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ABSTRACT

We consider entangling operations in a single nitrogen-vacancy center in diamond where the hyperfine-coupled nuclear spin qubits are
addressed with radio frequency pulses conditioned on the state of the central electron spin. Limiting factors for the gate fidelity are coherent
errors due to off-resonant driving of neighboring transitions in the dense, hyperfine-split energy spectrum of the defect and non-negligible
perpendicular hyperfine tensor components that narrow the choice of 1*C nuclear spin qubits. We address these issues by presenting proto-
cols based on synchronization effects that allow for a complete suppression of both error sources in state-of-the-art CNOT gate schemes.
This is possible by a suitable choice of parameter sets that incorporate the error into the scheme instead of avoiding it. These results contrib-
ute to the recent progress toward scalable quantum computation with defects in solids.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268962

Single defects in solids are intensively studied as versatile plat-
forms for quantum science and technologies.' ” The nitrogen-vacancy
(NV) center is a promising system not only for quantum sensing'’ but
has recently also been employed for the realization of quantum net-
works''~'* and quantum computation.'”** As a point defect consist-
ing of a single nitrogen atom next to an empty site in the diamond
lattice, the long-lived electron spin of the NV center is well protected
in the lattice of the diamond host material”>** while allowing optical
initialization and readout.””*"

A qubit-qubit or qubit-qutrit platform arises from the hyperfine
interaction between the electron spin of the defect and the nuclear spin
of the intrinsic nitrogen atom. When negatively charged and in its
ground state, the electron spin forms a spin triplet while the spin of the
nitrogen atom depends on the type of the nitrogen isotope and is I =
1/2 (I = 1) in the case of a >N (**N) atom. Scalability is possible by
coupling the electron spins of two NV centers, where the creation of
entanglement is based on dipolar interaction, photon-, or phonon-
mediated.”” " In terms of register size, the most successful approach
for the realization of a larger quantum register with ultra-long coher-
ence times, however, consists of controlling additional nuclear spins of
13C atoms in the host diamond material, which also couple to the cen-
tral electron spin and occur in diamond with a 1.1% natural

abundance. Full coherent control of up to eight *C (Ref. 41) and sens-
ing of up to 50 (Refs. 42 and 43) nuclear spins have been realized in
experiments. For implementing larger and deeper quantum circuits
with the long-term goal of fault-tolerant computation, high-fidelity
control of the *C nuclear spin qubits is an essential prerequisite, which
is a motivation for this work. While the decoherence of the central
electron spin due to the nuclear spin bath has been addressed in recent
work,"* " coherent errors on the nuclear spin qubits arise due to
unwanted spin-flips when off-resonantly driving transitions in the
dense energy spectrum of the hyperfine-coupled system. Additionally,
the relative positioning of the nuclear spin axis toward the main axis of
the NV center remains a challenge in state-of-the-art gate schemes,
limiting the choice of *C nuclear spins suitable as additional qubits in
the register.

In this paper, we present protocols that enable complete suppres-
sion of both off-resonant driving and off-axis hyperfine errors simulta-
neously. By doing so, we build on recently presented protocols for
high-fidelity control of the electron spin’ as well as on an analysis of
the fidelity created when entangling the *C nuclear spin qubits of
remote, photon-mediated registers.”® Our approach enables operations
in the strong driving regime, leading to advantageous gate times, while
simultaneously allowing for a complete suppression of both types of
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errors. We show that this is possible by exploiting synchronization
effects between resonantly and off-resonantly driven transitions’' >’
—which in the case of the NV center occur for certain choices of inten-
sity and frequency of the external AC and DC magnetic
fields’"***"*' —where we focus on the state-of-the-art gate scheme for
conditioned operations on the nuclear spins determined by the state of
the electron spin which consists of an interplay between dynamical
decoupling (DD) pulses on the electron spin and radio frequency (rf)
pulses on the nuclear spins.”’

The remaining parts of this paper are organized as follows. First,
we present the model we use to describe the NV system coupled to 1*C
nuclear spins. In what follows, we review the protocol of the DDrf
two-qubit entangling operation between the central electron spin and
a coupled nuclear spin and explain how synchronizing effects may be
included to eliminate errors due to off-resonant driving. To this end,
we show how to use synchronization effects to circumvent unwanted
spin-flips due to the off-resonant driving of unwanted transitions. We
demonstrate the applicability of our method when the perpendicular
hyperfine coupling component of the coupled *C spin is negligible
compared to the parallel component (A'*® < A}*®). Next, we extend
the analysis to the case of a non-vanishing perpendicular hyperfine
coupling between the electron spin and a *C nuclear spin and demon-
strate a protocol that can suppress both the error due to the off-
resonant drive as well as due to the perpendicular hyperfine compo-
nent. Finally, we summarize our findings and offer perspectives for
further research.

The NV center is a point defect in diamond where two carbon
atoms are replaced by a N or '*N nitrogen atom with an empty
nearest-neighbor site (see Fig. 1). In the negative charge state, the elec-
tron spin forms a spin triplet, and the hyperfine interaction couples it
to the nuclear spin of the nitrogen atom with nuclear spin I =1
(I =1/2) in the case of a "*N (*’N). With a natural abundance of

(b)

FIG. 1. The nitrogen-vacancy (NV) center is a single defect in diamond. It consists
of an empty site (vacancy) in the diamond lattice next to a nitrogen atom replacing
one carbon atom. When negatively charged and in its ground state, the electron
spin (S) forms a spin triplet while the spin of the nitrogen atom depends on the type
of nitrogen isotope and amounts to / = 1/2 (I = 1) in the case of a "°N (**N) atom.
By hyperfine interaction, the electron spin couples to the nuclear spins (/) of sur-
rounding carbon "*C atoms in the host diamond lattice, forming a quantum register
that composes both strongly coupled (a) and weakly coupled (b) carbon spins.
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1.1%, 13C atoms with nuclear spin I = 1/2 are randomly located in
the host lattice. These also couple to the electron spin of the defect,
while coupling between the nuclear spins is very weak against this and
thus negligible. This results in the connectivity of a central-spin system
where the electron spin mediates all couplings, described by the follow-
ing total Hamiltonian:

Hy=H,+» H,+Y H (1)
j j
with the electronic, nuclear, and interaction parts given by
H, = DS +7,B.S., )
H, = Q(L)" —¥,B.L, 3)
H) = SAT, (4)

where we have chosen energy units such that h = 1. Equation (2)
describes the free evolution of the electron spin, Eq. (3) the free evolu-
tion of the nuclear spin with the index j where j runs over all coupled
nuclear spins, and Eq. (4) the hyperfine interaction between the elec-
tron and the jth nuclear spin given by the hyperfine tensor A’. Here,
D/(2n) = 2.88 GHz denotes the zero-field splitting separating the
electronic spin energy levels m; =0 and m; = =1 when B, =0,
Q' denotes the respective quadrupole splitting, B, denotes the z-com-
ponent of the static magnetic field B = (0, 0, B,) which lifts the degen-
eracy of the spin levels and is applied in the direction of the system’s
main axis, and = (S, S,,S;) is the electronic spin operator with S=1

and I'= (ILI&,I{;) the nuclear spin operator. The reduced electronic
gyromagnetic ratio is given by y,=upg. with pz/h=14.00GHz/T
and g, =2.00 while the reduced nuclear gyromagnetic ratio is given by
71 = ygy With the nuclear magneton piy/h=7.63MHz/T and g}, the
respective nuclear g factor.”” In this work, we consider an NV center
coupled to one carbon-13 atom, where we focus on the coherent con-
trol of the combined dynamics between the center electron spin and
the remote nuclear *C spin, thus j=C in Egs. (3) and (4). The
reduced gyromagnetic ratio is given by y$/(27) = 10.705MHz,"’ while
13C does not exhibit a quadrupole splitting, P =0. With this, Eq. (3)
becomes HS=B,)S. The interaction part between the nuclear and
electronic spin given by H® =SACIC in Eq. (4) may be simplified to
two non-zero components AZ =Aff and AL, =A(, based on the secu-
lar approximation.”’ The values of these components depend on the
position and relative axis of the respective '*C isotope toward the main
axis of the NV center. With this, Eq. (1) reduces to

Hy = DS? + B.p,S. + B.ySIE + AS.IS + ATS.IC. (5)

Pioneering experiments have focused on the coherent manipula-
tion of electron spin and strongly coupled nuclear spins where
Aj > 1/T;. Here, conditional logic is achieved by driving the desired
transition between the hyperfine-split energy levels with a microwave
or radio frequency (rf) pulse.”””"** " A breakthrough in the coherent
manipulation of weakly coupled carbon spins was achieved in 2012 by
three groups independently.”””’* In their work, a protocol was pre-
sented that is based on dynamical decoupling (DD) sequences on the
electron spin and at the same time builds on the dependence of the
axis and frequency of the Larmor precession of the individual carbon
spins on the transversal components of their respective hyperfine
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tensors. Conditional operations between electron and nuclear spins are
achieved by an appropriate choice of the time delay 7 between the
pulses, thereby exploiting, first, that the hyperfine interaction is only
effective in the electron m; = *1 states and, second, that the hyperfine
tensor depends on the relative positioning of nuclear spin toward the
main axis of the center and thus differs for each individual nuclear
spin. The downsides of the scheme are that it builds upon a non-
negligible nuclear transversal hyperfine component and possibly long
gate times.

Recent research has extended the analysis and flexibility of
nuclear spin sensing and control.””*""*”* In Ref. 41, an experimen-
tally demonstrated scheme combines both techniques by using dynam-
ical decoupling sequences on the electron spin with radio frequency
pulses on the nuclear spin (DDrf). However, this scheme relies on the
transversal hyperfine coupling being negligibly small. To avoid errors
due to the off-resonant driving of unwanted transitions in the crowded
spectrum, these sequences are operated in the weak driving regime
with a Rabi frequency in the range of a few kHz. Even for a single
nuclear spin, the available Rabi driving power needs to be limited to be
smaller than A ~ 10 — 100 kHz to avoid off-resonant driving of tran-
sitions with different ;.

In this paper, we propose DDrf schemes that avoid errors due to
off-resonant driving completely. By doing so, we contribute to recent
proposals to enhance the flexibility and gate fidelities of the DDrf
approach.”” Additionally, we present a scheme that allows one to
address strongly coupled nuclear spins in the presence of a transversal
coupling component. To suppress errors due to unwanted spin-flips,
rather than avoiding the driving of unwanted transitions, we propose
to make use of synchronization effects between resonantly and oft-
resonantly driven transitions. With this, we build on a technique that
has emerged in the field of nuclear magnetic resonance spectros-
copy’'”* and has also been shown theoretically’>”° as well as demon-
strated experimentally”® for semiconductor spin qubits.

In what follows, we briefly introduce the DDrf scheme.”! Starting
from Eq. (5), an rf-driving field with frequency  is introduced that is
polarized perpendicular to the main axis of the NV center along the x
axis. It has a constant driving strength B; and phase ¢ according to

H; = 2B cos(wt + ¢)I,. (6)

The computational space of the encoded qubits is defined using the
electron spin states |m; = 0) = |0), and |m; = —1) = |1), and the
nuclear spin states |m; = +1/2) =|0), and |m = —1/2) =|1),.
The |m; = +1) state of the electron spin triplet is assumed to be far
detuned, thus B; < 6 with 6 = E,,— | — E,, —1, which is given by
d = 29,B, if ,B, < D and & = 2D if y,B, > D.*” Here, only carbon
spins with a negligible transversal hyperfine component are consid-
ered, thus AT < 7,B, — Ay.

Moving into the interaction picture defined by the unitary trans-
formation U, = (P +B:7aS:+0k) and Ff = UlHU{r — iU;6,U7], and
performing the rotating wave approximation, the total Hamiltonian in
the electronic computational subspace H = H, + H, reads as

H = (y,B. — )L, — A /2(I — 6%)I, + B (sin ¢pI + cos p1,). (7)
A C,NOT, gate is achieved by driving the nuclear spin on resonance
when the electron is in the |1) state, at the frequency @ = 7,B. — Ay
Equation (7) may be rewritten in terms of two parts containing the

pubs.aip.org/aip/apl

action on the nuclear spin in the respective subspace of the electronic
spin,

H = H|0), (0], + Hy[1) (1], ©)

with H} = B (sin @I, 4 cos ¢I,) and Hf = A‘CIZ. Here, the driving
field is assumed to act only in the resonantly targeted |1), electron sub-
space, effectively neglecting effects due to off-resonantly driving the
nuclear spin in the |0), subspace. During the duration of the controlled
operation of the nuclear spin, the electronic spin is subjected to N reg-
ularly spaced, nearly instantaneous 7 pulses in the GHz regime. The
pulse sequence is given by (t — 7 — 2t — 1 — ‘z:)N/ ? with N even and
7 the interpulse spacing. Note that the total gate time is thus given by
ty = 2Nt.

The interpulse delay 7 is chosen to be an integer multiple of the
period of the Larmor precession of the carbon nuclear spins,

1=l %)

with [ =1,2,3,..., 7, = 2n/wy, and w; = y¢B,, leading to a decou-
pling of unwanted interactions between the electron and environmen-
tal nuclear spins.””**

The time evolution operator V acting on the nuclear spin may
now be separated into two parts depending on the state of the electron
spin V and V; given by

V =10){(0|Vo + |1)(1]Vy, (10)

where
V() = Uv()(‘L')I]l(Z‘E7 d)K 1)U0(2‘L')...U0(2‘L’)U1(2T, d)z)U()(T), (11)
Vi = Ui(t, ¢x) Uo(20) Ui (27, ¢k 2).-- Ui (27, ¢3) U (27) Ui (1, ¢y ),
(12)

where k labels the sequences of duration t during which the driving
field Eq. (6) of phase ¢, acts on the system, thus k= 1,...K,
K = N + 1. The unitaries Uy (¢) and U (¢, By, ¢) are given by

o i t/2 0
Up(t) = e Mot = <e , eiAHt/z)j (13)
and
- Byt/2 —isin(Bt/2)e
Uit ) = e e _ cos(Byt/ ) isin(Bt/2)e )
—isin(Byt/2)e'® cos(Bit/2)

Note that k is even in V and odd in V;. The conditioned operation is
achieved by adding 7 only to the phase of the odd pulses acting on the
nuclear spin when the electron is in the |1) state and a phase shift is
introduced to all pulses that determines the axis of rotation of the
nuclear spin, yielding ¢, = ¢ + ¢} with

¢/ :{(k71)¢T+n
k (k - l)d)r
Substituting Eq. (15) into Eqs. (11) and (12) and defining the rotation

operators acting on the nuclear spin subspace with R, (¢) = exp[—i6L,]
and R, (¢p) = exp[—i0(cos @I, + sin ¢I,)] results in

if kodd,

if k even. (15)

Vo = R.(NA[t)Ry(NB, 1), (16)
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Vi = R.(NA{t)Ry(—NB1). (17)

Combining Egs. (16) and (17) with Eq. (10) results in a total time evolu-
tion operator containing an unconditional rotation of the nuclear spin
around the z axis, V, =, ® R, (NAﬁr) where I, denotes the identity
operator acting on the subspace of the electron spin, and a conditional
rotation of the nuclear spin Vo = [0)(0] ® Ry(NBy7) + |1)(1]
® Ry (—NB; ) where the angle is given by NB; 7 and the axis by ¢,

V=V, Veor. (18)

Equation (18) is equivalent to a CNOT, = [0)(0|, ® L,+ [1)(1]
®2I, up to single-qubit operations on the electron as well as the
nuclear spin by choosing

NBjt = 7/2, (19)
and ¢ = 0, resulting in
Voot = €4 (R8(n/2) ® 1,,) (I ® R(n/2)) C.NOT,. (20)

Typical driving strengths are in the ~ kHz regime, resulting in gate
times of ~ 1 ms.

Next, we explain our DDrf-protocol, which allows high-fidelity
operations beyond the weak driving limit. Contrary to the derivation
in Ref. 41, we include the off-resonant driving of the nuclear spin in
the election |0), subspace, thus Eq. (8) now contains the driving term
in both subspaces, and, therefore, H = H|0)(0| + H/[1)(1], with
H{ = AL, + B (sin ¢I + cos ¢I,) and H = B;(sin I, + cos PI,,).

The time evolution operator of the |0), subspace now also contains a
drive with the Rabi frequency given by Q = (A”/Z)2 + (B /2)%,

thus

Uo(t,Q,)=e !

Al B . i
cos(Qt/2) zZQsm(Qt) 1ZQsm(Qt/2)e

B it Al ’
zZQsm(Qt/Z)e cos(Qt/2) —|—12951n(Qt)
@1
and
o cos(B;t/2 —isin(B,t/2)e ¢
Ul(t7317¢) =e lHlt: ( ! / ) X ' ( ! / ) .
—isin(B;t/2)e" cos(Bit/2)

(22)

With this, both V and V; are phase-dependent and contain pulses
of even and odd numbers, given by V = |0)(0|V, + [1)(1]|V;, and

Vo = Us(t, o) Ui (27, ¢ 1)Vo(27, P 2)---Uo(27, 5)

X Ul (27:7 ¢2)U0(Tv 4)1)7 (23)
Vi = Ui(r, ¢x)Un (27, px )UL(2T, g 2)-.. Ui (27, ¢3)
x Up(21, §,) Ui (1, ¢y), (24)

with t = It} as in Eq. (9).
We evaluate the error emerging due to the off-resonant drive by
calculating the average gate fidelity defined by

pubs.aip.org/aip/apl
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0.6 ]
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0 10 20 30 40

Rabi frequency Bi/2n[kHz| of the driving field

FIG. 2. Average gate fidelity F.y [Eq. (25)] of a C{NOT,, gate between the electron
spin of an NV center and a "*C nuclear spin as a function of the Rabi frequency of
the driving field By for exemplary values of the parallel coupling component A,
between the nuclear and electronic spin.

d + |Tr(Ulyor, Venor) i

dd+1) (25)

Fyv(Ucnor; Venor) =

with d = 4 the dimension of the Hilbert subspace and with the actual
C.NOT, given by

Venor = e ™4H(R(—n/2) ® 1)) (I ® R!(—7/2)) VI Veror,  (26)

cf. Eqs. (18) and (20), and the ideal C/NOT, is given by
Ucnor = V = |0)(0[1 + |1)(1|oy. In Fig. 2, we plot the resulting aver-
age gate fidelity F,, for exemplary values of the hyperfine coupling A
as a function of the Rabi frequency B;. The fidelity strongly depends
on the driving strength B;. In the weak driving regime where
B; < A, high-fidelity operations with F,, ~ 1 are possible. However,
with increasing driving strength, the fidelity deteriorates and deviates
significantly from unity. This is due to unwanted spin-flips from the
off-resonantly driven |00) — |01) transition where the nuclear spin is
flipped despite the electron spin being in |0).

In the following, we present a protocol that suppresses this error.
The key idea of the scheme is that the error due to the off-resonant
drive is canceled out by choosing the driving strength B; such that a
synchronization of the Rabi frequencies of both the resonantly and the
off-resonantly driven transitions is achieved: With this, the Bloch vec-
tor of the off-resonant transition has to perform a 27 rotation around
an axis in the X-Z plane during the gate time Z,. In the case of the NV
center, this axis is determined by B; and A 20

This scheme may be incorporated into the DDrf gate by synchro-
nizing the action of the unitaries Uy () [Eq. (21)] and U (7) [Eq. (22)]
on the coupled system during each pulse interval of length . Here,
Up (1), U; () describe the time evolution on the nuclear spin subspace
|0), |1) respectively, cf. Eqs. (23) and (24). To this end, values for B;
are chosen such that with this condition, both Bloch vectors are syn-
chronized in the above-described way at the end of each interpulse
spacing 7. This is the case for all values for B, given by
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Qr = \/(AH/Z)2 + (Bi/2)’t = mn (27)

withm = 1,2,3,.... If m is odd, then N /2 has to be an even integer to
avoid a relative phase shift. This results in

Vo = R, (NBy1), (28)
Vi = R,(—NB1), (29)

leading to a total time evolution according to
Veyne = Veror, (30)

where Vcror is given in Eq. (20). Note that when choosing V, = 1,
Eq. (30) is equivalent to Eq. (18) in the scheme described above, since
the synchronization condition takes care of the correction of single-
qubit rotations of the nuclear spin. Setting

NBit = (2n+1)n/2, (31)

with n =10,1,2,3,... results in a CNOT gate described by Eq. (26).
Combining Egs. (27) and (31) results in the condition for the driving
field as a function of the parallel hyperfine component Aﬁ,

2
B (n,m) :Aﬁ L)p m,n=1,2,3,/ldots. (32)
4m?N? — (2n+1)

Note that with Eq. (31), this synchronization condition also fixes the
values for the interpulse spacing 7. To fulfill Eq. (9) which determines
7 as an integer multiple of the '>C nuclear spin Larmor precession
period, the external static magnetic field B, has to be adapted accord-
ingly. Appropriate values are determined by

ARTICLE pubs.aip.org/aip/apl

/ 21+ 1)
tg(An,N,m,n):AiH szz—#. (34)

The fastest gate is achieved with n = 7, m = 1, and N = 2, thus with
a rotation of the nuclear spin by an angle of 77n. This holds indepen-
dently of the coupling strength A| and contrasts synchronization
schemes targeting the electron spin,” where the fastest gate is achieved
with a m-rotation of the driven transition (n = 0). For strongly
(weakly) coupled carbon spins, Aj/27 ~ 200kHz (A /2% ~ 25kHz),
this results in a Rabi drive B; /21 = 361 kHz (B; /27 ~ 45.2kHz) and
in the respective gate time t; ~ 19.3 us (t; ~ 155 us). Other selected
values of the driving field and the respective gate time for different
choices of n, m, N are plotted in Fig. 3(a). The inset plot depicts the
respective minimal value for the static external magnetic field B, /27,
corresponding to one set of parameters and the related gate time
to. Stronger regimes of the field strength may be achieved by
taking integer multiples of these minimal values according to Eq. (33).
Values in recent experiments operate in regimes between ~ 50 G and
~2000G.""

Figure 3(b) gives the related numbers for an NV center composed
of an ®N (*N) nitrogen atom. We include this in the presentation as
our protocol is easily adaptable to this spin type intrinsic to the NV
center.”’ Here, electron-nuclear gates with a gate time of , &~ 0.896 ys
(tg = 0.639 us) are possible for the N (*N) NV center. In this
case, the static magnetic field B, is in the strong regime with
> 2000 G. This constitutes a significant speedup compared to gate
times of ~0.4 —2.4ms with a driving field strength of ~ 1kHz in
recent experiments.”'

While the external magnetic field strength depends on the chosen
synchronization sequence, the possibility for a constant B, while

BY"(BY"™ n, N, 7) — L1 4nB™ (33) addressing different nuclear spins sequentially exists. If two different
z T B | ’ coupled nuclear spins with hyperfine components Aj,, A, are
Vn Vn p 3 yp p [l.15 42,
addressed successively, the external magnetic field B, may be kept con-
The total gate time for the synchronized scheme is given by stant in case the ratio x = A} ; /A, fulfills the condition
(a) ()
\ \ T I I I 6 T T T T i T
. *'3C NV with A), = 200kHz . 5N NV
= e ¥C NV with A) = 25kHz = o 14N NV
T 0.3} T —
=3 =)
Nt< 200 [ 7 c\!k: 4 o 3,000 g7 7 1
= g o ] = T ool e
A [ E Q E ’ | e 1
202 & 100l S o N [
Q NI | O 1,000 |- ® ‘n L B
= ° @ ‘\ = . 2 ~
] ° ops ®, W8 @ E 2| . L .~\ bl
g 0 100 200 300 400 500 g ° 1 2 3 4 5
‘E 0.1 .'. tglps] "‘E o L4 ° N tglps]
3 oo 3 o | o
< ° < . ° b
~ 00® ~ . ® o o .
e o ° o oo % ®
ol LS % 0.. ®ony o ol L4 o0 ry N
| 1 | I | 1 | 1 | I

\ I \ \
0 200 400 600 800 1,000 1,200

gate time t4[us]

0 2 4 6 8 10 12 14
gate time t4[us]

FIG. 3. Driving strength B; /2 as a function of the gate time t, for several choices of BY"™ for the electron spin of an NV center coupled to the nuclear spin of a "*C atom with
different exemplary coupling strengths A (a), or to the nuclear spin of the intrinsic N/'SN atom (b). The inset plot depicts the respective minimal value for the static external
magnetic field B3 /27 (units of Gauss) corresponding to one set of parameters where B?™ = BY™(By™, n, N, t), and the related gate time t;. Higher values for the external
field may be achieved by taking integer multiples of these minimal values according to Eq. (33).
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L 4N?
x=2 1 (35)
Ly (2my+1)
"N
4N3

where Nj, n;, m; are given for nuclear spin i = {1,2} by Eq. (32) and
I; by Eq. (33). With the allowed combinations of Nj,n;,m;,;,
i € {1,2}, the ratio of two targeted spins may be approximated by x
with a precision depending on the chosen values. For instance, by
allowing integer numbers in {1...10} for all integer values in Eq. (35),
and neglecting double counting, roughly 10° values between Ximin
~ 0.00347 and xm. = 86.215 are representable. At the same time,
many of them are tunable with a precision of 10 °.

Here, we present a protocol that predicts a vanishing gate error in
the presence of a non-negligible perpendicular hyperfine tensor com-
ponent A | . Our approach relies on detuning the frequency of the driv-
ing field relative to the energy of the targeted transition. This leads to a
dependency of the driving strength on the phase of the rf pulse, result-
ing in different values for 7; and thus for the static field B, if included
in the DDrf scheme. For this reason, we present the protocol for a
C.NOT, operation without DD sequences suitable for strongly cou-
pled nuclear spins.

Starting from the Hamiltonian in Eq. (1) and the driving field in
Eq. (6), we now include A in the calculation and transform Eq. (1)
with the unitary U, = ¢!t flteosfl) and H = U,HUJ — iU,0, U],

with m; = /A3 + (0 — A ) the frequency of the nuclear spin pre-
cession when the electron spin is in the m; = —1 state with a tilted
axis given by cosfIl; +sinfl, and sinf = %1’ cos i = w’w—lA”.

Dropping fast oscillating terms, the nuclear Hamiltonian in the respec-
tive electronic subspace in Eq. (8) becomes

ARTICLE pubs.aip.org/aip/apl

H} = [(wicos p — w) cos f — Qsin ff cos f cos P]I,
+ [(wl cos f — ) sin f + Q cos i cos (ﬂ I,
+ [Qcos fsin @I, (36)

and

Hy = [(w) cos f — w) cos f — Qsin ff cos ff cos |1,
+ [(@) cos p — @) sin f + Qcos f* cos ¢ I,
+ [Qcos fisin @]I,,. (37)

We choose the detuning to fulfill
w; — o = Qsin fi cos ¢. (38)

A C,NOT, is applied by setting ¢ =0 and demanding that
ty = (2"51)", n=0,1,2,.... To achieve synchronization, the condition
Qotg = mrwithm =0,1,2,... and U = [(w;cos f — w) cos f — Q
sin f§ cos 3 cos ¢]* + [(w; cos f — @) sin f 4 Q cos f cos ¢p]* + [Q cos
B sin ¢]* has to be fulfilled additionally which determines the driving
strength Q. Substituting these conditions into Eqgs. (36) and (37), the
time evolution operator of the entire sequence can be expressed as
U = [0)(0|Uy + |1)(1| U, with

Up = e Ml = (—1)"1,

which is locally equivalent to C,NOT..

Finally, we discuss suitable parameter regimes for which our pro-
tocols predict a significant enhancement of the gate fidelity. To
enhance the reliability of our analysis, we check the validity of the
rotating wave approximation by including the error caused by neglect-
ing terms of higher order in  in our simulations. We do so by simu-
lating a synchronized C,NOT,, operation for different choices of Bgync
[cf. Eq. (32)] with the equations of motion of the full system. We use

Uy =e M = —ig,,  (39)

TABLE 1. Validity of the rotating wave approximation (RWA): Full simulation of the equations of motion Faye of an entangling C,NOT, operation with a **C spin, with n = 0,
m = 1in Eq. (32)—thus, for the fastest synchronized gate with the strongest drive given by Bﬁym =A/ /3 (without DD pulses on the electron spin)—and different exemplary
values of A, Ay, and B,. CNOT denotes the ideal operation. In the third column, Ufsuy,;’°‘1 denotes the full simulation of the synchronized gate given by Egs. (21)—(26), and we
consider the case of a negligible perpendicular hyperfine component A¢ == 0. Thus, deviations of the fidelity from unity account for errors due to the neglect of terms of higher
order in « in the RWA. Clearly, in the regime where BY™ < ||y Ay ]|, the error remains small, confirming the validity of our protocol for this regime. In the fourth column, we
add an exemplary non-negligible A, to the calculation, which is not accounted for in the scheme given by Egs. (21)—(26) and induces a further deterioration of the fidelity as

expected. In the fitth column, Ufsuy""C'2 denotes the full simulation of the protocol which compensates for effects of A, [Egs. (36)-(39)] with the same parameter set. Thus, valid
regimes for the latter scheme are indicated if F,ye (CNOT, Umm'z) > Fae(CNOT, Ufj?°’1). In the rightmost two columns, t;y"°’1, t;y"c’z denote the respective gate times.

w; Fae (CNOT, U Fae (CNOT, U Fae(CNOT, U et 172
Aﬁ (kHz) (kHz) (AS ~0) (AS #0) (AS #0) (us) (us)
25 430 0.999 92 0.99886 (A, = 10) 0.99965 (A, = 10) 342 2990
25 1980 0.999 99 0.99995 (A, = 10) 0.99999 (A, = 10) 341 2990
25 27 0.289 68 042398 (A, = 10) 0.25727 (A, = 10) 342 2990
200 430 0.951 59 0.85510 (A, = 20) 0.74629 (A, = 20) 43 41
200 1980 0.999 31 0.99923 (A, = 20) 0.99955 (A, = 20) 43 43
200 27 0.956 49 0.89905 (A, = 20) 0.92003 (A, = 20) 43 45
400 430 0.285 37 0.32537 (A, = 20) 0.28958 (A, = 20) 21 21
400 1980 0.996 79 0.996 66 (A, = 20) 0.99608 (A, = 20) 21 21
400 27 0.969 67 0.95435 (A, = 20) 0.95929 (A, = 20) 21 22
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TABLE II. Beneficial regimes: Exemplary combinations of A, A, , and B, where our scheme that compensates the error due to A, [Egs. (36)-(39)] proves to be beneficial even
when taking errors due to the RWA into account. All calculations are analogous to those listed in Table |, and valid regimes are indicated if

Fave(CNOT, U®2) > F,.o(CNOT, U™®"). Clearly, our protocol enhances the overall fidelity significantly if BY™ < ||

All'and A is of the same order of magnitude as

. Fave(CNCOT, Ut Fave(CNCOT, Ut Fave(CNCOT, Uit et 172
A (KHz) o (kHz) (AS ~0) (AS #0) (AS #0) (us) (us)
5 27 0.996 18 078181 (A, = 4) 0.92346 (A, = 4) 1709 1834
60 430 0.998 26 0.96908 (A, = 30) 0.98910 (A, = 30) 142 142
100 1980 0.999 82 0.99748 (A, = 50) 0.99938 (A, = 50) 85 85
100 1980 0.999 82 097711 (A, = 100) 0.99718 (A, = 100) 85 88
400 27 0.969 67 0.74501 (A, = 200) 0.858 68 (A, = 200) 21 25

the simulation results to evaluate the impact of two main coherent
error sources’'—the error due to the off-resonant drive of neighboring
transitions as well as the error due to a non-negligible perpendicular
component A; of the hyperfine tensor in different operation
regimes—for both synchronization protocols presented in this work,
thus for the scheme applicable for the case of a negligible perpendicu-
lar component A; [Egs. (21)-(26)] and for the scheme taking the
effects of A| into account [Egs. (36)-(39)]. Tables I and II list the
resulting gate fidelities for strong and weak driving, various choices of
the static magnetic field, and exemplary values of the parallel and per-
pendicular hyperfine tensor components A, A; . In the regime where
the RWA is valid, B}"™ < ||w; — Aj||, and in case the perpendicular
hyperfine component A is of a similar order of magnitude as A, the
synchronization protocol which accounts for a perpendicular compo-
nent [Egs. (36)-(39)] leads to a strong enhancement of the gate fidelity,
even when taking the errors due to the approximation into account.
However, in the regime where the energy of the driven transition is on
the order of magnitude of the driving strength, |BY"™| = ||, — A |,
the rotating wave approximation breaks down, which is clearly visible
in low fidelities between the full and the approximated solutions. Also,
when the perpendicular component is negligible compared to the tar-
geted transition frequency, A; < [|w; — Aj||, the error induced by
the RWA has a similar limiting impact on the gate performance for
both protocols presented above—thus gate fidelities in the presence of
a perpendicular component are of similar quality, even when we apply
the synchronization scheme which accounts for a perpendicular com-
ponent [Egs. (36)-(39)].

To conclude, in this work, we have presented protocols that pre-
dict the suppression of two main limiting coherent errors—off-
resonant driving of neighboring transitions in the dense energy spec-
trum and non-negligible perpendicular hyperfine-tensor compo-
nents—during entangling gates between nuclear and electronic spin
qubits in an NV center in diamond. We have shown that this is possi-
ble by a suitable choice of the driving strength, the static magnetic field,
the gate time, and the detuning of driving field, where the synchroniza-
tion between resonant and off-resonant Rabi oscillations allows for the
suppression of the effects of the off-resonant effects. While the effect
due to the uncontrolled evolution of additionally coupled >C nuclear
spins on the quality of the entangling operation is investigated in Ref.
38, future research could include decoherence effects due to spin impu-
rities on the gate fidelity.””” Our results contribute to the goal of scal-
able quantum computation with color centers with error rates that
enable fault-tolerant algorithm design.
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