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Introduction

A vast spectrum of physical phenomena is described in terms of quasilinear
symmetric hyperbolic systems of partial differential equations. Hence it has
been of great interest for mathematicians and physicists alike to study the
properties of such systems. In this regard it is of particular importance to
show that the associated Cauchy problem is well-posed, i.e., to show that
for given initial data there exists a unique solution depending continuously
on the data. Early proofs of well-posedness for scalar equations date back
to the 1930’s (cf., e.g. [1, 36, 46, 52]) and extensive research on systems
was done in the 1950’s and 1960’s (cf., e.g. [5, 9, 20, 54]). The first general
results due to Kato [29, 30] and Lax [42] showed that quasilinear symmetric
hyperbolic systems of first order are always locally well-posed in L2-based
Sobolev spaces. L.e., they have smooth solutions on some, possibly short,
time interval. These results were generalized to quasilinear second-order
symmetric hyperbolic systems by Hughes, Kato and Marsden [24].

However, it is in general not possible to extend those smooth local
solutions for all time. This is due to the fact that typically regular solutions
to quasilinear symmetric hyperbolic systems cease to exist in finite time
even for smooth initial data and shock waves emerge (cf. [27, 32, 38, 40, 42]).
To solve this issue one can search for so called weak solutions which are not
smooth or not even continuous anymore. Global existence of weak solutions
for first-order hyperbolic systems in one space variable has been shown
in particular in [1, 21], and some of their properties including asymptotic
behavior where studied in, e.g., [10, 11, 22, 39]. As the theory of weak
solutions and shock waves constitutes a vast and important area of research
in itself which is beyond the scope of this thesis, we refer to the standard
work of Dafermos [6] for an in-depth portrayal of this field.

Though in general one cannot expect quasilinear hyperbolic systems
of differential equations to have smooth global solutions, this is possible
for subclasses of - or classes of systems related to - hyperbolic systems
carrying additional structure. In this context one often is not interested
in constructing global solutions for arbitrary initial data but only for such
data which are sufficiently close to a stationary or quasistationary reference
solution such as, in particular, a homogeneous rest state of the underlying
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system - so called "small solutions"'. In addition one also wants to prove
that the reference state is stable in the sense that solutions decay to it for
large time.

The first general results for systems in several space variables are due to
Kawashima [33] and Kawashima and Shizuta [53] not for "purely" hyperbolic
systems but for systems of a hyperbolic-parabolic composite type where
a first-order hyperbolic system and a parabolic system are coupled via
their lower order terms. Here local well-posedness is proven by applying
the results of Kato [30] to each system individually. To show stability of
homogeneous rest states one needs to impose a specific requirement on the
linearization at this state, in later publications called Shizuta-Kawashima
condition or condition (K), in such a way that the interplay between the
coefficients of higher order and lower order terms ensures the temporal
decay of solutions to the linearized problem. The nonlinear system is then
treated as a perturbation of the linear one which allows for extending
local (small) solutions for all time. In physics, systems of a hyperbolic-
parabolic composite type which satisfy condition (K) occur in various fields
of continuum mechanics when dissipative effects are taken into account.

In the context of first-order quasilinear symmetric hyperbolic systems,
stability of homogeneous rest states can be shown for systems with re-
laxation (or "source") terms - so called balance laws - that satisfy the
Shizuta-Kawashima condition as well as entropy dissipation conditions. In
fact, many hyperbolic-parabolic systems (viscous conservation laws) can
be derived from balance laws via the Chapman-Enskog expansion [3] and it
was shown in [35, 58] that, under suitable entropy dissipation conditions,
the Shizuta-Kawashima condition holds for a balance law if and only if
it holds for the associated hyperbolic-parabolic system. Besides [35, 58],
important results in this field of research - building on somewhat different
entropy conditions - can be found in, e.g., [4, 50, 51, 57]. Note that in
particular, this includes a theory of the relativistic dynamics of dissipative
fluids by Miiller and Ruggeri, which is derived by methods of extended
thermodynamics and leads to an infinite hierarchy of quasilinear first-order
hyperbolic systems (cf. [44]).

While stability of rest states of quasilinear first-order symmetric hyper-
bolic systems with relaxation and symmetric hyperbolic-parabolic systems
with dissipation is well understood, far less is known about global existence
and asymptotic decay for nonlinear second-order symmetric hyperbolic
systems. Among the latter, cases that have been studied are Timoshenko
systems, damped wave equations with a nonlinear convection term and
systems that occur in the dynamics of viscoelastic materials. Stability



of rest states for Timoshenko systems with frictional damping and with
memory was shown in [43] and [41], respectively. However, in contrast to
the systems considered in this thesis, Timoshenko systems only depend on
one space variable and the proofs are based on rewriting these second-order
hyperbolic as equivalent first-order hyperbolic systems. The damped wave
equations, treated e.g. in [23, 28, 55], are scalar and semilinear whereas the
second-order symmetric hyperbolic systems in relativistic fluid dynamics
are quasilinear and coupling terms are involved. Closest related to our work
are probably the equations of viscoelastic materials for which global exis-
tence and asymptotic decay of small solutions was proven in [8]. However,
as there occur no spatial first order derivatives of the state variables in the
linearization of such systems, the techniques used in [8] do not readily carry
over to our situation and we have to use different methods in this thesis for
both the linear decay estimates and the transition to the nonlinear system.

There exists also interesting work on hyperbolic extensions of the classical
Navier-Stokes equations for incompressible fluids. Paicu and Raugel [45]
showed existence after replacing the Laplacian by a d’Alembertian, and
Racke and Saal [47, 48] gave a solution theory for a model proposed by
Carassi and Morro [2]. While their authors refer to Cattaneo’s famous
hyperbolic formulation of heat conduction, both models are neither Lorentz
nor Galilei invariant. They both also have other fundamental differences
from the second-order symmetric hyperbolic Navier-Stokes-Fourier (NSF)
equations we consider. On the one hand, in connection with the fact
that they deal with incompressible fluids, they do not have finite speed
of propagation and have no equation for the conservation of mass; on the
other hand their mathematical structure makes in particular the principal
parts of their differential operators distinctly easier to treat.

The relativistic hyperbolic NSF equations studied in this thesis were
formulated by Freistithler and Temple in their causal theory of relativistic
dissipative fluid dynamics (cf. [13, 17, 18, 19]). Since these equations
constitute quasilinear second-order symmetric hyperbolic systems they are
locally well-posed, as is directly implied by the results of [24]. It is the goal
of this thesis to show that they carry additional structure which enables us
to extend local solutions globally close to a homogeneous reference state and
that those solutions decay to the latter as time tends to infinity. One should
note that the theory developed by Freistiihler and Temple yields a class
of partial differential that is different from both the classical description
of relativistic dissipative fluid dynamics by Eckart [12] and Landau [37]
and the aforementioned theory of Miiller and Ruggeri [44]. In the former
it is unclear how to even only classify the resulting equations as systems
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of partial differential equations and therefore it is unknown if they are -
even locally - well-posed, while the latter leads to a hierarchy of quasilinear
first-order symmetric hyperbolic systems, where stability of rest states is
proven differently.

The strategy to show global existence and asymptotic decay of small
solutions for the relativistic hyperbolic NSF equations is quite classical:
We first establish energy and decay estimates for the linearization at a
homogeneous rest state and then show that for solutions sufficiently close
to such a state similar estimates also hold for the nonlinear system. This
then allows us to extend local solutions for all positive times.

More specifically, the structure and contents of this thesis are as follows.
In Chapter 1, we introduce the concept of covariant second-order hyperbol-
icity, as defined in [17]. Then we state the Euler equations that describe
the relativistic dynamics of perfect fluids. We cite results showing that
these equations can always be written as first-order symmetric hyperbolic
systems by using Godunov variables and give the explicit form of the Euler
equations for the four-field theory of barotropic fluids and the five-field
theory of general fluids. Finally, the theory of relativistic hyperbolic NSF
equations as formulated by Freistiihler and Temple is presented. We give a
brief overview of how the requirements of covariant second-order hyperbol-
icity and sharp causality lead to the construction of the dissipation terms
and state the equations explicitly for viscous heat-conductive barotropic
fluids (as formulated in [19]) and for general viscous heat-conductive fluids
with diffusion (cf. [13]).

In Chapter 2, we prove global existence and asymptotic decay of small
solutions to the relativistic hyperbolic NSF equations for viscous heat-
conductive barotropic fluids in L?-based Sobolev spaces. To this end, in
Section 2.2, we first analyze the linearization at a homogeneous reference
state. Using energy methods in Fourier space similar to the ones employed
by Kawashima and Kawashima et al. in [33] and [7], we obtain decay and
energy estimates for solutions to the linearized equations. In Sections 2.3
and 2.4, we then consider the nonlinear system: in Section 2.3 for integrable
initial data and the case of three space dimensions, and in Section 2.4. for
not necessarily integrable initial data for which the results also apply in
the case of two space dimensions. In both cases we begin with deriving a
priori estimates for small solutions by treating the nonlinear equations as
perturbations to the linearized ones and prove global existence by using
a standard extension argument on the local solutions that exist due the
second-order symmetric hyperbolicity.



In Chapter 3, asymptotic stability of homogeneous rest states is shown for
the relativistic hyperbolic NSF equations for non-barotropic viscous heat-
conductive fluids with diffusion. We follow the same strategy as in Chapter
2. However, the decay estimates for the linearization in Section 3.2 are not
obtained by using energy methods. Instead, we apply perturbation theory
for finite dimensional linear operators (cf. [31]) to the pointwise matrix
representations of second-order symmetric hyperbolic linear operators in
Fourier space. Based on the results for the linearized system the nonlinear
system is treated similarly to the argumentation in Section 2.3.

Finally, in Chapter 4, two extensions for barotropic fluids are considered.
In Section 4.1 we show that the results of Section 2.3 also apply to the
equations of the relativistic electro-magneto-fluid dynamics, in the quasi-
neutral approximation. In Section 4.2, we consider the vanishing heat
conduction limit for the NSF equations. We establish that the decay and
energy estimates proven in Section 2.2 hold uniformly in the coefficient
X > 0 of heat conduction for x sufficiently small. From this we can deduce
that solutions to the linearized NSF equations for heat-conductive fluids
(i.e. x > 0) converge to those of the linearized NSF equations for non-
heat-conductive fluids (i.e. x = 0) as x | 0 in some L?-based Sobolev
spaces.

We conclude the introduction by presenting some open problems that
arise from the work in this thesis.

On the one hand, it is desirable to generalize the results of global
existence and asymptotic decay to a broader class of quasilinear second-
order symmetric hyperbolic systems that contains the relativistic hyperbolic
NSF equations as a special case. To this end it is necessary to establish
conditions on the coeflicient matrices of the linearized equations that are
equivalent to the decay of solutions to the linearization.

On the other hand, not all equations occurring in the causal theory
of relativistic fluid dynamics of Freistiihler and Temple are second-order
hyperbolic systems. In fact, for barotropic fluids which are viscous but
not heat-conductive and for general viscous heat-conductive fluids which
are not diffusive the NSF equations constitute a symmetric hyperbolic
system of mixed order - i.e. the coefficient matrices corresponding to the
second-order terms have non-trivial kernel (cf. [13, 19]). One would also
like to establish asymptotic stability of homogeneous rest states for such
systems. An additional difficulty that may arise here is that the kernel of
the coefficient matrices may depend on the state variables. In fact, the
NSF equations for non-heat-conductive barotropic fluids are of that type
(cf. [19]). It would also be interesting to study whether solutions to the
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second-order NSF equations for diffusive fluids/heat-conductive barotropic
fluids converge for vanishing diffusion/heat conduction to solutions of the
mixed-order NSF equations for non-diffusive fluids/non-heat-conductive
barotropic fluids.

The problems mentioned above are currently investigated by Freistiihler
and the author - and some results have been obtained (cf. [16]). Going
further, also other standard research questions in the field of partial dif-
ferential equations, and particularly in the context of hyperbolic systems,
could be studied for the aforementioned classes of equations. This includes
stability of non-constant reference solutions, in particular traveling waves,
as well as existence and behavior of solutions which are not necessarily
close to any reference state.



1. The equations of relativistic fluid
dynamics

In this chapter we introduce Navier-Stokes-Fourier equations governing the
dynamics of relativistic dissipative fluids as proposed by Freistiihler and
Temple in [13, 17, 18, 19]. The guiding principle in their theory is that
these partial differential equations should be directly related in a specific
way to a class of systems identified by Hughes, Kato, and Marsden in [24].

Throughout this thesis we will work in the context of special relativity
(cf., e.g. [56, Chap. 2]). In particular, we assume a flat space-time with
the standard Minkowski metric g®# = diag(—1, 1,1, 1), Greek indices run
from 0 to 3 and are raised or lowered by contraction with g®?, Jap, and we
use the Einstein summation convention.

1.1. Second-order symmetric hyperbolicity

1.1.1 Definition. We call a second order differential operator
82wg
YaPixd’

that acts on a state variable 1, hyperbolic in the sense of Hughes, Kato
and Marsden or HKM hyperbolic if the Sd-symmetrized coefficients

B9 (4, a=0,...,N—1, (1.1)

- 1
aBgd __ — afgd adgB
B =3 (B + B )
have the following properties:

1. Baﬂng(z/)e) is symmetric in a, g, i.e.

Baﬁgd (¢e) - Bgﬁaé(we) :

2. There exists a time-like Hg such that

B“ﬁgé(%)HﬁHaVan <0, forall V, #0,
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and
B“ﬁgé(iﬁe)NﬁNéVan >0, forall V, #0,

for all Ng with NgH? = 0.

We call such a 4-vector H? direction of hyperbolicity for (1.1).
If the operator (1.1) is HKM hyperbolic we call a system of partial
differential equations of the form

0%,

aBgd
B (We) B gt

+ (e, 00e) =0, a=0,...N — 1,

HKM hyperbolic.

1.1.2 Remark. 1. The state variable 1), € RV represents an ensemble
of covariant tensors. We symbolically use Roman indices a, g, e like
the Greek ones, including the summation convention. In particular,
in case the state is described by one single 4-vector v, (1.1) reads

0%,
palpad’

2. In a Lorentz-frame in which (1,0,0,0)! is the direction of time, the
operator (1.1) is of the form - with respect to a fixed frame we
use 1, j for the spatial indices 1,2, 3, again including the summation
convention -

B (4h,) a=0,...,3.

—AW) P + Bij(w)wacixj - Dj(¢)wtxj7
where
A= (=B"")ocag<n-1, B7 = (B")ocag<n-1,
DI = (=2B")o<qg<n-1.

In this notation, the operator is HKM hyperbolic if A, BY, DJ are
symmetric, A > 0 and

BYgi¢; >0 for all € € R?\ {0}.

This is the definition of a second order symmetric hyperbolic operator
used in [24]. As definiteness of matrices is an open property the same
operator will also be HKM hyperbolic in the sense of [24] in other
nearby Lorentz frames.

After thus having introduced the general concept of covariant HKM
hyperbolicitiy we now turn to the specific equations of relativistic fluid
dynamics.

10



1.2. The relativistic Euler equations

1.2. The relativistic Euler equations

We start by introducing the equations describing the dynamics of relativis-
tic perfect fluids - called the relativistic Euler equations - while effects
of dissipation will then be modeled augmenting the Euler equations by
additional terms.

In general, the thermodynamic properties of a fluid can be described by
its specific internal energy e = e(n, s) as a function of matter density n
and specific entropy s. Then other thermodynamic state variables such as
internal energy p, pressure p and temperature 6 can be expressed in terms
of e(n, s) as
p=pn,s)=ne(n,s), p=npn,s)=ne,(n,s), 0=esn,s), (1.2)

For describing the temporal dynamics of a fluid one additionally considers

the fluid’s 4-velocity u®, with u®u, = —1.
The relativistic Euler equations for perfect fluids are given by
0 B
W(T )_0, a=0,1,2,3 (1.3)
0
i B8 —
55 () =0, (1.4)

with energy-momentum tensor
T = (p + p)uu” + pg”

and matter current
NP = naP.

Setting
T = NP

we can write (1.3), (1.4) in the more compact form

%(T“ﬂ) =0, a=0,...,4. (1.5)
It is an important principle in continuum mechanics that conservation laws
can be formulated in terms of symmetric hyperbolic systems of partial
differential equations. Ruggeri and Strumia have shown in [49, 51] that this
is the case for (1.5) for a broad class of fluids. More precisely, they proved
that the following holds under standard assumptions of thermodynamics:
For the variables

a 4 _ Y

11
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where v = (p + p)/n — 0s denotes the chemical potential, there exists a
vector XP (1)) such that

T8 — W
Mo
and the matrix
ZXB .
MHﬁ >0 for all H” with HgH” < 0. (1.7)
8waaw9 a,g=0,...4

The 1, are called Godunov variables and X? is called 4 -potential for (1.5).

In the following we will state explicit formulas for X? in the special
case of barotropic fluids and for a general class of fluids. We will closely
follow the arguments in [15], where one can find the proofs of the following
propositions as well as the definition of the general concept of Godunov
variables and details about the history of their use in fluid dynamics.

We begin with barotropic fluids. A fluid is called barotropic and causal
if there exist one-to-one relationships between the internal energy p and
pressure p and between the internal energy and the temperature 6,

p=5(p), 0="0(p) (1.8)
and the speed of sound ¢ = (p'(p))'/? satisfies
0<ecs <1 (1.9)

In this case the conservation laws (1.3) for energy-momentum constitute
a self-consistent system with four degrees of freedom, i.e. the dynamics
are governed by four independent variables instead of five as in the general
case (1.2).

1.2.1 Proposition. For a barotropic fluid (1.8),(1.9)

w:?, a=0,...,3, (1.10)
are Godunov variables for (1.3). The corresponding 4-potential is given by
XP () = aﬁ;fd, (1.11)
where
X (1) = X((—¢%a)72)
_20) =/pé§)d«9 (1.12)

12
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1.2.2 Remark. 1. Note that for reasons of legibility we denote as a
barotropic fluid what is more precisely called a thermo-barotropic
fluid (cf. [19]). This does not lead to any confusion as no other
barotropic fluids are considered in this thesis.

2. For barotropic fluids one can prove that
p+p=nbs.

In particular, this yields - see (1.6) -

R
nd
3. Computing

O2XP ()

Yo Othy
one finds that for barotropic fluids in Godunov variables (1.10), (1.3)
reads o

afy e =
A (wE) 8%5 - 07 o = 07 17 27 37

where

AP = nsh? (uo“gﬁ7 +uP g™ 4 uTg™? 4 (3 + C;Q)U"‘uﬂ?ﬂ) . (1.13)

4. Due to (1.9), one has
A gAY > 0
for all £ € R3, |¢| < 1.
5. The most important examples in this class are "double v-law" fluids
p(n,s) =kn7s?, 1<vy<2.
For v = 4/3 this describes pure radiation [56].

Next, we turn to more general fluids. We assume that all fluids considered
here have the following thermodynamic properties:

vgo(p,0) > 0, (1.14)
0 <pylp,s) <1 (1.15)

For such fluids we get the following result (cf. [15, 51]).

13



1. The equations of relativistic fluid dynamics

1.2.3 Proposition. For a fluid satisfying (1.14), (1.15), (¢, ¥*) defined
by (1.6) are Godunov variables for (1.5) and there exists a scalar function

X(G, V) such the corresponding 4-potential is given by
XO(we) = X(8,44)0".
1.2.4 Remark. 1. Computing

2 XP ()
a0y

one can write (1.5) as

(1.16)

o
A9 (1h) 2 = =0,...,4
(¢e)8x5 07 a 07 s Xy
where
X o (30X
apfy 2 a By B oy v 408 1 p3 a, B,y
AYT =0 (ug +uP g +u'yg )—i—ae(Gae)uuu,
X X
Aaﬁ4 -0 a, B YA By A4Ba
aptae" T 9y Y ’
484 azX ¢ﬂ
o2 -

2. Due to (1.15), one has
A (o) — &A™ (1) > 0

for all £ € R3, |¢] < 1.

1.3. Relativistic Navier-Stokes-Fourier equations

Now, we are able to introduce NSF equations that describe the relativistic
dynamics of dissipative fluids. As stated above, the general ansatz for
modeling dissipative effects in relativistic fluid dynamics consists in aug-
menting the Euler equations (1.3), (1.4) by additional terms AT*# and

ANP - called the dissipation tensors - to obtain

E)iﬁ (77 + AT*) = 0

14

(1.21)
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and 9

57 (N7 +AN?) =o. (1.22)
Like in classical fluid dynamics, the dissipation terms AT*?, ANP are
required to be linear in the space-time gradients of the state variables and
should only depend on four free parameters 7, ¢, x, and p that quantify shear
viscosity, bulk viscosity, heat conduction and diffusion. Then (1.21), (1.22)
form a system of quasi-linear second order partial differential equations.
The first proposals for such tensors were made by Eckart [12] and Landau
[37]. Although having otherwise strong physical justifications the equations
of Eckart and Landau violate the principle of causality - i.e. the speed
of wave propagation is not bounded. Freistithler and Temple fixed that
issue in their work by formulating the dissipation tensors in such a way
that (1.21), (1.22) form a system of partial differential equations which is
HKM hyperbolic or on the boundary of the HKM class. Their particular
choice of equations satisfies the additional conditions that they are first
order equivalent to the equations of Eckart and Landau and the signal
speeds are sharply casual - i.e. sharply bounded by the speed of light (for
precise definitions of those conditions see [18]). Their theory is formulated
for general fluids without diffusion in [18], with diffusion in [13] and for
barotropic fluids in [19]. In the following we will give an overview of the
results of those papers.

We will first state the hyperbolic dissipation tensor for viscous and
heat-conductive barotropic fluids. For such fluids, as in the inviscid case,
equations (1.21) form a self-consistent system with four degrees of freedom.
Let x > 0,7 > 0, > 0 be the coeflicients of heat conduction, shear viscosity,
bulk viscosity which quantify the effects of dissipation. Furthermore define

a,( by
0= Gt/ - &)~ b, (=C+ o1 b,
and let
BB — 920 ¢ — oOuPulTIY + COTIPTIY
+ O (T 4 TP — gnaﬁmfs)
+ o0(uuP g7 — uu’ g7°) + x0? (WP g — u Ul "), (1.23)

where
M = u®u” + g*.

Using these definitions one gets the following result (cf. [19]).

15
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1.3.1 Proposition. For a barotropic fluid

o
_ATB — gapvd 2
Oxd

makes (1.21) HKM hyperbolic, first order equivalent to the equations of
Eckart-Landau, and sharply causal. Furthermore with VgVﬂ =1, Vguﬁ =0,
the temporal, respectively spatial, coefficient tensors

B*"ugus,  BV5V;

have the rest frame matriz representations

—x0* 0 x6? 0
0 —ob)’ 0 nds + (An+)OVivi):
In particular (1,0,0,0) is a direction of hyperbolicity in the rest frame

representation of (1.21) .

We turn to the hyperbolic dissipation tensor for viscous heat-conductive
diffusive fluids following [13]. Setting

AT* = ANP,
(1.21), (1.22) read

0
a3 aB\ __ _
37 (T + AT )_0, a=0,... 4. (1.24)

With x > 0,7 >0, >0 and p > 0 the coefficients of heat conduction,
shear viscosity, modified bulk viscosity (cf. [13]) and diffusion, let

o= (4/3)n+¢
and define
Baﬁ'yﬁ _ X02uau’ygﬁ5 _ O-HUBU‘SHD"Y + EQHO‘BHW;
+ (1117 + 1017 — gﬂ‘“ﬁﬂ’” )
+00(uu g —uu’g?) + X0 (WP u g™ — uwu’g™’)  (1.25)
Baﬁ45 =0, B4/3’75 = o6 (U/Bg’y(S — uégﬁ'y) , (126)

B — g (1.27)

16



1.3. Relativistic Navier-Stokes-Fourier equations

1.3.2 Proposition. For fluids satisfying (1.14), (1.15)

oY
_AT — Babgd—"9
0xd’

makes (1.24) HKM hyperbolic, first order equivalent to the equations of
FEckart and Landau, and sharply causal. Furthermore with VgVﬁ =1,
Vﬁuﬂ = 0, the temporal, respectively spatial, coefficient tensors

B“BgSugu(;, Baﬂg‘;Vng

have the rest frame matriz representations

—x6? 0 0 x0? 0 0
0 —o059 0 |, 0 006+ (n+)OVivi 0
0 0 —u 0 0 n

In particular (1,0,0,0) is a direction of hyperbolicity for the rest frame
representation of (1.24).

17






2. Global existence and asymptotic
decay of solutions to the
relativistic Navier-Stokes-Fourier
equations for viscous
heat-conductive barotropic fluids

In this chapter we study the NSF equations that describe the relativistic
dynamics of viscous heat-conductive barotropic fluids as introduced in
Chapter 1. Our goal is to show global existence and asymptotic decay
of solutions close to homogeneous reference states. The corresponding
arguments and results developed in Sections 2.2 and 2.3 presuppose, in
particular, integrability of the initial data. Section 2.4 treats non-integrable
data and the case of two space dimensions.

2.1. Preliminaries and main result

We begin by introducing some notation which will also be used in the
following chapters. For p € [1,00] and some m € N just write LP for
LP(R3,R™). For s € Ny we denote by H* the L?-Sobolev-space of order s,
namely

HS :={ucl?:VaecN} (Ja| <s):]0%)p < oo}
with norm .
3
[ulls = ( > \Q?MLQ) :
0<||<s

We write ||u|| instead of ||u||g and d%u for the vector whose entries are the
partial derivatives of u of order k.
For s,k € Ng and U = (u,v) € H® x H* set

1
10l = (Ilal2 + [l0lIZ)

19



2. Global existence for the NSF equations for barotropic fluids

and for U € (H® x H¥) N (LP x LP) set
1Ullskp = U lls e + 1Tl (o x 1)
Foru € H*, ve H™' (0<1<s)and a € N§, |af < s, set
[0%, uv = 05 (uv) — udSv.

For | € Ny, B! denotes the space of bounded continuous functions whose
derivatives of order less than or equal to [ are also bounded continuous,
equipped with the norm

l
[fle =" sup |5 f(x)]-
k=0
For 6 > 0 let ¢5 denote the Friedrichs mollifier and set

[ps*, ulv = @5 * (uv) — u(@s * v).

Also from now on, we often describe the 4-vector ., and later the ensemble
Ve, as 1.

Consider a viscous heat-conductive barotropic fluid characterized by
(1.8), (1.9) and coefficients x, 1, ¢ of heat conduction, bulk viscosity and
shear viscosity depending on the state variables. In Godunov variables
(1.10) the relativistic NSF equations are given in divergence form by

0 oY axP
afBvyd Y _ _
7,3 (—B a5 + ’1/)& > = O, o = 0, 17 2, 3, (21)

where X# and B®% are defined by (1.11), (1.12) and (1.23). Carrying
out the differentiation with respect to = yields

« 821/} a 8"¢ 8 a 81/]
B gt A gh ~ g (B) 55 =0 22)

where A% is defined by (1.13). As stated in Proposition 1.3.1, (3.2) is
HKM hyperbolic with u® being a direction of hyperbolicity. Thus, for
states ¢ with w sufficiently close to (1,0,0,0), or, in other words, in almost
co-moving coordinates, using

by _ s 0%,

apys afys
B 2 oxBoxd 2 0xBOx®
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2.1. Preliminaries and main result
with

~ 1
B () = 5 (B () + B ()
- 1
= x0*uu g? — cOuPulTI® + COTIPY 4 po(ITIT? + gHaM‘;),
where
oA = %(Haﬂm‘* + Tm?),

we can write (2.2) as

AW)u — BY (V)Uga; + D? (W), + f(10, 0, 000) = 0, (2.3)
where

A= (=B can<s, B = (B )o<ay<3;

, - O (2.4)

D7 = (=2B""")o<an<s
are symmetric 4 x 4 matrices, A (1) is positive definite, & B% (1)¢; is positive
definite for arbitrary & € R?\ {0}, and

8 af
27T (W)

9 o
— 5.8 (Ba575(¢)) g 0=0,1,2.3 (2.5)

o=

Throughout the chapter we will consider the Cauchy problem associated
with (2.3):

Ay — B9y g, 4+ Dithyg, + f =0 (2.6)
$(0) = :
P(0) =, (2.8)

To provide a global-in-time solution theory of these equations, we first
analyze the linearization of (2.6) at some homogeneous reference state
(Section 2.2) and then the nonlinear problem as a perturbation of the linear
one (Section 2.3), both with techniques that were developed, or are simililar
to techniques developed, by Kawashima and co-authors notably in [7, 33].
The main result is the following.

2.1.1 Theorem. Let s > 3, and Y = (71,0,0,0,)" with a constant
temperature 8 > 0. Then there exist 69 > 0, Co = Cy(dp) > 0 such
that for all initial data (“,*) € (H**' x H®) N (L' x L) satisfying
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2. Global existence for the NSF equations for barotropic fluids

(O — 2, 1¢)H§+17371 < dg there exists a unique solution v of the Cauchy
problem (2.6)-(2.8) such that

Y—pe ﬂ 7 ([0,00), H*H17).

j=0

1 satisfies the decay estimates
- 3 -
1 (t) = &, () 1341,6 + /0 1 (7) =, e (1)) 341,007
< Coll " =, ) 341510 (2:9)
1) =, e .51 < Co(1+ )73 = &, ) [s5-11 (2.10)
for allt € ]0,00).
2.2. Decay estimates for the linearized system

In this section we study the linearization of (2.3) about a quiescent, isother-
mal reference state 1) = u/6, u = (1,0,0,0), § > 0 on a fixed time interval
[0,T]. The resulting equations read

Ayt — By by + aqytbe + by, =0, (2.11)
where B
_[(x0* 0O
i [(x0%6 -0
B(1) = < 0 OnI;60 + %H(C + %n)(ei el +el@el))’ (2.13)
o (cs? 0 j — .
agy = nsf? ( 0 Ig) , bzl) = ns@z(e] e+’ ® e’), (2.14)

where n,s,x,cs,n,g~ are evaluated at the reference state. Note that no
mixed derivative @Z}ta:j occurs here, as

BaO'yj — Baj'yO =0

at the reference state. First, multiply (2.11) by (ns)~'0~2 and set ¥ =
x(ns)™L, 7 = n(nsd)~L, ¢ = ((nsh)™1, ¢ = o(nsf)~L. We arrive at the
equivalent system

Ay — By Wase; + a@)tbe + by b, =0, (2.15)
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2.2. Decay estimates for the linearized system

where

g X649 0
B — il AN
@) 0 7l + 4 (CH+ 1) (el +edwe) )
? 0 ' o 0 4 0 o i
a(2):<0 L) b{2):€]®€ +e’®eél.

Finally, multiplying (2.15) by (A(g))fé and writing it in variables (A(Q))%zb
gives

Uit — By, + athy + bty = 0, (2.16)
where
BY — (61] e i _ 07 . , , : > , o (2.17)
0 o (77]35” +3 (C + %77) (e'®e +6e® el))

a= ("0 0] V=toi@edtded). (@)
0 o 13

The goal is to prove a decay estimate for the Cauchy problem associated
with (2.16):

Uit — By, + athy + bty = 0 (2.19)

¥(0) =", (2.20)

Y(0) = Lap. (2.21)

2.2.1 Proposition. For some s € Ny let ("¢, 1) € (H* 1 x H)N (L' x LY)

and (P (t),¢:(t)) € H*L x H® be a solution of (2.19)-(2.21). Then there
exist ¢,C > 0 such that for all integers 0 < k < s and all t € [0,T]
_3_k
156 (@) 1 + 1950 Ol < O+ 1715 (100152 + 1M
+Ce™ (050 1+ [95C0)]) - (2:22)

To prove Proposition 2.2.1 we consider (2.19)-(2.21) in Fourier space, i.e.

~

bie + € B(E)D + arhy — i|€|b(€)Y = 0, (2.23)
$(0) = 29 (8), (2.24)
hi(0) = 4h(), (2.25)
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2. Global existence for the NSF equations for barotropic fluids

where £ = ¢/¢],
B(w) = wiBuw,; = [ !
W) =wiBwi =14 51 (78 + (C+ 3n) (wow) )

bw) = By — (30 (2 “gf) wes
We get the following pointwise decay estimate.
2.2.2 Lemma. In the situation of Proposition 2.2.1 there exist ¢,C > 0
such that for (t,€) € [0,T] x R3
(14 €D O + [du(t, O
< Cexp(—cp(&)t) (L+ [EPPDE P+ "(©)?), (2.26)

where p(€) = [€]2/(1 + |€]?).

Proof. Our goal is to arrive at an expression of the form

1d

where E(t,¢) is uniformly equivalent to

Eo(t,€) = (1+ [€)?19(, ) + [du(t, )
and F' > ¢p(§)Ep. Then (2.26) follows from Gronwall’s Lemma.

W.lo.g. assume £ = ([¢],0,0) (otherwise rotate the coordinate system).
Since (4/3)7 + ¢ = 7, (2.23) decomposes into the two uncoupled systems
wy + |€)?w 4 aw; — i|€|bw = 0, (2.28)

v + 1o HeEPo + a7 oy = 0, (2.29)

where w = (12)0,151), v = (1/;2,@23),
0 1
(1 0) . (2.30)

~ X ;2 0 = .\
a= (X 0 O_—1> ) b= (XU)

Obviously, this allows us to prove estimate (2.26) for w and v independently.
First, we study system (2.28). We take the scalar product of (2.28) with
wy. The real part of the resulting equation reads

1d
2 dt

N|=

(lwel? + €21w]?) + (@wr, we) + R(—il¢lbw, wy) =0.  (2.31)
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2.2. Decay estimates for the linearized system

Taking the scalar product of (2.28) with w and considering the real part
gives

1d

2dt
Now, set r = a11d92/(a11 + age) and add (2.31)+r(2.32). The resulting
equation is

((aw, w) + 2R{wy, w)) — \wt\Q + |§|2|w|2 =0. (2.32)

5 2 (lwel? + &P ] 4 r(@w, w) + 2rRwr, w) )
+ (@ — Irywe, we) + R(=ilg[bw, we) +rl¢wf® = 0. (2.33)

g bia 0 az2 — a1l
a11 + agz \a11 — Gg2 0 '

Since 1S is Hermitian,

Next define

. 1d,.
R(iSw, wy) = §@<st’w>

holds and we can write (2.33) as

1d

S—EW 4 FW =9 2.34

dar” " ’ (2:34)
where

EV = |wl? + [Pw* + rlaw,w) + 2rR(wy, w) + (—il€|Sw,w)

and

FO = (@~ Iryuwy,we) + R(~il€|(b — S)w, wr) + rlé Pl

First, show that E() is uniformly equivalent to Eél) = (L+ ¢ |w|? + |we|*.

Obviously, there exists C7 > 0 such that
EW < B,
On the other hand note that
2 72)

ED — |’(Ut|2 + |£|2|w|2 + 7“(~z11|wl|2 + r&22|w2|2 + 27“3?(10%@1 + wiw

biod ) _ biod el
+ 22 R (—ifwrd?) 4+ 2— 22 R (=€ w?).
a1 + a2 a1l + ae
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2. Global existence for the NSF equations for barotropic fluids

Since a11a20 > 5%2, an easy calculation shows that for j = 1,2

i) - 2

~ 12Q55

Tajj — TQ — | ];7 > 0.
aill -+ a9

Hence using Young’s inequality for suitable e; > 1, (k,j = 1,2) we get

Mw

1_513 )| +(1—55j1)|f|2|wj|2

8 - 2

~ 2 12455 112

+ rajj — 61_7'7‘ — €2j PoE— |U)J|
ail a22

> Cluwl* + C(1 + [¢]*)w?

]=1

It remains to show that () > ¢(Jws|? + |€|?|w|?). To this end use

pog— 2 (0 an)
a1 +age \az 0
and write F) = 1) 4 p(2) where

b
F<H>:<an—r>\w;2+m( ife| 22 Qwi>+r|srz|w2|2,
ail + as9

~ biod _
F(12)=(022—T)\wt2’2+2§}?< ilel v 1w2>+r|s|2|w\2.

As aj1a99 > (512)2, one can easily check that

- 2
biod
(@ —r)r > <~12a1~1> )

ail + ag2

2
Bod
(age — 1)1 > (12&22> .

a1 + ag2
Since ai1, a2 > 7, this yields
FOD > c(jwf P + €2 [w??),  F@) > c(jwi]® + €] |w] ).

Now, consider (2.29). Again, take the scalar product (in C?) of (2.29)
with vy + rv. The real part reads
1d

il () (2 —
2th +F 0,
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2.2. Decay estimates for the linearized system

where
E® = ju* + 767 ¢ |0 + ro v]* + 2rR(vr, v), (2.35)

and

F@ = (671 = r)|ve® + nar|g? o] (2.36)

Since r < o1, it is obvious that E® and F? have the desired properties.
O

Based on Lemma 2.2.2 the proof for Proposition 2.2.1 goes as [7, Proof
of Theorem 3.1].
Next consider the inhomogeneous initial-value problem

wtt - Blijzxj + W/Jt + inﬁag - h’7 on, (237)
$(0) = "o, (2.38)
hi(0) = 1. (2.39)

for some h : [0,T] x R® — R*. We get the following results:
2.2.3 Proposition. Let s be a non-negative integer,
(Y, 1) € (HTE x HS) N (LY x LY) and h € C([0,T], H* N L'). Then the
solution 1 of (2.37)-(2.39) satisfies
_3_k
185 ()l + 105 el < O+ 67572 (1%l + ' o)
+ Cem (|05 "D) 11 + 195 w)1)
¢
+ 0/ (1+t—n) 5 )
0
+ Ce™ |9k h(r)||dr  (2.40)
for allt € 0,T) and 0 < k < s.

Proof. For t € [0,T] let T(t) be the linear operator which maps (°, 1)
to the solution (1(t)),¢:(t)) of the homogeneous IVP (2.19)-(2.21) at time
t. By Duhamel’s principle the solution of (2.37)-(2.39) is given as

(0, 60(0) = TOC0, ) + [ 76 =)0, h(r))ar

Hence the assertion is an immediate consequence of Proposition 2.2.1. [
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2. Global existence for the NSF equations for barotropic fluids

2.2.4 Proposition. Let s be a non-negative integer, (°1, 1) € H*1 x H®
and h € C([0,T], H®). Then the solution ¢ of (2.37)-(2.39) satisfies

t
1oz (11T + 105 (6)]? +/0 105 ()1 + (105 ()|
< C(lozCo)IT + 195 )lP)

o[ (o, obu),
‘/ (ohn(r). dlus(r)) , dr

for all t € [0,T] and integers 0 < k < s.

(2.41)

Proof. Let v be the Fourier-transform of the solution to (2.37)-(2.39). We
proceed exactly as in the proof of Lemma 2.2.2 to obtain

1d A
sZE+F = R (b, + 710, (2.42)

where E is equivalent to Ey = (1+ [¢[%)[D1% + []?, F > e(|ul* + [¢*?)
and r being the constant from the proof of Lemma 2.2.2. Integrating (2.42)
from 0 to t leads to

A~ A t A A
(L+IEDWE + 10 + [ RIS + ufar
CUL+ PG + 9P)
+C | [ R (k) dr

Multiplying by &2 for o € N, 0 < |a| = k < s, integrating with respect
to € and using Plancherel’s identity yields the assertion. O

+C Ot%@,@df

2.3. Global existence and asymptotic decay

The goal of this section is to prove Theorem 2.1.1. We will proceed as
follows: First we show a decay estimate for all but the highest order
derivatives of a solution, Proposition 2.3.1, and then an energy estimate for
the derivatives of highest order, Proposition 2.3.3. Theorem 2.1.1 follows
from combining the two, Proposition 2.3.4.

As in Section 2.2 fix 6 > 0, mult1p1y (2.3) by (n(0)s(0))~16-2(AR)~
and change the variables to (A ) 1 such that the linearization at 1)

1
2
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2.3. Global existence and asymptotic decay

(671,0,0,0) is given by (2.16). In addition, consider 1) — 1) instead of ),
04p — 4 instead of %1p, A(- + 1)) instead of A(-) and so on, such that the
rest state is shifted from ¢ to 0. In the following, when (2.3) or (2.6)-(2.8)
are mentioned, we actually mean these modified equations which we will
consider on a fixed time interval [0, T].

Write U = (¢,1;) and Uy = (%1, 19) for a solution to (2.6)-(2.8) and
the initial values, respectively. Let s > so + 1 (sp = [3/2] + 1), T > 0,
Uy € H*t! x H®, and 1) satisfy

b e ﬂ ¢ ([0, 1), H**177). (2.43)
j=0

For 0 <t <ty <T define

t1
Noftst)? = sup U s+ [ 1UIE

Te[tvtl]

We write Ny (t) instead of N(0,t). Furthermore assume that Ny(T') < ag
for an ap > 0. Since s > sg, H® — L* is a continuous embedding.
Hence N4(T') < ag implies that (v, 1, 0,1) takes values in a closed ball
B(0,r) C R* x R* x R'2 for some r > 0. In particular, we choose ag
sufficiently small such that (2.2) can be written as the symmetric hyperbolic
system (2.3).

First we prove the decay estimate. To this end it is convenient to rewrite
(2.3) as

wtt - Bl]wl‘ﬂ:] + m/’t + bjwafj = h(wa wta aﬂ/’a 8;%‘/’7 8x¢t)7 (244)
where,

— A@W) T DY (),
- A(¢)_1f(¢7 d}t, aqub) + a’q/}t + b]wx] (245)

2.3.1 Proposition. There exist constants a1(< ag), 61 = 61(a1), C1 =
Ci(a1,61) > 0 such that the following holds: If |Uoll2, 1, < 61 and
Ny(T)? < a1 for a solution ¥ of (2.6)-(2.8) satisfying (2.43), then

U@ |ss1 < Cr(1+6)" 1| Ullss11 (t€[0,T]).  (2.46)
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2. Global existence for the NSF equations for barotropic fluids

Proof. Let t € [0,T] and 1 be a solution to (2.6)-(2.8). Since B;;(0) = B;;,
D;(0) =0 and A
ay + bj%ﬁzj = Df(O)(wv Pt 3:;:1/1)7

Lemmas A.1.1, A.1.2 show that there exist C,c¢ > 0 (¢ < ag) such that
h(t) € HS"' N L' and
1R < @ llams (10260 a1 + 1038 1)

+ C (W), vu(t), Do (D) 134
< CU@) ls+1,51U(2)

Ih(®)llzr < CIU )13,

if Ng(T') < c. We will assume this throughout the proof. Then Proposition
2.2.3 yields

3
[U@O)]]s,s—1 < C(A+1)"1[|Uolls,s—1,1
t
* C/ e () oot + (1L 4+t = 7) 75| h(7)|| 7.
0
This leads to

3
U@ [|s-1.s < CA+8)73]|Uolls,s-1.0

t
+C sup U et [ €N oamrdr
T7€[0,] 0

t
+ c/ (14t — 1) U)2,_sdr.
0
Multiplying with (1 4+ t)% gives

L+ )3T ) ls5-1 < CllUolls,s-1.1
+ ONy()pa(t) sup (14 7)5(|U (1) 5,51

T€[0,t]

+ Cpa(t) sup (1+71)2 UM, 1,
T€[0,t]

where
t

pui(t) = (L+1t) e T)_%dT

o (t 1+t%/

»w
S—

rh

(1+t—r71) %(1—1—7')_%617'.

[en]
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2.3. Global existence and asymptotic decay

Since p1, 2 are bounded functions on [0, 00), we get

sup (1+7)3[U()|ls.5-1 < C|Uolls,s-1.1
T€[0,t]

+CON(t) sup (1+7)TU(7)||s.s1
T7€[0,t]

+C sup (1+7)2 U]
T€[0,]

We can deduce from this equation that there in fact exists a; > 0 (a1 < ¢),
61 > 0 and C7 > 0, such that

sup (1+ 7')% U (T)
7€[0,t]

s,5-1 < C1||Uo|s,s—1,15

whenever Ny (T)? < a; and ||Up||? < . O

s,s—1,1 =

2.3.2 Corollary. In the situation of Proposition 2.3.1 there exists a Cy =
Cy(a1,01) > 0 such that

No-1(T)* < Co||UolZ 514 (2.47)

whenever Ng(T)? < a1 and ||Uy

2
s,5—1,1 < 01.

Proof. The function ¢ — (1 —|—t)7% is square-integrable on [0, c0). Therefore
the assertion is a direct consequence of Proposition 2.3.1. O

Now it is convenient to write (2.3) as

wtt - Bl]wxzcc] + awt + b]¢x1 - L(w)w + h2(¢7 wtv 8:E1/})7 (248)

where
L(y)y = (I = A))r — (BY = B () Wu,a; — D? () tra
h2(¢7 Q;Z)ta ax,(vb) = C“/Jt + b]Q;Z)CEJ - f(wa ¢t) 31:1/1)

2.3.3 Proposition. There exist constants az(< ag) and C3 = Cs(az) >0
such that the following holds: If Ns(T)? < ay for a solution v of (2.6)-(2.8)
satisfying (2.43), then

t
1030 (01T + 105 (1)]* +/0 103 ()P + |93 (7) [P

< C3 (U031 + No(0)®) (£ € [0,T]). (2:49)
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2. Global existence for the NSF equations for barotropic fluids

Proof. We prove the result in two steps.
Step 1: Let Uy = (*¢, 1) € H*t! x H® and

P € ﬁ ¢ ([0,7], H*27) (2.50)
=0

be a solution to (2.6)-(2.8). By Lemma A.1.2 there exists a ¢ > 0 such
that I — A(v), BY — Byj(¢), DI (v) € H**! provided Ny(T) < . We will
assume this throughout the proof. Then due to (2.50) and [33, Lemma 2.3]
L(¢)y € H®. Lemma A.1.2 yields hy € H°. Thus we can conclude by
Proposition 2.2.4 that

o201 + 105617 + [ 1020017 + 02l dr
< C (12 C)IE + oz (w)?)
| [ @EwE)e) + har). 080 2 dr

t
+C /0 (07 (L)Y (7) + ha(7)), (7)) 2 dT|  (2.51)
for all @ € N}, |a| = s. First obviously
(0 ha, O be) 2] + (05 ha, 0) 2] < Cllha|ls U]l (2.52)

and integrating by parts gives

(02 (L)), 05¢) 12| < ClIL() Y[l s—1llell s+
< O = AW lsl1¢ells—1llll s+

3
+C Y 1B = BIW) s ls-1ll¥lls+1 (2.53)

4,j=1

3
+ O DI (@) 5180 | s—1 18] 51

j=1

Next write

9 (L(¥)Y) = L(¥)95 ¢ + 105, (I — A(Y)) e
= (02, (BY = BY({)[¥oz,a, — 105, D! ()] thea,
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2.3. Global existence and asymptotic decay

Since I — A(t)), BY — BY(¢), DI(y)) € H®, [33, Lemma 2.5(i)] yields

1102, (1 = AWl < COAW o[-
19z, (BY = BY()[¥mia; | < CllOwBY (¥)lls—1llthrz; lls—1 (2.54)
H[agaDj]wtxjH é CHamDJ (w)”sqﬂlﬁtzjﬂsq-

Furthermore integration by parts and the symmetry of A, BY and D7 give

[ @@z, 060 2 ar

t
<0 [ oAl 108 0. o)

3 3
T (Z 10:BY || oo + 1102 BY ||z + D Haa:DJHLoo> 105 (02, v) |*dr

ij=1 j=1

3
+C (HI— Allps + Y 1BV - B”IILoo) 102 (0et), o) P+
ij=1

Cllo2 (0., 'p)II?,  (2.55)
In conclusion, (2.51) and the estimates (2.52), (2.53), (2.54), (2.55) lead to

t
|20+ 05 + | lo20mu(mI + o2l Pdr
t
< U 1+ C [ Il I+ B (@)U 241,

t
+C [ = A a1 [V
+ CRA) U241, (250

where

3
Ri(¢) = 10:AW) s + 11 = Al + D 110:BY (@) |ls + | BY = BY ()]s

i,j=1
3
+ > 1D ()5
j=1

and

3
Ro(¥) = |lI = A@)lls + >_ 1BV = BY ()]s

ij=1
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2. Global existence for the NSF equations for barotropic fluids

Step 2: Now let ¢ be a solution to (2.6)-(2.8) satisfying (2.43). For
6 > 0 set ¥° = ¢5 1. Applying ¢+ to (2.48) yields

U — B, 4 a] + 095 = L($)° + RO (¢) + h,

where hf = ¢; * hy and

R () = [¢5%, (I = A()[Yu — [¢5%, BY = BY(4)twia,

— (96, D7 (¢)]tbra,.
Due to [33, Lemma 2.5 (ii)] R%(v)) € H®. Hence L(¢))y° + R°(1) +h$ € H?.
Thus proceeding as in step 1 yields
t
19540 ()13 + 05wy (D)1 + /0 105024 (T)[I* + 10547 (7)|[Pdr

< C|US |24+,
C t RS ||l U° R U°||? I—-A 0 Uo d
+ A 1A [IsIU° s+1,s+ R (D) |U°[541,5 ] WO)sllvtells—1 1 U° | s41,sd7

t
+C [ @)U e adr + CRAD U O],

It is easy to see that U° — U and h§ — hg in L™ ([0,T], H**! x H®)
and in L%([0,T], H®), respectively, as § — 0. Furthermore R%(z)) — 0 in
L%([0,T], H®) as § — 0 due to [33, Lemma 2.5(ii)]. Hence we get (2.56) for
1 satisfying (2.43).

Furthermore by Lemma A.1.1

lhalls < ClU 34,6
and by Lemma A.1.2

Ri(¥) + Ra(¢) < Cl|U 541,
for Ng(T') sufficiently small. Finally, since v satisfies (2.6),

[etlls—1 < CUR2PNs—1 + [0ctbells—1 + 1 (@, %6, 0etp) 5-1) < CU 541,

holds for Ng(T') sufficiently small. Therefore we can deduce from (2.56)
that

t
1023 ()11 + 105 ()] +/0 10202 (7)1 + 102w (7)|2dr

t
< CUl3 11, + CNU O 1341,6 + C/O [LofCollrmpeeze

The assertion is an immediate consequence of this inequality. O
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2.3. Global existence and asymptotic decay

2.3.4 Proposition. In the situation of Proposition 2.3.1 there exist con-
stants az(< min{ag,a1}), Cy = Cy(as,d1) > 0 (9 being the constant in
Proposition 2.3.1) such that the the following holds: If Ny(T)? < a3 and
[Uol|24_11 < 01 for a solution ¢ of (2.6)-(2.8) satisfying (2.43), then

Ny(t)? < CullUollZ1,61 (¢ € [0,7)). (2.57)
Proof. This follows directly by adding (2.47) and (2.49). O
Finally we turn to the proof of Theorem 2.1.1.
Proof of Theorem 2.1.1. Let T1 > 0,d2 > 0 such that for all
Up = (v, ') € H*! x H?,

where ||Up||2,,, < d2, there exists a solution U = (t,¢;) of the Cauchy
problem (2.6)-(2.8) with

b€ ﬂ 7 ([0, 1], HH7)
j=0

This is possible due to [24, Theorem III]. Furthermore let a3, d; and Cy4 be
the constants in Proposition 2.3.4. Choose 0 < € < a3/(2(1 4+ 71)). Due
to [24, ibd.] there exists d3 > 0, (d3 < d2) such that for all Uy = (¢, 1) €
H5t! x H®, where ||Upl|2,; , < 03, the solution U of (2.6)-(2.8) satisfies

sup (U (1)]341,5 < e
tel0,Th]

Now set
50 = min{51, 53, 53/04, a3/(204)}

and choose any Uy € (H5T' x H®) N (L' x L) for which [[Upl|2,; ,, < 0.
Since dy < d3, we have

Ny(T1)? < e+ Tie < %

Hence by Proposition 2.3.4 and ||Upl|2,; ,; < 01
Ny(T1)? < Cal|Up|1 341,51 < Cado < 6. (2.58)

Furthermore due to Proposition 2.3.1, (2.10) holds for all ¢ € [0,71]. In
particular (2.58) yields
IU(T0) 1351, < 3. (2.59)
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2. Global existence for the NSF equations for barotropic fluids

Thus we can solve (2.6) on [T, 27}] with initial values (¢(T1), ¢ (71)) and
get

Ny(T1,2T1)* < e + Tie < %.

Now extend the solution (¢,1;) continuously on [0,27}]. We can conclude
as a
N(2T1)* < No(T1)? + No(T1, 2T1)? < 53 + 53 = as.

Since we have already assumed HU0||§78_171 < &g, Proposition 2.3.4 yields
Ng(2T1) < C4do (2.60)

and (2.10) holds for all ¢ € [0,27}]. Due to (2.60) we can repeat the former
argument to obtain a solution on [0,37}] and further repetition proves the
assertion. O

2.4. Cases of two space dimensions and/or
non-integrable initial data

In this section we again examine (2.2), (2.3), respectively. This time we take
a slightly different approach, which allows us to also prove global existence
and asymptotic in two space dimensions. We cannot use exactly the same
methods as in the previous section, since an integral part of the proofs in
Section 2.3 was that the decay rate for the linearization ¢ — (1 + t)_% is
square integrable. In two space dimensions Lemma 2.2.2 still holds, but
would only lead to a decay rate ¢ — (1 +¢)”2 in estimate (2.22). However,
it turns out that based on Proposition 2.2.4 we are able to prove global
existence and asymptotic decay even in two space dimensions. Furthermore
this method allows us to drop the requirement that the initial data be
integrable. On the other hand we only get decay of solutions in B~ (so+1)
(so = [n/2] + 1) without an explicit rate. We have the following setting:
Consider - on a time interval [0,77] -

o o 0 o
_paByé Ty apy¥ry Y apys Yy
B 0xPOx® +4 ozxB  OxP (B ) oxd 0,
a=0,1,...,n. (2.61)
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2.4. Cases of two space dimensions and/or non-integrable initial data

Now, Greek indices run from 0 to n, where n € {2,3}. We still write the
Cauchy problem associated with (2.61) as

Ay — B4y g, 4+ DIthyg, + f =0, (2.62)
¥(0) =%, (2.63)
P (0) = "ap, (2.64)

where A, BY, DJ are symmetric (n + 1) x (n + 1) matrices and Latin
indices run from 1 to n. More precisely, as in Section 2.3 we fix a constant
temperature 6 > 0 and modify (2.62), such that the rest state (§71,0) €
R x R™ is shifted to 0 € R™ and

Yy — Biijig;j + apy + bijj =0on (0,77, (2.65)

is the linearization of (2.62). Again, write U = (¢, ;) and Uy = (%9, 14)
for a solution to (2.62)-(2.64) and the initial values, respectively. Let
s>s0+1 (so=[n/2]+1), T>0,Uye€ H! x H*, and 9 satisfy (2.43).
At this point define, for 0 <t <t; < T,

ty
Nyttt = sup U2, + [ 190002+ [val2ar,

TEL, 1]

and assume that Ng(T) < ag for an ag > 0.

Before we start with the proof of the first proposition of this section,
note that Proposition 2.2.4 also holds for two space dimensions. Again it
is convenient to write (2.62) as

wtt - BZ]d}mzm] + a¢t + bij] = L(w)iﬁ + hQ(’le}’ d}ta 39#/’),
where
L(y) = (I — A())ue — (BY = BY())uia; — D7 ($)¢1a;

ho (¥, 11, 0p1b) = avy + Wby, — (1,40, Op)).

2.4.1 Proposition. There exist constants a1(< ag) and C; = Ci(a1) >0
such that the following holds: If N4(T)? < a1 for a solution 1 of (2.62)-
(2.64) satisfying (2.43), then

Ny(t)* < Ci||Uolf? o1 (t €10,T7)). (2.66)
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2. Global existence for the NSF equations for barotropic fluids

Proof. Let Uy = (°¢,'y) € H"' x H®. We only prove the result for

¥ satisfying (2.50). The actual assertion follows by using the Friedrichs

mollifier similary to the argumentation in the proof of Proposition 2.3.3.
Proposition 2.2.4 yields

JOEw IR + 10k + [ 105+ w0 + k)P
< C(IBECH) 2 + 195
| [ (Awme) + ha(r), dbw(n) , dr

+C ’/Ot (OE(L@()W(T) + ha(r)), Op(r))  dr| (2.67)

for t € [0,T] and integers 0 < k < s. For the rest of the proof we assume
N;(T) to be sufficiently small. Our first goal is to estimate the term

(O naw,vn, 000, 050) | + |(95hatw, v, 006, 00)
To this end note that

(2, %, 0e0)| < C (J01(10a00] + [el) + 100 + [el?)  (2.68)
and (by [33, Lemma 2.3], [33, Lemma 2.4])

oW, w0, 00)ls < C (11510t lls + leells) + 10atol2 + lnll2) - (2.69)
Due to [33, Corollary 2.2] (with p =4,s =1) (2.68) yields

(ha (1, P, Bxth), ) 12 < 0/ 112 (|the] + 10220]) + [¥] (1] + [022]?)da

< Cl9117a(leell + 110:01) + Cllwll (lvell* + 110:4]1%)
< Clwlh (el + 10911%).

Integration by parts and (2.69) give

(O5ha (v, 0009), 050) | < Ilhallo—10ut ]
< Clplls—1 (10212 + ellZ-1) + Clwelli-y + 10:9]13)-

for 1 < k < s. Obviously,

(0 hs (0, 90, 0209), 0800) , < 1o () sl1well
< Clllls(bell2 + 19:26112) + O3 + 10113)
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2.4. Cases of two space dimensions and/or non-integrable initial data

for 0 < k£ < s. In conclusion

|(Oha(, e, 0000), 080 ) | + | (Ohha (s vr, e, 950
< Clllslel2 + 10:012) + Clell? + 9:412) - (2.70)

for 0 < k < s. Next we prove an estimate for

[ (@i, obv) , dr
/Ot (8§(L(¢(T)w(7)), P (T))L2 dr

+

Obviously,
IL()Y| < Clb|(|9hue] + |02 + [0atbe]).-
Therefore

(L)), 0) g2 < I leell + leella + 1020])
< @l + 1091 + lleelT) (271

and
(L)Y), ) 2 < CllN BT + [0l + lebeel?), (2.72)

where again [33, Corollary 2.2] was used to derive inequality (2.71). Now,
let 1 < k < s. Integration by parts gives

|(O5(L)), 0kw) | < L@l llow s
< O — AW) st [l s—1 19,

+C Y |BY = BYW)||s-1 107 ]l5-11|024 s

1,j=1

+C Z HDj(w)||sfl||wtz||sfl||az¢”s

=1

< CNlls—1 (100113 + 19ell3 + eell3—1)-
(2.73)

For the next step write

Ok (L(p)y) = L(¥)0k + [0F, L(v)]¥
= L(y) 0% + [0F, (I — A()) b — [0, (B — BY(Y))|Ypaya,
— (05, D7 (¢)] e, -
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2. Global existence for the NSF equations for barotropic fluids

As A— A,BY — BY DI € H*, [33, Lemma 2.4] and [33, Lemma 2.5(i)]
yield

185, L)l < Clolls(ulls—1 + 1050 lls—1 + 10atpells—1)- (2.74)

Finally, due to the symmetry of A, B¥, D7, integration by parts gives (as
in the proof of Proposition 2.3.3)

/ (Lo, o) dr

0
t
<C [ 10419500 v0)

3 3
+ (Z 10:BY || Lo + (10 B || + D ||<9a:DjHLoo) 105 (Da0, ) | *dr

ij=1 j=1
+C 1= Al + Y [IBY = BY|| e | 105(0uth, v0)|>
ij=1

+ C||0F (0%, ') |12

t
< CUol341,5 + C/O 16213 + 01 3dr + Clllls (1213 + [10:40112)
(2.75)

Hence, (2.71), (2.72), (2.73), (2.74) and (2.75) lead to

’/Ot (8§(L(¢(T)1/J(T)),a’ggwt(T))LQ dr
+ ’/Ot (8§(L(¢(7))w(7)),8’;¢t(7))L2 dr

t
< C|Us|l 11,4+ C /O (lllsrr + ells) (10at 12 + lell? + lepuel21 ) dr
+ Ol (lleell? + 1ozw2). - (2.76)

As 1 satisfies (3.3),

[Yeells—1 < C[¢ells + 10290]]5)-
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2.4. Cases of two space dimensions and/or non-integrable initial data

Therefore, inserting estimates (2.70) and (2.76) in (2.67) finally yields
No(T)? < O Vo1,
¢ 2 2 2
C sup (llssr + el | (10012 + Il + a2 dr
t€[0,T 0

+C (el + 0112)
< O||Up 21,4 + CNL(T)?.

The assertion is an immediate consequence of this estimate. ]

Now, we are able to prove the main result of this section.

2.4.2 Theorem. Let s > sog+ 1. Then there exist 6y > 0, Cy = Cp(dg) > 0
such that for all initial data Uy € H¥™' x H*® satisfying |Uo|2,1, < do
there exists a unique solution

v e (¢ ([0,00], HH) (2.77)
§=0
of (2.62)-(2.64) satisfying the estimate

w%@wm@ﬁwm@@+ﬁ 1912 + e (e) | 2de

t€[0,00
< CollUollz41,50 (2.78)

and
[P |s—(so+1) T [Pt(O)s—(s9+1) = 0 as t — oo. (2.79)

Proof. To prove the existence of a global solution satisfying (2.77) and
(2.78) for sufficiently small initial data we take a local solution provided by
[24, Theorem III] and use Proposition 2.4.1 to extend it for all ¢ € [0, c0).
This can be done analogously as in the proof of Theorem 2.1.1. So we omit
the details. We just show decay law (2.79). To this end set

M) = 109121 + 1¢ell2-s
Then (2.78) and the fact that
[Ptells—1 + [[Yalls—1 < Cll4ells + 10290]15)

yield
| @1+ ol < Ui,
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2. Global existence for the NSF equations for barotropic fluids

Therefore M(t) — 0 as t — oo. Furthermore it follows from [33, Corol-
lary 2.2] (with p = co and a = n/(2sg)) that

W|5—(30+1) < CHaﬂ/JH?_lWH;:&)H),

" —a (2.80)
|¢t|s,(50+1) < CHwthsflulpﬂ i—(so—&—l)'

Due to (2.78), [[9[[s—(so+1) and [|¥t[ls—(so41) are bounded. Thus the asser-
tion is a consequence of (2.80) and the decay of M (t). O
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3. Global existence and asymptotic
decay of solutions to the
relativistic Navier-Stokes-Fourier
equations for viscous
heat-conductive fluids with
diffusion

3.1. Preliminaries

Consider a fluid satisfying (1.14), (1.15) with dissipation quantified by the
coefficients x > 0, n > 0, ( > 0, and p > 0 of heat conduction, modified
bulk viscosity, shear viscosity and diffusion. The dynamics of such a fluid

is governed by (1.24). In the corresponding Godunov variables (1.6), (1.24)

reads
9 (_ pades 0% | OX°

927 020 T o

>_0,a_0,...,4, (3.1)

where X# and B9 are defined by (1.16) and (1.25), (1.26), (1.27). Car-
rying out the differentiation with respect to z° yields

0%1) oY, 0 oY
__ npafgd g afB g aBgd g __
B9 () ol + A2 — o5 (B9 () =0 (32)

where A% is given by (1.18), (1.19), (1.20). As stated in Chapter 1
(Proposition 1.3.2), (3.2) is HKM hyperbolic with u® being a direction of
hyperbolicity. Thus for states ¥ with u sufficiently close to (1,0, 0,0), using

81/}9 _Baﬁgé(y}) a%

Baﬂgé _
(%) 0P oxd 0xBoxd’

we can write (3.2) as

AW) by — BY () Vg0, + DV ()i, + f(1h, 001, 021p) = 0, (3.3)
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3. Global existence for the NSF equations for general fluids

where

A= (=B ocqg<s, Bij = (B )o<ag<u,

Dj = (=2B")g<ag<4

are symmetric 5 x 5 matrices, A (1) is positive definite, & B (1)¢; is positive
definite for arbitrary ¢ € R?\ {0}, and

o 0 O
a _ paBgY¥g Y afBgé Oty B

Throughout the chapter we will consider the Cauchy problem associated
with (3.3):

Ay — BV 0. + DItpyy, + f =0 on (0,T] x R?, (3.4)
$(0) =% on R,
14(0) = 4 on R3,

As we did for barotropic fluids in chapter 2, we first study the linearization
at a homogeneous rest state (Section 3.2) and then the nonlinear equations
as perturbations of the linear ones (Section 3.3). However, we did not find
a way to use "Kawashima-type" energy methods to obtain a decay estimate
for the linearized equations. Instead we apply results of perturbation theory
of finite dimensional linear operators to the linear equations in Fourier
space, which are proven in Section A.2.

3.2. Decay estimates for the linearized system

In this section we consider the linearization of (3.3) about an arbitrary fixed
homogeneous reference state in the fluid’s rest frame ) = a®/0, ¥* = /0,
@ = (1,0,0,0)" and 6 > 0, 0, § the constant temperature, chemical potential
and specific entropy at the reference state. The resulting equations read

A(l)wtt - BE{)¢$21J + a(l)wt —+ b‘gl)qﬁz] = 07 (37)
where B
x¢> 0 0
Any=1 0 o0l3 0],
0 0 pu
(x0T 0 0
Biy=| 0 008+ 30(m+ (@ +ed@e) 0 |,
0 0 o
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3.2. Decay estimates for the linearized system

éQXQ + §3X99 0 éXwg — Xw
any = 0 GQXQI 0 ,
9X¢g — X¢ 0 Q_IXWZ}
= 0°Xp( @ el +ef x ) + Xy(® @ed +ed @6D).

j
b

Note that y,o,7,(, u and the derivatives of X; are all evaluated at the
reference state. Next multiply (3.7) by (A(;))”2 and write it in variables

(A(l))%q/) to obtain
Yu — BY + apy + bjd}xj =0, (3.8)

where - _ )
BY = (Aqn)) 2B, (An)) "2,
_1 -1 ; 1. 1
a=(Am) ZamA,, V= (Aa) 20 (Aq)) 2.
Our goal is to prove decay and energy estimates for the Cauchy problem
associated with (3.7),

¢tt - Biijixj + a¢t + bij] = 0, (39)
»(0) =", (3.10)
hi(0) =1, (3.11)

which will be considered on a fixed time interval [0,7]. Again, we start by
considering the Cauchy problem (3.9)-(3.11) in Fourier space:

bu + 1€ BE) + arhy — i€[b(§)d = 0, (3.12)
$(0) = "(9), (3.13)
Bi(0) = "(€), (3.14)
where £ = ¢/|¢] and for w € S?
yl 0 0
Bw) =wiB%w;= | 0 o7 (nls+ (C+ dn) wew) 0,
0 0 1
0 (Xaé)_%)zgwt 0
b(w) = Vw; = (Xaé)_%f(gw 0 (,uaé)_%)z'ww
0 (,uaé)_%)zwwt 0

We start with a useful remark about the algebraic structure of the
coefficient matrices.
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3. Global existence for the NSF equations for general fluids

3.2.1 Remark. For each ¢ € R3, consider the orthogonal decomposition
C° = (CxECxC) & ({0} x {&}" x {0}) == J1(§) & 2(8).

Setting 1) = w + v with w € Jy(€) and v € J5(€), (3.12) decomposes into
the two uncoupled systems

wyt 4 €2 w + aw; — i|€|bw = 0, (3.15)
v +no HeEPv + 070X = 0, (3.16)
where
X1 (Xg + 6X00) 0 (w2 (Xyg—071Xy)
a= 0 o 10X, 0 )
1 A A~ A
(xp) 2(Xyo — 071 Xy) 0 (10) ™ Xyy
0 (xo0) "2 X, 0
- _ 1 A — 1 A
b=1(xot) 2 Xy 0 ()72 Xy
0 (nof)~2Xy 0

In particular, it follows from Remark 1.2.4 that @ + b > 0. Furthermore,
we have seen in the proof of Lemma 2.2.2 that there exist C,¢ > 0 such
that for each ¢ € R? a solution (v(t),v(t)) of (3.16) satisfies

(L+ )0t ) + Jvet, O
< Cexp(—ep())((1+ [€]%)[0(0,€)]* + |v:(0,) %) (3.17)
for all t € [0,7],¢& € R3.

Next, we show that solutions (w(t), w(t)) to (3.15) also satisfy a pointwise
decay estimate of the form (3.17).

3.2.2 Lemma. There exist ¢,C > 0, such that for each & € R a solution
(w(t, &), we(t,§)) to (3.15) satisfies

(1+ [P w(t, ) + fwi(t,€) 2
< Cexp(—cp(§)t) ((1+ 6P |w(0, &) + we(0,0))  (3.18)

for each t € [0,T], £ € R3.
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3.2. Decay estimates for the linearized system

Proof. Let W = (w, w;), then we can write (3.15) as

Wy = M([E)W, ¢ €R?, (3.19)
where
_ 0 I3
M(k) = (—/izfg ik —d) k€ C. (3.20)

By Proposition A.2.2 there exist rg > 0, ¢y > 0 and a family of holomorphic
and invertible 6 x 6 matrices

{S(k) : |s| < 7o},
such that M, (k) = (S(k))"'M(k)S(k) satisfies
(My(K) + My (k) Z, Z) < —cor?| Z)?, (3.21)
for Z € C%, and € [0,7g). Now, set W (&) = ST1(|¢))W(£). W satisfies
W, = M([E)W.

Taking the scalar product of this equation with W, considering the real
part and using (3.21) gives

d - B B _
alw(ﬁ)\Q = (M ([€]) + M (IED) IV (€), W (€)) < —colé* W ()]
for [£| € [0,79]. Applying Gronwall’s Lemma yields
W (t,6)1* < exp(—col¢ )W (0,6, (¢, 1€]) € [0,T] x [0, 70].

Since S(|¢]) is continuous on [0, 7], there exists a C' > 0 (independent of
€) such that

(W () < Cexp(—col¢ PHIW (0., (t,1€]) € [0,T] x [0,70).  (3.22)

Due to
p(&) < [€1* <15, [€] € [0,70),

(3.22) yields

(1+ I w(t, ) + (£, €)
< Cexp(—cop(&)t) (1 + [)]w(0, )2 + |wi(0,€)[2).
(t,1€]) € [0,T] x [0,70]. (3.23)
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3. Global existence for the NSF equations for general fluids

Next set V' = (|{|w, w;) and write (3.15) as

Vi = N([EDV;
. 0 /{Ig
Nr) = (—mfgﬂ'i) —&)’ et

Due to Corollary A.2.6 there exist roo, oo > 0 and a family of bounded
and invertible 6 x 6 matrices

{L(k) : [k = Too},

where x — (L(k)~!) is also bounded, such that N,(k) = L(k)"'N(x)L(k)
satisfies
((N<(%) + (Nx(8))")Z, Z) < —coo| 2|,

for all Z € C%, k € [roo, 00). It follows with the same arguments as in the
first part of the proof that there exists a C' > 0 such that

V(£ < Cexp(—cot)|V(0,), (¢, 1€]) € [0,T] % [ro,00).  (3.24)
Using p(§) < 1, this gives
(L+ &) [w(t, &)1 + |wi(t, )

< Cexp(—coep(€)1) (14 [€2)[w(0, €)1 + wi(0,€)2)
(t.I€1) € [0,7] x [roc, 00). ~ (3.25)

Lastly, let & € R? with 79 < |&| < 7eo. Due to Lemma A.2.8 each
eigenvalue of M (|&y|) has negative real part. Therefore there exists an
invertible matrix Qg, € C5%% and a ¢ > 0 such that M. (k) = Qg}lM(Ii)ng
satisfies

(M.(|6o]) + (M (|&]))") 2, Z) < —c|Z|, Z € C°.

Since M is continuous there also exist 6(&p), c(§p) > 0 such that for all

¢ € Bs(&o)
(M(l€]) + (M ([€))*) 2, Z) < =l 2]?, Z € C°.
Hence by Gronwall’s Lemma there exists a C' > 0 such that

W (O < Ce W (0,€)%, t € [0,T], (3.26)
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3.2. Decay estimates for the linearized system

for £ € Bs(&). As K = {¢€ € R3|rg < €] < roo} is compact, there exist
¢,C > 0 (independent of &) such that (3.26) holds for all £ € K, and thus
(1+ €t OF + [wi(t O
< Cexp(—cp(©)t) ((1+ ) w(0,€) 2 + |w(0,))
(¢, [€]) € [0, T] x [ro, 7oc]-
This, together with (3.23) and (3.25), proves the assertion. O

3.2.3 Proposition. For some s € Ny let (", 1) € (H* 1 x H)N (L' x LY)
and (Y(t),(t)) € H** x H® be a solution of (3.9)-(3.11). Then there
exist ¢,C > 0 such that for all integers 0 < k < s and all t € [0,T]
3k
10560 s + 19500l < O+ 1715 (100152 + 1M1
+Ce (05w 1+ [95C)]) - (3.27)

Proof. Let ¢ be the Fourier transform of a solution t to (3.9)-(3.11). For
fixed & € R3 write 1) = w + v with w € J1(€), v € Jo(€) as in Remark 3.2.1.
Then by Remark 3.2.1
L+, )1 + fue(t, €)1
< Cexp(—ep(€)t) (1 +[€%)[v(0,€)]* + [0:(0, ) )
and by Lemma 3.2.2

(1+ &)t ) + [we(t, &)
< Cexp(—cp(&)t) (1 + [P w(0, ) + [we(0,€)[*) ,

where the constants are independent of £&. As C° = J;(£) @ Ja(€) is an
orthogonal decomposition, this yields

(LHIEP) D (E, )P+ 1dn(t, €)P < Cexp(=ep(€)t)(1+EA) D E) P+ (€)?)

for all (t,&) € [0,7] x R3. Based on this estimate the assertion is proved as
in [7, Proof of Theorem 3.1]. O

Next consider the inhomogeneous initial-value problem

wtt - Bijwa:ia:j + aﬂ/}t + bij] - h7 (328)
$(0) =, (3:29)
$1(0) = 1. (3.30)
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3. Global existence for the NSF equations for general fluids

for some h : [0,7] x R® — R5. The following result is an immediate
consequence of Proposition 3.2.3.

3.2.4 Proposition. Let s be a non-negative integer,
(O, 1) € (HTt x HS) N (LY x LY) and h € C([0,T], H* N LY). Then the
solution v of (3.28)-(3.30) satisfies
_3_k
o5 1 + 105l < C(L+ )75 2 (|l + ')
+Cem (105 "Dl + 195 ()l
t
+0 [@rt=n) i E )
0
+ Ce =9k h(r)||dT (3.31)
forallt €[0,T] and 0 <k < s.

Furthermore we can prove the following energy estimate.

3.2.5 Proposition. Let s be a non-negative integer. There exists a C > 0
such that for all (°, %) € H* x HS and h € C([0,T], H®) the solution
¥ of (3.28)-(3.30) satisfies

t
0501 + 19502 + [ 105 () |2 + 1 9kva(r) e
t
< ¢ (195CH)IE + 105 CD)IE) +C [ 10k Pdr
0

+C ’/Ot <8§h(7), ;aj;qp(f))m dr|+C ‘/Ot (95h(r), 05un(r)) , dr|,

(3.32)
for all t € [0,T] and integers 0 < k < s.
Proof. Consider (3.28) in Fourier space, i.e.,
it + [EPBEVD + athy — il€[b(E)d) = . (3:33)
For fixed ¢ € R3 write (3.33) as
wy + |€2w + aw; — i|€|bw = hy, (3.34)
vy + noHEPv + 0T 0 X v, = ho, (3.35)
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3.2. Decay estimates for the linearized system

where ¢ = w4 v, h = Iy —I—_ilz with w, hy € J1(€) and v, hy € J2(&) (see
Remark 3.2.1). Set d = 010X, and take the scalar product of (3.35) with
vy + (d/2)v. The real part reads

1d A d

1dro) | po _ < d > '

2 dt + R hQ,Ut+ 211 s (3 36)
where

2) o, M2,
B = |y +;|§| v +5|U\ + dR(vt, v),
and J J
@2 _ @ 2 9202

Since

d? 3
[dR (v, v)| < 3\1}’2 + 1|Ut|2,

E® is uniformly equivalent to E(()Q) = |u? + (1 + [¢*)|v]* and F? >
c(|ve]? 4 |€|?|v|?). Thus integrating (3.36) leads to

t
Cu (juf? + (1 +16DIE) +C [ ol + (¢ oldr

< Co (O + (0 + PN O)) + [ Rz, + o, (337

Next, take the scalar product of (3.34) with w; + (a/2)w. The real part
reads

1d ; 1
el 5] 1 = —a
5 th + F R{hy,we + 2aw>, (3.38)
where 1
EW = fuwy|? + €7 jw]” + 5 |aw]? + R(aw, ),
and

1 - 1 1 B
O — §<dwt;wt> + R(—i|€|bw, we) + §|§|2<&w,w> — §%<¢y§\bu}, aw).

Using Young’s inequality it is easy to see that E() is uniformly equivalent
to we)? + (14 |€)?)|w|?. Furthermore

1 1 =
P — §<DY, Y — 58‘%(2’]5’|bw,dw),

)

where

Il
N
S

QoW
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3. Global existence for the NSF equations for general fluids

and Y = (wy, —i|§|w). As

o(D)=o(a+b)Uo(a—b)

and @+ b > 0 (see Remark 3.2.1), D is positive definite. Hence, there exist
c1,c2 > 0 such that

2
2|w|2.

c1
FO > ey (Juwg? + |6 |wl?) = caléllwlfw] > 5wl + [¢[*w]?) - 2er

Thus integrating (3.38) leads to

t
Cu (jurl? + (L4 ) wf?) + Cu [ funl? + fehar

2 2 2 t 2 7 a
< G (Jur (O + (1 + [¢[2)w(0)] )+/0 Colwf? + R, we + ).
(3.39)

Adding (3.37) and (3.39) gives

A A t A A
Gl + (L €D+ [ [ + P Par
A A t A A A A
< O (19 + W+ gP)IR) + [ I + eeh o + G, (3.40)

Finally the assertion follows by multiplying (3.40) with £2* for o € Ng, 0 <
|a| < s, integrating with respect to &, and using Plancherel’s identity. [

3.3. Global existence and asymptotic decay

In this section we will prove that for initial values sufficiently close to a
homogeneous reference state there exists a global solution to (3.4)-(3.6)
which decays asymptotically to this state. The argumentation is similar to
the one in Section 2.3: Based on Proposition 3.2.4 we can show a decay
estimate for all but the highest order derivatives of a solution, Proposition
3.3.1. Then using Proposition 3.2.5 we prove an energy estimate for the
derivatives of highest order, Proposition 3.3.3. Finally, combining these
two, Proposition 3.3.4 leads to the main result, Theorem 3.3.5.

As in Section 3.2 fix § > 0, © and 5. Then multiply (3.4) by (A(l))*1/2
and change the variables to (A(l))l/ 24y such that the linearization at 1) =
(6=1,0,0,0,9/6) is given by (3.8). In addition, consider ) — ¢ instead of
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3.3. Global existence and asymptotic decay

1, 99 — 1) instead of %4, A(- + 1)) instead of A(-) and so on, such that the
rest state is shifted from ¢ to 0. In the following, when (3.3) or (3.4)-(3.6)
are mentioned, we actually mean these modified equations which we be
considered on a fixed time interval [0, T.

We use the same notation as in Section 2.3: U = (1, 4;) and Uy = (%1, 1))
stand for a solution to (3.4)-(3.6) and the initial values, respectively. We
always assume s > s+ 1 (so = [3/2] + 1), T > 0, Uy € H*T! x H* and

b e ﬂ ¢ ([0,7), H7). (3.41)

§=0
Again, for 0 <t <t; < T let

t1
Noftst)? = sup [U)IE e+ [ V)2

TE[t,t1]

and Ng(T') < ag for an ag > 0, which implies that (1, ¢, 9,1) takes values
in a closed ball B(0,7) C R% x R? x R'® for some 7 > 0.
We can write (the modified version of) (3.3) as

¢tt - BZ]d}xlx] + awt + b”bx; = h(¢) wta 8x¢7 aﬁ@b)a (34'2)

where

B, by, 00, 02, Dpthy) = (A(Y) T BY () = BY) thy,
- A(w)_le(w)¢txj
— AW) T (W, e, at)) + athy + by

Note that (3.42) is the same type of equation as in the case of a barotropic
fluid (Section 2.3, (2.44)). In the proof of the decay estimate for barotropic
fluids, Proposition 2.3.1, we only used that the linear operator on the
left-hand-side of (2.44) satisfies decay estimate (2.22) in Proposition 2.2.1
and h goes as

h = O(0|(102] + |0a0¢]) + |1he]* + |0220]?) for o — 0.

In (3.42) the linear operator on the left-hand-side satisfies decay estimate
(3.27) in Proposition 3.2.3 and h has the same asymptotic behavior for
1 — 0 as in (2.45). Thus, we get a decay estimate for (3.3) analogous to
Proposition 2.3.1 (and Corollary 3.3.2 as a direct consequence).
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3. Global existence for the NSF equations for general fluids

3.3.1 Proposition. There exist constants a1(< ag), 61 = 61(a1), C1 =
Ci(a1,61) > 0 such that the following holds: If |Up||2, 1, < 61 and
N(T)? < ay for a solution 1) of (3.4)-(3.6) satisfying (3.41), then

U@ 551 < CLL+6) 3| Uollssra (E€[0,T)).  (3.43)

3.3.2 Corollary. In the situation of Proposition 3.5.1 there exists a Cy =
Co(a1,61) > 0 such that the following holds: If |Up||?, 11 < 61 and

s,5—1,

N(T)? < ay for a solution 1 of (3.4)-(3.6) satisfying (3.41), then

Ny 1(T)* < Cy||Ug

2
s,s—1,1° (344)
Now it is convenient to write (3.4) as

Vit = B0, + athy + U, = LY + ha(4h, 900, 009),  (3.45)
where
L)y = (I = A())r — (BY = BY())a,a; — D? () 1a
h2(¢7 1/1t7 a:ﬂ/’) = a’wt + b]d}w] - f(¢7 wta 8x¢)
We get the following energy estimate.

3.3.3 Proposition. There exist constants az(< ag) and cs = cz(az), C3 =
Cs(az) > 0 such that the following holds: If Ns(T)? < ay for a solution 1)
of (3.4)-(3.6) satisfying (3.41), then for all integers (0 < k < s),

t
|85 w011} + Ok ()] + / |05 (7 |2 + 110k () |2
t
~c3 /0 |05 v (r)|Pdr < Cs (V|2 i1 + No(®)®) (£ € [0,T]). (3.46)

Proof. The proof is analogous to the one of Proposition 2.3.3. Hence we
will only outline it here. Let 0 < k < s. Due to Proposition 3.2.5 a solution

P € ﬂ i ([0, 7], H+?7) .
=0
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3.3. Global existence and asymptotic decay

of (3.45) satisfies

t
050 + 105002 + [ 195+ () |2 + 19k ()
t
< C (15 Cw) I3 + 195 (") u2)+c /0 |95 (r)|2dr
+c‘/ (ok(L 7) + ha(7)), a’;zpt(f))p dr
+c‘/ (k(x r) + ho(r)), O(7)) , dr

As in the proof of Proposition 2.3.3 it can be shown that (for Ns(7)
sufficiently small)

[ (@ eweywe) + o), aﬁwtm)mdf
‘/ (ok(z r) + ho(r)), O(r)) , dr

<CHU0H5+13+C/ 12 lls U ls+1,6 + B (@)U 1241 od7

+C /0 1T — A sl ellsot U 541,507
+ CR2(¢)HU( )Hs—i—l S9

where

Ra(0) = [19eAW) |« + 17 = AW + 9B ()]c
1B = BYW) | +1D7 ()]l

and
Ro(v) = [II = A)|s + |BY = B(%)[s-
Furthermore
holls < CU|244.q,
Ri(¢) + Ro(¥) < C|U||s41,s,
and

[betlls—1 < CURPNs—1 + [0tbells—1 + £ (0, e, 0xt0)ls-1) < CllU 541,65
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3. Global existence for the NSF equations for general fluids
hold for N4(T) sufficiently small. Therefore
t
1050 (@)I1F + 195 ()12 +/0 10202 (7)1 + |05 e ()| |*dr
2 bk 2
< ClUal241,5+C [ 0kw(r)|Par

t
+ IO 15+ C [ U2

Estimate (3.46) is an immediate consequence of this inequality. Lastly, for

S
pe N ([O,T],HS+1_j) .
j=0
the assertion follows by applying results on the Friedrichs mollifier as in
step 2 of the proof of Proposition 2.3.3. O

3.3.4 Proposition. In the situation of Proposition 3.3.1 there exist con-
stants a3(< minf{ag,a1}), C4 = Cy(as,d1) > 0 (81 being the constant in
Proposition 3.3.1) such that the the following holds: If N4(T)? < a3 and
1Uol|Z 411 < 01 for a solution ¢ of (3.4)-(3.6) satisfying (3.41), then

Ni(t)? < G} |02 1,1 (t € 10,T0). (3.47)
Proof. This follows directly by adding (3.44)+&(3.46) for e sufficiently
small. O

We can readily state the main Theorem. Based on Propositions 3.3.1
and 3.3.4 its proof goes as the one of Theorem 2.1.1.

3.3.5 Theorem. Let s > 3. Then there exist 69 > 0, Cyp = Cy(d) > 0
such that for all initial data (", %) € (H*T! x H®) N (L' x L) satisfying
1O, 1) |3 41,51 < o there exists a unique solution

b e ﬂ ¢ ([0,00), H*H17).

j=1
of the Cauchy problem (3.4)-(3.6). Furthermore 1) satisfies the estimates
t
RO ey A O R
< COH (0¢7 1¢) H§+1,57 (348)

(), e () s,-1 < Co(L+8)TC, ") o511 (3.49)
for all t € [0,00).
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4. Two extensions for barotropic
fluids

4.1. Application to relativistic electro-magneto-fluid
dynamics with dissipation

In this chapter we will show that the results of Sections 2.2 and 2.3 for
the NSF equations of viscous and heat-conductive barotropic fluids extend
to the equations of relativistic electro-magneto-fluid dynamics, at least
in the quasi-neutral approximation. In addition to the 4-velocity u® and
thermodynamic state variables, the relativistic dynamics of charged fluids
is described by the electromagnetic field tensor F*? which in some Lorentz
frame is given by
0 Ey FEy, Ej

-F 0 Bs —By

—-FEy —Bs 0 By |’

—-F3 By By 0

with E' = (FE1, Eq, E3) and B = (B, By, Bs) the electric and magnetic field.
For barotropic fluids the equations [56] are generally given as

0

57 (77 + AT*?) = F*1,, (4.1)
oFes
OFBY  gFv*  gFeB
= 4.
0z, dxg + Oxy 0, (4.3)
oJ¢

with energy-momentum tensor 7%%, dissipation tensor AT*? (cf. Proposi-
tions 1.2.1 and 1.3.1) and 4-current

J* = qu® + O'UgFa’B,

q being the charge and o > 0 the electrical conductivity [26].
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4. Two extensions for barotropic fluids

As stated above we will only consider the quasi-neutral case ¢ = 0. In
this case (4.1)-(4.3) constitute a self-consistent system of partial differential
equations, which allows us to drop (4.4). Note that quasineutrality [26]
is an approximation of limited validity, as (4.4) will not general hold for
solutions of (4.1)-(4.3) [25, 34].

Now, (4.1)-(4.3) can equivalently be written as the second-order sys-
tem [14]

0 af af a By 1 o) —
0°F, 0 0
q"? 8x780f‘5 = 525 (outFg,) + 928 (ou” Fyy).

Using Godunov variables ¥® = u®/6 to describe the behavior of the fluid,
we can rewrite these equations as

Athyy — Bij?/)ziz]- + Dj¢txj +f+0 =0, (4.5)
Ey —AE+ g2 =0,
Btt—AB—Fgg:O,

where A, B D% and f are given by (2.4) and (2.5), and

0 1
a 5
g(ll_ OxP (RYF v Eyény)v

g2 = gt (¢(u"E+ux B)) +V(ou-B),
g3 =~V x (U(u0E+ u x B)) ,
or as
AUy — BY(U)Up,a; + DY (U)Usa, + §(U, Uy, 0,U) = 0, (4.8)
where U = (¢, E, B),

_(A[) O i _ (B(¥) 0 . _ (D'(¥) ©
A(U)_< 0 16>’ Bj_( 0 16517')’ DJ_( 0 0)’

and f = (f + g1, 92, 93)". It is obvious that as the differential operator
Ay — B4y 0, + DIty

is HKM hyperbolic sufficiently close to a homogeneous reference state of
the fluid, so is the operator
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4.1. Relativistic electro-magneto-fluid dynamics with dissipation

Hence (4.8) is locally well-posed due to [24]. We consider the Cauchy
problem associated to (4.8)

AUy — BUy,5, + DUy, +§=0, (4.9)
(U(0),U:(0)) = (°U, V) (4.10)

on a time interval [0,7]. As stated above the goal of this section is to
show global existence and asymptotic decay for (4.9)-(4.10) close to a
homogeneous reference state U = (1,0,0) , where ¢ = (§~1,0,0,0) for
6 > 0 fixed.

To this end, we first need to rewrite gs. By the product rule

g3 = —ou’(V x E) + E x (V(ou®)) — V x (ou x B).

Furthermore (4.3) yields
VXE= _Bt

and thus
g3 = ou’B; + E x V(ou") — V x (ou x B). (4.11)

Next, fix # > 0 and consider the linearization of (4.8) at U = (¢,0,0,0).
Using (4.11) we get:

Ayee = B Wase; + aqytbe + by te, =0, (4.12)
Vit — AV + oV, =0, (4.13)

where V = (E, B), A(l),BE{), and a(l),bfl) are given by (2.12),(2.13) and

(2.14). Clearly (4.12) and (4.13) constitute two self-consistent systems for

1 and (FE, B) respectively and can therefore be treated independently.
(4.12) is the linearization of the NSF-equations for barotropic fluids - i.e.

equation (2.11). Hence it can equivalently be written as
Vit — Bty 0, + athy + b1py, = 0, (4.14)

where BY and a, b are given by (2.17) and (2.18). Furthermore each solution
(1,7) to the Cauchy problem associated to (4.14) satisfies Proposition
2.2.1. It is easy to see - in fact we showed this in the proof of Lemma 2.2.2
- that also solutions (V,V;) to the Cauchy problem associated to (4.13)
satisfy a decay estimate as in Proposition 2.2.1. Thus we can formulate
an analogous decay estimate for the Cauchy problem associated to the full
system (4.12)-(4.13), which we rewrite as

Uy — B9Uy,e, + aU, + 67U, =0, (4.15)
(U(O)v Ut(o)) = (OU’ IU)a (416)
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4. Two extensions for barotropic fluids

where U = (¢, E, B),

. BY 0
Y= .
B = ( 0 1'651]) ’

_fa O i (V0
“‘(o 016>’ b _<0 0)'
4.1.1 Proposition. For some s € Ny let (°U,*U) € (H*T' x H*)N(L'x L')

and (U(t),Us(t)) € Ht! x H* be a solution of (4.15)-(4.16). Then there
exist ¢,C' > 0 such that for all integers 0 < k < s and all t € [0,T]

and

k
2

_3_
105U @)1 + 195U ()] < C(1+ 7572 (Ul + 'Vl )
+Ce (|05 CO) |+ o5 CO)]) - (4.17)

In the same way we can argue that solutions to the inhomogeneous
Cauchy problem

Uy — B9Uy,0, + aUy + b/ U,, = b, (4.18)
(U(0),Ux(0)) = (U, 'D), (4.19)

(for some h : [0,7] x R? — R10) satisfy energy estimates analogous to
(2.40), (2.41).

4.1.2 Proposition. Let s be a non-negative integer, (°U,1U) € (H*+! x
H9) N (L' x LYY and h € C([0,T),H* N LY). Then the solution U of
(4.18)-(4.19) satisfies

k
2

_3_
105U Ol + 0500 < COL+ 17272 (Ul 1 + 1Tl 1)
+Ce ([0 U)l1 + 195U
3

o [ari-n el
+ Cexp(—c(t — 7))||0%h(7)||dr  (4.20)

for allt € [0,T] and 0 < k < s.
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4.1. Relativistic electro-magneto-fluid dynamics with dissipation

4.1.3 Proposition. Let s be a non-negative integer, (U, 'U) € HT! x H®
and h € C([0,T], H®). Then the solution U of (4.18)-(4.19) satisfies

t
15U @)IIF + 05U (2)]|” +/0 1O U () |1? + (|05 U (7) |2 dr
< C(|05CU)IF + 10k U)?)
t
k k
+C‘/0 (axh(T),aIUt(T))L2 dr

/O (9kn(r), okU(r)) , dr

C

for all t € [0,T] and integers 0 < k < s.

These properties of the linearization together with the fact that (4.8) is
HKM hyperbolic are sufficient to show global existence and asymptotic
decay of solutions close to a homogeneous resference state. This can be
seen as follows: In Section 2.3 the proof of Proposition 2.3.1 for barotropic
fluids did not make use of the particular form of the coefficent matrices
A, B;j, Dj or the lower order terms f in (2.3). We just wrote (the modified
version of) (2.3) as

wtt - Bl]wle‘j + C“/’t + bijj = h(wa ¢t7 8321/}7 83231/]7 890%),
and applied Proposition 2.2.3. In the same way we write (the modified
version of) (4.8) as

3
Uy — B Uz, + aUp + Y6 U,, = §(U, Uy, 0,U, 07U, 0,Uy),  (4.21)
J=1

where

b(U, Ut 8,0, 82U, 0,U) = ((A(U) ' BI(U) = BY) Uy,
— (AU) D (U)hra,
— (AU) (U, Uy, 0,U) + aly + 67 U,

Then applying Proposition 4.1.2 shows that Proposition 2.3.1 also holds
for solutions U of (4.9)-(4.10) and the same is true for Corollary 2.3.2.
In similar fashion, Proposition 4.1.3 yields that solutions to (4.9)-(4.10)
satisfy Proposition 2.3.3. As shown in the proof of Theorem 2.1.1 these
Propositions suffice to expand local solutions of (4.9)-(4.10) - that exist due
to HKM hyperbolicitiy - globally and prove that they decay asymptotically
in time. In conclusion we get the following result.
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4. Two extensions for barotropic fluids

4.1.4 Theorem. Lets > 3, Y= (671,0,0,0,) with a constant temperature
6 >0 and

U= (¢4,0,0)' € R* x R x R3.

Then there exist 5o > 0, Cy = Cp(d9) > 0, such that for all initial data
(°U,'U) € (H*T! x H®) n (L' x L) satisfying ||(°U — U, U)||2,, 41 < do
there exists a unique solution U of the Cauchy problem (4.9)-(4.10) such
that

U-Ue (S] ¢ ([0,00), H*177) .
j=0

U satisfies the estimates

_ t _
I(UE) = U, Ue(6)][ 41,6 +/0 IU(T) = U, Ue(r) 341,447
< CollOU = U, 'U) 30,5 (422)

H(U(t> - 1;7 Ut(t))”s,s—l < 00(1 =+ t)ig ”(OU - U? 1U)HS,8—1,1 (423)

for all t € [0,00).

4.2. On the vanishing-heat-conduction limit

In this section, we return to barotropic fluids without electromagnetic fields.
It would be interesting to extend the theory of Section 2 to the "purely
viscous' case, i.e., fluids that have viscosity but no heat conduction, by
sending the coefficient x of heat conduction to zero. However, this limit
is quite singular. The purpose of this chapter is to provide a first step
in that direction by establishing results for the linearized equations at a
homogeneous reference state.

We consider the Cauchy problem associated to the linearization of the
NSF equations for barotropic fluids with heat conduction given by (2.15),
ie.,

X — AY0) + Y + V- gp =0 (4.24)
Tt — 10 — (C+ V(Y )+, + Vi =0, (1.25)
P(0) =%, 1y (0) = 1ep, (4.26)
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4.2. On the vanishing-heat-conduction limit

- we write x instead of x¥ and set ¢ = (1°,9) € R x R? for notational
purposes - and without heat conduction

24V p =0 (4.27)
T — 1A — (C+ 5TV )+, + Vi =0, (4.25)
YO =, w0 ="y (429)

The procedure in this chapter is the following: First we prove that
the decay estimate for solutions to (4.24)-(4.26) in Proposition 2.2.1 can
be obtained uniformly in y (for sufficiently small y), Proposition 4.2.1.
Then it is shown that solutions to (4.27)-(4.29) satisfy the same decay
estimate, Proposition 4.2.3. Finally we use these results to conclude that
(for compatible initial values) the solution of (4.24)-(4.26) converges, as
X 4 0, to the one of (4.27)-(4.29) in H* (for some k € Ny), Proposition
4.2.5.

a) Uniformity in x | 0

4.2.1 Proposition. Fix an integer s € N. There exist xo > 0 and
C1(x0),c1(x0) > 0 such that the following holds: Let (°1, 1)) € (H*T! x
H®) N (LY x LYY and for 0 < x < xo let (¢(t),9:(t)) € HTL x H? be the
solution of (4.24)-(4.26). Then for all integers 0 < k < s and all t € [0, c0)
k k —-3_Ek /10 1
loku (bl + |9k N < 11+ 8757 (%%l + "¢l

+ Cre (|05 (Cw) 11 + 195 w)]) - (4.30)

As in Section 2.2, we consider the Fourier transform of (4.24)-(4.26):

X + 1€ + e 2 —i& - =0 (4.31)
T+ TP + (CHSDED D+ by — il =0, (432)
D(0) =%, ,(0) = 4. (4.33)

We get the following pointwise decay estimate from which we can deduce
Proposition 4.2.1 by virtue of [7, Proof of Theorem 3.1].

4.2.2 Lemma. Fiz an integer s € N. There exist xo > 0 and C; = C1(x0),
c1 = c1(xo0) > 0 such that the following holds: Let (*,1) € H*1 x H®
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4. Two extensions for barotropic fluids

and for 0 < x < xo let (¥(t),¢:(t)) € HT x H® be the a solution of
(4.24)-(4.25). Then for all (t,£) € [0,00) x R3,

(1+ [EP)D(E O + [t O
< Cexp(—cp(&)t) (1 + [P D + ["D(©F) . (434)

Proof. W.lo.g. assume { = ([¢|,0,0) (otherwise rotate the coordinate
system). For simplicity of notation we set 0 = u, P! = v and (1/)2 1/}3) =w.
Since (4/3)n + ¢ = 7, (4.31)-(4.32) decomposes into the two uncoupled
Systems

X (ug + \§|2U) + C;2Ut —il¢lv =0, (4.35)
a(vg + ]5\21)) + vy — é\ﬁ\uo =0, (4.36)

and
Fwy + 7w + w; = 0. (4.37)

We have already shown in the proof of Lemma 2.2.2 that solutions to
(4.37) satisfy an estimate of the form (4.34). Hence it is sufficient to study
(4.35)-(4.36). The real part of

X e 2y (4.35) + o1 04(4.36)
is given by

1d/ _
5 35 (&2 (e + IEPlul) + [l + PP

et a2+ a7 w2 - R (z]f\ (c;zxflvﬂt + 671u17t)> =0. (4.38)
Taking the real part of
X Yil€|v(4.35) + & i|¢]u(4.36),
yields
d . = = - 2. -1, =~ =—1 =
2 (RIE] (et + o)) + RGIE) (e et + 5 )
+HIEPOT ol + o ul?) = 0. (4.39)

And the real part of
u(4.35) + v(4.36)
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4.2. On the vanishing-heat-conduction limit

reads

Ld( o 2 oo
Sq (Cs lul® + [v]* 4+ 2R (xusu + U’Utv))
= Xlue* = lve? + €2 (x|ul* + Fv]*) = 0. (4.40)

We add (4.38)+(4.39)+«(4.40) (for some o > 0 to be determined later)
and get

1d - -
L4 am . poy 4.41
sl T 0, (4.41)
where
BW = 72 (lue® + 1€ ul?) + o] + €2 |v]? + 2R (|| (ued + vetr))
+a (CQQ\UP + |v)? + 2R (xwen + 51@))
and
FO = (e —ax)lwl* + (67" — ad)|u?
— 2R (z\{] (cfx_lvﬂt + 6_1u17t>)
+ PO+ ao) ol + (€267 + an)ul’.

Now use p
SR(lElvn) + RGilglow) — RGgln) =0,
set d = (c;2+1)5/2, and write (4.41) as
1d
2 LM —p 4.42
sl T ; (4.42)
where

EM = BEM 4 20dR(i|¢|vn),
FO = FO 4 adR (il¢] (B — viiy))) -

Next, write F(!) as

FO = x 1A (uy, —i[€]v), (ug, —i|€]v))
+ (A% (v, —il€|u), (ve, —i[€]u)),

Y KSR (Cs_;l—OJXj) C§2+X6j7d ,
b1 ao Cy —I—X% 14+ axo

where
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4. Two extensions for barotropic fluids

and
A2 a1 bs - o l—as ot Oéd
- by  agg - 5'_1—%[1 5'_1+()éx
We have
1 | o o - &
det(A") = ax 396 (cz—1)—x) —ax" | xo+ vy
and

2
det(A?) = a (;(052 -1)+ X51> —a? <X6 + Ci) :

Therefore (recall that ¢s < 1) there exist xo > 0 and ag = ag(xp,0) > 0
and ¢ = ¢(xo, 2, o) such that for all 0 < x < x0, 0 < @ < «ap

det(AY) > cay, det(A?) > ca.
In particular A! and A? are positive definite. Furthermore, using
bi = (a11a12 — det(AY))2,
gives

(Al (ug, — i[€]v), (ug, —il€[v)) = anug]* = 201 R(E|€|av) + ara|€]?[v]?

> (1 - bl(a11a12)_§> (a11|we)® + ar2|€? o))

(1 — (1 — det(Al)(allalg)_l>2> ((111|Ut|2 + a12‘£|2‘v|2)

1 _ _

5 det(Ah) (' fu® + a6 o)
> ¢(ag, x0, @) ax(ful* + [€[[v]?),

In the same way we get

. . 1 _ _
(A (v, =€), (vr, —il€w)) = 5 det(A%) (azy el + agy' 1€ ul’)
> c(o, X0, ) [ve]* + €] [u]?)
for all x < xo,a < ag. Thus

FO > clag, x0,5)ap(€) (((1+€2) ([l + [ol?) + e + i) . (4.43)
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4.2. On the vanishing-heat-conduction limit

To finish the proof we establish estimates on E(1). It is obvious that there
exist xo, a9 > 0 and C; = C1(ap, x0,0) such that for all & < ap, x < X0

E® < Cy (14 6P (Jul? + o) + [ + [oe]?)
On the other hand, since ¢s < 1,
o5 2 (Juel® + (€2 [ul?) + [vel® + [€[[v]? + 2R (i€ (weD + ve))
> C (&P (jul + [v]?) + Juel® + fou?)
Furthermore there exist 3(xo,7), Cs(xo0,0) > 0 such that
ez 2 ul?® + v)? + 2R (xuets + Gued) + 2dR(ikva)
> 8 (Juf? + [o2) = Cs (uel? + lual® + [€[2(Juf? + [v]2)) -

Due to the last two estimates there exists Cy = Ca(x0,@p,0) > 0 and
C3 = C3(x0,0) > 0 such that

EW > Cy ([eP(jul + [0?) + [uel® + [r]?) + Csaful® + [o]?)

for x < xo0 and a < «ap. In conclusion, we have shown that there exist
¢,C1,Cy > 0 only depending on xg, c such that

GEY < BEW <iEY, FY > cp(e)EY,

for
ES = ((1+ € ([l + [0) + [l + [uif?) -

The assertion now follows from applying Gronwall’s Lemma to (4.42). [

b) Estimates for xy =0

The next two propositions contain a decay and an energy estimate for
solutions to (4.27)-(4.29). We will prove these two estimates simultane-
ously.

4.2.3 Proposition. Fiz an integer s € N. There exist Co,co > 0 such
that the following holds: Let (%,'4p) € (H**' x H®) N (L' x L') and
(Y(t), () € HFL x H® be the solution of (4.27)-(4.29). Then for all
integers 0 < k < s and all t € [0, 00)

10E (0] + 95wl < C(1+ 675 (|l + "¢l
+Crem et ()l + 5 Cw)ll) - (4.44)
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4. Two extensions for barotropic fluids

4.2.4 Proposition. Fiz an integer s € N. Let (°y,p) € (H*T! x H?)
and let ((t), ¥ (t)) € H*TL x H® be the solution of (4.27)-(4.29). Then
for all integers 0 < k < s and all t € [0, 00)

t
85w (011} + 9k ()] + / |05 (7 12 + 110k () |2
< C1 (105w + 15 p)1?) . (4.45)

Proof. Consider (4.27)-(4.29) in Fourier space, i.e.

;2 — i€ =0 (4.46)
T+ D + (C+ 5T)E DD+, — i€v® =0, (447
$(0) =4, 4,(0) = "eb, (4.48)

As in the proof of Lemma 4.2.2 assume £ = (|¢],0,0) w.l.o.g. and set
0 = u, P! = v and (¢?,43) = w. We arrive at the two uncoupled systems

cz 2uy —i€Jv = 0, (4.49)
5 (et + [€[%0) +ve — il€lu = 0, (4.50)
and
Fwy + 7/€[*w + w; = 0. (4.51)
Note that (4.51) leads to
1d
—ZE@ L @ 4.52
sl , (4.52)

where
CE® < (L4 [Pl + fwl® < GED, FO) > e (6Pl + ) -
(see Lemma 2.2.2). Hence Gronwall’s Lemma yields
(14 €3]] + [wn? < Cexp(—cp(&) (1 + [€A)w(O)]* + [we(0)[*) (4.53)
and integrating (4.52) from 0 to t gives
1+ Il + ol + [l ol + foefdr

< C((1+1EP)wOF + fw()F) . (4.54)
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4.2. On the vanishing-heat-conduction limit

In the next step, multiply (4.50) by v; and take the real part:

T (o2 + 1€ 1of2) + funl? — R(ilelui) = 0. (4.55)

Note that due to (4.49)

d 1d
R(i[¢[ow) = 5 RGIEloei) — 5 (e o)

and 14
La . 922
e 2E P,

Hence the real part of (4.50)i|¢|u is given by

R(il¢[Pva) =

o d
5 (6Pl = ElePlof? + 2Rl vw))
— R(ile]uwr) + [€°[ul* = 0. (4.56)

Multiplying (4.50) by v and taking the real part gives

_ _ 2 —21 12 — 2 —1120,,12

5 37 (20RD) + o] + 7 ul?) — alu + gl =0, (4.57)
where we used that due to (4.49)

d

—RGiIElow) = ¢T2=

(lefow) = ¢

Now, add (4.55)+(4.56)+a(4.57) (for o > 0 to be determined later) to get

Jul?.

~—E+F=0, (4.58)
where
B =a((loo + (1= )Pl + 5 2P uf? + 2R(il¢[ven))
+a (Jo + ¢ ?ul? + 20R(v,0))

and
F = (1= ag) o + 6P uf? + azl[of2 — 2R(il¢ ur)-

Due to (4.49)

d d
R(—ilélutn) = L R(—ilelu) — R(—ilelou) = £ R(—ilglup) — lefol?,
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4. Two extensions for barotropic fluids

and thus, (4.58) can be written as

1d
——FE+F=0 4.59
2 dt + ’ (4.59)
where )
E=F— a&(c;Q + 1)R(i|&|uv)
and

F = F+ Jaa(c® + )ROIE ~ SIePof?)
= (1~ a0l + €ul? + Saa(1 — A)lello?
9 <1 - %a&(qf + 1)> R(i|€ uvy).
Note that

1 21
(1-a5)— (1 - ao(e? + 1)) = Jaa(es? ~ 1) - 0(0?)
Hence for « sufficiently small there exists a ¢ = ¢(«) > 0 such that
F > c(fouf + 6Pl + [ePul?) .

Furthermore by Young’s inequality and ¢ < 1, there exist C, C; > 0 such
that

E > O (Juf? + | o] + ¢ |uf?)
+a(GuP + oP) = Culluf + €P1P)).
Hence for « suitably small there exist a C7; > 0 such that
E > Cy ([ + @+ €D + (1 +1eP)uf).
Obviously there also exists a Cy > 0 such that
E <G (ool + (14 [EP) ol + (1 + &) |uf?)
In conclusion, applying Gronwall’s Lemma to (4.59) gives

(1 + &) (@) + [u()[2) + [ve(t)
< Cexp(—ep(€) (1 + [ ([0(O)] + [uw(0)2) + [ (0)?)  (4.60)
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4.2. On the vanishing-heat-conduction limit

and by integrating (4.59) from 0 to ¢, we get

(1+ €2 (o (®)? + [u@)P) + loe(t)* + /0 RGO + 1) + ()
< O ((1+ EP)(0O) 2 +[u(0)?) + [ (0)P) . (4.61)
Taking into account that by (4.49)
¢; 2url? = ¢l P2,

(4.53) and (4.60) give

(1+ [EP)D(E OF + [t €)
< Cexp(—cp(&)t) (1 + [P + ['D©) . (4.62)

and (4.54), (4.61) yield

(L+IEPDIEOF + bt OF + [ RO + 10t &) Par
<C((1+EDIOP + ")) . (4.63)

As previously shown, Proposition 4.2.3 follows from (4.62) and Proposition
4.2.4 follows from (4.63). O

c) Convergence for x | 0

Finally, we show convergence of solutions of (4.24)-(4.26) to solutions
of (4.27)-(4.29) as x J 0. Set (VX,UX) = (¢°, 1)) and write (4.24)-(4.26) as

UX =wx (4.64)
VX =YX (4.65)
wX=5"1 (ﬁAUX + (¢ + %ﬁ)V(V SUX) — WX — VVX>
(4.66)
XY = YAVX — ¢ 2YX — V. UX (4.67)
(UX(0), VX(0)) = Zo, (WX(0),YX(0)) = Z3 (4.68)
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4. Two extensions for barotropic fluids

In the same spirit write (4.27)-(4.29) as
U =W
Vi=Y

Y =-c2V-U
(U(0),V(0)) = Zy, W(0) = Z;.

We view (4.64)-(4.68) as a singular perturbed dynamical system and with
corresponding "slow limit system" (4.69)-(4.73). For a solution

(UX, VX, WX YX) of (4.64)-(4.68), Y'X is called the fast variable and XX =
(UX, VX, WX) the slow variable. Furthermore write (X,Y) = (U,V,W,Y")
for a solution of (4.69)-(4.73) and set (XX, YX) = (XX — X, YX —Y). We
also need to define AX = YX + 2V . UX and Ag = AX(0). Lastly, let
T(t) be the semi-group that maps (Zy,Z1) € H*™! x H* to the solution
(U(t),V(t),W(t)) € H1 x H® of (4.69)-(4.73) at time t. We can now
prove the main result of this section.

(4.69)
(4.70)
_71 — = ]- —
W, =5 <nAU +((+ gDV(V-U) =W~ vv) (4.71)
(4.72)
(4.73)

4.2.5 Proposition. Fiz an integer s > 2. There exists xo > 0 and
¢ = c(xo0), C = C(x0) > 0 such that the following holds: Let (Zy,Z1) €
HsYL x H3 N (LY x LY) with Zy = (Z1,2Y)), (U(t),V(t),W(t),Y(t)) €
(H*tH2 x (H*)? be a solution to (4.69)-(4.73) and for each 0 < x < xo
let (UX(t), VX(t), WX(t),VX(t)) € (H*T1)? x (H*)? be a solution to (4.64)-
(4.68). Then for all t € [0,00)

105 AX(D)]| < exp(—cs 2x )05 Ao
+Cxe” (|05 Zolly + (195 24 )
+ OXL+ )75 (| Zollgs + [ Z1lp), (474)
for integers 0 < k < s—1, and
105 XX ()10 < Cx|OF Aol
+ Ox (105 Zolla + 105201 + 1 Zoll o + 1 Zallsa ) (4.75)
for integers 0 < k < s — 2.
Proof. We first prove estimate (4.74). (4.64) and (4.67) give
A =YX+ 2V - UY
= AVX =T (VX VL UY) + 2V WX
= —x Te PN+ AVX 4 2V - WX,
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4.2. On the vanishing-heat-conduction limit

By variation of constants the solution to this differential equation is given
by

1) Ao

AX(t) = exp(—c; 2y
t

e
0

+ xp(—c; 2x 7t — 7)) (AVX(T) + AV - WX(7))dr.

By Proposition 4.2.1,

IOEAVX(@)| + [05(V - WX) (1) < Ce (|05 Zol + (105 Z4]))
+C(L+ )15 (| Zoll s + 1211 10),

for all integers 0 < k < s —1 and C > 0 independent of x. Hence for
0<k<s—1

1O AX(#)]] < exp(—cg 2x ™ 1) |95 Aol
t
+ (o5 Zoll1 + ||3'£+121||)/O exp(—cr) exp(—c; X~ (t — 7))dr

t .
+C(1Zollp + 120l [ (14 1) exp(-ex Mt = D)dr. (476
0

We denote the integral in line 2 of (4.76) by I; and the integral in line 3
by I3. A simple computation leads to

I < Cxe . (4.77)

For I, we get

|+

I < [Texp(-e; (¢ - m)dr
0

¢
—|—/t exp(—cS_QX_l(t —7))(1+ T)_%_%dT

2
kE+1

t
< Cxexp(—cx_lt) +(1+ t/2)_%_T ﬁ exp(—cS_QX_l(t —7))dT
’ 3_ktl
172,

< Cxexp(—ex M)+ Cx(1+1t)”
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4. Two extensions for barotropic fluids

This together with (4.76) and (4.77) prove the estimate for AX. To prove
estimate (4.75) start with

O — W

VX = —c2V - UX 4 AX

_ _ ] _ _ _

WX = 51 <nAUX F(CH V(YD) T - VVX>
(UX(0), VX(0), WX(0)) =0

By Duhamel’s principle the solution (UX, VX, WX) = XX of this Cauchy
problem is given by

_ 3 -
XX = [ T(t - A,
0
where AX = (0, AX, 0)t. Due to Proposition 4.2.4,

10(T(t = 7)AX(7)) [0 < ClIOFAX (7)1,

for 0 < k < s — 2. Using (4.74), this yields

B t
1EXX(8) |10 < C /0 |OEAX () |1

< Cx <||3]§A0||1 + |05+ Zo |2 + ||3’£+1Z1||1)
+Cx (1 Zoll 2 + 1|21 11) 5

for 0 < k < s — 2, which is (4.75). a
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A. Appendix

A.1. [*°-H*-Estimates

A.1.1 Lemma. Let n,N € N, s > 59 := [2] + 1 and F € C®(RY),
F(0) =0. Then there exist 6 >0, C = C(6) > 0 such that for all u € H®
with ||lulls <3, F(u) — 0, F(0)u € H® and

1 (w) = 0uF (0)ul|s < Clulf3-
Proof. Since s > sg there exists a C1 > 0 such that
[ullL < Chlulls

for all w € H®. Furthermore due to F(0) = 0 there exist §; > 0, Cy =
C3(d1) > 0 such that

|F(y) = 9, F(0)y] < Calyl*.

for all y € RY with |y| < 6;. Now let v € H® such that |lu|s < §1/C; (i.e.
||U”Loo < 51) Then

1F (w) = 8 F (0)u]| < Callul|ze<|ull < C1Ca]lullz. (A1)
Furthermore for a € N with 1 < |a| = j < s we get
02 F(u) = 0,F (w)%u + R,

where

R= Y <g>a§ju 8% P (u).

1<)81<y

Since d,u € H*™! and |Jul|z~ < 1, we get 0, F(u) € H*~! and
10:F(u)|[s—1 < C3|0zulls—1

for a C3 = C3(d2) > 0 by [33, Lemma 2.4 |. Therefore [33, Lemma 2.3]
yields
IRl < Calldzulls—1 10 F (u)ls—1 < C3Cul|0zull3_y
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for a Cy > 0. On the other hand there exist d2 > 0, C5 = C5(d2) > 0, such
that

|0y F'(y) = 0, F(0)] < Csy]

for all y € RN with |y| < d2. Assuming |lu|s < 62/C1 entails

107 (F(u) — 0uF(0)u)|| < ||(OuF (u) — 0uF'(0))0zull + || Rl
< |0uF (u) — 0uF'(0)|| oo [[ulls + C3C4|Ozul|s—1
< max{C3Cy, Cs5}|ul)2.

Since « was arbitrary this estimate together with (A.1) leads the assertion
for 6 = min{dy,d2}/C1. O

A.1.2 Lemma. Let n,N € N, s > 59 and F € C®RN,R¥N*N), Then
there exist § > 0, C = C(d) > 0 such that for all u € H*(R",RY) with
|lulls <6, (F(u) — F(0))u € H® and
I (w) = F(0))ulls < Cllull2.
Proof. First note that there exist ; > 0, C1 = C1(61) > 0 such that
[F'(y) — F(0)] < Cily]
for all y € RV, |y| < 6; as well as Cy > 0 such that
[0][Loe < Callv]|s
for all v € H®. Now let u € H?, ||u||s < 01/C>. Then
1E(u) = FO)[| < Cillulls
holds. On the other hand by [33, Lemma 2.4] 0, F(u) € H*~! and
102 F (u)||s—1 < C3l[Ozul[s—1
for a C3 = C3(d1) > 0. Hence F(u) — F(0) € H® and
[1F(u) = F(O)|[s < Callulls

for ||ul]|s < & = 61/Cs. Now the assertion follows from [33, Lemma 2.4]. O
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A.2. Perturbation theory for linear hyperbolic operators
A.2. Perturbation theory for linear hyperbolic
operators

Let a, B be symmetric positive definite N x N matrices and b an arbitrary
symmetric N x N matrix. Define the matrix family

Furthermore set

and . . )
N(r) = —k%B + ixb.

A.2.1 Condition. Let here exists a C' > 0 such that for all A € o(b), each
u € Eigg(\) satisfies

(B — Xa YYu,u) > Clul?.

A.2.2 Proposition. Let Condition A.2.1 be satisfied. Then there exist
ro,co > 0 and a family of holomorphic invertible 2N x 2N matrices

{S(k) : |s| < 7o},
such that M. (r) = (S(k))~'M(k)S() satisfies
(Mi(r) + (M(R)) Ju ) < —er®Jul?,
for all w € C* and x € [0, 7).

Proof. First set
and

Then write T(k) = T + kTM + £?>T?) | where
©_ (0 0 w_. (b b\ »_(-B -B
r <o —a>’T Z(—b R B B/
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For ¢ € p(T©) let R(¢) denote the resolvent of T(¥). Let 0 < 7 < min o(a)
and set I' = 0B;(0) C C. Now choose r > 0 such that

max_|A(k)| < min |R(¢)| 7,
EEBT(O)I (k)] < min |R(C)]

where A(k) := T(r) —T©. Then for x € B,(0), ¢ € I the resolvent R(C, k)
of T'(k) is well-defined and holomorphic on I" x B,(0) (cf. [31, Chapter
I1.1]). Next define

Plr) = ——— /F R(C, r)dC.

i

Since pig = 0 is the only eigenvalue of T(®) lying inside I', P(k) is the total
projection for the po-group of eigenvalues of T'(k) (cf. [31, chapter I1.2]),

particularly
I 0
P:=P(0) = (0 O) .

We now use the so called reduction process (cf. ibd.) to expand
P(k)T(k)P(r) in a Taylor series. To this end consider the operator

T(k) = =T (k)P(k), T(0) = PTWP,

1
K
Due to T'(k)R(C, x) = I + (R((, k) and R(() having a pole of order one at
¢ =0, T is holomorphic. Furthermore

-2 )

o(T(0)) = io(b) U {0}.

and thus

Let A1,...,\s be (the pairwise distinct) eigenvalues of b. At this point
we may assume w.l.o.g A; # 0 for 1 < i < s (otherwise we could have
considered M + ikl instead of M for a suitable o > 0). Let

v =min{|\;], [N — Aj| 11 <4d,5 <s,i#j}>0.

and I'j = 0B, /5(i\;) for j =1,...,s . Then the resolvent R(C) of T(0) is
well defined for ¢ € I'; and satisfies

[R(Q)|7! = dist(¢, o (T(0)) = g.
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Now chose 0 < 7 < r such that

1A(r)| < % for all x € B;(0),

where A(k) = T(k) — T(0). Then for ¢ € T, |x| < 7, the resolvent R(C, x)
of T'(x) is well-defined and holomorphic. Again, the total projection for
the iA;-group of eigenvalues of T'(k), i.e.

1
271

P(0) = =5 [ RC.mdc, (A.3)

is itself holomorphic for |k| < 7 and

P ::Pj(o): (Z())] 8)7

where p; is the eigenprojection corresponding to the eigenvalue \; of b.
Furthermore each eigenvalue of the pp-group belongs to some ixA;-group
and the total projection for this group is P;(x). Now, the construction of
the transformation matrices S(x) works as follows (cf. [31, Chapter II.4]):
Set

Polw) = T— 3" Pi() (B = Po(0).
j=1

S

Q(rk) = D _(0xP;(r)) P;(r)

J=0

and consider the matrix-valued initial-value problem
0.U(k) =Q(r)U(k), U(0)=1I. (A4)
The unique solution S(k) is invertible, holomorphic and has the property
S(k)Pj(S(k))™' = Pj(k), j=0,...,s.
Define M, (k) = (S(k))"'T(k)S(x). By definition each P; is M,(k)-

invariant. Since the P; are orthogonal projections, P; P, = 87k Py, and
i=0 Pj = I, the assertion is shown if we can prove

(M (k) + (M (K))") Pju, Pju)
< —erw?|Pul?, k€ [0,7], ue C*N, j=0,...,s.
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First consider 7 = 0. Since S(0) = I and M, is holomorphic, we have

0 O
P()M*(/{)PO = < a) + HP()Hl(H)Po,

0 _
where Hj(k) is holomorphic. As a > 0, this yields
(M (k) + (M, (k))*) Pou, Pou) < |Poul*(—c + O(r)), k€ [0,7]. (A.5)
Next let j € {1,...,s}. As ;T = TO) p; = 0, we can write
PiM. (k) Py = kM) + i2MP + &3P Hy (k) Pj,

where Hy(k) is holomorphic

and
M® = pr@p; 4 zOrWp, 4 prOw W) . ZOpOp )

whith Wl = 9,5(0)P; and Z! = P;0,((S(k))™1) |s=0. From (A.4) we get
w = P/(0)P; and zM = P;P;(0). The general form of P;(0) can be
computed by inserting the Neumann-series for the resolvent R of T in (A.3)
(which is done for the general case in [31, chapter II.2]). In our case some
computations lead to

@) _ (—pi(B—=Ma")p; 0
My _< 0 0]

Since A; is a real number, Condition A.2.1 yields
((Me(k)) + (M (8)))*) Pyu, Py < | Pyuf*(=ex® + O(x%)
for k > 0, which together with (A.5) proves the assertion. O

A.2.3 Corollary. Assume Condition A.2.1. Let ro > 0 be the constant
in Proposition A.2.2 and \i,...,\s be the eigenvalues onN) with corre-
sponding eigenprojections p1,...,pj. Furthermore for each j =1,...,s let
Bj1,-- -, Bjn be the eigenvalues of

pj(B = Xa™')p;
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Then for |k| < ro the spectrum of M (k) is given as

O(M(K)) = {11y« s Vins v sVsls-evsVsny Uly e vy Um}

with
Vik = IKAj — Iﬁ:26jk + o(K?), (A.6)

and
vp = —ag + o(1), (A.7)
where aq, . ..,y are the eigenvalues of a. In particular there exists a ¢ > 0

such that for k € [0,1¢],
R(7) < —cr?

for ally € o(M(r)), k € [0,r0].

Proof. Let k € [0,70]. Obviously, M,(x) has the same spectrum as M (k).
In the proof of Proposition A.2.2 we have seen that for j =1,... s,

PiM.(r)P; = kM) + 2MP) + O(k%)

pj 0
Pj:(oj 0)’

(1) _ i/\jpj 0
()

where

@) _ (—pi(B=Aap; 0
o _ (oA~ )

By [31, Chapter I1.2] the eigenvalues of PjM,(k)P; are given by ~,, (k =
1,...,n) as defined in (A.6). Furthermore for

00

0 0
0 —a

P

we have

P()M*(R)Po = ( > +O(:‘€), |I€| < 7o,

and hence the eigenvalues of PyM, (k)P are given by vy as defined by
(A.7). Since Py,..., Ps form a complete M, (k)-invariant set of projections
the assertion is proven. O
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Consider now the matrix family

0 1
K(v) = (—B +ivb —VCL) » vet.

A.2.4 Condition. Let there exist a C' > 0 such that for each p € o(B),
each u € Eigp(u) satisfies

((a+ ()~ 2b)u,u) > Cluf?,
((a — ()~ 2b)u,u) > Clul*.

A.2.5 Proposition. Let Condition A.2.4 hold. Then there exist 7o, Coo >
0 and a holomorphic, invertible family of 2N x 2N matrices

{S(): v] < rec}
such that K.(v) = (S(v)) 'K (v)S(v) satisfies
(Ke(v)) + (K () )u,u) < —coor|uf?,

for allu € C*N, v € [0,7].

Proof. Set
1 1
(B2 B2
o= ( il —ZI)
and define
Ki(v) =S ' Kw)S = KV + vk,
where )
KO = ("0 )
0 —iB2
O _ 1 (-a+bB2 —a+bB:
1 =5 1 1
2\ a—bBz —a-0bB>2.
Obviously

(0) .1 A !
o(Kq ):{Zﬂfv'--,zuf,—luf,...,—zuf},

where p; (1 < j <1) are the (strictly positive) eigenvalues of B. Due to
Condition A.2.4 it can be shown, as in the proof of Proposition A.2.2, that
there exists an r > 0 such that for each j = 1,...,[ the total projections
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1 1
P.j(v) and P_;(v) for the iu}- and —ip?-group of eigenvalues are well-

defined and holomorphic on B, (0). Furthermore,
pj O 0 0
Pyji= Py(0) = (0] 0) , Pj=P;(0)= (0 pj> ,

where p; is the eigenprojection for the eigenvalue p; of B. Then, again as
in the proof of Proposition A.2.2, there exists an invertible holomorphic
family of 2N x 2N matrices

{SWw): vl <7},

such that
S(v)Pyij(S(v))™! = Py(v), j=0,...,1
Now define K, (v) = (S(v))~1K1(v)S(v). Since S(0) = I and

d
S'(0)K(" Py = PeiKY” 2-85() " o= = 0

(cf. [31, Chapter I1.4]), one gets

0 1
PjK,(v)Pyj = P K" Py + vP KD P+ v P H L (v) P
- Yy, _ ;b> .0
= (ZW 2P <z i o) . + V2P H L (V) Py

and

0 0

2
1 1 +v*P_jH_(v)P_j,
0 —iut — 5p; (a+p 2b)pj> H-W)P

P_jK*(V)P_j = (
where Hy are holomorphic. Thus Condition A.2.4 yields
(K. (v) + (Ku(v))) Peju, Peju) < |Pejul®(—cv + 0(v?))

for v € [0,7], u e C?N, 1< j <l. As {P};, P_j}1<j< form a complete set
of K,-invariant, orthogonal projections, this proves the assertion. ]

Next, define the matrix family

~ _ 0 Kkl
M(k) = kK (k') = (—FaB—H'b _g) keC

Then the following result is an immediate consequence of Proposition A.2.5.
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A.2.6 Corollary. Let Condition A.2.4 hold. Then there exist rso, Coo > 0
and an invertible holomorphic family of 2N x 2N matrices

{S(%) : k] = reo}

such that & — S(k), Kk — S—1(k) are bounded on [rso,o0) and M, (k) =
(S(k))"tM(k)S(k) satisfies

{(M(r)) + (M()) ), u) < —coolul?,
for allu € CV, K € [roo, 00).

A.2.7 Corollary. Assume Condition A.2.4. Let roo > 0 be the constant
from Corollary A.2.6, u1,. .., be the eigenvalues of B with correspond-
ing eigenprojections pi,...,p;. Furthermore, for each j = 1,...,1 let
njil, e ,njin be the eigenvalues of

_1
Pj (aiuj 2b> Pj

Then for k € [roo, 00) the spectrum of M (k) is given by

o(M(k)) = {wlil,...,wfn,...,wlil,...,wl:;}
with . -
Wik = FikfL; = 515, + h(k), (A.8)
where

h(k) =0, ask — o0
In particular there exists a ¢ > 0 such that
R(w) < —c
for allw € o(M(K)), kK € [roo, 00).

Proof. As )
M (k) = (L(%)) " M (5)L(r),

L(x) = (é 2) ,

M (x) and M () have the same spectrum for x # 0. Hence the assertion
follows from the proof of Proposition A.2.5 and Corollary A.2.7 in the same
way as Corollary A.2.3 followed from the proof of Proposition A.2.2. [

where
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A.2.8 Lemma. Let B=1. Then the following statements are equivalent:
1. Condition A.2.1 holds.

2. Condition A.2.4 holds.

3. The matrices a + b and a — b are positive definite.

Futhermore if these conditions are satisfied, then each eigenvalue of M (k)
has strictly positive real part for all k € Ry.

Proof. We first prove the equivalence of the three statements. That Condi-
tion A.2.4 is equivalent to a +b > 0 and a — b > 0 for B = [ is obvious.
Furthermore with B = I, Condition A.2.1 reads:

(a YT = M), u) > Clul? (A.9)
for all A € o(b), each u € Eigg(\). Since
(@ (I = N)u,u) = (1 - A%)]a"2uf?
and a > 0, (A.9) is equivalent to |A\| < 1. This holds true if and only if
T+b=T+a 2ba"% > 0.

It is obvious that this is the case if and only if a +b > 0 and a — b > 0.
Due to Corollaries A.2.3 and A.2.7, the second part of the assertion is
shown if we can prove that no eigenvalue of M (k) is purely imaginary for
#x > 0. To this end suppose that there exist x > 0, 3 € Rand U € C*V\ {0}
such that
(i — M(k))U = 0. (A.10)

Write U = (v,w) (v,w € CN). Then it follows from (A.10) with B = I
that w = ifv (in particular v # 0) and
(/@2 —ikb+ (iB)? + Z'Ba) v=0.

Taking the scalar product of this equation with v and using the symmetry
of a and b gives

(k* = 820> =0,
((—kb+ Ba)v,v) = 0.

Hence k = || and
Alla+bjv,v) =0

Since a £b > 0 and || = £ > 0, this is a contradiction. O
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Deutschsprachige Zusammenfassung

In der vorliegenden Dissertation werden Resultate iiber Systeme partieller
Differentialgleichungen, die in der relativistischen Dynamik dissipativer
Fluide auftreten, bewiesen. Diese Systeme sind quasilinear symmetrisch
hyperbolisch von zweiter Ordnung. Lokale Wohlgestelltheit solcher Prob-
leme folgt aus Resultaten von Hughes, Kato und Marsden von 1977. Die
Ergebnisse der vorliegenden Arbeit zeigen, dass fiir Anfangsdaten nahe
homogener Referenzzustédnde sogar globale Losungen existieren und diese
asymptotisch gegen den Referenzzustand abklingen.

Um diese Resultate zu erhalten, werden zunéchst Abkling- und Energieab-
schitzungen fir das linearisierte Problem bewiesen und das nichtlineare
Problem wird dann als Stérung des linearen betrachtet. Dieses allgemeine
Konzept geht auf die Dissertation von S. Kawashima von 1983 zuriick.

In Kapitel 2 werden konkret barotrope Fluide behandelt. Hier werden
Energiemethoden im Fourierraum verwendet, um die Abklingabschdtzungen
zu beweisen.

In Kapitel 3 geht es um allgemeine Fluide. Fiir den Beweis der Abklingab-
schidtzungen nutzt man hier Definitheitseigenschaften der punktweisen
Matrixdarstellung hyperbolischer Operatoren im Fourierraum.

In Kapitel 4 werden zwei Erweiterungen fiir barotrope Fluide betra-
chtet. Zunédchst werden die Resultate aus Kapitel 2 nun auch fiir elektro-
magnetische Fluide gezeigt. Schliellich werden Konvergenzresultate fiir
eine singuldre Storung der linearisierten Gleichugen bewiesen.
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