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Estimating transmission noise on networks from stationary local
order
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Abstract – We study networks of nodes characterised by binary traits that change both endoge-
nously and through nearest-neighbour interaction. Our analytical results show that those traits
can be ranked according to the noisiness of their transmission using only measures of order in
the stationary state. Crucially, this ranking is independent of network topology. As an example,
we explain why, in line with a long-standing hypothesis, the relative stability of the structural
traits of languages can be estimated from their geospatial distribution. We conjecture that similar
inferences may be possible in a more general class of Markovian systems. Consequently, in many
empirical domains where longitudinal information is not easily available the propensities of traits
to change could be estimated from spatial data alone.
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Introduction. – Many complex systems can be repre-
sented as networks of nodes, each characterised by a set of
traits which can change endogenously and through interac-
tion. Examples are abundant in evolutionary biology, gene
regulatory systems, and the dynamics of languages [1–4].
The spreading of opinions or diseases are further instances
of noisy transmission processes on networks [5,6].
We may naturally wish to estimate the relative propen-

sities of different traits to change. The most direct way
is to resort to longitudinal data: in population genet-
ics, for example, cladistics and genetic sequencing have
enabled the reconstruction of phylogenetic trees reach-
ing to the beginnings of evolutionary time [7]. More in-
direct approaches are, however, possible [8]. Mutation
rates can also be estimated using mechanistic models
together with summary statistics observed in natural pop-
ulations [7,9–11]. In fact, these indirect methods offer the
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only avenue in fields where access to longitudinal informa-
tion is restricted: the historical evolution of languages, for
instance, can be inferred only to a very shallow temporal
depth.
Against this background, Greenberg surmised fifty years

ago that the geospatial distribution of the structural traits
of languages carries useful information about those traits’
temporal dynamics [12]. Motivated by a recent implemen-
tation of this intuition [13], we suggest that Greenberg’s
hypothesis applies to Markovian processes more widely.
One can conceive of many such processes as involving the
interplay of transmission noise and a tendency to order.
We propose that the relative strength of these two, the
noise-to-order ratio, can be estimated from a small set of
measurable quantities in the stationary state. We call this
the transmission-noise conjecture.
In this letter we show that the conjecture does indeed

hold in networked systems with binary traits that change
both spontaneously within nodes and through nearest-
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Fig. 1: Illustration of the model dynamics. We show small
networks of four nodes which possess (blue) or lack (yellow) a
specific trait. Links that connect nodes in the same/different
state are solid/dashed. The focal node is the node being consid-
ered for update. Panel (a): node changes state endogenously.
Panel (b): node correctly copies a neighbour. Panel (c): node
erroneously copies a neighbour.

neighbour interaction. Moreover, detailed knowledge of
the network is not needed to rank traits according to their
noise-to-order ratios.

Model. – Our model describes N nodes i of an undi-
rected network [14,15]. At time t, each node is in one
of two states, indicated by variables si(t) = ±1. In
the context of horizontal gene transfer, the binary state
could stand for the presence or absence of a mutation in
an organism. In a model of opinion dynamics the two
states could represent two distinct views on a particular
question.
The system evolves through several processes. 1) The

state of a node can change endogenously from s to −s
with rate v′s, as shown in fig. 1(a). This reflects trans-
mission errors in time, for example from parent to off-
spring. 2) A node can change state by faithfully copying
the state of a neighbour. The rate coefficients for these
events are h± (fig. 1(b)). 3) Finally, a node can change
state due to transmission error in an unfaithful copying
event (fig. 1(c)); this occurs with rate coefficients h′

±. A
full definition of the dynamics can be found in the Sup-
plemental Material Supplementarymaterial.pdf (SM)1.
The additional references only used in the SM are [16–40].
Our starting point is deliberately general. The events in

fig. 1 encompass all networked models with binary states
in which nodes can flip either spontaneously or through
pairwise interaction with one nearest neighbour. This
generalises the model in [13] as well as instances of the
so-called “noisy voter model” [41–43]. The subsequent
analysis assumes h+ + h′

− = h− + h′
+. This is a mild re-

quirement, indicating that nodes do not preferentially in-
teract with nodes in a particular state (see SM). We stress
that, in contrast to most existing literature on the voter
model, spontaneous flipping can occur asymmetrically in

1The SM contains further details of the model and the theoretical
and numerical analysis.

our model (v′+ �= v′−), and that the copying of a state from
a neighbour can be subject to error (h′

+ �= 0, h′
− �= 0).

Summary statistics for local order. – We char-
acterise the stationary state using two summary statis-
tics. One is the trait frequency, ρ. This is the propor-
tion of nodes which possess that trait (i.e., nodes with
si = +1). The second is the proportion, σ, of links in
the network that connect two nodes in opposite states. In
line with voter model terminology we will call these active
links [44,45].
The average stationary trait frequency is given by

〈ρ〉st =
h′
+ + v′+

h′
+ + h′

− + v′+ + v′−
. (1)

We can show that this expression is valid for any undi-
rected network (see SM).
We also define the ratio

H ≡ σ

2ρ(1− ρ)
. (2)

If, for a given trait frequency ρ, traits were distributed ran-
domly across the nodes, without correlations, one would
have σ = 2ρ(1 − ρ), and thus H = 1. When H < 1 there
are fewer active links than random. Thus, H quantifies the
amount of scatter in the system relative to a random con-
figuration with the same value of ρ. We note that H can
take values larger than one for configurations in which the
states of neighbouring spins are anti-correlated (see SM).
The typical time course from simulations of the model is

illustrated in the (ρ, σ)-plane in fig. 2(a). As indicated by
the wiggly lines, the system approaches a parabolic curve
of constant H quickly, and then fluctuates in the region
near the parabola. This has previously been pointed out
for voter models in [42,44]. For finite systems, the point
defined by the time averages 〈ρ〉st and 〈σ〉st in the sta-
tionary state may not lie on this parabola. This will be
discussed further below.

Transmission noise determines local order. – Our
aim is to demonstrate the validity of the transmission noise
conjecture for our model.
As a first step we use the correlation function of spin

states at different nodes to show that the stationary den-
sity of active interfaces 〈σ〉st can be expressed in terms
of the stationary trait frequency 〈ρ〉st and the parameter
combination (see SM)

τ ≡ (h′
+ + h′

−) + (v′+ + v′−)
1
2 [(h+ + h−)− (h′

+ + h′
−)]

. (3)

This holds for any network. Further, for a wide range of
networks we have 〈σ〉st = 2H(τ) 〈ρ〉st (1− 〈ρ〉st), where
H(τ) is dependent upon the network. Importantly, the
model parameters enter only through the combination τ .
In simulations we confirm that 〈H〉st ≈ H(τ), provided τ
is above some cutoff set by the network size (see SM).
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Fig. 2: Model dynamics in the plane spanned by trait
frequency ρ and density of active interfaces σ. (a) is a
Barabási-Albert network (N = 2500), (b) is the periodic square
lattice (N = 40000). The wiggly lines show realisations from
simulations, each realisation is shown in a different colour.
Each wiggly line is for a different set of model parameters, but
with a common value of τ = 1× 10−3 in (a), and τ = 1× 10−4

in (b). The solid lines in (a) show the trajectories within the
pair approximation, derived in the limit N → ∞ (eqs. (S25)
and (S42) in the SM). The fixed points of these equations are
shown by filled circles. The crosses in each panel indicate the
points (〈ρ〉st , 〈σ〉st) for the different parameter sets. Dashed
lines are parabolas of constant H, obtained from different ana-
lytical results, as indicated.

The numerator in eq. (3) describes the average rate of
events in the system starting from a fully ordered state
(ρ = 0 or ρ = 1). The only state changes that are possible
in such a configuration are those due to transmission noise.
Therefore, the numerator can be interpreted as a strength
of transmission noise. The denominator in the expression
for τ is the rate with which correlations build up between
neighbouring spins, starting from a random initial condi-
tion with ρ = 1/2 (see SM). Thus, we can think of τ as a
noise-to-order ratio, and hence a measure of instability2.

This interpretation, together with the observation that
local order is set by τ (i.e., H is a function of τ), confirms
the transmission noise conjecture in our model.

Inference of τ from observed data: analytical re-
sults. – We now turn to the question of inferring the

2The quantity τ can take negative values. This describes systems
with anti-correlations between neighbouring spins. For details see
sect. S8 B in the SM.

noise-to-order ratio τ . This is possible if 〈H〉st can be es-
timated from observations, and, if the functional form of
H(τ) can be calculated either exactly or as an approxima-
tion. We now discuss how to do the latter, and then turn
to an empirical example.
The pair approximation (PA) is a standard tool for the

analysis of interacting dynamics on infinite uncorrelated
networks [44,46]. Further, the so-called stochastic pair
approximation (SPA) captures leading-order corrections
in the network size [43]. For our model we find (see SM)

HPA(τ) =
μ− 2− μτ +

√
(τ + 1)2μ2 − 4(μ− 1)

2(μ− 1)
, (4)

and

HSPA(τ)=HPA(τ)

[
1− μ2

Nμ2

τ+HPA(τ)

τ

]
+O(N−2), (5)

where μ is the mean degree of the network and μ2 is the
second moment of the degree distribution.
In addition to these approximations, we can calculate

H(τ) exactly for networks which have the following prop-
erties for all fixed integers �: The number of distinct walks
of length � starting at any node is the same. Additionally,
the fraction Ω(�) of those walks ending at the starting point
is also the same for all nodes. For such “homogeneous”
networks (HG) we show that (see SM)

HHG(τ) =
1 + τ∑∞

�=0 Ω
(�)/(1 + τ)�

− τ. (6)

Simulations show that this expression works well when the
degree distribution is sufficiently tight, even if the network
is not strictly homogeneous (see SM).
The coefficients Ω(�) can either be calculated in closed

form (see the SM for examples), or be obtained by direct
enumeration of walks.

Interpretation and test in simulations. – Fig-
ure 2(a) illustrates the relation between the different
approximations for Barabási-Albert networks [47]. We
show simulations for different parameter combinations,
but keeping τ in eq. (3) fixed. The trajectories in the
(ρ, σ)-space obtained from the PA for infinite systems con-
verge to fixed points on the parabola σ = 2HPA(τ)ρ(1−ρ).
Trajectories from simulations of finite systems fluctuate
about these fixed points and remain near the parabola.
The time averages in the stationary state, 〈ρ〉st and 〈σ〉st,
are indicated by crosses in fig. 2(a), and lie below the
parabola set by HPA(τ). This deviation is a consequence
of finite-size fluctuations. As seen in the figure, the SPA
captures this effect to good accuracy.
A similar effect is found for square lattices (fig. 2(b)).

Trajectories for finite systems fluctuate near the parabola
σ = 2HSL(τ)ρ(1 − ρ) (originally derived in [13], where
an analytical formula for HSL(τ) was given). The time
average (〈ρ〉st , 〈σ〉st), however, is not on this parabola,
but is captured by eq. (6).
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Fig. 3: Order parameter H(τ) within the different theories
discussed in the text. Main axis: Barabási-Albert network
(N = 2500, mean degree μ ≈ 8). Insert: degree-regular net-
work (N = 10, μ = 4). Lines show the analytical results as
indicated. Blue markers are from simulations, averaged over
100–10000 independent samples in the steady state. Model
parameters for a given choice of τ can be randomly generated
via the algorithm described in the SM.HAA(τ) is the “annealed
approximation” (see SM).

We test the different approximations further in fig. 3, fo-
cusing on Barabási-Albert networks of size N = 2500, and
a small random degree-regular network (N = 10). The PA
fails for τ → 0, because complete ordering can only occur
on finite networks. We find limτ→0 HPA = μ−2

μ−1 , describing

long-lived partially ordered states of the voter model [44].
For the Barabási-Albert network the assumption of homo-
geneity is not valid and eq. (6) is inaccurate. The SPA, on
the contrary, describes simulations well in the main panel,
but becomes inaccurate for large τ on small networks (in-
set) due to finite-size effects beyond leading order. For
random degree-regular networks (inset) the HG result in
eq. (6), on the other hand, produces satisfactory results
for all τ . We have deliberately chosen a small network to
demonstrate that the HG approach does not require the
network to be large.

Stability of language traits. – The World Atlas of
Language Structures (WALS) [48] reports geographical co-
ordinates and information on language traits for 2662 of
the approximately 7000 existing human languages. We
extract 35 binary (or binarisable) traits, such as the pres-
ence or absence of a definiteness marker (e.g., the English
definite article the).

For each trait, we measure the fraction of languages pos-
sessing the trait, ρ. We use geographic distance between
languages to construct a putative interaction network.
Each node is a language and the processes operated on
the node represent a coarse-grained view of the dynamics
of speaker behaviour (e.g., acquisition of the language by
children, or the use of traits of a neighbouring language
by bilingual speakers). Further details can be found in the

Fig. 4: Rankograms for three linguistic traits 143F, 7A,
and 89A from [48], each obtained from 10000 bootstrap
samples. For each trait we show rankograms obtained
from H directly, and from τ obtained using the functions
HAA(τ), HSL(τ), HHG(τ) and HSPA(τ). These are virtually in-
distinguishable from each other on the network. For clarity we
show Gaussian kernel density estimates, for HHG we show the
full histogram. Further details are given in the SM along with
rankograms for the remaining traits.

SM. Using this network we calculate the interface density
σ. To assess the uncertainty due to the incompleteness
of WALS we use bootstrap sampling (i.e., we sample sub-
sets of languages from WALS). This allows us to obtain a
distribution for H = σ/[2ρ(1 − ρ)] for each trait. Further
details of the procedure can be found in the SM.
In ref. [13] the values for H were converted into τ by in-

verting the formula HSL(τ) for the infinite square lattice.
This was done without proper justification, as no other
analytical solution for H(τ) was available. Surprisingly,
the estimates of τ constructed in this manner correlate
well with other measures of the (in)stability of language
traits [13,49]. This agreement, while welcome, was some-
what puzzling.
The results of the present work explain these observa-

tions. We can use the different functional forms HX(τ)
to convert the distributions of H into distributions of τX .
The subscript X denotes the different theories SPA, AA,
SL or HG. For a given X, we can use the distributions of
τX to construct rankograms for the language traits. The
rankogram of each trait describes the probability that the
trait is ranked r-th. We illustrate this in fig. 4. The width
of a trait’s rankogram reflects the confidence we can have
in its relative instability based on the data. In [13] the
ranking was based on median values of τ only.
Strikingly, the rankogram for any given trait is the same

irrespective of the choice X made to infer τ . That is to
say, no matter which of the analytical forms HX(τ) we
use to obtain τ from H, the ranking of traits will remain
the same. Noting that HPA(τ) and HSPA(τ) only use the
first two moments of the empirical degree distribution and
that the different approximations HX(τ) assume differ-
ent network types, this ultimately means that the detailed
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topology of the interaction network is not important. This
robustness explains the surprising success of the stability
estimates in [13] obtained using the analytical solution of
the model on a square lattice. Figure 4 also shows that
ranking on H itself (i.e., based on the amount of spatial
scatter) gives similar results, thus confirming Greenberg’s
hypothesis that low scattering indicates relative stability,
whereas highly scattered traits would be comparatively
unstable.

Discussion. – This letter has demonstrated the
transmission-noise conjecture for two-state Markovian dy-
namics with nearest-neighbour interaction on networks.
Traits can be ranked by stability from purely spatial infor-
mation; neither longitudinal data nor detailed knowledge
of the interaction network are required. We have used
these results to put a long-standing hypothesis about the
stability of linguistic traits on firm mathematical ground.
While we have explained the success of the ad hoc

method of [13], our analysis remains subject to limita-
tions. For example, the model in its current form does not
capture temporal networks [50], dynamics with absorbing
states [5,51], or cyclic behaviour and frequency-dependent
selection in evolutionary games [52–56].
Despite these limitations our model has proved able to

recover important facts about the temporal dynamics of
language from purely spatial data. We believe that similar
applications are possible in the study of opinion change,
using, for example, the dataset in [57], or of a range of
cases in cultural evolution for which spatial data are more
readily available than longitudinal data: the evolution of
ethnographic traits in anthropology [58,59], the evolution
of musical styles [60–62], and further afield, bird and whale
song [63–65]. In addition, further theoretical work should
explore how generally it is the case that the noise-to-order
ratio in the dynamics of a complex system can be inferred
from configurations in the stationary state.

∗ ∗ ∗

We acknowledge support from the Agencia Estatal
de Investigación and Fondo Europeo de Desarrollo Re-
gional (FEDER, UE) under project APASOS (PID2021-
122256NB-C21, PID2021-122256NB-C22), the Maŕıa de
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