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WELL-POSEDNESS OF A QUASILINEAR HYPERBOLIC FLUID
MODEL

REINHARD RACKE AND JURGEN SAAL

ABSTRACT. We replace a Fourier type law by a Cattaneo type law in the derivation
of the fundamental equations of fluid mechanics. This leads to hyperbolicly perturbed
quasilinear Navier-Stokes equations. For this problem the standard approach by means
of quasilinear symmetric hyperbolic systems seems to fail by the fact that finite prop-
agation speed might not be expected. Therefore a somewhat different approach via
viscosity solutions is developed in order to prove higher regularity energy estimates for
the linearized system. Surprisingly, this method yields stronger results than previous
methods, by the fact that we can relax the regularity assumptions on the coefficients
to a minimum. This leads to a short and elegant proof of a local-in-time existence
result for the corresponding first order quasilinear system, hence also for the original
hyperbolicly perturbed Navier-Stokes equations.

1. INTRODUCTION

Let n > 2 and T,7 > 0. The intention of this note is to examine the hyperbolicly
perturbed Navier-Stokes equations

Tug — pAu+7(u-V)ou+ ((tou+u) -V)u+w; = —Vr in (0,7) x R”,
divu = 0 in (0,T) x R",
uli=0 = uo in R",
Ut‘t:O = u in R",
(1.1)

where u : (0,7) x R™ — R"™ denotes the velocity of a fluid and p : (0,7) x R" — R the
related pressure. System (1.1) is obtained by replacing a Fourier type law by the law of
Cattaneo. More precisely, we replace the constitutive law for the deformation tensor

S = g(vu +(Vu)') (1.2)
with viscosity coefficient ¢ > 0 by the relation
S+7S = %(vu + (Va)), (1.3)

which represents the first order Taylor approximation of the delayed deformation condi-
tion

St+7) = %(Vu(t) + (Vult))), t>0,

for small 7 > 0. Relation (1.2) is a Fourier type law. It leads to the well-known paradox

of infinite propagation speed for classical parabolic equations. There are applications,

however, for that it is more reasonable to work with hyperbolic models, cf. [14] and the
1
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references therein. This is also underlined by experiments that document the existence
of hyperbolic heat waves.

Recall that the classical Navier-Stokes equations, determined by Fourier’s law, are
represented by the system

ug+ (u-V)u+Vp = div2S in (0,T) x R,
divu = 0 in (0,7) x R™, (1.4)
u]t:(] = U in Rn,

where the deformation tensor is given by
S(u) = g(w + (V).
In this situation the second line in (1.4) implies that
div2S(u) = pAu.
On the other hand, by employing Cattaneo’s law (1.3) we have that
div2(S + 75;) = pdiv (Vu + (Vu)") = pAu. (1.5)

System (1.1) is now obtained as follows. Applying 70; to the first line in (1.4) and adding
the resulting equation to the original line gives us in view of (1.5) that

0 = 7up+70%u-Vu+7Vp+ (u-V)u+u + Vp—div2(S 4+ 75)
= Tuy + 70 (u-Vu+ (u-V)u+u — pAu+ 7Vps + Vp.

Consequently, by introducing the new pressure m = p + 7p;, under the assumption of
Cattaneo’s law the classical Navier-Stokes equations turn into the hyperbolicly perturbed
system (1.1).

The hyperbolic fluid model (1.1) was already derived in [3] and [4]. In these papers on
an elementary level the authors discussed consequences and differences of (1.1) compared
with the classical model.

In [11] Paicu and Raugel consider the classical Navier-Stokes equations including
merely the hyperbolic perturbation 7wy for small 7 > 0. The global well-posedness
for mild solutions in two dimensions for sufficiently small 7, and the global existence for
small data and sufficiently small 7 in three dimensions in analogy to the classical case
are proved. In [11] also a number of justifications for their model are presented, see the
references therein. By just adding the term 7uy to (1.4) the resulting system remains
semilinear and therefore methods for the construction of a mild solution can still be ap-
plied. This, however, is no longer possible for system (1.1), since due to the third term in
the first line of (1.1) this system is a quasilinear one. So, from this point of view system
(1.1) rather differs from the the system considered in [11].

We remark that our new Navier-Stokes system is related to the Oldroyd model which
considers instead of (1.3) the more general model

TS+ S = pu(€ +v&), (16)

where £ := 1(Vu + VuT), cf. de Aradjo, de Menzenes and Marinho [2] and Joseph [6];
in comparison to our model we have v = 0 (and g = 1). If v # 0 then, from the point of
derivatives getting involved, S is on a similar level as £, as in the classical case (1.4).
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In a first step towards the local-in-time existence result in order, as usually we trans-
form (1.1) into a first order quasilinear system of the form

Vi+ AVV+B(V)V = 0 in(0,T)xR", (1.7)
Vleo = Vp inR", ‘
with V := (u,01u,...,0u,du)’. A standard approach used for standard quasilinear

symmetric hyperbolic systems is to derive a priori estimates in Sobolev spaces of higher
order for a linearized version by means of finite propagation speed and then to apply a
fixed point iteration to the nonlinear problem. This method, however, seems to fail for the
first order system resulting from (1.1). The crucial point here is the finite propagation
speed. It seems not to be available (and this can be regarded as a conjecture of the
authors) for equations (1.1) neither for the corresponding first order quasilinear system
or for the associated linearization. The reason for this conjecture lies in the presence
of the pressure gradient in equations (1.1). Of course, as in a standard way for Navier-
Stokes equations, Vp could be removed by applying the Leray-Helmholtz projector onto
solenoidal fields to the first line of (1.1) and then dealing with the resulting system. But
either way leads to nonlocal terms in the equations which indicates that finite propagation
speed might not be expected. (The authors, however, so far have not been able to prove
this.) In case of dimension n = 2 or n = 3 we can obtain finite propagation speed for
curlw, for instance. This observation is justified by applying curl to (1.1), since then
gradient terms also vanish and (1.1) turns into an equation for the vorticity curlwu (see
Section 2). ;jFrom this point of view, problem (1.1) and the resulting system (1.7) are
somewhat different from standard quasilinear symmetric hyperbolic systems.

By the just mentioned fact, in this note we developed a different approach to first
order hyperbolic systems, which also covers equations of type (1.1). On a standard way
by employing Kato’s theory we first prove the existence of strong solutions for a linearized
version of (1.7) (see Lemma 4.2). However, the essential step is to derive higher order
a priori estimates for the linearized solution, which are required for the application of a
fixed point iteration to (1.7). Here we choose an approach via wviscosity solutions, i.e.,
we add a small viscous term to (1.7) such that the resulting system becomes parabolic.
This method provides a smooth way to justify the formal calculations that lead to higher
energy estimates for the solution of the linearized equations. A nice outcome of this
method is that we can provide such estimates under minimal regularity assumptions
on the coefficients of the linearized operators (see Theorem 4.5). In fact, the regularity
assumptions to be made on the coefficients are weaker than the regularity of the obtained
solution. Minimal in this context means that we only have to assume the regularity that
is required to give sense to the natural energy estimates. Furthermore, these helpful
energy estimates for the solution are also provided by the method.

This seems to be different and new in comparison to similar results for standard sym-
metric hyperbolic systems that are based on finite propagation speed of the displacement.
In pertinent textbooks such as [10, Theorem 2.1] or [13, Theorem 5.1], for instance, al-
ways the assumed regularity for the coefficients is higher than the regularity obtained
for the solutions, and it seems to be difficult or even impossible to improve this to our
results by the methods used therein. In [5] an abstract approach to quasilinear evolution
equations is developed generalizing results obtained in [7]. But also there the assumed
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regularity on the coefficients is higher than the obtained for the solution. Only for the
approach developed in [8] this is not the case. There the coefficients are assumed to be
elements of uniformly local Sobolev spaces. This assumption is enough by the fact that
the standard Sobolev embedding and the required algebra properties are still valid. Thus
the assumptions in [8] for the coefficients of the linearized system are comparable to ours.
On the other hand, it is not so obvious whether the approach to quasilinear hyperbolic
systems given in [8] applies to system (1.1) due to the presence of the presssure term V7
or the Helmholtz projection respectively.

Based on the linear theory developed here the application of Majda’s fixed point iter-
ation, cf [10], in order to construct local-in-time strong solutions to (1.7) becomes rather
short and elegant (see Theorem 5.1). This is due to the fact that by the quality of the
linear results provided here no smoothing of the data, in particular of the coefficients, for
the fixed point iteration is required anymore. By our energy estimates for the linearized
solutions, here we also get immediately upper bounds for the approximate solutions of the
fixed point iteration. This again is in contrast to [10] (or [13]). There upper bounds have
to be derived by estimating the approximate solutions in an elaborate way employing the
structure of the underlying quasilinear symmetric hyperbolic system. Also continuity
(in time) of the solutions (as given in (5.1)) immediately follows from the linear results.
This is also quite different from the approach performed in [10] or [13], where exhausting
procedures via the strong convergence in weaker norms and the weak continuity in higher
norms have to be applied in order to prove continuity. This seems to be a futher nice
advantage of our approach in comparison to previous methods.

We want to emphasize that the approach developed in this note is by no means re-
stricted to first order quasilinear systems arising from equations of type (1.1). In fact, it
is quite generally applicable, in particular to standard quasilinear symmetric hyperbolic
systems. Thus by our approach on a different (perhabs even more elegant) way we can
handle, for example, quasilinear wave equations or systems arising in thermoelasticity
such as treated in [10] or [14]. Moreover, the final results for the quasilinear systems are
of the same quality as the results obtained by previous methods. On the other hand,
obviously the approach presented here is more general, since we can deal as well with
problems of type (1.1), which might not produce finite propagation speed. Furthermore,
also Oldroyd models such as (1.6) can be covered by our approach which is different from
the methods used e.g. in [6].

We proceed with the precise statement of our main results. By virtue of the second
line in (1.1) we define the ground space as

LE(R™) := {f € L*(R™) : div f =0}.

Also note that the symbol Cp°(Q) stands for smooth functions whose derivatives of each
order k € Ny are also bounded on the set €.

1.1. Theorem. Let n > 2 and m > n/2. For each

(uo,wr) € (H™2(R™) N LZ(R™)) x (H™H(R™) N LZ(R™))



WELL-POSEDNESS OF A QUASILINEAR HYPERBOLIC FLUID MODEL 5

there exists a time Ty, > 0 and a unique solution (u, ) of equations (1.1) satisfying
u € C*([0,T.], H™(R™)) n C*([0, T.], H™T1(R™))
NC([0, T, H™(R") N L2(R™)),
Vr € C([0,T], H™(R™)).
The existence time Ty can be estimated from below as

1
L+ C(lluoll gm+2 + lull )

T, >

with a constant C > 0 depending only on m and the dimension n.
As an immediate consequence we also have

1.2. Corollary. In the situation of Theorem 1.1 additionally assume that

00
Up, U1 € ﬂ Hk(Rn)
k=0

Then the solution u,p is classical, i.e. we have
u, V€ Cp°([0,Ty] x R™).

The paper is organized as follows. We start in Section 2 with a remark on finite
propagation speed. In Section 3 we perform the transformation of (1.1) into a first order
quasilinear system. Section 4 represents the heart of this work and provides the linear
theory. First we prove the existence of strong solutions to a linearized version of (1.7). As
mentioned before, the essential point then is to derive higher regularity of this solution.
This result is obtained by employing the method of viscosity solutions. In Section 5
we prove the local-in-time existence for the first order quasilinear system, which finally
results in our main results Theorem 1.1 and Corollary 1.2 by the equivalence of systems
(1.1) and (1.7).

2. REMARK ON FINITE PROPAGATION SPEED

For the local solution obtained in the previous section, we can prove the finite prop-
agation speed for the vorticity v := curlu = V X u. Namely, v satisfies the differential
equation

Tvtt—uAv+vt+(Tu-V)vt+{(u-V)er(Tut-V)er(Q—n) (14 70¢)J(Vu)v) } =0, (2.1)

where J(Vu) denotes the Jacobi matrix of the first derivatives of u. The part in brackets
{...} involves at most first-order derivatives of v. Therefore, the general energy esti-
mates for hyperbolic equations of second order — after transformation to a first-order
symmetric-hyperbolic system — apply as described in [13], and give the finite propaga-
tion speed. As mentioned before, note that this can still not be expected for u due to
the presence of the pressure terms.
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3. TRANSFORMATION INTO A SYMMETRIC SYSTEM

We start by introducing some notation. Note that we use standard notation throughout
this note, for the appearing function spaces see e.g. [1]. Let X be a Banach space and 2 C
R"™ be aset. Then LP (2, X') denotes the standard Lebesgue space of p-integrable X-valued
functions for 1 < p < oo. For p = oo, L>®(£2, X) denotes the space of all (essentially)
bounded functions equipped with the standard norm esssup,cq|| - [|x. Accordingly, for
k€ Nop=NU{0} and 1 < p < oo the symbol W¥P?(Q, X) denotes Sobolev space of k-th
order with norm

1/p
lallip = Nullwes = llullwrsox) = | D lul’k
|o|<k
In the case k = 0 we also write || - ||, for the norm. Moreover, we set H¥(Q, X) :=

WH2(Q, X). In this paper from the just introduced spaces only L2(Q, X), H*(Q, X),
L>®(, X) and W**°(Q, X) will appear. Also note that if X = C™ or X = R™ we write
just L2(R), H*(Q), etc. We will also make use of the homogeneous Sobolev space

H'R") :={ue L, : Vue L*R")}/C,

which is equipped with the norm ||V - ||2.

We also use standard notation for spaces of continuous functions. For £ € Ny U
{00}, C*(2, X) denotes the space of k-times continuously differentiable functions and we
write C(Q, X) if k = 0. If the functions in C*(2, X) are additionally bounded, we use
the symbol Cf (©, X) and its subspace of compactly supported functions is denoted by
Ck(Q, X). The (X, X') dual pairing we denote by (-, -) x.x/. To obtain consistency with
the scalar product if X is a Hilbert space, observe that the second argument in (-, -) x x-
is defined with complex conjugation, i.e., we have

<Z’, x/>X,X’ = x/(f) (x € X7 S X,)a

if 2/(x) denotes the standard dual pairing. If H is a Hilbert space we write (-, -)py.
From time to time we also omit the subscript and just write (-, -), if no confusion seems
likely. The space of linear bounded operators from X to a Banach space Y is denoted by
Z(X,Y).

Suppose (u, p) with u : Riﬂ — R"and p : Rﬁ“ — R is the solution of sytem (1.1). In
this section we transform equations (1.1) into a first order quasilinear hyperbolic system
for the vector

V = (u,0u, ..., 00u,du)" € (R")"+? = RM+2),

As for the classical Navier-Stokes equations the pressure term Vp will be eliminated by
employing the Leray-Helmholtz projector onto solenoidal fields
P:L*(R") — LZ(R") = {v e L*(R") : dive=0}.

Observe that C§%, (R") := {u € C§°(R") : divu = 0} is dense in L2 (R™). Also note that
P is determined by
Pu:=u—Vm,
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where m € H'(R") is the unique solution of the weak Neumann poblem
(Vm, V)2 = (w, Vo) (p € H'(RY).
This leads to the well-known orthogonal decomposition
L*(R") = L3(R") @1 G2(R"),

where Go(R") := {Vr: 7 € H'(R")}. Applying P to the first line of (1.1), this system
is formally reduced to

Tuy — pAu+ 7P(u-V)ou + P((tou +u) - VIu+u, = 0 in (0,7) x R,
ult=o = wup inR",
utl=o = wp in R,
(3.1)

considered in the space L2(R™). For the development of the linear theory it will be
convenient to get rid of the 7 in front of uy; and p in front of Awu. For this purpose we
introduce the dilated function

v(t, x) == u(\/Tt, /).
Then u solves (3.1) if and only if v solves

v — Av 4 /7 /uP(v - V)

+ P((/TOw +v) - V)v/\/m+v/y/T =0 in (0,7') x R", (3.2)
V=0 =wp in R, ’
Vtlg=0 =wv1 in R",

with T/ = T/\/T, vo = up, and vy = /Tu;. System (3.2) will be the one which is
considered in the sequel and which we transform it into a first order system.

For j =1,...,n we define the symmetric matrices
0 --- e e 0 0
0
AJ(V) — : .. : —OIn c (Rnxn)(n+2)><(n+2)’ (33)
0 --- e e 0 0
0O -+ 0 —I, 0 --- 0 M;V)

with I,, the identity in R™ and where —1I,, represents the (j + 1,n + 2)-th and the (n +
2,7 + 1)-th entry of A;(V). The operator M; is defined as

My(V) = o u (VY - Iy = /rfpvd - T,
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and correspondes to the quasilinear term in (3.2). We also define the (n x n) - ((n+2) x
(n + 2)) matrix operators

0o - ... 0 —1I,
~ : 0
B(V) := . : (3.4)
0o - 0 0
0 Bl(V) Bn(V) In/\/F
with B;(V) i= =(V7(V"*2) + (V1))) - Iy = = (V707 +v7) - Iy and
I, 0 - 0
P = 0
: I, 0
0 0 P

Finally, we set
AWV):=P> A;(V)9;  and  B(V):=PB(V).

Then, it is easily checked that (3.2) is equivalent to the first order quasilinear hyperbolic
system

Vleo = Vy inRP, (3:5)
with V := (v,01v,...,0,v,0w)" and Vg := (vo, 0100, ..., 0nv0,v1)T. Observe that the
difference to standard quasilinear symmetric hyperbolic systems lies in the presence of the
projector P. In the next two sections we will develop the required linear and quasilinear
existence theory for systems of the form (3.5).

{W—l—A(V)V—i—B(V)V = 0 in(0,7)xR",

4. LINEAR THEORY

Let T' € (0,00]. Here we consider a linearized version of system (3.5). To be precise,
we assume that A; and B are matrices of the form given in (3.3) and (3.4), where
M;(V) and B;(V) are replace by a;I, and b;I,,, respectively, with given functions a;,b; :
[0,7) x R™ — R. Formally we define for each ¢ € [0,7T) the operator A in the space

H = LR x [2(R")
by

A(t) =Y PA;(t,-)d;,
j=1

D(A) = D(AL) == {V e H: V"2 e H'(RY), Pznjajvf“ € LX(R™)}.
j=1
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Observe that it is well-known that in R™ the Helmholtz projection is bounded on the
entire scale of Sobolev spaces, that is, we have P € Z(H™(R")) for every m € Z. This,
for instance, follows easily by its symbol representation
T

and Plancherel’s theorem, where 7 denotes the Fourier transformation. In this spirit the
last expression in the definition of Z(.A) makes sense, due to >_7_; 9;V7 e H L(RM).
In this section we aim for the well-posedness and higher regularity of the linear nonau-
tonomous first order hyperbolic system

Vi+ AV +BV = 0 in (0,7),

Vlii=o = Vo.

For this purpose we start with the following result for the ’principal’ linear part A.

(4.1)

4.1. Lemma. Let T € (0,00) and let A be as defined above. Assume that
(a)}=1 € C([0,T], L*R")), div(a',...,a") =0.

Then for every t € [0,T] the operator A(t) is skew-selfadjoint, i.e., we have A(t) =
—A(t).

Proof. By the definition of A; we have that

A0,V =(0,...,0,—0;V"2.0,...,—8;VIT! 4+ q;0,V"T2)T.
This yields
n n n T
PY A0V = (o, —O VM =0,V Py oIt Py ajajvn+2) . (4.2)
j=1 j=1 j=1

This shows that A(t) : Z(A) — H is well-defined for each t € [0,T]. Now, let (Vi) €
2(A) such that Vi, — V and A(t)Vy — W in H. Then the first n+ 1 components in (4.2)
imply that V"2 € HY(R") and that V;"** — V"*2 in H*(R"). By the last component
in (4.2) this, in turn, yields that PZ?Zl BjVIgH converges in L2(R"™). By the fact that
Vi, — V in 'H, we also obtain

n n
P> oVt = P> oVt in HTY(RY).
J=1 Jj=1
Since the convergence in L? is stronger as the convergence in H~!' we conclude that
Py 5 0;VIt € L2(R™). Consequently, V € Z(A) and A(t)V = W which shows that
A(t) is closed for each t € [0, 7.
Next, for V € 2(A) and U € H we have
n n
AWV, U) == (@;V"2, Ut — (P oVt Umt?)
Jj=1 Jj=1
n
+ z:(ajaj‘/n—l-27 Un+2)
j=1
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By the symmetry of P on L? and since we use the same symbol for the Helmholtz
projection on H™ for different m, we also have P’ = P if P is the projection on H™. For
U € 2(A) we therefore can continue the above calculation as

n

AWV, U) = D APV 0,07 o = (O 0,V PUM) o g

j=1 j=1
+ (aj aj Vn+2’ Un+2)
j=1
_ (VnJrQ7 PZajUjJrl) + Z(Vj+17 8jUn+2) - Z(VnJrZ’ ajajUnJrQ)
j=1 j=1 j=1
= <V7 _A(t)U>a
where we used the fact that div (a',...,a")T = 0 in the second equality. This shows that

A(t) is skew-symmetric and that Z(A(t)) C 2(A(t)).
For the converse inclusion we pick

UeP2(AR))={UeH; IW e HVV € 2(A): (V,W)={(At)V,U)}.

First we choose V € 2(A) such that V* = 0 except for k = £+ 1 with fixed £ € {1,...,n}
and such that V*1 € C$°(R"). In view of (4.2) we then obtain

(VAL W) = (V, W) = (A()V, U)

= O _Po;vItL Um) = (VL 0,0 g
Jj=1

This shows that d,U""2 has a representant in L?(R") for every ¢ € {1,...,n}. Thus
U2 ¢ H'Y(R"). Next we choose V € Z(A) satisfying V¥ = 0 except for k = n + 2 and

V2 g Cgfa(R")<i>Lg(R"). By the fact that U2 € H!(R") we can calculate
(VPR WE) = (V, W) = (A(1)V, U)

_ _Z(ajVnJrQ’ Uj+1) + Z(P(IjajanrQ, Un+2)
j=1 J=1

= <Vn+27 PZ@'UH”H&H% _ (Vn+27 ZPajﬁjU”H).
Jj=1 j=1
Thanks to Wn+272?:1 Pa;o;U"*? € L*(R"), this shows that also Py 0;U7t be-

longs to L?(R™). Consequently, U € 9(A) and we conclude that Z(A(t)") C Z(A(t)).
The assertion is therefore proved. O

The full linear operator can now be handled by a perturbation argument.

4.2. Lemma. Let T € (0,00), A be defined as above, and let M = PM with an (n +
2)n x (n+2)n matriz M € Cyp([0,T] x R™). Assume that

(a;)7_y C LIP([0,T],L®(R™), div(a1,...,a,) = 0.



WELL-POSEDNESS OF A QUASILINEAR HYPERBOLIC FLUID MODEL 11

Then A+ M is the propagator of an evolution family
(U(t, s))o<s<t<T C L (H).

Proof. By Lemma 4.1 for every t € [0,T1], A(t) is skew-selfadjoint on H. Stones’s theorem
implies that A(t) is the generator of a unitary Cp-group of contractions on H. Clearly,
we also have Z(A(t)) = Z(A) for every t € [0,T]. The Lipschitz continuity assumption
on (a;)j_; in t then implies that

(t— A(t)) € LIP([0,T],Z(2(A), H)).

Thus, (A(%))ejo,r) is a CD-system. By [9, Section 1.2] (see also [12]) therefore A is
the propagator of an evolution family on H. By the fact that M € C([0,T], Z(H)),
a standard abstract perturbation argument (cf. [9, Remark 1.1(c)] or [12]) implies that
A+ M is still the propagator of an evolution family on H as claimed in the lemma. O

Lemma 4.2 and the variation of constant formula imply (for suitable f and V}) the
well-posedness of the problem

{8tV+AV+BV = f in(0,7),

4.4
Vo = W. (44)

However, in order to prove a local-in-time existence result for the full quasilinear system,
higher regularity in Sobolev spaces for the linear problem is required. For this purpose
we employ the method of viscosity solutions.

4.3. Lemma. Let q € Ng, Vo € HT™2(R") N'H, and let a,b € C;°([0,T] x R™). Then for
each € > 0 there exists a unique solution V; of

OVe —eAV.+(A+B)V. = 0 n(0,T),
{ e 2w T (45)
satisfying
V e CY([0,T], HY(R™) n'H) N C([0, T], HIT*(R™)). (4.6)

Proof. 1t is well-known that €A is the generator of an analytic Cp-semigroup on H4(R™)N
H. Note that by our regularity assumptions on a, b the nonautonomous operator (A+ B)
represents a lower order perturbation of A regarded as a propagator on H4(R"™)NH. By
standard abstract perturbation results (cf. [12]) we therefore obtain that —eA + A + B
is the propagator of an evolution family (U:(t,s))o<s<t<r on HI(R™) N H such that
V(t) := U-(t,0)Vp satisfies (4.5) and (4.6). O

In the proof of the next Theorem we will also frequently make use of the following
estimates, which are often quoted as “Moser-type inequalities”. For a proof we refer to
[13, Lemma 4.9].

4.4. Lemma. Let m € N. There there is a constant C = C(m,n) > 0 such that for all
fy g € WmER"™) N L®(R™) and o € N, |a| < m, the following inequalities hold:

IVl < CllfllcllV™3ll2 + lglloo [V £ll2), (4.7)

IV(f9) = f-Volz < CUIVFllol V" gllz + gl V™ f]12)- (4.8)
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The next result provides higher regularity of the solutions of (4.4) under, and this is
essential, in a certain sense minimal regularity assumptions on the data and the coef-
ficients. In particular, in Sobolev spaces of higher order these regularity assumptions
are weaker as the obtained regularity for the solutions. This will be very helpful for the
construction of time-local strong solutions for the full nonlinear problem in Section 5.

4.5. Theorem. Let T € (0,00), m € N, m > n/2, Vo € H N H™ ' (R"), and let the

coefficients a = (ay,...,ay) and b = (by,...,by,) satisfy the assumptions of Lemma 4.2.
Assume additionally that
a,be L' ((0,7), H™HR™)) N C([0,T], H™(R™)). (4.9)
Then the unique solution V-=U(t,0)Vy of problem (4.1) satisfies
Ve CH[0,T), H™(R™) N H) N C([0,T], H™ 1 (R™)). (4.10)

Furthermore, the evolution family U satisfies the estimates

(e Wollgos < Callvllss exo (€2 [ (a1, 1) ar). ()

J0UE 0 Vallam < CallVallarmer ([(a(®),b®)],,.,, +1)

-exp | O t ‘(a(r),b(r))‘m+1+1 dr (4.12)
(e )or)

for all 0 < s <t < T with constants C1,Ca > 0 depending only on m and the dimension
n, and where we put

|(@(r), b(r))],, 1 = lla() | ggmer + [1b(r) ]| 1

Proof. The proof is splitted in five steps.
Step 1: construction of suitable approximate solutions Vj ..

We denote by J{ f and Jf f the convolution of a function f with the Friedrichs mollifier
in the variable x and ¢, respectively. We set

Vor = JiVp € HIP2(R™),
aj = JliEOJI?ajHO,T] € Cy°([0,T] x R™),
bik = JiEoJibslpr € Cpo([0,T] x R™)

for j=1,...,n and k € N, where Ey denotes the trivial extension by 0 from [0, 7] to R.
Then we readily obtain

Vor — Vo in H"'HR™)NH, (4.13)
ar, = (a1 g, ang) — a in L((0,T), H™)ynC(0,T], H™), (4.14)
diva, = 0 (keN),
b = b1k b)) — b in LY(0,T), H™ )y nC((0,T], H™). (4.15)

We fix ¢ > m 4+ 1 and denote by A and By the operators being defined as A and B
with coefficients a; and by, respectively. Due to Lemma 4.3 for every £ € N and ¢ > 0
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there is a viscosity solution, denoted by Vj, ., of the system

{ atvk,a - 5AVk,€ + (Ak’ + Bk)Vk,a = 0 in (OaT)7 (4 16)
Vie(0) = Vog '
satisfying
Vi.e € CH([0,T], HY(R™) N'H) N C([0, T), HIT2(R™)). (4.17)

Step 2: uniform boundedness of V.

Let a € Njj such that |a| < m + 1. Since m + 1 < ¢, we may apply 0% to (4.16) to the
result

{ 8t8aVk,€ — EAaaVk,g + AkaaVk,a = F(Vk@) in (0, T), (4 18)

Vk,s (0) = Vk,O
with

F(Vie) = — enya [P > (aaaj,kajvgjf — a; 00,V + aabj,kv,g;jl)
j=1

+ o0V /ﬁ} +e10°V 2,
Inequality (4.8) applied on the terms involving the a;;’s and (4.7) on the terms involving
the b; ’s yields
|1 (Vie,e) ()] 2

n

< C(n,m) (Z [Haj,w)uwmHvk,e<t>||Hm+1 n uaj,k<t>rHmﬂuvk,s(t)uwl,m}

j=1
'y [Hbj,m)umuvk,smuHmH g (O s | Vi (8) = + uvk,€<t>uHmHD.
j=1

In view of the Sobolev embedding and by our assumption m > n/2 we can continue this
calculation to the result

IEVie) @)l < C(n,m) (Ilak(t)llm+1 + 1ok (O] s + 1) Vi () msr

< C(n,m) ({(ak(t),bk(t))‘mJrl + 1> |Vie()||gm+r (¢ €[0,T]). (4.19)

Forming the dual pairing of (4.18) with 0%V}, . implies
1d
2 dt
< 0. m) (04(0) D + 1) Ve B
Summing up over |a| < m + 1 and integrating over ¢ then yields

VeIl

< Voulfes + Clom) | (\<ak<r>,bk<r>>\m+l T 1) 1V ()12,

10°Vie ()72 + €0V Vie ()72 = (F(1), Vie(t))
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where
t
Vie O == Vi (01 Fmir +6/ IV Viee (M) Fmiadr, € [0,T7).
0

Thus, applying Gronwall’s lemma and taking into account (4.13)-(4.15), we end up with

t
ARG —— / 19 Vi () s
0

< C1(n,m)||vo,k||%{m+1 exp (C’g(n,m) /Ot (}(ak(r), bk(T))|m+1 + 1) dr> (4.20)

t
< C1(n, m)|[Vol 3 exp (C’z(’f%m) / (Ia(r), b)),y +1) dr)
0
< Ci(n,m,Vp,a,b,T) (t€][0,T], k€N, > 0).

This shows that V. is uniformly bounded in L*®([0,T], H™1(R")) and that eVVj_ is
uniformly bounded in L2([0, T], H™*1(R™)). Again by an application of (4.7) we therefore
obtain that (Ay + By) V. is uniformly bounded in L>°([0,T], H™(R")). ;From that, the
uniform boundedness of eAVj, . in L?([0,T], H™(R™)), and the equations (4.16) we infer
that also 9;Vj . is uniformly bounded in L?([0,7], H™(R"™)). Thus, we have proved that
Vi.e is uniformly bounded in the class

H([0,T], H™(R™)) N L*([0, T], H"*(R")). (4.21)
Step 3: weak* convergence of V. to the solution V' of (4.1).

The outcome of step 2 implies the existence of a subsequence of Vj, ., for simplicity also
denoted by Vi ., converging weakly* in the class (4.21) for k — oo and ¢ — 0. Denote by
U its limit. Then U also belongs to (4.21). Thanks to the Sobolev embedding we also
have

U e H'([0,T), H™(R"))=C([0,T), H™(R")). (4.22)
Next, we show that U solves (4.4). In fact, multiplying
p € Co([0,T),CE(RM), dive™2 =0

to (4.16) and integrating by parts gives us
T
0 :/ (O — eA + Ag(t) + By(1)) Vie(t), p(t))dt
0

T T
= —/O (Viee(t), (9 + Ar(t) + Br(t) ) o(t))dt — 8/0 (Vie(t), Ap)dt + (Vok, ¢(0)).

Due to (4.14), (4.15), and m > n/2 we have

I(Ak + B, — A= B)ollgy < Clllar = allLe + (1 — bllzoe) el L2 ()
— 0 (k— o0).

This shows that
(O + Ar+ B — (8 + A+ B)p  strongly in L'([0,T],H) (k — 00).
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Since Vi, . — U weakly* in L*>°([0,T7], H) we obtain

/T<Vk,€() (0 + A+ BL)o dt—>/ O+ AL B)p(0)dt (k— o0, £ — 0).
0

The boundedness of Vj, . in L>([0,T],H) also yields
T
6/ (Vie, Apydt =0 (k— 00, € —0).
0

Thus, letting £ — oo and € — 0 implies

T
/0 (U(1), (@ + A+ B)p(t))dt = (Vo, p(0)).

Thanks to the fact that U belongs to (4.21) and in view of (4.22), we can reverse the
integration by parts to the result

T
/O (8 + A+ B)U(), (t)dt = (Vo — U(0),0(0)). (¢ € C5([0,T), Cg°(R") N'H)).

Choosing ¢ € CL((0,T),C§°(R™) N'H) shows that
(at + .A-|— B)U =0 a.e.

This, in turn, implies that U(0) = Vj, hence that U solves (4.1). By virtue of (4.22) and
by the assumptions on a, b, the fact that U solves (4.1) also yields
U e Yo, T), H™" YR") N H). (4.23)

Since we assumed that n > 2, hence that m > n/2 > 2, we obtain that U is a strong
solution of (4.1). Consequently, U is unique and therefore coincides with V' = U(-, )V,
where U is the evolution family given by Lemma 4.2.

Step 4: proof of estimates (4.11) and (4.12).
Note that by (4.20) and the fact that U = V', we obtain

[VOllgm+r < liminf |[Vi e ()] grms
k—o0, e—0

IN

Cutmm) Vil exp (Catrsm) [ (@) b0,y 1) )

for t € [0,T]. Hence estimate (4.11) is satisfied for V' and s = 0. In order to get the
general case we fix s € [0,7] and set

Ut,0) = U(t+s,s),
a(t) = a(t+s),
b(t) = b(t+s)

fort € (0,7 —s|. If A and B denote the operators corresponding to the coefficients @ and
b respectively, we see that V := U/ (t,0)Vy solves

{atv+(A+B)v = 0 in(0,T —s),
V) = W
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for Vo € H™H1(R™). By the just proved facts for the solution of this system we deduce
[e4(t+ s, 8)Voll gmer = Ut 0)Vo| g

< Cxnm) Vol 5o (Catmam) [ (1), b)), +1) )
< i) ol ex (Catmem) [ (@) b0,y 1) ).

hence (4.11). The estimate for the time derivative of U now easily follows by

10 (¢, 0)Vollzrm = [I(A(E) + B()U(t, 0)Vol| zrm
< C(n,m) (|(a(t), b(®))],, +1) [UE,0)Vollgrm+r (¢ € [0,T)),

where we applied once more Lemma 4.4.
Step 5: continuity of V' in time.
JFrom step 4 and our assumptions on a,b we immediately see that

vV e whee([o, T), H™(R™)) N L>=([0, T], H™ 1 (R")). (4.24)

It remains to show that in (4.24) W1 and L™ can be replaced by C! and C, respectively.
To this end, we will employ the variation of constant formula.
Thanks to (4.22) and (4.23) we have

V =U(t,0)Vo € CL([0,T], H™ Y (R™)) n ([0, T], H™(R™)) (4.25)

for arbitrary Vp € H™TH(R"). In view of m > 2, we may apply 9° for |a| < 1 to (4.1).
This leads to

{@mv+m+BW%’: F(V) in (0,7), (4.26)

0Vljmg = 0*Vp.
with

F(V) = —€n+2PZ [(8"‘aj)8jV”+2 + (Bo‘bj)V”l .
j=1

Very similar to the calculations that lead to (4.19) we can derive
IEWV) (Ol < Cln,m)|(a(t), b(t)],,, IV @)l rmes (¢ € [0,T)).
By virtue of our assumptions on a, b and since
Ve L*°([0,T], H™ 1 (R™))

we observe that
F(V) € L'((0,T), H™(R")).
On the other hand, by applying the Holder inequality we can also estimate as

IEWV)(®)]l2 < C(\IVCL(t)IM + IIb(t)||4> IVV(@©)lla (¢ € [0,T]).

Since m — 1 > m/2 > n/4 for m > 2, the Sobolev embedding implies that H™~!(R") —
L*(R™). Hence the above inequality gives us F(V) € L*°((0,T), H). By our asumptions
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on a and b and in view of (4.25), F(V) is even continuous in time. So, altogether we
obtain

F(V) € L'((0,T), H™(R")) N C((0,T], H).
According to HY(R") N H—2(A), [9, Remark 1.3] therefore implies that 9V is the
unique strong solution of (4.26) given by the variation of constant formula
¢
oV (t) =U(t,0)0*Vy +/ U, s)F(V)(s)ds, te[0,T]. (4.27)
0
Here U still denotes the evolution system generated by the propagator A + B.
JFrom our assumptions (4.9) on a, b and step 4 we know that U satisfies the estimate
U@ ) gmerrpy < CU(T) (0<s<t<T),
for some C7 > 0. Since U is an evolution system on H we also have
U, s)l| gy < C2(T) (0<s<t<T),
for some Cy > 0. Interpolating these two inequalities yields
U, )l 2, m1mgy) < C(T)  (0<s <t <T),

with C' = max(C1,C2) and where [,]y denotes the complex interpolation space for
6 € (0,1). By the fact that H is complementary in L?(R"), [16, Theorem 1.17.1.1]
implies that

[H, H™ ' N'H]g = [L2(R™), H™ )y nH = H™HD(R) N H.

Consequently, for 6 = m/(m + 1) we deduce
A (t, 5)l| o (mepy < Ce0) (0< s <t <T).

JFrom this we immediately gain the estimate

et s)E(V)($) | rm < COIFV)($)|am (0 < s <t <T).
Inserting this into (4.27) while taking the H™-norm and keeping in mind continuity
relation (4.25) and that F(V) € L'((0,T), H™(R")) then gives us

[0V (&) = Vo)llgm < [[(U(t,0) = D)O*Vogm + C(a, b, T) /Ot I1E(V)(s)]| mds
— 0 (t—0, |[af <1).

This shows that ¢ — U(t,0) is strongly continuous in ¢ = 0 w.r.t. the H™*1-norm. The
fact that U is an evolution family then implies the continuity on [0,7]. So, we have
proved

V € C(0,T], ™ (RY)).
The assertion that V € C*([0, T], H™(R"™)) then follows again by 8;V = —(A+ B)V and

by our assumption a,b € C(]0,T], H™(R™)) on the coefficients. The result is therefore
proved. O
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5. QUASILINEAR LOCAL EXISTENCE

Based on a fixed point iteration here we construct local-in-time solutions to the first
order quasilinear system (3.5). The idea of this fixed point iteration goes back to Ma-
jda [10]. However, by the strength of our linear result Theorem 4.5 the proof of the
quasilinear local-in-time existence performed here becomes much more elegant compared
to the methods used in [10] or [13].

5.1. Theorem. Let m € Ng, m > n/2, and let Vo € H N H™ M (R™). Then, there exists
aT >0 and a unique solution

Ve cH([0,T], H™(R™) nH) N C([0,T], A" (R™)) (5.1)
of system (3.5). The existence time T can be estimated from below as
1
T> 5.2
1+ C||Vol| grm+1 (52)

with a constant C' > 0 depending only on m and the dimension n.
Proof. Step 1: existence.
Let Vo € H™TL(R™) N'H be an initial value. Set
Vo(t,z) == Vo(x) ((t,x) €[0,T] x R™)
and for k € Ny let Vi1 be inductively defined as the solution of the initial value problem

{ 8th+1 + (A(Vk) +B(Vk))Vk+1 = 0 in (O,T), (5.3)
Vir1(0) = o
By the fact that
' ([0, 7], H™(R™)) n C([0,T], H™(R™))
— C([0,T), H™(R™)) N L*((0,T), H™(R™)) N LIP([0, T], L>(R")),

we see that Theorem 4.5 (i.p. (4.9) and (4.10)) implies that every solution belongs to the
class of the coefficients for the next step. Hence, Vi1 is well-defined for every k € Ng.
Next, we will prove the following uniform bounds.

5.2. Lemma. There exist R, L, T, > 0 such that for all k € Ny we have

(i) ”VkHLw([O,T*]7Hm+1) < R,
(i) ||8th||L°°([O7T*]7Hm) < L.

Proof. We use induction over k£ € Ny. For k£ = 0 we have
Vol oo oy sy = Vol e < R,

which is to understand as a first condition on the size of R. In view of 9;Vy = 0 we see
that L is still arbitrary.

Now, assume that the assertion holds for £ € Ny. Estimate (4.11) in combination with
(4.9) and the induction hypothesis imply

T
1 Voll g exp (02 | OVl +1) dr)
0
CulVollgmss exp (Co(R+1)T) (T > 0),

IN

Vit 11l oo 0,77, 21y

IN
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We choose
R = R(|Vol gm+1) = C1[[Voll gm+1 exp(C2) =: C(n,m)||Vo|| grm+-
Then for

1 1
T, < -
SRAL T+ C(mm)[Vllgme

we obtain
Vi1l Lo o, 5m+1) < R.
This leads to estimate (5.2) for the size of the existence time.
Similarly, for the time derivative of Vi1 we employ estimate (4.12) in combination
with (4.9) to the result

10:Viesilloeo,rmmy < CrllVollgrmsr (1Vill oo 0,77, m+1y + 1)

T
- exp (C’g/ (Vi ()| gm+1 + 1) dr)
0
< Ci|Vollgm+1(R+1)exp (C2(R+1)T) (T > 0).
Thus, again for 7, < 1/(R+ 1) we deduce
”8tvk+1HL°°([O,T],H’”) S R(R + 1) =: L.
This fixes L and the lemma is proved. O

The just proved lemma implies the existence of a subsequence of Vj, (for simpicity also
denoted by V;) converging weakly* in W1>°([0, 7], H™(R™)) N L**([0, T\], H™ 1 (R")).
Thus there is a limit

Ve whe((o, T.], H™(R™)) N L°°([0, Ti], H™ L (R™)). (5.4)
Due to m > n/2 the Sobolev embedding also implies that
V e C([0,T.], H™(R"))—C([0, T}] x R™). (5.5)

Next , let G C R™ be compact. Since the embedding
Whe([0, T3], H™(G)) N L([0, T, H™FH(G)) = L*((0, Tw), H™(G))
is compact (cf. [15]), in view of the Sobolev embedding we obtain that
Vi — V strongly in L%((0,T}) x G). (5.6)

Forming the dual pairing of (5.3) with ¢ € C}([0,T%), C§°(R™)) such that div ™2 =0
and integrating by parts implies

Tk
/0 Vit (1), (9 + AVi(8) + BVEO) 2 () 2yt = (Vo, 9(0)  (5.7)

with G C R"™ compact so that suppp(t) C G for all t € [0,7%]. By virtue of (5.6) we
observe that

(O + A(Vk) + B(Vi))p — (0 + A(V) + B(V))e  (k — o0)
strongly in L?((0,T%) x G). Hence, letting k — oo in (5.7) shows that

T
/0 (V (), (0 + AV (1) + BV E))@(t)) g2y dt = Vo, 9(0))-



20 REINHARD RACKE AND JURGEN SAAL

Thanks to (5.4) and (5.5) we may reverse the integration by parts which yields

T
/0 (01 + AV (1)) + BV NV (L), 9(8)) g2yt = (Vo — V(0), 4 (0)).
In the same way as in step 3 of the proof of Theorem 4.5 we therefore obtain that V'
solves (3.5) for a.e. (t,z) € [0,T,] x R™.
To see that V satisfies (5.1) we argue as follows. First observe that we have
whee ([0, T.], H™(R"))—LIP([0, T.], H™(R™)).

Combining this with (5.4) and (5.5) implies

Ve LOO([Ov T*]v Hm+1(Rn)) N C([Oa T*]a Hm(Rn)) N LIP([O> T]v LOO(Rn))
By this fact we may regard (3.5) as the linear system

U+ (A+B)U = 0 in(0,T%),
uo) = W

with fixed coefficients
1
a:=\/t/uVt,  b:= T(ﬁV"” +Vh.
m

Theorem 4.5 implies the existence of a unique solution
U e C'([0,T.], H™(R") N H) N C([0, T3], H™ T (R™)).
Obviously U is a strong solution of (5.8). On the other hand, in view of (5.5), our
assumptions on a, b, and since V' solves (3.5) we obtain
Ve ([0, T.),H) N C([0, T.], 2(A)).
Thus, V is a strong solution of (5.8) as well. By the uniqueness of strong solutions of the
linear system (5.8) we obtain V' = U, hence (5.1).
Step 2: uniqueness.
Let
U,V € CH([0,T], ) N C([0, T], H'(R™)) N L>([0, T], WH>(R"))
be solutions of (3.5) to the initial value Vy. Then W := U — V solves
oW+ AU)W = F in (0,T%), (5.9)
W) = 0, ’
with
F=(AW)+ B(W))V + B(U)W,
where we used the fact that V +— A(V) and V +— B(V) are linear. Our assumptions on
U,V yield
IV Lo (0,77, w00 (Rr)) + U || Loo (j0,7)xRmy < C-
Thus we can estimate F' as
I < CIT @l (V@ lwis + 10 z=) < CIT @l (¢ € [0,T)).
Forming the dual pairing of (5.9) with W gives us
1d

sV @IL = (F(), W(B)) <CIW@®)7= (¢ € [0,T)).
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Consequently, W = 0 by Gronwall’s lemma. This completes the proof of Theorem 5.1. [
We conclude with the proof of our main result Theorem 1.1.

Proof. Let (ug,u1) € (H™(R™) N LZ(R™)) x (H™H(R") N LZ(R™)). Then we have
Vo = (vo, Orvo, . .., Opvg,v1)T € H™H(R™) N H, where (vg,v1) := (uo,/Tuy). If V is
the solution of system (3.5) in (0,T) we set v := V!. Then by construction of A + B

we readily see that v satisfies equations (3.2). Regularity relation (5.1) and the fact that
V = (v,01v,...,0p,0) imply

v e CX([0,T), H™(R")) N CY([0, T], H™ 1 (R")) N C((0,T], H™2(R") N L3 (R™)).
Setting T, := /7T then gives us the claimed regularity for u(t,z) := v(t/\/7, x/\/1t),

the solution of (3.1).
A further application of Lemma 4.4 and the regularity of u show that

T(u- V), (Tdu+u)-Viu € C([0,T.], H™(R™)).

(This can also be seen by the construction of V.) Thus, we may recover the pressure
term via

Vr = —-P)(—7(u-V)ou — (10u + u) - V)u))
=1+70) — P)(u-V)u.
This yields that (u, ) is the unique solution of (1.1) with the claimed regularity. O

(5.10)

Corollary 1.2 now is easily obtained as follows

Proof. Assuming ug,u1 € (peq H*(R™) implies that u € C?([0,Ty], H™(R™)) for every
m € N. By applying 0, iteratively to equations (3.1) and taking into account the bound-
edness of P on every H™(R"), we even obtain that u € C*([0,Ty], H™(R™)) for every
m € N. From representation (5.10) we then deduce the same regularity for Va. The
Sobolev embedding finally yields the assertion. O
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