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Zusammenfassung

Es seien A der Polynomring in n Variablen iiber R und hq,...,h,, € A. Wir
bezeichnen mit Y A? die Menge aller endlichen Summen von Quadraten des Ringes
A.

1991 bewies Schmiidgen den folgenden Satz: Wenn die semialgebraische Menge
W(h) :={a €R" hi(a) >0firi=1,...,m} kompakt ist, dann gilt

Vf€A:f>0auf W(h)=fe > hi" - hrDA

Vie{ovl}

2001 bewiesen Jacobi und Prestel unter der selben Voraussetzung ein abstrak-
tes Kriterium dafiir, wann die folgende stérkere Implikation gilt:

VfeA:f>0auf W(h)= f € XA+ BA* + -+ + h,, XA (1)

Als Korollar erhélt man: Fiir n = 1 und m beliebig, als auch fiir n beliebig
und m = 2 gilt (1). Bereits fiir den Fall n = 2 gibt es Beispiele von Polynomen
hy, ..., hy, € A mit W(h) kompakt, fiir die (1) nicht gilt.

In der folgenden Arbeit prisentieren wir ein effektives algorithmisches Ver-
fahren fiir den Fall n = 2, welches uns zu entscheiden erlaubt, wann (1) gilt.

Das Verfahren basiert auf einer Reduktion der gemé&fi Jacobi und Prestel
durchzufiihrenden Tests, die schon fiir n > 2 aufgrund der komplizierteren Be-
wertungstheorie nicht mehr moglich ist. In der Tat ist es fiir n > 2 unbekannt,
ob die Frage, wann (1) gilt, iiberhaupt entscheidbar ist oder nicht.






Abstract

Let A be the polynomial ring in n Variables over R and hy, ..., A, € A. We will
denote by Y A? the set of all finite sums of squares of the ring A.

In 1991 Schmiidgen proved the following theorem: If the semialgebraic set
W(h):={a €R" hi(a)>0fori=1,...,m} is compact, then

V€A f>0imW(h)=fe > hi"- hrDA

u,-e{O,l}

In 2001 Jacobi and Prestel proved under the same assumption an abstract
criterion for the following stronger condition to hold:

VFfeA:f>0in W(h) = f € SA> + )X A* + -+ + h, TA* (2)

As a corollary one obtains: For n = 1 and arbitrary m, (2) holds, as well as
for n arbitrary and m = 2. Already for the case n = 2 there exist examples of
polynomials hy, ..., h, € A with W (h) compact for which (2) does not hold.

In the following work we present an algorithmic procedure for the case n = 2,
which enable us to decide when (2) holds.

The procedure is based on a reduction of the tests to be done according to
Jacobi and Prestel which is already for n > 2 no longer possible, because of the
more complicated valuation theory. In fact, for n > 2, it is unknown, if the
question when (2) holds is decidable or not.
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Chapter 1

Introduction

Let hq,..., h,, be polynomials in n variables with real coefficients. The semial-
gebraic set defined by hq, ..., h,, and denoted by W (h), is the subset of the R"
where all the polynomials hq, ..., h, are nonnegative. Let A be the polynomial
ring R[X7, ..., X,]. The interest on Archimedean quadratic modules comes from
questions related to the characterization of the polynomials in A that are strictly
positive on the set W (h). These characterization is very important for example
in Optimization.

In 1991 Schmiidgen proved that for W (h) compact we have: for all f € A, if
f >0 on W(h) necessarily

fe d nrnm A

v;€{0,1}

where > A% denote the set of finite sums of squares in A.

For applications if we have a conciser representation much better. So, a
natural question is, assuming that W (h) is compact, when is it possible to discard
the products in the representation above.

Thus, one would like to know when holds the following stronger implication:

VI€A: f>0mW(h)=fed A +h Y A4 thy» A (L1)

Let M(h) := > A>+ hy > A2+ -+ h,, > A%. This subset of the ring A
contains the element 1, is closed under addition and closed under multiplication
by squares. If in addition —1 ¢ M (h), then M(h) is called a quadratic module of
the ring A. A quadratic module M C A is Archimedean if for every f € A there
isa NeNwith N—feM.

Thomas Jacobi proved in his PhD-thesis that if M (h) is a quadratic module,
then the following are equivalent:



(a) W(h) is compact and for all f € R[Xy,...,X,]: f > 0on W(h) implies
fe M(h);

(b) M(h) is Archimedean.

The proof that (a) implies (b) is trivial if one knows the Theorem 2.3 be-
low. The other implication is a consequence of the Representation Theorem for
quadratic modules (T.Jacobi).

Thus, in order to answer the question above, one has to investigate when
M (h) is Archimedean. The Jacobi-Prestel Criterion stated below gives an ab-
stract characterization of the polynomials hy, ..., h,, for which the module M (h)
is Archimedean.

Let hy,..., hy € A, W(h) and M(h) as above. For a real prime ideal p €
Spec(A) we define F}, := Quot(A/p) and R (p) to be the set of residually real
valuations v on F}, for which v(X; +p) <0 for some i =1,...,n.

Jacobi-Prestel Criterion. Suppose that W (h) is compact and M (h) is a quadratic
module. Then the following facts are equivalent:

(a) M(h) is Archimedean;

(b) For every real prime ideal p € Spec(A) and for every valuation v € Roo(p)
the regular part of the quadratic form

<17h1+p77hm+p>

is weakly isotropic over the Henselization of Fy, with respect to the valuation
v.

As an important corollary of the Jacobi-Prestel Criterion one has: when
the semialgebraic set W (h) is defined only by two polynomials, then M (h) is
Archimedean. This is also true for only one indeterminate and an arbitrary num-
ber of polynomials. For the case n = 2 there are examples of both situations,
Archimedean and not Archimedean modules.

In this Thesis, for the case n = 2, the Jacobi-Prestel Criterion will be trans-
formed in an effective algorithm, which permits to test if the module M (h) is
Archimedean or not.



Chapter 2

Preliminaries

The notation of this work is mainly taken from [PD]. This applies in particular
to the valuation theory used here.

The main goal of this chapter is to prove some results that will be useful
later, specially the Characterization Theorem of Jacobi-Prestel, which will be
very important for the algorithmic procedure that will be described in the next
chapters.

In what follows A will always denote the polynomial ring R[X7, ..., X,]. The
set of polynomials which are a square of the ring A, i. e., the elements f € A
such that f = a? for some a € A, will be denoted by A% The set of all finite
sums of squares will be denoted by > A%

For polynomials hq, ..., h, € A one defines the following sets:

W(h) :=W(hy,...,hy) :={a €R" hi(a) >0fori=1,....,m} ;

M(h) = M(hy, ... hy) = A+ hy» APt by y A%

Definition 2.1. A subset M C A is called a quadratic module if it has the
following properties : 1 € M, M + M C M, A>M C M and —1 ¢ M. A
quadratic module M C A is said to be Archimedean if for every f € A there is
an N € N such that N — f € A.

Remark 2.2. (i) M(h) is a quadratic module if, and only if, —1 ¢ M (h) .

(ii) W(h) # 0 implies that M(h) is a quadratic module. The converse is not
true. For an example of W(h) = () and —1 ¢ M (h) see [PD], exercise 5.5.7.

(iii) Note that if M (h) is Archimedean, then the semialgebraic set W (h) is nec-
essarily compact.



The next theorem says that in order to verify that a quadratic module M C A
is Archimedean it is sufficient to check the condition above only for the polynomial
S X7, instead of all elements f € A.

Theorem 2.3. Let M be a quadratic module of the ring A. Then

M s Archimedean@N—ZXf € M for some N eN.

=1

Proof: (=) Follows immediately from the definition.
(<) Let f:= N —>Y " X? By the hypothesis f € M. Therefore, for each
n?

i=1,...,

]_ . 1 2 2 2 2
(N+) % Xi= (5 £X) +f+;Xi e Y A4y AcCM

Thus for every a € RU{Xj,..., X, } there exists an m € N with m £ a € M.
Now, using induction on the complexity of elements of the ring A, suppose that
for g,h € A there are r,s € N such that r =g € M and s + h € M. Then
(r+s)£(g+h) € M and, as the set Y A+ f > A% is closed under multiplication,
follows that

3rs—gh=(r+g¢g)(s—h)+r(s+h)+s(r—g) € ZA2+fZA2

and therefore 3rs — gh € M. Similarly one obtains 3rs + gh € M.
O

Example 2.4. Let h; = X; fori=1,...,nand h,,4; =1—)" | X; and consider
M = M(h). Thus for every i = 1,...,n one has

1-X,= (1—ZXZ)+ZXJ e M.
i=1 i
Trivially 14+ X; € M. Consequently for all a € RU{Xj,..., X, } there exists
an m € N such that m +a € M. Thus, it follows from the proof of the theorem
2.3 that M(h) is Archimedean. Or explicitly :

n—y XI=>" S+ X)2(1- X))+ 50— X)?(1+X,) € M.
i=1

=1



Definition 2.5. A semiordering of the ring A is a quadratic module S C A with
the additional properties: SU—S = A and S N —S is a prime ideal of A.

Theorem 2.6. Let hy, ..., h, € A and suppose that M (h) is a quadratic module.
Then the following are equivalent:

(i) M(h) is Archimedean;
(i1) Every semiordering S of A which contains M(h) is Archimedean.

For a proof of this theorem see ([PD], pg. 119 ).

Example 2.7. Suppose that n > 2. Let h; = X; — % forv =1,...,n and
hpi1 = 1 —T[-, X;. In this case, W(h) is compact but the quadratic module
M (h) is not Archimedean. There is a semiordering of R(Xj, ..., X,) containing
M(h) such that for all N € N one has N — Y X? € —S. ( See [PD], Example
6.1.2).

The next theorem provides a connection between Archimedeanness and weak
isotropy of quadratic forms. In order to state it, one needs some definitions.

A prime ideal p of A is said to be real if the quotient ring A/p is a real
ring. The quotient field of the integral domain A/p will be denoted by F,. For a
diagonal quadratic form (ay,...,a,,) over a field K the form obtained from this
one by discarding all zeros of the diagonal entries is called its regular part and
will be denoted by (ay,...,a,)".

In what follows we will consider the canonical residue homomorphism

A Alp.

Theorem 2.8. Let hy, ..., h, be polynomials in A such that the set M(h) is a
quadratic module. The following are equivalent:

(1) The module M(h) is Archimedean ;

(2) There is an N € N such that N =Y | X? € S\ — S for all semiorderings S
of A which contain M(h) ;

(8) There is an N € N such that for all real prime ideals p of A the regular

quadratic form <1, —(N =Y X?),hy,..., hs> is weakly isotropic over the
i=1
field F,.

For the proof of this Theorem we need the following result:



Weak Positivstellensatz. Suppose M is a quadratic module of A, and f € A.
Then the following are equivalent:

(i) f €S\ =S for all semiorderings S of A that contain M ;

(ii) of =1+ m, for some o € > A% and some m € M.

Proof: (i) = (i1): Suppose f> A*N(1+ M) = 0. Then M' :== M — > A*
is a quadratic module. Choose a maximal quadratic module S containing M’,
by Zorn’s lemma. Then S is a semiordering with M C S, by [PD], Proposition
5.1.4. Then f ¢ S\ — S, since —f € S.
(i7) = (i): Let S be a semiordering of A which contains M. For m € M we have
1+me S\ — S5, otherwise —1 € S. Therefore of =1+ m yields of € S\ — S.
Hence f € S\ — 5.

O

Now we are able to prove Theorem 2.8.

Proof of Theorem 2.8: (1) = (2): By definition there is an N’ € N such that
N'=>"X? € M(h). Thus 1+N'—>" X? € M(h) and therefore 1+ N’ X? € S
for every semiordering S of A which contains M (h). If 1+ N’ =3 X? = —a, for

some a € S, then —1 will be in S, contradicting the fact that S is a semiordering.
Thus 1+ N' - > X? € S\ - S.

(2) = (3): Let f:= N —> " X2 By the weak Positivstellensatz there is a
o €Y A% with of € 1+ M. Thus there are oy, ...,0, € >, A% such that

O0=—0f+1+00+01h+- 4+ 0shp.

Therefore, passing to the quotient ring A/p we obtain that <1, —f.ha,. .., f_ls>*
is weakly isotropic over the field Fj,.

(3) = (2): First observe that if a regular quadratic form (ay,...,a,) is weakly
isotropic over a field K, then it is indefinite with respect to all semiorderings of
K. In fact, if Y, 0;a; = 0 for some o; € > K? not all zero, say o; # 0, then
—a; = Z#j Z_;ai' Consequently, a; € =S if a; € S for all i # j. Let S be
a semiordering of A which contains M(h) and let p := SN —S. Then S is a
semiordering of A := A/p with SN —S = {0}. Thus the ideal p is real and S
extends to a semiordering of F},. By the hypothesis the form <1, —f. h, ..., B5>*
is weakly isotropic over the field F,, where f := N — Y " X2 Since each
hi € M(h) C S, we have hy, ..., h, € S. Thus f € S\{0}. Hence f € S\ — S.

(2) = (1): By theorem 2.3 every semiordering S of A containing M(h) is
Archimedean. So by theorem 2.6, it follows that M(h) is Archimedean too.

6
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A very important result which will be useful to prove the Characterization
Theorem is the Local-Global Principle for Weak Isotropy, which was proved in-
dependently by Brocker and Prestel in 1974 (for a proof see, for example, [Prl]).

Theorem 2.9 (Local-Global Principle of Brocker-Prestel). Let K be a
real field and p a quadratic form over K. If p is indefinite with respect to every
Archimedean ordering of K and weakly isotropic over all henselizations of K with
respect to every non-trivial residually real valuations, then p is weakly isotropic
over K.

The goal of this work is to present an algorithm to verify whether the quadratic
module M (h) is Archimedean or not. By Theorem 2.8, the problem is then re-
duced to test the weak isotropy of a quadratic form over a real field. The Local-
Global Principle above suggests to check this condition over Henselian fields.
However, for real Henselian fields one can test the weak isotropy on its residue
field. This is the claim of the next proposition. To state it one needs to define
the residue forms.

Definition 2.10. Let p = (a4, ..., a,) be a regular quadratic form over K ( of
characteristic # 2) and v a valuation of K with v(K>) =: T. Write p = p(!) |
<o L p® with p® := (a;,...,a;,) obtained from p by grouping the entries
with the same value modulo 2I". Choose 1 = ¢i,...,¢ € K* such that v(¢;)
represents the class v(a;;) + 2I'. Take b;; € K* with aijc_lbfj € 0. The forms

Pa) = < .. ,c[laijbfj, e are called v-residue forms of p.

>1<j<7'i

Proposition 2.11. Let (K,v) be a Henselian field such that the residue field K,
is real and char(K,)# 2. Let p = (a1, ...,an,) be a reqular quadratic form over
K. Then , p is isotropic (resp., weakly isotropic) over K if, and only if, at least
one of the residue forms pgy is isotropic (resp., weakly isotropic) over K.

Proof: (=) There exists 0,; € K not all zero such that
0= Z CLZ']'O'Z-Z]-.
i7j

Choose indices k and [ such that v(ayoy;) = min, ;{v(a;07)}. Multiplying the
equation above by ¢, 'b%,0,;% one has

- 132 -1 _—2_ 2 132 2
0= E : anCy bg(ay oy aijo;) + E akjcy, bpog
i,j  i#k J



where a; = b,:jlakjbklak_ll € O,. Note that for i # k, by the definition of the
a;j, the value of aijafj has to be strictly greater than the value of akla,%l. Thus,
passing to the residue field K, one obtains that the residue form p(y) is isotropic.

(<) Suppose that the residue form pyy is isotropic over the field K. Thus,
> agje, b2 =0,
J

for some o; € O and, say oz ¢ m. So, the polynomial p := aklc,;sz +
;akjc,;jlb%ja,%j has a simple non-zero root in K,. By Hensel's Lemma, there
J
exists an ag; € K such that p(ax;) = 0. So, the form p is isotropic over K.
The statement about weakly isotropic is proved similarly.
O

Now the Characterization Theorem of Jacobi-Prestel can be stated and proved.
The symbol R, (p) below denotes the set of all residually real valuations v of F},

with v(X;) < 0 for some i € {1,...,n}.

Theorem 2.12 (Characterization Theorem of Jacobi-Prestel). Let

hi, ..., hy € A such that W (h) is compact and M (h) is a quadratic module, then
M (h) is Archimedean if, and only if, for every real prime ideal p of A and for
every valuation v € Reo(p) the regular quadratic form <1, ha, ..., 718>* 15 weakly
isotropic over the Henselization H(F,,v) of F, with respect to the valuation v.

Proof: (=) If M(h) is Archimedean, then from Theorem 2.8 it follows that for
all real prime ideals p of A the regular quadratic form

ri= (1= F b )

, where f:= N —3>" X2, is weakly isotropic over the field F, and, a fortiori, over
the henselization H (Fy, v) of F, with respect to every valuation v. Let v € oo (p).
Without loss of generality v(X;) < 0. As v(N) > 0, it follows that

N
=) > 0.
Therefore, the polynomial 7% — (1 — %) has a simple zero in O/m and, by
1

N

Hensel’s lemma, there exists an = € H(F}, v) such that 2 =1 — <z S0, one has
1

—f=a?X2+ Y X2
i>1

Hence, —f € S H (Fp,v)%, and consequently the weak isotropy of 7 over
H(F,,v) implies that p := <1, hi,..., h5>* is also weakly isotropic over H(F},v).



(<) From W (h) being compact, it follows that there is an N € N such that
f = N — > X? is strictly positive on the semialgebraic set W (h). It will be
proved by induction on the Krull-dimension d of the ring A/p, that the form
T = <1, —f.h1,. .. ,B5>* is weakly isotropic over the field F},. Then Theorem 2.8
yields that M (h) is Archimedean.

For d = 0: In this case one has F, = R. Thus a := (X3,...,X,) € R". Ifa €
W (h), then f(a) > 0 and therefore —f < 0. So the form 7 := <1, —f.ha,. .., ﬁs>*
is indefinite over F, = R and therefore (weakly) isotropic. Similarly, if a ¢ W (h),
then there is an ¢ € {1,...,s} for which h;(a) < 0. Hence the form 7 is isotropic
over F, = R.

For d > 0: In this case the field F}, has no Archimedean orderings. Therefore,
the first condition on the Local-Global Principle is automaticly satisfied. So it
remains to check the second one, i. e., that the form 7 is weakly isotropic over
all henselizations H(F),,v) with respect all non-trivial residually real valuations
v of F,. If v € Ruoo(p) this follows from the hypothesis. So let v satisfy v(X;) > 0
for each i = 1,...,s, i.e., with A C O,. Let p’ := m, N A. Thus p’ is a real prime
ideal of the ring A and d' := dim(A/p’) < d. By the induction hypotheses, the
form <1, —f4p b+, he+ p’>* is weakly isotropic over F' := Quot(A/p’).
Since this form is a subform of the first residue form of 7 and F” is a subfield of
the residue field of v , it follows from proposition 2.11 that 7 is weakly isotropic
over H(Fy,v).

OJ

As an application of Theorem 2.12 we will come back to Example 2.7.
Consider the ideal p = (0). Thus, F, = R(Xy,...,X,). Let v : F) — T,
with the value group I' := Z x --- x Z ordered lexicographically, defined by

v(X;)=(0,...,—1,...,0), where —1 is in the i-th coordinate. So, the elements
of the form p = (1, hq, ..., h,11) have pairwise different value modulo 2I". Thus,
all the residue forms are equal to (1), and therefore p is not weakly isotropic over
H(R(X),v).

Next we state a generalization of Witt’s famous Local-Global Principle for
isotropy, which will be useful in the next chapter. The proof we will omit. For a
proof and more comments see, e.g., [PD] Theorem 3.4.11.

Theorem 2.13. Let R be a real closed field, and F/R a real, finitely generated
field extension of transcendence degree 1. Then every reqular quadratic form p
over I of dimension > 2 that is totally indefinite! over F is isotropic over F.

Lthat is, indefinite with respect to all orderings.

9



Chapter 3

Crucial Results

In this chapter we would like to present crucial results, whose proof will be
essential to the description of the algorithm in the next chapter. First we will
proceed in order to state a version of the Jacobi-Prestel Criterion in dimension
two.

From now on hy, ..., h,, will always denote polynomials in A := R[X, Y] such
that the semialgebraic set W(h) is compact. So, there is an N € N for which
W (h) is contained in the open ball B(0, N'/2) C R x R with center in the origin
and radius N'/2. Define f := N — X2 — Y2. Note that f is strictly positive on
W(h).

For a prime ideal p of A we remember that

A Alp

denotes the canonical residue homomorphism and F), the quotient field Quot(A/p).

The set of valuations v on F}, with real residue field and v(X) < 0 or v(Y) < 0
will be denoted by oo (p).

Remark 3.1. The valuations v € R (p) are trivial on R. In fact, as (F}, O,)
has real residue field, the restriction O, N R is a valuation ring of R with real
residue field. Thus, @, N R must be convex! with respect to the only ordering
of R (see,e.g., [PD] exercise 1.4.10 (b) ). Since R is Archimedean, for all a € R
there is a b € N with a < b. By the convexity of O, we obtain a € O,. Thus,
R C O,.

The Jacobi-Prestel Criterion ( see Theorem 2.12) says that the quadratic
module M (h) is Archimedean iff the following condition is satisfied:

For each real prime ideal p of A and for each valuation v € Roo(p) the reqular
quadratic form p = <1,h1, .. .,hm>* 15 weakly isotropic over the Henselization
H(F,,v).

'Tt means, for all a,b: 0 <a< b€ O, = a € O,.

10



Let d € N be the Krull-dimension of the ring A/p. Since A = R[X,Y] we
have d < 2 (see, for example, [AM]).

For the prime ideals p with d = 0 or d = 1 the condition above is always sat-
isfied ( independent on the number of variables). This fact is a corollary of the
following theorem (see also [PD], Theorem 6.2.2 (1) ), whose proof use Tarski’s
Transfer Principle. About Tarski’s Principle see, e.g., [BCRJ.

Theorem 3.2. For every real prime ideal p of A and all v € Roo(p) the regular
quadratic form p = <1, hy,... ,hm>* is indefinite with respect to all orderings of
the Henselization H(Fy,v).

Proof: First we will prove that the form 7 := <1, —f. h, ..., f_zm>* is indefinite
with respect to all orderings of F,. With this purpose we define the following
formula in the formal language of the ordered fields:

pi= Vo,y:(flz,y) > 0)V(VLhi(z,y) <0).

The formula ¢ holds in R, by the definition of f. Let < be an arbitrary
ordering of F,,. Consider the corresponding real closure (15,3, <). By Tarski’s
Transfer Principle, the formula ¢ also holds in (ﬁp, <). Thus, for 2 = X and
y =Y we get f(X,Y) > 0or h(X,Y) < 0 for some 4, since < equals < in F},.
Hence, 7 is indefinite with respect to all orderings of Fj,.

Let v € Roo(p). To see that p is indefinite with respect to all orderings
of H(F,,v) we will prove that —f is a sum of squares of H(F,,v). In fact,

without loss of generality v(X) < 0, and therefore v(N /72) > 0, since v(NN) > 0.
Thus, the polynomial 7% — (1 — N /72) has a simple zero in O/m. Then, by
Hensel’s lemma there exists an o € H(F,,v) with 1 — N, /Y2 = a?. Therefore
F=X'a*+7". O

Corollary 3.3. For every real prime ideal p of A with Krull-dimension d < 2 and
all v € Roo(p) the regular quadratic form p = <1, hi,..., hm>>k 18 weakly isotropic
over the Henselization H(Fy,v).

Proof:
Case d = 0: In this case we have F, = R and therefore R (p) = 0, since the
valuations in R, (p) must be trivial on R (see Remark 3.1).

Case d = 1: In this case F} is a function field in one variable over R. By the
proof of Theorem 3.2 the form 7 (whose dimension is clearly greater than 2) is
totally indefinite over F,. Thus, by Witt’s famous Local-Global Principle for
isotropy (see [PD], Theorem 3.4.11) it must be isotropic over F,. Since —f is a
sum of squares of H(F},v) (see proof of Theorem 3.2), p is weakly isotropic over

the Henselization H(F},v). O

11



Notation From now on K will denote the field R(X,Y) and H(K,v) the
Henselization of K with respect to the valuation v. The residue field will be
denoted by K, and we will refer to the residue forms with respect to v as the
v-residue forms.

By Corollary 3.3 and the Jacobi-Prestel Criterion, we have the following :

Theorem 3.4. (Jacobi-Prestel Criterion for n = 2) For polynomials hy, ..., hy, €
R[X,Y] such that the semialgebraic set W (h) is compact are equivalent:

(a) The module M(h) is Archimedean ;

(b) For all valuations v on K with real residue field and v(X) < 0 orv(Y) < 0 the
reqular quadratic form p := (1,hy, ..., hy)" is weakly isotropic over H(K,v).

We would like to present an algorithm to check the condition (b) of Theorem
3.4. For this purpose we will use the fact that a quadratic form over a Henselian
field with real residue field is (weakly) isotropic iff at least one of its residue forms
is (weakly) isotropic over the residue field (see Proposition 2.11). In our case,
ie. K =R(X,Y), this fact will be specially useful, since K, (which is also the
residue field of the Henselization H(K,v)) is either R or a function field in one
variable over R (see the proof of the lemma below). Thus, we have to check if
at least one v-residue form is totally indefinite over K,. We state this in the
following lemma.

Lemma 3.5. For all v € Ry (K) the form p is weakly isotropic over H(K,v) if
and only if at least one v-residue form of p is totally indefinite over K,.

Proof:  First we will prove that K, is R or a function field in one variable over
R. Let I':=v(K*). As (R,0,NR) C (K,0,) and O, "R =R, we have

trdeg(K,/R) +rr(I") < trdeg(K/R) = 2, (3.1)

where rr(T') is the rational rank of T' 3. Since rr(I') > 1, it follows that
trdeg(K,/R) < 1. If trdeg(K,/R) = 1, we have rr(I') = 1 and equality in (3.1).
By equality we have that K /R being finitely generated implies that K, /R is also
finitely generated (See [B|, Chapter VI, §10.3 Corollary 1). Thus, K, is a function
field in one variable over R. If trdeg(K,/R) = 0, we get K, = R. Otherwise, K,
would be a proper real algebraic extension of R.

In R it is clear that the concepts of weak isotropy, isotropy and indefiniteness
coincide.

If K, is a function field in one variable over R, by Theorem 2.13, each regular
quadratic form over K, with dimension greater than 2 that is totally indefinite

2See, e.g., Theorem A.6.6 in [PD].
3rr(T) := sup {n € N|3aq,...q, €T linearly independent over Z}.
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over K, is isotropic over K,. For forms with dimension 2, taking a multiple of
them and using Theorem 2.13 we get weak isotropy instead of isotropy. Con-
versely, a weakly isotropic regular quadratic form over any field F' is indefinite
with respect to all semiorderings of F', and therefore totally indefinite over F'. [J

For some valuations v in R (K) we can already conclude that the form p is
weakly isotropic over H(K,v), if we know a priori something about the v-residue
forms. This will be clear with the following lemma. We would like to emphasize
that it is a consequence of the compactness of the semialgebraic set W (h). For
the definition of the residue forms see Definition 2.10.

Lemma 3.6. Let v be a valuation in R (K) with value group T'. The following
facts then hold:

(i) If the form p = (1,hy,..., hy) has exactly one v-residue form, then p is
weakly isotropic over H(K, v).

(ii) If the form p has exactly two v-residue forms with entries in R | then p is
weakly isotropic over H(K,v).

Proof: (i) By assumption we must have v(h;) = v(1) mod 2I" for each i. Thus,
there exists b; € K* with h;b;? € OX. By Definition 2.10, the first (and only)
v-residue form can be chosen as

7o = (L%, b2

Suppose that p is not weakly isotropic over H(K,v). By Lemma 3.5, pg is not

totally indefinite over K,. Let P C K, be a positive cone with f;b; 2 ¢ P for all
1. Define

Q={ > pal | neN | peP\{0} , a;€H(Kv)}
i=1

Clearly @ is closed under addition and multiplication, and contains all squares
from K. Suppose —1 € Q. Thus, —1 = >_" | p;a? and

—_—F2 —2
—1ax =Dr+Y_Pilai/ar)
itk

where a; has minimal value among the a;’s. Therefore p, € PN —P = {0}, a
contradiction. Thus, @) is a prepositive cone of H(K,v) and can be extended to

a positive cone , which contains all the h;’s (as h;b;> € P for each i ). Hence,
p is positive definite with respect to the corresponding ordering, contradicting
Theorem 3.2.
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(1) The v-residue forms can be chosen as py = <1, Y 1/ > and py =
<...,7T_1hjb?,..

H(K,v) implies that py and p; are not totally indefinite over K,. So, there are
positive cones P and P’ of K, (not necessarily the same) such that all entries of 7y
are in P and all entries of py are, say, in P’. Define  as in (i) and Q' := Q+7Q.
( In case that the entries of py are in — P’ we replace m by —7 ). Then @' is closed
under addition and multiplication, and contains all squares from K. Moreover,

—1 ¢ Q. Otherwise,
-1 = Zpia? +7 Z ac; .

If a?,c? € O for all 4, passing to the residue field we get —1 € P, absurd. Thus,
if v(ai) = min{v(a?),v(rc?)} we necessarily have v(a?) < 0 and v(a}) < v(wc?),

()

> with v(7) ¢ 2I". As above, p being not weakly isotropic over

)
as v(m) ¢ 2. Multiplying with 1/a and going to the residue field we get

R — 2
0=—(T/ar) =pe+>_pilai/ar) ,

ik
a contradiction. Similarly, if v(7c?) = min{v(a?),v(nc?)}, then v(wci) < v(a?)

and v(mci) < 0. Multiplying with 1/mc; and going to the residue field we obtain

T=a+> alc/a)
itk

a contradiction. Then, @' can be extended to a positive cone of H(K,v). By the
definition of @ we have h; = b;%(hb?) € Q C @', since h;b? € P — {0} for all
entries of pg. We have also 7=1h;b7 € P — {0} for all entries of py, since they
are in R* N P'. Hence, h; = Wb;z(ﬁ_lhjb?) € 7@ C @'. Thus, p is positive
definite with respect to the ordering defined by the positive cone containing (),
contradicting Theorem 3.2. O

Lemma 3.6 above will help us to obtain a finite subset {wy, ..., w,} C R (K)
such that p is weakly isotropic over H (K, v) for all v € R (K) if and only if p is
weakly isotropic over H (K, w;) for each 1 <i < mn.

To describe the idea we need some definitions that will be given below. Most
of them can be found in many introductory books about Algebraic Curves. We
cite for example [Ki].

Let F(x,y) be a polynomial in two variables over R. The set of real solutions
of the equation F(x,y) = 0 defines an algebraic curve in R x R, which we will
denote by C(F).

Note that since F'(z,y) is a polynomial it has a finite Taylor expansion

OF (v —a)'(y — D)
FEEwALL i1

Flz,y) =)

1,j=0
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about any point (a,b). The multiplicity of the curve C'(F') at the point (a,b) is
the smallest positive integer m such that
OIE
oxt Oyl

(a,b) #0

for some i > 0,7 > 0 with ¢ + j = m. Sometimes we will refer to this multiplicity
as the multiplicity of the polynomial F' at the point (a,b) which will be denoted
by map) (F). For (a,b) = (0,0) we will write m(F') instead of m g o) (F).

It is clear that the point (a,b) lies on the curve C(F) iff mp(F) > 1. If
Map) (F) = 1 we say that (a,b) is a regular point of C'(F'). Otherwise, it is called
singular.

As the polynomial

OIE —a)i(y —b)’
> EEEmiCL) ¢ az)" (? :
i+j=m 4 ‘j'
in the variables x —a and y — b is homogeneous of degree m, it has a factorization
in m linear factors over C as follows

H[%’(l" —a)+ By — b)]7,

where m = ) ¢; and the r lines
=1

aj(z —a)+ By —b) =0

are distinct. They are called the tangent lines to C(F) at (a,b). The positive
integers €; are the multiplicity of the corresponding tangent line at the point

(a,b).

Definition 3.7. We say that the curves C(F') and C(G) have normal crossing
at the point (a,b) iff (a,b) is a regular point of both curves and their tangent
lines at (a,b) are different.

We call a polynomial without repeated irreducible factors a reduced polyno-
mial. For each polynomial p the reduction of p, denoted by /p, is the reduced
polynomial obtained from p by discarding all repeated irreducible factors.

We would like to obtain a finite subset {wy,...,w,} C Roo(K) such that: p
is weakly isotropic over H (K, v) for all v € R (K) if, and only if, p is weakly
isotropic over H (K, w;) for each 1 < i < n. Moreover, for the valuations w; we
should be able to test the weak isotropy of p over the Henselization. So, we must
know the w;-residue forms of p.
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In general, for an arbitrary v € R (K) we know almost nothing about the
v-residue forms of p. Nevertheless, if we make a suitable change of variables, in
some cases we can immediately find them.

With this purpose in mind we will consider separately the following two sub-
sets of R (K):

Ro(K)x :={ veERLK) | v(XY)>0} (3.2)
and
Roo(K)y ={ veERLK) | v(Y 'X)>0}. (3.3)
Clearly,
Roo(K) = Roo (K) x UR(K)y. (3.4)

Consider for instance the subset R, (K)x. We will make the change
(0,9) = (X, X7Y) (3.5)

in order to obtain R[z,y] C O, for all valuations v in R (K)x. Note that
R(X,Y) =R(z,y).

The idea is to collect all valuations v € R (K)x with the same center p in
the ring R[z,y] * and, among those, find a “distinguished” valuation w. Here
"distinguished” for p means: the following conditions are satisfied:

(1) w has center p in R[x,y|, and if p is weakly isotropic in H(K,w) then p is
weakly isotropic in H(K,v) for every v € Roo(K)x with center p in Rz, yl;

(2) We can effectively construct the w-residue forms of p, in particular we can
explicitly describe the value group and the residue field of w.

By the definition of R (K) and R (K)x, we see easily that v(z) > 0 for all
v € Roo(K). Thus, the center p, := m, N Rz, y] must necessarily contain the
ideal (z). Hence, if p, is not maximal, we have p, = () ( the Krull-dimension of
Rz, y] is two, since R(X,Y) = R(z,y) ). If p, is maximal, we have p = (x,y—«),
for some o € R.

Remark 3.8. Defining (z,y) := (Y1, Y71X), we get the same results for the
valuations in R (K)y.

In what follows the definitions below will be useful:

Definition 3.9. For z,y € K = R(X,Y’) such that R(X,Y) = R(z, y) we define

T2y = {v € R (K)| the center of v in R[z,y] is ()} (3.6)

4For a valuation v on a field F and a subring B C F the center of v in B is the ideal
p :=m, N B, which is a prime ideal of B.
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and, for each a € R:
Rzy—a) = {v € Roo(K)| the center of v in Rz, y] is (z,y — a)}. (3.7)

In particular, we must have R[z,y] C O, for all v in 7, ), resp. in R(zy—a)
( since the notion of the center of v in the ring B presupposes B C O,).

Remark 3.10. As usual, the symbol = between quadratic forms over K will
denote that they are isometric over K. For z,y € K such that K = R(z,y) and
polynomials f, g € R[z,y| we will write f = g to denote that they are equal up to
square factors of K=, that is, (f) = (g). As we are interested on weak isotropy it
will be also useful to consider the polynomial obtained from f by discarding all
its square factors, which will be denoted by f.. In particular, f, = f.

Proposition 3.11. Let x,y € K be such that R(X,Y) = R(z,y). Suppose that

p=(1,... . a"al(x,y),...),

with reduced polynomials x*a); € Rlz,y| and a) not divisible by x. Then, for all
valuations v € 1, ) we have:

(i) If v(z) = 0 mod 2T, the form p is weakly isotropic over H (K, v);

(i1) If v(x) # 0 mod 2T, the v-residue forms of p can be chosen as

Po = (1,...,a;(0,7), ) with -0

and
= {(..,a,0,7),... )i with pi=1"

Proof: Letv € T, ,). Wemust havey ¢ R. Otherwise, y — o = 0 for some o € R
and therefore y — o € m, "Rz, y] = (z), absurd. Then, § ¢ R, and consequently
y must be transcendental over R. Since z does not divide a} in Rz, y], we have
a’(0,y) # 0. Hence, 0 # a(0,7) = a(Z,7) = a,. Thus, v(z"ia}) = pv(z).

(i) If v(z) = 0 mod 2T",, we have v(z*a) = pv(x) = 0 mod 2T, for each i.
Hence, p has only one v-residue form (see Definition 2.10). By Lemma 3.6 (i), p
is weakly isotropic over H(K, v).

(17) If v(z) # 0 mod 2T, we take ¢y = x (see Definition 2.10). Thus, the v-residue
forms of p can be chosen as pg and p;. OJ

Lemma 3.12. Let z,y € K be with R(X,Y) = R(z,y). There exists a valuation
w on K with center (x) in Rlx,y] such that : if w € Roo(K), the following facts
are equivalent:

(i) p is weakly isotropic over H(K,v) for all v € T(y ),
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(i1) p is weakly isotropic over H(K,w).
Moreover, one can effectively test the condition ().

Proof:  Let w be the z-adic valuation on R(y)(z) = K, that is, if z = 2™ f /g for
f, g9 € Rlz,y] not divisible by x and n a integer, we have w(z) := n. So, it is clear
that m, NR[z,y] = (z). Moreover, I, := w(K*) = Z and the residue field K, is
isomorphic to R(y)[z]/(x) = R(y).
If we RNo(K), we have w € T, ) and (i) = (4) is trivial.
(17) = (i) : As R(X,Y) = R(z,y), each hiy(X,Y) = ¢;/d; for some polynomials
¢i,d; € Rlz,y]. So, h; = (¢;d;).. Writing (¢;d;). = xtia) with a; not divisible by
x we have
p=(1,...,a"al(x,y),...).

Since w(x) = 1 # 0 mod 2Z, the w-residue forms of p are those defined in
Proposition 3.11 ().

If p is weakly isotropic over H(K,w), by Lemma 3.5 at least one w-residue
form of p must be totally indefinite over K,, = R(y). Suppose that this is the
case for pg. Then, the following formula in the formal language of ordered fields

o =Vt : /\Z 5.5, mecod a;(0,t) #0 — \/

holds in R. Otherwise, there would be an v € R such that a}(0,7) > 0 for all
with p; = 0. Then, there is an open interval («, ) C R containing v and such
that for all ¢ € («, ), and for all i with u; = 0 we have a}(0,t) > 0. Hence, the
formula

/

oli=Vtia<tAt<pf— N ai(0,t) > 0

i with ;=0
holds in R. Take in R(y) = K, an ordering <, such that « < § < . By

Tarski’s Transfer Principle, ¢’ holds in the real closure (R(7), <,). In particular,
ai(0,7) >, 0 for all ¢ with p; = 0 and pp is positive definite with respect to <5,
a contradiction.

Similarly, if p; is totally indefinite over K,, we prove that, for a fixed k& with

M = 17
R . /
AW (0.6 #0— \/

holds in R.
Thus,

! /
R - a;(0,t)a;,(0,7) <0

p is weakly isotropic over H (K, w) = ¢y or ¢; holds in R.

Take an arbitrary v € 7(,,). We want to prove that p is weakly isotropic over
H(K,v). By Proposition 3.11(), we can assume that v(z) # 0 mod 2I',. Thus,
the v-residue forms are those defined in Proposition 3.11(7i). Since, say g, holds
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in R, taking an arbitrary ordering < of K, by Tarski’s Transfer Principle, ¢g
holds also in the real closure (K,,<). As § ¢ R, we have § transcendental over
R. Thus, [] ai(0,7) # 0 and therefore a}(0,7)<0 for some i with p; = 0.

i 8.6, ;=0
So, po is totally indefinite over K, and therefore we have the result. 0J

Remark 3.13. One can easily check that for (z,y) := (X!, X~'Y") we have
Roo (K)x = T(w,y)u( UR(%y—a))'
acR
Analogously, if (z,y) := (Y1, Y71X) we get
Roo(K)y = Tia) WU Rezya)-
a€eR

Moreover, for these choices of (x,y), we get that the valuation w defined in the
proof of Lemma 3.12 is in R (K). Therefore, in these cases we found immedi-
ately a “distinguished” valuation for 7, .y that we are looking for. It remains to
consider the sets R y—a)-

For the valuations in R, —q), in general is not so easy to find a “distin-
guished” valuation. Writing the form p in these new variables, that is,

p=(1,... a(z,y),...),
with reduced polynomials a; € R[z,y|, it will then depend on certain geometric
conditions of the curve
([ a)
at the point (0, «).
This motivates the following definitions:

Definition 3.14. Let z,y € K be such that R(X,Y) = R(z,y). For polynomials
f,p € Rlz,y], with p irreducible, we define f\p to be the polynomial in R|x,y]
obtained from f by discarding all factors p of the factorization of f.

Definition 3.15. Let x,y € K be such that R(X,Y) = R(z,y). If
p=(1, ... a(z,y),...),

with a; € Rz,y] reduced in Rlz,y], define the polynomials f(,,) and Gy in
Rlz,y] by

m

Hai(m,y) and Gy (2,Y) == fay) \2

i=1
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Define Z(, ) := C(x) N C(G(sy)) C R x R. For each (0, ) € Z(,,) define

Fa@y) = fap\(y — @) (38)
For o = 0 we will write F{,, instead of Fy(,y).

The next proposition says that we do not need to test the valuations centered
in a point (0, «) that is not in the intersection C'(z) N C(G ay))-

Proposition 3.16. Let x,y € K be with R(X,Y) = R(z,y) and suppose that

p=(1,... a0z, y),...),

for reduced polynomials a; € Rx,y]. If (0,a) & Zy), the form p is weakly
isotropic over H(K,v) for all v € Rz y—q)-

Proof:  For each i write a; = ztia(x,y), with o} € Rz, y] not divisible by z.
Thus,
p=(1,... . 2Ma(z,y),...).

By the definition of G, ), we get

Gy = Ha;-.

Thus, since (0, ) ¢ Z(,,), for each i we have a}(0, ) # 0. Let v € Rz y—q). As
m, NR[z,y] = (2,5 — @), we have (Z,7) = (0, a), and therefore o} = a/(Z,7) # 0.
Thus, v(a;) = pv(x) for each i. Hence, p will have at most two v-residue forms
with entries in R. By Lemma 3.6, we get the result. 0

We collect in the set 7~2(x7y) all valuations that satisfy the assumptions of
Proposition 3.16.
For (z,y) := (X', X7'Y), by Remark 3.13, we have

Roo(K)x = To) Ry | Rezy-w)- (3.9)

(0,0é) eZ(z,y)

In 7(,,), we can find a "distinguished” valuation and test, by Lemma 3.12. It

follows from Proposition 3.16 that we do not need to test the valuations in Q(W).
It remains to consider the subsets of the finite disjoint union

U R@y—a)-

(O,OL)EZ(‘I’L/)

The following lemma states in which situations we can immediately find a ”dis-
tinguished” valuation w in Rz y—a) With (0, ) € Z(; ).
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Lemma 3.17. Let z,y € K be with R(X,Y) = R(x,y). Suppose that

p=(1,... a(z,y),...),

with reduced polynomials a;(x,y) € Rlx,y]. Let (0,a) € Zuy). If C(z) and
C(G(zy)) have normal crossing at (0, ), or C(y —a) and C(Fya,y)) have normal
crossing at (0,«), one can construct a valuation w on K with center (z,y — «)
in Rlx,y] such that: if w € Roo(K), the following facts are equivalent:

(i) p is weakly isotropic over H(K,v) for all v € Rz y—q);
(i1) p is weakly isotropic over H(K,w).
Moreover, one can effectively test the condition (ii).

Proof: ~ Suppose that C(z) and C(G(,,)) have normal crossing at (0,«). In
particular, (0, «) is a regular point of C'(G(y ). Thus, there is only one irreducible
factor g of G, that vanishes at (0,a). So, writing

a;(x,y) = x"q"b;, (3.10)
with b; € R[x,y] divisible neither by z nor by ¢, we get

p = <]_7 ceey bfL’ e >(M27VL):(070) J_ X <. ey bfL’ “ e >(/1‘27VL):(170)
J_ q < .. ’bi7 PP >(,UHL,I/2):(O,1) J_ Iq < .y bi’ .. >(Niyl’i):(171)
with 0;(0, a) # 0 for each i. Hence, for all valuations v on K with center (z,y—«)
in R[z,y], the b;’s are units in O,.
If v(1),v(z),v(q) and v(zq) are pairwise distinct modulo 2T, taking the rep-

resentatives co = x, c3 = ¢ and ¢4 = xq in the definition of the residue forms (see
Definition 2.10), they can be chosen as

p(070) = <1, ce ,bi(O, Oé), Ce >1 with (1i,1)=(0,0) 7

ﬁ(l,(]) = < cey bl((), C(), N >z with (i vi)=(1,0)

p(071) = <. “ey bl(O, Oé), PN >’L With (}Lr“l/z):(o,l)
and
ﬁ(l,l) = < cey bl((), O{)7 e >’L with (s vi)=(1,1) *
Suppose that v(1),v(z),v(q) and v(zq) are not pairwise distinct modulo 2T,.
Without loss of generality, assume that v(1) = v(z) mod 2I',. Hence, v(q) =
v(zq) mod 2I',. So, if v(1) = v(gq) mod 2T, the form p has only one v-residue

form and therefore must be weakly isotropic over H(K,v), by Lemma 3.6. If
v(1) # v(q) mod 2I',, the v-residue forms of p can be chosen as
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Po = P L xd72:5(1,0) and  p; 1= P,y L xd72ﬁ(1,1)7 (3.11)
where d € K* is such that v(z) = 2v(d).

Let w : R(y)* — Z be given by w(y — «) := 1 and being trivial on R ( that
is, the p-adic valuation on R(y) for the prime p =y — «). As Z =,,4 {0} X Z is
an ordered subgroup of (Z x Z, lex) , there is a unique extension of w to the field
K =R(y)(z) (also denoted by w) with w(z) = (1,0). ( see [PD] Corollary A.6.2).
Thus, T = 0 and ¥ = a and the center of w in R[z,y] is (z,y — «). Moreover,
since C'(z) and C(g) have normal crossing at (0, «), we have

[43

q(z,y) = ax + b(y — a) + “Terms of higher degree

with b € R\{0} and therefore w(q) = (0,1). It follows that the w-residue forms
of p can be chosen as pg o), P(1,0)s Po,1) and Py 1y defined above. By Lemma 3.5,
p is weakly isotropic over H(K,w) iff at least one of these forms is indefinite.
In this case, it follows from (3.11), that 5, or p; must be also indefinite. So, if
w € Ry (K), we get the result.

The proof in the case that C(y — «) and C(Fy(s,)) have normal crossing at
(0, @) is similar. O

In the finite set Z,, = C(x) N C(Gy)) we will distinguish two disjoint
subsets: that of "good” points and that of “bad” points. Under ”good” points we
mean the points that satisfies the assumptions of Lemma 3.17.

Definition 3.18. Let G(,,) C Z(,,) be the set of points (0, a) € Z(zy) such that
at least one of the following conditions is satisfied:

(a) C(z) and C(G(gy)) have normal crossing at (0, a);
(b) C(y — a) and C(Fy(s,y)) have normal crossing at (0, «).
Define B, ,) to be the complement of G, .y in Z, ).
Using the notation of Definition 3.18, if (z,y) := (X!, X~'Y), we have that

with _
Rg(m,y) = U R(w,y—a) (3.13)
(07a)6g(m’y>
and .
RbBy = U Rzy—p): (3.14)
(Ozﬁ)eB(z,y)

Moreover, we can find a “distinguished” wy € 7(;,) ( by Lemma 3.12); the
valuations in R(;,) do not need to be tested (by Proposition 3.16); and for
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each (0, ) € G,y we can also find a “distinguished” valuation in R y—a) ( by
Lemma 3.17). For r := #G(,, let wy,...,w, € Rg,,, be these “distinguished”
valuations. Thus, if B(,,) = (0 , we obtain that p is weakly isotropic over H(K,v)
for every v € Roo(K)x if, and only if, p is weakly isotropic over H(K,w;) for
each 0 <5 <.

If we would have also this “ideal situation” ( see Figure 3.1) for the set
R (K)y ( that is, after the change (z,y) := (Y1, Y1X)) , we would not have
anything else to do. We could immediately test if M (h) is Archimedean or not.

_
C

6 \ The curve C(z).

Figure 3.1: The ideal situation .

But in general B, ) # 0. In this case we shall consider separately each point
0,0) € B, and make a suitable change of variables in order to obtain a better
(z.y)
geometric situation. This is explained below:

Bad case :  Valuations v with (Z,7) = (0, 8) € B(a,y)-

Since (0, 3) € B(z,y), the curves C(z) and C(G,,y)) intersect at (0, 3) without
normal crossing, as well as C(y — 3) and C(Fjp(y,)) do. After a translation ( if
necessary ) we can assume that (z,7) = (0,0) and ( abusing the notation) the
curves C'(z) and C(G,,y)) intersect at (0,0) without normal crossing, as well as
C(y) and C(F(,,)) do.

We will consider separately the following cases:

(1) y/z ¢ O,

2) y/ze 0,

Case (1):
Necessarily =1 := x/y € m, and we have (77,7) = (0,0) for all valuations in
this case. We then write the form p in terms of x; and y. If (71,7) = (0,0) ¢
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B(z, 4), there is nothing else to do, except to consider the case (2). Otherwise, we
are in the bad case again and repeat the procedure.
Case (2):

Define y; := y/x. There are two possibilities: 77 ¢ R or 57 € R, that is,
v € Tgy,) Or v ¢ T(2y,)- We then write the form p in terms of x and y; and
obtain the set of "good” points G, ,,) and the set B, ,,) of "bad” points defined
in Definition 3.18. If v € 7(,4,), by Lemma 3.12 we can test if p is weakly
isotropic over H(K,v). If v € Rg(m’yl), we can also test using Lemma 3.17. So, if
B(zy,) = 0, we have nothing else to do. Otherwise, we are in the bad case again
and repeat the procedure ( for the finitely many points in B, ).

We will need Lemmas 3.19 and 3.21 to prove that the procedure above will
terminate, that is, we can not be always in the bad case.

Lemma 3.19. Let F' € Rz, y] be a reduced polynomial such that the curve C(F)
has more than one possibly complex tangents at the point (0,0). Then:

(i) After the transformation x = x1y one gets Rlz,y] C R[xq,y] and
F =y Fy)(z1,y)

with Fay(z1,y) reduced in Rlzy,y] and mp (F1y) < m(F) for the finitely
many points (a,b) € C(Fny) NC(y).

(i1) After the transformation y = y1x one gets Rlx,y] C Rlz,y1] and
F = o™ Fo(x, )

with Foy(z,y1) reduced in Rlx,y1] and mqp)(Fla)) < m(F) for the finitely
many points (a,b) € C(F2)) N C(x).

Proof: Tt follows from the assumption that for suitable (o, 3;) € C x C\{(0,0)},

F(z,y) = H(Ozjx — B;y)9 + “Terms of higher degree”,

Jj=1

with m(F) = > ¢; and each €; < m(F). After the change x = 1y, each form of
=1

degree i > m(F) that appears in F will be divisible by ™). Thus,

F =y Fy =y [J(agz = 8)9 +yF'(x1,y) ).
j=1

Let J:={ 1< j<7 | o #0}. We see easily that (a,0) € C(Fy))
iff a = fj/a; € R for some j € J. Suppose, without loss of generality, that
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a = fi/aq. Since (ay, 5;) # (0,0), we have ¢ := [] ﬁ;j IT a;j # 0. As the r
j¢J Jj€J

tangent lines are distinct, for each 1 # j € J we get a — ﬁjogl # 0. Thus,

Fay(r,y) = cler —a)* [] (21— a) + (a = 805 )] + yF' (1, y)
1#£5€d

and therefore

Foy(z1,y) = d(r1 —a)? + Zcz‘(% —a)' +yF'(z1,y)

1>€1

for some d € R\{0} and ¢; € R. Hence, one obtains m 0 (F(1)) < €1 < m(F).
The proof of (ii) is analogous. O

Definition 3.20. For any reduced polynomial p € Rlz,y] we define p(, resp.
P2), to be the reduced polynomial obtained after the change x = zy, resp.
y = y1x. More precisely, by Lemma 3.19,

py (@1, y) =y " Pp(ay,y)  and  pey(z,yi) =" Pp(z, yiz)

For iterated changes of this type we will use the following convention: Instead of
P(1)(1), TeSP. P(1)(2), we will write p 1), resp. pa.2). Analogously for p)n), resp.
P2)2)- By induction, for each positive integer n > 2 we define p(n) := pan-1)a),
where p(;1) := pa). Analogously we define pan).

Lemma 3.21. Let F' € Rz, y] be a reduced polynomial such that the curve C(F)
has only one ( real ) tangent at the point (0,0) with multiplicity m(F) > 1. Then

(i) If C(x) is the tangent of C'(F') at (0,0), there ezists a positive integer q such
that the reduced curve C(F(1qa)) has multiplicity strictly less than m(F) at
the point (0,0). Moreover, C(x) N C(F(g)) = 0.

(11) Analogously, if C(y) is the tangent of C(F) at (0,0), there exists a positive
integer | such that the reduced curve C(Fyy) has multiplicity strictly less
than m(F) at the point (0,0). Moreover, C(y) N C(F1y) = 0.

Proof: (i) Set m := m(F). Let y2"y* be a monomial of F with minimal exponent
n of z. Since F' is reduced and m > 1, we must have n < 1 < m, and therefore
m—mn > 0. Moreover, (+7 > m. Let ¢ and r natural numbers, resp. the quotient
and the rest of the Euclidean division of (+n by m—mn, that is, (+n = g(m—mn)+r
with < (m —n) < m. By assumption we have

F = ca™ + va"y* + “other terms” |
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with constants ¢,y € R\{0}. Thus, after the change x = z1y we get
F=y"Fy = y"[cal +yxlys~ ™ 4 “other terms”].

If F{1) has a monomial with degree strictly less than m, then we are done. Else,
we make the change x1 = oy and obtain

F= meF(u) = y*™[calyt + 7x3y<*2(m*’7> + Tother terms”].

If F{1.1) does not have a monomial with degree strictly less than m we make one
more change. By iteration we will get in the ¢-th transformation

F =y Fuey =y [ca)’ + ’yxgych(mfn) + Tother terms”].

Therefore the polynomial Fiyq) has a monomial with degree ¢ +7n —q¢(m —7) =
r < m as desired.
By the change y = y1x on F we get

F =a"Fgo =a"[c+xF"(z,1)).

Hence F(2)(0,y1) = ¢ # 0 and therefore C'(z) N C(F(z)) = 0.
The proof of (ii) is analogous. O

Now we can prove the main result of this chapter:

Theorem 3.22. Let p := (1,hy,..., hy) be a quadratic form with entries in
R[X,Y]. If the semialgebraic set W (h) is compact, one can construct finitely
many valuations wy, ..., w, € R(K) for which the following conditions are
equivalent:

(1) For allv € Roo(K): p is weakly isotropic over H(K, v);

(17) For each 1 < i <mn: p is weakly isotropic over H(K,w;).

Moreover, one can effectively test the condition (ii).

Proof:  Let v be an arbitrary valuation in R (K). Suppose that v € R (K)x
(if v € Ro(K)y we proceed analogously). Write the form p in the variables
(z,y) == (X1, X7Y) and obtain the set Z,,) = C(z) N C(G(,)), where the
polynomial G, ) is the reduction of the product of the entries of p without the
factor  ( see Definition 3.15). Write Z(; ) = G(44)UBa,y) with the sets G, )

and B, like in Definition 3.18 ( "good” points and ”bad” points, resp.).
We have that

SCEOO(K)X = T(w,y)Uﬁ(:erR%,y) URB(WJ)'

26



If v € 7(;,), by Lemma 3.12, we can construct a w € 7,4 such that: p being
weakly isotropic over H(K,w) implies that p is weakly isotropic over H(K,v).

Ifv € Rg, , using Lemma 3.17, we can also find a valuation w € Rg, =~ with
this property.

Ifv e 7~€(x7y) the form p is weakly isotropic over H(K,v) , by Proposition 3.16.

Thus, it remains to consider the case v € Rp, ,, that is, v is centered in a
“bad” point (0, 3) € B(z,). After the translation (:L‘ y—03) — (z,y) (if necessary),
we can assume that (Z,7) = (0,0) and ( abusing the notatlon) we have the
following;:

Bad case : The curves C(z) and C(G(,,)) intersect at (Z,7) = (0,0) without
normal crossing, as well as C(y) and C(F $7y)) do.

We will make the following:

Procedure :
Case (1): y/x & O,.

Define z; := x/y. Write the form p in terms of z; and y and obtain the set
Z(ary) = Y1) B y)-

Case (2):  y/x € O,.

Define y; := y/x. Write the form p in terms of z and y; and obtain the set
Z(en) = G UBGy)-

Suppose that v is in the case (1). In particular, (z7,7) = (0,0). If (0,0) ¢
Z(2,4), by Proposition 3.16 there is nothing to do. Let (0,0) € Z,, .. If (0,0) €
G(a1,), We apply Lemma 3.17. Else, we are in the bad case again. However, since
Flzyy) = Flay)a), by Lemmas 3.19 and 3.21 we obtain:

0 < m(Flay) < m(Flay))- (3.15)

In the worst case we have m(Fiy, ,)) = m(F(zy)). It means that the curve C(F(, )
has only one (real) tangent at the origin, which must be C'(z). In fact, if

Floy) = (az + by)"Few) + “Terms of higher degree”,

for some b € R not zero, then Fg, ) = Foa) = ax1 + b+ yF'(x1,y), and
therefore F(;, ,1(0,0) # 0, which contradicts m(F;, 4)) = m(Fla,)) = 1. Set
xo := x and define, by induction, z,1 := x,/y for each n € N. If m(F,,)) > 1,
we can use Lemma 3.21(7) to ensure that applying the procedure n = ¢ —1 times
we will get

M(Fle, ) < M(Flay)). (3.16)
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Suppose that v is in the case (2). If y1 ¢ R, we have v € 7(,,,) and can apply
Lemma 3.12. Let y7 € R. If (0,71) € Z(z4,), by Proposition 3.16 there is nothing
to do. Assume that (0,77) € Zpy,). If (0,71) € Gy,), we can apply Lemma
3.17. Else, (0,77) = (0,7) € B(zy,)- Since G(zy,) = Gay)(2), Lemmas 3.19 and
3.21 ensure that

0 < m4)(Glayn) < M(Gay))- (3.17)

If we have m ) (G(zy,)) < M(G(2y)), after the translation (z,y, —v) — (x,y1) (if
necessary) and (abusing the notation) we are in the assumptions of the ”bad” case
again, this time with

M(G(zy1)) < M(Gzy)). (3.18)

In case that m ) (Gzy)) = M(G(zy)), the curve C(G,,)) has only one ( real)
tangent at (0,0), namely C(y — yx). Consider the homomorphism

o:Rlz,y] = Rlx,y — vz] — Rz, y]

given by (z,y — vx) — (z,y). If we write (abusing the notation) G, (x,y) for
its image under o, we are in the assumptions of Lemma 3.21(i7). Hence, there is
a positive integer [ for which

mM(Gay) < M(Gay)) (3.19)

and therefore m (G ay)) < M(Gay)) for each (0,7) € 24y, So, if (0,7;) =
(0,7) € Bay,), after the translation (z,y; — ') — (x,3) (if necessary) we have
the assumptions of the "bad” case again, however with G, ,,)( actually its image
under the transaltion) satisfying (3.19).

Thus, it follows from (3.16) and (3.19) that, by induction, we will obtain
u,z € R(z,y) = K with m(F,.)) <1 or m(G,)) < 1.

Suppose, without loss of generality, that m(F, ) < 1. If m(F.)) = 0, by
the definition of F{, .y ( see Definiton 3.15), we can write

p=p LMy, (3.20)

with 4 € {0,1} and the entries of p’ and p” in Q). So, ( as in the proof of
Proposition 3.16) p have at most two v-residue forms with entries in R and, by
Lemma 3.6, must be weakly isotropic over H(K,v).

Let m(Fl,z) = 1 and suppose that we still are in the bad case. Writing
fu,z) = ut2"g(u, z) with g divisible neither by u nor by z, by Definition 3.15 we
get Fly . = u'g(u, z). Since m(F,z)) = 1, either p =0 and m(g) =1 or p =1
and m(g) = 0. The last can not occur, otherwise the curves C(z) and C(F{,.))
would have normal crossing at (0,0). Hence,

Jws = Gz = 279(u, 2) = 2”(du + cz + “Terms of higher degree” ),

28



for ¢,d € R not simultaneously zero. Since we are in the bad case, we must
necessarily have v = 1 and d = 0. So, applying the procedure again, after
the change in case (1) we obtain Fiy, .y = ga)(u1,2) = ¢+ 2F"(u1,2). Hence,
m(F, »)) = 0. Like above, we can write p as in (3.20) and are done. Consider
the case (2). Among the monomials of g(u, z) not divisible by z, let du be those
of less degree. So,

Gluz)(u, 21) = 21]cz + du¢~t + uG' (u, 21)]
and we see easily that for [ = (, we will obtain
Glua) (U, 21) = dzy + ez} + unG" (u, 21).

Hence, the curves C(u) and C(Gy,-,)) intersect at (0,0) with normal crossing and
we can apply Lemma 3.17. O

Remark 3.23. If the curve C'(F(,,)) has only complex tangents at (0,0), after
the change z = x1y we will get F(;,)1)(a,0) # 0 for all a € R, and therefore
(0,0) € Bz,,y)- Analogously, if C'(G(s,)) has only complex tangents at (0,0),
after the change y = y12 we will obtain G(z4)2)(0,a) # 0 for all a € R. So,
Zayn) = 0.
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Chapter 4

The Algorithm and Examples

Let hy,...,h,, be polynomials in two variables over R that define the semialge-
braic compact set W (h) in the plane R x R. In this chapter we will describe an
algorithmic procedure to check whenever the quadratic module M (hy, ..., hy,,) is
Archimedean or not.

The results of the previous chapter will be essential to guarantee that the pro-
cedure will terminate. Although we used valuations to describe the idea behind
the algorithm in the previous chapter, we do not need to mention any valuation
to describe it.

We will use the notation of the previous chapter. The sets G,,) and B, )
are those defined in Definition 3.18.

Theorem 4.1. Let hy, ..., hy, € R[X,Y] such that the semialgebraic set W (h) is
compact. Then there exists an algorithm to decide whether the quadratic module
M(hy, ..., hy) is Archimedean or not.

Proof: 'We will describe the procedure:
1. Define (z,y) := (X1, XY).
2. Write the form p in the following way:
p=(1,... . 2Mal(z,y),...),

with the polynomials z#a}(z, y) being reduced in R[z, y| and each a}(z,y) not
divisible by .

3. Test if at least one of the following conditions is satisfied:

I. For all t € R: if [T  @i(0,t) # 0, then a(0,¢) < 0 for some ¢ with

i with ;=0
pi = 0;
II. For all t € R: if II  ai(0,t) # 0, then a}(0,%)a}(0,t) < 0 for some
i with p=1

i.j with 1 = ;.
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If the test is negative, stop the procedure. The module M (h) is not Archimedean.

If the test is positive, make the following:
4. For each (0, a) € Gz y):

If (0, «) satisfies the condition (a) of Definition 3.18, write

p=(1,... 2"q"bi(z,y),...),

with ¢ being the only irreducible factor of G, ,) that vanishes at (0, «), the
polynomials x#ig"ib;(x, y) being reduced in R[z,y| and each b;(z,y) divisible
neither by x nor by gq.

If (0, «) satisfies the condition (b) of Definition 3.18, write

p=(1,...,(y — a)q"bi(x,y),...),

with ¢ being the only irreducible factor of Fj,,) that vanishes at (0,«),
the polynomials (y — a)*i¢"ib;(x, y) being reduced in Rz, y] and each b;(z, y)
divisible neither by y — a nor by g¢.

5. Test if for each (0,a) € G(z,): 0;(0,a) < 0 for some @ with (y;, ;) = (0,0); or
bi(0, @)b; (0, ) < 0 for some ¢, j with (w;, vi) = (pj,v;).
If the test is negative, stop the procedure. The module M (h) is not Archimedean.

If the test is positive, make the following:

6. If (z,y) = (X1, X Y) and B, = 0, define (z,y) := (Y1, Y 'X) and
proceed from item 2 on.
If (z,y) = (Y"1, Y'X) and B,,) = 0, stop the procedure. The module M (h)
is Archimedean.

7. If By, # 0, for each (0, 3) € B,y proceed as follows:

(i) Make the translation (x,y — ) — (x,y). Denote by a;(z,y) the entries
of p after the translation and consider the reduced polynomials f, ),
G(zy) and F, ) defined in Definition 3.15.

(ii) If C(y — ) is the only tangent of the curve C(G(,,)) at (0,0), for some
v € R, abuse the notation writing f(,y), G(zy) and Fi,,) respectively
for its image under the homomorphism o : Rz, y] — Rz, y| given by

(z,y —yz) = (2,9).

(iii) Let n =0 and z := =.
If (0,0) € B, make the change z, = z,41y in the entries of p and
consider the next n.

(iv) Define k to be the smallest positive integer such that (0,0) & B, 4)-
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(v) In case that (0,0) € Gy )
If (0,0) satisfies the condition (a) of Definition 3.18, write

p =2 <1, . ,x%iqeiq(wk,y), . >,

with ¢ being the only irreducible factor of G, ,) that vanishes at
(0,0), the polynomials @} ¢% ¢;(zy, y) being reduced in Rz, y] and each
¢i(xy, y) divisible neither by x; nor by g.

If (0,0) satisfies the condition (b) of Definition 3.18, write

p = <17 s 7y'uiq9ici(xk7y)7 s >7

with ¢ being the only irreducible factor of F,, ) that vanishes at (0,0),
the polynomials y#iq%c;(zy, y) being reduced in R|xy,, y] and each ¢;(zy, v)
divisible neither by y nor by gq.

Test if ¢;(0,0) < 0 for some ¢ with (p;,6;) = (0,0); or ¢;(0,0)c;(0,0) <0
for some i, j with (u;,60;) = (1j,0;).

If the test is negative, stop the procedure. The module M (h) is not
Archimedean.

If the test is positive, make the following:
(vi) For each j €{0,...,k}:
Let y;j+1 := y/x;. Define (x,y) := (x;,y;+1) and proceed from item 2

on.

O

Example 4.2. Let h; = X, hy =Y and hg =1 — X? — X3Y — Y% Writing the
form p in the variables (z,y) := (X', X7'Y’), we obtain
p= (1, z,zy, -2’y — ' +2° — %) (4.1)

The only ¢ for which pu; = 0 is ¢ = 3. Since a4(0,t) = —t%, the condition T is
satisfied and the test in the item 3 is positive.

The set G, ) is empty and B,y = {(0,0)}. Thus, there is nothing to do in
the items 4,5 and 6.

Changing x = z1y in (4.1), we get

P = <17 1Y, L1, —ZU% - xélly + x?yg - y3> .
Since (0,0) € By, ), we make the change x; = x5y and get
2

P = <17 L2, X2Y, =Ty — x%yg + I’gy7 - y> :
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Since (0,0) € B(g,,y), we make the change z, = 23y and get
p = (1, a3y, x5, —azy — a3y° +afy'® —1).

Thus, (0,0) € Gay,)- Since c3(0,0) = —1, the test in the item (v) is positive and
we shall make the item (vi).

For j = 0 we have (z,y) := (z,y1) with y = y32. Writing the form p in this
new variables, we get

p= <1,x,y1,x(—y1 T y?a:3)> )

Now the only p; = 0 is po. Since, a(z,y1) = yi1, the condition I does not
hold. Since a}(0,t) = 1 and a4(0,t) = —t, the condition II does not hold too.
Thus, the module M (h) is not Archimedean.

Remark 4.3. If we consider (z,y) = (Y1, Y 'X), the set B, is empty
and G, = {(0,0)}. Moreover, we can easily see that the tests in the item
3 and 5 are positive. Thus, Example 4.2 shows that we really need to make
the iteration procedure described in item 7 of the algorithm for the “bad” point
(0,0) S B(Xfl’Xfly).

In order to consider the next example, we need the following definition.

Definition 4.4. For p € R[X,Y|\{0}, let p € R[X,Y]|\{0} be the homogeneous
component of p of highest (total) degree.

Remark 4.5. The compactness of the set W (h) implies that for all (a,b) €
R x R\{(0,0)} and s > 0 large enough, there is an i with h;(sa,sb) < 0. It
follows that for all (a,b) € R x R\{(0,0)}, there is an ¢ with h;(a,b) < 0.

Example 4.6. For each ¢t = 1,...,m let h; be given by
hi(X,Y) = A; X + BY + C,

with C; > 0, (A;, B;) # (0,0) and W (h) compact. Suppose that there are no
parallel lines among the lines defined by these polynomials. (After a suitable
linear transformation (if necessary), we can obtain this situation).

For (z,y) := (X1, X~'Y) we obtain h; & z(A; + B;y + Cix). Thus, p; = 1
and a}(z,y) = A; + Byy + Cizx, for all 4.

Take an arbitrary ¢ € R with a}(0,t) # 0 for all 7. Since a;(0,t) = A; + B;t =
ﬁi(l,t), by Remark 4.5, we get that a}(0,¢) < 0 for some k. On the other hand,
considering the point (—1, —t) we must have /~1j(—1, —t) < 0 for some j. Thus,
aj(0,t) = hj(1,t) = —h;(—1,—t) > 0. As a}(0,t) # 0 we get a}(0,¢) > 0. Thus,
the test in the item 3 is positive.

Since we do not have parallel lines

Gy = [ [(Ai + Biy + Cix).

7

33



Thus,

This set is not empty( by the compactness we must have B; < 0 for at least one
i).

For each ( ) me), ( ) = (O, —Ak/Bk>, then q = Ak + Bky -+ Ckx
and therefore (uz, v;) = (1,0) and a(x,y) = A; + By + C;x for each i # k, while
(e, vie) = (1,1) and ay(z, y) L.

Take an arbitrary (0,c) = (0, —Ax/Bi) € G(zy). For each i # k we have
a’(0,a) = A; + Bia # 0. Hence, a}(0,a) = h;(1,a) # 0. If we have a}(0,a) >
0 for all i # k, we would have h;(s(1,a)) = shi(1,a) + C; > 0 for s large
enough, contradicting Remark 4.5. So, a}(0,«) < 0 for some i # k. Similarly, if
ai(0,a) < 0 for all i # k, then h;(—1, —a) > 0 for all i # k and hi(s(—1, —a)) =
shi(—1, —a) + C; > 0 contradicting Remark 4.5. Thus, the test in the item 5 is
positive.

Since B(,,) = 0, by the item 6 we shall define (z,y) = (Y, Y 'X) and
repeat from item 2 on. For this new variables we have h; = z(A;y + B; + C}).
Thus, it is easy to see that by the same arguments as above, we will get that the
test in item 3, as well as that in item 5 are positive.

Thus, M (h) is Archimedean.

Example 4.7. Let hy = X, hy =Y and hy = —B(X?*+Y?)—CXY - A(X+Y)+1,
with A, B,C € R, B # 0 or C # 0 and W (h) compact.
Writing p in terms of (z,y) := (X', X7'Y) we get

p= <1,a:,:13y,—B —Cy— By* +2(—A— Ay+x)>.
Thus, the condition II of the test in 3 is not satisfied. Since
a5(0,t) = =B — Ct — Bt?,

the condition I is satisfied if, and only if, C? — 482 < 0.

Suppose that C? — 4B < 0. Then, Z,) = G, = {(0,0)}. Since W(h) is
compact, B > 0. Therefore, the test in 5 is positive.

Now suppose that C? — 4B% = 0. So, either C = —2B or C' = 2B. In the
first case, the compactness of W (h) implies that A > 0. In this case, B, =
{(0,—C/2B)}. Defining u := y + C'/2B, we have

p={(1,z,2(u—C/2B),—Bu® +2° — A(u — C/2B)x — Az).
Thus, for x = z1u we get

p = (1, zyu, x1u(u — C/2B),u[—Bu — Azy + zju — A(u — C/2B)z1]),

and therefore (0,0) € Bz, ). So, we make the change x1 = zou. After that we
get

p = (1,29, x3(u — C/2B),[-B — Axs + 23u” — A(u — C/2B)xs]) .
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Thus, (0,0) € G, u)- Since B > 0, the test in 5 is positive.

Note that if we have C? — 4B2% = 0, either C' = —2B or C = 2B. In the first
case, the compactness of W (h) implies that A > 0.

Thus,

M (h) Archimedean and W (h) compact < (B > 0,4B% > C?) or
(B,A>0,C=-2B) or
(B>0,C=2B).
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