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Positive Entropic Schemes for a Nonlinear
Fourth-order Parabolic Equation

José A. Carrillo} Ansgar Jiingel! and Shaogiang Tang?

Abstract

A finite-difference scheme with positivity-preserving and entropy-decreasing
properties for a nonlinear fourth-order parabolic equation arising in quantum sys-
tems and interface fluctuations is derived. Initial-boundary value problems, the
Cauchy problem and a rescaled equation are discussed. Based on this scheme we
elucidate properties of the long-time asymptotics for this equation.

1 Introduction

We analyse the evolution of a function wu(¢, ) that satisfies the fourth-order parabolic

equation
u = —(u(log u) 1) zes zx€ (=L, L), t>0, (1.1)

with initial data
u(0,z) = ug(x) > 0. (1.2)

Three different types of boundary conditions will be considered:

1. Periodic boundary conditions:

u(t,z +2L) = u(t, x). (1.3)

2. Reflecting boundary conditions:

Ug(t,—L) = uy(t, L) = tUgys(t, —L) = tgys(t,x) = 0. (1.4)

*Departamento de Matematica Aplicada, Universidad de Granada, 18071 Granada, Spain. E-mail:

carrillo@ugr.es.

tFachbereich Mathematik und Statistik, Universitit Konstanz, 78457 Konstanz, Germany. E-mail:
juengel@fmi.uni-konstanz.de.

iDepartment of Mechanics and Engineering Science, Peking University, Beijing 100871, P. R. China;
and Fachbereich Mathematik und Statistik, Universitit Konstanz, 78457 Konstanz, Germany. E-mail:

tangs@fmi.uni-konstanz.de.



3. Fixed boundary conditions:

u(t,—L) =wu(t,L) =1, wug(t,—L) =uy(t,L) =0. (1.5)

Equation (1.1) arises as a scaling limit in the study of interface fluctuations in a certain
spin system [13]. It also models the electron concentration in a quantum semiconductor
device with zero temperature and negligible electric field [16].

Local in time positive classical solutions of (1.1) with strictly positive initial data and
with periodic boundary conditions (1.3) have been obtained in [9]. In this paper also the
existence of global (in time) solutions for “small” initial data has been proved. Global
non-negative weak solutions have been proven to exist in [16] using the fixed boundary
conditions (1.5). The existence of global non-negative solutions for equation (1.1) using
non-negative initial data with either periodic or reflecting boundary conditions as well
as the Cauchy problem remains open.

Concerning the long-time asymptotics of this equation, it has been proved in [18] that
a weak solution of (1.1) with fixed boundary conditions (1.5) converges exponentially fast
to the constant steady state u = 1. The long-time asymptotics for the Cauchy problem
or for the initial-boundary-value problem with either periodic or reflecting boundary
conditions is yet not understood.

However, we can state some conjectures about the asymptotic behavior based on
similar situations for the thin film equation [12] and for diffusion equations [11, 10, 14].
We conjecture that the self-similar solution

_ ~1/4 __
us(t,z) = (1+1t) /" exp ( 4\/1—+t> (1.6)
is the intermediate asymptotics for the Cauchy problem of equation (1.1), for initial
data with the same initial mass. More precisely, it is conjectured that the solutions will
converge as t — oo towards the self-similar equation (1.6) (multiplied by a constant factor
due to mass conservation) algebraically fast in the L' norm. For the initial boundary value
problem with either periodic or reflecting boundary conditions, one expects exponential
convergence towards a constant steady state determined by the initial mass.
In this paper we focus on two objectives. We first derive a numerical scheme that
preserves important properties of this equation, namely: positivity, mass conservation
(in some cases) and monotonicity of the (negative) physical entropy

S(u) = /u(logu —1) dz. (1.7)

The decrease of the entropy for the numerical scheme is of paramount importance to
achieve meaningful results for the long-time asymptotics. In fact, the above-mentioned
conjectures on the long-time asymptotics are based on a careful study of the evolution
of this entropy. The second aim of this paper is to use this numerical scheme to verify
the above conjectures numerically.



In recent years, the question of positivity preservation for the dynamics of nonlinear
fourth-order equations was thouroughly investigated in the context of lubrication-type
equations [2, 3, 4, 5, 7, 21]. They arise in the study of thin liquid films and spreading
droplets (for an overview see [6] and the references therein). Numerically, several dis-
cretization methods have been presented. In [8] a positivity-preserving numerical scheme
with finite differences has been developed. Finite element techniques have been used in
[1] imposing the non—negativity property as a constraint such that at each time level a
variational inequality has to be solved. Entropy consistent schemes are derived in [15].

For related numerical results we refer to [19] where relaxation schemes for degenerate
diffusion equations have been designed and to [17] where a positivity-preserving semi-
implicit scheme for the quantum drift-diffusion model has been derived.

This paper is organized as follows. In Section 2 we review some of the properties of
equation (1.1). Section 3 is devoted to the derivation of the numerical scheme possessing
the properties of positivity, mass conservation (in some cases) and monotonicity of the
entropy. Finally, in Section 4 some numerical results are shown.

2 Basic properties

In this section we recall some basic properties of the solutions to (1.1)-(1.2). In particular,
we review the long-time behavior of the solutions in the case of the fixed boundary
conditions (1.5). In the sequel we will not make explicit the kind of boundary condition
we use except necessary and thus, any asserted property of the solutions holds for any
boundary condition.

The following proposition shows the existence of some Lyapunov functionals in the
case of classical solutions.

Proposition 2.1 For any positive classical solution u(t,z) of (1.1)-(1.2) the following
properties hold:

1. The entropy functional

S(u(t)) = / w(t) (logu(t) — 1) dz

—L

s mon-increasing for t > 0.
2. Stationary states are constant solutions.

3. For boundary conditions (1.3) or (1.4), the total mass

/_ LL u(t) da

is preserved. For boundary conditions (1.5), the total mass is bounded if f_LL(uo -
logup) dz < 0.



4. For boundary conditions (1.3) or (1.4), the Fisher information functional

T(u(t)) = /_ s 4,

L 2u(?)

s non-increasing for t > 0.

Proof. Properties 1 and 3 can be obtained through a direct calculation. For the second
property, the case of fixed boundary conditions was studied in [18], and in fact, the
solution converges exponentially towards the unique stationary state u,, = 1. Now we
consider the other two kinds of boundary conditions. A stationary solution u..(z) satisfies

(uoo(log uoo)mz)a:a: = 0, x € [—L, L]
This means that for certain constants Cy and Cf,

(uoo(log uoo)zz)a: = Cl;

Ueo (108 Ueo) 2z = Cr12 + Cp. (2.1)

By a calculation at the boundaries, we have C'; = 0 for the reflecting boundary conditions
(1.4). Moreover, the vanishing of (logus), at £ = L implies that there exists a point
in [—L, L] where (logu)ze = 0. Because uy, is positive, Cy has to be 0. On the other
hand, a non-constant periodic function log u,, has infinitely many inflection points over
R, and the only possible case is again C; = Cy = 0.

By virtue of the positivity of us, (2.1) gives

Uso = exp(Csx + Cy).

It is then straight forward to show that only a constant solution meets the boundary
conditions (1.3) or (1.4).
The last property is a consequence of the computation of the derivative of the Fisher

information functional:
d L1 w2\ 2
—1I = - — | ugy — = dz. 2.2
a1 / u (“ u) v (22)

T

Let us verify the last formula. Taking the derivative in time, integrating by parts and
taking into account boundary conditions, we deduce

d r Uy u?
%I(u) = _/L“t<(ﬂ>x+2—u?) dz



Since u satisfies (1.1), we have equivalently

Ug
ut—_ u _
u T

and thus, by substituting u; and integrating by parts, one finds (2.2). D

Let us point out that, by the conservation of mass, the unique stationary solution
possibly giving the asymptotic behavior for the initial data wug(z) is

1 L

=37 » uo(z) dz. (2.3)

Uoo

We explain now the long-time behavior of the solutions to (1.1)-(1.2). Consider first
the initial-value problem with the fixed boundary conditions (1.5). If the initial datum
satisfies ug > 0 in (—L, L) and uy — loguy € L'(—L, L), it is shown in [16] that there
exists a weak solution u to (1.1)-(1.2), (1.5) satisfying

w>0in (—L,L), u e L4(0,005 HX(~L, L) N WS (0, 00 H2(~L, L).
Moreover, the transient weak solution converges exponentially to the unique steady state
U = 1 as t — oo (see [18]).

The main idea of the convergence result can be sketched as follows. Assume that
there is a classical solution to this initial-boundary-value problem. (The following results
can be justified for weak solutions by an approximation argument; see [18] for details.) A
direct calculation shows that the entropy 7(u) = [(u(logu — 1)+ 1) dz is non-increasing
and moreover, it holds

%T](U) = —/ U(logu)iz dz = —D(U),

—-L

where D(u) is the entropy dissipation. By logarithmic Sobolev-type inequalities one
can show that the entropy dissipation can be related to the entropy itself by n(u) <
(N +2)/8 - D(u), where N = [ u(t) dz < const. Therefore,

) < —->—sn(u),
and we conclude the exponential decay in the entropy ‘norm’:
n(u(t)) < n(ug)e */V+2).
By a Crziszar-Kullback inequality, we infer that

[u() = Ulwr—r,ny < V/nluo) (L + VN)e N+,



Thus, the convergence rate in the L' norm is half of the rate in the entropy ‘norm’.

Let us now turn to the Cauchy problem. First, we want to remark that several
properties related to entropies and self-similar solutions of the Cauchy problem for the
equation

u = —(u(log u) 1) zes z € R, (2.4)

are related to similar entropies for second-order diffusion equations. In fact, we consider
the time-space rescaling (see [10, 11, 14, 20])

w(t, z) = a(t)u(B(t), at)z), (2.5)
with a(t) = ! and B(t) = (e** — 1) /4. Then w verifies
wy = —(W(log W) gz)zx + (FW),, z €R (2.6)

Moreover, it can be easily checked that the self-similar solution (1.6) of equation (2.4)
translates into a stationary solution for equation (2.6), i.e. the Gaussian distribution

2

w,(z) = exp (_%) . (2.7)

Furthermore, equation (2.6) can be written as

o) b)) e e

It is then obvious to check that

S:w) = [ wit)tog () as (29)

S

is an entropy or Lyapunov functional, assuming that the solutions are positive and clas-
sical. We remark that this entropy coincides with the natural entropy used in the linear
second-order diffusion Fokker-Planck equation

G=le(le ) | —ered wer (2.10)

Let us assume that we deal with global in time positive classical solutions of this
problem and let us explain the grounds on which the conjecture about the asymptotic

behavior is based. In fact, we can compute the evolution of this entropy exactly using
(2.8) finding that

2 2
i&(w) = —/w <logg) dac—/w (]ogﬂ) dz.
dt R Ws /) v R Ws /



From here, it is easy to deduce that

d 2
%ST(w) < —/Rw <log wﬂs)w dz = —=D(w),

where D(w) is nothing else than the standard dissipation of the physical entropy (2.9)

for the linear Fokker-Planck equation (2.10) (see [10, 11]). Now, we use the well-known

logarithmic Sobolev inequality that gives 2S,(w) < D(w) to conclude with

d

%ST(w) < =28, (w),
and thus, the exponential decay of the entropy S,(w) follows. Finally, the Cziszar-
Kullback inequality implies that

lw(t) — willLigy < 28 (w)

and therefore, we deduce the exponential decay of the L! deviation to w, with a rate
which is half of the rate for the entropy S,(w). By means of the change of variables (2.5),
we obtain an algebraic decay towards the self-similar profile (1.6), i.e.

lu(t) = us (@)l 1wy < C(L+1)7%

Let us finally mention that the Fisher information I(u) is also a Lyapunov functional
for the Cauchy problem for (2.4). This functional translates into the Lyapunov functional

2 2
Ir(w)z/R%udx-i—/R;—de

for the rescaled equation (2.6).

3 Numerical Scheme

In this section we shall design a numerical scheme that preserves the positivity of the
solutions to (1.1) and for which the discrete entropy is non-increasing, for both the
boundary value problems and the Cauchy problem.

3.1 The boundary value problems

The construction of the scheme will be performed in two steps. First, we derive a semi-
discrete scheme and then a fully discrete scheme.

The space domain [—L, L] is discretized by a uniform mesh with 2N + 1 subintervals
of length Ax = 2L/(2N + 1), centered at x; = i/A\zx for i = —N, ..., N. For a function
f(z), a standard three-stencil centered difference is

Fra = fici + fiyn — 2f;
i,0T — (Ax)Q s

(3.1)

7



with f; = f(z;). If we introduce the abreviations F' = (f_y, -, fx)! and

[ 2 1 0 0 0 0 ]
1 -2 1 0 0 0
. 1 =2 --- 0 0 0
D=rmgp| ¢ 8 0 e i | eROVIXOV,
P10 0 0 o 2201 0
0 0 0 -~ 1 -2 1
|0 0 0 - 0 1 -2

then (3.1) can be written as

1 1 T
EEEZDF+ (ﬁf_N_l,O,...,O,(AT)QfN_H_) s

(Az)
where f_n_; and fy,; are approximations of f(x_y_1) and f(zx,1), respectively, at the
ghost points x_y_1 and zx11 (see below).
The idea of the discretization of (1.1) is to introduce an augmented variable v = logu
and to discretize the coupled system

u = —(UVss) gz,
o = (Waz)as
u

Using centered differences for the discretization of the z-variable, we obtain a system of
ordinary differential equations for the semi-discrete functions (u;(t),v;(t)) approximating

(u(t, x;), v(t, z;)):

du;

d’LILf = _(uivi,ww),mma (32)
dvi (Uivi ww) T

— = _melen 3.3

with initial data
u;(0) = ug(z;), vi(0) = log(u;(0)).

For the periodic boundary conditions, the index 7 in (3.2)-(3.3) varies from —N to N.
There are four ghost points involved, namely z4(y41) and x4(n19). The 2L-periodicity
can be stated as

urn+1)(t) = uzn(t),  urvi2)(t) = uxwv_1)(2),

vinen)(t) = ven(t),  vewvio)(t) = vev-1)(t),

This implies
U:E(N—l—l)(vj:(N—i—l)),ww = U':FN(U:FN),ww-

8



Therefore, the centered differences for u» and uv,, may be rewritten into a homogeneous

form, namely

with

1

Dr = (Ax)?

With the abreviations U = (u_y, ..

.,upy), the semi-discrete scheme then reads

dU
dt
av
dt

Emm = DPF;
-2 1 0 0
-2 1 0
1 -2 0
0 0 -2
0 0 1
0 0 0
.,U,N)T, 1% (U,N,...
= —DpAyDpV,
= —A;'DpAyDpV.

0 1
0 0
0 0
1 0
-2 1
1 =2

,on)T, and Ay = diag(u_y,

Similarly, for the reflecting boundary conditions in semi-discrete form

Us(n11)(t) = uxn(t),

viv41)(t) = van (1),

it is easy to show that

Ut (n42)(t) = ur(v-1)(t),
viv42)(t) = vev 1) (1),

U (N+1) (Ve (N41)) 22 = Ut N (VN ) 22

and thus, the semi-discrete scheme reads

with the matrix

DRI

~—~

Azx)?

du
dt
v
dt

= —DrAyDRV,
- —AalDRAUDRV,
-1 1 0 0
-2 1 0
1 =2 0
0 0 -2
0 0 1
0 0 0

0 0
0 0
0 0
1 0
-2 1
1 -1




Finally, for the fized boundary conditions, the index ¢ varies from —N + 1 to N — 1,
since the value of u at the boundary is fixed. Only two additional points x4 1) are
used. The boundary conditions are

urv+1)(t) = uan(t) =1, vav+n)(t) = van(t) = 0.
An elementary computation shows that in this case the scheme can be written as

dU

—~ = —DLAyDpV,
dt FAULFY,
d
—V - —AEngAUDFV,
dt
with _ -
0 1 0 0 0 0
0 -2 1 0 0 0
. 0 1 -2 0 0 0
Dr = : : : . : : :
F (Ax)Q - . - - . - .
o o 0 -~ =210
o o 0 -~ 1 =220
o0 0 -~ 0 1 0]
Noticing the symmetry in Dp and Dpg, all three cases can be unified as
dU
- = —DEAy DRV, (3.4)
av
= = ~Ay'DEAyDRV. (3.5)

where Dp is taken as Dp, Dy, or Dp, respectively.

We now discretize the semi-discrete system (3.2)-(3.3) (or (3.4)-(3.5)) in time. At
the time level ¢ = ¢, let (u?,v]) be an approximation of (u;(t,),vi(t,)). We describe an
evolution from (u?,v?) to (uf™",v?™") in two steps. The consistency is assumed at t,,
namely v = logu].

First, we perform a semi-implicit integration

U: - U? = _At(u?v?,ww)wiﬂﬂ (36)
At
ul ’

7

This is a decoupled linear system. First, v} is computed from (3.7) and then, u} is
obtained from (3.6). With the notation U™ = (u" ..., u})T, U* = (u* y,..., ui)T,

V= "y...,v%)T, and V* = (v* 5, ...,v5)T, the equations (3.6)-(3.7) can be recasted
as
U* = U" — AtAga AV, (3.8)
V* o= (I+AtA)~ v, (3.9)

10



where A = Ajn DEAy»Dp. The linear algebraic system (3.9) may be solved by a standard
method such as LU decomposition.

By a routinary calculation, the local truncation error can be found to be of the order
O(At, (Ax)?). The total mass of u is preserved for the periodic or the reflecting boundary
conditions. Indeed, by virtue of the zero-sum for each row in Dg in these two cases, we
have

o= (1.,

= (1,...,0)U" = At(1,...,1) DAy DgV*
N
t=—N

Moreover, the monotonicity of the discrete entropy

N
Sp= ) ur(r—1)

i=—N

is maintained. In order to see this we multiply (3.7) by u and take the difference of the
resulting equation and (3.6) to get

up = ul (14 v — o). (3.10)

Using this identity, (3.8) and (3.9) we infer

N
Sp—8p = Y [ui(vf —1) —uP(v] —1)]
i=—N

N

= D (ui =)y

i=—N
= (Aon(V* = V)"V
—At(Agn AVHTYV*
AtV DEAyDpV*
—At(DgV*) T AyaDpV*
0.

1l

IN

The consistency between u and v is forced in the second step of the discretization of
the the semi-discrete system. Observe that, due to (3.10),

uf = ul(l+ov; — o) <ulexp(v; —vl') =expv;. (3.11)

11



We define, with a threshold Vz <1,

(@t or ) = (uj,loguy), if vf >V,
v (expvf,vf), if v <Vp.

Generally speaking, the conservation in u is lost. However, the deviation is only of
the order (v* — v™)? ~ (At)? due to (3.11). Moreover, positivity is likely gained at this
step. As a matter of fact, u; becomes negative when the increment —At(u]v;,,) .20 is
negative with a too big absolute value. As v} takes an increment proportionally, this
typically occurs when v} <V, if we choose V7, not too small. The substitution by exp v}
for " then ensures the positivity.

We can show that positivity of the discrete solution u.
conditions are satisfied.

n+1
]

holds if one of the following

(S1) At time t,, it holds v] < VI, + 1 for all 4.
(S2) The time step size is small enough such that
1 — Ate;(I + AtA)TTAV™ >0,
where [ is the identity matrix, and e; is the i-th unit row-vector.

The justification of (S1) is straight forward. Indeed, by (3.10), we have
uf = u(L+vf —of) > ul(vf — V).

Therefore, the positivity would be lost only if v} < Vi, but in this case it is forced in the
second step.
Concerning (S2), direct calculations show

uf = ul (1— Atey(I+ AtA) T AV™. (3.12)

When At is small enough, u* stays positive, since u? is so. Therefore, u?*! is positive.
) ) Y ] ) 1

Now we make a few remarks. First, it turns out in the numerical simulations that
(S1) is satisfied and positivity is guaranteed. In fact, if we take V7, = 1, (S1) means u <
exp2 = 7.389. Second, noticing the invariance of the equation under a multiplification
of a constant, we may indeed select the threshold V7 as big as suitable for the specific
problem (where the initial data may be large). However, then the entropy function should
be modified to

L
S = / u(logu — V) dz,
-L

and S} is changed accordingly. We notice that u(v — Vy) is non-increasing if either u
increases for v < Vi, or v decreases for v > 0. Thus in the second step, each local
term satisfies u ™ (vt — V) < wf(vi — V), by (3.11). Thus the total entropy is non-
increasing.

We conclude this subsection by the following theorem.

12



Theorem 3.1 The fully discrete scheme (3.6)-(3.7) yields a positive solution as long as
(S1) or (S2) holds. Moreover, the discrete entropy is non-increasing, i.e.

Syt < 87

Proof. The first assertion follows from the above considerations. To prove the second
assertion, it suffices to show that Spt' < S%. Now, if v} <V < 1, we get for any i

up et = 1) = exp o (v] — 1) < uj(vf — 1),

using the inequality (3.11). If v} > Vi, we have

up Pt = 1) = i (log uf — 1) < wj(v] — 1)

This shows S < S < Sp. O

3.2 Cauchy problem

A Cauchy problem is usually approximated by solving the equation in a finite interval
[-L, L]. Numerical boundary conditions are then needed at the cut-off points x = +L.
We take the reflecting boundary conditions (1.4) here. This implies that the conservation
of u does not hold in the finite interval [—L, L]. For the exact solution

us(t,z) = (1 + 1) *exp (—%) , (3.13)

the deviation at time ¢ is only

L L2 ,
/ lus(t, ) — us(0,z)| do = 4/ e & de¢.

L L/2Yt+1

This means that the conservation is basically correct at time ¢ = o(L*). Our numerical
results justify this set of boundary conditions.

We shall also need to investigate the rescaled equation (2.6). Therefore, we need to
devise the numerical treatment for the Cauchy problem of equation (2.6) or (2.8). Taking
a similar strategy as before, we introduce an augmented variable

w
v = log —,
S
and specify proper boundary conditions at the cut-off points x = +L to approximate the
Cauchy problem. By requiring both the conservation of w and the monotonicity of the
entropy function S, over this finite interval, the following boundary conditions seem to
be natural:
vg(t,+L) =0, (WVgg)(t, £L) = 0. (3.14)

13



Introducing as in Section 3.1 W = (w_p,...,wy)T, V = (v_py,...,vn)T, and Ay =

diag(w_p, ..., wy), we define the semi-discrete scheme
dw
- = —(DgAwDg + D Aw D))V,
av
- = —A (DRAwDg + D Ay Dy)V.

Here, the term DLAy DgV is an approximation of (wvgg)zs, and —D{ Ay D,V approxi-
mates (wvy),. To get the expressions of Dg and D;, we recast the boundary conditions
into the semi-discrete form

Vf(N+1) = Uxn,
Wi (N+1) (VN 12) + Va8 — 20£(v41)) = WeN(Vet1) F VEN-1) — 20£N).
It is then readily shown that
Wi (N+1) (Vi(v2) — Van) = —Wan (Vi (N41) — Vr(n—1))- (3.15)

Taking the centered difference for the first order derivatives by

— fi-l—l - fi—l

fia =2 (3.16)
the discrete derivative of a vector F' becomes
fona fri T
Fo=D'F+(———,0,-- 1
b} + ( QA.T 7 O’ bl 07 QA.Z bl (3 7)
with ) )
0 1 0 -- 0 0 O
-1 0 1 0 0 O
. 0 -1 0 0 0 O
Dl = — . . . . . . .
2A,’L‘ . . . . . . . 7
0 0O 0 --- 0 1 0
0 o 0 --- =1 0 1
| 0 o 0 --- 0 —-10 |

Coming back to the boundary terms, we see that (3.15) implies

(wvg) £ (v41) = —(WV) 1N

Therefore, the vector approximating the term (wv;), is (with a slight abuse of notation)

[ (wvg)e-n | [ 1 1 0 -~ 0 0 0 ][ (wu)-n |
(wvw);c,—N—H -1 0 1 .- 0 0 0 (’U)Uw)_N_H
(WVg)z,—N+2 o -10 --- 0 0 O (WVz) N2

(wvx)m,N_g 0 0 o .- 0 1 0 (wvz)N—Q
(WVz)e,N—1 o o 0 - -1 0 1 (wvg) N1
(wvg)s.n | 0 0 0 - 0 -1 —-1]1[ (wvg) N

14



Moreover,

(wvg) N -1 1 0 -+ 0 0 O
(Wvg)-n+1 -1 0 1 --- 0 0 O
(wvs) -+ 0 -1 0 -- 0 0 0

: = Aw : Do Tl : V.

(wvg) N_2 0 0 0 --- 0 1 0
(wvg) N1 o o0 0 --- -1 0 1

(wvz)n | | 0 0 0 -+ 0 -1 1]

As a conclusion, we obtain

[ -1 1 0 -~ 0 0 0]
-1 0 1 0 0 O
0 -1 0 0 0 O

D, = : oo N (3.18)

o o0 0 --- 0 1 0
o o0 0 --- =1 0 1

0 0 0 - 0 -1 1]

On the other hand, by a similar argument as above, we may show that Dg = Dg.
We now describe the fully discrete scheme. At a time level ¢t = t,,, (W™, V™) denotes
an approximation of (W (t,),V(¢,)). The time discretization is

W*—W" = —At(DEAwnDp+ DY AynDy)V*, (3.19)

We first solve the linear problem on V* from (3.20) and then obtain W* from (3.19).
By exactly the same argument as before, this step maintains the conservation of w and
the monotonicity of the entropy

N

n n,n

Spr = g wiy.
=N

The property corresponding to (3.11) is now
w; = w1l +v] —o) <wlexp(vy — ') = wy(z;) exp(v]). (3.21)
This allows us to make a second step to relate w and v. With a threshold V, < 1, we

define _
n+1 n+1) _{ (w;’log(w;/wS(xi)))’ if U? > VLa

(wi™, v | (ws(z;) exp v, vF), if v <Vi.

With the same arguments as in the previous section, we can show the following
properties of the derived fully discrete scheme.
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Theorem 3.2 The fully discrete scheme (3.19)-(3.20) yields a positive solution as long
as either one of the following conditions holds.

(S1°) At time t,, it holds v} < Vi, + 1 for all i.
(S2°) The time step size is small enough such that
1 — Ate;(I + AtA,) T ALV™ >0,
where Ay, = DEAwDp + DT Ay D .
Moreover, the discrete entropy is non-increasing, i.e.

Sptt < Sh. (3.22)

4 Numerical simulations

In this section we present our numerical results for the original equation (1.1) and the
rescaled equation (2.6).

4.1 Original equation

We consider the evolution with the initial data
u(0,z) = 0.01 + 0.99 sin® 7, r € [-0.5,0.5]. (4.1)

The computations are performed with 201 gridpoints (N = 100) and At = 107%. The
scheme is stable with this time-step size due to the semi-implicity. For an explicit scheme,
one expects At ~ (Ax)* for such a fourth-order problem. The threshold for v is taken
as Vg, = 1.

The evolution of the solution with periodic boundary conditions is displayed in Figure
1(a). The solution converges quickly to the constant steady state u = u,. The plots
in Figure 2 illustrate the conservation of u (solid line) and the monotonicity of the
entropy as well as the Fisher information functional. Note that the conservation in
is not exact numerically. The local increment is of the order (A#)?. Therefore, we may
reduce it by taking smaller At. In Figure 2(a) (dotted line), we observe the difference
with At = 5 x 107°. The convergence towards equilbrium u.,(z) is exponential, as
clearly seen from subplot (d). The modified entropy ffL(u — Ueo)(logu — logue,) duz,
which diminishes at equlibrium, decays exponentially as well, twice faster than the L'
deviation. See subplots (e) and (f).

The solution with reflecting boundary conditions (1.4) is shown in Figure 1(b). As
the initial data is symmetric, so is the solution itself. In this case, the reflecting boundary
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conditions are equivalent to the periodic boundary conditions and give the same solu-
tions. However, if there is no symmetry, the solutions corresponding to both boundary
conditions are different. For instance, in Figure 3, we use the initial data

u(0,2) = 0.01 4+ 0.99sin? 7(0.5 — (z — 0.5)(x + 0.5)(z — 1.5)).

We observe that the solution is ‘skew’ for reflecting boundary conditions. The convergence
towards a constant state is slower, as it is not a constant at ¢ = 0.01. In the periodic
case, on the other hand, the evolution is as fast as in the symmetric case.

With the fixed boundary conditions (1.5), the solution approaches to a uniform profile
Uso(x) = 1, as shown in [18] (see Figure 4 for inital data (4.1)). The conservation of u
clearly does not hold in this case, and the evolution of f_LL u(t,z) dz is shown in Figure
5(a). The entropy Sp decreases, as depicted in subplot (b). The monotonicity of two
other functionals .

n(u(t)) = / (u(t,z)(logu(t,z) — 1) + 1) dz,
-L
and
L
O(u(t)) = / u(t, z) — 1| da

L
are shown in the subplots (c) and (d), respectively. As predicted in [18], they decrease
exponentially, with the rates shown in subplots (e) and (f). Though the numerical decay
rates are bigger than the theoretical results, we see that the rate for n is about twice
than the rate for § which confirms the theoretical results (see Section 2).

Now we approximate the Cauchy problem with a scheme similar as described in
Section 3.2. For the initial data we choose the exact solution (3.13) at ¢ = 0. In Figure 6,
we display the numerical solution for (¢,z) € [0,10] x [—10,10]. The simulation is taken
with 201 grid points and At = 0.01. We show in Figure 7 the amplitude u(¢,0) and the
snapshot u(10,z). The difference between the numerical solution and the exact solution
is indiscernable.

If we perturb the Cauchy data by

~@+)? - for z < —1,
, for |z| <1, (4.2)
~@=0* " for z>1,

u(0,2) =

D = ®

then the solution will converge to the unperturbed solution u(¢, x) up to a scaling asymp-
totically. This is illustrated in Figure 8, and quantitatively in the subplots of Figure 9.
We observe that the convergence is polynomial rather than exponential here.

4.2 Rescaled problem

For the rescaled problem, a naive scheme that treats (zw), in (2.6) as a source term
may not give the correct solution. In most cases, taking the Gaussian as initial data, the
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numerical solution grows. Even if we employ boundary conditions satisfied by the exact
solution such as
Wy + wz =0, w(t,+L) = w(0, +L), (4.3)

we still observe the growth (Figure 10). Consequently, the entropy also increases.

Taking the scheme described in the previous section, we can reproduce the Gaussian
solution (2.7) (Figure 11). We have taken 201 grid points and At = 0.001. Moreover, if
we disturb the Gaussian, e.g. by the double-bell profile

2
u(0, ) = exp (—% + sin? a:) : (4.4)

the solution still converges to the Gaussian-shaped solution (Figure 12). The numerical
result indicates that the convergence towards the Gaussian wy, with corresponding mass
occurs with an exponential rate, as seen in Figure 13(a). The decay exponent of ||w(¢, ) —
Weo(+)||z1 for this initial data is about 0.9. The modified entropy corresponding to this

solution .
/ w log Y dr

—L Weo
decreases, as shown in Figure 13(b). For time from around 7, the entropy reaches regime
of round-off error, and becomes oscillatory. The decay exponent is about 1.8. This result
confirms the formal computations made in Section 2 for the Cauchy problem. We note
that for other initial data which decreases fast enough at infinity, e.g. a smoothed step-
function, we obtain essentially the same asymptotic Gaussian up to a translation and
scaling.
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Figure 2: Quantitative properties of the solution with periodic boundary conditions: (a)
total mass f_LLu(t, z)dz for At = 10~* (solid line) and At = 5 x 1075 (dotted line); (b)
entropy Sp for At = 107*; (c¢) Fisher information functional I(u(t)); (d) L* deviation
from equilibrium ||u — u||z1; () modified entropy ffL(u — Uno) (logu — log uy) dz; (f)
rate of decay, solid for L' deviation, dotted for modified entropy.
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Figure 5: Quantitative properties of the solution with fixed boundary conditions: (a)
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Figure 6: Numerical solution u(¢, z) for the Cauchy problem
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Figure 10: Growth of the numerical solution u(t, z) for the Cauchy problem with bound-

ary conditions (4.3).

Figure 11: Gaussian solution for the Cauchy problem.
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