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ABSTRACT 

In recent years optimization of simulation models has be­
come a very important application field of direct optimiza­
tion strategies. The searcn process of these iterative strate­
gies is only based on cost function values and does not re­
quire any additional analytical information like gradients 
etc. Today the most common direct methods for global opti­
mization are Genetic Algorithms, Evolution Strategies, and 
Simulated Annealing. All these methods apply sophisti­
cated rrobabilistic search operators which Imitate princi­
ples 0 nature. Although these operators have been proven 
to be well-suited for global search the required computa­
tional effort (number of required cost function evaluations) 
still remains a big problem. In this paper we focus on accel­
eration methods for direct global optimization strategies. 
Our approach is based on cost function approximation. As 
approximation techniques we use a simple ~rid-based me­
thod and RecBFNs (Rectangular Basis Function Networks), 
a special kind of neural networks. The methods we have 
developed have been applied successfully to model opti­
mization as well as to a selection of mathematical test 
problems. The encouraging results presented in this paper 
show that it is possible to optimize simulation models both 
successfully and with tolerable computational effort. 

I. INTRODUCTION 

Simulation and especially optimization of complex techni­
cal systems has become a research field of great interest in 
recent years. Because of the enormous increase in computa­
tional power it is possible today to combine both disci­
plines, i.e. to integrate the usually very expensive simula­
tion process into an optimization process. This integration 
is realized in REMO (REsearch Model Optimization Pack­
age) representing a software tool which enables the mod­
ener to do both, model implementation and model evalua­
tion through a conventional simulation tool, but also opti­
mization of model behaviour. The main difficulties which 
arise in optimization of simulation-based cost functions 
are: 

definition of the optimization problem 

Optimization problems can be formalized as a pair 
(L,F). The solution space L denotes the finite set of all 
possible solutions. Tne cost function F is a mapping de­
fined as F: L ~ R. In this paper we focus on parameter 
optimization problems where the search space is a sub-
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set of Rn (L eRn). The formulation ofthe cost function 
F may be very difficult especially if contradictory goals 
are involved. In this case 11 has to be composed of sev­
eral outputs of the simulation model. 

black-box situation 

A simulation model can be viewed as a black-box sys­
tem because usually there does not exist a mathematical 
representation for it. Thus no additional analytical in­
formation like gradients, etc. is available to accelerate 
the optimization process of a simulation-based cost 
function. Here, only direct optimization methods are 
applicable which exclUSively require cost function val­
ues. 

expensive model evaluation process 

Evaluation of a simulation model usually requires a lot 
of computation time which in practice may last from 
several minutes until many hours or even days. For that 
reason the optimization process should only require a 
very limited number of simulation runs to reach the op­
timization goal. 

stochastic inaccuracies 

If a simulation model comprises stochastic variables its 
model outputs are distorted by stochastic inaccuracies. 
For that reason the applied direct optimization methods 
should be robust agamst inaccurate cost function val­
ues. 

high dimensional search space with complex parameter 
restrictions 

multimodal cost function with many local and/or glob­
aloptimumpoints 

To be able to cope with the non-trivial task of model opti­
mization descrioed above we have developed a new class 
of direct optimization algorithms called combined 2-phase 
strategies. These strategies are based on the splitting of the 
optimization process into two phases: pre-optimization 
with a probabilistic global optimization method (Genetic 
Algorithms (Goldberg 1989), Evolution Strategies (Schwe­
fel 1981), Simulated Annealing (Aarts and Korst 1990), 
etc.) and fine-optimization performed by a deterministic lo­
cal Hill-Climber (Pattern search of Hooke and Jeeves, etc.) . 
The task of pre-optimization is to explore the search space 
in order to find promising re~ions where global optimum 
points might be located. Outgomg from the results of pre-op­
timization the task of fine-optimization is to localize tne 
optimum point in a promising region efficiently and exactly. 
So, pre-optimization is predominantly responsible for op­
timization success, whereas fine-optimization has to en­
sure optimization quality. 
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The basic structure of combined 2-phase strategies, their 
realization within our model optimization tool REMO 
(REsearch Model Optimization Package) as well as opti­
mization results were already described in (Syrjakow and 
Szczerbicka 1995). In this publication, we will focus on 
methods for further acceleration of our developed opti­
mization algorithms. 

Within a combined 2-phase optimization strategy the pre­
optimization phase, in contrast to fine-optimization, still 
offers some possibilities to save expensive cost function 
evaluations. Here the goal is not to achieve high optimiza­
tion quality but only a rough approximation of a promising 
region in the search space. Possibilities to reduce computa­
tional effort during the pre-optimization phase principally 
are: 

reduction of simulation run time 

Fine-optimization requires long simulation run times 
because we want to locate optimal solutions very accu­
rately. During pre-optimization simulation run time can 
be reduced because here the goal is only to roughly find 
a promising region. 

avoidance of reevaluation 

Especially if population based optimization algorithms 
like Genetic Algorithms or Evolution Strategies are ap­
plied it often happens that search points are generated 
several times durmg the optimization process. Reevalu­
ation of these searcn points can easily be avoided with­
out any loss of accuracy by search of the optimization 
trajectory, which comprises all search points already 
generated and evaluated during the optimization pro­
cess. 

approxi1l1ation of the optimized cost function 

This approach is based on the robustness of probabilis­
tic direct global optimization strategies against inaccu-

rately evaluated cost function values. A lot of expen­
sive cost function evaluations can be saved if the cost 
function is approximated in frequently visited regions 
of the search splice. 

In Section II our approach to acceleration of direct global 
optimization metnods by function approximation is out­
lined in general. Section III describes a simple grid-based 
techni'lue for function approximation. In Section IV a more 
sophisticated approximation mechanism based on RecBFNs 
is explained. Subsequently in Section V some computations 
results are presented. Finally in Section VI we summarize 
and draw some conclusions. 

II. ACCELERATION OF GLOBAL OPTIMIZA­
TION BY COST FUNCTION APPROXIMATION 

Fig. 1 outlines in general how approximation techniques 
can be integrated into the direct model optimization pro­
cess. This is done by embedding a function approximator 
between the direct pre-optimization process and the pro­
cess of model evaluation performed by a simulation tool. 
Parameter vectors x generated by pre-optimization are not 
directly passed on to the evaluation process but first to the 
cost function approximator. Here an approximation crite­
rion (pre-criterion) decides whether the .parameter vector 
~ is evaluated as usual by simulation or approximated by 

"application of an approximation mechanism. This decision 
is based on parameter vectors which were already evalu­
ated in previous iteration steps. If approximation is not 
pOSSible the parameter vector x is passed on to the evalua­
tion process which evaluates the corresponding cost func­
tion value F(x). 

cost function approximation 

no 

x 

yes 

F(x) 

(x,F(x)) 

approximation 
not possible 

Fig. 1: Efficient pre-optimization by cost function approximation 
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;ubsequently the pair (x, F(x» is forwarded to the cost 
'unction approximator as well as to the pre-optimization 
Jrocess. Along with the progress of pre-optimization the 
1Umber of already evaluated parameter vectors rises which 
;imultaneously heightens the probability that an approxi­
nation is possible. Approximation is performed by an ap­
Jroximation mechamsm which calcurates an approximate 

:ost function value F(x) . Whether the approximate value is 
lccepted or not decides an acceptance criterion. This so­
:alled post-criterion only makes sense if the approximation 
nechanism besides the approximate value computes addi­
:ional data which allows to draw conclusions about the 

lpproximation quality. If F(x) is not accepted an addi­
tional cost function evaluation has to be performed. Oth­
~rwise a cost function evaluation can be saved because 

F(x) is passed on to the pre-optimization process instead 
of the real cost function value. Especially if the pre-opti­
mization process converges towards a region of tne search 
space a lot of possibly very expensive cost function evalua­
tions can be avoided by cost fUnction approximation. 

Finally it should be mentioned that the pre-optimization 
process does not know whether a delivered cost function 
value was actually evaluated or only approximated. In the 
following two sections some possibilities for realization of 
a cost function approximator are proposed. 

III. GRID-BASED APPROXIMATION 

The approximation mechanism presented in this Section is 
based o~ a I'art~tioning of the searc~ space into sectors of 
equal size (Syqakow and Szczerblcka 1993). Let us as­
sume that Genetic Algorithms are applied to pre-optimiza­
tion and that the search space L is defined through: n inter-
vals of real numbers [ai, bd; ai' b i E R; i E {l,,,.,n} where 
n E N denotes the number of optimized model parameters. 
Because Genetic Algorithms operate on fixed-length binary 
strings, these n intervals have to be mapped linearly to in-
teger intervals [O,2ILl], Ii EN, iE{1,,,.,n}. Consequently, 

the size of the discretisized search space is 2cI with 
n 

cl= I,li. To partition the search space into sectors of 
i=l 

equal size, the n integer intervals [O,2Ii -1], Ii EN are 

mapped again linearly to integer intervals [0, pd, Pi EN, 

with Pi « 21i -1. The result is a set of sectors 

S= {(Sl,S2,,,.,sn)ENnlsi E{O,,,.,pd, 

Pi EN;iE{l,,,.,n);nEN}. 

The number of sectors in which the search space is subdi­
vided can easily be calculated as follows: 

n 

ISI = II(Pi +1). 
i=l 

The example of Fig. 2 shows a 2-dimensional search space 
which is partitioned into 81 sectors of equal size using the 
partition parametersPl' P2 =8. 

The resular grid shown in FiS' 2 is used to accumulate in­
formation for the approximation process. For that purpose 
durins the pre-optimization process for each sector s E S a 
statistic is kept, recording 

eS
: number of entries into sector s, 

F~vg: average of all cost function values evaluated so 
far in sector s, 

F,;ax: maximum of all cost function values evaluated so 
far in sector s, 

F~: minimum of all cost function values evaluated so 
far in sector s. 

o 
1 
2 
3 

4 
5 
6 

7 
p2 8 

X2 

pl 

o 1 2 3 4 5 6 7 8 Xl 

Fig. 2: Partition of a 2-dimensional search space into 81 
sectors of equal size 

Based on the gathered information accumulated in the grid 
above it is possible to specify approximation criteria to de­
cide whether a search point x can be approximated or not. 
Such a pre-criterion can be simply defined as follows: 
When the pre-optimization strategy requires the fitness of a 
search point x in sector s, first the number of previous en-

tries eS into this sector is checked. If eS stays below a cer­

tain value e~x (called approximation bound), the cost 
function is evaluated as usual. Otherwise, a cost function 
evaluation can be avoided because the approximate cost 

function value F(x)=F~vg is used for pre-optimization in­

stead of F(x). In case of maximization (minimization) it is 

also possible to employ F';ax (F~) as the approximate 
function value. Besides the approximate cost function value 

F(x) the simple grid-based approximation mechanism does 
not deliver any additional data which can be used to esti­
mate approximation quality. For that reason the definition 
of a post-criterion which decides whether an approximate 
value is acceptable or not does not make sense in this case. 
Applying the grid-based approximation technique, the mod­
eller has to cope with two kinds of parameters. Through 
the partition parameters Pi it is possible to adjust the num­
ber of sectors and their size, whereas the approximation 

bound e~x enables to determine how much information 
should be gathered within a single sector. Now, of course 
the question arises: "How should we parametrize our grid­
based cost function approximator in order to achieve a 
maximum number of approximations without a consider­
able loss of optimization success and quality of the pre-op­
timization result?" This is obviously a very difficult opti­
rnization problem which strongly depends on the character­
istics of the given cost function . In regard of a successful 
application of the grid-based function approximator the 
following hints shoUld be noticed: 

G~od heuristic properties can be expected if the search 
space is partitionea in that way that one sector com-

183 



prises exactly one region of attraction of an optimum 
P?int. . An e~ample for such an "optimal" partition is 
glven m Section V. 

If there is no a-priori knowledge available about F, the 
control parameters Pi, i E {l, ... ,n} and e~ have to be 
chosen randomly. However, the partition should not be 
determined too rough in order to avoid that several op­
timum points are covered by one sector. 

The choice of the Pi' i E {l, ... ,n} is closely coupled with 

the choice of the approximation bound e~. In case of 
a spare partition of L more information should be gath­
ered about a sector than in case of many small sectors. 

Finally, it should be mentioned, that the required mem­
ory ~or pa~titioning the search space increa~es. expo­
nentially Wlth the number of parameters to optimIZe (di­
mensions). Therefore, this method is not applicable to 
high dimensional parameter optimization problems 
without further ado. 

The reduction of computational effort, which can be 
achieved by application of this method, mainly depends on 
the convergence behaviour of the pre-optimization strategy 
but also on the choice of the control parameters Pi and 

e~ax' If we partition the search space more sparingly, we 
certainly have the chance to achieve a better effort reduc- • 
tion, but we have to pay for it with a loss of accuracy. ' 
Some encouraging experimental results achieved with the 
grid-based approach are presented in Section V. 

IV. RecBFN-BASED APPROXIMATION 

In contrast· to the grid-based approach a rule learning algo­
rithm generates regions of interest only where needed and 
not a-priori. This can lead to fewer regions and is therefore 
also applicable for high dimensional problems. The Rec­
BFN (Huber and Bert~old, 1995) used in this paper aims to 
combme the expresslve power of Fuzzy Rules with the 
learning ability of Neural Networks. Using a constructive 
trainins algorithm allows to build a network of Rectangu­
lar Basls Functions from scratch using training data. The 
internal structure of the resulting network then enables an 
interpretation of the resulting network in form of a set of 
fuzzy rules. The entire system is sketched in Fig. 3. It can be 
divided into two stages, the Neural Network module and a 
second unit responsible for fuzzification of training values 
and defuzzification of the network output. 
Training of the network requires classified input patterns. 
Therefore the fuzzification unit is used to determine which 
class each pattern belongs to. The network is trained to 
c?rrectly cla~sify . the corresponding input patterns. Func­
hon approxlmahon takes the reverse step, the network 
produces membership values for all classes and the de­
fuzzification unit computes the final output value using the 
well-known center-of-gravity method. 
Rectangular Basis Function Networks can be seen as feed­
~orward networks with one hidden layer. The input layer 
lS fully connected to the hiddenlayer. Each unit in the hid­
den layer r~presents a s<?"called fuzzy point, i.e. a rectangu­
lar area wlth a trapezOidal membership function. This is 
achieved through definition of a core-region and a larger 
support-region. Inside the core-region the degree of member­
shlp is ~qual .to 1 and to~ards th~ boundary of the sup­
port-regiOn this membershlp value Imearly declines to O. 

RecBFN 

. n,t 
Input­
vector X 

Fig. 3: Function approximation with RecBFNs 

The goal of the used training algorithm is to cover all train­
ing patterns with the core of at least one RecBF of their 
corre~ponding class. In contrast to common classification 
algonthms not all classes have to be mutually exclusive, in-. 
stead it is possible to declare a compatibility-relation be­
tween different classes, making it possible for patterns of 
one class to be covered by a support- or core-region of 
compatible classes. For all other (or incompatible) classes 
the algorithm guarantees that patterns do not lie inside the 
sUl?port-region of conflicting classes. The comI'atibility-re­
lahon can De used to enable the network to tolerate noisy 
patterns or small oscillations along class boundaries. 
Therefore the resulting RecBF units will have cores that 
just cover all patterns of their assigned class. The core may 
c<;mtain other compatible patte~s as well: The support re­
~iOn covers the largest surroundmg area, Just barely avoid­
mg conflicts with incompatible patterns. 

After training the feature space is thus divided into local, 
rectangular areas that belong to one specific class. In con­
trast to the grid-based approach these rules are indepen­
dent of each other, i.e. in areas with low variation of the 
output variable only few, large rules are necessary to suf­
ficiently model the system. In areas with higher variance, 
more and smaller rules will be introduced, resulting in a 
finer granulation. Another interesting feature, especially 
for the application presented here, is the possibility of 
these rules to ignore irrelevant features. The RecBFN ap­
proach is therefore also feasible for higher dimensional 
search spaces, where the normal grid-based approach fails 
due to its high computational burden. In addition the used 
algorithm see (Berthold and Huber 1995) for details does 
not require any parameters to be adjusted a-priori. The fast 
training- and approximation-speed allows the user to con­
centrate on other issues of simulation, rather than spending 
precious time adjusting sensible parameters that heavily in­
fluence the approximators performance. 
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V.RESULTS 
Our developed 0ftimization algorithms have been already 
applied to severa simulation models as well as to a hetero­
geneous set of mathematical test functions. In this Section, 
some optimization results achieved with a combined 2-
phase strategy are presented. For pre-optimization we use 
a Genetic Algorithm which is accelerated by a cost function 
approximator. As approximation techniques the grid-based 
method as well as RecBFNs are applied. Fine-optimization 
is performed by the Pattern Searcfi Algorithm of Hooke and 
Jeeves which represents a very efficient direct Hill-Climb­
ing method. The combined 2-phase optimization algorithm 
is used for sinsle-stage optimization within a multiple­
stage optimization algoritnm. Multiple-stage optimization 
means that a Single-stage method is executed several times 
successively in order to generate a sequence of optimum 
points. To avoid that previously found optimum points are 
located again in subsequent optimization stages a method 
called avoidance of reexploration (AR) is applied. A de­
tailed description of multiple-stage optimization can be 
found in (Syrjakow and Szczeroicka 1995). Especially 
multiple-sta~e optimization makes the application of func­
tion apprOXImation very advantageous. Here with each 
additional optimization stage the approximation mecha­
nism gets more information about tne cost function which 
can be exploited in previous optimization stages. 
Table 1 shows the mathematical test problem which is con­
sidered in this paper. 

Fn(x) = lfI Xi ,sin(xi)1 
1=1 

Table 1: Mathematical test problem ( Ln, Fn) 

The multiple-stage optimization strategy was applied to lo­
calize the maximum points of (Ln,Fn); nE{2, ... ,10}. Fig. 4 
shows a graphical 3D-representation of the 2-dimensional 
cost function F2. For all problem dimensions n E N this 

function comprises exactly one global optimum point x·. 
The number of local optimum points x" raises eXpOl1.en­
tially with an increase of the problem dimension n. 

Fig. 4: Graphical 3D-representation of F2 

Before starting our optimization algorithm, we have to de­
termine its control parameter values. For the Genetic Algo-

rithm, we mainly chose standard control parameter settings 
recommended in literature (Schaffer et a7. 1989). In the fol­
lowing, the most important control parameter values are 
presented: For all problem dimensions n E {2, ... ,lO} the 
crossover rate is set to 0.75, and the mutation rate is set to 
0.075. The length of a parameter segment in the fixed-len~th 
binary strings (indiVIduals of a population), representmg 
parameter vectors is set to 10 bit. The population size pg 
(number of individuals in a population) and the control pa­
rameter t for the termination criterion are set dimension de­
pendent (see Table 2) . Switch-over to fine-optimization oc­
curs if the Genetic Algorithm can not improve the cost func­
tion by 5% within t generations. 

234 5 6 7 8 9 10 

20 20 20 30 30 30 40 40 40 

234 4 5 6 6 7 8 

Table 2: Dimension dependent control parameter settings of 
the Genetic Algorithm 

After 1?re-optimization the Pattern Search Algorithm is ap­
plied m order to achieve high optimization quality. Tfte 
demanded accuracy of the Pattern Search Algorithm is set 
to 0.01. 

To reduce the number of cost function evaluations required 
from the Genetic Algorithm the grid-based as well as the 
RecBFN-based cost function approximator are applied. The 
employed control parameter values of the grid-based ap­
proxima tor are summarized in Table 3. 

• cP1 cP2 cP3 

[ pi,e~ax] [2,7] [8,5] [14,3] 

Table 3: Control parameter settings of the grid-based 
function approximator 

In the following the results of 9 optimization experiments 
with the grid-based approximator are described: For each 
optimization problem (Ln, Fn), n E (2,3,4) an extensive op­
timization experiment with the control parameter settings 
CPj, j E {1,2,3} shown in Table 3 is performed. Each opti­
mization eX1?eriment comprises 200 inde1?endent optimiza­
tion runs WIth the multiple-stage optimIzation algorithm. 
Every multiple-stage run generates a sequence of20 opti­
mum points. Hence, in one optimization experiment alto­
gether 4000 optimum points are localized. 
Diagram 1 summarizes the results of the 9 optimization ex­
periments with the grid-based cost function approximator. 
The x-axis shows the problem dimension n. The columns 
represent the average number ·of cost function evaluations 
cfe req,uired in one optimization stage. The lines show the 
optimIzation success os achieved in the first optimization 
stage 

number of global optimum point hits 
00= . 

number of optimization runs 

Diagram 1 impressively shows that the control parameter 
stetting cP1 =[2,7] causes an optimal partition of the search 

space Ln. Using this partition every optimum point of (Ln, 

Fn) is covered by exactly one sector. Consequently for all 
considered problem dimensions n E (2,3,4) the highest ·sav­
ings of cost function evaluations could be achieved. With 
every refinement of the grid the savings ~o down respec­
tively. As expected, the loss of optimization success rises 
with an enlargement of the grid sectors. However, regard-
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ing the amount of savings the loss of optimization success 
remains tolerable. Additionally, Diagram 1 points out 
clearly that with an increase of the problem dimension a 
~ood partition of the search space becomes more and more ' 
Important. 

c:::::::::::J cfe: -,ap 
-cfe:cp1 
-A-os:cp2 . 

300 

.~ QJ 250 
:E ~200 
0.. .... 
o ~ 150 
1i:lo 
o..~ 100 
~ N 50 

~cfe:cp3 

-o-os: -,ap 
-o-os:cp1 

o +-'-----~I-'-

2 3 
problem dimension 

-cfe:cp2 
~os:cp3 

4 

01 9 ~ 
, :: 

0,8 r:: 
:8 0,7 res 

0,6 ] 

0,5 g.. 

Diagram 1: Optimization results of the grid-based function 
approximator (-,ap: without cost function approximation) 

As mentioned before the grid-based approximation method 
is only applicable to low-dimensionaf optimization prob- . 
lems. To solve the higher dimensional problems n E {5,,,.,lG, 
the RecBFN-based approximator has to be applied. The op­
timization results achieved with the RecBFN-based cost 
function approximator are summarized in Diagram 2. As 
already indicated in Diagram 1 with every increase of the 
problem dimension it becomes more and more difficult to ob­
tain high savings without a substantial loss of optimiza­
tion success. At problem dimension 10 good results can 
only be achieved if the RecBFN is perfectfy adapted to the 
range of the cost function and welf trained in the region of 
attraction of the global optimum point. The increasing dete­
rioration of the results presented in Diagram 2 clearly 
shows that the application of approximation methods to 
high dimensiona1 problems is not a trivial task. It also 
shows that our investigations in that direction are far from 
being completed. However, we assume that there still exists 
a great potential for further improvement of our RecBFN­
based approximation technique. In order to corroborate 
this assumption we are intensifying our research work at 
the moment by developing methods which dynamically ad­
just initial RecBFN parameter settings optimally to a given 
optimization problem. . 

c:::::::::::J cfe: -,ap - cfe: ap -o-os: -,ap -os: ap 

1400 1 
. ~ ...... 1200 
:E ~ 1000 
'o..t; 800 
o r:: 600 

. ~ .,8 400 
'tJ [3 200 

0,8 § 
:P~ 

0,6 .~ ~ 
0,4 E ~ 

:Prfl 
0,2 g.. 

O +-'----+-'---f-L-J~...L.JIa+-'----~----__+ O 
\D 1:'-.000\ 

problem dimension 
o ...... 

Diagram 2: Optimization results oj the RecBFN-based func­
tion approximator (ap: approxImation with RecBFN) 

Summing-up, the optimization results 'presented above 
show that pre-optimization can be considerably acceler­
ated by cost function approximation without a substantial 
loss of optimization success. Because after pre-optimiza­
tion fine-optimization is applied there is also no loss of op-

timization quality. In regard of good control parameter set­
tings of the function approximator it is very important to 
exploit all available a-priori knowledge about the opti­
rnlZation problem. 

VI. CONCLUSIONS 

In this pa'per an approach to acceleration of direct global 
optimization strategies by function approximation was 
presented. As approximation techniques a grid-based as 
well as a RecBFN based-method were presented. The simple 
grid-based technique can be successfully applied to low­
dimensional optirnlZation problems. The more sophisticated 
RecBFNs represent an efficient alternative in high-dimen­
sional search spaces. The optimization results presented in 
this paper show that it is possible to accelerate pre-opti­
mization without a substantial loss of optimization suc­
cess. If a combined 2-phase optimization strategy is applied 
optimization quality is not affected because of fine-opti­
mization. 
The topics of our future work concern fine-tuning of our 
approximation techniques especially cost function approx­
imation with RecBFNs. Beyond that we examine methods 
for further exploitation of the information which is gath­
ered by the function approximator during the optimization 
process. 
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