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Geometric Properties of Runge-Kutta Discretizations for
Index 2 Differential Algebraic Systems

Johannes Schropp
Dept. of Mathematics and Computer Science
University of Konstanz
P.O. Box 5560
D-78434 Konstanz

Abstract

We analyze Runge-Kutta discretizations applied to index 2 differential algebraic equa-
tions (DAE’s). We compare the asymptotic features of the numerical and the exact
solutions. It is shown that Runge-Kutta methods satisfying the first order constraint
condition of the DAE exactly reproduce the geometric properties of the continuous sys-
tem correctly. The proof combines reduction techniques of discretized index 2 differen-
tial algebraic equations to discretized ordinary differential equations with some invariant
manifolds results of Nipp, Stoffer [12]. The results support the favourable behavior of
these Runge-Kutta methods applied to index 2 DAE’s for ¢ > 0.

1 Introduction

Differential algebraic problems of index 2 frequently arise when modelling phenomena from
scientific computations. An important class for such problems is, e.g, multibody systems
with constraints on the velocity level. They also occur as auxiliary systems for minimization
problems when searching for an evolution that approaches a local minimum of an objective
function restricted by algebraic constraints (see, e.g., Schropp [14]).

Quite often analytic treatment of the system is impossible and, hence, numerical simulations
become important to gain a deeper understanding of the global behavior. Here the question
arises which qualitative properties of the continuous system are preserved by a numerical
method.

In the present paper we analyze the behavior of some widely spreaded Runge-Kutta type
discretizations applied to index 2 DAE’s in Hessenberg form. To be more precise, we focus
our interest onto two different aspects. It is well known that the solution flow of the DAE takes
place in a submanifold of the state times control space. We characterize how that submanifold
persists under discretization with projected and half-explicit Runge-Kutta methods. We show



that the discretized dynamics possesses a submanifold too which is situated nearby the original
one. Moreover, we deal with the following subject. The index 0 formulation of the DAE is
an ordinary differential equation (ODE) on the manifold defined by the first order constraint
condition. Runge-Kutta schemes satisfying that condition can be regarded as discrete flows on
that manifold. Hence, the question about the behavior of numerical methods near invariant
sets like stationary points or periodic orbits on manifolds is of interest.

Our main tools are embedding and invariant manifold techniques. We embed the original
DAE into a DAE of the same index such that the corresponding index 0 ODE admits a
representation as dynamical system on an open subset of the euclidian space. Then, using
discrete invariant manifold techniques of Nipp, Stoffer ([12]) we mimic that approach for
the projected and half-explicit Runge-Kutta dynamics. This will allow us to use classical
convergence tools on RY. Applying the results of Beyn ([2]) for one-step methods in RY | we
can establish that the phase portrait near hyperbolic periodic orbits is reproduced correctly.
Moreover, it underpins the use of projected or half explicit Runge-Kutta DAE methods when
dealing with the longtime behavior of index 2 DAFE’s.

Our work was largely motivated by the discretization results of Beyn ([2]), ([3]), Garay ([5])
and Kloeden, Lorenz ([10]) for one-step methods near compact, invariant sets. Later we learnt
the convergence theory for DAE’s from the excellent book of Hairer, Lubich & Roche ([7]).
After finishing our paper we were informed about a forthcoming paper of Nipp ([11]). In
([11]) a persistance result of the invariant manifold of an index 2 DAE under discretization is
shown for the special class of stiffly accurate Runge-Kutta methods.

2 The main results
We consider the DAE
o o= f(u,A),
0 = g(u), (2.1)

u € RY and X € R! in Hessenberg form. Let C7 denote the space of functions of class C™ with
bounded derivatives up to order r. We make the following assumptions.

(A1) f and g are Cj-functions for r sufficiently big.

(A2) There is a CJ-function 4y satisfying Dg(u) f (u,%o(u)) = 0 for v € D, := {u € RV |
| g(u) ||lo< 7}, 7 > 0.

(A3) Dg(u)%(u, to(u)) is invertible for u € D, and the inverse has bounded norm.

In particular, problem (2.1) is of index 2. Additionally, condition (A3) says that Dg(u) is
of full rank so that the second equation of (2.1) defines the submanifold M := {u € R" |
g(u) = 0} of R and the underlying index 0 ODE reads

o = f(u,o(u)),u € M. (2.2)
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We denote the solution flow of (2.2) with (¢, ug), ug € M. Here, (A2) implies the solution flow
(a(t, up), A(t, ug)), A(t,up) = 1bo(u(t, ug)) for equation (2.1). This means that the manifold

My = {(u,)) € D, xR | g(u) =0, A = t(u)}

is invariant under the solution flow of (2.1). Moreover, the dynamics of the u-component can
be interpreted as a dynamical system on the manifold g(u) = 0.

We are interested in the qualitative, geometric features of s-stage Runge-Kutta type meth-
ods with Butcher tableau

A
i’bT, A= (aij)lsi,jgs € Rs,s’ b, ce R (23)

and constant step size h when applied to (2.1). The Runge-Kutta method possesses stage
order g, if

ZS k—1 cf

_ . z . .
a,ijCj = Z,k—l,...,q,l—l,...,s.
1

To avoid drift problems in the discrete long time run we have to focus our interest to Runge-
Kutta type methods which retain the first order constraint g(u) = 0. This leads us to the
widely spreaded projected Runge-Kutta methods introduced by Ascher & Petzold [1] or to
the half-explicit Runge-Kutta methods due to Hairer, Lubich and Roche [7]. For the Butcher
tableau of the projected Runge-Kutta method we impose the conditions:

(B1) The Runge-Kutta matrix A is invertible.

(B2) R(0) =1-0b"A"'T,I=(1,...,1) satisfies | R(c0) |< 1.

(B3) The method is of classical order p and possesses stage order g with p > ¢ > 1.
For the half-explicit method, that is, a; ; = 0 for ¢ < j we assume

(BY’) aj41,#0fori=1,...s —1 and b, # 0.

(B2’) The method is of order p.

Applied to equation (2.1) the projected Runge-Kutta method has the form

fipy1 = u, +h(0" 1) F(U",A"), (2.4)
Apr = 1=b0"AT'D)A + "AT @ T)A™

where U™ = (U?,...,U") € R¥, A" = (A7,...,A") € R* denote the solution of the algebraic
system

U—-(I®u,) = h(A®I)f(U,A), (2.5)
0 = g(U)
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and f,g stand for f(U",A") = (f(UT,A?),.... f(U},AD), gU") = (9(UF), .-, g(U).
Finally, the projection step

Upt1 = Upg1 + ﬁf(um-l, Ant1)7,s

0 = g(unt) (2.6)

determines 1.

A Runge-Kutta method satisfying as; = b;, j = 1,...,s is called stiffly accurate. Stiffly
accurate Runge-Kutta solutions satisfy the first order constraint g(u) = 0 and, hence, the
projection step (2.6) is superfluous.

The application of a half-explicit Runge-Kutta method to (2.1) reads as follows. Solve (2.5)
in the case a; ; = 0 for j > 4 and obtain U™ and A}, t =1,...,s — 1. Then A} and u,4; are
computed by

0 = g(un+1)-

In order to compute the A-component one has several possibilities. The most accurate is the
computation of A from the index 2 condition, that is A\, = ¥g(u,). Here we follow the more
efficient approach of Hairer, Lubich, Roche [8]. They propose to require ¢, = 1 and take

Moreover, we assume

(B3) A? — X(h,u,) = O(h"), r < p (see, e.g., Hairer, Brasey [6] for sufficient conditions on
A, b, c).

The qualitative properties of the discrete schemes are characterized in

Theorem 2.1 Consider the DAE (2.1) and assume (A1)-(A3). Let (u,,\,) denote the se-
quences generated with a projected [half-explicit] Runge-Kutta method satisfying (B1)-(B3)
[(B1°)-(B3’)], when applied to (2.1) with consistent initial values (ug, o).

Then for 0 < h < ho, hg > 0 sufficiently small there is a Ci-function o, : M — R,
M = {u e RN | g(u) =0} such that the following assertions hold.

i) The set Moy = {(u,\) € Dy xR | g(u) = 0, X\ = on(u)} is invariant for the
projected [half-explicit| Runge-Kutta map (2.4)-(2.6) [(2.7)-(2.8)].

i) The manifold My, is uniformly attractive with attractivity constant x, = | R(00) |
+O(hq+1) [Xh = 0]

ii) For every initial value (ug, No) with || Ao —1bo(uo) || sufficiently small there is (iig, Ag) €

Moy, and c,é > 0 such that the corresponding evolutions (un, Ap) and (i, A,) satisfy

lui—ai |l < exh Il do—tolug) ||, i=0,1,2,...,
I X=Xl < éxqll Ado—o(uo) || i=0,1,2,....



w) || Yo(u) — Yon(u) ||< Ch? [ChT] for u e M.

Remark: The invariant manifold Mj 4, in the projected Runge-Kutta case is highly attractive,
if R(co) = 0. The manifold is infinite attractive, that is, (ui, A1) € My for every (ug, Ao), if
Xr = 0. This is valid for half-explicit and stiffly accurate Runge-Kutta methods.

Next we characterize the behavior of the projected and half-explicit Runge-Kutta meth-
ods for index 2 DAE’s (2.1) in a neighborhood of hyperbolic periodic orbits. Here, we call

(w(t,ug), A(t,uo)), At,uo) = o(u(t,ug)), u(t,up) = u(t+T,up) a hyperbolic T-periodic orbit
of (2.1), if u(t, ug) is a hyperbolic T-periodic solution of (2.2).

Theorem 2.2 Let the assumptions of Theorem 2.1 hold and let (w(t, uo), A(t,uo)), A(t, ug) =
Yo(t(t,ug)) be a hyperbolic T-periodic orbit of the DAE (2.1). Additionally, let (un, A,) be
generated by applying the projected Runge-Kutta scheme (2.4)-(2.6) [half-explicit Runge-Kutta
method (2.7)-(2.8)] onto the DAFE (2.1).

Then, the u-component of the discrete dynamics possesses an invariant curve v* = u*(R),
ul(t) = uh(t +T) satisfying

maz{|| w(t,uo) —u"(t) ||| t e R} < Ch?[Ch"].
As a direct consequence of Theorem 2.1 and Theorem 2.2 we obtain

Corollary 2.3 Under the hypotheses of Theorem 2.1 and Theorem 2.2 there is an tnvariant
curve S*(R) = (u"(R), 1o (u"(R))), S*(t) = Sh(t+T) for the projected [half-explicit] Runge-
Kutta map such that

maz{|| (a(t, uo),/_\(t, up)) — Sh(t) || teR} < Ch?[ChH]
18 valid.

Theorem 2.2 shows that half-explicit or projected Runge-Kutta methods reproduce the
original phase portrait in a neighborhood of a periodic orbit correctly. Moreover, this result
can be regarded as the analogue of Theorem 2.1 of Beyn ([2]) for ODE’s on manifolds of the
form g(u) = 0. Using the results of Beyn ([3]) and Garay ([5]) a similar result for the phase
portrait projected or half-explicit Runge-Kutta methods near equilibria will be presented in
a forthcoming paper.

3 Embedding techniques for index 2 DAE’s

We have seen in the previous section that the corresponding index 0 version (2.2) to an index
2 DAE (2.1) is a dynamical system on a manifold. For technical reasons it might be useful
to embed (2.2) into an ODE on an open neighborhood of M in RY. Assuming (A1)-(A3), a



smooth embedding of (2.2) into D.,, v €]0, 7] sufficiently small can be established as follows.
Consider the DAE

u = f(u1 )‘)7
v = —B(u)v, Bu) € R", py(—B(u)) < —n, n> 0 for u € D, (3.1)
0 = g(u)—vw

with a Cj-function B(-) in D, (e.g. choose B = I). Our aim here to show is that (Al)-
(A3) hold analogously for (3.1). In particular, to guarantee a smooth function ¢ = v (u,v)
satisfying Dg(u) f (u, ¥ (u,v)) + B(u)v = 0, we need the following version of Banachs fixed
point theorem in a ball which is for later purposes formulated in the more general concept of
vectornorms.

A functional | - |: W — R on a vector space W is called a generalized norm, if

|v[>0, |[v|=0 <= v=0,
|’U1+U2‘§‘U1‘+‘U2‘ (32)

holds with the natural ordering “<” on R¥F. Every norm || - ||, in R defines a norm || - || in
Wvia || v [|=[l v [

Lemma 3.1 Let (W,| - |) be a Banach space with generalized norm | - | and let B := {v €
W |v—wv |<71} forr > 0. Let the map F : B — W be continuously differentiable with
invertible DF(vg). Moreover, for some nonnegative matrices P, K € R we assume

|DF(v) 'z] < Plz|, zeW,
|(DF (vo) — DF(v))z| < K |z|, z€ W, ve B,
P|F(w)| < (I-PK)r.

Then, the equation F(v) = 0 has a unique solution in B. In addition, the matriz I — PK is
nonsingular and we have the stability inequality

lv—w| < (I-PK)'P|F@)-Fw)| Yv,wé€ B.
A proof of Lemma 3.1 can be found in Beyn, Schropp [4].

We construct ¢ by applying Lemma 3.1 onto the equation

Fuo(Q) = Dg(u)f(u,ho(u) +¢) + Bu)v = 0. (3.3)

For {; = 0 we can compute with p := sup{|| B(u) |2 | © € D,} < oo the inequalities

plliol,

I Fun(0)
! C

| <
| DF,,(0)""] <
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as well as DF,, ,(0) — DF,,(¢) = Dg(u)(%(u, o(u)) — %(u, to(u) + €)). Hence, we obtain

| DF,,(0) = DF,,(¢) || < Cro for || ([|< ro.
Obviously, the inequality
Cll Fup(0) ]l < Cpllv| < (1=CCroro

holds for || v ||,70 > 0 sufficiently small. Then Lemma 3.1 guarantees that the equation
(3.3) possesses exactly one solution éu,v in K,,(0), that is, ¥(u,v) = o(u) + (:“uﬂ, satisfies
Dg(u) f(u, ¥(u,v)) + B(u)v = 0 for v € D,, || v ||2< v and an implicit function argument
ensures the smoothness of .

Moreover, an application of the banach lemma with Dg(u)%(u, to(u)) and the perturbation
Dg(u)%(u,w(u,v)) shows that Dg(u)%(u,w(u, v)), || v ||< «v is invertible and the inverse
possesses a bounded norm.

Here the reader may notice that we have ¢y(u) = 9 (u,0) by uniqueness. Using the theory of
logarithmic norms (see, e.g., Strehmel & Weiner [15], Theorem 5.1.3) we obtain that

[o@) Nl < [1v(0) ll2 exp(=nt) (3.4)

is valid for the v-component of every solution of (3.1). In particular, with v(0) = 0 problem
(3.1) reduces to (2.1). After eliminating the v-variables the underlying index 0 ODE of (3.1)
reads

u = f(u,(u,g(uw))) =: k(u), w€ D, CR"Y open. (3.5)
Next we summarize the qualitative properties of the solutions of (3.1).

Lemma 3.2 Consider equation (3.1) on the phase space D., v €]0,7| and let (A1)-(A3)
hold.
Then every solution of (3.1) with initial value uy € D, vy = g(up) and Ao = (ug,vg) exists
for all t > 0. Moreover, g~1(0) is an invariant and globally attractive subset of the phase
space.

The proof of Lemma 3.2 is a direct consequence of (3.4) and the fact that f, g, B are Cj-
functions.

We are interested in the behavior of s-stage projected and half-explicit Runge-Kutta type
methods of order p with Butcher tableau (2.3) and constant step size h when applied to (3.1).
The projected Runge-Kutta method has the form

Uni1 = un+h(b" 1) fF(U",A"),
Upp1 = vn—h(b" @ )BU™)V", (3.6)
Ap1 = (1=0TADN, + (TA T @ T)A"
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where U™ = (U, ...,Ur) € RVs V" = (V,..., V) € RS, A" = (A7, ..., A7) € R denote
the solution of the algebraic system

U_(]I®un) = (A®I)f( ) )7
V—(I0®v,) = —h(AD)BU)YV, (3.7)
0 = g(U)-V

and B stands for B(U") = diag(B(UP),..., B(U")). Finally, the projection step

0
a_/\f(un-l-la )\n+1)%

0 = g(unt1) = Vnn (3.8)

Upy1 = an+1+

is used to compute U, 1.

The application of half-explicit Runge-Kutta methods to (3. 1) reads as follows. Solving (3.7)
in the case a;; = 0 for j > 4 gives us U", V" and A}, i =1,...,5 — 1. Then A} and u,,
Un41 are obtained by

Uns1 = Up+h(" @I)F(U™ A",
Vpi1 = v, —h(bT @ BU™)V", (3.9)
0 = g(un+1) — Vns1.

The reader may notice that (3.6)-(3.8) and (3.9) reduce to (2.4)-(2.6) and (2.7), respectively,
when initialized with v, = 0.

In this section we will guarantee the existence and uniqueness of the discrete iterates generated
by a projected or a half-explicit Runge-Kutta method for all n € N. If one identifies the
two state variables (u,v) the solubility of the discrete systems (3.6)-(3.9) for n € N with
0 < nh < tenq is guaranteed by the standard theory, see e.g., Hairer and Wanner [9], Ch.
VIIL.3 and VIL.4. But in the process of proving Theorem 2.1 a refined stability inequality
which distinguishes the two variables u and v is needed. To establish inequalities of that type
we work with the concept of vector norms (see (3.2)).

Lemma 3.3 Let the assumptions of Theorem 2.1 hold and let uy € D., v = g(ug), Ao =
¥ (ug, vo) be a consistent initial value for the DAE (3.1).

Then the projected and half-explicit Runge-Kutta iterates (Up,Vn, An) exist for n € N. For
the stages (U, V,A) of the Runge-Kutta dynamics we have with vo(u) := I® u,I® g(u),I®
¥(u, g(u))) the stability inequality

1
[((U,V,A) —wo(u) [ < OG)(IE@) | + [1g() ) 1 : (3.10)

Moreover, the final projected Runge-Kutta iterates satisfy
(Il tnsr = s [l 17 ) = min{OR), OR?)(II k(un) | + 1 9(un) )}



Proof of Lemma 3.3: The first step of a projected Runge-Kutta method is a classical Runge-
Kutta step. Following Hairer and Wanner [9], p.493 we replace (3.7) for o > 0 by the
equivalent system

U—-(I®u,) = h(AQI)f(U,A),
V—-—(10®wv,) = —h(AxI1)BU)V, (3.11)

0 = /0 diag(Dg(un + 7(Ul —uy)), i=1,...,8)dr (A® I)f(U",A")
HA® DB + 3 (0T ® uy) ~T® v,).

We use v, = ¢g(u,) and prove Lemma 3.3 by applying Lemma 3.1 onto the equation

U—(I®u)—h(A®I)f(U,A)

V- (1 g(u))+h(A® I)BU)V

[, diag(Dg(u+7(U; —w)),i =1,...,s)dr (A®I)f(U,A)
+(A® I)B(U)V

= 0, 0<h<hy, ueD,. (3.12)

Ti(h,u, U V,A) :=

Introducing the generalized norm | (U, V,A) |= (||U|, |V |, ]| A|]) € R® and the central point
vo(u) = IQu,I® g(u), I® ¥(u, g(u))), we calculate

Ty (h,u,vo(w)) = (O(h),O(h),0). (3.13)

For the derivative of T} with respect to (U,V,A) we find with y(u) = (u,v¥(u, g(u))) the
representation

5 1+0(h) 0 O(h)
————Ti(h,u,ve(u)) = O(h) I+0(h) 0 .
JCAR ( o1 o) A@megww»)

Now the analogue of (A3) for (3.1) and (B1) imply that (A ® Dg(u)2L(y(u))) is nonsingular.
Hence, 5—%—+T1(h,u,vo(u)) is invertible for 0 < h < hg, hg > 0 sufﬁciently small and the

inversé IBS([{)f“/ ‘jcx e form
9 ( I 0 0 )
T (h,u,v(u))”" = 0 I 0 + O(h).
oV A) 0(1) 0(1) (A® (Dg(u)(7(u))))""

In terms of vector norms this leads to | OV UvA =Ty (h, u, vo(u)) ™ |< B, with

1+0(h) O(h) O(h)

a:( O(h) 1Hwn0@)ew&
o1)  o@1) o)

9



Then, following the lines of the proof of Lemma 4.1 in Beyn, Schropp [4] we obtain the
unique solubility of (3.12) in B, (vp) := {(U,V,A) € RV*+H+0s | /(U V,A)— 1Qu,I®g(u),I®
Y(u,g(u)) |<r}, r=(ry,r2,rs) > 0. We remark that an application of the implicit function
theorem ensures the smooth dependency of the solution (U, V, A) from (h,u). In addition, the
claimed stability inequality holds.

The second step is the projection of the classical Runge-Kutta iterates onto the constrained
manifold g(u) — v = 0. We consider the equation

up —u—h(b" @ I) f(U(h, u),/}(h, u))

—%f(up,R( A+ (BT AT @ DA(hu))y | _
vpa_ g(u) + h(b" @ I)B(U(h,w))V (h,u) =0 (3.14)

g(up) —vp

TZ(h7 u, /\7 Up, Vp, 7)

for 0 < h < hg, u € D, || A=9(u, g(u)) ||< €, € > 0 sufficiently small. With the central point
vo(u) = (vo(u)1, vo(u)2, vo(u)s),

vo(u)r = w+h(b" @ I)f(U(h,u), A(h,u)),
vo(u): = g(u) —h(b" @ I)B(U(h,u))V (h,u)
Uo(u)g = 0

we can compute

0 0
To(h,u, A\, vo(u)) = ( 0 ) =: ( 0 ) :
g(vo(u)1) — vo(u)2 7(h,u)

Obviously, r(h,u) = O(h?*1) holds from the local error of the underlying classical Runge-
Kutta map (see, e.g., Lemma 4.4 in [9]). ) o

On the other hand, with (3.10), k(u) = f(u,¥(u, g(v))) and k(U) = f(U, (U, g(U))) we can
calculate

Ir(hu) | < Il g(u+h(b" ® D) F(U(h,u), A(h

Ju)) = g(u+h(b" @ DEI® w)) ||
+ [ g(u + hk(u)) — g(u) - hDg(U)k(U) |
+h || (0" ® 1)[Dg(I® w)k(I® u) — Dg(U(h, u))k(U (b, u))] |
= O(*)(Il k(u) | + 1l g(u) II)-

Thent; using R(oco)A+ (0TA L @ I)A(h,u)) = ¥ (u, g(u)) + O(h) + O(e) and wvo(u); = u+ O(h)
we obtain

; 10 —2 50w
—Tr(h,u, N\, v(u)) = 0 I 0 +O(h)+0O(e). (3.15)
O(up, vp, ) Dg(u) —I 0



Thus, 57— TQ(h u, A\, vo(u)) is invertible for h and € =|| A — ¥ (u, g(u)) || sufficiently small.
Moreover, the equation T3(h,u, A, .,.,.) = 0 possesses a unique solution in B, (v,) for r > 0

appropriate and according to our two estimations on r(h, u) the two stability inequalities

(I 1 = G [I; [y 1) = min {OR), OB (Il k(un) I| + 1| 9(wa) D} (3.16)

hold.
It remains to show that the sequence (un,v,,\,) generated by a projected Runge-Kutta
method with consistent initial value ug, vo = g(uo), Ao = ¥(ug, g(uo)) satisfies

| An — ¥ (tn, g(uy)) ||[<€, neN (3.17)

To that purpose we define 0, := A\, — ¥(un, g(u,)). The iteration scheme of this sequence
reads

Mit = R(00)n + ¥ (un, g(un)) — Y (Unt1, g(Un+1))
+(b"AT @ I)(A(R, up) — T ® Y (tn, g(un)))
= R(Oo)nn + ﬁn: T = 0 (318)

with £, = O(h). Using | R(c0) |< 1, the theory of difference equations yields

1
o Il < ol TR0 sup{[| B || | » € N}
= O(h) VneN (3.19)

and (3.17) is shown.

Next we prove the the existence of the iterates (un,v,, A,) for half-explicit Runge-Kutta
methods. We define U = (Us, ... Us, up), V = (Vay .., Vi, up), A = (Ay,...,A;) as well as
Uy =u, Vi = g(u) and apply Lemma 3.1 onto the equation

((Ui—u—hYi a,]f(U],A),i:2,...,s \
up—“_hzg 1bf( A;)

T Vi— (u)—i—hz 1 Qi (j)Vj,z':2,...,s — o
vp — g(u) + thAb B(U;)V;
g(U,-)—V,-,izQ,...,s,
\g(up)—vp /

Now, we define

a21
a3zr  G32
A =
Ag1  «++ .. Qgs—1
by ... ... bsq b,

11



which is invertible by (B1’). With A we can rewrite T in the form

U—I1@u—h(AD)f((u,Us,...,U,1),A)

o B V-1 g(u)+
LUV = (Ao DB(w, O, ... o)) (o), Vo Tor) |7 20

glu)-Vv

Except for the shift (U, V) to (U, V) this is equivalent to a classical Runge-Kutta step with
invertible matrix A. Thus, we can adapt the first step of the projected Runge-Kutta proof
with the central point vo(u) = (IQu,I®g(u), I®Y(u, g(u))) to work for half explicit methods
too. Moreover, the stability inequality

||~l~] —I®ul| 1
[V —-T®g(u)l < Ch([[ k() | +1lgu) )| 1 (3.21)
| A=T®p(u,g(u)) || 1

is valid. We summarize our results for the projected and half-explicit Runge-Kutta methods
in

Lemma 3.4 Let the conditions of Lemma 8.2 hold for equation (3.1). By (un,Vn, \n) we
denote the sequences generated with a projected Runge-Kutta method satisfying (B1)-(B3) or
a half-explicit Runge-Kutta method fulfilling (B1°)-(B3’) when applied to (3.1) with initial
values ug € D, vo = g(ug) and Ao = 1(ug, v).

Then hg > 0 exists such that the projected or half-explicit Runge-Kutta scheme is well defined
for 0 < h < hy, n € N and reproduces the phase portrait of (3.1) correctly, that is, g~*(0) is
a positive invariant and globally attractive subset of the phase space.

Proof: It remains to show the last assertion. Therefore we consider the v-component of
the discrete scheme (3.6)-(3.8) in more detail. We extract V from the second line in (3.7)
explicitely, insert this representation into (3.6) and obtain

Upi1 = U — h(b" @ D)B(U(h,un))[I + h(A® I)B(U(h,u,))] " (I®vy,). (3.22)
Moreover, we know
B(U(h,u,)) = B(I®u,)+O0(h) = (I® B(uy,)) + O(h) (3.23)
from Lemma 3.3. Combining (3.22) and (3.23) yields

Unp1 = U —h(0" @ I)(I ® B(u,))(I® v,) + O(h*)vn
= (I = hB(u,) + O(h?*))v, (3.24)

Next, with po(—B(u,)) < —n we can compute

| I — hB(u,) + O(h?) || = max{\ € o(I — h/2(B(u,) + B(u,)") + O(h?))}
< 1—hn/4 +0O(R*) < 1 for h > 0 sufficiently small
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and the inequality
I9(un) lz < || I = hB(un) + O(h*) I3 || g(uo) l|lz — 0 as n — o0

follows. This shows our result.
The proof also works for half-explicit Runge-Kutta methods, since (3.22) holds for these
methods too.

4 Embedded index 2 systems under discretization

In this section we give a proof of Theorem 2.1. First, let us analyze the projected Runge-
Kutta methods. Using the structure of the operator 75 (see (3.14)) and the scheme (3.6) the
projected Runge-Kutta iteration can be written in the explicit form

wper = [I— aﬂ £ R(00) A + (T A @ I)A(h, un))y(hy 11, )]~ (11 +

h(b" 1) f (U(h un), A(h, up))), (4.1)
Uit = g(un) — h(0" @ I)B(U(h, un))V (h, un),
M1 = R(00)A\ + (0TA @ I)A(h, uy).

Moreover, the stability inequality of Lemma 3.3 implies v(h,u, A) = O(h?"!). Then, using
(I — O(ht™))~t = I 4+ O(h?*!) and neglecting the v-component, the iteration (4.1) can be
written in the form

Unsr = tn+R((OF @ D) F(U(h, un), AR, up)) + BIf (B, un, Ap)) (4.2)
Ans1 = R(00)A, + (b" AT @ I)A(h, uy)

with a smooth and bounded function f .
Introducing 1, = A, — ¥(uy, g(uy,)) and rewriting (4.2) yields

Ungr = U+ h((07 @ DF(U(hyun), Ay un)) + heF (B, i, i+ (s 9(u))))
= Up + G1(h, Un, M), (4.3)
R(00)nn + (6" AT @ I)(A (R, un) — T® P(un, g(un)))
+(Un, 9(tn)) — Y(tn + G1 (B Un, Mn); 9(Un + G1(h; Un,y 7))
=: Go(h, tn, nn)-

Mn+1

The functions G, G5 are lipschitzian with the constants

LGl,u = O(h)7 LGlJ) = O(hq+1)7
O(1), Lg,, =|R(c0) | +O(h*™) < 1. (4.4)
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Obviously, for r € N fix the conditions

2 LG1J)LG2,U < 1- LGl,u - LGzJ)’
LGQ;W + LGla"a < (1 - LGlau - LGl"’]a)T

with
2LGyu
1- LGI;U - LGz,W + \/(1 - LGl,u - LGzﬂ])Q - 4LGl,WLGz,U

are satisfied for A > 0 sufficiently small. Now, Theorem 5 of Nipp, Stoffer [12] guarantees the
existence of a smooth function (., g(.)) which gives in (u, A)-coordinates rise to an attractive
invariant manifold

My = {(u,\) € D, xR | X\ =p(u,g(u))}.

Additionally, the in phase property holds with the attraction coefficient x, = Lg,, +Lq, ,a =
| R(o0) | +O(heT™).

Here the reader may notice that to apply Theorem 5 of Nipp, Stoffer [12]) formally we have
to enlarge the domain of G, G for u € RY as Cj-maps which satisfy the lipschitz conditions
(4.4).

Reduced to the invariant manifold M} the u-component of a projected Runge-Kutta method
reads

tnir = tn +R((0" & 1) (U (R, un), A, un)) + B f (R, ttn, Yn(tins g (). (4.5)

Obviously, the iteration scheme (4.5) can be regarded as a gqth order one-step method applied
to the initial value problem

i = f(u,¥(u,g(u))), u(0) = uo. (4.6)

Next we estimate the distance between Mj, and M. Since Gy(h,u,n) has the representation

Go(h,u,n) = R(co)n+ B(h,u,n)

with § from (3.18) we directly obtain M, — My = O(h) from (3.19) and Theorem 5 in Nipp,
Stoffer [12]. To complete the proof of Theorem 2.1 for the projected Runge-Kutta methods
we have to show 8, = B(h, un, 7,) = O(h9). Due to formula (3.18) the representation

Bo = (b"A @ I)(A(h, un) = (U (h, un), g(U (h, un))))
+(" AT @ DY (U (h, un), §(U (hy un))) — 1@ ¥ (un, g(un))) (4.7)
9 (tn; 9(un)) = Y(Uns1; 9(Un1))
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is valid. Now, we analyze the first term on the right hand side of (4.7). With the solution

flow (@(t, uo), D(t, uo), A(t, wo)), uo € D, B(t, uo) = g(a(t, ug)), A, uo) = (a(t, uo), v(t, up))
of (3.1) this gives

Ai (h, un) + ’(/J(’EL(CZ}L, ’U,n), g(ﬂ'(cihv ’U,n)))

—A(cih, un) — Y(Ui(h, un), g(Ui(h, un))) = O(R9)

since U (R, uy) — @i(cih, up) = O(h9HY) and A;(h, u,) — A
To examine the second term on the right hand side of (
preparations. Let

(cih,u,) = O(h9) hold fori =1,...,s.
4.7) appropriately we have to do some

A ~ ~

lni1 = U+ b7 @ 1) f(U(h, ), A, )),
A1 = R(00)\, + (bTAT @ I)A(h, i), (4.8)

(U(h, i), A(h, @) solution of

SRS ﬁ—]l@ﬁn—h(A@)I)f(Af\))
S(h,l,, U, A) = ( PPN AR =0 4.9
( ) Dy(0)F(0.4) + BO)a(0) )
stand for the Runge-Kutta method with tableau (2.3) applied to the DAE
v = f(u, ),
0 = Dg(u)f(u,) + B(u)g(u). (4.10)

(4.10) is the corresponding index 1 problem with eliminated v-variables to (3.1). From (4.9)
we can conclude

S(h, ty, U(h,Gyn), A(h,4,)) = (0,0(h7)).

Here, (U,A) = (U(h,ty), A(h, 1,)) denote the solution of (3.12). Moreover, we have

9 T 0
o0 Ay st Uk ), Al G0)) = (ou) 1®Dg<an>%<v<an»)+()(h)'

Thus, for A > 0 sufficiently small a(l?A)S(h” U, 0(h, Un), /AX(h,, U,)) is invertible and the sta-
bility inequality shows

(U—=U,A— AN (h,i,) = O(h9).
We insert this into formula (4.8) and obtain with u, = 4, and (4.2) the relation

’an_|_1 = Un+1+0(hq+1).
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Then, we manipulate the second term on the right hand side of (4.7) as follows.

AT I) - (U (hy un), §U (hy un))) —

L® ¢ (un, g(tn))) + 1 (tn, g(tn)) — ¥ (tnt1, g(tn1))

= (t"A7@ D) - (P(U(h, ), §(U (b, i) = L@ ¢ (in, (1))
+1(tiny 9(Un)) — Y (lny1, 9(dny1)) + O(A?).

Finally, we embed the index 1 problem (4.10) into the singular perturbed problem

1:1 = f(ua/\)a
eA = Dg(u)f(u, ) + B(u)g(u) (4.11)

Following Nipp, Stoffer [13] formulae (6), (7), we define the functions E (i, U(h, i,)) as well
as ey, Un+1,U(h, Uy,)). Then the relation

b'A @ I)E(ffn Ul(h, i) — e(an,am, U(h, i) =
TATIRT) - (D(U(h, i), §(U (B, i) = T @ (i, 9(in))) (4.12)
+(tin, 9(tin)) — Y(lint1, g(@ns1)) = O(RT) + O(e)

is shown in Nipp, Stoffer [13]. We insert (4.12) into (4.7) and obtain with ¢ = 0 the desired
estimation.
Finally, to complete the proof of Theorem 2.1 for the projected Runge-Kutta methods we
restrict (4.5) to the invariant set g='(0), define o, := ¥y [g-1(0) by on(u) = tn(u,0) and
Mop = {(u,A) € Dy x R | A= hos(u)}.

In the case of half-explicit Runge-Kutta methods we obtain directly the iteration scheme

Upp1 = Up + A0 @) F((un, ﬁl(h, Up)y -y f]s,l(h, Un)), A(h, uy)),
)\n—l—l = As(h, un) (413)

from (3.20) and (2.8). Again, introducing 7, = A\, — ¥(tn, g(u,)) yields

Unpr = Up + 0T Q1) f((un, ﬁl(h, Un)y- -, ﬁs_l(h, Un)), A(h, uy))
= Up+ él(ha unann)a
Th+1 = As(h, un) - ¢(un + Gl(ha unann):g(un +G1(h7 Unann))) = GQ(ha Umnn)-

Then, we can adapt the proof of the projected Runge-Kutta method to the half-explicit
Runge-Kutta scheme. With (B3’) and ¢; = 1 we can estimate

Bn = AS(h: un) - iﬁ(un-kla g(un-l-l))
= As(hyug) — Ah, up) + (U(h, un), g(a(h, ug))) — Y (Ung1, 9(Ung1)) = O(RT).

Finally, the attraction constant xj; = 0 follows from the fact Lg, .= Lg, .= 0.
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5 Discretization near periodic orbits

In the sections 2 and 3 we have seen that the DAE (2.1) can be embedded into the DAE
(3.1). The corresponding index 0 equation of (2.1) is the ODE (2.2) with phase space
M :={u € R | g(u) =0} and the index 0 equation of (3.1) with eliminated v-variables can
be regarded as a dynamical system on the open subset D, of R* (see formula (3.5)).

Now, let (u(t, uo), %o(u(t, ug))) be a hyperbolic periodic orbit of (2.1). Obviously, (3.1) pos-
sesses the periodic orbit (u(t, ug), 0, Yo (u(t, ug)))-

Our first goal to show is that also the hyperbolicity of periodic orbits carries over from (2.1)
o (3.1) and (3.5). For fixed t we have the linearization

0
%ﬂ(t, ug) : N(Dg(ug)) — N(Dg(u(t,up)))
of (2.1) and 2 u(¢, ue)v, v € N(Dg(uo)) solves the linearized system

¢ = (00, u0)) + L (Pt o)) Dot o))
A0) = ve N(Dglu))
Here I'(t, ug) stands for (a(t, ug), 1o (a(t, uo)))-

Next we analyze the ODE (3.5) in more detail. A straightforward calculation with y(u) =
(u, ¥ (u, g(u))) shows

k() = o)) + X ) G2 ) + 02 (o) Do), (5.)

Moreover, implicit differentiation of the relation Dg(u) f(u, ¥ (u,v)) + B(u)v = 0 with respect
to u and v yields

O ) = (D) o (ot ) 1D () (a6, v)
—i—DB(u)v—!—D2 () f(u, ¥ (u,v))], (5.2)
) = ~(Dylu)gh (9o, ) " Bw)

Th(;ls,bwith v =g(u) and Q(u) = %(v(u))(Dg(u)%(V(u)))*ng(u) we insert (5.2) into (5.1)
and obtain

f of af

Dk(u) = (I-Q(u ))(9 (v(w)) = 55 (1) (Dg(u) 53 (7(w))) " [B(u) Dg(u)
+DB(u)g(u )+D2 (u)k(u)].
Using the relation
D?g(u)k(u) + Dg(u)Dk(u) = —DB(u)g(u) — B(u)Dg(u) (5.3)
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which follows from the definition of v, we can compute

of
(I = Q))Dk(u) = (I - Qu))5 (v(u)). (5.4)
Lemma 5.1 Let (A1)-(A8) hold and let (a(t, uo), Yo(a(t, wo))), a(t, uo) = a(t+7T,uo) denote
a hyperbolic T-periodic orbit of the DAE (2.1). Then u(t,uo) is a hyperbolic T-periodic orbit
of the ODE (3.5).

Proof: Let 1(t, uy) denote the solution flow of (3.5) and let (¢, up) stand for the solution flow
of (2.2). The reader may recall @(t,ug) = (¢, uo) provided g(ug) = 0 holds. Linearized at an
orbit @(t,up) we obtain that 2 (¢, uo) solves the variational equation

Y(t) = Dk(a(t,u))Y(t), Y(0)=1.

In order to analyze Y (¢) in more detail we define r(t) := Dg(a(t, uo)) 2 (¢, uo) for ug € D,
with g(ug) = 0. A straightforward calculation shows

r(t) = —=B(a(t, uo))r(t), r(0) = Dyg(uo)- (5.5)

Now, let V € R¥V~ denote an orthonormal basis of N(Dg(uo)) and let W = 2L (ug, 9o (uo)).
Using (5.5) we obtain r(¢)V = 0 and 2a(¢,uo)Ve € N(Dg(i(t, ug))), « € RV~ l follows.
Moreover, with (5.2)-(5.4) and S(u) = Dg(u)%(u, to(u)) we can compute

82

_ _ 0 .
mu(t, uo)Va = DE(u(t, ug))=—u(t, up)Va

ou
= (- Qalt, o)) 2 (0 (t, wo))

ou
HQUi(t uo) DRt )] =t uo)V
= (0t u0)) — 2L (0t u0)) St o)) Dyt we))  (5.6)
ou ’ o\ ’ ’ ’
L (0t u0)) — DPg(alt, uo) (s Uo))]]%@(t w)Va
= 00t w0)) + T2 00)) Dot o)t w0 Ve
Formula (5.6) shows that 2(t, uo) restricted to N(Dg(uo)) solves the linearized problem to
equation (2.1) at u(t, ug).
Let X (t) € RV=4N= denote the fundamental matrix of
b= (SL 00 0)) + S (0 w0) Dot o). w(0) € R(V) = N(Dg(u).
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Then Y (t)V = VX(t) follows from (5.6).

Moreover, let Z(t) := Dg(u(t, uo))Y(t)%(P(O, u9))S(ug)~* be the fundamental matrix of

w = —B(u(t,ug))w.
Now we are in the situation to handle the special case of @(t,ug) to be a T-periodic orbit. We

split the whole space according to RN = N(Dg(ug)) & R(%(uo, Yo(ug))) =: R(V) & R(W)
and make the ansatz

Y ()W = VAu(t) + WAg(1).

Using Dg(uo)V = 0 and u(T, ug) = ug for t = T we end up with

oW = w0 (8 g ams ) o0

Finally, from the solution representation
[w(t)llz = [ Z@)w(0) ll2 < exp(—nt) || w(0) ||

we can conclude || Z(¢) ||o< exp(—nt), that is, p(S(ug) ' Z(T)S(ug)) = p(Z(T)) < exp(—nT).
Together with formula (5.7) this finishes the proof.

Lemma 5.1 and Theorem 2.1 in Beyn [2] ensure the existence of an invariant curve @"(R),
ah(t) = u™(t + T) for the one-step method (compare (4.5))

Upp1r = Up+h(T D) F(Uh,un), Alh, uy)) + h”lf(h, Uny Un(Un, 9(uy)))  (5.8)
= Gh(un)

with the properties

@'t +h+ORTY)) = Ga(a(d),
max{|| @(t,uo) — @"(t) || t€R} < ChO.

Obviously, we have g(@"(R)) = 0. This is a consequence of the fact that @"(R) is an invariant
set and every invariant set is located in the maximal invariant set g=1(0).

On the phase space ¢g~!(0) the iteration scheme (5.8) coincides with the u-component of the
projected Runge-Kutta method applied to 4 = f(u, \), g(u) = 0. Thus, the discrete iteration
scheme possesses an invariant curve which is O(h?) close to the periodic orbit.

An analogous argumentation also works for half-explicit Runge-Kutta methods and ensures
the existence of an O(h") close invariant curve to the periodic orbit.
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