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Abstract

Let A be a commutative ring with Q C A and p a prime number. We want
to investigate which properties such ring must satisfy to be representable in a
ring of p-adic valued continuous functions C'(X,Q,), where X is a Hausdorft
quasi-compact topological space, i.e., compact.

By a representation, we mean a homomorphism

A C(X,Q,)

such that ®(1) = 1, which is called dominant when ®(A) is dense in C'(X, Q,)
with respect to the p-adic sup-norm.
This will be done after studying divisibilities of commutative rings A

introduced axiomatically. In particular, we will observe the canonical p-
divisibility |o of C(X,Q,), defined by

glofeVereX: v(g9(x)) <uv(f(z)),

where v, is the p-adic valuation of Q,,.

After some results, we conclude that the existence of an abstract p-
Archimedean divisibility | of A is sufficient to assure the existence of a dom-
inant representation ® : A — C(V,"( [ ), Q).

Here V**( | ) denotes the set of maximal p-valuations of A extending |.
It will be endowed with a topology which turns it into a compact space.

If | satisfies a certain property, we can even characterize the kernel of @,
using a Local-Global Principle, namely

L["aforall ["€ V"™ (])=1]a,

where a is an arbitrary element of A. Consequently, it will be possible to
determine when ® is an isomorphism.

Part of the ideas and constructions used in this thesis can be interpreted
as analogous to that used for the study of representations of commutative
rings in rings of real valued continuous functions C'(X,R) with X compact.

Actually, the theory of Archimedean rings and its representations were
the motivation for this work and we followed the well succeeded philosophy,
already used in [11] and [20], of finding results in the p-adic case in analogy
to the ones known in the real case.






Zussamenfassung

Sei A ein kommutativer Ring mit QQ C A und p eine Primzahl. Wir wollen
untersuchen, welche Eigenschaften ein solcher Ring erfiillen muss, so dass es
eine Darstellung in einen Ring von p-adischen wertigen stetigen Funktionen
C(X,Q,) gibt, wobei X ein Hausdorffscher quasi-kompakter topologischer
Raum ist, d.h., ein kompakter Raum.

Unter einer Darstellung verstehen wir einen Homomorphismus

o:A—C(X,Qp)

mit ®(1) = 1, welche dominant gennant wird, falls ®(A) dicht in C'(X,Q,)
beziiglich der p-adischen Supremumsnorm ist.
Um dies zu erreichen studieren wir axiomatisch eingefiihrte Teilbarkeiten

von kommutativen Ringen A. Insbesondere betrachten wir die kanonische
p-Teilbarkeit | von C(X,Q,), welche durch

glofeVere X v(g9(x)) <uv,(f(z)),

definiert ist, wobei v, die p-adische Bewertung von Q, ist.

Nach einigen Ergebnissen schlieflen wir, dass die Existenz einer abstrakten
p-Archimedischen Teilbarkeit | von A hinreichend ist, um die Existenz einer
dominanten Darstellung ® : A — C(V,;**( | ),Q,) zu gewéhrleisten.

Hierbei bezeichnet V;**( | ) die Menge aller maximalen p-Bewertungen
von A, welche | fortsetzen. Diese wird mit einer Topologie ausgestattet, so
dass sie ein kompakter topologischer Raum wird.

Wenn | eine gewisse Eigenschaft erfiillt, kénnen wir sogar den Kern von
| mittels eines Lokal-Global Prinzips charakterisieren, ndmlich durch

L["a fiir alle "€ V*(|)=1]a,

wobei a ein beliebiges Element von A ist. Infolgedessen wird es mdoglich zu
bestimmen, wann ¢ ein Isomorphismus ist.

Ein Teil der verwendeten Ideen und Konstruktionen, die in dieser Dis-
sertation benutzt wurden, kann als analog zu denen interpretiert werden,
die fiir das Studium von Darstellungen von kommutativen Ringen in Ringen
von reellwertigen stetigen Funktionen C'(X, R) mit kompaktem X verwendet
wurden.

Eigentlich waren die Theorie der Archimedischen Ringe und ihrer Darstel-
lungen die Motivation fiir diese Arbeit und wir folgten der erfolgreichen
Philosophie der Suche nach Ergebnisse im p-adischen Fall in Analogie zu
bereits bekannten Ergebnissen im reellen Fall, wie es in [11] und [20] verwen-
det wurde.






Contents

Introduction 1
1 Representing commutative rings in C(X,R) 5
2 Axiomatic Theory of Divisibilities 15
2.1 General Definitions and Examples . . . . . . .. .. ... ... 16
2.2 Minimal Extensions and Set Operators . . . . . .. .. .. .. 32
2.3 Maximal Divisibilities and Valuations . . . . . . ... ... .. 45
2.4 Divisibilities with Cancellation and Minimal Extensions in C,(A) 53
2.5 Cancellation by Elements . . . . . . .. ... ... ... ... .. 62
2.6 Topologieson E(A) . . . . .. ... oo 67
3 p-adic Representation Theorems 75
3.1 p-Extensions and p-Valuations . . . . . .. ... ... ..... 76
3.2 p-Archimedean Divisibilities . . . . . . . ... ... ... ... 81
3.3 Maximal p-Archimedean Divisibilities . . . . . . ... ... .. 87
3.4 Representing rings in C'(X,Q,) . . . ... .. ... ... ... 90
3.5 Algebraic Properties of C'(X,Q,) x Topological Properties of X 101
3.6 Maximal p-valuations of Q,[Xy,..., X,] . . . . ... ... ... 116
A Alternative Descriptions of Divisibilities 125
B A Minimum Principle 131
C Kaplansky’s Lemma 133






Introduction

It is usual in mathematics the attempt of finding representations of a class of
mathematical objects in another, aiming to find new properties of the class
of interest.

The first question to be posed is about the existence of such represen-
tations, or more precisely, we want to answer if, given an object, there is a
representation of it as an object of another desired class.

For example, we can fix the class of all rings of continuous functions
C(X,K), where K is a completion of Q, with respect to some absolute value
of Q, and X is a compact space!, and we ask when a commutative ring A
containing Q has a representation in some C(X, K).

Here we understand that it is reasonable to define a representation as a
ring homomorphism

®:A— C(X,K) with ®(1) = 1

As C(X,K) is even a normed space with respect to the sup-norm, it
is also possible to observe the class of dominant representations, i.e.,
representations ® as above, with ®(A) dense in C'(X,K), with respect to
this norm.

It is well-known that each absolute value of Q is equivalent, either to the
usual absolute value | - |, or to the p-adic absolute value | - |,, for some
prime number p. It follows that the completion K is, either the field of real
numbers R, or a field of p-adic numbers Q,, for some prime p.

The representations for the case K = R were studied since the beginning
of the last century, and M. Stone was the first to give a characterization
of commutative rings containing Q being isomorphic to C'(X,R), for some
compact space X .2

With the advent of modern Real Algebra, the problem of finding rep-
resentations, and describing its kernel, could be solved using the concepts
of preorderings and orderings of commutative rings and some Local-Global

!By compact we mean quasi-compact and Hausdorff.
2 Articles [24] and [25].



Principles, in particular for Archimedean preorderings, which can be deduced
using the Positivstellensatz.

Following this development, it also started the study of topics related to
p-adic numbers and p-adic Algebra, inspired by some ideas emerged from the
real case.

In this thesis, we are interested into characterize the class of commutative
rings A, containing Q, that admit a representation in the ring of continuous
functions C(X,Q,), with X compact. We try to do this in analogy to the
characterization given in real algebra.

In order to do this, we introduce divisibilities axiomatically and inter-
pret them as a weak notion of valuations. In particular, the introduced
p-divisibilities will be the weak notion of p-valuations.

The p-divisibilities can be interpreted as the equivalent in the p-adic
case to preorderings and the p-valuations to orderings of the correspond-
ing real case. Following this correspondence, we also define a notion of
p-Archimedean divisibilities, which should correspond to Archimedean pre-
orderings.

In this work, we will prove that each commutative ring A containing Q
and having a p-Archimedean divisibility admits a dominant representation
in C(V;"( | ),Qp), where V**( | ) is the set of all maximal p-valuations
extending | , which will be endowed with a natural topology, turning it into
a compact space.

We will also find some p-adic Local-Global Principles that will help us to
describe the kernel of such representations (which are interesting by them-
selves) and hence it will be possible to give a characterization of commutative
rings isomorphic to C(X,Q,), for some compact space X.

At the end, we will compare the topological properties of the spaces used
by representations and the algebraic properties of the represented rings. We
also determine when a commutative ring A O Q is in C(Xg,(4),Q,) repre-
sentable, where Xg, (A) is the set of all homomorphisms of A in Q,, endowed
with a suitable topology.

To see that there is indeed some analogies between the real case and the
p-adic case, we observe that it is possible to find representations in the real
case because

R1. Q is dense in R.
R2. R? is the unique ordering of R.

R3. If T'is an Archimedean preordering of a commutative ring A, then the
set of orderings extending 7" is non-empty.



R4. The set of maximal orderings extending a given preordering 7T is com-
pact with respect to the real spectral topology.

R5. Every field F' having an Archimedean preordering 7' can be T-embedded
into R, i.e., there is an embedding « satisfying o(7T") C R2.

and the description of the kernel uses that

R6. There exists a Positivstellensatz for preordered rings, implying a real
Local-Global Principle for Archimedean preorderings.

In the p-adic case it was known that

P1. Q is dense in Q,.

P2. Z, is the unique p-valuation ring of Q,.
However, we prove in this thesis that

P3. If | is an p-Archimedean divisibility of a commutative ring A, then the
set of p-valuations extending | is non-empty.

P4. The set of p-valuations extending a given p-divisibility | is compact
with respect to the p-adic spectral topology (defined in Section(2.6)).

P5. Every field F' having a p-Archimedean divisibility | can be |-embedded
into @Q,, i.e., there is an embedding « satisfying

al b= vy(a(a)) <v,(a(d)),
for all a,b € F.
and also

P6. There are p-adic Local-Global Principles for rings with p-divisibilities,
and some special ones for a class of p-Archimedean divisibilities, en-
abling the description of the kernel of canonical representations and the
characterization of commutative rings isomorphic to some C(X,Q,),
with X compact.

Even being the correspondence between the properties R1-R6 and P1-P6
not just a substitution of symbols, the similarities are clear. That is why we
start our work in the first Chapter reviewing how we represent rings in the
real case.






Chapter 1

Representing commutative
rings in C'(X, R)

In this chapter we present the well-known results about representations of
commutative rings in the ring of continuous functions C'(X,R), for some
compact space X.

Such representations in the real case serve as a motivation for the work
developed in Chapter 3, where we study representations of commutative rings
in C(X,Q,), with X compact.

Most results of this chapter are presented without proofs, which can be
found in the literature related to them, like [18] and [13].

Let A be a commutative ring containing Q. We start asking

When is A in C(X,R) representable for some compact space X ?

i.e., when exists a homomorphism ¢ : A — C(X,R) in the ring of real valued
continuous functions on X with ®(1) = 1, which is called a representation
of A in C(X,R).

To simplify the writing, we will also use C'x to denote the ring C'(X,R)
in this chapter.

If we define the R-spectrum of A as

Xr(A) :=={a: A — R : «is a homomorphism and «a(1) =1},
the next theorem can be used to solve the problem above in terms of Xg(A).

Theorem 1.1.1 Let A be a commutative ring. There is a representation
®: A — Cx, for some compact space X, if, and only if, Xr(A) # 0.

Proof : In fact, if o« € Xg(A), taking X = {z}, we have a representation

a: A= R~C{z},R),

b}



and of course X is compact with respect to the trivial topology.

Conversely, if ® : A — Cx is a representation, for any z € X, we can
define a homomorphism «, : A — R, putting a,(a) := ®(a)(zx).

|

Note that the implication from left to right used the information of just
one point o € Xg(A), giving a very poor representation of A.

We are not interested in such representations, but in those giving us as
much as possible informations about the ring A. To do this, we try to find
optimal representations of A, which is a representation ® : A — C'y with
X homeomorphic to Xg(A).

It is also desired to relate properties of A with topological properties
of C'x. That is why we want X compact, because then we can define the
sup-norm on C'x, making it a complete normed R-algebra.

In order to have richer representations, we ask

When is A in Cx,(ay representable? Is Xgr(A) compact?

The first question has always a positive solution. In fact, if we endow
Xgr(A) with the topology generated by the open sub-basis consisting of the
sets

U, ={a e Xg(A) : ala) > 0},
for each a € A, then the map a — @, where
a: Xg(A) =R, ala) = ala)

defines a representation ® : A — Cx,(a), because it can be verified that @ is
continuous.

Moreover, Xg(A) is Hausdorff and ®(A) separates point of Xg(A), be-
cause

a# € Xp(A) = (Ja € A):ale) = ala) # Bla) = al(p),

and hence a separates o and (3, and, without loss of generality,

(3¢ € Q) : afa) > ¢ > S(a)

TR ala—q) > 0> Bla—q)
= a €Uy, BEU_qyy,
and Uy,—q NU_q1q =10

proving the Hausdorff property.

However, in general, Xg(A) is not quasi-compact. For example, if A =
R[X1, ..., X,,] is the ring of polynomials in n variables over R, it can be ver-
ified that R™ and Xg(A) are homeomorphic, and hence Xg(A) is not quasi-
compact.

The study of Xg(A) is also related to (pre)orderings of A, defined
below.



Definition 1.1.2 Let A be a commutative ring with 1. A preordering of
A is a subset T C A satisfying

e I'+TCT

e - TCT

o A2:={d*:a€ A} CT

e —1¢T

The preordering T is called an ordering of A, if it also satisfies
e TU-T=A

o supp(T) :=T N =T is a prime ideal of A

The set supp(T) is called support of T. Note that supp(T) is always an
ideal of A when T'U =T = A.
We define the real spectrum of A as the set

Sper(A) :={P C A: P is an ordering of A}

For example, the set R? defines an ordering of R (the usual) having also
a special property, called Archimedean property.

Definition 1.1.3 Let A be a commutative ring containing Z. A (pre)ordering
T of A is called Archimedean, if it satisfies

VaeA)(FIneN):(n—a)eT
We define also
Archr(A) :={P € Sper(A) : P is Archimedean}

An example of Archimedean preordering is the set of totally positive
continuous functions of C'x, when X is quasi-compact, namely

To:=To(X)={feCx : VxeX): f(z)>0}, (1.1)

also called canonical preordering of C.

We can endow Archr(A) with the relative real spectral topology,
which is in general defined for the whole real spectrum Sper(A), as the
topology generated by the open subbasis consisting of the sets

U, :=U,(A) :={P € Sper(A) : a ¢ —P},

for all a € A.
The main result linking the topological space Xg(A) with Archimedean
orderings is:



Theorem 1.1.4 Archr™®(A) is homeomorphic to Xg(A), for each commu-
tative ring A, where the first is the set of mazximal Archimedean orderings

Archr™(A) := {P € Archr(A) : there is no P' € Archr(A) with P S P'}

The homeomorphism is given by the map P — «ap, where ap : A —
A/supp(P) is the canonical projection a — a + supp(P).

Moreover, given a preordering T of A, Archri®(A) is homeomorph to

Xrr(A), where
Archrp®™(A) := {P € Archr™*(A) : PDO T}
and
Xrgr(A) :=={a € Xg(4) : o(T) CR?*}

The proof of this theorem uses that a~!(R?) is a maximal Archimedean
ordering of A, for each o € Xg(A), and the following important lemma.
Lemma 1.1.5 For each P € Archr(A),

P e Archr™™(A) & [ap : A = R with a € P < ap(a) > 0]

For this lemma, some characteristic properties of the field of real numbers
R were used, namely:

e Q is dense in R. (used implicitly)
e R? is the unique ordering of R.

e Every Archimedean ordered field can be order-embedded into R.

We will also need to study a certain class of representations of A in Cy,
for X compact, namely, the dominant representations ® : A — C, i.e.,
representations with ®(A) dense in Cx, with respect to the sup-norm of C.

Remember that the representation a — a used above separates points,
and hence it is also dominant, when Xg(A) is quasi-compact, because of the
Stone-Weierstrass Theorem. Thus, it is reasonable to observe such a class of
representations.

We also need the following result.

Proposition 1.1.6 For a compact space X,
Archrp™(Cx) ="' Sperp™(Cx) ={P, : x € X}

where P, == {f € Cx : f(x) > 0}, for each x € X, and Ty is the canonical
preordering of C'x.
The map x — P, defines a homeomorphism between X and Archrf™(Cx).

!Every ordering P, extending an Archimedean preordering T, is also Archimedean.

8



In general, given a surjective representation ® : A — B, where A and
B are commutative rings containing Q, and an Archimedean preordering T’

of B, we can prove the following theorem, relating Archrif**(B) with some
subspace of Archr™®*(A).

Theorem 1.1.7 Let A and B be commutative rings containing Q. Take
® : A — B a surjective representation, T an Archimedean preordering of B
and Ty := ®1(T) the Archimedean preordering of A induced by T and ®.
Then

X1y r(A) ~ Archrjn{lf‘x(A) ~ Archrip®™(B) ~ Xrgr(B)

Proof : We first claim that the maps

0 : Archri(A) — Archri™(B) , P — ®(P)
W : Archrif®™(B) — Archri®™(A), P~ ®7'(P)

are well-defined.
It is easy to verify that ®~!(P) is an ordering of A containing Tp. We
will also verify that ®(P) is an ordering of B for all P € Archrf>*(A).
First note that

P(@(Y)) =Y forall Y C B, (1.2)

because ® is surjective.
Thus, if P € Archri®(A), then

T = &(d-Y(T)) C &(P)
Moreover, clearly
o O(P) + ®(P) C (P),
o B(P)-B(P) C @(P),
o B? = &(A%) C &(P) (by surjectivity);

because @ is a surjective homomorphism, but maybe —1 = &(—1) € ®(P),
and in this case
(FpeP):d(1+p) =0

However, this does not happen, because otherwise
l+pedt{ohCco N TN-T)=0T)N -0 (T) =Tp N —Tp

and hence ep »
—1-peTy B —1-peP ™S —1€P,

9



a contradiction.
Therefore —1 ¢ ®(P) and hence ®(P) is a preordering of B. Now, we
can extend the preordering ®(P) to some maximal ordering of B, say

P e Sperg(py(P) C Sperp™(B) = Archry®™(B),
by the fundamental theorem:

Theorem 1.1.8 Let T be a preordering of A. Then Sperif®*(A) # ().

Therefore,
Ty C P CO7(B(P)) CO'(P),

and hence P = ®~1(P’), by the maximal choice of P.
Note that this also proves that ¥ is surjective and that the range of ¥ is
indeed Archri®(B).
Thus
-1 / (1;2) /
o(P) 2 (27 (P)) = P,

As ®(P) is a preordering of B, by maximality of P' and Theorem(1.1.8),
we have P’ = ®(P). Thus ®(P) € Archri®(B) and hence 6 has range
Archrif®(B).

We can see that U is even injective, and hence a bijection, because

o '(P) =0 (P) = P P ao@(r) P o@(P)) = P
for each P, P' € Archri®(B).

It is also continuous, because

U U, (A)) ={P e Archr?**(B) : —a ¢ ¥(P) = &~ 1(P)}
={P € Archri?®(B) : —®(a) ¢ P}
= Usp(a)(B)

for all @ € A.
As Archrp®(B) and Archri*(A) are compact (because of Lemma(1.1.9)
below), and W is bijective and continuous, we deduce that Archri®(B) is

max

homeomorph to Archr®(A), by a known result of topology.

Lemma 1.1.9 Let T be a preodering of A. Then Sperr(A) is a quasi-

max

compact space and SperF*(A) is a compact space. In particular, if T is
Archimedean, then Archrip®(A) = Sperp®(A) is compact.

|
As a consequence of Theorem(1.1.7) and Proposition(1.1.6), we have

10



Theorem 1.1.10 Two compact spaces X and Y are homeomorphic if, and
only if, Cx and Cy are isomorphic.

To answer the question about optimal representations, we study first its
relative question.

If A has an Archimedean preordering T', there exists a dominant
representation ® @ A — Cx,pa)?

To find such representation will not be a big problem, if we use all the
results of real algebra listed until here. The difficult problem is to determine
the kernel of this representation, which is a natural question.

The characterization of the kernel will be a consequence of the descrip-
tion of the preimage of the preordering Ty of Cx, under our representation,
which is also a natural question to be posed when studying the (pre)ordered
structure of Cx.

To describe this preimage, we use some non-trivial results of real alge-
bra, like the “Positivstellensatz”, which is used to prove the following Local-
Global Principle for Archimedean preorderings, fundamental for the proof of
the Real Representation Theorem.

Lemma 1.1.11 Let T be an Archimedean preordering of A. For each a € A
define @ : Sper’t*(A) — R by a(P) := ap(a).> Then

(VP € Spery®™(A)) :a(P) > 0] = [(3k e N") : ka € 1+ T]
Moreover, we can verify that
Lemma 1.1.12 For all a € A, @ is continuous.

Now we state the Real Representation Theorem for Archimedean pre-
orderings T of A.

Actually, the important claim is the first, because the second follows from
it. The third claim is just a consequence of Stone-Weierstrass theorem, be-
cause the image of A under the homomorphism ®7, defined below, separates
points.

Theorem 1.1.13 (Real Representation Theorem) Let A be a commu-
tative ring containing Q and T an Archimedean preodering of A.®> Define

XX (A) = Sperf(A) = Archri™(A)

The map a + a defines a homomorphism @7 : A — Cymaxay with
&1 (1) =1 and satisfying, for Ty as in (1.1),

2As T is Archimedean, Sper®®*(A) = Archri®(A), and hence ap(a) € R.
3In particular we must have Qt C T.

11



1. o (Ty) ={a€ A| (Vn e NT):1+naeT}.
2. ker(®r) = ' ({0}) ={a€ A| (Vn e N*):1+nacT}.
3. O is dominant.

At this point, we want to give a characterization of optimal representa-
tions in the next theorem. Actually, one more lemma is also needed.

Lemma 1.1.14 Let A be a commutative ring. Then Archr™>(A) is closed
in Sper™>(A) if, and only if,

Ta= () P

PeArchrmax(A)

is an Archimedean preordering of A.

Proof : If Archr™>(A) is closed in Sper™®(A), then it is also quasi-
compact, by Lemma(1.1.9).
For all a € A, of course

Archr™®(A) C UL{n_a,
neN

because each P € Archr™(A) is Archimedean.
Thus, by quasi-compactness, there are nq,...,n; € N such that

Archr™(A) CUp,—a U+ - Uy, —q,

As this holds for all a € A, we can deduce the Archimedean property for
Ty. It is an easy verification that T4 is indeed a preordering of A.
Conversely, if T4 is an Archimedean preordering of A, then Archr™®(A) =

Speryi*(A), because each ordering containing an Archimedean preordering
is also Archimedean. It is closed in Sper™®*(A), because its complement is

the open set
Jut

teTy
|

Now we can determine when there is an optimal representation of A.

Theorem 1.1.15 A commutative ring A, containing Q, has an optimal rep-
resentation, i.e., a representation ® : A — Cx with X ~ Xg(A) compact, if,

and only if,
Ta= () P
Pe Archrmax(A)
is an Archimedean preordering of A.

12



Proof : If T4 is an Archimedean preordering of A, then the Real Rep-
resentation Theorem provides the representation ®7, : A — Cx;(a), be-
cause of Theorem(1.1.4) and Theorem(1.1.10), and Xg(A) is compact, by
Lemma(1.1.14).

Conversely, if & : A — Cx is a representation with X ~ Xg(A) compact,
then, by Theorem(1.1.4), Archr™*(A) ~ Xg(A) is closed in Sper™>(A) 4,
and hence T4 is Archimedean by Lemma(1.1.14).

|

The reader will note that the characterization of ®;'(Tp), given in the
Real Representation Theorem, is not needed here, but just the construction of
the representation @7, which is guaranteed by Lemma(1.1.5), Lemma(1.1.9)
and Lemma(1.1.12). Also note that, in general, ®(A) is just a Q-subalgebra
of Cx.

We presented a Real Representation Theorem above using some recent
ideas of mathematics (of the last century) coming from real algebra.

However, an algebraic characterization of the commutative rings iso-
morphic to a given ring of continuous function Cx, for a compact space X,
was first given by M. H. Stone in his articles [24] and [25]°, without using
the modern language of real algebra.

In [24], Stone takes a commutative ring A, containing @Q, and observes
a subset T of A (a set of positive elements) and requires that the following
properties are satisfied (formulated here in a modern language):

1. T is a preordering.
2. T is Archimedean.

3. supp(T) =T nN-T = {0}.

4. For all a € A, if (%—I—a) €T for all n € Nt thena € T.
This property guarantees that the semi-norm defined by
lallr :==inf{g € Q" : (¢+a) €T} (1.3)
is indeed a normS.

5. The normed space (A, || - ||r) is complete.

4Remember that Sper™®*(A) is compact.

5A more extensive discussion of the continuous functions in this context was done in
Stone’s previous article [26].

6 Actually, this function is cited in [24], but only written in [25].
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The conclusion of Stone’s papers is then: A ~ Cyx, for some compact
space X, if, and only if, there exists T C A satisfying the five properties
listed above.

In fact, by the Real Representation Theorem, the properties 1-4 implies
the injectivity of the dominant representation &1 : A — Cx. Conversely, if
® : A — Cyx is an injective dominant representation, with X compact, one
verifies that Ty := ®~1(T}) also satisfies 1-4.

The property 5. is exactly what we need to have surjectivity of such
representations, because

Proposition 1.1.16 If A has a preordering T satisfying 1-4, then
(Va € A) : [lallr = |22 (a)],
where || - || denotes the sup-norm of Camax(a).
Note that the property 4. is equivalent to say
T =o' (Tpy) = T,

but in general we can just guarantee the inclusion 7' C T™.
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Chapter 2

Axiomatic Theory of
Divisibilities

The intuitive notion of divisibilities is known by all mathematicians because
of the natural divisibility defined in every ring, where an element a divides b
if, and only if, there is some element ¢ such that b = ac.

The study of such natural divisibilities is very important for the under-
standing of certain ring properties, because it is clearly related to the factor-
ization of elements as a product of simpler elements, like prime or irreducible
ones.

One of the most desired property of a ring is the unique factorization of
elements, a property satisfied by the ring of integers Z, which in general fails
for arbitrary rings, and even for rings of integers of algebraic number fields,
like the ring Z + Z+/—5. !

This failure led to the discovery of ideal theory by Eduard Kummer, which
was later refined by Richard Dedekind, where the idea of factorization of one
element by elements was replaced by the factorization of ideals into ideals.

In this case, we have a binary relation | , also called divisibility, defined
between elements and elements, elements and ideals, as well as between ideals
and ideals, where

albebca-A,ala=aca and a|lb:=bCa

for all elements a,b and any two ideals a, b of a ring A.

In this chapter, we will be concerned with the divisibility relation | intro-
duced axiomatically. Of course the ideal theory and other facts of commuta-
tive algebra will be used and even inspire some constructions.

'For the verification of this fact and historical comments we indicate Chapter I, §3. of
[16].
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This approach will be important for the study of rings of p-adic valued
continuous functions C(X,Q,), because they admit a divisibility relation |o,
called canonical divisibility of C'(X,Q,), and defined by

glofeVreX: Up(g(:L‘)) < Up(f(w))

The canonical divisibility will be fundamental for our study of represen-
tations of commutative rings in C(X,Q,).

Here, and for the rest of this work, p will always denote a prime natural
number, unless we say the contrary.

2.1 General Definitions and Examples

In this section we give several definitions, some remarks and a few initial
results, which will be better understandable after the examples given at the
end.

By analogy, one can think about divisibilities | as corresponding to the
preorderings T' of the real case, as well as the orderings P, extending T,
should correspond to valuation divisibilities |’, extending | . The support
T N =T can be replaced here by the ideal of infinitesimals I( | ), defined
below.

In the next sections, we will see that indeed each valuation divisibility of
a commutative ring A corresponds uniquely to some valuation v of A. This
result motivates the definition and study of some properties of divisibilities.
Here we understand a valuation as a Bourbaki valuation (see [2] or [12]).

We will define also p-divisibilities, for some prime number p € N. The
motivation for the definition of p-divisibilities comes from the theory of for-
mally p-adic fields developed in [20)].

In this reference, it is proven that, for a given field of characteristic zero
K and a valuation v of K, v is a p-valuation? of K if, and only if, v(p) > v(1)
and v(vy(K)) > v(1), where ~ is the (p-adic) Kochen operator. We use then
this fact to give our definition.

These conditions justify the relations (2.16) and (2.17) below if we agree
that, as we will see, for each elements a,b € A, the relation v(a) < v(b) is
equivalent to a |” b, for some divisibility relation |” uniquely determined by
the valuation v.

Let us start defining the concept of divisibility.

2In this work all p-valuations are of type (1,1).
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Definition 2.1.1 Let A be a commutative ring with 1 and | € A X A a
binary relation. The relation | is called a divisibility of A if,

ala (2.1)
albblc=alc (2.2)
albjalc=albxc (2.3)
alb=calcb (2.4)
011 (2.5)

for all a,b,c € A.
The set
I(|)={a€A : 0]a}

is called the support of | and its elements are called infinitesimals.
If A'is a B-module, | satisfies all the properties above, except (2.4), and

(Ve e B)(Va,be A): (a|b) = (ac| cb),
then | is called a B-divisibility of A.?

The support of a divisibility will play a central role in the theory of
divisibilities, which can be compared with the role played by the support of
a preordering in the real case.

The name infinitesimals was chosen because elements of I( | ) behave like
elements of a ring that has infinite value by some (Bourbaki) valuation v
(compare with Example(2.1.11)(10)).

The following proposition shows us the most basic results about supports.

Proposition 2.1.2 For every divisibility | of A, and all a,b,c,d € A, hold

(a | —a) and (a | 0); (2.6)

I(|) is an ideal of A, .

O]e)A(O]d)A(a]|b)= (a+c)]|(b+d); (2.8)
Proof : As a | a, we have a | a + a, and then also a | a — (a +a) = —a. Thus

ala+ (—a)=0, for all a € A.
If0|aand 0| b, then 0| a+b. If 0| a and ¢ € A, then 0 = (0-¢) | ca.
Thus I( | ) is an ideal of A.

3This notion will be used in the examples to show that non-Archimedean semi-norms
define also divisibilities.
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Now note that,
(Va,b,ce A):(a|c)=]a|bsal|(bEc)
Thus, if 0 | ¢, then a | ¢ for all a € A, by (2.6), and hence
(Va,b,ce A): (0| c)=a|(btc) < alb)
In particular, taking a = b,
(Va,ce A): (0|c)=[a|(axc) < alaq] (2.9)
Replacing a by a F ¢, we get
(Va,ce A): (0] c)=[(aFc)|ae (aFc)|(aFc) (2.10)
As | is reflexive, we conclude from (2.9) and (2.10) that
(Va,c€e A):0]c=(a+cla)A(a]a+c) (2.11)
Thus, for all a,b,c,d € A,
O]le)AO]d)A(a|b)= (a+c)|al|b]|(b+d) (2.12)
|

Remark 2.1.3 The ideal I( | ) is a proper ideal of A, since 01 1.
The only binary relation on A satisfying (2.1 — 2.4), and not (2.5), is
Ax A. In fact, for all a,b € A,

0112 01a®ba

The next definitions are all motivated by the properties of valuations.

Definition 2.1.4 Let | be a divisibility of A and ¢ € A. We say that | has
cancellation by c if *

(Va,be A) :ac|bc=alb (2.13)

Note that, if | has cancelation by c, then 01 ¢, because otherwise, we can
conclude that 0 | 1. We say that | has cancelation if | has cancelation for

allcg I( ).

4If A is a B-module and | a B-divisibility, we define cancellation by elements ¢ € B.
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For ) # X C A, we say that | is total on X if
(Va,be X):(a|b)V(b]|a) (2.14)

A divisibility is called total if it is total on A. A valuation (divisibility)
15 a total divisibility having cancelation.
A divisibility | is trivial if

(Va,be A):atb<= (0] a)A(01D) (2.15)

Remark 2.1.5 The properties of cancellation and totality define classes of
divisibilities which are in general disjunct (see Example(2.1.11)(7) and (15)).
If | has cancellation, then I( | ) is a prime ideal of A. In fact,

(@.0 ] a.b) A (0fa) = (0b)

The converse is not necessarily true, as we will see in Example(2.1.11)(15)
below. Thus cancellation is stronger than just to say that I( | ) is a prime

ideal of A.

We give now an adapted definition from that found in page 10 of [12] or
Chapter VI (3.1) of [2].

Definition 2.1.6 A valuation function (or Bourbaki valuation) of a
commutative ring A, with unity 1, is a map v: A — T'U{oco} satisfying

1. v(a-b) =v(a)+v(b)
2. v(a+b) > min{v(a),v(b)}
3. v(1) # v(0)

where I' is a totally ordered additive abelian group with + and < denoting
the operation of I' and its ordering, respectively.

The set I' U {oco} is also considered as an abelian monoid with respect to
the operation +, where we define

(VyeT U{oo}):vy+o0=00+7=00

We also suppose that oo >~ for all v € T'U {oc}.
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Note that, if v : A — ' U {oc} is a valuation function, A is a field and
v is surjective, then v is also a valuation on A in the classical sense, i.e.,
defined as in Chapter(2.1) of [19], and hence is generalized by the notion for
commutative rings.

If v is a valuation function of A, we can verify that P := v™'(00) is a
prime ideal of A and that

O, = {Zil; ca,b € Aandv(a) < v(b)}
is a valuation ring of the quotient field Quot(A/P).

We say that two valuation functions v and w of A are equivalent if
v (0) = wl(o0) and O, = O,, as in Definition(2) in page 11 of [12].
We can regard equivalent valuations as “equal” and use also v to denote its
equivalence class.

Moreover, the map v — (O,,v !(c0)) gives us an 1-1 correspondence
between the class of equivalent valuation functions v of A and pairs (O, P),
where P is a prime ideal of A and O is a valuation ring of Quot(A/P).

In this work, we will use the word “valuation” for “valuation functions v”
and “valuation divisibilities | 7, when it is clear which notion we are using.
This abuse of language is justified by Proposition(2.4.2) and because the class
of equivalence of v is totally determined by the binary relation | defined by®

(Va,be A):al|” b v(a) < v(b)

We want to define now a notion of divisibility that collects good proper-
ties of p-valuations® and, under certain conditions, has the properties of the
canonical divisibility |y of C(X,Q,), for some compact space X. To motivate
the definition, we do a small informal discussion.

By the result about p-adic valuations cited at the beginning of this sec-
tion, we known that v is a p-valuation of some field K of characteristic zero
if, and only if,

% ¢ O, and 7(K)CO,,

where O, is the valuation ring of K associated to v. ”

If we interpret (b/a) € O as a | b, and note that
[(aPb — bPa)bP 1]
[(arb — bPa)? — (b7+1)°]°

v(b/a) = ,

Definition(2) in page 11 of [12] claims this is true and left the verification to the
reader. Another way to verify this is using the more general Theorem(A.2) and the
Example(2.1.11)(18).

SIn the sense of of [20].

"Lemma(6.1) of [20] applied for the p-adic Kochen operator of type (1,1).
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for all a,b € K, then the following definition for p-divisibilities seems rea-
sonable.

Definition 2.1.7 Let A be a commutative ring with p~* € A. A divisibility
| of A is called p-divisibility when

ptl (2.16)
(Va,b € A) : p[(a®b — bPa)* — ()] | [(aPb — bPa)bP ] (2.17)

The last is called the Kochen property and is denoted by v,. We say
that | is a strong p-divisibility if it satisfies the Kochen property and the
following strong version of (2.16)

(Vee A):0tc=cptc (2.18)

A p-valuation (divisibility)® is a valuation (divisibility) that is also a
p-divisibility. The divisibility | is p-Archimedean if it is a p-divisibility and

(Va € A)(3n e N): (1| p"a) (2.19)

It is called strong p-Archimedean if it is not just a p-divisibility, but
also a strong p-divisibility.

Remark 2.1.8 In the definition of p-divisibilities, we could use the operator

(f) _ X(X-1)--(X—=(p—-1))-p
p2(f)2_1 pQ-XQ(X— 1)2...<X_ (p— 1))2_ (p!)2

5p(X) =

instead of y,, because in this case, all the theorems about p-valuation functions
formulated with ,, and used in this work, are also true if we use 6,.

This was first observed by Kochen in his paper [11], where he introduced
the p-adic operator 7y,.

The p-Archimedean divisibilities will be the most important for us. The
canonical divisibility |o of C(X,Q,), for example, is p-Archimedean if X is
quasi-compact.

We will also be concerned with extensions of divisibilities, in particular,
if the property of being a p-divisibility is preserved by extensions. An ex-
tension of a divisibility | is simply a divisibility | satisfying | C |" (as sets).

8 Again we allow the use of the term “p-valuation” for “p-valuation divisibilities” and
“p-valuations in the sense of [20]”. The first can be seen as a generalization of the second
notion, because a p-valuation (function) v induces a p-valuation divisibility |¥ , defined in
the discussion above.
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When we have just a p-divisibility, it is not true in general that it has
an extension being a p-valuation (see Example(2.1.11)(17)). That is why we
defined strong p-divisibilities above, because each strong p-divisibility has a
p-valuation extending it (Theorem(3.1.2)).

Surprisingly, the weak notion of a p-divisibility is enough to assure the
existence of a p-valuation extending | , if | is assumed to be p-Archimedean.
This is the content of Theorem(3.2.4), one of the most fundamental results
about p-Archimedean divisibilities.

We also have the following useful remarks.

Remark 2.1.9 Let A be a commutative ring with p~' € A.

1. Every p-divisibility is non-trivial by Remark(2.1.3). Also 01 p, because
otherwise p~10 | p~1p = 1.

2. A p-divisibility having cancellation is also a strong p-divisibility. The
converse is not necessarily true by Example(2.1.11)(14).

To facilitate writing, we introduce some notations for the sets defined by
the properties listed until now.

Notation 2.1.10 Let A be a commutative ring and | a divisibility of A.
We use the following notations:

o E(|)={]:| idsadiv.onAand | C| } (the set of extensions)
e I'(|):={€E(]) :]| istotal}

e C.|)={1€E(]) :| has cancellation by c}

e C(|)={€E(]) :| has cancellation }

e V(|)={V€E(]) :| isawaluation}=C(|)NT(])

If p € N is a prime number and p~* € A we also write:

o E,(|):={V€E(|) | isap-divisibility }

« V()= E(1)nV(])

o (| ):={€E(|) | isastrong p-divisibility } C E,( | ).

o Arch,( | ):={| €E(]|) :| isap-Archimedean divisibility }
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Sometimes we will write E( | , A) instead of E( | ) to emphasize the ring
from which we take the divisibilities. This notation is also used for the other
sets above.

The replacement of | by A, in the notation above, will mean that we are
observing not just extensions of some fized divisibility | with some properties,
but the set of all divisibilities of A satisfying them.

For example, E(A) denote the set of all divisibilities of A and V(A) the
set of all valuation of A.

We use the superscript ™ to denote a subset of maximal elements under
inclusion. Thus,

Archy™( | ) ={ '€ Arch,( | ) : thereis no |© with [* G |7}

We give now a list of examples of divisibilities, going from the simpler to
the more abstract.

The last example deserves a closer look. It presents divisibilities in an-
other fashion, using a divisibility function ¢ : A — M, where M is a partially
ordered abelian monoid with 0. In particular, if M is a group and totally
ordered, o is indeed a valuation (the zero 0 under multiplication is replaced
by oo in an additive notation).

This way of understanding divisibilities (as functions) will not be nec-
essary for our work. However, it is useful for finding special examples of
divisibilities and maybe in further studies. That is why we left some words
about divisibility functions for Appendix(A).

Example 2.1.11 1. Let A be a commutative ring. Then

= J{a} xa-2)

acA

defines a divisibility of A. This is the minimal divisibility of A. It
satisfies

rlayeyecr-Z (2.20)

for all xz,y € A. Thus I( |4 ) = {0} and E( |a) = E(A) is the set of
all divisibilities of A.

2. The minimal divisibility |z of Z coincides with its canonical divisibility
and hence each divisibility | of a ring A containing Z extends |z .

3. Let A be a commutative ring. The relation defined by

albe b=ac for somece A
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is the usual divisibility of A. It has support {0}.
The ring A is an integral domain if, and only if, I( | ) is prime, and

in this case | has cancellation.

. For each prime ideal I of A
1= (A\I x A)U (I x I)

is a trivial divisibility of A with support I. In fact, clearly it satisfies
(2.1 —2.3) and (2.5). Moreover, |' has cancellation and satisfies (2.4)
because
actl be & (ace I) A (bc ¢ 1)
& (ace )N (byc¢ )
S (ael)N(bcg )
& (at! D) A (04 ¢)

for all a,b,c € A, beeing I prime.

Conversely, if |1 is a divisibility for some proper ideal I of A then I is
prime. Otherwise, we can find a,b ¢ I such that ab € I, and hence

@) DH)A@)1)=0ab] 1

. For I,J prime ideals of A, if [ # J, then |5 |7. To verify this take,
without loss of generality, a € J\I. Then

017 a) A0+ a) and (at’ 1) A (a]' 1)

Hence neither | C |7 nor |7 C |I. The converse is clearly true, because
I = J implies |'= |”.

Thus there is 1-1 correspodence between the prime ideal of A and its
trivial divisibilities.

. Af | s a divisibility of A, then
Va,be A):a+I(|)|b+I(])<=alb
defines a divisibility of A := A/I( | ), because of Proposition(2.1.2).

. Let | be a divisibility of an integral domain A with support {0} having
cancellation. Then

2 |* £ s ad | be

b' d’
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10.

11.

defines a divisibility of F' = Quot(A) with cancellation. The set

B::B(|)::{§ calb and a#O}QF

defines a subring of F. Also, |* 1is total if, and only if, | is total. In
this case B is a valuation ring of F.

Let A be an integral domain and B C Quot(A) =: F' a subring. Then
B b
al|” b a;«éOandaeB or a=b=0

defines a divisibility having cancellation with support {0}. If B is a
valuation ring, then | is total.

Therefore, there is a 1-1 correspondence between the valuation rings of
F and valuations of A with support {0}.

Let k be a field, A = k[X] and F = k(X). For each f,g € A

f g deg(g) < deg(f)

defines a valuation with

B— {% . deg(g) < deg(f)}

and BNA=Fk# A.
Let A be a ring with some valuation functionv: A — ', U{oo}. Then
a|’ b= v(a) <v(b)

defines a valuation of A. The support of |V is the prime ideal v (00).
The valuation | is trivial if, and only if, v(A) = {0} U {oo}.

Let A be a ring and {v : A — T',U{oo} }vev a set of valuation functions
of A. Then
alyb:e (MoeV):v(a) <uv(b)

defines a divisibility of A with |y C |V, for allv € V, and support

I(lv) = (o (0)

veV

In general it is not total and has no cancellation.
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12.

15.

1.

Let K be a field, | - | a non-Archimedean absolute value of K and A a
K -vector space.

If p:=1| || : A— RT is a non-trivial non-Archimedean semi-norm of
A, de., foralla,be A and a € K

 [la]l 0.
o lla-all = ol - [jall.

® [la+ 0l <max{]lall, |[bll}-

Then
(Va,be A):al, b= [b]| < |al

defines a K -divisibility of A. Also
I(]p) ={a € A:all =0},

and |, has K -cancellation and is total.
If A is a K-algebra and

(Va,b€ A): [la- ol < laf| - [[bll

then |, is even a total divisibility of A, but in general has no cancel-
lation.

Let o : A — B be a homomorphism of rings and | a divisibility of B.
The divisibility induced by | and o in A is defined by

a|*b:= ala) | ad)

It inherits the properties of | , i.e., totality, cancellations and p-
properties.

Take A= C(X,Q,) with X a compact space. Define

/ |0 g (Ve X): Up(f(x)) < Up(g(x))

This is strong p-Archimedean divisibility of A with non-prime sup-
port {0}, without cancellation and not total, if C(X,Q,) contains
non-constant maps.

For any U C X,
flog-evVeelU: v(f(z) <uvg(r))
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defines a p-divisibility extending | with support

I(lv)={f€A: f(x)=0 forallz U}

and also, in general, it is not total and has no cancellation. However,
if U = {x} for some x € X then |, := |z is total, has cancellation
and support

I(l.)={f€A: f(z)=0}
15. Take A = Z,[X] and define a function d: A — Z U {oo} by

—n ifn>0

and then
flg:=d(f) <dlg),
for all f,g € A.
This defines a total divisibility of A with I( | ) = {0} prime, but it

has no cancellation, because

ptl and pX | X

The verification of the properties of divisibilities for | is left to the
reader. It is done analyzing the relation g | f, with g, f € Z,[X], in
each of the following situations:

e deg(g) > 0 and deg(f) >
o 0 =deg(g) < deg(f),
o 0 =deg(f) < deg(g)
o 0= deg(g) = deg(f).

)

One property also used is

Vg, f €ZyX]):g| fand g€ Z,= f €Z,

Moreover, | satisfies additionally’
o (VneN):p"fp
o (Vg.f € Zy[X]) : pl(f — 9" f)% = (f* )] [ [(g7 f — fP9) /7]

9These conditions can be taken as a definition of p-divisibilities of commutative rings
A with p~! ¢ A. However, we will be mainly interested in rings satisfying p~! € A.
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The first property clearly holds and the second is verified by proving
that

(Vg, f € Zp[X]) : d(pl(g"f — fPg9)? = (f**1)?]) < d((¢"f — fP9) f*™)
(2.21)

First note that |* N (Z, x Z,) = |%» , where

g ’ZP [ v(9) <v(f),

forall g, f € Zy.

We observe four cases:
Case 1: If g, f € Z,, then (2.21) is true, because |* N(Z, x Z,) = |*.
Now suppose that g ¢ Z, or f ¢ Z,.

Case 2: If deg(f) > deg(g), then

deg(fP*") > deg(fPg) > deg(g”f),

and hence
d(pl(g”f = fP9)* = (fP*1)?]) = —2(p+ 1) - deg(f)
= —(2p+1) - deg(f) — deg(f)
< —(2p+1) - deg(f) — deg(g)
=d((g"f — fPg)f*)

Case 3: If deg(f) < deg(g), then

deg(fP*') < deg(f*g) < deg(g”f),
and hence

d(p[(g”f — fP9)* — (fP*1)?]) = —2p-deg(g) — 2 - deg(f)
< —p-deg(g) —p-deg(f) — 2 deg(f)
= —p-deg(g) —deg(f) — (p+1) - deg(f)

=d((g"f — frg) /")

Case 4: If deg(g) = deg(f), then
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16.

17.

deg(f"*") = deg(f"g) = deg(g"f)

In this case
deg(g”f — fPg — f7*') = (p+ 1) - deg(f) = deg(¢” f — fPg + f**')

In fact, otherwise, taking the leading coefficients fo and gy of f and g,
respectively, the p-adic number r := (fo/go) satisfies

P—r+1=0o0rr—r—1=0,

which is not possible for p-adic numbers.

It follows that

d(pl(g"f — fP9)* = (f7*1)°]) = —2(p+1) - deg(f)
= (=2p—1) - deg(f) — deg(g)
<d((g"f — fr9)f"*')
If we define a function d' : Q,[X] — Z U {oo} by

{—n ifn>0

U ny _
d(a0+a1X+...+anX )— ’Up(ao) Zf?’LZO

and
f1g = d(f) <d(g),
for all f,g € Q,[X], then |" is not a divisibility of Q,[X], because

p X and 1=p-p'{p-X
Let | be the divisibility of Z,|X] defined in (15). The set
(p) :={p':i € N}

is multiplicatively closed in Z,|X| without zero and hence we can con-
struct the localization

Zp[X]<p> = {% : f S ZP[X], n € N},

which is indeed Q,[X].
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If we define a binary relation |, of Q,[X] by

(£) 1 (L) = 6M6ma 1 6hens or some ke

p" pm
for each n,m € N and g, f € Z,, then Lemma(2.5.3) assures that |, is
a divisibility of Q,[X].

We claim that |, is also a p-divisibility of Q,[X], but not a strong
p-divisibility and not p- Archimedean.

In fact,
(Vk e N) - p" 1t

implies p 1, 1.

For the Kochen property, we will verify for all g, f € Z,[X] and k,r € N
that

A G -ENE)(()7)] e

by [p-
To see this, we rewrite (2.22) as

» [((pfg)p(pkf) - (pkf)p(prg)>z ) ( (pkf)p+1))2]

pP+1) (k) A1) (r+k

and (2.23) as
{ ((p’"g)”(p’“f) — (p’“f)”(p”g)) . ( (et )}

P+ D) PR

Thus, as

p*EER pl(gP f— 29,07 — (f7)?] | (g fo — fPgu) f7F1] - pP D),

where g, == p"g and f. :=p"f, we also have (2.22) |, (2.23).
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18.

This p-divisibility is not strong, because Xp | X implies that
ptpl and pX |, X

Also
(Vk,n € N) : p* f p*(p" X)

implies that |, is not p-Archimedean.

Moreover, there is no p-valuation extending |,, i.e. V,( |,) =0,
because if |*€ V,( |,), as X |, 1, we conclude that X |* 1, and hence
04 X.

On the other hand, Xp |, X implies Xp |* X. By cancellation p |* 1,
contradicting |*€ V,( |,).

Let A be a commutative ring and (M, -, <) a partially ordered abelian
monoid with zero 0 such that 0 f 1. This means that < is a partial
order of M and, for all mi,ms,m3 € M,

my < mg = (my-mg3) < (mg-mg3) and 0-my =0

Note that the unity 1 and the zero O are unique. In fact, if 1" is another
unity and 0" another zero, then

1=1-"=1 and 0=0-0=0

If 0 : A — M is surjective and satisfies

e 0(a) <4(b), 0(a) <d(c) = 0d(a) <d(bLc)
* 5(0) £ (1)
Then

al’b:e6(a) <6(b)
defines a divisibility on A.
We claim that its support is 6~1(0). In fact,
0Pawacs'({meM : 0<m))

and hence it is enough to prove that this set equals §~*(0). However,
by the second condition, 6(a) < 6(0) for all a € A, and hence

5(a) > 0 = d(a) = 0 = 6(0)

Writing + for the multiplication of M and oo for its zero 0, we can
rewrite the conditions of divisibilities maps as
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e d(a-b)=24d(a)+d(b)
e 0(a) <4(b), 0(a) <d(c) = d(a) <d(bEc)
e 00 %0

which seems similar to the definition of valuation functions.

If < is a total order, the second condition is equivalent to

d(a+b) > min{d(a), ()}, (2.24)

because'®

5(a) < 6(0), 3(a) < 8(c) 22 { e
and the totality of < implies
(Va,b e A) :[6(a) < d(a+b)]V[i(b) <d(a+b)

and hence
(Va,b e A) : 6(a+b) > min{d(a),d(b)}

2.2 Minimal Extensions and Set Operators

When working with preorderings of a commutative ring A, one of the most
fundamental problems to solve, is to determine when a fixed preordering T’
has an ordering P extending it with some desired properties.

This can be solved understanding first the minimal proper preorder ex-
tensions of 7. In this case, one asks if, for a given a € A\T, there is some
preorder extension T, of T such that a € T,.!!

In the divisibility case, given a (p-)divisibility |, we want to understand
when we can find some (p-)valuation extending it. We will first study the
minimal extensions of divisibilities and we leave the question about exten-
sions to valuations for the next sections.

Let us start with the main question concerning minimal extensions: given
a,b € A such that a t b, does there exist a divisibility |,, extending | such
that a |5 b7

In order to give an answer, we will need to use a set operator defined on
the power set P(A) of A related to the divisibility |, namely &.

OFor all a € A4; 6(a) < §(b) implies 5(a) < §(—b).

HTemma(4.1.3) of [18], applied to a and b = —a, guarantees that, given a preordering
T of A, T+ aT or T — aT is a preordering of A. This lemma can be seen as an answer to
our question.
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If X C A, the set G(X) can be thought of as a convex hull for the
divisibility relation, or as a set of generalized multiples of elements of X. In
fact, if X = {a}, for some a € A, then &(X) is equal to the set of all y € A
such that a | y.

Actually, §(X) is a generalization of the concept of ideal generated by
X C A, as the next examples will show.

We start now with the definition of such an operator and some notations,
that will help us in writing.

Definition 2.2.1 Let A be a ring and | a binary relation on A. We define,
for every X C A,

M(X, | ):=M(X):={ye A: x|y for somezr € X}

X)) ={e1+---fax,€A:zy,...,xp € X andn > 1}
and hence, recursively,
e &YX, |):=6"%X) = X.
o S"M(X, |):=6""(X) :=M(6"(X)), if n is even;
o "X, | )= &"(X) =Y (&M(X)), if n is odd.

These sets define operators &" : P(A) — P(A), for each n € N. Using
them, we define S :=&( -, | ): P(A) — P(A) by

X | J&"(X), forall X C A

n>0

For each X C A the set &(X) is called the ideal generated by X with
respect to |, and the operator & is called ideal operator of | .

The following suggestive notations will greatly simplify our work.

Notation 2.2.2 Let xy,...,x, € A, X1,..., X, €T A and Q a letter belonging
to {M,>",&}. We use the following notations

@(Xl, ceey Xn) = @(Xl U...u Xn)
O(z1, ..., n) == O({x1, ..., xn})
O(X,x) :=0(X U{z})

The Lemma below lists the general properties of the operator & that
interest us. They will be used frequently in the text.

33



Lemma 2.2.3 Let | be a divisibility of A and S : P(A) — P(A) its associ-
ated ideal operator. Then, for all X,Y,Z C A and x € A:

1. XCY = &(X)C6&(Y)
2. 6"(X) C &"™(X) for allm > n.

3. 6(6(X)) = 2.(6(X)) = M(6(X)) = 6(X)
4. 6(z) = M(z)

5. 6(0,X) = &6(X)

6. 5(X)CE(Y)=6(XUZ)CS(YUZ)

7. 2-6(X) C 6(z- X)

8. XCY=6(X-2)C6(Y-2Z)

Proof : Let X,Y,Z C A and x € A.

1. If X C Y, then M(X) C M(Y) and > (X) C > (Y). Therefore, if
G™"(X) C &"(Y), then " (X) C &"T(Y), for all n € N. Thus, after
using induction on n, we have

6X)=Je"x) c e (v)=8()

n>0 n>0

2. This is a consequence of X C M(X) and X C > (X). If m > n then
m = n+k. The case k = 0 is trivial. Suppose that &"(X) C &"*(X)
for some k > 0. Thus, either

6"(X) C &"H(X) € y (6" (X)) = 6" (X))

or

G"(X) € 6" (X) C M(&"(X)) = 6" (X))

and hence, the desired conclusion follows by induction on k.

3. Ifz € > (6(X)), then there are ny, ...,n, € Nand x; € 8™ (X),...,x, €
G"(X) such that

r=x1+t..%+x,
Taking n := max{ny,...,n,}, we have

v € 6™ (X) C &"(X),
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and hence
> X) .
r=xE.kr €)Y (6"(X)) C S™H(X) C 6(X)

If v € M(S(X)), then there are n € N and z € &"(X) such that z | x.

In particular,

MMX)=M(X)
reM(G"(X)) € &"(X)C6(X)

Finally, as the operator & is obtained applying M and > consecutively,
it also follows that &(X) C 6(6(X)) C &(X).

. As | is a divisibility, we also have ) (M(z)) = M(M(z)), and then it
follows by induction on n that

G"(z) =M(z) forall z € A,
and hence &(z) = M(x) for all z € A.
. As M(0) € M(X), we have M(X) = M(X,0). Thus

&(x,0) "ML g (. 0) = s(x)) LT e ().
. Suppose that §(X) C &(Y). We prove by induction on n that
S"(XUZ)CB(YUZ) (2.25)
for all n € N.
If n=0, then z € 8°(X U Z) = X U Z implies
1. 1.
r€e€ZCB(Z)C6YUZ)orze XC G6(X)CB(Y)CBYUZ)

For the induction step, suppose that (2.25) is true for some n > 0 and
take z € G"H (X U Z). 6" (X UZ) =M(G"(X U Z)), then

z € M(&™(X U Z)) e M(&(Y U Z)) £ 6(Y U 2Z),

If 6" (X U Z) = Y (6"(X U Z)), then

(2.25)

rEY (B"(XUZ) C Y (B(YUZ)=S(YUZ)
Therefore (2.25) is true for all n € N, and hence

6Xxu2)=Je"xuz)ce(yuz)

n>0
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7. For n = 0, we have
7-6"X)=2-6"X)=2-X=6"z-X)

(2.26)

Note now that

r-Y (X)=> (z-X) and x-M(X) C M(z-X)

for all x € A and all X C A, because of the divisibility properties.
(2.27)

For the induction step, suppose that
r-6"X)CE&"(z-X)

for some n > 0.

If &+ (X) = M(S"(X)), then
r &) = 3 ME"(X) o Mz &"(X))
% M@E (X)) = & X)

If &"+1(X) = (6" (X)), then
£ NE(X) T Y e (X))

r-G"H(X) =
< onEEx) = &EX)
8. In fact,
S(X -Z2)=6 (sz> e (UyZ) =&Y 2)

[
Another important property of the operator & is given in the Lemma
below. It says that we can understand the membership relation y € &(X)

using only finitely many elements of X.

Lemma 2.2.4 Let | be a divisibility of A and X C A. Then
ey T

yeS(X)e Ary, ...,z € X) 1y € 6(xy,
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Proof : (<) : This is clear, because

Lemma(2.2.3)
=

{z1, ..z, } CX S(zy,...,z,) C 6(X)

(=) : We prove by induction on n that, for all n € N,
ye&"(X)=3ry,...,x, € X:ye &"(zy,...,2,)

The case n = 0 is trivial, because then y € X. Suppose that the assertion
above is true for some n > 0 and

y € "H(X)

If 6" (X) = M(6"(X)), then there is y € M(z) and z € &"(X). By
induction hypothesis, there are zi,...,z, € X such that z € &(zy,...,z,),
and hence also y € &(xq, ..., x,).

If &"(X) = > (6"(X)), then there are z1,...,2, € &"(X) such that
y = >.._, 2. By induction hypothesis, there are {x1y, ..., Tik h1<k<r € X
such that

2k € O(X1k, ..y i) forall 1<k <r

Thus .
Y= Z zi € S({z1k, -+ Tipk F1<n<r)
i=1

Thanks to previous lemma, the next example helps us to justify the
nomenclature used for &. More examples using the ideal operator will be
seen later.

Example 2.2.5 Let A be a ring and | the usual divisibility of A, i.e., for
all a,b e A,

albs (IceAd):b=a-c

Then &(X) is equal to (X), the ideal generated by X, for each X C A.
In fact, it can be verified that

M(X) = [z AM(X)) = (X) and Y ((X)) = (X)

zeX

It follows that &(X) = (X).
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Now we are able to present and prove the fundamental theorem of exten-
sions of divisibilities.

The idea of the proof is similar to the idea used in mathematical logic to
verify that we have a “proof” of some logical proposition using a concatena-
tions of other “proofs”.!2

In our case, given a,b € A, we will define sequences using the operator
S, and when such a sequence is satisfied for some =,y € A, we will say that
T |ap y (This means: we have a “proof” of this fact).

To see that |,, may define a divisibility, we will verify that, under certain
concatenations of valid sequences, we can find another valid sequence.

This philosophy will be better explained in the practice.

Theorem 2.2.6 Let | be a divisibility on A. For each x,y € A we define
T |ap y if, and only if, there are r € NT and ¢4, ..., ¢, € A such that

cra € &(x)
coa € S(x, c1b)

cra € &(x, b, ..., ¢, 1b)
y € &(x, b, ..., c.b)
The binary relation |, of A satisfies the properties (1—4) of divisibilities,

extends | and a |qp b.
Such a sequence is called defining sequence for x |,p y.

Proof : If x | y, then we have a defining sequence

0-a=0¢€6(x);
y € 6(x,0-b) = M(x)

for ¢; = 0, and hence z |, y. Therefore | C |, -
We also have a |, b, because, for ¢; =1,

1-a€ 6(a);
be S(a,1-b)

is a defining sequence.
From now on, we will use frequently the properties of Lemma(2.2.3) in
the proof. We advise the reader to remember this Lemma.

12More about mathematical logic can be found in [17].
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If 2 |, y and ¢ € A, we can multiply the relations of the defining sequence
by ¢ and deduce

(c1c)a € &(cx);
(cic)a € S(cx, (c10)b, ..., (c;—10)b); for all 2 < i < r (if such ¢ exists)
cy € S(cx, (c10)b, ..., (cc)b))
because ¢ - &(X) C &(c- X), for all X C A, and hence cz |4 cy.
Suppose that x |, y and y |45 2. Take ¢y, ..., ¢, € A such that
cia € 6(z);
cia € &(x,c1b, ..., c;1b);
y € S(x, b, ..., c.b)

and dy, ...,ds; € A such that

dia € S(y);
dj(l S G(y, dlb, ceey dj_lb);
z € S(y,dqb, ...,db)
Now, using (1),(3) and (6) of Lemma(2.2.3), and the defining sequences
of y |ap z and z |, y above, we can write

dia € &(z,c1b, ..., c,b);

dja S 6(1}, Clb, ceey Crb, dlb, ceey djflb);

2z € &(z,c1b, ..., b, dhb, ..., dsb)

Therefore

cia € 6(x);
cia € &(x,c1b, ..., ci1b);
cra € S(x, b, ..., c_1b)
dia € &(z,c1b, ..., c,b);
dja € S(z,c1b, ..., c,b,dyb, ..., dj_1b);
z € S(x,1b, ..., c.b,dib, ..., dsb)
is a defining sequence for x |, z.

Suppose that = |, ¥y and = |, 2. Take ci,...,c, € A, as above, and
dy,...,ds € A such that

dl(l € G(x)a
dja € S(z,dqb, ..., d;j_1b);
z € &(x,dqib, ..., db)
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As clearly {z} C {x, b, ..., c,b}, again by Lemma(2.2.3), we can write,

dia € &(z,c1b, ..., c,b);
dja € 6(1’, Clb, ceey Crb, dlb, ceey dj_lb);
2z € S(x,1b, ..., c.b,dib, ..., dsb)

On the other hand, it is also true
y € &(x,c1b, ..., c.0) C &(x, c1b, ..., ¢,b, dyib, ..., dsb)
and hence, as Y (6(X)) = 6(X) for all X C A,
ytzeS(x,ab,..,cbdb, ..., dsb)
Thus x | (y £ 2), because

cia € 6(x);
cia € &(x,c1b, ..., c;1b);
cra € &(x, b, ..., cr—1b)
dia € &(z,c1b, ..., ¢,b);
dja € S(z,c1b, ..., c.b, dhb, ..., d;_1b);
yEze€6S(x,eb,...,c.b,dib, ..., dsb)
is a defining sequence for x |5 (y £ 2).
|

We will see in Proposition(2.2.9) that this is the minimal divisibility ex-

tending | such that a divides b, if we suppose that at least one such divisibility
exists.

This will be a consequence of the proposition.
Proposition 2.2.7 Let | be a divisibility on A. Then
albs |ap C |
Proof : («=) If |45 C |, then a | b, because a |4 b.
(=) Suppose that a | b and = |, y. Then, there are r € Nt and

1, .oy ¢ € A satisfying

cia € S(x);
cia € &(x,c1b, ..., c;1b); for all 2 <4 < r (if such i exists)
y € 6(x,c1b, ..., c.b)
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If » =1 (two relations) then

alb

cra € S(x) and y € S(x,1b) C &(x, c1a) C &(x)
and hence
y € 6(x,c10) C &(x)

For the induction step, suppose that: if x,y € A satisfy a defining se-
quence with at most n > 2 relations, then also z | y.

Take z,y € A and suppose that they satisfy a defining sequence with
n + 1 relations, i.e., there are ¢y, ..., ¢, € A such that

cra € 6(x);
coa € S(z, ¢1b)

cia € S(x,c1b, ..., c;_1b)

y € &(x,c1b, ..., c,b)

Now observe that, as in the case r = 1, from the first two relations, we con-
clude that &(x, ¢;b) C &(x), and hence, after applying (6) of Lemma(2.2.3),

c2a € S(z,c1b) C S(x)
c;a € 6(1‘7 Clb, ceey Ci_lb) - 6(1’7 Cgb, ceey Ci_lb)

y € &(x,c1b, ..., cnb) € &(x, b, ..., c,b)

is a defining sequence for z |, y consisting of n relations. Thus, by induction
hypothesis, z | y.

|

The following remark about extensions of divisibilities of a ring A is eas-
ily verified from the definition of G, and will be used in the proof of the
proposition below, as well as in other proofs .

Remark 2.2.8 If |*€ E( | ), then 6(X) C &,.(X) for all X C A. Here
S( - ) and &.( - ) are defined using the operators M( -, | ) and M( -, |*),
respectively.
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Proposition 2.2.9 Let | be a divisibility of A. For all |* € E(|)
a|*b<:> |a,b - |*

Proof: (<) : If |, C|*, then a |* b, because a |44 b.

(=) : If a [* b, then the proposition above provides [:, C [* . However,
lap € |54 by Remark(2.2.8).

]

For given a,b € A, Theorem(2.2.6) guarantees only that the relation
lop satisfies the first four properties of divisibilities, missing yet 0 f,5 1.
Therefore, it is natural to ask for conditions assuring that |, is indeed a
divisibility.

The important object to understand here is the ideal I( |,p), and we
want conditions to say that 1 ¢ I( |,5). This is the case if, for example,
101) = 1( o).

Below, we will see a condition that determines when the equality I( | ) =
I( |ap) holds. This condition is an inclusion relation between a special type
of ideals I of A related to a,b and the divisibility |.

They satisfy the condition &(/) = I, and also receive a name.

Definition 2.2.10 Let | be a divisibility of A and a € A. We define the
annihilator of a with respect to | by

Ann(a, | )= Ann(a) :={zr € A: 0| ax}
Observe that Ann(1) =1( | ).

Lemma 2.2.11 Let | be a divisibility of A and a € A. Then Ann(a) is an
ideal of A and
S(Ann(a)) = Ann(a)

Proof : Clearly Ann(a) is an ideal of A. We prove that
&"(Ann(a)) = Ann(a) (2.28)

for all n € N, proceeding by induction on n.
Note that

(Vo,y,a € A) : (x [ y) A (0] ax) = (0] ay),
and hence M(Ann(a)) € Ann(a). It also holds Y (Ann(a)) = Ann(a),

because Ann(a) is an ideal.
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Now suppose that (2.28) is true for some n > 1. Thus

Ind.hyp.

M(&"(Ann(a))) M(Ann(a)) = Ann(a)
S (6" (Ann(a))) "= S (Ann(a)) = Ann(a)
proves that " (Ann(a)) = Ann(a).
Therefore also S(Ann(a)) = Ann(a).
|

After this lemma, we have a proposition characterizing, in terms of ideals,
when I( |o5) = I( ] ), for some divisibility | and elements a,b € A.

Proposition 2.2.12 Let | be a divisibility of A. For all a,b € A
Ann(a) C Ann(b) < I( |ap) =1( ])
Proof : If I( |,5) = I( | ), then

=9

0]za=0|4pbr=0]0bz

for all x € A, and hence Ann(a) C Ann(b).
Conversely, suppose that Ann(a) C Ann(b). Take z € A with 0 |, .
Then there are r € N and ¢y, ..., ¢, € A such that

cra € 6(0)
caa € 6(0,¢1b)

cra € 6(0,¢1b, ..., ¢,_1D)
x € &(0,¢1b, ..., c,:b)

However, applying the hypothesis Ann(a) C Ann(b) to these relations,

cia € 6(0) = Clb € 6(0)
= coa € 6(0,¢10) C &(0)
= b € G(0)

= Ccra € G(O,Clb, ...,CT,1b> - 6(0)
= b e &(0)
=z € 6(0,¢b, ...,c.b) C &(0)

Thus also 0 | .

|

Another information, that we can extract from the relations |,;, is a
condition for the existence of divisibilities |', extending |, such that 0 |" ¢, for
some fixed c € A.
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Corollary 2.2.13 Let | be a divisibility of A and ¢ € A. Then
loc €E(])e1¢6(c-A)

Thus, by Proposition(2.2.9), there is | € E( | ) such that 0 | ¢ if, and
only if, 1 ¢ S(c- A).

Proof : In fact, 0 |o. 1 if, and only if, there are ¢y, ..., ¢, € A such that
1€ 6(0,¢c,....,cc;) = S(c1cy ...y cre) T S(c- A)

The converse is also true, because

) Lemg.QA

leB(c-A ) deg,y ey € Al € S(eqe, ..y cp0)

|

We note that I. := &(c- A) is an ideal of A, clearly satisfying &(/.) = I,
because of the properties of &. In general, for each subset I of A satisfying
A-1C1I,6(])is an ideal of A, because for all c € A

¢-&(I) C &(c-I) C &(I) and &(I) + &(I) C &(1)

This indicates the existence of a relationship between certain questions
about supports I( | ), for some | € E( | ), and the ideals I of A satisfying
S(I) = 1. These relations will be studied in the next section.

To finish this section we would like to observe another fact about the
relation |,, contained in the proposition below.

Proposition 2.2.14 Let | be a divisibility on A and a,b € A. If 0 |4 1,
then there exists r € N such that 0| a”.

Proof : If 0 |,p 1, then there are » € Nt and ¢4, ..., ¢, € A such that
ca € 6(0) = M(0)
Coa € 6(0, Clb) = 6(01[))
cra € S(0,¢1b, ..., c,10) = S(e1b, ..., cr_1b)
1€ 6&(0,¢1b,...,¢.0) = &(c1b, ..., ¢,b)
Multiplying the last relation by a, we get

a € &((cra)b, (c2a)b, ..., (c;a)b),
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Now, using the other relation to “substitute” cia, ...., c,a in this relation,
we deduce, after a finite number of applications of Lemma(2.2.3),

S((cra)b, (cea)b, ..., (cya)b) € &(0.b, (c1b)b, ..., (cr—1b)b),
and hence
a € S((crb)b, ..., (c,—1b)b)

Proceeding in this way r — 1 more times, i.e., multiplying the relation
found by a and then using the defining relations of 0 |, 1, we will get
a” € S(crab”) C M(0).

|

As a consequence, we have a corollary telling us that, at least when a is
not in the radical of I( | ), for some a € A, the relation |, is a divisibility,
for each arbitrary b € A.

Corollary 2.2.15 Let | be a divisibility of A. For all a,b € A:

a @ I(])=lap € E(])

Proof: B

2.3 Maximal Divisibilities and Valuations

In this section, we ask about the possibility of finding a valuation extending
a given divisibility.

To do this, we use the information about the minimal ones, starting
proving that, for each a,b € A, and each divisibility of A, there is an extension
of it such that, a divides b or b divides a.

Lemma 2.3.1 Let | be a divisibility of A and a,b € A. Then 0 4,5 1 or
040 1.

Proof : Suppose that 0 |, 1. Then Proposition(2.2.14) implies 0 | a" for
some 1 <r € N. If 0 |, 1, then there are s € N and dj, ...,ds; € A such that

1€ 6(0,da,...,dsa) = &(dya, ..., dsa)

and hence

1€ 6&(da,...,da) = a' € &(da",...,dsa”) = &(0)
= a"? € S(da" Y, ..., dsa" ) = &(0)

= a € &(dya?, ..., ds,a*) = &(0)
= 1€ &(da,...,dsa) = &(0),
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but the last relation is a contradiction.
[ |

The same type of arguments works to verify the next lemma, concerning
cancellation by elements.

Lemma 2.3.2 Let | be a divisibility of A and a,b,c € A. Then
(calcb) N(0fc)= 01,51

Proof : Suppose that ca | ¢b, 0 4 ¢ and 0 |,, 1. Take r € N* and
c1, ..., ¢ € A such that

cra € 6(0) = M(0)
caa € 6(0,¢1b) = S(c1b)

cra € 6(0,¢10, ..., cr_1b) = S(eqb, ..., 1))
1€ &(0,¢1D,...,¢.0) = &(cab, ..., ¢,b)

Multiplying all these relations by ¢, we get
c1(ca) € M(0)
ca(ca) € S(ci(ch))

¢ (ca) € &(ci(eb), ..., cr_1(ch))
c € 6(cy(ch), ..., c.(ch))
Now, using the assumption ca | ¢b and the properties of &, we have
c1(ca) € M(0)

4
ca(ca) € S(ei(ch)) € S(ei(ca)) = M(0)

=

cs(ca) € &(cq(eb), ca(ch)) C S(eq(ca), ca(ca)) = M(0)

cr(ca) € &(ci(cd), ..., cr_1(ch))

c € &(c1(ch), ..., c(ch)) C

contradicting 0 1 c.

[ |

The next lemma is the last needed for our desired theorem. It enables us
to maximize extension of divisibilities using Zorn’s Lemma.
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Lemma 2.3.3 Let ( |; )ies be chain of divisibilities of A with I # (). Then

=

i€l
is a divisibility of A with support (J,c; I( |;)-
Proof : By definition, for all z,y € A
zlry< x|,y for some i€ l.
Thus |; C |7 for all i € I and, for all z,y,z € A,
zliy = GFiel):z|jy=(Fel):zz|,yz= 22| yz
vlryyliz = @hjel):xliyyliz= C0i<Ikel) xleyylez

dkel):x|pz=alr2
33‘19,1”12 ‘

We also have 0 1; 1, because otherwise we should have 0 |; 1 for some
i€l

[

Such unions of divisibilities will be used also in Chapter(3), as well as the
next lemma.

Lemma 2.3.4 Let ( |; )ies be a chain of divisibilities of A and |; defined as
in Lemma(2.3.3). For all X C A andy € A

ye6(X)eyeS,(X) for someiel
Proof : By Lemma(2.2.4), it is enough to proof this lemma when X C A
is a finite set, say X = {x1,...,2,}. Moreover, as |; C |; for all ¢ € I, the
implication from right to the left is a consequence of Remark(2.2.8).
Therefore, it is enough to verify, by induction on n, that

y € Sz, ...,x,) =y € &} (xy,...,x,) for some i € [ (2.29)

for all n € N.
First note that

yeM(z) e |y x| yforsomei e & ye M (x) for some i € [

for all x,y € A.
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Thus

yEM[(C(Il,...7ZIZT) = \/ Z; |]y

1<j<r
=\ (i, y for some i; € I)
1<j<r
= V zj |y with k:=max{i; : 1 <j <r}
1<j<r

=y € Mg(zy,...,x,) for some k € I

Now suppose that (2.29) is true for some n > 1 and y € &7 (x4, ..., z,).
If 8 oy, ..., 1) = Y (6% (x4, ..., 7,)), then

S
Yy = Zzt with 2, € &7 (21, ..., ;)
t=1
By induction hypothesis
2 € 67 (21, ..., 20) = 2z € & (21, ..., 7,) for some iy € [

Taking k := max{i; : 1 <t < s}, we get

s

y = Zzt and z € G} (xq,...,x,) for some k € I,

t=1

and hence y € > (&% (z1, ..., 7)) = &7 (21, ..., 2,).
If &7 (x4, ..., 2,) = M(&% (24, ..., 7,)), then

z |1 y for some z € &} (zq, ..., x,)
By induction hypothesis, and by the definition of |7, we get
z|;yand z € &(xy, ..., x,) for some i,j € I
Taking k := max{i, j} we have
z gy and z € S;(x1, ..., z,) C Sk(zy, ..., 2,),

and hence y € M(G(zy, ..., 7)) = &7 (1, ..., 7).

[

After this deviation of our objectives, we return to them writing the
desired theorem about valuations.

Theorem 2.3.5 If | is a divisibility of A, then every maximal divisibility
extending | is a valuation, and hence V™( | ) £ ().
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Proof : We have E( | ) # () and for each chain ( |;);e; € E( | ), if we define

|]::U |i7

el

then one verifies that |; € E( | ) (Lemma(2.3.3)).

Therefore, we can use Zorn’s Lemma. Take |* € E( | ) maximal. We
claim that [* has cancellation and is total.

In fact, by Lemma(2.3.1), for all a,b € A, we have

lap€ EC[) or [5,€ ECT),

and then, by maximality, [} ,= [* or [; ,= [*. Thus a [* b or b [* a.

If 01 ¢ and ac |* cb, then Lemma(2 3.2) implies that [;,€ E([* ), and
hence, by maximality again, |[},= [*. Thus a |*b.

|

As a first consequence, we can characterize the intersection of all ideals

that are supports of valuations extending | .

Proposition 2.3.6 Let | be a divisibility of A. Then

VICh= (] 1

rev(l)

Proof : (C) : Suppose that 0 | y" for some » € N. Then 0 |V y" for all
v eV(]). As I( | ) is a prime ideal, by Remark(2.1.5), we also have 0 |” y,
for all Ve V(]|

Ity ¢ \/ ), then |,1 € E(|), by Proposition(2.2.14), and hence
y [’ 1 for some |" E V( ly,a) € V(] ), by Theorem(2.3.5). Therefore 0 1 y
for such valuation.

|

Similar arguments to that used in the proofs above, using the ideal op-
erator G, will be used in the p-divisibility case many times, and hence it is
helpful to have some familiarity with them.

We expect that the valuation divisibilities behave like valuations in the
classical sense. Then, the maximal ones, must correspond to the trivial
valuations, which in the classical sense correspond to fields. We will see
below that this equivalence is indeed true.

Therefore, the maximal divisibilities are not so interesting in the general
theory of divisibilities, because of their triviality. However, looking at them
will give us some insight of the behavior of the maximal p-divisibilities, which
are not trivial, because of the condition p { 1. It helps us to understand which
ideals of A are supports of p-divisibilities (See Theorem(2.3.11)).

49



Such ideals have the following convex property with respect to | , like the
special class of ideals of the end of Section(2.2).

Definition 2.3.7 Given a divisibility | of A, with associated operator &, an
ideal I of A is called |-convex, or &-convex, if M(I) = I.

We denote by I( | ) and P( | ) the sets of all &-convex ideals and prime
ideals of A, respectively.

Note that this is equivalent to say &(I) = I, because, being an ideal, of
course M(7) = I implies Y (M(/)) = I, and then also &(I) = I.

As we noted just before Proposition(2.2.14), for each ideal I of A, the set
S(7) is also an ideal of A. By construction, &(/) is the minimal &-convex
ideal of A containing I.

Now we state a proposition, saying that all maximal divisibilities are
the trivial ones. It also says which are the possible supports of maximal
divisibilities.

Proposition 2.3.8 Let | be a fized divisibility of A. For each P € P( | )
|P:= (A\P x A)U (P x P)
is a mazimal divisibility.'3

Conversely, each mazimal divisibility |* extending | equals
prime P € P( | ), namely P :=1(|").

P for some
|

Proof : (=) : Take P € P(|) and |” as above. As P is G-convex, | C |”.

In fact, if ¢ P, then x | y for all y € A. In particular, z divides also
all y € M(z). If z € P and z | y, then y € P, by G-convexity, and hence
x |F y, by definition of |¥ .

Suppose that |? is a maximal extension of |F. If x € I( |?)\P, then z |F y
for all y € A. Thus z |V y for all y € A, because |"C |? . In particular
0"z |” 1, a contradiction.

Therefore I( |Y) = P, and hence

(Va,be A): (0" a)A(a]"b) = (a|" D),

because the left side above implies also 0 | b and 0 |” a.
Moreover, supposing 01° @ and a |” b, we also have 017 a and a | b, by
definition of |¥. Thus ["C |7, and hence |’= |V | by maximality of | .

13Compare |F with the definition of trivial divisibilities in Definition(2.1.4), or with
Example(2.1.11)(4), to see that it is indeed a trivial divisibility.
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(<) : If |V D | is maximal, then | is a valuation by Theorem(2.3.5), and
then I( |¥) is a prime ideal by Remark(2.1.5). By Remark(2.2.8), I( |V) is
G-convex, and hence P :=I( |Y) € P(|).

As P is G-convex and I( |") = P, the same argument used in the proof of
the other implication above applies here, and then |* C |”. Being |” maximal,
we conclude [?= |”.

|

Not just the maximal divisibilities have the G-convex ideals as supports,
but also the set of all valuations extending | .

Theorem 2.3.9 Let | be a divisibility of a commutative ring A. Then
PCL)={I([")cA:["eV(])}

Proof : If P is a support of some ['€ V(| ), then P is prime and, for all

a,be A,
alb,aceP=0"al’b=0be P,

and therefore P is G-convex.

Conversely, if P is G-convex, then |7 defined above is an extension of | and
a valuation with I( |”) = P, because of its maximality and Proposition(2.3.8).
This proves the other inclusion.

|

Let us see now which ideals are supports of p-valuations. First we fix a
notation.

Definition 2.3.10 For each divisibility | of A, where Z. C A, define

(

PO(|):={PeP(|):PNZ={0}}
Pp(]):

|
):={PeP(|):P=I(|") for some "€ V,(|)}

Observe that V,( | ) # 0 if, and only if, P,( | ) # 0. Therefore, the
following theorem gives us also a necessary and sufficient condition to have
V,( ) # 0, when | is a p-valuation.

Theorem 2.3.11 Let A be a commutative ring containing Z. Given a p-
divisibility | of A, we have P € P,( | ) if, and only if, P € P°( | ) and

VMa€eA):a¢ P= (p-M(a) —a)NP =10, (2.30)
or equivalently, for all a € A,
a€ Ay = (bp—a) € Ay for all b € M(a),

where Ay are the units of the localization Ap.
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Proof : If P € P( | ) and it satisfies the condition above, then
1
, & OP) € F(P) = Quot(A/P),

where the field F/(P) has characteristic zero and

O(P) ::{(“P) eF(P):a|banda¢p}

a+ P

is the ring of | with respect P, defined in the next Definition(2.4.1).
In fact, otherwise, there are a,b € A such that

a|b, a¢ P and (bp—a) € P,

but (2.30) implies a € P, a contradiction.

Moreover, v(F(P)) C O(P), because | is a p-divisibility, and then it has
the Kochen property v,. By the theorem of existence of p-valuations'®, we
conclude that there is a p-valuation ring O, of F/(P) containing O(P).

Thus, one verifies that

P
(Va,be A):a|" b= (a%PandZ:::—PEOU) or a,b € P;

defines a p-valuation |” extending | with support P.
Conversely, if P € P,( | ), then P = I( |”) for some |"€ V,( | ). Thus,

O( ") := {(Zi];) € F(P):a |vbanda¢P}

defines a p-valuation ring of F'(P), and hence F(P) has characteristic zero.
Therefore P € P%( | ). Moreover,

(a ¢ P)A(beM(a))A(pb—a) e P

does not happen, because otherwise

1_b+P
p_a—l—P

€ O(P)CO(]")

4Tn fact, since p~! ¢ O(P), we can choose, by Chevalley’s Extension Theorem, a
valuation (function) v of F(P), with associated valuation ring O, of F(P), such that
O(P) C O, and p~! ¢ O,. Now, by Lemma(6.2) of [20], v is a p-valuation (function).
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2.4 Divisibilities with Cancellation and Min-
imal Extensions in C,(A)

Divisibilities with cancellation have a very good property that distinguishes
them from the others. They can be uniquely associated with some subring
of some field, and their properties are all described by algebraic properties
of this ring.

As a consequence, we will see that there is a one to one correspondence
between valuations of A (in the divisibility sense) and valuation functions of
A (Bourbarki valuations). Thus, we can identify them.

In this section, we also define another binary relation on A extending |
and depending of elements a,b € A, namely |*°. When | has cancellation by
a, we will verify that this is the minimal divisibility extending | satisfying a
divides b.

This relation will be used later in the study of p-divisibilities, because,
if p7! € A, then each divisibility | of A has cancellation by p. Thus | is
always an extension of |. Moreover, by its minimality, we can deduce that
a [P b if, and only if, | has a p-extension satisfying a divides b.

Let us start defining the rings that will be used for the correspondence
with divisibilities having cancellation.

Definition 2.4.1 Let | be a divisibility of A. For each prime ideal P C A,
we can define the field of quotients F(P) := Quot(A/P) and also its subring

O(P) ::{(b+P> eF(P):a\banda¢P},

a+ P

called the ring of | with respect to P.
If | has support prime P := I( | ), then we define F( | ) := Quot(A/P)
and a subring

0(\)::{(6”3)eF(y):aybanda¢P},

a+ P

called the ring of | .

Note that these are well-defined rings, because P is prime, and hence, by
the properties of divisibilities,

a|byc|dand c,a ¢ P = ac| (bc+ad),ac|bd and ac ¢ P

The characterization of divisibilities with cancellation is the proposition:
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Proposition 2.4.2 Let | be a divisibility of A. There is a 1-1 correspon-
dence between C( | ), the set of extensions of | with cancellation, and

R :={R: R is a subring of Quot(A/P) and R O O(P) for some P € P(|)}
The correspondence is given by
F=O(), R ",
where, for all a,b € A,

‘ (b+P)/(a+P)eR ,ifa¢g P
“'Rb":){ be P Cifac P,

Proof : For [*€ C( | ), as | C |*, the set O( |*) is a subring of Quot(A/P)
for P:=I(|*) € P(|), and clearly O(P) C O( |*). Thus |* — O( |*) defines
a map from C( | ) to R.

Take R € R. Then | is a divisibility of A with cancellation'® with
support P € P( | ).

We want to see that | C | . For this we use the assumptions O(P) C R
and P € P( | ). In fact, for all a,b € A,

(ag P)A(alb) "L a7 D)
@eP)A(a]b) "B e P)= (a|Rb)

Note that the G-convexity is necessary for | C |, because otherwise there
is 7 € I such that i ¢ P, and hence 0 | 4, but 0 {% .

Finally note that, for all a,b € B, using the definitions, one verifies for
each |* with cancellation

b+1(1]")

*b P S
o™ T )

cO([")orabelI([")=al® b

and, for R € R,

b+ P
a+ P

P
€R<:>a|Rbanda¢P<:>Zi—P€0( 17,

proving that |[* = |(1) and R = O( |F), and then the maps are inverses of
each other. Thus they define bijections.
|

15We let this verification for the reader. Only its definition is needed.
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As consequence we have the desired correspondence between valuations
and valuation rings, because for each divisibility |” with cancelation and each
a,be A

b+ P
al"bes —— e O
"be s o]

We also have a bijection with the Bourbaki valuations v : A — I' U {0},
for some abelian ordered group I'. In fact, note that P = v=1(00) is always
a prime ideal of A, and then we can use this fact to prove the existence of
a bijection between the Bourbaki valuations v, of A, with v;!(0c0) = P, and
the valuation rings of Quot(A/P).1

We collect the conclusions of this discussion in a corollary to be remem-
bered later.

Corollary 2.4.3 Let | be a divisibility of A. There is a 1-1 correspondence
between the set V(| ) of valuations extending | and the set of Bourbaki val-
uations v : A — T'U {oo} with v™'(c0) € P( | ).

In the theory of valued fields, we see that valuation rings can be used to
describe the integral closure A of a subring A in the field F,!” more precisely

A= (] 0. (2.31)

0,V (A)

where Vg(A) is the set of all valuation rings of F' containing A.

Because of its importance (they play an important role in algebraic num-
ber theory), such intersections receive names: an arbitrary intersection of
valuation rings O, of F' is called a holomorphy ring and the intersection
of all O, € Vr(A) is called the holomorphy ring of A.

The equality above can be seen as a local global principle, where the local
properties given by a € O,, for all O, € Vr(A), can be translated into the
global property a € A.

In this text, we will understand local-global properties for valuations
(functions and divisibilities) as properties relating valuations extending some
divisibility (or a ring) and the given divisibility (or ring).

Such local-global principles will be used, for example, to study represen-
tations of commutative rings in C'(X,Q,), for some compact space X.

Note that, if { |;}ies is a given a family of divisibilities of A, then its

intersection [ |; defines also a divisibility of A. Using this observation we
el
can define a notion of holomorphy for divisibilities.

6Remember Definition(2.1.6) and the discussion below it.
1"Theorem(3.1.3) of [19].
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Definition 2.4.4 Let D be a set of valuations of A. Then the divisibility

b= I

|[*eD

15 called the holomorphic divisibility of D.
If | s a divisibility of A, the holomorphic divisibility of | is

o ﬂ g

[Pevi(|)

One of the properties of |7 is

Prop.(2.3.6)
("= r "= (1)
PeP(])

As all valuations have cancellation, by definition, we can use the previous
discussion to give an algebraic description of |7.

Theorem 2.4.5 Let | be a divisibility of A. For each a,b € A

b+ P
a+ P

a|Hb<:>(VPeP(|)):(( )Em,agéf)) or (a,b e P)

where O(P) denotes the integral closure of O(P) in F(P).

Proof : First remember that a prime ideal P is a support of some valuation
extending | if, and only if, P is G-convex (Theorem(2.3.9).).

If a |% b, then a |V b for all '€ V(| ). For each P € P(|), let V(P) be
the set of all valuations extending | with I( |V) = P.

For all |"e V(P), the corresponding valuation ring O, satisfies

O(P) C O, C F(P)

Conversely, each valuation ring satisfying this defines a valuation belong-
ing to V(P), namely |9, as in Proposition(2.4.2). Thus

[(V|’e V(P)): (a|"b)] < (a,b e P) or <21—1;) e (] 0.=0(P)
O(P)CO

where O, are valuation rings of F'(P). Varying P € P( | ) we get the desired
conclusion.
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For the converse, observe that, if a {7 b, then a {* b for some ['€ V(| )
with P := I( |") € P(] ), or equivalently a 1 lv) p.
Thus,

(aGP)/\(bgéP)or(agP)/\(zj—_];)¢(9U

In the last case (b+ P)/(a+ P) ¢ O(P).

|

What we have seen so far, is that the local information of some divisibility,
given by V(| ), is closely related to the rings

II o< ] Fp,

PeP(|) PeP(|)

where products and sums are taken component-wise.

After these digressions about intersections of valuations, we want to show
another result related to divisibilities with cancelation, which relates the
membership relation y € &(X), for some fixed X C A, with the membership
relation § € (X), where ¥ := y + I( | ) and (X) is the O( | )-module
generated by X := X + I( | ) contained in the field F( | ).

Proposition 2.4.6 Let | be a divisibility of A with cancellation, i.e., | €
C(A). With the same notations as in the paragraph above, for all X C A and
yeA

yeB(X)eye(X)

Proof : Using Lemma(2.2.3), we can verify that
yeSX)ey+I(])eS(X+I(]))

Thus we can suppose, without loss of generality, I( | ) = {0}, and hence
B:=0(|) C Quot(A), because I( | ) is prime when | has cancellation.

Observe that, by Lemma(2.2.4), y € &(X) if, and only if, there are
x1, ..., € X such that y € &(zy,...,x,). Thus it is enough to verify the
assertion above for a finite set X = {z1,...,2,}. Asy ¢ I( | ) by hypothesis,
we can take all x; different from zero.

We will prove by induction on n € N that, if n > 2, then

y e & (ry,..,z,) Sy B+ ... +x.B (2.32)

and so follows the desired conclusion for S.
Start with n = 2. By Proposition(2.4.2), for all a,b € A

beM(a) < albebeaB
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and hence
y € M(zy,...,z,) & y€x1BV...Vy €z, B

Thus
Yy € 62(1'1, ceny ZL‘T)

S (M(xq, ..., zy))

1B+ ..+ x.B

I <

(RS Z(ZﬂlB, ...,II?TB)

For the induction step, suppose now that (2.32) is true for some n > 2
and take y € &"(xy,...,x,). If y € M(&"(xy,...,x,)), then there is z €
&"(x1, ..., ) such that z | y. By induction hypothesis, this is equivalent to

yezBand z € 1B+ ...+ x,.B

and hence y € v1B + ... + 2. B.
Ify € Y (6"(xy,...,z,)) then there are 21, ..., z, € &"(x, ..., z,) such that
y =Y :_, %. By induction hypothesis again, this is equivalent to

S

21y 2s €EX1B 4+ ...+ x,.B and y = Zz,

=1

and then y € ©t1B + ... + x,. B.

Asyex;B+...+x,B=y € &*xy,....,x,) C&"(xy,...,x,) for alln € N,
the equivalence in (2.32) is proved.

|

In particular,
Corollary 2.4.7 Let | € C(A). Then, for all y,xq,...,z, € A,
yeS(r1,..,2,) ©y€T-O(| )+ ... +7T, - O(|)

Proof: W

Now we want to show that, under the assumption that a divisibility of a
ring A has cancellation by a € A, we can give an easier description of the
minimal divisibilities extending it and satisfying a divides b, for b € A fixed.
The motivation for this result comes from a discussion about cancellation
divisibilities and holomorphic divisibilities done below.

Let | be a given divisibility and |* a minimal divisibility extending | with
a |* b, for some a,b € A. If P € P( | ) we can observe the set C(P) of all
divisibilities with cancellation extending | with support P. By the proof of
Proposition(2.4.2), we know that there is a 1-1 correspondence between this
set and the subrings of F'(P) containing O(P).
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To take all |T€ C(P) with a |t b is equivalent, by Proposition(2.4.2), to
choose all rings R € F(P) containing O(P) and satisfying

((agéP)/\ <Zi—1;) eR) or (a,b € P)

However, we know which is the minimal ring in F'(P) with these proper-
ties. It is exactly the ring of polynomials

O.(P) = O(P) KZL]ZH

This ring of polynomial defines a divisibility |©=*() of A extending | and
contained in each element of C(P). Now, by its definition, for all z,y € A,

y+ P

z |9+ P) y & ((1’ ¢ P) A (H—P) e oa,bua)) or (z,y € P)

Thus, when 2 ¢ P, x |9+(") y is equivalent to the existence of some
polynomial f € O(P)[X] such that

y+P_f b+ P
x4+ P a+P)’

After simplifying denominators and some algebraic manipulations, one
can see that this is also equivalent to the existence of r := deg(f) € N and
Coy -y & € O(P) such that

ya" +P=x2- (0" +c_ b tad ... +eiba” Tt cpa”) + P

Note that the same argument holds for all P € P( | ), what motivates us
to find a generalization of this condition (modulo P).
Note that
¢ € Oup(P) & c € &(1, %),

Thus, by analogy, we can infer that ¢ € O(P) should be equivalent to
¢ € 6(1). Using this intuitive reasoning, the condition above, without P,
should be written as

(Ir € N)3Bcp, oy, € S(1) iya" =a- (b + o1 ta+ ... +crba" " + coa”)

As ¢b'a"" € G(b'a"") for each i € {0,...,r — 1} and clearly b" € &(b"),
using the equality > & = &, we conclude that

ya" € &(z- (0" + co1b"ra+ ... 4 crba” Tt + cpa”))
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Now we write z |*® y if the relation above is true, and we hope that the
binary relation |*® on A satisfies at least the conditions (1 —4) of divisibilities
and is minimal, with respect to the condition a divides b.

This will be the case, and |** will be a divisibility exactly when a ¢

I( | ), as the next theorem shows.

Theorem 2.4.8 Let | be a divisibility of A. For all x,y € A we define
X ‘a,b Yy <= (Elr € N) : a’"y € 6(37 . {biarii}ogigr),

where {b'a" " }o<i<r = {1} if 1 = 0.
Then | is an extension of | satisfying (1 —4) and a |** b. It follows
from its definition that

I( " ={ye A:a"yeI(]|) for somer € N}
and then
0" 2 < ac/Ann(z) and 0]** 1< ac\/I(])
Proof : Suppose that z | y. Taking r = 0, we deduce
y=1a"y € &(x-{ba" "}ieo) = &(1)

and hence x |*° 4.
Taking r = 1,2 = a and y = b, we have

ab € &(a - {a,b}) = &(a?, ab)

and then a |*® b.
If 2 |op y, then

a'y € &z - {b'a" Yo<ic),
for some r € N. After multiplying by ¢ € A, we have
a’(cy) € &((cx) - {b'a" " Yo<izr),

and hence cz |** cy.
Suppose that x [%* 3y and y |** 2. Then there are 7, s € N such that

a'y € &(x - {V'a" "Yocic,) and @’z € &(y- {Va}ogi<s),
Multiplying the second relation above by a”, and using the first, we get

a2 € &((a"y) - {Pa*Thogjcs) € S(x - {b'a" Focicr - {Ha T Focjcs)
C &(z - {bFa T F e (san)
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and hence z |** 2.
Now suppose that x [** y and x |*® z. Then there are r, s € N such that

Clry S G(Z‘ : {biar_i}ogig,«) and a’z € 6<$ : {bjas_j}ogjgs),
Multiplying the first relation by a® and the second by a”, we deduce

a®ty e S(a*x - {V'a" " hocicr) € (- {0 Y ochc (o)
a1z e &(a"w - {Va* o <) C (@ - {0 a T Y ocic o)

Therefore
PACEE)) (y 4 Z) _ (a(s+r)y + a(s+T)Z) c 6(1» . {bka(8+r)—k}0§k§(s+r))

and hence z |*° (y & 2).
|
The next lemma shows that this relation has cancellation by a.

Lemma 2.4.9 Let | be a divisibility of A and a,b € A. Then |** has
cancellation by a.

Proof : If az |** ay then there is r € N such that
a’(ay) € 6((az){b'a" "}ocizy) = a" My € Sz {V'a™ ocizri) = @ [y

A corollary from this lemma and the proposition above is:

Corollary 2.4.10 If | is a divisibility on A then

Ca([)# D= a g VICT).

Proof : The only implication we need to verify is from left to right. But, if
0| a” for some n € N, and |* € C,( | ), then

0 a"=0["a"'=..=0"a=0]["1,

a contradiction.

|

The next proposition (actually its corollary) will assure that
in the set of extensions with cancellation by a, as promised.

|4 is minimal

Proposition 2.4.11 Let | be a divisibility of A with cancellation by a.
Then
a|be|* C |
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Proof : (<) If |** C |, then a | b, because a |*° b.
(=) Suppose that a | b and x |** y. Then there is € N such that

alb

a"y € &(z - {b'a" "}ocicr) € &(a"x) = M(a" ),

and hence z | y by iterated cancellation by a.
|

As in Section(2.2), we can deduce the minimal property of |°.

Corollary 2.4.12 Let | be a divisibility of A with cancellation by a. For
all [*€Cy(]) andbe A

&’*b<:>|a,bg‘*

In particular, for any divisibility | of A and a,b € A, |** is the minimal
extension of | with cancellation by a such that a divides b.

Proof : («=) : If |** C |*, then a |* b, because a |*° b.

(=) Ifa|*band |* €Cyu( | ), then the Proposition(2.4.11) above implies
( |*)a,b g |* However |a,b g ( |*)a,b'

|

Extensions of the type will be frequently used in the theory of p-
divisibilities, where the validity of the relationship p |** 1 will be investigated,
i.e., the validity of

|a,b

(IreN):a" € &(p-{b'a" "}Yo<icr)

2.5 Cancellation by Elements

The study of cancellation properties is important, because in general divis-
ibilities do not have cancellation. In our study, for example, the canonical
divisibility | of C(X,Q,) does not have cancellation. One way to verify this
is to look at the support of |y, namely

I( o) ={f€C(X,Q,) : f(z)=0forall z € X},

which is not a prime ideal, and hence it is not possible for |y to have cancel-
lation.

In the previous section we studied divisibilities with cancellation, here we
will study also cancellation, but by elements.

The understanding of cancellation by elements will be useful to handle
divisibilities without cancellation and provides some techniques, helping us
to find some local-global principles in the coming chapter.
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This section will be more technical, and some proofs will be just verifi-
cations of some fact using calculations and the properties of the operator G.
However, the results found here will be necessary and they need proofs.

Let us start with an easy, but fundamental lemma.

Lemma 2.5.1 Let | be a divisibility of A and ¢ € A satisfying 01 c . Then
| defined by
(Va,be A):a|°b:=ac|ch

is a divisibility of A extending | . Clearly
I(]°)=Ann(c):={z €A : 0]cx}

Proof : We have | C |®and 01° 1, because 01 c and (z | y = cz | cy), for
all z,y € A. Also, for all x,y,z € A,

r ¢y =cr|cy=c(zx) | c(zy) = zx | 2y
ey, ylfz=crley, cylez=cx|ez=alz

|y, z|z2=>cx|cy, cx|lcz=cx|clytz)=a| (yxz)

The relation |© is a prototype of extensions of | with cancellation by c. In
fact, from its definition, we can see that, if 0 1 ¢,

| has cancellation by ¢ = | C |

However, in general the converse is not true. To see this, remember that:
there is some extension of | with cancellation by ¢, i.e. C.( | ) # 0, if, and
only if, ¢ ¢ \/I( | ), by Corollary(2.4.10).

Thus, although | is an extension of | , if 0 | ¢* for some natural number
n € N, |¢ does not have cancellation. Clearly |¢ contains itself and hence the
converse above is not true.

Even not having cancellation by ¢, we will see that this extension can be
used to prove Theorem(3.1.2), which claims that V,( | ) # 0, when | is a
strong p-divisibility.

The extensions |° can also be used to give another proof of V(| ) # 0, when
combined with some ideas about divisibilities with cancellation. However, we
do not follow this approach, because it could keep in secret some arguments
that we wanted to show and clarify.

The relationship between | and its corresponding operator &, will be
also useful later. What we need is actually:
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Lemma 2.5.2 Let | be a divisibility of A and ¢ € A satisfying 0t ¢ . For
ally € A and X C A,

Y€ G(X)=cye S X)
where &, is the ideal operator corresponding to the divisibility |© .

Proof : Tt is enough to prove the lemma for X finite, by Lemma(2.2.4).
Taking X = {z1,...,z,}, we verify that

y € &l(xy,...,x,) = cy € & (cxy, ..., cx;), (2.33)

for all n > 0.
We proceed by induction on n. For n =1

y € M(xq,...,2,) = \/ i |°y = \/ cx; | cy = cy € M(exy, ..., cx,)

1<i<r 1<i<r
Suppose that (2.33) is true for some n > 1. Then

y € M(S(xy,...,x,)) = z|°yand z € & (1, ..., x,)

Indbyp. | cy and cz € &(ca, ..., cxy)

=y € 6S(cxy, ..., cx,)
y €D (S(x1,..,x)) =  y=>z and z € S.(r1,...,x,)

t=1

Ind.hyp. 5
=" cy =) cz and ¢z € S(cxy, ..., cxy)

=1
=y €Y (S(cxy,...,cx,))
Thus also
y € & (xy,...,1,) = cy € 6" cay, ..., cxy)

[

The next proposition is one of the most useful and will be proved after
some technical lemmas.

It says that, if C.( | ) # 0, for some ¢ € A, then there is a one to one
correspondence between the set of divisibilities of A extending | and the set
of divisibility of A, containing the divisibility |. of A., which is canonically
associated to |.

Here

Ac={% :acAandnen}
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is the localization of A by the multiplicative closed subset
{¢) :=={c":i €N}

Note that 0 ¢ (c¢) when C.( | ) # (), because of Corollary(2.4.10).
The relation |. will be defined below in the next Lemma, where we verify

that it defines a divisibility of A. under the assumption ¢ ¢ /I( | ).
Lemma 2.5.3 Let | be a divisibility of A and ¢ € A with ¢ ¢ /I(|).
Then ,
(ﬁ> | (—) & () (™a | (F) ()b for some k € N

cm

Cn

defines a divisibility of the localization A.. Moreover, it follows from its
definition that, for all a,b € A,

a b
b= (5) (3
al|b= 1 | (1>
Proof : First we prove that |. is well-defined. Suppose that
b ! b b
@) = (3)-(F) &) - )
c" cm c" c" cm cm

ie., ¢"(c¢"a) = ¢(c"a) and ¢*(¢™'b) = ¢* (™) for some 7, s,n,n',n,m € N
and a,a’,b,b’ € A. Then,

éNa | (F) ) (e ) (ee™ )b

crca’ [ (F)(e) (e ) (e

()

a v
(e) ()
Clearly, by the definition of |., if a | b, then (a/1) |. (b/1), and hence | is

reflexive. .
Moreover, if —,
Cn

a(e™) () | b(e™)(c") = () (™) (ce™)
= () () (e e™)
= /(") () | V(e

—~ —~

fork' =k+m-+n-+r+s.
Thus

i, c € A, then
cmcr

cktma. | CkJrny = Ck+(r+m)Z:L‘ | Ck+(r+n)zy
! ! ! ! /
v, Ck +7”y | Ck +mZ = Ck-}—m-‘rk’ +r$ | Ck:-l—n-i—k +ry | Ck—l—n-‘rk‘ +mz
- c(k+m+k/)+7~x ’ c(k+m+k/)+nz

Ck+m k+n

xl|c
! ! ! ! !
Ck+ml' | Ck+ny, Ck +TCL’ | Ck +nZ = Ck+m+k +rx | (Ck+n+k +ry + Ck+m+k +nZ)
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From the first two implications above, we conclude the transitivity and
the multiplicative property of |.. The property related to sums follows from
the last implication above, if we take k" := k' + k and observe that

x Y z x yc" £+ zc™
=) (== —> & (—) e | —F/——
(c”) | (cm cr cn | ( clr+m) )

o KHm) . | (Ck”+(n+7“)y + Ck"+(n+m)z)

where k" is some natural number.
Also 0 1. 1, because

1
<g) |e (I) = 0|c* for some k€N
|

Remember that we can define the canonical homomorphism s.: A — A.
given by a — (a/1). Using this homomorphism, we can associate a divisibility
(|«)%¢ of A to each divisibility |, of A.. This is possible because of the next
lemma.

Lemma 2.5.4 Let o : A — B be a ring homomorphism and | a divisibility
of B. Then

(Va,be A): al|*b:< ala) | a(b)
defines a divisibility on A, inheriting the properties of | , i.e., totality, can-
cellations and p-properties.

Proof : The verification is quite easy and left to the reader.
|

Using the canonical homomorphisms s., we can prove then:

Proposition 2.5.5 Let | be a divisibility of A and c € A\\/I( | ).
There is a 1-1 correspondence between C.( | , A) and E( |., A.) given by'®

"= (e and [" = ()
where s. : A — A. is the canonical homomorphism a — (a/1).

Proof : If |*2 |, is a divisibility on A, then |* has cancellation by ¢ (as well
as each divisibility on A.), and hence ( |*)* also has cancellation by ¢. In
fact,

ca( [)%cb = (ca)/1|* (cb)/1 = a/1 " b/1 = a( |*)*b

18This notation was introduced in Notation(2.1.10).
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Conversely, if |* has cancellation by ¢ € A, then ¢ ¢ /I( |* ), and hence
Lemma(2.5.3) implies that ( |*). is a divisibility of A. extending |.. Thus,
the maps defined above are well-defined.

Moreover, for all z,y € A and [*€ C.( | ,A)

plye (7)1 (4) @ a1y

and, if [*€ E( |., A.), then

TN W (Y L (Y Mo [*\se TN sy (Y
(c”)‘ (cm)(:)( 1)| ( )(:)c (1) Cy@(c”)“‘) )C<cm)
Thus |*= (( |*).)* and |*= (( |*)*)., proving that the maps are inverses

of each other.
[ |

2.6 Topologies on F(A)

In the last section of this chapter, we study F(A), the set of all divisibilities
of A, as a topological space.

We want to introduce not any topology, but a topology that catches also
the properties of the topologies defined by the valuations |¥ of A in the fields
F( ") := Quot(A/I( |")).

Given a valued field (F,v), the topology defined by the valuation v is
generated by the open subbasis consisting of the sets

Ur(a,b) :={x € F : v(x—b) >v(a)}

for all a,b € F.19
If we understand the valuation as a divisibility relation |”, then we can
rewrite the sets above as

Ur(a,b):={x € F : (x—0>b)1{" a}

This sets can be thought as the correspondent, in the valuation case, to
the sets
Ug(a,b) :={r € R : (z—b) £" a}

in the real case, where R is an ordered field and <” is an order relation in
R, defined by an ordering P of R putting

(Vo,ye R) o<y (y—2)€P

9In general, the definition is made for a # 0, but this is not problematic, because if
a =0, then Ur(a,b) = 0.
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The set Ug(a,b) can also be rewritten as
Ug(a,b) :={r € R : a—(x—0b) ¢ P}

Now look at Chapter(1) and remember that we defined the spectral topol-
ogy on the set of all orderings of A using an open subbasis consisting of the
sets

U, :={P € Sper(A) :a ¢ —P},

As the open sets Urp(a, b) and Ug(a, b) seems to be similar in its definition,
we can hope that an open subbasis for the set of valuation of F' should use a
definition also similar to that of U,. However, here the unary relation a ¢ P
is replaced by the binary relation a |V b.

This motivates our definition.

Definition 2.6.1 Let E(A) be the set of all divisibilities on A. We define
foralla,be A

(A) = af b}
(4) = al b}

e The spectral topology on E(A) is the topology generated by the open
subbasis {Uy(b) }apea-

e The constructive topology on E(A) is the topology generated by the
open subbasis consisting of the sets U,(b) and their complements, for
all a,b € A.

Note that E(A)\U,(b) = Vu(b) for all a,b € A.

Later, we will see that our definition of a topology in the set of valuations
is so good as the definition of the real spectral topology in the real case,
because we can use it to do a p-adic representation theorem in the coming
chapter.

We continue the section establishing the main properties of this topology,
as quasi-compactness.

Our proof uses Tychonoff’s Theorem and is similar to the proof of the
same property for the real spectrum, found in § 2.4, [15].

Theorem 2.6.2 The constructive topology on E(A) is quasi-compact, and
hence also the spectral topology.

68



Proof: We endow {0, 1} with the discrete topology and consider {0, 1}4*4
with the product topology. Then {0,1}**4 is a quasi-compact space by
Tychonoft’s Theorem.

We will prove that the well-defined map

®: E(A) — {0,134

lifa|b
| = (Qap( | ))apea, where a@p(|) = { 0 else.

has a closed image homeomorphic to E(A).
As each closed subspace of a quasi-compact space is quasi-compact, the
assertion above is enough to prove the theorem.

If |, €E(A)and |# |, then there are a,b € A such that
(a|b)Afat b) or (atb)A(ald)
and hence

Aap)( | ) =1#0=0@p(]") or aEy(|)=0#1=0aEy(]")

and therefore ®( | ) # ®( |' ). This proves that ® injective and hence ® is a
bijection between FE(A) and its image.
Now note that

| €EUD) & aEp(|)=0e0(|)e{0}x [] {0.1} = B,
(,y)#(a,b)
eVt S aun(l)=1ea(|)e {1y x [ {0.1}=Cus
(z,y)#(a,b)
and then

ua(b> = q)_l (Ba,b> ) Va(b) = q)—l (Ca,b)
O(Uy(b)) = P(E(A)) N Bayp , P(Va(b)) = P(E(A)) N Cuyp

for all a,b € A.

As the subsets By, C,p of {0, 1344 form a subbasis of its topology, when
we vary a,b € A, we conclude that ® is continuous from the first above.

The second proves that ® is an open map from E(A) to ®(F(A)). Thus
® is a homeomorphism of E(A) with its image.

Now we prove that the image of F(A) is closed. Let 8 := (Bp))apea €
®(E(A)) and define

a |B b & 5(a,b) = 1.

If we verify that |® is a divisibility of A, then clearly ®(|”) = 8 and then
S(E(A)) = D(E(A)).

One needs to verify:
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1. By = 0.
2. Baw = L.

3. Bapy =1 = Bleaew) = 1.

4. Bapy =1land Bpey =1 = Bae = 1.
5. Bup =1land By =1 = Papte = 1.

The proof of these properties are more a less the same. For example,
suppose that there exists a, b, c € A such that 3,4 = Bla,c) = 1 and B(apre) 7
1 (= 0). Consider the set

U= {5 € {07 1}A><A : 5(a,b) = B(a,b)a 5(11,0) = B(a,c)a 6(a,b+c) = B(a,b—l—c)}

This is a neighborhood of 3 in the product topology of {0, 1}**4. Thus,
by hypothesis, intersects ®(FE(A)). Therefore there is a divisibility | such
that a | b, a | c and a{ b+ c. A contradiction.

[ |

As a corollary we have.

Corollary 2.6.3 Forall | € E(A) and a € A, the following subsets of E(A)
are closed with respect to the constructive topology,

E([), T(A), C(A), C(A), V(A)

Therefore they are quasi-compact in the constructive topology, as well as
in the spectral topology.

Proof : The lemma follows from the equivalences

"eE(])e] e (mb)ﬂe | Va(D)

eT(A) & | € a,QA(V“(b) UVi(a))

feClA) =] e a,bDeA(uaC(bC) U Va(b) U Vo(c))
"eC(A) = € aﬁQA(Uac(bC) U Va(b) UVo(c))
V(A)=C(A)NT(A)

[
As in the real case, we expect that the set of maximal points of E(A) is
a compact space with respect to the spectral topology.
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For us, the maximal divisibilities (the trivial divisibilities) are not so
interesting, but the maximal divisibilities of some subset of divisibilities is
quite more interesting, like the set of maximal p-divisibilities, which are non-
trivial.

The first thing we do is to analyze if the quasi-compactness property of
some subspace of E(A) remains when we pass to its maximal points, what
is guaranteed by a lemma.

Lemma 2.6.4 Let X be a closed subset of E(A) with respect to the construc-
tive/spectral topology. Assume also that every element of | has a maximal
extension |* € X. The set X™* of maximal points of X is quasi-compact
with respect to the spectral topology.

Proof : We claim that each open cover of X™* is also an open cover of X.
Take some open cover {U; };c; of X™**. Without loss of generality, we can
suppose that each U; is also open in X. Then

Ui = Uy, (b)) N U (b))

Je€J;

for some set of indexes J;.
To verify that this is an open cover of X it is enough to see that

|C " and [* €Uy(b) = | € Us(b)

forall |, |* € X and a,b € A. But this is clearly true, because a {* b= a1 b
for all | C |* and all a,b € A.

Thus {U;}er is an open cover of X and hence also an open cover with
respect to its spectral topology. As X is closed in E(A) with respect to this
topology, it is also quasi-compact, and therefore has a finite sub-cover. This
also provides a finite sub-cover of X™* and hence it is quasi-compact.

|

This was the last general fact about quasi-compactness in F(A) we wanted
to show. We pass now to the study of the Hausdorff property.

We want to confirm that also in the divisibility case the set of all maximal
divisibilities is compact. This is the content of the next proposition.

After this result, we change to the specific case of p-divisibilities and we
analyze the quasi-compactness as well as the Hausdorff property of the set
of maximal p-valuations.

What is remarkable here, is that the next proof (for the trivial divisibili-
ties) is less trivial than the proof of the Hausdorff property for p-valuations,
which is quite easy.
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Proposition 2.6.5 The spectral topology on V™**(A) is Hausdorff and
{Uo(y) NV (A)} e U{U(1) D VT(A) ] e g
is a clopen subbasis of this topology. Moreover, for all x € A,
V(AU () = U (1) NVE(A)

Proof : Remember that each maximal divisibility is equal to | for some
prime ideal P of A (Corollary (2.3.8)).
Observe that, for all prime ideal P of A,

Peu,(y) © 24y & 2€P and y¢ P. (2.34)
In particular
Peu,(1) & e P and |"clph(y) & y¢ P (2.35)
and therefore
" e Us(y) & "€ Us(1) NUo(y) (2.36)
Now (2.35) also provides
VRS (ANU(1) = Up(y) N V™ (A)
VI (ANU (2) = Uy (1) N V(A)
and hence U, (1) N V™*(A) and Up(y) N V™>*(A) are clopen in V™*(A).
It follows from (2.36) that U, (y) NV™**(A) is also clopen in V™**(A) and
{Uo(y) NVEH(A) e U UL NVE(A) ] 0y

is a clopen subbasis.
If |P# |9 then P # Q. Without loss of generality, we can suppose that
x € P\Q, for some x € A. Hence

Petd,(1) and |9 Uy(x)
From (2.35) we conclude that
Us (1) NUy(z) = 0,

proving the Hausdorff property.

|

We are going to finish this chapter proving that the space of all p-valuation
of A is compact with respect to the spectral topology. This is different from
the real case, because the real spectrum, in general, is not Hausdorff as the
maximal real spectrum.
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Proposition 2.6.6 The class {Uy(b) }apeca s a clopen subbasis of V,(A), and
hence V,,(A) is a zero dimensional space®. Moreover, V,(A) is compact
with respect to the spectral topology.

Proof: We start verifying that the set U, (b) is also closed with respect to
the spectral topology, for each a,b € A.

In fact, for each |"€ V,(A), as v(p) is minimal positive in the value group
of the p-valuation function v : A — I, associated to [,

|"e Uy (b) & at’ b v(b) <v(a) < v(bp) <v(a) < bp |’ a<]’e Vya)

and hence U,(b) is closed.
Now, if [”, |Y€ V,(A) are different, then there are a,b € A such that
a |’ bbut at”b,ie.,

"€ Va(b) = Upp(a), |“€ Uy (D)
However,
Vi (A) NUL(D) N Upp(a) = Vi (A) N UL(D) NV, (b) =0

and then V,(A) is also Hausdorff.
It is quasi-compact, because it is closed in V(A) with respect to the
constructive topology, because |V € V,(A) if, and only if,

€ () Veltas—avayz—eyz (a7 — abD)b ) O () Upe() U Vo(c))

a,beA ceEA

Corollary 2.6.7 Let | be a divisibility on A. Then V,( | ) is compact as well
as Vmax( ] ).
p

Proof: V,(|)=E(])NV,(A) is closed in the compact space V,(A). As
Vp( | ) is compact, V**( | ) is also compact by Lemma(2.6.4).

In fact, V,( | ) satisfies the assumption of that Lemma, because if |V €
Vo( '] ), then each chain of elements of

Xo={["eV(l):["c"}

has an upper bound in X,?! and hence we can use Zorn’s Lemma to find a

maximal extension of |” belonging to V,( | ).
]

20A topological space is zero dimensional if it has a clopen base.
21'We just need to use the divisibility |; of Lemma(2.3.3) and check the conditions p {; 1
and (017 ¢) A (ac |1 be) = a |1 b. The details are left to the reader.
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Chapter 3

p-adic Representation
Theorems

In this last chapter, we will use the concept of p-divisibilities to study repre-
sentations of commutative rings in rings of p-adic valued continuous functions
C(X,Q,), for some compact space X.

In the first section, we develop the general theory of extensions of p-
divisibilities giving some weak local-global principles. We let the study of
p-Archimedean extension for the second section, where we also establish the
specific local-global principles of p-Archimedean divisibilities needed for our
p-adic Representation Theorem.

The third section is devoted to the study of maximal p-Archimedean divis-
ibilities. There, we will prove Proposition(3.3.2) and Proposition(3.3.3), that
assure the existence of p-adic representations for rings having p-Archimedean
divisibilities, as Lemma(1.1.5) and Lemma(1.1.12) do in the real case.

In the other sections, we present p-adic representation theorems and we
discuss which are the relationships between the algebraic properties of the
ring represented and the topological properties of the space used for such
representation.

There we will see that it is reasonable to assume that the topological
space X, used for representations, is also zero dimensional, as V,(A) for each
commutative ring A, because this hypothesis will guarantee that there are
elements of C'(X,Q,) separating points of X.!

In the last section, we discuss the relationship between some subsets of
the set of maximal p-Archimedean divisibilities of the ring of polynomials
Qp[X1, ..., X;y] and subsets of Q) satisfying a certain property.

From now on, we will always assume that p~! € A.

IThis is already true in the real case if X if compact, because Urysohn’s Lemma holds.
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3.1 p-Extensions and p-Valuations

At the beginning of this section, we want to exhibit sufficient conditions for
the existence of p-valuations extending a given p-divisibility.

This is not always true, as seen in Example(2.1.11), where we saw a p-
divisibility having no extension being a p-valuation.

Such problems can be avoided if we suppose that the divisibility | is a
strong p-divisibility, or if we take some p-Archimedean divisibility, as we will
see in the next section.

To do this, we start with a lemma.

Lemma 3.1.1 Let | be a strong p-divisibility of A.
o Ifcd I(]), then |©€ ES"(]).
o If (|i)ier S E;(]) is a non-empty chain, then |; € E3"(]).
Proof : By Lemma(2.5.1), |°is a divisibility and, for all a € A,
pa |¢a = plac) | (ac) = 0] (ac) = 0| a
If O # ( |;)ier is a chain, then |; € E( | ), by Lemma(2.3.3). Moreover,
palja=(Fiel):palja=(Fiel):0];a=0]|ra,

for all a € A.
[ |

That is all we need to prove the existence of p-valuations extending a
strong p-divisibility.

Theorem 3.1.2 If | is a strong p-divisibility of A, then V,( | ) # 0.

Proof : As E5'( | ) # () and, for each chain ( |; )ier € E57( | ), we have
7 € E5"(]), by Lemma(3.1.1), we can apply Zorn’s Lemma. Take then
some maximal |* € ES"(]).

Now, by Lemma(3.1.1) again, for all ¢ € A\I( |*) we also have

(M eB () E"(])
Thus, for all a,b,c € A,
(ac " bc) N (01 ¢)=al( [)b=al"b

by maximality of |*, and hence |* has cancellation.
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For the totality of |*, observe that there is a 1-1 correspondence between
the divisibility |* and the ring

B(]) = {b_ﬁ—i\)) € Quot(A/I(I")):a|" band a g I( | >} C F(]").

by Proposition(2.4.2).
The ring B( |*) also satisfies

% ¢ B([") and v (F(["))) € B([)

As in the proof of Theorem(2.3.11), it follows that F'( |*) has a p-valuation
ring O, containing B( |*). Then one verifies that |9 is a p-valuation of A
extending [*2 | .

|

Another good property of strong p-divisibilities is the existence of some
weak local global principles. We call them weak because the conclusion is
dependent of some undesirable factor ¢, which is avoided if the observed just
divisibilities having cancellation.

As a first weak local global principle, we have:

Proposition 3.1.3 Let | be a strong p-divisibility of A and f,g € A. Then
Vv ["eVo(1): 9" 1= Bece A): (0fc) Alef € &(pef,cg))
Proof : Suppose that
(Vee A):ef € S(pef,cg) = 0] ¢ (3.1)

Let
X:={[€E"(]):|" satisfies (3.1)}

Clearly X # 0. If ( |; )ier € X is a chain, then |; is also a strong
p-divisibility, by Lemma(3.1.1), and we also have

cf € Sr(pcf,cqg) < cf € Si(pfe,cg) for some i € 1,
by Lemma(2.3.4), and hence
cf € &r(pcf,cg) =0, cforsomeiecl=0]|;c

for all ¢ € A. Therefore, |; € X.
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Using Zorn’s Lemma, we can take some maximal element [*€ X. As
ES([*) C E;( ] ), we can suppose, without loss of generality, that | = |*,
i.e., it is maximal in X.

For each ¢ € A, if 01 ¢, then |[°€ E3( | ), again by Lemma(3.1.1). We
claim that

(Vde A) - df € G (dpf,dg) = 0]|°d

where &, is the operator constructed using the divisibility |°.
In fact, using Lemma(2.5.2), we deduce

df € &c(dpf,dg) = (cd)f € S((cd)pf,(cd)g) = 0| cd = 0] d

Therefore | C | € X, and then | = |° by maximality. Thus | has
cancellation. Note that, in particular, we have
f26(pf.9),

because of (3.1).
From this and Corollary(2.4.7), we can also infer that

f¢pfB+9B,

where f := f+I(| ) and B := B( | ) is the subring of F := F( | ) uniquely
determined by | .

If g =0, then f/pf € B or f =0. As the first case can not happen,
because p~' ¢ B, we have f = 0.

In this case,

feépf,g)=6(0)=0]1

a contradiction.

Thus we can assume that g # 0, and hence

B
1+ pB

7¢pr+§B;s§¢§pB+B;»§¢

However, as in the theory of p-valuations (functions) of fields developed
in [20], from v(F) C B and p~! ¢ B, we can deduce that?

B
1+pB: ﬂ O,

BCO,CF
O, p-val. ring

2In this case, if we change the ring O[y(K)] by B, in the results appearing in pages
99-115 of [20], then the results obtained by such substitution also hold using similar proofs
(sometimes the same) to those found there. In particular, Theorem(6.14) (the Spectral

Theorem) holds with R = 5 _5) 5-
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and hence (f/g) ¢ O,, for some p-valuation function of F. Therefore, g {* f
for some [ € V(| ).

|

With this result, we have a weak characterization of the set of elements
of A being infinitesimals for all p-valuations extending a given strong p-
divisibility.

Corollary 3.1.4 Let | be a strong p-divisibility of A. Then, for all f € A,
¥ "€ V(1) 10 f] = (Fe€ A): (04) A (pef | ¢f)

If we assume that | has cancellation, we can deduce a stronger local-global
principle, namely

Vv ["eVo([): 91" f1= fe6pf9)

This is a slight generalization of the fact® saying that the intersection of
all p-valuation rings of a field F', containing a fixed ring B C F', equals

in case Y(F) C Band p~' ¢ B.

The theorem below essentially says that, if A/I is a domain for some ideal
I of A with F' = Quot(A/I), and B a subring of F' (which is equivalent to
some divisibility of A with cancellation), then the elements of B, are not just
the elements with positive values under each p-valuation of F', but also with
positive values under each (Bourbaki) p-valuation v : A — I' U {oo} with
v71(00) a |P-convex ideal.

The |P-convex prime ideals P of A are exactly that containing I and
satisfying

(P+I1)-BC(P+1)

because, for all a,b € A,

alP’bebea-B
Theorem 3.1.5 Let | be a p-divisibility of A with cancellation* Then, for
all f,g € A,

¥ Pe V() g " fle fe6pfg) TEY Fepfo(|)+30(]),

where @ :=a+1( | ) and O( | ) is the ring correponding to | .

30bserved in the last footnote.
4Therefore it is also a strong p-divisibility.
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Proof : Observe the following implications

Propg.l.?))

Cor.(2.4.7
oré> )

V1veVu(|):gl” f cf € &(pcf,cg) for some ¢ € A with 01 ¢
c-fec-pfO(|)+2-gO(])withe#0
= fepfO(])+70(])

Cor.(2.4.7
B0 resptg)

Note that O( | ) = A/I( | ) is an integral domain, because | has cancel-
lation and hence I( | ) is prime.

Moreover,

Fepfo(l)+go(]) “E" respfg)
“eé@?’) Ve V(1) gl £V (of IV f)
= YV eV(|):(gl" HVOI f)
=V PeV(]):(gl'f)

[ |

Other conclusion can be made if we also assume some stronger hypothesis,
as in the next proposition. However, this stronger hypothesis are not so
desirable.

In our case this will not be a big problem, because we will focus on p-
Archimedean divisibilities, starting in the next section, which have much
better local-global principles under more reasonable conditions.

Proposition 3.1.6 Let | be a strong p-divisibility of A and f,g € A. If
g | p*f for some k € N, then

V"€ Vol 1) :g]"fl= BceA):(cg| fe) A (0fc)

Proof : If the left side above is true, for some g, f € A, then ¢f € &(pcf,cg),
for some ¢ € A with 01 ¢, By Proposition(3.1.3).

If also g | p*f for some k € N, then cg | p*cf. If k = 0, then g | f and
the implication above is true. Supposing k > 0, we have

cf € &(pef,cg) = pFlef € S(pFef, phteg) C S(cyg)

and hence cg | p*~cf. Using this argument finitely many times, if necessary,
we deduce cg | cf.
|

Corollary 3.1.7 Let | be a p-divisibility of A having cancellation and f,g €
A. If g | p*f for some k € N, then

vV eVl ):gl”"fl=glf
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Proof : It is immediate from Proposition(3.1.6).
|

Remark 3.1.8 In all the results above, we can change the hypothesis
v 1"e V(1) 91" /]

by
v ["e V" () fpt” gl

and we obtain the same conclusions, because

v re V() fetgl =V 1"eVo(|): fpt’ gl
= [V ["eV,(|):gp " pfl]
=V ["Pe V() :g " f]

3.2 p-Archimedean Divisibilities

We establish here the main results about p-Archimedean divisibilities and
discuss them.

p-Archimedean divisibilities have very good properties. For example, we
can prove that V,( | ) # 0, if | is a p-Archimedean divisibility, what in general
is not true, or need some stronger conditions to holds, like the hypothesis
that | is a strong p-divisibility.

They have also better local-global principles under more reasonable con-
ditions than strong p-divisibilities.

This section will be mainly devoted to two problems: to prove the asser-
tion V,( | ) # 0 and to find local-global principles, for a given p-Archimedean
divisibility | .

We start remembering the definition of a p-Archimedean divisibility.
Definition 3.2.1 A p-divisibility | of A is p-Archimedean if it satisfies

(Va€ A)(IneN):1|p"a (3.2)

To verify that V,( | ) is not empty for a p-Archimedean divisibility | , we
will prove that each p-Archimedean divisibility has an extension |* being a
strong p-divisibility. Thereafter, we can use the fact seen in the last section,
saying that V,,( |*) # 0 when |* is a strong p-divisibility.

To do this, we need to understand the behavior of the elements ¢ € A
satisfying ¢p | ¢ .

If each such ¢ is an infinitesimal with respect to |, then we are done,
because | is then a strong p-divisibility. However, in general they do not
belong to I( | ), but have a property also satisfied by the infinitesimals
elements. This is the content of the next lemma.
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Lemma 3.2.2 Let | be a p-Archimedean divisibility of A. Then, for all
ceA

(cp|c)= (Vae€ A)(Vn eN): (p" | ac). (3.3)

Proof : Let m be minimal such that 1 | p™(ac). For all n € N,

V0

p" | p

e | - | pea | ca,

because pc | c.

|

This is enough to prove the next lemma, which will imply the existence
of strong p-divisibility extensions of p-Archimedean divisibilities.

Lemma 3.2.3 Let | be a p-Archimedean divisibility of A. If cp | ¢ for some
ce A, then pto. 1.

Proof : Suppose that p |p. 1. Then there are there are r € N* and ¢4, ..., ¢, €
A satisfying a defining sequence for p |o. 1. We can write the last relation as

1 € &(p, g, ..., c0)

If ep | ¢, then
plce forall 1 <i<r,

by Lemma(3.2.2), and hence 1 € &(p) = M(p), a contradiction.
|

Theorem 3.2.4 If | is a p-Archimedean divisibility of A, then

Vre ) #0

Proof : Define
X={["eEB(]):pr 1}

This is a non-empty partially ordered set and each element of X is p-
Archimedean.

If 0 # ( |;)ier € X is a chain, then |; is p-Archimedean and p {; 1,
because otherwise p |; 1 for some ¢ € I. Thus, by Zorn’s lemma, we can take
some maximal element |* € X.

By Lemma(3.2.3), if ¢p |* ¢, then |* C ( [*)o. € X, and therefore, by
maximality of [*, (|*)o. = |* , which implies 0 |* c.

Thus |* € E5(| ), and hence Theorem(3.1.2) implies V,( | ) # 0.

|
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Now we pass to the other goal of this section, the search for local-global
principles.

We will prove a local-global principle for a class of p-divisibilities, which
are called LG (local-global). An example of a LG p-Archimedean divisibility
is the canonical divisibility |o of C.

The first local-global principle is indeed a weak version of what we hope,
because it just says that, for each n € Nand b € A,

p"|”bforall |7€ V"™ (|)=7p"|0,
and in general we want that, for all a,b € A,

al’bforall ["e V™ ([)=alb.

The weak version will serve to classify the elements of the kernel of rep-
resentations of commutative rings in the ring of p-adic valued continuous
functions Cx, with X compact, as well as the set of totally positive p-
adic valued elements of C'x, i.e.,

Oy ={feCx:(VeeX): f(x) e Z,}

At the end of this section, we also observe another property, also satisfied
by the canonical p-divisibility |o and stronger than the previous one, that
guarantees a strong version of the above weak local-global principle for p-
bounded pairs of elements of A (defined later).

We start the work defining an auxiliary function

ordy,: A —7Z U {0}

Remember that, when working with p-divisibilities in this text, we will
always assume that p~! € A.

Definition 3.2.5 Let | be a p-Archimedean divisibility of A. For alla € A
ordy(a) :=sup{n € Z:p" | a} € ZU {oc0}

15 the order of a with respect to p.
We say that | is LG (Local-Global) if

(Va € A)(Vr € N) : ord,(a") =1 - ord,(a) (3.4)

If we want to verify this property for some p-Archimedean divisibility | ,
it is better to use an easier equivalent sentence, namely

(Va € A) : ordy(a®) =2 - ord,(a) (3.5)

The equivalence is confirmed by the following lemma collecting some basic
properties of the function ord,.
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Lemma 3.2.6 Let | be a p-Archimedean divisibility of A. For all a,b € A,
1. Va,be A) :ord,(ab) > ordy(a) + ordy(b).
2. (Va € A)(Vk € Z) : ordy(ap®) = k + ord,(a)
3. (Va € A) :ordy(a®) =2 - ordy(a) if, and only if, | is LG.
Proof : The first is true because, for all a,b € A,
P | g and pord®) | p = pords@tords®) | gp,

and, if ord,(a) = oo or ord,(b) = oo, then p* | ab for all k € Z, and hence
ord,(ab) = oco.
For the second, note that, given a € A and k € 7Z,

pordp(pka) | pka = ponp(pka)*k | a = ordp(a) > ordp(pka) —k
pOpo(ll) | a = pm"dp(a)Jrk | pka, = Ofr’dp(pka) > OT'dp<CL) +k

The third property is actually the only requiring more work. Clearly, only
the implication from left to right needs a verification.

Supposing that ord,(a?) = 2 - ordy(a), for all a € A, we can prove the
non-trivial implication above using induction on r > 2.

If ord,(a) = oo, then clearly ord,(a") = oo = r - ordy(a) for all » > 1.
Thus we can restrict our proof to the case ordy,(a) < co.

The case 7 = 2 was assumed true. Take r > 2 such that ord,(a*) =
k-ordy(a) for alla € A with 2 <k <.

Asp~! € A, ord,(a) = s if, and only if, ord,(ap”) = s + k for all k > 0.
Thus, we can suppose, without loss of generality, that ord,(a) > 0. In this
case, by 1., we also have

ord,(a"™) > ord,(a")
If r+1isodd and r > 2, then r + 1 = 2¢g + 1 with ¢ + 1 < r, and hence

(r+1)-ordy(a) = ord,(a”)+ ord,(a)
< ordy(a™) = ord,(a®r™)
< ord,(a® 1Y) =2 ord,(a?)
=2(q+1)-ordy(a) = (r +2) - ordy(a)

implying that ord,(a™™) = (r + 1) - ord,(a). For r + 1 = 2¢ follows that
ord,(a") = ord,(a®") = 2 - ord,(a?) = 2q - ord,(a) = (r + 1) - ord,(a)

|
The main property of LG p-Archimedean divisibilities, needed for the
next results, is contained in the next lemma.
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Lemma 3.2.7 If | is a LG p-Archimedean divisibility of A, then
ordy(a) < oo, p|** 1 = ord,(a) > ord,(b),

for all a,b € A.

Proof : Suppose that p [** 1 and ord,(a) < ord,(b). The last implies

@) | o ®) | b and prh(@ |
Moreover, the first hypothesis implies the existence of r € N satisfying
a" € &(p-{a'b" " Yozi<)
Thus

a” € &(p- {aibr_i}ogigr) (p- {pz ordy a)p(r_i)’ordp(b)}ogigr)

G
S (p {pz ordp a)p(r—i)ordp(a) }0<i<7")
6(}? pr ordp(a)) — 6<p7‘-ordp(zz)7—&—17)7

1NN

and then
r-ordy(a) = ordy(a”) > r-ordy(a) +1 > r-ord,(a),

a contradiction.
|
Herewith, we find a weak local-global principle.

Theorem 3.2.8 (Weak LGP) Let | be a LG p-Archimedean divisibility of
A. Forall fe A

v [Pe V" (1) :p " fleplf,
and hence, for alln € 7,
v [Pe VP (L) " P fle " | f

Proof : (<) : Trivial.
(=) : We have

Lem. (3 2.7)

ptf=ord(f) <ord(l) <o J(f11:>5|\” eVr() - f["1

and hence p 1" f for such [V € V;"( [ ).
|
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One way of getting stronger versions of the theorem above is to sup-
pose stronger conditions for | . For example, we say that a p-Archimedean
divisibility | is SLG (strong LG)?® if

(Vn,r e N)(Vg, f € A): (g" [ p"f) A (r £ 0) =g |p™/f (3.6)
where [-] : Q — Z is the floor function, i.e., for all ¢ € Q,
lg] :=max{n € Z:n <q}

Observe that the canonical p-Archimedean divisibility | is also SLG p-
Archimedean divisibility.

Each SLG p-Archimedean divisibility | satisfies a stronger local-global
principle for p-bounded pairs of A, with respect to | , which are defined
below.

Definition 3.2.9 Let | be a divisibility of A. An ordered pair (g, f) € Ax A
is called a p-bounded pair of A (with respect to | ), if

GkeN):g|p'f,
The principle is the following.
Proposition 3.2.10 Let | be a SLG p-Archimedean divisibility of A. Then

gl*f forall ["eV*™(|)=gl/f,
if (g, f) is p-bounded pair of A.

Proof : We observe two cases: f € \/I(|)and f & +\/I(]).

If 0| f* for some k > 0, then g* | f* for all ¢ € A. Thus the SLG
property, g | f for all g € A.

Take f € A\\/I(|)and g € A with g | p*f. If k = 0, then trivially g | f.
Suppose that k& > 1 and k is minimal with the property g | p*f.

If h:= gp~!, then

v|v€‘/pmax(|):hp|vf = vlve‘/pmax(|):f1ﬂ)h
fé :f>( l) » |f,h 1

(pt 1) o ipr—i
= Ir>0:fr e -{fh " }ocicr)
= Ir>0: frpht e S(p* {fihr_i}o<z<r)
= Ir>0: frpht e S{(fp*) (hp )" Yo<i<r)
= Ir>0:fptt e 8({(hp) (W*) Yo<icr)
= Ir>0: frpt e S(hpn)
= Ir>0: frpl e &(g")

®Note that each SLG p-Archimedean divisibility is also a LG p-Archimedean divisibility.
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Therefore, g" | p"™*~! " with r > 0, and hence g | pl"*=V/") f = pk=1f by
the SLG property, contradicting the minimal choice of k. Thus g | f.
|

3.3 Maximal p-Archimedean Divisibilities

The main goal of this section is to prove analogous results to Lemma(1.1.5)
and Lemma(1.1.12) in the p-adic case, enabling the formulation of a p-adic
representation theorem in the next section.

Given a p-Archimedean divisibility | , for each p-valuation |” extending
it, we can define, as in the real case, the canonical projection

a,: A= AJI(]Y), a— ay(a) :=a+1(]%)

To write the next results and their proofs, we also use the p-valuation
maps v : A — ', U {oco} canonically associated to valuations [* of A.°

Lemma 3.3.1 Let | be a p-Archimedean divisibility of A. For each p-
valuation |* € V,( | ), there exists a homomorphism p, : A — Q, such
that

alb = v(pv(a)) < vp(pys(b))
Proof : Observe the map «, : A — Quot(A/I( |")) =: F'. From the
Archimedean property, we infer that
(Va € A)(In, € N) 1 v(a) > —n,
We define
O :={x e F’ : v(x) > —n for some n € N}.

Clearly O( |Y) € OV C F", where O( [) is the valuation ring of F"
canonically associated to |” of Definition(2.4.1). Thus OV is a valuation ring
of FV. Moreover, by its definition a,(A) C OV and the maximal ideal of OV
is

M’ ={ze€F’ : v(zr)>n foral neN}

Case 1 : If MY = {0}.
It follows that v(F") = Z, because Z is the minimal convex subgroup of

p-valuation functions, and O( |")/M( |*) = F,, where M( |) is the maximal
ideal of O( |”), because it is a p-valuation”.

5The 1-1 correspondence between them was established in Corollary(2.4.3).
TA p-valuation of type (1,1) in the nomenclature of [20].
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Thus, there is an embedding ¢ : F'¥ — Q,. In fact, for each f € F*, one
can prove that there are {a;};>u(y), with a; € {0,...,p — 1}, such that

v| f— Z a;p' | > m, for all m > v(f).
n>v(f)

After identifying ¥ with its image, we can see that o, : A — Q, satisfies
al” b & vylan(a) < vy(au(b)).
for all a,b € A.
Case 2 : If MY # {0}.

Take the canonical homomorphism 7% : 0¥ — K" := OY/M" D Z. Then
O( ") :=0O(]")/M?" is a p-valuation of K", inducing a p-valuation function

v, and satisfying

U(K®)=Z and O( |")/ M(|*) ~ O,/ M, =F,

Thus, as above, we can identify K with a subfield of @Q,, and hence
py =m0, : A— Q,is a homomorphism, satisfying

a|” b= vp(po(a)) < vp(pu(b)),

for all a,b € A.
[ |
The next proposition is the p-adic version of Lemma(1.1.5).

Proposition 3.3.2 Let | be a p-Archimedean divisibility on A. For each
" e Vol ),

ay: A= Q, with a |’ b < v,(ay(a)) < vy(ay(b))
if, and only if, | is maximal in V,( | ).

Proof: (<) If | is maximal, we must have OV = F( |”), the ring
defined in Lemma(3.3.1), because otherwise, |“* defines a proper extension
of |’= |9C1)). Thus M, = {0}, and hence «, sends A to Q,, as above.

Moreover,

alb < vylav(a)) < vy(au(b)),

for all a,b € A, as in last lemma.
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(=) Suppose that «, : A — Q, and
al"b & vp(a(a)) < vp(a(D) (3.7)

for all a,b € A.
Then F(|") C Q, and

O(") = F(I") N Zy,

Let |” be a maximal p-valuation of A extending [* . Then a, : A —
F(|") € Q, (because of the implication already proved) with

o(")=F(I")NZ,

by the same argument as above.

Now, it is enough to show that I( |[*) = I( |*'), because then F( |*) =
F(|"), and hence O( |V) = O( |*") implies the equality [*= |*" .

In fact, if z € I( |")\I( |*), then there is k € Z with z |V p, by (3.7). On
the other hand, z {* p*, contradicting ['C [ .

|

Our last result is the continuity of the maps @, where

a: V" () = Qp , alv) = awa),
for each a € A.
Proposition 3.3.3 For each a € A, the map a is continuous.
Proof: Varying z € Q, and n € Z, the sets
{r eQ, : v(x—2)>n}

form a subbasis of open sets of the p-adic topology of Q,.
Thus, it is enough to verify that

a'({z € @y up(e —2) > v,(0")}) (3.8)

is open in V**( | ), for all z € Q, and n € Z.
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However, Lemma(3.3.4) below implies that
3.8) ={[" V" (]): vla(a) = 2) > up(p")}

= U {1revy(]) : vlawlga —p)) > v,(p"q))}
P,9€Z, q7#0
vp(@z—p) >vp(als (a) —2))

= U {1Pevyr(l) : (ga—p) 1 (0"9)}
D,q€Z, g7#0
vp(gz—p)>vp(q(aw(a)—2))

= U Uga—p)(P"q) N V,2( ] ),
P,q€Z, g7#0
vp(gz—p)>vp(g(aw(a)—2))

which is open in V**( | ) with respect to the spectral topology.
|

Lemma 3.3.4 Forallz,z € Q, and n € Z,
vex—2z2)>n < v(x—q)>n, forsome q€Q with v(z—q) > v(r—=z).

Proof : (=): Suppose v(z — z) > n. As Q, is the completion of Q, we
can find a rational number ¢ such that v(z — q) > v(z — 2z). Thus

ve—q)=ve—-—2+2—q) =v(x—2)>n.

(«<): Suppose that there exists some rational number ¢ with v(z — ¢q) >
v(x — 2z) and v(z — ¢) > n. Then

n<vx—q)=ve—z+z—q) =v(x—2).

3.4 Representing rings in C'(X,Q,)

In this section we put the pieces together to prove the p-adic representation
theorem and a characterization of commutative rings being isomorph to C'y,
for some compact X.

At the end of this section, we also discuss how we can rewrite the con-
ditions, used in such characterization, using algebraic sentences instead of a
divisibility relation | .
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From now on, for each topological space X, we will write C'x for the ring
of p-adic valued continuous functions defined on X.
We also define, for each n € Z,

On:={feCx : Pl [} ={feCx : (VeeX): f(x)ep'L}

where |o is the canonical p-divisibility of C'y given by

Vg, f€Cx): (g o f) == [vp(g(z)) <wv,(f(x)) for all x € X]

For aesthetic reasons, we will use sometimes a letter d to represent a
divisibility relation | , avoiding subscripts with | .
Before starting the theorem, we remember some definitions.

Definition 3.4.1 The p-adic sup-norm of C'x is defined by

[F]]:= sup{[f(z)], = =€ X} (3.9)

for each f € Cx, where |- |, is the p-adic absolute value defined by
o, = p~®, (3.10)

for each o € Q.
If X is compact, (Cx,| - ||) is a complete normed space.

The p-adic representation theorem is the following collection of claims.

Theorem 3.4.2 (p-adic Representation Theorem) Letd:=| be a LG
p-Archimedean divisibility of a commutative ring A containing Q. Define

25 (A) = V(| ) = Al (| )
The map a — a, where

a: X (A) = Qp, a ") = au(a)
defines a homomorphism ®q : A — Cymex(a) satisfying Oy4(1) =1 and
1. ®71(0,) ={a € A:p"|a}, foralin € Z.
2. ker(®q) ={a € A:p"|a forall ne€ N}

3. @4 is dominant, i.e., Dy(A) is dense in CX;n;X(A) with respect to the
p-adic sup-norm.
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Proof : By Proposition(3.3.2) and Proposition(3.3.3), the map is well-
defined.
The first claim is a consequence of Theorem(3.2.8) and the second of the
first, because
ker(®4) = () @4 (
neZ
To prove the last property, it is enough to see that ®4(A) separates points
of Camax(a), because of Corollary(C.4) of the Appendix(C).
Take [V, [ € AJ§*(A) with [? # |* . Thus, there are a,b € A such that
a |’ band af® b. We claim that a( |°) # a( |[*) or b( |*) # b( ). In fact,
otherwise :
Prop.(3.3.2 ~/ v N
alv TR @) < u (1)
= wpa( ") < wup(b( "))
b

Prop§.3.2) a |

Thus, @ or b separate the points |V and |* .
[ |
Note that this theorem does not characterize the set

Do) :={(g9./) e Ax A : By(g) o Pal(f)},

because LG p-Archimedean divisibilities have just a weak local-global prin-
ciple, but this was enough to describe the kernel of ®4.

We search now for a “characterization” of commutative rings A, contain-
ing Q, and isomorph to C'(X,Q,), for some compact space X, as did Stone
in his papers [24] and [25]

In Stone’s papers, he associated a map || - ||z : A — R to a given
Archimedean preordering T of a ring A. In the p-adic case, given a p-
Archimedean divisibility d := | of A, we define map || - ||4 : A — R putting

(Va € A) : ||a|lq :=p %@, (3.11)

where ord,(a) is the map of Definition(3.2.5) and, by definition, p=>° := 0.

Using the properties of ord,(-), we prove in the next proposition that
| - |la is a sub-multiplicative non-Archimedean semi-norm, with respect to
the p-adic absolute value.

Definition 3.4.3 A non-Archimedean semi-norm || - || of a Q-vector space
A is a real valued function satisfying, for all a,b € A and q € Q,

1. flall > 0
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2 Nlg-all = lg| - llal]
3. lla+ bl < max{llall, |[bll}

where | - | is an ultrametric absolute value on Q.
It is called a norm if ||a|| = 0 implies a = 0.

In our case, we will always take | - | as the p-adic absolute value | - |,
defined in (3.10).

To assure the validity of the second condition of semi-norms for || - || and
the p-adic absolute value | - |,, we need the next lemma.

Lemma 3.4.4 Let | be a p-Archimedean divisibility of Q. Then
Va,be Q) :a|bevy(a) <vy(b) < lal, > b,
Thus |"» is the unique p-Archimedean divisibility of Q.

Proof : Clearly each n € Z satisfies 1 | n. As | is p-Archimedean, for each
n € Z* := Z\{0}, we can find m € N such that

1 (5):

and hence n | p™ for some m € N.
Moreover,

(VneZ):ged(n,p)=1=n]|1 (3.12)
In fact, if ged(n,p) = 1, then n # 0 and there are k,[ € Z such that
1 =kp™+nl,
by the reasoning above, and hence
n|kp™, n|nl=mn|kp™+nl)=1

As | has cancellation and I( | ) = {0} (as every divisibility of a field), this
divisibility is totally determined by® O( | ) C Q.
Observe now that (3.12) implies that

Ly = {% :z,n € Z and ged(n,p) = 1} cCo(|),

where Zy) is the unique p-valuation ring of Q.

It follows that O( | ) is also a p-valuation, and therefore O( | ) = Z),
implying the desired equivalence.

|

8Remember Proposition(2.4.2).
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Proposition 3.4.5 Suppose that d := | is a p-Archimedean divisibility of a
commutative ring A containing Q. Then || - ||q is a sub-multiplicative non-
Archimedean semi-norm of the Q-algebra A.

Proof : Clearly ||a|lq > 0 for all @ € A. Let us verify condition 2.
For r, s € Z with s # 0, we can write

/
r_ (T_) .pvp(T/S) with 'Up(S/) = ’Up(’r’/) = O,

s s/

and then ¢’ | 7" and 7" | ', by Lemma(3.4.4).

Thus
(Vae A)(VneN): (p"|aep"s | ar')
and hence
(Va € A) : ordy(a- (r'/s") = ord,(a)
Therefore
Ha. (f) H — prordy(a(r/s))
s/ 1ld
_ p—ordp (ap“P(T/S)~(7"/s’))
_ p—ordp (apvp(r/s>)
Lem.(3.2.6) p—o’rdp(a)—vp(T/S) — ‘f lallg
Slp

For 3., observe that
inf{sup{n : p" |a},sup{n : p"|b}} <sup{n : p"|a+b} =ord,(a+D)
for all a,b € A, and hence

Ha + bHd — p—ordp(a—l-b) <p- inf{ordp(a),ordy(b)}

= prolmerd@=ord O = max{]all, [bl}

Finally,
—ordp(ab)

la - bl

p

—(ordy(a)-+ords (b))

Lem.

—~
w

3.2.6)
p

I IA

lalla - [|61]4

|
When | is LG, we can even prove the following lemma, relating || - ||4 and
the p-adic sup-norm || - ||, used to analyze the surjectivity of ®gq.
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Lemma 3.4.6 Letd:= | be a LG p-Archimedean divisibility of A. Then
(Va € A) - [|Pq(a)]| = lall

Proof : Using the same notations of the p-adic Representation Theorem,
by the weak LGP ? and Proposition(3.3.2), we have

(Ve € 2767(A)) < vp(Pa(a)(x)) = n] & p" | a

foralla € A and n € Z.
Therefore,

||(I)d(a)|| _ p—sup{nEZ tvp(Pg(a)(z))2n} p—ordp(a) _ ||a||d

|
As a corollary, we see that the injectivity of ®4 implies that ||-||4 is indeed
a non-Archimedean norm, because

alls =0 < [|Pgq(a)|| =0 < Py(a) =0 a=0
We can say also:

Lemma 3.4.7 Let d := | be a LG p-Archimedean divisibility of A, where
Q C A. If (A, |||ly) is a complete normed Q-algebra, then ®q is surjective.

Proof : It is enough to verify that ®4(A) is closed in C' := C’X;n;x(A) when
(A, ||-]l) is complete, because ®4(A) is dense in C. 7

Let (Py(fn))nen be a sequence in ®4(A) converging to some g € C. In
particular it is a Cauchy sequence in C, and therefore (f,),en is a Cauchy
sequence in A, because of Lemma(3.4.6).

As (A, ]| -]]) is complete, there is f € A such that f, — f. Moreover

limf,=f = (INeN)GkeN):|fi—fla<p™
PG N € NY(Bk € N) ¢ || @q(f) — Da(f)] < p N
= 1lim®4(f,) = Pu(f)
= Dq(f) =g

Thus g € $4(A), and hence ®(A) is closed in C.
[
Collecting the facts until here, we have the theorem.

9Theorem(3.2.8).
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Theorem 3.4.8 (p-adic Characterization Theorem) Let A be a com-
mutative ring containing Q. There is an isomorphism ® : A — Cx for some
compact space X if, and only if, there is a divisibility d := | of A satisfying:

1. | is a p-divisibility;

2. | is p-Archimedean;

3. (Va € A):ord,(a®) =2 ordy(a);

4. (Vae A)[(YneN):p"|a] =a=0;
5

(A, || - la) is a complete normed space, where ||a||q = p~" %@ for all
a€ A

Proof : If there is some divisibility | of A satisfying 1 — 5, taking
X == A*(A), the homomorphism ®4 : A — Cx is an isomorphism, because
of Lemma(3.4.7) and the p-adic Representation Theorem.

Conversely, suppose that ® : A — Cx is an isomorphism for some com-
pact space X. The canonical divisibility |q induces a divisibility of A via
®, putting

a|® b ®a) o D(b).

for all a,b € A.
Then dg := |* is p-Archimedean divisibility of A, by the quasi-compactness
of X. It also satisfies 3. and 4., because ® is injective and

P |*aep o (a),

foralln € Nand a € A.
This equivalence also implies

(V2 € X) : vp(®Pa(a)(x)) > n] & p" |" a,

and hence ||a||q, = |[|P(a)|| for all a € A, by the same argument used in the
proof of Lemma(3.4.6).

Using this equality and the surjectivity of ®, we see that (A, ||allq,) is
complete. In fact, each Cauchy sequence (f,)nen defines a Cauchy sequence
O(fr)nen in Cx converging to some g = ®(f), with f € A. Thus clearly
lim f, = f.

|

The last thing we want to discuss in this section, is how we can rewrite the
conditions of the p-adic Characterization Theorem using algebraic sentences
instead of the relation | .
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In the real case this can be done, because
feTye GheC(X.R): (f =h?),

where T} is the canonical preorder of C'(X,R).

Therefore, all condition, inclusive the definition of || - ||o and the claim
that Ty is a preorder, can be done using the algebraic sentence of the right
side above.

In the p-adic case, we also do this kind of algebraic translation for the
canonical p-divisibility | of C, first for the case p # 2 and later for p = 2.

We need here the following version of Hensel’s Lemma.

Lemma 3.4.9 (Hensel’s Lemma) Let (F,O) be a henselian valued field.
Given f € O[X], for alla € O

(f@ =0)A(f'(@ #0) = (3a € 0): (f(e) =0) A (@ =17),
where @ € F is the class of a in the residue field F.*°

As (Q,,Z,) is a henselian valued field, we can use Hensel’'s Lemma for
the next Lemmas.

Lemma 3.4.10 Let X be a topological space, C := Cx the ring of p-adic
valued continuous functions defined on X and |y its canonical divisibility.
Suppose that Q C C and p # 2. For all g, f € C

glofe Bhel):h?=g*+pf

Proof : (<) : Suppose that ¢*> + pf? = h? for some h € C.

If g(x) = 0 for some z € X, then 1+ 2v,(f(x)) = 2v,(h(z)), and hence
fl@) =0,

If g(z) # 0, for z € X, then

Up(f(x)) < Up(g(.’li)) = Up(pf(.’lf
(pf(

19See references of valuation theory, as [19].

97



what is impossible. Thus, v,(g(z)) < v,(f(z)).

Therefore, v,(g(z)) < v,(f(x)) for all x € X, ie., g |o f.

(=) : Suppose that g |o f, i.e., v,(g(z)) < v,(f(z)) for all x € X. For
each n € Z take

Xn =g (Zp\Zpn+r) = {z € X :vy(g(x)) = n}
Ny :={ne€Z:v,(g(z)) =n for some z € X}
gn=g-p "and f,:=f-p", forallne N,
Thus, g,(z) € Z) and f,(v) € Z,, for all x € X,,. Define
P (Y):=Y? = F,(z) € Z,)Y], F,:=g.+pfi €C,

for each z € X,,.
As

Poo(gn(x)) = gu(2)* — gn(x)* — pfu(z)* =0
Py (gn(x)) =2-gu(x) #0

there is an unique h,(x) € Z, such that

by Hensel’s Lemma.
In particular, v,(h,(z) + h,(y)) = 0 for all z,y € X,,. In fact, otherwise,

0= Ry (@) + h(y) = ha(z) + ho(y) = gu(@) + guly) =T+ 1,

contradicting the assumption p # 2.
Therefore, for all z,y € X,, and all m € Z,

vp(Fn(@) = Fu(y)) > m < up(hi(x) — hy(y)) > m
 p(hn () = hn(y)) + vp(hn(y) + hn(x)) > m
 Vp(hn(2) = hn(y)) > m

Thus, if
Bn(B) = {a € Qp: vp(a = ) > mj,
then
hy (B (ha(20))) = Fy (B (Fa(20)))

is open in X, for each g € X,,, because F}, is continuous.
As { B, (hn(0)) }zeex,, is asubbasis of induced p-adic topology on h,, (X,,),
we conclude that h,, is continuous in X,,.
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Thus, the functions h,, : X,, — Q, are continuous on X,, for each n € IN,.
Define, for each z € X,

h(z) = r,(z) :=p" - hy(z), ifx € X,

This is a well-defined function on X, because X is the disjunct union of
the X,’s, with n € N,. Moreover, h is continuous, because

W)= U 0)

is open for each open subset U C Q,.

In fact, as Zpn\Zpn+1 is (cl)open in Q,, X,, = ¢~ (Zpn\Zyn+1) is open in
X, and then each open subset of X, is also open in X.

Finally, note that h satisfies h? = ¢ + pf?, because

h(@)? = ha(2)” - ™ = (gu(2)” + pfu(@)?)p™" = g(2)* + pf ()’

We prove a similar result for p = 2.

Lemma 3.4.11 Let X be a topological space, C' := Cx the ring of 2-adic
valued continuous functions defined on X and |y its canonical divisibility.
Suppose that Q C C. For all g, f € C

glofe Bhel):h=g*>+2f>

Proof : (<) : Just change the powers 2 by 3 in the corresponding proof
above.
(=) : We proceed as in the case p # 2, but now, we define

Po.(Y): =Y~ F,(z) €Z,[Y], F.:=g: +2f€C

As above, we have v,(g,(x)) =0, for all z € X,,, and also

Pra(gn(x)) = gn(x)® — 9n£$)3 —2fu(2)3 =0
Pl a(gn(2)) =3 gulz) #0

Hensel’s Lemma implies then the existence of an unique h,(x) € Z, such

that P, ,(h,(z)) = 0 and h,(z) = g,(z), for all x € X,,.
From this follows that

Up(hn(2) + i (2) P (y) + () = O
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for all x,y € X,,, because otherwise

0 = P () + B (@) B (y) + P (y)
= hn(2) + ha () - ha(y) + ha(y)
= gn(®) + gu(®) - gn(y) + 9u(y)
=14+1-1+1=1,

a contradiction.
Therefore, for all x,y € X,, and all m € Z,

v(Fo(z) = Fo(y)) >m < u,(hd(x) —h3(y)) >m
& Up(hn(z) — haly)) +
Up(hn (%) + hn(2) - B (y) + ha(y)) > m
& Up(ha(x) — haly)) > m

Now, using this equivalence, we can find h € C'x such that h® = g%+ 2f3.
The construction of such h is analogous to that given in the proof of the case
p # 2. We just need to change the powers 2 by 3.

|

Using these two lemma we can rewrite the conditions of the p-adic Char-
acterization Theorem, substituting the relation | by an algebraic sentence.

Instead of writing down all the relations again, we just change the arbi-
trary relation | by one of the following relations, defined by the equivalences

alPbe (FrecA):aP=a*+pb® and a P b 3w € A): 2 =a® +2b°

for all a,b € A and p # 2.
The next theorem closes the discussion of this section.

Theorem 3.4.12 Let A be a commutative ring containing Q. Then

o Forp # 2. A is isomorph to C(X,Q,) for some Hausdorff compact
topological space X if, and only if, |* defines a divisibility of A satisfying
(1 =5) from Theorem(3.4.8).

o Forp = 2. A is isomorph to C(X,Q,) for some Hausdorff compact
topological space X if, and only if, |> defines a divisibility of A satisfying
(1 =5) from Theorem(3.4.8).

Proof : If ¢ : A — C = (C(X,Q,) is an isomorphism and |, is the
canonical divisibility on C, then |§ is a divisibility!! of A satisfying (1 — 5)

"The definition of |§ is the same of Lemma(2.5.4).
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of Theorem(3.4.8). Moreover, as ¢ is an isomorphism, by Lemma(3.4.10),

dED s ela) e
TS Fre A p(x)? = p(a)® + pp(b)®

dr € A:a? =a®+ pb?

& al*b

Injec.

for each p # 2, and hence, in this case |§ = |* . Thus |? is a divisibility of A
satisfying the conditions of Theorem(3.4.8).

For p = 2 the reasoning is similar, and we conclude that |§ = |* | using
Lemma(3.4.11).

Conversely, if |? (resp. |3) is a divisibility satisfying the conditions (1-5),
then Theorem(3.4.8) assures the existence of a such isomorphism.

|

3.5 Algebraic Properties of C(X,Q,) x Topo-
logical Properties of X

For a commutative ring A containing Q, we ask:
When is A in C(X,Q,) representable, for some compact space X ¢

The answer we found is:
If A admits a p-Archimedean divisibility.

In fact, if & : A — Cyx is a representation, with X compact, then | is a
p-Archimedean divisibility of C'x, and hence (]o)® is also a p-Archimedean
divisibility of A, where (]o)® is the divisibility of A induced by |y and ® .

The converse is assured by Proposition(3.3.2), Proposition(3.3.3) and
Corollary(2.6.7), when taking X := V(| ).

If we define the Q,-spectrum of A as

Xg,(A) ={a:A—Q, : aisahomomorphism and (1) = 1},
as in Chapter(1), we can also solve the problem above in terms of Xq,(A).

Theorem 3.5.1 Let A be a commutative ring. There is a representation
®: A — Cx, for some compact space X, if, and only if, Xq,a) # 0.
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If o € Xg,(A), taking X = {x}, we have the trivial representation
a:A—Q,~C({z},Q,p),

and of course X is compact with respect to the trivial topology.

Conversely, if & : A — Cy is a representation, we can define a homomor-
phism «, : A — Q,, putting a,(a) := ®(a)(z).

However, we are mainly interested in finding optimal representations
of A, giving us as much as possible informations about the ring A.

Definition 3.5.2 A representation ® : A — Cx is called optimal if X is
homeomorph to Xq,(A).

We endow Xg,(A) with the topology generated by the open sub-basis
consisting of the sets

Uap = Uap(A) = {a € Xg,(4) : vp(a(a)) > vp(a(b))},

for each a,b € A.

We also use a notation for the complements of these sets in Xg,(A),
namely Vi.(A) := Xg, (A)\Uasp(A), for each a,b € A.
With this topology we have:

Proposition 3.5.3 Xq,(A) is Hausdorff and zero dimensional, i.e. it
has a base consisting of clopen sets.

Proof : In fact, for all a,b € A,
Usp = {a € X, (4) = vp(afa)) = vp(a(ph))} = Viba,

and hence U, is clopen.

If a, 3 € Xg,(A) are different, there is a € A such that a(a) # 3(a).
Writing

a(a) = S aipt and Bla) = 3 by,

i>N j>N

where a;,b; € {0,...,p — 1} and N := min{v,(a(a)),v,(5(a))}, we can take
k € 7Z minimal such that £ > N and a; # by.
Defining

k
Ty = Zcipi €.
N
where ¢ := min{ay, by} and ¢; = a; = b; if N < i < k, we have

vy(a(a — ) > v,(p*) = v, (B(a — x1))
or  v,(B(a—z)) > v,(p*) = vy(ala — z1)),
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and hence

& € Ug—gy)pr a0d B € Vig_gp) pb = Uph p=1(a—zy)
or e U(a_xk%pk and o € Vv(a_xk)@k = Upk7p71(a_l,k),

where
U(a—zk),pk n Up’“,pfl(a—mk) = U(a—mk),p’“ A V(a—xk),p’“ =0

In general, the map a — @, where
a:Xg,(A) = Q,, a(a) = ala);

defines a representation ® : A — CXQP(A) with ®(A) separating points of

CXQP(A)'
Clearly ®(A) separates points, because

a# e Xg,(A)= (FacA): ala) =ala) # B(a) =a(h),

To verify the continuity of @, note that, varying z,y € Q,, the sets

Ug,(2.9) = {z € @y : vy — y) > v(x))

define an open subbasis of the p-adic topology of Q,.
Moreover, using Lemma(3.3.4) in the second equality below, we deduce
that

a ' (Ug,(z,y)) = {a€ Xg,(A):v(ala) —y) > v,(z)}

= U {a € Xg,(4) : vp(ala) — q) > vp(x)}
q€Q with
vp(a(a)—q)>vp(a(a)—y)

= U {a € Xq,(A) : vp(afa —q)) > vy(a(p®))}
q€Q with
vp(a(a)—q)>vp(a(a)—y)

- U U(a—Q)p””(““” (4),

q€Q with
vp(ea)—q)>vp(ala)—y)

is open in Xg,(A), and hence @ is continuous.

However, Xg,(A) is not quasi-compact in general. For example, for the
ring of polynomials A = Q,[Xy,..., X,,], the next proposition shows that
Xq,(A) is homeomorph to QF, which is not quasi-compact.
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Proposition 3.5.4 For all natural number n > 0, Qp is homeomorph to
X, (Qp[ X1, ..., Xi)).
Proof: We write Q,[X] for Q,[X1, ..., X,,]. Of course the map

as (X)), ..., (X))

defines a bijection ¢ : Xg, (Q,[X]) — Qp, with inverse map ¢!, mapping
(a1,...,a,) € Qp into

o Har, o an) : Q[X] = Qp,
de de;
F=20E0 X = Y fa
Now take the sup-norm'? || - || of Q,, i.e.,
(v<a17 "”7an) < @;) : ||(CL1, ;an)H = sup {’al|l7}
1<i<n
For each a = (a4, ...,a,) € Q) and r € Z,

7 (Br(a)) = {a € Xg,(Q[X]) : [[(a(X1) — a1, ..., (Xp) — an)[| < 7}

N {a € X, (Q[X]) : vp(a(Xi) = ai) = vp(p")}

1<i<n

and the each set of this intersection is equal to the open set

U Ux,—g)pr— (A),

q€Q with
vp(a(X4)—q)>vp(a(Xi)—ai)
and hence ¢ is continuous.
Furthermore, for each f,g € Q,[X],

e(Usp) = Apla) € Q) :uvp(alg)) > vp(alf))}
= A{pla) € Q) vp(9(p(@))) > vp(f(p(@)))}
)

i {aEQZ:vp(%(a) >0}ﬂ{a€@21f<a>7£0}

- (%) @ n @
As the rational function given by (g/f) : Q) — @, is continuous, in the
points where it is defined, as well as f, the image (U, y) is open in Qp
Therefore ¢ is a homeomorphism.
|
Thus we can ask, as in the real case,

"2t doesn’t matter which norm we take. All Q,-norms of Q! are equivalent, see [6],85.2.
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When is Xq,(A) compact?

To answer this, we need more results about p-adic representations. We
start proving the main result relating Xq,(A4) and the set Arch}**(A), of all
maximal p-Archimedean divisibilities of A.

Theorem 3.5.5 Arch;**(A) is homeomorph to Xq,(A), for each commu-
tative ring A, where the homeomorphism is given by the map |"— «,, and
a,: A— A/I(|Y) is the canonical projection a — a + I( |*).

Moreover, given a divisibility d := | of A, Archr)§*(A) is homeomorph
to Xqq,(A), where

Archyi*(A) == { |"€ Arch)*™(A) "2 | }
and
Xa,(4) :={a e Xg,(4) : (Va,be A):a|b= vy(ala)) <vy(alb))}

Proof : The map is well-defined by Proposition(3.3.2). By the same
proposition, for each [, [ € V"( | ), oy, = a,, implies

a|™b & vylay (a)) < vp(an (b)) & vplaw,(a)) < vy, (b)) & al™b

and hence |"* = ["2 . Thus the map is injective.
Given a € Xg,(A), we can define a p-Archimedean divisibility | of A,
declaring

(Va,be A):a|™b & vy(ala)) < vy(a(d)) (3.13)

We claim that «a,, = a, and hence the map is surjective.
First observe that ker(a) = I( |**), and hence a,, : A — Q,. Thus | is
maximal and

(Va,be A) :a | b vy, (a) < vy(ay, (b)), (3.14)

again by Proposition(3.3.2).
Therefore, by (3.13) and (3.14),

(Va,b € A) : vp(aw,(a)) < vp(aw, (b)) & vp(afa)) < vy(a(b)) (3.15)

This equivalence implies, in particular, that a,,_ (a) = a(a) for all a € A.
In fact, for each a € A, we can write

a(@) — Zaipi, with a; € {0, vy D — 1}7 n= Up(a(a»v

i>n
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and as v,(a(a)) = v,(ay, (a)), by (3.15), we also have

Qy, (@) = Zbipi, with b; € {0,...,p— 1}

>n

Therefore
n (3.15) n
vp(a(a) — app™) >0 =" vy(ay,(a) —ayp") >0=a, =b,

Now, if we suppose that

k k
Z ap' = Z bip',

for some k > n, then

k k
Uy <0z(a) - Zaipi> > 0 Uy (ava(a) — Zbipi> >0

implies that a1 = br11, by the same argument used above to prove a,, = b,,.
Thus, after using an inductive argument for k, we can deduce that a; = b;
for all i > n, and hence a(a) = a,,(a).
To verify that the map |”r£> @, is a homeomorphism, note that

e Uap) = {]"€ Archy™ : vy(an(a)) > vy(an (D))}
Prop(3.3.2) { 7€ Archy™ 1 a{" b}

- ua,b(A)

for all a,b € A, and hence also ¢(Uap(A)) = @(¢ " (Uap)) = Uap, by bijec-
tivity.
At last, for a given divisibility d := | of A, note that

\”6 ATChgﬁX(A) =y, € Xd,(@p (A)

and, for each a € Xqg,(A4), we have ¢~ '(a) = ["D |, and hence the map ¢
defines a homeomorphism between Arch}’§*(A) and Xqq,(A).

|

As Arch;®(A) is homeomorph to Xg,(A), the next theorem gives us a
necessary and sufficient condition for the compactness of Xgq,(A).
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Theorem 3.5.6 Let A be a commutative ring. Then Archi**(A) is closed
in V"X (A) if, and only if,

4= ﬂ g

| € Archmax(A)

is a p-Archimedean divisibility of A.
Moreover, as V;*>(A) is compact™,
Xq,(A) = Arch;*(A) is compact < |4€ Arch,(A)

Proof : If Archy®(A) is closed in V)**(A), then it is also quasi-compact
(even compact!), by Proposition(2.6.6).
For all a € A, of course

Archy)™(A) C UV1 (p"a),

neN

because of the p-Archimedean property of the elements of Arch;**(A).
Thus, by quasi-compactness'®, there are n,...,n, € N such that

Arch™>(A) CVi(p™a)U--- UV, (p™a)

Taking n := max{ni, ...,ny }, we see that 1 [ p"a for all ["€ Archy**(A),
implying that 1 |4 p"a.

Conversely, if |* is a p-Archimedean divisibility of A, then Archl®*(A) =
Vimax(14), because each p-valuation containing a p-Archimedean divisibility
is also p-Archimedean. Thus Arch®(A) is closed in V;**(A), and hence
compact (see the proof of Corollary(2.6.7).).

|

This theorem, together with the p-adic Representation Theorem, gives us
a necessary and sufficient condition for the existence of a dominant represen-
tation ® : A — Cx, (1) with Xq,(A4) compact.

We want also to answer the following question, concerned with the unique-
ness (up to homeomorphisms) of the choice of the space Xg,(A) for dominant
representations of A in rings Cy.

Given a commutative ring A containing Q, a compact space X and a
dominant representation ® : A — Cx, when is X ~ Xg, (A)?

131t is quasi-compact by Lemma(2.6.4) and Hausdorff, as well as V,(A).
MProposition(2.6.6) also assures that V,(b) is a clopen set, for each a,b € A.
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To answer this question'®, we use the following result.

Two zero dimensional compact spaces X and Y are homeomorphic if, and
only if, C'x are Cy isomorphic.

We want to give a self-contained proof of this fact later. To do this, we
will need some analytical facts.

Observe also that Cx and Cy are not just Q-algebras, but even Q-
algebras, and hence, at some point, we can restrict our results to the case of
Q,-algebras.

First we fix a standard notation.

Definition 3.5.7 Let X be a topological space and Cx the ring of p-adic
valued continuous functions. For each I C Cx define

Z(I):={ze X :a(x)=0 forallac I}
We prove then a fundamental lemma.

Lemma 3.5.8 Let X be a quasi-compact space and I an ideal of Cx. Then,
ZH)=0=1=(1)=Cx

Proof : Suppose that Z(I) = (). Thus, for each x € X, there is a, € T
such that a,(x) # 0. As a, is continuous, we can take an open set U, of X
with ¢ € U, and

az(y) # 0 for all y € U,

Therefore X = J, .y Uz, and hence, by quasi-compactness, we can choose
T1,...,x, € X such that X =J,.,., Us,.
Taking the corresponding a,,’s, define

f=al +pal, +..+p" " al €1

Then, for all z € X, we have v,(f(z)) = v,(p" (ay,(2))") for some
1 <i<n. In fact, for each x € X and i € {1,...,n},

(P (ag,(2))") = (i — 1) (mod n), (3.16)

and hence v, (p" ! (ag, (%)) # vp(p’ " (0, (2))"), for all 7 # j.
We claim that f(z) # 0 for all z € X. In fact, otherwise, we can suppose,
without loss of generality, that 0 = |f(x)|, = |(as, (z))"|,, and hence

2 ¢ Uy and 0= f(2) = plag,(@)" + ... + p" " (az, (2))"

15More precisely, to prove Theorem(3.5.13).
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By (3.16), we can suppose, without loss of generality, that

0= 1f(@)lp = [paw, ()" |5,

and then
v ¢ U, and 0= f(x) = p*(ap,(z)" + ... + p" (ag, (2))"

After iterating this argument a finite number of times, we will conclude
that = ¢ (J,.,.,, Us, = X, a contradiction.

Thus, the real function x +— |f(z)], is continuous on a quasi-compact
space X and is always greater then zero.

Therefore there is M > 0 such that |f(z)|, > M for all x € X. It follows
that 1/f € Cy, because, for all o € X, given € - M? > 0, there is an open
xo € U, C X such that, for all x € U,,

1 :‘f(x)—f@o) <|f($)—f($o)|p<€'M2:6
i@ o, | @i |5 e 7o
by the continuity of f.
As f e I, it follows that 1 = f - (1/f) € I.
|
The next proposition describes explicitly the set A'r’chgjj‘(’f(CX), where
do := |o is the canonical p-divisibility of Cx.
Proposition 3.5.9 Let X be a zero dimensional compact space and dy := |o

the canonical p-divisibility of C'x. Then

m(Ox) = ArchiX(Cx) = { | : € X}

p,do p,do

where

(Va,b € Cx) :a | be vy(a(z)) < v,(b(x))

The map x v~ | defines a homeomorphism between X and Archy§*(Cx).

Proof: For each x € X clearly |** is a p-valuation extending |o.

If a, : Cx — Q, is the evaluation map a — a(z), then a, is a ring
homomorphism and I( |**) = ker(a). Thus

Qly

=, Cx = Cx/I(|"") = Cx/ker(a,) = Q,

x

It follows from Proposition(3.3.2) that |** is maximal, for all € X, and

hence the map z — [*= has indeed range Arch;§*(Cx).
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It is injective, because |"*= |", for some z,y € X, implies
ker(avy) = I(|*) = I([*) = ker(aw),

and hence z =y, by Lemma(3.5.10) below.

For the surjectivity, take |* € Archy§*(Cx) and I, := I( [") C Cx.

Then there is z € X such that x € Z(I,), by Lemma(3.5.8), and hence
I, C ker(ay).
As |[” and | are maximal, Proposition(3.3.2) guarantees that

al’bev(a+1,) <v,(b+1,) <= (b+1,) € (a+ 1) Z,
and also
al™bevlatI([*) <v(0+I([*)) < (b+I([*)) € (a+I([*)) Z,

for all a,b € B.

Thus, I, C ker(a,) = I( [**) implies that ["C |*=. It follows that |[* = |-,
by the maximality of |, and then the surjectivity.

To verify the map « +— |, is a homeomorphism, it is enough to prove that
it is continuous, because Archyi¥(Cx) and X are compact spaces.

The map is continuous, because the inverse image of

U p(Cx) ={|"€ Arch?3(Cx) : a{* b}

p,do

= { ["e Archygi(Cx) = vp(a(x)) > vy(b(x))}

p,d

is equal to
{x € X : b(x)#0and v, (%(x)) > O} ,

which is open in X, for all a,b € Cx, because a and b are continuous on X,
and hence also (1/b) on the open set

{reX : bzx)#0}

|
The auxiliary lemma used above is

Lemma 3.5.10 Let X be a zero dimensional compact space and M(Cx) the
set of all mazimal ideal of C'x. Then

M(Cx) = {ker(a,) : v € X},

where o, 1 Cx — Q, with o, (f) :== f(z).
Moreover, the map x — ker(ay) defines a bijection between X and M(CYy).
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Proof : Take X a zero dimensional compact space. The maps

Cx/ ker(a,) — Q,

are isomorphisms, because Q, C Cx, and hence ker(a,) € M(Cx).

If M € M(Cx), then Lemma(3.5.8) assures the existence of some x € X
such that M C ker(a,). By maximality M = ker(a,). This also proves the
surjectivity of x — ker(a,).

For the injectivity, note that ker(ca,) = ker(cy,), for some z,y € X, implies

f(z) = f(y) for all f € Cx, (3.17)

because

f@)=re(f-r@) =0 - =0sfy)=r

for each r € Q,,.
As X is a zero dimensional Hausdorff space, we must have x = y. In fact,
if x # y, there is a clopen subset U C X satisfying x € U and y ¢ U.
Furthermore, the characteristic function xy : X — Q,, defined by

(z) = 1 ,ifxeU
XUW=9 00 ,ifx ¢ U

is continuous'® and hence yy € Cy.

However, yy(z) =1 # 0 = xy(y) and xy € Cx contradicts (3.17).

|

We state now an important general theorem about p-Archimedean divis-
ibilities.

Theorem 3.5.11 Let A and B be commutative rings containing Q. Take
some surjective representation ® : A — B, d := | a p-Archimedean divisibility
of B and dg := |* the p-Archimedean divisibility of A induced by d and ®,
1.€.,
(Va,be A):a|® b= ®(a) | D(b)
Then
Archy§*(B) ~ Archy g (A),

and in particular, also Xqq,(B) ~ Xds,0,(A).

16Tn the real case, we do not need the zero dimensional hypothesis, because Urysohn’s
Lemma guarantees that Cx has an element f separating distinct points of X. This lemma
is also used in the proof of Theorem(1.1.10).
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Proof : We define the map

U2 Archiy$(B) — Archigx(A), "= (|")%,

p,do

where (|*)? is the divisibility of A induced by ® and |.
By its definition, (|?)? is a p-Archimedean divisibility of A containing |®.
It is also maximal, because

(") ={a€ A: 0" ®(a)} ={a € A: a,(®(a)) = 0} = ker(a, o )

and hence, as o, 0 ® : A — Q,, because |” is maximal (Proposition(3.3.2)),
we also have

et A— AJI(([Y)®) = A/ ker(a, 0o @) — Q,
where v?® := (|V)®.

Therefore it is maximal, again by Proposition(3.3.2), and hence the map
U has indeed range Arch™3*(A).

p,de
Now we want to define a map

0 : Arch™(A) — Arch™(B), |~ (')

that is the inverse map of W.
To do this, for each ["€ Archyg*(A) we define a binary relation (|”)s of
B by

Vg, f € B) : g(|")of = a|" b for some a € d7(g), b e & '(f)
We will verify that:

Claim: (|*)e € Archy§*(B), for all |"€ Archigx(A).

p,de

Take [’€ Archy'gx(A). Then

(g, f€B):g|f = (Ga,beA): () =g]| f =)
= a |* b with ®(a) =
=a ' bwithae d!
:>g(|v)®fa

o R
e_

and hence (|Y) 2 | .
Of course f(|")ef for all f € B. Moreover, for all g, f,h € B, there are
a,b,c € A such that ®(g) = a,®(b) = f and ®(c) = h, by surjectivity, and
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hence

P(A)P(A)=P(A
g(Mef = al*b=acl”be " VTETY gn0)efh

9(")ef, f(I")eh = al|"b, b]"c=al"c=g([")eh

A A)=
D( ):t(bé) D(A)

9(Def, 9(I")eh = al"b, al"c=al|"btc 9([")ah

As |V satisfies the Kochen property, using the properties of the homo-
morphism ¢ (and some usual algebraic calculation), we can prove that (|*)e
satisfies also the Kochen property.

At last, note that p({)e1. In fact, otherwise there are a,b € A such that
a|'band a € @ *(p),b € (1), and in particular

3] v
p=2a(p) | Pa)=p = p[*a 'S plra

P v
1=00) [d(1)=1 = b]*1 "= b1

and hence, also p |” 1, contradicting our choice of ['€ Archy'g*(A).

Therefore (|V)q is actually a p-divisibility of B, and it is p-Archimedean,
because it contains |.
Let us see that (|”)g is maximal, i.e., (|") = |*" for some |”'€ Archy§*(B).

Take a maximal p-divisibility [* of B extending (|*)e, which exists by
Theorem(3.2.4). Then
'S ((1M)e)® < (I")"

because, for all a,b € A,
al|" b= ®(a)(|")s®() = a((|")e)*b
By the maximal choice of |, we must have
"= (")* (3.18)
Therefore,
(1 =", (3.19)

because the surjectivity of ® implies that, for each f, g € B, there are a,b € A
such that ®(a) = g and ®(b) = f, and then

gI” f= ) [" o) = a(|')*b B a | b= [ = B(a)(]")e®(b) = g

and hence Arch)§*(B) is indeed the range of 6.
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Moreover, our argument also implies that W is surjective, by (3.19). In-
deed, ¥ is also injective (also a consequence of the surjectivity of ®). One

way of seen this is verifying that # and ¥ are inverses of each other.
In fact, for all ¢,d € A, f,g € B with f = ®(b),g = ®(a), for some
a,bc A, "¢ Archy§*(B) and ['€ Archygx(A),

gl"f = a0 = g (1) f
cltd = o) (I")e @(d) = c((")e)" d
and hence, by the maximal choice of [* and |*, we must have

= (()e = 0(T(]7))
o= ((")e)® = w(O([")

Thus V¥ is a bijection with inverse map 6. Furthermore, ¥ is continuous,
because

U (Uap(A)) = { "€ Archyg*(B) : ®(a) 1 @(0)} = Ua(a), o) (B),

for all a,b € A.

As Archy3*(B) and Arch}gx(A) are both compact, by Corollary(2.6.7),
¥ is a homeomorphism.

|

Now we are ready to prove our claim.

Theorem 3.5.12 Two zero dimensional compact spaces X andY are home-
omorphic if, and only if, C'x and Cy are isomorphic.

Proof : Let X and Y be zero dimensional compact spaces. If p: X — Y
is a homeomorphism, then

q):Cy—>CX, ft—>fogp
is a homomorphism, and it is even an isomorphism, because

(Vfigely): fop=gop=f=fo(pop)=go(popt)=g

geCx=g=go(p lop)=d(gop ") withgop™ € Cy

The proof of the converse is less trivial. Let & : Cx — Cy be an iso-
morphism, where X and Y are zero dimensional compact spaces. Define the
canonical p-Archimedean divisibilities

dx == |x:={(9, f) € Cx x Cx : v,(g(x)) < v,(f(x)) for all x € X}
dy = lyi={(9. f) € Cv x Oy : v,(9(y)) < vp(f(y)) for ally € Y}
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We claim that
where |¥ is the p-divisibility of C'x induced by ® and |y .
In fact, for p #2 and g, f € Cx

glx f Lem G0 o g% + pf? for some h € Cx
Bijgion 2

r?2 = ®(g)% + p®(f)? for some r € Cy
B a(g) Iy o(f) @ g 12 f

and the same argument works for p = 2, because of Lemma(3.4.11).
This implies the desired homeomorphism, because

Prop.(3.5.9) max max
X ( ~ ) Archpdx (Cx) = Archyix (Cx)
Theo.(3.5.11)+Bij. i
i ~ Archg (Cy)
rop.(3.5.9
pg( ) v

Using this theorem, we can say when there exists an optimal representa-
tion of a commutative ring A containing Q.

Theorem 3.5.13 A commutative ring A, containing Q, has an optimal rep-
resentation, i.e., a dominant representation ® : A — Cx with X ~ Xg, (A)
compact'”, if, and only if,

|A - ﬂ |v
[v€Archimax(A)

is a p-Archimedean divisibility of A.

Proof : If d4 := |* is a p-Archimedean divisibility of A, then the p-adic
Representation Theorem provides a dominant representation

Or, 2 A = Capenmyx (4) = Carengpax(a)

As Xq,(A) ~ Arch;®(A) and they are zero dimensional, we conclude
that Capepmax(a) ~ CX@p( 4), by Theorem(3.5.12), and hence we have a domi-
nant representation

V:A—-C Xg,(A)

"Thus X is zero dimensional as Xq, (A).
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with Xg,(A) compact, by Theorem(3.5.6).

Conversely, if ® : A — Cyx is a dominant representation with X ~
Xq,(A) compact, then Arch*(A) ~ Xgq,(A) is closed in the compact space
Vmax(A), and hence |* is a p-Archimedean, by Theorem(3.5.6).

|

It is important to observe that ®(A) is in general just a Q-algebra, in the
theorem above.

The results about Q,-algebras were used just to prove Theorem(3.5.12),
where we worked with the Q,-algebra Cx.

3.6 Maximal p-valuations of Q,[ X1, ..., X,

In this last section, we want to study p-divisibilities |? of the ring of polyno-
mials Q,[X] := Q,[Xi, ..., X,,] generated by subrings B of its quotient field
Qp(X) = Qp(Xy, ..., X;,), and given by

f
Vg, f e QlX]): 91" f& <§ € B
Note that, |P is a p-divisibility, if, and only if,

p_l ¢ B and VP(QP(X)) C B,

where 7, is the p-adic Kochen operator.'®
By its definition, we also see that |? is p-Archimedean if, and only if,

VfeQ,X])3neN):p"feB (3.21)
In particular the next proposition is true.

Proposition 3.6.1 For each B C Q,(X), |? is a p-Archimedean divisibility
of Q,[X] if, and only if,

Y(Qu(X)) ™ X1, ..., p™ X,] € B (3.22)
for some myq,....,m, € 7Z.

Proof : If | is a p-Archimedean divisibility, then of course the inclusion
above is true by (3.21) applied to X1, ..., X,,.
Conversely, suppose that (3.22) holds. For each

f = Z ail ----- inXi:l e X’Z’Zn 6 QP[XL
i1+...+in<deg(f)

18Also Z,, C B, because v,(Qp) = Z,.
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taking
ny = min{vp((lil ..... ’in,) : 1'1 + ...+ Z'n, S deg(f)}

we have
p*nf+m1+~--+mnf cB

|

If |B is a p-Archimedean divisibility, then every p-divisibility extending
it is also p-Archimedean, and in particular its maximal p-extensions too.

What we want to see now, is a necessary and sufficient condition assuring
that all maximal p-divisibilities, extending a given p-divisibility |?, are p-
Archimedean, even without knowing if |? is p-Archimedean

By Proposition(3.3.2), this is equivalent to say that

Oy @ Qp[Xh ;Xn] — Qp'

for all |’e V(' |P).
We do this for the special class of subrings

B =7(Q[X])[h1, -, b,

where hy, ..., h, € Q,[X] and p~! ¢ B.
First we observe some subsets of Q, defined below. We also do some
useful definitions.

Definition 3.6.2 For every I C Q,[X], we define
Wy(I) :=={x € Qp : h(x) € Z,, for all h € I}
Vo(l) := { "€ Vp(Qp[X]) - 1[" b for all ho€ I}
If I = {hy,...,h,}, then we write
Wo(hty s h) = Wo(I) and Vy(hy, ... hy) == V,(I)

Observe that of course

Wy(I) = (\Wy(h) and V(1) = (\V,(h)

hel hel

We say that a subset X C Q) is p-bounded in Q, if
X Cp"Ly = p" Ly X -+ X "Ly,
for some m € Z.
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The main result we need, is the next proposition. To prove it we use the
model-completeness of the theory of p-adic closed fields of p-rank 1, as found
in [20]. The results needed from Model Theory can be found in [17].

Proposition 3.6.3 For hy,...,h € Q,[X],
Wy(ha, ..., ) is p-bounded < v, : Qy[X] — Q, for all ["€ V™ (hy, ..., ly)
where o : Qp[X] — Qp[X]/I( ).
Proof : Take |"€ V**(hy, ..., hy). If we verify that
W,(hi, ..., by) is p-bounded = (3k € Z) : p* |V X; for all 1 <i < n,

then we are done, because, for all

f= Zfil...ianl e X € QylX],
we will have

v(a(f)) = v(f(a(X1), s au(X0)))
> min {0y (fi.i,) + Xjy P 5y < deg(f) |
= v(p%),
for some s € Z.

In this case, the same argument as used in the proof of Proposition(3.3.2)
can be applied to conclude that a, : Q,[X] — Q,, because of the maximality
of |V.

To find such k, we observe the elementary sentence

v Vo, ...z, ( /\ O(hj(x1, ..., xy)) — /\ O(%"pk))

1<5<1 1<i<n

is satisfied by Q,, because W,,(hy, ..., h;) is p-bounded.
Now observe that

Qp = Qp[XJ/I([") € Quot(Qy[X]/I([")) = F([°),

because |” restricted to Q, defines a p-valuation of Q,, (the only p-valuation!),
and hence Q, N I( |¥) = {0}. Thus F( |”) is a p-valued extension of Q,,.

Let K be a p-adic closure of F( |"). As the theory of p-adic closed fields
(of a fixed p-rank) is model complete, Q, C K implies that the sentence ¢
is also satisfied by K.
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From
U(hj(av(X1)7 e av(Xn))) = v(av(hj)) = U(hj) >0,
for all 1 < 7 <[, we conclude that also
v(a(X;)) >k forall 1 <i<mn,

proving that a, : Q,[X] — Q,.
Conversely, suppose that

ay : Qp[X] — Q, for all "€ V" (hy, ..., Iy)

In particular, for all [V€ V)***(hy,...,ly) and all g, f € Q,[X],

9" f e vp(an(g) < vplan(f)), (3.23)

because O( [V) = Z, N F( |Y) C Q, is the only p-valuation ring of F( |*).
Therefore, taking

Uip = { ["€ V" (ha, o he) - p7 |7 X} = Vir x, (Qp[X]), (3.24)

for each r € Z and 1 <7 < n, we have a clopen cover

Ve (hay e ly) C UUi,r?

rez

for each fixed 1 < i <n.
Note that

Vo (b e hu) = Viny (Qp[X]) M NV, (Qp[XT) 0 V(@[ X])

is a closed subset of V**(Q,[X]), and hence it is also quasi-compact.
By quasi-compactness, we can choose a finite subcover of V***(hy, ..., Iy),
for each fixed 1 < i < n, say

VI (R, o hi) © Uy U~ U U (3.25)

Ky )0

for some k1), ..., k@i i) € Z.
Taking
ki = min{/{:(l,i), ceny k(n,z)}

for each 1 <i <mn, by (3.24) and (3.25), we see that

PP X forall " € Vy(hy, ..., )
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Taking
:=min{k; : 1 <i<n},

we conclude that
P |” X, for all |°€ Vi, (hy,..., ) and all 1 < i < n,
and hence, by the equivalence (3.24),
k= v,(pF) < vyl (X)) for all |°€ Viy(hy, ..., ) and all 1 <i <n  (3.26)

Finally observe that for each x = (21, ..., z,,) € Wy(hq, ..., ;) we can define
a p-divisibility | of Q,[X] putting

(Vf,9 € QlX]): g ™ [ vp(g(2)) < vp(f(2))

Of course 1 " hy, ..., 1 |"* hy, because hy(x), ..., y(x) € Z,, and |** is also
maximal by Proposition(3.3.2), because

Ay, = Qg @ @p[&] — Qp

with
(9, f € Q[X]) : g [** f & vp(on,(9)) < vplaw,(f)),
where a;, is the evaluation function on z, and hence |**€ V,,(hy, ..., b;) for all
x € Wy(ha, ..., ).
Thus
v € Wylhy, ., y) = [" € VI (hy, ..., Iy)
(129 Up(2;) = vy, (X;)) > kforalll <i<n
= xc p’“ZZ

Moreover, we can prove:

Proposition 3.6.4 Take hy,....h, € Q,[X]. If W,(ha, ..., h;) is p-bounded,
then
Wyhs, oo, hy) = V™ (hy . By

where the homeomorphism, and its inverse, are given by

5 ((X1), oy (X)), 2t [0
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Proof: In fact, if 2 € Wy(hy,...,h,), then [€ V**(hy, ..., h,), by the
same argument used in the proof of Proposition(3.6.3).
As Wy(hy, ..., h,) is p-bounded, for each [*€ V***(hy, ..., h,) we have

(p(X1), . (X)) € Qp,

by Proposition(3.6.3).
Clearly ¥ and @ are inverses of each other, because

T — |'U:1; — (Oévgc(Xl)v "'7avx(X”)) =z
|v — (avx(X1)7 7avx(Xn)) =. T |vZ: |’U

and being |V maximal, for every g, f € Q,[X],

gl"f
()
Op(g(a(X1), -y (X)) = vp(aw(9)) ?} vp((f)) = vp(f(a(X1), ors 0 (X))
gl f

and hence we have a bijection.
As both are compact spaces and

0 Uy S (QpXN) = (& € Wylhr, o h) < 0p(9(2)) > vy(f(2))} = (%) vz

implies the continuity of #, we conclude that # is a homeomorphism.

|

Let us observe the holomorphic divisibility of V,(h, ..., h,) for some hy, ..., h, €
Q,[X], i.e., the p-divisibility

When W,,(hy, ..., h,) is p-bounded, this p-divisibility is well behaved, as
says next proposition.

Proposition 3.6.5 Take hy,....,h, € Q,[X]. If W,(hq, ..., h;) is p-bounded,
then the holomorphic divisibility of Vy,(hi,...,h) is a SLG p-Archimedean
divisibility.

Proof : Let |* be the holomorphic divisibility of V,(h, ..., h;), i.e.,



and suppose that W, (hy, ..., h,) is p-bounded.
By Proposition(3.6.3), we can conclude that

Vp<h1> ) hr) c le,ap"((@p[z])

neN

and hence, being V,(hy, ..., h,) compact, we can extract a finite subcover

‘/p<h17 sy hr) g Vl,apnl (Qp[&]) u...u vl,apns (QP[X])

for some nq,...,n, € N.
Taking n, := min{nq, ..., ns} we see that

Vzv(hla e hy) C Vi apy (QP[K])
Therefore, for all a € A there exists n, € N such that
L[" p"a for all |"€ V***(hy,..., hy),

and hence also 1 |* p"ea, proving that |* is p-Archimedean.
Moreover, by Proposition(3.6.4), we know that

Vo(hyy ooy he) ={ "+ 2 € Wy(ha, ..., hy)},
and hence, for all g, f € Q,[X], n,r € N, with r # 0,

g " p"fr e g | ptfrforall |"e V,(hy,..., ;)
& (g (@) = ("7 (@) for all [ Vy(hn, -, )
& vy(g(r)) > v,(pV" f(2)) for all =€ V,(hy, ..., h,)
& g [ plrlf for all |"2€ V,(hy,..., h,)
e gl prf

|
We would like to compare now such p-divisibility with the p-divisibility
contained in |*, where

B :=~(QyX]) [, ..., hr]

Note that V,"*('|%) = V},(h4, ..., hy), what motivates the natural question

’ B

If Wy(h, ..., hy) is p-bounded, is | equal to |*?
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As |B is a p-divisibility with cancellation, we know by Corollary(3.1.7)
that, for each g, f € Q,[X], if

- (g) € Y(Qu[X))[h4, ..., hy] for some n € N,

i.e., (g, f) is a p-bounded pair of Q,[X] with respect to |?, then

(5) (z) € Z, for all @ € Wy(ha, ..., h,) = (g) € Y(Qp[X]) A, ooy hr]

However, we don’t know yet if the implication above is true for all g, f €
Q,[X]. Thus we have a conjecture to be proved, or disproved.

Conjecture 3.6.6 Take hy,....,h, € Q,[X]. If W,(h1,...,h,) is p-bounded,
then

i () € Zy, for all x € Wy(hq, ..., hy) = i € Y(Qu[X]) [Py ..., el
g g

for all g, f € Q,[X].
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Appendix A

Alternative Descriptions of
Divisibilities

There are another ways of interpreting divisibilities and they may be useful
if someone is interested into finding examples of abstract divisibilities or to
understand them using another point of view.

In this appendix, we would like to show an equivalent notion of divisibility,
namely, of divisibility maps, which is very similar to the notion of (Bourbaki)
valuations of commutative rings.

Such maps seem to have a better intuitive appeal for who is familiar with
valuation maps.

What we actually do to define divisibility maps is to change the or-
dered abelian group, used for valuation maps, by a partially ordered abelian
monoid, the infinity symbols co by the 0 of the multiplicative monoid, and
the second condition of valuations by another weaker condition.!

More precisely:

Definition A.1 Let (M, - ,<) a partially ordered (p.o.) abelian monoid
with zero 0. A divisibility map of A is a surjective map 6 : A — M
satisfying

1. 0(a-b) =d(a)-(b)
2. §(a) <6(b), 6(a) <d(c) = d(a) <d(bxc)
3041

Note that we allready have §(1) = 1 and 6(0) = 0 because of the surjec-
tivity of 0.

LA theory of monoids can be found, for example, in [7] or [23].
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In Example(2.1.11)(18), we have seen that a divisibility map § always
defines a divisibility |° of A putting

(Va,b € A):a |’ b:< §(a) < 6(b)

The next theorem shows that the converse is also true, i.e., for each
divisibility | of A we can define a divisibility map d( | ).

Theorem A.2 For each divisibility | of A there is an associated divisibility
map 6( | ) : A — D, for some partially ordered abelian monoid (D, - , <),
such that

a|b< d(a) <4(b)

Proof : Let | be a divisibility on A. For each a,b € A define
allb:=(a|b)A(b]a)

From the transitivity and reflexivity of | follows that || defines an
equivalence relation on A. Let §(a) denote the equivalence class of some
a € A and 0(A) the set of equivalence classes of A under this relation.

We define an operation ® : 6(A) x 6(A) — 6(A) by

(0(a),d(b)) — d(a) ® §(b) := (ab)
Taking a,a’,b,b" € A such that §(a) = d(a’) and §(b) = §('), then
ald,b|b=ab|ab|dV and o |a,b' |b=d't |ab |ab

and hence ab || o'l i.e., 6(ab) = §(a’'t’). Thus © is well-defined on §(A).

By definition the map ¢ : (A, - ) — (0(A),®) is an epimorphism, and
hence (0(A),®) is an abelian monoid. We define a partial order on §(A)
associated to | declaring

(Va,be A):6(a) <d(b):=alb

It is well-defined, because, if a || ' and b || ¥/, then a | b < o' | V. By
properties (2.1),(2.2,(2.4), (2.5) of divisibilities it follows that (6(A), ®, <) is
a partially ordered monoid with 05 £ 1;.

Moreover, for all a,b,c € A,

d(a) <0(b), 6(a) <d(c)=al|b,alc=a|(btc)=d(a) <db+tc)

and therefore ¢ is a divisibility map.

|

In the valuation case, there is a 1-1 correspondence between valuation
rings and equivalence classes of valuation maps. Here the same will be true
if we define:
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Definition A.3 Two divisibility maps 61 : A — Dy and 03 : A — Dy are
equivalent if there is some order-isomorphism p : Di — Do such that 0 =
pody. In this case we write §; = Os.

In the next theorem we use the same letter to denote th divisibility map
0 and its equivalence class.

Theorem A.4 The maps
|5 8(]), 65 )

induce bijections between the set of divisibilities of A and the sets of equivalent
divisibility maps of A.

Proof : Suppose that ¢ is equivalent to ~, i.e., there is an order-isomorphism
p:v(A) — 0(A) such that 6 = po~.
Then, for all a,b € A,
a |’ b p(y(a)) = d(a) <5 6(b) = p(7(b) & v(a) <, v(b) & a b

and hence [ is well-defined.
For each divisibility map § : A — 6(A), divisibility | of A and a,b€ A

albe (] )(a)<s(])b) & al)y
d(a) <(b) & al’ b a( [ )(a) < ([ )(b)

From the first we conclude that | = [°(1) ie., a o = id. From the
second

d(a) = 6(b) < a( [ )(a) =a( [° )(b), (A1)
We define then
p:0(A) = 6(°)(A), 6(a) = 6([°)(a)

It follows at once from (A.1) that p is a bijection and it is well-defined.
Moreover,

p(6(a) - 3(b)) = p(d(ab)) = &( |°)(ab) = 6( |*)(a) - 6( |)(b)

and hence p is a homomorphism, and as the same argument can be used for
p~ !, we have an isomorphism, which implies the equality of the equivalence
classes of § and §( |?).

Thus S o a = id and hence a and [ are inverses of each other.
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Remark A.5 §; and &y are equivalent if, and only if, |t = |%.

Definition A.6 Let 9,7 be two divisibility maps of A. We say that v ex-
tends ¢ if, and only if, |°C |.

The relationship between a divisibility an extension of itself can be de-
scribed via the diagram of the next proposition.

Proposition A.7 Let 6 : A — §(A) and v : A — v(A) be two divisibility
maps of A. Then ~ extends § if, and only if, there is an order-preserving
epimorphism p : 0(A) — v(A) such that the following diagram commutes

A—T=(4)

| A

0(A)
Proof : If there is such order-preserving epimorphism p : 6(A) — v(A) then

a |’ b d(a) <5 0(b) = v(a) = p(d(a)) <, p(3(b)) =~(b) & al"b

IA

for all a,b € A.
Conversely, suppose that [°C |7. Define p : §(A) — v(A) by 6(a) — 7(a)
for all a € A. We claim that it is well-defined, because

8(a) = 0(b) & all’ b= all” b y(a) = y(b)

for all a,b € A. By its definition p is an epimorphism satisfying po d = ~
and respects the ordering, as the following shows

8(a) <5 6(b) & a b= al" b y(a) <, Y(b)

|

We also note that we can always define the operator & just using the
divisibility maps ¢, instead of its associated binary relation | , and hence all
the results using & could be written using divisibility maps.

In fact, If | is a divisibility of A, we can see that,

VX € P(A) : M(X) =0 1 (U(X))

where
UX):={y€eM:~v>d(x) for some z € X}

and ¢ is some divisibility map associated to | .
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Now, the last thing we want to do in this appendix is to exhibit the
divisibility map of the divisibility |¢ of Example(2.1.11)(15), defined by the
map d : Zy|X| — Z, where

-n ifn>0

d(ao + a1 X + ... + a, X") = { vp(ag) ifn=0

The first observation is that d is not a divisibility map from A to the
ordered abelian group (Z, +, <), because d is not a monoid homomorphism
between the monoids (A, - ) and (Z, +). In fact,

—1=d(X-p) £d(X)+d(p)=—-1+1=0

Actually Z must be seen as just the universe of the commutative monoid
(Z, ®, <) of our divisibility map, where @ is not necessarily the usual addition
or the usual multiplication.

However, taking < as the usual order relation of Z and & as the operation
defined, for all n,m € Z, by

[ n+m ,if s(n) = s(m)
nem= { min{n,m} if s(n) # s(m)
where
sy {10
1 -1 ,ifn<O

the reader can easily verify, using an operation table, that (Z,®, <) is an
ordered abelian monoid.

Moreover, the map d : Z,[X] — (Z,®,<) is indeed a divisibility map
associated to |4 !
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Appendix B

A Minimum Principle

In this appendix, we give a minimum principle for total divisibilities. Al-
though total divisibilities are not of our main interest, this principle can be
useful, at least to simplify some calculation with &, when this is defined
using a total divisibility | .

First we remember the part of Definition(2.1.4) related to totality.

Definition B.1 Let | be a divisibility of A and X C A. Then | is called
total on X if

(Va,y e X): (zy) vV (y|2)
Clearly | is total if, and only if, | is total on A.

The next proposition is actually the main result.
Proposition B.2 Let | be a divisibility of A. If | is total on X C A, then

S(X)=6 (Um) = Js(@)

reX reX
Proof : If y € &(X) then there are z1, ..., x, € X such that
(VRS 6(.731, P l’n)

If n =1 then y € &(z;) C |J S(x). Suppose that for all sets with
zeX
1 <r < n elements we have

S(xy, .y ) = U S(z;)
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If we take zq,...,2,, 2,41 € A, then we can suppose, without loss of
generality, that x,, | 2,,41. Therefore

Y E ST,y Tpy Tng1) € S(T1, ey Ty T) = (21, .0y ) = U S(z;)

1<i<n

|
The minimum principle that we want is the following consequence of the
last proposition.

Theorem B.3 (Minimum Principle) Let | be a divisibility of A and X C
A. Then

v \”eV(y):(yeG(X);» \/x!”y)

zeX

Proof : As | is total on each subset X C A for all |V€ V(| ), we conclude

that
&.(X) = J6&u(x)
zeX

by Proposition(B.2).

Now, by Remark(2.2.8), we have 6(X) C &,(X), and then follows the
conclusion.

|

Lastly, we would like to note that in general total divisibilities do not
have a prime support. However, their supports have a property closer to
primality, namely,

Proposition B.4 If | is total, then
abe I(|)=a*el(]|)orb*ecI(])
Proof : For each a,b € A, a|borb|a. Then

0|ab= (0] ab|a®)V(0]ab]|b?)
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Appendix C

Kaplansky’s Lemma

In this appendix, we prove the theorem used in the p-adic Representation
Theorem, assuring that each subalgebra of Cx := C'(X, Q,) separating points
is dense in C'y, when X is a compact space.

We prove a more general version' that holds for each C'(X, K), where K
is a field with a non-Archimedean absolute value | - |, or equivalently, with a
valuation v of rank 1.

The main result used in the proof of this theorem is the following lemma
due to I. Kaplansky?.

Lemma C.1 Let (F,| - |) be a non-Archimedean valued field and x € F\{0}
a fived element. Then, for each compact subset K C F', there is a polynomial
f € F[X] such that

o f(z)=1.

e f(0)=0.

o |[f(k)| <1 forallke K.

Proof : Let v be the valuation corresponding to | - | and 3
Oy ={a€eF:la <1}, M:={a€F:|a <1}

its valuations ring and maximal ideal, respectively.
Take z € F\{0} and K C F' compact. For each ¢ € K, the sets

celU.:={keK:v(k)=uv(c)},

1Such known result can be found in [3] or [21].

2As in his article [10].

3If | -| is an absolute value, then v(-) := —In|-| is the valuation of rank 1 corresponding
to | - |. For more details see Chapter(1) of [19].
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are clopen set in K, and then

K = LJUCKCOE;)aCt K = U U,,, for some ¢; € K,

ceK 1<i<n

As U, is closed in K, it is also compact in F, and hence 1 — ¢; U, is
compact too, because

v clrandr =1 -2

are homeomorphisms.
Now note that
U. Cc(14+M,)

for all ¢ € K, and hence 1 — ci_lUCi C M,, for each ¢; # 0.
Thus,
1—¢'U; C U {a € F:v(a) >v(m)} =M,
meMy,

implies, by its compactness, the existence of my, ..., m;, € M such that

1-¢'U, C U {a € F:v(a) >v(my), mj € M,},

1<5<l;
and then, for each ¢ € {1,...,n}, there is
min{v(m;): 1 <j<l}=a,€Z"

such that
v(r) > a; >0forallz €1 — ¢ U,

We can suppose that the ¢;’s are numbered such that
v(er) > o > wv(ey) (C.1)

We take just the ¢;’s different to zero. Thus, without loss of generality,
we can suppose that ¢; # 0.
Then, the Proposition follows from the next claim.

Claim C.2 There are ny,...,n, € N such that
fl)=1-1 -2 X)(1 - ' X)"..(1 —c tX)™

satisfies the conditions of the Proposition.
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In fact, f(x) =1 and f(0) = 0, and hence it is enough to choose the n;’s
such that
|f(k)| < 1forall k € K,

or equivalently, v(f(k)) > 0 for all k € K.
Thus, it is sufficient to verify that
v(1 —a k) +ny-v(1 — k) 4+ o4 n, - (1 — ¢ 'k) >0, (C.2)
forall 0 #k € K.

As a; > 0, for each 0 < i < n, we can define n; recursively by

i=1 : Take n; such that v(z7'c;) +nya; >0
i =2 : Take ny such that v(z 7 cy) +n1 - v(cy er) + ngay >0

r—1
i=r : Taken, such that v(z~'¢,) + > n; - v(c; ') + npay > 0
i=1

With such choice, (C.2) is true. In fact, if
0£kek =] U,

1<i<r
then k € Uj;, for some 7, and hence
v(k) = v(e), v(1 —¢; k) > o and v(ej'e) = v(e; k) forall 1 < j <r
Moreover, by our assumption in (C.1),
0< v(cj_lci) = v(cj_lk), for all j >
Thus,
i—1
vz ) + an : v(cj_lci) + n;o; >0
j=1
implies (C.2).
|
Let X be a compact space and (F| - |) a non-Archimedean valued field
with associated valuation v of rank 1, where | - | := e?( ).

We endow the ring of continuous functions C'(X, F') with the topology
given by the sup-norm

A1) = sup{|f(2)] = =€ X}.

Then we have the following analogous to Stone-Weierstrass theorem in
this case also due to I. Kaplansky.?

4The proof of this theorem was adapted from Chapter(9) §2 of [21].
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Theorem C.3 Let (F,|-|) be a non-Archimedean valued field and X a com-
pact space. Let A C C(X, F) be a F-algebra with 1 € A and separating points
of X. Then A is dense in C(X, F) with respect to the sup-norm.

Proof: Take f € A. Since X is compact, f(X) C F' is compact. Now, for
every € > 0,

F(X) € ([ JB(f(1),

teX

where B.(f(t)) is the open ball of radius € and center f(t).
By compactness of f(X), there are ¢y, ...,t, € X such that

f(X) € B(f(t2))U--- U Be(f(tn))-

Let By := B.(f(t1)) and, for each 2 <7 <mn,

B; = B.(f(t:)) — | Be(f(t;)).

Jj<i

Then B; are pairwise disjoint and clopen, and their union covers f(X).
Therefore, the union of the sets U; := f~!(B;) forms a pairwise disjoint
clopen cover of X.

Ift € X, thent € U; for some 1 < i < n and t ¢ U; for all j # «.
Thus, if xx = xv, is the characteristic function of Uy, we have x;(t) = 1 and
x;(t) =0 for all j # 1.

Now, ¢t € U; implies |f(t) — f(t;)| < € and then |f(t) — g(t)| < €, where

Therefore, it is sufficient to prove that g is in the closure of A in C'(X, F).
To show this, it is enough to see that y; is in the closure of A for each
1<k <n.

Let U be a clopen subset of X and 0 < e < 1. Fix z € X with x ¢ U.
For each t € U, as t # x and A is a separating unitary algebra (1 € A) of
C(X, F), there is g, € A such that

9:(t) = 0 and gi(z) =1
In fact, there is h € A such that h(z) # h(t), and then we can take

_ _h—=h{)
e )
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By Kaplansky’s lemma, i.e., Lemma(C.1), there exists a polynomial p; :
F — F, whose constant term is zero, p;(1) = 1 and [p;(s)| < 1 for all s in
the compact set g,(X) C F.

Then f; = p; o g, belongs to A, fi(t) =0, fi(x) =1 and

[ fell = sup{[fe(y)] :+ y€ X} <1

By continuity of f;, there exists a neighborhood N; of ¢ such that f;(y) < €
for all y € N;.
Since U is compact, there are tq,...,t,, € U such that

UCN,U---UN,

If
fo= S oo frns

then
fe€ A folz) =1, [|[f(@)] <1 and [fo(y)] < e forally € U
Now h, =1 — f, belongs to A too, since 1 € A. Moreover,
he(z) =0and |1 — h,(y)| <eforally e U

By continuity of h,, there exists an open neighborhood W, of x such that
|h(y)] < eforall y € W,. Since X\U is compact, there are 1, ..., z,,, € X\U
such that

X\UCW,U---UW, .

Define h = hy, « ...+ hy,,. Then h € A. Moreover, if y ¢ U, then y € W,,
for some 1 < i < m and |h,,(y)| < €, because ||hy,|| <1 for all i. Thus

|h(y)| < eforaly¢U (C.3)

On the other hand, if y € U, then |1 — h,,(y)| < e forall 1 <i < m. We
claim that

|1 —he (y) - oo - by (y)] <€, foralll <k <m.
This is clear for kK = 1. Suppose the claim is true for 1 < k < m. Then

|1 - hka+1 (y) + h$k+1 (y) - hwl (y) Tt h'l'k (y) ’ h$k+1 (y)‘
maX{|1 - h$k+1(y)|’ |h1'k+1 (y)| ' |1 - hwl (y) BEEEE hﬂﬁk(y)l}
max{|l — ho, . (Y)], |1 = hay (y) - - - Doy ()]}
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because |h,,,, (y)] < 1.
By induction hypothesis |1 — hy, (y) - ... - by, (y)] < €, and then the claim
is true for k£ 4 1. In particular, for k =m

|1 —h(y)| <eforallyeU (C4)
From (C.3) and (C.4), we see that ||xy — h|| < € for all 0 < € < 1 and all
clopen U C X.
|

As a corollary we have.

Corollary C.4 Let A be an unitary Q-subalgebra of the ring of p-adic valued
continuous functions C(X,Q,), where X is a compact space.

If A separates points of X, then it is a dense Q-subalgebra of C(X,Q,)
with respect to the p-adic sup-norm induced by the p-adic absolute value |- |,
i.e., the norm || - || given by

/1 = sup{|f(z)|, : v € X}
forall f € C(X,Q,).

Proof: If A is an unitary Q-subalgebra of C'(X,Q,) separating points of
X, then B := Q, - A ® is an unitary Q,-subalgebra of C(X,Q,) separating
points of X (For each x # y take some separating function f € A).

As X is compact, Theorem(C.3) assures that B is dense in C(X,Q,). As
Q is dense in Q,, it follows that Q- A = A is dense in Q, - A = B, and hence
A is dense in C(X,Q,).

|

®Here we use Q, - A to denote the Q,-vector space generated by A, and not the set
{a-a:a€Q,and a € A}, as used in the other parts of this dissertation.
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