaller than
the exchange interaction, but the interaction acts on a larger scale and becomes
important for large system. It favors parallel alignment of magnetic moments to a
stray field resulting from interaction with other magnetic moments. Competing with
exchange interaction, it leads to the formation of magnetic domains.

Furthermore, the dipole-dipole interaction in thin films can be approached as a
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2.3 Stochastic Landau-Lifshitz-Gilbert equation

so-called shape anisotropy. To avoid magnetic flux through the surface, magnetic
moments close to the surface are forced to an alignment parallel or antiparallel to
the surface. In thin films with the longest axis in z-direction the shape anisotropy
can be estimated as:

Hform = −1
2µ0µ

2
s (Szi )2 . (2.12)

In this work, mainly a Hamiltonian consisting of an exchange interaction for
nearest neighbors and an anisotropy with an easy axis in z-direction is used. The
full Hamiltonian in this case is given by

H = −J
∑
〈ij〉

Si · Sj − dz
∑
i

(Szi )2 . (2.13)

The magnetic moments in this case are oriented parallel (J > 0) or antiparallel
(J < 0) due to their exchange interaction and they try to align with the z-axis, due to
the anisotropy of the system to minimize their energy. The assumed anisotropy can
be caused either by anisotropy effects of the systems or due to the shape anisotropy.

2.3 Stochastic Landau-Lifshitz-Gilbert equation

In this section, the equation of motion for the normalized magnetic moments Si is
described, the so-called stochastic Landau-Lifshitz-Gilbert equation. For the follow-
ing discussion, a ferromagnetic exchange coupling and a simple cubic system are
considered for the derivation of the equation of motion, but the methods can be
extended to different systems, as antiferromagnets or ferrimagnets, which are also
studied in the current work. The basis for the derivation of this equation of motion is
in the case of a conservative Hamiltonian the Ehrenfest theorem, describing the time
evolution of a single spin. In this quantum mechanical treatment, the spin Ŝi and
the belonging Hamiltonian Ĥi are considered as operators. The transition from a
quantum mechanical treatment to a classical description, which is used in this work,
is done afterwards. The equation of motion is given by

i~
d
〈
Ŝi(t)

〉
dt =

〈
[Ŝi, Ĥi]

〉
. (2.14)
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2 Modeling magnonic transport

The commutator can be estimated by

〈
[Ŝi, Ĥi]

〉
= −i~

〈
Ŝi ×

∂Ĥi

∂Ŝi

〉
+O(~2) . (2.15)

The given Hamiltonian consists of a term linear with Ŝi, given by the exchange
interaction or potential magnetic fields. Moreover, a second term exists that scale
quadratic with Ŝi due to the anisotropy. It can be shown, that the error in the esti-
mation of the commutator appears due to the quadratic part of the Hamiltonian. For
the contribution of exchange interaction and a possible interaction with an magnetic
field, it can be shown that the commutator is given directly by −i~

〈
Ŝi × ∂Ĥi

∂Ŝi

〉
[52].

In the following, the spin Ŝi and its Hamilton operatorHi are considered classically.
Using the equalities si =

〈
Ŝi
〉

and Hi =
〈
Ĥi

〉
, the equation of motion reads

dsi(t)
dt = −si(t)×

∂Hi(si(t), t)
∂si

. (2.16)

The spin si can be related with the magnetic moment µi via µi = −γs, where γ is the
gyromagnetic ratio. In this case the absolute value of the spin |si| is given by ~. Using
the normalized magnetic moment Si = µi/µs, the derivative of the Hamiltonian acts
like an effective field, causing a precession of the normalized magnetic moment Si
around the effective field, given by

Hi = −∂Hi(Si(t), t)
∂Si

. (2.17)

The absolute value of the magnetic moment µs is given by µs = γ/~. The resulting
equation of motion of a magnetic moment Si with a given effective field Hi is

∂Si
∂t

= − γ

µs
Si ×Hi . (2.18)

In 1935 Landau and Lifshitz extended this equation and added a phenomenological
damping term, that includes dissipation effects in the model [53]. The magnetic
subsystem of a given material interacts with other subsystems creating a loss of energy.
The dominant contribution to the energy losses via different damping mechanism
is still under discussion. Examples for the damping of a magnetic system is the
magnon-phonon interaction or losses due to crystal defects [54]. The full description
of the different appearing damping mechanisms is very complex. Alternatively, a
phenomenological damping was implemented, that corresponds to the rate of energy
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transfer. This can be measured experimentally without including the details of the
energy transfer mechanism. The modified equation of motion, proposed by Landau
and Lifshitz, is

∂Si
∂t

= − γ

µs
Si ×Hi −

αLL

µs
Si ×

(
Si ×Hi

)
. (2.19)

The additional damping term with the damping constant αLL leads to energy dissi-
pation that aligns the magnetic moments parallel to its effective field, by conserving
the absolute value of the magnetic moment. The form of the damping term was
confirmed in the context of non-equilibrium dynamics by Saslow et al. [55]. The
Landau-Lifshitz equation leads to unphysical results for αLL →∞, because in this
case the precession frequency is not affected, but the large damping suppress a motion
of the spins on a very short timescale [56].

In 1955 Gilbert proposed a new form for the damping term [54, 57]. He choose a
damping force directly proportional to the rate of change given by ∂Si/∂t and the
so-called Gilbert equation is given by

∂Si
∂t

= − γ

µs
Si ×Hi(t) + αSi ×

∂Si
∂t

. (2.20)

This equation can be rewritten into a similar form than the Landau-Lifshitz equa-
tion 2.19 [58]. The resulting equation,

∂Si
∂t

= − γ

(1 + α2)µs
Si ×Hi(t)−

γα

(1 + α2)µs
Si × (Si ×Hi(t)) , (2.21)

is called Landau-Lifshitz-Gilbert equation. For low damping constants α, the equation
is similar to the Landau-Lifshitz equation with α = αLL·γ. For high damping constants
α the precession frequency as well as the damping term are reduced by the factor
1/(1 + α2). It is still an unsolved issue, which equation is correct [55]. The two
torques described by the Landau-Lifshitz-Gilbert equation 2.19 acting on the single
magnetic moment Si are illustrated schematically in figure 2.2. If the normalized
magnetic moment Si is misaligned to its effective field Hi, the first term of the
Landau-Lifshitz-Gilbert equation 2.21 causes a precession of the magnetic moment
around the effective field. Due to the additional damping term the magnetic moment
relaxes and the additional torque leads to an alignment of the magnetic moment
parallel to the effective field.

Additionally, at finite temperature phonons can appear in the system and can
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2 Modeling magnonic transport

Figure 2.2: Schematic illustration of the dynamics of magnetic moment Si described
by the Landau-Lifshitz-Gilbert equation 2.21. The magnetic moment
Si precesses around its effective field Hi due to the torque −Si ×Hi

(green) and relaxes to a parallel alignment to the effective field due to
damping given by −Si × (Si ×Hi) (blue).

interact with the magnetic system. On the one hand, this can lead to energy losses
which are included by the damping on the magnetic moments, but on the other
hand, they couple with the magnons and can increase the energy of the magnetic
system. To consider the effects of temperature in the model, Brown proposed 1963
that at finite temperatures following the fluctuation-dissipation theorem [59] the
Landau-Lifshitz-Gilbert equations needs to be augmented by an random thermal
field ζi(t) added to the effective field Hi [60]. This effective field can be written as

H′i(t) = ζi(t)−
∂H
∂Si

. (2.22)

The thermal field is considered as white noise and its statistical average is zero,

〈ζi〉 = 0 . (2.23)

For the thermal field a Gaussian distribution, which is not correlated in space and
time, is assumed. Its strength depends on the temperature T of the system and the
damping constant α. The correlation function in this case can be written as

〈ζiη(t)ζjθ(t′)〉 = δi,jδη,θδ(t− t′)2αkBT
µs

γ
, (2.24)

where η and θ denote the spatial coordinates and kB is the Boltzmann constant.
In this work the stochastic Landau-Lifshitz-Gilbert equation is implemented and,
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2.4 Two temperature model

therefore, for the time evolution of a single spin equation 2.21 is considered including
the effective field given by equation 2.22. If the system is in thermal equilibrium
at finite temperate T the magnetic moments will not relax into the ground state,
but stay excited. After a relaxation into thermal equilibrium the phenomenological
damping and the influence of the thermal noise will compensate each other in the
thermal average.

2.4 Two temperature model

In the last section, the equation of motion of each magnetic moment is discussed. By
solving the stochastic Landau-Lifshitz-Gilbert equation for every magnetic moment,
one can estimate macroscopic parameters in equilibrium or in quasi-static states
as an average over time. Alternatively, one can define macroscopic parameters as
the magnetization or the magnon temperature and describe their time-development
in a simplified more phenomenological model. In a ferromagnetic insulator a two
temperature model can be used discussing the spatial dependence of the phonon and
magnon temperature. The concept and basic assumptions of this model, which was
firstly derived by Sanders and Walton [38], are presented in the following.

Sanders and Walton studied a scenario in which a temperature difference between
magnons and phonons arises due to a constant temperature gradient in a ferromagnetic
insulator. Assuming that the magnonic and phononic subsystems are each in local
equilibrium, they define a local temperature for the magnons, Tm(z), and for the
phonons, Tp(z). For simplification, they consider the total thermal conductivity
as a simple sum of the magnonic and phononic contribution, implying that the
temperature gradient in the subsystems is equal, which is not necessarily the case.

The magnon-phonon coupling is considered by a magnon-phonon relaxation time
τmp, which does not include any frequency dependence of the interaction. Assuming
an exponential decay of the temperature difference ∆Tmp = Tm − Tp, given by

d∆Tmp

dt = ∆Tmp

τmp
, (2.25)

and a constant local heat Q = Qm + Qp in the system, the time evolution of the
phonon temperature Tp and the magnon temperature Tm are described by

dTp

dt = cm

ct

Tm − Tp

τmp
and dTm

dt = cp

ct

Tp − Tm

τmp
, (2.26)
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2 Modeling magnonic transport

respectively, where cm and cp are the specific heats of the magnons and phonons and
ct = cm + cp is the total specific heat.

Sanders and Walton consider a sample with the length L and a heat flow in
z-direction. The total heat flux JQ is supplied at z = −L/2 and absorbed at z = L/2,
therefore a steady state is reached under the condition

dJQm(z) = cmcp

ct

1
τmp

(
Tp(z)− Tm(z)

)
dz . (2.27)

Additionally, the local magnonic heat flux JQm depends on the magnonic conductivity
κm. This is given by

JQm(z) = −κm
dTm(z)

dz . (2.28)

Combining the two equations leads to the differential equation

d2Tm(z)
dz2 + cpcm

ct

1
κmτmp

(
Tp(z)− Tm(z)

)
= 0 . (2.29)

The total heat flux JQ is the sum over the heat flux in the magnonic and phononic
subsystems,

JQ = JQp(z) + JQm(z) = −κp
dTp(z)

dz − κm
dTm(z)

dz . (2.30)

Solving this equation for the phononic contribution, one gets for the spatial dependence
of the phonon temperature

Tp = κt

κp
T0 −

JQ
κp
z − κm

κp
Tm(z) . (2.31)

As boundary condition it is assumed, that in the center of the system the magnon
and phonon temperature are equal, Tm(0) = Tp(0) = T0. Using this result, for the
magnon temperature one gets

d2Tm(z)
dz2 + 1

λ2
m

(
T0
JQ
κt
z − Tm(z)

)
= 0 . (2.32)

The parameter λm, that is interpreted as magnon diffusion length [11], is given by

λ2
m = ct

cpcm

κmκm

κt
τmp . (2.33)
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Figure 2.3: Spatial dependence of the temperature difference ∆Tmp between
magnons and phonons for different ratios of the magnon diffusion length
λm compared to the length L of the ferromagnetic system. For high
λm the spatial dependence is almost linear, whereas the temperature
difference is reduced to the edges of the system for small λm.

The solution of the differential equation 2.32 can be used to derive the local temper-
ature difference between the magnons and phonons ∆Tmp(z) = Tm(z)− Tp(z). This
temperature difference can be estimated as

∆Tmp(z) = JQ
κt

(
1− κm

κp

)λm sinh
(
z
λm

)
cosh

(
L

2λm

) . (2.34)

For the solution it is considered, that at the interface only phonons can interact with
the heat bath at both end, but the magnons are not coupled to the surrounding.

Xiao et al. extended the original model from Sanders and Walton and included
magnonic heat transfer through the interface [11]. But the solution by Sanders and
Walton is a good approximation as long as κp � κm. If κp � κm and cp � cm the
parameter λm can be approached with

λm = κm

cm
τmp . (2.35)

The magnonic parameters can be derived by calculating the equilibrium properties
κm and cm and approach the magnon-phonon coupling τmp. Xiao et al. estimate for
the magnon diffusion length λm in YIG at room temperature λ ' 0.85 − 8.5 mm
by using a simple kinetic theory for the derivation of the parameters [61]. For the
magnon-phonon coupling the lifetime of the ferromagnetic resonance mode was used
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2 Modeling magnonic transport

as approximation.
The spatial dependence of the temperature difference, given by equation 2.34, is

plotted in figure 2.3 exemplary for different ratios of the magnon diffusion length λm

and the system size L. If the parameter λ is of similar size as the length L of the
system, the temperature difference ∆Tmp is almost linear dependent on the position
z and changes its sign at the center of the system. For λm � L the temperature
difference vanishes in the center of the system and arises only at both edges of the
system.

Xiao et al. calculate from the spatial temperature profile the expected spin Seebeck
voltage, to explain the first measurements of the spin Seebeck effect[11]. Theoretical
models of the spin pumping effect predicted that this effect scales with the temperature
difference between the magnons at the interface to the electrons in the normal
metal [62–64]. With the assumption that electrons and phonons equilibrate much fast
than each of them with the magnonic subsystem, it was assumed that the phonons
and the electrons in the attached detector material have the same temperature.
Therefore, the rising temperature difference of the magnons and phonons causes
an appearing temperature difference between the magnons in the ferromagnetic
material and the electrons of the normal metal that is used to detect the resulting
spin currents. Xiao et al. derived in a first order approach that the measured spin
Seebeck coefficient scales linearly with the rising temperature difference between
magnons in the ferromagnet and the phonons or electrons in the detector [11].

2.5 Boltzmann equation of magnonic transport

A disadvantage of the two temperature model, that was presented in the last section, is
the implementation of phenomenological material parameters like the magnon-phonon
coupling or the heat capacities and conductivities of the magnons and phonons,
neglecting any frequency dependence. More microscopically, one can consider a
Boltzmann equation for the magnetic excitations of the systems, the magnons. In
this case, the time development of the magnonic distribution function f(x,q, t) is
described, where x denotes the space position, q is the wave vector of the magnon
and t is the time. The properties of the magnons, that are used here, are further
discussed in chapter 4. The Boltzmann equation for magnons can be written as

∂f(x,q, t)
∂t

+ ∂f(x,q, t)
∂x

· ∂ωq

∂q
= −2αωq

(
f(x,q, t)− fB

( ~ωq

kBTp

))
. (2.36)
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2.5 Boltzmann equation of magnonic transport

The first term on the left side is the partial time derivative of the frequency distribution.
Whereas the second part describes the influence of local particle currents that flow
with the group velocity vq = ∂ωq/∂q and the frequency ωq. The source term is
included on the right side of the equation. For the damping of the magnons Gilbert
damping is considered and the source term in a simplified model can be chosen
proportional to the inverse of the relaxation time [65], which is given by 2αωq as
shown in chapter 4. Here, the source is a surplus or a lack of magnons in the frequency
distribution compared to the equilibrium situation at temperature T . For magnons
in thermal equilibrium at a temperature T a Bose-Einstein distribution is assumed,
given by

fB(ω, T ) = 1
exp ( ~ω

kBT
)− 1

. (2.37)

By integration of equation 2.36 over the whole q-space one gets

∂ns(x)
∂t

+∇js(x) = Γ(x) . (2.38)

The integration of the Bose-Einstein function gives the number of magnons ns. js
describes the excited magnonic spin current that is propagating through the system
and the source term Γ is given by

Γ(x) = −2α
∫ dq

(2π)3~ωq

(
f(x)− fB

( ~ωq

kBT (x)

))
. (2.39)

This approach can also describe the magnonic transport of the spin Seebeck effect.
It can be used to calculate the spatial profile of the magnon temperature in a
system including a temperature gradient. In contrast to the phenomenological two
temperature model, this model also includes the frequency dependence of the single
parameters. The description of the spin Seebeck effect using a Boltzmann approach
is discussed in comparison with the Landau-Lifshitz-Gilbert equation in chapter 7.
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3 Numerical treatment of non-equilibrium magnetic
systems

In this chapter, the basic methods for the computer simulations are presented. The
implemented algorithm to solve the Landau-Lifshitz-Gilbert equation is the Heun
method, which is introduced here including the generation of random numbers with
a Gaussian distribution for the stochastic noise. Additional characteristics of the
simulations, as the used system configurations, boundary conditions, and properties
of the implemented temperature profiles, are described in this chapter.

Within the present work, an efficient method for the monochromatic excitation
of spin waves has been developed, which can be used to study frequency dependent
properties of the spin waves. This method was used for an investigation of magnon
driven domain wall motion, studied in a Bachelor thesis by Severin Selzer [66] and for
a numerical investigation of the temperature dependence of magnon propagation by
Johannes Baerlin [67]. Very recently, the method was extended also to ferrimagnetic
systems and the dispersion relation for for spin waves in these materials was studied by
Florian Jakobs [68]. Due to the large computational effort of the numerical simulations,
the system size is limited. To avoid reflections of the excited spin wave currents
absorbing boundary conditions are embedded. The efficiency of this conditions were
studied before within a Master thesis [69] and they are realized by a local increase of
the damping constant at the end of the system.

3.1 Implementation of the Landau-Lifshitz-Gilbert equation

To study the non-equilibrium properties of magnetic systems caused by temperature
gradients, the stochastic Landau-Lifshitz-Gilbert equation 2.21 is solved numerically.
This equation of motion is integrated at every time step for each atom. Therefore,
the computational effort is very high and the system size is limited. In the performed
simulation typically a system of 8× 8× 512 magnetic moments is implemented. This
simulation method is different to micromagnetic simulations, where the magnetization
is simulated within a continuum theory without a treatment of the underlying lattice
structure of the single magnetic moments. In the micromagnetic case, the frequency
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3 Numerical treatment of non-equilibrium magnetic systems

spectra has a cut-off given by the smallest unit cell that is considered [39]. In atomistic
spin simulations, the lattice structure is implemented in the simulations and the full
spectrum of spin waves frequencies are included. This allows to study the thermal
excitation of spin currents without coarse graining effects and the correct frequency
dependence of the propagation process.

The used equation of motion consists of a deterministic part f(Si, t) and a deter-
ministic function g(Si(t), t) which is multiplicatively coupled to a noise term ζ(t) at
finite temperatures. The numerical treatment of this kind of stochastic equation of
motion is described in the following for simplification in a one-dimensional case. But
the discussion can be similarly applied for the full three-dimensional equation 2.21.
In a one-dimensional treatment this type of equation can be written as

ẋi(t) = f(xi(t), t) + g(x(t), t)ζ(t) . (3.1)

The noise-term ζ(t) is implemented by a random sequence of delta functions. Each
delta function causes a jump in ζ(t). Following the considerations of Brown for the
implementation of temperature [60], the mean value for g(x(t), t) is used for the
integration. Based on xi(t) the value xi(t+ ∆t) after a time interval ∆t is given by

xi(t+ ∆t)− xi(t) = f(xi(t), t)∆t+ gi

(
xi(t) + xi(t+ ∆t)

2

)∫ t+∆t

t
ζ(t′)dt′ . (3.2)

In this case, the stochastic noise is assumed to be uncorrelated and independent from
preliminary events, following the Stratonovich interpretation of thermal noise [70–73].
The lowest order algorithm for the integration of the stochastic Landau-Lifshitz-
Gilbert equation is the so-called Heun method [74], which is used in the current
study. This method is a predictor-corrector method, which denotes algorithms in
which first a predictor and then the final value is calculated using the predicted path.
Based on the value for xn after n time steps the value xn+1 is given by

xn+1 = xn + 1
2 (f (xn, tn) + f (x̄n+1, tn+1)) ∆t

+ 1
2 (g (xn, tn) + g (x̄n+1, tn+1)) ζ(tn) . (3.3)

The predictor value x̄n+1 is calculated via the Euler method and can be written as

x̄n+1 = xn + f (xn, tn) ∆t+ g (xn, tn) ζ(tn). (3.4)
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3.2 Non-equilibrium simulations in temperature gradients

The Landau-Lifshitz-Gilbert equation is implemented similarly to the description
above. The error of this method scales with ∆t3/2.

For the implementation of thermal noise ζ(tn), random numbers are needed that
describe white noise with the properties given by equations 2.23 and 2.24. It can
be shown, that the described properties of the thermal noise can be realized by
implementing random numbers with a Gaussian distribution p(ζ)[70], given by

p (ζ) ∝ exp
(
− ζ2

2σ2

)
, (3.5)

with the variance σ of the distribution, which is

σ2 = 2αkBT
µs

γ
∆t . (3.6)

The generation of the random numbers is done by a Tausworthe random number gen-
erator provided by the GNU Scientific Library (GSL) [75]. The Gaussian distribution
of the random numbers is generated by the Ziggurat method [76, 77], also provided
by GSL. At the beginning of the thesis the random number generator rand(), which
is the standard random number generator from the c library <stdlib.sh>, was used.
The Gaussian distribution was generated by using the Box-Muller method [78]. But
both methods are time consuming and therefore, the more efficient methods, that
are described above, have been implemented in the program.

3.2 Non-equilibrium simulations in temperature gradients

The Heun method is used in the present study to simulate magnetic non-equilibrium
systems. In the following, some characteristics of the simulations are discussed. This
work does not focus on a specific material. Instead, general models are considered,
that allows to investigate the dependence of the magnetic properties on different
system parameters. In most simulations the implemented Hamiltonian consists of
exchange interaction of nearest neighbors and an anisotropy considering a magnetic
easy-axis in z-direction. In addition to these contributions, magnetic fields can be
applied. For the numerical implementation of the system reduced units are considered.
An overview of these units is given in table 3.1, where the transformations of the
rescaled parameters to parameters in SI-units are shown.

For the system, a cubic lattice with lattice constant a is considered. The size of
the system is limited due to the large effort of the simulation and in most cases

25



3 Numerical treatment of non-equilibrium magnetic systems

Parameter Renormalization

Temperature T ′ T ′ = kBT/J

Anisotropy constant d′z d′z = dz/J

Magnetic field B′z B′z = µsBz/J

Time t′ t′ = tJ/~

Frequency ω′ ω′ = ~ω/J

Length l′ l′ = l/a

Spin current j′ j′ = j/(Ja)

Table 3.1: Renormalization of system parameters in the performed simulations.

given by 8 × 8 × 512 magnetic moments. The relaxation time and the averaging
time of one simulation can be of the order of 108 time steps with a time step of
∆t = 1.76 · 10−4~/J , leading to a simulation time which can be of the order of weeks.

The local temperature profile that is implemented in the system corresponds to the
lattice or phonon temperature. Due to thermal noise in the stochastic Landau-Lifshitz-
Gilbert equation 2.21, the energy transfer from the lattice to the magnonic subsystem
is implemented. In contrast, the damping includes the energy transfer from the
magnonic to the phononic subsystem. The implemented temperature profiles within
the simulation stay constant in time, which implies a negligible feedback from the
magnonic to the phononic subsystem. To create a non-equilibrium situation, different
lattice temperature profiles with spatial dependence in z-direction are applied.

In the performed simulations mainly two temperature profiles are used. At first, a
temperature step is included to create a well defined situation where the characteristic
length scale of magnon propagation can be studied. In this case two heat baths
with temperatures T1 and T2 are connected directly. The system size is chosen to
be larger than the propagation length of magnons to avoid finite size effects in
z-direction. Moreover, systems including linear temperature gradients are studied.
In these systems, the heat baths are connected via a linear temperature gradient in
z-direction with the slope ∇zT over various length L. Assuming a linear temperature
gradient in the phonon temperature corresponds in the two temperature model, that
was described in chapter 2, to an infinite phonon thermal conductivity. Since the
magnon conductivity is normally much smaller than the phonon conductivity this
allows to compare the numerical results with the analytical two-temperature model.
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3.3 Excitation of monochromatic spin waves

In the numerical simulations, the magnetic moments are initialized either in
ferromagnetic or antiferromagnetic order in direction of the easy-axis, which is in
z-direction. At finite temperatures, the magnetic system is excited due to temperature
noise. In a section with constant temperature, the system reaches thermal equilibrium
after several time steps. The relaxation time into thermal equilibrium depends on
the damping constant α. A higher damping constant α implies a stronger interaction
with the lattice and the system equilibrates faster.

In regions with a temperature gradient, the magnetic system cannot equilibrate,
since the temperature profile of the lattice stays constant. But after an initial
relaxation process the system reaches a non-equilibrium steady state, in which the
averaged magnetization becomes time independent. The relaxation into these non-
equilibrium steady states takes in general longer as the equilibration at constant
temperatures. The relaxation times are not only dependent on the damping of the
system, but depends on the characteristic length scale of magnonic transport. The
relaxation process is implemented by 106 − 107 additional time steps before the
averaging of the local magnetization, dependent on the specific situation that is
simulated. To verify that the system reaches a steady state, the time average of the
calculated parameters as the local magnetization is performed several times. This
allows to estimate the error due to thermal fluctuations and, furthermore, can be
used to check if the system reaches a steady state before the averaging starts.

3.3 Excitation of monochromatic spin waves

In temperature gradients, a broad frequency distribution of magnetic excitations is
propagating through the system. To investigate the characteristic length scale depen-
dent on the frequency, it is useful to study the propagation of single monochromatic
spin waves. The general properties of spin waves are discussed in the next chapter,
but the mechanism for a monochromatic excitation is presented in the following.

To excite these spin waves, the magnetic moments in the x-y-plane in the 0-th
layer of the system perform a uniform precession with a defined amplitude A. The
time evolution of that precession is given by

Sx0 (t) = A cos (ωt) , (3.7)

Sy0 (t) = A sin (ωt) , (3.8)

Sz0(t) =
√

1− A2 . (3.9)
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Figure 3.1: Propagation of a monochromatic excitation in a ferromagnet. The
normalized magnetization components mx and my are depicted as a
function of the position z showing the propagation of a monochromatic
spin wave excited at z = 0 with frequency ω and wave vector q = qzez
in a ferromagnet with a damping constant of α = 0.01.

Due to exchange interaction, this excitation couples into the system. The precessing
layer is not included in the integration scheme and, therefore, a constant energy
transfer without any back flow from the system to the layer is considered. This
does not correspond to a realistic situation, but provides the possibility to excite a
monochromatic spin wave. If the precession frequency of the 0-th layer corresponds
to an allowed frequency of the system, a spin wave is propagating through the
system. The amplitude of the excitation should be small to avoid non-linear effects,
which would lead to magnon-magnon interaction causing a decay of the excitation to
different magnon modes. In the current work, the chosen amplitude is A = 0.1.

The excitation of a spin wave is illustrated exemplary for ferromagnets in figure 3.1.
Due to uniform precession of the magnetic moments in the 0-th plane, a spin wave
with a wave vector only with a z-component is excited. In figure 3.1 the spatial
dependence of the normalized magnetization components mx and my are shown.
The components are calculated as averaged components of the normalized magnetic
moments in the x-y-plane for each position z. One can see that the spin wave couple
very efficiently. The amplitude of the excitation is almost the one of the spin wave,
which decays due to the damping during the propagation through the system.

A similar procedure can be used to excite monochromatic spin waves in antifer-
romagnets, where the magnetic moments are aligned antiparallel to each other. In
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3.3 Excitation of monochromatic spin waves

this case one distinguishes between the two sublattices A and B, where the magnetic
moments points in the z- or in the −z-direction. In contrast to ferromagnets, the
sublattices can either precess clockwise or counterclockwise and the two sublattices
can precess in the same or in opposite directions. This leads to four different modes
that can be excited by this method.

A description of spin waves in antiferromagnets including their dispersion relation
is given in chapter 7. The time development of the 0-th plane to excite spin waves,
where the two sublattices precess in the same direction, is described by

Sx0,A(t) = A cos (±ωt) , Sx0,B(t) = A cos (±ωt+ π) , (3.10)

Sy0,A(t) = A sin (±ωt) , Sy0,B(t) = A sin (±ωt+ π) , (3.11)

Sz0,A(t) =
√

1− A2 , Sz0,B(t) = −
√

1− A2 . (3.12)

The magnetic moments of the single sublattices precess in the same direction clockwise
with the frequency ω or counterclockwise with the frequency −ω. In both cases, the
two sublattices precess with a constant phase shift of π to each other.

A monochromatic spin wave excitation in which the two sublattices precess in
opposite directions, is realized with a precession of the 0-th layer given by

Sx0,A(t) = A cos (±ωt) , Sx0,B(t) = A cos (∓ωt) , (3.13)

Sy0,A(t) = A sin (±ωt) , Sy0,B(t) = A sin (∓ωt) , (3.14)

Sz0,A(t) =
√

1− A2 , Sz0,B(t) = −
√

1− A2 . (3.15)

Figure 3.2: Scheme of precession of all magnetic moments in the 0-th plane S0
used for a monochromatic excitation of spin waves. For the excitation
in ferromagnets all magnetic moments precess in the same direction
(left). In antiferromagnets, the magnetic moments of each sublattice
precess either in the same direction leading to circular modes (center)
or in opposite directions exciting linear modes (right).
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Figure 3.3: Propagation of monochromatic excitations in antiferromagnets. The
magnetization components mx and my for each sublattice A and B
are depicted dependent on position z exemplary for a precession of the
sublattices in the same direction exciting circular modes (top) and a
precession in opposite directions leading to linear modes (bottom).

The excitation modes are illustrated in figure 3.2. In the left part the uniform preces-
sion of the magnetic moments in the 0-th plane S0 with the frequency ω are shown.
In this case, the precession is only possible in one direction, given by the precession
term on the Landau-Lifshitz-Gilbert equation 2.21. In the antiferromagnetic case the
sublattices can precess each in two different directions. If the sublattices precess in
the same direction with a fixed phase shift of π between the sublattices, as illustrated
in the center of the figure, they are called circular modes and if the precess in opposite
directions and a time-dependent phase shift, this leads to an excitation of the linear
modes, which are depicted in the right part of figure 3.2.

The coupling of the monochromatic modes in the system is shown exemplary
in figure 3.3. The spatial dependence of the magnetization components mx

A,B and
my
A,B of the single sublattices is shown in the upper figure for circular modes, in

which the sublattices precess in the same direction and in the lower figure for linear
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3.4 Implementation of absorbing boundary conditions

modes, where the sublattices precess in opposite directions. As shown in the figure,
for the precession in the same direction both sublattices have different amplitudes.
The amplitudes of the second type of modes are equal, but due to a competition
between exchange and anisotropy the precession is no longer circular, but describes
an elliptical mode.

A full description of the stable modes is included in chapter 7. In figure 3.3 can
be seen that the implemented excitation still creates monochromatic spin waves,
even if the modes are not totally similar to the stable excitations. By using the exact
amplitude ratios of the modes, the coupling could be realized more efficiently. But
the used simplified excitation does not create significant deviations and is used in the
current study to investigate frequency dependent properties of the antiferromagnetic
spin waves.

3.4 Implementation of absorbing boundary conditions

Due to the high computational effort of the simulations, the system size is limited,
which can cause finite size effects. In addition to the limited cross-section, also
reflections at the borders in z-direction can appear. To exclude these effects, at
the cold end of the system or the opposite end of the monochromatic excitation,
absorbing boundary conditions are used, realized by an increase of the damping
constant. This was studied before in the framework of a master thesis [69]. For the
realization, the damping constant is increased exponentially dependent on the space
coordinate z to an upper limit of 1 in an area close to the end of the system. It was
shown, that it is sufficient to use a region of 26 layers, in which the damping constant
is doubled from one layer to the next closer to the end of the system. The spatial
dependence of the damping constant can be written as

α(z) =


α0, if z < zα

α0 · 2z−zα if z > zα and α < 1
1 otherwise

. (3.16)

α0 denotes the damping constant that is used in the rest of the system and at the
position zα the damping constant starts to increase.

In figure 3.4 an example of the damping process of a monochromatic wave is
shown. The excitation is propagating through the system with a damping constant
of α0 = 0.01. In the figure the opposite end of the system is shown. In the upper
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Figure 3.4: Illustration of absorbing boundary conditions. Top: The damping con-
stant α dependent on position z illustrates the absorbing boundary
conditions given by equation 3.16. Bottom: The magnetization compo-
nents mx and my for a monochromatic spin waves is depicted dependent
on position z illustrating exemplary the efficient damping without re-
flections due to the applied absorbing boundary conditions.

part of the figure the spatial dependence of the damping constant α is illustrated.
The lower part of the figure shows the spatial dependence of the x and y components
of the normalized magnetization. Since the increase of the damping constant sets in,
the amplitude of the spin wave is rapidly decreasing and the wave is fully absorbed
in the region of the increased damping.

This process is very efficient. In the framework of a Bachelor thesis by Johannes
Baerlin it was shown that only for small velocities of the spin wave, reflections can
appear which propagate back through the system [67]. In the section with higher
damping the magnetic moments are forced to be aligned to the z-direction. Due to
the misalignment of the magnetic moments with lower and with higher damping, a
torque due to the exchange coupling acts on the magnetic moments, leading to a
partially reflection of the spin wave. To reduce this back flow one can increase the
system size. Moreover, it is only appearing if the velocity of the spin wave is very
small. The described absorbing boundary conditions have been used in the performed
simulations to suppress the reflections of the spin currents at the cold end of the
system. This allows to use a smaller system size without appearing finite size effects.
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4 Equilibrium properties of ferromagnets

Based on the different energy contributions, described in chapter 2, one can determine
the magnetic ground state of a given system. In this chapter, the magnetic excitations
of the system, the so-called spin waves, are discussed for ferromagnetic materials.
The dispersion relation and the lifetime of spin waves are derived in the framework
of linear spin wave theory. Additionally, equilibrium properties, as the equilibrium
magnetization and the magnon density are derived analytically.

Moreover, the equilibrium properties of the considered systems are studied numer-
ically. This investigation is used to identify the appearing finite size effects in the
simulations in thermal equilibrium. This knowledge allows to consider finite size ef-
fects in non-equilibrium cases. The numerically determined equilibrium properties as
the equilibrium magnetization or the magnon density dependent on the temperature
play an important role in the next chapters for the investigation of spin currents due
to the non-equilibrium.

4.1 Dispersion relation of spin waves

In the following, a ferromagnet with exchange interaction and an easy-axis parallel
to z-direction is considered. At finite temperature, the system is excited and the
magnetic excitations of the system are the so-called spin waves [79]. Instead of flip
one magnetic moment in the opposite direction, magnetic excitations are given by
a collective precession of the magnetic moments with the same angle around the
effective field with constant phase shift between each neighboring moments. In a
quantum mechanical description, spin waves carry a quantized magnetic moment of
~ and they are called magnons. In the semi-classical description, which is used in the
current work, spin waves are treated classically and transport a continuous number
of magnetic moment.

To describe the properties of these spin waves, the dispersion relation is derived in
the following. For that purpose the undamped Landau-Lifshitz equation 2.18 is solved
in a linear approximation for a system with a Hamiltonian given by equation 2.13. In
the ground state of the considered system all magnetic moments are aligned parallel to
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4 Equilibrium properties of ferromagnets

the z-direction. By assuming, that at finite temperature only small deviations appear,
the z-components of the normalized magnetic moments Si can be approximated
by Szi ≈ 1. Using this assumption, one can linearize the Landau-Lifshitz equation
leading to

∂Sxi
∂t

= − γ

µs

(
2dzSyi + J

∑
j

(
Syi − S

y
j

))
, (4.1)

∂Syi
∂t

= γ

µs

(
2dzSxi + J

∑
j

(
Sxi − Sxj

))
, (4.2)

∂Szi
∂t

= 0 . (4.3)

It can be seen in the equation above, that the single equations of motions are coupled
to each other. To get a set of decoupled equations of motion, a new set of variables
is used, given by

S±i (t) = Sxi (t)± iSyi (t) . (4.4)

For these variables the equations of motion are accordingly

∂S±i
∂t

= ±i γ
µs

(
2dzS±i + J

∑
j

(
S±i − S±j

))
. (4.5)

As a next step, a Fourier transformation of the equations 4.5 is performed. The
Fourier transform and its inverse for the new variables S±i are

S±q = 1√
N

∑
i

e±iqRiS±i , (4.6)

S±i = 1√
N

∑
q
e∓iqRiS±q , (4.7)

where Ri is the position of the magnetic moment i in the system and q represents
the wave vector. The Fourier transforms of the equations of motion are

∂S±q
∂t

= ± iγ
µs

(
2dz

1√
N

∑
i

e±iqRiS±i + 1√
N

∑
i,j

J
(
S±i − S±j

)
e(±iq·Ri)

)
. (4.8)

The first term is proportional to the Fourier transform of S±i . The second term
contains a sum over i and j of the term

(
S±i − S±j

)
. The sum of S±i over i is the
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4.1 Dispersion relation of spin waves

Fourier transform S±q and the summation over all neighbors j in the cubic lattice
gives an additional factor of 6. Therefore, the equations of motion have the form

∂S±q
∂t

= ± iγ
µs

(
2dzS±q + 6JS±q −

1√
N

∑
i,j

JS±j e
(±iq·Ri)

)
. (4.9)

To rewrite the last term, at first an additional factor e±iq·Rj · e∓iq·Rj is included. The
last term can be expressed by

1√
N

∑
i,j

JS±j e
(±iq·Ri) = 1√

N

∑
i,j

JS±j · e(±iq·Rj)e(±iq·(Ri−Rj)) (4.10)

= JS±q
∑
i

e(±iq·(Ri−Rj)) . (4.11)

The term e(±iq·(Ri−Rj) in the equation above is independent over j and just given by
the distance between the nearest neighbors. Therefore, the summation over j can be
performed separately and leads to the Fourier transform S±q . In a cubic lattice every
atom has 6 neighbors. The difference (Ri −Rj) between magnetic moment j and
the i-th neighbor is given by a unit vector for every space coordinate θ = x, y, z and
the distance equals in every direction the lattice constant a. Furthermore, the sum
over the neighbors i of the j-th magnetic moment lead to a sum over every direction
θ = x, y, z. In each direction θ the magnetic moment j has two neighbors, leading to
a contribution of exp (+iqθa) + exp (−iqθa) = 2 cos (qθa). In that case one gets

∑
i

e(±iq·(Ri−Rj)) =
∑
θ

2 cos (qθa) . (4.12)

Including the described transformations, the equation 4.8 can be rewritten as

∂S±q
∂t

= ±i
(
γ

µs
2dzS±q + γ

µs
2J
∑
θ

(1− cos(qθa))S±q
)

. (4.13)

The ratio γ/µs equals 1/~. Finally, the solution of this equation is a plane wave,

S±q (t) = S±q (0) · exp (±iωt) , (4.14)

with the dispersion relation

~ωq = 2dz + 2J
∑
θ

(1− cos(qθa)) . (4.15)
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For small wave vectors q, one can use a Taylor expansion for cos (qθa), which is very
common in the literature (for example in [79]). In this case one gets for the dispersion
relation a quadratic dependence on wave vector q, given by

~ωq = 2dz + Ja2q2 . (4.16)

By performing the inverse Fourier transform of equation 4.14, one can solve the
linearized form of the Landau-Lifshitz equation. For the given case, the solution,

S±i (t) = 1√
N

∑
q
S±q (0) exp (±iωt) exp (∓iq ·Ri) , (4.17)

is a sum over all possible wave vectors q of plane waves described by the dispersion
relation. The x- and y-components of the normalized magnetic moments are

Sxi (t) = 1√
N

∑
q
S±q (0) cos (−q ·Ri + ωt) , (4.18)

Syi (t) = 1√
N

∑
q
S±q (0) sin (−q ·Ri + ωt) . (4.19)

The results for the dispersion relation can be verified by numerical studies of monochro-
matic spin waves. For that purpose spin waves are excited as described in chapter 3
with a defined frequency ω and a wave vector q = qzez. To determine the correspond-
ing wave vector for a given frequency ω, the spatial profile of the magnetization is
fitted in a steady state as a plane wave. The single components of the magnetization
are the averages over the x-y-plane.

The dispersion relation is shown exemplary in figure 4.1 for a system with an
anisotropy constant of dz = 0.1J . The shown data indicate a good agreement with
the one-dimensional dispersion relation, which is shown as red line in the same
figure. Additionally, the quadratic approximation of the dispersion relation given by
equation 4.16 is depicted. This simplification is only valid for small wave vectors and
deviates for higher values.

By including the lattice structure of the systems, the dispersion relation has a
maximum for each wave vector component at qmax

θ = π/a. This leads to a maxi-
mum frequency given by ~ωmax = 2dz + 12J . Furthermore, the dimensions of the
implemented system limit the spectrum of allowed modes in the system. In the
performed simulations, 8 × 8 × 512 magnetic moments are considered. Therefore,
finite size effects appear mainly due to the limited x-y-plane in the system. Since,
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Figure 4.1: Dispersion relation of spin waves in ferromagnets with a cubic lattice.
The magnon frequency ω versus the wave vector q is depicted for a
one-dimensional wave vector q = qzez exemplary for a system with a
anisotropy constant of dz = 0.1J . Numerical data are shown as data
points, ω(q) illustrates the expected curve described by equation 4.15,
and the quadratic approximation is given by equation 4.16.

absorbing boundary conditions are implemented in the z-direction, the system can
be considered as infinite in that direction. But due to the finite cross sections in the
numerical simulation, the wave vector has only discrete x- and y-components, which
are given by

qx/y = 2π n

dx/y
, (4.20)

where n = 0, 1, ...dx/y/a and dx/y is the system size in the different directions. The
length of the system must be a multiple of the wavelength, otherwise this wave is
not stable.

4.2 Lifetime of ferromagnetic spin waves

As seen in the last section, the magnetic excitations are plane waves that propagate
through the system. Due to Gilbert damping describing energy losses of the magnetic
system, these spin waves are damped in time. In a next step, their lifetime is
determined by solving the Landau-Lifshitz-Gilbert equation 2.21. The linearized
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4 Equilibrium properties of ferromagnets

equation of motion can be expressed by

∂Sxi
∂t

= −γ
µ(1 + α2)

(
2dzSyi + J

∑
j

(Syi − S
y
j ) + α2dzSxi + αJ

∑
j

(Sxi − Sxj )
)

, (4.21)

∂Syi
∂t

= γ

µ(1 + α2)

(
2dzSxi + J

∑
j

(Sxi − Sxj )− α2dzSyi − αJ
∑
j

(Syi − S
y
j )
)

. (4.22)

As before, the variables S±, given by equation 4.4, are used to decouple the equations
from each other leading to

∂S±i
∂t

= (±i− α)
~ (1 + α2)

2dzS±i + J
∑
j

(
S±i − S±j

) . (4.23)

This equation is comparable to the undamped Landau-Lifshitz equation 4.5. It
includes only a different prefactor. Therefore, the solution of the equation can be
derived in the same way. The dispersion relation,

~ωq = 1
(1 + α2)

(
2dz + 2J

∑
θ

(1− cos(qθa))
)
, (4.24)

is similar to equation 4.15, but includes an additional factor of 1
(1+α2) . The solution

of the linearized Landau-Lifshitz-Gilbert equation consists of plane waves that are
damped exponentially in time, given by

S±i (t) =
∑

q
S±q (0)e∓iqRi±iωqt · e−αωqt. (4.25)

The lifetime of the spin waves can be expressed as

τ = 1
αω

. (4.26)

Within this model, the lifetime is inverse proportional to the damping constant and the
frequency of the spin waves. The relaxation process however is in general very complex,
leading to a different frequency dependence of the lifetime. A full understanding of
the interaction between magnons and phonons is still under discussion (for further
details see for example [80]). This derivation is valid in the limit of linear spin wave
theory. In the non-linear regime the lifetime of magnons can be additionally decreased
because of magnon-magnon-interaction. This additional decay is not considered in the
analytical derivations, but non-linear effects are included in numerical simulations.
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4.3 Magnon density and equilibrium magnetization

In this section, equilibrium properties as the magnon density and the temperature
dependence of the magnetization are described. The classical spin model, which is
utilized in the shown simulations, is presented as well as a quantum mechanical
model and the differences of the two models are discussed. In experimental studies
of the spin Seebeck effect, quantum mechanical effects can appear. Therefore, this
knowledge helps to understand deviations between experiments and the numerical
results for the studies of the spin Seebeck effect, which are presented in chapter 6.

In the beginning of the last century, the basic models for the equilibrium prop-
erties were derived. In 1930, Bloch calculated the temperature dependence of the
magnetization in the low-temperature regime including the magnetic excitations of
the system [81]. These excitations are treated quantum mechanically considering a
Bose-Einstein-distribution fB(ω, T ) at a given temperature T in thermal equilibrium.
The distribution is given by

fB(ω, T ) = 1
exp

(
~ω
kBT

)
− 1

. (4.27)

Using the quadratic approximation for the dispersion relation, given by equation 4.16,
he calculated the averaged magnetization M(T ) dependent on the temperature T by

M(T )
M(0) = 1− ~

S

∫ ∞
0

D(ω)dω
exp

(
~ω
kBT

)
− 1

, (4.28)

where S denotes the spin of the electron and D(ω) is the magnonic density of
states at the frequency ω. For a three dimensional system it can be estimated with
D(ω) ∝ ω1/2 using the quadratic approximation for the dispersion relation, which is
given by equation 4.16. This leads to a temperature dependence of

M(0)−M(T )
M(0) ∝

(
kBT

) 3
2 . (4.29)

By including higher orders of the Taylor expansion of the cos(qθa)-term in the
dispersion relation, one can approach corrections to the derivation of Bloch. This
corrections are given by

M(0)−M(T )
M(0) = C1

(
kBT

) 3
2 + C2

(
kBT

) 5
2 + C3

(
kBT

) 7
2 , (4.30)
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where C1, C2, C3 denote the associated prefactors. The dependence bases on the
linear spin wave theory. Beyond this regime also non-linear effects due to magnon-
magnon interactions can appear. The contribution of non-linear effects was derived
for example by Dyson [82, 83]. He showed that those effects would lead to corrections
scaling with T 4. But since the prefactor is very small, it can be neglected for the
temperature dependence.

In the simulations shown in the present work, a classical system is studied [84, 85].
Therefore, the spin waves are not discrete and transport a continuous amount of
angular momentum and their distribution function in this case

f(ω, T ) = kBT

~ω
. (4.31)

By using again the quadratic approximation for the dispersion relation, one gets a
linear scaling of the magnetization with temperature,

M(T )
M(0) = 1− kBT

S

∫ ∞
0

D(ω)dω
~ω

. (4.32)

In this case, the integral would diverge, but the wave vector of a magnon is limited by
the considered lattice of the system and the integration goes from the frequency gap
ωmin up to the maximum frequency given for a cubic lattice by ~ωmax = ~ωmin + 12J .

Watson et al. studied the classical spin model using Monte Carlo calculations [84],
receiving a temperature dependence for the magnetization that can be described by
a power law, given by

M(T ) =
(

1− T

Tc

)β
, (4.33)

where Tc is the Curie temperature and the parameter β is roughly 1/3. This power
law follows the scaling theory in the critical regime around Tc. But they showed that
this temperature dependence gives a good approximation over the full temperature
range up to the critical temperature Tc. For small temperatures, the power law can
be estimated by a linear function, where the magnetization decreases with a constant
slope of β/Tc. This slope is in agreement with the expected behavior described
by equation 4.32 [84]. In contrast to the quantum mechanical model, where the
slope of the magnetization is flat at low temperatures, the classical model shows a
linear decrease of the magnetization. This behavior as well as the magnon density is
determined within numerical simulations in the next section.
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4.4 Numerical simulation of equilibrium properties

In the following, the equilibrium properties of ferromagnets are studied numerically.
In the performed simulations the typical system configurations are utilized, as used
later in the non-equilibrium cases. This allows to study appearing finite size effects
and to compare the analytical models for infinite systems with the limited systems,
that are simulated in the present work. This knowledge is used later to identify finite
size effects in non-equilibrium systems. Furthermore, the equilibrium magnetization
and its temperature dependence is studied for different anisotropies.

As a first step, the magnonic density of states in thermal equilibrium is investigated
numerically. For the simulations, a system with 8× 8× 256 magnetic moments is
chosen. By integrating the stochastic Landau-Lifshitz-Gilbert equation 2.21, the
time evolution of the magnetic moments Si is calculated. Although the equilibrium
properties are independent of the damping constant, a relative small damping constant
of α = 0.01 is used, since a stronger damping leads to more thermal fluctuations
and, moreover, to a faster decay of the spin waves. In thermal equilibrium, a Fourier
transformation in the time domain of the the variable S±i (t) = Sxi (t)± Syi (t) for the
magnetic moment at the position i is performed.

The resulting absolute value of the amplitude |S±q (ωq)| = S+
q S
−
q is shown in
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Figure 4.2: Amplitude |S±q (ωq)| as a function of the frequency ω in thermal equi-
librium for different temperatures T . The data are shown exemplary for
an anisotropy constant of dz = 0.01J .
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figure 4.2 for a single magnetic moment for different temperatures T and an anisotropy
constant of dz = 0.01J . For all temperatures, the amplitude |S±q | shows a first peak
at the minimum frequency ω0. This frequency ω0 is in agreement with the defined
frequency gap from linear spin wave theory, ~ω0 = 2dz. The height of the peak is
increasing with increasing temperature and below this frequency ω0 the amplitude is
suppressed as expected by linear spin wave theory.

Moreover, a second peak appears around the frequency ~ω = 0.79J . This corre-
sponds to the first transverse spin wave mode given by equation 4.20. The mode is
degenerated due to the quadratic cross-section leading to a higher amplitude. Further
peaks can be referred to higher transverse modes. The frequency spectrum is limited
by the underlying lattice and the maximum frequency is in agreement with the shown
numerical results given by ~ωmax = 12.2J .

In contrast to analytical models for classical systems, a broad plateau appears
in the regime of high frequencies. This effect is visible for all temperatures and is
caused by the underlying lattice. In the analytical model the dispersion relation is
simplified to a quadratic approximation. Due to the lattice structure however the
full dispersion relation leads to an anisotropic distribution function with the shown
plateau at higher frequencies. This effect also appears in large systems and can play
a role for transport effects in non-equilibrium states.

To compare the results from simulations with the analytical models, the relation
between the amplitude |S±q (ωq)| and the magnon density n(ω, T ) has to be determined.
The equilibrium magnetization in the analytical models is given by

M(T )
M(0) = 1− kBT

S

∫ ∞
0

D(ω)dω
~ω

= 1−
∫ ∞

0
n(ω, T )dω . (4.34)

In the used Heisenberg model M(0) corresponds to the saturation magnetization
µs ·N , where N is the number of magnetic moments. In the simulation the normalized
magnetization m(T ) = M(T )/(N · µs) is considered, which is given by

m(T ) =
√
〈Sxi (T, t)〉2 + 〈Syi (T, t)〉2 + 〈Szi (T, t)〉2 . (4.35)

The averages
〈
Sθi (T, t)

〉
are performed as averages over all magnetic moments and

time. For the x and y component the averages are vanishing for infinite times.
Therefore, the normalized magnetization can be approached by

m(T ) ≈ 〈Szi (T, t)〉 =
〈√

1− (Sxi (T, t))2 − (Syi (T, t))2
〉

. (4.36)
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By using a Taylor expansion for the square root, one can estimate

m(T ) ≈ 1− 1
2
〈
(Sxi (T, t))2 + (Syi (T, t))2

〉
. (4.37)

This term can be rewritten by using the variables S± = Sxi ± iS
y
i and one gets

m(T ) ≈ 1− 1
2
〈
S+
i (T, t)S−i (T, t)

〉
. (4.38)

After a Fourier transformation in the time domain, one can rewrite the expression
above to

m(T ) ≈ 1− 1
2

〈∑
ωω′

S+
ωq(T ) exp(iωt)S−ω′

q′
(T ) exp (−iω′t)

〉
. (4.39)

In the average over long times and all magnetic moments i, interference effects of
the spin waves can be neglected and in the sum over ω′ only the contributions at
ω′ = ω have to be considered. The normalized magnetization is given as a sum over
all possible frequencies of the square of the amplitude |S±q (ωq)|2 = S+

ωqS
−
ωq . For the

magnetization one gets

m(T ) ≈ 1− 1
2
∑
ω

|S±ωq(T )|2 . (4.40)

As shown in the equation above, the square of the amplitude |S±q (ωq)|2 corresponds
to the magnon density in the analytical models. In the following, the magnon
density in thermal equilibrium is investigated numerically. For that purpose, the
frequency dependent distribution is determined by a the Fourier transformation in
time domain of the variable S+

i (t) for a magnetic moment at the position i. In thermal
equilibrium one could perform a Fourier transformation in space to determine the
wave vector dependence, but for a better comparison with non-equilibrium systems,
where a Fourier transformation in space is not possible, in equilibrium the frequency
dependence of the amplitudes is discussed.

The magnon density is shown in figure 4.3 for different temperatures and an
anisotropy constant of dz = 0.01J . As shown before in figure 4.2, a minimum
frequency ω0 exists and spin waves with lower frequencies are suppressed. The
additional peaks can be assigned to the transverse modes. The resulting frequency
dependence of the magnon density shows good agreement with the analytical model
for classical spin systems in the regime for low frequencies. Since the cross-section
limits the spin wave modes in the regime for low frequencies the density of states
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Figure 4.3: Magnon density n(ωq, T ) of spin waves dependent on the frequency
ω for the system in thermal equilibrium for different temperatures T .
The corresponding dashed lines show a fit function as guide to the eye
illustrating the scaling of the density with the frequency of n ∝ ω−3/2.

corresponds to a one-dimensional case, where D(ω) ∝ ω−1/2. In that case the magnon
density depends on the frequency by n(ω, T ) ∝ ω−3/2. This scaling is illustrated
in figure 4.3 as dashed lines and shows a good agreement with numerical results
for the magnon density. Furthermore, the magnon density increases with increasing
temperature, but the scaling is almost linear as expected for classical spin models by
equation 4.32.

For higher frequencies the situation is more complex. The magnon density cannot
be treated by a one-dimensional model, since the transverse modes that are allowed
at that frequency are overlapping. Furthermore, the quadratic approximation, that
is used for the density of states, is deviating from the correct dispersion relation and,
therefore, deviations should also appear in the magnonic density of states in that
regime. The derivation of the density of states in the model including the lattice
effects, is very complicated, since the integral over the whole q space is not isotropic.

Additionally, the anisotropy dependence of the amplitude is shown in figure 4.4.
By decreasing the anisotropy, the frequency gap, given by ~ω0 = 2dz, is shifted to
lower frequencies. Further peaks due to transverse modes are also shifted towards
lower frequencies if the anisotropy is decreased. In addition, the height of the lowest
peak is changed significantly. The general frequency dependence of the amplitude
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Figure 4.4: Amplitude |S±q (ωq)| as a function of frequency ω in thermal equilibrium
for different anisotropy constants dz. The numerical data show a shift of
the frequency gap towards lower frequencies for decreasing anisotropies
and a almost similar dependence of the amplitude on the frequency.

and, therefore, of the magnon density is not affected by the modification of the
anisotropy. Since the distribution function increases with decreasing frequencies, the
height of the amplitudes of spin wave modes increases, when the anisotropy decreases.
More magnons are propagating in the systems for the same temperature at lower
anisotropies and one can expect, that the anisotropy could play a role for considering
magnonic transport in non-equilibrium states.

Furthermore, the temperature dependence of the magnetization in thermal equi-
librium is studied. In figure 4.5 the z-dependence of the normalized magnetization,
averaged over time and over the x-y-plane, is shown for different temperatures exem-
plary. In this case, an anisotropy constant of dz = 0.1J and a damping constant of
α = 1 is considered. By increasing the temperature the normalized magnetization
decreases. Besides, the local magnetization fluctuates more at higher temperatures
due to stronger thermal fluctuations. One can see additionally, that in all shown cases
in figure 4.5, the magnetization at the edges in z-direction is decreased. This effect
is due to the open boundary conditions of the system. Magnetic moments at the
boundary have a smaller number of interacting neighbors. Therefore, they are more
sensitive to thermal fluctuations and their averaged magnetic moment is reduced.

In the following, the equilibrium magnetization is studied dependent on the
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Figure 4.5: Normalized equilibrium magnetization m dependent on the position
z for different temperatures T . The data points represent data from
numerical simulations, accompanied by continuous lines illustrating a
fit excluding 20 layers at both edges of the z-direction.

temperature. This investigation is used in the next chapter to identify deviations from
equilibrium states, therefore, a high precision for the calculated values is necessary.
Moreover, a similar system is utilized for the simulations to consider the same finite
size effects. This allows in the following to determine even small changes from thermal
equilibrium in the specific system that is considered in the simulation. For the study
of the temperature dependence, the space dependent normalized magnetization is
averaged over the single layers excluding layers within a distance of 20a from the edges
in z-direction. The reason for this fitting method are the influence of the boundary
conditions in z-direction. The boundaries in x- and y-direction also affect the magnetic
moments, but in the non-equilibrium state the system sizes are equal and in non-
equilibrium situations the local magnon temperature can be estimated by using the
inverse function of the temperature difference of the normalized magnetization. While
the boundary effects of the x- and y- dimensions have an effect on the magnetization
in the non-equilibrium states, the z-direction can be assumed as infinite. Excluding
the layers at the edges has only a small effect for the fitting, but for the determination
of small changes from thermal equilibrium, this small corrections are important.

The fitted values for the normalized magnetization in thermal equilibrium are
shown in figure 4.6 dependent on temperature T for different values of the anisotropy
constant dz. For all shown values of the anisotropy constant, one can see, that in the
regime of low temperature the decrease of the magnetization scales linear with the
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Figure 4.6: Normalized equilibrium magnetization m as a function of temperature
T for different anisotropy constants dz. The data points represent data
from simulations. The corresponding continuous lines indicating fit
functions given by equation 4.33.

temperature and only at higher temperature the magnetization is decreasing faster.
This is in agreement with the discussion from the analytical derivation for a classical
spin model in the last section.

To describe the temperature dependence, the numerical data are fitted to the
approach of Watson et al., given by equation 4.33. As fitting parameter the critical
temperature Tc and the parameter β are used. The fits for the different anisotropies
are depicted as continuous lines in figure 4.6 showing good agreement with the
numerical data over the whole temperature regime. In table 4.1, the resulting fit
parameter for the different values of anisotropy constant dz are shown. These values
are deviating from literature values [84, 86]. The critical temperature in the absence
of anisotropy is given by Tc = 1.44J/kB, which is higher than in the simulated
cases. This appears because of the different shape of the system. To study spin wave

anisotropy dz kBTc/J β
0.1J 1.3720(10) 0.33621(84)

0.01J 1.3574(14) 0.3658(14)
0.001J 1.3580(13) 0.3700(13)

Table 4.1: Fitting parameters for the magnetization dependent on temperature
T given by equation 4.33 for different anisotropy constants dz for the
average excluding 20 layers at the edges of the system.
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transport in non-equilibrium states, in the performed simulations thin wires are
considered. Due to the small cross section the magnetic moments demagnetizes faster
and this modifies the parameters in comparison to the literature values.

Additionally, the magnetic anisotropy in the system forces the magnetic moments
to be aligned in the direction of the easy axis. Therefore, a higher anisotropy constant
dz leads to a slower decrease of the magnetization by increasing temperature as
shown in figure 4.6. For low anisotropies the influence of the anisotropy is vanishing.
But since in the present work small deviations from equilibrium magnetizations are
estimated in non-equilibrium situations, it is important to determine the equilibrium
values with a high precision.

The study of the equilibrium properties in the simulated systems leads to a
better understanding of the magnonic transport in non-equilibrium states. The
temperature dependent magnetization is used in the next chapters to estimate
a magnon accumulation and to investigate on a macroscopic scale the magnon
propagation due to temperature gradients. Moreover, the magnonic density helps to
understand the mechanism behind transport processes on a microscopic scale. This
allows a detailed study of the effect and opens the possibility to extend the numerical
results for small systems to a larger scale and compare them with experimental
measurements.
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5 Magnon propagation caused by a temperature step
in ferromagnets

In the next chapters, thermally excited magnonic spin currents due to temperature
gradients are studied. The investigations base on classical spin simulations and
classical spin waves are considered. In the following, they are called either spin
waves or magnons. Within this chapter, a system with a temperature step in its
center is discussed. This simplified model allows to investigate the propagation
length of thermally excited spin waves and its dependence on different system
parameters as the anisotropy or the damping constant. Furthermore, the magnon
propagation is described analytically within a one-dimensional model. By using a
Fourier transformation in time of the normalized magnetic moments, the frequency
spectra of the propagating spin waves are analyzed. Moreover, the temperature
dependence of the effect is investigated. The main results of this chapter are published
in Physical Review B [87].

5.1 Magnon accumulation in the vicinity of a temperature step

The propagation of spin currents due to a non-equilibrium in the magnon density
is studied in a very simple model. A system of two coupled heat baths including a
temperature step in its center provides the opportunity to investigate the propagation
of thermally excited spin waves dependent on various system parameters and to define
characteristic parameters as the magnon accumulation and the magnon propagation
length in a well defined system. These concepts are generalized in the next chapters
to more complex systems.

In the present work, the simulated systems consist generally of 8×8×512 magnetic
moments. A temperature step from temperature T1 to temperature T2 is included in
the center of the long axis, as shown in figure 5.1. Due to the temperature difference
a non-equilibrium in the magnon density is created. In the hotter region more spin
waves exist than in the colder one. Therefore, more spin waves propagate towards
the colder part than the other way around. This leads to a net spin current from
the hotter towards the colder region, affecting the local magnetization profile in the
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5 Magnon propagation caused by a temperature step in ferromagnets

system. In the colder heat bath, a temperature of kBT2 = 0 is used for the first
studies, since in this case no thermal fluctuations appear and all spin waves in this
region are due to spin currents from the hotter region. The temperature dependence
of the described effects is studied at the end of the chapter.

After some initial relaxation, the excited spin current in the time average is
constant and creates deviations of the local magnetization from its equilibrium value
which are also time independent. Then, the system has reached a non-equilibrium
quasi-static state, in which one can determine the local magnetization to describe
the influence of the spin current on macroscopic properties.

The local magnetization is calculated as the normalized magnetic moment averaged
over the x-y-plane and over time. An example for the spatial dependence of the
normalized magnetization is shown in figure 5.1 for a system with an anisotropy
constant of dz = 0.1J , a temperature step from kBT1 = 0.1J to kBT2 = 0 and different
damping constants in comparison to the equilibrium magnetization m0. This value
describes the local equilibrium magnetization corresponding to the local temperature
Tp of the lattice. Far away from the temperature step, the local magnetization is
equal to the equilibrium value of each heat bath. But deviations appear around
the temperature step. In the hotter region, the number of magnons around the
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Figure 5.1: Normalized magnetization m as a function of position z in a system
with phonon temperature Tp including a temperature step in the center
for different damping constant α. Top: The spatial dependence of the
phonon temperature Tp is illustrated showing a step in the center of the
system. Bottom: The normalized magnetization m as a function of the
position z is presented in comparison to the equilibrium magnetization
m0 of the decoupled heat baths.
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Figure 5.2: Magnon temperature Tm dependent on the position z in a system
with phonon temperature Tp including a temperature step for different
damping constant α. The calculated magnon temperature Tm is similar
to the phonon temperature Tp far away from the temperature step
and show deviations around the temperature step dependent on the
considered damping.

temperature step is reduced in comparison to the equilibrium situation leading to
an increase of the local magnetization. In the colder part close to the temperature
step the situation is reversed, the number of magnons is increased and the local
magnetization is reduced. The resulting profile of the local magnetization is a non-
equilibrium property and is dependent on the damping constant α. As shown in
figure 5.1, the deviations from thermal equilibrium increase with decreasing damping
constant α.

As a next step, the magnon temperature Tm in those systems is calculated. This
method is used later, to compare the resulting magnetization profiles with analytical
models based on a two temperature model, which was described in chapter 2. Assuming
a local equilibrium of spin waves, one can estimate a local magnon temperature. By
using the inverse function of the temperature dependent magnetization, given by
equation 4.32, one can define a magnon temperature Tm(z) dependent on the local
magnetization m(z). The corresponding magnon temperature is shown in figure 5.2.
Similar to the magnetization, the magnon temperature is equal to the equilibrium
value far away from the temperature step, which is given by the lattice temperature
Tp. Around the step, deviations appear dependent on the damping.

The difference of the local normalized magnetization m(z) from the equilibrium
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Figure 5.3: Magnon accumulation ∆m as a function of the position z for different
damping constants α in a system including a temperature step in its
center. The accumulation is positive in the hot part indicating a lack of
magnons, whereas in the cold region the accumulation is negative due
to surplus of magnons. The decay of the magnon accumulation around
the step depends on the damping constant α.

value m0(z) due to the lattice or phonon temperature can be defined as magnon
accumulation ∆m(z), given by

∆m(z) = m(z)−m0(z) . (5.1)

The magnon accumulation for the studied system is shown in figure 5.3 once again
for different damping constants α. In the hotter part of the system, the magnon
accumulation is positive, since the lack of spin waves leads to an increase of the local
magnetization, whereas in the colder region the sign is negative, due to the spin waves
from the hotter part reducing the local magnetization. The magnon accumulation is
larger for decreasing damping and it decays with distance from the temperature step
almost symmetrically. The origin for the damping dependence lays in the different
propagation lengths which are investigated in the next section.

5.2 Magnon propagation length

In this section, the characteristic length scale of the magnon accumulation and its
dependence on system parameters is studied. An analytical model which is based
on a one-dimensional treatment of spin wave propagation is derived to explain the
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Figure 5.4: Magnon accumulation ∆m dependent on the position z in the cold
region on a logarithmic scale for different damping constants α. Numer-
ical data are depicted as data points and the fits using equation 5.2 are
shown as continuous lines.

findings from the numerical simulations. In figure 5.4, the magnon accumulation at
the colder region for the system studied in the last section is shown on a logarithmic
scale for different damping constants α. Since in the cold part a temperature of
kBT2 = 0 is chosen, no magnetization fluctuations due to the temperature of the
lattice appear. Therefore, the decay of the signal can be determined over several
orders of magnitude. Close to the temperature step a strong decay especially for small
values of damping is visible, but far away from the temperature step the accumulation
decays exponentially in all shown cases. A fit of this exponential decay gives an
estimate for the longest propagation length of the spin waves. The fitting region is
chosen by eye, excluding the strong decay close to the temperature step. To determine
this length, the fit function

∆m = ∆m(0) · exp
(
− z

ξ

)
(5.2)

is used, where ξ is the magnon propagation length. The fit of the magnon accumulation
is shown as continuous lines in figure 5.4, showing good agreement with numerical
data. With decreasing damping constant α the decay of the magnon accumulation
becomes weaker. Therefore, the fitted magnon propagation length is larger for lower
damping.

The resulting values for the propagation length ξ dependent on the damping
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5 Magnon propagation caused by a temperature step in ferromagnets

constant α and for different values of anisotropy dz are shown in figure 5.5. For small
damping, the propagation length is inverse proportional to the damping constant.
Furthermore, the propagation length shows a strong dependence on the anisotropy
constant and increases with decreasing values for the anisotropy. To explain the
observed dependences, a one-dimensional model is derived in the following to estimate
the magnon propagation length. The results from this approach are already included
as continuous lines in figure 5.5 and show good agreement to the numerical data.
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Figure 5.5: Magnon propagation length ξ as a function of damping constant α for
various anisotropy constants dz. The points show data from numerical
simulations and the corresponding continuous lines show the estimated
behavior due to an analytical model.

This analytical model is also based on the linearized Landau-Lifshitz-Gilbert
equation 2.21. For the case of a temperature of kBT2 = 0 in the colder region, the
magnon accumulation can be written as

∆m(z) = 1− 〈m(z, t)〉 . (5.3)

Similar to the discussion in chapter 4, one can assume that the magnetization is
determined by the z-component of the magnetization and transverse components
describe only small fluctuations and their mean values are zero in time average. By
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5.2 Magnon propagation length

using a Taylor expansion one can approximate the magnon accumulation by

∆m(z) = 1−
〈√

1−
(
Sx(z, t)

)2
−
(
Sy(z, t)

)2
〉

(5.4)

≈ 1
2

〈(
Sx(z, t)

)2
+
(
Sy(z, t)

)2
〉

. (5.5)

As a next step, a Fourier transformation in the time domain is performed. By
neglecting interference effects, which are vanishing in the time average, the resulting
magnon accumulation in the heat bath with a temperature of kBT2 = 0,

∆m(z) ≈ 1
2
∑
ωq

〈
|S±ωq(z)|2

〉
, (5.6)

is given by the sum over the square of the amplitudes of propagating spin waves. In
chapter 4, it was shown that in linear spin wave theory the lifetime of the spin waves
is τ = 1/(αω). If a spin wave with frequency ω and corresponding wave vector q
propagates a distance ∆z, the decay of the amplitude can be expressed with

|S±ωq(z + ∆z)| = |S±ωq(z)| exp
(
− ∆z
τvzq

)
. (5.7)

In this equation, v = ∂ω/∂q is the group velocity of the waves. In the following,
only a one-dimensional propagation in z-direction is considered. This is plausible for
the estimation of the longest propagation length, because spin waves with additional
transverse components are damped faster, due to their higher frequencies. In the
one-dimensional case, the group velocity is given by

vz = ∂ω

∂qz
= γ

µs
2Ja

√√√√1−
(

1−
( γ
µs
ωq − 2dz

2J

))2

. (5.8)

Implementing the decay of the amplitudes during the propagation in the colder
region, the magnon accumulation is

∆m = 1
2
∑
ωq

(∣∣∣∣S0
ωq exp

(
− αωq∆z

vq
z

)∣∣∣∣2
)

. (5.9)

Here, S0
ωq denotes the amplitudes of the spin waves at the position of the temperature

step. The magnon propagation length ξ is defined in equation 5.2 as the fitting
parameter to an exponential function. The frequency dependent magnon propagation
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length can be identified by using equations 5.8 and 5.9, leading to the expression

exp
(
−∆z

ξ

)
= exp

− 2αωq∆z

γ
µs

2Ja
√

1−
(

1−
( γ
µs
ωq−2dz

2J

))2

 . (5.10)

By comparing the arguments of the exponential functions the frequency dependent
magnon propagation length can be written as

ξ(ω) =
γ
µs
Ja

√
1−

(
1−

( γ
µs
ωq−2dz

2J

))2

αωq
. (5.11)

In figure 5.6, the frequency dependence of the propagation length ξ is shown in this
one-dimensional model for different anisotropies and a damping constant of α = 0.05.
The data points represent numerical data, where the frequency dependent decay is
determined for monochromatically excited spin waves. These waves are excited with
different frequencies as described in chapter 3. The propagation length is estimated
by fitting the exponential decay of the magnon accumulation. In figure 5.6, the
corresponding continuous lines show the expected behavior described by equation 5.11.

As seen in the figure, the derived theoretical model shows good agreement with
numerical results. The propagation length ξ is only defined above the frequency gap,
given by ~ω0 = 4dz. Very close to this minimum, the propagation length increases
up to a maximum value and decays afterwards for higher frequencies. Moreover, the
position of the frequency gap as well as the maximum depends on the anisotropy
constant dz.

For the propagation length two competing effects determine the characteristic
behavior. On the one hand, the lifetime of the spin waves is decreased for higher
frequencies. On the other hand, spin waves with very low frequencies close to the
frequency gap have a low propagation length due to their low group velocity.

In the case of a temperature step, a broad range of spin waves is excited. Close to
the step, a strong decay of the magnon accumulation is observed due to the fast decay
of high frequency spin waves with a short propagation length. Only spin waves which
can propagate over longer distances contribute to the exponential decay that sets in
at a larger distance to the temperature step. To estimate the longest propagation
length equation 5.11 is minimized. As a result, the maximum is at the frequency
~ωmax = 4dz and the corresponding propagation length is
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5.2 Magnon propagation length

ξmax = a

2α ·
√

J

2dz
. (5.12)

In figure 5.5, the expected behavior of this maximum propagation length is shown as
continuous lines in comparison with the numerical results for the magnon propagation
length due to a temperature step. This length scale shows a good agreement with the
fitted values for the propagation length in a temperature step. Smaller deviations
appear for the highest anisotropy value. In this case, the damping process is for all
spin waves very fast and all spin waves decay on a short scale and the averaged
length is shorter than the maximum value. Furthermore, deviations appear for low
damping, which are due to the effect of a broader distribution of spin waves that
propagate. This broadening reduces the fitted value of the propagation length in the
numerical simulations, which is in this case an average over all propagating waves.
In general, equation 5.12 gives an upper limit for the magnon propagation length
and describes the characteristic decay of the magnon accumulation far away from
the temperature step.

Furthermore, the length scale of spin wave propagation shows that spin waves
are able to propagate through a domain wall. In equation 5.12, one can see that
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Figure 5.6: Magnon propagation length ξ as a function of frequency ω for a damping
constant of α = 0.05 for different anisotropy constants dz. The data
points depict numerical simulations, where the propagation length is
fitted for monochromatic excitations. The corresponding lines indicate
the expected behavior given by equation 5.11.
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the maximum length scale is larger than the thickness of a domain wall given by
dDW =

√
J/2dz, especially in systems with a low damping constant. Therefore,

excited spin waves can be used for a magnon driven domain wall motion. This
effect was studied already in the framework of a Master thesis using atomistic spin
model simulations [69]. A spin wave changes its sign during the propagation through
a domain wall. The spin wave transfer angular momentum to the system which
pushes the domain wall in the opposite direction of the propagating wave [88]. This
mechanism can be used for a thermal driven domain wall motion. Using the Landau-
Lifshitz-Bloch equation, which leads to a macroscopic description of the effect, it was
shown that the acting torque on a domain wall is proportional to the entropy torque
given by temperature gradients [89].

To investigate the spin Seebeck effect, the material YIG is very often used in
experiments due to its low damping and the low anisotropy. Using parameters given
by Xiao et al. [11, 90], where they estimate a damping constant of α = 5 · 10−5, a
lattice constant of a = 1.2 nm, a frequency gap of about ω0 = 10 GHz, and a spin
wave stiffness of D = Ja2 = 1.55 · 10−38 J·m2, the maximum propagation length is of
the order of several hundred micrometers.

5.3 Frequency spectra of propagating magnons

In addition to the study of the characteristic length scale of the magnon accumulation,
the spectra of the excited frequencies are investigated at different positions. This
allows to study the frequency dependent decay of spin waves and gives a deeper
insight of thermally excited spin wave propagation.

An example is shown in figure 5.7 for an anisotropy constant of dz = 0.1J and a
damping constant of α = 0.1. The figure depicts the frequency distribution in thermal
equilibrium for a temperature of kBT = 0.1J corresponding to the temperature of
the hotter part in the system. In comparison to that, the frequency distributions in
a system with a temperature step at the positions z = 1a and z = 10a are shown.
For that purpose, the spectra are calculated by a Fourier transformation in time of a
magnetic moment at a position x = 4a and y = 4a in the cross section. The shape of
the frequency distribution behind the temperature step at a position of z = 1a is in
first order comparable to the shape in thermal equilibrium, as illustrated in figure 5.7.
Since only spin waves with a positive qz propagate in the colder region the amplitude
is reduced. Deviations from the equilibrium distribution appear at high frequencies,
because spin waves in that regime have a very small propagation length. At a position
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5.3 Frequency spectra of propagating magnons

of z = 10a, the distribution is significantly reduced and especially spin waves with
higher frequencies are no longer contributing to the magnon accumulation. This leads
to a strong decay of the magnon accumulation, which was observed in section 5.2. The
spin waves with transverse components of the wave vector are damped completely
close to the temperature step.

With increasing distances to the temperature step the frequency distribution
narrows even more. Far away from the step, only a small distribution with a maximum
that coincides with the maximum from the analytical model is propagating through
the system as shown in figure 5.8. Here, the frequency dependence of the spin wave
amplitude |S+

ωq| is illustrated for two different positions z. One can see that the
distribution of the frequency is rather small and a peak appears around ~ω = 4dz,
which is in agreement with the maximum propagation length given by equation 5.12.
In that regime, the spin waves have no transversal wave-vector and propagate only
in z-direction. Therefore, the model discussed in the last section is applicable to
estimate the magnon propagation length.

By decreasing the anisotropy constant dz, the propagation length determined in
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Figure 5.7: Frequency of spin waves close to temperature step in comparison to
the distribution in thermal equilibrium. The amplitude |S+

ωq | of spin
waves as a function of frequency ωq at different space positions z in
a system with an anisotropy constant of dz = 0.1J and a damping
constant of α = 0.1 is depicted in comparison to the distribution in
thermal equilibrium showing a comparable behavior at z = 1a but a
strong decay of high frequencies at z = 10a.
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Figure 5.8: Frequency distribution of propagating spin waves far away from the
temperature step. The amplitude |S+

ωq | of spin waves is illustrated as
a function of frequency ωq at different space positions z in a system
with an anisotropy constant of dz = 0.1J and a damping constant
of α = 0.1 showing only a narrow frequency distribution around the
maximum propagation length.

the simulation of the temperature step increases. The amplitude |S+
ωq | dependence on

the spin wave frequency ωq is depicted in figure 5.9 for two different anisotropies dz
at the position of z = 84a. As expected from linear spin wave theory, the maximum
propagation length, given by equation 5.12, is shifted towards a lower frequency
for a decreased anisotropy. Additional to the frequency shift, the amplitudes of the
propagating waves are also increasing with decreasing anisotropies. This effect has two
different reasons: Firstly, the distribution function f(ω, T ) in thermal equilibrium has
a higher value for lower frequencies and, hence, more spin waves with this frequency
exist in the hotter region and propagate through the system. Secondly, the decay of
the spin waves is slower for the frequencies with maximum propagation length, if
one reduces the anisotropy, as seen in figure 5.6.

The results of this section show, that a one-dimensional model can be used to
explain the behavior of the magnon accumulation in the performed simulations.
In systems where the temperature of the colder part is kBT2 = 0, a broad range
of frequencies comparable to the equilibrium distribution of the hotter area is
propagating from the hotter towards the colder region. But the majority of the spin
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5.4 Magnon propagation at finite temperatures

waves is damped within a short distance to the temperature step. The damping
process of each spin wave can be described by considering the damping in time and
the z-component of the velocity. Far away from the temperature step, the propagation
is one-dimensional and the decay of the spin waves depends on their frequency. The
resulting accumulation is given by a narrow distribution of spin waves around the
frequency with the maximum propagation length described by equation 5.12.

5.4 Magnon propagation at finite temperatures

In the last sections, the behavior of the magnon accumulation in a cold region
with a temperature of kBT = 0 was studied. Now, numerical simulations have been
performed in which the cold part has a finite temperature. In systems in which the
temperature in the colder region is finite, spin waves are not necessarily from the
hotter part. In this case, the magnon accumulation is given by the additional spin
waves that are propagating from the hotter region, as described in equation 5.1.
Therefore, one can assume that the magnon accumulation is proportional to the
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Figure 5.9: Frequency distribution of propagating spin waves for different anisotropy
constants dz. The amplitude |S+

ωq| of spin waves is illustrated as a
function of frequency ωq for different anisotropies in a system with
a damping constant of α = 0.1 exemplary at position z = 104a.
The results show a shift of the peak of the distribution towards lower
frequencies for decreasing anisotropy.
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Figure 5.10: Magnon accumulation ∆m versus the position z for different tem-
peratures of the colder region. The results are shown for a system
with a damping constant of α = 0.05 and an anisotropy constant of
dz = 0.01J showing a comparable magnon accumulation for all cases.

difference of the magnon densities of the two heat baths. As shown in chapter 4,
the magnon density in classical spin systems scales linear in thermal equilibrium
with the temperature in the regime of low temperatures. Hence, the difference of
the magnonic density should not depend on the temperature level, only on the
temperature difference between the heat baths. The magnon accumulation should be
independent on the temperature of the system.

An example of the influence of the temperature on the magnon accumulation is
shown in figure 5.10. For a system with an anisotropy constant of dz = 0.01J , a
damping constant of α = 0.05, and a temperature difference of kB∆T = 0.1J the
magnon accumulation ∆m versus the position z is depicted for different temperatures
T of the colder part. The magnon accumulation in the cold region close to the
temperature step is of similar size, but with increasing temperature a small decrease
of the decay length close to the temperature step can be observed. In the hotter
part, a small increase of the magnon accumulation can be observed close to the
temperature step, but in general the differences are rather small.

These findings indicate that the magnon accumulation in a temperature step is
proportional to the difference of the magnon density in the two temperature regions.
Since the magnon density scales linear with temperature, as shown in equation 4.34,
the magnon accumulation is independent of the temperature level. Moreover, one can
conclude from this equation, that the absolute value of the magnon accumulation
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5.4 Magnon propagation at finite temperatures

around a temperature step scales with the gradient of the magnetization with
respect to the temperature. This argument will be used in chapter 8 to describe
the accumulation in ferrimagnets, where the relation of the magnetization with
temperature is more complex than in ferromagnets.

The situation would be different in the quantum mechanical regime, since in this
case the frequency distribution scales not linear with the temperature T but depends
in first order on T 3/2, as discussed in chapter 4. The accumulation would be small in
the low temperature regime and would later increase with increasing temperature of
the colder region.
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6 Magnon accumulation in linear temperature
gradients

In 2008, Uchida et al. performed the first measurements of the spin Seebeck effect [3],
describing the excitation of spin currents due to temperature gradients in magnetic
systems. In most of the experiments, a temperature difference is applied by heating
and cooling via copper blocks [3, 10, 21] leading to a linear temperature gradient in the
system. To study the magnonic contribution to spin Seebeck effect numerically, the
methods derived in chapter 5 are extended to systems including a linear temperature
gradient in the following. In a collaboration with the experimental group from
Kläui, results from numerical simulations are compared with experimental findings
to demonstrate the magnonic origin of the spin Seebeck effect and to investigate its
characteristic length scale.

As a first step, the spatial profile of the magnon accumulation in a linear temper-
ature gradient is investigated. For comparison with experiments of the longitudinal
spin Seebeck effect, the magnon accumulation at the cold end of the gradient and
its thickness dependence is determined. Moreover, the suppression of the magnon
accumulation due to external magnetic fields is investigated for different length of
the temperature gradients. A detailed study of this effect including an investigation
of the frequency spectrum that is excited, gives a deeper insight into the physics of
the spin Seebeck effect and explains recent experimental findings.

The main results regarding the thickness dependence of the magnon accumulation
have been accepted for publication in Physical Review Letters [21]. Additionally, the
numerical results of the magnetic field dependence of the magnon accumulation in
comparison with experimental measurements are under review for publication [28].

6.1 Magnon accumulation in linear temperature gradients

In the first experimental studies using the transverse setup of the spin Seebeck effect,
the spin accumulation is measured transversal to a linear temperature gradient by
attaching at different positions of the sample a platinum stripe to detect the spin
accumulation [3]. A first theoretical description of the magnonic contribution of the
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6 Magnon accumulation in linear temperature gradients

spin Seebeck effect relies on a two temperature model describing the temperature
difference between magnons and phonons [11]. This model was presented in section 2.4.
Within this theoretical model, it was estimated that the spin Seebeck effect is
proportional to the temperature difference between the magnons in the magnetic
material and the electrons of the detector material. Under the assumption that the
electrons and the phonons equilibrate very fast, the measured spin Seebeck signal
scales with the temperature difference of the magnons and phonons. To study the
magnonic spin Seebeck effect numerically, ferromagnetic systems including a linear
temperature gradient are investigated. Similar to the methods derived in the last
chapter, the magnon accumulation is calculated from numerical simulations. This
accumulation is proportional to the temperature difference between the magnons
and the lattice. Therefore, the results discussed in the following can be compared to
the analytical results from the two temperature model.

A typical temperature profile included in the simulations is illustrated in the
upper part of figure 6.1. At the edges of the longest axis of the system, two heat
baths with different temperatures are implemented, which are connected via a linear
temperature gradient with a constant slope ∇zT over a length L in the center of the
system. At the cold end of the system, absorbing boundary conditions, as described
in chapter 3, are used to damp the spin currents and suppress reflections of the spin
current that could appear at the cold end of the system. The dimension of the two
attached heat baths are chosen to be larger than the propagation length of the spin
waves to exclude further finite size effects in the z-direction.

Similar to simulations in chapter 5, magnetic moments are initialized parallel
to the easy-axis in z-direction. Due to the temperature gradient a net spin wave
spin current is rising from the hotter towards the colder region of the system.
After an initial relaxation, the magnetic moments reach a quasi steady state, in
which the normalized magnetization is time independent. The averaged normalized
magnetization is calculated for each position z as an average over the x-y-plane and
over a time interval given by 107 time steps. The averaging over long time interval
allows to resolve even small changes of the magnetization due to thermally excited
spin waves.

The spatial dependence of the normalized magnetization is shown exemplary
in figure 6.1 for a system with 8× 8× 512 magnetic moments with an anisotropy
constant of dz = 0.1J and a damping constant of α = 0.01 for different lengths L
of the gradient. For a better illustration, the center of the temperature gradient
in all systems is shifted to the position at z = 0 at the center of the system. The
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6.1 Magnon accumulation in linear temperature gradients
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Figure 6.1: Spatial dependence of the normalized magnetization m in a system
with a linear temperature gradient of various length L. The simulations
are performed with a temperature gradient of ∇T = 10−5J/(kBa) in
systems with an anisotropy constant of dz = 0.1J and a damping
constant of α = 0.01. The results show deviations to corresponding
curves of the equilibrium value m0, which are depicted as dotted lines
for each of the length L.

local magnetization |m(z)| = m(z) is shown in comparison to the local values of the
equilibrium magnetization m0(z), which are depicted as dotted lines. These curves
describe the behavior the local magnetization would have in thermal equilibrium at
the temperature profile Tp(z). In the region around the temperature gradient, the
magnetization deviates from the equilibrium value due to thermally excited spin
currents. The local magnetization is increased in the hotter part of the system and
decreased in the colder one.

In the following, the magnon accumulation is determined. As discussed in the
last chapter, it is defined by equation 5.1 as the difference of the local normalized
magnetization m(z) to its equilibrium value m0(z). The results are presented in
figure 6.2. The upper part depicts again the used temperature profiles, whereas
the lower part of the figure shows the magnon accumulation in the system. This
magnon accumulation has a positive sign in the hotter region of the temperature
gradient, because of the missing number of spin waves leading to an increase of the
local magnetization. In the colder part, a surplus of spin waves exists and, therefore,
the magnon accumulation is negative. The signal is almost symmetric and changes
its sign at the center of the temperature gradient. For small lengths of the applied
temperature gradient, the accumulation within the gradient is linear dependent on
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6 Magnon accumulation in linear temperature gradients

100a
50a
20a

position z/a

ph
on
on

te
m
p
er
at
ur
e
k
B
T
p
/J

m
ag
no
n
ac
cu
m
ul
at
io
n
∆
m

·1
05

0.01

0

100500-50-100

3

2

1

0

-1

-2

-3

Figure 6.2: Spatial dependence of the magnon accumulation ∆m in a system with
a linear temperature gradient of various length L. Top: The phonon
temperature profile is illustrated showing linear temperature gradient
with different length L. Bottom: The resulting magnon accumulation
is shown for a temperature gradient with a constant slope of ∇T =
10−5J/(kBa) in a system with an anisotropy constant of dz = 0.1J and
a damping constant α = 0.01.

the position z in the region of the temperature gradient. In an intermediate regime
the spatial dependence is given by a sinh(z) shape. For large values of the length L,
the magnon accumulation in the center of the gradient vanishes and an accumulation
appears only at the end of the temperature gradient (not shown). Furthermore, the
magnon accumulation scales linearly with the slope of the temperature gradient, as
can be seen in figure 6.3, where the magnon accumulation is shown for two different
slopes of the gradient with a fixed length of L = 100a. A stronger temperature
gradient leads to an increase of the local magnon accumulation and increases the
maximum values at the end of the gradient. The spatial dependence of the magnon
accumulation however is not affected.

The presented numerical findings can be compared with analytical results of the
two-temperature model by Xiao et al. [11]. For that purpose, the magnon temperature
is defined as discussed in chapter 5 using the local magnetization determined in
simulations. This accumulation is in first order proportional the temperature difference
of the local magnon temperature Tm(z) and the phonon temperature Tp(z). Hence,
the spatial dependence of the magnon accumulation in the numerical simulations is
similar to the results of the two-temperature model by Xiao et al. [11], which are
discussed in chapter 2. The characteristic decay length of the temperature difference
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6.1 Magnon accumulation in linear temperature gradients
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Figure 6.3: Normalized magnon accumulation ∆m as a function of space position
z in a system including different linear temperature gradient ∇T . The
numerical results are depicted exemplary for a length of L = 100a for
the temperature gradient showing similar spatial dependence and linear
increasing strength of the accumulation.

between magnons and phonons in the two temperature model is the so-called magnon
diffusion length λm, given by equation 2.33. For YIG at room temperature, the
magnon diffusion length was estimated by 0.78 mm up to 7.8 mm [11].

By using a similar fit, the length scale of the magnon accumulation in the performed
simulations is determined. For a system with a damping constant of α = 0.01 and an
anisotropy constant of dz = 0.1J one gets a length scale of about 30a. Assuming an
inverse scaling of the length scale with the damping parameter α, the length scale for
YIG would be in the range of a few µm, which is much smaller than the estimation by
Xiao et al. [11]. The main reason for the large discrepancy of the two results are the
different approaches of the relaxation time. In the analytical derivations, the lifetime
of the ferromagnetic resonance mode was used as relaxation time. But in temperature
gradients, a broad spectrum of frequencies is excited and the lifetime is reduced for
spin waves with higher frequencies, as shown in chapter 4. The maximum of the
lifetime is at the ferromagnetic resonance mode, where all magnetic moments perform
a uniform precession. However, the thermal average of the lifetime is significantly
shorter, leading to a reduction of the characteristic length scale, which is determined
in numerical simulations.

These numerical findings are in agreement with recent experimental results. The
spatial dependence of the spin Seebeck effect was investigated in first measurements
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6 Magnon accumulation in linear temperature gradients

by Uchida et al. [3]. The effect was detected by measuring spin currents into a detector
material transverse to an applied linear temperature gradient. In these experiments
a characteristic length scale in the range of some mm was found. In later studies
however, it was shown that additional transverse temperature gradients appear in the
setup, which cause the dominant contribution of the measured signal [15–18]. This is
in agreement with the estimated value shown here. A length scale in the µm-regime
has the consequence, that a magnon accumulation would appear only at the ends,
which would be not resolvable by the performed experiments. More promising are
the measurements in a different setup: In 2010 it was shown by Uchida et al. that
in the ferromagnetic insulator YIG a spin current can be measured longitudinal to
an applied temperature gradient [19] and shows a significantly higher spin Seebeck
voltage. The experimental setup and results for the longitudinal spin Seebeck effect
are discussed in the next section.

6.2 Measurements of the longitudinal spin Seebeck effect

In the following, recent experimental results of the longitudinal spin Seebeck effect
are discussed. Over the last years, several groups have performed various experiments
to get a deeper insight into the origin of this effect [19, 20, 22–27, 33]. The first
experiments of the longitudinal spin Seebeck effect were done by Uchida et al. [19]
using the ferromagnetic insulator YIG. In their setup, the detector material is on top
of the hot or cold end of the system. To detect the magnonic spin currents flowing
longitudinal to the temperature gradient, a YIG film is coupled with a platinum layer
in most experiments. The excited magnonic spin current in the ferromagnet creates
a spin current in the metal via spin pumping. Due to the inverse spin Hall effect, a
measurable electrical current is excited, which is detected in the experiments [5]. The
measured electrical voltage scales linearly with the applied temperature difference
in the system. This is described by the spin Seebeck coefficient SSSE [21], which is
defined analog to the Seebeck coefficient for the classical Seebeck effect by

VSSE = SSSE ·∆T , (6.1)

where VSSE is the measured electrical voltage and ∆T is the temperature difference
applied in the setup. This definition of the spin Seebeck coefficient includes additional
effects as the spin pumping from the insulator in the detector material as well as
the inverse spin Hall effect, which affect the determined spin Seebeck coefficients.
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6.2 Measurements of the longitudinal spin Seebeck effect

Therefore, these effects were studied in various experiments to understand their
influence on the measured spin Seebeck voltages, and moreover, to improve the
efficiency of the detection technique [91–100]. In the last years, the origin of the
longitudinal spin Seebeck effect was discussed controversially. On the one hand, a
pure interface effect due to the proximity effect was proposed by Huang et al. [20]
and on the other hand magnonic spin currents were under discussion as source of
the measured signals.

Figure 6.4: Experimental measurements of the spin Seebeck coefficient. Left:
Schematic diagram of the experimental setup at low temperatures;
taken from [28]. Right: Recorded voltage signals dependent on the
external magnetic field for different temperature differences, taken from
[21]. The inset shows the evaluated voltage VISHE depending on the
temperature difference ∆Tz between the copper blocks for both direc-
tions of the thermal gradient.

The importance of bulk magnons for the longitudinal spin Seebeck effect have been
demonstrated by a thickness dependence study of the longitudinal spin Seebeck effect
within a collaboration with the experimental group of Kläui [21]. The experimental
study is described in the following and the performed numerical results to explain
the observations will be discussed in the next section. In the measurements, thin YIG
films with various thicknesses grown on Gd3Ga5O12 (GGG) were used. The typical
setup is shown in figure 6.4. For the experiments two different kinds of YIG samples
have been studied: Firstly, very thin samples have been used with a thickness in the
range of 20 nm to 300 nm, which were grown by pulsed laser deposition technique.
Additionally, thicker samples grown by liquid phase epitaxy, with a thickness of up
to 50µm, have been studied at different temperatures. In both cases, the excited
spin current was detected in thin platinum stripes on top of the YIG sample. The
temperature gradient in such a system was applied by a resistive heater and the
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6 Magnon accumulation in linear temperature gradients

samples are mounted on a copper block acting as heat sink. In the measurements,
the voltage was determined dependent on the applied external magnetic field as
depicted exemplary in the right part of figure 6.4. At magnetic fields with an absolute
value above 20 Oe the detected voltage is saturated. By changing the direction of
the magnetic field the sign of the voltage is reversed. From this measurements the
difference of the voltages of ∆V = 2VISHE is measured. As shown in figure 6.4, the
voltage increases linearly with increasing temperature and by utilizing equation 6.1
the spin Seebeck coefficient SSSE was determined.

In the study by Kehlberger et al., different series of samples have been investigated,
where each series has almost identical interface conditions and similar platinum
thicknesses which allows to study the dependence of the spin Seebeck effect on
the thickness of YIG. In the left part of figure 6.5, this thickness dependence for
the samples grown by pulsed laser deposition at room temperature is shown. The
thickness of the YIG samples, which are sorted into 4 different series with different
interface conditions for each series, ranges from 20 nm up to 300 nm. In all series,
the coefficient increases for small thicknesses and for higher thicknesses the slope
reduces leading to a saturation of the signal for even higher values. Moreover, one
can see the crucial role of the interface conditions, since the spin Seebeck coefficient
for similar thicknesses vary a lot between the series, whereas the qualitative thickness
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Figure 6.5: Experimentally determined spin Seebeck coefficients dependent on the
thickness for YIG. Left: The data points depicts results for thin samples
in the range of 20 - 300 nm grown by pulsed laser deposition for four
different series. Right: The thickness dependence is shown for samples
grown by liquid phase epitaxy with a thickness up to 50 µm at different
temperatures T . Data are taken from [21].
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6.3 Thickness dependence of the spin Seebeck effect

dependence is similar for all series.
The samples grown with liquid phase epitaxy ranges from 2µm up to 50µm.

The spin Seebeck coefficient at room temperature and at a temperature of 50 K are
illustrated in the right part of figure 6.5. At room temperature, the coefficient is
almost constant. In contrast, at a temperature of 50 K an increase below thicknesses
of 10µm and at higher thicknesses a saturation was observed by increasing the
thickness.

To estimate the characteristic length scale, above which the saturation of the spin
Seebeck coefficient sets in, the fit

SSSE = Smax
SSE ·

(
1− exp

(
d

λ

))
(6.2)

is used, where λ is the characteristic length scale and d is the thickness of the YIG
layer. For the thinner samples grown by pulsed laser deposition, the saturation sets
in at a thickness of around 100 nm in all series. For the temperature dependent study
of YIG samples grown by liquid phase epitaxy, an increasing saturation length scale
with decreasing temperature can be observed [33]. Whereas at room temperature,
the spin Seebeck coefficient is already saturated and the length scale is below 1 µm,
at a temperature of 50 K this length increases up to 8 µm.

To get a deeper insight into the reported thickness dependence, the magnon
accumulation at the cold end of the temperature gradient is investigated in the
next section using numerical simulations. As derived by Xiao et al. [11], the spin
Seebeck voltage scales linearly with the temperature difference between the magnons
in the ferromagnetic material and the electrons of the detector. Assuming that
the detector has the same temperature as the phonons at the interface, the spin
Seebeck voltage is linear dependent on the magnon accumulation. Therefore, the
characteristic length scale of the magnon accumulation should be similar to the length
scale of the measured spin Seebeck effect. For a comparison of the experimental
measurements with numerical simulations, the magnon accumulation at the cold end
of the temperature gradient is investigated in the next section.

6.3 Thickness dependence of the spin Seebeck effect

In section 6.1, the spatial dependence of the magnon accumulation due to linear
temperature gradients is discussed. In the following, the magnon accumulation at
the extrema at the cold end of the gradient and its dependence on the length of
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6 Magnon accumulation in linear temperature gradients
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Figure 6.6: Magnon accumulation at the cold end of the temperature gradient
dependent on its length L. The illustrated results are for a system
with anisotropy constant of dz = 0.1J , a temperature gradient with a
slope of ∇zT = 10−5J/(kBa) and two different damping constants α,
showing a saturation effect dependent on the considered damping.

the temperature gradient is investigated. This accumulation is proportional to the
measured spin Seebeck effect and can be used to explain the saturation of the
longitudinal spin Seebeck effect that was observed in experiments as mentioned in
section 6.2. In figure 6.6, the magnon accumulation at the cold end of the system is
depicted as a function of the length of the gradient L for a system with an anisotropy
constant of dz = 0.1J and a slope of the gradient of ∇zT = 10−5J/(kBa). For
small length L, the magnon accumulation increases with increasing L, but reaches a
saturation at a critical length scale, similar to the experimental results. Moreover, the
behavior is shown for two different damping constants α. By increasing the damping
constant, the maximum value of the magnon accumulation increases as well as the
length scale at which the saturation of the signal sets in.

The origin of this saturation effect is illustrated in figure 6.7. Due to the linear
temperature gradient, spin waves are excited leading to a net spin current propagating
from the hotter towards the colder region of the system. If the region of the tempera-
ture gradient is large, not all spin waves excited in the gradient, reach the cold end
of the gradient due to their finite propagation length. Only those spin waves within
the distance of their propagation length can contribute to the magnon accumulation
at the cold end. Above a characteristic length of the gradient, a saturation of the
magnon accumulation sets in. By decreasing the length of the temperature gradient
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6.3 Thickness dependence of the spin Seebeck effect

below the propagation length, the magnon accumulation is decreasing since less
magnons are excited in the temperature gradient and the resulting spin current is
reduced.

ferromagnetic insulator normal metal

Figure 6.7: Scheme of the saturation effect of the longitudinal spin Seebeck effect.
By increasing the thickness of the ferromagnetic material the magnon
accumulation at the cold end increases up to the length scale of the
magnon propagation and saturates, because only magnons from dis-
tances below the propagation length of the magnons can contribute to
the signal.

The characteristic length scale of the saturation is directly related to the averaged
magnon propagation length, which is called here ξavg to distinguish between the
propagation length from the last chapter, which denotes the maximum propagation
length, and this averaged value over a broad range of frequencies. One can estimate
the averaged propagation length by estimating the characteristic length scale of the
saturation of the magnon accumulation, given by

∆m = ∆m∞ ·
(

1− exp
(−L
ξavg

))
. (6.3)

This fit provides a good approximation of the saturation effect. The resulting averaged
magnon propagation length is comparable to the characteristic length scale of the
spatial dependence, which is estimated in section 6.1. One can observe an additional
small increase of the accumulation for thicknesses above the critical length scale.
The estimated length scale is an average over a broad range of spin waves that
are contributing to the excited magnon accumulation. Above this length scale, the
accumulation increases a little more due to spin waves with a propagation length
above the averaged value.

For a comparison with the length scale observed in the experiments, one can use
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6 Magnon accumulation in linear temperature gradients

again an upscaling of the results, considering that the propagation length scales
with 1/α. Using a damping constant of α = 10−4, one can estimate for YIG at low
temperatures an averaged magnon propagation length of about 10 µm. This is in good
agreement with the experimental results with samples grown by liquid phase epitaxy,
where at a temperature of 50 K a length scale of 8 µm was determined [21]. For the
thin samples grown by pulsed laser deposition, a saturation length in the range of
100 nm was observed. In this case, the propagation length of the magnons is reduced,
since the measurements are performed at a higher temperature. Furthermore, the
damping constant in these samples is expected to be higher than in the samples grown
by liquid phase epitaxy, which reduces further the averaged magnon propagation
length.

To get a better understanding of the saturation effect, the frequency dependence of
the magnon accumulation is investigated. For that purpose the frequency distribution
at the cold end of the system, which has a temperature of kBTp = 0, is studied
dependent on the length of the temperature gradient. In figure 6.8, the frequency
distribution is shown exemplary for a damping constant of α = 0.01, an anisotropy
constant of dz = 0.001J and a temperature gradient of ∇zT = 10−3J/(kBa) over
different lengths L. Similar to the equilibrium distribution of spin waves, discussed
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Figure 6.8: Frequency distribution of the magnon accumulation at the cold end of
the temperature gradient for different length L. The amplitude |S+

ωq | is
depicted as a function of the frequency ωq for a system with a slope of
the temperature gradient of ∇zT = 10−3J/(kBa), a damping constant
of α = 0.01 and anisotropy constant of dz = 0.001J showing the
frequency dependent saturation of the magnon accumulation.
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6.3 Thickness dependence of the spin Seebeck effect

in chapter 4, a frequency gap at ~ω0 = 2dz can be observed as well as several peaks
due to the limited cross section of the system. For example, the first transverse mode
appears around ~ω = 0.6J , which is visible in figure 6.8 for all shown lengths by a
strong jump in the amplitude of the spin waves. Moreover, the plotted distribution of
the frequencies depends on the length L of the temperature gradient. For the smallest
length of L = 20a, the amplitudes of the spin waves have the smallest value. By
increasing the length of the temperature gradient L from 20a to 50a, the amplitudes
of the spin waves increase for a broad range of the frequency spectrum. This shows,
that the thickness of the gradient is below the averaged propagation length of the spin
waves. Only at very high frequencies, the amplitude is not changing with increasing
the length scale.

In the high frequency regime, a saturation of the amplitude sets in, when the
length L is further increased. As discussed in chapter 5, the propagation length for
high frequency spin waves is significantly shorter than for those with low frequencies.
In the range of low frequencies, the amplitude still increases with increasing thickness.
The averaged propagation length determined by a saturation plot of the magnon
accumulation lays around a propagation length of ξavg = 100a. Above this length
the amplitude of the low frequencies further increases. The frequency dependent
propagation length in that regime, corresponding to the one-dimensional regime
for the propagation, can be estimated with equation 5.11 with a maximum for the
anisotropy constant of dz = 0.001J around a propagation length of ξmax = 800a. The
contribution of the additional spin waves to the magnon accumulation is rather small
and the magnon accumulation is only slightly increasing.

For the theoretical description of the spin Seebeck effect by Xiao et al. [11] and also
in the Boltzmann approach, which will be discussed in the following chapter, a local
magnon temperature in the derivations has been used under the assumption that
magnons locally equilibrate in systems with temperature gradients. To verify that ap-
proach, the non-equilibrium distributions are compared with a frequency distribution
in thermal equilibrium. In figure 6.9, the frequency spectra for the smallest and largest
values of the length L are shown in comparison with an equilibrium distribution.
Those distributions scale linear with the temperature T at low temperatures. To
compare the resulting distributions with the situation in thermal equilibrium, the
equilibrium distribution is determined for a temperature of kBT = 0.1J and then
rescaled to a comparable distribution to the non-equilibrium cases. The spectra of the
two different thicknesses, that are shown in figure 6.9, represent two different magnon
temperatures in the system. Since the amplitudes of the spin waves are increasing
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6 Magnon accumulation in linear temperature gradients

with increasing length, the magnon accumulation and the magnon temperature are
increased.

But in both cases, the distributions show deviations to a equilibrium distribution.
Especially at high frequencies, the amplitudes in thermal equilibrium are larger
than in the case of a linear temperature gradient. Moreover, in the low frequency
range, the distribution in the non-equilibrium situation differs from the distribution
in equilibrium. In thermal equilibrium, the maximum of the amplitude is given
at the frequency gap defined by the anisotropy. In the non-equilibrium cases, the
maximum is shifted to higher frequencies and the amplitude close to the frequency
gap is reduced. This is due to the fact, that the propagation length is very small for
spin waves with a frequency close to the gap. Besides this two regimes, the general
behavior of the frequency distribution is comparable with an equilibrium distribution
and as first approximation one can assume that the distributions are in equilibrium.
The corresponding magnon temperature depends on the length of the gradient and
furthermore on the damping and increasing with decreasing damping parameter since
in this case the propagation length of the magnons increases.
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Figure 6.9: Frequency distribution of the magnon accumulation at the cold end of
the temperature gradient for different length L in comparison to an
equilibrium distribution of spin waves. The amplitude |S+

ωq | is depicted
as a function of the frequency ωq for a system with a slope of the
temperature gradient of ∇zT = 10−3J/(kBa), a damping constant of
α = 0.01 and anisotropy constant of dz = 0.001J in comparison to an
equilibrium distribution showing that the non-equilibrium distribution
can be approximated by an equilibrium one.
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6.4 Field control of the spin Seebeck effect

6.4 Field control of the spin Seebeck effect

In recent experiments, the effect of external magnetic fields on the longitudinal spin
Seebeck effect was studied [25, 29, 30]. As proposed by Boona et al. [31], the field
dependence of the measured signals gives a deeper insight into the composition
of thermally excited spin currents, since an additional external field increase the
frequency gap and parts of the frequency spectra can be frozen out. This allows to
investigate experimentally which branches of the magnon frequency spectrum are
involved in thermally excited magnonic spin currents. The influence of large external
fields are first studied by Kikkawa et al. [25] in a bulk YIG sample and they report a
suppression of the longitudinal spin Seebeck effect of about 30% at a field of 90 kOe.
In the meantime, further measurements were performed in different groups to try
determining this effect dependent on the temperature and on the thickness of the
YIG sample [28–30].

In the following, the influence of external magnetic fields is studied numerically by
performing simulations including linear temperature gradients with various lengths
L. The system properties are similar to the cases before, but additionally an external
field is applied, leading to an Hamiltonian of the form

Hexc = −J
∑
〈ij〉

Si · Sj − dz
∑
i

(Szi )2 + µsBz

∑
i

Szi . (6.4)

In the upper part of figure 6.10, the magnon accumulation at the cold edge of
the temperature gradient is shown dependent on the applied magnetic field Bz with
an anisotropy of dz = 10−3J , a damping constant of α = 0.01, and a temperature
gradient of ∇T = 10−3J/(kBa) over different lengths L. For zero field, the magnon
accumulation increases with increasing length scale and reaches a saturation value
dependent on the averaged magnon propagation length as discussed in the last section.
For all lengths of the temperature gradient, the magnon accumulation is decreased
by increasing the magnetic field in agreement with the experimental results. The
magnon accumulation decreases strongly in the regime up to an applied field of
µsBz = 0.05J , later the reduction is weaker and the slope is almost flat for the highest
magnetic fields. The suppression effect due to the external magnetic fields depends
on the length of the temperature gradient and it is more effective for larger systems.
In the lower part of figure 6.10, the magnon accumulation is shown normalized to its
value without an external field to illustrate this effect. The relative suppression for
the highest magnetic fields of µsBz = 0.2J varies from about 40% for L = 20a up to
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Figure 6.10: Suppression effect of the spin Seebeck effect by magnetic fields for dif-
ferent length L of the temperature gradients. Top: Magnon accumula-
tion ∆m at the cold end of the temperature gradient dependent on the
applied magnetic fields Bz for different length L and for an anisotropy
constant of dz = 10−3J and a damping constant of α = 0.01. Bottom:
Normalized magnon accumulation ∆m/∆m(Bz = 0) dependent on
the applied magnetic field Bz for a similar system showing an increasing
suppression effect with increasing length L.

more than 60% for the largest length L. The thickness dependence of the suppression
reduces for larger temperature gradients. Above a length of L = 150a the suppression
rate is almost constant. The used magnetic fields are very high in comparison to
experimental measurements. The largest simulated field corresponds to an external
magnetic field of about 80 T.

These findings are in agreement with experiments performed in the group of
Kläui, measuring the spin Seebeck coefficient for YIG samples grown on GGG with
thicknesses ranging from 0.3µm to 50µm dependent on external magnetic fields up
to 9 T. Additionally, a sample of YIG grown without any substrate with a thickness
of 1 mm is used. The measured spin Seebeck coefficients versus the applied magnetic

80



6.4 Field control of the spin Seebeck effect

bulk
50µm

22.8µm
12.24µm
7.78µm
3.08µm
1.51µm
0.87µm
0.3µm

magnetic field H [T]

S
S
E
vo
lt
ag
e
V
S
S
E
(H

)/
V
S
S
E
(0
.2
T
)

1086420

1

0.9

0.8

0.7

0.6

0.5

0.4

Figure 6.11: Experimental measurements of the suppression effect of the spin
Seebeck effect for different thicknesses of the magnetic material. Spin
Seebeck voltage VSSE dependent on the magnetic field H showing a
suppression with increasing magnetic field, taken from [28].

field H are shown in figure 6.11. In the experiments, the magnetic field is varied from
-9 T to 9 T. For a better illustration, the results are shown for just one direction of the
applied field, since the results for both fields directions are similar. The maximum
value for the spin Seebeck effect is at a magnetic field of 0.2 T and this value is used
for the normalization of the spin Seebeck coefficient. As shown in figure 6.11, for
the lowest thickness the reduction of the signal with increasing field is practically
vanishing. This effect is in contrast to the observation in the numerical simulation, in
which a reduction of the suppression effect can be observed for the smallest thickness,
but the effect is still not negligible. A reason for this deviation is the difference
between both systems that are considered. The length of the temperature gradient
is rather small in the numerical simulations, but the part is connected with a heat
bath which acts as perfect source. In the experimental setup, magnons propagate
only within the YIG. For the thin samples, low frequency magnons are suppressed
because of the limited size of the system and no effect due to additional magnetic
fields can be observed. For the thickest sample however the reduction of the samples
for the highest fields of 9 T is about 40%, which is in agreement with the numerical
observations. The magnetic field correspond to µsBz = 0.05J where the suppression
effect for the thickest samples is similar.
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Figure 6.12: Magnon frequency distribution at the cold end of the temperature
gradient for different magnetic fields Bz. Top: Magnon propagation
length ξ as a function of the frequency ωq given by equation 5.11.
Bottom: Amplitude |S+

ωq | dependent on the frequency ω of the magnon
accumulation at the cold end of the temperature gradient for different
magnetic fields Bz, an anisotropy constant of dz = 10−3J and a
damping constant of α = 0.01.

To explain the dependence of the suppression effect on the thickness of the sample,
the frequency distribution of the spin waves is studied dependent on the applied
magnetic field in a system with a gradient over the length of L = 200a. The amplitude
of the spin waves as a function of their frequency is shown in figure 6.12 for different
magnetic fields Bz. In the absence of an external magnetic field, the frequency gap is
determined by ~ω0 = 2dz and the maximum lays in the one-dimensional regime above
the maximum length scale as discussed in the last section. An additional magnetic
field shifts the frequency gap towards a higher frequency, given by ~ω0 = 2dz + µsBz.
This shift can be observed in the shown frequency distributions in figure 6.12. Except
a few minor changes, the amplitudes for the rest of the frequency range are similar.
Since the frequency gap is increasing parts of the frequency spectrum are frozen out
and, hence, the magnon accumulation is reduced.

Additionally, the frequency dependence of the magnon propagation length ξ(ω) in
the one-dimensional model is shown in figure 6.12 for the different external magnetic
fields. By increasing the magnetic fields the frequency with the maximum propagation

82



6.4 Field control of the spin Seebeck effect

length is shifted to higher frequencies and the maximum value is reduced due to
the shorter lifetime of the magnons in the case of an higher magnetic field. In the
shown cases, the maximum propagation length is much larger than the averaged
length scale, leading to a thickness dependence of the suppression effect beyond the
characteristic length scale of the spin Seebeck effect. In the performed numerical
simulations, for all shown lengths L of the temperature gradient, the spin waves with
the largest propagation length always reach the cold end of the temperature gradient.
When the length L is reduced, the amplitude at this frequency is reduced. Since
only these spin waves are suppressed by the external magnetic fields, the relative
suppression is reduced for lower thicknesses.
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7 Excitation of magnonic spin currents in linear
temperature gradients

In the last chapter, the excited magnon accumulation due to spin waves in linear
temperature gradients was discussed to explain experimental findings of the longitu-
dinal spin Seebeck effect, such as its thickness dependence or the suppression effect
caused by external magnetic fields. Instead of the magnon accumulation, the created
spin currents are calculated in this chapter. The connection between the propagating
spin currents and the resulting magnon accumulation is investigated numerically as
well as analytically. This allows for a comparison of the presented numerical findings
with analytical calculations from the Boltzmann approach, which were introduced in
chapter 2. Within a collaboration with Duine, the analytical description of thermally
induced spin currents are compared with the numerical results described in this work.
The main results of this comparative study are prepared for publication.

7.1 Magnonic spin currents in linear temperature gradients

In general, a particle current is defined as a sum over all possible wave vectors of the
number of particles times the group velocity multiplied by the unit transported by a
single particle. Following this definition, one can express the magnon spin current by

j = −
〈
~
∑

q
nqvq

〉
, (7.1)

where −~ is the amount of angular momentum transported by one magnon and nq

is the number of magnons of the wave-vector q [14]. vq is their corresponding group
velocity given by vq = ∂ωq/∂q. This model can be generalized for classical spin
waves. In this case, the angular momentum of a magnetic excitation is no longer
discrete. As discussed in chapter 4, the intensity of spin waves is considered instead
of the number of particles. In thermal equilibrium, the spin current is vanishing in
the time average, since the intensity of the spin waves is equal for spin waves with
the wave vector q and −q. Net spin currents only appear in non-equilibrium cases in
which the spin wave density is no longer symmetric as discussed in chapters 5 and 6.
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7 Excitation of magnonic spin currents in linear temperature gradients

In the used atomistic spin model, the single magnetic moments are coupled via
exchange interaction between nearest neighbors. Therefore, the spin waves propagate
through the system via this exchange interaction and one can define a spin wave spin
current as a 3× 3 matrix [14]. Three dimensions describe the propagation direction
of the spin current, coupled each to the three components of the magnetic moment
that is transported. Each element of the matrix j can be written as

jηθ (Ri) = J · a
〈(

S(Ri, t)× S(Ri + aeθ, t)
)
· eη

〉
. (7.2)

In the expression, θ denotes the Cartesian coordinates x, y, z and describes the
direction in which the spin current is flowing, whereas η represents the component
mη of the magnetic moment that is transported. eη is the unit vector in η-direction.
The average is equation 7.2 is performed over time.

For a temperature gradient in z-direction, it can be assumed that only the spin
current flowing in z-direction is non-vanishing. Moreover, only a magnetic moment
in direction of the easy axis is transported, whereas the other two components vanish
in time-average. The non-vanishing component of the spin current jzz is given by

jzz (Ri) = J · a
〈(

(S(Ri, t)× S(Ri + aez, t)
)
· ez

〉
. (7.3)

In the following, the spin current component jzz is denoted with j, since it is the only
relevant contribution. It can be shown, that equation 7.3 corresponds to a spin wave
spin current as defined by equation 7.1, by rewriting this expression.

For Sxi and Syi , a plane wave solution, as derived in section 4.1, is considered. The
components are given by

Sxi (t) =
∑

q
Sq cos (−qRi + ωt) , (7.4)

Syi (t) =
∑

q
Sq sin (−qRi + ωt) . (7.5)

As a first step, one can rewrite the spin current in the form

j(Ri) =J · a · 〈Sxi (t)Syi+aez(t)− S
y
i (t)Sxi+aez(t)〉 (7.6)

=J · a
∑
q,q′
〈Sq cos (−q ·Ri + ωt)Sq′ sin (−q′ · (Ri + aez) + ω′t)

− Sq sin (−q ·Ri + ωt)Sq′ cos (−q′ · (Ri + aez) + ω′t)〉 . (7.7)
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7.1 Magnonic spin currents in linear temperature gradients

Neglecting interference effects of spin waves, which vanish upon time averaging,
one can consider just those terms, where q = q′. By using trigonometric addition
theorems, the spin current can be estimated by

j = J · a
∑

q

(
S2

q sin (qz · a)
)

. (7.8)

Furthermore, one can rewrite S2
q = 2 · nq, as discussed in section 4.4. In this case, nq

is the intensity of the spin waves, similar to the number of magnons in a quantum
mechanical treatment. The spin current is then

j = −2J · a
∑

q
nq sin (qz · a) . (7.9)

This expression is similar to equation 7.1, since the z-component of the group velocity
is given by vzq = (γ/µs) · 2Ja sin(qza). The derivation shows that the definition of
the spin current matrix is equivalent to the definition of a spin current given by
equation 7.1.

In the following, the created spin currents in systems including linear temperature
gradients are studied numerically. For that purpose, a linear temperature gradient
attached to two heat baths at the end of the system is used. The temperature profile
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Figure 7.1: Spin current jηz flowing in z-direction excited by linear temperature
gradients. Top: Phonon temperature Tp as a function of the position
z including a linear temperature gradient of the length of L = 150a.
Bottom: The excited spin current jηz versus the position z is illustrated
showing that jxz and jyz are vanishing in the time average and around
the temperature gradient a finite spin current component jzz appears.
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7 Excitation of magnonic spin currents in linear temperature gradients

is illustrated in the upper part of figure 7.1. This profile is similar to the studied
systems in the last chapter. By using equation 7.3, one can calculate in the steady
state the spin wave spin current flowing in the direction of the temperature gradient
from the hotter towards the colder region.

In figure 7.1, the spin current components jηz flowing in the direction of the
temperature gradient are shown exemplary for a system with a temperature gradient
of ∇zT = 10−3J/(kBa) over a length of L = 150a with damping constant of α = 0.01,
and an anisotropy constant of dz = 0.1J . As shown in the figure, for spin current
components jxz and jyz thermal fluctuations appear, in time average however the
contributions vanish. The main contribution of the spin current is jzz = j. The current
flows in the +ez direction carrying a negative angular momentum. Far away from
the temperature gradient, the magnetic moments are almost in thermal equilibrium
and the spin current vanishes. But due to the temperature gradient, a spin current
appears in the region around the temperature gradient. The surplus of spin waves
that propagate from the hotter towards the colder region excite a spin current and
it grows close to the end of the temperature gradient. In the center of the gradient,
the spin current is almost constant, before it decreases again close to the colder
end of the temperature step. This results are in agreement with further numerical
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Figure 7.2: Spin current dependent on the position z due to a linear temperature
gradient with various length L. Top: Spatial dependence of the phonon
temperature profile Tp including a temperature gradient with a slope of
∇T = 10−3J/(kBa) and various length L. Bottom: The resulting spin
current j versus the position z is depicted showing an increase in the
center of the temperature gradient up to a saturation value.
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Figure 7.3: Spin current j dependent on the slope ∇T of a temperature gradient
with the length L = 100a. The maximum value of the spin current
j, which is reached in the center of the temperature gradient, show a
linear dependence on the slope of the temperature gradient.

studies of the effect by Etesami et al. [42]. In their study, they use a similar model
for the spin current and study numerically the dependence of the current on different
temperature gradients.

In a next step, the dependence of the magnonic spin currents on the length L of
the temperature gradient is investigated. Numerical results are shown exemplary in
figure 7.2 for a system with a damping constant of α = 0.01, an anisotropy constant
of dz = 0.1J , and an applied temperature gradient with a slope of ∇T = 10−3J/(kBa)
over different lengths L. For small length, the spin current is increasing. Above a
critical length scale however, the spin current is almost constant at the center of the
system and shows only deviations at the edges of the gradient. This length should
be determined by the averaged magnon propagation length, since to the local spin
current only those spin waves can contribute which can reach the position. Hence, the
spin current in the center of the gradient saturates if the length of the temperature
gradient is larger than the averaged magnon propagation length.

For a better understanding of the excited spin current, the dependence of this
current on parameters such as the temperature gradient and the damping constant is
investigated. As a first step, the dependence of the spin current on the slope of the
temperature gradient is studied. In figure 7.3, the resulting values for the spin current
as a function of the slope are shown for a gradient over the length of L = 150a, an
anisotropy constant of dz = 0.1J , and a damping constant of α = 0.05. The spin
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Figure 7.4: Spin current j versus the damping constant α in a system with a
linear temperature gradient. The maximum value of the spin current
j, which is reached in the center of the temperature gradient, show a
1/α dependence. Numerical data are depicted as data points exemplary
for a system with a linear temperature gradient with the slope of
∇zT = 10−4J/(kBa) over the length L = 150a and an anisotropy
constant of dz = 0.1J . The continuous line illustrates a 1/α fit of the
results.

current is estimated by fitting its value in the center of the gradient, where it is
almost constant. A linear fit illustrated by a continuous line is in good agreement
with the data from numerical simulations, which are shown as data points.

Moreover, one can expect that the spin current depends on the averaged magnon
propagation length ξavg. Only magnons reaching a certain position can contribute
to the local appearing spin current. Therefore, this current should increase with
increasing propagation length. As discussed in chapter 6, the magnon propagation
length scales with 1/α. To study the scaling of the spin current with the propagation
length, its dependence on the damping constant α is investigated. The results from
numerical simulations of this dependence are shown in figure 7.4. Similar to the
study above, the constant spin current at the center of the temperature gradient is
calculated for a length of L = 150a. The resulting values are shown as a function of
the damping constant α for a system with an anisotropy constant of dz = 0.1J , and a
slope of the gradient of ∇zT = 10−4J/(kBa). As expected, the spin wave spin current
is inverse proportional to the damping constant. The data points in figure 7.4 show
the numerical results, whereas the continuous line show a fit with a 1/α-dependence.

In summary, the spin current that is excited due to a linear temperature gradient
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7.2 Continuity equation for spin wave spin currents

rises around the end of the temperature gradient. If the length of the gradient is
large enough a constant spin current is created in the center of the temperature
gradient. Additionally, it is proportional to the temperature gradient and increases
with increasing magnon propagation length.

In the next section, the shown results for the spin wave spin current are compared
with the magnon accumulation, which is discussed in chapter 6. An analytical model
gives a new insight in the relation of the two parameters.

7.2 Continuity equation for spin wave spin currents

In a next step, the interrelation of the thermally excited spin current j and the
resulting magnon accumulation ∆m in linear temperature gradients is investigated.
Additionally, these results are compared to further purely analytical approaches of
the spin Seebeck, which are mostly based on a description of the excited spin current
in the temperature gradient.

It was proposed by Ohe et al. in a numerical study [40] using a micromagnetic
model that the magnon accumulation is related to the gradient of the spin current,
∆m ∝ ∂j/∂z. In the following, the connection between the two values is studied. As
a first step, the investigation is performed by calculate both parameters numerically
and, subsequently the interrelation is determined analytically by solving the Landau-
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Figure 7.5: Comparison of the spatial dependence of spin current j and magnon
accumulation ∆m. Numerical data are illustrated for a system including
a linear temperature gradient over the length of L = 100a with the
slope of ∇zT = 10−3J/(kBa) dependent on space position z.
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7 Excitation of magnonic spin currents in linear temperature gradients

Lifshitz-Gilbert equation 2.21. To investigate the relation between spin current and
magnon accumulation, a system including a temperature gradient with a slope of
∇zT = 10−3J/(kBa) over a length of L = 100a with a damping constant of α = 0.05,
and an anisotropy constant of dz = 0.1J is studied. The numerical results for the
two quantities are plotted in figure 7.5. The spin current is rising at the end of the
temperature gradient and, besides thermal fluctuations, is constant in the center
of the temperature gradient. Whereas, the magnon accumulation has a maximum
at the two ends of the temperature gradient and is vanishing in the center of the
gradient. These results are in general in agreement to the results of Ohe et al. [40].

In the following, the relation between the magnon accumulation and the spin
current is studied analytically by rewriting the Landau-Lifshitz-Gilbert equation 2.21.
For simplification, in the derivations a system with a temperature of kBT = 0 is
considered. In this case, only the z-component of this equation is discussed, which is
given by

〈
Ṡzi (Ri)

〉
=− γ

µs
〈Sxi (t)Hy

i (t)− Syi (t)Hx
i (t)〉

+ γα

µs
〈Sxi (t)(Szi (t)Hx

i (t)− Sxi (t)Hz
i (t))〉

− γα

µs
〈Syi (t)(Syi (t)Hz

i (t)− Szi (t)Hy
i (t))〉 , (7.10)

where Hi = J
∑
j Sj + 2dzSzi ez is the effective field of the magnetic moment i. Here,

it is assumed that α� 1 and the term (1 + α2) can be neglected. Additionally, only
a one-dimensional system in z-direction is considered to simplify the transformation
of the equation. The extension to the three-dimensional case is discussed at the end
of the derivation and can be done similarly to the following derivation.

As a first step, the effective field in equation 7.10 is replaced using the equations 7.4
and 7.5 for the x- and y-components of the normalized magnetic moment. In this
case, the equation of motion can be written as

〈
Ṡzi (z)

〉
=− γ

µs
J
〈
Sxi S

y
i−1 − S

y
i S

x
i−1 + Sxi S

y
i+1 − S

y
i S

x
i+1

〉

− αγ

µs

〈
J
∑
j

(
Sxi S

x
j + Syi S

y
j

)
−
(
(Sxi )2 + (Syi )2

)
· (2dz + 6J)

〉
. (7.11)

Using the definition for the spin current, given by equation 7.3, the contribution
from the precession term in equation 7.11 can be expressed by (j(z)− j(z − 1))/a.
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7.2 Continuity equation for spin wave spin currents

The transferred angular momentum from the magnetic moment i to i− 1 has the
same value but an opposite sign as the transferred momentum from moment i− 1 to
i. The equation of motion is

〈
Ṡzi (z)

〉
=− j(z)− j(z − a)

a

+ γα

µs

〈∑
j

J(Sxi (t)Sxj (t) + Syi (t)Syj (t))
〉

− γα

µs

〈
((Sxi (t))2 + (Syi (t))2) · (2dz + 6J)

〉
. (7.12)

The second part of equation 7.12 can be further transformed by using the plane wave
solution for the x and y components of the magnetic moment, given by equations 7.4
and 7.5. Again, interference effects are neglected since they are vanishing in time
average. This leads to

〈
Ṡzi (z)

〉
=− j(z)− j(z − a)

a

− αγ

µs

(
4J
∑
q

(
cos (qza)∆mq

)
− 2∆m · (2dz + 6J)

)
. (7.13)

In this case, the magnon accumulation ∆m is the sum over each wave-vector dependent
contribution, ∆m = ∑

q ∆mq. Therefore, the last two terms in equation 7.13 can be
combined to 2α∑q ωq∆mq, by using the dispersion relation given by equation 4.15.
Finally, the equation of motion reads

〈
Ṡzi (z)

〉
=− j(z)− j(z − a)

a
+ 2α

∑
q

ω∆mq . (7.14)

In a three dimensional system, the neighbors in all three dimensions have to be taken
into account. Similar to equation 7.14, one gets in this case:

Ṡzi (Ri) =−
∑
θ

j(Ri)− j(Ri − aeθ)
a

+ 2α
∑

q
ω∆mq . (7.15)

The time derivative of Szi is similar to the time derivative of the spin wave intensity.
This can be seen by replacing Szi by 1−∑q nq, which was calculated in section 4.4.
In this case the left part of equation 7.15 can be interpreted as the time derivative of
the local magnon density of states. Note, that the first term of the right part is the
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7 Excitation of magnonic spin currents in linear temperature gradients

discrete version of a local gradient of the spin current.
In thermal equilibrium or quasi stationary states,

〈
Ṡzi
〉

= 0 is valid. Hence, the
resulting magnon accumulation caused by a spin current is given by

∇zjq = 2αω∆mq. (7.16)

A magnetic system reaches a steady state, if for every magnetic moment i the incoming
spin current is equal to the outgoing spin current plus the additional damping. In a
system with a temperature gradient, this leads to a equality of a spin current from
the hotter region to the sum of the spin current that is transferred to the colder
region and the local damping rate.

At finite temperatures, thermal fluctuations are added to the effective field and the
equation 7.10 gets additional terms. But in case of thermal equilibrium at a constant
temperature the excitation of thermal fluctuations is equal to the amount that is
damped in the system. If a spin current appears additionally, the magnetic system
becomes time independent if for the additional current equation 7.16 is fulfilled. In this
case, the magnon accumulation due to the thermal spin current appears additional
to the equilibrium magnetization. This leads to the Boltzmann equation 2.36 that is
discussed in chapter 2. In the following, an analytical model derived by Duine [43] for
magnon propagation in linear temperature gradients based on a Boltzmann approach
is presented. In addition, a comparison of the analytical results from the Boltzmann
equation with analytical models of the Landau-Lifshitz-Gilbert equation and the
numerical results discussed here is given in the next section.

7.3 Magnonic Boltzmann equation

In the following, a model for magnon propagation in temperature gradients derived
by Duine [43] is presented. This model base on the Boltzmann equation 2.36, that was
described in chapter 2. As introduced in chapter 2, a magnonic continuity equation
including a source term based on Gilbert damping, can be written is given by

∂ns(x)
∂t

+∇js(x) = Γ(x) . (7.17)

The source term Γ(x) is given by

Γ(x) = −2α
∫ dq

(2π)3~ωq

(
f(x)− fB

( ~ωq

kBT (x)

))
. (7.18)
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7.3 Magnonic Boltzmann equation

Similar to the two temperature model, it is assumed in the following that the
magnons are locally equilibrated. The local frequency distribution can be described
by a characteristic magnon temperature Tm. For the Boltzmann approach a Bose-
Einstein-distribution for magnons in thermal equilibrium is considered. The source
term, using the assumption of local equilibrium, is in this case

Γ(x) = −2α
∫ dq

(2π)3~ωq

(
fB

( ~ωq

kBTm(x)

)
− fB

( ~ωq

kBTp(x)

))
. (7.19)

As a next step, two length scales are introduced. The first is the thermal wave length
λth, due to the de Broglie wave length of magnons,

λth =
√
πJa2

kBT
. (7.20)

In this case a denotes the lattice constant of the system. And secondly, the coherence
length lω0 is given by

lω0 =
√
πJa2

~ω0
, (7.21)

where ω0 is the frequency gap, that depends for example on the anisotropy that is
considered. For the dispersion relation of magnons, the quadratic approximation
~ωq = ~ω0 + Ja2q2 is considered for simplification. By performing the integration
over the q-space of the source term using a linear response approximation, one can
estimate the term by

Γ = −α exp
(
− ~ω0

kBTm

)( 15
16λ3

th
+ 3

4λl2ω0

+ λth

4l4ω0

)
· kB

(
Tm − Tp

)
. (7.22)

The solution of the Boltzmann equation 2.38 in linear response to a temperature
gradient, given by ∇Tm, leads to a spin current js, given by

js = L
(∇Tm

Tm

)
. (7.23)

The prefactor L is in this case

L = −α exp
(
− ~ω0

kBTm

)( 3Ja2

24λ3
th

+ 2Ja2

24λthlω0

)
. (7.24)
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Figure 7.6: Characteristic length scale lα of magnon transport in a Boltzmann
approach. The length scale lα in units of the lattice constant a given by
equation 7.26 is shown dependent on the temperature T for different
frequency gaps ω0 and a damping constant of α = 0.01.

In the steady state, where the partial time derivative of the spin distribution is zero,
one finds

∇2Tm = 1
l2α

(
Tm − Tp

)
. (7.25)

The length scale lα is given by

lα
lω0

= 1
α

√√√√√√ 2

3π
(

2 + 5kBT
~ω0
− 4

3+2 ~ω0
kBT

) . (7.26)

With this estimation another approximation for local magnon temperature profiles in
linear temperature gradients is given. The solution of the equation 7.25 leads also to
hyperbolic functions depending on the chosen boundary conditions. The length scale
lα, that characterizes the spatial dependence of the temperature difference in this
system depends on the microscopic process and consider the frequency distribution of
the magnons. This length scale is shown in figure 7.6 dependent on the temperature
for different frequency gaps. For high temperature the length scale is independent
from the frequency gap and nearly constant, but for low temperature the length
scale increases dramatically for low frequency gaps. By using YIG parameters, as
used by Xiao et al. [11], one gets for zero temperature a length scale of about 1 mm.
By considering room temperature, the length scale decreases to 20 µm, which is
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7.4 Comparison of the numerical results with the Boltzmann equation

comparable to the resulting averaged magnon propagation length of about 10µm
estimated in the last chapter. The length scale for the magnonic transport given by
equation 7.26 is compared in the next section to the numerical results presented in
the last chapter. Since it was shown in the last section, that both approaches are
similar, the results should be comparable.

7.4 Comparison of the numerical results with the Boltzmann
equation

As seen in section 7.2, the Landau-Lifshitz-Gilbert equation leads to a similar set of
differential equations as the Boltzmann equation using Gilbert damping, which is able
to describe the excited spin current in a system due to a linear temperature gradient.
Analytical models give a generalized description of the effect and the characteristic
dependencies, whereas the numerical study includes finite size effects due to the
limited dimensions of the systems. To describe the effect analytically, however strong
assumptions have to be used to simplify the problem. A comparison of the analytical
models with numerical results allows to verify the used assumptions and helps to
improve the model and gives a deeper insight into its limitations.

A first analytical description of the spin Seebeck coefficient in the longitudinal
setup was derived by Hoffman et al. [32], in which the excited spin currents due
to linear temperature gradients are estimated using the stochastic Landau-Lifshitz-
Gilbert equation. The results describe qualitatively the saturation of the spin Seebeck
effect with a critical length scale of the system. The results do not include a full
description of the frequency spectra, though the main contribution is assumed to
appear due to thermal magnons with a frequency ~ω ≈ kBT , which is in contrast to
the numerical results discussed in the present work.

A different approach is to use a Boltzmann equation, which was described in
the last section. For a comparison of the length scale of thermally induced spin
currents determined in the Boltzmann approach with the results from the numerical
simulations, the case of a temperature of T = 0 is considered. The derived length
scale from the Boltzmann approach, given by equation 7.26, is shown dependent
on the frequency gap for a damping constant of α = 0.01 in figure 7.7. Moreover,
the figure illustrates the maximum length scale of magnon propagation, which is
given by equation 5.12 and numerical results of the averaged magnon propagation
length in linear temperature gradients. The latter length scale is calculated using
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Figure 7.7: Comparison of the characteristic length scale of spin wave propagation
from numerical simulations with the length scales derived by a Boltzmann
approach. The maximum propagation length ξmax (blue) described
by equation 5.12 is shown in comparison to the averaged magnon
propagation length ξavg (green). In addition the length scales lα and
lclass
α of the Boltzmann approach are shown for the quantum mechanical

treatment at a temperature of T = 0, given by equation 7.26 (blue)
and of the classical approach, described by equation 7.27 (black).

numerical simulations including linear temperature gradients as described in chapter 6.
The averaged propagation length is determined by calculating the length scale of
the saturation effect dependent on the length L of the temperature gradient. The
dependence of the averaged magnon propagation length on the frequency gap is
investigated numerically by varying the magnetic field for two anisotropy constants:
dz = 0.001J and dz = 0.01J . For the zero temperature case, the length scale for
the Boltzmann model is similar to the expected maximum propagation length, but
deviates significantly from the averaged magnon propagation length.

In contrast to the classical spin model simulations, which are independent of the
temperature, the Boltzmann approach that consider a Bose-Einstein distribution of
the magnons in thermal equilibrium has a strong temperature dependence, as shown
in figure 7.6. This can be explained by the temperature scaling of the magnon density,
as discussed in chapter 4. Since a classical spin model is used in the present work, the
magnon density scales linear with the temperature T and, therefore, the length scale
is independent on the temperature. This is shown numerically for a temperature step
in figure 5.10. A similar behavior can be observed in linear temperature gradients.

In the following, a classical distribution function for the spin waves instead of a
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7.4 Comparison of the numerical results with the Boltzmann equation

Bose-Einstein distribution is considered for the Boltzmann approach. The solution
of the Boltzmann equation is performed similarly to the quantum model [43]. For
the integration over the q-space a cut-off frequency due to the lattice is assumed at
π/a. In this case, the characteristic length scale of the magnons is given by

lclass
α = 1

α

√√√√√√ π
a
−
√

~ωmin
Ja2 arctan

(
π
√

J
~ωmin

)
(
π
a

)3 (7.27)

In this case, the results are independent of the temperature in agreement with the
numerical findings of the present work. The classical model is added to figure 7.7. Its
values dependent on the frequency gap are significantly reduced in comparison to the
quantum mechanical model. Moreover, also in this treatment, results are independent
on the applied temperature, as expected from the numerical results. Nevertheless,
the results deviate from the numerical findings. The length scale of the Boltzmann
approach is reduced in comparison to the numerical results, especially in the regime
of low frequency gaps. Additionally, the results show a weaker dependence on the
frequency gap as the numerical simulations. One reason for this deviations could be
the limited cross section in the numerical simulation, since this has an influence on
the spectrum of the propagating waves. For systems with large cross section, the
transverse modes can be assumed to be continuous. It can be expected, that this lower
the length scale, since transverse modes have a shorter propagation length in the
system. In addition to this effect, it could play a role that in the analytical solution
only linear response is considered and that for the derivation an approximation of
the dispersion relation is used.

In summary, the local spin currents that are excited due to linear temperature
gradients are studied directly. This description might be more applicable for a study
of different temperature profiles or studies that cover the propagation through the
interface, which are beyond the scope of this work. Such studies could improve the
comparison of theoretical models with the experimental studies in which the spin
current is determined via an indirect measurement technique that bases on the inverse
spin Hall effect. By a reformulation of the Landau-Lifshitz-Gilbert equation one can
show that this equation of motion has a form similar to the Boltzmann equation. By
a direct comparison of the characteristic length scale of the Boltzmann approach for a
classical spin system and the numerical results, one can find a qualitative agreement,
showing the inverse scaling with the damping constant. The dependence of the
relevant length scale on the frequency gap shows, that not only thermal magnons
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7 Excitation of magnonic spin currents in linear temperature gradients

around the energy ~ω ≈ kBT contribute, but a broad spectrum has to be taken into
account. For the classical approach, both models show a temperature independent
behavior. This is in contrast to experimental findings [33], where a temperature
dependence was observed. This could be a quantum effect, but it could also be caused
by the complex lattice structure of YIG. In the theoretical descriptions a ferromagnet
in considered, YIG however is a ferrimagnet with two sublattices [101]. To get a
first insight into effects appearing in antiferromagnetic or ferrimagnetic materials, in
the next chapter the magnon accumulation in two-sublattice materials are studied
numerically.
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8 Magnon accumulation in two-sublattice magnets

In the last years, several groups focus their research also on antiferromagnets. Those
studies open a new field of materials, which are less sensitive to external magnetic
fields and do not have internal stray fields. These properties are attractive for future
devices [102]. Spin pumping and spin torque in antiferromagnets were studied recently
by several groups in antiferromagnets [45, 46, 103]. These two effects play a key role
in antiferromagnetic spintronics. In different theoretical studies, the domain wall
motion via spin polarized currents [104, 105] and, moreover, via antiferromagnetic
magnons was investigated recently [106–108].

In the present work, the propagation of thermally excited spin waves in antiferro-
magnets is investigated. As a first step, the dispersion relation and the lifetime of spin
waves are derived in an antiferromagnet with a simple cubic lattice. The results are
used to derive a one-dimensional analytical description for the spin wave propagation.
Moreover, numerical simulations are performed to determine the magnon accumula-
tion due to a temperature step, since a vanishing spin Seebeck effect was predicted
in a theoretical study by Ohnuma et al. [35]. Nevertheless magnonic transport is
present in antiferromagnets and its characteristic length scale is studied numerically
in comparison to the derived analytical model.

Additionally, a first experimental study of the temperature dependence of the spin
Seebeck effect in a ferrimagnetic material with a compensation point by Geprägs et
al. shows indeed a sign change of the spin Seebeck voltage close to the compensation
point and an additional sign change at lower temperatures [34]. To investigate this
behavior numerically, the magnon accumulation in a two-sublattice ferrimagnet
around a temperature step is studied dependent on the temperature. The main
results of this study are prepared for a publication.

8.1 Dispersion and lifetime of antiferromagnetic spin waves

In the first part of this chapter, antiferromagnetic materials are studied. The first
step of the investigation is to determine the dispersion relation and the lifetime of
antiferromagnetic spin waves using linear spin wave theory. This knowledge gives
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8 Magnon accumulation in two-sublattice magnets

an insight into the spin wave modes existing in antiferromagnetic materials and
their dynamics. In contrast to ferromagnetic systems, the exchange interaction in
antiferromagnetic systems between neighboring magnetic moments is negative, leading
to an antiparallel alignment of the magnetic moments to each other. In the ground
state of a simple cubic lattice with negative exchange interaction and an easy-axis in
z-direction, all magnetic moments are aligned parallel or antiparallel to the z-direction,
where one magnetic moment is surrounded by neighbors with a magnetic moment
in the opposite direction. To distinguish between the different orientations of the
magnetic moments two different sublattices A and B are considered. In the sublattice
A all magnetic moments are pointing in the +z-direction, whereas the magnetic
moments in the sublattice B are oriented in the −z-direction. This is illustrated in
figure 8.1.

Figure 8.1: Scheme of the ground state in an antiferromagnet illustrated in a two-
dimensional case. The magnetic moments of sublattice A (red) are
oriented in z-direction, whereas the magnetic moments of sublattice
B (blue) point in the opposite direction due to the negative exchange
interaction.

To determine the magnetic excitations in the system, the Landau-Lifshitz equa-
tion 2.18 without the damping term is linearized for the two sublattices. Using the
assumptions that Szi,A/B = ±1 and Sxi,A/B ≈ Syi,A/B � 1, the linearized Landau-
Lifshitz equation for the sublattice A can be written as

∂Sxi,A
∂t

= −1
~

2dzSyi,A + |J |
∑
j

(
Syi,A + Syj,B

) , (8.1)

∂Syi,A
∂t

= −1
~

−2dzSxi,A − |J |
∑
j

(
Sxi,A + Sxj,B

) , (8.2)

∂Szi,A
∂t

= 0 . (8.3)
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8.1 Dispersion and lifetime of antiferromagnetic spin waves

For the sublattice B, the equations of motion are accordingly

∂Sxi,B
∂t

= −1
~

−2dzSyi,B − |J |
∑
j

(
Syi,B + Syj,A

) , (8.4)

∂Syi,B
∂t

= −1
~

2dzSxi,B + |J |
∑
j

(
Sxi,B + Sxj,A

) , (8.5)

∂Szi,B
∂t

= 0 . (8.6)

As a next step, similar to the calculations for ferromagnets, a Fourier transformation
is performed and the resulting set of equations of motion are given by

Ṡxq,A

Ṡyq,A

Ṡxq,B

Ṡyq,A

 = 1
~
·


0 −(2dz + J0) 0 −Jq

2dz + J0 0 Jq 0
0 Jq 0 2dz + J0

−Jq 0 −(2dz + J0) 0

 ·

Sxq,A

Syq,A

Sxq,B

Syq,A

 . (8.7)

In the expression above, J0 = 6|J | and Jq = 2|J |∑θ cos (qθa) are the Fourier
transform of the exchange coupling. J0 is the Fourier transform for the case q = 0
and Jq are the Fourier transform for a finite q. Both terms are calculated similar to
the derivation of the dispersion relation for ferromagnets in section 4.1.

By estimating the eigenvalues of the matrix, the dispersion relation for antiferro-
magnetic materials is calculated and one obtains

~ω = ±

√√√√((2dz + 6|J |
)2
− 4J2

(∑
θ

cos(qa)
)2
)

. (8.8)

In a one-dimensional system, the dispersion relation is slightly different due to
the smaller amount of neighbors. It is given by

~ω = ±
√((

2dz + 2|J |
)2
− 4J2 cos2(qa)

)
. (8.9)

Deviations from the solutions of an infinite three-dimensional system appear also in
the performed simulations, since the used systems have a small cross section and the
performed Fourier transformation differ from the analytical solution which consider
an infinite system.

The dispersion relation in the one- and three-dimensional cases for a wave vector
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Figure 8.2: Dispersion relation for antiferromagnets in a cubic lattice for a one-
dimensional wave vector q = qzez. The lines show the analytical model
for the three-dimensional case (continuous line) and the one-dimensional
case (dotted line) and the data points depict numerical results for
different cross sections.

q = qzez are shown in figure 8.2, including results from simulation using monochro-
matic excitations. Antiferromagnetic spin waves appear in different modes. Since the
frequencies of these modes are degenerated, in all cases the dispersion relation turns
out to be identical. For the numerical study of the dispersion relation, circular modes
are excited monochromatically as described in section 3.3. By fitting the spatial
dependence of the spin waves, as discussed before for ferromagnets in section 4.1,
one can estimate the wave vector dependent on the excitation frequency. The results
are shown in figure 8.2 for different cross sections of the system. In contrast to
ferromagnetic systems, the frequency gap is given by ~ω0 =

√
(2dz + 6|J |)2 − 36J2,

which can be orders of magnitude higher for antiferromagnets in comparison with
the ferromagnetic case. Moreover, the dispersion relations differ in a one- and a
three-dimensional system. The simulated systems have a small cross section of 8× 8
magnetic moments. Therefore, deviations from an infinite system for the dispersion
relation are visible. But as shown in figure 8.2, with increasing cross section the effect
become smaller.

Dependent on the used excitation scheme, different magnon modes can appear. The
monochromatic excitation of the modes described in chapter 3 lead to four different
modes. These modes depend on the orientation of the precession of the single
sublattices. The sublattices can precess each either clockwise or counterclockwise,
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Figure 8.3: Illustration of the monochromatically excited spin wave modes in an
antiferromagnet. Magnetization components mx and my are illustrated
for two different magnetic moments each from sublattice A and B
illustrating circular modes (top), where the magnetic moments of the
two sublattice precess in the same direction, and linear modes, where the
magnetic moments of the two sublattices show a precession in opposite
directions (bottom).

leading to four different cases, which are illustrated in figure 8.3. The precession curve
in the mx-my-plane of the magnetic moment at the position x = 4a, y = 4a, z = 10a
are illustrated for all four modes for the same absolute value of the frequency ω. In
the upper part of the figure, the modes are shown, where the sublattices precess
in the same direction. These modes are called circular modes, since the precession
describes a circle for each sublattice. The amplitudes of the single sublattices are not
equal. Therefore, these waves transport angular momentum [107]. By increasing the
frequency, the difference of the amplitude and the amount of transported angular
momentum are increasing. Additionally, the ratio of the amplitudes is reversed by a
precession of the magnetic moments in the opposite direction as shown in figure 8.3.

The magnetic moments in the sublattices can also precess in opposite directions to
each other, leading to the so-called linear modes [107]. For these modes the staggered
magnetization n = mA −mB describes a linear motion in the mx-my-plane, whereas
the magnetization of the sublattices show an elliptical movement. The two modes
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8 Magnon accumulation in two-sublattice magnets

are illustrated in the lower part of figure 8.3. These elliptical modes have a large
eccentricity and a transition of the precession frequency from ω to −ω changes the
minor axes to the major one and the other way around. Linear modes do not transport
angular momentum since the sublattices have equal amplitudes.

In the next step, the lifetime of the spin waves modes is determined. For that
purpose, the linearized Landau-Lifshitz-Gilbert equation 2.21 including the damping
term is solved for antiferromagnets similarly to the undamped case. The set of
equations of motion after the Fourier transform for this matter is

Ṡxq,A

Ṡyq,A

Ṡxq,B

Ṡyq,A

 = 1
~
·


−αH0 −H0 −αJq −Jq
H0 −αH0 Jq −αJq
−αJq Jq −αH0 H0

−Jq −αJq −H0 −αH0

 ·

Sxq,A

Syq,A

Sxq,B

Syq,A

 . (8.10)

To simplify the matrix, the abbreviation H0 = 6|J |+ 2dz is used. The eigenvalues λ
are determined by calculating the characteristic polynomial and one gets

λ = 1
~

(
−αH0 ±

√
±H2

0 + 4J2(1− α2)
(

cos(qza) + 2
)2
)

. (8.11)

The obtained lifetime of the antiferromagnetic modes,

τ = ~
H0 · α

, (8.12)

is significantly shorter than the one for spin waves in ferromagnets and shows no
dependence on the frequency of the spin waves. Hence, spin wave propagation should
appear on shorter length scale, which is discussed in the next section. The eigenvalues
also show that the damping term influence the dispersion relation. This effect however
only plays a role for high damping parameters and can be neglected for low damping.

8.2 One-dimensional model of spin wave propagation in
antiferromagnets

To describe the propagation of spin waves in antiferromagnets, a one-dimensional
model is derived similar to the ferromagnetic case. This analytical model is used in
the following section to describe thermally induced spin wave propagation caused by
a temperature step. Following the same concept as used in section 5.2, the lifetime
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and the group velocity of the spin waves, which is given by v = ∂ω/∂q, are used
to calculate the decay of spin waves during a propagation over a distance ∆z. The
resulting decay is in this case

exp
(
−2t
τ

)
= exp

(
−2α1

~
H0 · t

)
= exp

(
−2α1

~
H0

∆z
vzq

)
. (8.13)

The magnon propagation length is defined by the spatial decay of the magnon
accumulation with distance from the temperature step, given by

∆m = ∆m(0) exp
(
− ∆z

ξ

)
. (8.14)

By a comparison of the two expressions above, one obtains

ξ(ω) = a|J |(1− α2)
α~ω

·
√

1−
(~ω
H0

)2
·

√√√√√√√√√1−


H0

√
1−

(
~ω
H0

)2

2|J |
√

1 + α2
− 2


2

. (8.15)

In figure 8.4, the frequency dependent magnon propagation length is shown for

α = 0.05
α = 0.02
α = 0.01

frequency h̄ω/J

m
ag
no
n
pr
op
ag
at
io
n
le
ng
th

ξ/
a

6543210

35

30

25

20

15

10

5

0

Figure 8.4: Frequency dependent magnon propagation length for various damping
constants α. Numerical data of monochromatically excited spin waves
are illustrated as data points representing the frequency dependence
for a system with an anisotropy constant of dz = 10−3J in agreement
with the analytical model given by equation 8.15, which is shown as
corresponding continuous lines.
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several damping constants and an anisotropy constant of dz = 0.001J . The data
points illustrate the propagation length determined for monochromatically excited
waves in agreement with the analytical model shown as continuous lines. For low
damping, the propagation length increases to a maximum value and decreases slowly
for higher frequencies. The situation changes for high damping. Here, the maximum
propagation length lays at the frequency minimum and decays for higher frequencies.

Additionally, the frequency dependent magnon propagation length is shown in
figure 8.5 for various anisotropy constants and a damping constant of α = 0.01.
The data points depict numerical results from monochromatic excitation of circular
modes. The continuous lines illustrate the analytical model, showing a qualitative
agreement with the data from the simulation. Deviations however appear due to
the limited cross section of the simulated systems especially for high frequencies,
as discussed in the last section. These deviations are small for low frequencies, but
increase for high frequencies. The frequency gap decreases with decreasing anisotropy
but the effect is weaker than in ferromagnets. By decreasing the frequency gap also
the frequency with the maximum magnon propagation length is shifted towards lower
frequencies. In general, it can be seen that the derived model gives a good estimate
for the maximum length scale.

To estimate the characteristic length scale of spin wave propagation caused by a
temperature step, the maximum of the propagation length from the analytical model
is calculated. In the regime of low damping (α� 1), the position of the maximum is

ω = 1
~
H

3
4
0 ·

(
2|J |

) 1
2

(
H0 − 2|J |

) 1
4
·
((

H0

2|J | − 2
)2
− 1

) 1
4

. (8.16)

The value of the maximum propagation length is

ξmax =
a
√

2|J | ·
(
H0 − 2|J |

) 1
4

2α ·H
3
4
0

((
H0
2|J | − 2

)2
− 1

) 1
4
·

√√√√√√√1−

√√√√√√
(
H0 − 4|J |

)2
− 4J2

H0
(
H0 − 2|J |

)

·

√√√√√√√√√1−

 H0

2|J |

√√√√√√√1−

√√√√√√
(
H0 − 4|J |

)2
− 4J2

H0
(
H0 − 2|J |

) − 2


2

. (8.17)

To simplify the expression for the maximum propagation length, the estimation
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Figure 8.5: Frequency dependent magnon propagation length for various anisotropy
constants dz. Numerical data of monochromatically excited spin waves
are depicted as data points showing the frequency dependence for a
system with a damping constant of α = 0.01 in agreement with the
analytical model given by equation 8.15, which is shown as corresponding
continuous lines.

H0 = 2dz + 6|J | ≈ 6|J | is used besides for the terms in which (H0/(2|J |) − 2) is
calculated, since in this case the deviations caused by the anisotropy are important.
The maximum propagation length is given by

ξmax ≈
a

α ·
√

3 · 2
. (8.18)

This expression gives a rough estimate about the length scale, including the weak
anisotropy dependence, which is vanishing here. It shows for a similar damping
constant a reduced value in comparison to the propagation length of spin waves in
ferromagnets. The maximum propagation length for spin waves in ferromagnets is
given by equation 5.12. This length increases with decreasing anisotropy constant.
In antiferromagnets, the approximated value for the maximum propagation length of
the spin waves is independent of the anisotropy. For low anisotropies, the propagation
length in ferromagnets is much larger than in antiferromagnets. For example, for an
anisotropy constant of dz = 10−4J and a similar damping constant, the propagation
length of a ferromagnet is roughly 40 times larger than in the antiferromagnet.
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8 Magnon accumulation in two-sublattice magnets

8.3 Magnon accumulation in antiferromagnetic materials

In the following, the thermal excitation of spin waves in antiferromagnets is in-
vestigated numerically. The excited magnon accumulation in the single sublattices
is determined in systems including a temperature step in their center, as before
described for ferromagnets in chapter 5. As an example, a system with 8× 8× 512
magnetic moments, an anisotropy constant of dz = 0.1J and a temperature step from
kBT1 = 0.1|J | to kBT2 = 0 is used. After an initial relaxation, the system reaches a
non-equilibrium quasi-steady state, in which the averaged local magnetization for
each sublattice is time independent.

The absolute values of the local magnetizations for the single sublattices are
shown in the upper part of figure 8.6. Similar to the ferromagnetic case, deviations
from the local equilibrium magnetization of the single sublattices appear around
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Figure 8.6: Magnon accumulation caused by a temperature step in antiferromagnets.
Top: Magnitude of the normalized magnetization mA,B dependent on
the position z for an anisotropy constant of dz = 0.1J and a damping
constants of α = 0.01. Bottom: Corresponding magnon accumulation
of the single sublattices is illustrated as a function of the position z.
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the temperature step. Those deviations are created by a net spin wave current,
propagating from the hotter towards the colder region. The absolute values of
the local normalized magnetization of the two sublattices are equal even around
the temperature step. Therefore, the total magnetization in antiferromagnets is
compensated and no angular momentum is transferred in the system.

For a deeper insight, the magnon accumulation of the two sublattices is plotted
in the lower part of figure 8.6, showing the local compensation of the total magnon
accumulation over the whole system. This behavior is in agreement with a theoretical
study by Ohnuma et al. [35]. Even if in antiferromagnets modes exist, which transport
angular momentum, thermally excited spin wave currents in antiferromagnets do not
transport angular momentum. Since all modes are excited with the same probability,
the transported angular momentum is zero in thermal average. Nevertheless, spin
waves propagate from the hotter towards the colder region transferring heat from
the hot to the cold heat bath on a characteristic length scale.

In a next step, this length scale for spin wave propagation is determined by
fitting the exponential decay of the magnon accumulation of the sublattices in the
colder part, similar to the procedure in chapter 5. The magnon accumulation of
the sublattices is shown in figure 8.7 on a logarithmic scale for different values of
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Figure 8.7: Spatial decay of the magnon accumulation |∆mA,B| for different damp-
ing constants α. The magnitude of the magnon accumulation ∆mA,B

is depicted dependent on the position z for sublattices A and B for a
system with an anisotropy constant of dz = 0.1J and various damping
constants α showing an exponential decay with increasing distance from
the temperature step.
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Figure 8.8: Magnon propagation length ξ as a function of the damping constant
α for different anisotropy constants dz. The numerical data are shown
as data points and the continuous lines represent an analytical one-
dimensional model given by equation 8.17.

the damping constant α. For both sublattices, the magnon accumulation decays
exponentially some distance away from the temperature step. An exponential fit in
this regime allows to determine the magnon propagation length ξ. As shown in the
figure, the propagation length increases for decreasing damping. Within a distance
of 10 layers to the temperature step a stronger decay appear, which might be due to
the fact that a broad range of frequencies with very short propagation lengths decay,
as in ferromagnetic systems.

The resulting magnon propagation length versus the damping constant α and
for different values of the anisotropy constant dz is shown in figure 8.8. The data
points show results from numerical simulations, accompanied by continuous lines
illustrating the expected behavior of the maximum propagation length from the
one-dimensional analytical model given by equation 8.17. The analytical model is in
good agreement with the data from the simulations. Similar to the ferromagnetic
case, the length scale for spin wave propagation caused by a temperature step can be
estimated by the maximum value for the frequency dependent propagation length.
For low damping the propagation length is inverse proportional to damping constant
α, as expected from the lifetime of spin waves.

In contrast to the magnon accumulation in ferromagnets, the antiferromagnetic
one shows only a small dependence on the anisotropy constant dz. This can be
explained by the weaker dependence of the frequency gap on the anisotropy. Further-
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8.3 Magnon accumulation in antiferromagnetic materials

more, the propagation length is in general much shorter than in the ferromagnetic
case. Despite the fact that the spin waves in antiferromagnets have higher group
velocities, the propagation length is significantly reduced due to the short lifetime of
antiferromagnetic spin waves. For very low damping also deviations from the 1/α
scaling appear. As discussed before in the ferromagnetic case, a broader range of
frequencies could propagate for low damping and in this case, the analytical model
gives an upper limit of the propagation length, but the fitted parameters are reduced.

For very high damping constants the propagation length seems to reach a constant
value, which depends on the anisotropy, but do not scale with damping. This value is
increasing with decreasing anisotropy constant. In the shown cases, it ranges up to
10a. This might be due to the fact that in the simulations due to the thermal noise all
frequencies are excited. Spin waves which are not stable decay in this case on a very
short length scale. If the length scale of the decay due to Gilbert damping is even
smaller, both effects overlap. This could explain why the length scale is independent
on the damping constant and increases for lower anisotropies.

For a deeper understanding of the thermally induced spin wave propagation,
the frequency spectrum of the excited spin waves is investigated. Similar to the
study for ferromagnetic systems in chapter 5, the spectrum of thermally excited
spin waves is studied by performing a Fourier transformation in the time domain of
single magnetic moments at different positions z. In this case, for either the Sxi - or
the Syi -component of the normalized magnetic moment a Fourier transformation is
performed in the time domain. The resulting frequency spectra for a system with an
anisotropy constant of dz = 0.01 and a damping constant of α = 0.01 are shown in
figure 8.9 at different positions z close to the temperature step. In the figure, the
amplitudes of the spin waves dependent on the frequency are depicted for the two
sublattices. The minimum frequency is given by ~ωmin =

√
(6|J |+ 2dz)2 − (6|J |)2

and depends on the anisotropy. Furthermore, the maximum frequency that can
appear in the three dimensional model is given by ~ωmax = 6|J |+ 2dz, which also
can be seen in the numerical results.

Very close to the temperature step, a broad range of frequencies is propagating from
the hotter towards the colder region of the system. In the upper figure, the frequency
distribution for the sublattice A is shown. The maximum distribution lays around
the frequency gap, since the maximum frequency is close to it. The peak appears
on the positive and negative frequency axis. At higher frequencies, several peaks
appear due to the different possible transverse modes. Moreover, one can see, that the
distribution of the amplitudes for ω and −ω are symmetric. The frequency spectra
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Figure 8.9: Amplitude |Sxωq | dependent on the frequency ωq for the two sublattices
of propagating spin waves close to the temperature step. The frequency
dependence of the amplitude |Sxωq | show a comparable behavior for the
sublattices A (top) and B (bottom).

for sublattice B is almost similar, but some deviations appear. These deviations
appear probably due to the different positions, which the magnetic moments of the
two sublattices have in the system. Moreover, one can see in figure 8.9, that spin
waves with transversal modes play an important role close to the temperature step.
Due to the anisotropic density of states, the magnon density for spin waves with a
high frequency is increased. This can be seen by the higher peaks close to maximum
frequency, which appears in both sublattices.

Far away from the temperature step, mainly spin waves around the maximum
propagation length are propagating. This is shown in figure 8.10 for the positive
frequency range of sublattice A. In contrast to the situation in ferromagnets, spin
waves with higher frequencies are still contributing, but with lower amplitudes. This
could explain, why especially for low damping the maximum propagation length is
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Figure 8.10: Amplitude |Sxωq | dependent on the frequency ωq for the two sublattices
of propagating spin waves far away to the temperature step. The
frequency dependence of the amplitude |Sxωq| depicted for different
positions of z show still a broad distribution with a peak around the
frequency with the largest propagation length.

always larger than the fitted value from simulations with temperature step. Since more
spin waves with lower propagation lengths contribute to the magnon accumulation,
the averaged decay is faster than the maximum value. This effect becomes even
larger, if a low damping is considered, because the effect of a broad distribution
becomes stronger in this case.

In general, the maximum propagation length from the analytical model gives a
good approximation for the length scale of thermally induced spin wave propagation
in antiferromagnets. The magnetization dynamics are much faster in antiferromagnets
than in ferromagnets, because the group velocity of the low frequency spin waves is
much higher in the antiferromagnetic case. Nevertheless, the propagation length for
a similar damping constant is significantly shorter.

8.4 Temperature dependent magnon accumulation in
ferrimagnets

In the following, the investigations are extended to two-sublattice ferrimagnets. In
experimental studies of the spin Seebeck effect, mainly the soft-magnetic ferrimag-
netic material YIG is considered. It can be approximated in some limitations as
a ferromagnet, but the complex ferrimagnetic structure of the material affects the
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frequency spectra of the involved magnons [31, 101]. Moreover, in first experimental
measurements of Geprägs et al., the longitudinal spin Seebeck effect was studied
temperature dependent in the ferrimagnetic material Gd3Fe5O12 (GdIG) [34]. In
contrast to YIG, this material exhibits a compensation point and the measurements
show a sign change around this compensation temperature. Additionally, a second
sign change at lower temperatures was found. These results are in contradiction to a
theoretical study of the spin Seebeck effect in antiferromagnets and compensated
ferrimagnets by Ohnuma et al. [35], since they predict a vanishing spin Seebeck effect
for antiferromagnets, but a non-vanishing effect for compensated ferrimagnets.

To get an insight into the temperature dependence of the magnon accumulation in
ferrimagnets, a simplified two-sublattice ferrimagnet with a cubic lattice is investigated.
In this case, the exchange interaction between the magnetic moments is extended
also to next-nearest neighbor interaction. The Hamiltonian is given by

H = −J
∑
〈i,j〉

Si · Sj − JA
∑
〈iA,jA〉

SiA · SjA − JB
∑
〈iB ,jB〉

SiB · SjB −
∑
i

dzS
2
i,z . (8.19)

The first term describes the exchange interaction of the nearest neighbors between
the sublattice A and B with the exchange constant J . Additionally, the second
and the third term describe the next nearest neighbors interaction inside the single
sublattices with the exchange constant JA for the sublattice A and accordingly JB
for the sublattice B. The last term includes an anisotropy and similar to the cases
before an easy axis in z-direction is assumed with the anisotropy constant dz. For
the study, a two-sublattice system is used with 16 × 16 × 512 magnetic moments,
in which the magnetic moment of sublattice B is 1.5 times the magnetic moment
of sublattice A. To provide a system including a compensation point, the exchange
constant JB should be much larger than JA. For this purpose JB = 0.1JA is used.
Furthermore, the interaction of magnetic moments between the sublattices is given
by J = 0.2JA.

The magnetization of the single sublattices and the total magnetization are shown
in figure 8.11 dependent on the temperature. The total magnetization is given by
the sum of the magnetization of the single sublattices, mtotal = mA + mB. Since
the sublattice B demagnetizes much faster than the other one because of the lower
exchange interaction, the magnetization decreases with temperature and has a sign
change at the compensation point around kBTcomp = 0.7JA. The total magnetization
vanishes around a critical temperature of around kBTc = 3JA.

In a next step, the magnon accumulation excited by a temperature step is in-
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Figure 8.11: Magnetization m of the single sublattices and the total magnetization
of the system as a function of the temperature. The simulated values
for the magnetization is shown for the single sublattices A and B and
the absolute value of the sum dependent on the temperature, showing
a compensation point at Tcomp = 0.7JA.

vestigated dependent on the temperature. For that purpose, the local z-component
of the magnetization is determined in the non-equilibrium system after the system
reaches a steady-state. In the numerical simulation an applied temperature step with
a height of kB∆T = 0.1JA is implemented. The local z-component is shown for the
single sublattices as well as for the total system in the upper part of figure 8.12.
Additional dotted lines show the expected equilibrium values due to the thermal
heat baths. For this study, the z-component is investigated instead of the absolute
value of the magnetization to include the direction of the magnetization. Since the
other two components are practically vanishing, this leads only to minor deviations.

Similar to the studied systems before, the temperature step creates a net spin
current from the hotter towards to cooler region of the system that causes deviations of
the local magnetizations to the equilibrium value around the temperature step. These
deviations define the magnon accumulation that decays with increasing distance
from the temperature step. By calculating the difference to the equilibrium values
of the two heat baths, the local magnon accumulation is estimated. The results are
shown in the lower part of figure 8.12. In the colder region the magnon accumulation
of sublattice A is positive, since the sublattice has a negative magnetization and the
spin current in the sublattice transports a positive angular momentum. It changes its
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Figure 8.12: Magnon accumulation in a ferrimagnet at kBT = 0. Top: Local magne-
tization of the single sublattices A and B and the total magnetization
around a temperature step of kB∆T = 0.1JA at a temperature in
the colder region of kBT = 0. The corresponding dotted lines show
the equilibrium values for each component. Bottom: Corresponding
magnon accumulation for the sublattices A and B and the total
magnon accumulation as a function of the space coordinate z.

sign at the temperature step. The accumulation in the sublattice B has an opposite
sign than in sublattice A, because the spin current transports an opposite angular
momentum in that sublattice. Since the magnetization of sublattice B is more sensible
to temperature changes, the value of the magnon accumulation in sublattice B is
much higher than in sublattice A. Therefore, the total magnon accumulation is
dominated by the accumulation in sublattice B.

By varying the temperature of the cold area at a constant height of the tempera-
ture step, one can study the temperature dependence of the magnon accumulation.
The total magnon accumulation dependent on the space position z for various tem-
peratures is shown in figure 8.13. At low temperatures, one can see first an increase
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of the magnon accumulation up to a maximum value. Afterwards the accumulation
close to the step decreases. As illustrated in figure 8.13 the magnon accumulation in
a temperature step around the compensation point, which is given for a temperature
kBT = 0.7JA at the colder region, the magnon accumulation is non-vanishing. It
is still dominated by the contribution of sublattice B. The magnon accumulation
vanishes at higher temperature, where sublattice B is practically demagnetized and
the magnetization of sublattice A changes a lot when varying the temperature. Above
this temperature the total magnon accumulation is reversed and has a positive sign
in the colder part of the system. Due to large thermal fluctuations in the system
especially at higher temperature, the magnon accumulation shows large fluctuations
as well.
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Figure 8.13: Total magnon accumulation ∆m around a temperature step for various
temperature T in the colder area. The results show first an increase
of the magnon accumulation with increasing temperature and a non-
vanishing accumulation at Tcomp = 0.7JA. For higher temperatures
the magnon accumulation decreases and show a sign change around a
temperature of kBT = 1.5JA.

The results indicate that the magnon accumulation can be in first order related to
the slope of the total magnetization. At low temperatures this slope is increasing at
increasing temperatures and has an inflection point below the compensation point. At
the inflection point close the slope of the magnetization has a maximum. This leads
to a maximum at the magnon accumulation, which is observed in the temperature
dependent simulations. In the studied system the inflection point is close to the
compensation point, where also the magnon accumulation has a maximum. At higher
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temperatures, the slope of the magnetization decreases and has a broad plateau
around the temperature of kBT = 1.5JA. At this point the magnon accumulation
should have a sign change. In the results shown here, the accumulation decreases,
but the accumulation shows large fluctuations due to thermal noise and therefore, a
clear vanishing accumulation and a sign change was not explicitly observed.

These results are reproduced for different systems, where the ratio of the magneti-
zation of the single sublattices was varied. Moreover, these results are in agreement
to the theoretical investigations of Ohnuma et al. [35], that predicted a non-vanishing
spin Seebeck effect for ferrimagnetic materials at the compensation point. The ex-
perimentally observed sign change of the spin Seebeck coefficient is probably caused
by a total reorientation of the magnetization above the compensation point due
to the applied external magnetic field. Nevertheless, the presented results could
explain the second observed sign change at low temperatures in GdIG [34]. The
Gd-sublattice demagnetizes very fast, leading to a strong temperature dependence
of the magnon accumulation or the excited spin current. In this case, a sign change
could occur above the demagnetization of the sublattice. A full description of the
temperature dependence of this material is beyond the scope of this work, since the
material consists of a very complex structure including three different sublattices
[34]. An investigation of the frequency dependent composition of the spin current at
different temperatures could give a deeper insight into the underlying mechanism of
the temperature dependence in ferrimagnetic materials. This could lead to a better
understanding of the origin of the sign change and, furthermore, the temperature
dependence of the spin Seebeck effect in these materials. Nevertheless, the shown
results indicate a strong temperature dependence of the spin Seebeck effect, that
could be used to control the effect. By modifying the composition of ferrimagnetic
materials the spin Seebeck effect could be optimized for different temperature regimes,
which can be important for designing future devices that bases on the effect.
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9 Summary and outlook

Over the last years, several groups focused their research in the field of spin caloritron-
ics dealing with the interrelation of heat, charge and spin transport. Recently dis-
covered effects such as the spin Seebeck and the spin Hall effect, in combination
with their inverse pendants, provide new mechanism to transfer heat into electrical
energy. In various experiments, different aspects have been investigated to study the
spin Seebeck effect and to identify its origin, but the connection between the results
and especially the relevant length scale of the spin Seebeck effect have been under
controversial discussions [10, 15–18, 20–27].

In the present work, a theoretical study of thermally induced magnonic spin
currents is presented, which provides a deeper understanding of the microscopic
mechanisms behind the excitation of these currents. Accompanied by analytical
models, simulations based on numerical integration of the stochastic Landau-Lifshitz-
Gilbert equation for each magnetic moment have been performed to describe the
excitation of magnonic spin currents due to the spin Seebeck effect in different
temperature gradients and various magnetic materials. In a collaboration with the
experimental group of Kläui, it has been demonstrated that the spin Seebeck effect
originates from magnons propagating from the bulk of the magnetic material by a
thickness dependence study. The excitation of spin currents and the characteristic
propagation lengths have been investigated in different temperature gradients leading
to a better understanding of the frequency dependent composition of these currents.
The developed methods for theoretical studies of ferromagnets, have been extended to
antiferromagnetic and ferrimagnetic materials. Experimental studies use ferrimagnetic
materials to investigate the spin Seebeck effect. Therefore, these investigations give
a first insight into the contributions of different sublattices and are able to explain
temperature dependent findings, which are beyond simplified ferromagnetic models
and, moreover, help to find new materials in which spin currents can be effectively
excited via temperature gradients.

Firstly, a ferromagnetic system including a temperature step is considered. In
numerical simulations the deviations of the local magnetization to the equilibrium
value, which is given by the local phonon temperature, have been determined. This
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so-called magnon accumulation appears around the temperature step and decays
with increasing distance to it. A broad range of frequencies is propagating nearby
the temperature step, but this distribution narrows very fast for increasing distances.
Further away from the step, only a small distribution of spin waves is propagating.
It was shown within this study that the decay length of these spin waves can
be approximated by estimating the maximum propagation length. The resulting
propagation length shows a 1/α dependence as well as an anisotropy dependence in
good agreement with numerical results. For soft-magnetic materials with low damping
such as Y3Fe5O12 (YIG), the magnon propagation length can be in the order of
several micrometers. This is in agreement to recently performed experiments, in which
a propagation of thermally driven magnons over 40 µm was observed [109, 110].

Additionally, the magnon accumulation is investigated dependent on the length of
a linear temperature gradient. In agreement with experimental findings by Kehlberger
et al. [21], an increase of the magnon accumulation at the cold end of the temperature
gradient and a saturation above a critical length, which is related to the averaged
magnon propagation length, is found. By increasing the thickness of the ferromagnetic
material above this length, the signal starts to saturate since spin currents from the
hottest region of the sample can not contribute to the measured spin Seebeck voltage.
Using an upscaling of the numerical results, the estimate of the characteristic length
scale for saturation of the spin Seebeck effect is around 10 µm for YIG, in good
agreement with experimental findings at low temperatures.

Applying external magnetic fields leads to a further insight into the frequency com-
position of thermally excited spin currents. These fields shift the magnon frequency
gap towards a higher frequency regime leading to a complete suppression of parts
of the frequency spectrum in the low frequency range. Within a comparative study
between experimental measurements and numerical simulation, the importance of low
frequency magnons to the spin Seebeck effect was demonstrated in a collaboration
with the group of Kläui. In experiments, an efficient suppression of the spin Seebeck
effect of more than 30% for an external field of 9 T was measured in bulk films at
room temperature. Similar findings are observable using numerical simulations of
the magnon accumulation in linear temperature gradient in the presence of magnetic
fields. This is in contrast to first theoretical predictions by Hoffman et al. [32] who
assumed, that mainly magnons around the energy kBT are contributing. In the
present work, a numerical study of the composition of the magnon accumulation
dependent on the frequency is presented, which furthermore explains the thickness
dependence of this suppression effect. A strong suppression is found in experiments
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for bulk films, whereas in thin films the measured spin voltage is almost independent
of the magnetic field. Since in bulk materials magnons from long distances contribute
to the measured signal, these magnons are missing in thin films. The magnons with
the longest propagation length are in the low frequency regime and the contribution
of this regime increases with increasing thickness. Since this frequency part is reduced
by the magnetic field, the suppression effect is more effective for thicker films.

For experimental studies mostly YIG is used as sample material. It is often consid-
ered as a ferromagnet in the theoretical descriptions, but it is in fact a ferrimagnet
with a complex structure including 80 atoms and 20 magnetic moments per unit
cell [101]. An investigation of spin currents including the ferrimagnetic structure
of YIG would help to understand the observed temperature dependent behavior
of the spin Seebeck effect [29, 33]. Moreover, experiments with the ferrimagnetic
insulator Gd3Fe5O12 (GdIG) which has a compensation point are performed. The
spin Seebeck voltage in this case shows two sign changes. To investigate effects in
materials with more sublattices, the presented studies based on numerical simulations
in ferromagnets were extended to antiferromagnets and two-sublattice ferrimagnets.

As a first step, the magnon propagation excited by temperature gradients was
studied in antiferromagnetic materials, in which the total magnetization is zero.
Numerical simulations have shown, that, similar to the situation in ferromagnets,
spin waves are excited. In antiferromagnets however, the two sublattices are oriented
antiparallel to each other. Hence, the magnon accumulations of the single sublat-
tices have opposite signs, leading to a compensation of the magnon accumulation,
as proposed by Ohnuma at el. [35]. Nevertheless, these materials still provide an
effective and fast heat transfer via spin waves. Using an analytical model for magnon
propagation the characteristic length scale and the frequency composition of thermal
magnon transport was investigated. Although the dynamics in antiferromagnets are
much faster than in ferromagnets, the propagation length of the spin waves can be
much shorter in antiferromagnets, since the lifetime of the waves can be much shorter
than in ferromagnets.

To investigate the influence of a ferrimagnetic structure, a two-sublattice ferri-
magnet with a cubic structure was considered in the present work. The magnon
accumulation was studied in systems including a temperature step dependent on the
temperature of the cold region. The performed simulations do not show a vanishing
magnon accumulation around the compensation point, in agreement with predictions
by Ohnuma et al. [35]. A sign change can be predicted due to a compensation of the
slope of the sublattice magnetization with temperature. Additionally, a maximum
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of the spin Seebeck coefficient is found around the maximum in the slope of the
magnetization. In future, the frequency distribution of the involved spin waves could
be studied using the developed methods utilized in the presented studies of this work.
A new insight into the spin Seebeck effect in ferrimagnets would help to understand
the complex temperature dependence of ferrimagnets and the frequency composition
of the thermally induced spin currents.

The presented studies about thermally driven spin currents in the different mate-
rials could be used to optimize the design of spin Seebeck measurements and develop
new setups with effective spin current excitation. The first studies of thermally
induced spin currents in ferrimagnetic materials provide a better understanding of
experimental measurements, since the studied materials for the spin Seebeck effect
are ferrimagnets. Moreover, the shown connection between magnon accumulation and
the gradient of the magnetization with respect to the temperature allows to find new
materials and new setups providing a large spin Seebeck effect at the temperature of
interest, which can be used for more effective devices based on magnon transport.
In very recent experiments, also a multilayer structure of a magnetic material and
platinum is measured, leading to an increase of the spin Seebeck coefficient [36].
In those experiments a spin Seebeck coefficient of 25 µV/K was observed, which
demonstrates a huge increase of the coefficient in comparison to single layer mea-
surements. Employing the knowledge about characteristic length scales of the spin
Seebeck effect, the efficiency of these multilayer structures could be even increased
to provide a very efficient spin Seebeck effect for potential future applications. One
possible application was proposed for example by Kirihara et al., who developed a
spin-thermoelectric coating that can be deposited on flexible substrates to generate
an electrical voltage from external heat [7]. Additionally, it was proposed by Flipse
et al. to use the spin Seebeck effect and its inverse, the spin Peltier effect, for a
nanoscale temperature control application [2, 6]. Moreover, the spin Seebeck effect can
be utilized for local thermal imaging, as proposed by Uchida et al. [111] and Weiler et
al. [112]. Furthermore, temperature gradients can be applied to manipulate magnetic
textures as domain walls, spin spirals or skyrmions. It was shown by Hinzke and
Nowak that magnetic domain walls in a ferromagnet move towards the hotter region
of the system [88, 89]. Magnonic spin currents can also drive domain walls in anti-
ferromagnets [107, 108] or more complex magnetic textures as skyrmions [113, 114],
which are under discussion to design a so-called racetrack memory [115, 116]. The
understanding of spin currents will help to understand the mechanism of the magnon
driven motion of these textures.
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[44] S. M. Rezende, R. L. Rodŕıguez-Suárez, R. O. Cunha, A. R. Rodrigues, F. L. A.
Machado, G. A. Fonseca Guerra, J. C. Lopez Ortiz, and A. Azevedo. Magnon
spin-current theory for the longitudinal spin-seebeck effect. Phys. Rev. B,
89:014416, 2014.

[45] A. B. Shick, S. Khmelevskyi, O. N. Mryasov, J. Wunderlich, and T. Jungwirth.
Spin-orbit coupling induced anisotropy effects in bimetallic antiferromagnets:
A route towards antiferromagnetic spintronics. Phys. Rev. B, 81:212409, 2010.

[46] X. Marti, I. Fina, C. Frontera, Jian Liu, P. Wadley, Q. He, R. J. Paull, J. D.
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