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Abstract: The propagation of singularities for the system of homogeneous thermoelasticity in one space

dimension is studied. Linear and a class of semilinear Cauchy problems are considered.
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1 Introduction

We consider the Cauchy problem for the one-dimensional system of thermoelasticity, both for the
linear, homogeneous case and for a class of semilinear problems. We are interested in describing
the propagation of singularities and the distribution of regular domains in the space-time region,
respectively, if the initial data have different regularity in different parts of the real line.

The system of thermoelasticity is a hyperbolic-parabolic coupled system describing the elastic
and the thermal behavior of an elastic medium. It is well known that with respect to the decay
of solutions as time tends to infinity, and also with respect to the existence of global smooth
solutions for small data in one dimension, the system behaves like a parabolic one, see for
example [4, 5, 16, 11, 12, 18] or [9, 10, 17] and the references therein. It has been shown that
large data for the quasilinear problem will lead to the development of singularities in finite time,
see e.g. [3] and the references in [10]. On the other hand it was proved in [7] that solutions to the
linear problem propagate singularities in the sense that the solutions do not show a smoothing
effect, i.e., in general, the H*-regularity of the initial data will not be improved.

Here we shall describe the behavior of the solutions for initial data which typically have the
regularity

H*(R) NH*TY(R \ [a,0]),

while right-hand sides will behave differently on characteristic lines, see below. It will turn out

that the behavior is dominated by the hyperbolic part (cf. [7]), and the characteristic lines are



those from the wave equation. This will also hold for a class of semilinear problems. We shall
describe the domains in the space-time area with H*- or H*t!-regularity precisely.
Our interest is devoted to the study of the following Cauchy problem in one-dimensional semi-

linear thermoelasticity

Ut — TUgg + ¥0z = f(u,0)
01 — K04 + yur = g(u), (1.1)
u(t = 0) = ug, ut(t = 0) = u1, O(t = 0) = b,
where (u,0) = (u,0)(t,z), t > 0, z € IR, represent the displacement and the temperature
difference, respectively, 7,5 > 0 and 7y # 0 are constants, and f and g are smooth functions
satisfying
£(0,0) = g(0) = 0. (1.2)

Differentiating we obtain from (1.1) that u and 6 satisfy the following fourth order equations

P(0)u=F,
P(0)0 =G,
(9) (1.3)
u(t = 0) = ug, ug(t = 0) = u1, uu(t = 0) = ug,
0(t = 0) = 0o, O(t = 0) = 01, Oy (t = 0) = 62,
where
P(9) = 0} — k0}2 — (v +2)0,0% + rr (L4)
with 8, = 9/0, 9, = 0/9,, and
F = F(’U,,’U,w, Ugg, Ut, 07 9585 G:C:Ea et) = atf - m@%f - 78$g’ (1 5)
G = G(’u’auwauzzautautzauttaeaewaetagtm) = 8t2.g - Ta%g _78t6$f7
F and G being quasilinear, and
up = f(uo,b0) + Tug — 6,
0 = g(uo) + wby — yui,
0 = g'(uo)ur + rg'(uo)uf + rg" (uo) (up)® ¢ (1.6)

—vf1 (w0, Oo)ug — v f2(uo, 00)6;

(kb —uy ) —y(Tug —v0p).

7/

Here, a prime ' denotes differentiation with respect to a single variable and

i, 0) = %(u, ) folu,0) = %(u, )



The subject of this paper is to study the local existence and regularity of solutions (u, @) to the

semilinear problem (1.1) under the assumption that the initial data (ug,u1,6p) satisfy

u0,00 € HS(R) N HS_H(R\ [aa b])a } (17)

uy € H*"Y(IR) N H*(R \ [a, b)),

where s will be in Ra' and 0 < a < b < oo are fixed. For this purpose, we first study the
propagation of singularities for the linearized problem associated to (1.3) using Fourier analysis;
at the same time, we obtain estimates for the solutions in a space of piecewise H*-functions.
Then, as usual, we use these estimates in an iteration scheme for the nonlinear problem. In
order to formulate the main results, let us denote by I, IT and III, respectively, the following
three regions:
I = {(z,t)| —c0o<z<a—+1t,0<t< o0}
U {(z,t)[v/7t+b<z<o00,0<t<o0}
b—
U {(z,t)b— /1t <z <Tt+aq, ﬁ <t < oo},
IT = {(z,t))a—/Tt<z < Tt+a,0<t< 2’;—72}
b—
U {(=t)a—/1t<z< b—ﬁt,ﬁ <t},
IIT == {(z,t)|b—/Tt<z < J/Tt+b0<t< 3—7‘;}
U Az, t)Vrt+a<z<Tt+b, 3*7‘; <t},

which are illustrated in the following figure 1.1.

I

Figure 1.1: Areas of different regularity

For the linearized problem associated to (1.3), we have the following result:



Theorem 1.1 Consider the linear Cauchy problem

P@u = F(t,z) }

(1.8)
u(t=0) = wup, u(t =0) = uy, up(t = 0) = uy,

and let s >4 and T > 0 be fized.

(1) If the initial data (ug,u1,us) satisfy
up € H(IR) N H*TY(IR\ [a,b]), vy € H*~(IR) N H*(R \ [a, b)),
ug € HS 3(IR) N H* (IR \ [a, b)),
and if F satisfies

F e L([0,T], H*~*(R)) N H'([0, T], H*~*(IR)),
(8; + /70,)F € L2([0,T), H*3(I U III)) (1.9)
(8, — /70,)F € L2([0,T), H*=3(I U II)),

then the solution u to (1.8) has the following regularity

we (| CI(0,T], H*=3(R)) 0 C2(0,T), H*=*(R)) N () B (0,71, H*+~% (),
J=0 j=2

(8 + V7 O,)u € LA(0, T, H*(I U I11),
(8 — VTOz)u € L*([0,T], H¥(I U II)).
(1.10)
Moreover, there is a constant ¢ = ¢(T) > 0 depending only upon T, such that the following
estimates are valid:
lull A lullerqor,me-3my) +llull s ,
() ¢i([0,7], Hs=I(IR)) (N HI([0,T], Hs+2~2(IR))
j=0 ji=2
(1.11)
< ¢(T) | lluolls + llurlls—1 + lluzlls—s + 1FI[ ,
() Hi([0,T),H*=3~1 (IR))

Jj=0

and

(0 + \/7_'395)“||L2([O,T],HS(IUHI)) + [1(9: — \/7_'395)“||L2([0,T],HS(IUH))
< T) (||U0||s + lluwalls—1 + llualls—3 + lluoll gst1(m\[a,6))

+  Nlutllzs@m\fae)) + luzll o2 m\jag) + I1FI (1.12)

() #9071 e-5=3 )
j
+ (8 + V/702)Fll 2o, 55 -3(zurrry) + |0 — \/Faw)F“Lz([O,T},HS*?’(IUII))) :
(2) If, in addition to the above assumption, (us, F) also satisfy
ug € H72(R), F € C%[0,T], H*3(R)), (1.13)
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the regularity in (1.10) improves to

(8 +v/70)u € CO([0,T], H¥(T U III)) } (1.14)

(8 — /T8)u € C°([0,T), H*(I UII)),
and we have an estimate similar to (1.12) with obvious modifications.
Now let us state the main result for the semilinear problem (1.1) as follows.

Theorem 1.2 Let s > 9/2 be fized and the assumption (1.7) as well as
KOy — yuy € HS7'(IR) N H*(IR \ [a, b]) (1.15)
be given. Then there is T > 0 such that there is a unique solution (u,0) to (1.1) satisfying

we () CI([0,7), B9 (IR)) N HA([0, T], H**(IR)),
§=0

0c () C9(0,T], H*—(IR)) N C2(0,T], H—3(RR))
§=0

A () 50, T), H+2-% (IR)).
7j=2

Moreover, we have

(8, + v/70,)0 € L2(0,T), H* (I U I1I)),

(8, — \/70,)0 € L2([0,T), H*(I UIT)), (1.16)
(9 + v/70;)u € C°((0,T), H**' (T U ITT)),

(9 — V70s)'u € CO([0,T), H**17HIUID)), 1=1,2.

Semilinear problems for special nonlinearities have been studied in [4], [6] with respect to global
existence and blow-up, respectively, for H*-data. It is interesting to compare the results above
to those well-known for the purely hyperbolic case, i.e. 8 = 0, v = 0, see for example [1], [2],
[8], [13], [14], [15]. In our case the hyperbolic part is the predominating one leading to the
same characteristic lines "z + /7t = const.” as in the purely hyperbolic case; nevertheless the
parabolic impact is still present as can be seen in Theorem 1.1 looking at the regularity required
for wug, or in Theorem 1.2, observing that the range of [ is restricted to [ = 1, 2.

In Section 2 we shall present Lemmata finally proving Theorem 1.1, while Section 3 will give the
proof of Theorem 1.2 along a series of Lemmata. Finally, Section 3 will add some concluding

remarks, e.g. on initial-boundary value problems.

Notation: We use standard notations for the Sobolev spaces H™(IR),m € IR, or the Banach
spaces L2, H’,CI([0,T), H*(IR)),j € No,s € R. For any Q C R{ x R, let Q, := QN {t = 7};
we define L2, H7, CI([0,T], H*(€%;)) as the spaces of functions belonging to L2, H/, C7([Ty, T3],



H?([z1,x2]) for any rectangle [T1, T3] X [x1,22] C 2N {0 <t < T}, and we omit the index ¢ of
Q; for simplicity. Furthermore, in order to simplify the exposition, we introduce the following

abbreviations:
H*:= H'(R),  H}:= H(RR\[a,b]),

L*(H?®) := L*([0,T], H?),

if T is fixed, similarly for H*(H?®), C7(H?);
L*(H?,I,11I) := L*([0,T), H*(I U III))
similarly for L2(H*,I,IT), C°(H*,I,1II) and C°(H*,I,1I); the norm in H* is denoted by ||-|,,
the norm in L2 = HC by || - ||
2 Linear problems

In this section we study the linear problem (1.8) and present the proof of Theorem 1.1. The
problem (1.8) can be divided into four problems in each of which only one of ug, u1,u2 and F is
non-zero, we shall study these problems separately. First let us consider the case

u0:u1:O,F:O,i.e.

u(t == 0) == ut(t = 0) == O, Utt(t == O) = Uuy. }

Applying the Fourier transformation F, we can express the solution u to (2.1) as

u( 64)1‘ (Z b2 ﬂ](ﬁ u2(£)) ’ (2'2)

where """ denotes the Fourier transform, cf. [7], 8;(€) (j = 1,2,3) are the roots of the algebraic

equation
B+ K[ — (1 + ") B+ KTE =0 (2-3)
and
l#J

Concerning the asymptotic behavior of g, it is known (cf. [9], [17]) that the following holds.

Lemma 2.1 There are positive constants c, ki, ko with k1 < ko such that



(1) If |¢| < k1, we have

BulO) = Ft+n(o) }
pa(§) = 53(5)—?7)4”'\/74"7254‘7"2(5),

where 7 (j = 1,2) is smooth and satisfies
()] < clé]?.
(2) If |€| > k2, we have

Bi(e) = k€ —L U2 p(e), }
Bo(€) = Ba(€) = L + 2E2 +i(VTE + BEL) 4 14(6),

where r; (j = 3,4) is smooth and satisfies
i ()] < €]

and ) )
202 (41 — %)
Q= -7T), Qg:i=-———-.
1i=7(=71), N
Inserting these expansions into formula (2.4), we obtain by simple computations

Lemma 2.2 (1) If|¢]| < k1, we have

& = ¢ +r5(&) }
B3(6) = BI(E) = —grm€ 2 Hip) +ra(6),

i 4(r+7)7?

where 7 (j =5,6) is smooth and bounded.
(9) If || > ks, we have

BE) = Letar(e), }
&) = B(E) =izt — g +rs(9),

where rj (j =7,8) is smooth and satisfies

r7(€)] < €%  |rs(€)] < ¢

For a fixed kg € (0,%1) choose two functions x1, x2 € C§°(IR) satisfying

X1|[—k0,k0] = ]-a supp x1 C [_klakl]a }
=1

X2|[—ky, ko] ’

(2.5)

(2.6)

(2.9)

(2.10)

(2.11)

(2.12)



for which the following identity obviously holds

x1(6) + (1 —xa(@)x2(§) + (1 —x2(8) =1, € R. (2.13)

Thus, the solution u given in (2.2) can be decomposed into

3
z) = Zu(j) (t,z) (2.14)
=1
where
3
uD(t,2) = F, (Z "x1()a (E)) : (2.15)
u®(t,z) = F, (Z b (€)e O~ (é))m(&)%(&)) (2.16)
and 5
u® (t, z) Z (2.17)
with
vi(t,2) == F 3, (03(£)e O (1 = xo(6))a (€))- (2.18)
The different terms are investigated separately. At first we shall prove
Lemma 2.3 For any u € L? we have
u®, u® e ¢k ([0, 00), H?) (2.19)
for any k €N, s > 0. Moreover, for any T > 0 there is ¢ > 0 such that
™, P i gy < cllua])- (2.20)

PrOOF: We shall verify (2.19), the estimate (2.20) will be obvious from this proof using the
mapping properties of the Fourier transform. The assertion is immediately clear for u(? by
using the fact that b? and f3; are smooth on the support of (1 — x1(£))x2(€). Concerning u(!)

we exploit Lemmata 2.1 and 2.2 to obtain that on the support of x; we have

b%({)e_ﬁl(g)t = T+7 5 + Ra(t,€), } (2.21)

B3(€)e™ O 1+ p3(€)e O = —r €72 + Ro(t,€)

where R; (j = 1,2) is smooth in ¢ > 0 and bounded in £ € supp x;. Inserting (2.21) into (2.15)
it follows

u e C°([0, 00), H®)



for any s > 0 provided uy € L?.
By differentiating (2.15) with respect to ¢ we obtain

uM € CY([0, 00), H?)
in the same way. Successively, we conclude (2.19).
Q.E.D.
For the term v; given in (2.18), we get

Lemma 2.4 For any us € H*™3, with s > 3, we have

3
v € ﬂ Hj(HS+2—2j)
Jj=0

for any T > 0, and the estimate

||U1||ﬂ§ o Hi(Hs+2-2))
i

holds with a constant ¢ = c¢(T") > 0.

< c|luzl|s-3

(2.22)

(2.23)

PROOF: As above, it suffices to prove (2.22). Using Lemmata 2.1 and 2.2 we know that on the

support of (1 — x2(¢))

— (kg2 1.
R(Ee O = 0 (et r(rg))

where 7 is smooth and satisfies

|0tr(t,€)| < (1, T)ES

for 1 >0, ¢t € [0,T).
Substituting (2.24) into (2.18) for j = 1, it follows

n(tn) = Fol (e RN (6 b r(t,0) (1 xe(€)i(6))

2
Le w5y (t,z) + R(t, z),

K2

where

B1(t,7) := Fe (e ™A1 = x2(€)) 12 (8))

satisfies
(0 — kBT = 0

91(0,7) = 7g__lm(§74(1—X2(5))ﬂ2(€))-

Obviously, if ug € H*3 then
#1(0,-) € H¥TY(RR).

}

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



The classical theory for heat equations as in (2.27) yields
3 . -
o € () HI(H %), (2.29)
Jj=0
for any 7" > 0 and s > 3.
On the other hand, using (2.25) we get

3
Re () CI(HT3), (2.30)
j=0

Combining (2.29) and (2.30) the conclusion (2.22) follows.

Q.E.D.

Lemma 2.5 Ifuy € H*3, s € R arbitrary, we have

2
(v2,v3) € [ C7([0, 00), H*™7) (2.31)
7=0
and the estimate
2, w3l 2 < e(T)luzlls—3 (2.32)
N Ci(Hs=7)
j=0

holds for any T > 0.

PROOF: We study the term wvq, the term v3 can be discussed similarly. Using Lemmata 2.1 and

2.2, we obtain on the support of 1 — x9

B(e)e 0" = e~ (rivier (% " r(t,§)> , (2.33)

where 7 is smooth and satisfies
|04 (t,€)| < e(T)E™ (2.34)

for alll > 0, t € [0,T]. Substituting (2.33) into (2.18) it follows

2 i 7 -3
'UZ(tax) = e_g_”t]:_l (e_lﬁgt(l - XZ(f))ﬁZ(f) (2,5\/; + T(t,f)))

which immediately implies (2.31) when uy € H*73.

Q.E.D.

Lemma 2.6 For any s € IR, k > 1 and ug € H*73 N H: =3 we have

(8 + V/700) (v2,v3) € C°([0, 00), H*, I, IT1), } (2.35)

(0 — /T0z) (wa,v3) € C([0, 00), H®, I, II)

10



for any 1 € {1,...,k}; moreover, for any T > 0, the following estimate holds:

k
21 (||(3t + ﬁaz)l(v2aU3)||CO(HS,1,1H) +1[(0 — \/Fam)l(v% 7)3)||CO(HS,I,II))

(2.36)
< o(T) ([lualls-s + llus | s ) -

PROOF: Consider vp; we shall obtain an even stronger result than claimed in (2.35), (2.36).
From (2.18) we have

(0 + VT0) vz = FH(B3(6)e O (=B (€) + iv/TE) (1 — x2(€)22(€))- (2.37)

On the support of 1 — xs we have

B(E)e O (~r(6) + iv/7E)! = e iviOr (Cf + Z St 9) (2:38)
for any k' > 3, where ¢; and r; are smooth and

10071 (£, )] < ca(T)|E]F (2.39)

for any a >0, t € [0,T].
Substituting (2.38) into (2.37) gives

(0 4+ V/70) va € C°([0, 00), H?), (2.40)

if upg € H*~3, and the estimate

k
> (8 + VT0:) vallcogasy < o(T)|ug|s—s- (2.41)
=1

In the same way we obtain

(0 = VT0s) o2 = FTH(B3(6)e™ O (=€) — iv/TE)! (1 — x2(€))2(6)), (2.42)

and on the support of 1 — xo

2 ) k’ .
B(€)e PO —Bo(6) —ivTE) = ¢ GV S+ 37 G(1)E T +ma(t,0),  (243)
j=4—1
where ¢; and ry have the same properties as ¢; and r; in (2.39), respectively. Plugging (2.43)

into (2.42) it follows

(O — Vo) oatyz) = e HLF (e VT (g8 4 z GMET +ra(t,€)(1 = x2(€))2(€))

=

_ 0 K 9

= vy (t,z)+ X vy'(t,x) + R(t, x)
j=4—1

(2.44)

11



with obvious notations. Clearly, when uy € H %3N H*~3, we have

Z o8 € ¢([0, 00), H* T I, IT). (2.45)
j=4—1

and R satisfying
R € C%([0, 00), H¥TF) (2.46)

by setting k' > k — [ + 2. Thus, we obtain
(0 — \/T0z) vy € C°([0, 00), HHF=L I, 11)) (2.47)

and the estimate

Z 1(0r — U2||CO Hs+k=1 [ IT)) < e(T)([|luzlls—3 + ||u2||H:+k_3). (2.48)
From (2.40), (2.41), (2.47) and (2.48) we conclude the assertions (2.35), (2.36) for vs.

Q.E.D.

Now we can state a complete result for the problem (2.1) as follows.

Proposition 2.7 For any s > 3 and uy € H*=3 N H:~2 the solution u of (2.1) satisfies

we () CHHS )N C2H3) N () HI(H+2-2),
7=0 j=2

(9, + /TOp)u € L2(H*, 1, 111), (2.49)
(at - \/7_'8_:6)'11, € LQ(HS,I,II)’
and the following estimates hold:
[[l| 5 + [lull 5 < ¢(T)|[uzlls3 (2.50)
n Cj(Hsfj)mcq(HsfS) n HJ(HS+2 2])
Jj=0 j=1

and
10 + V702)ullL2(mrs 1,011y + 110 — VTO2)ull L2 (ars 1,y < e(T) (|2 ls—3 + lluzll gs-2), (2-51)
for any T > 0, where ¢(T) > 0 only depends on T.
PrROOF: From Lemma 2.4 we have
v1 € CY([0,00), H* ™) N C*([0, 00), H*™1) N C%([0, o0), H*™3) (2.52)

if ug € H53 with s > 3.
Combining the Lemmata 2.3, 2.4, 2.5 and (2.52), and using the equation (2.1), the first line of
(2.49) follows. On the other hand. Lemma 2.4 implies

v; € HY(H®) N L2(H*t?). (2.53)

12



The Lemmata 2.3, 2.6 together with (2.53) yield the remaining claims in (2.49).
Q.E.D.

Remark 2.8 From (2.53) we know that when uy € H* 3N HS 2 the result (2.49) can not be

improved to

(0y + /TO)u € CO(H?®,1,1II), (2.54)

(8, — \/70p)u € CO(H®, 1,1I) '
due to the heat conduction part; in particular, we have in general

u ¢ CYH*(I)) N CO(H*TH(I)). (2.55)

Similarly, when the assumption for ug is strengthened to up € H 3N HT*=3 for a fized integer
k > 2, we can not get more reqularity of (8; & 0;)'w in the regions I, II and III than expressed in
(2.49) for anyl € {2,...,k}. These two phenomenona are typically different from the situation

for purely hyperbolic equations (cf. [13], [14], [15]).

Let us now consider the linear Cauchy problem (1.8) with (ug, F') vanishing:

P(O)u=0
(2.56)
u(t =0) = ug, u(t =0) = ug, uy(t =0) =0
It is easy to see that the solution u of (2.56) can be represented as
3
u(t,2) = - Felp (e PO (©)n(€) + ()i (©))) (2.57)
j=1

where, for j =1,2,3,

b =[5/ (H(ﬁj - ﬁl)) , b= B/ (H(ﬁj - 51)) : (2.58)

1£] I£] 1] 1]

In the same way as Proposition 2.7 we can establish a result for problem (2.56) as follows.

Proposition 2.9 For any s > 2 and ugp € H* N H™! and wy € H* 1 N HE, the solution u of
(2.56) satisfies

2 . .
w€ () CI(H*I)n H3(H*73),
=0

(8, + \/T0,)u € CO(H*, I, 111) (2.59)
(at - \/Faw)u € CO(HSaIa II)
and the estimates
lull o+ llullgsms-s) < (T) ([luolls + llulls-1) (2.60)
(N Ci(H*=7)
j=0

13



and

10+ v/ 0 ulloogae,s,ary + 11D = Vs Yull cogrre p,on } 2.61)
< e(T)(|luolls + llutlls—1 + lfuoll gro+r + lJurlmg)-
Next we consider the last case for problem (1.8), i.e
P(0)u = F(t,z),
(O)u = Fit,) (2.62)
’U,(t == 0) = ’U,t(t = O) == utt(t = O) =0
Obviously, the solution u of (2.62) can be represented as
i3
u(t,z) = Fey ( [ S tiee #0tmE (tl,f)dtl) : (2.63)
o J=1

where F'(t,-) denotes the Fourier transform of F(t,-), compare (2.2). Using the identity (2.13)

we can decompose u into

z) = iu(j) (t, ), (2.64)
j=1
where ,
W(t,z) := F (/be e PO tl)Xl(f)F(tlaf)dh) ; (2.65)
0o J=1
t
u?(t @) = 7! ( / > B© (1~ ()ale) P (tl,s)dtl) . (266)
0o J=1
and
uB(t,z) =3 vi(t,z) (2.67)
j=1
with .
vj(t,2) == F ! ( [ B @O - xy(0) Pl s)dt1> (2.68)
0

In the same way as in Lemma 2.3, we have

Lemma 2.10 For any integer k > 0 and
k ) k )
F e ﬂ CY(L?) m HI(L?) resp.
§=0 §=0
u, u@ satisfy

k+1 k+1
(uV,u?) e () C7(H?) (ﬂ HY(H?) resp.)
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for any s > 0 and T > 0; moreover, the estimate

[, u® ey < cDIF] e
) Ci(H*) N Ci(L?)
j=0 j=0
(2.69)
[u®), @ gr < DIFN s  resp.
() Hit1(He) () Hi(H¢)
j=0 j=0

15 valid.
For the term v; we get

m . .
Lemma 2.11 For any s > 2m — 2, m € N, and F € ()| H/(H*3%) we have

j=0
m+1 . .
v1 € [ H? (H5+3_29),' moreover, vy satisfies
Jj=0
V1 ||m <c(D|F| m . 2.70
ol ey SO (270

j=0 j=0
PROOF: Again, it suffices to prove the regularity, the estimate (2.70) will then be obvious.
Employing the expansion (2.24) for (2.68) with j = 1, it follows

wta) = F (fe—w—ﬂéxt—m (et +rt—11,6) (1 - xa()F (tl,adtl) -

0
2
= %e%t'ﬁl (t,z) + R(t, x)

¢ LA
where ¥y (¢, z) := F~! <f emrE (=t e—4(1 — X2(§))et?t1F(t1,§)dt1> satisfies
0

9 — k2o = —1(g—4(1 — —Lt
O R3D) = FE1 @), 6)e -
H(t=0) = 0
which immediately implies
m+1 ) )
oy € (| HI (H*F7%) (2.73)
j=0
if F e n HI(H*~3%), with s > 2m — 2.
Using the property (2.52) of r = r(¢,£) in the term R = R(t,x), it is easy to deduce
m+1 ) )
Re (| HI(H %), (2.74)
j=0
From (2.73), (2.74) and (2.71) the conclusion follows.

Q.E.D.
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Lemma 2.12 For any s € IR, m € N and

m
Fe (\H/(H3) (2.75)
=0
we have .
(v,v3) € [ CY(H* ) nH™H(H ™), (2.76)
=0
and the estimate
V9, V3|| m < c(D)||F|| m . 2.77
o208l sy SCONE (2.77)
=0 =0

PROOF: Using the expansion (2.33) in (2.68) with j = 2, we get

¢ > e3 .
vy = F-L (/ o ;7+zﬁ£)(t—t1)(2’§_ﬁ +r(t—t1,8)(1 — xz(&))F(tl,ﬁ)dtl)

0
which implies

m
vy € () CI(H*~7) n H™H (FP~™ )
=0

if (2.75) is valid, by using the fact that
0Lr(t,€)| < q(T)e™*, 1>0, telo,T).
The result for vg can be verified similarly.
Q.E.D.
Lemma 2.13 (1) For any s € IR and F satisfying

F e L?(H3)NHY(H**),
(0y + /TO,)F € L2(H*3,1,1I1), (2.78)
(at - \/Faw)F € L2(HS_37I5 II)7

the functions vy, v3 given in (2.68) satisfy

(04 + /704) (v, v3) € L2(H*, 1, 11T), } 2.19)
(0y — /703 (ve,v3) € L2(H*,1,1I).
Moreover, we have the estimate
10 + v/705) (v2, v3)|| L2 s 1,010y + (08 — V/T0z) (va, v3) || L2 (#rs 1,11)
SATIFL IO VTR Pl o (280

=0

H1(0r — VTO2) Fl 2 (5-3 1,11))-
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(2) If we additionally assume
FeClH*3) (2.81)

then the result (2.79) is strengthened to

(8¢ + V/T0z) (v2,v3) € CO(H®, I,1I1), (2.82)
(8 — V/70e) (v2, v5) € CO(H®, 1,11, |
and an estimate similar to (2.80) holds with obvious modifications.
PROOF: It suffices to justify (2.79) and (2.82) for vo. From (2.68) we have
(9 % VTR )v2 = F 1 (B3(6) (1 = x2(§) F (1,€))
t . (2.83)
(g ) iy/TEePOU(1 — xZ(f))F(tl,f)dn) :
and )
(0 £ V/TOo)v2 = FH(B3()e 2 OH(1 — x2(€)) F (2,€)
(2.84)

OHH. l\’?

( B (£)e=B2(O—t) (1 — o (& ))f((at:tﬁaa:)F(tla'))(f)dh)

To study (0; + /70, )v2 we use the formula (2.83). Exploiting the expansion (2.38) for (2.83),

it follows

@+ VTOr)vr = FH (e +11(6) (1 — x2 (&) F(1,€))

- (gt" e (Hivre-t) (€72 +ra(t — 11,€)) (1 — x2(6) F (tl,é)dh) (2:59)
where
[r1(€)] < @€~ and |ra(t,)| < (T)E (2.86)
for ¢ € supp(1 — x2(€)) and ¢ € [0, T]. From (2.85) we obtain
(O + \/TOy)vo € L2(H®) resp. C°(H?) (2.87)

when F € L2(H*™3) resp. F € CO(H*™3).
To study (9; — +/70;)v2 we use the formula (2.84). Exploiting (2.38) again for (2.84), it follows
2 L R
(9 = VTO)vy = FH(e GtV (L 4r(1,6)) (1 - x2(6))F(0,€))
14 2. o
([ e GERVIOU (o (- 1, 8))(1 - Xa(6))
0

F((0r = V/T102)F (t1,-))(§)dty)
NONNC)
2 2

(2.88)

with obvious notations. From (2.78) we conclude
F(0,") € H*n H:™3,
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and using this for vél), we get
o e CO(H®, 1,1T). (2.89)
On the other hand, using (2.78) for v{? yields
o$? e CO(H", 1, 1), (2.90)
hence (2.88)-(2.90) imply
(0y — \/TOy)ve € CO(H?, I, 1I). (2.91)
Combining (2.87) and (2.91) the conclusions (2.79) and (2.82) for v, follow immediately.

Q.E.D.

Now we can summarize the previous lemmata to the following result for the problem (2.62).

Proposition 2.14 (1) For any s > 4 and F satisfying (2.78), the solution u of (2.62) satisfies

1 ) ) 3 ) _
u € CJ(Hs—]) ﬂCQ(Hs_?’) NN H](H5+2_2]),
j=0 j=2

(0y + V70, )u € L2(H®, I,11I),
(0 — /TOz)u € L2(H*,I,11).

(2.92)

Moreover, we have the following two estimates:

full o lullems-sy Hlull s ,
Ci(Hs—9) n HIi(Hs+2-27)
Jj=0 j=2

< o(T) (I1Fllz2are—sy + 1F Nl oy )

(2.93)

and
10 + V/70z)ull L2 (a5 1,101y + 108 — V/TO)ull L2(ars 1,111)
< c(T)(||F|] h . + (0 + V/705) F || 2(#5-3 1,111 (2.94)

Jj=0

H(0 — VTO)Fll12(Hs-3,1,11))-
(2) If additionally the assumption (2.81) holds, then the last two lines in (2.92) can be strength-

ened as in (2.82) with an estimate similar to (2.94) being valid with obvious modifications.

PROOF: With the notations given in (2.64)—(2.68) we know from the Lemmata 2.10, 2.11 that,

under the assumption
1

Fe (HI(H ), (2.95)
§=0
we have )
u® 0@ oy e () HI(HT3%) (2.96)
§=0
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which implies
u® + 4@ 4y € COHT?) N CL(H?). (2.97)
Using Lemma 2.12, we have
1 . .
vo + v € ﬂ CY(H®*7) N H?(H*?). (2.98)
j=0
Combining (2.96)-(2.98) it follows, assuming (2.95) that the solution u of (2.62) satisfies
1 . .
u € ﬂ C/(H* 7y N H*(H*?). (2.99)
j=0

Obviously, using the equation P(9)u = 0, this implies
u e H3(HY). (2.100)

The relations (2.99), (2.100) prove the first statement in (2.92).
The results in Lemma 2.13 and (2.96), (2.97) imply the regularity of (0; + /70, )u in the regions

I, IT and III. The estimates (2.93) and (2.94) are now simple consequences of our discussion.
Q.E.D.

Finally in this section, we are able to present the

PrROOF OF THEOREM 1.1: Combining the propositions 2.7, 2.9 and 2.14, the results claimed
in (1) follow. Furthermore, using (2.50), Proposition 2.9 and Proposition 2.14 (2), the assertion
(1.14) is immediately deduced.

Q.E.D.

3 Semilinear problems in thermoelasticity

The purpose of this section is to study the semilinear problems (1.1) and (1.3), and to prove
Theorem 1.2. In the remainder of this paper, s > 9/2 is a fixed real number.

To solve the nonlinear problem (1.1), we use the following iteration scheme:

upt! = rugtt 4 405 = f(u”,07),
Oyt — KOy 4 yunt ' = g(u”), (3.1)
wt(t=0)=uy, uw/TH(t=0)=wuy, 6"F(t=0)=0,
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with the iteration starting point (u’,6°) := (0,0). Formally, the scheme (3.1) gives rise to an

iteration scheme for the nonlinear problem (1.3) as follows.

PO)utl = Fv,
POt = @,
) (3.2)
wt(t=0) = wy, u/T(t=0)=u, uit(t=0)=us,
i t=10) = 6y, 60/ (t=0)=0, 05" (t=0)=0,

where F¥ and G are determined by (u”,6") in the same manner as in (1.5), and ug, 01,602 are
given in (1.6).

For the initial data (ug,u1,6p) in (1.1) we suppose

ug, 0y € H* N HHL,
o ¢ (3.3)
u1, K0y —yuy € HS~1 N H},
which obviously implies
up € H 2N H 1,
2 e (3.4)
6, € HS"'NHS, 6€ H 3N H:2

For the iteration scheme (3.1), at first, we have

Lemma 3.1 For any T > 0, there are a constant ¢(T') > 0 and a smooth positive, increasing

function a(-) such that for allv €N, t € [0,T]:

[t 6V 1%, + [l 0 e 0,0, 5-2)
(" Ci([o,t],Hs=7)
j=0
t 3 .
+{ _22 107 (w”*1, 0" 1) (81) |13 0—05dt1
]:

< oT)(luo, Ooll? + llurll3_y + I|x85 — va' 13-,
t 2 .
+a(M”){ _EOIIBZ(H”,U”)(tl)Ilf_l_jdtl
]:
t
+a(M")a(MY™) [|0p(u"=", 0771 (t1) 15 _adt),
0

where

MY = ||u”,0"| . .
N ci(o,T],Hs=2-7)
=0
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PROOF: Applying (1.11) in the iteration scheme (3.2) we have the following estimate

||UU+159V+1||21 ' ' + ||uu+la9U+1||é2([o,t},Hs—3)
N Ci(o,t],H5=7)
j=0
t 3
v+1 01/—1—1 t 2 dt
+‘({ §2H ( ) )( 1)”5-{—2723 1 (36)
o(T) (lluo, Boll3 + llur, 011151 + [luz, a3
t 1
+[ X 0] (F”, &) (t)2_s ]dh)
0 j=0
for all T > 0, t € [0, 7).
From the expression for F, G given in (1.5), we obtain
E 167 (7, G*) (0125
(3.7
<a(M )(Z 107w (1) 1215 + E 1676 (t1)112_, J)
On the other hand, from the first equation in (3.1), we deduce
ugy = f(u’™, 071 + Tug, — 267
which implies
102w (t)lIFs < a(MY7H) (|00~ (1) 15— + 110:6"H(t1) 112 -s) (3.8)
+eo([10pu” (t) 1135 + 110:0” (t)1I5-5)
with ¢ := max{, |y|}.
Substituting (3.7) and (3.8) into (3.6), the estimate (3.5) follows.
Q.E.D.
As simple consequences of (3.5) we shall obtain the following two lemmata.
Lemma 3.2 There is Ty > 0 such that the sequence {u”,6"}, is bounded in
1 3
m Cj([O,Tl]a Hs_j) N 02([07 T1]7 Hs—3) n n Hj([OaTl]a HS+2_2j)'
Jj=0 j=2
PRroOF: Fix any Ty > 0 and choose K as
K := c(Tp) (|[uo, Ooll; + Ilur, 56p — yuil3_1 +1)- (3.9)
Since (u?,0°) = (0,0), we conclude from (3.5)
Jut, 042, T N S
(1 Ci([0,To),H*=7)
T Jj=0 (3.10)
o 3
+{ ZQIW(U 01)(t1) 113 42—95dt1 < K.
]:
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Choose 11 > 0 small enough, such that
e(T1)(|[uo, Ol + Il (ua, 665 — yuills_1 + a(K)KTi + o®(K)KTy) < K. (3.11)

Then, using (3.5), (3.10) and induction on v, we conclude for each v

[u”, 0”7, [, 0712 o g o)
(N Ci((0,T1],H*~7)
j=0
Ty 3 . )
+ E)f 22 ||8g(uyﬁ GV)(t1)||s+2_2jdt1 S K
J:

Q.E.D.

1 .
Lemma 3.3 There is Ty € (0,T1] such that {u”,0"}, is convergent in () C?([0,T2], H*~7) N
J=0
3 . .
C%([0,Tz], H*=3)n N HI([0, Ty], HT2~%),
=2
PRrROOF: For the iteration scheme (3.1), we can establish the following estimate in a similar
manner as in Lemma 3.1:
||u1/—|—1 _ ’U,U, 91/—1—1 _ 91/”21

N ¢i([0,T],Hs=7)NC>([0,T],Hs~3)
j=0

T 3
+ [ 2 8wt — w0 —0V) (1) |I240-0;dt1
0 /=2 T (3.12)
2

T
< 01(0f > 10 (w” — w1, 0" — 0"~ (t1) 1341
‘7:

T
+ [0 (ur =t —ur=2,0v"1 — 0v2) (1) 15 _adt)
0

for any v > 2 and T € (0,71], where ¢; is independent of 7. It is easy to conclude the desired
result from (3.12).

Q.E.D.

Combining Lemma 3.2 and Lemma 3.3, we obtain
Proposition 3.4 If (ug,u1,60p) satisfy
w, 00 € H® and uy,0, —yu) € H*™L, (3.13)

then there is a unique solution (u,0) to (1.1) in the space

C°([0, T»], H) N C*([0, T»], H*~1) N C?([0, T3], H*~3) N (3] HI([0,Ty], H5+27%) (3.14)
j=2

with Ty > 0 given in Lemma 3.2.
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1 :
Let us now study the further regularity of u. From (u,8) € N C?([0,12], H*7) we deduce

§=0
f(u,0) € C°([0, T3], H®) N CY([0, T3], H* 1) (3.15)
which implies
uge = f(u,0) + Tuge — ¥ € C°([0, o], H*=2) n CY([0, Tn], H*3). (3.16)
Similarly, the property (u,0) € H%([0,T»], H*~?) yields
uy € H*([0,Tp), H*™4). (3.17)

Combining (3.15)—(3.17) it follows

Proposition 3.5 The solution u obtained in Proposition 3.4 satisfies

u € (3] C([0, T), H*=7) n HA([0, T»], H*™*). (3.18)
j=0

The final result concerns the special regularity of (u, ) in the regions I, IT and III under the

assumption (3.3).

Proposition 3.6 Under the assumption 3.3, the solution (u,8) of problem (1.1) satisfies

(0 ++/T0)0 € L*([0,T»), H®, I, 111),

(0 — \/T03)0 € L2([0, T3], H*,1,1I), (3.19)
(0 + /T0z)'u € CU[0, Tn], HS T4 I, 11T),

(0 — /TO) u € CO[0, To), HS T4 I, IT), 1 = 1,2.

PROOF:

(1) At first we prove (3.19) for the case [ = 1. Formally, using Theorem 1.1 for problem (1.3)

we have

10 + V/T0z)ullco(ms,r,rrr) + (O — v/TO)ullco(as 1,11y
+1(0 + v702)0 L2(rrs 1,111y + 108 — V/T02) 0 1215 1,11
< o(T)(Jluo, Oolls + llur, 565 — v [ls—1 + |Juo, Ool| gr+1

Hlur, 60y — yulllms + I1Fllcogs-s)nm (s-4) (3.20)
+IGI| 1 10 + VTO)(F, G| 22 (ms-3,1,117)

) moe--3)

=0

+1(0 — V/70:)(F, G)||L2(mr5-3,1,11))-
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The specific form of (F, G) given in (1.5) implies

| Fllcocas—synmras—y < cllu,Ollcoms—1y + llu, Ollc1as—s)

+lu, 0] ); (3.21)
() #igae2)
j=1
et <cflull s R B (3.22)
(N Hi(Hs=3-7) () Hi(Hs—1-7) () Hi(Hs=1-7)
j=0 j=0 =0

and
1(0s £ VTO)(F, G 23y < |FGll . ,
ﬂ Hi(H3—2-7)
§=0 (3.23)

I
2
=
o
+
=

where ¢ > 0 is a constant.

For fixed T € (0,7%], using the Propositions 3.4 and 3.5, the right-hand sides of (3.21)-
(3.23) are finite when (3.3) is valid, hence also that in (3.20) which implies (3.19) for
=1

Let f(t,z) := f(u(t,z),0(t,z)) — v0,(t,z), where (u,0) is still the solution to (1.1). From
(3.19) for [ = 1, we have

(0 + VT0,) f € L*(H*~', I, 111), } (3.24)

(0 — V705)f € L*(H*~H, I I1).

Using the usual d’Alembert formula for the problem

Ut — TUgg = [(t,2), }

3.25
u(t =0) =up, u(t=0)=u, (3:25)
we get
T+/Tt
u(t,z) = {uo(z+ /7t) +uo(z — /7t) + % | wi(é)d¢

T—+/Tt
z‘—f—\/’F(t—tl ) o

t
J [ f(t1,€)dédt}
0 z—v7(t—t1)

+ 1

<

which implies

(8 + VT0:)ult,z) = 2rug(z + /7t) + 2V/7ui (2 + /Tt)

— t —
+F(0, 2+ V7t) + [ (8 + VT0) f(t1, @ + V/7(E = 11)diy,
0
(3.26)
and hence belongs to

C([0, T), H*~L, I,111)
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because of (3.24) and the fact that
T = f(u,0) —~0, € C°([0, T3], H*).

Similarly, we obtain

(0 — V/70p)%u € CO([0,Ty], H* L, I, IT).

Q.E.D.

As a simple consequence of (3.19) we get

Corollary 3.7 In the region I we have

2
we () CI(0,Tp], HS T, 1). (3.27)
j=0

The Proof of Theorem 1.2 is now given by a combination of the Propositions 3.4, 3.5 and 3.6.

Q.E.D.

We remark that an additional independence of g on 6 cannot be treated in the regularity class

considered in Theorem 1.2.

4 Concluding remarks

We have discussed and described the propagation of singularities for the Cauchy problem of linear
thermoelasticity as well as for a class of semilinear Cauchy problems in one space dimension.
It turned out that the characteristic picture is dominated by the hyperbolic part with exactly
the same characteristic lines. Nevertheless the parabolic part induced by the heat conduction
not only presents technical difficulties, but influences the kind of results obtainable; although
the heat equation itself has a well-known smoothing effect, in thermoelasticity it does not have
a smoothing effect. Instead, it prevents the analysis of being exactly the same as for wave
equations. By the infinite propagation speed and having the real line as domain of dependence
it has through the coupling a deregularizing effect, visible in Theorem 1.2 in the restriction
[ =1,2in (1.16). On the other hand, a certain smoothing effect can be seen in Theorem 1.1
looking at the regularity needed for us.

Finally we remark that most arguments rely on a careful analysis in Fourier space and the
use of optimal regularity results for heat equations which can be carried over to boundary

value problems — in principle —, replacing H® by D(A%/2), where A is the self-adjoint Laplace
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operator for Dirichlet or Neumann boundary conditions.

Examples:

1.

. Q=(0,1), ujpn =0, 0

Q= (0,00), wpa=0, 0 = 0.

Z|o0

Either extend # symmetrically and u anti-symmetrically to all of IR and use the results
above, or use the Fourier sine resp. Fourier cosine transformation instead of the Fourier

transformation, as done in [5].

=0.

L1900

Use Fourier sine resp. cosine series expansions.
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