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Abstract

Let A be a commutative ring with Q ⊆ A and p a prime number. We want
to investigate which properties such ring must satisfy to be representable in a
ring of p-adic valued continuous functions C(X,Qp), where X is a Hausdorff
quasi-compact topological space, i.e., compact.

By a representation, we mean a homomorphism

Φ : A→ C(X,Qp)

such that Φ(1) = 1, which is called dominant when Φ(A) is dense in C(X,Qp)
with respect to the p-adic sup-norm.

This will be done after studying divisibilities of commutative rings A
introduced axiomatically. In particular, we will observe the canonical p-
divisibility |0 of C(X,Qp), defined by

g |0 f :⇔ ∀x ∈ X : vp(g(x)) ≤ vp(f(x)),

where vp is the p-adic valuation of Qp.
After some results, we conclude that the existence of an abstract p-

Archimedean divisibility | of A is sufficient to assure the existence of a dom-
inant representation Φ : A→ C(V max

p ( | ),Qp).
Here V max

p ( | ) denotes the set of maximal p-valuations of A extending |.
It will be endowed with a topology which turns it into a compact space.

If | satisfies a certain property, we can even characterize the kernel of Φ,
using a Local-Global Principle, namely

1 |v a for all |v∈ V max
p ( | )⇒ 1 | a,

where a is an arbitrary element of A. Consequently, it will be possible to
determine when Φ is an isomorphism.

Part of the ideas and constructions used in this thesis can be interpreted
as analogous to that used for the study of representations of commutative
rings in rings of real valued continuous functions C(X,R) with X compact.

Actually, the theory of Archimedean rings and its representations were
the motivation for this work and we followed the well succeeded philosophy,
already used in [11] and [20], of finding results in the p-adic case in analogy
to the ones known in the real case.





Zussamenfassung

Sei A ein kommutativer Ring mit Q ⊆ A und p eine Primzahl. Wir wollen
untersuchen, welche Eigenschaften ein solcher Ring erfüllen muss, so dass es
eine Darstellung in einen Ring von p-adischen wertigen stetigen Funktionen
C(X,Qp) gibt, wobei X ein Hausdorffscher quasi-kompakter topologischer
Raum ist, d.h., ein kompakter Raum.

Unter einer Darstellung verstehen wir einen Homomorphismus

Φ : A→ C(X,Qp)

mit Φ(1) = 1, welche dominant gennant wird, falls Φ(A) dicht in C(X,Qp)
bezüglich der p-adischen Supremumsnorm ist.

Um dies zu erreichen studieren wir axiomatisch eingeführte Teilbarkeiten
von kommutativen Ringen A. Insbesondere betrachten wir die kanonische
p-Teilbarkeit |0 von C(X,Qp), welche durch

g |0 f :⇔ ∀x ∈ X : vp(g(x)) ≤ vp(f(x)),

definiert ist, wobei vp die p-adische Bewertung von Qp ist.
Nach einigen Ergebnissen schließen wir, dass die Existenz einer abstrakten

p-Archimedischen Teilbarkeit | von A hinreichend ist, um die Existenz einer
dominanten Darstellung Φ : A→ C(V max

p ( | ),Qp) zu gewährleisten.
Hierbei bezeichnet V max

p ( | ) die Menge aller maximalen p-Bewertungen
von A, welche | fortsetzen. Diese wird mit einer Topologie ausgestattet, so
dass sie ein kompakter topologischer Raum wird.

Wenn | eine gewisse Eigenschaft erfüllt, können wir sogar den Kern von
| mittels eines Lokal-Global Prinzips charakterisieren, nämlich durch

1 |v a für alle |v∈ V max
p ( | )⇒ 1 | a,

wobei a ein beliebiges Element von A ist. Infolgedessen wird es möglich zu
bestimmen, wann Φ ein Isomorphismus ist.

Ein Teil der verwendeten Ideen und Konstruktionen, die in dieser Dis-
sertation benutzt wurden, kann als analog zu denen interpretiert werden,
die für das Studium von Darstellungen von kommutativen Ringen in Ringen
von reellwertigen stetigen Funktionen C(X,R) mit kompaktem X verwendet
wurden.

Eigentlich waren die Theorie der Archimedischen Ringe und ihrer Darstel-
lungen die Motivation für diese Arbeit und wir folgten der erfolgreichen
Philosophie der Suche nach Ergebnisse im p-adischen Fall in Analogie zu
bereits bekannten Ergebnissen im reellen Fall, wie es in [11] und [20] verwen-
det wurde.
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Introduction

It is usual in mathematics the attempt of finding representations of a class of
mathematical objects in another, aiming to find new properties of the class
of interest.

The first question to be posed is about the existence of such represen-
tations, or more precisely, we want to answer if, given an object, there is a
representation of it as an object of another desired class.

For example, we can fix the class of all rings of continuous functions
C(X,K), where K is a completion of Q, with respect to some absolute value
of Q, and X is a compact space1, and we ask when a commutative ring A
containing Q has a representation in some C(X,K).

Here we understand that it is reasonable to define a representation as a
ring homomorphism

Φ : A→ C(X,K) with Φ(1) = 1

As C(X,K) is even a normed space with respect to the sup-norm, it
is also possible to observe the class of dominant representations, i.e.,
representations Φ as above, with Φ(A) dense in C(X,K), with respect to
this norm.

It is well-known that each absolute value of Q is equivalent, either to the
usual absolute value | · |∞, or to the p-adic absolute value | · |p, for some
prime number p. It follows that the completion K is, either the field of real
numbers R, or a field of p-adic numbers Qp, for some prime p.

The representations for the case K = R were studied since the beginning
of the last century, and M. Stone was the first to give a characterization
of commutative rings containing Q being isomorphic to C(X,R), for some
compact space X.2

With the advent of modern Real Algebra, the problem of finding rep-
resentations, and describing its kernel, could be solved using the concepts
of preorderings and orderings of commutative rings and some Local-Global

1By compact we mean quasi-compact and Hausdorff.
2Articles [24] and [25].
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Principles, in particular for Archimedean preorderings, which can be deduced
using the Positivstellensatz.

Following this development, it also started the study of topics related to
p-adic numbers and p-adic Algebra, inspired by some ideas emerged from the
real case.

In this thesis, we are interested into characterize the class of commutative
rings A, containing Q, that admit a representation in the ring of continuous
functions C(X,Qp), with X compact. We try to do this in analogy to the
characterization given in real algebra.

In order to do this, we introduce divisibilities axiomatically and inter-
pret them as a weak notion of valuations. In particular, the introduced
p-divisibilities will be the weak notion of p-valuations.

The p-divisibilities can be interpreted as the equivalent in the p-adic
case to preorderings and the p-valuations to orderings of the correspond-
ing real case. Following this correspondence, we also define a notion of
p-Archimedean divisibilities, which should correspond to Archimedean pre-
orderings.

In this work, we will prove that each commutative ring A containing Q
and having a p-Archimedean divisibility admits a dominant representation
in C(V max

p ( | ),Qp), where V max
p ( | ) is the set of all maximal p-valuations

extending | , which will be endowed with a natural topology, turning it into
a compact space.

We will also find some p-adic Local-Global Principles that will help us to
describe the kernel of such representations (which are interesting by them-
selves) and hence it will be possible to give a characterization of commutative
rings isomorphic to C(X,Qp), for some compact space X.

At the end, we will compare the topological properties of the spaces used
by representations and the algebraic properties of the represented rings. We
also determine when a commutative ring A ⊇ Q is in C(XQp(A),Qp) repre-
sentable, where XQp(A) is the set of all homomorphisms of A in Qp, endowed
with a suitable topology.

To see that there is indeed some analogies between the real case and the
p-adic case, we observe that it is possible to find representations in the real
case because

R1. Q is dense in R.

R2. R2 is the unique ordering of R.

R3. If T is an Archimedean preordering of a commutative ring A, then the
set of orderings extending T is non-empty.
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R4. The set of maximal orderings extending a given preordering T is com-
pact with respect to the real spectral topology.

R5. Every field F having an Archimedean preordering T can be T -embedded
into R, i.e., there is an embedding α satisfying α(T ) ⊆ R2.

and the description of the kernel uses that

R6. There exists a Positivstellensatz for preordered rings, implying a real
Local-Global Principle for Archimedean preorderings.

In the p-adic case it was known that

P1. Q is dense in Qp.

P2. Zp is the unique p-valuation ring of Qp.

However, we prove in this thesis that

P3. If | is an p-Archimedean divisibility of a commutative ring A, then the
set of p-valuations extending | is non-empty.

P4. The set of p-valuations extending a given p-divisibility | is compact
with respect to the p-adic spectral topology (defined in Section(2.6)).

P5. Every field F having a p-Archimedean divisibility | can be |-embedded
into Qp, i.e., there is an embedding α satisfying

a | b⇒ vp(α(a)) ≤ vp(α(b)),

for all a, b ∈ F .

and also

P6. There are p-adic Local-Global Principles for rings with p-divisibilities,
and some special ones for a class of p-Archimedean divisibilities, en-
abling the description of the kernel of canonical representations and the
characterization of commutative rings isomorphic to some C(X,Qp),
with X compact.

Even being the correspondence between the properties R1-R6 and P1-P6
not just a substitution of symbols, the similarities are clear. That is why we
start our work in the first Chapter reviewing how we represent rings in the
real case.
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Chapter 1

Representing commutative
rings in C(X,R)

In this chapter we present the well-known results about representations of
commutative rings in the ring of continuous functions C(X,R), for some
compact space X.

Such representations in the real case serve as a motivation for the work
developed in Chapter 3, where we study representations of commutative rings
in C(X,Qp), with X compact.

Most results of this chapter are presented without proofs, which can be
found in the literature related to them, like [18] and [13].

Let A be a commutative ring containing Q. We start asking

When is A in C(X,R) representable for some compact space X?

i.e., when exists a homomorphism Φ : A→ C(X,R) in the ring of real valued
continuous functions on X with Φ(1) = 1, which is called a representation
of A in C(X,R).

To simplify the writing, we will also use CX to denote the ring C(X,R)
in this chapter.

If we define the R-spectrum of A as

XR(A) := {α : A→ R : α is a homomorphism and α(1) = 1},

the next theorem can be used to solve the problem above in terms of XR(A).

Theorem 1.1.1 Let A be a commutative ring. There is a representation
Φ : A→ CX , for some compact space X, if, and only if, XR(A) 6= ∅.

Proof : In fact, if α ∈ XR(A), taking X = {x}, we have a representation

α : A→ R ' C({x},R),
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and of course X is compact with respect to the trivial topology.
Conversely, if Φ : A → CX is a representation, for any x ∈ X, we can

define a homomorphism αx : A→ R, putting αx(a) := Φ(a)(x).
�
Note that the implication from left to right used the information of just

one point α ∈ XR(A), giving a very poor representation of A.
We are not interested in such representations, but in those giving us as

much as possible informations about the ring A. To do this, we try to find
optimal representations of A, which is a representation Φ : A→ CX with
X homeomorphic to XR(A).

It is also desired to relate properties of A with topological properties
of CX . That is why we want X compact, because then we can define the
sup-norm on CX , making it a complete normed R-algebra.

In order to have richer representations, we ask

When is A in CXR(A) representable? Is XR(A) compact?

The first question has always a positive solution. In fact, if we endow
XR(A) with the topology generated by the open sub-basis consisting of the
sets

Ua := {α ∈ XR(A) : α(a) > 0},
for each a ∈ A, then the map a 7→ â, where

â : XR(A)→ R , â(α) := α(a)

defines a representation Φ : A→ CXR(A), because it can be verified that â is
continuous.

Moreover, XR(A) is Hausdorff and Φ(A) separates point of XR(A), be-
cause

α 6= β ∈ XR(A)⇒ (∃a ∈ A) : â(α) = α(a) 6= β(a) = â(β),

and hence â separates α and β, and, without loss of generality,

(∃q ∈ Q) : α(a) > q > β(a)
Φ(1)=1, Q⊆A⇒ α(a− q) > 0 > β(a− q)
⇒ α ∈ Ua−q, β ∈ U−a+q,

and Ua−q ∩ U−a+q = ∅
proving the Hausdorff property.

However, in general, XR(A) is not quasi-compact. For example, if A =
R[X1, ..., Xn] is the ring of polynomials in n variables over R, it can be ver-
ified that Rn and XR(A) are homeomorphic, and hence XR(A) is not quasi-
compact.

The study of XR(A) is also related to (pre)orderings of A, defined
below.

6



Definition 1.1.2 Let A be a commutative ring with 1. A preordering of
A is a subset T ⊆ A satisfying

• T + T ⊆ T

• T · T ⊆ T

• A2 := {a2 : a ∈ A} ⊆ T

• −1 /∈ T

The preordering T is called an ordering of A, if it also satisfies

• T ∪ −T = A

• supp(T ) := T ∩ −T is a prime ideal of A

The set supp(T ) is called support of T . Note that supp(T ) is always an
ideal of A when T ∪ −T = A.

We define the real spectrum of A as the set

Sper(A) := {P ⊆ A : P is an ordering of A}

For example, the set R2 defines an ordering of R (the usual) having also
a special property, called Archimedean property.

Definition 1.1.3 Let A be a commutative ring containing Z. A (pre)ordering
T of A is called Archimedean, if it satisfies

(∀a ∈ A)(∃n ∈ N) : (n− a) ∈ T

We define also

Archr(A) := {P ∈ Sper(A) : P is Archimedean}

An example of Archimedean preordering is the set of totally positive
continuous functions of CX , when X is quasi-compact, namely

T0 := T0(X) := {f ∈ CX : (∀x ∈ X) : f(x) ≥ 0}, (1.1)

also called canonical preordering of CX .
We can endow Archr(A) with the relative real spectral topology,

which is in general defined for the whole real spectrum Sper(A), as the
topology generated by the open subbasis consisting of the sets

Ua := Ua(A) := {P ∈ Sper(A) : a /∈ −P},

for all a ∈ A.
The main result linking the topological space XR(A) with Archimedean

orderings is:
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Theorem 1.1.4 Archrmax(A) is homeomorphic to XR(A), for each commu-
tative ring A, where the first is the set of maximal Archimedean orderings

Archrmax(A) := {P ∈ Archr(A) : there is no P ′ ∈ Archr(A) with P $ P ′}

The homeomorphism is given by the map P 7→ αP , where αP : A →
A/supp(P ) is the canonical projection a 7→ a+ supp(P ).

Moreover, given a preordering T of A, Archrmax
T (A) is homeomorph to

XT,R(A), where

Archrmax
T (A) := {P ∈ Archrmax(A) : P ⊇ T}

and
XT,R(A) := {α ∈ XR(A) : α(T ) ⊆ R2}

The proof of this theorem uses that α−1(R2) is a maximal Archimedean
ordering of A, for each α ∈ XR(A), and the following important lemma.

Lemma 1.1.5 For each P ∈ Archr(A),

P ∈ Archrmax(A)⇔ [αP : A→ R with a ∈ P ⇔ αP (a) ≥ 0]

For this lemma, some characteristic properties of the field of real numbers
R were used, namely:

• Q is dense in R. (used implicitly)

• R2 is the unique ordering of R.

• Every Archimedean ordered field can be order-embedded into R.

We will also need to study a certain class of representations of A in CX ,
for X compact, namely, the dominant representations Φ : A→ CX , i.e.,
representations with Φ(A) dense in CX , with respect to the sup-norm of CX .

Remember that the representation a 7→ â used above separates points,
and hence it is also dominant, when XR(A) is quasi-compact, because of the
Stone-Weierstrass Theorem. Thus, it is reasonable to observe such a class of
representations.

We also need the following result.

Proposition 1.1.6 For a compact space X,

Archrmax
T0

(CX) = 1 Spermax
T0

(CX) = {Px : x ∈ X}

where Px := {f ∈ CX : f(x) ≥ 0}, for each x ∈ X, and T0 is the canonical
preordering of CX .

The map x 7→ Px defines a homeomorphism between X and Archrmax
T0

(CX).

1Every ordering P , extending an Archimedean preordering T , is also Archimedean.
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In general, given a surjective representation Φ : A → B, where A and
B are commutative rings containing Q, and an Archimedean preordering T
of B, we can prove the following theorem, relating Archrmax

T (B) with some
subspace of Archrmax(A).

Theorem 1.1.7 Let A and B be commutative rings containing Q. Take
Φ : A → B a surjective representation, T an Archimedean preordering of B
and TΦ := Φ−1(T ) the Archimedean preordering of A induced by T and Φ.
Then

XTΦ,R(A) ' Archrmax
TΦ

(A) ' Archrmax
T (B) ' XT,R(B)

Proof : We first claim that the maps

θ : Archrmax
TΦ

(A)→ Archrmax
T (B) , P 7→ Φ(P )

Ψ : Archrmax
T (B)→ Archrmax

TΦ
(A), P 7→ Φ−1(P )

are well-defined.
It is easy to verify that Φ−1(P ) is an ordering of A containing TΦ. We

will also verify that Φ(P ) is an ordering of B for all P ∈ Archrmax
TΦ

(A).
First note that

Φ(Φ−1(Y )) = Y for all Y ⊆ B, (1.2)

because Φ is surjective.
Thus, if P ∈ Archrmax

TΦ
(A), then

T = Φ(Φ−1(T )) ⊆ Φ(P )

Moreover, clearly

• Φ(P ) + Φ(P ) ⊆ Φ(P ),

• Φ(P ) · Φ(P ) ⊆ Φ(P ),

• B2 = Φ(A2) ⊆ Φ(P ) (by surjectivity);

because Φ is a surjective homomorphism, but maybe −1 = Φ(−1) ∈ Φ(P ),
and in this case

(∃p ∈ P ) : Φ(1 + p) = 0

However, this does not happen, because otherwise

1 + p ∈ Φ−1({0}) ⊆ Φ−1(T ∩ −T ) = Φ−1(T ) ∩ −Φ−1(T ) = TΦ ∩ −TΦ

and hence
−1− p ∈ TΦ

TΦ⊆P⇒ −1− p ∈ P p∈P⇒ −1 ∈ P,

9



a contradiction.
Therefore −1 /∈ Φ(P ) and hence Φ(P ) is a preordering of B. Now, we

can extend the preordering Φ(P ) to some maximal ordering of B, say

P ′ ∈ Spermax
Φ(P )(P ) ⊆ Spermax

T (B) = Archrmax
T (B),

by the fundamental theorem:

Theorem 1.1.8 Let T be a preordering of A. Then Spermax
T (A) 6= ∅.

Therefore,
TΦ ⊆ P ⊆ Φ−1(Φ(P )) ⊆ Φ−1(P ′),

and hence P = Φ−1(P ′), by the maximal choice of P .
Note that this also proves that Ψ is surjective and that the range of Ψ is

indeed Archrmax
T (B).

Thus

Φ(P ) ⊇ Φ(Φ−1(P ′))
(1.2)
= P ′,

As Φ(P ) is a preordering of B, by maximality of P ′ and Theorem(1.1.8),
we have P ′ = Φ(P ). Thus Φ(P ) ∈ Archrmax

T (B) and hence θ has range
Archrmax

T (B).
We can see that Ψ is even injective, and hence a bijection, because

Φ−1(P ) = Φ−1(P ′)⇒ P
(1.2)
= Φ(Φ−1(P ))

(1.2)
= Φ(Φ−1(P ′)) = P ′

for each P, P ′ ∈ Archrmax
T (B).

It is also continuous, because

Ψ−1(Ua(A)) = {P ∈ Archrmax
T (B) : −a /∈ Ψ(P ) = Φ−1(P )}

= {P ∈ Archrmax
T (B) : −Φ(a) /∈ P}

= UΦ(a)(B)

for all a ∈ A.
As Archrmax

T (B) and Archrmax
TΦ

(A) are compact (because of Lemma(1.1.9)
below), and Ψ is bijective and continuous, we deduce that Archrmax

T (B) is
homeomorph to Archrmax

TΦ
(A), by a known result of topology.

Lemma 1.1.9 Let T be a preodering of A. Then SperT (A) is a quasi-
compact space and Spermax

T (A) is a compact space. In particular, if T is
Archimedean, then Archrmax

T (A) = Spermax
T (A) is compact.

�
As a consequence of Theorem(1.1.7) and Proposition(1.1.6), we have

10



Theorem 1.1.10 Two compact spaces X and Y are homeomorphic if, and
only if, CX and CY are isomorphic.

To answer the question about optimal representations, we study first its
relative question.

If A has an Archimedean preordering T , there exists a dominant
representation Φ : A→ CXT,R(A)?

To find such representation will not be a big problem, if we use all the
results of real algebra listed until here. The difficult problem is to determine
the kernel of this representation, which is a natural question.

The characterization of the kernel will be a consequence of the descrip-
tion of the preimage of the preordering T0 of CX , under our representation,
which is also a natural question to be posed when studying the (pre)ordered
structure of CX .

To describe this preimage, we use some non-trivial results of real alge-
bra, like the “Positivstellensatz”, which is used to prove the following Local-
Global Principle for Archimedean preorderings, fundamental for the proof of
the Real Representation Theorem.

Lemma 1.1.11 Let T be an Archimedean preordering of A. For each a ∈ A
define â : Spermax

T (A)→ R by â(P ) := αP (a).2 Then

[(∀P ∈ Spermax
T (A)) : â(P ) > 0]⇒ [(∃k ∈ N+) : ka ∈ 1 + T ]

Moreover, we can verify that

Lemma 1.1.12 For all a ∈ A, â is continuous.

Now we state the Real Representation Theorem for Archimedean pre-
orderings T of A.

Actually, the important claim is the first, because the second follows from
it. The third claim is just a consequence of Stone-Weierstrass theorem, be-
cause the image of A under the homomorphism ΦT , defined below, separates
points.

Theorem 1.1.13 (Real Representation Theorem) Let A be a commu-
tative ring containing Q and T an Archimedean preodering of A.3 Define

Xmax
T (A) := Spermax

T (A) = Archrmax
T (A)

The map a 7→ â defines a homomorphism ΦT : A → CXmax
T (A) with

ΦT (1) = 1 and satisfying, for T0 as in (1.1),

2As T is Archimedean, Spermax
T (A) = Archrmax

T (A), and hence αP (a) ∈ R.
3In particular we must have Q+ ⊆ T .
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1. Φ−1
T (T0) = {a ∈ A | (∀n ∈ N+) : 1 + na ∈ T}.

2. ker(ΦT ) = Φ−1
T ({0}) = {a ∈ A | (∀n ∈ N+) : 1± na ∈ T}.

3. ΦT is dominant.

At this point, we want to give a characterization of optimal representa-
tions in the next theorem. Actually, one more lemma is also needed.

Lemma 1.1.14 Let A be a commutative ring. Then Archrmax(A) is closed
in Spermax(A) if, and only if,

TA :=
⋂

P∈Archrmax(A)

P

is an Archimedean preordering of A.

Proof : If Archrmax(A) is closed in Spermax(A), then it is also quasi-
compact, by Lemma(1.1.9).

For all a ∈ A, of course

Archrmax(A) ⊆
⋃
n∈N

Un−a,

because each P ∈ Archrmax(A) is Archimedean.
Thus, by quasi-compactness, there are n1, ..., nk ∈ N such that

Archrmax(A) ⊆ Un1−a ∪ · · · ∪ Unk−a,

As this holds for all a ∈ A, we can deduce the Archimedean property for
TA. It is an easy verification that TA is indeed a preordering of A.

Conversely, if TA is an Archimedean preordering ofA, thenArchrmax(A) =
Spermax

TA
(A), because each ordering containing an Archimedean preordering

is also Archimedean. It is closed in Spermax(A), because its complement is
the open set ⋃

t∈TA

U−t

�
Now we can determine when there is an optimal representation of A.

Theorem 1.1.15 A commutative ring A, containing Q, has an optimal rep-
resentation, i.e., a representation Φ : A→ CX with X ' XR(A) compact, if,
and only if,

TA :=
⋂

P∈Archrmax(A)

P

is an Archimedean preordering of A.
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Proof : If TA is an Archimedean preordering of A, then the Real Rep-
resentation Theorem provides the representation ΦTA : A → CXR(A), be-
cause of Theorem(1.1.4) and Theorem(1.1.10), and XR(A) is compact, by
Lemma(1.1.14).

Conversely, if Φ : A→ CX is a representation with X ' XR(A) compact,
then, by Theorem(1.1.4), Archrmax(A) ' XR(A) is closed in Spermax(A) 4,
and hence TA is Archimedean by Lemma(1.1.14).

�
The reader will note that the characterization of Φ−1

T (T0), given in the
Real Representation Theorem, is not needed here, but just the construction of
the representation ΦT , which is guaranteed by Lemma(1.1.5), Lemma(1.1.9)
and Lemma(1.1.12). Also note that, in general, Φ(A) is just a Q-subalgebra
of CX .

We presented a Real Representation Theorem above using some recent
ideas of mathematics (of the last century) coming from real algebra.

However, an algebraic characterization of the commutative rings iso-
morphic to a given ring of continuous function CX , for a compact space X,
was first given by M. H. Stone in his articles [24] and [25]5, without using
the modern language of real algebra.

In [24], Stone takes a commutative ring A, containing Q, and observes
a subset T of A (a set of positive elements) and requires that the following
properties are satisfied (formulated here in a modern language):

1. T is a preordering.

2. T is Archimedean.

3. supp(T ) = T ∩ −T = {0}.

4. For all a ∈ A, if

(
1

n
+ a

)
∈ T for all n ∈ N+, then a ∈ T .

This property guarantees that the semi-norm defined by

‖a‖T := inf{q ∈ Q+ : (q ± a) ∈ T} (1.3)

is indeed a norm6.

5. The normed space (A, ‖ · ‖T ) is complete.

4Remember that Spermax(A) is compact.
5A more extensive discussion of the continuous functions in this context was done in

Stone’s previous article [26].
6Actually, this function is cited in [24], but only written in [25].
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The conclusion of Stone’s papers is then: A ' CX , for some compact
space X, if, and only if, there exists T ⊆ A satisfying the five properties
listed above.

In fact, by the Real Representation Theorem, the properties 1-4 implies
the injectivity of the dominant representation ΦT : A → CX . Conversely, if
Φ : A → CX is an injective dominant representation, with X compact, one
verifies that TΦ := Φ−1(T0) also satisfies 1-4.

The property 5. is exactly what we need to have surjectivity of such
representations, because

Proposition 1.1.16 If A has a preordering T satisfying 1-4, then

(∀a ∈ A) : ‖a‖T = ‖ΦT (a)‖,

where ‖ · ‖ denotes the sup-norm of CXmax
T (A).

Note that the property 4. is equivalent to say

T = Φ−1
T (T0) =: T ∗,

but in general we can just guarantee the inclusion T ⊆ T ∗.
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Chapter 2

Axiomatic Theory of
Divisibilities

The intuitive notion of divisibilities is known by all mathematicians because
of the natural divisibility defined in every ring, where an element a divides b
if, and only if, there is some element c such that b = ac.

The study of such natural divisibilities is very important for the under-
standing of certain ring properties, because it is clearly related to the factor-
ization of elements as a product of simpler elements, like prime or irreducible
ones.

One of the most desired property of a ring is the unique factorization of
elements, a property satisfied by the ring of integers Z, which in general fails
for arbitrary rings, and even for rings of integers of algebraic number fields,
like the ring Z+ Z

√
−5. 1

This failure led to the discovery of ideal theory by Eduard Kummer, which
was later refined by Richard Dedekind, where the idea of factorization of one
element by elements was replaced by the factorization of ideals into ideals.

In this case, we have a binary relation | , also called divisibility, defined
between elements and elements, elements and ideals, as well as between ideals
and ideals, where

a | b :⇔ b ∈ a · A , a | a :⇔ a ∈ a and a | b :⇔ b ⊆ a

for all elements a, b and any two ideals a, b of a ring A.
In this chapter, we will be concerned with the divisibility relation | intro-

duced axiomatically. Of course the ideal theory and other facts of commuta-
tive algebra will be used and even inspire some constructions.

1For the verification of this fact and historical comments we indicate Chapter I, §3. of
[16].
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This approach will be important for the study of rings of p-adic valued
continuous functions C(X,Qp), because they admit a divisibility relation |0,
called canonical divisibility of C(X,Qp), and defined by

g |0 f :⇔ ∀x ∈ X : vp(g(x)) ≤ vp(f(x))

The canonical divisibility will be fundamental for our study of represen-
tations of commutative rings in C(X,Qp).

Here, and for the rest of this work, p will always denote a prime natural
number, unless we say the contrary.

2.1 General Definitions and Examples

In this section we give several definitions, some remarks and a few initial
results, which will be better understandable after the examples given at the
end.

By analogy, one can think about divisibilities | as corresponding to the
preorderings T of the real case, as well as the orderings P , extending T ,
should correspond to valuation divisibilities |v, extending | . The support
T ∩ −T can be replaced here by the ideal of infinitesimals I( | ), defined
below.

In the next sections, we will see that indeed each valuation divisibility of
a commutative ring A corresponds uniquely to some valuation v of A. This
result motivates the definition and study of some properties of divisibilities.
Here we understand a valuation as a Bourbaki valuation (see [2] or [12]).

We will define also p-divisibilities, for some prime number p ∈ N. The
motivation for the definition of p-divisibilities comes from the theory of for-
mally p-adic fields developed in [20].

In this reference, it is proven that, for a given field of characteristic zero
K and a valuation v of K, v is a p-valuation2 of K if, and only if, v(p) > v(1)
and v(γ(K)) ≥ v(1), where γ is the (p-adic) Kochen operator. We use then
this fact to give our definition.

These conditions justify the relations (2.16) and (2.17) below if we agree
that, as we will see, for each elements a, b ∈ A, the relation v(a) ≤ v(b) is
equivalent to a |v b, for some divisibility relation |v uniquely determined by
the valuation v.

Let us start defining the concept of divisibility.

2In this work all p-valuations are of type (1, 1).
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Definition 2.1.1 Let A be a commutative ring with 1 and | ⊆ A × A a
binary relation. The relation | is called a divisibility of A if,

a | a (2.1)

a | b, b | c⇒ a | c (2.2)

a | b, a | c⇒ a | b± c (2.3)

a | b⇒ ca | cb (2.4)

0 - 1 (2.5)

for all a, b, c ∈ A.
The set

I( | ) := {a ∈ A : 0 | a}

is called the support of | and its elements are called infinitesimals.
If A is a B-module, | satisfies all the properties above, except (2.4), and

(∀c ∈ B)(∀a, b ∈ A) : (a | b)⇒ (ac | cb),

then | is called a B-divisibility of A.3

The support of a divisibility will play a central role in the theory of
divisibilities, which can be compared with the role played by the support of
a preordering in the real case.

The name infinitesimals was chosen because elements of I( | ) behave like
elements of a ring that has infinite value by some (Bourbaki) valuation v
(compare with Example(2.1.11)(10)).

The following proposition shows us the most basic results about supports.

Proposition 2.1.2 For every divisibility | of A, and all a, b, c, d ∈ A, hold

(a | −a) and (a | 0); (2.6)

I( | ) is an ideal of A; (2.7)

(0 | c) ∧ (0 | d) ∧ (a | b)⇒ (a+ c) | (b+ d); (2.8)

Proof : As a | a, we have a | a+ a, and then also a | a− (a+ a) = −a. Thus
a | a+ (−a) = 0, for all a ∈ A.

If 0 | a and 0 | b, then 0 | a ± b. If 0 | a and c ∈ A, then 0 = (0 · c) | ca.
Thus I( | ) is an ideal of A.

3This notion will be used in the examples to show that non-Archimedean semi-norms
define also divisibilities.
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Now note that,

(∀a, b, c ∈ A) : (a | c)⇒ [a | b⇔ a | (b± c)]

Thus, if 0 | c, then a | c for all a ∈ A, by (2.6), and hence

(∀a, b, c ∈ A) : (0 | c)⇒ [a | (b± c)⇔ a | b]

In particular, taking a = b,

(∀a, c ∈ A) : (0 | c)⇒ [a | (a± c)⇔ a | a] (2.9)

Replacing a by a∓ c, we get

(∀a, c ∈ A) : (0 | c)⇒ [(a∓ c) | a⇔ (a∓ c) | (a∓ c)] (2.10)

As | is reflexive, we conclude from (2.9) and (2.10) that

(∀a, c ∈ A) : 0 | c⇒ (a+ c | a) ∧ (a | a+ c) (2.11)

Thus, for all a, b, c, d ∈ A,

(0 | c) ∧ (0 | d) ∧ (a | b)⇒ (a+ c) | a | b | (b+ d) (2.12)

�

Remark 2.1.3 The ideal I( | ) is a proper ideal of A, since 0 - 1.
The only binary relation on A satisfying (2.1 − 2.4), and not (2.5), is

A× A. In fact, for all a, b ∈ A,

0 | 1 (2.2)⇒ 0 | a (2.6)⇒ b | a

The next definitions are all motivated by the properties of valuations.

Definition 2.1.4 Let | be a divisibility of A and c ∈ A. We say that | has
cancellation by c if 4

(∀a, b ∈ A) : ac | bc⇒ a | b (2.13)

Note that, if | has cancelation by c, then 0 - c, because otherwise, we can
conclude that 0 | 1. We say that | has cancelation if | has cancelation for
all c /∈ I( | ).

4If A is a B-module and | a B-divisibility, we define cancellation by elements c ∈ B.
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For ∅ 6= X ⊆ A, we say that | is total on X if

(∀a, b ∈ X) : (a | b) ∨ (b | a) (2.14)

A divisibility is called total if it is total on A. A valuation (divisibility)
is a total divisibility having cancelation.

A divisibility | is trivial if

(∀a, b ∈ A) : a - b⇔ (0 | a) ∧ (0 - b) (2.15)

Remark 2.1.5 The properties of cancellation and totality define classes of
divisibilities which are in general disjunct (see Example(2.1.11)(7) and (15)).

If | has cancellation, then I( | ) is a prime ideal of A. In fact,

(a.0 | a.b) ∧ (0 - a)⇒ (0 | b)

The converse is not necessarily true, as we will see in Example(2.1.11)(15)
below. Thus cancellation is stronger than just to say that I( | ) is a prime
ideal of A.

We give now an adapted definition from that found in page 10 of [12] or
Chapter VI (3.1) of [2].

Definition 2.1.6 A valuation function (or Bourbaki valuation) of a
commutative ring A, with unity 1, is a map v : A→ Γ ∪ {∞} satisfying

1. v(a · b) = v(a) + v(b)

2. v(a+ b) ≥ min{v(a), v(b)}

3. v(1) 6= v(0)

where Γ is a totally ordered additive abelian group with + and ≤ denoting
the operation of Γ and its ordering, respectively.

The set Γ ∪ {∞} is also considered as an abelian monoid with respect to
the operation +, where we define

(∀γ ∈ Γ ∪ {∞}) : γ +∞ =∞+ γ =∞

We also suppose that ∞ ≥ γ for all γ ∈ Γ ∪ {∞}.
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Note that, if v : A → Γ ∪ {∞} is a valuation function, A is a field and
v is surjective, then v is also a valuation on A in the classical sense, i.e.,
defined as in Chapter(2.1) of [19], and hence is generalized by the notion for
commutative rings.

If v is a valuation function of A, we can verify that P := v−1(∞) is a
prime ideal of A and that

Ov :=

{
b+ P

a+ P
: a, b ∈ A and v(a) ≤ v(b)

}
is a valuation ring of the quotient field Quot(A/P ).

We say that two valuation functions v and w of A are equivalent if
v−1(∞) = w−1(∞) and Ov = Ow, as in Definition(2) in page 11 of [12].
We can regard equivalent valuations as “equal” and use also v to denote its
equivalence class.

Moreover, the map v 7→ (Ov, v−1(∞)) gives us an 1-1 correspondence
between the class of equivalent valuation functions v of A and pairs (O, P ),
where P is a prime ideal of A and O is a valuation ring of Quot(A/P ).

In this work, we will use the word “valuation” for “valuation functions v”
and “valuation divisibilities | ”, when it is clear which notion we are using.
This abuse of language is justified by Proposition(2.4.2) and because the class
of equivalence of v is totally determined by the binary relation |v defined by5

(∀a, b ∈ A) : a |v b⇔ v(a) ≤ v(b)

We want to define now a notion of divisibility that collects good proper-
ties of p-valuations6 and, under certain conditions, has the properties of the
canonical divisibility |0 of C(X,Qp), for some compact space X. To motivate
the definition, we do a small informal discussion.

By the result about p-adic valuations cited at the beginning of this sec-
tion, we known that v is a p-valuation of some field K of characteristic zero
if, and only if,

1

p
/∈ Ov and γ(K) ⊆ Ov,

where Ov is the valuation ring of K associated to v. 7

If we interpret (b/a) ∈ O as a | b, and note that

γ(b/a) =
[(apb− bpa)bp+1]

p[(apb− bpa)2 − (bp+1)2]
,

5Definition(2) in page 11 of [12] claims this is true and left the verification to the
reader. Another way to verify this is using the more general Theorem(A.2) and the
Example(2.1.11)(18).

6In the sense of of [20].
7Lemma(6.1) of [20] applied for the p-adic Kochen operator of type (1, 1).
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for all a, b ∈ K, then the following definition for p-divisibilities seems rea-
sonable.

Definition 2.1.7 Let A be a commutative ring with p−1 ∈ A. A divisibility
| of A is called p-divisibility when

p - 1 (2.16)

(∀a, b ∈ A) : p[(apb− bpa)2 − (bp+1)2] | [(apb− bpa)bp+1] (2.17)

The last is called the Kochen property and is denoted by γp. We say
that | is a strong p-divisibility if it satisfies the Kochen property and the
following strong version of (2.16)

(∀c ∈ A) : 0 - c⇒ cp - c (2.18)

A p-valuation (divisibility)8 is a valuation (divisibility) that is also a
p-divisibility. The divisibility | is p-Archimedean if it is a p-divisibility and

(∀a ∈ A)(∃n ∈ N) : (1 | pna) (2.19)

It is called strong p-Archimedean if it is not just a p-divisibility, but
also a strong p-divisibility.

Remark 2.1.8 In the definition of p-divisibilities, we could use the operator

δp(X) :=

(
X
p

)
p2
(
X
p

)2 − 1
=

X(X − 1) · · · (X − (p− 1)) · p!
p2 ·X2(X − 1)2 · · · (X − (p− 1))2 − (p!)2

instead of γp, because in this case, all the theorems about p-valuation functions
formulated with γp, and used in this work, are also true if we use δp.

This was first observed by Kochen in his paper [11], where he introduced
the p-adic operator γp.

The p-Archimedean divisibilities will be the most important for us. The
canonical divisibility |0 of C(X,Qp), for example, is p-Archimedean if X is
quasi-compact.

We will also be concerned with extensions of divisibilities, in particular,
if the property of being a p-divisibility is preserved by extensions. An ex-
tension of a divisibility | is simply a divisibility |′ satisfying | ⊆ |′ (as sets).

8Again we allow the use of the term “p-valuation” for “p-valuation divisibilities” and
“p-valuations in the sense of [20]”. The first can be seen as a generalization of the second
notion, because a p-valuation (function) v induces a p-valuation divisibility |v , defined in
the discussion above.
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When we have just a p-divisibility, it is not true in general that it has
an extension being a p-valuation (see Example(2.1.11)(17)). That is why we
defined strong p-divisibilities above, because each strong p-divisibility has a
p-valuation extending it (Theorem(3.1.2)).

Surprisingly, the weak notion of a p-divisibility is enough to assure the
existence of a p-valuation extending | , if | is assumed to be p-Archimedean.
This is the content of Theorem(3.2.4), one of the most fundamental results
about p-Archimedean divisibilities.

We also have the following useful remarks.

Remark 2.1.9 Let A be a commutative ring with p−1 ∈ A.

1. Every p-divisibility is non-trivial by Remark(2.1.3). Also 0 - p, because
otherwise p−10 | p−1p = 1.

2. A p-divisibility having cancellation is also a strong p-divisibility. The
converse is not necessarily true by Example(2.1.11)(14).

To facilitate writing, we introduce some notations for the sets defined by
the properties listed until now.

Notation 2.1.10 Let A be a commutative ring and | a divisibility of A.
We use the following notations:

• E( | ) := { |′ : |′ is a div. on A and | ⊆ |′ } (the set of extensions)

• T ( | ) := { |′ ∈ E( | ) : |′ is total }

• Cc( | ) := { |′ ∈ E( | ) : |′ has cancellation by c}

• C( | ) := { |′ ∈ E( | ) : |′ has cancellation }

• V ( | ) := { |′ ∈ E( | ) : |′ is a valuation} = C( | ) ∩ T ( | )

If p ∈ N is a prime number and p−1 ∈ A we also write:

• Ep( | ) := { |′ ∈ E( | ) : |′ is a p-divisibility }

• Vp( | ) := Ep( | ) ∩ V ( | )

• Estr
p ( | ) := { |′ ∈ E( | ) : |′ is a strong p-divisibility } ⊆ Ep( | ).

• Archp( | ) := { |′ ∈ E( | ) : |′ is a p-Archimedean divisibility }
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Sometimes we will write E( | , A) instead of E( | ) to emphasize the ring
from which we take the divisibilities. This notation is also used for the other
sets above.

The replacement of | by A, in the notation above, will mean that we are
observing not just extensions of some fixed divisibility | with some properties,
but the set of all divisibilities of A satisfying them.

For example, E(A) denote the set of all divisibilities of A and V (A) the
set of all valuation of A.

We use the superscript max to denote a subset of maximal elements under
inclusion. Thus,

Archmax
p ( | ) = { |∗∈ Archp( | ) : there is no |+ with |∗ $ |+}

We give now a list of examples of divisibilities, going from the simpler to
the more abstract.

The last example deserves a closer look. It presents divisibilities in an-
other fashion, using a divisibility function σ : A→M , where M is a partially
ordered abelian monoid with 0. In particular, if M is a group and totally
ordered, σ is indeed a valuation (the zero 0 under multiplication is replaced
by ∞ in an additive notation).

This way of understanding divisibilities (as functions) will not be nec-
essary for our work. However, it is useful for finding special examples of
divisibilities and maybe in further studies. That is why we left some words
about divisibility functions for Appendix(A).

Example 2.1.11 1. Let A be a commutative ring. Then

|A :=
⋃
a∈A

({a} × a · Z)

defines a divisibility of A. This is the minimal divisibility of A. It
satisfies

x |A y ⇔ y ∈ x · Z (2.20)

for all x, y ∈ A. Thus I( |A ) = {0} and E( |A) = E(A) is the set of
all divisibilities of A.

2. The minimal divisibility |Z of Z coincides with its canonical divisibility
and hence each divisibility | of a ring A containing Z extends |Z .

3. Let A be a commutative ring. The relation defined by

a | b⇔ b = ac for some c ∈ A
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is the usual divisibility of A. It has support {0}.
The ring A is an integral domain if, and only if, I( | ) is prime, and
in this case | has cancellation.

4. For each prime ideal I of A

|I := (A\I × A) ∪ (I × I)

is a trivial divisibility of A with support I. In fact, clearly it satisfies
(2.1− 2.3) and (2.5). Moreover, |I has cancellation and satisfies (2.4)
because

ac -I bc ⇔ (ac ∈ I) ∧ (bc /∈ I)
⇔ (ac ∈ I) ∧ (b, c /∈ I)
⇔ (a ∈ I) ∧ (b, c /∈ I)
⇔ (a -I b) ∧ (0 -I c)

for all a, b, c ∈ A, beeing I prime.

Conversely, if |I is a divisibility for some proper ideal I of A then I is
prime. Otherwise, we can find a, b /∈ I such that ab ∈ I, and hence

(a |I 1) ∧ (b |I 1)⇒ 0 |I ab |I 1

5. For I, J prime ideals of A, if I 6= J , then |I 6= |J . To verify this take,
without loss of generality, a ∈ J\I. Then

(0 |J a) ∧ (0 -I a) and (a -J 1) ∧ (a |I 1)

Hence neither |I ⊆ |J nor |J ⊆ |I . The converse is clearly true, because
I = J implies |I= |J .

Thus there is 1-1 correspodence between the prime ideal of A and its
trivial divisibilities.

6. If | is a divisibility of A, then

(∀a, b ∈ A) : a+ I( | ) | b+ I( | ) :⇔ a | b

defines a divisibility of A := A/I( | ), because of Proposition(2.1.2).

7. Let | be a divisibility of an integral domain A with support {0} having
cancellation. Then

a

b
|∗ c
d

:⇔ ad | bc
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defines a divisibility of F = Quot(A) with cancellation. The set

B := B( | ) :=

{
b

a
: a | b and a 6= 0

}
⊆ F

defines a subring of F . Also, |∗ is total if, and only if, | is total. In
this case B is a valuation ring of F .

8. Let A be an integral domain and B ⊆ Quot(A) =: F a subring. Then

a |B b :⇔
(
a 6= 0 and

b

a
∈ B

)
or a = b = 0

defines a divisibility having cancellation with support {0}. If B is a
valuation ring, then | is total.

Therefore, there is a 1-1 correspondence between the valuation rings of
F and valuations of A with support {0}.

9. Let k be a field, A = k[X] and F = k(X). For each f, g ∈ A

f | g :⇔ deg(g) ≤ deg(f)

defines a valuation with

B =

{
g

f
: deg(g) ≤ deg(f)

}
and B ∩ A = k 6= A.

10. Let A be a ring with some valuation function v : A→ Γv ∪ {∞}. Then

a |v b :⇔ v(a) ≤ v(b)

defines a valuation of A. The support of |v is the prime ideal v−1(∞).
The valuation |v is trivial if, and only if, v(A) = {0} ∪ {∞}.

11. Let A be a ring and {v : A→ Γv∪{∞}}v∈V a set of valuation functions
of A. Then

a |V b :⇔ (∀v ∈ V ) : v(a) ≤ v(b)

defines a divisibility of A with |V⊆ |v , for all v ∈ V , and support

I( |V ) =
⋂
v∈V

v−1(∞)

In general it is not total and has no cancellation.
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12. Let K be a field, | · | a non-Archimedean absolute value of K and A a
K-vector space.

If ρ := ‖ · ‖ : A→ R+ is a non-trivial non-Archimedean semi-norm of
A, i.e., for all a, b ∈ A and α ∈ K

• ‖a‖ ≥ 0.

• ‖α · a‖ = |α| · ‖a‖.
• ‖a+ b‖ ≤ max{‖a‖, ‖b‖}.

Then
(∀a, b ∈ A) : a |ρ b :⇔ ‖b‖ ≤ ‖a‖

defines a K-divisibility of A. Also

I( |ρ) = {a ∈ A : ‖a‖ = 0},

and |ρ has K-cancellation and is total.

If A is a K-algebra and

(∀a, b ∈ A) : ‖a · b‖ ≤ ‖a‖ · ‖b‖,

then |ρ is even a total divisibility of A, but in general has no cancel-
lation.

13. Let α : A→ B be a homomorphism of rings and | a divisibility of B.
The divisibility induced by | and α in A is defined by

a |α b :⇔ α(a) | α(b)

It inherits the properties of | , i.e., totality, cancellations and p-
properties.

14. Take A = C(X,Qp) with X a compact space. Define

f |0 g :⇔ (∀x ∈ X) : vp(f(x)) ≤ vp(g(x))

This is strong p-Archimedean divisibility of A with non-prime sup-
port {0}, without cancellation and not total, if C(X,Qp) contains
non-constant maps.

For any U ⊆ X,

f |U g :⇔ ∀x ∈ U : vp(f(x)) ≤ vp(g(x))
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defines a p-divisibility extending | with support

I( |U) = {f ∈ A : f(x) = 0 for all x ∈ U}

and also, in general, it is not total and has no cancellation. However,
if U = {x} for some x ∈ X then |x := |{x} is total, has cancellation
and support

I( |x) = {f ∈ A : f(x) = 0}

15. Take A = Zp[X] and define a function d : A→ Z ∪ {∞} by

d(a0 + a1X + ...+ anX
n) =

{
−n if n > 0
vp(a0) if n = 0

and then
f | g :⇔ d(f) ≤ d(g),

for all f, g ∈ A.

This defines a total divisibility of A with I( | ) = {0} prime, but it
has no cancellation, because

p - 1 and pX | X

The verification of the properties of divisibilities for | is left to the
reader. It is done analyzing the relation g | f , with g, f ∈ Zp[X], in
each of the following situations:

• deg(g) > 0 and deg(f) > 0,

• 0 = deg(g) < deg(f),

• 0 = deg(f) < deg(g),

• 0 = deg(g) = deg(f).

One property also used is

(∀g, f ∈ Zp[X]) : g | f and g ∈ Zp ⇒ f ∈ Zp

Moreover, | satisfies additionally9

• (∀n ∈ N) : pn+1 - pn

• (∀g, f ∈ Zp[X]) : p[(gpf − gpf)2 − (fp+1)2] | [(gpf − fpg)fp+1]

9These conditions can be taken as a definition of p-divisibilities of commutative rings
A with p−1 /∈ A. However, we will be mainly interested in rings satisfying p−1 ∈ A.
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The first property clearly holds and the second is verified by proving
that

(∀g, f ∈ Zp[X]) : d(p[(gpf − fpg)2 − (fp+1)2]) ≤ d((gpf − fpg)fp+1)
(2.21)

First note that |d ∩ (Zp × Zp) = |Zp , where

g |Zp f :⇔ vp(g) ≤ vp(f),

for all g, f ∈ Zp.
We observe four cases:

Case 1: If g, f ∈ Zp, then (2.21) is true, because |d ∩(Zp × Zp) = |Zp.

Now suppose that g /∈ Zp or f /∈ Zp.

Case 2: If deg(f) > deg(g), then

deg(fp+1) > deg(fpg) > deg(gpf),

and hence

d(p[(gpf − fpg)2 − (fp+1)2]) = −2(p+ 1) · deg(f)
= −(2p+ 1) · deg(f)− deg(f)
< −(2p+ 1) · deg(f)− deg(g)
= d((gpf − fpg)fp+1)

Case 3: If deg(f) < deg(g), then

deg(fp+1) < deg(fpg) < deg(gpf),

and hence

d(p[(gpf − fpg)2 − (fp+1)2]) = −2p · deg(g)− 2 · deg(f)
< −p · deg(g)− p · deg(f)− 2 · deg(f)
= −p · deg(g)− deg(f)− (p+ 1) · deg(f)
= d((gpf − fpg)fp+1)

Case 4: If deg(g) = deg(f), then
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deg(fp+1) = deg(fpg) = deg(gpf)

In this case

deg(gpf − fpg − fp+1) = (p+ 1) · deg(f) = deg(gpf − fpg + fp+1)

In fact, otherwise, taking the leading coefficients f0 and g0 of f and g,
respectively, the p-adic number r := (f0/g0) satisfies

rp − r + 1 = 0 or rp − r − 1 = 0,

which is not possible for p-adic numbers.

It follows that

d(p[(gpf − fpg)2 − (fp+1)2]) = −2(p+ 1) · deg(f)
= (−2p− 1) · deg(f)− deg(g)
≤ d((gpf − fpg)fp+1)

16. If we define a function d′ : Qp[X]→ Z ∪ {∞} by

d′(a0 + a1X + ...+ anX
n) =

{
−n if n > 0
vp(a0) if n = 0

and
f |′ g :⇔ d′(f) ≤ d′(g),

for all f, g ∈ Qp[X], then |′ is not a divisibility of Qp[X], because

p−1 |′ X and 1 = p · p−1 -′ p ·X

17. Let | be the divisibility of Zp[X] defined in (15). The set

〈p〉 := {pi : i ∈ N}

is multiplicatively closed in Zp[X] without zero and hence we can con-
struct the localization

Zp[X]〈p〉 :=

{
f

pn
: f ∈ Zp[X], n ∈ N

}
,

which is indeed Qp[X].
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If we define a binary relation |p of Qp[X] by(
g

pn

)
|p
(
f

pm

)
:⇔ (pk)(pm)g | (pk)(pn)f for some k ∈ N,

for each n,m ∈ N and g, f ∈ Zp, then Lemma(2.5.3) assures that |p is
a divisibility of Qp[X].

We claim that |p is also a p-divisibility of Qp[X], but not a strong
p-divisibility and not p-Archimedean.

In fact,
(∀k ∈ N) : pk+1 - pk,

implies p -p 1.

For the Kochen property, we will verify for all g, f ∈ Zp[X] and k, r ∈ N
that

p

(( g

pk

)p(
f

pr

)
−
(
f

pr

)p(
g

pk

))2

−

((
f

pr

)(p+1)
)2
 (2.22)

divides [((
g

pk

)p(
f

pr

)
−
(
f

pr

)p(
g

pk

))
·
(
f

pr

)p+1
]

(2.23)

by |p.
To see this, we rewrite (2.22) as

p

[(
(prg)p(pkf)− (pkf)p(prg)

p(p+1)(k+r)

)2

−
(

(pkf)p+1

p(p+1)(r+k)

)2
]

and (2.23) as[(
(prg)p(pkf)− (pkf)p(prg)

p(p+1)(k+r)

)
·
(

(pkf)p+1

p(p+1)(r+k)

)]
Thus, as

p2(p+1)(k+r) ·p[(gp∗f∗−fp∗ g∗)2− (fp+1
∗ )2] | [(gp∗f∗−fp∗ g∗)fp+1

∗ ] ·p2(p+1)(k+r),

where g∗ := prg and f∗ := pkf , we also have (2.22) |p (2.23).
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This p-divisibility is not strong, because Xp | X implies that

p -p 1 and pX |p X

Also
(∀k, n ∈ N) : pk - pk(pnX)

implies that |p is not p-Archimedean.

Moreover, there is no p-valuation extending |p, i.e. Vp( |p) = ∅,
because if |∗∈ Vp( |p), as X |p 1, we conclude that X |∗ 1, and hence
0 -∗ X.

On the other hand, Xp |p X implies Xp |∗ X. By cancellation p |∗ 1,
contradicting |∗∈ Vp( |p).

18. Let A be a commutative ring and (M, · ,≤) a partially ordered abelian
monoid with zero 0 such that 0 � 1. This means that ≤ is a partial
order of M and, for all m1,m2,m3 ∈M ,

m1 ≤ m2 ⇒ (m1 ·m3) ≤ (m2 ·m3) and 0 ·m1 = 0

Note that the unity 1 and the zero 0 are unique. In fact, if 1′ is another
unity and 0′ another zero, then

1 = 1 · 1′ = 1′ and 0 = 0 · 0′ = 0′

If δ : A→M is surjective and satisfies

• δ(a · b) = δ(a) · δ(b)
• δ(a) ≤ δ(b), δ(a) ≤ δ(c)⇒ δ(a) ≤ δ(b± c)
• δ(0) � δ(1)

Then
a |δ b :⇔ δ(a) ≤ δ(b)

defines a divisibility on A.

We claim that its support is δ−1(0). In fact,

0 |δ a⇔ a ∈ δ−1({m ∈M : 0 ≤ m})

and hence it is enough to prove that this set equals δ−1(0). However,
by the second condition, δ(a) ≤ δ(0) for all a ∈ A, and hence

δ(a) ≥ 0⇒ δ(a) = 0 = δ(0)

Writing + for the multiplication of M and ∞ for its zero 0, we can
rewrite the conditions of divisibilities maps as
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• δ(a · b) = δ(a) + δ(b)

• δ(a) ≤ δ(b), δ(a) ≤ δ(c)⇒ δ(a) ≤ δ(b± c)
• ∞ � 0

which seems similar to the definition of valuation functions.

If ≤ is a total order, the second condition is equivalent to

δ(a+ b) ≥ min{δ(a), δ(b)}, (2.24)

because10

δ(a) ≤ δ(b), δ(a) ≤ δ(c)
(2.24)⇒

{
δ(a) ≤ δ(b) ≤ δ(a± b)

or δ(a) ≤ δ(c) ≤ δ(a± b)

and the totality of ≤ implies

(∀a, b ∈ A) : [δ(a) ≤ δ(a+ b)] ∨ [δ(b) ≤ δ(a+ b)]

and hence
(∀a, b ∈ A) : δ(a+ b) ≥ min{δ(a), δ(b)}

2.2 Minimal Extensions and Set Operators

When working with preorderings of a commutative ring A, one of the most
fundamental problems to solve, is to determine when a fixed preordering T
has an ordering P extending it with some desired properties.

This can be solved understanding first the minimal proper preorder ex-
tensions of T . In this case, one asks if, for a given a ∈ A\T , there is some
preorder extension Ta of T such that a ∈ Ta.11

In the divisibility case, given a (p-)divisibility |, we want to understand
when we can find some (p-)valuation extending it. We will first study the
minimal extensions of divisibilities and we leave the question about exten-
sions to valuations for the next sections.

Let us start with the main question concerning minimal extensions: given
a, b ∈ A such that a - b, does there exist a divisibility |a,b extending | such
that a |a,b b?

In order to give an answer, we will need to use a set operator defined on
the power set P(A) of A related to the divisibility |, namely S.

10For all a ∈ A; δ(a) ≤ δ(b) implies δ(a) ≤ δ(−b).
11Lemma(4.1.3) of [18], applied to a and b = −a, guarantees that, given a preordering

T of A, T + aT or T − aT is a preordering of A. This lemma can be seen as an answer to
our question.
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If X ⊆ A, the set S(X) can be thought of as a convex hull for the
divisibility relation, or as a set of generalized multiples of elements of X. In
fact, if X = {a}, for some a ∈ A, then S(X) is equal to the set of all y ∈ A
such that a | y.

Actually, S(X) is a generalization of the concept of ideal generated by
X ⊆ A, as the next examples will show.

We start now with the definition of such an operator and some notations,
that will help us in writing.

Definition 2.2.1 Let A be a ring and | a binary relation on A. We define,
for every X ⊆ A,

M(X, | ) := M(X) := {y ∈ A : x | y for some x ∈ X}∑
(X) := {x1 ± · · · ± xn ∈ A : x1, ..., xn ∈ X and n ≥ 1}

and hence, recursively,

• S0(X, | ) := S0(X) := X.

• Sn+1(X, | ) := Sn+1(X) := M(Sn(X)), if n is even;

• Sn+1(X, | ) := Sn+1(X) :=
∑

(Sn(X)), if n is odd.

These sets define operators Sn : P(A) → P(A), for each n ∈ N. Using
them, we define S := S( · , | ) : P(A)→ P(A) by

X 7→
⋃
n≥0

Sn(X), for all X ⊆ A.

For each X ⊆ A the set S(X) is called the ideal generated by X with
respect to |, and the operator S is called ideal operator of | .

The following suggestive notations will greatly simplify our work.

Notation 2.2.2 Let x1, ..., xn ∈ A, X1, ..., Xn ⊆ A and O a letter belonging
to {M,

∑
,S}. We use the following notations

O(X1, ..., Xn) := O(X1 ∪ ... ∪Xn)

O(x1, ..., xn) := O({x1, ..., xn})
O(X, x) := O(X ∪ {x})

The Lemma below lists the general properties of the operator S that
interest us. They will be used frequently in the text.
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Lemma 2.2.3 Let | be a divisibility of A and S : P(A)→ P(A) its associ-
ated ideal operator. Then, for all X, Y, Z ⊆ A and x ∈ A:

1. X ⊆ Y ⇒ S(X) ⊆ S(Y )

2. Sn(X) ⊆ Sm(X) for all m ≥ n.

3. S(S(X)) =
∑

(S(X)) = M(S(X)) = S(X)

4. S(x) = M(x)

5. S(0, X) = S(X)

6. S(X) ⊆ S(Y )⇒ S(X ∪ Z) ⊆ S(Y ∪ Z)

7. x ·S(X) ⊆ S(x ·X)

8. X ⊆ Y ⇒ S(X · Z) ⊆ S(Y · Z)

Proof : Let X, Y, Z ⊆ A and x ∈ A.

1. If X ⊆ Y , then M(X) ⊆ M(Y ) and
∑

(X) ⊆
∑

(Y ). Therefore, if
Sn(X) ⊆ Sn(Y ), then Sn+1(X) ⊆ Sn+1(Y ), for all n ∈ N. Thus, after
using induction on n, we have

S(X) =
⋃
n≥0

Sn(X) ⊆
⋃
n≥0

Sn(Y ) = S(Y )

2. This is a consequence of X ⊆ M(X) and X ⊆
∑

(X). If m ≥ n then
m = n+ k. The case k = 0 is trivial. Suppose that Sn(X) ⊆ Sn+k(X)
for some k ≥ 0. Thus, either

Sn(X) ⊆ Sn+k(X) ⊆
∑

(Sn+k(X)) = Sn+k+1(X)

or
Sn(X) ⊆ Sn+k(X) ⊆M(Sn+k(X)) = Sn+k+1(X)

and hence, the desired conclusion follows by induction on k.

3. If x ∈
∑

(S(X)), then there are n1, ..., nr ∈ N and x1 ∈ Sn1(X), ..., xr ∈
Snr(X) such that

x = x1 ± ...± xr

Taking n := max{n1, ..., nr}, we have

xi ∈ Sn1(X) ⊆ Sn(X),
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and hence

x = x1 ± ...± xr ∈
∑

(Sn(X))

∑
(
∑

(X))=
∑

(X)

⊆ Sn+1(X) ⊆ S(X)

If x ∈M(S(X)), then there are n ∈ N and z ∈ Sn(X) such that z | x.
In particular,

x ∈M(Sn(X))
M(M(X))=M(X)

⊆ Sn+1(X) ⊆ S(X)

Finally, as the operator S is obtained applyingM and
∑

consecutively,
it also follows that S(X) ⊆ S(S(X)) ⊆ S(X).

4. As | is a divisibility, we also have
∑

(M(x)) = M(M(x)), and then it
follows by induction on n that

Sn(x) = M(x) for all x ∈ A,

and hence S(x) = M(x) for all x ∈ A.

5. As M(0) ⊆M(X), we have M(X) = M(X, 0). Thus

S(X, 0)
M(M(X))=M(X)

= S(M(X, 0)) = S(M(X))
M(M(X))=M(X)

= S(X).

6. Suppose that S(X) ⊆ S(Y ). We prove by induction on n that

Sn(X ∪ Z) ⊆ S(Y ∪ Z) (2.25)

for all n ∈ N.

If n = 0, then x ∈ S0(X ∪ Z) = X ∪ Z implies

x ∈ Z ⊆ S(Z)
1.

⊆ S(Y ∪ Z) or x ∈ X ⊆ S(X) ⊆ S(Y )
1.

⊆ S(Y ∪ Z)

For the induction step, suppose that (2.25) is true for some n ≥ 0 and
take x ∈ Sn+1(X ∪ Z). If Sn+1(X ∪ Z) = M(Sn(X ∪ Z)), then

x ∈M(Sn(X ∪ Z))
(2.25)

⊆ M(S(Y ∪ Z))
3.
= S(Y ∪ Z),

If Sn+1(X ∪ Z) =
∑

(Sn(X ∪ Z)), then

x ∈
∑

(Sn(X ∪ Z))
(2.25)

⊆
∑

(S(Y ∪ Z))
3.
= S(Y ∪ Z)

Therefore (2.25) is true for all n ∈ N, and hence

S(X ∪ Z) =
⋃
n≥0

Sn(X ∪ Z) ⊆ S(Y ∪ Z)
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7. For n = 0, we have

x ·Sn(X) = x ·S0(X) = x ·X = S0(x ·X)

Note now that

x ·
∑

(X) =
∑

(x ·X) and x ·M(X) ⊆M(x ·X) (2.26)

for all x ∈ A and all X ⊆ A, because of the divisibility properties.

For the induction step, suppose that

x ·Sn(X) ⊆ Sn(x ·X) (2.27)

for some n ≥ 0.

If Sn+1(X) = M(Sn(X)), then

x ·Sn+1(X) = x ·M(Sn(X))
(2.26)

⊆ M(x ·Sn(X))
(2.27)

⊆ M(Sn(x ·X)) = Sn+1(x ·X)

If Sn+1(X) =
∑

(Sn(X)), then

x ·Sn+1(X) = x ·
∑

(Sn(X))
(2.26)

⊆
∑

(x ·Sn(X))
(2.27)

⊆
∑

(Sn(x ·X)) = Sn+1(x ·X)

8. In fact,

S(X · Z) = S

(⋃
x∈X

x · Z

)
X⊆Y
= S

(⋃
y∈Y

y · Z

)
= S(Y · Z)

�
Another important property of the operator S is given in the Lemma

below. It says that we can understand the membership relation y ∈ S(X)
using only finitely many elements of X.

Lemma 2.2.4 Let | be a divisibility of A and X ⊆ A. Then

y ∈ S(X)⇔ (∃x1, ..., xr ∈ X) : y ∈ S(x1, ..., xr)
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Proof : (⇐) : This is clear, because

{x1, ..., xr} ⊆ X
Lemma(2.2.3)⇒ S(x1, ..., xr) ⊆ S(X)

(⇒) : We prove by induction on n that, for all n ∈ N,

y ∈ Sn(X)⇒ ∃x1, ..., xr ∈ X : y ∈ Sn(x1, ..., xr)

The case n = 0 is trivial, because then y ∈ X. Suppose that the assertion
above is true for some n ≥ 0 and

y ∈ Sn+1(X)

If Sn+1(X) = M(Sn(X)), then there is y ∈ M(z) and z ∈ Sn(X). By
induction hypothesis, there are x1, ..., xr ∈ X such that z ∈ S(x1, ..., xr),
and hence also y ∈ S(x1, ..., xr).

If Sn+1(X) =
∑

(Sn(X)), then there are z1, ..., zr ∈ Sn(X) such that
y =

∑r
i=1 zi. By induction hypothesis, there are {x1k, ..., xikk}1≤k≤r ⊆ X

such that
zk ∈ S(x1k, ..., xikk) for all 1 ≤ k ≤ r

Thus

y =
r∑
i=1

zi ∈ S({x1k, ..., xikk}1≤k≤r)

�
Thanks to previous lemma, the next example helps us to justify the

nomenclature used for S. More examples using the ideal operator will be
seen later.

Example 2.2.5 Let A be a ring and | the usual divisibility of A, i.e., for
all a, b ∈ A,

a | b⇔ (∃c ∈ A) : b = a · c

Then S(X) is equal to 〈X〉, the ideal generated by X, for each X ⊆ A.
In fact, it can be verified that

M(X) =
⋃
x∈X

x · A,M(〈X〉) = 〈X〉 and
∑

(〈X〉) = 〈X〉

It follows that S(X) = 〈X〉.
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Now we are able to present and prove the fundamental theorem of exten-
sions of divisibilities.

The idea of the proof is similar to the idea used in mathematical logic to
verify that we have a “proof” of some logical proposition using a concatena-
tions of other “proofs”.12

In our case, given a, b ∈ A, we will define sequences using the operator
S, and when such a sequence is satisfied for some x, y ∈ A, we will say that
x |a,b y (This means: we have a “proof” of this fact).

To see that |a,b may define a divisibility, we will verify that, under certain
concatenations of valid sequences, we can find another valid sequence.

This philosophy will be better explained in the practice.

Theorem 2.2.6 Let | be a divisibility on A. For each x, y ∈ A we define
x |a,b y if, and only if, there are r ∈ N+ and c1, ..., cr ∈ A such that

c1a ∈ S(x)

c2a ∈ S(x, c1b)

...

cra ∈ S(x, c1b, ..., cr−1b)

y ∈ S(x, c1b, ..., crb)

The binary relation |a,b of A satisfies the properties (1−4) of divisibilities,
extends | and a |a,b b.

Such a sequence is called defining sequence for x |a,b y.

Proof : If x | y, then we have a defining sequence

0 · a = 0 ∈ S(x);
y ∈ S(x, 0 · b) = M(x)

for c1 = 0, and hence x |a,b y. Therefore | ⊆ |a,b .
We also have a |a,b b, because, for c1 = 1,

1 · a ∈ S(a);
b ∈ S(a, 1 · b)

is a defining sequence.
From now on, we will use frequently the properties of Lemma(2.2.3) in

the proof. We advise the reader to remember this Lemma.

12More about mathematical logic can be found in [17].
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If x |a,b y and c ∈ A, we can multiply the relations of the defining sequence
by c and deduce

(c1c)a ∈ S(cx);

(cic)a ∈ S(cx, (c1c)b, ..., (ci−1c)b); for all 2 ≤ i ≤ r (if such i exists)

cy ∈ S(cx, (c1c)b, ..., (crc)b))

because c ·S(X) ⊆ S(c ·X), for all X ⊆ A, and hence cx |a,b cy.
Suppose that x |a,b y and y |a,b z. Take c1, ..., cr ∈ A such that

c1a ∈ S(x);

cia ∈ S(x, c1b, ..., ci−1b);

y ∈ S(x, c1b, ..., crb)

and d1, ..., ds ∈ A such that

d1a ∈ S(y);

dja ∈ S(y, d1b, ..., dj−1b);

z ∈ S(y, d1b, ..., dsb)

Now, using (1),(3) and (6) of Lemma(2.2.3), and the defining sequences
of y |a,b z and x |a,b y above, we can write

d1a ∈ S(x, c1b, ..., crb);

dja ∈ S(x, c1b, ..., crb, d1b, ..., dj−1b);

z ∈ S(x, c1b, ..., crb, d1b, ..., dsb)

Therefore

c1a ∈ S(x);

cia ∈ S(x, c1b, ..., ci−1b);

cra ∈ S(x, c1b, ..., cr−1b)

d1a ∈ S(x, c1b, ..., crb);

dja ∈ S(x, c1b, ..., crb, d1b, ..., dj−1b);

z ∈ S(x, c1b, ..., crb, d1b, ..., dsb)

is a defining sequence for x |a,b z.
Suppose that x |a,b y and x |a,b z. Take c1, ..., cr ∈ A, as above, and

d1, ..., ds ∈ A such that

d1a ∈ S(x);

dja ∈ S(x, d1b, ..., dj−1b);

z ∈ S(x, d1b, ..., dsb)
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As clearly {x} ⊆ {x, c1b, ..., crb}, again by Lemma(2.2.3), we can write,

d1a ∈ S(x, c1b, ..., crb);

dja ∈ S(x, c1b, ..., crb, d1b, ..., dj−1b);

z ∈ S(x, c1b, ..., crb, d1b, ..., dsb)

On the other hand, it is also true

y ∈ S(x, c1b, ..., crb) ⊆ S(x, c1b, ..., crb, d1b, ..., dsb)

and hence, as
∑

(S(X)) = S(X) for all X ⊆ A,

y ± z ∈ S(x, c1b, ..., crb, d1b, ..., dsb)

Thus x |a,b (y ± z), because

c1a ∈ S(x);

cia ∈ S(x, c1b, ..., ci−1b);

cra ∈ S(x, c1b, ..., cr−1b)

d1a ∈ S(x, c1b, ..., crb);

dja ∈ S(x, c1b, ..., crb, d1b, ..., dj−1b);

y ± z ∈ S(x, c1b, ..., crb, d1b, ..., dsb)

is a defining sequence for x |a,b (y ± z).
�
We will see in Proposition(2.2.9) that this is the minimal divisibility ex-

tending | such that a divides b, if we suppose that at least one such divisibility
exists.

This will be a consequence of the proposition.

Proposition 2.2.7 Let | be a divisibility on A. Then

a | b⇔ |a,b ⊆ |

Proof : (⇐) If |a,b ⊆ | , then a | b, because a |a,b b.
(⇒) Suppose that a | b and x |a,b y. Then, there are r ∈ N+ and

c1, ..., cr ∈ A satisfying

c1a ∈ S(x);

cia ∈ S(x, c1b, ..., ci−1b); for all 2 ≤ i ≤ r (if such i exists)

y ∈ S(x, c1b, ..., crb)
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If r = 1 (two relations) then

c1a ∈ S(x) and y ∈ S(x, c1b)
a|b
⊆ S(x, c1a) ⊆ S(x)

and hence
y ∈ S(x, c1a) ⊆ S(x)

For the induction step, suppose that: if x, y ∈ A satisfy a defining se-
quence with at most n ≥ 2 relations, then also x | y.

Take x, y ∈ A and suppose that they satisfy a defining sequence with
n+ 1 relations, i.e., there are c1, ..., cn ∈ A such that

c1a ∈ S(x);

c2a ∈ S(x, c1b)

...

cia ∈ S(x, c1b, ..., ci−1b)

...

y ∈ S(x, c1b, ..., cnb)

Now observe that, as in the case r = 1, from the first two relations, we con-
clude that S(x, c1b) ⊆ S(x), and hence, after applying (6) of Lemma(2.2.3),

c2a ∈ S(x, c1b) ⊆ S(x)

...

cia ∈ S(x, c1b, ..., ci−1b) ⊆ S(x, c2b, ..., ci−1b)

...

y ∈ S(x, c1b, ..., cnb) ⊆ S(x, c2b, ..., cnb)

is a defining sequence for x |a,b y consisting of n relations. Thus, by induction
hypothesis, x | y.

�
The following remark about extensions of divisibilities of a ring A is eas-

ily verified from the definition of S, and will be used in the proof of the
proposition below, as well as in other proofs .

Remark 2.2.8 If |∗∈ E( | ), then S(X) ⊆ S∗(X) for all X ⊆ A. Here
S( · ) and S∗( · ) are defined using the operators M( · , | ) and M( · , |∗),
respectively.
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Proposition 2.2.9 Let | be a divisibility of A. For all |∗ ∈ E( | )

a |∗ b⇔ |a,b ⊆ |∗

Proof : (⇐) : If |a,b ⊆ |∗ , then a |∗ b, because a |a,b b.
(⇒) : If a |∗ b, then the proposition above provides |∗a,b ⊆ |∗ . However,

|a,b ⊆ |∗a,b, by Remark(2.2.8).
�
For given a, b ∈ A, Theorem(2.2.6) guarantees only that the relation

|a,b satisfies the first four properties of divisibilities, missing yet 0 -a,b 1.
Therefore, it is natural to ask for conditions assuring that |a,b is indeed a
divisibility.

The important object to understand here is the ideal I( |a,b), and we
want conditions to say that 1 /∈ I( |a,b). This is the case if, for example,
I( | ) = I( |a,b).

Below, we will see a condition that determines when the equality I( | ) =
I( |a,b) holds. This condition is an inclusion relation between a special type
of ideals I of A related to a, b and the divisibility |.

They satisfy the condition S(I) = I, and also receive a name.

Definition 2.2.10 Let | be a divisibility of A and a ∈ A. We define the
annihilator of a with respect to | by

Ann(a, | ) := Ann(a) := {x ∈ A : 0 | ax}

Observe that Ann(1) = I( | ).

Lemma 2.2.11 Let | be a divisibility of A and a ∈ A. Then Ann(a) is an
ideal of A and

S(Ann(a)) = Ann(a)

Proof : Clearly Ann(a) is an ideal of A. We prove that

Sn(Ann(a)) = Ann(a) (2.28)

for all n ∈ N, proceeding by induction on n.
Note that

(∀x, y, a ∈ A) : (x | y) ∧ (0 | ax)⇒ (0 | ay),

and hence M(Ann(a)) ⊆ Ann(a). It also holds
∑

(Ann(a)) = Ann(a),
because Ann(a) is an ideal.
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Now suppose that (2.28) is true for some n ≥ 1. Thus

M(Sn(Ann(a)))
Ind.hyp.

= M(Ann(a)) = Ann(a)∑
(Sn(Ann(a)))

Ind.hyp.
=

∑
(Ann(a)) = Ann(a)

proves that Sn+1(Ann(a)) = Ann(a).
Therefore also S(Ann(a)) = Ann(a).
�
After this lemma, we have a proposition characterizing, in terms of ideals,

when I( |a,b) = I( | ), for some divisibility | and elements a, b ∈ A.

Proposition 2.2.12 Let | be a divisibility of A. For all a, b ∈ A

Ann(a) ⊆ Ann(b)⇔ I( |a,b) = I( | )

Proof : If I( |a,b) = I( | ), then

0 | xa⇒ 0 |a,b bx⇒ 0 | bx

for all x ∈ A, and hence Ann(a) ⊆ Ann(b).
Conversely, suppose that Ann(a) ⊆ Ann(b). Take x ∈ A with 0 |a,b x.

Then there are r ∈ N and c1, ..., cr ∈ A such that

c1a ∈ S(0)

c2a ∈ S(0, c1b)

...

cra ∈ S(0, c1b, ..., cr−1b)

x ∈ S(0, c1b, ..., crb)

However, applying the hypothesis Ann(a) ⊆ Ann(b) to these relations,

c1a ∈ S(0) ⇒ c1b ∈ S(0)
⇒ c2a ∈ S(0, c1b) ⊆ S(0)
⇒ c2b ∈ S(0)

...
⇒ cra ∈ S(0, c1b, ..., cr−1b) ⊆ S(0)
⇒ crb ∈ S(0)
⇒ x ∈ S(0, c1b, ..., crb) ⊆ S(0)

Thus also 0 | x.
�
Another information, that we can extract from the relations |a,b, is a

condition for the existence of divisibilities |′, extending |, such that 0 |′ c, for
some fixed c ∈ A.
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Corollary 2.2.13 Let | be a divisibility of A and c ∈ A. Then

|0,c ∈ E( | )⇔ 1 /∈ S(c · A)

Thus, by Proposition(2.2.9), there is |′ ∈ E( | ) such that 0 |′ c if, and
only if, 1 /∈ S(c · A).

Proof : In fact, 0 |0,c 1 if, and only if, there are c1, ..., cr ∈ A such that

1 ∈ S(0, c1c, ..., ccr) = S(c1c, ..., crc) ⊆ S(c · A)

The converse is also true, because

1 ∈ S(c · A)
Lem.(2.2.4)⇒ ∃c1, ..., cr ∈ A : 1 ∈ S(c1c, ..., crc)

�
We note that Ic := S(c ·A) is an ideal of A, clearly satisfying S(Ic) = Ic,

because of the properties of S. In general, for each subset I of A satisfying
A · I ⊆ I, S(I) is an ideal of A, because for all c ∈ A

c ·S(I) ⊆ S(c · I) ⊆ S(I) and S(I) + S(I) ⊆ S(I)

This indicates the existence of a relationship between certain questions
about supports I( |′ ), for some |′ ∈ E( | ), and the ideals I of A satisfying
S(I) = I. These relations will be studied in the next section.

To finish this section we would like to observe another fact about the
relation |a,b contained in the proposition below.

Proposition 2.2.14 Let | be a divisibility on A and a, b ∈ A. If 0 |a,b 1,
then there exists r ∈ N such that 0 | ar.

Proof : If 0 |a,b 1, then there are r ∈ N+ and c1, ..., cr ∈ A such that

c1a ∈ S(0) = M(0)

c2a ∈ S(0, c1b) = S(c1b)

...

cra ∈ S(0, c1b, ..., cr−1b) = S(c1b, ..., cr−1b)

1 ∈ S(0, c1b, ..., crb) = S(c1b, ..., crb)

Multiplying the last relation by a, we get

a ∈ S((c1a)b, (c2a)b, ..., (cra)b),
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Now, using the other relation to “substitute” c1a, ...., cra in this relation,
we deduce, after a finite number of applications of Lemma(2.2.3),

S((c1a)b, (c2a)b, ..., (cra)b) ⊆ S(0.b, (c1b)b, ..., (cr−1b)b),

and hence
a ∈ S((c1b)b, ..., (cr−1b)b)

Proceeding in this way r − 1 more times, i.e., multiplying the relation
found by a and then using the defining relations of 0 |a,b 1, we will get
ar ∈ S(c1ab

r) ⊆M(0).
�
As a consequence, we have a corollary telling us that, at least when a is

not in the radical of I( | ), for some a ∈ A, the relation |a,b is a divisibility,
for each arbitrary b ∈ A.

Corollary 2.2.15 Let | be a divisibility of A. For all a, b ∈ A:

a /∈
√
I( | )⇒ |a,b ∈ E( | )

Proof: �

2.3 Maximal Divisibilities and Valuations

In this section, we ask about the possibility of finding a valuation extending
a given divisibility.

To do this, we use the information about the minimal ones, starting
proving that, for each a, b ∈ A, and each divisibility of A, there is an extension
of it such that, a divides b or b divides a.

Lemma 2.3.1 Let | be a divisibility of A and a, b ∈ A. Then 0 -a,b 1 or
0 -b,a 1.

Proof : Suppose that 0 |a,b 1. Then Proposition(2.2.14) implies 0 | ar for
some 1 ≤ r ∈ N. If 0 |b,a 1, then there are s ∈ N and d1, ..., ds ∈ A such that

1 ∈ S(0, d1a, ..., dsa) = S(d1a, ..., dsa)

and hence

1 ∈ S(d1a, ..., dsa) ⇒ ar−1 ∈ S(d1a
r, ..., dsa

r) = S(0)
⇒ ar−2 ∈ S(d1a

r−1, ..., dsa
r−1) = S(0)

...
⇒ a ∈ S(d1a

2, ..., dsa
2) = S(0)

⇒ 1 ∈ S(d1a, ..., dsa) = S(0),
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but the last relation is a contradiction.
�
The same type of arguments works to verify the next lemma, concerning

cancellation by elements.

Lemma 2.3.2 Let | be a divisibility of A and a, b, c ∈ A. Then

(ca | cb) ∧ (0 - c)⇒ 0 -a,b 1

Proof : Suppose that ca | cb, 0 - c and 0 |a,b 1. Take r ∈ N+ and
c1, ..., cr ∈ A such that

c1a ∈ S(0) = M(0)

c2a ∈ S(0, c1b) = S(c1b)

...

cra ∈ S(0, c1b, ..., cr−1b) = S(c1b, ..., cr−1b)

1 ∈ S(0, c1b, ..., crb) = S(c1b, ..., crb)

Multiplying all these relations by c, we get

c1(ca) ∈M(0)

c2(ca) ∈ S(c1(cb))

...

cr(ca) ∈ S(c1(cb), ..., cr−1(cb))

c ∈ S(c1(cb), ..., cr(cb))

Now, using the assumption ca | cb and the properties of S, we have

c1(ca) ∈M(0)
⇓

c2(ca) ∈ S(c1(cb)) ⊆ S(c1(ca)) = M(0)
⇓

c3(ca) ∈ S(c1(cb), c2(cb)) ⊆ S(c1(ca), c2(ca)) = M(0)
⇓
...

cr(ca) ∈ S(c1(cb), ..., cr−1(cb)) ⊆ S(c1(ca), ..., cr−1(ca)) = M(0)
⇓

c ∈ S(c1(cb), ..., cr(cb)) ⊆ S(c1(ca), ..., cr(ca)) = M(0)

contradicting 0 - c.
�
The next lemma is the last needed for our desired theorem. It enables us

to maximize extension of divisibilities using Zorn’s Lemma.
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Lemma 2.3.3 Let ( |i )i∈I be chain of divisibilities of A with I 6= ∅. Then

|I :=
⋃
i∈I

|i

is a divisibility of A with support
⋃
i∈I I( |i).

Proof : By definition, for all x, y ∈ A

x |I y ⇔ x |i y for some i ∈ I.

Thus |i ⊆ |I for all i ∈ I and, for all x, y, z ∈ A,

x |I y ⇒ (∃i ∈ I) : x |i y ⇒ (∃i ∈ I) : xz |i yz ⇒ xz |I yz
x |I y, y |I z ⇒ (∃i, j ∈ I) : x |i y, y |j z ⇒ (∃(i, j ≤)k ∈ I) : x |k y, y |k z

⇒ (∃k ∈ I) : x |k z ⇒ x |I z
x |I y, x |I z ⇒ (∃i, j ∈ I) : x |i y, x |j z ⇒ (∃(i, j ≤)k ∈ I) : x |k y, x |k z

⇒ (∃k ∈ I) : x |k (y ± z)⇒ x |I (y ± z)

We also have 0 -I 1, because otherwise we should have 0 |i 1 for some
i ∈ I.

�
Such unions of divisibilities will be used also in Chapter(3), as well as the

next lemma.

Lemma 2.3.4 Let ( |i )i∈I be a chain of divisibilities of A and |I defined as
in Lemma(2.3.3). For all X ⊆ A and y ∈ A

y ∈ SI(X)⇔ y ∈ Si(X) for some i ∈ I

Proof : By Lemma(2.2.4), it is enough to proof this lemma when X ⊆ A
is a finite set, say X = {x1, ..., xr}. Moreover, as |i ⊆ |I for all i ∈ I, the
implication from right to the left is a consequence of Remark(2.2.8).

Therefore, it is enough to verify, by induction on n, that

y ∈ Sn
I (x1, ..., xr)⇒ y ∈ Sn

i (x1, ..., xr) for some i ∈ I (2.29)

for all n ∈ N.
First note that

y ∈MI(x)⇔ x |I y ⇔ x |i y for some i ∈ I ⇔ y ∈Mi(x) for some i ∈ I

for all x, y ∈ A.
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Thus

y ∈MI(x1, ..., xr) ⇒
∨

1≤j≤r
xj |I y

⇒
∨

1≤j≤r
(xj |ij y for some ij ∈ I)

⇒
∨

1≤j≤r
xj |k y with k := max{ij : 1 ≤ j ≤ r}

⇒ y ∈Mk(x1, ..., xr) for some k ∈ I

Now suppose that (2.29) is true for some n ≥ 1 and y ∈ Sn+1
I (x1, ..., xr).

If Sn+1
I (x1, ..., xr) =

∑
(Sn

I (x1, ..., xr)), then

y =
s∑
t=1

zt with zt ∈ Sn
I (x1, ..., xr)

By induction hypothesis

zt ∈ Sn
I (x1, ..., xr)⇒ zt ∈ Sn

it(x1, ..., xr) for some it ∈ I

Taking k := max{it : 1 ≤ t ≤ s}, we get

y =
s∑
t=1

zt and zt ∈ Sn
k(x1, ..., xr) for some k ∈ I,

and hence y ∈
∑

(Sn
I (x1, ..., xr)) = Sn+1

k (x1, ..., xr).
If Sn+1

I (x1, ..., xr) = M(Sn
I (x1, ..., xr)), then

z |I y for some z ∈ Sn
I (x1, ..., xr)

By induction hypothesis, and by the definition of |I , we get

z |i y and z ∈ Sj(x1, ..., xr) for some i, j ∈ I

Taking k := max{i, j} we have

z |k y and z ∈ Sj(x1, ..., xr) ⊆ Sk(x1, ..., xr),

and hence y ∈M(Sn
k(x1, ..., xr)) = Sn+1

k (x1, ..., xr).
�
After this deviation of our objectives, we return to them writing the

desired theorem about valuations.

Theorem 2.3.5 If | is a divisibility of A, then every maximal divisibility
extending | is a valuation, and hence V max( | ) 6= ∅.
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Proof : We have E( | ) 6= ∅ and for each chain ( |i)i∈I ⊆ E( | ), if we define

|I :=
⋃
i∈I

|i ,

then one verifies that |I ∈ E( | ) (Lemma(2.3.3)).
Therefore, we can use Zorn’s Lemma. Take |∗ ∈ E( | ) maximal. We

claim that |∗ has cancellation and is total.
In fact, by Lemma(2.3.1), for all a, b ∈ A, we have

|∗a,b∈ E( |∗) or |∗b,a∈ E( |∗),

and then, by maximality, |∗a,b= |∗ or |∗b,a= |∗. Thus a |∗ b or b |∗ a.
If 0 -∗ c and ac |∗ cb, then Lemma(2.3.2) implies that |∗a,b∈ E( |∗ ), and

hence, by maximality again, |∗a,b= |∗ . Thus a |∗ b.
�
As a first consequence, we can characterize the intersection of all ideals

that are supports of valuations extending | .

Proposition 2.3.6 Let | be a divisibility of A. Then√
I( | ) =

⋂
|v∈V ( | )

I( |v)

Proof : (⊆) : Suppose that 0 | yr for some r ∈ N. Then 0 |v yr for all
|v ∈ V ( | ). As I( |v) is a prime ideal, by Remark(2.1.5), we also have 0 |v y,
for all |v ∈ V ( | ).

(⊇) : If y /∈
√
I( | ), then |y,1 ∈ E( | ), by Proposition(2.2.14), and hence

y |v 1 for some |v ∈ V ( |y,1) ⊆ V ( | ), by Theorem(2.3.5). Therefore 0 -v y
for such valuation.

�
Similar arguments to that used in the proofs above, using the ideal op-

erator S, will be used in the p-divisibility case many times, and hence it is
helpful to have some familiarity with them.

We expect that the valuation divisibilities behave like valuations in the
classical sense. Then, the maximal ones, must correspond to the trivial
valuations, which in the classical sense correspond to fields. We will see
below that this equivalence is indeed true.

Therefore, the maximal divisibilities are not so interesting in the general
theory of divisibilities, because of their triviality. However, looking at them
will give us some insight of the behavior of the maximal p-divisibilities, which
are not trivial, because of the condition p - 1. It helps us to understand which
ideals of A are supports of p-divisibilities (See Theorem(2.3.11)).
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Such ideals have the following convex property with respect to | , like the
special class of ideals of the end of Section(2.2).

Definition 2.3.7 Given a divisibility | of A, with associated operator S, an
ideal I of A is called |-convex, or S-convex, if M(I) = I.

We denote by I( | ) and P( | ) the sets of all S-convex ideals and prime
ideals of A, respectively.

Note that this is equivalent to say S(I) = I, because, being an ideal, of
course M(I) = I implies

∑
(M(I)) = I, and then also S(I) = I.

As we noted just before Proposition(2.2.14), for each ideal I of A, the set
S(I) is also an ideal of A. By construction, S(I) is the minimal S-convex
ideal of A containing I.

Now we state a proposition, saying that all maximal divisibilities are
the trivial ones. It also says which are the possible supports of maximal
divisibilities.

Proposition 2.3.8 Let | be a fixed divisibility of A. For each P ∈ P( | )

|P := (A\P × A) ∪ (P × P )

is a maximal divisibility.13

Conversely, each maximal divisibility |v extending | equals |P for some
prime P ∈ P( | ), namely P := I( |v ).

Proof : (⇒) : Take P ∈ P( | ) and |P as above. As P is S-convex, | ⊆ |P .
In fact, if x /∈ P , then x |P y for all y ∈ A. In particular, x divides also

all y ∈ M(x). If x ∈ P and x | y, then y ∈ P , by S-convexity, and hence
x |P y, by definition of |P .

Suppose that |v is a maximal extension of |P . If x ∈ I( |v)\P , then x |P y
for all y ∈ A. Thus x |v y for all y ∈ A, because |P⊆ |v . In particular
0 |v x |v 1, a contradiction.

Therefore I( |v) = P , and hence

(∀a, b ∈ A) : (0 |v a) ∧ (a |v b)⇒ (a |P b),

because the left side above implies also 0 |P b and 0 |P a.
Moreover, supposing 0 -v a and a |v b, we also have 0 -P a and a |P b, by

definition of |P . Thus |v⊆ |P , and hence |P= |v , by maximality of |v .

13Compare |P with the definition of trivial divisibilities in Definition(2.1.4), or with
Example(2.1.11)(4), to see that it is indeed a trivial divisibility.
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(⇐) : If |v ⊇ | is maximal, then |v is a valuation by Theorem(2.3.5), and
then I( |v) is a prime ideal by Remark(2.1.5). By Remark(2.2.8), I( |v) is
S-convex, and hence P := I( |v) ∈ P( | ).

As P is S-convex and I( |v) = P , the same argument used in the proof of
the other implication above applies here, and then |v ⊆ |P . Being |v maximal,
we conclude |v= |P .

�
Not just the maximal divisibilities have the S-convex ideals as supports,

but also the set of all valuations extending | .

Theorem 2.3.9 Let | be a divisibility of a commutative ring A. Then

P( | ) = {I( |v) ⊆ A : |v∈ V ( | )}

Proof : If P is a support of some |v∈ V ( | ), then P is prime and, for all
a, b ∈ A,

a | b , a ∈ P ⇒ 0 |v a |v b⇒ b ∈ P,
and therefore P is S-convex.

Conversely, if P is S-convex, then |P defined above is an extension of | and
a valuation with I( |P ) = P , because of its maximality and Proposition(2.3.8).
This proves the other inclusion.

�
Let us see now which ideals are supports of p-valuations. First we fix a

notation.

Definition 2.3.10 For each divisibility | of A, where Z ⊆ A, define

P0( | ) := {P ∈ P( | ) : P ∩ Z = {0}}
Pp( | ) := {P ∈ P( | ) : P = I( |v ) for some |v∈ Vp( | )}

Observe that Vp( | ) 6= ∅ if, and only if, Pp( | ) 6= ∅. Therefore, the
following theorem gives us also a necessary and sufficient condition to have
Vp( | ) 6= 0, when | is a p-valuation.

Theorem 2.3.11 Let A be a commutative ring containing Z. Given a p-
divisibility | of A, we have P ∈ Pp( | ) if, and only if, P ∈ P0( | ) and

(∀a ∈ A) : a /∈ P ⇒ (p ·M(a)− a) ∩ P = ∅, (2.30)

or equivalently, for all a ∈ A,

a ∈ A×P ⇒ (bp− a) ∈ A×P for all b ∈M(a),

where A×P are the units of the localization AP .
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Proof : If P ∈ P0( | ) and it satisfies the condition above, then

1

p
/∈ O(P ) ⊆ F (P ) := Quot(A/P ),

where the field F (P ) has characteristic zero and

O(P ) :=

{(
b+ P

a+ P

)
∈ F (P ) : a | b and a /∈ P

}
is the ring of | with respect P , defined in the next Definition(2.4.1).

In fact, otherwise, there are a, b ∈ A such that

a | b, a /∈ P and (bp− a) ∈ P,

but (2.30) implies a ∈ P , a contradiction.
Moreover, γ(F (P )) ⊆ O(P ), because | is a p-divisibility, and then it has

the Kochen property γp. By the theorem of existence of p-valuations14, we
conclude that there is a p-valuation ring Ov of F (P ) containing O(P ).

Thus, one verifies that

(∀a, b ∈ A) : a |v b :⇔
(
a /∈ P and

b+ P

a+ P
∈ Ov

)
or a, b ∈ P ;

defines a p-valuation |v extending | with support P .
Conversely, if P ∈ Pp( | ), then P = I( |v) for some |v∈ Vp( | ). Thus,

O( |v) :=

{(
b+ P

a+ P

)
∈ F (P ) : a |v b and a /∈ P

}
defines a p-valuation ring of F (P ), and hence F (P ) has characteristic zero.
Therefore P ∈ P0( | ). Moreover,

(a /∈ P ) ∧ (b ∈M(a)) ∧ (pb− a) ∈ P

does not happen, because otherwise

1

p
=
b+ P

a+ P
∈ O(P ) ⊆ O( |v)

�
14In fact, since p−1 /∈ O(P ), we can choose, by Chevalley’s Extension Theorem, a

valuation (function) v of F (P ), with associated valuation ring Ov of F (P ), such that
O(P ) ⊆ Ov and p−1 /∈ Ov. Now, by Lemma(6.2) of [20], v is a p-valuation (function).
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2.4 Divisibilities with Cancellation and Min-

imal Extensions in Ca(A)
Divisibilities with cancellation have a very good property that distinguishes
them from the others. They can be uniquely associated with some subring
of some field, and their properties are all described by algebraic properties
of this ring.

As a consequence, we will see that there is a one to one correspondence
between valuations of A (in the divisibility sense) and valuation functions of
A (Bourbarki valuations). Thus, we can identify them.

In this section, we also define another binary relation on A extending |
and depending of elements a, b ∈ A, namely |a,b. When | has cancellation by
a, we will verify that this is the minimal divisibility extending | satisfying a
divides b.

This relation will be used later in the study of p-divisibilities, because,
if p−1 ∈ A, then each divisibility | of A has cancellation by p. Thus |p,1 is
always an extension of | . Moreover, by its minimality, we can deduce that
a |p,1 b if, and only if, | has a p-extension satisfying a divides b.

Let us start defining the rings that will be used for the correspondence
with divisibilities having cancellation.

Definition 2.4.1 Let | be a divisibility of A. For each prime ideal P ⊆ A,
we can define the field of quotients F (P ) := Quot(A/P ) and also its subring

O(P ) :=

{(
b+ P

a+ P

)
∈ F (P ) : a | b and a /∈ P

}
,

called the ring of | with respect to P .
If | has support prime P := I( | ), then we define F ( | ) := Quot(A/P )

and a subring

O( | ) :=

{(
b+ P

a+ P

)
∈ F ( | ) : a | b and a /∈ P

}
,

called the ring of | .

Note that these are well-defined rings, because P is prime, and hence, by
the properties of divisibilities,

a | b, c | d and c, a /∈ P ⇒ ac | (bc± ad), ac | bd and ac /∈ P

The characterization of divisibilities with cancellation is the proposition:
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Proposition 2.4.2 Let | be a divisibility of A. There is a 1-1 correspon-
dence between C( | ), the set of extensions of | with cancellation, and

R := {R : R is a subring of Quot(A/P ) and R ⊇ O(P ) for some P ∈ P( | )}

The correspondence is given by

|∗ 7→ O( |∗) , R 7→ |R ,

where, for all a, b ∈ A,

a |R b :⇔
{

(b+ P )/(a+ P ) ∈ R , if a /∈ P
b ∈ P , if a ∈ P.

Proof : For |∗∈ C( | ), as | ⊆ |∗, the set O( |∗) is a subring of Quot(A/P )
for P := I( |∗) ∈ P( | ), and clearly O(P ) ⊆ O( |∗). Thus |∗ 7→ O( |∗) defines
a map from C( | ) to R.

Take R ∈ R. Then |R is a divisibility of A with cancellation15 with
support P ∈ P( | ).

We want to see that | ⊆ |R . For this we use the assumptions O(P ) ⊆ R
and P ∈ P( | ). In fact, for all a, b ∈ A,

(a /∈ P ) ∧ (a | b) O(P )⊆R⇒ (a |R b)
(a ∈ P ) ∧ (a | b) P∈P( | )⇒ (b ∈ P )⇒ (a |R b)

Note that the S-convexity is necessary for | ⊆ |R, because otherwise there
is i ∈ I such that i /∈ P , and hence 0 | i, but 0 -R i.

Finally note that, for all a, b ∈ B, using the definitions, one verifies for
each |∗ with cancellation

a |∗ b⇔ b+ I( |∗ )

a+ I( |∗ )
∈ O( |∗ ) or a, b ∈ I( |∗ )⇔ a |O( |∗) b

and, for R ∈ R,

b+ P

a+ P
∈ R⇔ a |R b and a /∈ P ⇔ b+ P

a+ P
∈ O( |R ),

proving that |∗ = |O( |∗) and R = O( |R), and then the maps are inverses of
each other. Thus they define bijections.

�
15We let this verification for the reader. Only its definition is needed.
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As consequence we have the desired correspondence between valuations
and valuation rings, because for each divisibility |v with cancelation and each
a, b ∈ A

a |v b⇔ b+ P

a+ P
∈ O( |v)

We also have a bijection with the Bourbaki valuations v : A→ Γ ∪ {∞},
for some abelian ordered group Γ. In fact, note that P = v−1(∞) is always
a prime ideal of A, and then we can use this fact to prove the existence of
a bijection between the Bourbaki valuations v∗ of A, with v−1

∗ (∞) = P , and
the valuation rings of Quot(A/P ).16

We collect the conclusions of this discussion in a corollary to be remem-
bered later.

Corollary 2.4.3 Let | be a divisibility of A. There is a 1-1 correspondence
between the set V ( | ) of valuations extending | and the set of Bourbaki val-
uations v : A→ Γ ∪ {∞} with v−1(∞) ∈ P( | ).

In the theory of valued fields, we see that valuation rings can be used to
describe the integral closure A of a subring A in the field F ,17 more precisely

A =
⋂

Ov∈VF (A)

Ov, (2.31)

where VF (A) is the set of all valuation rings of F containing A.
Because of its importance (they play an important role in algebraic num-

ber theory), such intersections receive names: an arbitrary intersection of
valuation rings Ov of F is called a holomorphy ring and the intersection
of all Ov ∈ VF (A) is called the holomorphy ring of A.

The equality above can be seen as a local global principle, where the local
properties given by a ∈ Ov, for all Ov ∈ VF (A), can be translated into the
global property a ∈ A.

In this text, we will understand local-global properties for valuations
(functions and divisibilities) as properties relating valuations extending some
divisibility (or a ring) and the given divisibility (or ring).

Such local-global principles will be used, for example, to study represen-
tations of commutative rings in C(X,Qp), for some compact space X.

Note that, if { |i}i∈I is a given a family of divisibilities of A, then its
intersection

⋂
i∈I
|i defines also a divisibility of A. Using this observation we

can define a notion of holomorphy for divisibilities.

16Remember Definition(2.1.6) and the discussion below it.
17Theorem(3.1.3) of [19].
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Definition 2.4.4 Let D be a set of valuations of A. Then the divisibility

|D:=
⋂
|∗∈D

|∗

is called the holomorphic divisibility of D.
If | is a divisibility of A, the holomorphic divisibility of | is

|H :=
⋂

|v∈V ( | )

|v

One of the properties of |H is

I( |H) =
⋂

P∈P( | )

P
Prop.(2.3.6)

=
√
I( | )

As all valuations have cancellation, by definition, we can use the previous
discussion to give an algebraic description of |H .

Theorem 2.4.5 Let | be a divisibility of A. For each a, b ∈ A

a |H b⇔ (∀P ∈ P( | )) :

((
b+ P

a+ P

)
∈ O(P ) , a /∈ P

)
or (a, b ∈ P )

where O(P ) denotes the integral closure of O(P ) in F (P ).

Proof : First remember that a prime ideal P is a support of some valuation
extending | if, and only if, P is S-convex (Theorem(2.3.9).).

If a |H b, then a |v b for all |v∈ V ( | ). For each P ∈ P( | ), let V (P ) be
the set of all valuations extending | with I( |v) = P .

For all |v∈ V (P ), the corresponding valuation ring Ov satisfies

O(P ) ⊆ Ov ⊆ F (P )

Conversely, each valuation ring satisfying this defines a valuation belong-
ing to V (P ), namely |Ov , as in Proposition(2.4.2). Thus

[(∀ |v∈ V (P )) : (a |v b)]⇔ (a, b ∈ P ) or

(
b+ P

a+ P

)
∈

⋂
O(P )⊆Ov

Ov = O(P )

where Ov are valuation rings of F (P ). Varying P ∈ P( | ) we get the desired
conclusion.
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For the converse, observe that, if a -H b, then a -v b for some |v∈ V ( | )
with P := I( |v) ∈ P( | ), or equivalently a -O( |v) b.

Thus,

(a ∈ P ) ∧ (b /∈ P ) or (a /∈ P ) ∧
(
b+ P

a+ P

)
/∈ Ov

In the last case (b+ P )/(a+ P ) /∈ O(P ).
�
What we have seen so far, is that the local information of some divisibility,

given by V ( | ), is closely related to the rings∏
P∈P( | )

O(P ) ⊆
∏

P∈P( | )

F (P ),

where products and sums are taken component-wise.
After these digressions about intersections of valuations, we want to show

another result related to divisibilities with cancelation, which relates the
membership relation y ∈ S(X), for some fixed X ⊆ A, with the membership
relation y ∈

〈
X
〉
, where y := y + I( | ) and

〈
X
〉

is the O( | )-module

generated by X := X + I( | ) contained in the field F ( | ).

Proposition 2.4.6 Let | be a divisibility of A with cancellation, i.e., | ∈
C(A). With the same notations as in the paragraph above, for all X ⊆ A and
y ∈ A

y ∈ S(X)⇔ y ∈
〈
X
〉

Proof : Using Lemma(2.2.3), we can verify that

y ∈ S(X)⇔ y + I( | ) ∈ S(X + I( | ))

Thus we can suppose, without loss of generality, I( | ) = {0}, and hence
B := O( | ) ⊆ Quot(A), because I( | ) is prime when | has cancellation.

Observe that, by Lemma(2.2.4), y ∈ S(X) if, and only if, there are
x1, ..., xr ∈ X such that y ∈ S(x1, ..., xr). Thus it is enough to verify the
assertion above for a finite set X = {x1, ..., xr}. As y /∈ I( | ) by hypothesis,
we can take all xi different from zero.

We will prove by induction on n ∈ N that, if n ≥ 2, then

y ∈ Sn(x1, ..., xr)⇔ y ∈ x1B + ...+ xrB (2.32)

and so follows the desired conclusion for S.
Start with n = 2. By Proposition(2.4.2), for all a, b ∈ A

b ∈M(a)⇔ a | b⇔ b ∈ aB
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and hence
y ∈M(x1, ..., xr)⇔ y ∈ x1B ∨ ... ∨ y ∈ xrB

Thus
y ∈ S2(x1, ..., xr) =

∑
(M(x1, ..., xr))

m
y ∈

∑
(x1B, ..., xrB) = x1B + ...+ xrB

For the induction step, suppose now that (2.32) is true for some n ≥ 2
and take y ∈ Sn+1(x1, ..., xr). If y ∈ M(Sn(x1, ..., xr)), then there is z ∈
Sn(x1, ..., xr) such that z | y. By induction hypothesis, this is equivalent to

y ∈ zB and z ∈ x1B + ...+ xrB

and hence y ∈ x1B + ...+ xrB.
If y ∈

∑
(Sn(x1, ..., xr)) then there are z1, ..., zs ∈ Sn(x1, ..., xr) such that

y =
∑s

i=1 zi. By induction hypothesis again, this is equivalent to

z1, ..., zs ∈ x1B + ...+ xrB and y =
s∑
i=1

zi

and then y ∈ x1B + ...+ xrB.
As y ∈ x1B+ ...+xrB ⇒ y ∈ S2(x1, ..., xr) ⊆ Sn(x1, ..., xr) for all n ∈ N,

the equivalence in (2.32) is proved.
�
In particular,

Corollary 2.4.7 Let | ∈ C(A). Then, for all y, x1, ..., xn ∈ A,

y ∈ S(x1, ..., xn)⇔ y ∈ x1 · O( | ) + ...+ xn · O( | )

Proof: �
Now we want to show that, under the assumption that a divisibility of a

ring A has cancellation by a ∈ A, we can give an easier description of the
minimal divisibilities extending it and satisfying a divides b, for b ∈ A fixed.
The motivation for this result comes from a discussion about cancellation
divisibilities and holomorphic divisibilities done below.

Let | be a given divisibility and |∗ a minimal divisibility extending | with
a |∗ b, for some a, b ∈ A. If P ∈ P( | ) we can observe the set C(P ) of all
divisibilities with cancellation extending | with support P . By the proof of
Proposition(2.4.2), we know that there is a 1-1 correspondence between this
set and the subrings of F (P ) containing O(P ).
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To take all |+∈ C(P ) with a |+ b is equivalent, by Proposition(2.4.2), to
choose all rings R ∈ F (P ) containing O(P ) and satisfying(

(a /∈ P ) ∧
(
b+ P

a+ P

)
∈ R

)
or (a, b ∈ P )

However, we know which is the minimal ring in F (P ) with these proper-
ties. It is exactly the ring of polynomials

Oa,b(P ) := O(P )

[(
b+ P

a+ P

)]
This ring of polynomial defines a divisibility |Oa,b(P ) of A extending | and

contained in each element of C(P ). Now, by its definition, for all x, y ∈ A,

x |Oa,b(P ) y ⇔
(

(x /∈ P ) ∧
(
y + P

x+ P

)
∈ Oa,b(P )

)
or (x, y ∈ P )

Thus, when x /∈ P , x |Oa,b(P ) y is equivalent to the existence of some
polynomial f ∈ O(P )[X] such that

y + P

x+ P
= f

(
b+ P

a+ P

)
,

After simplifying denominators and some algebraic manipulations, one
can see that this is also equivalent to the existence of r := deg(f) ∈ N and
c0, ..., cr ∈ O(P ) such that

yar + P = x · (br + cr−1b
r−1a+ ...+ c1ba

r−1 + c0a
r) + P

Note that the same argument holds for all P ∈ P( | ), what motivates us
to find a generalization of this condition (modulo P ).

Note that
c ∈ Oa,b(P )⇔ c ∈ S(1, |Oa,b(P )).

Thus, by analogy, we can infer that c ∈ O(P ) should be equivalent to
c ∈ S(1). Using this intuitive reasoning, the condition above, without P ,
should be written as

(∃r ∈ N)(∃c0, ..., cr ∈ S(1)) : yar = x · (br + cr−1b
r−1a+ ...+ c1ba

r−1 + c0a
r)

As cib
iar−i ∈ S(biar−i) for each i ∈ {0, ..., r − 1} and clearly br ∈ S(br),

using the equality
∑

S = S, we conclude that

yar ∈ S(x · (br + cr−1b
r−1a+ ...+ c1ba

r−1 + c0a
r))
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Now we write x |a,b y if the relation above is true, and we hope that the
binary relation |a,b on A satisfies at least the conditions (1−4) of divisibilities
and is minimal, with respect to the condition a divides b.

This will be the case, and |a,b will be a divisibility exactly when a /∈√
I( | ), as the next theorem shows.

Theorem 2.4.8 Let | be a divisibility of A. For all x, y ∈ A we define

x |a,b y ⇔ (∃r ∈ N) : ary ∈ S(x · {biar−i}0≤i≤r),

where {biar−i}0≤i≤r := {1} if r = 0.
Then |a,b is an extension of | satisfying (1− 4) and a |a,b b. It follows

from its definition that

I( |a,b) = {y ∈ A : ary ∈ I( | ) for some r ∈ N}

and then

0 |a,b x⇔ a ∈
√
Ann(x) and 0 |a,b 1⇔ a ∈

√
I( | )

Proof : Suppose that x | y. Taking r = 0, we deduce

y = a0y ∈ S(x · {biar−i}i=r=0) = S(x)

and hence x |a,b y.
Taking r = 1,x = a and y = b, we have

ab ∈ S(a · {a, b}) = S(a2, ab)

and then a |a,b b.
If x |a,b y, then

ary ∈ S(x · {biar−i}0≤i≤r),

for some r ∈ N. After multiplying by c ∈ A, we have

ar(cy) ∈ S((cx) · {biar−i}0≤i≤r),

and hence cx |a,b cy.
Suppose that x |a,b y and y |a,b z. Then there are r, s ∈ N such that

ary ∈ S(x · {biar−i}0≤i≤r) and asz ∈ S(y · {bjas−j}0≤j≤s),

Multiplying the second relation above by ar, and using the first, we get

a(s+r)z ∈ S((ary) · {bjas−j}0≤j≤s) ⊆ S(x · {biar−i}0≤i≤r · {bjas−j}0≤j≤s)
⊆ S(x · {bka(s+r)−k}0≤k≤(s+r))
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and hence x |a,b z.
Now suppose that x |a,b y and x |a,b z. Then there are r, s ∈ N such that

ary ∈ S(x · {biar−i}0≤i≤r) and asz ∈ S(x · {bjas−j}0≤j≤s),

Multiplying the first relation by as and the second by ar, we deduce

a(s+r)y ∈ S(asx · {biar−i}0≤i≤r) ⊆ S(x · {bka(s+r)−k}0≤k≤(s+r))

a(s+r)z ∈ S(arx · {bjas−j}0≤j≤s) ⊆ S(x · {bka(s+r)−k}0≤k≤(s+r))

Therefore

a(s+r)(y ± z) = (a(s+r)y ± a(s+r)z) ∈ S(x · {bka(s+r)−k}0≤k≤(s+r))

and hence x |a,b (y ± z).
�
The next lemma shows that this relation has cancellation by a.

Lemma 2.4.9 Let | be a divisibility of A and a, b ∈ A. Then |a,b has
cancellation by a.

Proof : If ax |a,b ay then there is r ∈ N such that

ar(ay) ∈ S((ax)·{biar−i}0≤i≤r)⇒ ar+1y ∈ S(x·{biar+1−i}0≤i≤r+1)⇒ x |a,b y

�
A corollary from this lemma and the proposition above is:

Corollary 2.4.10 If | is a divisibility on A then

Ca( | ) 6= ∅ ⇔ a /∈
√
I( | ).

Proof : The only implication we need to verify is from left to right. But, if
0 | an for some n ∈ N, and |∗ ∈ Ca( | ), then

0 |∗ an ⇒ 0 |∗ an−1 ⇒ ...⇒ 0 |∗ a⇒ 0 |∗ 1,

a contradiction.
�
The next proposition (actually its corollary) will assure that |a,b is minimal

in the set of extensions with cancellation by a, as promised.

Proposition 2.4.11 Let | be a divisibility of A with cancellation by a.
Then

a | b⇔ |a,b ⊆ |
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Proof : (⇐) If |a,b ⊆ | , then a | b, because a |a,b b.
(⇒) Suppose that a | b and x |a,b y. Then there is r ∈ N such that

ary ∈ S(x · {biar−i}0≤i≤r)
a|b
⊆ S(arx) = M(arx),

and hence x | y by iterated cancellation by a.
�
As in Section(2.2), we can deduce the minimal property of |a,b.

Corollary 2.4.12 Let | be a divisibility of A with cancellation by a. For
all |∗ ∈ Ca( | ) and b ∈ A

a |∗ b⇔ |a,b ⊆ |∗

In particular, for any divisibility | of A and a, b ∈ A, |a,b is the minimal
extension of | with cancellation by a such that a divides b.

Proof : (⇐) : If |a,b ⊆ |∗ , then a |∗ b, because a |a,b b.
(⇒) If a |∗ b and |∗ ∈ Ca( | ), then the Proposition(2.4.11) above implies

( |∗)a,b ⊆ |∗. However |a,b ⊆ ( |∗)a,b.
�
Extensions of the type |a,b will be frequently used in the theory of p-

divisibilities, where the validity of the relationship p |a,b 1 will be investigated,
i.e., the validity of

(∃r ∈ N) : ar ∈ S(p · {biar−i}0≤i≤r)

2.5 Cancellation by Elements

The study of cancellation properties is important, because in general divis-
ibilities do not have cancellation. In our study, for example, the canonical
divisibility |0 of C(X,Qp) does not have cancellation. One way to verify this
is to look at the support of |0, namely

I( |0) = {f ∈ C(X,Qp) : f(x) = 0 for all x ∈ X},

which is not a prime ideal, and hence it is not possible for |0 to have cancel-
lation.

In the previous section we studied divisibilities with cancellation, here we
will study also cancellation, but by elements.

The understanding of cancellation by elements will be useful to handle
divisibilities without cancellation and provides some techniques, helping us
to find some local-global principles in the coming chapter.
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This section will be more technical, and some proofs will be just verifi-
cations of some fact using calculations and the properties of the operator S.
However, the results found here will be necessary and they need proofs.

Let us start with an easy, but fundamental lemma.

Lemma 2.5.1 Let | be a divisibility of A and c ∈ A satisfying 0 - c . Then
|c defined by

(∀a, b ∈ A) : a |c b :⇔ ac | cb

is a divisibility of A extending | . Clearly

I( |c ) = Ann(c) := {x ∈ A : 0 | cx}

Proof : We have | ⊆ |c and 0 -c 1, because 0 - c and (x | y ⇒ cx | cy), for
all x, y ∈ A. Also, for all x, y, z ∈ A,

x |c y ⇒ cx | cy ⇒ c(zx) | c(zy)⇒ zx |c zy
x |c y, y |c z ⇒ cx | cy, cy | cz ⇒ cx | cz ⇒ x |c z
x |c y, x |c z ⇒ cx | cy, cx | cz ⇒ cx | c(y ± z)⇒ x |c (y ± z)

�
The relation |c is a prototype of extensions of | with cancellation by c. In

fact, from its definition, we can see that, if 0 - c,

| has cancellation by c⇒ |c ⊆ |

However, in general the converse is not true. To see this, remember that:
there is some extension of | with cancellation by c, i.e. Cc( | ) 6= ∅, if, and
only if, c /∈

√
I( | ), by Corollary(2.4.10).

Thus, although |c is an extension of | , if 0 | cn for some natural number
n ∈ N, |c does not have cancellation. Clearly |c contains itself and hence the
converse above is not true.

Even not having cancellation by c, we will see that this extension can be
used to prove Theorem(3.1.2), which claims that Vp( | ) 6= ∅, when | is a
strong p-divisibility.

The extensions |c can also be used to give another proof of V ( | ) 6= ∅, when
combined with some ideas about divisibilities with cancellation. However, we
do not follow this approach, because it could keep in secret some arguments
that we wanted to show and clarify.

The relationship between |c and its corresponding operator Sc will be
also useful later. What we need is actually:
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Lemma 2.5.2 Let | be a divisibility of A and c ∈ A satisfying 0 - c . For
all y ∈ A and X ⊆ A,

y ∈ Sc(X)⇒ cy ∈ S(c ·X)

where Sc is the ideal operator corresponding to the divisibility |c .

Proof : It is enough to prove the lemma for X finite, by Lemma(2.2.4).
Taking X = {x1, ..., xr}, we verify that

y ∈ Sn
c (x1, ..., xr)⇒ cy ∈ Sn(cx1, ..., cxr), (2.33)

for all n > 0.
We proceed by induction on n. For n = 1

y ∈Mc(x1, ..., xr)⇒
∨

1≤i≤r

xi |c y ⇒
∨

1≤i≤r

cxi | cy ⇒ cy ∈M(cx1, ..., cxr)

Suppose that (2.33) is true for some n ≥ 1. Then

y ∈M(S(x1, ..., xr)) ⇒ z |c y and z ∈ Sc(x1, ..., xr)
Ind.hyp.⇒ cz | cy and cz ∈ S(cx1, ..., cxr)
⇒ cy ∈ S(cx1, ..., cxr)

y ∈
∑

(S(x1, ..., xr)) ⇒ y =
s∑
t=1

zt and zt ∈ Sc(x1, ..., xr)

Ind.hyp.⇒ cy =
s∑
t=1

czt and czt ∈ S(cx1, ..., cxr)

⇒ cy ∈
∑

(S(cx1, ..., cxr))

Thus also

y ∈ Sn+1
c (x1, ..., xr)⇒ cy ∈ Sn+1(cx1, ..., cxr)

�
The next proposition is one of the most useful and will be proved after

some technical lemmas.
It says that, if Cc( | ) 6= ∅, for some c ∈ A, then there is a one to one

correspondence between the set of divisibilities of A extending | and the set
of divisibility of Ac containing the divisibility |c of Ac, which is canonically
associated to |.

Here
Ac :=

{ a
cn

: a ∈ A and n ∈ N
}
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is the localization of A by the multiplicative closed subset

〈c〉 := {ci : i ∈ N}

Note that 0 /∈ 〈c〉 when Cc( | ) 6= ∅, because of Corollary(2.4.10).
The relation |c will be defined below in the next Lemma, where we verify

that it defines a divisibility of Ac under the assumption c /∈
√
I( | ).

Lemma 2.5.3 Let | be a divisibility of A and c ∈ A with c /∈
√
I( | ).

Then ( a
cn

)
|c
(
b

cm

)
:⇔ (ck)(cm)a | (ck)(cn)b for some k ∈ N

defines a divisibility of the localization Ac. Moreover, it follows from its
definition that, for all a, b ∈ A,

a | b⇒
(a

1

)
|c
(
b

1

)
Proof : First we prove that |c is well-defined. Suppose that( a

cn

)
|c
(
b

cm

)
and

( a
cn

)
=

(
a′

cn′

)
,

(
b

cm

)
=

(
b′

cm′

)
i.e., cr(cn

′
a) = cr(cna′) and cs(cm

′
b) = cs(cmb′) for some r, s, n, n′, n,m′ ∈ N

and a, a′, b, b′ ∈ A. Then,

a(cm)(ck) | b(cn)(ck)⇒ (ck)(cm)(cscm
′
)(crcn

′
)a | (ck)(cn)(crcn

′
)(cscm

′
)b

⇒ (ck)(cm)(cscm
′
)(crcn)a′ | (ck)(cn)(crcn

′
)(cscm)b′

⇒ a′(cm
′
)(ck

′
) | b′(cn′)(ck′)

for k′ := k +m+ n+ r + s.
Thus (

a′

cn′

)
|c
(
b′

cm′

)
Clearly, by the definition of |c, if a | b, then (a/1) |c (b/1), and hence | is

reflexive.
Moreover, if

x

cn
,
y

cm
,
z

cr
∈ Ac then

ck+mx | ck+ny ⇒ ck+(r+m)zx | ck+(r+n)zy
ck+mx | ck+ny, ck

′+ry | ck′+mz ⇒ ck+m+k′+rx | ck+n+k′+ry | ck+n+k′+mz
⇒ c(k+m+k′)+rx | c(k+m+k′)+nz

ck+mx | ck+ny, ck
′+rx | ck′+nz ⇒ ck+m+k′+rx | (ck+n+k′+ry ± ck+m+k′+nz)
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From the first two implications above, we conclude the transitivity and
the multiplicative property of |c . The property related to sums follows from
the last implication above, if we take k′′ := k′ + k and observe that( x

cn

)
|c
( y
cm
± z

cr

)
⇔
( x
cn

)
|c
(
ycr ± zcm

c(r+m)

)
⇔ ck

′′+(m+r)x | (ck′′+(n+r)y ± ck′′+(n+m)z)

where k′′ is some natural number.
Also 0 -c 1, because(

0

1

)
|c
(

1

1

)
⇒ 0 | ck for some k ∈ N

�
Remember that we can define the canonical homomorphism sc : A→ Ac

given by a 7→ (a/1). Using this homomorphism, we can associate a divisibility
(|∗)sc of A to each divisibility |∗ of Ac. This is possible because of the next
lemma.

Lemma 2.5.4 Let α : A → B be a ring homomorphism and | a divisibility
of B. Then

(∀a, b ∈ A) : a |α b :⇔ α(a) | α(b)

defines a divisibility on A, inheriting the properties of | , i.e., totality, can-
cellations and p-properties.

Proof : The verification is quite easy and left to the reader.
�
Using the canonical homomorphisms sc, we can prove then:

Proposition 2.5.5 Let | be a divisibility of A and c ∈ A\
√
I( | ).

There is a 1-1 correspondence between Cc( | , A) and E( |c, Ac) given by18

|∗ 7→ ( |∗)c and |∗ 7→ ( |∗)sc

where sc : A→ Ac is the canonical homomorphism a 7→ (a/1).

Proof : If |∗⊇ |c is a divisibility on Ac, then |∗ has cancellation by c (as well
as each divisibility on Ac), and hence ( |∗)sc also has cancellation by c. In
fact,

ca( |∗)sccb⇒ (ca)/1 |∗ (cb)/1⇒ a/1 |∗ b/1⇒ a( |∗)scb
18This notation was introduced in Notation(2.1.10).
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Conversely, if |∗ has cancellation by c ∈ A, then c /∈
√
I( |∗ ), and hence

Lemma(2.5.3) implies that ( |∗)c is a divisibility of Ac extending |c. Thus,
the maps defined above are well-defined.

Moreover, for all x, y ∈ A and |∗∈ Cc( | , A)

x |∗ y ⇔
(x

1

)
( |∗)c

(y
1

)
⇔ x(( |∗)c)scy

and, if |∗∈ E( |c, Ac), then( x
cn

)
|∗
( y
cm

)
⇔
(
cmx

1

)
|∗
(
cny

1

)
⇔ cmx( |∗)sccny ⇔

( x
cn

)
(( |∗)sc)c

( y
cm

)
Thus |∗= (( |∗)c)sc and |∗= (( |∗)sc)c, proving that the maps are inverses

of each other.
�

2.6 Topologies on E(A)

In the last section of this chapter, we study E(A), the set of all divisibilities
of A, as a topological space.

We want to introduce not any topology, but a topology that catches also
the properties of the topologies defined by the valuations |v of A in the fields
F ( |v) := Quot(A/I( |v)).

Given a valued field (F, v), the topology defined by the valuation v is
generated by the open subbasis consisting of the sets

UF (a, b) := {x ∈ F : v(x− b) > v(a)}

for all a, b ∈ F .19

If we understand the valuation as a divisibility relation |v, then we can
rewrite the sets above as

UF (a, b) := {x ∈ F : (x− b) -v a}

This sets can be thought as the correspondent, in the valuation case, to
the sets

UR(a, b) := {x ∈ R : (x− b) �P a}
in the real case, where R is an ordered field and ≤P is an order relation in
R, defined by an ordering P of R putting

(∀x, y ∈ R) : x ≤P y :⇔ (y − x) ∈ P
19In general, the definition is made for a 6= 0, but this is not problematic, because if

a = 0, then UF (a, b) = ∅.
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The set UR(a, b) can also be rewritten as

UR(a, b) := {x ∈ R : a− (x− b) /∈ P}

Now look at Chapter(1) and remember that we defined the spectral topol-
ogy on the set of all orderings of A using an open subbasis consisting of the
sets

Ua := {P ∈ Sper(A) : a /∈ −P},

As the open sets UF (a, b) and UR(a, b) seems to be similar in its definition,
we can hope that an open subbasis for the set of valuation of F should use a
definition also similar to that of Ua. However, here the unary relation a /∈ P
is replaced by the binary relation a |v b.

This motivates our definition.

Definition 2.6.1 Let E(A) be the set of all divisibilities on A. We define
for all a, b ∈ A

Ua(b) := Ua,b(A) := { |′ ∈ E(A) : a -′ b}
Va(b) := Va,b(A) := { |′ ∈ E(A) : a |′ b}

• The spectral topology on E(A) is the topology generated by the open
subbasis {Ua(b)}a,b∈A.

• The constructive topology on E(A) is the topology generated by the
open subbasis consisting of the sets Ua(b) and their complements, for
all a, b ∈ A.

Note that E(A)\Ua(b) = Va(b) for all a, b ∈ A.

Later, we will see that our definition of a topology in the set of valuations
is so good as the definition of the real spectral topology in the real case,
because we can use it to do a p-adic representation theorem in the coming
chapter.

We continue the section establishing the main properties of this topology,
as quasi-compactness.

Our proof uses Tychonoff’s Theorem and is similar to the proof of the
same property for the real spectrum, found in § 2.4, [15].

Theorem 2.6.2 The constructive topology on E(A) is quasi-compact, and
hence also the spectral topology.
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Proof: We endow {0, 1} with the discrete topology and consider {0, 1}A×A
with the product topology. Then {0, 1}A×A is a quasi-compact space by
Tychonoff’s Theorem.

We will prove that the well-defined map

Φ : E(A)→ {0, 1}A×A,

| 7→ (α(a,b)( | ))a,b∈A, where α(a,b)( | ) =

{
1 if a | b
0 else.

has a closed image homeomorphic to E(A).
As each closed subspace of a quasi-compact space is quasi-compact, the

assertion above is enough to prove the theorem.
If | , |′ ∈ E(A) and | 6= |′ , then there are a, b ∈ A such that

(a | b) ∧ (a -′ b) or (a - b) ∧ (a |′ b)

and hence

α(a,b)( | ) = 1 6= 0 = α(a,b)( |′ ) or α(a,b)( | ) = 0 6= 1 = α(a,b)( |′ )

and therefore Φ( | ) 6= Φ( |′ ). This proves that Φ injective and hence Φ is a
bijection between E(A) and its image.

Now note that

| ∈ Ua(b)⇔ α(a,b)( | ) = 0⇔ Φ( | ) ∈ {0} ×
∏

(x,y) 6=(a,b)

{0, 1} =: Ba,b

| ∈ Va(b)⇔ α(a,b)( | ) = 1⇔ Φ( | ) ∈ {1} ×
∏

(x,y) 6=(a,b)

{0, 1} =: Ca,b

and then

Ua(b) = Φ−1 (Ba,b) , Va(b) = Φ−1 (Ca,b)

Φ(Ua(b)) = Φ(E(A)) ∩Ba,b , Φ(Va(b)) = Φ(E(A)) ∩ Ca,b
for all a, b ∈ A.

As the subsets Ba,b, Ca,b of {0, 1}A×A form a subbasis of its topology, when
we vary a, b ∈ A, we conclude that Φ is continuous from the first above.

The second proves that Φ is an open map from E(A) to Φ(E(A)). Thus
Φ is a homeomorphism of E(A) with its image.

Now we prove that the image of E(A) is closed. Let β := (β(a,b))a,b∈A ∈
Φ(E(A)) and define

a |β b :⇔ β(a,b) = 1.

If we verify that |β is a divisibility of A, then clearly Φ(|β) = β and then
Φ(E(A)) = Φ(E(A)).

One needs to verify:
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1. β(0,1) = 0.

2. β(a,a) = 1.

3. β(a,b) = 1 ⇒ β(ca,cb) = 1.

4. β(a,b) = 1 and β(b,c) = 1 ⇒ β(a,c) = 1.

5. β(a,b) = 1 and β(a,c) = 1 ⇒ β(a,b±c) = 1.

The proof of these properties are more a less the same. For example,
suppose that there exists a, b, c ∈ A such that β(a,b) = β(a,c) = 1 and β(a,b+c) 6=
1 (= 0). Consider the set

U = {δ ∈ {0, 1}A×A : δ(a,b) = β(a,b), δ(a,c) = β(a,c), δ(a,b+c) = β(a,b+c)}

This is a neighborhood of β in the product topology of {0, 1}A×A. Thus,
by hypothesis, intersects Φ(E(A)). Therefore there is a divisibility | such
that a | b, a | c and a - b+ c. A contradiction.

�
As a corollary we have.

Corollary 2.6.3 For all | ∈ E(A) and a ∈ A, the following subsets of E(A)
are closed with respect to the constructive topology,

E( | ), T (A), C(A), Cc(A), V (A)

Therefore they are quasi-compact in the constructive topology, as well as
in the spectral topology.

Proof : The lemma follows from the equivalences

|′ ∈ E( | )⇔ |′ ∈
⋂

(a,b)∈ |
Va(b)

|′ ∈ T (A)⇔ |′ ∈
⋂

a,b∈A
(Va(b) ∪ Vb(a))

|′ ∈ C(A)⇔ |′ ∈
⋂

a,b,c∈A
(Uac(bc) ∪ Va(b) ∪ V0(c))

|′ ∈ Cc(A)⇔ |′ ∈
⋂

a,b∈A
(Uac(bc) ∪ Va(b) ∪ V0(c))

V (A) = C(A) ∩ T (A)

�
As in the real case, we expect that the set of maximal points of E(A) is

a compact space with respect to the spectral topology.
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For us, the maximal divisibilities (the trivial divisibilities) are not so
interesting, but the maximal divisibilities of some subset of divisibilities is
quite more interesting, like the set of maximal p-divisibilities, which are non-
trivial.

The first thing we do is to analyze if the quasi-compactness property of
some subspace of E(A) remains when we pass to its maximal points, what
is guaranteed by a lemma.

Lemma 2.6.4 Let X be a closed subset of E(A) with respect to the construc-
tive/spectral topology. Assume also that every element of | has a maximal
extension |∗ ∈ X. The set Xmax of maximal points of X is quasi-compact
with respect to the spectral topology.

Proof : We claim that each open cover of Xmax is also an open cover of X.
Take some open cover {Ui}i∈I of Xmax. Without loss of generality, we can
suppose that each Ui is also open in X. Then

Ui =
⋃
j∈Ji

(Uak1
(bk1) ∩ ... ∩ Uakj (bkj))

for some set of indexes Ji.
To verify that this is an open cover of X it is enough to see that

| ⊆ |∗ and |∗ ∈ Ua(b) ⇒ | ∈ Ua(b)

for all | , |∗ ∈ X and a, b ∈ A. But this is clearly true, because a -∗ b⇒ a - b
for all | ⊆ |∗ and all a, b ∈ A.

Thus {Ui}i∈I is an open cover of X and hence also an open cover with
respect to its spectral topology. As X is closed in E(A) with respect to this
topology, it is also quasi-compact, and therefore has a finite sub-cover. This
also provides a finite sub-cover of Xmax, and hence it is quasi-compact.

�
This was the last general fact about quasi-compactness in E(A) we wanted

to show. We pass now to the study of the Hausdorff property.
We want to confirm that also in the divisibility case the set of all maximal

divisibilities is compact. This is the content of the next proposition.
After this result, we change to the specific case of p-divisibilities and we

analyze the quasi-compactness as well as the Hausdorff property of the set
of maximal p-valuations.

What is remarkable here, is that the next proof (for the trivial divisibili-
ties) is less trivial than the proof of the Hausdorff property for p-valuations,
which is quite easy.
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Proposition 2.6.5 The spectral topology on V max(A) is Hausdorff and

{U0(y) ∩ V max(A)}y∈A ∪ {Ux(1) ∩ V max(A)}x∈A
is a clopen subbasis of this topology. Moreover, for all x ∈ A,

V max(A)\U0(x) = Ux(1) ∩ V max(A)

Proof : Remember that each maximal divisibility is equal to |P for some
prime ideal P of A (Corollary (2.3.8)).

Observe that, for all prime ideal P of A,

|P ∈ Ux(y) ⇔ x -P y ⇔ x ∈ P and y /∈ P. (2.34)

In particular

|P∈ Ux(1) ⇔ x ∈ P and |P∈ U0(y) ⇔ y /∈ P (2.35)

and therefore

|P ∈ Ux(y) ⇔ |P∈ Ux(1) ∩ U0(y) (2.36)

Now (2.35) also provides

V max(A)\Uy(1) = U0(y) ∩ V max(A)

V max(A)\U0(x) = Ux(1) ∩ V max(A)

and hence Ux(1) ∩ V max(A) and U0(y) ∩ V max(A) are clopen in V max(A).
It follows from (2.36) that Ux(y)∩V max(A) is also clopen in V max(A) and

{U0(y) ∩ V max(A)}y∈A ∪ {Ux(1) ∩ V max(A)}x∈A
is a clopen subbasis.

If |P 6= |Q, then P 6= Q. Without loss of generality, we can suppose that
x ∈ P\Q, for some x ∈ A. Hence

|P∈ Ux(1) and |Q∈ U0(x)

From (2.35) we conclude that

Ux(1) ∩ U0(x) = ∅,

proving the Hausdorff property.
�
We are going to finish this chapter proving that the space of all p-valuation

of A is compact with respect to the spectral topology. This is different from
the real case, because the real spectrum, in general, is not Hausdorff as the
maximal real spectrum.
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Proposition 2.6.6 The class {Ua(b)}a,b∈A is a clopen subbasis of Vp(A), and
hence Vp(A) is a zero dimensional space20. Moreover, Vp(A) is compact
with respect to the spectral topology.

Proof: We start verifying that the set Ua(b) is also closed with respect to
the spectral topology, for each a, b ∈ A.

In fact, for each |v∈ Vp(A), as v(p) is minimal positive in the value group
of the p-valuation function v : A→ Γv associated to |v,

|v∈ Ua(b)⇔ a -v b⇔ v(b) < v(a)⇔ v(bp) ≤ v(a)⇔ bp |v a⇔|v∈ Vbp(a)

and hence Ua(b) is closed.
Now, if |v, |w∈ Vp(A) are different, then there are a, b ∈ A such that

a |v b but a -w b, i.e.,

|v∈ Va(b) = Upb(a), |w∈ Ua(b)

However,

Vp(A) ∩ Ua(b) ∩ Upb(a) = Vp(A) ∩ Ua(b) ∩ Va(b) = ∅

and then Vp(A) is also Hausdorff.
It is quasi-compact, because it is closed in V (A) with respect to the

constructive topology, because |v ∈ Vp(A) if, and only if,

|v ∈
⋂
a,b∈A

Vp[(aqb−abq)2−(bq+1)2]((a
qb− abq)bq+1) ∩

⋂
c∈A

(Upc(c) ∪ V0(c))

�

Corollary 2.6.7 Let | be a divisibility on A. Then Vp( | ) is compact as well
as V max

p ( | ).

Proof : Vp( | ) = E( | )∩ Vp(A) is closed in the compact space Vp(A). As
Vp( | ) is compact, V max

p ( | ) is also compact by Lemma(2.6.4).
In fact, Vp( | ) satisfies the assumption of that Lemma, because if |v ∈

Vp( | ), then each chain of elements of

X := { |∗ ∈ Vp( | ) : |v ⊆ |∗ }

has an upper bound in X,21 and hence we can use Zorn’s Lemma to find a
maximal extension of |v belonging to Vp( | ).

�
20A topological space is zero dimensional if it has a clopen base.
21We just need to use the divisibility |I of Lemma(2.3.3) and check the conditions p -I 1

and (0 -I c) ∧ (ac |I bc)⇒ a |I b. The details are left to the reader.
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Chapter 3

p-adic Representation
Theorems

In this last chapter, we will use the concept of p-divisibilities to study repre-
sentations of commutative rings in rings of p-adic valued continuous functions
C(X,Qp), for some compact space X.

In the first section, we develop the general theory of extensions of p-
divisibilities giving some weak local-global principles. We let the study of
p-Archimedean extension for the second section, where we also establish the
specific local-global principles of p-Archimedean divisibilities needed for our
p-adic Representation Theorem.

The third section is devoted to the study of maximal p-Archimedean divis-
ibilities. There, we will prove Proposition(3.3.2) and Proposition(3.3.3), that
assure the existence of p-adic representations for rings having p-Archimedean
divisibilities, as Lemma(1.1.5) and Lemma(1.1.12) do in the real case.

In the other sections, we present p-adic representation theorems and we
discuss which are the relationships between the algebraic properties of the
ring represented and the topological properties of the space used for such
representation.

There we will see that it is reasonable to assume that the topological
space X, used for representations, is also zero dimensional, as Vp(A) for each
commutative ring A, because this hypothesis will guarantee that there are
elements of C(X,Qp) separating points of X.1

In the last section, we discuss the relationship between some subsets of
the set of maximal p-Archimedean divisibilities of the ring of polynomials
Qp[X1, ..., Xn] and subsets of Qn

p satisfying a certain property.
From now on, we will always assume that p−1 ∈ A.

1This is already true in the real case if X if compact, because Urysohn’s Lemma holds.
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3.1 p-Extensions and p-Valuations

At the beginning of this section, we want to exhibit sufficient conditions for
the existence of p-valuations extending a given p-divisibility.

This is not always true, as seen in Example(2.1.11), where we saw a p-
divisibility having no extension being a p-valuation.

Such problems can be avoided if we suppose that the divisibility | is a
strong p-divisibility, or if we take some p-Archimedean divisibility, as we will
see in the next section.

To do this, we start with a lemma.

Lemma 3.1.1 Let | be a strong p-divisibility of A.

• If c /∈ I( | ), then |c ∈ Estr
p ( | ).

• If ( |i)i∈I ⊆ Estr
p ( | ) is a non-empty chain, then |I ∈ Estr

p ( | ).

Proof : By Lemma(2.5.1), |c is a divisibility and, for all a ∈ A,

pa |c a⇒ p(ac) | (ac)⇒ 0 | (ac)⇒ 0 |c a

If ∅ 6= ( |i)i∈I is a chain, then |I ∈ E( | ), by Lemma(2.3.3). Moreover,

pa |I a⇒ (∃i ∈ I) : pa |i a⇒ (∃i ∈ I) : 0 |i a⇒ 0 |I a,

for all a ∈ A.
�
That is all we need to prove the existence of p-valuations extending a

strong p-divisibility.

Theorem 3.1.2 If | is a strong p-divisibility of A, then Vp( | ) 6= ∅.

Proof : As Estr
p ( | ) 6= ∅ and, for each chain ( |i )i∈I ⊆ Estr

p ( | ), we have
|I ∈ Estr

p ( | ), by Lemma(3.1.1), we can apply Zorn’s Lemma. Take then
some maximal |∗ ∈ Estr

p ( | ).
Now, by Lemma(3.1.1) again, for all c ∈ A\I( |∗) we also have

( |∗)c ∈ Estr
p ( |∗ ) ⊆ Estr

p ( | )

Thus, for all a, b, c ∈ A,

(ac |∗ bc) ∧ (0 -∗ c)⇒ a( |∗)cb⇒ a |∗ b

by maximality of |∗ , and hence |∗ has cancellation.
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For the totality of |∗, observe that there is a 1-1 correspondence between
the divisibility |∗ and the ring

B( |∗) :=

{
b+ I( |∗ )

a+ I( |∗ )
∈ Quot(A/I( |∗ )) : a |∗ b and a /∈ I( |∗ )

}
⊆ F ( |∗),

by Proposition(2.4.2).
The ring B( |∗) also satisfies

1

p
/∈ B( |∗) and γ (F ( |∗ ))) ⊆ B( |∗)

As in the proof of Theorem(2.3.11), it follows that F ( |∗) has a p-valuation
ring Ov containing B( |∗). Then one verifies that |Ov is a p-valuation of A
extending |∗⊇ | .

�
Another good property of strong p-divisibilities is the existence of some

weak local global principles. We call them weak because the conclusion is
dependent of some undesirable factor c, which is avoided if the observed just
divisibilities having cancellation.

As a first weak local global principle, we have:

Proposition 3.1.3 Let | be a strong p-divisibility of A and f, g ∈ A. Then

[∀ |v∈ Vp( | ) : g |v f ]⇒ (∃c ∈ A) : (0 - c) ∧ (cf ∈ S(pcf, cg))

Proof : Suppose that

(∀c ∈ A) : cf ∈ S(pcf, cg)⇒ 0 | c (3.1)

Let
X := { |∗∈ Estr

p ( | ) : |∗ satisfies (3.1)}

Clearly X 6= ∅. If ( |i )i∈I ⊆ X is a chain, then |I is also a strong
p-divisibility, by Lemma(3.1.1), and we also have

cf ∈ SI(pcf, cg)⇔ cf ∈ Si(pfc, cg) for some i ∈ I,

by Lemma(2.3.4), and hence

cf ∈ SI(pcf, cg)⇒ 0 |i c for some i ∈ I ⇒ 0 |I c

for all c ∈ A. Therefore, |I ∈ X.
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Using Zorn’s Lemma, we can take some maximal element |∗∈ X. As
Estr
p ( |∗) ⊆ Estr

p ( | ), we can suppose, without loss of generality, that | = |∗ ,
i.e., it is maximal in X.

For each c ∈ A, if 0 - c, then |c∈ Estr
p ( | ), again by Lemma(3.1.1). We

claim that
(∀d ∈ A) : df ∈ Sc(dpf, dg)⇒ 0 |c d

where Sc is the operator constructed using the divisibility |c.
In fact, using Lemma(2.5.2), we deduce

df ∈ Sc(dpf, dg)⇒ (cd)f ∈ S((cd)pf, (cd)g)⇒ 0 | cd⇒ 0 |c d

Therefore | ⊆ |c ∈ X, and then | = |c by maximality. Thus | has
cancellation. Note that, in particular, we have

f /∈ S(pf, g),

because of (3.1).
From this and Corollary(2.4.7), we can also infer that

f /∈ pfB + gB,

where f := f + I( | ) and B := B( | ) is the subring of F := F ( | ) uniquely
determined by | .

If g = 0, then f/pf ∈ B or f = 0. As the first case can not happen,
because p−1 /∈ B, we have f = 0.

In this case,
f ∈ S(pf, g) = S(0)⇒ 0 | 1

a contradiction.
Thus we can assume that g 6= 0, and hence

f /∈ pfB + gB ⇒ f

g
/∈ f
g
pB +B ⇒ f

g
/∈ B

1 + pB

However, as in the theory of p-valuations (functions) of fields developed
in [20], from γ(F ) ⊆ B and p−1 /∈ B, we can deduce that2

B

1 + pB
=

⋂
B⊆Ov⊆F
Ov p-val. ring

Ov,

2In this case, if we change the ring O[γ(K)] by B, in the results appearing in pages
99-115 of [20], then the results obtained by such substitution also hold using similar proofs
(sometimes the same) to those found there. In particular, Theorem(6.14) (the Spectral
Theorem) holds with R = B

1+pB .
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and hence (f/g) /∈ Ov, for some p-valuation function of F . Therefore, g -v f
for some |v ∈ Vp( | ).

�
With this result, we have a weak characterization of the set of elements

of A being infinitesimals for all p-valuations extending a given strong p-
divisibility.

Corollary 3.1.4 Let | be a strong p-divisibility of A. Then, for all f ∈ A,

[∀ |v∈ Vp( | ) : 0 |v f ]⇒ (∃c ∈ A) : (0 - c) ∧ (pcf | cf)

If we assume that | has cancellation, we can deduce a stronger local-global
principle, namely

[∀ |v∈ Vp( | ) : g |v f ]⇒ f ∈ S(pf, g)

This is a slight generalization of the fact3 saying that the intersection of
all p-valuation rings of a field F , containing a fixed ring B ⊆ F , equals

Bp :=
B

1 + pB
,

in case γ(F ) ⊆ B and p−1 /∈ B.
The theorem below essentially says that, if A/I is a domain for some ideal

I of A with F = Quot(A/I), and B a subring of F (which is equivalent to
some divisibility of A with cancellation), then the elements of Bp are not just
the elements with positive values under each p-valuation of F , but also with
positive values under each (Bourbaki) p-valuation v : A → Γ ∪ {∞} with
v−1(∞) a |B-convex ideal.

The |B-convex prime ideals P of A are exactly that containing I and
satisfying

(P + I) ·B ⊆ (P + I)

because, for all a, b ∈ A,
a |B b⇔ b ∈ a ·B

Theorem 3.1.5 Let | be a p-divisibility of A with cancellation4 Then, for
all f, g ∈ A,

[∀ |v∈ Vp( | ) : g |v f ]⇔ f ∈ S(pf, g)
Cor.(2.4.7)⇔ f ∈ pfO( | ) + gO( | ),

where a := a+ I( | ) and O( | ) is the ring correponding to | .

3Observed in the last footnote.
4Therefore it is also a strong p-divisibility.
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Proof : Observe the following implications

∀ |v∈ Vp( | ) : g |v f Prop.(3.1.3)⇒ cf ∈ S(pcf, cg) for some c ∈ A with 0 - c
Cor.(2.4.7)⇒ c · f ∈ c · pf O( | ) + c · g O( | ) with c 6= 0

⇒ f ∈ pf O( | ) + g O( | )
Cor.(2.4.7)⇒ f ∈ S(pf, g)

Note that O( | ) = A/I( | ) is an integral domain, because | has cancel-
lation and hence I( | ) is prime.

Moreover,

f ∈ pf O( | ) + g O( | )
Cor.(2.4.7)⇔ f ∈ S(pf, g)
Theo.(B.3)⇒ ∀ |v∈ Vp( | ) : (g |v f) ∨ (pf |v f)
⇒ ∀ |v∈ Vp( | ) : (g |v f) ∨ (0 |v f)
⇒ ∀ |v∈ Vp( | ) : (g |v f)

�
Other conclusion can be made if we also assume some stronger hypothesis,

as in the next proposition. However, this stronger hypothesis are not so
desirable.

In our case this will not be a big problem, because we will focus on p-
Archimedean divisibilities, starting in the next section, which have much
better local-global principles under more reasonable conditions.

Proposition 3.1.6 Let | be a strong p-divisibility of A and f, g ∈ A. If
g | pkf for some k ∈ N, then

[∀ |v∈ Vp( | ) : g |v f ]⇒ (∃c ∈ A) : (cg | fc) ∧ (0 - c)

Proof : If the left side above is true, for some g, f ∈ A, then cf ∈ S(pcf, cg),
for some c ∈ A with 0 - c, By Proposition(3.1.3).

If also g | pkf for some k ∈ N, then cg | pkcf . If k = 0, then g | f and
the implication above is true. Supposing k > 0, we have

cf ∈ S(pcf, cg)⇒ pk−1cf ∈ S(pkcf, pk−1cg) ⊆ S(cg)

and hence cg | pk−1cf . Using this argument finitely many times, if necessary,
we deduce cg | cf .

�

Corollary 3.1.7 Let | be a p-divisibility of A having cancellation and f, g ∈
A. If g | pkf for some k ∈ N, then

[∀ |v∈ Vp( | ) : g |v f ]⇒ g | f
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Proof : It is immediate from Proposition(3.1.6).
�

Remark 3.1.8 In all the results above, we can change the hypothesis

[∀ |v∈ Vp( | ) : g |v f ]

by
[∀ |v∈ V max

p ( | ) : fp -v g],

and we obtain the same conclusions, because

[∀ |v∈ V max
p ( | ) : fp -v g] ⇒ [∀ |v∈ Vp( | ) : fp -v g]

⇒ [∀ |v∈ Vp( | ) : gp |v pf ]
⇒ [∀ |v∈ Vp( | ) : g |v f ]

3.2 p-Archimedean Divisibilities

We establish here the main results about p-Archimedean divisibilities and
discuss them.

p-Archimedean divisibilities have very good properties. For example, we
can prove that Vp( | ) 6= ∅, if | is a p-Archimedean divisibility, what in general
is not true, or need some stronger conditions to holds, like the hypothesis
that | is a strong p-divisibility.

They have also better local-global principles under more reasonable con-
ditions than strong p-divisibilities.

This section will be mainly devoted to two problems: to prove the asser-
tion Vp( | ) 6= ∅ and to find local-global principles, for a given p-Archimedean
divisibility | .

We start remembering the definition of a p-Archimedean divisibility.

Definition 3.2.1 A p-divisibility | of A is p-Archimedean if it satisfies

(∀a ∈ A)(∃n ∈ N) : 1 | pna (3.2)

To verify that Vp( | ) is not empty for a p-Archimedean divisibility | , we
will prove that each p-Archimedean divisibility has an extension |∗ being a
strong p-divisibility. Thereafter, we can use the fact seen in the last section,
saying that Vp( |∗) 6= ∅ when |∗ is a strong p-divisibility.

To do this, we need to understand the behavior of the elements c ∈ A
satisfying cp | c .

If each such c is an infinitesimal with respect to |, then we are done,
because | is then a strong p-divisibility. However, in general they do not
belong to I( | ), but have a property also satisfied by the infinitesimals
elements. This is the content of the next lemma.
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Lemma 3.2.2 Let | be a p-Archimedean divisibility of A. Then, for all
c ∈ A

(cp | c)⇒ (∀a ∈ A)(∀n ∈ N) : (pn | ac). (3.3)

Proof : Let m be minimal such that 1 | pm(ac). For all n ∈ N,

pn | pn+mca | · · · | pca | ca,

because pc | c.
�
This is enough to prove the next lemma, which will imply the existence

of strong p-divisibility extensions of p-Archimedean divisibilities.

Lemma 3.2.3 Let | be a p-Archimedean divisibility of A. If cp | c for some
c ∈ A, then p -0,c 1.

Proof : Suppose that p |0,c 1. Then there are there are r ∈ N+ and c1, ..., cr ∈
A satisfying a defining sequence for p |0,c 1. We can write the last relation as

1 ∈ S(p, c1c, ..., crc)

If cp | c, then
p | cci for all 1 ≤ i ≤ r,

by Lemma(3.2.2), and hence 1 ∈ S(p) = M(p), a contradiction.
�

Theorem 3.2.4 If | is a p-Archimedean divisibility of A, then

V max
p ( | ) 6= ∅

Proof : Define
X := { |∗ ∈ E( | ) : p -∗ 1}

This is a non-empty partially ordered set and each element of X is p-
Archimedean.

If ∅ 6= ( |i)i∈I ⊆ X is a chain, then |I is p-Archimedean and p -I 1,
because otherwise p |i 1 for some i ∈ I. Thus, by Zorn’s lemma, we can take
some maximal element |∗ ∈ X.

By Lemma(3.2.3), if cp |∗ c, then |∗ ⊆ ( |∗)0,c ∈ X, and therefore, by
maximality of |∗ , ( |∗)0,c = |∗ , which implies 0 |∗ c.

Thus |∗ ∈ Estr
p ( | ), and hence Theorem(3.1.2) implies Vp( | ) 6= ∅.

�
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Now we pass to the other goal of this section, the search for local-global
principles.

We will prove a local-global principle for a class of p-divisibilities, which
are called LG (local-global). An example of a LG p-Archimedean divisibility
is the canonical divisibility |0 of CX .

The first local-global principle is indeed a weak version of what we hope,
because it just says that, for each n ∈ N and b ∈ A,

pn |v b for all |v ∈ V max
p ( | )⇒ pn | b,

and in general we want that, for all a, b ∈ A,

a |v b for all |v ∈ V max
p ( | )⇒ a | b.

The weak version will serve to classify the elements of the kernel of rep-
resentations of commutative rings in the ring of p-adic valued continuous
functions CX , with X compact, as well as the set of totally positive p-
adic valued elements of CX , i.e.,

O0 := {f ∈ CX : (∀x ∈ X) : f(x) ∈ Zp}

At the end of this section, we also observe another property, also satisfied
by the canonical p-divisibility |0 and stronger than the previous one, that
guarantees a strong version of the above weak local-global principle for p-
bounded pairs of elements of A (defined later).

We start the work defining an auxiliary function

ordp : A→ Z ∪ {∞}

Remember that, when working with p-divisibilities in this text, we will
always assume that p−1 ∈ A.

Definition 3.2.5 Let | be a p-Archimedean divisibility of A. For all a ∈ A

ordp(a) := sup{n ∈ Z : pn | a} ∈ Z ∪ {∞}

is the order of a with respect to p.
We say that | is LG (Local-Global) if

(∀a ∈ A)(∀r ∈ N) : ordp(a
r) = r · ordp(a) (3.4)

If we want to verify this property for some p-Archimedean divisibility | ,
it is better to use an easier equivalent sentence, namely

(∀a ∈ A) : ordp(a
2) = 2 · ordp(a) (3.5)

The equivalence is confirmed by the following lemma collecting some basic
properties of the function ordp.
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Lemma 3.2.6 Let | be a p-Archimedean divisibility of A. For all a, b ∈ A,

1. (∀a, b ∈ A) : ordp(ab) ≥ ordp(a) + ordp(b).

2. (∀a ∈ A)(∀k ∈ Z) : ordp(ap
k) = k + ordp(a)

3. (∀a ∈ A) : ordp(a
2) = 2 · ordp(a) if, and only if, | is LG.

Proof : The first is true because, for all a, b ∈ A,

pordp(a) | a and pordp(b) | b⇒ pordp(a)+ordp(b) | ab,

and, if ordp(a) = ∞ or ordp(b) = ∞, then pk | ab for all k ∈ Z, and hence
ordp(ab) =∞.

For the second, note that, given a ∈ A and k ∈ Z,

pordp(pka) | pka⇒ pordp(pka)−k | a⇒ ordp(a) ≥ ordp(p
ka)− k

pordp(a) | a⇒ pordp(a)+k | pka⇒ ordp(p
ka) ≥ ordp(a) + k

The third property is actually the only requiring more work. Clearly, only
the implication from left to right needs a verification.

Supposing that ordp(a
2) = 2 · ordp(a), for all a ∈ A, we can prove the

non-trivial implication above using induction on r ≥ 2.
If ordp(a) = ∞, then clearly ordp(a

r) = ∞ = r · ordp(a) for all r ≥ 1.
Thus we can restrict our proof to the case ordp(a) <∞.

The case r = 2 was assumed true. Take r ≥ 2 such that ordp(a
k) =

k · ordp(a) for all a ∈ A with 2 ≤ k ≤ r.
As p−1 ∈ A, ordp(a) = s if, and only if, ordp(ap

k) = s + k for all k ≥ 0.
Thus, we can suppose, without loss of generality, that ordp(a) > 0. In this
case, by 1., we also have

ordp(a
r+1) > ordp(a

r)

If r + 1 is odd and r ≥ 2, then r + 1 = 2q + 1 with q + 1 ≤ r, and hence

(r + 1) · ordp(a) = ordp(a
r) + ordp(a)

≤ ordp(a
r+1) = ordp(a

2q+1)
< ordp(a

2(q+1)) = 2 · ordp(aq+1)
= 2(q + 1) · ordp(a) = (r + 2) · ordp(a)

implying that ordp(a
r+1) = (r + 1) · ordp(a). For r + 1 = 2q follows that

ordp(a
r+1) = ordp(a

2q) = 2 · ordp(aq) = 2q · ordp(a) = (r + 1) · ordp(a)

�
The main property of LG p-Archimedean divisibilities, needed for the

next results, is contained in the next lemma.
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Lemma 3.2.7 If | is a LG p-Archimedean divisibility of A, then

ordp(a) <∞, p |a,b 1⇒ ordp(a) > ordp(b),

for all a, b ∈ A.

Proof : Suppose that p |a,b 1 and ordp(a) ≤ ordp(b). The last implies

pordp(a) | pordp(b) | b and pordp(a) | a

Moreover, the first hypothesis implies the existence of r ∈ N satisfying

ar ∈ S(p · {aibr−i}0≤i≤r)

Thus

ar ∈ S(p · {aibr−i}0≤i≤r) ⊆ S(p · {pi·ordp(a)p(r−i)·ordp(b)}0≤i≤r)
⊆ S(p · {pi·ordp(a)p(r−i)·ordp(a)}0≤i≤r)
= S(p · pr·ordp(a)) = S(pr·ordp(a)+1),

and then

r · ordp(a) = ordp(a
r) ≥ r · ordp(a) + 1 > r · ordp(a),

a contradiction.
�
Herewith, we find a weak local-global principle.

Theorem 3.2.8 (Weak LGP) Let | be a LG p-Archimedean divisibility of
A. For all f ∈ A

[∀ |v∈ V max
p ( | ) : p |v f ]⇔ p | f,

and hence, for all n ∈ Z,

[∀ |v∈ V max
p ( | ) : pn |v f ]⇔ pn | f

Proof : (⇐) : Trivial.
(⇒) : We have

p - f ⇒ ord(f) ≤ ord(1) <∞ Lem.(3.2.7)⇒ p -f,1 1⇒ ∃ |v∈ V max
p ( | ) : f |v 1,

and hence p -v f for such |v ∈ V max
p ( | ).

�
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One way of getting stronger versions of the theorem above is to sup-
pose stronger conditions for | . For example, we say that a p-Archimedean
divisibility | is SLG (strong LG)5 if

(∀n, r ∈ N)(∀g, f ∈ A) : (gr | pnf r) ∧ (r 6= 0)⇒ g | pbn/rcf (3.6)

where b·c : Q→ Z is the floor function, i.e., for all q ∈ Q,

bqc := max{n ∈ Z : n ≤ q}

Observe that the canonical p-Archimedean divisibility |0 is also SLG p-
Archimedean divisibility.

Each SLG p-Archimedean divisibility | satisfies a stronger local-global
principle for p-bounded pairs of A, with respect to | , which are defined
below.

Definition 3.2.9 Let | be a divisibility of A. An ordered pair (g, f) ∈ A×A
is called a p-bounded pair of A (with respect to | ), if

(∃k ∈ N) : g | pkf,

The principle is the following.

Proposition 3.2.10 Let | be a SLG p-Archimedean divisibility of A. Then

g |v f for all |v ∈ V max
p ( | )⇒ g | f,

if (g, f) is p-bounded pair of A.

Proof : We observe two cases: f ∈
√
I( | ) and f /∈

√
I( | ).

If 0 | fk for some k ≥ 0, then gk | fk for all g ∈ A. Thus the SLG
property, g | f for all g ∈ A.

Take f ∈ A\
√
I( | ) and g ∈ A with g | pkf . If k = 0, then trivially g | f .

Suppose that k ≥ 1 and k is minimal with the property g | pkf .
If h := gp−1, then

∀ |v∈ V max
p ( | ) : hp |v f ⇒ ∀ |v∈ V max

p ( | ) : f -v h
f /∈
√
I( | )
⇒ p |f,h 1

(p - 1)⇒ ∃r > 0 : f r ∈ S(p · {f ihr−i}0≤i≤r)
⇒ ∃r > 0 : f rprk−1 ∈ S(prk · {f ihr−i}0≤i≤r)
⇒ ∃r > 0 : f rprk−1 ∈ S({(fpk)i(hpk)r−i}0≤i≤r)
⇒ ∃r > 0 : f rprk−1 ∈ S({(hp)i(hpk)r−i}0≤i≤r)
⇒ ∃r > 0 : f rprk−1 ∈ S(hrpr)
⇒ ∃r > 0 : f rprk−1 ∈ S(gr)

5Note that each SLG p-Archimedean divisibility is also a LG p-Archimedean divisibility.
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Therefore, gr | prk−1f r with r > 0, and hence g | pb(rk−1)/rcf = pk−1f , by
the SLG property, contradicting the minimal choice of k. Thus g | f .

�

3.3 Maximal p-Archimedean Divisibilities

The main goal of this section is to prove analogous results to Lemma(1.1.5)
and Lemma(1.1.12) in the p-adic case, enabling the formulation of a p-adic
representation theorem in the next section.

Given a p-Archimedean divisibility | , for each p-valuation |v extending
it, we can define, as in the real case, the canonical projection

αv : A→ A/I( |v), a 7→ αv(a) := a+ I( |v)

To write the next results and their proofs, we also use the p-valuation
maps v : A→ Γv ∪ {∞} canonically associated to valuations |v of A.6

Lemma 3.3.1 Let | be a p-Archimedean divisibility of A. For each p-
valuation |v ∈ Vp( | ), there exists a homomorphism ρv : A → Qp such
that

a |v b ⇒ vp(ρv(a)) ≤ vp(ρv(b))

Proof : Observe the map αv : A → Quot(A/I( |v)) =: F v. From the
Archimedean property, we infer that

(∀a ∈ A)(∃na ∈ N) : v(a) ≥ −na

We define

Ov := {x ∈ F v : v(x) ≥ −n for some n ∈ N}.

Clearly O( |v) ⊆ Ov ⊆ F v, where O( |v) is the valuation ring of F v

canonically associated to |v of Definition(2.4.1). Thus Ov is a valuation ring
of F v. Moreover, by its definition αv(A) ⊆ Ov and the maximal ideal of Ov
is

Mv = {x ∈ F v : v(x) > n for all n ∈ N}.
Case 1 : If Mv = {0}.

It follows that v(F v) = Z, because Z is the minimal convex subgroup of
p-valuation functions, and O( |v)/M( |v) = Fp, whereM( |v) is the maximal
ideal of O( |v), because it is a p-valuation7.

6The 1-1 correspondence between them was established in Corollary(2.4.3).
7A p-valuation of type (1, 1) in the nomenclature of [20].
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Thus, there is an embedding i : F v ↪→ Qp. In fact, for each f ∈ F v, one
can prove that there are {ai}i≥v(f), with ai ∈ {0, ..., p− 1}, such that

v

f − m∑
n≥v(f)

aip
i

 > m, for all m ≥ v(f).

After identifying F v with its image, we can see that αv : A→ Qp satisfies

a |v b⇔ vp(αv(a)) ≤ vp(αv(b)),

for all a, b ∈ A.

Case 2 : If Mv 6= {0}.

Take the canonical homomorphism πv : Ov → Kv := Ov/Mv ⊇ Z. Then
O( |v) := O( |v)/Mv is a p-valuation of Kv, inducing a p-valuation function
v, and satisfying

v(Kv) = Z and O( |v)/M( |v) ' Ov/Mv = Fp

Thus, as above, we can identify Kv with a subfield of Qp, and hence
ρv := πv ◦ αv : A→ Qp is a homomorphism, satisfying

a |v b⇒ vp(ρv(a)) ≤ vp(ρv(b)),

for all a, b ∈ A.
�
The next proposition is the p-adic version of Lemma(1.1.5).

Proposition 3.3.2 Let | be a p-Archimedean divisibility on A. For each
|v ∈ Vp( | ),

αv : A→ Qp with a |v b⇔ vp(αv(a)) ≤ vp(αv(b))

if, and only if, |v is maximal in Vp( | ).

Proof: (⇐) If |v is maximal, we must have Ov = F ( |v), the ring
defined in Lemma(3.3.1), because otherwise, |Ov defines a proper extension
of |v= |O( |v). Thus Mv = {0}, and hence αv sends A to Qp, as above.

Moreover,
a |v b ⇔ vp(αv(a)) ≤ vp(αv(b)),

for all a, b ∈ A, as in last lemma.
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(⇒) Suppose that αv : A→ Qp and

a |v b ⇔ vp(αv(a)) ≤ vp(αv(b)) (3.7)

for all a, b ∈ A.
Then F ( |v) ⊆ Qp and

O( |v) = F ( |v) ∩ Zp,

Let |v′ be a maximal p-valuation of A extending |v . Then αv′ : A →
F ( |v′) ⊆ Qp (because of the implication already proved) with

O( |v′) = F ( |v′) ∩ Zp,

by the same argument as above.
Now, it is enough to show that I( |v) = I( |v′), because then F ( |v) =

F ( |v′), and hence O( |v) = O( |v′) implies the equality |v= |v′ .
In fact, if x ∈ I( |v′)\I( |v), then there is k ∈ Z with x |v pk, by (3.7). On

the other hand, x -v′ pk, contradicting |v⊆ |v′ .
�
Our last result is the continuity of the maps â, where

â : V max
p ( | )→ Qp , â(v) := αv(a),

for each a ∈ A.

Proposition 3.3.3 For each a ∈ A, the map â is continuous.

Proof: Varying z ∈ Qp and n ∈ Z, the sets

{x ∈ Qp : vp(x− z) > n}

form a subbasis of open sets of the p-adic topology of Qp.
Thus, it is enough to verify that

â−1({x ∈ Qp : vp(x− z) > vp(p
n)}) (3.8)

is open in V max
p ( | ), for all z ∈ Qp and n ∈ Z.

89



However, Lemma(3.3.4) below implies that

(3.8) = { |v ∈ V max
p ( | ) : vp(αv(a)− z) > vp(p

n)}

=
⋃

p,q∈Z, q 6=0

vp(qz−p)>vp(q(αv(a)−z))

{ |v ∈ V max
p ( | ) : vp(αv(qa− p)) > vp(p

nq))}

=
⋃

p,q∈Z, q 6=0

vp(qz−p)>vp(q(αv(a)−z))

{ |v ∈ V max
p ( | ) : (qa− p) -v (pnq)}

=
⋃

p,q∈Z, q 6=0

vp(qz−p)>vp(q(αv(a)−z))

U(qa−p)(p
nq) ∩ V max

p ( | ),

which is open in V max
p ( | ) with respect to the spectral topology.

�

Lemma 3.3.4 For all x, z ∈ Qp and n ∈ Z,

v(x− z) > n ⇔ v(x− q) > n, for some q ∈ Q with v(z− q) > v(x− z).

Proof : (⇒): Suppose v(x − z) > n. As Qp is the completion of Q, we
can find a rational number q such that v(z − q) > v(x− z). Thus

v(x− q) = v(x− z + z − q) = v(x− z) > n.

(⇐): Suppose that there exists some rational number q with v(z − q) >
v(x− z) and v(x− q) > n. Then

n < v(x− q) = v(x− z + z − q) = v(x− z).

�

3.4 Representing rings in C(X,Qp)

In this section we put the pieces together to prove the p-adic representation
theorem and a characterization of commutative rings being isomorph to CX ,
for some compact X.

At the end of this section, we also discuss how we can rewrite the con-
ditions, used in such characterization, using algebraic sentences instead of a
divisibility relation | .
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From now on, for each topological space X, we will write CX for the ring
of p-adic valued continuous functions defined on X.

We also define, for each n ∈ Z,

On := {f ∈ CX : pn |0 f} = {f ∈ CX : (∀x ∈ X) : f(x) ∈ pnZp},

where |0 is the canonical p-divisibility of CX given by

(∀g, f ∈ CX) : (g |0 f) :⇔ [vp(g(x)) ≤ vp(f(x)) for all x ∈ X]

For aesthetic reasons, we will use sometimes a letter d to represent a
divisibility relation | , avoiding subscripts with | .

Before starting the theorem, we remember some definitions.

Definition 3.4.1 The p-adic sup-norm of CX is defined by

‖f‖ := sup{|f(x)|p : x ∈ X} (3.9)

for each f ∈ CX , where | · |p is the p-adic absolute value defined by

|α|p = p−vp(α), (3.10)

for each α ∈ Qp.
If X is compact, (CX , ‖ · ‖) is a complete normed space.

The p-adic representation theorem is the following collection of claims.

Theorem 3.4.2 (p-adic Representation Theorem) Let d := | be a LG
p-Archimedean divisibility of a commutative ring A containing Q. Define

Xmax
p,d (A) := V max

p ( | ) = Archmax
p ( | )

The map a 7→ â, where

â : Xmax
p,d (A)→ Qp, â( |v) = αv(a)

defines a homomorphism Φd : A→ CXmax
p,d (A) satisfying Φd(1) = 1 and

1. Φ−1
d (On) = {a ∈ A : pn | a}, for all n ∈ Z.

2. ker(Φd) = {a ∈ A : pn | a for all n ∈ N}.

3. Φd is dominant, i.e., Φd(A) is dense in CXmax
p,d (A) with respect to the

p-adic sup-norm.

91



Proof : By Proposition(3.3.2) and Proposition(3.3.3), the map is well-
defined.

The first claim is a consequence of Theorem(3.2.8) and the second of the
first, because

ker(Φd) =
⋂
n∈Z

Φ−1
d (On)

To prove the last property, it is enough to see that Φd(A) separates points
of CXmax

p,d (A), because of Corollary(C.4) of the Appendix(C).

Take |v , |w ∈ Xmax
p,d (A) with |v 6= |w . Thus, there are a, b ∈ A such that

a |v b and a -w b. We claim that â( |v) 6= â( |w) or b̂( |v) 6= b̂( |w). In fact,
otherwise

a |v b Prop.(3.3.2)⇒ vp(â( |v)) ≤ vp(̂b( |v))
⇒ vp(â( |w)) ≤ vp(̂b( |w))

Prop.(3.3.2)⇒ a |w b

Thus, â or b̂ separate the points |v and |w .
�
Note that this theorem does not characterize the set

Φ−1
d ( |0) := {(g, f) ∈ A× A : Φd(g) |0 Φd(f)},

because LG p-Archimedean divisibilities have just a weak local-global prin-
ciple, but this was enough to describe the kernel of Φd.

We search now for a “characterization” of commutative rings A, contain-
ing Q, and isomorph to C(X,Qp), for some compact space X, as did Stone
in his papers [24] and [25]

In Stone’s papers, he associated a map ‖ · ‖T : A → R to a given
Archimedean preordering T of a ring A. In the p-adic case, given a p-
Archimedean divisibility d := | of A, we define map ‖ · ‖d : A→ R putting

(∀a ∈ A) : ‖a‖d := p−ordp(a), (3.11)

where ordp(a) is the map of Definition(3.2.5) and, by definition, p−∞ := 0.
Using the properties of ordp(·), we prove in the next proposition that

‖ · ‖d is a sub-multiplicative non-Archimedean semi-norm, with respect to
the p-adic absolute value.

Definition 3.4.3 A non-Archimedean semi-norm ‖ · ‖ of a Q-vector space
A is a real valued function satisfying, for all a, b ∈ A and q ∈ Q,

1. ‖a‖ ≥ 0
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2. ‖q · a‖ = |q| · ‖a‖

3. ‖a+ b‖ ≤ max{‖a‖, ‖b‖}

where | · | is an ultrametric absolute value on Q.
It is called a norm if ‖a‖ = 0 implies a = 0.

In our case, we will always take | · | as the p-adic absolute value | · |p,
defined in (3.10).

To assure the validity of the second condition of semi-norms for ‖ · ‖d and
the p-adic absolute value | · |p, we need the next lemma.

Lemma 3.4.4 Let | be a p-Archimedean divisibility of Q. Then

(∀a, b ∈ Q) : a | b⇔ vp(a) ≤ vp(b)⇔ |a|p ≥ |b|p

Thus |vp is the unique p-Archimedean divisibility of Q.

Proof : Clearly each n ∈ Z satisfies 1 | n. As | is p-Archimedean, for each
n ∈ Z∗ := Z\{0}, we can find m ∈ N such that

p−m |
(

1

n

)
,

and hence n | pm for some m ∈ N.
Moreover,

(∀n ∈ Z) : gcd(n, p) = 1⇒ n | 1 (3.12)

In fact, if gcd(n, p) = 1, then n 6= 0 and there are k, l ∈ Z such that

1 = kpm + nl,

by the reasoning above, and hence

n | kpm , n | nl⇒ n | (kpm + nl) = 1

As | has cancellation and I( | ) = {0} (as every divisibility of a field), this
divisibility is totally determined by8 O( | ) ⊆ Q.

Observe now that (3.12) implies that

Z(p) =
{ z
n

: z, n ∈ Z and gcd(n, p) = 1
}
⊆ O( | ),

where Z(p) is the unique p-valuation ring of Q.
It follows that O( | ) is also a p-valuation, and therefore O( | ) = Z(p),

implying the desired equivalence.
�

8Remember Proposition(2.4.2).
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Proposition 3.4.5 Suppose that d := | is a p-Archimedean divisibility of a
commutative ring A containing Q. Then ‖ · ‖d is a sub-multiplicative non-
Archimedean semi-norm of the Q-algebra A.

Proof : Clearly ‖a‖d ≥ 0 for all a ∈ A. Let us verify condition 2.
For r, s ∈ Z with s 6= 0, we can write

r

s
=

(
r′

s′

)
· pvp(r/s) with vp(s

′) = vp(r
′) = 0,

and then s′ | r′ and r′ | s′, by Lemma(3.4.4).
Thus

(∀a ∈ A)(∀n ∈ N) : (pn | a⇔ pns′ | ar′)

and hence
(∀a ∈ A) : ordp(a · (r′/s′)) = ordp(a)

Therefore∥∥∥a · (r
s

)∥∥∥
d

= p−ordp(a·(r/s))

= p−ordp(ap
vp(r/s)·(r′/s′))

= p−ordp(ap
vp(r/s))

Lem.(3.2.6)
= p−ordp(a)−vp(r/s) =

∣∣∣r
s

∣∣∣
p
· ‖a‖d

For 3., observe that

inf{sup{n : pn | a}, sup{n : pn | b}} ≤ sup{n : pn | a+ b} = ordp(a+ b)

for all a, b ∈ A, and hence

‖a+ b‖d = p−ordp(a+b) ≤ p− inf{ordp(a),ordp(b)}

= psup{−ordp(a),−ordp(b)} = max{‖a‖d , ‖b|d}

Finally,
‖a · b‖d = p−ordp(ab)

Lem.(3.2.6)

≤ p−(ordp(a)+ordp(b))

= ‖a‖d · ‖b‖d
�
When | is LG, we can even prove the following lemma, relating ‖ · ‖d and

the p-adic sup-norm ‖ · ‖, used to analyze the surjectivity of Φd.
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Lemma 3.4.6 Let d := | be a LG p-Archimedean divisibility of A. Then

(∀a ∈ A) : ‖Φd(a)‖ = ‖a‖d

Proof : Using the same notations of the p-adic Representation Theorem,
by the weak LGP 9 and Proposition(3.3.2), we have

[(∀x ∈ Xmax
p,d (A)) : vp(Φd(a)(x)) ≥ n]⇔ pn | a

for all a ∈ A and n ∈ Z.
Therefore,

‖Φd(a)‖ = p− sup{n∈Z : vp(Φd(a)(x))≥n} = p−ordp(a) = ‖a‖d

�
As a corollary, we see that the injectivity of Φd implies that ‖·‖d is indeed

a non-Archimedean norm, because

‖a‖d = 0⇔ ‖Φd(a)‖ = 0⇔ Φd(a) = 0⇔ a = 0

We can say also:

Lemma 3.4.7 Let d := | be a LG p-Archimedean divisibility of A, where
Q ⊆ A. If (A, ‖·‖d) is a complete normed Q-algebra, then Φd is surjective.

Proof : It is enough to verify that Φd(A) is closed in C := CXmax
p,d (A) when

(A, ‖·‖) is complete, because Φd(A) is dense in C.
Let (Φd(fn))n∈N be a sequence in Φd(A) converging to some g ∈ C. In

particular it is a Cauchy sequence in C, and therefore (fn)n∈N is a Cauchy
sequence in A, because of Lemma(3.4.6).

As (A, ‖ · ‖) is complete, there is f ∈ A such that fn → f . Moreover

lim fn = f ⇒ (∀N ∈ N)(∃k ∈ N) : ‖fn − f‖d < p−N

Lem.(3.4.6)⇒ (∀N ∈ N)(∃k ∈ N) : ‖Φd(fn)− Φd(f)‖ < p−N

⇒ lim Φd(fn) = Φd(f)
⇒ Φd(f) = g

Thus g ∈ Φd(A), and hence Φ(A) is closed in C.
�
Collecting the facts until here, we have the theorem.

9Theorem(3.2.8).

95



Theorem 3.4.8 (p-adic Characterization Theorem) Let A be a com-
mutative ring containing Q. There is an isomorphism Φ : A→ CX for some
compact space X if, and only if, there is a divisibility d := | of A satisfying:

1. | is a p-divisibility;

2. | is p-Archimedean;

3. (∀a ∈ A) : ordp(a
2) = 2 · ordp(a);

4. (∀a ∈ A)[(∀n ∈ N) : pn | a]⇒ a = 0;

5. (A, ‖ · ‖d) is a complete normed space, where ‖a‖d := p−ordp(a) for all
a ∈ A.

Proof : If there is some divisibility | of A satisfying 1 − 5, taking
X := Xmax

p,d (A), the homomorphism Φd : A→ CX is an isomorphism, because
of Lemma(3.4.7) and the p-adic Representation Theorem.

Conversely, suppose that Φ : A → CX is an isomorphism for some com-
pact space X. The canonical divisibility |0 induces a divisibility of A via
Φ, putting

a |Φ b :⇔ Φ(a) |0 Φ(b).

for all a, b ∈ A.
Then dΦ := |Φ is p-Archimedean divisibility ofA, by the quasi-compactness

of X. It also satisfies 3. and 4., because Φ is injective and

pn |Φ a⇔ pn |0 Φ(a),

for all n ∈ N and a ∈ A.
This equivalence also implies

[(∀x ∈ X) : vp(Φd(a)(x)) ≥ n]⇔ pn |Φ a,

and hence ‖a‖dΦ
= ‖Φ(a)‖ for all a ∈ A, by the same argument used in the

proof of Lemma(3.4.6).
Using this equality and the surjectivity of Φ, we see that (A, ‖a‖dΦ

) is
complete. In fact, each Cauchy sequence (fn)n∈N defines a Cauchy sequence
Φ(fn)n∈N in CX converging to some g = Φ(f), with f ∈ A. Thus clearly
lim fn = f .

�
The last thing we want to discuss in this section, is how we can rewrite the

conditions of the p-adic Characterization Theorem using algebraic sentences
instead of the relation | .
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In the real case this can be done, because

f ∈ T0 ⇔ (∃h ∈ C(X,R)) : (f = h2),

where T0 is the canonical preorder of C(X,R).
Therefore, all condition, inclusive the definition of ‖ · ‖0 and the claim

that T0 is a preorder, can be done using the algebraic sentence of the right
side above.

In the p-adic case, we also do this kind of algebraic translation for the
canonical p-divisibility |0 of CX , first for the case p 6= 2 and later for p = 2.

We need here the following version of Hensel’s Lemma.

Lemma 3.4.9 (Hensel’s Lemma) Let (F,O) be a henselian valued field.
Given f ∈ O[X], for all a ∈ O

(f(a) = 0) ∧ (f ′(a) 6= 0)⇒ (∃α ∈ O) : (f(α) = 0) ∧ (α = a),

where a ∈ F is the class of a in the residue field F .10

As (Qp,Zp) is a henselian valued field, we can use Hensel’s Lemma for
the next Lemmas.

Lemma 3.4.10 Let X be a topological space, C := CX the ring of p-adic
valued continuous functions defined on X and |0 its canonical divisibility.
Suppose that Q ⊆ C and p 6= 2. For all g, f ∈ C

g |0 f ⇔ (∃h ∈ C) : h2 = g2 + pf 2

Proof : (⇐) : Suppose that g2 + pf 2 = h2 for some h ∈ C.
If g(x) = 0 for some x ∈ X, then 1 + 2vp(f(x)) = 2vp(h(x)), and hence

f(x) = 0.
If g(x) 6= 0, for x ∈ X, then

vp(f(x)) < vp(g(x)) ⇒ vp(pf(x)) ≤ vp(g(x))
⇒ vp(pf(x)2) < vp(p

2f(x)2) ≤ vp(g(x)2)

⇒ vp (p( f(x)
g(x)

)2) < 0

⇒ vp (p( f(x)
g(x)

)2 + 1) < 0

⇒ 2vp

(
h(x)
g(x)

)
= vp

(
p
(
f(x)
g(x)

)2

+ 1

)
= 1 + 2vp

(
f(x)
g(x)

)
⇒ vp

(
h(x)
g(x)

)
− vp

(
f(x)
g(x)

)
=

1

2
,

10See references of valuation theory, as [19].
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what is impossible. Thus, vp(g(x)) ≤ vp(f(x)).
Therefore, vp(g(x)) ≤ vp(f(x)) for all x ∈ X, i.e., g |0 f .
(⇒) : Suppose that g |0 f , i.e., vp(g(x)) ≤ vp(f(x)) for all x ∈ X. For

each n ∈ Z take

Xn := g−1(Zpn\Zpn+1) = {x ∈ X : vp(g(x)) = n}
Ng := {n ∈ Z : vp(g(x)) = n for some x ∈ X}
gn := g · p−n and fn := f · p−n, for all n ∈ Ng

Thus, gn(x) ∈ Z×p and fn(x) ∈ Zp, for all x ∈ Xn. Define

Pn,x(Y ) := Y 2 − Fn(x) ∈ Zp[Y ], Fn := g2
n + pf 2

n ∈ C,

for each x ∈ Xn.
As

Pn,x(gn(x)) = gn(x)2 − gn(x)2 − pfn(x)2 = 0

P ′n,x(gn(x)) = 2 · gn(x) 6= 0

there is an unique hn(x) ∈ Zp such that

Pn,x(hn(x)) = 0 and hn(x) = gn(x),

by Hensel’s Lemma.
In particular, vp(hn(x) + hn(y)) = 0 for all x, y ∈ Xn. In fact, otherwise,

0 = hn(x) + hn(y) = hn(x) + hn(y) = gn(x) + gn(y) = 1 + 1,

contradicting the assumption p 6= 2.
Therefore, for all x, y ∈ Xn and all m ∈ Z,

vp(Fn(x)− Fn(y)) > m ⇔ vp(h
2
n(x)− h2

n(y)) > m
⇔ vp(hn(x)− hn(y)) + vp(hn(y) + hn(x)) > m
⇔ vp(hn(x)− hn(y)) > m

Thus, if
Bm(β) = {α ∈ Qp : vp(α− β) > m},

then
h−1
n (Bm(hn(x0))) = F−1

n (Bm(Fn(x0)))

is open in Xn, for each x0 ∈ Xn, because Fn is continuous.
As {Bm(hn(x0))}x0∈Xn is a subbasis of induced p-adic topology on hn(Xn),

we conclude that hn is continuous in Xn.
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Thus, the functions hn : Xn → Qp are continuous on Xn for each n ∈ Ng.
Define, for each x ∈ X,

h(x) := rn(x) := pn · hn(x), if x ∈ Xn,

This is a well-defined function on X, because X is the disjunct union of
the Xn’s, with n ∈ Ng. Moreover, h is continuous, because

h−1(U) =
⋃
n∈Ng

r−1
n (U)

is open for each open subset U ⊆ Qp.
In fact, as Zpn\Zpn+1 is (cl)open in Qp, Xn = g−1(Zpn\Zpn+1) is open in

X, and then each open subset of Xn is also open in X.
Finally, note that h satisfies h2 = g2 + pf 2, because

h(x)2 = hn(x)2 · p2n = (gn(x)2 + pfn(x)2)p2n = g(x)2 + pf(x)2

�
We prove a similar result for p = 2.

Lemma 3.4.11 Let X be a topological space, C := CX the ring of 2-adic
valued continuous functions defined on X and |0 its canonical divisibility.
Suppose that Q ⊆ C. For all g, f ∈ C

g |0 f ⇔ (∃h ∈ C) : h3 = g3 + 2f 3

Proof : (⇐) : Just change the powers 2 by 3 in the corresponding proof
above.

(⇒) : We proceed as in the case p 6= 2, but now, we define

Pn,x(Y ) := Y 3 − Fn(x) ∈ Zp[Y ], Fn := g3
n + 2f 3

n ∈ C

As above, we have vp(gn(x)) = 0, for all x ∈ Xn, and also

Pn,x(gn(x)) = gn(x)3 − gn(x)3 − 2fn(x)3 = 0

P ′n,x(gn(x)) = 3 · gn(x) 6= 0

Hensel’s Lemma implies then the existence of an unique hn(x) ∈ Zp such

that Pn,x(hn(x)) = 0 and hn(x) = gn(x), for all x ∈ Xn.
From this follows that

vp(hn(x) + hn(x)hn(y) + hn(y)) = 0

99



for all x, y ∈ Xn, because otherwise

0 = hn(x) + hn(x)hn(y) + hn(y)

= hn(x) + hn(x) · hn(y) + hn(y)

= gn(x) + gn(x) · gn(y) + gn(y)
= 1 + 1 · 1 + 1 = 1,

a contradiction.
Therefore, for all x, y ∈ Xn and all m ∈ Z,

vp(Fn(x)− Fn(y)) > m ⇔ vp(h
3
n(x)− h3

n(y)) > m
⇔ vp(hn(x)− hn(y)) +

vp(hn(x) + hn(x) · hn(y) + hn(y)) > m
⇔ vp(hn(x)− hn(y)) > m

Now, using this equivalence, we can find h ∈ CX such that h3 = g3 + 2f 3.
The construction of such h is analogous to that given in the proof of the case
p 6= 2. We just need to change the powers 2 by 3.

�
Using these two lemma we can rewrite the conditions of the p-adic Char-

acterization Theorem, substituting the relation | by an algebraic sentence.
Instead of writing down all the relations again, we just change the arbi-

trary relation | by one of the following relations, defined by the equivalences

a |2 b :⇔ (∃x ∈ A) : x2 = a2 + pb2 and a |3 b :⇔ (∃x ∈ A) : x3 = a3 + 2b3

for all a, b ∈ A and p 6= 2.
The next theorem closes the discussion of this section.

Theorem 3.4.12 Let A be a commutative ring containing Q. Then

• For p 6= 2. A is isomorph to C(X,Qp) for some Hausdorff compact
topological space X if, and only if, |2 defines a divisibility of A satisfying
(1− 5) from Theorem(3.4.8).

• For p = 2. A is isomorph to C(X,Qp) for some Hausdorff compact
topological space X if, and only if, |3 defines a divisibility of A satisfying
(1− 5) from Theorem(3.4.8).

Proof : If ϕ : A → C := C(X,Qp) is an isomorphism and |0 is the
canonical divisibility on C, then |ϕ0 is a divisibility11 of A satisfying (1 − 5)

11The definition of |ϕ0 is the same of Lemma(2.5.4).
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of Theorem(3.4.8). Moreover, as ϕ is an isomorphism, by Lemma(3.4.10),

a |ϕ0 b ⇔ ϕ(a) |0 ϕ(b)
surjec.⇔ ∃x ∈ A : ϕ(x)2 = ϕ(a)2 + pϕ(b)2

Injec.⇔ ∃x ∈ A : x2 = a2 + pb2

⇔ a |2 b

for each p 6= 2, and hence, in this case |ϕ0 = |2 . Thus |2 is a divisibility of A
satisfying the conditions of Theorem(3.4.8).

For p = 2 the reasoning is similar, and we conclude that |ϕ0 = |3 , using
Lemma(3.4.11).

Conversely, if |2 (resp. |3) is a divisibility satisfying the conditions (1-5),
then Theorem(3.4.8) assures the existence of a such isomorphism.

�

3.5 Algebraic Properties of C(X,Qp) x Topo-

logical Properties of X

For a commutative ring A containing Q, we ask:

When is A in C(X,Qp) representable, for some compact space X?

The answer we found is:

If A admits a p-Archimedean divisibility.

In fact, if Φ : A → CX is a representation, with X compact, then |0 is a
p-Archimedean divisibility of CX , and hence (|0)Φ is also a p-Archimedean
divisibility of A, where (|0)Φ is the divisibility of A induced by |0 and Φ .

The converse is assured by Proposition(3.3.2), Proposition(3.3.3) and
Corollary(2.6.7), when taking X := V max

p ( | ).
If we define the Qp-spectrum of A as

XQp(A) := {α : A→ Qp : α is a homomorphism and α(1) = 1},

as in Chapter(1), we can also solve the problem above in terms of XQp(A).

Theorem 3.5.1 Let A be a commutative ring. There is a representation
Φ : A→ CX , for some compact space X, if, and only if, XQp(A) 6= ∅.
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If α ∈ XQp(A), taking X = {x}, we have the trivial representation

α : A→ Qp ' C({x},Qp),

and of course X is compact with respect to the trivial topology.
Conversely, if Φ : A→ CX is a representation, we can define a homomor-

phism αx : A→ Qp, putting αx(a) := Φ(a)(x).
However, we are mainly interested in finding optimal representations

of A, giving us as much as possible informations about the ring A.

Definition 3.5.2 A representation Φ : A → CX is called optimal if X is
homeomorph to XQp(A).

We endow XQp(A) with the topology generated by the open sub-basis
consisting of the sets

Ua,b := Ua,b(A) := {α ∈ XQp(A) : vp(α(a)) > vp(α(b))},

for each a, b ∈ A.
We also use a notation for the complements of these sets in XQp(A),

namely Vpb,a(A) := XQp(A)\Ua,b(A), for each a, b ∈ A.
With this topology we have:

Proposition 3.5.3 XQp(A) is Hausdorff and zero dimensional, i.e. it
has a base consisting of clopen sets.

Proof : In fact, for all a, b ∈ A,

Ua,b = {α ∈ XQp(A) : vp(α(a)) ≥ vp(α(pb))} = Vpb,a,

and hence Ua,b is clopen.
If α, β ∈ XQp(A) are different, there is a ∈ A such that α(a) 6= β(a).

Writing

α(a) =
∞∑
i≥N

aip
i and β(a) =

∞∑
j≥N

bjp
j,

where ai, bj ∈ {0, ..., p − 1} and N := min{vp(α(a)), vp(β(a))}, we can take
k ∈ Z minimal such that k ≥ N and ak 6= bk.

Defining

xk :=
k∑
N

cip
i ∈ Z.

where ck := min{ak, bk} and ci = ai = bi if N ≤ i < k, we have

vp(α(a− xk)) > vp(p
k) = vp(β(a− xk))

or vp(β(a− xk)) > vp(p
k) = vp(α(a− xk)),
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and hence

α ∈ U(a−xk),pk and β ∈ V(a−xk),pk = Upk,p−1(a−xk)

or β ∈ U(a−xk),pk and α ∈ V(a−xk),pk = Upk,p−1(a−xk),

where
U(a−xk),pk ∩ Upk,p−1(a−xk) = U(a−xk),pk ∩ V(a−xk),pk = ∅

�
In general, the map a 7→ â, where

â : XQp(A)→ Qp , â(α) := α(a);

defines a representation Φ : A → CXQp (A) with Φ(A) separating points of
CXQp (A).

Clearly Φ(A) separates points, because

α 6= β ∈ XQp(A)⇒ (∃a ∈ A) : â(α) = α(a) 6= β(a) = â(β),

To verify the continuity of â, note that, varying x, y ∈ Qp, the sets

UQp(x, y) := {z ∈ Qp : vp(z − y) > v(x)}

define an open subbasis of the p-adic topology of Qp.
Moreover, using Lemma(3.3.4) in the second equality below, we deduce

that

â−1(UQp(x, y)) = {α ∈ XQp(A) : vp(α(a)− y) > vp(x)}

=
⋃

q∈Q with

vp(α(a)−q)>vp(α(a)−y)

{α ∈ XQp(A) : vp(α(a)− q) > vp(x)}

=
⋃

q∈Q with

vp(α(a)−q)>vp(α(a)−y)

{α ∈ XQp(A) : vp(α(a− q)) > vp(α(pvp(x)))}

=
⋃

q∈Q with

vp(α(a)−q)>vp(α(a)−y)

U(a−q),pvp(x)(A),

is open in XQp(A), and hence â is continuous.
However, XQp(A) is not quasi-compact in general. For example, for the

ring of polynomials A = Qp[X1, ..., Xn], the next proposition shows that
XQp(A) is homeomorph to Qn

p , which is not quasi-compact.
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Proposition 3.5.4 For all natural number n > 0, Qn
p is homeomorph to

XQp(Qp[X1, ..., Xn]).

Proof: We write Qp[X] for Qp[X1, ..., Xn]. Of course the map

α
ϕ7→ (α(X1), ..., α(Xn))

defines a bijection ϕ : XQp(Qp[X]) → Qn
p , with inverse map ϕ−1, mapping

(a1, ..., an) ∈ Qn
p into

ϕ−1(a1, ...., an) : Qp[X] → Qp,

f =
∑deg(f)

k=0 fiXi 7→
∑deg(f)

k=0 fiai

Now take the sup-norm12 ‖ · ‖ of Qp, i.e.,

(∀(a1, ...., an) ∈ Qn
p ) : ‖(a1, ..., an)‖ = sup

1≤i≤n
{|ai|p}

For each a = (a1, ..., an) ∈ Qn
p and r ∈ Z,

ϕ−1(Br(a)) = {α ∈ XQp(Qp[X]) : ‖(α(X1)− a1, ..., α(Xn)− an)‖ ≤ r}

=
⋂

1≤i≤n
{α ∈ XQp(Qp[X]) : vp(α(Xi)− ai) ≥ vp(p

r)}

and the each set of this intersection is equal to the open set⋃
q∈Q with

vp(α(Xi)−q)>vp(α(Xi)−ai)

U(Xi−q),pr−1(A),

and hence ϕ is continuous.
Furthermore, for each f, g ∈ Qp[X],

ϕ(Ug,f ) = {ϕ(α) ∈ Qn
p : vp(α(g)) > vp(α(f))}

= {ϕ(α) ∈ Qn
p : vp(g(ϕ(α))) > vp(f(ϕ(α)))}

surj.
=

{
a ∈ Qn

p : vp

(
g

f
(a)

)
> 0

}
∩ {a ∈ Qn

p : f(a) 6= 0}

=

(
g

f

)−1

(Zp) ∩ (Qn
p\f−1({0}))

As the rational function given by (g/f) : Qn
p → Qp is continuous, in the

points where it is defined, as well as f , the image ϕ(Ug,f ) is open in Qn
p

Therefore ϕ is a homeomorphism.
�
Thus we can ask, as in the real case,

12It doesn’t matter which norm we take. All Qp-norms of Qn
p are equivalent, see [6],§5.2.
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When is XQp(A) compact?

To answer this, we need more results about p-adic representations. We
start proving the main result relating XQp(A) and the set Archmax

p (A), of all
maximal p-Archimedean divisibilities of A.

Theorem 3.5.5 Archmax
p (A) is homeomorph to XQp(A), for each commu-

tative ring A, where the homeomorphism is given by the map |v 7→ αv, and
αv : A→ A/I( |v) is the canonical projection a 7→ a+ I( |v).

Moreover, given a divisibility d := | of A, Archrmax
p,d (A) is homeomorph

to Xd,Qp(A), where

Archmax
p,d (A) := { |v∈ Archmax

p (A) : |v⊇ | }

and

Xd,Qp(A) := {α ∈ XQp(A) : (∀a, b ∈ A) : a | b⇒ vp(α(a)) ≤ vp(α(b))}

Proof : The map is well-defined by Proposition(3.3.2). By the same
proposition, for each |v1 , |v2 ∈ V max

p ( | ), αv1 = αv2 implies

a |v1 b ⇔ vp(αv1(a)) ≤ vp(αv1(b)) ⇔ vp(αv2(a)) ≤ vp(αv2(b)) ⇔ a |v2 b

and hence |v1 = |v2 . Thus the map is injective.
Given α ∈ XQp(A), we can define a p-Archimedean divisibility |vα of A,

declaring

(∀a, b ∈ A) : a |vα b :⇔ vp(α(a)) ≤ vp(α(b)) (3.13)

We claim that αvα = α, and hence the map is surjective.
First observe that ker(α) = I( |vα), and hence αvα : A→ Qp. Thus |vα is

maximal and

(∀a, b ∈ A) : a |vα b⇔ vp(αvα(a)) ≤ vp(αvα(b)), (3.14)

again by Proposition(3.3.2).
Therefore, by (3.13) and (3.14),

(∀a, b ∈ A) : vp(αvα(a)) ≤ vp(αvα(b))⇔ vp(α(a)) ≤ vp(α(b)) (3.15)

This equivalence implies, in particular, that αvα(a) = α(a) for all a ∈ A.
In fact, for each a ∈ A, we can write

α(a) =
∞∑
i≥n

aip
i, with ai ∈ {0, ..., p− 1}, n = vp(α(a)),
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and as vp(α(a)) = vp(αvα(a)), by (3.15), we also have

αvα(a) =
∞∑
i≥n

bip
i, with bi ∈ {0, ..., p− 1}

Therefore

vp(α(a)− anpn) > 0
(3.15)⇒ vp(αvα(a)− anpn) > 0⇒ an = bn

Now, if we suppose that

k∑
i=n

aip
i =

k∑
i=n

bip
i,

for some k ≥ n, then

vp

(
α(a)−

k∑
i=n

aip
i

)
> 0

(3.15)⇔ vp

(
αvα(a)−

k∑
i=n

bip
i

)
> 0

implies that ak+1 = bk+1, by the same argument used above to prove an = bn.
Thus, after using an inductive argument for k, we can deduce that ai = bi

for all i ≥ n, and hence α(a) = αvα(a).

To verify that the map |v ϕ7→ αv is a homeomorphism, note that

ϕ−1(Ua,b) = { |v∈ Archmax
p : vp(αv(a)) > vp(αv(b))}

Prop.(3.3.2)
= { |v∈ Archmax

p : a -v b}
= Ua,b(A)

for all a, b ∈ A, and hence also ϕ(Ua,b(A)) = ϕ(ϕ−1(Ua,b)) = Ua,b, by bijec-
tivity.

At last, for a given divisibility d := | of A, note that

|v∈ Archmax
p,d (A)⇒ αv ∈ Xd,Qp(A)

and, for each α ∈ Xd,Qp(A), we have ϕ−1(α) = |vα⊇ | , and hence the map ϕ
defines a homeomorphism between Archmax

p,d (A) and Xd,Qp(A).
�
As Archmax

p (A) is homeomorph to XQp(A), the next theorem gives us a
necessary and sufficient condition for the compactness of XQp(A).
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Theorem 3.5.6 Let A be a commutative ring. Then Archmax
p (A) is closed

in V max
p (A) if, and only if,

|A:=
⋂

|v∈Archmax
p (A)

|v

is a p-Archimedean divisibility of A.
Moreover, as V max

p (A) is compact13,

XQp(A) ' Archmax
p (A) is compact ⇔ |A∈ Archp(A)

Proof : If Archmax
p (A) is closed in V max

p (A), then it is also quasi-compact
(even compact!), by Proposition(2.6.6).

For all a ∈ A, of course

Archmax
p (A) ⊆

⋃
n∈N

V1(pna),

because of the p-Archimedean property of the elements of Archmax
p (A).

Thus, by quasi-compactness14, there are n1, ..., nk ∈ N such that

Archmax
p (A) ⊆ V1(pn1a) ∪ · · · ∪ V1(pnka)

Taking n := max{n1, ..., nk}, we see that 1 |v pna for all |v∈ Archmax
p (A),

implying that 1 |A pna.
Conversely, if |A is a p-Archimedean divisibility of A, then Archmax

p (A) =
V max
p ( |A), because each p-valuation containing a p-Archimedean divisibility

is also p-Archimedean. Thus Archmax
p (A) is closed in V max

p (A), and hence
compact (see the proof of Corollary(2.6.7).).

�
This theorem, together with the p-adic Representation Theorem, gives us

a necessary and sufficient condition for the existence of a dominant represen-
tation Φ : A→ CXQp (A) with XQp(A) compact.

We want also to answer the following question, concerned with the unique-
ness (up to homeomorphisms) of the choice of the space XQp(A) for dominant
representations of A in rings CX .

Given a commutative ring A containing Q, a compact space X and a
dominant representation Φ : A→ CX , when is X ' XQp(A)?

13It is quasi-compact by Lemma(2.6.4) and Hausdorff, as well as Vp(A).
14Proposition(2.6.6) also assures that Va(b) is a clopen set, for each a, b ∈ A.
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To answer this question15, we use the following result.

Two zero dimensional compact spaces X and Y are homeomorphic if, and
only if, CX are CY isomorphic.

We want to give a self-contained proof of this fact later. To do this, we
will need some analytical facts.

Observe also that CX and CY are not just Q-algebras, but even Qp-
algebras, and hence, at some point, we can restrict our results to the case of
Qp-algebras.

First we fix a standard notation.

Definition 3.5.7 Let X be a topological space and CX the ring of p-adic
valued continuous functions. For each I ⊆ CX define

Z(I) := {x ∈ X : a(x) = 0 for all a ∈ I}

We prove then a fundamental lemma.

Lemma 3.5.8 Let X be a quasi-compact space and I an ideal of CX . Then,

Z(I) = ∅ ⇒ I = (1) = CX

Proof : Suppose that Z(I) = ∅. Thus, for each x ∈ X, there is ax ∈ I
such that ax(x) 6= 0. As ax is continuous, we can take an open set Ux of X
with x ∈ Ux and

ax(y) 6= 0 for all y ∈ Ux
Therefore X =

⋃
x∈X Ux, and hence, by quasi-compactness, we can choose

x1, ..., xn ∈ X such that X =
⋃

1≤i≤n Uxi .
Taking the corresponding axi ’s, define

f := anx1
+ panx2

+ ...+ pn−1anxn ∈ I

Then, for all x ∈ X, we have vp(f(x)) = vp(p
i−1(axi(x))n) for some

1 ≤ i ≤ n. In fact, for each x ∈ X and i ∈ {1, ..., n},

vp(p
i−1(axi(x))n) ≡ (i− 1) (mod n), (3.16)

and hence vp(p
i−1(axi(x))n) 6= vp(p

j−1(axj(x))n), for all i 6= j.
We claim that f(x) 6= 0 for all x ∈ X. In fact, otherwise, we can suppose,

without loss of generality, that 0 = |f(x)|p = |(ax1(x))n|p, and hence

x /∈ Ux1 and 0 = f(x) = p(ax2(x))n + ...+ pn−1(axn(x))n

15More precisely, to prove Theorem(3.5.13).
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By (3.16), we can suppose, without loss of generality, that

0 = |f(x)|p = |p(ax2(x))n|p,

and then

x /∈ Ux2 and 0 = f(x) = p2(ax3(x))n + ...+ pn−1(axn(x))n

After iterating this argument a finite number of times, we will conclude
that x /∈

⋃
1≤i≤n Uxi = X, a contradiction.

Thus, the real function x 7→ |f(x)|p is continuous on a quasi-compact
space X and is always greater then zero.

Therefore there is M > 0 such that |f(x)|p ≥M for all x ∈ X. It follows
that 1/f ∈ CX , because, for all x0 ∈ X, given ε ·M2 > 0, there is an open
x0 ∈ Uε ⊆ X such that, for all x ∈ Uε,∣∣∣∣ 1

f(x)
− 1

f(x0)

∣∣∣∣
p

=

∣∣∣∣f(x)− f(x0)

f(x)f(x0)

∣∣∣∣
p

≤ |f(x)− f(x0)|p
M2

<
ε ·M2

M2
= ε,

by the continuity of f .
As f ∈ I, it follows that 1 = f · (1/f) ∈ I.
�
The next proposition describes explicitly the set Archmax

p,d0
(CX), where

d0 := |0 is the canonical p-divisibility of CX .

Proposition 3.5.9 Let X be a zero dimensional compact space and d0 := |0
the canonical p-divisibility of CX . Then

V max
p,d0

(CX) = Archmax
p,d0

(CX) = { |vx : x ∈ X}

where
(∀a, b ∈ CX) : a |vx b⇔ vp(a(x)) ≤ vp(b(x))

The map x 7→ |vx defines a homeomorphism between X and Archmax
p,d0

(CX).

Proof: For each x ∈ X, clearly |vx is a p-valuation extending |0.
If αx : CX → Qp is the evaluation map a 7→ a(x), then αx is a ring

homomorphism and I( |vx) = ker(αx). Thus

αvx = αx : CX → CX/I( |vx) = CX/ ker(αx) ↪→ Qp

It follows from Proposition(3.3.2) that |vx is maximal, for all x ∈ X, and
hence the map x 7→ |vx has indeed range Archmax

p,d0
(CX).
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It is injective, because |vx= |vy , for some x, y ∈ X, implies

ker(αy) = I( |vx) = I( |vx) = ker(αx),

and hence x = y, by Lemma(3.5.10) below.
For the surjectivity, take |v ∈ Archmax

p,d0
(CX) and Iv := I( |v) ⊆ CX .

Then there is x ∈ X such that x ∈ Z(Iv), by Lemma(3.5.8), and hence
Iv ⊆ ker(αx).

As |v and |vx are maximal, Proposition(3.3.2) guarantees that

a |v b⇔ vp(a+ Iv) ≤ vp(b+ Iv)⇔ (b+ Iv) ∈ (a+ Iv) · Zp

and also

a |vx b⇔ vp(a+ I( |vx)) ≤ vp(b+ I( |vx))⇔ (b+ I( |vx)) ∈ (a+ I( |vx)) · Zp

for all a, b ∈ B.
Thus, Iv ⊆ ker(αx) = I( |vx) implies that |v⊆ |vx . It follows that |v = |vx ,

by the maximality of |v, and then the surjectivity.
To verify the map x 7→ |x is a homeomorphism, it is enough to prove that

it is continuous, because Archmax
p,d0

(CX) and X are compact spaces.
The map is continuous, because the inverse image of

Ua,b(CX) = { |vx∈ Archmax
p,d0

(CX) : a -vx b}
= { |vx∈ Archmax

p,d0
(CX) : vp(a(x)) > vp(b(x))}

is equal to {
x ∈ X : b(x) 6= 0 and vp

(a
b

(x)
)
> 0
}
,

which is open in X, for all a, b ∈ CX , because a and b are continuous on X,
and hence also (1/b) on the open set

{x ∈ X : b(x) 6= 0}

�
The auxiliary lemma used above is

Lemma 3.5.10 Let X be a zero dimensional compact space andM(CX) the
set of all maximal ideal of CX . Then

M(CX) = {ker(αx) : x ∈ X},

where αx : CX → Qp with αx(f) := f(x).
Moreover, the map x 7→ ker(αx) defines a bijection between X andM(CX).
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Proof : Take X a zero dimensional compact space. The maps

CX/ ker(αx)→ Qp

are isomorphisms, because Qp ⊆ CX , and hence ker(αx) ∈M(CX).
If M ∈M(CX), then Lemma(3.5.8) assures the existence of some x ∈ X

such that M ⊆ ker(αx). By maximality M = ker(αx). This also proves the
surjectivity of x 7→ ker(αx).

For the injectivity, note that ker(αx) = ker(αy), for some x, y ∈ X, implies

f(x) = f(y) for all f ∈ CX , (3.17)

because

f(x) = r ⇔ (f − r)(x) = 0⇔ (f − r)(y) = 0⇔ f(y) = r,

for each r ∈ Qp.
As X is a zero dimensional Hausdorff space, we must have x = y. In fact,

if x 6= y, there is a clopen subset U ⊆ X satisfying x ∈ U and y /∈ U .
Furthermore, the characteristic function χU : X → Qp, defined by

χU(x) :=

{
1 , if x ∈ U
0 , if x /∈ U

is continuous16 and hence χU ∈ CX .
However, χU(x) = 1 6= 0 = χU(y) and χU ∈ CX contradicts (3.17).
�
We state now an important general theorem about p-Archimedean divis-

ibilities.

Theorem 3.5.11 Let A and B be commutative rings containing Q. Take
some surjective representation Φ : A→ B, d := | a p-Archimedean divisibility
of B and dΦ := |Φ the p-Archimedean divisibility of A induced by d and Φ,
i.e.,

(∀a, b ∈ A) : a |Φ b :⇔ Φ(a) | Φ(b)

Then
Archmax

p,d (B) ' Archmax
p,dΦ

(A),

and in particular, also Xd,Qp(B) ' XdΦ,Qp(A).

16In the real case, we do not need the zero dimensional hypothesis, because Urysohn’s
Lemma guarantees that CX has an element f separating distinct points of X. This lemma
is also used in the proof of Theorem(1.1.10).
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Proof : We define the map

Ψ : Archmax
p,d (B)→ Archmax

p,dΦ
(A), |v 7→ (|v)Φ,

where (|v)Φ is the divisibility of A induced by Φ and |v.
By its definition, (|v)Φ is a p-Archimedean divisibility of A containing |Φ.

It is also maximal, because

I((|v)Φ) = {a ∈ A : 0 |v Φ(a)} = {a ∈ A : αv(Φ(a)) = 0} = ker(αv ◦ Φ)

and hence, as αv ◦ Φ : A → Qp, because |v is maximal (Proposition(3.3.2)),
we also have

αvΦ : A→ A/I((|v)Φ) = A/ ker(αv ◦ Φ) ↪→ Qp

where vΦ := (|v)Φ.
Therefore it is maximal, again by Proposition(3.3.2), and hence the map

Ψ has indeed range Archmax
p,dΦ

(A).
Now we want to define a map

θ : Archmax
p,dΦ

(A)→ Archmax
p,d (B), |v 7→ (|v)Φ

that is the inverse map of Ψ.
To do this, for each |v∈ Archmax

p,dΦ
(A) we define a binary relation (|v)Φ of

B by

(∀g, f ∈ B) : g(|v)Φf :⇔ a |v b for some a ∈ Φ−1(g), b ∈ Φ−1(f)

We will verify that:

Claim: (|v)Φ ∈ Archmax
p,d (B), for all |v∈ Archmax

p,dΦ
(A).

Take |v∈ Archmax
p,dΦ

(A). Then

(∀g, f ∈ B) : g | f ⇒ (∃a, b ∈ A) : Φ(a) = g | f = Φ(b)
⇒ a |Φ b with Φ(a) = g, Φ(b) = f
⇒ a |v b with a ∈ Φ−1(g), b ∈ Φ−1(f)
⇒ g(|v)Φf,

and hence (|v)Φ ⊇ | .
Of course f(|v)Φf for all f ∈ B. Moreover, for all g, f, h ∈ B, there are

a, b, c ∈ A such that Φ(g) = a,Φ(b) = f and Φ(c) = h, by surjectivity, and
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hence

g(|v)Φf ⇒ a |v b⇒ ac |v bc Φ(A)·Φ(A)=Φ(A)⇒ gh(|v)Φfh

g(|v)Φf, f(|v)Φh ⇒ a |v b, b |v c⇒ a |v c⇒ g(|v)Φh

g(|v)Φf, g(|v)Φh ⇒ a |v b, a |v c⇒ a |v b± c Φ(A)±Φ(A)=Φ(A)⇒ g(|v)Φh

As |v satisfies the Kochen property, using the properties of the homo-
morphism Φ (and some usual algebraic calculation), we can prove that (|v)Φ

satisfies also the Kochen property.
At last, note that p(-v)Φ1. In fact, otherwise there are a, b ∈ A such that

a |v b and a ∈ Φ−1(p), b ∈ Φ−1(1), and in particular

p = Φ(p) | Φ(a) = p ⇒ p |Φ a |Φ⊆ |v⇒ p |v a
1 = Φ(b) | Φ(1) = 1 ⇒ b |Φ 1

|Φ⊆ |v⇒ b |v 1

and hence, also p |v 1, contradicting our choice of |v∈ Archmax
p,dΦ

(A).
Therefore (|v)Φ is actually a p-divisibility of B, and it is p-Archimedean,

because it contains |.
Let us see that (|v)Φ is maximal, i.e., (|v)Φ = |v′ for some |v′∈ Archmax

p,d (B).

Take a maximal p-divisibility |v′ of B extending (|v)Φ, which exists by
Theorem(3.2.4). Then

|v⊆ ((|v)Φ)Φ ⊆ (|v′)Φ

because, for all a, b ∈ A,

a |v b⇒ Φ(a)(|v)ΦΦ(b)⇒ a((|v)Φ)Φb

By the maximal choice of |v, we must have

|v= (|v′)Φ (3.18)

Therefore,

(|v)Φ = |v′ , (3.19)

because the surjectivity of Φ implies that, for each f, g ∈ B, there are a, b ∈ A
such that Φ(a) = g and Φ(b) = f , and then

g |v′ f ⇒ Φ(a) |v′ Φ(b)⇒ a(|v′)Φb
(3.18)⇒ a |v b⇒ f = Φ(a)(|v)ΦΦ(b) = g

and hence Archmax
p,d (B) is indeed the range of θ.
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Moreover, our argument also implies that Ψ is surjective, by (3.19). In-
deed, Ψ is also injective (also a consequence of the surjectivity of Φ). One
way of seen this is verifying that θ and Ψ are inverses of each other.

In fact, for all c, d ∈ A, f, g ∈ B with f = Φ(b), g = Φ(a), for some
a, b ∈ A, |v′∈ Archmax

p,d (B) and |v∈ Archmax
p,dΦ

(A),

g |v′ f ⇒ a (|v′)Φ b ⇒ g ((|v′)Φ)Φ f

c |v d ⇒ Φ(c) (|v )Φ Φ(d) ⇒ c ((|v )Φ)Φ d

and hence, by the maximal choice of |v′ and |v, we must have

|v′ = ((|v′)Φ)Φ = θ(Ψ( |v′))

|v = ((|v )Φ)Φ = Ψ(θ( |v))

Thus Ψ is a bijection with inverse map θ. Furthermore, Ψ is continuous,
because

Ψ−1(Ua,b(A)) = { |v′∈ Archmax
p,d (B) : Φ(a) -v′ Φ(b)} = UΦ(a),Φ(b)(B),

for all a, b ∈ A.
As Archmax

p,d (B) and Archmax
p,dΦ

(A) are both compact, by Corollary(2.6.7),
Ψ is a homeomorphism.

�
Now we are ready to prove our claim.

Theorem 3.5.12 Two zero dimensional compact spaces X and Y are home-
omorphic if, and only if, CX and CY are isomorphic.

Proof : Let X and Y be zero dimensional compact spaces. If ϕ : X → Y
is a homeomorphism, then

Φ : CY → CX , f 7→ f ◦ ϕ

is a homomorphism, and it is even an isomorphism, because

(∀f, g ∈ CY ) : f ◦ ϕ = g ◦ ϕ⇒ f = f ◦ (ϕ ◦ ϕ−1) = g ◦ (ϕ ◦ ϕ−1) = g

g ∈ CX ⇒ g = g ◦ (ϕ−1 ◦ ϕ) = Φ(g ◦ ϕ−1) with g ◦ ϕ−1 ∈ CY
The proof of the converse is less trivial. Let Φ : CX → CY be an iso-

morphism, where X and Y are zero dimensional compact spaces. Define the
canonical p-Archimedean divisibilities

dX := |X := {(g, f) ∈ CX × CX : vp(g(x)) ≤ vp(f(x)) for all x ∈ X}
dY := |Y := {(g, f) ∈ CY × CY : vp(g(y)) ≤ vp(f(y)) for all y ∈ Y }

114



We claim that

dΦ := |ΦY = |X (3.20)

where |ΦY is the p-divisibility of CX induced by Φ and |Y .
In fact, for p 6= 2 and g, f ∈ CX

g |X f
Lem.(3.4.10)⇔ h2 = g2 + pf 2 for some h ∈ CX

Bijection⇔ r2 = Φ(g)2 + pΦ(f)2 for some r ∈ CY
Lem.(3.4.10)⇔ Φ(g) |Y Φ(f)⇔ g |ΦY f

and the same argument works for p = 2, because of Lemma(3.4.11).
This implies the desired homeomorphism, because

X
Prop.(3.5.9)
' Archmax

p,dX
(CX) = Archmax

p,dΦ
(CX)

Theo.(3.5.11)+Bij.
' Archmax

p,dY
(CY )

Prop.(3.5.9)
' Y

�
Using this theorem, we can say when there exists an optimal representa-

tion of a commutative ring A containing Q.

Theorem 3.5.13 A commutative ring A, containing Q, has an optimal rep-
resentation, i.e., a dominant representation Φ : A → CX with X ' XQp(A)
compact17, if, and only if,

|A:=
⋂

|v∈Archmax
p (A)

|v

is a p-Archimedean divisibility of A.

Proof : If dA := |A is a p-Archimedean divisibility of A, then the p-adic
Representation Theorem provides a dominant representation

ΦTA : A→ CArchmax
p,dA

(A) = CArchmax
p (A)

As XQp(A) ' Archmax
p (A) and they are zero dimensional, we conclude

that CArchmax
p (A) ' CXQp (A), by Theorem(3.5.12), and hence we have a domi-

nant representation
Ψ : A→ CXQp (A)

17Thus X is zero dimensional as XQp(A).
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with XQp(A) compact, by Theorem(3.5.6).
Conversely, if Φ : A → CX is a dominant representation with X '

XQp(A) compact, then Archmax
p (A) ' XQp(A) is closed in the compact space

V max
p (A), and hence |A is a p-Archimedean, by Theorem(3.5.6).
�
It is important to observe that Φ(A) is in general just a Q-algebra, in the

theorem above.
The results about Qp-algebras were used just to prove Theorem(3.5.12),

where we worked with the Qp-algebra CX .

3.6 Maximal p-valuations of Qp[X1, ..., Xn]

In this last section, we want to study p-divisibilities |B of the ring of polyno-
mials Qp[X] := Qp[X1, ..., Xn] generated by subrings B of its quotient field
Qp(X) := Qp(X1, ..., Xn), and given by

(∀g, f ∈ Qp[X]) : g |B f ⇔
(
f

g

)
∈ B

Note that, |B is a p-divisibility, if, and only if,

p−1 /∈ B and γp(Qp(X)) ⊆ B,

where γp is the p-adic Kochen operator.18

By its definition, we also see that |B is p-Archimedean if, and only if,

(∀f ∈ Qp[X])(∃n ∈ N) : pnf ∈ B (3.21)

In particular the next proposition is true.

Proposition 3.6.1 For each B ⊆ Qp(X), |B is a p-Archimedean divisibility
of Qp[X] if, and only if,

γp(Qp(X))[pm1X1, ..., p
mnXn] ⊆ B (3.22)

for some m1, ...,mn ∈ Z.

Proof : If |B is a p-Archimedean divisibility, then of course the inclusion
above is true by (3.21) applied to X1, ..., Xn.

Conversely, suppose that (3.22) holds. For each

f =
∑

i1+...+in≤deg(f)

ai1,...,inX
i1
1 · · ·X in

n ∈ Qp[X],

18Also Zp ⊆ B, because γp(Qp) = Zp.
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taking
nf := min{vp(ai1,...,in) : i1 + ...+ in ≤ deg(f)}

we have
p−nf+m1+...+mnf ∈ B

�
If |B is a p-Archimedean divisibility, then every p-divisibility extending

it is also p-Archimedean, and in particular its maximal p-extensions too.
What we want to see now, is a necessary and sufficient condition assuring

that all maximal p-divisibilities, extending a given p-divisibility |B, are p-
Archimedean, even without knowing if |B is p-Archimedean

By Proposition(3.3.2), this is equivalent to say that

αv : Qp[X1, ..., Xn]→ Qp.

for all |v∈ V max
p ( |B).

We do this for the special class of subrings

B = γ(Qp[X])[h1, ..., hr],

where h1, ..., hr ∈ Qp[X] and p−1 /∈ B.
First we observe some subsets of Qn

p , defined below. We also do some
useful definitions.

Definition 3.6.2 For every I ⊆ Qp[X], we define

Wp(I) := {x ∈ Qn
p : h(x) ∈ Zp for all h ∈ I}

Vp(I) := { |v∈ Vp(Qp[X]) : 1 |v h for all h ∈ I}

If I = {h1, ..., hr}, then we write

Wp(h1, ..., hr) := Wp(I) and Vp(h1, ..., hr) := Vp(I)

Observe that of course

Wp(I) =
⋂
h∈I

Wp(h) and Vp(I) =
⋂
h∈I

Vp(h)

We say that a subset X ⊆ Qn
p is p-bounded in Qn

p , if

X ⊆ pmZnp := pmZp × · · · × pmZp,

for some m ∈ Z.
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The main result we need, is the next proposition. To prove it we use the
model-completeness of the theory of p-adic closed fields of p-rank 1, as found
in [20]. The results needed from Model Theory can be found in [17].

Proposition 3.6.3 For h1, ..., hl ∈ Qp[X],

Wp(h1, ..., hl) is p-bounded ⇔ αv : Qp[X]→ Qp for all |v∈ V max
p (h1, ..., hl)

where αv : Qp[X]→ Qp[X]/I( |v).

Proof : Take |v∈ V max
p (h1, ..., hl). If we verify that

Wp(h1, ..., hl) is p-bounded ⇒ (∃k ∈ Z) : pk |v Xi for all 1 ≤ i ≤ n,

then we are done, because, for all

f =
∑

fi1...inX
i1
1 · ... ·X in

n ∈ Qp[X],

we will have

v(αv(f)) = v(f(αv(X1), ..., αv(Xn)))

≥ min
{
vp(fi1...in) +

∑n
j=1 p

k·ij :
∑n

j=1 ij ≤ deg(f)
}

= v(ps),

for some s ∈ Z.
In this case, the same argument as used in the proof of Proposition(3.3.2)

can be applied to conclude that αv : Qp[X]→ Qp, because of the maximality
of |v .

To find such k, we observe the elementary sentence

ϕ : ∀x1, ..., xn

( ∧
1≤j≤l

O(hj(x1, ..., xn))→
∧

1≤i≤n

O(xi · pk)

)

is satisfied by Qp, because Wp(h1, ..., hl) is p-bounded.
Now observe that

Qp ↪→ Qp[X]/I( |v) ⊆ Quot(Qp[X]/I( |v)) =: F ( |v),

because |v restricted to Qp defines a p-valuation of Qp (the only p-valuation!),
and hence Qp ∩ I( |v) = {0}. Thus F ( |v) is a p-valued extension of Qp.

Let K be a p-adic closure of F ( |v). As the theory of p-adic closed fields
(of a fixed p-rank) is model complete, Qp ⊆ K implies that the sentence ϕ
is also satisfied by K.
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From

v(hj(αv(X1), ..., αv(Xn))) = v(αv(hj)) = v(hj) ≥ 0,

for all 1 ≤ j ≤ l, we conclude that also

v(αv(Xi)) ≥ k for all 1 ≤ i ≤ n,

proving that αv : Qp[X]→ Qp.
Conversely, suppose that

αv : Qp[X]→ Qp for all |v∈ V max
p (h1, ..., hl)

In particular, for all |v∈ V max
p (h1, ..., hl) and all g, f ∈ Qp[X],

g |v f ⇔ vp(αv(g)) ≤ vp(αv(f)), (3.23)

because O( |v) = Zp ∩ F ( |v) ⊆ Qp is the only p-valuation ring of F ( |v).
Therefore, taking

Ui,r := { |v∈ V max
p (h1, ..., hr) : pr |v Xi} = Vpr,Xi(Qp[X]), (3.24)

for each r ∈ Z and 1 ≤ i ≤ n, we have a clopen cover

V max
p (h1, ..., hl) ⊆

⋃
r∈Z

Ui,r,

for each fixed 1 ≤ i ≤ n.
Note that

V max
p (h1, ..., hl) = V1,h1(Qp[X]) ∩ ... ∩ V1,hl(Qp[X]) ∩ V max

p (Qp[X])

is a closed subset of V max
p (Qp[X]), and hence it is also quasi-compact.

By quasi-compactness, we can choose a finite subcover of V max
p (h1, ..., hl),

for each fixed 1 ≤ i ≤ n, say

V max
p (h1, ..., hl) ⊆ Ui,k(1,i)

∪ · · · ∪ Ui,k(ri,i)
, (3.25)

for some k(1,i), ..., k(ri,i) ∈ Z.
Taking

ki := min{k(1,i), ..., k(ri,i)}

for each 1 ≤ i ≤ n, by (3.24) and (3.25), we see that

pki |v Xi for all |v ∈ Vp(h1, ..., hl)
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Taking
k := min{ki : 1 ≤ i ≤ n},

we conclude that

pk |v Xi for all |v∈ Vp(h1, ..., hl) and all 1 ≤ i ≤ n,

and hence, by the equivalence (3.24),

k = vp(p
k) ≤ vp(αv(Xi)) for all |v∈ Vp(h1, ..., hl) and all 1 ≤ i ≤ n (3.26)

Finally observe that for each x = (x1, ..., xn) ∈ Wp(h1, ..., hl) we can define
a p-divisibility |vx of Qp[X] putting

(∀f, g ∈ Qp[X]) : g |vx f :⇔ vp(g(x)) ≤ vp(f(x))

Of course 1 |vx h1, ..., 1 |vx hl, because h1(x), ..., hl(x) ∈ Zp, and |vx is also
maximal by Proposition(3.3.2), because

αvx = αx : Qp[X]→ Qp

with
(g, f ∈ Qp[X]) : g |vx f ⇔ vp(αvx(g)) ≤ vp(αvx(f)),

where αx is the evaluation function on x, and hence |vx∈ Vp(h1, ..., hl) for all
x ∈ Wp(h1, ..., hl).

Thus

x ∈ Wp(h1, ..., hl) ⇒ |vx ∈ V max
p (h1, ..., hl)

(3.26)⇒ vp(xi) = vp(αvx(Xi)) ≥ k for all 1 ≤ i ≤ n
⇒ x ∈ pkZnp

�
Moreover, we can prove:

Proposition 3.6.4 Take h1, ..., hr ∈ Qp[X]. If Wp(h1, ..., hr) is p-bounded,
then

Wp(h1, ..., hr) ' V max
p (h1, ..., hr)

where the homeomorphism, and its inverse, are given by

|v Ψ7→ (αv(X1), ..., αv(Xn)) , x
θ7→ |vx
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Proof: In fact, if x ∈ Wp(h1, ..., hr), then |vx∈ V max
p (h1, ..., hr), by the

same argument used in the proof of Proposition(3.6.3).
As Wp(h1, ..., hr) is p-bounded, for each |v∈ V max

p (h1, ..., hr) we have

(αv(X1), ..., αv(Xn)) ∈ Qn
p ,

by Proposition(3.6.3).
Clearly Ψ and θ are inverses of each other, because

x 7→ |vx 7→ (αvx(X1), ..., αvx(Xn)) = x
|v 7→ (αvx(X1), ..., αvx(Xn)) =: x 7→ |vx= |v

and being |v maximal, for every g, f ∈ Qp[X],

g |v f
m

vp(g(αv(X1), ..., αv(Xn))) = vp(αv(g)) ≤ vp(αv(f)) = vp(f(αv(X1), ..., αv(Xn)))
m

g |vx f

and hence we have a bijection.
As both are compact spaces and

θ−1(Ug,f (Qp[X])) = {x ∈ Wp(h1, ..., hr) : vp(g(x)) > vp(f(x))} =

(
g

f

)−1

(pZnp )

implies the continuity of θ, we conclude that θ is a homeomorphism.
�
Let us observe the holomorphic divisibility of Vp(h1, ..., hr) for some h1, ..., hr ∈

Qp[X], i.e., the p-divisibility

|∗ :=
⋂

|v ∈Vp(h1,...,hr)

|v

When Wp(h1, ..., hr) is p-bounded, this p-divisibility is well behaved, as
says next proposition.

Proposition 3.6.5 Take h1, ..., hr ∈ Qp[X]. If Wp(h1, ..., hr) is p-bounded,
then the holomorphic divisibility of Vp(h1, ..., hr) is a SLG p-Archimedean
divisibility.

Proof : Let |∗ be the holomorphic divisibility of Vp(h1, ..., hr), i.e.,

|∗ :=
⋂

|v ∈Vp(h1,...,hr)

|v
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and suppose that Wp(h1, ..., hr) is p-bounded.
By Proposition(3.6.3), we can conclude that

Vp(h1, ..., hr) ⊆
⋃
n∈N

V1,apn(Qp[X])

and hence, being Vp(h1, ..., hr) compact, we can extract a finite subcover

Vp(h1, ..., hr) ⊆ V1,apn1 (Qp[X]) ∪ ... ∪ V1,apns (Qp[X])

for some n1, ..., ns ∈ N.
Taking na := min{n1, ..., ns} we see that

Vp(h1, ..., hr) ⊆ V1,apN (Qp[X])

Therefore, for all a ∈ A there exists na ∈ N such that

1 |v pnaa for all |v∈ V max
p (h1, ..., hr),

and hence also 1 |∗ pnaa, proving that |∗ is p-Archimedean.
Moreover, by Proposition(3.6.4), we know that

Vp(h1, ..., hr) = { |vx : x ∈ Wp(h1, ..., hr)},

and hence, for all g, f ∈ Qp[X], n, r ∈ N, with r 6= 0,

gr |∗ pnf r ⇔ gr |vx pnf r for all |vx∈ Vp(h1, ..., hr)
⇔ vp(g

r(x)) ≥ vp(p
nf r(x)) for all |vx∈ Vp(h1, ..., hr)

⇔ vp(g(x)) ≥ vp(p
bn/rcf(x)) for all |vx∈ Vp(h1, ..., hr)

⇔ g |vx pbn/rcf for all |vx∈ Vp(h1, ..., hr)
⇔ g |∗ pbn/rcf

�
We would like to compare now such p-divisibility with the p-divisibility

|B contained in |∗, where

B := γ(Qp[X])[h1, ..., hr]

Note that V max
p ( |B) = Vp(h1, ..., hr), what motivates the natural question

If Wp(h1, ..., hr) is p-bounded, is |B equal to |∗?
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As |B is a p-divisibility with cancellation, we know by Corollary(3.1.7)
that, for each g, f ∈ Qp[X], if

pn ·
(
f

g

)
∈ γ(Qp[X])[h1, ..., hr] for some n ∈ N,

i.e., (g, f) is a p-bounded pair of Qp[X] with respect to |B, then(
f

g

)
(x) ∈ Zp for all x ∈ Wp(h1, ..., hr)⇒

(
f

g

)
∈ γ(Qp[X])[h1, ..., hr]

However, we don’t know yet if the implication above is true for all g, f ∈
Qp[X]. Thus we have a conjecture to be proved, or disproved.

Conjecture 3.6.6 Take h1, ..., hr ∈ Qp[X]. If Wp(h1, ..., hr) is p-bounded,
then(

f

g

)
(x) ∈ Zp for all x ∈ Wp(h1, ..., hr)⇒

(
f

g

)
∈ γ(Qp[X])[h1, ..., hr],

for all g, f ∈ Qp[X].
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Appendix A

Alternative Descriptions of
Divisibilities

There are another ways of interpreting divisibilities and they may be useful
if someone is interested into finding examples of abstract divisibilities or to
understand them using another point of view.

In this appendix, we would like to show an equivalent notion of divisibility,
namely, of divisibility maps, which is very similar to the notion of (Bourbaki)
valuations of commutative rings.

Such maps seem to have a better intuitive appeal for who is familiar with
valuation maps.

What we actually do to define divisibility maps is to change the or-
dered abelian group, used for valuation maps, by a partially ordered abelian
monoid, the infinity symbols ∞ by the 0 of the multiplicative monoid, and
the second condition of valuations by another weaker condition.1

More precisely:

Definition A.1 Let (M, · ,≤) a partially ordered (p.o.) abelian monoid
with zero 0. A divisibility map of A is a surjective map δ : A → M
satisfying

1. δ(a · b) = δ(a) · δ(b)

2. δ(a) ≤ δ(b), δ(a) ≤ δ(c)⇒ δ(a) ≤ δ(b± c)

3. 0 � 1

Note that we allready have δ(1) = 1 and δ(0) = 0 because of the surjec-
tivity of δ.

1A theory of monoids can be found, for example, in [7] or [23].
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In Example(2.1.11)(18), we have seen that a divisibility map δ always
defines a divisibility |δ of A putting

(∀a, b ∈ A) : a |δ b :⇔ δ(a) ≤ δ(b)

The next theorem shows that the converse is also true, i.e., for each
divisibility | of A we can define a divisibility map δ( | ).

Theorem A.2 For each divisibility | of A there is an associated divisibility
map δ( | ) : A → D, for some partially ordered abelian monoid (D, · ,≤),
such that

a | b⇔ δ(a) ≤ δ(b)

Proof : Let | be a divisibility on A. For each a, b ∈ A define

a || b :⇔ (a | b) ∧ (b | a)

From the transitivity and reflexivity of | follows that || defines an
equivalence relation on A. Let δ(a) denote the equivalence class of some
a ∈ A and δ(A) the set of equivalence classes of A under this relation.

We define an operation � : δ(A)× δ(A)→ δ(A) by

(δ(a), δ(b)) 7→ δ(a)� δ(b) := δ(ab)

Taking a, a′, b, b′ ∈ A such that δ(a) = δ(a′) and δ(b) = δ(b′), then

a | a′, b | b′ ⇒ ab | ab′ | a′b′ and a′ | a, b′ | b⇒ a′b′ | ab′ | ab

and hence ab || a′b′, i.e., δ(ab) = δ(a′b′). Thus � is well-defined on δ(A).
By definition the map δ : (A, · ) → (δ(A),�) is an epimorphism, and

hence (δ(A),�) is an abelian monoid. We define a partial order on δ(A)
associated to | declaring

(∀a, b ∈ A) : δ(a) ≤ δ(b) :⇔ a | b

It is well-defined, because, if a || a′ and b || b′, then a | b ⇔ a′ | b′. By
properties (2.1), (2.2, (2.4), (2.5) of divisibilities it follows that (δ(A),�,≤) is
a partially ordered monoid with 0δ � 1δ.

Moreover, for all a, b, c ∈ A,

δ(a) ≤ δ(b), δ(a) ≤ δ(c)⇒ a | b, a | c⇒ a | (b± c)⇒ δ(a) ≤ δ(b± c)

and therefore δ is a divisibility map.
�
In the valuation case, there is a 1-1 correspondence between valuation

rings and equivalence classes of valuation maps. Here the same will be true
if we define:
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Definition A.3 Two divisibility maps δ1 : A → D1 and δ2 : A → D2 are
equivalent if there is some order-isomorphism ρ : D1 → D2 such that δ2 =
ρ ◦ δ1. In this case we write δ1 ≡ δ2.

In the next theorem we use the same letter to denote th divisibility map
δ and its equivalence class.

Theorem A.4 The maps

| α7→ δ( | ) , δ
β7→ |δ

induce bijections between the set of divisibilities of A and the sets of equivalent
divisibility maps of A.

Proof : Suppose that δ is equivalent to γ, i.e., there is an order-isomorphism
ρ : γ(A)→ δ(A) such that δ = ρ ◦ γ.

Then, for all a, b ∈ A,

a |δ b⇔ ρ(γ(a)) = δ(a) ≤δ δ(b) = ρ(γ(b))⇔ γ(a) ≤γ γ(b)⇔ a |γ b

and hence β is well-defined.
For each divisibility map δ : A→ δ(A), divisibility | of A and a, b ∈ A

a | b⇔ δ( | )(a) ≤ δ( | )(b)⇔ a |δ( | ) b

δ(a) ≤ δ(b)⇔ a |δ b⇔ δ( |δ )(a) ≤ δ( |δ )(b)

From the first we conclude that | = |δ( | ), i.e., α ◦ β = id. From the
second

δ(a) = δ(b)⇔ δ( |δ )(a) = δ( |δ )(b), (A.1)

We define then

ρ : δ(A)→ δ( |δ)(A) , δ(a) 7→ δ( |δ)(a)

It follows at once from (A.1) that ρ is a bijection and it is well-defined.
Moreover,

ρ(δ(a) · δ(b)) = ρ(δ(ab)) 7→ δ( |δ)(ab) = δ( |δ)(a) · δ( |δ)(b)

and hence ρ is a homomorphism, and as the same argument can be used for
ρ−1, we have an isomorphism, which implies the equality of the equivalence
classes of δ and δ( |δ).

Thus β ◦ α = id and hence α and β are inverses of each other.
�
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Remark A.5 δ1 and δ2 are equivalent if, and only if, |δ1 = |δ2.

Definition A.6 Let δ, γ be two divisibility maps of A. We say that γ ex-
tends δ if, and only if, |δ⊆ |γ.

The relationship between a divisibility an extension of itself can be de-
scribed via the diagram of the next proposition.

Proposition A.7 Let δ : A → δ(A) and γ : A → γ(A) be two divisibility
maps of A. Then γ extends δ if, and only if, there is an order-preserving
epimorphism ρ : δ(A)→ γ(A) such that the following diagram commutes

A

δ
��

γ // γ(A)

δ(A)

ρ

;;

Proof : If there is such order-preserving epimorphism ρ : δ(A)→ γ(A) then

a |δ b⇔ δ(a) ≤δ δ(b)⇒ γ(a) = ρ(δ(a)) ≤γ ρ(δ(b)) = γ(b)⇔ a |γ b

for all a, b ∈ A.
Conversely, suppose that |δ⊆ |γ. Define ρ : δ(A)→ γ(A) by δ(a) 7→ γ(a)

for all a ∈ A. We claim that it is well-defined, because

δ(a) = δ(b)⇔ a ||δ b⇒ a ||γ b⇔ γ(a) = γ(b)

for all a, b ∈ A. By its definition ρ is an epimorphism satisfying ρ ◦ δ = γ
and respects the ordering, as the following shows

δ(a) ≤δ δ(b)⇔ a |δ b⇒ a |γ b⇔ γ(a) ≤γ γ(b)

�
We also note that we can always define the operator S just using the

divisibility maps δ, instead of its associated binary relation | , and hence all
the results using S could be written using divisibility maps.

In fact, If | is a divisibility of A, we can see that,

∀X ∈ P(A) : M(X) = δ−1(U(X))

where
U(X) := {γ ∈M : γ ≥ δ(x) for some x ∈ X}

and δ is some divisibility map associated to | .

128



Now, the last thing we want to do in this appendix is to exhibit the
divisibility map of the divisibility |d of Example(2.1.11)(15), defined by the
map d : Zp[X]→ Z, where

d(a0 + a1X + ...+ anX
n) =

{
−n if n > 0
vp(a0) if n = 0

The first observation is that d is not a divisibility map from A to the
ordered abelian group (Z,+,≤), because d is not a monoid homomorphism
between the monoids (A, · ) and (Z,+). In fact,

−1 = d(X · p) 6= d(X) + d(p) = −1 + 1 = 0

Actually Z must be seen as just the universe of the commutative monoid
(Z,⊕,≤) of our divisibility map, where⊕ is not necessarily the usual addition
or the usual multiplication.

However, taking ≤ as the usual order relation of Z and ⊕ as the operation
defined, for all n,m ∈ Z, by

n⊕m =

{
n+m , if s(n) = s(m)
min{n,m} , if s(n) 6= s(m)

where

s(n) :=

{
1 , if n ≥ 0
−1 , if n < 0

the reader can easily verify, using an operation table, that (Z,⊕,≤) is an
ordered abelian monoid.

Moreover, the map d : Zp[X] → (Z,⊕,≤) is indeed a divisibility map
associated to |d !
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Appendix B

A Minimum Principle

In this appendix, we give a minimum principle for total divisibilities. Al-
though total divisibilities are not of our main interest, this principle can be
useful, at least to simplify some calculation with S, when this is defined
using a total divisibility | .

First we remember the part of Definition(2.1.4) related to totality.

Definition B.1 Let | be a divisibility of A and X ⊆ A. Then | is called
total on X if

(∀x, y ∈ X) : (x | y) ∨ (y | x)

Clearly | is total if, and only if, | is total on A.

The next proposition is actually the main result.

Proposition B.2 Let | be a divisibility of A. If | is total on X ⊆ A, then

S(X) = S

(⋃
x∈X

{x}

)
=
⋃
x∈X

S(x)

Proof : If y ∈ S(X) then there are x1, ..., xn ∈ X such that

y ∈ S(x1, ..., xn)

If n = 1 then y ∈ S(x1) ⊆
⋃
x∈X

S(x). Suppose that for all sets with

1 ≤ r ≤ n elements we have

S(x1, ..., xr) =
⋃

1≤i≤r

S(xi)
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If we take x1, ..., xn, xn+1 ∈ A, then we can suppose, without loss of
generality, that xn | xn+1. Therefore

y ∈ S(x1, ..., xn, xn+1) ⊆ S(x1, ..., xn, xn) = S(x1, ..., xn) =
⋃

1≤i≤n

S(xi)

�
The minimum principle that we want is the following consequence of the

last proposition.

Theorem B.3 (Minimum Principle) Let | be a divisibility of A and X ⊆
A. Then

∀ |v ∈ V ( | ) :

(
y ∈ S(X)⇒

∨
x∈X

x |v y

)

Proof : As |v is total on each subset X ⊆ A for all |v∈ V ( | ), we conclude
that

Sv(X) =
⋃
x∈X

Sv(x)

by Proposition(B.2).
Now, by Remark(2.2.8), we have S(X) ⊆ Sv(X), and then follows the

conclusion.
�
Lastly, we would like to note that in general total divisibilities do not

have a prime support. However, their supports have a property closer to
primality, namely,

Proposition B.4 If | is total, then

ab ∈ I( | )⇒ a2 ∈ I( | ) or b2 ∈ I( | )

Proof : For each a, b ∈ A, a | b or b | a. Then

0 | ab⇒ (0 | ab | a2) ∨ (0 | ab | b2)

�
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Appendix C

Kaplansky’s Lemma

In this appendix, we prove the theorem used in the p-adic Representation
Theorem, assuring that each subalgebra of CX := C(X,Qp) separating points
is dense in CX , when X is a compact space.

We prove a more general version1 that holds for each C(X,K), where K
is a field with a non-Archimedean absolute value | · |, or equivalently, with a
valuation v of rank 1.

The main result used in the proof of this theorem is the following lemma
due to I. Kaplansky2.

Lemma C.1 Let (F, | · |) be a non-Archimedean valued field and x ∈ F\{0}
a fixed element. Then, for each compact subset K ⊆ F , there is a polynomial
f ∈ F [X] such that

• f(x) = 1.

• f(0) = 0.

• |f(k)| ≤ 1 for all k ∈ K.

Proof : Let v be the valuation corresponding to | · | and 3

Ov := {a ∈ F : |a| ≤ 1}, M := {a ∈ F : |a| < 1}

its valuations ring and maximal ideal, respectively.
Take x ∈ F\{0} and K ⊆ F compact. For each c ∈ K, the sets

c ∈ Uc := {k ∈ K : v(k) = v(c)},
1Such known result can be found in [3] or [21].
2As in his article [10].
3If | · | is an absolute value, then v(·) := − ln | · | is the valuation of rank 1 corresponding

to | · |. For more details see Chapter(1) of [19].

133



are clopen set in K, and then

K =
⋃
c∈K

Uc
K compact⇒ K =

⋃
1≤i≤n

Uci , for some ci ∈ K,

As Uci is closed in K, it is also compact in F , and hence 1 − c−1
i Uci is

compact too, because

x 7→ c−1
i x and x 7→ 1− x

are homeomorphisms.
Now note that

Uc ⊆ c(1 +Mv)

for all c ∈ K, and hence 1− c−1
i Uci ⊆Mv, for each ci 6= 0.

Thus,

1− c−1
i Uci ⊆

⋃
m∈Mv

{a ∈ F : v(a) ≥ v(m)} =Mv

implies, by its compactness, the existence of m1, ...,mli ∈M such that

1− c−1
i Uci ⊆

⋃
1≤j≤li

{a ∈ F : v(a) ≥ v(mj), mj ∈Mv},

and then, for each i ∈ {1, ..., n}, there is

min{v(mj) : 1 ≤ j ≤ li} =: αi ∈ Z+

such that
v(x) ≥ αi > 0 for all x ∈ 1− c−1

i Uci

We can suppose that the ci’s are numbered such that

v(c1) ≥ ... ≥ v(cn) (C.1)

We take just the ci’s different to zero. Thus, without loss of generality,
we can suppose that c1 6= 0.

Then, the Proposition follows from the next claim.

Claim C.2 There are n1, ..., nr ∈ N such that

f(x) := 1− (1− x−1X)(1− c−1
1 X)n1 ...(1− c−1

r X)nr

satisfies the conditions of the Proposition.
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In fact, f(x) = 1 and f(0) = 0, and hence it is enough to choose the ni’s
such that

|f(k)| ≤ 1 for all k ∈ K,
or equivalently, v(f(k)) ≥ 0 for all k ∈ K.

Thus, it is sufficient to verify that

v(1− x−1k) + n1 · v(1− c−1
1 k) + ...+ nr · (1− c−1

r k) ≥ 0, (C.2)

for all 0 6= k ∈ K.
As αi > 0, for each 0 ≤ i ≤ n, we can define ni recursively by

i = 1 : Take n1 such that v(x−1c1) + n1α1 ≥ 0
i = 2 : Take n2 such that v(x−1c2) + n1 · v(c−1

2 c1) + n2α2 ≥ 0
...

i = r : Take nr such that v(x−1cr) +
r−1∑
j=1

nj · v(c−1
j cr) + nrαr ≥ 0

With such choice, (C.2) is true. In fact, if

0 6= k ∈ K =
⋃

1≤i≤r

Ur,

then k ∈ Ui, for some i, and hence

v(k) = v(ci), v(1− c−1
i k) ≥ αi and v(c−1

j ci) = v(c−1
j k) for all 1 ≤ j ≤ r

Moreover, by our assumption in (C.1),

0 ≤ v(c−1
j ci) = v(c−1

j k), for all j ≥ i

Thus,

v(x−1ci) +
i−1∑
j=1

nj · v(c−1
j ci) + niαi ≥ 0

implies (C.2).
�
Let X be a compact space and (F, | · |) a non-Archimedean valued field

with associated valuation v of rank 1, where | · | := ev( · ).
We endow the ring of continuous functions C(X,F ) with the topology

given by the sup-norm

||f || := sup{|f(x)| : x ∈ X}.

Then we have the following analogous to Stone-Weierstrass theorem in
this case also due to I. Kaplansky.4

4The proof of this theorem was adapted from Chapter(9) §2 of [21].
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Theorem C.3 Let (F, | · |) be a non-Archimedean valued field and X a com-
pact space. Let A ⊆ C(X,F ) be a F -algebra with 1 ∈ A and separating points
of X. Then A is dense in C(X,F ) with respect to the sup-norm.

Proof: Take f ∈ A. Since X is compact, f(X) ⊆ F is compact. Now, for
every ε > 0,

f(X) ⊆
⋃
t∈X

Bε(f(t)),

where Bε(f(t)) is the open ball of radius ε and center f(t).
By compactness of f(X), there are t1, ..., tn ∈ X such that

f(X) ⊆ Bε(f(t1)) ∪ · · · ∪Bε(f(tn)).

Let B1 := Bε(f(t1)) and, for each 2 ≤ i ≤ n,

Bi := Bε(f(ti))−
⋃
j<i

Bε(f(tj)).

Then Bi are pairwise disjoint and clopen, and their union covers f(X).
Therefore, the union of the sets Ui := f−1(Bi) forms a pairwise disjoint
clopen cover of X.

If t ∈ X, then t ∈ Ui for some 1 ≤ i ≤ n and t /∈ Uj for all j 6= i.
Thus, if χk := χUk is the characteristic function of Uk, we have χi(t) = 1 and
χj(t) = 0 for all j 6= i.

Now, t ∈ Ui implies |f(t)− f(ti)| ≤ ε and then |f(t)− g(t)| ≤ ε, where

g :=
n∑
k=1

f(tk) · χk.

Therefore, it is sufficient to prove that g is in the closure of A in C(X,F ).
To show this, it is enough to see that χk is in the closure of A for each
1 ≤ k ≤ n.

Let U be a clopen subset of X and 0 < ε < 1. Fix x ∈ X with x /∈ U .
For each t ∈ U , as t 6= x and A is a separating unitary algebra (1 ∈ A) of
C(X,F ), there is gt ∈ A such that

gt(t) = 0 and gt(x) = 1

In fact, there is h ∈ A such that h(x) 6= h(t), and then we can take

gt :=
h− h(t)

h(x)− h(t)
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By Kaplansky’s lemma, i.e., Lemma(C.1), there exists a polynomial pt :
F → F , whose constant term is zero, pt(1) = 1 and |pt(s)| ≤ 1 for all s in
the compact set gt(X) ⊆ F .

Then ft = pt ◦ gt belongs to A, ft(t) = 0, ft(x) = 1 and

||ft|| = sup{|ft(y)| : y ∈ X} ≤ 1.

By continuity of ft, there exists a neighborhood Nt of t such that ft(y) < ε
for all y ∈ Nt.

Since U is compact, there are t1, ..., tn ∈ U such that

U ⊆ Nt1 ∪ · · · ∪Ntn

If
fx = ft1 · ... · ftn ,

then

fx ∈ A, fx(x) = 1, ‖f(x)‖ ≤ 1 and |fx(y)| < ε for all y ∈ U

Now hx = 1− fx belongs to A too, since 1 ∈ A. Moreover,

hx(x) = 0 and |1− hx(y)| < ε for all y ∈ U

By continuity of hx, there exists an open neighborhood Wx of x such that
|hx(y)| < ε for all y ∈ Wx. Since X\U is compact, there are x1, ..., xm ∈ X\U
such that

X\U ⊆ Wx1 ∪ · · · ∪Wxm .

Define h = hx1 · ... · hxm . Then h ∈ A. Moreover, if y /∈ U , then y ∈ Wxi

for some 1 ≤ i ≤ m and |hxi(y)| < ε, because ||hxi || ≤ 1 for all i. Thus

|h(y)| < ε for all y /∈ U (C.3)

On the other hand, if y ∈ U , then |1− hxi(y)| < ε for all 1 ≤ i ≤ m. We
claim that

|1− hx1(y) · ... · hxk(y)| < ε, for all 1 ≤ k ≤ m.

This is clear for k = 1. Suppose the claim is true for 1 ≤ k < m. Then

|1− hx1(y) · ... · hxk+1
(y)| =

= |1− hxk+1
(y) + hxk+1

(y)− hx1(y) · ... · hxk(y) · hxk+1
(y)|

≤ max{|1− hxk+1
(y)|, |hxk+1

(y)| · |1− hx1(y) · ... · hxk(y)|}
≤ max{|1− hxk+1

(y)|, |1− hx1(y) · ... · hxk(y)|},
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because |hxk+1
(y)| ≤ 1.

By induction hypothesis |1− hx1(y) · ... · hxk(y)| < ε, and then the claim
is true for k + 1. In particular, for k = m

|1− h(y)| < ε for all y ∈ U (C.4)

From (C.3) and (C.4), we see that ||χU − h|| < ε for all 0 < ε < 1 and all
clopen U ⊆ X.

�
As a corollary we have.

Corollary C.4 Let A be an unitary Q-subalgebra of the ring of p-adic valued
continuous functions C(X,Qp), where X is a compact space.

If A separates points of X, then it is a dense Q-subalgebra of C(X,Qp)
with respect to the p-adic sup-norm induced by the p-adic absolute value | · |p,
i.e., the norm ‖ · ‖ given by

‖f‖ = sup{|f(x)|p : x ∈ X}

for all f ∈ C(X,Qp).

Proof: If A is an unitary Q-subalgebra of C(X,Qp) separating points of
X, then B := Qp · A 5 is an unitary Qp-subalgebra of C(X,Qp) separating
points of X (For each x 6= y take some separating function f ∈ A).

As X is compact, Theorem(C.3) assures that B is dense in C(X,Qp). As
Q is dense in Qp, it follows that Q ·A = A is dense in Qp ·A = B, and hence
A is dense in C(X,Qp).

�

5Here we use Qp · A to denote the Qp-vector space generated by A, and not the set
{α · a : α ∈ Qp and a ∈ A}, as used in the other parts of this dissertation.
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