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Abstract

Lattice-Boltzmann algorithms represent a quite novel class of numerical schemes,
which are used to solve evolutionary partial differential equations (PDE). In con-
trast to finite difference and finite element schemes, lattice-Boltzmann methods
rely on a mesoscopic (kinetic) approach. The essential idea consists in setting up
an artificial, grid-based particle dynamics, which is chosen such that appropriate
averages provide approximate solutions of a certain PDE, typically in the area of
fluid dynamics. As lattice-Boltzmann schemes are closely related to finite velocity
Boltzmann equations being singularly perturbed by special scalings, their consis-
tency is not obvious, however.

This work is concerned with the analysis of lattice-Boltzmann methods, where a
particular interest lies in some numeric phenomena like initial layers, multiple time
scales and boundary layers. As major analytic tool, regular expansions (Hilbert
expansion) are employed to establish consistency. Exemplarily, two and three
population algorithms are studied in one space dimension, mostly discretizing the
advection-diffusion equation. It is shown how these ‘model schemes’ can be derived
from two dimensional schemes in the case of special symmetries.

The analysis of the schemes is preceded by an examination of the singular limit
being characteristic of the corresponding scaled finite velocity Boltzmann equations.
Convergence proofs are obtained using a Fourier series approach and alternatively
a general regular expansion combined with an energy estimate. The appearance of
initial layers is investigated by multiscale and irregular expansions. Among others,
a hierarchy of equations is found which gives insight into the internal coupling of
the initial layer and the regular part of the solution.

Next, the consistency of the model algorithms is considered followed by a discussion
of stability. Apart from proving stability for several cases entailing convergence as
byproduct, the spectrum of the evolution operator is examined in detail. Based
on this, it is shown that the CFL-condition is necessary and sufficient for stabil-
ity in the case of a two population algorithm discretizing the advection equation.
Furthermore, the presentation touches upon the question whether reliable stability
statements can be obtained by rather formal arguments.

To gather experience and prepare future work, numeric boundary layers are an-
alyzed in the context of a finite difference discretization for the one-dimensional
Poisson equation.

Sommaire

Les méthodes de Boltzmann sur reseau répresentent une classe de schémas numé-
riques assez nouveaux, qui ont été développés pour la résolution des équations aux
dérivées partielles (EDP) du type évolutionnaire. Contrairement aux différences
finies et aux éléments finis, les méthodes de Boltzmann sur réseau s’inspirent d’une
approche mésoscopique (cinétique). L’idée fondamentale consiste a établir une
dynamique artificielle pour des particules imaginaires mouvant sur les liens d’un
réseau. Les parametres de cette dynamique peuvent étre choisis de telle sorte que

des quantités moyennées convergent vers la solution d’une EDP dont l'origine est
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notamment la mécanique des fluides. Toutefois, la consistance des schémas de
Boltzmann sur réseau n’est pas évidente, puisqu’ils sont étroitement associés aux
équations de Boltzmann aux vélocités finies devenant singulierement perturbées si
le nombre de Knudsen est petit.

Cet ouvrage est consacré a analyse des méthodes de Boltzmann sur réseau. Un
intérét particulier est accordé aux phénomeénes numériques comme les couches
initiales, les multi-échelles temporaires et les couches de bord. Des expansions
régulieres (expansions de Hilbert) sont utilisées comme outil principal pour vérifier
la consistance. A titre d’exemple, des algorithmes a deux ou trois populations en di-
mension une de ’espace sont étudiés. D’abord, ces algorithmes de modele — surtout
ceux résolvant ’équation d’advection-diffusion — sont dérivés comme cas spéciaux
des algorithmes bidimensionnels en exploitant certaines symétries.

L’analyse des schémas est précédée par ’examen de la limite singuliere étant car-
actéristique des équations de Boltzmann aux vélocités finies. En employant des
séries de Fourier ou alternativement une expansion réguliere générale en combi-
naison avec une majoration de ’énergie, des preuves de convergence sont donnés.
L’apparition des couches initiales est étudiée a 1’aide d’expansions irrégulieres et
multi-échelles. Entre autres, on trouve une hiérarchie des équations qui donne des
informations sur le couplage interne entre la couche initiale et la partie reguliere de
la solution.

Apres, la consistance des algorithmes modeles est considérée, suivie par une dis-
cussion de la stabilité. En plus de démontrer la stabilité dans plusieurs cas (ce
qui entraine aussi la convergence), le spectre de 'opérateur d’évolution discrete est
examiné en détail. Basé sur ces résultats il est montré que la condition de CFL
garantit la stabilité dans le cas d’un algorithme a deux populations discrétisant
I’équation d’advection. En outre, la discussion aborde la question de savoir jusqu’a
quel point il est possible d’obtenir des connaissances fiables sur le comportement
de stabilité par des arguments seulement fondés sur ’analyse formelle.

Enfin, pour élargir 'expérience et pour préparer le travail futur, un exemple d’une
couche de bord est analysé dans le contexte d’une discrétisation de différences finies
pour I'équation de Poisson unidimensionnelle.

Zusammenfassung

Gitter-Boltzmann Methoden stellen eine verhéltnisméfig neue Klasse numerischer
Verfahren dar zur Losung evolutionsartiger partieller Differentialgleichungen. Im
Gegensatz zu Standardmethoden aus dem Bereich der finiten Differenzen bzw.
finiten Elemente realisieren Gitter-Boltzmann Verfahren einen mesoskopischen (kine-
tischen) Ansatz. Die Kernidee besteht darin, eine gitterbasierten Pseudo-Teilchen-
dynamik zu formulieren. Es stellt sich dabei heraus, dafl gewisse gemittelte Grofien
die Losungen bestimmter Differentialgleichungen approximieren, welche vor allem
einem stromungsmechanischen Hintergrund entstammen. Allerdings ist die Kon-
sistenz der Gitter-Boltzmann Verfahren keineswegs offensichtlich, nicht zuletzt weil
sie in enger Beziehung zu singular skalierten Boltzmanngleichungen mit endlichen
Geschwindigkeitsmodellen stehen.

Diese Arbeit beschéftigt sich mit der Analyse von Gitter-Boltzmann Verfahren.
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Besonderes Augenmerk gilt dabei einigen “numerischen Phénomenen” wie dem
Auftreten von Anfangsschichten, der Existenz mehrerer Zeitskalen und dem Zus-
tandekommen von Randschichten. Beim Konsistenznachweis dienen reguléare asymp-
totische Entwicklungen (Hilbert Entwicklungen) als zentrales Hilfsmittel. Beispiel-
haft werden Gitter-Boltzmann Algorithmen in einer Raumdimension mit zwei und
drei Populationen untersucht. Dabei wird zunéchst gezeigt, wie sich diese Modellal-
gorithmen zur Diskretisierung der Advektions-Diffusions Gleichung aus zweidimen-
sionalen Algorithmen unter Ausnutzung spezieller Symmetrieeigenschaften ergeben.
Der Analyse der eigentlichen Schemata vorangestellt ist eine Untersuchung des sin-
gularen Grenzwerts bei einer Boltzmanngleichungen mit zwei bzw. drei Geschwin-
digkeiten. Alternativ lassen sich hier Konvergenzbeweise mittels einer Fourier-
Entwicklung bzw. einer allgemeinen reguldren Entwicklung kombiniert mit einer
Energieabschatzung erzielen. Anfangsschichten werden mittels irregulérer Entwick-
lungen bzw. Multiskalen-Entwicklungen aufgelost. Unter anderem st688t man dabei
auf eine Hierarchie von Gleichungen, welche Aufschlufl tiber die interne Kopplung
der Anfangsschicht mit dem regulédren Teil der Losung geben.

Anschliefend wird die Konsistenz der Modellalgorithmen betrachtet, gefolgt von
einer Stabilitdtsanalyse. Neben etlichen Stabilitdtsbeweisen (woraus Konvergenz
der jeweiligen Verfahren gefolgert werden kann) wird das Spektrum des diskreten
Evolutionsoperators einer genauen Untersuchung unterzogen. Darauf aufbauend
lafit sich zeigen, dafl sich die CFL-Bedingung sowie Stabilitat im Falle eines Zwei-
Populationen Algorithmus fiir die Advektionsgleichung gegenseitig bedingen. Aufler-
dem wird die Moglichkeit erortert, inwieweit verlaflliche Stabilitdtsaussagen auch
anhand einer formalen Analyse gewonnen werden konnen.

Um Erfahrung mit numerischen Randschichten fiir zukiinftige Untersuchungen zu
sammeln, wird abschliefend eine finite Differenzen Diskretisierung fiir die eindimen-
sionale Poisson Gleichung betrachtet, welche eine Randschicht erzeugt.
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Background and Outline

General framework and context

While computers were rapidly evolving since the sixties of the last century, sci-
entists became aware of the opportunity to employ these powerful machines to
simulate physical processes. Often, simulations are based on the numerical and
hence approximate solution of certain differential equations, which form the core
of a simplifying mathematical model, abstracting the concrete process in a precise
mathematical language.

In particular, the simulation of fluid flows (CFD') represents a vast field of math-
ematically and numerically challenging problems whose mastering is of great prac-
tical interest for engineering and environmental sciences.

The underlying model equations used in CFD are taken from continuum mechanics
and thermodynamics, see e.g. [18, 11]. By formulating the physical conservation
principles for mass, momentum and energy in terms of familiar macroscopic quanti-
ties like pressure, flow velocity or temperature, the fundamental equations of Euler
and Navier-Stokes are found.

Since, in general, one cannot directly? solve differential equations arising in math-
ematical models, the equations must undergo some discretization. This procedure
breaks differential equations down into discrete equations being finally solvable by
computers. Nowadays, various kinds of discretization methods are at disposal,
among which finite differences represent the historically oldest approach. Their in-
tuitive idea consists in considering the solution (e.g. the velocity or pressure field)
only in a finite number of time and space points. In contrast, finite element and
spectral methods try to approximate the complicated solution in terms of compar-
atively simple functions, that are defined in the entire space domain but can be
characterized by only a few numbers.

The fundamental equations, that are generally accepted to govern fluid motion, were
deduced in the 18" and 19*" century when only little was known about the internal
structure of matter. Their derivation is based on the continuum hypothesis®, which

!Computational Fluid Dynamics

2To describe the solutions completely, infinitely (even uncountably) many numbers would be
necessary which even a supercomputer cannot keep in its large but limited memory.

3The continuum hypothesis is a trick to deal with very large numbers of particles: for example,
a large set of coupled oscillators is more easily described by the wave equation than by a huge
ODE system. Even in statistical mechanics the phase space density is introduced by this reason,
which, however, might be alternatively interpreted as probability density.
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considers matter as a continuum, filling up a continuous space and moving in a
continuously elapsing time. Even today, the continuum hypothesis has not lost
its importance. Numerous differential equations of mathematical physics, whose
validity has been well justified by experiments, rely on this basic assumption.
Nevertheless, we now think of matter as composed of tiny, microscopic particles
called molecules and atoms. So nature seems ultimately to be discrete even if these
particles exist in overwhelming large numbers. By the end of the 19 century
this discovery led to the development of statistical mechanics dealing with the be-
havior of many particle systems. This new physical discipline unsealed another
understanding of fluid motion from a quite different perspective. By means of the
Boltzmann equation it was shown how conservation laws on the scale of microscopic
particles give rise to macroscopic conservation principles expressed by the Euler and
Navier-Stokes equation.

In the early days of computer simulations, some scientists? started to study also
purely discrete dynamical systems. These cellular automata (see [64, 65, 66] and
[21]) were devised as some sort of counterpart to the discretization of continuous
dynamical systems described by differential equations. Although the first cellular
automata seem like mathematical gadgets, there was a serious objective behind.
The goal was to set up an artificial particle dynamics where the interaction of the
particles (collisions) obeys simple rules while the system as a whole displays a rather
complex behavior revealing also macroscopic regularities.

In 1973 a lattice-gas cellular automaton was proposed by Hardy, Pomeau and de
Pazzis [22, 23] that was able to produce flow like patterns in two space dimensions.
However, it was shown that the results disagreed with the Navier-Stokes equation
taken as reference whose accuracy for standard flow regimes is recognized. Only in
1986 Frisch, Hasslacher and Pomeau [20, 19] succeeded by considering a modified
lattice-gas automaton which uses a hexagonal instead of a quadratic velocity model.

Now the development began to accelerate. In 1988 McNamara and Zanetti [47]
replaced the boolean variables representing pseudo-particle numbers by real-valued
quantities interpreted as particle distribution functions. During the following years,
the basic lattice-Boltzmann algorithm received the form being still in use today [27],
including the introduction of the BGK collision operator and the equilibrium func-
tion [51]. So, the essential steps were done which emancipated lattice-Boltzmann
methods from their lattice-gas precursors, that were suffering from statistical noise
because of the averaging to compute macroscopic quantities. In particular, relax-
ation type collision operators (BGK, MRT) do no more define explicit collision
rules.

Formally, the classical lattice-Boltzmann method has much in common with a spe-
cial finite difference scheme discretizing the BGK Boltzmann equation of statistical
mechanics [24, 26]. Here the circle closes: departing from a general but blurred
principle® and an artificial, rather unphysical particle dynamics, one had somehow

4 Among them were mathematicians like von Neumann, Ulam and the computer pioneer Zuse.
5A microscopically simple dynamics can generate complex and well organized structures on a
macroscopic scale.



returned to the “real physics” described by the Boltzmann equation.

Much progress took place since the early nineties when the method came up. To-
day, lattice-Boltzmann methods compete with traditional methods of CFD and
they are implemented in computational software tools for industrial purposes® with
applications to a large range of flow problems’.

In comparison with other methods, the coding of lattice-Boltzmann schemes is less
complex; moreover the code is well suited for parallelization to gain a speed-up
of the computational time. These advantages are certainly owed to the bottom-up
conception, which exploits the simplicity of the dynamics on the microscopic scale.
In contrast, traditional methods are designed in top-down manner departing from
complicated macroscopic models which have to be ‘simplified’ then by discretization
procedures.

In opposition to numeric methods like finite elements, being well established in
mathematical research, lattice-Boltzmann methods are mainly developed by physi-
cists and physical engineers. Since the theoretical foundations were consequently
embedded in statistical mechanics, lattice-Boltzmann methods became especially
appealing for researchers with physical background. This accounts for the ori-
gin of certain analytical techniques still widely adopted. Most notably we men-
tion the Chapman-Enskog expansion with two time scales (see e.g. [25, 63]), which
is employed as major tool to relate lattice-Boltzmann schemes with macroscopic
equations like the Navier-Stokes equation. For the classical approach to lattice-
Boltzmann methods we refer also to [14, 3, 9, 10, 30].

Although a fundamental understanding of lattice-Boltzmann methods has been
reached utilizing these techniques, the explanations often are not satisfying and
lack mathematical rigor. To overcome the mysticism occasionally attributed to
lattice-Boltzmann methods, it is necessary to interpret them from different sides.

So [46] advocates to give up a too ‘narrow viewpoint’ (which classifies lattice-
Boltzmann methods just as derivatives of lattice-gas automata) in favor of a broader
understanding. The paper emphasizes the affinity between lattice-Boltzmann meth-
ods and the kinetic theory of Boltzmann-type equations based on discrete velocity
models. The latter has become a field of intensive research (see for instance [49]).
Still there is not much literature available dealing with convergence, consistency
and stability of lattice-Boltzmann methods. A first approach is found in [16] where
the convergence of certain lattice-Boltzmann schemes with respect to a nonlinear
diffusion equation and the viscous Burgers equation is shown. However, the consid-
ered collision operator admits an H-theorem which cannot be proven for collision
operators of relaxation type and polynomial equilibria [68, 69] as used today.

To avoid the relatively cumbersome Chapman-Enskog expansion, other possibil-
ities have been introduced to connect a given lattice-Boltzmann algorithm with
its macroscopic target equation (consistency analysis). In particular we mention

SFor instance: the ParPac code at the Fraunhofer ITWM Kaiserslautern, or PowerFLOW com-
mercialized by Exa corporation and based on “digital physics”.

"Thermal flow, non-Newtonian fluids, flow through porous media, shallow water, acoustics,
multiphase and turbulent flows. For references consult [63].
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[33, 32], where the standard D2P9 lattice-Boltzmann algorithm was uncovered as a
sophisticated finite difference discretization of the Navier-Stokes equation. Mean-
while, another approach has been presented in [34], which turns out to be especially
clear and elegant, stimulating further developments of lattice-Boltzmann methods.
Similar approaches are also found in [28, 15]. Furthermore it is tried® to interpret
lattice-Boltzmann algorithms in the framework of finite volume schemes.

There are only few articles concerned with stability of lattice-Boltzmann schemes.
Besides some publications examing stability and accuracy (e.g. [52]) by numerical
tests, we mention [59] and [43] where a von Neumann stability analysis is essentially
performed. Rigorous mathematical analysis is done in [1, 40].

Specific motivation of the thesis

The idea to this dissertation began to form, when I was working on grid coupling®
and local grid refinement for lattice-Boltzmann methods. Being a novice in this
field, I gradually became aware, that lattice-Boltzmann methods were mostly based
on plausibility arguments being not proven in the mathematical sense. However,
despite of being founded on plausible reasoning, some of my ideas did not work
out in a fully satisfactory way. Because of these reasons the wish consolidated
to acquire a deeper comprehension of lattice-Boltzmann methods. In particular,
certain numerical phenomena like initial layers aroused my interest.

Often, plausibility arguments tend to be superficial thereby risking to neglect cru-
cial details. Hence numerical side effects, that might spoil the accuracy or even
excite unstable modes of the scheme, may easily be overlooked or underestimated
with respect to their impact.

The main objective of this thesis is to promote a better understanding of lattice-
Boltzmann methods, where some attention is given to disturbing numerical effects.
Frequently, theoretic investigations are faced with the difficulty that they should
stick to problems of practical relevance on the one hand, while requiring a simplified
setup to be analytically feasible on the other hand.

Here the focus is on the principal comprehension which is to be obtained by a de-
tailed study of several selected model problems, illuminating aspects also arising in
more general situations. Thanks to their reduced complexity, the model problems
permit a clear analysis and thereby offer much insight into the intrinsic workings
of lattice-Boltzmann methods. Nevertheless, to bridge the gap mentioned above at
least partly, it is shown how the one-dimensional model schemes may be derived as
special cases from two-dimensional schemes.

Although lattice-Boltzmann methods are sometimes publicized as being fundamen-
tally different from traditional numerical methods, they should be considered as just
another discretization for numerically solving certain partial differential equations.

SICMMES conference 2006, Hampton (VA). See also [62] for the one-dimensional case.

9Confer [54]. Observe, that the derivation of moments concerning the D2P9 algorithm for Stokes
flow simulations as announced in this paper, is not included in this thesis to avoid further growing
of its extent.
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Figure 1: Phenomenological description of an initial layer. The curves in
the left diagram represent the numerical error of a Stokes flow simulation performed
with the D2P9 lattice-Boltzmann algorithm. More precisely, the curves indicate the
relative £'-error in the z-component of the flow velocity plotted versus the time. The
simulations were executed on three different grids. Two observations are striking: First,
the error seems to be quartered if the grid spacing h is halved, which suggests that the
error is of magnitude O(h?). Second, the error oscillates at the beginning, where the
amplitude (attenuation) is the smaller (stronger), the finer the grid is chosen. These
features are typical for an initial layer combining two time scales here. The discrete time
scale is manifested by the damping and the oscillations from time step to time step,
being hardly visible due to the low resolution of the figure. In contrast, the beat-bellies
occur in the fast time scale, which is slower than the discrete time scale but faster
than the time scale referring to the labels of the horizontal axis. Considering the time
evolution of an arbitrary single population in a fixed node reveals similar oscillations.
This indicates that the initial layer affects all populations in roughly the same manner
and does not represent an integral phenomenon only appearing in the £'-norm. The
depicted initial layer was observed by simulating a Taylor vortex whose streamlines are
given at right. Taylor vortices actually correspond to the eigenmodes of the Stokes
operator in a periodic, rectangular domain. Therefore the streamlines remain invariant
in space while the stream function decreases exponentially in time. Hence the error
should drop likewise. Here, however, this decrease is imperceptible over the simulated
time interval because of the relatively small viscosity that was chosen to sustain the
initial layer excited by a crude initialization.
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However, two particular features must be taken into account:

e The most striking distinction is that the physical quantities of the macro-
scopic limit equations do not figure as primary variables (populations) in the
lattice-Boltzmann algorithms. Besides, there are more primary variables than
relevant physical quantities.

e Viewing lattice-Boltzmann algorithms in the light of standard finite difference
schemes, they look much like the natural discretization of Boltzmann-type
equations so that generally no direct relation with the actual limit equation
is suggested.

Roughly speaking, a numerical scheme is called consistent with respect to a dif-
ferential equation if the solution of the differential equation satisfies the discrete
equations in every grid node up to a small residual. Due to the first item, the
standard notion of consistency does not apply to lattice-Boltzmann schemes. How-
ever, extending this notion, one is enabled to examine the consistency of a given
lattice-Boltzmann method by means of regular expansions.

The resulting analysis shows why the primary variables yield approximate solutions
of the limit equation. Additionally, it is found that they encode further information
concerning the differentiated solution of the limit equation. This circumstance may
justify the enhanced memory requirements which lattice-Boltzmann methods need
in comparison with other methods.

If compared with the twoscale Chapman-Enskog expansion, regular asymptotic ex-
pansions (truncated power series) seem to be a much more natural approach to
analyze lattice-Boltzmann methods. In fact, a regular expansion was already used
by Hilbert'? to study the scaled Boltzmann equation. Furthermore, in numerics,
regular expansions date back to early investigations of finite difference methods,
to specify the numerical error (see e.g. [50] page 135). Nonetheless, only recently
this technique has been applied to lattice-Boltzmann methods [34], which is also
adopted here.

Let us finally remark with regard to the second item that under certain scalings,
solutions of Boltzmann-type equations display a convergence behavior with respect
to other differential equations. This indicates that the convergence of lattice-
Boltzmann schemes encapsulates two limit processes:

e The convergence of the scheme under the refinement of the discretization.
e The singular limit inherent in scaled Boltzmann-type equations.

Therefore typical phenomena of scaled Boltzmann-type differential equations can
be observed likewise in the context of lattice-Boltzmann algorithms. Among other
topics we will particularly focus on this issue which includes the appearance of mul-
tiple time scales and initial layers (see figure 1).

0That is why it is often referred to as Hilbert expansion in the context of kinetic theory.



Organization and scope of the work

Prerequisites concerning some specific vocabulary, notation and the general strategy
of convergence proofs are collected in subsection 1.1.2 (concerning lattice-Boltzmann
methods) and section 1.3 (concerning the numeric/asymptotic analysis). Apart
from this, the chapters as well as the three sections of the first chapter are nearly
self-contained and should be readable independently from each other. The cohesion
is mainly generated by the circumstance that different aspects of equal or similar
objects are discussed over several chapters.

To keep the notation simple, there is no unique notation for the entire thesis. In-
stead, the notation may slightly change from chapter to chapter or even from section
to section.

Passages appearing in small printing are less important. This concerns digressions
providing extra-material, some lemmas and propositions having rather the character
of a tool than a result in the specific context as well as some tedious computations.
Furthermore the text is complemented by numerous footnotes containing additional
explanations, suggestions and cross-references.

To facilitate the orientation, a summary of each chapter is given here:

Chapter 1 conveys some background knowledge about the Boltzmann equation
in subsection 1.1.1. Above all, the provenance of the Boltzmann equation is
motivated and its relation to macroscopic equations of fluid dynamics is established.
In contrast to the historic development shortly outlined above, subsection 1.1.2
introduces to lattice-Boltzmann methods from the perspective of mathematical ki-
netic theory dealing with Boltzmann-type equations that are much simpler than
the original Boltzmann equation but retain essential properties. It is shown that
scaled finite-velocity Boltzmann equations (also referred to as lattice-Boltzmann
equations) reveal much flexibility to be related with other equations via limit pro-
cesses. Finally, it is shown how the classical lattice-Boltzmann scheme is derived
from finite-velocity Boltzmann equations.

A rather technical paragraph is concerned with the computation of the structure
relations pertaining to discrete velocity models. In contrast to one-dimensional ve-
locity models, these relations get more complicated in two and more dimensions;
concretely the D2P9 model is considered. Theses relations are essential prerequi-
sites for the analysis of lattice-Boltzmann methods.

The goal of section 1.2 is to underline the close relationship between lattice-
Boltzmann schemes in two space dimensions (being already of practical significance)
and the model algorithms to be investigated here.

So, the D1P3 lattice-Boltzmann algorithm is derived from the standard D2P9 al-
gorithm. Combining symmetry properties of the D2P9 algorithm with special ini-
tializations, the number of populations as well as the number of spatial dimensions
can be reduced such that the D1P3 algorithm is finally extracted. Endowed with a
slightly more general equilibrium than found in this derivation, the D1P3 lattice-
Boltzmann algorithm serves as our main model scheme.

Notice that the D1P2 algorithm considered in several chapters is a particular case of
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the D1P3 scheme. However, it could be derived independently of the D1P3 scheme
by considering an appropriate D2P4 lattice-Boltzmann algorithm.

In section 1.3 we provide some concepts of numerical and asymptotical analysis
in as much as they are needed here. Particular attention is paid to the notions of
consistency and stability. The abstract presentation is illustrated by examples.

Before we address lattice-Boltzmann algorithms in chapter 4, 5 and 6, we exam-
ine some properties of lattice-Boltzmann equations. Formally, the latter can be
investigated more easily since asymptotic expansions with respect to the scaling
parameter are applied without being combined with Taylor expansions. Many fea-
tures of lattice-Boltzmann algorithms are not of specific discrete nature as shown in
chapter 2 and 3. Examples are the hierarchy of asymptotic orders, the decoupling
of odd and even orders, the occurrence of initial layer etc..

Chapter 2 deals with a D1P2 lattice-Boltzmann equation. In section 2.1 the
difference between the hyperbolic and parabolic scaling is highlighted. Furthermore,
we show that the D1P2 lattice-Boltzmann equation, which is actually a system, can
be transformed into a scalar, singularly perturbed equation. For the case, of the
parabolic scaling and a linear equilibrium, convergence is demonstrated in section
2.2 by expanding the solution in terms of a Fourier series. Generally, uniform
convergence in time does not extend to the temporal derivative. This indicates
the existence of an initial layer, which is expected whenever the solution of the
perturbed equation is not initialized compatibly with the limit problem.

Confining ourselves on a single Fourier mode in section 2.3, the appearance of the
initial layer and its structure is thoroughly analyzed. A twoscale expansion discloses
a hierarchy of equations for the initial layer and the regular part of the solution
which are mutually coupled.

Chapter 3 presents the analysis of a lattice-Boltzmann equation based on the
D1P3 velocity model, which is distinguished from the D1P2 model by an addi-
tional rest population. In this case convergence is shown without recourse to an
equivalent scalar reformulation. Instead, the proof is divided into a stability part
accomplished by an energy estimate and a consistency part performed by a regular
asymptotic expansion. It is observed that the regular expansion can only cover very
special initial values. Therefore further, irregular expansions are introduced such
that arbitrary initial values can be handled. These expansions turn out to describe
initial layers. The chapter closes with a short discussion of non-periodic boundary
conditions.

Chapter 4 is devoted to the consistency analysis of a D1P3 lattice-Boltzmann
algorithm discretizing the advection-diffusion equation. The algorithm is essen-
tially the discrete counterpart of the lattice-Boltzmann equation studied in chapter
3. The regular expansion is formally performed up to arbitrary orders in section
4.1 providing structural insight. Above all, it is seen how a hierarchy of evolution
equations builds up, which determines the asymptotic order functions recursively.
Furthermore the asymptotic expansion indicates the convergence order. In section



4.2, the consistency of truncated expansions is defined, which are then constructed
in section 4.3. At last, we throw a quick glance at numerical initial layers display-
ing more structure in the discrete case.

Whereas the previous investigations were mainly concerned with lattice-Boltzmann
equations and algorithms in parabolic scaling, a hyperbolically scaled D1P2 algo-
rithm is discussed in chapter 5. The consistency analysis, which proceeds anal-
ogously to chapter 3 and 4, shows that the algorithm discretizes the advection
equation. However, the major interest of this chapter is focused on the long-term
behavior of the scheme which is wrongly predicted by the regular expansion. Actu-
ally the evolution of the algorithm contains different times scales which are detected
by numerical experiments at the beginning of section 5.2. Using a multiscale ex-
pansion, the analysis of the algorithm yields a precise description of its behavior,
which is validated by examples.

To justify the expansions in chapter 4 and 5 rigorously and to answer thereby the
question of convergence, we examine the stability of the algorithms in chapter 6.
After some preparatory remarks about shift matrices to write the algorithms in
matrix form, f,-stability in time and space is proven in section 6.2. The result
refers to the parabolically scaled D1P2 algorithm specializing the D1P3 algorithm
in chapter 4. A detailed spectral analysis of the evolution matrix continues the
section. Among others, eigenvectors and eigenvalues are computed where the latter
are compared with the eigenvalues that belong to the evolution operator of the
diffusion-advection equation. Furthermore the symmetry properties of the spectrum
are discussed.

Section 6.3 considers almost the same D1P2 algorithm as presented in chapter 5
but in hyperbolic scaling . Since this algorithm discretizes the advection equation,
analyzing the role of the CFL-condition is natural. Using the results in subsection
6.2.2, it is shown that the CFL-condition is necessary and sufficient for stabil-
ity. However, this statement cannot be extended to the analogous D1P3 scheme
as pointed out in 6.5. The section is finished by comparing the actual stability
properties with a formal stability discussion based on the multiscale expansion in
5.2.

So far, the considered algorithms refer to periodic boundary conditions. In section
6.4 we deal with bounce-back type boundary conditions emulating homogeneous
Dirichlet and Robin boundary conditions of the macroscopic limit equation. For
the diffusive equilibrium, eigenvalues and eigenvectors of the evolution matrix per-
taining to the parabolically scaled D1P2 algorithm are computed. However, the
consistency analysis of the boundary conditions is left for future work.

Finally, in section 6.5 we discuss the possibilities to generalize the results of 6.2
and 6.3 to the corresponding D1P3 algorithms. Furthermore we briefly resume the
discussion of 6.4 where now an additional advective term is admitted in the equi-
librium.

Since kinetic boundary conditions in two and more space dimensions generally pro-
duce boundary layers, we exemplarily study this phenomenon in chapter 7. Con-
cretely, we consider the one-dimensional Poisson equation with Dirichlet boundary
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conditions. This is discretized by means of a five-point stencil where different ex-
trapolations are used to deal with the overhanging parts of the stencil near the
boundary. After some preliminaries, we prove stability of the resulting schemes in
section 7.4. It turns out that stability alone is not enough to prove the observed
convergence rates. For this, finer estimates are needed resulting from the damp-
ing property of section 7.5. The chapter closes with a presentation of numerical
experiments that illustrate the irregular asymptotic expansion which describes the
numerical error.

In the appendix we compute the eigenvalues of the linear, one-dimensional advec-
tion-diffusion operator with constant coefficients for various boundary conditions.
From this the eigenvalues of the semigroup of evolution operators associated to
the advection-diffusion equation are easily obtained. They are compared with the
eigenvalues of lattice-Boltzmann evolution matrices in chapter 6.

Chapter 5 was originally designed as manuscript for a shortcourse which took place
at ICMMES!! 2006 in Hampton (VA). It is also connected with [35] while section
6.3 is based on [55].

H1nternational Conference of Mesoscopic Methods for Engineering and Science



Chapter 1

Introduction to lattice Boltzmann
methods and their analysis

1.1 Initiation to lattice-Boltzmann methods

Lattice-Boltzmann methods can be approached from three major directions as de-
picted in figure 1.1:

e cellular automata, particularly lattice-gas automata,
e relaxation schemes and discretization methods (finite differences),
e Boltzmann equation and kinetic theory of gases.

Historically, lattice-Boltzmann methods attracted attention as an important im-
provement of lattice-gas automata. So they were not originally based on differen-
tial equations but rooted in the realm of discrete dynamical systems with boolean
variables. From a mathematical point of view, lattice-Boltzmann equations are
akin to relaxation schemes which becomes apparent if they are transformed into
their equivalent moment system. Finally, a lot of inspiration and vocabulary — in-
cluding the name lattice- Boltzmann — is borrowed from the theory twining around
the Boltzmann equation. Unlike some textbooks introducing to lattice-Boltzmann
methods (cf. [63], [60]), we shall not retrace the historic development and skip the
field of lattice-gas automata completely.

This first section of chapter 1 begins with the physical background touching on
some key-words in the field of kinetic theory (for instance: equilibrium, collision
invariant, BGK, scaling). Subsection 1.1.1 leans partly on what may be found in
textbooks about statistical physics and fluid dynamics; it is mostly drawn from
equivalent sections of the books [7, 8]. The last paragraph gives a short survey of
the scaled Boltzmann equation referring to the paper [2].

Subsection 1.1.2 imparts the essential ideas leading to “stylized forms of the Boltz-
mann equation now going by the name lattice- Boltzmann equation. These relinquish
most mathematical complexities of the true Boltzmann equation without sacrific-
ing physical fidelity in the description of many situations involving complex fluid

motiont.”

!Text in quotation marks cited from the synopsis of [60].
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Statistical physics: kinetic theory of fluids —
Many particle systems (Hamiltonian/ODE system) Number of collisions

Different scalings

Fluid mechanics: macroscopic world

Microscopic —> Mesoscopic —= infinity Description by conservation/balance laws
Boltzmann equation (PDE) (e.g. Navier—Stokes, diffusion equation)
Hilbert/Chapman—Enskol
Collision expansion
rules Finite .
velocity set Asymptotic -
Discrete Dynamical Systems analysis Mathematics
Relaxation type Theory of hyperbolic/parabolic PDEs
Cellular Automata (BGK) collision Relaxation equations/schemes
"Game of Life" operator Finite differences (consistency/ stability)
Convergence analysis
Lattice Gas Automata -
Simulation of flows Lattice
with booleans Boltzmann

| Booleans —=Reals

Methods

Historic development

Figure 1.1: Lattice-Boltzmann methods embedded in their mathematical and physical
context.

Furthermore, subsection 1.1.2 portrays the kinetic approach and its link to relax-
ation methods by a simple example. A technical paragraph collects some useful
facts that are necessary for the analysis of 2D lattice-Boltzmann methods. Finally,
the lattice-Boltzmann algorithm is derived from the lattice-Boltzmann equation.

There might be two principal reasons to deal with the Boltzmann equation and
kinetic theory:

e First, the Boltzmann equation describes relevant physics.

e Second, the Boltzmann equation exhibits a rich structure which can be ex-
ploited to use it as an approximating tool for solving other equations.

As our objective is to pave a way towards lattice-Boltzmann methods, we take up
the second perspective. Therefore we focus on structural aspects and the relation
between the Boltzmann equation and macroscopic fluid dynamics. Above all, we do
not discuss the intrinsics of the collision operator but recall only certain structurally
important properties.

1.1.1 A brief introduction to kinetic theory

Kinetic theory is a branch of statistical physics, which is concerned with non-
equilibrium phenomena especially in the context of fluids (e.g. gases and liquids).
This definition obliges us to explain the term equilibrium more precisely: if a system
is left without exterior interaction, it reaches an equilibrium state? after a certain
while (relaxation time). In this final state the system can be characterized by only

2Equilibria are stationary states but the converse is not true. For instance, a rod between two
heat sources of different temperature evolves into a stationary state with a constant temperature
gradient. If the rod is isolated from the heat sources the temperature relaxes gradually towards an
equilibrium marked by a spatially constant temperature.
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a few macroscopic quantities like pressure, temperature, concentration etc.. How-
ever, in most applications the system is exposed to outer influences resulting into
more complicated non-equilibrium states, which also need an adequate description
to become computable. For a concrete illustration we imagine a monoatomic gas
enclosed inside a box B C R3.

Microscopic picture

The first approach describes the system on a microscopic level keeping track of every
single particle. Each of the N atoms, belonging all to the same species, is modeled
as a small hard sphere of mass m without any internal degrees of freedom. Hence
possible self-rotation?, vibrational modes or the energetic excitation of the electronic
shell are completely disregarded. Similarly to the balls of a billiard game, the
atoms interact with each other by elastic collisions conserving linear momentum and
kinetic energy. Likewise, the atoms undergo specular reflection if hitting the wall.
Mathematically, the gas can be described in the framework of classical mechanics
by a system of Hamilton equations® reducing to the simple case of free motion

X; = V;, v, =0 for i € {1, ...,N},

complemented by additional collision® and reflection” rules. Here x; denotes the
position and v; the velocity of the i*" particle as a function of time. Between
collisions, the velocities v; remain constant and the particles move uniformly.

The state of the whole system corresponds to a point in a 6/N-dimensional state

3In this model a hard sphere particle has no orientation like a rigid body. Even if it could rotate
about some axis, there is no energy exchange admitted by collisions between the rotational and
translational degrees of freedom. This would require tangential contact forces (friction). As any
interchange between translational and rotational energy is excluded, the rotational energy matters
only as a constant, which is conveniently set to zero (free choice of energy scale).

4Derived from the Latin word speculum = mirror.

5For autonomous systems the Hamilton function represents the total energy in terms of spatial
coordinates x; and generalized momenta p;. The equations of motion (Hamilton equations) are

x; = Vp. H, pi = —Vx, H, 1e{l,..,N}

The Hamilton function for the system of N hard spheres is H (X1, ..., XN, P1, ..., PN) = ﬁ Zf\;l P2,
where p; = mv; and v; denotes the velocity of the ith sphere.

STf two hard spheres of equal mass (but not necessarily of equal volume) collide with each other,
their post-collisional velocities are given in terms of their pre-collisional velocities by

ost re re re
Vﬁ) = v;1> + <V5 - vIl) ’ e>e ’

post _ pre pre pre
vh = v — (v — v e)e.

The unit vector e points from the center of the first to the center of the second sphere at the
moment of collision. Evidently the exchange of momentum (velocity) occurs only in the direction
of e.

"If n denotes the unit normal vector of the reflecting surface, the outgoing velocity Vout of the
reflected particle is given in terms of the incoming velocity vin by the formula

Vout = Vin + 2<Vin7 1’1>Il .

Here n is assumed to be directed into the half-space of the particle, i.e. (Vin,n) < 0. This formula
describes (specular) reflection.
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space® (also denoted as phase-space or I'-space) with three spatial coordinates (po-
sition) and three momentum coordinates (velocity components) for each particle. In
many applications it is not possible to have full information about the system. To
deal with this situation of incomplete knowledge, a state-density P is introduced.
The integral

/ P(Xl, XN,V ...,VN) d(Xl, XN, VT, ...,VN)
S

gives the probability, that the system realizes a state contained in a subset S of the
state-space. The evolution of P is governed by Liouwville’s equation® which becomes

in this case
N

OP+Y Vi Ve P=0.
i=1
Besides initial conditions, this PDE must be supplemented by boundary conditions
taking the collisions and reflections into account.

From a theoretical point of view this approach might be satisfying. However, in
view of about 10%* particles for a system of macroscopic dimension, it is practically

8The state space is contained in BY x (]RS)N. The positional part (for the description of the
spatial configuration) is a complicated subset of BY, which must take into account, that hard
spheres can neither overlap each other nor the walls of the box B.

9For a general Hamilton function (x1,...,Xx, P1, ..., PN) — H (X1, ..., XN, P1, ..., Pn) Liouville’s
equation reads

N
aP+y (vpkH-vka—vka.vka) —0.

k=1
The sum is referred to as Poisson bracket. Liouville’s equation is derived by means of the Hamil-
tonian flux Ft7 which solves Hamilton’s equations X; = Vp, H and P; = —V, H. The solution
corresponds to a curve in the phase-space which is given by X;(t) = Fy. (X1, ...,Xn, Py, .-, Py) and

P;(t) = Ff,i (X1y..yXN, Py, ---, Py ) as function of the time ¢ and the initial values. If  denotes an
arbitrary measurable subset of the phase space, the probability of finding the state of the system
in F*(Q) at time ¢ does not depend on the time. Hence we conclude

Q FH(Q) dt Jpe(o

As the flux F; represents a diffeomorphism of the phase space, the right integral over F'(f2) can
be written as integral over §2 using the transformation rule.

d

= P(t7x17"'7xN7p17"'7pN)d(x17"'7xN7p17"'7pN) =

dt Ft(Q)
d OF (X1, -+, XN, P1s s PN) | /= o 5 5
— P(t,Xi(t),..., Xn(t),P1(t),..., Pn(t d
dt /g (7 1( )7 ) N( )7 1( )7 ) N( ))’ a(ily---7§N7ﬁ17---yﬁN) (X17 » XN, Py, 7pN)

Thanks to the symplecticity of Hamiltonian fluxes the determinant of its Jacobian is 1. Drawing
the time derivative inside the integral yields finally

N
/ [&P—FZXZ VXZP+PZ vplP:I d(§1772N7ﬁ177ﬁN) =0.
Q

i=1

Holding true for arbitrary €2, this equation must be satisfied pointwise provided the integrand is
sufficiently regular. This yields Liouville’s equation.
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far beyond feasibility to handle the enormous amount of arising data. Moreover, the
exact movement of each particle is of little interest, because it does not significantly
affect the state of the entire system. Therefore a so-called mesoscopic approach has
been devised which does not consider individual particles as in the above microscopic
description.

Motivation of the Boltzmann equation

To obtain the mesoscopic description, the high-dimensional I'-space is reduced to
the six-dimensional phase space (u-space!?) of a single particle. Analogously, the
function P with 6N + 1 arguments becomes a function (¢,x,v) — f(¢,x,v) of
only seven arguments, where ¢ stands for the time and x,v contain each three
components to fix the position and velocity. Similarly to P the distribution function
f has a probabilistic meaning depending on how it is gauged:

1 i) probability density
/ ft,x,v)dvdx = ¢ N  ii) particle density
B JR Nm iii) mass density

For X € B and V C R? the integral

/X/Vf(t,x,v)dvdx

permits the following interpretations:
i) probability that all N particles are in X x V,
ii) expected number of particles in X x V,
iii) expected mass in X x V.

Here we prefer the third interpretation. If f(¢,x,v) is integrated over the entire
velocity space it gives the local mass density in space.
The evolution of the distribution function f is prescribed by the Boltzmann equation

Wf+v-Vxf =Q(f. f) (1.1)

adopting the role of Liouville’s equation. The Boltzmann equation becomes quickly
comprehensible by a short reasoning of balance: Consider for this a small volume
X x V around a point (x,v) in the phase-space. Assume that f is scaled so that
the integral over the whole phase space corresponds to the number of particles.
By what effects will the number of particles change in X x V over a short time?
First, some particles leave X while other enter it from the surrounding. This is
taken into account by the advective term v - Vi f. There is a total loss of particles
(with velocities in V' close to v) if v is directed parallel to the gradient. Then more
particles move into X than stream out. Otherwise, in the case of antiparallel v and
V«f, the reverse process happens and X experiences a total gain of particles.

1A mnemonic might be: u abbreviating the Greek word péros = single.
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Second, the particles collide with each other changing thereby their velocities which
causes a gain and loss of particles in V. It is the right hand side Q(f, f) that has to
model this effect. The double argument indicates that the collision term depends
quadratically on f, which makes the Boltzmann equation nonlinear!'. Explicitly,
the collision term is given by an integral operator reflecting the specific dynamics
of the particle interaction (elastic collisions).

In the presence of external forces K (gravitation) there is a further addend K-V f
appearing on the left hand side of the Boltzmann equation (1.1). This term accounts
for the acceleration of the particles due to K.

Moments and collision invariants

The transition from the mesoscopic distribution function f to macroscopic quan-
tities is managed by the computation of moments'?>. Moments of 0%, 15t and 274
order are of direct physical meaning:

1 — p(t,x) = [ps f(t,x,v)dv  density of mass
(Vz,vy,v:)  — (pu)(t,x) = [V f(t,x,v)dv  density of momentum
sIvl? = 3v* — K(t,x) = 3 [psv?f(t,x,v)dv density of energy

The conservation of mass (number of the particles), momentum and kinetic energy
in the elastic collisions of the particles manifests itself in balance equations for the
corresponding fields p, pu and pe. Before these equations can be deduced, an im-
portant property of the collision term has to be known.

A function v +— «(v) over the velocity space is called a collision invariant if it
satisfies

/H£3Q(f,f)(t,x,v) t(v)dv =0

for all possible distribution functions f. Exploiting the internal structure of the
collision term Q(f, f), it is possible to derive a functional equation for ¢ which only
permits a solution of the type

W(v) =a+b-v+cv? with a,c € R, b€ R? and v = ||v||.

By integrating the Boltzmann equation (1.1) over the velocity space, the collision
term on the right hand side vanishes as v +— 1 is a collision invariant. Then
Interchanging the time derivative 0, and the spatial nabla operator Vi with the
integration, yields the continuity equation for the mass density:

Op+ V- (pu) =0. (1.2)

M1t is remarkable that the Boltzmann equation is non-linear in f, whereas Liouville’s equation
is linear in P. The derivation of the the collision term Q(f, f) requires additional assumptions to
obtain a closed equation in f. In particular, it is assumed that the velocities of the particles are
statistically independently distributed at different times due to the collisions. This hypothesis is
known under the name of molecular chaos. It becomes more clear if the Boltzmann equation is
derived from the BBGKY hierarchy.

2Every polynomial ;i with respect to the components of v generates a moment defined by
my(t,x) := [os u(v)f(t,x,v)dv. The order of the moment corresponds to that of the polynomial.
The moments of monomials — forming a simple basis in the space of polynomials — are particularly
important.
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Similarly, one proceeds to obtain the following equations for the time evolution of
the momentum and energy densities

A (p(t, x)u(t,x)) + /]1@3 (v -Vxf(t,x,v))vdv = 0, (1.3)
Ok + 3 /RS (v Vxf(t,x,v)) v?dv = 0, (1.4)

where the Boltzmann equation has been multiplied by v and %112 respectively before
the integration is performed. The moments of second and third order resulting from
the integration of the advection term cannot be completely expressed by p, pu and
pe. Therefore we are prevented from writing down a closed system of equations for
p,u and e.

Nevertheless, further manipulations of the moment integrals make these terms more explicit and
reveal equations that cannot hide a structural relation to the macroscopic equations of fluid dy-
namics. For this we introduce the random or peculiar velocity*® ¢ = v —u where u is the streaming
or bulk velocity'®. Tt is important to note that the mean value of the random velocity vanishes:

f(t,x,v)cdv:/ ft,x,v)(v—u)dv = ft,x,v)vdv—u [ f(t,x,v)dv =pu—up=0.

R3 R3 R3 R3

This circumstance is used throughout the following computations.
So we get for the moment of second order in (1.4):

ivjdv = i — wi)(cj —uy)d
Asfvvv /H;f(c u;)(¢; —uj)dv

3
= / fuiug dv—ui/ fei dV—Uj/ fei dv+/ feicjdv
R3 R3 R3 R3

= / fusu; dv+/ feic;dv
R3 R3
= pUiUj + Pij.

The second integral is referred to as (the component ij of) the stress tensor, which is evidently
symmetric.
In an analogous manner we proceed with the energy density x:

m:%/]};Sffdv:%/Rsf(C—u)'(c_u)dV

:% fczdv—u- fcdv+%u2/ fdv
R3 R3 R3

= pe + %puz. (1.5)

Obviously, the density of energy splits'® into two parts: The first one is attributed to the ran-
dom motion of the atoms while the second one represents the kinetic energy of the macroscopic
convection. e is called the specific internal energy.

13Sometimes also called individual velocity.
1 Also called collective or drift velocity.
5This splitting is related to the formula of the variance: Var(X) = E(X?) — (EX)?
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Let us now tackle the moment of third order in (1.4) corresponding to the energy flux:
%/ fo’v;dv = %/ fu+c) - (utc)(ui+c)dv
R3 R3
= %/ f @ +2u-c+ ) (ui +c)dv
R3
— %pu2ui + peu; +u - / fecidv + % / fCQCi dv
R3 R3

3
= LpuPu; + peui + 3 paw + gi.
=1

The last line shows that the energy flux is composed of different terms allowing a clear interpreta-
tion: The first and second one are the convective transport of macroscopic kinetic energy and of
internal energy. In contrast, the third term reflects the work done by stress forces (acceleration)
and the fourth one may be considered as heat flow.
Now, using these results, equations (1.2), (1.3) and (1.4) can be written in the following conservative
form, which has the structure: the time derivative of a quantity is equal to the negative divergence
of the corresponding flux.

3
Ao+ 30, (pug) = 0 (1.6)
pE
3
Oc(pui) + _Zlazj (puiuj + pij) =0 (1.7)
p2
1 2 3 1 2 3
O (30 + pe) + 320, (0w + pews + S pjius +;) =0 (1.8)
j=1 j=1

It is possible to derive evolution equations for p;; and g; from the Boltzmann equation in the same
way as it has been done for p,u and e. However, the fluxes of these equations contain moments of
third and fourth order. This requires further evolution equations involving even higher moments.
Actually, the system cannot be closed in this way. Therefore the above equations are practically
useless as long as we lack additional information about the distribution function f, that would
allow to compute the unknown moments.

The equilibrium

Although we are primarily interested in non-equilibrium states of fluids, the equilib-
rium states are of utmost importance. This is due to the fact that the system starts
to approach an equilibrium as soon as it can evolve bare of external constraints. As
mentioned earlier, equilibria are steady and spatially homogeneous states. The dis-
tribution function feq of an equilibrium is derivable from the Boltzmann equation,
noticing that the left hand side 0 foq + V - Vxfeq vanishes due to the stationarity
and homogeneity of foq. In order to be a solution of the Boltzmann equation, this
entails immediately that Q(feq, feq) = 0 representing the determining equation for
feq- Once again, it is possible to extract from the collision operator @) by a detailed
analysis that f., must have the general form

feq(v) = expla+b- v+ cv?) (1.9)

with @ € R,b € R? and ¢ < 0 to be integrable. The proof of (1.9) is based upon the
derivation of the collision invariants. (1.9) can be brought into a form reminding
of the famous Mazwell distribution which is derived in statistical mechanics also by
other methods (ensemble theory):

feq(v) = M(v) = aexp (= Bllv — w]]?).
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To assign a concrete meaning to the constants a, 3 > 0 and w € R3, the macro-
scopic moments of M must be computed.

For this, the subsequent integrals are of great use:

oo oo
/ S Py / R Py
oo B oo 2V B8

As the zeroth moment should yield the density p, we find for «

p:/ ae PP gy = o (w/B)3 = a = p
R3

VIB

Using this result we conclude from the the first moment integral
pu = a/ ve AIv=iIF gy = a/ (z —|—W)efﬁ|le2dz =aw\/(r/B)? = u=w
R3 R3

In order to obtain the Maxwellian in the usual form we must give a preliminary remark concerning
the temperature. This quantity is defined via the average energy of a particle due to its random
motion. More precisely, if f (c) is the probability for a particle (of mass m) at some point in time
and space to have the random velocity c, then the instantaneous local temperature T is defined
by the equation %k:BT = %m ng ch(c) dc with kp denoting the Boltzmann constant. Now this
probability is just given by f(¢,x,¢c+ u)/p(t,x). Hence we obtain

%kBT:ﬁ/ Af(-, - e4u)de
2p R3
m 2
= — o v)d
5 [ v =l s vy av
= ﬂ |:/ v2f('7'7v)dv—2u'/ Vf(-,-,V)dV—F/ u2f('7'7v)dvj|
2p [Jes R3 R3
= % [%pu2 —|—pe—pu2 + %puz] = me,

which relates the temperature with the internal energy. Now, let us attack the moment of the
Maxwellian pertaining to v?:

5 _ a2
a v2e AlIv=ull® g4y
R3

R2

N|=

%qu + pe =

=0

——
2 2 2
= %a/ e P dz + au~/ ze P dz + %auQ/ ze % dz
R2 R2 R2
2
= %a/s e P dz + %puz. (1.10)
R

Computing the remaining integral

2
/ Pe P dz :/ (21 + 2 +Z§)efﬁz%efﬁ%efﬁzf§ dz =3 </ Czefﬁgde) </ efﬁ(de)
R3 R3 R R

_ %ﬂ3/2ﬁ75/27

we obtain from (1.10) using the expression for o and the relation between e and T

m

_ 3 3/2 5—5/2 _ 351 _
pe=qar™’"j3 = e=3p = ﬁ*m'

Thus the Maxwellian becomes

3/2
— qeBlv—ul® _ p —Bllv—ull® _ m m 2
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It is clearly seen that the equilibrium distribution — in the form of a Maxwellian'® — is uniquely
defined by three independent macroscopic parameters, p, u and 7.

A short remark about the long time behavior and the H-theorem

It is a fundamental physical observation that every system, being decoupled from
interaction with the outside world, begins to relax into an equilibrium state. This
behavior seems to be included in the dynamics described by the Boltzmann equa-
tion. Indeed, it has been proven that at least under restrictive conditions the
solution of the Boltzmann equation (1.1) converges (weakly) to a Maxwellian while
conserving mass, momentum and energy. The space-homogeneous case is discussed
in [8] (6.4, page 182), for further results the references therein may be consulted.
It should be remarked that the long time behavior of the distribution function is also
backed by the so-called H-theorem!” which was historically the first clue indicating
the important role of equilibrium states.

Final step to derive the Euler equations for inviscid flow

Due to the tendency of the distribution function f to relax into the equilibrium, there are many
situations where f is close'® to a so-called local Mazwellian

M (p(t,x),u(t,x),e(t,x);v) = % exp ( — Fix)ﬂv - u(t7x)||2)

with space and time depending macroscopic fields. With the ansatz
F(t,x,v) = M (p(t,x), u(t, x), e(t, x); v)

the quantities p;; and ¢; in (1.7) and (1.8) can be computed explicitly in terms of p, u and e yielding
thus the necessary closure relations. The following equations are found:

pij = (3pe)di;  and ¢ =0.
In order to write the fluid-dynamic equations in the familiar form we need to introduce the pressure
p. This quantity is defined as the isotropic part of the stress tensor, such that the equation
pij = pdij + 04 holds true with a traceless anisotropic part (o;;). Hence'®

3 1
P=32pi= g/ fédv. (1.11)
i=1 R3

16 Analogously, the Gaussian normal distribution (being constructed by the same kind of expo-
nential function) is uniquely defined by the normalization condition (0'® moment), the mean value
(1** moment) and the variance (2"¢ moment).

"Multiplying the Boltzmann equation with (1 + log(f)) (assuming f > 0) and integrating over
v € R? yields

L [ FL0g(F)AV + Vic - [y Flog(F)vdv = [ log(F)Q(S, fdv,

where we have used the identity log(f)8:f = 9:(f + flog(f)) (holding analogously for the nabla
operator) to put the derivatives out of the integral. Furthermore, the fact of 1 being a collision
invariant has been exploited. Thanks to Boltzmann’s inequality (which is verified for the BGK
collision operator further below) the right hand side is < 0. Integrating spatially over the box B, it
can be shown under appropriate boundary conditions (to get rid of the Vx-term) that the quantity
H(t) := [g [us f(t,x,v)log (f(t,x,v)) dvdx is monotone decreasing or equivalently < H(t) < 0,
which is the central statement of the H-theorem. Observe that H corresponds to the Shannon
entropy in information theory, if f is seen as probability density.

18This can be justified by asymptotic expansions.

¥The formula admits a simple motivation based on the model of hard sphere-like particles.
By its internal pressure the gas exerts a force onto the walls of the box confining it. This force
is generated by the exchange of momentum, when the particles are reflected at the wall. For a
particle of mass m hitting the wall perpendicularly (with velocity ¢) the momentum transmission
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Comparing this with equation (1.5), defining the internal energy e, we infer the relation
p=3pe, (1.12)

which is known as the state equation of the ideal gas. Hence, the system (1.6), (1.7), (1.8) attains

a closed form
Op+V-(pu)=0

d(pu)+ V- (pu®u)+ Vp =0 (1.13)
Ou(tpu® + pe) + V- (%PU2U+ pequPU) =0

if p is eliminated by e employing (1.12). These equations are known as the Fuler equations in
conservative form?® for inviscid (non-viscous), compressible flow. It should be observed that a
local Mazwellian constructed by the solutions of the Euler system is generally not expected to be
a solution of Boltzmann’s equation. The above system — although deduced from the Boltzmann
equation — is not equivalent since it is constituted only by the three lowest moment equations which
do not comprise the full dynamics of Boltzmann’s equation.

The BGK relaxation model

Due to the complicated nature of the collision operator @), various simplifications
have been proposed, which are known as collision models. The most prominent
among these alternatives is the BGK model' retaining two key features of the
original collision operator:

I) The existence of the collision invariants 1,v and v?.
IT) The tendency of an arbitrary distribution to relax into an equilibrium.

For a distribution function f, the BGK collision operator J(f) is explicitly given
by the relaxation term

J(f) =7 (E(f) = )

with 7 > 0. Here E(f) denotes the local equilibrium corresponding to f. This is
computed as the local Maxwellian having at any space-time point the same mo-
ments as f with respect to the collision invariants 1,v and v?. Therefore the local
Maxwellian depends implicitly on space and time. Let us remark that this collision
operator is in a sense more complicated than the original one. Whereas the latter
depends quadratically on f, the BGK collision operator is highly non-linear due
to moments of f entering the Maxwellian. Yet, the BGK collision term drastically
simplifies certain manipulations as we will see below.

This setting automatically ensures condition (I)

[sav= [ wompgar = [ it =o

is 2mec. The number of impacts is proportional to the density of the particles and their velocity.
Statistically, around one sixth of the particles have a velocity pointing orthogonally towards the
wall. This explains the integrand in (1.11) including the factor % and the quadratic dependence
on c.

208trictly speaking the pressure must be integrated into the divergence term. Applying the
product rule and substituting e by 7', the compressible Euler equations are frequently given in the
following form: ~ 8:p+V-(pv) =0, du+(u-V)u+p 'Vp=0, 6T+ (u-V)T+2TV-u=0.

2'Introduced by Bhatnagar, Gross and Krook.
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where «(v) stands for one of the collision invariants. Requirement (II) is easily
checked in the case of a space-homogeneous distribution function f(¢,x,v) = f (t,v).
Then p,u and e are space-independent as well. Moreover, these quantities must be
constant in time, too. This is seen by multiplying the BGK equation 0, f = J( f)
with each of the collision invariants and integrating over v € R? leading to d;p =
0,0pu = 0 and de = 0. Since p,u and e are only numbers (constant functions)
E(f) = Mpu.(v) does neither depend on time nor space. Thus the BGK-equation

degenerates to an ODE for f
f(t.v) = 1 (Mpue(v) = f(v)).
with v as parameter. The solution is
F(t.v) = FO,0e77 + (1= e/ "My ue(v)),

which clarifies the meaning of 7. Apparently, this parameter determines how fast
f approaches the equilibrium M, , ., justifying the name relazation time.

Likewise, it is an easy task to prove an H-theorem for the BGK collision operator.
For this we note that the convexity relation (y — x)log(z/y) < 0 holds for all
x,y € RT. Identifying # with f and M := E(f) with y, we obtain by applying the
logarithmic addition theorem

=0

0> /RS(M—f)log(f/M)dV = /RS(M_f)IOg(f)dv_/RS(M_f)lOg(M)dV'

The overbraced integral vanishes since M — f = 7J(f) corresponds to the collision
operator (up to a factor) and log(M) represents (as function of v) a special linear
combination of the collision invariants. Hence we are allowed to infer

0> /R () loa(f)dv,

which is the analogon to the Boltzmann inequality being closely related to the H-
theorem.

The Boltzmann equation with the BGK collision operator
=:Df
——T——
Oif +v-Vxf =£(M - f)
admits a formal solution by an expansion. For this we designate the left hand side
with Df where D abbreviates the material derivative 0; + v - V. Shifting terms,
we find
f=M-—7Df
=M —7DM +7*D*f
=M —7DM + 2D*M — 3 D3f.
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The second equation has been obtained by inserting the first one into itself. Then
plugging the first equation into the second results into the third one. This pro-
cess can be repeated producing a power series in 7. Its coefficients are material
derivatives of increasing order applied to the Maxwellian. An exception is the high-
est order term in 7 where the derivative acts still on f itself. For small 7 it is
imaginable that the truncated expansion (neglecting the last term containing f)
approximates the distribution function f.

In particular, we see that the leading order is given by the Maxwellian, i.e. the
equilibrium, what we have already anticipated when we have computed p;; and g¢;
in (1.7) and (1.8). Taking also the next order into account and computing the corre-
sponding moments with respect to M — 7 DM yields more complicated expressions
for p;; and g;. These result finally into a compressible Navier-Stokes equation. As a
byproduct one finds expressions for the diffusivity and viscosity. Qualitatively this
provides an understanding how these material coefficients vary with temperature
and density; quantitatively the macroscopic diffusivity and viscosity can be com-
puted in terms of microscopic parameters with a reasonable ansatz for 7 (e.g. mean
collision time = mean free path/mean velocity).

Scaling properties

Fluids occur in very different appearances: reaching from water in deep oceanic
trenches, exposed to high pressure, up to the thin gas of the outer atmospheric
layers. According to the Boltzmann equation (1.1) taking only two effects (free
flow and the collision of particles) into account, three major regimes should be
distinguished

o Knudsen gas . collisions negligible w.r.t. free particle flow
e Boltzmann gas : collisions as important as free particle flow

e Hydrodynamic regime : collisions dominate free particle flow

It is surprising that the relatively simple mesoscopic model condensating into the
Boltzmann equation is able to describe this variety of fluids with enormous dif-
ferences in physical properties (e.g. density, temperature etc.). An important tool
in this context is the scaling of the Boltzmann equation. Before we elucidate this
procedure in some more detail, let us recall under what assumptions the Boltzmann
equation has been derived.

1) The classical collision operator is based on hard sphere dynamics. This model
crudely simplifies molecular interaction, because it overlooks further degrees
of freedom where energy can be stored. Moreover, there are no contact forces
between colliding molecules as between colliding billiard balls. Instead, re-
pulsive and attractive forces between the particles of molecular size are of
electric origin (due to the charge distribution within the electronic shells)
being relevant over a certain spatial range (force field).

2) The collision term only accounts for binary collisions. This assumes quite a
low density of the fluid particles, such that ternary collisions and collisions
involving even more particles are not significant.
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3) The quadratic dependence of the collision term on the distribution function
f can only be justified rigorously, if the so-called Boltzmann-Grad limit is
considered. This couples the size?? of the particles (described by o being
twice their diameter) to the number N of particles, such that No? remains
finite if N goes to infinity. So the number of collisions per unit time and unit
volume remains constant although the density of particles increases. Since the
volume of a single particle is proportional to o we see that the Boltzmann-
Grad limit implies No® — 0 as N — co. Thus the volume occupied by the
particles vanishes in the limit.

This shows that the Boltzmann equation is especially designed for the regime of
a rarefied gas, where collisions and free flow have equal importance and where the
average distances between particles are much larger than their spatial extension. To
capture the case of a Knudsen gas, the collision term can be set to 0. Remarkably,
many aspects of the other extreme — the hydrodynamic regime — which is the most
complicated one from a microscopic point of view, are correctly described by the
Boltzmann equation too.

The natural time scale for the Boltzmann equation is the mean time elapsing bet-
ween two subsequent collisions of a particle. This time becomes very short in the
hydrodynamic regime. In comparison, the change of macroscopic quantities evolves
much slower. Therefore the macroscopic observation stretches over a very long time
interval if measured in units of the mean collision time. In order to focus on the
macroscopic evolution of the fluid, a sort of fast-motion (time-lapse) is needed which
is mathematically realized by a time scaling. To be more concrete let us shrink the
‘long’ time interval [0,e™] (with 0 < € < 1 and a > 1) to the unit interval:

te0,e ] — te0,1] f=et
f6) — fE) = fle)
Ohf(t) — ea&f’(f)

Similarly, it is possible to scale the space variable x = ¢’% corresponding to com-
pression (5 < 0) or dilation (8 > 0) of the box containing the fluid. Expressing the
Boltzmann equation in the new variables £, % and f, yields??

eaaif—l—eﬁvv,gf:C’(f). (1.14)

In view of such a parameter-dependent equation it is natural to ask how the solu-
tion of (1.14) behaves if € tends to 0 and whether there is some convergence to be
observed. Although a positive answer is expected thanks to the physical interpreta-
tion of the scaling, the limit should be rather unusual from the mathematical point
of view, because (1.14) becomes singular?* for € = 0.

22The size determines the total cross section o entering the collision integral.

23For convenience, hats above the symbols are usually omitted. The following statements hold
for a large class of collision operators satisfying certain ‘axioms’ specified in [2]. To indicate this
we write C(f) instead of Q(f, f).

2For a, 8 > 0 the limit equation is Q(f, f) = 0.



1.1. Initiation to lattice-Boltzmann methods 25

Of course, mathematical answers require more precisely formulated questions. Fur-
thermore, the statement of relevant convergence theorems is cumbersome due to
a lot of technicalities contained in their proofs. Nevertheless, it can be said that,
generally, if there is convergence of the macroscopic moments and the entropy, the
limits solve macroscopic fluid dynamic equations. In particular, the limit ¢ — 0
with a = 3 =1 is related to the compressible Euler equation (cf. theorem I of [2]).

It is interesting to note that the compressible Euler equation is not the only macro-
scopic equation extractable from the Boltzmann equation by such a limit process.
Setting o = 2 and 8 = 1 leads to the incompressible Navier-Stokes equation. The
increased exponent o = 2 that even a longer time scale is necessary to detect the
Navier-Stokes equation. Noting that the latter equation models viscous effects,
which are ignored by the Euler equation, this becomes physically perspicuous, since
viscosity represents the diffusion®® of momentum. But diffusion processes evolve
generally on a slower?® time scale than pure advection processes (as described by
the Euler equation). So a longer time interval is necessary to notice them. It is re-
markable that the additional viscous terms of the Navier-Stokes equation are found
at the expense of the compressibility.

This, however, does not mean that the Boltzmann equation would not be rich
enough to contain also the compressible Navier-Stokes equation, as mentioned al-
ready in the previous paragraph. In [2] (theorem II) the solution of an e-depending
compressible Navier-Stokes equation®” is used to construct an approximate solu-
tion?® of the Boltzmann equation. The compressible Navier-Stokes equation is
also connected to the Boltzmann equation via the Chapman-Enskog expansion as
sketched in [7] (page 110) and [8] (11.5, page 333).

Still another ansatz is presented in [2] to formulate theorem III. A background
Maxwellian M (constant in time and homogeneous in space) is modulated by a
small perturbation in the following way:

f=Mo(1+€"g.)

to solve (1.14). Under appropriate conditions, it can be shown that the limits of
the macroscopic moments of g., if existing, may be weak solutions of the incom-
pressible Navier-Stokes equation or the incompressible Stokes equation or even the

#Diffusion of momentum attenuates the kinetic energy of the collective, macroscopic motion
and transforms it into the irregular motion of individual particles. Thus it has a frictional effect.

26Diffusion is related to stochastic processes. The expected distance from the origin of a random
walker starting there at t = 0 is proportional to v/#, while the distance is proportional to ¢ for a
‘deterministic’ walker with constant velocity. During the time interval [0, T?] the random walker
covers the same (expected) distance as a deterministic walker during [0, T].

2"Due to the dependence on the perturbation parameter e this could be considered as a modified
equation. It is also possible to construct other approximate solutions by means of macroscopic
equations being independent of the perturbation parameter (Hilbert expansion).

28 Approzimate solution means that it satisfies the Boltzmann equation up to a residual that
vanishes with e¢. Theorem IT of [2] claims a residual of magnitude O(¢?). The technique of con-
structing approximate solutions, that we denote as prediction functions, is widely used throughout
this work.
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incompressible Euler equation depending on the choice of the parameters «, 3 and
~v. For « =2,0 =1 and v = 1 the incompressible Navier-Stokes equation is found,
whereas the incompressible Stokes equation is obtained for v > 1, i.e. if the pertur-
bation vanishes faster than O(e) for ¢ — 0. Remarkably, the incompressible Euler
equation turns out to be the limit equation if 1 < f,aa =8+ 1 and v = 1.

Apart from the Chapman-Enskog expansion, the so-called Hilbert expansion® (see
[7] and [8]) is useful to analyze kinetic equations like the Boltzmann equation.
We will take up the idea of Hilbert expansions in the form of reqular asymptotic
expansions. These are our major tool for the analysis of lattice-Boltzmann methods
and other numerical schemes.

1.1.2 A primer of lattice-Boltzmann methods

One of the major messages in the previous subsection is the connection between so-
lutions of scaled Boltzmann equations on the one hand and fluid dynamic equations
on the other hand. In particular, certain moments of the distribution function f
converge to solutions of the Euler or Navier-Stokes equation if the scaling parame-
ter is sent to 0. Hence f can provide approximate solutions for a variety of rather
different equations.

From the perspective of numerical methods for PDEs, this point becomes quite
interesting on condition that solving the Boltzmann equation requires less effort
than solving the fluid dynamic target equation. Now, the Boltzmann equation,
being an integro-differential equation, is generally very hard to solve because of the
six-dimensional phase space and the complicated collision operator. Furthermore
the velocity is involved as additional independent variable beside time and space.
However, it has already been mentioned that the original collision term, derived
from the physical particle dynamics, may be simplified without loosing its main
qualitative properties. It turns out that the Boltzmann equation essentially owes its
importance as an approximating tool for solving other equations to a few structural
features.

Basic idea: Finite velocity models

A drastic simplification of the Boltzmann equation is achieved by shrinking the
velocity space from R? to a discrete, actually finite set S C R3. Formally there is
not much to change: instead of v we will write s attaining only velocities contained
in §. The choice of a velocity set defines a (velocity) model. The discrete velocity

29 Although both expansions (with respect to the scaling parameter €) are quite similar, the
underlying idea is different: While the Chapman-Enskog ansatz tries to expand the parameter-
dependent equation itself (i.e. the occurring differential operators), Hilbert’s ansatz assumes a
truncated expansion of the solution that is inserted into (1.14). Another feature of the Chapman-
Enskog expansion is that it works with several time scales.
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Boltzmann equation®® becomes then
of +s- Vi =J(f), ses, (1.15)

which should be compared with (1.1). However, there is only a structural similarity
between the collision term Q(f, f) and its counterpart J(f) (collision invariants,
existence of equilibrium etc.). Furthermore the nabla operator is written without
index because here it can refer to the space variables only.

The discrete distribution function or population function f is of the kind (¢,x,s) —
f(t,x,s). Since s refers to a finite domain, it can be interpreted as a sort of in-
dex. This implies that f(¢,x,-) can be thought of as a tuple. Usually, the discrete
velocities in S are numerated. This allows the notation®' fj(¢,x) := f(¢,x,s;) for
k € {1,..,#S}. By slight abuse of notation the whole tuple (fx)x is denoted by
f too. The components are referred to as populations representing the density of
fictitious particles moving with one of the velocities in S.

Introducing three diagonal matrices S1, So, S3, where the k" diagonal entry is given
by the first, second and third component of sy respectively, (1.15) can also be written
in the form

Oif + Slaxlf + 526m2f + Sgax?)f = J(f)

This equation manifests clearly the structure of an hyperbolic system of first order
with diagonalized constant coefficient matrices. Therefore the #S equations for the
components are coupled only with each other by the collision term at the right hand
side.

From a physical point of view, discrete velocity Boltzmann equations may appear
quite weird on the mesoscopic scale. Yet, their algebraic structure and macroscopic
behavior, i.e. the evolution of averaged quantities (moments), may reveal much
resemblance to the original Boltzmann equation.

This explains why discrete velocity Boltzmann equations are of considerable interest
and offer efficient and competing alternatives for simulating macroscopic processes
(kinetic approach). The exact macroscopic behavior is determined by the collision
operator, which usually reflects physical conservation properties of some generalized
mass, momentum etc.. It should be mentioned that the application of discrete
velocity Boltzmann equations is not limited to target equations of pure fluid dynamic
background although they constitute the largest field of applications.

Some notation

Many different velocity models are in use leading to a strongly simplified particle
dynamics. A basic requirement with respect to the finite velocity set S is the

30Here the words discrete and finite are practically used as synonyms; so one may also say
finite velocity Boltzmann equation. But mostly we will speak of the lattice-Boltzmann equation
with regard to our focus. Due to historic reasons, some people reserve this term for the discrete
equation (1.34), which we refer to as the lattice-Boltzmann algorithm or scheme.

31In some situations the velocities are directly used as indices. This is particularly advantageous
if the Boltzmann equation is considered in one space dimension because then the velocity vectors
are signed numbers.
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invariance under reflection at the origin (§ = —S§). So it will be henceforth assumed
tacitly that —s € S whenever s € § is an admissible velocity. This means that
particles can move forward and backward®? like real particles but only in a finite
number of directions.

In the context of lattice-Boltzmann methods the most popular velocity models
generate cubic grids in R? as being subsets of {—1,0,1}% where d € {1,2,3} denotes
the spatial dimension. Examples for d = 1 and d = 2 are given in table 1.1.
However, there are also other models, for instance the hexagonal one with velocity
vectors marking the corners of a regular hexagon.

In order to distinguish different models easily, the notation®® DdP#S has been es-
tablished. The figure behind D indicates the number d of spatial dimensions while
P precedes the number #S of populations (viz. discrete velocities). Of course, this
nomenclature cannot be unambiguous (compare the D2P4 and D2P4X model in
table 1.1); nevertheless it is sufficient in most situations by virtue of the context.
Due to the invariance condition, #S is an even number, unless there is a species of
resting particles with zero velocity.

The set of real-valued functions over S is a #S-dimensional vector space F(S) be-
ing identifiable with R#S. Tts elements are denoted by sans-serif characters like f.
The standard scalar product in F(S) = R# is indicated by brackets (-,-). Fur-
thermore, s; : S — R, 1 < i < d stands for the function assigning each velocity
vector its i*" component; moreover 1 abbreviates the constant function such that
1(s) = 1 independently of s € S. The usually invalid operation a + f with a € R
and f € R#S is understood in the sense a + f := al + f. Finally, for two elements
f,g € F(S) the product fg € F(S) is defined by component-wise multiplication,
i.e. (fg)(s) := f(s)g(s). Observe also the identity (f,gh) = (fg, h).

The equivalent moment system

In the previous subsection moments were computed as integrals over the velocity
space R3. However, in the case of a discrete velocity space, the integral is superseded
by a sum over the velocities. Using the scalar product, the zeroth moment (mass
moment) as well as the first and second moments are respectively given by

<1,f>, <Si,f> and (SiSj,f> with ¢,7 € {1,,d}

Similarly, higher moments are obtained.

Since F(S) is finite dimensional, the space of polynomials in the velocity compo-
nents is a fortiori finite dimensional too (actually it is the same space). This implies
that all polynomials can be expressed in terms of #S linear independent polynomi-
als forming a basis in F(S). For the sake of an example let us consider the D2P4
model (see table 1.1). The following equations are found:

2 2 4 _ 2 4_ 2
s]+sy3=1 s;50=0, sj=5s], Sy=55.

32This condition is necessary to introduce the bounce-back boundary rule to handle boundaries.
33In most literature the letter Q is used instead of P: DdQ#S.
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A basis of F(S) is given by {1,s1,s2,s%} or alternatively by {1,s1,s2,5 —s2}. In the
case of other models, different relations are found. If the D2P4X model is chosen,
we get, for instance, siso # 0.

Consequently, moments with respect to arbitrary polynomials (elements in F(S))
can be computed as linear combinations of moments referring to a basis p1, ..., pxs
in F(S). Being a basis means that the row vectors of the matrix

pi(s1) ... pi(sss)
M = : :

P#s'(51) o pas(sas)

form a basis in R#®. Hence the square matrix M has full rank and is invertible.
So we see that the #S-tuple of moments m := Mf contains the same information
as the population function since m is converted into f by M ~tm = f.

The circumstance that the population function f can be recovered from a (finite)
set of moments is a fundamental difference to the distribution function f of the
Boltzmann equation, which originates, of course, from the finite velocity set. In
contrast, f cannot be reconstructed uniquely by the knowledge of a finite number
of moments. The existence of an infinite number of moments needs additional as-
sumptions on f and even then, the reconstruction remains a rather delicate question
(moment problem).

It is possible to transform the finite velocity Boltzmann equation34
d
Of + ) Si0y,f = J(F) (1.16)
i=1

into an evolution equation for the moment tuple m. Setting f = M ~'m and multi-
plying the equation by M from the left yields

d
Oym+ Y MS;M ™ 0pm = MJ(M ™ 'm). (1.17)
i=1
This system is known as the equivalent moment system. Generally, it is less decou-
pled and therefore more complicated than (1.16) because the matrices MS; M ! are
full. On the other hand (1.17) tells much about the macroscopic behavior (physical

interpretation) if the moments are well chosen?®’.

Lattice-Boltzmann collision term

Lattice-Boltzmann equations represent a special class of discrete velocity Boltz-
mann equations. Their collision operator is of relaxation type tending to relax the

. d
34Observe that we could also write Zsi&cif replacing thus the diagonal matrix S; by s; € R#S,
i=1
Note that the diagonal matrix S; acts as linear operator F(S) — F(S) which can be equally
represented by a multiplication in F(S).

35¢f. the paragraph: The kinetic approach — presentation of an example on page 32
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population function f towards a local equilibrium E(f).

A=11 BGK
J(f) = A(E® - ) { A=M"'AM MRT

The most simple form of J is given by the BGK operator. The collision(relaxation)
time 7 determines the significance of the collision term; the smaller 7 the more
dominant it becomes.

It turned out by numerical experiments that better results are obtained by a multiple
relazation time (MRT) ansatz (cf. [13]). If the lattice-Boltzmann equation with the

BGK collision is transformed into its equivalent moment system,

#S
dm+ > MS;M0ym = 771 M(E(M™'m)— M "m)
1=1 repl. by A

it may be reasonable to assign different relaxation times for certain (groups of)
moments. So 77'1 is replaced by a general diagonal matrix A with positive en-

tries. Back-transformation of the equivalent moment system leads to the matrix
A= M"TAM.

The equilibrium is the core part of the collision operator, because it defines how the
populations are coupled with each other. This influences the macroscopic behavior
of the artificial particle dynamics and thus the (macroscopic) target equation that
is to be described by the kinetic approach. Generally, the equilibrium is given
as a function of certain moments and the discrete velocities. These moments are
related to quantities figuring as central variables in the target equation. For concrete
examples table 1.1 can be consulted.

Lattice-Boltzmann velocity models

Table 1.1 compiles in the leftmost column some important velocity models in one
and two space dimensions. All presented 2D models are compatible with quadratic
grids. The second column lists the designation that we use to refer to them.

The D1P2 model has only two velocities (—1,1). Adding a rest population yields
the D1P3 model, which can be used with a weight function parameterized by 6 > 1.
For 6 = 1 the D1P3 model passes over to the D1P2 model. In analogy to the D1P2
model, the D2P4 and D2P4X model can also be equipped with a rest population
resulting into D2P5 and D2P5X model respectively. A combination of the D2P4
and D2P4X model leads to the D2P8 model, which becomes the D2P9 model if a
rest population is added.

One might be tempted to assume that 2D models are build up by 1D ones. So the
D2P4 ’velocity star’ is undoubtedly obtained by crossing two D1P2 ’dumbbells’.
Indeed, 1D and 2D models are connected with each other if certain symmetry con-
ditions are satisfied (see next section).

The fourth column of the table contains a suitable equilibrium for each model. &
is given as function of macroscopic quantities related to moments of the population
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41—o—>2 D1P2 V=T E(u,s) = %U(1+6a3—627'0) q(S) — %q
li—si—i DIP3 |v=73 E(u;s) = w(s)u (1 +ebas—e*7e) | q(s) = w(s) q

D2P4 | v = E(u;s) = %u(1+2es-a—e27'c) q(s) = iq

IR

D2P4X | v=71 | E(u;s) = tu(l+es-a—é’re) q(s) =

W=
K

E(p,u;s) = 3w(s)s-u + ..

D2P9 | v= + w(s)e [3p+9(s-a) (s-u)—3a-U}

Wl

Table 1.1: Overview of some popular velocity models being also called 'velocity stars’.
The equilibrium operator E(f) occuring in the lattice-Boltzmann equation is in the first
four cases (from above) explicitly given by E(f) := £((1,f);:) € F(S), while in the

last case it becomes E/(f) := E)(i(l,ﬂ7 (g;g), ) e F(S).

function (u,p,u) and the discrete velocities (s,s). In particular the dependence on
the scaling parameter € should be noted.
In conjunction with the lattice-Boltzmann equation in parabolic scaling

Of +e s - Vf=ew(E(f) —f) +q
the following target equations are obtained:

ou + Or(au —vozu) + cu = q D1P2, D1P3
ou + V-(au—vVu) + cu = ¢ D2P4, D2P4X
ou + a-Vu — vAu = -Vp+q, V-u=0 D2P9

The first and second target equation respectively represent a 1D and 2D diffusion
advection equation with a linear reactive term cu. The variable u may be inter-
preted as density or concentration. It is associated with the mass moment (1,f),
that converges to the solution of the corresponding target equation as € tends to 0.

The D2P9 model is complex enough to set up an equilibrium function leading to
the Oseen equation®. In comparison to the scalar diffusion-advection equation the
Oseen equation represents a system comprising the incompressibility condition and
two evolution equations for both of the velocity components. For a = 0 the Stokes
equation is obtained. In this context the zeroth moment (1, f) is associated with the

36The Oseen equation is obtained as a linearization of the Navier-Stokes equation. So the
nonlinear advective term v-Vv is substituted by (a+u)-V(a4+u) = a-Va+a-Vu+u-Va+u-Vu.
Here u is considered as a small disturbance superposing the given velocity field a. Therefore the
term quadratic in u is neglected. Moreover, if a is constant, then a - Vu survives alone among the
four addends.
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pressure p whereas the first moments (s;, f), (s,,f) are connected to the respective
components of the velocity u.

The correspondence between sources of the target equations ¢,q and the pertain-
ing source terms of the lattice-Boltzmann equation is provided by the rightmost
column of table 1.1. Finally the third column summarizes the relation between
the relaxation time 7 and the diffusivity or viscosity v. In the case of the lattice-
Boltzmann algorithm, the relation is modified in so far that 7 must be replaced by
T — % which requires 7 > % to obtain a positive v (otherwise the target equation
becomes ill-posed).

The kinetic approach — presentation of an example

In the previous subsection it was shown that the Boltzmann equation is related to
the compressible Euler equation of fluid dynamics being the prototype of a non-
scalar conservation law. In this paragraph we want to illuminate by a simple ex-
ample how the equilibrium function for a discrete velocity Boltzmann equation is
constructed in dependence of the target equation and why the (hyperbolic) scaling
comes into play. Furthermore we want to discover the affinity between the kinetic
formulation (using a discrete velocity Boltzmann equation) and a relaxation ap-
proach.

Let us consider a one-dimensional conservation law that is given by the subsequent
evolution equation for some conserved macroscopic quantity p:

Op+ f'(p)dep =0 or alternatively  dyp + 9. (f(p)) = 0. (1.18)

The second equation (the so-called conservative form) fits exactly to the type of
equations being accessible by a kinetic approach. Now the following steps are to be
done:

e decide upon a discrete velocity model,

e associate the occurring macroscopic quantity p with a moment of the popu-
lation function f, which should approximate p,

e construct a suitable equilibrium function depending on the chosen moment.

Here we select the D1P3 model (see table 1.1) endowed with the weight function
w(-1) =, w0)=%  w(l1)=4 wheref > 1.

p shall be approximated by the mass moment ¢ := (1,f). The equilibrium operator
should be represented by a function of ¢ such that E(f) = £(p) € F(S). For a
heuristic reasoning let us assume that under certain circumstances the population
function is close to the equilibrium, i.e. f &~ £(p). Plugging £(p) for f into the
lattice-Boltzmann equation

Of +50,f = L(E(f) — f) (1.19)



1.1. Initiation to lattice-Boltzmann methods 33

and taking the mass moment yields

O(L,E(0) +0:(s.£(0) = (1, B(E(0)) — (o).

To connect (1.19) with the conservation law (1.18), we require this equation for p
to be equal to (1.18). This provides the following conditions for £:

(1,£(0)) = o (s,€(0)) = f(o). (1.20)

The first condition also assures the vanishing of the right hand side since by defini-
tion of the equilibrium operator E(f) = £((1,f)) and hence

E(E(0)) = E((1,E(0) = E(0) -
In this situation an appropriate equilibrium function can be guessed®”:

E(0) = ow + 0. f(0)sw.

Both conditions in (1.20) are immediately verified for £ using the structure relations
(1,w) =1 and (1,sw) = (s,w) = 0.

In order to set up an equivalent moment system we take the monomial basis {1,s,s?}
of F(8) and introduce two further moments besides o:

(1,f) =0, (s,f)=:0, <52,f> =Y.

So we are lead to the following equivalent moment system:

8t9+8x¢ = 07
0 + Opx = %(f(@) —¢)a
Ox+ 0.0 =21(30—x).

Setting ¢ = f(p) in the first equation would just result in the conservation law
for o. However, according to the second equation, which can be solved for ¢, we
find ¢ = f(0) — 7(0¢d + Orx). Thus we get ¢ ~ f(p) if 7(0p + Orx) is small.
This might be enforced by introducing a scaling parameter € > 0 and setting ¢ =
flo) — eT(Orp + Ozx). Proceeding similarly with the third equation (in the first
equation nothing has to be done) yields the scaled equivalent moment system

pertaining to

Of +s0,f = L(E(f) —f). (1.21)

€T

37The coefficients of £(p) (represented in a given basis, e.g. with respect to {w,ws}) are deter-
mined by solving a linear system.
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This is the lattice-Boltzmann equation in the so-called hyperbolic scaling. Its so-
lution f as well as the moments p, ¢ and y depend on the parameter e. Assuming
that they remain bounded if € tends to zero, the above reasoning shows that o
solves the conservation law (1.18) with a small extra-term vanishing with e. Under
further assumptions (e.g. equal initial conditions, uniqueness of the solution etc.)
it becomes very plausible that ¢ converges, indeed, for € | 0 to the solution p of the
conservation law.

There is another issue that we have not yet touched. Why should one be interested
in this limit?

It seems as if one problem (solving (1.18)) has been replaced by another problem
(solving (1.21)). Moreover, (1.21) involves three variables — the three population
functions contained in f — while (1.18) has only one unknown. Thus (1.21) written
in components38

Of_1 — 0,f1 = %(5((1,6) —f_l)

Ifo = (1) —fo)

Ofr1 + O0.f41 = %(5((1,6) —f+1),
appears even more complicated than the original problem. This, however, is not
really true, if the structure of the equations is carefully taken into account. Notic-
ing that the nonlinearity of the conservation law is hidden inside the equilibrium
operator, the nonlinear term f’(p)9,p is modified in so far, that it does no more con-
tain the derivative of the unknown. Furthermore the left hand side is purely linear
and of particular simplicity due to the decoupling of the populations. This makes
the kinetic formulation of the conservation law by the lattice-Boltzmann equation
quite attractive for numerical methods. The price for this structural advantage
consists in an inflation of the number of unknowns (here by the factor 3). Nev-
ertheless lattice-Boltzmann methods have gained significant importance for more
complicated equations (fluid dynamics) than for the one-dimensional conservation
law.

Relazation methods due to [29] are based on the same idea: to ‘buy’ a simplification
at the cost of an increasing number of variables. Thus a second variable, the flux
¢ := f(p), is introduced. In order to obtain an evolution equation for both variables
a slight perturbation is added:

B Z?tg + 8x¢ =0
Op+ Onp =0 } o ! Ob+0r0) = flo)— o
N (98 + :0)

perturbation

Obviously derivatives and variables are arranged crosswise. To simplify the left
hand side further, one may ask for a transformation separating the variables. For
this, let us write the system in the following way

(2%) @) =Ltrus(() with RHS((9))= (-0

=:D

%8 Here we use the three discrete velocities of S = {—1,0, 1} as indices.
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So we seek a linear variable transformation (g) =T (f:) with an invertible 2 x 2
matrix 7" and another invertible 2 x 2-matrix R such that the transformed system

RDTf=1R RHS(TY) (1.22)

becomes diagonalized on the left hand side. Now, D is a symmetric matrix implying
its diagonalizibility. The eigenvectors of an arbitrary symmetric 2 x 2 matrix are
G) and (_11) Setting

the transformed system (1.22) becomes finally

[ (for+fp) — 1 (for+fr1) — f_l],

Of_1— 0.f_1 = 1[3 5f
[$(Fo1 4+ fy1) + 5 F(Fo1 + ) — Fa].

Of 11 + 0.1 =

A= o=

If we define the equilibrium function £(p) := %g—i— %f(g)s with o =f_1+f1 = (1,f),
we just recover the BGK lattice-Boltzmann equation (with 7 = 1) referring to the
D1P2 model and the weight function w(—1) = w(1) = %

It seems as though we spared the introduction of an additional third variable with
respect to the kinetic approach. However, this impression is deceiving since we
could have started directly with the D1P2 model. The additional flexibility of the
D1P3 model is optimally used for the kinetic formulation of a system of two con-
servation laws (e.g. wave equation for sound, 1D waves in compressible media). It
should be noted that the D1P2 model ensues from the D1P3 model in the limit of
0=1.

In summary, the example teaches that the kinetic ansatz and the relaxation ansatz
appear as two sides of the same coin. Both give rise to the same (approximate)
reformulation of the conservation law. The lattice-Boltzmann equation may be in-
terpreted as a particularly clever way of writing down a relaxation system. But
this presupposes also a special structure of the original equation which might not
be always available. Therefore the kinetic approach is subsumable into the larger
field of relaxation methods.

The kinetic approach is extendible to balance laws generalizing the class of con-
servation laws. Thus, dissipative terms can be incorporated too. This requires,
however, the parabolic scaling (compare the relation between the Boltzmann equa-
tion on the one hand and the compressible Euler or the incompressible Navier Stokes
equation on the other hand, shortly described at the end of the previous subsection).

In general, the more complex the desired target equation the more complex the
velocity model must be chosen to gain enough algebraic flexibility. Reference [31]
deals with the systematic construction of equilibrium functions for discrete velocity
Boltzmann equations.

Although two-dimensional velocity models are not further treated in this thesis, we
exemplarily discuss the calculation of the structure relations for the D2P9 model in
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the next paragraph. Their knowledge is fundamental for the asymptotic analysis of
lattice-Boltzmann algorithms, which uses Taylor expansions and regular asymptotic
expansions as additional analytic tools.

Structure relations of discrete velocity models

For the design and analysis of lattice-Boltzmann methods the structure relations of the underlying
velocity model are important to know. These are given as tensorial products of the discrete velocity
vectors:

R, = S®...0s T = w(s) s®...®s. 1.23
526; n times Sze‘:s ( ) n times ( )

The weight function w € F(S) occurring in T;, corresponds to the equilibrium in the ‘state of rest’,
which is a discrete analogon to the normalized Maxwellian with zero bulk velocity. It should be
noted that w permits also an interpretation from the perspective of finite differences®®. In the
designing process of lattice-Boltzmann equations w must be appropriately chosen together with
the underlying velocity model and the general equilibrium.

Exemplarily, we want to compute the structure relations 7;, for the D2P9 model being the most
complicated one in table 1.1. For fluid dynamic applications (Navier-Stokes) it is usually combined
with the following weight function:

rest velocity: w ((8)) = %
axis-parallel velocities: w (((1))) =w(())) = W((Bl)) =w((%)) = 3
diagonal velocities: w ((})) = w((]l)) = W((j)) = w((fl)) = %

Observe that by reason of isotropy (no preferred directions) w(s) = w(—s). Moreover, w depends
only on the speed, i.e. on the norm of the velocity vectors.
The components of the tensor can be computed as scalar products

Thiay...an = (W,Sa;-Sap ), (1.24)

which are just the moments of the weight function w. Generally, the commutativity of the prod-
uct in F(S) (resulting from the commutativity of multiplication in R) entails that the numbers
Tnia;...an, remain equal if their indices are permuted. Moreover, the tensor components are invari-
ant with respect to a cyclic change of their indices. In the case of the two-dimensional D2P9 model
this means that every index equal to 1(z) is set to 2(y) and vice versa. The justification of this
isotropic property is a little bit less obvious and a proof is given below.

Thanks to these observations, it is sufficient to verify the subsequent relations*°

(W,sa) =0 (W,5a53) = 2005 (W,SaSgsy) =0 (1.25)
(W, 50535v55) = 5 (0ap0ys + Oar03s + 6as0as)

by checking only a few index combinations and by testing the right hand side with respect to the
index symmetry relations of T}, which are obviously satisfied. It is easily seen that

Tl;:m T2;acam TQ;:cy7 TS;:cacx7 TS;:cacy7 T4;acacacx7 T4;zcacmy7 T4;acmyy

agree with the corresponding right hand side. Equation (1.25) gives rise to the assumption that
all tensors of odd rank 741,73, 75, ... must vanish. In fact, this is a consequence of the invariance of
S under reflection.

39Tf we consider the velocity set as stencil of a difference operator, it turns out that the weight
function is related to the coefficients of a stencil discretizing the Laplacian. An interesting link
between the kinetic and numeric perspective is that the fundamental solution of the heat equation
(containing the Laplacian) is an exponential function of the same kind as the Maxwellian.

405ag denotes the Kronecker delta, being 1 for « = 8 and 0 otherwise.
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Proposition 1.1. Let S be a two-dimensional velocity model satisfying S = —S and suppose
w(s) =w(—s) Vs €S. If n € N is odd, the tensors R, and T, defined in (1.23) vanish.

Proof: The assertion is shown for R,. The invariance of the tensor elements under permutation
of their indices implies the existence of ¢,j € Ng with 7 + j = n such that
Rusay,an = (L,5i5)) = > si(s) s (s).
seS
Since n is odd, either ¢ or j is odd. Let us assume without restriction that ¢ is even while j is odd.
Setting
e(s):=s.(s) and ofs):=s)(s)
and using the fact that sq(s) = —s(—s) (the negative component is the component of the negative
vector) we infer that e(s) = e(—s) and o(s) = —o(—s) because (—1)* = 1 and (1)’ = —1. Using
this and & = —S§ the claim can be verified:

Ruarocn = 3 e(s)o(s) =

seS % [SES
= % [ e(s)o(s) — Z e(S)O(—S)]
seS seS
= %[ e(s)o(s) — Z e(—r)o(r)]
seS re—3S
= % [ e(s)o(s) — Z 6(5)0(5)]
s€S ses

Observe that we have renamed the summation variable s (as being a dummy variable) in the third
and fourth line of the above computation. Hence all tensor components of R, vanish. Using the
hypothesis on w the proof proceeds analogously for T, . |

To formulate the next proposition we define the rotation matrix

D= <(1) 01>
describing a rotation of 5 around the origin. From D(‘;) = (;b) follow the relations
sz(s) =sy(Ds) and  sy(s) = —s(Ds), (1.26)
proviQded S is invariant under 90°-rotations, i.e. S = DS. Note that this relation ensures S = —S
as D* = —1.

Proposition 1.2. Suppose the two-dimensional velocity model S and the weight function satisfy
S = DS and w(Ds) = w(s) Vs € S respectively. Then the moduli of the components pertaining to
the tensors defined in (1.23) are invariant with respect to a cyclic change of the indices.

Proof: Let Ty a,...,a, and Ty 5,....,3, two tensor elements such that Sy =y if ox =z or B ==
if ap =y for k € {1,...,n}. We have to show

Toarseanl = [Tni el (1.27)

Thanks to the invariance under permutation of indices, both of the tensor elements permit the
subsequent representation with some 4,5 € No,i + j = n:

Tnarian = D W(S)$(8)S)(s)  Tuprisn = D w(s)si(s)sy(s).
seS seS
Starting with T a,,...,an, applying (1.26) and employing the hypothesis we obtain:

Y w(s)si(s)s)(s) = D w(s)s,(Ds)(~1)’s}(Ds)

sES seS

= (=1)" Y _w(s)s(s)si(s) (1.28)
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The last line corresponds to Th 3, ,...,3, up to the sign. |

n

In the case of the D2P9 model proposition 1.2 does not only hold with respect to the moduli but
for the tensor elements themselves. The reason for this lies in the circumstance that the model
contains only velocities parallel either to the axes or to the diagonals. In particular this entails the

relations S om Y 2n ()2
st (s) = q*"(s)sa(s)  s2"F2(s) = q*"(s)s2(s)
ST s) = 0™ (8)sy(s) s H(s) = 0 (s)si ()
with q(s) := max {[s(s)],|sy(s)|}. From this the equation
s (s)sy" (s) + ST (Ds) sy (Ds) = 0 (1.29)
ensues, being equivalent to
o q2m+2n(s) so(8)sy(s) + q2m+2"(Ds) se(Ds)sy(Ds) =0

o q2m+2n(s) s2(3) sy (s) — q2m+2n(s) sy(s)sz(s) =0 (true)

by the above relations. So we can finally conclude that Ty q;.....a
j are both odd (note that this enforces n to be even!) because:

3 w(s)si(s)s) (s) = % 3 [w(s)sfc (8)s)(s) + w(Ds)si (Ds)s;(Ds)]

s€S s€S

= 53" w(s)[sh()s)(5) + st (Ds)s) (Ds)]

s€S

and T}, g,,....3,, are zero if ¢ and

n n

o,
Thus, three cases have to distinguished:
i) n odd = (1.27) holds without moduli since both sides are 0 (cf. proposition 1.1).

ii) n even but ¢,j odd = (1.27) holds without moduli since both sides are 0 (special situation
satisfied by the D2P9 model).
iii) n even and 4,5 even = (1.27) holds since (—1)? =1 in equation (1.28).
Eventually, this shows the isotropic property for the D2P9 model. Of course, it would also be
possible to verify it directly using the relations s =s> =s° = ... and s* = s* =s® = ... and checking
all possible monomials (which are not very much). However, we have preferred to ‘fathom’ the
deeper structural reasons also with regard to other velocity sets.

Let us finally give a basis for F(S) if S corresponds to the D2P9 model:

1, sz, sy, (conserved quantities: mass, momentum)
s2, 557 SzSy, (moments related to stress quantities)
sisg, szsg, sisg, (no direct physical interpretation)

The meaning of the associated moments in a fluid dynamic context is indicated in parenthesis.
Usually it is more convenient to work with an orthogonal basis with respect to the scalar product
generated by w, i.e. (wpg, p;) = 0 for two different basis functions pg, p; € F(S).

In order to compute the equivalent moment system (or to perform the asymptotic analysis of lattice-
Boltzmann schemes using Taylor expansion), it is unavoidable to determine also grid tensors Ry, T
of rank higher than 4. However, in the case of the D2P9 model the tensor Ts is no more a multiple
of the completely symmetric, isotropic tensor!, i.e.

Toiaproen = (W,5a535v555¢Sy) 7 (0ap0ys0en + 6apdyndse + 6apdrebsy + ... ).

sum extends over all combinations of pairs

41The elements of the completely symmetric, isotropic tensor of rank 2n are given as sums, where
each addend is a product of n Kronecker deltas. The number of addends is equal to the number A,
of combinations of pairs, that can be formed out of a set of 2n elements. These numbers obey the
recurrence relation An,y1 = (2n — 1)A,, because if two elements are added to a set of n elements
then there are 2n — 1 different pairs with one of the new elements and for each of these pairs there
are A, combinations of pairs with the remaining elements. So the underbraced sum above counts
15 addends.
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This can be seen by computing T6;z0z00e = % and T6.0000yy = é, whereas the right hand side yields

15¢ and 3c respectively. Since there is no ¢ > 0 which can simultaneously satisfy the conditions
% = 15¢ and % = 3c the inequality follows. Even if equality held, the right hand side would be quite
cumbersome to work with. How to deal with high rank tensors is illustrated by the subsequent

example.

Example: A typical multi-sum that has to be computed is the following one:

() = D 0a00y05uc Y w(s)sa(s)ss(s) sy(s) s5(s) se(s) si(s).

a,B,7,6,€ ses

As the sum does not stretch over n we choose for instance n = y. Observe that the inner sum over
s is different from 0 only if the number of indices equal to z and the number of indices equal to y
are both even.

3 other indices equal to x, (i) = 4 possibilities ZSES .= % = %
1= =y { 1 other index equal to x, (i) = 4 possibilities ZSES .= % = %

all other indices equal to z, (i) = 1 possibilities ZSES .= 3;46 = %
n=y, €= 2 other indices equal to z, (i) = 6 possibilities ZSES .= 31‘6 = %

no other index equal to x, (g) = 1 possibilities ZSES .= % + 34—6 = %

Hence the searched sum is for n = y:

(¥) = 2020yus + 20:05us + £00uy + 2020, uy + 20, uy.

Fluid dynamic equilibrium functions for planar flows

As application of the structure relations we would like to cast a quick glance onto equilibrium
functions that are widely employed to simulate viscous, incompressible flows requiring the numerical
solution of the Navier-Stokes equation.

E(p,u;s) = pw(s)(1+3s-u+3(s- u)® — 3(u-u)) (1.30)
Em(p,u;s) = w(s)(3p+3s-u+3(s- u)® — 3(u-u)) (1.31)

p, u and p are physical quantities standing for the (local) density and velocity of the fluid and for
the pressure. The second equilibrium function &,, has been proposed as a modification of the first
one in order to reduce the compressibility error (cf. [25]) inherent to lattice-Boltzmann methods.

In the context of (1.30), the mass density p and the momentum density pu are related to the
moments of the population function f: p = (1,f) and pua = (sa,f). Expanding the scalar products
and introducing our notation, (1.30) becomes

E(p,u) = pw + 3puzwsy + 3puywsy

9 2 2 9 2 2 3 /2 2
+ Spuzwsy + 5puzwsy + 9pusuyWsesy — Hp(ug + uy)w.

In this form the formulas (1.25) can be applied to compute the 0" and 1°° moment of the equilib-
rium function:

<1,€(p,u)> =5 <S&75(p7u)> = pUa-
This implies that the mass and momentum density, being physically conserved quantities, are also
conserved by the lattice-Boltzmann collision operator. Correctly, £ should not be given as function
of p and u but as function of p and pu; however that makes it look more complicated.
Inserting £ into the lattice-Boltzmann equation and computing the moments with respect to 1, sz, sy
yields
(1, E) + 0:(1,5.E) + 0y(1,5,E) =0,

0,
875<SI75> + 81<517515> + 8y<5175y5> = 07
at<syvg> + Bz<sy,sz€) + 8y<sy,sy5> =0
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Using (1.25) again, the following equations are found:

Op +  Oulpuz) +  Oylpuy) =0 & Op+V-(pu)=0
2 1 _

0ulpe) + 0a(ps + ) & 0y(pe) 0} o oW+ V- (uaw) =1V

O(puy) + Ox(pucuy) + 9y(puy + 5p) =0

These are known as the barotropic or isentropic Euler equations*? with the pressure p(p) = %p.

In contrast to the compressible Euler equations (1.13) the pressure is considered as a function of
the density alone. It should be noted that the derivation of the above barotropic Euler equations
parallels that of the compressible Euler equations in the previous subsection.

To satisfy the incompressibility condition V-u = 0, is a major difficulty®® for fluid flow simulations
based on lattice-Boltzmann methods. An improvement has been brought by the equilibrium &,, in
(1.31). Proceeding with &, as above with £ leads to

30ip+V-u=0,
du+u-Vu=—Vp.

The resulting system represents a ‘hyperbolicization’ of the incompressible Euler equation d;u +
u-Vu= —-Vp, V.u=0. If the parabolic scaling is considered, it can be shown that &,, is related
to the incompressible Navier-Stokes equation (see [34]).

Derivation of the lattice-Boltzmann algorithm

In the preceding paragraphs the fundamental ideas of the kinetic approach have
been explained. Under certain conditions it is possible to formulate a given target
equation in terms of a kinetic i.e. Boltzmann-type equation. It is expected that this
formulation is more amenable to numerical solution methods.

Now we have to tackle the second step of the two-point program: the discretization
of such kinetic equations leading to kinetic schemes. These numerical algorithms
then enable the (approximate) solution by means of computer programs.

Actually, there is a great zoo of different techniques to discretize (partial) differen-
tial equations. Finite difference’ and finite element*® methods are rather universal.
They can be applied without taking the special structure of the kinetic equation

42The compressible Euler equation comprises three conservation equations: for the mass density,
the momentum density and for a thermodynamic quantity being either the specific internal energy,
the temperature or the entropy. The entropy equation is a pure advection equation with respect
to the flow field; however it is coupled to the momentum equation due to the dependence of the
pressure on the entropy. Under the assumption that the initial distribution of the entropy is a
spatially homogeneous field, the entropy remains constant in space and time as long as the other
fields are smooth. In this (isentropic) case the pressure becomes only a function of the mass
density (barotropic) and the compressible Euler system reduces to two equations for the mass and
momentum density forming thus the isentropic or barotropic Euler equation.

43The reason for this is that the incompressibility condition represents a degenerated conservation
equation that has the character of a constraint. This entails a different role of the pressure as a
variable which has to help satisfying this constraint (Lagrange-multiplier). Therefore compressible
and incompressible fluid dynamic equations are structurally different, where the first one fits better
into the kinetic framework.

4 This discretization replaces derivatives by difference quotients.

4>The point of departure for finite elements is a variational formulation based on well-defined
function spaces. The idea is to find approximating finite-dimensional function spaces which can be
used to formulate a restricted problem. The variational formulation is also useful to introduce the
notion of a weak solution.
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into account. An alternative is offered by finite volume methods, which are typically

applied in the context of balance laws?C.

In opposition, kinetic particle schemes represent a very specific possibility of dis-
cretization. They are based on the observation that the target equation is repro-
duced by taking appropriate moments of the lattice-Boltzmann equation, where a
suitable equilibrium has been inserted for the population function. The population
function is initialized by the equilibrium which is computed from the macroscopic
initial values (referring to the target equation). Each population is then advected
during a short time step according to the associated discrete velocity. After this,
at each (grid) point the moments (especially those being conserved by the collision
operator) are calculated and from them the new equilibrium is determined. Then
the population function is updated by the new equilibrium function and the process
is iterated.

This prescription yields a semi-discrete algorithm in time. A further discretization
is necessary to make it fully discrete in space (advection of the populations) and
velocity space to compute the moments and the equilibrium function.

The lattice-Boltzmann algorithm works in quite a similar way. In the following
we show, how it can be formally derived from the lattice-Boltzmann equation in
parabolic scaling. Here the equation is considered for an arbitrary but fixed popu-
lation?” fg:

Ofs + ¢ s Vg = e_2w(Es(f) - fs) + gs. (1.32)

In the case of an advective differential operator — as occurring at the left hand side
of the lattice-Boltzmann equation — the (projected) characteristic of fs is a straight
line in the time-space domain passing some point (¢,x). Its parameterization is
given by

Ra' > x— (t+x, x—l—xe_ls) — R x R?,

where the parameter y plays the role of a running time while ¢ is fixed. Now let us
integrate (1.32) along the characteristic from 0 to €2:

2

€ 62
/ [atfs(t—i—x,x+%xs)+%(s-V)fS(t+x,x—i—%xs)} dy = / RHSS(t—l—x,x—F%XS) dy.
0 0

The right hand side of (1.32), comprising the relaxation term and the source, is
abbreviated by RHSs. A sharp glance at the left hand side uncovers the integrand as
derivative with respect to the integration variable y. This circumstance permits an
exact evaluation by means of the fundamental theorem of calculus. In contrast the
right hand side is only approximately evaluable. Using the primitive left rectangle
integration rule, which is justified for €2 being small, we get

2
€ d _
/0 Ot T 6% + xe's) dy = ERHSs|, _, +O()

46Notice that the Boltzmann equation represents a balance law in the phase space.
4TComponent of f referring to s € S; it should be noticed that the argument of the equilibrium
operator is the full tuple of populations.
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and finally
fo(t + €%, x +€s) — fs(t,x) = w[Es(f(t,x)) — fs(t,x)] + 2as(t,x) + O(e?). (1.33)

The error committed by the quadrature rule is compensated by an additional term.
This term should vanish like the squared length of the integration interval, viz.
(€2)2 = €*. However, the factor ¢2 in front of the relaxation term accounts for
the magnitude of O(e?). As the population function f is expected to be quite close
to the equilibrium E(f), the difference E(f) — f should be relatively small. There-
fore the approximately integrated source term e2q(t,x) is not incorporated into this
compensation term.

Neglecting the O(e?)-term in (1.33) yields a reasonable difference equation.
Fs(t+ h?,x + hs) = Fs(t,x) + w[Es(Fs(t,x)) — Fs(t,x)] + h?qs(t,x).  (1.34)

The parameter € has been baptized h as it plays now the role of a grid spacing.
This equation determines for s € S the evolution of a discrete population function
F, which is defined on an appropriate time-space mesh 7 (h?) x X'(h) covering the
domain [0,7] x X of f. The exact structure of 7 (h?) x X(h) is also prescribed by
(1.34):

e The time grid 7 (h?) must be uniform with a step-size At = h2.

e The spatial grid X'(h) must satisfy the following property: x € X'(h) requires
x + hs € X(h) for any s € S. So the spatial grid is uniform as well, with a
grid spacing of Ax = hs in the direction of s.

Each time step of the lattice-Boltzmann algorithm consists of two substeps being
similar to the kinetic particle scheme.

e The evaluation of the of the right hand side of (1.34) which is referred to
as the collision step. This substep is a nodal operation because it can be
executed for every node without accessing the population function at other
nodes.

e During the second substep — denoted also as propagation, advection or update
step — the computed right hand sides — the so-called collision products — are
shifted to the neighbor nodes lying in direction of the associated discrete
velocity to obtain the new populations.

The essential computational work has to be done in the first substep, while the
second substep is mainly a copy process.

For grid nodes situated closest to spatial boundary 90X, suitable boundary con-
ditions must be provided. It is possible to introduce bounce-back like boundary
conditions for those populations residing at the boundary nodes that cannot be up-
dated by (1.34). However, one has to bear in mind, that the standard bounce-back
rules loses some accuracy, unless the boundary node is situated in a very specific
position with respect to 0X (half grid-spacing distance).
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It is important to note that the singular parameter e¢ occurring in the lattice-
Boltzmann equation (e.g. in front of the relaxation term) has been completely re-
moved in the discretization above. The reason for this is, that the time step At is
coupled to € in a specific way which melts two a priori independent limit processes
into a single, simultaneous limit process. Therefore (1.34) represents no consistent
discretization of (1.32) but aims directly towards an approximate solution of the
target equation.

1.2 Translational invariance and dimensional reduction

It has already been mentioned in the preceding section that 2D and 1D lattice-
Boltzmann velocity models are related to each other. In this section we exem-
plarily show how D1P3 algorithms are extracted from D2P9 algorithms. Gener-
ally, two-dimensional lattice-Boltzmann schemes result into one-dimensional lattice-
Boltzmann schemes if certain symmetry conditions are fulfilled. Therefore the lat-
ter ones provide appropriate starting points for theoretical investigations of the first
ones — not just due to structural similarities but, what weighs more, as a kind of
simplifying reformulation.

The first paragraph discusses shear flows as translationally invariant solutions of the
incompressible Navier-Stokes equation (INSE). For this class of flows it is possible
to boil down the nonlinear, two-dimensional INSE to become the linear diffusion
equation in one space dimension. The following paragraphs are devoted to the D2P9
model where we try to mimick this process of simplification. Besides the reasons
mentioned above it is interesting to check, whether the D2P9 lattice-Boltzmann
algorithm exhibits similar symmetries as those equations, that can be approximated
by it (Stokes, Oseen, Navier-Stokes).

Definition 1.1. (Translational invariance of sets and functions)

i) A subset Q C R™ is called translationally invariant with respect to the dis-
placement vector d € R"\ {0} iff: Va e R: x€Q = x+ade.

i1) Let @ C R™ be translationally invariant with respect to d. A function f: Q —
R"™ is called translationally invariant or simply constant in the direction of d
iff: Va e R: f(x) = f(x+ ad).

Obviously, translationally invariant subsets correspond to stripes parallel to d.
These sets are unbounded and do not permit a finite, reqular discretization with a
constant grid spacing. This however would be very desirable with regard to com-
puter simulations. Therefore we introduce two planar manifolds. In the following,
the constants H, L denote some positive numbers.

planar torus: 7 :=R/L xR/H  planar cylinder: %2 :=1[0,L] x R/H

The torus corresponds to the rectangle [0, L] x [0, H] where opposite sides are identi-
fied. This manifold is translationally invariant in any direction. For flow simulations
it is realized by a rectangle with periodic boundary conditions in z- and y-direction.
If only one pair of opposite sides is identified, the planar cylinder is obtained. Here
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the sides parallel to the x-axis are chosen such that the cylinder becomes translation-
ally invariant in y-direction. The cylinder models a pipe where periodic boundary
conditions are assumed at the inlet and outlet to avoid more complicated inflow
and outflow conditions.

Shear Flows

Shear flows are distinguished by the fact that the streaming velocity is everywhere
parallel to a fixed flow direction. Moreover the incompressibility enforces the veloc-
ity field to be translationally invariant?® in this direction. It turns out that shear
flows can not only be described as solutions of the incompressible Navier-Stokes
equation (INSE) but also as solutions of the simpler diffusion equation. This cir-
cumstance facilitates the finding of analytic solutions. Two prominent examples
are the Poiseuille low and the Couette low. Both are frequently used as simple
benchmarks for numeric Navier-Stokes solvers.

Definition 1.2. A solution of the INSE is called a shear flow in y-direction, if the
x-component u of the velocity v = (Z) 1s identically zero.

The incompressiblity condition Vv = d,u + dyv = 0 implies immediately that dyv
must vanish, because u and a fortiori d,u is zero by assumption. Hence, v must be
independent of y and the velocity vector v simplifies in the following way:

v(t,,y) = v(t, z) = <U (t(j$)> (1.35)

Proposition 1.3. The incompressibility condition entails that any solution of the
INSE being a shear-flow in y-direction is constant in y-direction.

We conclude that the velocity field of a shear flow is completely described by a
single scalar function of one spatial coordinate. This justifies the commonly used
term quasi-1d flow. v is often referred to as the velocity profile or flow profile.
Plugging (1.35) into the INSE leads to the evolution equation for v:

o <2> + (0+0d,)- <2> _ m@ — v
() * Cooye) = oz tan) = (o)

Noting that the nonlinear term disappears, one obtains
0=—-0,p AN Ow — 1/8%1) = —0yp.

The independence of the velocity with respect to the y-coordinate carries over to
the pressure p. This entails Vp = 0 obliging the pressure to be constant. Being
uniquely determined up to an additive constant, the pressure can be set to 0.

Evidently, the flow profile v appears as a solution of the one-dimensional diffusion
equation. The result is summarized more precisely by the following proposition.

48In principle, this requires the flow domain to be translationally invariant as well.



1.2. Translational invariance and dimensional reduction 45

Proposition 1.4. (Conservation of translational invariance)

i) Consider the IVP for the INSE in the torus . :

ov+v-Vv—rvAv=-Vp+g,
V.v =0, v(0,-) = vo.

g = () et s = () ©

there exists a global solution that is constant in y-direction, provided the dif-
fusion problem

o —vdiv=yg v(0,-) = vy
admits a global solution.

it) Consider the IBVP problem for the INSE in the cylinder % :

ov+v-Vv—vAv=-Vp+g
V-v=0 v(0,-) =vo
v(t,z,0) = wo(t, x) v(t,z,H) = wg(t, )

If (x) is satisfied and moreover for some a € R

= () =)

there exists a global solution that is constant in y-direction provided the ad-
vection-diffusion problem

O + adyv — 1/8?31) =g v(0,-) = v
v(t,0) = wo(t) v(t, H) = wg(t)

has a global solution.

Proof: The solution of the Navier-Stokes problem is obtained by setting v (¢, z,y) =

v(t,z) = (U(tox)) in first case and v(t,z,y) = v(t,z) = ( )) in the second one. =

a
v(t,x
Remark 1.1. If the given data, i.e. the initial velocity field and the exterior force,
are constant in y-direction, the solution for any IVP of the INSE on a translationally
invariant domain inherits this property. Therefore the INSE preserves translational
invariance.

Remark 1.2. Parallel shear flows are solutions of the Stokes and the Navier-Stokes
equation, since the nonlinear, convective term of the Navier-Stokes equation van-
ishes in the case of the special velocity field.
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Reduction of the D2P9 lattice-Boltzmann algorithm

Let us consider the lattice-Boltzmann scheme with the D2P9 velocity model on a
rectangular grid discretizing the torus. I,J € N denote the number of grid nodes in
x- and y-direction respectively. The populations Fy with k € {1,...,9} are indexed
as indicated in table 1.1. Moreover the Fj’s are taken as functions of the time step
index n and two spatial indices 4, j specifying the grid node the F;’s belong to:

Fr: No x Z/IZ x 7./ JZ — R.

The equilibrium £ is assumed to depend on the mass moment R (interpreted as
pseudo-density) and the moments U,V of first order (interpreted as velocity com-
ponents) like (1.30) and (1.31). For convenience we set

Ex(n,i,5) = E(R(n,4,5),U(n,i,5),V(n,i,5))  with }

(1.36)
R = Zk Fk, U .= Zk stkm7 V.= Zk stky'

The populations evolve in time according to equation (1.34) that we write in the
subsequent form:

Fk(n + 17Z>]) = (1 - w) Fk(n7Z - Skxvj - sky) + w Ek(?’L,Z - skx,j - sky) (1 37)
= Fk(n+17i+3xk7j+8ky) = (1—OJ) Fk(”)%]) =+ WEk(n7i7j) ‘

The choice of the spatial index sets Z/IZ, 7Z/JZ encodes directly the periodic
boundary conditions along all sides of the rectangular domain.

The following property of the lattice-Boltzmann algorithm is as simple as funda-
mental.

Proposition 1.5. (Conservation of translational invariance)
If the populations are initialized such that they do not vary with j, then they remain
independent of j for all iterations (translational invariance in y-direction).

Proof: The proof is done by recurrence. For n = 0 the assertion is true by as-
sumption. Let us now conclude that it remains true from the n'" to the (n + 1)
iteration:

By hypothesis of induction the Fg(n,-,-)’s on the right hand side are constant with
respect to j. Thus the Eg(n,-,-)’s do not vary with j either, since the equilibrium
is assumed to depend not explicitly on j. So it depends on j only via the moments
R,U,V being however linear combinations of the Fi(n,-,-)’s. Hence the right hand
side is independent of j and so must be the left hand side. This is equivalent to the
claim that the populations of the (n + 1) iteration are independent of j. [

Remark 1.3. Since the populations Fj are allowed to attain arbitrary real values,
the set of all admissible states pertaining to the lattice-Boltzmann scheme forms
a vector space being isomorphic to R%/”. Evidently, the subset of states which
are independent of j represents a subspace of dimension 9/. The proposition is
equivalent to the statement, that this subspace is inwvariant under the evolution
operator of the lattice-Boltzmann scheme.
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Let us suppose that the assumption of proposition 1.5 is fulfilled. Consequently, the
index j can be omitted in (1.37). Illustratively spoken, this means that the rect-
angular two-dimensional grid is replaced by a one-dimensional grid corresponding
to a cross-section along the z-axis. The accompanying one-dimensional evolution
equations become:

F1,278(n +1, Z) = (1 — w) F172,8(n,i — 1) 4+ w E1,278(n,i — 1),
Fsro(n+1,4) = (1-w)Fz79(n,i) + wEz79(n,i), (1.38)
F4,576(’I’L + 1, Z) = (1 — w) F475,6(TL,’L’ + 1) + w E4,576(’I’L,Z' + 1)

The nine populations are grouped into three triples:

the right-moving populations Fy, Fa, Fg with sg, = 1,
the resting populations F3, F7, Fg with sg,; = 0,
the left-travelling populations F4, F5, Fg with sz, = —1.

Obviously, the populations of each triple share the same evolution equation. There-
fore one might be tempted to reduce the number of populations and equations by
taking simply one equation out of every triple. However, this idea does not work
out, since the evaluation of the equilibrium requires the computation of the mo-
ments R, U and V. These, however, can not be computed by the knowledge of
three populations alone and therefore the system is not closed.

R = Fs+F,+Fg + Fi+Fo+Fg + F4+F5+Fg
U = Fi+Fy+Fs — (F4+F5+Fg)
V. = Fo—Fs + F3s—F, + F4—Fg

Actually, the full knowledge of the 9 populations is not necessary. The moments
R,U and V are available as soon as the following quantities are known:

Ap:=F +Fa+Fg Dy :=Fs—Fs R = Ay + A + A
Ag:=F3+Fr+Fg  Do:=F3—Fr =q U = Ay — A- (1.39)
A_:=F;+Fs+Fs D_:=F;—Fg V.= Dy + Do + D-

Each of these 6 linear combinations is only composed of those populations that
belong to the same triple. In order to obtain the evolution system for the new
quantities, the equations (1.38) have to be combined in the same manner. Since
R, U, and V can be expressed only in terms of the new quantities, the system is
closed. Therefore we are able to formulate the next proposition.

Proposition 1.6. Consider the D2P9 lattice-Boltzmann scheme on a rectangular
grid discretizing the torus. If the initial conditions are constant in y-direction, then
the lattice-Boltzmann algorithm can be reduced to a one-dimensional scheme using

6 instead of 9 populations without affecting the numeric values of the three moments
R, U and V.

The elimination of further populations is only possible under extra assumptions.
We distinguish between two possibilities:

i) (pure) shear mode: R=0 A U =0 ii) (pure) acoustic mode: V =0
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Proposition 1.7. Consider the D2P9 lattice-Boltzmann scheme on a rectangular
grid discretizing the torus.

i)

Shear mode: Suppose that the initial conditions are constant in y-direction
and that moreover the moments R and U vanish for all iterations. Then the
D2P9 scheme can be reduced to a D1P38 scheme without affecting the numeric
value of V.

Acoustic mode: Suppose that the initial conditions are constant in y-direction
and that moreover the moment V wvanishes for all iterations. Then the D2P9

scheme can be reduced to a D1P3 scheme without affecting the numeric values
of R, U.

Proof:

ad i) Using the assumption R = 0,U = 0 and setting
EP(V) = &(0,0,V) — &(0,0,V),
50D(V) = 53(0707V) _57(0707V)7
5—D(V) = 54(0707V) _56(0707V)7

ad ii)

the following system is directly derived from (1.38):

Di(n+1,i) = (1—-w)Dy(n,i—1) + wé’f(V(n,z’—l)),
Do(n +1,i) = (1—w) Dy(n,1) + w&(V(n,i),
D-(n+14) = (1-w)D_(n,i+1) + w&(V(n,i+1)).

Since V' = D, +Dg+D_, the system is closed and corresponds to the evolution
equation of the D1P3 algorithm.

Proceeding analogously as above

ENR,U) = &(R,U,0) + &(R,U,0) + &(R,U,0),
864(R7U) - 53(R7U70) + 57(R7U70) + 59(R7U70)7
EAR,U) = &E(R,U,0) + &(R,U,0) + &(R,U,0),

we stumble again on the evolution equation of the D1P3 lattice-Boltzmann
scheme:

Ar(n+14) = (1-w)Ai(ni—1) + w&L(R(n,i—1),U(n,i—1)),
Ao(n+1,i) = (1—w)Ag(n,i) + w & (R(n,i),U(n,i)),
A_(n+14) = (1-w)A_(n,i+1) + wEA(R(n,i+1),U(n,i+1)).

Dueto R=A; +Ag+A_ and U = Ay — A_ the system is closed. -

In the sequel we have to verify that the assumption of the proposition can be
fulfilled. So it must be shown that the D2P9 algorithm can be initialized so that R
and U or V remain zero over all iterations.
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Remark 1.4. (Boundary conditions) In order to study the translation of bound-
ary conditions from the full D2P9 scheme to the reduced D1P3 scheme, we consider
a rectangular grid discretizing the cylinder. The populations are then functions of
the following type:

Fr:Nox{l,..,I} xZ/JZ — R

{1, ..., I} indicates that in z-direction no periodic boundary conditions are applied.
Hence the populations Fq, Fo, Fg at the left boundary nodes (i = 1) and the pop-
ulations Fy4, Fs5,Fg at the right boundary nodes (i = I) cannot be updated by the
standard propagation (1.37). A workaround is offered by the bounce-back rule,
which approximates homogeneous Dirichlet (no-slip) boundary conditions for the
target equation along the walls (x = 0 and x = L) of the cylinder.

In this case the populations Fi, Fa, Fg and Fy, F5, Fg are updated by retroflection®®
of the collision products, that would otherwise leave the domain. More precisely:

Fr(n +1,4,5) = (1 - w) F(n,i,5) + w Eg(n, i, ). (1.40)

Here k denotes the index of the population whose velocity vector is the negative of
the velocity vector associated with the population k, i.e. (i’fﬂ”) = —(S’”). Note that

ky Sky
the retroflection involves collision products and populations pertaining to the same

node. Therefore the translational invariance is not affected and proposition 1.5 is
also valid in the case of the cylinder.
Similarly, the one-dimensional equations (1.38) are supplemented by

Fe(n+1,i) = (1 —w) Fz(n,i) + w Eg(n,1), (1.41)

which has to be applied whereever (1.38) fails due to the presence of boundaries.
Under the assumptions of proposition 1.7 let us now derive the boundary conditions
for the D1P3 scheme from the above bounce-back rule for the D1P2 scheme. Writing
down the bounce-back rule for Fs, Fg

Fa(n+1,i) = (1—w)Fg(n,i) + w &(0,0,V(n,i))
Fs(n+1,i) = (1—w)F4(n,i) + w &4(0,0,V(n,i))

we find
Fa(n + 1,3) = F(n + 1,4) = (1 = w) |Fg(n,i) — Fa(n, )]
+ow [56(0,0,1/(71,@')) —54(0,0,V(n,i))]
= Di(n+1,4)=— [(1 —w) D_(n,i) + w 5P(V(n,z'))]
and similarly D_(n+1,i) = — [(1 —w) Di(n,i) + wéP (V(n,z))]
As expected, we obtain for D, , D_ bounce-back type rules differing from the original

bounce-back rule only by a flipping of sign. Proceeding analogously, the same
boundary conditions are also found for A_ and A..

49Tn opposition to the reflection, the retroflection flips the whole velocity vector and not only its
normal component. So, a particle hitting a wall with the velocity v, is retroflected if it leaves
the wall with vyt = —Vin, whereas it is reflected if vour = vin —2n - vi,. Here n denotes the unit
normal vector at the position of impact, that points into the wall.
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Remark 1.5. Clearly, all statements remain true mutatis mutandis, if we assume
translational invariance in z-direction. Moreover, if the lattice-Boltzmann algo-
rithm is driven by some external source then the translational invariance of the
initial state is only conserved if the force is also translationally invariant with re-
spect to the same direction.

The Stokes equilibrium

In order to become more concrete concerning the reduction of the D2P9 algorithm
we have to specify the equilibrium. Let us start with the Stokes equilibrium being
a linear function of the moments R, U and V introduced in (1.36).

EZ(RUV) :=wi (R + 3U spp + 3V syi). (1.42)

Observe that this equilibrium corresponds to the linear part of (1.31). If (1.42) is
combined with the parabolic scaling, U and V converge to the z- and y-component
of the velocity while the pseudodensity R approximates the pressure.

Lemma 1.1. (Shear mode) Consider the D2P9 scheme with the Stokes equilib-
rium on an one-dimensional grid with either periodic or bounce-back boundary con-
ditions. Assume that the following relations hold true at the initialization n = 0.
Then they hold true for all iterations:

i) Fl(n,i) + Fg(n,i) + Fg(n,i) =0
”) F3(n7Z) + F7(TL,Z) + Fg(?’L,Z) =0
iii)  Fq(n,i) + Fs(n,i) + Fg(n,i) = 0
Proof: The verification is done by recurrence. According to the assumption the
relations are true for n = 0. So, their correctness has to be checked for the (n 4 1)t

step provided their validity at the n*® step is given.
From 1i) - iii) we obtain immediately

R(n,i) =0 and U(n,i) = 0.
Therefore we conclude:
Ey (TL, Z) + E2(”7 Z) + ES(”? Z)

= £7(0,0,V(n,4)) + &5 (0,0, V (n,i)) + £5(0,0,V (n,i))
=0 + V(n,i) — 5V(ni) = 0.
Since this relation together with i) holds for all spatial indices i, we find by using

the evolution equation (1.38):

Fi(n+1,i) + Fa(n+1,i) + Fg(n+1,7) =
(1-w)[Filn+1,i—1) + Fo(n+1,i—1)
+ w [Ei(n+1,i—1) + Ex(n+1,i—1)

Fs(n+1,i—1)]
Es(n+1,i—1)]
= (1-w)-04+w-0=0.

+ +
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The crucial point is, that the collision products updating the populations occurring
in i) come from the same neighbor node. Therefore the recurrence assumption can
be applied. Similarly ii) and iii) are proved. In the case of retroflection, equation
(1.41) has to be used instead of equation (1.38). |

Let vg = vo(z) be an initial profile of a shear flow in y-direction and let the coordi-
nates of a regular one-dimensional grid be given by {zi}icz,rz and {Zi}ieq1,.. 1y for
the torus and for the cylinder respectively.

Proposition 1.8. The following initializations of the D2P9 scheme satisfy the
assumption of the preceding lemma.

i) Fr(0,i,5) = Fe(0,4) = &£7(0,0,v9(z;)) (1.43)
ii) Fr(0,4,5) = Fk(oai) = 515(0707U0($i)) + ’Yaxvo(mi) Wi Ska Sky (1.44)

Remark 1.6. The additional correction term in (1.44) provokes a smoother initial
behavior. =y is a coefficient being of no importance in this context.

Now, we are just in the situation, where proposition 1.7 i) is applicable. Utilizing
the same notation as in its proof, the Stokes equilibrium reduces to

eswvy=v, & wvy=2v, vy =1iv. (1.45)

It should be noticed that we use the D1P3 velocity set {—1, 0, +1} = {—, 0, +} in
order to index quantities referring to the D1P3 velocities. The initializations (1.43)
and (1.44) take the following form for the D1P3 scheme:

i) Dg(0,i) = EP5(vo(z)) (1.46)
ii)  Dg(0,7) = 5£S(v0(xi)) + %870890210(3:2-) (1.47)

Dy is interpreted as the rest population; Dy, D_ represent populations moving to
the right and left respectively. Their mass moment (sum of D_,Dy and D) is ex-
actly V', which is the first order moment of the D2P9 scheme approximating the
velocity component in y-direction.

As in the D2P9 case the rest population is associated with the strongest weight
wo = %, the other two populations are equally weighted, i.e. wy = w_ = %, such
that the isotropy of the scheme is not destroyed and ) wy = 1. The next theorem
recapitulates the whole result we have proved so far.

Theorem 1.1. (Reduction theorem for shear modes) Consider the D2P9
scheme with the Stokes equilibrium (1.42) on a rectangular grid discretizing the
torus or the cylinder. Furthermore consider the D1P8 scheme with the equilibrium
defined in (1.45) on the one-dimensional grid representing the cross-section of the
rectangular grid in z-direction. Suppose the D2P9 scheme is initialized by (1.43)
or (1.44) and the D1P8 scheme is initialized by (1.46) or (1.47) respectively. Then
both schemes produce identical numeric results for the approximate flow profile V.

Remark 1.7. (Forcing) In the case of external forces, lemma 1.1 remains only
true if the source term, which has to be added to the right hand sides of the
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evolution equation (1.38) and the bounce-back rule (1.41), is of the form G, (n, ) sy
Physically, this reflects the fact that a shear flow in y-direction can only be driven by
a force which points in this direction and varies spatially only in the perpendicular
direction.

Remark 1.8. If we consider the D2P9 scheme on an one-dimensional grid with [
nodes, then the global state space is a vector space of dimension 91. The equations
i), ii) and iii) of lemma 1.1 define a 6/ dimensional subspace, which is asserted to
be invariant under the evolution operator. Note, that this subspace is contained
in the larger subspace of dimension 7/ defined by R = 0 and U = 0. However,
this latter subspace seems to be not invariant under the evolution. An explanation
for this can be obtained by the asymptotic analysis yielding an interpretation for
quantities like F;1 4+ Fo + Fg. It turns out that they represent components of the
stress tensor, which have to vanish in order to be consistent with the shear flow and
and to keep R and U equal to zero.

Remark 1.9. It is possible to prove a stronger version of lemma 1.1 claiming
additionally, that Fq, F5 and Fg do not change if they are initialized by zero. Note
furthermore, that it is not possible to reconstruct the populations of the D2P9
scheme in an unique way from the those of the D1P3 scheme. In that sense the
schemes are not equivalent.

Let us now turn to the acoustic modes:

Lemma 1.2. (Acoustic mode) Consider the D2P9 scheme with the Stokes equi-
librium on an one-dimensional grid with either periodic or bounce-back boundary
conditions. Assume that the following relations hold true at the initialization n = 0.
Then they hold true for all iterations:

i) Fa(n,i) — Fg(n,i) = 0
it)  Fs(n,i) — Fz(n,i) = 0
i1i)  Fa(n,i) — Fg(n,i) = 0
Proof: The verification is analogous to the proof of lemma 1.1.
i)-iii) yields immediately
V= (F2—Fg)+ (F3—F7) + (F4—Fg) =0+0+0=0
From this we infer:
Ea(n,i) — Es(n,i) = &F(R(n,i),U(n,i),0) — &5 (R(n,i),U(n,1i),0)
= = (R(n,i) +3U(n,i) +0) — &=(R(n,i)+3U(n,i) — 0)
=0

=]

In the same way it is shown that: Es(n,i) — E7(n,i) =0 E4(n,i) — Eg(n,7) = 0.
Since this relation together with i) holds for all spatial indices i, we find by using
the evolution equation (1.38):
Fo(n+1,i) —Fs(n+1,i) = (1 —w)[Fa(n,i—1) — Fg(n,i—1)]
+ w [Ea(n,i— 1) — Es(n,i—1)]
= (1-w)-0+w-0=0



1.2. Translational invariance and dimensional reduction 53

The configuration of the cylinder implies that Fo is updated by retroflection iff Fg
is updated by retroflection. Therefore we obtain in this case at the left boundary

(i=1):

Fo(n+1,1) —Fs(n+1,1) = (1 —w)[F3(n,1) — Fg(n,1)]
+ w [E3(n,1) — Eg(n,1)]

= (1—w)[Fs(n,2) — Fy4(n,2)]

+ w [Es(n,2) — E4(n,2)]

Similarly, ii) and iii) are shown. ]

Let po = po(z) be the initial distribution of the pseudodensity and ug(z,y) = (uoo(x))
the initial velocity. If the D2P9 algorithm is initialized by

Fe(0,4,5) = Fr(0,9) = & (po(z:), uo(z;),0), (1.48)

then the hypothesis of the preceding lemma is fulfilled and proposition 1.7 ii) can
be employed. In the case of the acoustic modes the Stokes equilibrium reduces to

EMRU):=w, (R+30U), o€{-0 +} (1.49)

Consequently, the D1P3 scheme is initialized by
Ay (0,i) = E2(po(xs),uo(x:),0). (1.50)
The following theorem is the acoustic mode version of the main result, theorem 1.1.

Theorem 1.2. (Reduction theorem for acoustic modes) Consider the D2P9
scheme with the Stokes equilibrium (1.42) on a rectangular grid discretizing the
torus or the cylinder. Furthermore consider the D1P8 scheme with the equilibrium
defined by (1.49) on the one-dimensional grid corresponding to the cross-section of
the rectangular grid along the x-azis. If the D2P9 scheme is initialized by (1.48)
and the D1P3 scheme by (1.50) then the numeric results for the moments R,U
computed according to (1.36) and (1.39) are identical.

Remark 1.10. (Forcing) As far as external forces are concerned, lemma 1.2 re-
mains only true if the force term is given by G, (n,i) sk,. This corresponds fully
to our expectation, since a non-vanishing y-component of the force would auto-
matically excite a non-zero y-velocity violating thus equations i), ii) and iii) of
lemma 1.2.

Remark 1.11. Equations i), i) and iii) also characterize a 61 dimensional subspace
of the global state space. The situation is analogous to that described in remark 1.8.

The Navier-Stokes Oseen equilibrium

The Navier-Stokes equilibrium for the D2P9 model is defined by
N o Sk u
&Y (pyuv) = wi[p+3(3) - (2)]

+ 3w |3 () () (G- @) - G-
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Linearizing the terms quadratic in (Z‘) around some constant velocity field (Z;) leads
to the Oseen equilibrium

&0 (p,u0) == wi[p+3(3) - (4)]
+ 3w [3 () () () () = (@)@ ]:

Is it possible to reduce the D2P9 scheme also if it is used with the Navier-Stokes or
the Oseen equilibrium?

Remember the proof of lemma 1.1. The point, where the equilibrium came explicitly
into play, was the verification of the following relations:

(1.52)

£1(0,0,V) + £(0,0,V) + &(0,0,V) = 0
£(0,0,V) + &/(0,0,V) + £(0,0,V) = 0 (1.53)
54(0707‘/) + 55(0707‘/) + 86(0707‘/) =0

Let us check, whether the Navier-Stokes equilibrium satisfies these conditions.

EY(RUYV) = §(R+3U )+ 22U - V?)
EN(R,U,V) +(R+3U +3V) + % (2U* + 6UV +2V?)
EY(R,UYV) = #&(R+3U-3V)+ 4 (2U% - 6UV +2V?)

= EV(RUV) + &(RUV) + E(RUV) = iR + U + 1U?
= &N0,0,V) + EY(0,0,V) + &Y(0,0,V) = 0

So, the Navier-Stokes equilibrium satisfies the first equation of (1.53). Repeating
the computation for the Oseen equilibrium

EP(RUV) = H(R+3U ) + 220U —a,V)
EQ(R,U,V) 35 (R+3U +3V) + 5(20.U 4 3a,V + 3a,U + 2a,V)
ES(RUYV) = £(R+3U-3V) + &4(2a,U — 3a,V — 3a,U + 2a,V)

= E2(RUV) + EQ(RUV) + EL(RUV) = iR + U + 0a, U
= £9(0,0,V) + £9(0,0,V) + £2(0,0,V) = 0
yields the same result. The other two equations of (1.53) are verified in the same

manner. Therefore lemma 1.1 is also valid for the Navier-Stokes and Oseen equi-
librium. The reduced equilibria come out as

EPNWV) = w,V, (1.54)
EPOVY = w,V 4 3yweoa, V. (1.55)

In complete analogy, theorem 1.1 therefore also holds for the case of the Navier-
Stokes and Oseen equilibrium.
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Theorem 1.3. (Reduction theorem for shear modes) Consider the D2P9
scheme with the Navier-Stokes equilibrium (1.51) or the Oseen equilibrium (1.52)
on a rectangular grid discretizing the torus or the cylinder. Furthermore consider
the D1P3 scheme on the one-dimensional grid representing the cross-section of the
rectangular grid in x-direction. Suppose that the D2P9 scheme is initialized by the
equilibrium (1.51) or (1.52) respectively, where pg = 0, ug = 0 and the velocity
profile are inserted. Likewise the DIP38 scheme is initialized by the equilibrium
(1.54) or (1.55) respectively using the same velocity profile vg. Then both schemes
produce identical numeric results for V. which is calculated according to (1.36) and
(1.39).

Remark 1.12. It should be noticed, that the reduced Navier-Stokes equilibrium
(1.54) is equal to the reduced Stokes equilibrium (1.45). Therefore simulations of
shear flows with the D2P9 scheme yield the same numerical result for V indepen-
dently of the chosen equilibrium (Stokes/Navier-Stokes). (It is not asserted that the
populations are equal!) This parallels the fact, that shear flows are simultaneously
solutions of the Stokes and the Navier-Stokes equation (cf. remark 1.2).

The whole procedure can now be repeated for the acoustic modes. Recall that the
proof of lemma 1.2 can only be carried out if the equilibrium satisfies the following
equations:

& (R7 U, 0) - 58(R7 U, 0) = 0,
53 (R7 U7 O) - 57(R7 U7 0) = 07 (156)
E4(R,U,0) — E(R,U,0) = 0

However these equations are just fulfilled by the Navier-Stokes equilibrium. Hence
for the Oseen equilibrium this kind of reduction cannot be performed.

1.3 An abstract framework of numerical analysis

In this section we sketch the background underlying our analysis of lattice-Boltz-
mann methods. The presented approach is a standard technique splitting the anal-
ysis into separate studies of consistency and stability. These concepts are widely
used in numerous variations. Here we want to elaborate a guideline of the main
idea which may be clouded in lengthy proofs.

The general setup of a numerical scheme

Consider a mapping M : X — Y, not necessarily linear, where X and Y denote
two normed vector spaces. A numerical scheme, like a finite difference scheme, for
solving the equation

M(x)=0€Y (1.57)

generally introduces the following objects:

e the domain H C (0, 1] of the discretization parameter h with an accumulation
point at 0,
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e two families of normed vector spaces X = {(Xp,| - [x,) : h € H} and
YV ={h|"llv,) : h€H} discretizing®® X and Y respectively,

e a family of operators M = {M}, : X;, — Y, | h € H} discretizing M.

The mapping Mj, is referred to as the discretization or algorithm on Xj. Further-
more an element xp € X, is called a numeric solution of (1.57) if

Mh($h) =0€eY,. (1.58)

Assuming that (1.58) admits a unique solution for every h € H, the numerical
scheme defines a fiber"! (alternatively denoted as section or path) through X.
Usually there is not a direct inclusion relation between X, , X}, and Yj,, Yy, for
h1 # ho. In order to compare elements between different spaces of the same fam-
ily one can define linear restriction®? and continuation (extension) operators using
interpolation for instance. Moreover, a restriction operator Ry, : X — X} and an
continuation operator C} : X; — X must be available for comparison with the
solution of (1.57).

Fundamental notions

Definition 1.3. (Convergence) Denoting by x,x), the unique solution of (1.57)
and (1.58) respectively, the numerical scheme is called convergent if

li - R =0 lim ||C — =0.
lim [z, — Rpz|x,, or  lim[|Chap —2llx
If the convergence is specified more precisely by
Hxh — thHXh € O(ha) or HChxh — xHX S O(ha), (159)
the exponent « is referred to as convergence rate®3.

Let us underline that this definition makes only sense if the norm | - |x, and
the continuation operator (', are reasonably defined. In order to obtain the same
convergence rate from both equations in (1.59), R,C} should correspond to the
identity on X} and the operator norm of Rj should be uniformly bounded with
respect to h. Under these circumstances the right equation in (1.59) implies the
left one:

O(h®) 3 IRkl z(x,x,) 1Chen — 2l x > [|[RhCrhan — Rpxlx, = [lon — Razllx,
————

o)

59Do not confuse X, and Y} with the discretization of the domain on which the elements of X
and Y live as functions. So X}, does not represent any spatial or temporal grid but a function-space
over a grid.

51 A fiber is a map assigning to each h € H an element x5, € X;,. By means of restriction and
extension operators we can define continuous fibers. (x7)s is continuous at ho € H with respect to
(Rhy,hy * Xy — Xho)hy,ho if there exists for any € > 0 a § > 0 such that |Rny,nzh, — znllx, <€
for all h with |h — ho| < 4.

52In the context of conforming finite elements the term projection is preferred since in this case
Xp C X.

53Usually the convergence rate refers to the maximal exponent a that can be taken, such that
lzn — Ruzl|x, € O(h*) but |zn — Ruzx|x, & o(h*T?) for every B > 0. Observe that such an
exponent need not exist necessarily. For instance, exp(—1/h) vanishes more rapidly than any
power.
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The fibers (zp)pen and (Rpz)pen can be interpreted as elements of the product

space54
X = H X),.
heH

Definition 1.4. (Asymptotic similarity) Two fibers u = (up)pery € X and
v = (vp)hen € X are called asymptotically similar if

Lim fJup, —vnllx;, = 0.

The asymptotic similarity is (at least) of order o if ||up, — vp| x, € O(h®) for h | 0.

Thus convergence means that the fibers (x), and (Rpx), are asymptotically simi-
lar.

If the mapping M is continuous, convergence should imply M (Chrap) — 0 € YV
as h | 0. In many situations M is only defined on a subspace X C X and it is
complicated to construct C), such that C;, X}, C X instead of C, X}, € X. So M may
not be applicable to Cyxjy. Therefore it is more convenient to adopt the converse
perspective. As Rpx is close to x, for small h, My (Rpz) should be close to 0 € Y},

Definition 1.5. (Consistency with exact solution) Let x be the solution of
(1.57). A numerical scheme is consistent if

lim HMh(th) - Mh(azh) Hxh = lim ”Mh(RhJ})HXh = 0,
h—0 ——r h—0
=0
meaning that (Mh(Rha:))h is asymptotically similar to the zero-fiber in (Yp)n.

In the case of lattice-Boltzmann methods the solution of the target equation corre-
sponding to (1.57) cannot be inserted directly into the discrete equations, where the
population functions occur as primary variables. Therefore we need a more general
notion of consistency.

Definition 1.6. (Consistency of a fiber) A fiber (&p)pen is called consistent of
order « if
[ Mp (1)l x,, € O(h®).

Alternatively, we say that the residual of &, which is just the quantity Mp(Zy), is
of magnitude O(h®).

The order of consistency depends essentially on how Mj, is defined. The equation
Mh(:ph) — 0 with M), := kP M), is equivalent to (1.58) but the order of consistency
becomes different.

(Zn)n can be considered as an approzimate numeric solution. We refer to it also
as comparison or prediction function. Besides consistency, another property is of
paramount importance.

% There are elements in X which have no finite norm with respect to ||| - ||| := supy, || - ||x,,-
In order to obtain a normed vector space one has to consider the subset of normable elements
X = {x € X : sup, |lzn|x, < oo} Observe, however, that X is metrizable by using the
—n(h) _lIx=yllx,

TH=—3Tx, if ‘H is countable and

seminorms || - ||x, to define the metric d(x,y) = >, 2

n(h) € N is an index univocally assigned to each h € H.
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( Rh T ) h o

Figure 1.2: Schematic diagram illustrating four spaces of a family X’ of vector spaces
parametrized by h € H C (0,1]. There are three fibers represented by the curved
lines: the projected solution (Rpx)p, the fiber of numeric solutions (z,), and another
consistent fiber (Z)n. As these fibers are asymptotically similar, they meet each other
inz € X, which could be taken as Xg. It is a deficiency of the illustration that all spaces
seem to be isomorphic to one another. This is particularly not correct for examples with
numerical background where the dimension grows as h tends to 0.

Definition 1.7. (Stability) The numeric scheme is stable if My, is invertible for
all h € H and if the inverse M, Y is uniformly Lipschitz continuous with respect to
h. So there exists a constant K > 0 independent of h such that for y1,ys € Yy,

10, (y2) — My (y)llx, < K llyz = yilvi,

which means that LipM}ﬂ < K forall h € H.

The following proposition yields the crucial link between asymptotic similarity (con-
vergence), consistency and stability. Observe that we argue here only in principle
ignoring complicating details that may occur in concrete situations.

Proposition 1.9. Assume that the numeric scheme is stable. Then any fiber (Zp)n
consistent of order « is also asymptotically similar of equal order to the fiber (zp)n

of the numeric solutions. In particular, there exists a constant K > 0 independent
of h such that

|zn — znllx, < Kh® for h sufficiently small.

Proof: Utilizing that M, Lo My, represents the identity operator on X}, we obtain:

l2n = zallx, = [[(M" o M) (zn) = (M 0 M) (2n)] .,
< Lipyr [|My(@n) — Ma(n) ||y, = Lipy—o||M(24)|]y, (1.60)
=0

The asserted estimate follows directly from the stability and the definition of the
O-notation entailing the existence of a constant L > 0 with HM(ith)Hy} < Lh® for
h sufficiently small. ' n
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(Warning) The computation of the residual order amounts to a consistency anal-
ysis that is quite easy to do in many situations. The hope is that the residual order
foretells the order of asymptotic similarity or the convergence rate respectively. The
latter quantity decides about the accuracy of a scheme and is therefore of practical
interest but, unfortunately, more difficult to obtain.

At the outset, it is usually overhasty to infer the convergence rate just from ex-
aming the consistency rate, unless precise information about the behavior of M, !
is available. In general, the Lipschitz constant of the inverse operator may not be
uniformly bounded with respect to h. Hence, the consistency rate (order of the
residual) and the rate of asymptotic similarity (convergence) can differ from each
other. A trivial increase of the consistency order by multiplying (1.58) with h% — as
mentioned above — has an impact on the Lipschitz constant so that the convergence
rate remains invariant against such rescalings. In fact, it is quickly seen that the
orders gained by the residual are canceled due to the h-dependency of the Lipschitz
constant.

As being very general, the estimate in (1.60) is rather crude. Hence it might indicate
an order of asymptotic similarity that actually is not realized by the algorithm. For
instance, in the case of a linear problem, where r;, = M} 2, denotes the residual, it
could happen that

oI mallx,) # O(IM; ey lrnll,) — for h—0,

because the estimate does not take into account the specific structure of M, L and
rp. S0 the quantity on the left hand side may converge while the quantity on
the right hand side is divergent. Related phenomena will be encountered in the
forthcoming chapters.

Stability of explicit schemes

The explicit Euler discretization of an initial value problem like
z(0) = a, Oz + Az =0
leads naturally to the following recursion
zn(0) = ap, zp(n+1) = Epzp(n). (1.61)

By Zy — Zj denotes the discrete evolution operator, that is given by Ej =
I;, — Aty A, in the case of the Euler scheme. Here At represents the time step
and Ay : Z;, — Zj discretizes A : Z — Z operating on a normed vector space Z,
which contains the functions of the spatial argument. Obviously, (1.61) does not
comply immediately with the form of equation (1.58), which is typical for stationary
problems. Since lattice-Boltzmann methods are subsumed in the class of explicit
iterations, we want to see how the notion of stability concretizes in this context.

For this we cast the recursion (1.61) into the form of (1.58). As the discretization
refers to a compact time interval [0, 7], only a finite number Nj, € N of time steps
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Aty > 0is to be considered. Both N}, and At;, depend on h and satisfy N, Aty =~ T.
So the iterative equations for n € {0,1,..., N5} can be summarized into a single
matrix equation.

1 2,(0) ap,
—F; 1 zp(1) 0
—E, 1) \zn(Np) 0

Mp (zp)=bp

In contrast to (1.58) we now consider a non-zero right hand side. Obviously, the
variable x;, must be identified with an array storing the values of all iterations. This
suggests the setting

Xh:ZhX... XZh,

(Np+1) times

N
which is equipped with the norm ||| x, = mz%cth(n)th . The inverse of the
n=

two-band matrix representing M}, is given by a triangular matrix:

1
E, 1
Mt = E} E, 1

Er ... Ep Ep 1
So far, these relations hold independently of whether E}, acts linearly or non-linearly
on its argument.
Let us now focus on the linear case. May xp, = (24(0),24(1),...,2,(Ny)) denote
the numeric solution My z, = by, and may Zj be an approximate numeric solution
(prediction function) with Mz, = by, + r, where r, = (rh(O),rh(l), . ,rh(Nh))

stands for the residual. Repeating the short computation in the proof of proposition
1.9, but exploiting the linearity, yields:

. _ -1 —1as 4 _ -1 -
”xh - xh”X}L - HMh thh - Mh thh”Xh = HMh (thh — thh HXh
bh, bh+7‘h
= HMh_lthXh < ”M}L_IHE(X;L)HT}LHX;L (1.62)

The prediction function and the numeric solution are asymptotically similar if the
right hand side of (1.62) vanishes for 2 | 0. In order to estimate |’M],L_1H£(Xh) we
consider v, € X, with ||vy|x, = 1 entailing |lv, (k)| z, <1 for all k € {0, ..., N, }:

\ZEM H , < Ié%xzuEhvh ®),

N,
maXZHEhH lonk)ll 5, < (Na -+ 1) max | B3

N,
HMh_IUhHXh = méfx

IN

leez,):
<1
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Thus we conclude

_ N,
1M Mz x < (N +1) I}}é}’f 1B £z (1.63)
Since E,? corresponds to the identity on Z,, we see that maxgio HE’?HC(Z;L) > 1.

This shows that the right hand side of (1.63) becomes arbitrarily large for h | 0 due
to the unbounded growth of the factor Nj,. The estimate insinuates that, in contrast
to definition 1.7, it might not be reasonable to require |[M; |y, to be uniformly
bounded with respect to h. This motivates the following modified definition of
stability.

Definition 1.8. (Stability) An explicit iterative scheme is called stable if there is
an h-independent constant K > 0 such that for all h € H
N,

h
max
n=0

< Q.

N,
‘Eﬁ < K being equivalent to  sup mz%< HE;’Z

heH = H['(Zh)

I L(Zn)
Under this condition, any prediction function whose residual vanishes faster than
1/Np, i.e. 1, € o(1/Ny) = o(Aty,) for fixed T, is asymptotically similar to the
numeric solution. Due to the factor Np, in (1.63), the consistency order is generally
greater than the order of asymptotic similarity in opposition to the statement in
proposition 1.9.

Asymptotic approach — construction of a prediction function

Equation (1.60) and (1.62) indicate that the convergence analysis consists of two
relatively independent steps®: estimating Lipschitz constants (stability part) and
finding an appropriate prediction function producing a residual of sufficiently high

order (consistency part).

The prediction function is searched in an ansatz space A C X, whose elements
share a special, preferably simple structure or permit a particular representation.
A popular ansatz space is given by regular asymptotic expansions

g =&l = Rpa©® + hRya™ + ..+ K Rya™. (1.64)

This choice is inspired by the idea to approximate h +— x5 by polynomials, consti-
tuting the most simple class of functions. Thanks to the choice of smooth coefficient
functions (@, ..., 2(™ it is possible to evaluate M3y, by applying differential op-
erators to (@, ..., 2(™ using Taylor expansion. The transition from difference

55 Although this ‘division of labor’ works satisfactorily in many situations, we emphasize once
more that the standard estimate of the matrix vector product in (1.62) may be crude. Hence
| M, *3n| x, might reveal a higher order than || M, '||z(x,)||%x| x, because the estimate completely
ignores the interaction between the residual r; and the inverse operator M, 1. Such situations
appear in particular, if Mz, = 7, is just a very condensed notation for several equations that
differ with respect to their order of consistency (e.g. different equations prescribing boundary
conditions, initial conditions, the evolution or bulk behavior etc.). This will be one of the major
issues in chapter 7.
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operators building up M}, to differential operators composing M enables us to con-
nect (1.58) with (1.57).

While the discrete equation (1.58) is introduced to supply approximate solutions for
the original equation (1.57) in practical applications, the analysis of (1.58) takes
the reverse direction. Departing from the solution x of (1.57), an approximate
solution of the scheme (1.58) (prediction function (Zp)p) is constructed, that is
asymptotically similar to the output of the scheme (z,). In standard situations®
2 turns out to be x such that z(® 4 hz(M + ...+ h72(™) converges to z as
h — 0. Transitivity (triangle inequality) entails the asymptotic similarity of (zp)p
and (Rpxp,)p, which gives the desired convergence.

Analogy with perturbation theory

The asymptotic approach also represents a convenient tool to analyze perturbed
problems, which, formally, resemble equation (1.58) where we set € € (0, 1] instead
of h € H. The main difference is that the family of operators (M), refers to a
single, non-indexed domain and range space, i.e. M, : X — Y. Furthermore we
associate with M, mostly a differential operator, while M} stands for discrete op-
erator in matrix form.

If there exists a limit problem Myz = 0, that does not differ from M.z = 0 in a very
distinct qualitative manner, we speak of a reqularly perturbed problem. A prominent
example may be the frictionless harmonic oscillator versus a weakly damped one
considered over a bounded time interval. In this case the movement of the attenuated
oscillator differs from those of the ideal one mainly by a slight decrease in the am-
plitude, which gets almost unnoticeable for smaller and smaller friction constants.
Although dissipation destroys periodicity and energy conservation, the damped os-
cillations converge uniformly®” to the undamped ones as the friction tends to zero.

The lattice-Boltzmann equation pertains to another class of perturbed problems
where the operator My is formally not available or leads to (ill-posed) problems
whose nature changes abruptly for e = 0. Those problems are referred to as singu-
larly perturbed.

Analogously to (1.64), we construct prediction functions in the form of asymp-
totic expansions Z, = (@ + ez + . 4+ emz(™ to analyze perturbed problems.
The asymptotic order functions z(©), ..., 2™ are determined such that & solves the
perturbed problem with a small residual.

Stability by energy-type estimates

Let us pass over to the stability analysis, which often proceeds differently from
the discrete case in so far as it is less obvious to write down the inverse operator

56Observe that the case of lattice-Boltzmann schemes is somewhat more complicated as the the
scheme is based on primary variables different from those of the target equation.
5"This statement does not hold with respect to an unbounded time interval.
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M explicitly. Generally the equation M.z, = 0 decomposes into several equa-
tions. This situation is frequently encountered in the guise of boundary or initial
conditions.

Assuming that the image space Y of M, is the Cartesian product of two normed
vector spaces U and V the perturbed problem becomes

Ge(ze) =0€ U

Fie)=0€V, (1.65)

M(z)=0€U.xV. & {

with (Ge : X — U)e and (He : X — V). being two e-dependent operator families.
A prediction function Z. is said to have a residual order a and [ in the first and
second equation respectively if there exist constants K, L > 0 independent of e,
such that

[Ge(@)lv < K e, |He(z)|lvy < Lé.

By energy methods it is possible to derive inequalities of the subsequent type, which
implies the Lipschitz continuity of the inverse operator®®. Let us therefore assume
that the following estimate holds true for all z, Z. € X, with constants C,, D, > 0
depending possibly on €.

llze = Zellx < Cel|Ge(ze) = Ge(2e)llu + Del|He(2e) — He(Ze)|lv (1.66)

For the solution z. of (1.65) and an approximate solution Z. satisfying (1.3), we
can hence infer:
=0 =0
. e ~ e ~
[ze —Zellx < Cel|Ge(we) =Ge(Ze)llu + Del| He(ze) —He(2e) v
CEHGE(‘%E)HU + D6||H6(§36)‘|V
< C.Ke* + D.Lé’

If C¢, D, are found to be independent of ¢, we obtain asymptotic similarity of order

min{a, G}

Two examples

The following examples may serve as direct illustration. The first one discusses
Fuler’s well known polygon method in the light of the concepts mentioned so far.
In particular we want to show, how the way of writing down the scheme may in-
fluence stability and consistency results which — if taken for their own — may give
rise to confusion. The second example is not of discrete nature and anticipates the
analysis in chapter 3. It shows also the impact of the scaling on Lipschitz bounds
for the inverse operator.

®8Observe, that we do not need the continuity of M, itself. This would be reflected by an
inequality of the form ||Ge(ze) —Ge(Z2e)||lu+ || He(ze) — He(2e)||lv < Ael|ze —2c||x  with some constant
A¢ > 0. In the prominent cases, where M, involves differential operators, such an estimate does
usually not hold with respect to the desired norm.
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Example 1:
Consider the initial value problem on a bounded time interval:

u(0) = uo € R, Lu(t) = f(u(t)) te[o,T). (1.67)

To ensure the existence of a unique solution u : [0,7] — R, the function f : R — R is supposed
to be globally Lipschitz-continuous, meaning that |f(z) — f(y)| < L|z — y| holds for all z,y € R
with some L > 0. After fixing a time step h = % for some N € N, Fuler’s polygon method can be
used to solve (1.67) numerically. The approximate solution v = [vg, v1, ..., n] € RN+ is computed
according to the following recursion:

Vo = Uo v =vg—1 +hf(vg) 1<kE<N. (1.68)

vk is taken as an approximation of u(kh). Let us now write the scheme in a form corresponding
to (1.58). For this we introduce an (invertible) function Fj, : R¥*? — RN¥+1 whose unique zero is
given by v as defined in (1.68). Thus equation (1.68) should become equivalent to

Fn(v)=0e RN,
F, and its inverse are defined via recursions such that all requirements are satisfied by construction:

Frp:y—r o= Yo o
h'Y ) Ty = yk*gk—l —f(yk—1)7 1<kE<N

Flirey,

Yo = 7o + Uo
Yk = Yo—1 + hf(ye—1) + hry, 1<k<N.

The output argument r = [ro,...,rn] € RY*! is considered as the residue of the input argument.
Comparing with the general setting, observe that we have set X5 = Y, = RY¥T! which shall be
equipped with the maximum norm.

Proposition 1.10. The Lipschitz constant of F,;l is uniformly bounded with respect to h, or
equivalently, it is an O(1) quantity for h — 0.

Proof: In order to show the assertion, suppose that y,z,r,s € RN "1 satisfy
Fl'r)=y and Fi'(s)=z.
We have to find a constant C' > 0, such that the following estimate holds true for any N € N.
ly =zl < Cllr — s

The definition of F, ' yields directly |yo — 20| = |ro — so|. Let us estimate the other components
of y,z recursively employing the Lipschitz continuity of f.

lye — 2| < lyk—1 — 2k—1] + h[f(yr—1) — f(ze—1)| + hlrk — skl

< (L4 hD)lyeos — 2] + hflr — s

k=1
Observe that a recursion of the type ar = yar—1 + [ is solved by ai = fykozo + 8> 4" so that
j=0

N—-1
i — 2l < (14 RL) |y — 20| + Allr = slloc 3 (1+hL)" .
k=0

Apply the inequality 1 4+ = < exp(zx) for & > 0. Then (1 + hL)* < (exp(hL))k = exp(khL) <
exp(TL) and
lye — 2| < exp(TL)|ro — so| + T exp(TL)|r — s/co-

This estimate is valid for k£ € {1,..., N}. In the case of k = 0 we have |yo—z0| = |ro— 0| < ||[r—$]|o-

As TL > 0 and hence exp(T'L) > 1, we get:
ly — 2]l < 2max{1,T}exp(TL) |r — sl -

Thus we obtain Lip,—1 < 2max{1,T}exp(TL), which is independent of h. [ |
h
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Let us denote by v := [u(0h), ..., u(Nh)] the solution of (1.67) projected onto the time grid, which
can also be seen as prediction function. For u € C?([0, T]) the standard consistency analysis using
Taylor expansion yields the residual order 1, i.e.

[F (V)] < Kh = O(h)

with some suitably chosen constant K > 0. Since the Lipschitz constant of F}, ' is (at least) O(1)
we obtain from proposition 1.9, adapted to our context, that the output v of the Euler method is
first order asymptotically similar to v, i.e.

|lv —¥]loo < 2max{1,T}exp(TL)K h.

According to definition 1.3 the scheme has the convergence order 1 which agrees with the residual
order.

Instead of F},, we could alternatively introduce Fh

v To = Yo — Uo
hey ’ e = Yk — Yk—1 — hf(Yp—1), 1<E<LN

Fﬁl‘I‘O—)y y0:7’0+uo
b ’ Yk = Yk—1 + hf(Yk—1) + Tk, 1<k<N.

Notice that F}, is obtained from Fy, if the equations for r1, ..., 7y, are multiplied by A. As the initial
condition is exactly satisfied, the residual of v turns out to be of second order (with respect to Fh')
This might feign also second order convergence — but by repeating the estimate of the Lipschitz
constant for ﬁ'{l, we get an O(h™') bound, since the factor A in front of the 74 is missing in the
recursive definition. Therefore the additional order that would be found in the consistency analysis
is canceled in the stability analysis.

The reason for finding the Lipschitz bound of magnitude O(h™') is the same as the occurrence of
the factor (Np + 1) in equation (1.63). Observe that we did not introduce the evolution operator
which could be done for an alternative discussion.

Example 2:
Let us pick up the IVP for the parabolicly scaled D1P3 lattice-Boltzmann equation treated in
detail throughout chapter 3.

(1.69)

f.(0,-) — firit = 0
Oife + ¢ 180,fc + ¢ 2J0. = 0

The initial condition can be formulated by virtue of an operator G : Cpl,cr(Xp]-") — Cpl)cr(X7~7:)7
that evaluates the argument at ¢ = 0 and subtracts the initial value, which is given by a function
it ¢ Cll,er(X,]-'). Defining the operator

H. : Chor(X1, F) — Cpor(Xr, F), He =04 ¢ 180, — e 2JL,

the lattice-Boltzmann equation is written as Hefe = 0. We consider the spaces equipped with the
L%(X; F) norm and the C(7; £?(X;F)) norm in the case of time dependent functions. Note that
in this example, the involved spaces and norms do not depend on the parameter e.

In section 3.1 the following estimate is derived, that is similar to (1.66) except for the squared
norms. Moreover, we need not consider differences (z. — 2c), since Ge, Hc are affine linear.

2 T 2 T 2
Hzé(tv')HC?(X;]-') < e |IBllz 1120, ')H£2(X;]-') + e T|Bllc, 7 ||q||C(T;£2(X;]-'))

The estimate holds for all z. € Cpl,cr(XT7.7-') satisfying Heze = q with some source function q €
Cper (X1, F). The initial value problem (1.69) is not modified, if we multiply the second line by ¢2.
Replacing thus H¢ by 2 H, = €29, + €S9, — J. the residual order of any ansatz is augmented by 2.
But for z. satisfying €2H.z. = q we obtain the estimate,

2 T 2 -4 T 2
”Zé(tv')”l:?()(;}') <e ||B||£(f) lI1z(0, ')HU(){;}‘) + € e THBHL(F,F) ||q||C(’Z';£2(X;]-'))
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that is distinct from the first one by an factor e~* before the second addend. So, the four orders of
¢, that are gained due to the squared norm, are directly lost by the additional factor e ~*. Therefore
the order of asymptotic similarity is not ameliorated. Note however, that the estimate might not
be sharp.

Comparison of asymptotic similarity and equivalence

In this paragraph we return to the notion of asymptotic similarity to discuss it
in the context of asymptotic equivalence — a similar concept frequently found in
literature. Let us start with a definition from a slightly different perspective.

Definition 1.9. Two sequences (xy)n and (yn)n in a normed vector space X are
called asymptotically similar, written as (zp)n ~ (Yn)n, if:

lim ||z, —ynl| =0 & Ty =Y +7n with lim r,=0¢€ X.

n—oo n—oo
Asymptotic similarity generalizes the idea of convergence in a natural way. Con-
vergence could be considered as the approximation of a “static object”, namely the
limit.
In contrast, asymptotic similarity means, that something is approximated, which
appears as a “dynamic object”, since it does vary by itself while approaching it. It
should be stressed, that asymptotic similarity does not presuppose the convergence
of (zn)n and (yn)n; they may be arbitrary (divergent) sequences.

Asymptotic similarity represents an equivalence relation in the set of X-valued se-
quences. So, any sequence is trivially asymptotically similar to itself (reflexivity)
and by definition the relation is symmetric as well. Moreover, we see by an ap-
plication of the triangle inequality, that (z,)n ~ (yn)n and (yn)n ~ (2n)n imply
(n)n ~ (2n)n (transitivity). Likewise, two sequences converging two the same limit
are always asymptotically similar, since any convergent sequence is asymptotically
similar to the constant sequence being equal to its limit.

Closely related to the notion of asymptotic similarity is the idea of asymptotic equiv-
alence. Roughly speaking, two convergent sequences are asymptotically equivalent,
if they approach their common limit with the same speed. This means, that their
difference should go faster to zero than the distance to the limit.

Also uniformly divergent®® sequences are referred to as asymptotically equivalent if
they grow faster than their difference does even though the difference might become
unbounded too (e.g. factorial and Stirling formula; z,, := n? + n, y, := n?).

Definition 1.10.

i) In a normed vector space X two sequences (Tpn)n, (Yn)n C X \ {0} are called
asymptotically equivalent, abbreviated by (xn)n < (Yn)n, if:

fim 120 =l _ (1.70)

n—oo |y

59A sequence (zn)n in a normed vector space X is called uniformly divergent, if there exists for
any M > 0 an index n(M) € N, such that ||zn|| > M if n > n(M). They are convergent to infinity
in the extended (compactified) real or complex number set.
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it) In particular, two sequences of compler numbers (wy)n, (zn)n C C\ {0} are
called asymptotically equivalent if

lim — =1 (1.71)

Although equation (1.70) is not symmetric in z,, and y,, asymptotic equivalence
is also an equivalence relation® as suggested by the terminology. For sequences of
complex numbers definition i) and ii) are equivalent. i) is a generalization of ii)
towards vector spaces, where a division operation is not available.

Note that nullsequences are always asymptotically similar but need not be asymp-
totically equivalent. Conversely, there are uniformly divergent sequences being
asymptotically equivalent but not similar. If the range of two sequences is com-
prised in a compact interval not containing zero, then both notions imply each
other. The precise relation between asymptotic similarity and asymptotic equiva-
lence is clarified by the following proposition.

Proposition 1.11. In a normed vector space X two sequences (zp)n,(Yn)n C

X \ {0} are asymptotically equivalent, if and only if <”5£—Z”) and (”z:”) are

asymptotically similar and lim lzall
n—oo llynll
Proof:

“=" Applying |[lall - [b]] < lla — b] for a,b € X, shows lim [lyu |/ [lza ]| = 1:

‘1 _ lwall ‘ T ‘ _ ‘ Yn ‘ < ‘ Tn _ _ Un ‘ — lzn—ynll
(e l[znl [E = Mzl llnll llznl
—>0

n—oo

50The reflexivity is obvious. Suppose equation (1.70) is true. Let us check the symmetry. Using

lim ||ynl||/||z=|| = Um ||zn||/||yn]] =1 (see proof of prop. 1.11) we get:
oo o Beall e gl e —yal e =l
n=o0 [lyn|| oo [|lzal| n=o [lynl x| n—oo  ||yn]|
And this yields the symmetry: lim M =0 <& lim M =0
n—oo ||zn|| n—co |yall
— ? —
Transitivity: Assume lim M =0, lim lym = 2n =0 = lim |zn = 2n] =0
Exploiting once more lim ||y.||/||zn|| = 1, we obtain,
n—00
oo o Il T =zl el e =zl e = el
n—oc[|zpl[n=oc lynll n=oo[lzall  [lynll n—oo |zl
and so we find eventually:
fim L2n = 2all g o mumll ol =l g g
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This is used to get asymptotic similarity of the normalized sequences:

Ln_ _ Yn < Tn_ _ _Yn_ Yn_ _ Yn_
‘nmnn ||yn||‘ < ‘nmnn ||zn||‘ T ‘nmnn ||yn||‘
R T— L
= el T T~ Tean] 19nll
_ lza—ual ‘1  lual
= N T ]
———
by hyp. —— 0 —0
n—oo n—oo
“«<" Conversely we find:
lzn—ynll _ ‘ Tn  _ _Yn ‘ < ‘ Tn  _ _Yn ‘ H Yn _  _Yn ’
] Toall = Tealll = |[Teall = Toall|| T ||Tonl = Tenl
~ Nz 1 lwl
‘nxnn ||yn||‘ T ‘ ]
— —
by hyp. —— 0 by hyp. —— 0
n— oo

Appendix: Landau symbols and asymptotic expansions

Asymptotic analysis deals with objects depending on parameters. Mostly these ob-
jects are functions that are obtained as solutions of parameter-dependent differential
equations. The main task of asymptotic analysis is to investigate the dependence
near certain ‘critical’ values.

Numerical schemes naturally fit into this context such that asymptotic analysis
turns out to be a pertinent tool for their analysis. They are formulated as discrete
equations characterized by a discretization parameter h > 0. The critical value is
obtained for A = 0. In this case the scheme is not defined; nevertheless it must
reveal a converging behavior for h — 0.

Here we recall some basic notation frequently used in asymptotics.

Definition 1.11. (Landau symbols) Consider a metric space P, the parameter
domain, and let U C X and V CY be subsets of two normed vector spaces X and
Y. For two functions f,g: P x U — V we define

1) (big Oh) f(p,u) € O(g(p,u)) asp — po € P
= JK >0,36>0,Vpe Bs(po) : [|[f(p,uw)ll < Kllg(p, )

2) (little oh) f(p,u) € o(g(p,u)) asp—pg € P
= Ve>0,30>0,Vpe Bs(po) : [If(p, ) < ellg(p, v

Observe that the setting of this definition is quite general (e.g. f, g may have only
the parameter argument). Furthermore the inequalities in the definition might
hold uniformly in the sense that K,d and e can be chosen independently of u (lo-
cally/globally). Additionally, the function g could be independent of w.
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Strictly speaking O(g(p, :E)) and o(g(p, :E)) designate function sets, where the first
set bears the structure of an equivalence class. The Landau symbols are often used
in a sloppy manner. So they abusively stand for representants of the corresponding
function sets whenever it is of no importance to be more precise.

Definition 1.12. (Asymptotic sequences and expansions) Consider a metric
space P, the parameter domain, and let U C X and V C Y be subsets of two normed
vector spaces X andY . A sequence of functions f, : PxU — V,n € {0,1,2,...., N}
with N € Ng U {oo} is an asymptotic sequence for p — pg € P if

frt1(p,u) € o(fn(p7 u)) for p — po.

The sum of an asymptotic sequence . anfn(p,u) is called an asymptotic expan-
sion.

For more detailed explanations we refer to [48]. Additionally we recommend [53],
where the subtle difference between asymptotic power expansions and power series
is addressed in chapter 9 section 6.
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Chapter 2

Scalings and singular limits on the
basis of the D1P2 model

Although lattice-Boltzmann equations are not of much interest per se, they enjoy
important applications in combination with different scalings. In the first part of
this chapter we pick up the thread of section 1.1. The intention of the introductory
section 2.1 is to stress the following points:

e The significance of the scaling, where the hyperbolic scaling is opposed to the
parabolic scaling.

e The relation between the equilibrium operator and the target equation. This is
highlighted using the example of an one-moment-preserving and two-moment-
preserving equilibrium operator.

Let us remind that the target equation is formally found by introducing appro-
priate moments, defining the relevant physical quantities. Expressing the lattice-
Boltzmann system in terms of these and further moments, the so-called equivalent
moment system can be derived which allows to read off the target equation (or
target system). However, the choice of the right moments is, in general, neither
unique nor obvious. It can only be done by physical intuition or by employing
some preknowledge of the system, which may be obtained in a systematic way by
asymptotic analysis.

As a special feature, the D1P2 lattice-Boltzmann equation being actually a 2 x 2
system permits a reformulation into a scalar equation, which is singularly perturbed
like the lattice-Boltzmann equation itself. In section 2.2 this circumstance is ex-
ploited to investigate the singular limit resulting from the parabolic scaling. The
analysis is based on Fourier series leading to a family of singularly perturbed ODEs
for the coefficient functions, which reflect the temporal behavior of the original
PDE. Particular interest is devoted to the initial layer exhibited by the solutions
of these ODEs. A two-scale expansion is motivated and employed in section 2.3 to
derive a precise description of the initial layer.

Recall that the (normalized) velocity space S of the D1P2 model is given by {—1,1}.
Hence s := (—1,1)7 = s? = 1. By reason of isotropy the weights are equally
distributed with respect to the discrete velocities, i.e. w:=(3,3)"

71
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2.1 Hyperbolic versus parabolic scaling

Hyperbolic scaling for balance and conservation laws

The lattice-Boltzmann equation in hyperbolic scaling is generally given by
Of + s0,f = —e 'w[f — Ef] +qw, (2.1)

where € denotes the scaling parameter and ¢ is a prescribed source. Assuming
the D1P2 model as the underlying discrete velocity set, equation (2.1) changes
concretely into the system

Ofr — 0,fi = —etwlfi — (Bf)]
Oify + Ofo —6_1w[f2 — (Ef)g]

(2.2)

+3q,
+3q. (2.3)

The component f; is the density of the particles moving in left direction, while fy
represents those particles heading to the right. Note that the equations are coupled
via the equilibrium Ef.

It turns out, that this system can be connected to the following hyperbolic conser-
vation law! with a continuously differentiable fluz function® f

at'U + 8x [f(U)] =q, (24)

if the equilibrium operator FE is suitably chosen. In order to show this, let us
introduce the mass moment u, which is physically the total mass density, and the
first moment ¢, whose meaning becomes more clear before long.

u = (f,1) = f; + fa, ¢ = (f,s) ="fo —f; . (2.5)
The mass moment occurs in the equilibrium operator E that we define® by
Ef := (f,)w + f({f,1))sw = uw + f(u)sw . (2.6)
Since the moments of the equilibrium Ef are given by
(Ef, 1) =u=(f,1), (Ef,s) = f(u)

we see that E conserves the mass moment. In contrast, the first moment is not
preserved?. Let us now pass over to the equivalent moment system. This is ob-
tained by performing an algebraic transformation of the lattice-Boltzmann system

'If the source ¢ vanishes, we speak of a proper conservation law, otherwise the term balance law
is also used.

*Two well-known examples are the linear advection equation with f(v) = av (a constant) and
Burgers’ equation with f(v) = 20>

30bserve that (2.6) is the most general equilibrium in the case of the D1P2 model which depends
only on the mass moment u and conserves it also.

4Otherwise this would imply ¢ = f(u); but this means that the first moment ¢ would be entirely
determined by u. Since the variables u, ¢ are equivalent to the populations f1, f> and since the latter
ones are independent of each other, this would be a contradiction. However, the fact that the first
moment of the equilibrium yields the flux anticipates the close relation between the first moment

¢ and the flux, see equation (2.9).
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by expressing f1,fs in terms of u, ¢. Adding equation (2.2) and (2.3), i.e. applying
(-,1) to (2.1), yields the evolution equation for w:
Op(f, 1) + 0,(sf, 1) = e w|(Bf, 1) — (f,1)| + q(w, 1)
& O+ 0y = € ‘wlu—u]l+q=q.

Likewise, by subtracting (2.2) from (2.3), i.e. applying (-,s) to (2.1), the evolution
equation for ¢ is found:
=0
_1 —~
Bu(f,s) + D, (sf,s) = e w[<Ef,s> - <f,s>} +qTw,s)

R HORY]

<~ at¢ + &cu
So we obtain the subsequent equivalent moment system

ou+ 0,0 = q, (2.7)
O+ Ogu = —e_lw[(b— f(w)] .

Observe that this system corresponds just to the relazation formulation® pertaining
o (2.4), that has been introduced by Jin and Xin in [29]. Solving the second
equation (2.8) for ¢

o= f(u)—er (amu + 8@) (2.9)

where we have set 7 = w~! and plugging this into the first equation (2.7), produces
finally
Ou+ f'(w)dpu = q + e (00 + O2u) . (2.10)

It is possible to eliminate ¢, such that we obtain a closed equation for w. Dif-
ferentiating (2.7) with respect to t yields an expression for 9;0,¢. So we end up
with

du+ f'(u)0pu = q+er(— 02u+ diq+ Ou),

, / , (2.11)
< erOfu+ dwu+ fl(u)dyu — eTOZu = q + €10y .

Thus the mass moment u satisfies the balance law (2.4) if we formally set € to zero.
In fact, u is expected to converge to the solution v of (2.4) under the assumptions,
that ¢ and its derivatives remain bounded for € | 0 and that the balance law (2.4)
is stable under small perturbations.

In general, equation (2.11) determines u in a unique way if supplemented by initial
and boundary conditions. Once u is known, ¢ can be computed by means of (2.9).
Differently from wu, the first moment ¢ is determined as solution of an ordinary
differential equation depending on the space variable x as parameter. Equation

>The name relazation is motivated by the observation, that the quantity ¢ relazes in the space-
homogeneous case towards the flux. This means that it is a solution of the ODE qB—&— e lwe = f(u).
Starting from the balance law (2.4), as Jin and Xin did it, ¢ appears as an artificially introduced
variable. Our derivation of the relaxation system shows, that it is equivalent to a kinetic system,
where we understand by a kinetic system a PDE system that is formally similar to the Boltzmann
equation (like the lattice-Boltzmann equation). In the kinetic framework ¢ is interpreted as a first
moment.
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(2.9) assigns also a clear physical meaning to ¢, because it approximates the flux
f(u). Let us point out, that equation (2.8) (if multiplied by €) and equation (2.11)
represent singularly perturbed differential equations, since the (highest) occurring
derivatives are preceded by the scaling factor e.

Equilibrium with two conserved moments

In order to illustrate how the equilibrium influences the target equation, let us
consider the lattice-Boltzmann equation with another equilibrium:

Ef = (f,1)w + (f,s)sw = uw + ¢sw . (2.12)
In contrast to (2.6) this equilibrium conserves both moments since we have
(Ef,1) =u=(f1), (Ef,s) = ¢ =(f,s).

Due to this circumstance the e-dependence disappears, when we transform the
lattice-Boltzmann equation into the equivalent moment system

du+dd = g, (2.13)
Op+0,u = 0. (2.14)
It should be noticed that also this system decouples, resulting in a separate wave
equation for u and ¢. In order check this, (2.14) is differentiated with respect to x

and solved for 0,0;¢. Then it is inserted into (2.13) being also differentiated with
respect to x. Similarly, the equation for ¢ is found.

OPu—0*u = Oy
at2 ¢ — aigb = —0zq
The D1P2 model is too restricted to admit an adjustable wave speed. In this

regard the D1P3 model accords more flexibility which is illuminated briefly by the
subsequent excursion.

Equilibrium with two conserved moments for the D1P3 model

Let us shortly digress from the D1P2 model to consider an equilibrium analogous to (2.12) for the
D1P3 model already discussed in 1.1.2. Recall that s and w are now given by

_ T _ (1 6—=1 1\T
s=(-1,0,1) ", W—(@7T7@) )

entailing s> # 1 and (w, 52> = %. The moments u, ¢ are defined as above; additionally a second
order moment

Y= (f,s>— 07"
is introduced. An equilibrium preserving u and ¢ is obviously given by

Ef = (f,1)w + (f, s)fsw = uw + ¢psw .
Applying the moment operators to the lattice-Boltzmann equation and observing
(sf,s) = (f,s°)=(f,s"—0 Y +0 " (f,1)=¢+6 "u,
(sf,s> —071) (f,s° =0y =(1—0"")f,s)=(1—-01o,
(Bf,s) = u(w,s*>—0"") +0p(sw,s°—0 ') =0,

=0 (1—0—1)(w,s)=0
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we find the following equivalent moment system:

8tu+8xq§ = q atu+az¢ = q
O+ 50 u+ 00 = 0 o Op+ 07" 0u = €102 (0 + (1 — 5)0:0)
o Y = —e twyp Y = —er () + (1 — 5)0:9)

The system to the right arises from the left one by solving the third equation for ¢ and substituting
the obtained expression into the second equation. A comparison of this system with the equations
(2.13), (2.14) leads to the following observations:

e Since the second moment 9 is not conserved by the equilibrium, the right hand side of the
evolution equation for ¢ (left below) does not vanish. Solving for 1, the evolution equation
for ¢ can be written with a “source term” (right center) in contrast to (2.14). However the
right hand side appears with the scaling factor €, such that it becomes of order O(e) for well
behaved bounded solutions. Therefore the mass moment v and the first moment ¢ of the
D1P3 model should converge for € | 0 to solutions of the wave equations 07v — 0~ 19%v = d:q
and 82v — 071020 = —9,q respectively.

e There is another point to be learned from this example. In 1.1.2 we have already seen how
the D1P3 lattice-Boltzmann equation can be connected to a scalar conservation law (using
the hyperbolic scaling as well). Amazingly, neither the algorithmic parameter 7 (collision
time) nor 6 (weight parameter) interferes in the limit € | 0, i.e. in the target equation.
In contrast, € is lent a physical meaning now: The second equation differs from (2.14) by
the factor ' in front of dyu. This shows, that the weight parameter 6 determines the
propagation speed of the waves. In chapter 3, we will see in the context of the parabolic
scaling that the diffusivity is tuned by .

Parabolic scaling and viscous balance laws

Let us now consider the lattice-Boltzmann equation in parabolic scaling
Of + e 1s0,f = —e 2w [f — Ef] +qw. (2.15)

To recognize the impact of the scaling with regard to the target equation, we repeat
the transformation into the equivalent moment system. For this we define the mass
moment u and the first moment ¢ analogously to the first paragraph:

wi= (1) =fitfy o= (s = U5 = LR ).

In contrast to (2.5), the first moment is rescaled® by the factor ¢!, as the quantity
(f,s) is deemed to be of magnitude O(€). The equilibrium operator E is chosen as
in (2.6) with the difference that the scaling factor € occurs in front of the f-term

Ef := (f,1)w + ef ((f, 1))sw = uw + ef (u)sw .

Evidently, this equilibrium operator conserves also the mass moment. So u is ex-
pected to play once more the favored role. Indeed, we will see that u approximates
the solution of the wviscous balance law this time:

O + O, [f(v)] —vdiv=q. (2.16)

SIf we associate the populations fi,f, with particles moving to the left or right respectively,
then the hyperbolic and parabolic scaling distinguish each other by the following circumstance: In
the case of the hyperbolic scaling the speed of the particles is constant 1 independently of €. In
opposition, the parabolic scaling requires, that the speed of the particles grows as € tends to zero
(inverse proportionality). If we assume that the first moment should be computed with respect
to the (non-normalized) velocity (this seems physically more reasonable), then it is consequent to
define the first moment as we have done it. However, a real justification of this definition is only
obtained by a reasonable outcome.
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We derive the equivalent moment system (evolution system for u and ¢) by the
same procedure as above. Applying (-,1) to (2.15) results in the evolution equation
for u:

B(F, 1) + e 10,(sF, 1) = 2w [<Ef, 1) — (f, 1>] +g(w, 1)
& Gtu+8x¢:e_2w[u—u]+q:q.
Analogically, the application of 1(-,s) to (2.15) leads to the evolution equation for ¢:
e LOu(f,s) + €20, (sf,s) = e‘3w[(Ef,s> — <f,s>] + q(w,s)
01+ €20, (£,5%) = Pwef (u) — 6] +0 = w|f(u) - ¢] .

So we arrive at the equivalent moment system

du+dp = q, (2.17)
W +e20u = —ewlop— flu)]. (2.18)

By solving the above equation for ¢
¢ = f(u) — TOu — €70 (2.19)

and setting 7 := w™!, (2.17) and (2.18) can be combined to
o+ f'(u)dpu — 70U = g+ 70,0, ¢ . (2.20)

Identifying 7 with the macroscopic parameter v (viscosity/diffusivity) we see, that
the mass moment u satisfies a viscous balance law (2.16) apart from an additional
source term. This term is however proportional to € and should produce only a
relatively small perturbation of (2.16). In analogy to equation (2.11) we obtain the
following closed equation in u

702U + Ou + f'(u)dpu — 72U = q + €T0yq . (2.21)
hyperbolic scaling parabolic scaling
moments u=(f,1), ¢={(f,s) u=(f,1), ¢=2L(fs)
equilibrium E(u) = uw + f(u)sw E(u) = uw + ef (u)sw

LB equation | Of + s0,f = —e 'w[f — Ef] | Oif 4+ ¢ 1s0,f = —e2w[f — Ef]

target equation O+ 0, [f(v)] =0 v+ 0y f(v)] —vd2v=0

Table 2.1: Synoptic summary comparing both of the scalings. The mass moment conserving
equilibrium gives rise to a scalar target equation. The names of the scalings are borrowed from
the classification of the target equations, that come out finally (particularly in this example).
In more complicated examples, however, the type of target equation/system might be of hybrid
nature. Nevertheless, the parabolic scaling generally produces additional dissipative terms.
Therefore it is often referred to as the diffusive or viscous scaling.
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Equivalence of alternative formulations

So far, we have considered the transformation of the evolution equations’, with-
out losing a word about accompanying initial and boundary conditions. However,
evolution equations alone are mathematically not reasonable and must be comple-
mented by further conditions to obtain well-posed problems with unique solutions.
Therefore we now give a complete statement of the associated IBVPs®.

In particular we deal with the question whether the solution of the lattice-Boltzmann
system can be reconstructed from the solution of the scalar equation (2.21). We
establish the equivalence of the subsequent IBVPs in the sense, that the solution
of one IBVP induces solutions to the other ones. For each IBVP we present two
different boundary conditions, that are assumed to be homogeneous for simplic-
ity. The IBVPs are considered over a time-space domain X7 := [0,7] x [0, L] with
0<T,L< .

IBVP for the lattice- Boltzmann system:

BQ - Ofr — 10,f1 = —Sw[fi — (Bf)1] + ¢
‘ Oy + 10,f2 = —Swlfy — (Ef)2] + ¢
IC: f1(0,-)=g1 A f2(0,:) = go (222)

i) fg(t,()) = —fl(t, 0) A fi(t,L) = —fg(t, L)
ii) fg(t, 0) = fl(t, 0) A T (t,L) = fg(t, L) )

IBVP for the equivalent moment system:
Oru + 0.0 = q
O+ € 20u = —ewp— f(u)]
IC: w0)=g A 6(0,)=p (2.23)
i) wu(t,0)=0 A u(t,L)=0
i) ¢(t,00=0 A ¢(t,L)=0

BC:

IBVP for the scalar equation:

EQ: 70+ O+ f(u)0pu — TO>u = q + 2704q .
C u(0,-) =g Opu(0, ) (2.24)
BC - i) u(t,0) =0 A u(t,L)=0

i) f(u(t,0) — 70u(t,0) =0 A f(u(t,L)) —70u(t,L) =0

It is clear that (2.22) and (2.23) must be equivalent, since the variables (f,f3)
and (u,¢) are related to each other by an invertible linear transformation. In

"Reduction of the D1P2 lattice-Boltzmann system into a scalar equation via the equivalent
moment system.

8Shortcut for initial boundary value problem. Further abbreviations: EQ = (evolution) equa-
tion, IC = initial condition and BC = boundary condition.
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particular, the bounce-back-type boundary condition with sign flipping yields at
the left boundary

f(,0) = —f1(£,0) & f(£0)+H(E0) =0 & wu(t,0)=0,

what corresponds to homogeneous Dirichlet boundary condition for the mass mo-
ment u. Similarly, the second boundary condition results in homogeneous Dirichlet
boundary conditions for ¢:

f3(£,0) = f1(£,0) < f1(£,0) — f2(t,0) =0 < ed(t,0) =0 & ¢(£,0) =0.

The equivalence of (2.23) and (2.24) turns out to be more delicate, as one is obliged
to differentiate (loss of information), when deriving the scalar equation from the
equivalent moment system. So, the reverse way, from (2.24) to (2.23), must comprise
an integration giving rise to an undetermined integration constant. Before we settle
this problem in the next proposition, let us check how the initial and boundary
conditions of (2.23) translate into those of (2.24).

From the first evolution equation of (2.23) we obtain the following relation between
the initial data p and h:

h(z) = u(0,z) = q(0,2) — 0,6(0,z) = q(0,2) — Opp(x) .

As far as the BC ii) in (2.23) is concerned, ¢(¢,0) = 0 implies 0;¢(¢,0) = 0 and this
gives BC ii) in (2.24) using equation (2.19). In the general case of inhomogeneous
boundary conditions, i.e. ¢(t,0) = r(t), we get

f(u(t,0)) — 70,u(t,0) = r(t) + €1 (t) .

Proposition 2.1. Suppose that u € C2(Xr) is a solution of the IBVP (2.24) satis-
fying either boundary condition i) or ii). Assume moreover that the compatibility
condition

L
| lo0.)=nie)] ag = o (225)

is fulfilled in the case of ii). Then there erwists a function ¢ € C*(Xr), such that
(u, @) becomes a solution of IBVP (2.23) satisfying boundary condition i) or ii)
respectively. In the case of boundary condition i) ¢ is uniquely determined up to a
purely time-dependent term.

Proof: Let us define ¢ in such a way that the second evolution equation in (2.23)
is automatically satisfied. A slight reorganization of this equation yields

O+ € 2w = e 2wf(u) — e tou . (2.26)

The solution of this ODE for ¢ with respect to ¢ is given by the variation of constants
formula

¢(t, ) = {C + /Ox [q(O,é’) - h(g)] dg}e—wt/eZ

+ e 2em /e /t ew0/€ [f(u(@,x)) — T@xu(Q,w)] de (2.27)
0
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where the initial value p := ¢(0, ) is set to

N =h(¢)
pa) = C+ [ [a0.6) = Du(0:6)] ac (225)

with a constant C' to be specified later. Now we have to check that the first equation
of (2.23) holds true with ¢ defined as above. By definition (2.27) we see that
¢ € CY(Xr) if u € C?(Xr). Furthermore, it can be read off from the formula that
the mixed derivative 0,0,¢ exists and is continuous. Therefore we are allowed to
differentiate (2.26) with respect to x:

2701(0x0) + 0pd = f'(u)Opu — TO?u..

We have multiplied the differentiated equation by €27 in order to compare it more
easily with the slightly rearranged evolution equation of (2.24):

270,(q — Ou) + ¢ — dyu = f'(u)dpu — 70 .
~—— S~——

Obviously, the quantity ¢ — O;u satisfies the same ODE with respect to ¢ as 0,¢.
Moreover we infer from (2.28) that 0,¢(0,z) = ¢(0,z) — h(x) = q(0,z) — Ju(0, x).
Due to the agreement of the initial conditions we can conclude from the uniqueness
and existence theorem of Picard-Lindeléf® that

0. P(t,x) = q(t, ) — Opu(t, x) forallt > 0.

But this equation is equivalent to the first evolution equation of (2.23).

Let us now check the boundary conditions: In the case of BC i), ¢ is not subject to
boundary conditions. Thus the integration constant C' is freely selectable. Being
multiplied by the factor e=«/ 52, it is responsible for the time dependent term.
The case of BC ii) — corresponding to homogeneous natural boundary conditions
for u — results in homogeneous Dirichlet conditions for ¢, if C' = 0 and if the
compatibility condition (2.25) is fulfilled:

o(t,0) — Wt/ /00 {q(O,{“) — h(f)} d¢ +62w/0t ew(0-1)/ [f (u(t, O)) — 10 u(t, 0)} do =0,

=0 due to BC ii)

=0 (trivially)

o(t, L) = et/ /0 ’ [q(o, £) — h(g)} d€ +e 2w /0 L go-n/e [ F(u(t, L)) — 70u(t, L)} g = 0.

=0 due to BC ii)

=0 by (2.25)

9The important theorem of Picard-Lindel6f states grosso modo, that the initial value problem
z(0) = 20, 2(t) = F(t,2(t)) has a unique solution in a neighborhood of ¢ = 0, if the function F
is continuous w.r.t. its first and Lipschitz-continuous w.r.t. its second argument. Furthermore
the theorem gives an lower estimate for the interval of existence in dependence of the Lipschitz
constant. But this is here of no importance, since the equation is linear and the explicit formula
(2.27) provides the solution for all ¢ € [0,T]. Therefore we only need the uniqueness statement for
the above reasoning.
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Remark 2.1. (Compatibility condition) Compatibility conditions for the pre-
scribed data (sources, initial and boundary values) often arise to avoid possible
conflicts with the evolution equation or other constraints.

For IBVP (2.24) the source ¢ and the initial values for v and d:u are prescribed.
From its solution u and the prescribed data we have constructed a function ¢ subject
to homogeneous Dirichlet boundary conditions, such that (u, ¢) solves IBVP (2.23).
Now, the first evolution equation of (2.23) connects the quantities 9,¢, d;u and q.
Integrating this equation over the full space interval [0, L] yields

L L
/0 De(t,€)dE = B(t, L) — B(1,0) = /0 l9(t,€) — du(t, )de .

For t = 0 we obtain that the difference of the initial boundary values of ¢ must be
equal to fOL [¢(0,€) — h(§)]dE. So we retrieve compatibility condition (2.25) in the
special case of ¢(t,0) = ¢(t,L) = 0.

What is the physical meaning of this compatibility condition? To answer this, we
take a glance on the target equation (2.16), that permits a clear physical interpre-
tation in contrast to (2.23) and (2.24) if we identify u — for instance — with a mass
density. By introducing the physical flux ¢ := f(v) — vO,v, we can derive in the
same manner as above the following equation

L L L
G | veode= [Tontods = o1 - o0 + [ areds.
The left hand side is the time derivative of the total mass, i.e. the instantaneous
change in total mass. Intuitively, it must be equal to what is flowing out or coming
in at the boundary points 0,L (represented by ¢(¢,L) — ¢(t,0)) plus the mass
production rate represented by the space integral over the source function ¢q. Thus
the condition expresses conservation of mass.
Since u and ¢ approximate v and ¢ respectively, the existence of a similar compat-
ibility condition involving u, ¢ is not surprising. Nevertheless, it is remarkable to
hit on the same compatibility condition although ¢ is differently defined from ¢ via
the ODE (2.19). Finally note, that (2.24) alone with BC ii) does not enforce the
compatibility condition'?.
Remark 2.2. (Gauge freedom) The fact that ¢ can not be uniquely defined from
(2.24) accompanied by BC i) reflects a property of the lattice-Boltzmann system
(2.22) including BC i), that one might interpret as a sort of gauge freedom for
the quite artificial population functions. If (fi,f2) is a solution of the IBVP (2.22)
subject to BC i), then (1?1,1?2) with f; :=f; — ce~t< and foi=f+ ce~wt/<* solves
(2.22) with BC i) as well but satisfies different initial conditions.
However, from the macroscopic perspective the crucial point is, that (fi,fs) and
(1?1, 1?2) have the same mass moment u. Hence they approximate the same v, which is
of physical relevance as solution of the target equation. Moreover, the first moments
¢ = 1(f, —f1) and b= %(E — 1) = ¢+ 2ce et/ converge also for € — 0 to the
same function albeit being different.

Ynstead we find: [ [q(t,z) — dru(t,€)]dE = —€>7 [ [Drq(t,x) — DPu(t,€)]dE = O(e?). This
relation does not entail a condition for the prescribed data, since 82w is not initialized.
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This observation shows, that we cannot obtain from (2.24) a unique ¢ and thus
unique population functions fi,fs, without having some extra information about
their initial values.

Remark 2.3. (Periodic BC) The compatibility condition (2.25) emerges also in
the case of periodic boundary conditions f(¢,0) = f(¢, L), implying immediately peri-
odic boundary conditions for both'* moments: u(t,0) = u(t, L) and ¢(¢,0) = ¢(t, L).
In order to get classical periodic solutions, the derivatives occurring in the evolution
equations are also required to be continuous periodic functions.

As far as the construction of a periodic ¢ is concerned (proof of proposition 2.1),
we recognize in the explicit formula (2.27), that the only term!? making trouble is
the first integral with = as upper integration bound. In fact, the periodicity, i.e. the
equality for x = 0 and x = L enforces the integral to vanish over the full space
domain [0, L], leading thus to the compatibility condition. The constant C' can be
chosen arbitrarily.

2.2 A singularly perturbed initial value problem

In the previous section, two scalings for lattice-Boltzmann equations were presented
using the D1P2 velocity model as example. Heuristically, it was shown how the
scalings give rise to different target equations. In this section we want to inspect
the limit more carefully, which is generated by the parabolic scaling. To start with,
we take up the the scalar equation (2.21) to avoid the lattice-Boltzmann system.
Further simplifications are obtained by considering the case of a trivial flux function
f and absent sources g. Under these restrictions the IBVP (2.24) over the spatial
domain X = [0, L] with homogeneous Dirichlet boundary conditions reads

EQ: €270%uc + Oue — 170%u, = 0, >0
BC: Ue(+,0) =0 = uc(-, L) . (2.29)
IC: ue(0,-) =9 A Owe(0,)=h

Here we want to focus on the behavior of the solution wu., if the parameter € tends
to zero. This is interesting, since the equation is losing its highest time derivative
for € = 0. Thereby the equation undergoes an essential qualitative change'®: the
second initial condition prescribing Oue(0, ) gets redundant (resulting in an over-
determination by too many initial conditions) due to an abrupt alteration of the
equation type (hyperbolic — parabolic). Such a limit is called singular.

"Note the contrast to the bounce-back type boundary conditions affecting only one moment.

120bserve that the second integral is with respect to the time. That is why the assumed peri-
odicity of w and d,u can directly pass over to ¢.

13For example: second order differential equations are characterized by an oscillating behavior of
their solutions (e.g. wave equation, harmonic oscillator), whereas solutions to first order equations
exhibit rather a monotonic drop or growth (e.g. heat equation, radioactive decay). Furthermore,
time evolution operators of parabolic equations are characterized by smoothing the regularity of
the initial condition; this feature is not shared by hyperbolic equations. We will be confronted
with this property in the course of this section.
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In view of these malignancies it is by far not self-evident that the solution w. con-
verges to the solution of the natural limit system,

EQ: OQu—710%u=0
BC: wu(-,0)=0=u(-,L) (2.30)
IC: u(0,-) =g

where g is the same as in (2.29). This is all the more surprising, as the second initial
condition does not need to be “consistent” with the limit, i.e. convergence happens
even if A # 9yu(0, ). In the sequel we refer to (2.29) as the perturbed problem, while
(2.30) denoted as the limit problem.

In this section we are going to prove the convergence of u. — u employing Fourier
series, that permit a quasi analytical computation of the solution for both IBVPs.
Alternatively it is possible to approximate u. by a truncated expansion of the form
e = ul® + eu® + .+ Fu®) 4 O(eh*1), finally using a stability result to infer
convergence from consistency. Since this approach (which applies undoubtedly to a
wider range of problems) is pursued in the subsequent chapters, we prefer here the

classical Fourier technique for comparison'4.

2.2.1 The Fourier coefficient functions
Solution of the limit problem

IBVPs for linear PDEs are frequently attacked by an ansatz that is called separation
of variables. The idea consists in writing the solution as a product, where one fac-
tor depends only on time while the other is purely space-dependent. This approach
decomposes the original problem into a boundary eigenvalue-problem (BEVP) for
the spatial function and into an initial value problem for the time-dependent part.
Of course, not every solution of the original IBVP is so simply structured that it
factorizes with respect to time and space. But thanks to the linearity of the prob-
lem, simple multiplicative solutions can be linearly combined, to synthesize more
complicated solutions. In fact, under appropriate conditions, any solution can be
expanded by means of simple solutions. Thus we arrive directly at what is known
under the name of generalized Fourier series.

The solution of the IBVP (2.30) leads to the BEVP of the one-dimensional Laplacian
(second derivative) with homogeneous Dirichlet boundary conditions. The eigen-
functions s, to this problem are given by the sine

sn(2) == \/ 2 sin(nmz/L) for ne N (2.31)

having an integral number of bellies between the boundary points 0 and L. More
precisely these functions satisfy the equation

—T@%Sn = \.Sn with the eigenvalues A, := 7 ("%)2 . (2.32)

4 Apparently, the Fourier approach can be done with weaker regularity requirements.
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The eigenfunctions s,, are normalized and pairwise orthogonal. Furthermore the
set of eigenfunctions is complete in the Hilbert space £2(0, L).

Let us suppose that the initial condition g is in £2(0, L). Then it can be represented
by a Fourier series

L
g= Z QU Sn with «, := /0 g(z)sp(z)dx . (2.33)

neN
The coefficients «, are denoted as the initial Fourier coefficients.

Theorem 2.1. For g € £2(0, L) the IBVP (2.30) has a unique solution
u € C([O,oo),ﬁz(O,L)) N Cl’z((O,oo) x [0, L]) given by
u(t,z) = Z n(t)sn(x) with  on(t) == ape !, (2.34)
neN
Moreover u € C*((0,00) x [0, L]).

The proof of this theorem can be performed by means of Fourier series where each
coefficient o,, comes out as solution of the IVP

EQ: 6y + Aon =0 }

IC: on(0) = ay, (2.35)

Fourier coefficient functions for the perturbed problem

Since the spatial differential operator occurs in the perturbed equation (2.29) as
well as in the limit equation (2.30), we will work with its eigenfunctions (2.31) to
solve (2.29) too.

Let us assume that the second initial condition in (2.29) admits also a Fourier
expansion

L
h=> Pusn  with B, = / h(x)sp(z) da . (2.36)
neN 0
In analogy to (2.34) we start with the ansatz

ue(t) = Z Ue,n(t)sn(x)' (237)

neN

Plugging this expansion into (2.29), a formal computation yields the following IVP
for each coefficient:

EQ: T8 en+ e + MOem =0
’ ’ ’ } (2.38)

IC: 0en(0)=an A Gen(0) = b

In order to set up the fundamental system we need the zeros of the associated
characteristic polynomial

z > €27 <z2 + e 2wz + 6_2w)\n). (2.39)
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These are given by
Ve = —%e_zw + \/%e_%}z — e 2w\, = —%w6_2 [1 — 11— 4€2T)\n] , (2.40)
Xen = —%e‘%} — \/%6_40.)2 — 2w\, = —%we_z [1 +4/1— 4627')\n] . (2.41)

It will be convenient to abbreviate the square root:

(2.42)
Xen = _%WE_ZD + We,n]

1, -2
en = —swe |1 — W,
Wen = V1—4e31\, = { Ve, 2 [ )

In general, two cases have to be distinguished concerning the fundamental system:

1) two zeros  Yen # Xem © Wen #0: t— e’l’sv"t, t - eXent
2) double zero Yep = Xen & Wen =01t e¥ent ¢ tebent

The first case is the standard situation. If both zeros coincide, a degenerated case
is obtained.

In order to avoid annoying repetitions of case distinctions, we henceforth adopt the
subsequent agreement till explicit revocation.

Assumption 2.1. The real parameter ¢ # 0 is thought as a null-sequence (con-
verging towards zero) subject to the sole condition!® that it has no common element

with the null-sequence n +— ie.:

2rmn’

VneN: 6752\/%” & 1—4eé2Th, #£0.

This condition implies W, # 0, such that we are always in the regular case with
two different zeros of the characteristic polynomial. Hence, the Fourier coefficient
function oy, is a linear combination of e¥ent and eXent respecting the initial condi-
tions in (2.38). A short calculation yields the formula

5n — QnXen ewe,nt + anws,n B ﬂn

eXent 2.43
Yen — Xem Yen = Xen ( )

Ten(t) ==

Although we have derived this expression for o, starting with the ansatz (2.37),

a rigorous treatment requires that we take this equation as a definition'®.

Sorting for terms containing either o, or G, we get

1/}6 neX€,nt _ XE ned}e,nt ed}e,nt _ eXe,nt
Oen(t) = ap—2 ’ 4+ B 2.44
em( ) " ws,n - Xe,n " we,n - Xs,n ( )

5Notice that € occurs always in squared form, that is why it is redundant to require € > 0.

We do not yet know whether the resulting Fourier series will be convergent in £%(0, L), not to
mention any regularity properties which are necessary to justify the formal computation. Therefore
we are obliged to go the other way round. So it has to be shown that the coefficients defined by
the IVP (2.38) give rise to a converging Fourier series with a sufficiently smooth limit function.
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Furthermore using the relation ¥e, — Xen = wWen/ €2, this is transformed into

Ten(t) = 2an [(1 - Wgnl)exe’"t + (1+ Wgnl)ews'”t} + %Bne%'Wgnl [ewe’"t — eXent]
— %an [( Yenl 4 Xe, ”t) + We, ( Yent eXe’"t)] + n€ TW [ Vet _ eXe’"t]

= QnPn,e+ ﬂn@n,s s (2.45)

where we have set

Pen(t) = 3
1
2

[ 1115 nt eXs,nt] 1W [ we nt eXe,nt] , (246)
Oen(t) = 3e

2TW ) [ebent — eXE»nt]. (2.47)

In order to prove boundedness of these coefficient functions we prefer another rep-
resentation. For this, recall the definition of cosh(z) = 1(e* 4+ e7%) and sinh(z) =

$(e* — e7*). Using the representation of e, Xe,n in (2.42) we get:

1 1 1 1
eVent 4 eXent  — e—iwt/52+§wws,nt/62 +e_§wt/52_§wws,7lt/62

_1 o7 1 2 1 2
o~ pwt/e [eww&,nt/e Te 2wW€,nt/e}
—lwt/e2 1 2
= 2¢ 2 cosh (ﬁwwg,nt/e )
Similarly we obtain:
Ve nt Xe.nt —lwt/e2 Low, t/e2 “Low, t/e2
eVent _ ogXen — e 2 62 €,n —e 2 €,n
—lwt/EQ . 1 2
= 2¢ 2 sinh (iwwg,nt/e )

This finally gives the following representation for the coefficient functions defined
n (2.46) and (2.47)

Pen(t) = —get/e cosh (RwWe t/€%) + e —get/e W_,) sinh (3wWet/€%) ,  (2.48)
Oen(t) = Erem 3l Wl sinh (2o, ,t/€?) . (2.49)

Boundedness of the Fourier coefficient functions

The boundedness of the Fourier coefficient functions may be related to stability
estimates, that are necessary for alternative approaches (e.g. regular expansions).
The subsequent lemma represents a preparative and indispensable intermediate step
for proving further results.

Lemma 2.1. The coefficient functions per defined in (2.46) satisfy the uniform
estimate

|Pen(t)] <2

for allt >0, n € N and all admissible €.
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Proof: From (2.48) we obtain:

1 1
|pen(t)] < e~ 391 cosh (%wWE,nt/e2) + e_§°Jt/62WETn1 sinh (%wWE,nt/ez)

=:Acn(t) >0 =:Ben(t) >0

We show in the sequel that A ,(t), Beyn(t) < 1 independently of €,n and ¢, such
that |pen(t)| < Aepn(t) + Ben(t) = 2. There are two cases to be distinguished:

) 1-4&10, >0 Wpe€R dueto Ay, 7,e >0 follows: 0 < W, <1
) 1—4e27A, <0 W, €iR there exists we, € RT with: W, = iw,,

Here ‘i’ denotes the imaginary unit.

AdT) 0< W, <1

1

Acn(t) = ‘e‘i“t/ez cosh (%wWemt/ez) ‘
1

< e 2% cosh (%wt/e2)

1 2/ 1 2 1 2
%e quwt/e (e2wt/e +e 2wt/e)

D= N[

<

For the first inequality we have employed that W, ,, is positive and that cosh is
monotonically increasing for positive arguments. The second inequality holds
for t > 0 and w > 0.

In order to estimate B ,(t) (note remark 2.4) we consider the function

_, sinh(ax)

fla,z) :=e

for 0<x<1 A a>0.
T

We assert that for a fixed a > 0 the function (0,1) 3  — f(a,z) is monotoni-
cally increasing. As the function is continuously differentiable, this is verified
by checking the non-negativity of its derivative. Indeed:

_, xacosh(ax) — sinh(ax)

Opfla,x) =e 5 >0 (2.50)

X

Due to its monotonicity the function (0,1) > = — f(a,x) attains its extrema
at the boundary i.e. for z tending to 0 or 1.

. —a e si L’Hospital _g .. _ _
lim f(a,z) = e ahm% EL “hm%h(ax):e “a<et <}
z|0 z|0 z|0
1;?11 fla,z) = e “sinh(a) = 3e (" —e *) =3(1—-e ) <1
Observe that the function a +— ae™® is maximal for ¢ = 1 (see lemma

2.8). Since a > 0 is arbitrary (although fixed) we get |f(a,2)] < 3 < 1

for 0 < x < 1. Identifying = with W, and setting a = %u)t/e2 we obtain

1
Ben(t) = e~ 24/ W sinh (JwWent /) [ < 1.

)
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Ad II)

The correctness of equation (2.50) ensues from the fact that y cosh(y) > sinh(y)
for all y > 0. As the hyperbolic functions are real analytic, this can easily be
seen by writing down the Taylor series:
yeosh(y) = y(I+4y*+Hy' + &5 +.) =y+ 3" + 59" + 4y + ..
sinh(y) = y+ %yg + éy‘r’ + %y7 +

Wen = iWepn, Wen >0

In the following estimates we exploit the identities sinh(iz) = isin(z) and
cosh(ix) = cos(z) for real x.

Acn(t) = ‘e_%“’t/€2 - cosh (%wWE,nt/ez) ‘

e—%wt/e2

- Jcosh (witwe nt/2)]
_ e_%oﬂt/ﬁ2 . ‘COS (%wwe,nt/€2)|
e_%“’t/ez -1

1

IN A

The first inequality results from the fact, that the cosine is bounded for real
arguments in contrast to the cosine hyperbolicus. Therefore the exponential
function, that was important for case I to damp the cosine hyperbolicus, does
not play a crucial role this time.

)

1
Ben(t) = ‘e_i“’t/fz.Wgnl-sinh(%wWemt/g)‘

e_%“’t/fz . |iw€7n|_1 . |Sinh (%wiwﬁ,nt/e2) |

e_%wt/ﬁ2 i we_JlL . |1 . sin (%wwe,nt/€2) ‘

g [ (Gonat)

We,n
1 2
—swt/e® 1 2
e 2 swt/e

1

VANVAN

The first inequality emanates from the mean wvalue theorem, which gives
sin (%wwe,nt/@) = %wt/e2 - COS (%w&e,nt/@) - We,py for some 0 < &, < Wep-
As the cosine function and the mapping a — ae™® are bounded by 1 for
non-negative arguments, we obtain the final estimate.

Remark 2.4. Under condition I) the mean value theorem is of no use to estimate
B, since we get here a cosine hyperbolicus instead of a cosine. Notice, that the
occurring exponential exp(—%wt /€?) can only be utilized to “slay” either the cosine
hyperbolicus or the factor %wt /€2, which would come into play by the mean value
theorem.
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Corollary 2.1. The coefficient functions o defined in (2.47) satisfy the uniform
estimate
|0en(t)] < 7€

for allt >0, n € N and all admissible €.
Proof: The representation of g, in (2.49) corresponds to the second addend of

(2.48) multiplied additionally by €?7. Therefore Oc,n 1s estimated in the same way
as B, in the proof of the previous lemma. [ |

Summarizing, we have obtained
|oen(t)] < 2|an| + | Ba|7e? . (2.51)

The uniform boundedness of the coefficient functions p., and g, has two useful
consequences.

Lemma 2.2. The Fourier coefficient functions o ,(t) represent square-summable
sequences with respect to n. Furthermore their £2(N)-norm can be bounded indepen-
dently'™ of 0 < e <1 andt > 0.

Proof: Recall that the sequences (ay,)nen and (5, )nen are square-summable as
Fourier coefficients of the £2-functions g, h. Introducing A% = > ., |as|? and
B%:=3" ., |8x|? and exploiting the estimates in lemma 2.1 and corollary 2.1 we
obtain:

S [oen® P2 ST anpen(t) + Buven(t)]”

n>1 n>1
<D laaPloea®F + 2 lanl|Balloen®lloen(®)] + D 1Bal*loen()]
n>1 n>1 n>1
<4) ol +47¢2 Y JanlBnl + 7% 1Bal?
n>1 n>1 n>1

<AA? + 472 AB + 726" B? < 4A? + 41AB + °B?* < 00 for €< 1

Observe that we have employed the Cauchy-Schwarz inequality for infinite sums.to
estimate the product sum > -, |on||G5]- ]

The sequences composed of the time-dependent Fourier coefficient functions permit
not only a common bound for their /2-norms (independent of ¢), but their sums
converge also uniformly. The statement of the next lemma makes this more precise.

Lemma 2.3. For every 6 > 0 there exists N = N(§) € N, such that

Y loea®P <6

n>N

independently of t > 0 and 0 < e < 1.

"The condition € < 1 in the assumptions of this and the next lemma seems to be artificial and
arbitrary, since other upper bounds are possible as well. Although the condition might appear
superfluous, as we consider the limit ¢ — 0, we have added it here to be formally correct.
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Proof: We remember again that (o, )neny and (6,)nen are square-summable. On
account of the Cauchy-Schwarz inequality, the sequence ([ )nen is summable.
Hence for every n > 0 there exist natural numbers N,, Ng, Nog € N depending on
7, such that

YodanlP <, Y Bl <n Y lawBal <

n>Nq 7L>Ng n>Naﬁ

Let us set N := max{N,, N3, Nos}. The computation is now analogous to the
estimate in the proof of the preceding lemma:

Z |06,n(t)|2 <4 Z |an|2 +4ré’ Z || Bnl + 7% Z |ﬁn|2

n>N n>N n>N n>N
<dn+4réln+ Tt < (A + 4+ 1 for e <1.

If 1 is chosen to be (4 + 47 + 72)716 the assertion follows. ]

Remark 2.5. This lemma turns out to be the crucial tool in dealing with the
infinite Fourier series for wue, that we have formally written down in (2.37). It
permits us to show that the Fourier coefficients functions o, ,, bequeath properties
— like continuity in time or convergence with respect to € — to the whole series.

Estimate of the time derivative

In subsection 2.2.3 we need an estimate similar to (2.51) also for &y, that shall be
anticipated here.

Lemma 2.4. The time derivative of the Fourier coefficient functions satisfies the
estimate

|de,n(t)| <o |An + 2|85

for allt >0, n € N and any admissible € > 0.

Proof: Computing the time derivative of the definition (2.43)

L — gt d et — gt
ndt wE,n - Xe,n ndt le’n — XE,n

t t t t
eXe,n _ ed}e,n ¢€7newe,n _ XE,TLeXE’n

= ntenXe, + 0
nrenten ¢e,n_X5,n " ws,n_Xe,n

=—0¢,n (1) =:Pe,n(t)

Fen(t) =

)

we recognize in the first addend the coefficient function o ,, (see (2.47)), while the
second addend contains a factor pe, being similar to the coefficient function p
(see (2.46)). With

YenXen = (—%WE_2(1 - ng)) . (—%w6_2(1 + Wg,n)> _ %w26_4(1 — W)

= %w2e_4 (1 —(1- 4627')\n)> = we 2\,
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we obtain
dE,n(t) = O‘nwe_2)\nge,n(t) + ﬁnﬁem(t)'

Applying corollary (2.1), we find the estimate

’an,we_z)‘n’&,n(t)‘ + wnHﬁe,n(t)‘
|| An 4 180l Pen (t)] - (2.52)

[Gen(t)] <
<

In order to estimate |jc(t)|, a further computation using ¥, — Xen = WWe /€
yields:

(L= Wehetnt 4 31+ Wl jexent
(eVert = 0xen) 4 W (et o)

Pen(t) = %
1
2

1 1
= 2wl cosh(2wW, ,t/€?) — Weme_iw/gz sinh(3wWWe t/€?) .

A comparison with (2.46) shows, that p., is the difference of those terms, which
give as sum p. . Since each of the two terms has been estimated separately in
lemma 2.1, we conclude

[pen(t)] < 2.

With (2.52) this gives the assertion. ]

Convergence of the Fourier coeflicient functions for ¢ ™\ 0

Let us first consider how the zeros in (2.40) and (2.41) behave, when € tends towards
zero. The characteristic polynomial is of the form

p(z) = €22 faz+b with a,b € R\ {0}. (2.53)

Obviously the quadratic polynomial degenerates to a linear function for vanishing
€. Its zeros are given by

1 /1 1 /1
Z+ .: —5a+ Za2—52b and Ze_ — —5a-— Za2—52b . (254)

€ - 2
Observe that both zeros are real for sufficiently small e.

Lemma 2.5. The zeros in 2.54 have the following asymptotic comportment:

. €l0 _ €l0
i) a>0: zj#—g and 2, LRI
.. el0 _ €l0
it) a<0: zj#oo, and 2 L—g

Proof: ad i) As the square root is by definition positive (for sufficiently small €)
and as a > 0 by hypothesis, we see that the numerator of z_ converges to —a, while
the positive denominator €2 tends to 0. Hence 2 goes to minus infinity.

In order to compute the limit of z~ we use L’Hospital’s rule with

fle):=—ta+/1a2 — €% and g(e) == €.
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Since f(0) =0 and g(0) = 0 we compute the first derivatives:

1
flle) = —eb(3a* —€®b)"2 and g'(e) = 2¢

Once more we obtain f'(0) = 0 and ¢’(0) = 0, such that we have to pass over to
the second derivatives:

_1 3
f'(€) = —b(%a® — €®b) 2 — b(ta® —€®b)"2 and g¢"(e) =2

=

i € _ £0) _ b2
=limgg =90 — — 2 Tar

1
ad ii) The second case comes out in complete analogy where the term (a?/4)2 must
be evaluated with care, as it is —a/2 for a < 0. n

Now we get: limzF = im£Q = lim L)
c—0 € €l0 9(e) el0 9 (€)

The finite limit —3 is just the zero of the affine-linear function, that is obtained by
setting € = 0 in (2.53).

-30 -26 -20 -15 -10 -5 0
Re

Figure 2.1: The figure illustrates the position of the characteristic roots ), (red dots)
and X, (blue crosses) in the complex plane for different values of €. For this example
the parameters are L = 1, 7 = 0.1, n = 2 while € varies between 12 and 0.55 in steps
of 0.005. For relatively large € the roots are complex. Due to the real coefficients of the
characteristic polynomial (2.39), %, and x., are complex conjugated to each other.
If € falls below a certain threshold value, 1, . converges on the real axis from left to
—Ap, (thick bullet) while x.,, tends monotonically to —oo.

Let us apply the lemma to the case of our interest. By identifying a with w and b
with wA, we conclude immediately:

Corollary 2.2. The roots (2.40) and (2.41) of the characteristic polynomial asso-
ciated to (2.88) display the following asymptotic behavior:

€l0 €lo
ws,n — =\, and Xen — —O0.
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Now we are enabled to verify the convergence of the Fourier coefficient functions
Ocn- Besides the boundedness and the presented implications, this is the second
ingredient entering the convergence proof of theorem 2.3.

Lemma 2.6. If € tends to zero, the Fourier coefficient functions o, defined in
(2.43) converge pointwise for all t > 0 to the Fourier coefficient functions oy, (t)
pertaining to the solution of the limit problem (2.50):

Proof: For ¢t = 0 the initial condition yields: o¢,(0) = a; = 0,(0). So the case
t > 0 remains to be considered. Let n € N be fixed. Since x. , converges to minus
infinity for e | 0, there is ¢y = €p(n) such that ., # 0 for all admissible € < €.
From corollary 2.2 we conclude that ¢, /xen — 0 and 5, /xen — 0 if € — 0.
Continuity of the exponential function entails e¥ert — e~ *t and eXent — 0 for

fixed t > 0.
on(t) = ape
lim (ﬂ) — oy lim (&> — lim (5—")
Xe,n Xe,n Xe,n
= 0 lim e¥ent 4+ <o <o -lim eXent
lim (Le2) —1 0 lim (%22 ) ~ 1 elo
€l0 Xe,n €l0 Xe,n

As all limits exist, we are allowed to apply the limit rules for arithmetic operations:

ﬁn — « ’l’e,n _ ﬁn
op(t) = lim | Xem " event o MXen  Xen oxent| —fim g, (t) .
n €l0 we,n _ 1 ws,n _ 1 €l0 &n
Xe,n Xe,n

Multiplying denominator and numerator by X yields (2.43) and hence the asser-
tion. [ ]

2.2.2 Solution of the perturbed problem and convergence

In (2.37) we have chosen for u. a Fourier series ansatz without knowing, whether
this will lead to a reasonable result. In order to impart a meaning to (2.37) and to
justify thereby the ansatz, we have to show that the sequence is convergent in some
sense. This is the intention of the next proposition.

Proposition 2.2. Let the coefficient functions o, be as in (2.43). Then
ue(t, x) := Z Oen(t)sn(x)
neN
defines for all t > 0 a square-integrable function, i.e. uc(t,-) € L2(0,L).

Proof: Generally, a series of pairwise orthogonal elements converges in a Hilbert
space if and only if the sum of the their squared norms is convergent. As the s,’s are
normalized in £2(0, L), we have to check, whether the sum of the squared moduli
|oen(t)]? is finite. But this is just affirmed by lemma 2.2. ]
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The proposition does not yet classify u. as a function of time. This is the object of
the next theorem.

Theorem 2.2. The function u. defined in proposition 2.2 depends continuously on
the time, more exactly:

ue € C([0,00), £%(0, L))

As already insinuated in remark 2.5, the proof of this theorem relies on lemma 2.3.
Since we do not dispose of equicontinuity in time for the whole sequence (o, ¢)nen,
the Fourier series representing the difference u (¢, ) — ue (o, ) is split into two parts.
The first portion comprises only finitely many addends up to a certain index. These
terms are handled by exploiting the continuity of the coefficient functions to be
transferred on the whole series. The tail of the series, is controlled in a general way
by means of the uniform decay provided by lemma 2.3.

Proof: We have to show that for all ¢y € [0,00) and for any § > 0 there exists a
real number 6 > 0, such that

lue(t, ) —ue(to, )5 <6 if |t —to] <.

Using Parseval’s theorem and the orthonormality of the s,,’s , the squared £2-norm
can be expressed in terms of the Fourier coefficient functions:

et ) 1t G = || 3 [oen(t) — oen(to)] - su
n>1
=" |oen(t) = oen(to)* - lsnll3
n>1
=" [oenlt) - Ten(to)]” - (2.55)
n>1

Lemma 2.3 guarantees the existence of M = M(d) € N, such that

Y o) <4 and > oenlto)? < 5.

n>M n>M

As each of the coefficient functions is continuous in time, we can find real numbers
01, ...,00 > 0 with

|Ten(t) — oen(to)| < ﬁ if |t—to| <0, and ne{l,..,M}.

Choosing finally 6 := min{#, ..., 05;} we obtain from (2.55) by applying the triangle
inequality

M
Jue(t, ) — u(t, )H% < Z |Ue7n(t) - Uf,n(t0)|2 + Z ’UE,n(t)P + Z ‘Uem(to)’z
n=1

n>M n>M
<Z\43__|_§_|_§ K}

whenever |t — tg| < 6. Note that 6y, ...,0ys and hence 6 depend a priori (for given
initial Fourier coefficients defining o¢ ;) on the choice of § and M. If one tries to
choose M as small as possible, M depends on § and therefore 6 depends actually
only on 4. [ |
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At this point it would be natural to expect a statement establishing wu. as the solu-
tion of the perturbed problem (2.29). However, in opposition to the limit problem
(2.30), there is no result equivalent to theorem 2.1. The reason'® for the different
behavior lies in the second time derivative that makes (2.29, EQ) to a sort of wave
equation, that is of hyperbolic nature despite the attenuating action of the first
time derivative. It is a characteristic property of hyperbolic equations that their
associated time evolution operator does not smooth the regularity of the initial
data. In contrast, the solution of a parabolic equation like the diffusion equation in
(2.30) acquires C*°-regularity as soon as t > 0 — even if started by an £2-function.
Therefore it is not possible to assign to u. the meaning of a classical solution for the
perturbed IVBP under the assumption of £? initial data. Nevertheless it is possi-
ble to interpret u,. as solution in a wider, generalized sense (weak or distributional
solution).

In view of these facts, the convergence of wu. towards the C*-solution u of the
limit problem might appear questionable. On the other hand, having verified the
convergence of the Fourier coefficient functions in lemma 2.6, it is natural to assume
that this fact should have some repercussions. A first convergence result is given
by the following theorem. Its proof is based on the same idea of splitting to control
the Fourier series that has been applied to verify theorem 2.2.

Theorem 2.3. For fized time t > 0, uc(t,-) converges to u(t,-) with respect to the
L2-norm as € tends to zero (satisfying assumption 2.1):

e€l0
fue(t,-) — ult, )2 <50,

Proof: Thanks to proposition 2.2 and theorem 2.1 both of the functions w.,u are
in 52((0, L)) for fixed ¢ > 0, so that the assertion makes sense. We have to show,
that for any § > 0 there exists an 1 > 0, such that the estimate

[ue(t, ) —ult,)|3 < 8
holds for all admissible € with 0 < € < 7. We can proceed as in the proof of theorem
2.2 with some slight adaptations concerning the formulation.

Lemma 2.3 can be extended to the sequence o, (t) corresponding formally to the
limit case € = 0. This ensures the existence of M = M (d) € N, such that

> oen® <5 and D on®P <5

n>M n>M

Furthermore we know from lemma 2.6, that each of the coefficient functions o, ((t)
converges to o, (t). Therefore we can find real numbers 7y, ...,mp; > 0 with

|oen(t) —on(t)] < 3i if e<n, and ne{l,.. M}

BWe refer to the appendix for a more thorough discussion.
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By setting 7 := min{ny, ...,y } we have found the searched 7, because

lue(t,-) —ult, B =3 |oen(®) — ou(®)|?

n>1
M
<D Jocn®) —ou® + 3 loea®) + 3 lou()”
n=1 n>M n>M
SMB+8+8=96
for all 0 < e < 7. u

The degenerate case

Let us briefly discuss the degenerate case excluded so far by assumption 2.1. This

case occurs, if € = 5 L__ for some n € N which implies
VTN

Wepn =0 and equivalently e, = Xen = —%w/e?
Then the fundamental system of (2.38, EQ) is given by
—lwt/e2 —lwt/e2
tr—e 2 and trte 2 .
Taking the initial condition (2.38,IC) into account we obtain for o p:
Us,n(t) = anewe’nt + (5n - anwe,n) tewe’nt
1 1
= e 39 | (Bn + 3onw/€?) te2wt/e

L /e _L 2
= ozn(l—%wt/e2)e_2‘”t/E + Bute” 29U

1 2 —lwt/EQ —lwt/e2 . . .
Hence pen(t) = (1—gwt/e”)e” 2 and g (t) = te” 2 . The triangle inequality
and lemma 2.8 lead to the estimates

1
pen®)] = 1= dwt/efe 2 <2 (2.56)
1
|0en(t)] = 2762~(%wt/62)e_§“’t/62 < 2716, (2.57)

that agree with those in lemma 2.1 and corollary 2.1, except for an additional
factor'? 2 in (2.57).

Let us suppose now that € represents a general null-sequence, which does not fulfill
assumption 2.1. It turns out that the convergence proof of theorem 2.3 works
without any modification. Let us see why:

Remember that M = M(d) € N was chosen at first for given § > 0. By means of
this natural number the infinite series is decomposed into two parts. The leading
part for the indices n € {1,...,M} is estimated utilizing the convergence of the
Fourier coefficients o¢ n(t) — op(t). If 6 > 0 is small enough, this requires usually
Wen > 0 (otherwise 1), is still relatively far from X, away.) Therefore the case
We,n = 0 should occur for n > M, i.e. in the tail of the series.

19Fortunately, this is of no harm. The factor can also be added in corollary 2.1 to have a common
estimate.
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In order to enforce this, we additionally impose € < L/(2/7M) implyingWV,, . > 0
for n € {1,...,M}. So, n is defined by

n= min{g\ﬁ#77]17 777M}

Thus, the degenerate case can only occur “in the tail” of the series. But here we
benefit from the boundedness (uniform in ¢ and n) of the coeflicients functions py,
and g, ¢, so that we have not to distinguish between the standard and the degenerate
case.

In retrospect, assumption 2.1 was not really necessary as “measure of precaution”,
as the following function is continuous with respect to e:

1/)€7nOX5v”lt—X€7no"Z’€y7lt e¥ent_gXe,nt . L
Qn we,n_Xs,n + ﬁn we,n_Xs,n lf € ;é 2\/7_'M7r

€ 0cp(t) = ot ot ;
aperen + (571 - Oénqzjem) teven lf € = m

2.2.3 Uniform convergence and convergence rate

In the preceding subsection we have proved pointwise convergence of wu. in time
under the weak hypothesis of £2 initial data. The goal of this section is to extend
this result. So we will prove uniform temporal convergence and derive a convergence
rate. The latter one requires however certain smoothness assumptions concerning
the initial data. Another aspect to be discussed here concerns the convergence
behavior of the time derivative dyu., where we will make a first acquaintance with
the initial layer to be discussed in section 2.3.

The singular IVP for the Fourier coefficient functions

The original problem (2.29) involving a PDE is reformulated by means of Fourier
expansion into a family (parametrized by n) of equally structured ODE initial value
problems (2.38). Before we can ameliorate the result of theorem 2.3, we have to
study their solutions in more detail.

For this, let us return to the computation of the characteristic roots given in (2.40)
and (2.41). Taylor expansion yields for 1 > z

Vi—z=1- %x—%(l—é)_?’/z:ﬂz,

where £ € (0,z) denotes an appropriate intermediate position (Lagrange’s remain-
der). Applying this to the root occurring in (2.42) we get

Wen =V 1—4e?tA, =1 - 2621\, — ce7ne4 if 4’ < 1. (2.58)

Here ¢, is a positive number depending on € and on n via A,. If the argument
4€*1 )\, stays away from 1, we can compute an upper bound for Ce,n- For instance:

0<4rAe? < 3 = 0<cen <1372 (4ra)? < 87202, (2.59)

The expansion of W , immediately yields the following expressions for the charac-
teristic roots:

_ 1 2
ws,n = _)\n_iwcs,ne

—2 2
_ = — =we “ — 2\, — WCe p€-.
XE,n — e 2 )\n %wcg’n62 } we,n Xe,n n €,M
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Thence:
Bn — QnXen  On — QA T€ + BT — %oznceme4 B O 5 60
Ven — Xem 1—2X\,7€% — ce pet = an+0(<), (2.60)
ntien = _ (Z0ndn = Bn)7€ = goncenet ) (2.61)
Yen — Xem 1 — 2\ T€% — ce et ' '
Let us define for given n € N and A\, = 7‘"27;2
= e 20

In the sequel we will often tacitly assume € < 7,,. We underline, that in this case the
root We , permits the expansion in (2.58) with ¢, ,, satisfying the estimate (2.59). In
particular, this implies also that we can expand the denominator in (2.60) and (2.61)
by the geometric series, providing thus a justification of the claimed asymptotic
behavior for ¢ — 0. Additionally, we obtain the following useful estimate:

1 < 1
1—2\,7€2 —cepe* — 113 8

<2 (2.63)

Furthermore we will make use of the crude estimates e¥<n* < 1 and eXent < 1 for
t > 0 and € < 7,. In the proof of proposition 2.4 the latter exponential, however,
requires a much finer estimate, which is supplied already now.

Lemma 2.7. Let n, be defined as in (2.62). Then for any 6 > 0 and all € € (0,n,,)
eXent < 797 1¢? if telf,00).

Proof: Note that W, and x., are real for € € (0,7,). Then x5 is dominated by
—%we_z according to (2.42). Now we seck a constant My > 0, such that

_ 2
e wt/2e¢

!
eXe,nt < e—wt/252 S M962 o= f(e) = T S M@

In order to define My suitably, we have to determine the maximum of the func-
tion f. A short computation reveals, that its derivative has a single positive zero

at y/wt/2. Since f(0) = f(co) =0 and f(y\/wt/2) = (ewt/2)~! > 0 we have ob-

tained the maximum, Wthh is obviously decreasing with respect to t. So we choose
My = supye(p o) f(/W/2) = (ewf/2)™1 =2 < 7. ]

After these preparations the first proposition represents a significant supplement of
lemma 2.6. Although (2.38) is a singular perturbation of problem (2.35), this has
to all appearances no impact on the quality of mutual approximation between their
solutions o, and o,. Similarly to a regularly perturbed problem, the factor €2
front of the second time derivative in (2.38) seems to determine the approximation
speed in a natural way.

Proposition 2.3. If € tends to 0, the Fourier coefficient function t — o p(t),
defined in (2.43), converges uniformly on [0,00) towards o, (t) = e *nt.

There exists a constant C,, depending on T and n via A\, and the initial conditions
o, Bn, such that

SUp |oen(t) — opn(t)] < Cpe? for 0 <€ <.
te(0,00)
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Proof: It suffices to prove the above estimate, as uniform convergence ensues from
it immediately. Using the definition of o, (t) in (2.43) and applying the triangle
inequality yields

Bn — AnXen ape nt At pten — Bn t

Oen(t) — onp(t)] < |82 e¥ent _ g™ ?n +"7exév”
‘ Em( ) n( )’ T;Z)e,n - Xe,n " ¢e,n - Xe,n
=:F =1k

Let us treat each of these expressions separately:

(ozn — ap A T€2 + B Te? — %ance,ne‘l)ewf’"t — (1 — 2\, T€2 — ce,ne4)ane_>‘"t
1 —2X\,7€? — e et

B, 20

We estimate the denominator by 2 as in (2.63) and apply the triangle inequality to
the numerator:

Fi < 2 ‘anewe’”t — ane_)‘”t + 2¢2

1 2 2
BnT — QpAnT — 50nCen€ + 20 AT + Qi Ce n€ ‘

1
2e—>\nt‘an’ . |e—§wce,n62t o 1| + 2€2|/8n7— + an)\nT + %ance7n€2‘

IN

< 2e_)‘”t\any . %wcg,ne% + 262(\[3”7' + ap A, 7| + %]an\cg,ng) .

2

In the last step we have applied the mean value theorem to obtain € as a factor

also in the first addend:

_l 2 _l 2 .
aWeen€t _ 1‘ = %wce ne2e gWeen€ t with 0 <9 < t.
) ~—
<1

e

In order to get rid of the factor ¢, we remark, that on account of lemma 2.8 and
An > 0, we get \pte ™t < 1 for all t > 0. So we end up with

(2.59)
(2.62)

Ey < 2e M ay,| - %w872)\%t62 + 262T(|ﬁn + apAp| + %|an|8)\%72%%)

< (9\an\)\n 42/ + anAn\)m2 . (2.64)

Similarly we treat Fo:

2 1 4
(—anAy — Bn)T€” — 50nCene
1 —2X\,7€? — cepel

(2:61)

By, = eXent

< 2‘(0zn/\n + Bn)Te* + %ance,ne4

< 2(|an/\n + ﬁn| + %|an|/\n>7—€2-

Thus, both expressions E7, Fs vanish quadratically with € and we find the assertion
verified with
Cp = (14\an\An+4yﬂny>r. (2.65)
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The next proposition manifests the “singular” character of the limit. We have
already seen that the choice of the second initial condition 3, does not affect

the convergence o, =0, o0yn. This means that convergence occurs indifferently
of whether 3, is chosen compatibly?® or not. On the contrary, it turns out, that
even the time derivative ¢, , converges to ¢, for ¢ | 0. Of course, in any neigh-
borhood of ¢ = 0, this convergence cannot be uniform if 3, is not compatible,
ie. By = dcn(0) # 6,(0). However uniform convergence takes place outside any
vicinity of the time origin ¢ = 0. This circumstance clearly signalizes the existence
of an initial layer.

Proposition 2.4. Let e tend to zero. Then the time derivative of the Fourier coeffi-
cient o, converges for any 0 > 0 uniformly on [0, 00) towards &, (t) = —ay e~ nt.
Moreover, there ewists a constant Kg,, > 0 such that

SUp |Gen(t) — 0p(t)] < Ko e for 0 <e<mny.
te[h,00)

For B, = —apA, the above estimate and a fortiori uniform convergence hold even
in the case of 8 = 0.

Proof: Recall that € < 7, entails c., < 8\27% and (2.63). Furthermore eXent < 1
by lemma 2.7 as well as e¥ent < 1 for t > 6 > 0. We proceed now analogously to
the proof of the previous proposition:

5n - anXE,n anws,n - Bn

Oen(t) —on(t)] < YeneVemt £ apApe | 4 ‘ eXent
’ E,n( ) n( )‘ wg’n _ XE’n €, n\n 1/}67n _ XE’n €,
=:F =:Fy
Using Yen, = — Ay — %wceme2 we find
Fio< | PR 0nXem et g o Mt| 4 L, e | Pr T OnXen gyt
a ¢e,n — Xen ’ ¢e,n — Xen
=:G1

< By +ATA2EG < (21|an|Ai + 8|ﬁn|/\n>7‘ =
where (G is estimated as follows:

Gy < Bn — AnXen
- ws,n — Xen

< 2|o¢n — ap A\, TEX + ﬁm‘ez — %ancﬁ,neﬂ

< 2|an| + §lan] + §10uIA" + grlom] < Flan] + 318057

208, is compatible to the solution of the limit problem (2.35) if B = 5n(0) = —anAn.
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Similarly, employing X, = —we 2 + A\ + wWee ne? we get for Fy:
Fy < we™? e = bn eXertl 4 (A + ween€?) nYen — Pn eXent
o T;Z)e,n — Xen ’ ¢e,n — Xen
=:G2

<we 22 |(anAn + BT + %ancemeﬂe’“’”t + (A + weene?)Go

< 2|ap Ay + BpleXert 4 8|an|/\i7'e2 + 21, G2
< 2andy + BaleXr 4 7(14]an|X2 + 4|8l A ).

where (G2 has been replaced by the estimate

< |———— £ 2|(an)\n + ﬂn)7—62 + %ance,n€4
we,n — Xen

< 2<|an/\n + ﬁn| + %|an|/\n)7—€2 .

Summarizing, we have derived the estimate

Kn:=

Gen(®) = n(D] < 2andn + BaleX* + (35]an| A2 +12(B, A0 ) 7

If 8, = —ay\, the first addend vanishes and the asserted estimate holds for all
t > 0 with Ky, = K,. Otherwise if the initial condition of the perturbed problem
is not consistent with the limit problem i.e. |a, A\, + 5,| # 0, we take recourse to
lemma 2.7. Thus we obtain the assertion by setting

Kon =2(|an|An + 8n)7/0 + K,

Main convergence results

Uniform convergence of u,. can be obtained as corollary of the previous results.

Corollary 2.3. Let the initial data g,h € L£L*(0,L). Then u. as defined in propo-
sition 2.2 converges to the solution u of (2.30) in the space®! Cb([O,oo),£2(0,L)),
i.e. uniformly in time:

sup |ue(t, ) —u(t,-)[2 — 0.
te[0,00)

Proof: The assertion can be concluded from proposition 2.3 in the same way as
theorem 2.3 has been inferred from lemma 2.6. The splitting of the Fourier series
works, because all estimates in subsection 2.2.1 hold uniformly in time. [

1y ([0, 00),£%(0, L)) denotes the space of bounded continuous function over [0,00). Observe
that the boundedness is necessary in the context of unbounded domains to define the norm rea-
sonably.
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In contrast, the transfer of the estimate in proposition 2.3 turns out to be more
subtle and requires an additional regularity condition.

Assumption 2.2. We suppose in the sequel that the initial Fourier coefficients are
not only square-summable, but also satisfy the stronger condition

A=) aglAn <00 Bi=) Bl <oo. (2.66)

n>1 n>1

What does this condition mean with respect to the initial conditions g and h? As the
series of the (3,’s is absolutely convergent, the Fourier series of i converges normally,
what gives continuity of h thanks to proposition 2.6. In order to interpret the first
condition, we must be aware of \, & n?. Since (n’a,), and a fortiori (nay,), and
(cn)n are absolutely convergent, g is twice continuously differentiable??

Theorem 2.4. Let the Fourier coefficients of the initial data satisfy condition 2.66.
Then there exists a constant C > 0 depending only on the initial data, L and T such
that

sup luc(t,) —u(t, oo <Ce*  for 0<e<m
te[0,00)

with n1 defined in (2.62).

Proof: For 0 < € < n; given, define N, := max{n € N:n < L1 Condition

— 3 T1me

(2.66) ensures by proposition 2.6 that ue, u € Cy([0,00) x [0, L]).
Applying the triangle inequality and using ||s,|lco < 1/2/L we obtain

sup Hu6 ) —u(t,-)||_ = sup HZ Ten(t) — n(t))sn
te[0,00) te[0,00) n>1 o0
<[§j Sup [oea(t) = on®)] + /2 D sup [oealt) —ou(t)]
tEOoo n>N. te[0,00)
=5 =:52

Note that 7, > € for 1 < n < N, because

1 1wl wlL wL
2 7N 2 (

™

wl—
wl—

VTAn 37

Wl

T =

Therefore S; can be estimated by means of proposition 2.3 with the constants C,
specified in (2.65).

Ne Ne Ne
$1< Y Cac = (14 lanld +4Y Bl )7e? < (1445 +4B) 7
n=1 n=1 n=1

The boundedness of the sums in (2.66) permits us to estimate the factor in front of
7€? independently of N, and hence of e.

22Tt must be shown that differentiation and summation of the Fourier series can be interchanged
in this case.
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Lemma 2.1 and corollary 2.1 provide an estimate for o, (t):

sup |[oen(t)] < lom| sup |pen(t)] + [Bn| sup [oen(t)]
te[0,00) te[0,00) te[0,00)

2]an| + 7'62]ﬂn] .

IN

Thus we get for the second addend Ss:

Sy < Z sup |oen(t)] + Z sup |on(t)]

n>N. te[0,00) n>N. te[0,00)
< Z (2] | + T€2|Bal) Z la,| sup et
n>Ne n>Ne t€[0,00)
<3 Z || + Bré?
n>Ns

In order to show that the tail of the sum over the |a,|’s can be estimated by a
constant times €2 we exploit the hypothesis (2.66) once more. Recall that according

to (2.32) Ayl = 4L -1

Z ‘an’ = Z )‘r_Ll)\n’an’ (267)

TL>N€ TL>N€

< A1) Z [on|An

’fL>Ne
wl?
|
S PO 1

L2 (1wl 2
wl” (w_> Ay = 0Ayre?.

3 me

2
Observe that the definition of N, entails: N, < §J_7TLE < N+ 1.

Combining the estimate of S7; and S5 we conclude

sup [Jue(t,) — u(t,")|loo < /2/L(414\ +5B)1 ¢
te[0,00)

=:C

Remark 2.6. Note that condition (2.66) could be formulated in a slightly weaker
form?3 for the price of staying in the £2-setting, i.e. working in theorem 2.4 with
the || - ||2-norm instead of the || - ||oco-norm.

As the square-summability of |a, |\, o n?|a,| implies the summability of na,|
(Holder inequality + square-summability of the harmonic sequence %), we conclude
that g is at least a C'-function even under the alleviated hypothesis. Therefore we
have preferred to switch directly into the setting of continuous functions.

*3No additional condition for the 3,’s and |an|An to be square-summable, ie. > | |an|*A2 <
0.
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Remark 2.7. The question might arise, why the estimate in theorem 2.4 needs
stronger regularity assumptions than the preceding convergence results. Heuristi-
cally, we can understand this by the following argument:

Formally identifying?* the solution u of the limit problem with ug = uc|.—o, we may
ask for the behavior of the mapping € — wu, at the origin ¢ = 0. Now an estimate
of the form |lu. — ug|| < Ce is equivalent with saying, that the mapping is Lipschitz
continuous at the origin, what is actually quite close?® to being differentiable. In
fact, Lipschitz continuity is easily checked if differentiability is provided. As e
(or better €2) mostly appears in combination with the time (see t/€? occurring
in (2.48) and (2.49)), differentiability with respect to e requires differentiability
with respect to ¢. Via the differential equation, time derivatives are related to
spatial derivatives. Sending ¢ to zero, the required differentiability of the solution
with respect to the time translates into spatial smoothness requirements for the
initial condition, resulting thus in the assumption concerning the initial Fourier
coefficients.

Let us point out, that the intrinsic parameter is not e but €2. Therefore we obtain
quadratic convergence with respect to €, which is — properly said — linear conver-
gence with respect to €.

Finally, let us throw a glance at the convergence behavior of the time derivative
Osue. Under the hypothesis that the Fourier series

atus = 5 O.'E,nsn

n>1

converges in the £2-sense and defines then dyu., we can formulate a uniform con-
vergence result in analogy to corollary 2.3.

Corollary 2.4. Let (|an|)\n+2|ﬁn|)n€N be square-summable®®. Then dyu, converges
to Oy in Cb([ﬁ, oo),Ez(O,L)) for any 6 > 0 if € tends to zero.

Proof: The uniform convergence of the time-differentiated Fourier coefficient func-
tions (proposition 2.4) can be transferred to u. similarly to the proof of theorem
2.3. Notice, that on account of the hypothesis and due to lemma 2.4 there is an
analogon to lemma 2.3 for &.. [ |

In order to derive a convergence rate for d;u, we need roughly speaking C2-regularity:
the existence of the second derivative is consumed to get a sort of Lipschitz estimate
for Oyue with respect to e.

Assumption 2.3. For the rest of this section we suppose

Az =) ag|A <00 Bai=) |Bldn <0, (2.68)

n>1 n>1

which tightens condition (2.66).

24This is justified by theorem 2.3 and corollary 2.3.
?5Lipschitz continuity implies differentiability almost everywhere (Rademacher’s theorem).
26Equivalently, one can separately require (|an|An)nen and (|G| nen to be square-summable.
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Theorem 2.5. Let the Fourier coefficients of the initial data satisfy condition
(2.68). Then there exists a constant K > 0 depending only on the initial data,
L, 0 and T such that

sup ||Opue(t, ) — Opult, )|oo < Ke2 for 0<e<mn.
te[h,00)

Proof: As in the proof of theorem (2.4) we decompose the Fourier series in two
parts. The first one is handled by proposition 2.4 providing uniform convergence of
the temporally differentiated Fourier coefficient functions. The second part, which
corresponds to the tail of the Fourier series, vanishes also with €2. Notice that
condition (2.68) is required for the estimate of both parts.

sup [|Guc(t,-) — dpu(t, )l

tel6,00)
\/72 sup |05n — |+\/72 sup ‘Uen — & )‘

:5S1 ::S2

For the first part we obtain:

S <Y Ko =Y 29_1<|an|)\n n |5n|)n2 v (35|an|A3 n 12|ﬁn|/\n)7'e

’fLZNe TLZNe

< <2¢9—1AA 1207 B 1 354, + 12B>\)T€2 .

Applying the triangle inequality to each term in the second sum Ss and employing
lemma 2.4 we get:

Se < Z (|04n|)‘n + 2|ﬁn|) + |an[An .

7L>Ne

Multiplying each addend by 1 = A, '), and estimating A, ! from above by )\( Net1)!
we can utilize the same trick as in (2.67).

Sa < 2A\N 1) > oA+ 1BulAn < 18(Aye + By)Te
n>Ne

Hence the assertion follows with K := % (29_114)\ +207'B+53A,2 + 3OB>\) 7. W
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Appendix

Here we collect some prerequisites that have been used throughout this section.

First, let us prove the fact that exponential decay is “stronger” than polynomial and especially
linear growth, which has been exploited several times.

Lemma 2.8. Consider for fived n € N the function f(x) = 2™~ ' on [0,00). Then:

lim 2" * =0 and f(zr) <n"e " forxz € R{.

xr—00

Proof: Obviously f(0) = 0. In order to compute the limit we consider the Taylor series of the
exponential function, that may also serve as its definition.

" —w 1:_” " " o (n+ 1) e

zhe Tt = = < =
ety Lgk Lan 4+ (nTll)!x"H (n+1)+=x
k>0

0

From f(0) = lim f(x) we conclude that f must attain its extrema in the interior of its domain

of definition, i.e. in (0,00). Therefore we can apply Rolle’s theorem to ascertain the extrema.
Computing the zeros of the derivative f'(z) = " '(n — x)e”™ shows, that there is only one

extremum at n. Since f(n) =n"e™" > 0, it must be the global maximum. u

—x

It was already mentioned that IBVP (2.29) and (2.30) can be solved by means of Fourier series.
To justify this ansatz and to prove theorem 2.1 for instance, convergence and regularity of the
resulting Fourier series must be verified. For this the following propositions turn out to be helpful.

Proposition 2.5. Let (fn)nen be a sequence of continuously differentiable functions in C* ([a,b]; R).
Suppose that for n — oo

1) fn converges in some point xg € [a,b] to some value yo € R,
2) f, converges uniformly to some function g.
Then f, converges uniformly to a function f € Cl([a7 b];]R) with f' =g.

This means that under the mentioned conditions the operations of taking the limit and computing
the derivative can be permuted. A proof of this theorem can be found in [56] on page 152.

Definition 2.1. A series of functions ), fr is called normally convergent on X C R, if each
addend fr : X — R is bounded and the series of norms is convergent: Y, || fill oo (x) < 00

In particular a normally convergent series of functions is absolutely convergent in any point.

Proposition 2.6. Let >, fr be a normally convergent series. If all fi are continuous then the
limit function is continuous too.

A proof is found in [42] on page 86.

Proposition 2.7. (Normal convergence implies uniform convergence) Let the series >, f
converge normally on X C R to some function f. Then the series converges also uniformly to f.

A proof is found in [42] on page 294.

Setting
N N
o —Ant _ —mn?r3t/L? .
Sn(t,z) = E ane sn(x) = E ane sin(nmx /L)
n=1 n=1

and computing the derivatives

N 2 N

OWSn(t,z) = Z “Anane sn(z) = —7—% Z annle T/ L sin(nrz/L)
n;l _ n]:\rl . .

0:5n(t,z) = Zanefknts;(:c) = I Zann e T cos(nma /L)
n=1 n=1

2 a —Ant 1 71—2 al 2 —rn?x%t/0% _.

0;5n(t,x) = Zane " s () = I Zann e sin(nmx /L)

n=1 n=1
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it can be checked that all sums define C*°-functions in the limit N — oo for ¢t > 0 even if (an)n
is only square-summable, i.e. g € L',2(07 L). Since the limit N — oo can be interchanged with the
spatial and temporal derivative, limny— oo Sy represents the solution of (2.30).

This nice behavior is mainly due to the circumstance that the sequence (n’e™"!),, is summable for
arbitrary p € Nif ¢ > 0.

_ d? et

po—nt _ P

Ene =( 1)de1 =i <
neN

In principle, the perturbed IBVP (2.29) is solved similarly; however the initial conditions must
fulfill stronger regularity assumptions in order to obtain a smooth function by the Fourier series.
Otherwise the Fourier series must be interpreted in a weak or distributional sense.

Remark 2.8. If g € [,2(07 L) or equivalently (an)n € 22, the time derivative imy_ oo O:SN
does not represent an L2-function for t = 0 since generally (n’an), € ¢2. Even the condition
g € H5(0,L) entailing (an)n € £2 and (nam)n € £2 does not suffice to guarantee (n%ay), € £2
whence limy_—.oc O¢Sn|t=0 is no L2-function. However, if u € HJ (0, L) denotes a testfunction with
Fourier coefficients (8n)n € £2, then the Cauchy-Schwarz inequality yields (nzanﬂn)n AT
(nan)n € ¢? and (nBn)n € £2. So the formal Fourier series for limy—_ o0 0+SnN|t=0 can be used to
define a functional on Hg(0, L). But this means that it should be interpreted as an element of the
dual space H~'(0, L). (Compare with [17] page 352, Sobolev space setting for parabolic equations.)

The following figures illustrate how the roots e » and xe,n» of the characteristic polynomial (2.39)
pertaining to (2.38) depend on € and A, n?. While € and n are sufficiently small, ¥, and xn,e
are real. If n is increased, W , finally becomes imaginary such that the roots are complex-valued.
The asymptotic behavior for n — oo

[Yenl € O(n), [the,n| € O(n)
can be recognized.
x 10° x 10
10 T T T 10
91 ot
8 gt
Tr 71t
__ 6} __ 6}
c c
w ST « 5}
= <
4r 4+t
37 3l
27 2r 1
1t 1 /
0 : : : 0 . . :
0 50 100 150 200 0 50 100 150 200
n n

Figure 2.2: The diagrams show the moduli of 9 ,, (left) and x., (right) plotted versus
n for different values of ¢ € {0.01, 0.02, 0.04 ,0.1} with 7 = 0.1 and L = 1. At
the kink %, and X, become complex-valued; their asymptotically linear dependence
on n — oo is clearly visible. The thick line in the left figure represents the eigenvalue

An = T(%) as function of n.
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Figure 2.3: Time evolution of a Fourier coefficient function (left) and its temporal
derivative (right). The thick, dashed line represents o,,, while the thinner lines corre-
spond to o, 5, (and their time derivatives respectively) for different values of €: 0.6(blue-
solid), 0.4(red-dashed) 0.3(green-solid), 0.2(magenta-dashdot) and 0.05(black-solid).
For the two largest values of € one can recognize an oscillating behavior, since W,
is still imaginary. The left figure suggests, that o, converges uniformly to o,. In
contrast, the time derivative displays an initial layer, that is generated by the incompat-
ibility of the second initial condition 3, # ¢,(0) = —a,A,. The initial layer becomes
the narrower the smaller ¢ is chosen, its width is of the magnitude O(¢?). Hence, the
time derivative J., converges uniformly outside any neighborhood of the time origin.
Choice of other parameters: n=7,7 =0.1.
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Figure 2.4: Unlike figure 2.3, the initial layer has been “switched off” by setting
Bn = —anA, = ,(0). In this case 6., = 0i0., converges uniformly on the entire
non-negative real axis.
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2.3 Two-scale expansion and resolution of the initial
layer

Hitherto, our analysis of the singular IBVP (2.29) is based on the classical tool of
Fourier series. Even though this technique offers the advantage of providing quasi-
explicit solutions, analytic representations may be sometimes rather cumbersome
to extract qualitative properties.

In this section we attack the singular IBVP by asymptotic expansions with respect
to the perturbation parameter e. As mentioned at the beginning of the previous
section, this approach works independently of the possibility to apply Fourier series
and is particularly suitable for non-linear problems. In contrast to the Fourier ap-
proach, the asymptotic expansion we will choose below has the virtue to offer much
insight into the “internal dynamics” of the perturbed equation. The temporal evo-
lution of the deviation u. — u is in the limelight of discussion to understand the
convergence in detail. By means of the asymptotic expansion it is possible to derive
equations telling us, where and why the error is generated and by what sources it
is fed.

Although the perturbed problem (2.29) could be tackled directly by asymptotic
expansions, we prefer to profit from the Fourier expansion in so far as it reduces the
PDE problem to a bunch of structurally equal ODE problems. Since the qualitative
behavior of the singular limit is fully contained in each of the Fourier coefficient
functions, it is enough to concentrate here on a single Fourier mode. Hence we
drop from now on the index n. Recall that every Fourier coefficient function of the
perturbed problem solves an IVP of the type

EQ: 75 + e+ Mo =0
(2.69)
IC: o(0)=a A &(0)=23
with the limit problem
EQ: 64+Xc=0
Q . (2.70)
IC: o0(0)=«

In order to analyze how the solution of the IVP (2.69) behaves for ¢ | 0, we at-
tempt to represent o, by an asymptotic expansion. The simplest ansatz is a reqular
expansion corresponding to a (truncated) power series in €

oe(t) = <O @) + D (t) + AW (t) + ... (2.71)

with the asymptotic order functions @Kk =0,1,2,..., as time depending coeffi-

cients. Plugging (2.71) into (2.69) and equating terms of the same order in e, yields
the subsequent IVPs for the order functions:

S O =a @ 4xO0 = 0
e @D0)=0 <@ $A®@ =_70O (2.72)
2k, c(2k) 0)=0 c(2R) 2\ (2k) — 1 o(2k-2)
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Obviously the leading order function ¢(©) satisfies (2.70), that is why we obtain
¢ = . This confirms the convergence result of proposition 2.3, namely:

o= 4+ P 4 =5 +0(?). (2.73)

Observe, that the second initial condition d.(0) = (3 has been completely ignored
to derive (2.72). This condition cannot be taken into account, since otherwise the
IVPs in (2.72) would forfeit their well-posedness. This indicates that the regular
expansion (2.71) is unable to reflect the full behavior of o.

Motivation & computation of a general two-scale expansion

To get an idea how to improve ansatz (2.71) we take a look at the right plot of
figure 2.3, which compares the evolution of 6. and &. Especially for small values of
€, the curves representing ¢, appear as superpositions of two processes.

Despite of being not compatibly initialized, & tries to attain the initial value of &.
This process, which dominates the initial phase, corresponds to a quick relaxation,
starting from the incompatible initial value 0 and tending the more rapidly towards
&(0) the smaller € is chosen. Simultaneously, another process is triggered that seems
to counteract the first one. This second process mimics the diffusive decay of the
limit function . In contrast to the relaxation, the diffusion evolves relatively slowly
and becomes clearly visible only after the relaxation has lost its prevalence.

While the curves representing ¢. converge towards ¢ outside some vicinity of 0,
they behave differently near 0. It seems as if they approximate a vertical line that
cannot be described as graph of a single-valued function. This means that the limit
function becomes discontinuous, jumping instantaneously from the actual incom-
patible initial value 0 to &(0).

This indicates that the relaxation process gets accelerated as e tends to zero. To
visualize the process better, &, is plotted versus the scaled time t/€? in figure 2.5 c)
where a usual convergence behavior can be observed. So we are led to the conclusion,
that apparently &, exhibits two time-scales similar to the function t + t? +sin(t/€?)
representing a parabola modulated by a sinusoidal oscillation. If we look at the long-
term behavior of this function, then we recover the parabola. Zooming into a time
interval of length € < 1, the quadratic growth of the parabola becomes hardly per-
ceptible, whereas the oscillations get very striking.

Inspired by these observations we are inclined to assume that ¢. and hence o, as
well depend on the time in a two-fold manner such that they are described by a
two-scale function®”. Concretely we suppose that the variable ¢ occurs either alone
(slow time) or in combination with the factor €2, i.e. t/e? (fast time?®). Therefore

27Generally, the definition of multi-scale dependence remains somewhat vague, because this no-
tion combines some degree of arbitrariness. For instance, the identity function ¢ — ¢ can be written
quite artificially in the form ¢t = %t + %62 (25/62)7 which looks like a veritable multiple-scale function.

281f € is a small parameter less than 1, then ¢t = € implies t/e> = 1 > €. This means that /e
grows much faster than ¢.
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Figure 2.5: Inspection of the initial layer: Subplot a) shows the long-term behavior
(diffusive decay) of the derivative d. as a function of time for different values of e.
It can be seen clearly, that the curves coincide almost outside the range of the initial
layer manifesting the convergence. Subplot b) yields a close-up of the so called initial
layer, that represents the short-term relaxation process to the initial value of the limit
function &. In subplot c) & is plotted versus the scaled time t/¢? being referred to
as the fast time. Comparing c) with a), the curves reveal now the converse behavior,
because they agree near 0 and diverge as the rapid time increases. The fat dots indicate
the time dilation depending on €. For instance, the time dilation factor is 16 times
larger for the smallest value of e (dashed black) than for the second smallest one (solid
cyan). Parameter setting: 7 = 0.3, A\ = 9727, € = 0.15(dashed blue), 0.1(solid red),
0.08(dash-dotted green), 0.06(dashed magenta), 0.04(solid cyan), 0.01(dashed black).

we introduce two new variables: t/e? is replaced by r — the rapid time variable —
whereas t alone is substituted by s — the slow time variable. Although this setting
decouples both of the time scales in an unnatural®® way, as  and s are independent
of each other while t/€% and t are not, it is reasonable to do so in order to simplify
the analysis of the problem.

o (t) = cO(t/e,t) + 0Dt/ 1) + oW (L)1) ... (2.74)

As usual, the 0(2)g are referred to as asymptotic order functions. Expansion (2.74)
makes sense only if we can apply the comparison of coefficients’®. This requires the
o(2k)’s to remain bounded if € tends to 0. Therefore we postulate the existence of
a constant C' > 0 such that

Vte[0,T], Yee (0,1): lo®R) (/€2 )] < CF, (2.75)

This condition of boundedness®! turns out to be crucial, when we extract the equa-
tions governing the evolution of the order functions.

From a mathematical point of view this is just a change of coordinates from the t-¢ plane to
the r-s plane.

30Two (finite or infinite) expansions of the type (2.74) are equal, if and only if all corresponding
asymptotic order functions are equal. This can be seen successively by sending € to 0. Thanks to
the condition of boundedness we obtain the equality of the zeroth order. Subtracting this, dividing
by € and sending € once more to zero we get the equality of the second order and so forth.

310bserve that this condition is less restrictive than uniform boundedness with respect to k. If
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By computing the first and second derivative of o(2%) with respect to the time ¢
Lot/ t) = (6720, + 95) oM (t/,1)
L@t/ 1) = (102 + 220,05 + )P (t/2,1)

we recognize that differentiation will mix the orders of ansatz (2.74): hence the
derivative of an order function is not equal to the order function of the derivative
Je as in the case of the regular expansion. Of course, this is due to the fact, that
the asymptotic order functions depend on e, if they are written as functions of ¢.
Plugging (2.74) into (2.69), collecting terms of equal order in € and performing the
standard comparison of coefficients we obtain the following equations

2 9200 + woe® = 0
eV 830(2) + wdo® =-29.0,60 — LI, — WA (2.76)

€2k : 926k 42) £ ,0,0R+2) = —20,0,6%F) — LD, *F) — WA (PR) — §25(2k—2)

for k£ € N. We interpret each equation as evolution equation for the highest occur-
ring asymptotic order function. Then (2.76) constitutes a sequence of equations,
which are successively solvable — starting with the lowest order function o(® ap-
pearing as source for o(?) and so forth.

The second order ODEs?? are accompanied by initial conditions, that are derived
by plugging (2.74) into the initial conditions of (2.69) and performing once more
the comparison of coefficients.

a©(0,0) = a, 2,c0(0,0) = 0
c@(0,0)=0, 9,0(0,0) = 8 — 9,6(9(0,0) (2.77)
c@+20,0) =0,  9,6%*2(0,0)= —8,62%)(0,0)

Formally o(®) k e Ny, is calculated by transforming the scalar second-order dif-
ferential equation into a first order system, where Duhamel’s formula (variation of
constants) is applied. So we set

(2k) (2k)
(2k) _ ([~ (r,s) _ ([ (r,s) 5
= e) = <z§2k’<r, ) T \o0@)(rs)) (278)
Then the corresponding evolution system becomes

T e b o w G- (b 1) Chm) (o)
8rzé2k):_wzé2k)+Q(2k) or Z§2k) 0 —w 252]@) ek ) -
N—_———

=:A

the expansion has infinitely many terms then it is convergent for € < 1/C, as it is dominated by
the geometric series belonging to Ce < 1.

321t is remarkable, that the resulting system (2.76) of differential equations needs not to be con-
sidered as a system of PDEs (in the variable r, s), whose solution would be much more complicated.
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Here Q(2%) represents the associated source term occurring in the equations of (2.76).
In matrix notation this system is equivalently expressed by

0% = 4 £ QEO() ke N 279

Duhamel’s formula reads now
228) (1. 5) = e Ay (2h) / QM (9, 5) e DA(%) dy | (2.80)

where the exponential matrix is explicitly given by

A 1 7—7e7¢"
¢z 0 e wr ’

With y2%) we denote the initial condition depending generally on the slow time
variable s that plays the subordinate role of a mere parameter in the differential
equation (2.79). Let us finally write down (2.76) in the new notation to see, how
the sources look like:

0,z — Az20 = o,
0,z?2) — Az =_ [283,250) + w@szgo) + w)\z(o)] ( ) , (2.81)
0,2+ — A7+ = _ (29,50 4 w0, F) 4 waz) 4 92,FD](9) .

These evolution equations are supplemented by the initial conditions

29(0,0) = (). 29(0.0) = (5_5,.0)) and 2720,0) = (L ebhaq)

becoming in terms of y(o),y(2) and y(2k+1)

y00) = (5), y?0) =, y«n()) and y(2k+2)(0)=(_y§29c)(0)), (2.82)

where dots indicate derivatives with respect to s.

Computation of z(V)(r,s). Since the equation for z(?) is homogeneous (Q(®) = 0),
we obtain from (2.80)

z(0) (7‘, S) — eT’Ay(O) (8) — ( (0)( ) + Tyg )( ) - Te_wryg()) (S)) ) (283)

0wy, (0
vs(s)
In order to determine y(®)(s) we consider the solution formula for z(?):

2z (r,s) = " y@(s) — /0 [288250) + w@szgo) + w)\zéo)} (9, 5) elr =4 ((1)) dv .

=:J(0)

(0)

Let us compute the integral J ©) more explicitly. For this we replace z; ’ and 2(0)
by their representation given in (2.83). Furthermore J 0) is decomposed into a sum
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of four integrals, whose specific dependence on the rapid time r is indicated at the
right.

JO = (6) [wygo) + y'éo) + w)\ygo) + )\yéo)] dv | o r

[ygo) — )\ygo)} e’ dy | o 7(1 — ")
[ + 587+ wrg® + 2] 0 a0 | o (1 - e

[yéo) — )\yéo)} e “rdy | o re™¢"

Since y(© only depends on the slow time s, the rectangular braces are independent
of the integration variable ¥}. In particular, the integrands of the first and fourth
integral are independent of 4.

In the case of the first integral, the integration yields a term of the form r f(s) with f
being the s-dependent integrand wyf)) + yéo) + w)\yg]) + )\yéo). After resubstitution
of the time, r — t/e? and s — t, we get tf(t)/e2. For f # 0 this term can not be
uniformly bounded with respect to € € (0,1) if ¢ > 0. Since this term occurs in
the first component of z(?), being equal to ¢, the asymptotic order function ¢
violates the condition of boundedness (2.75) if f # 0. Therefore, to comply with
(2.75), we must require f to vanish. This yields one of the desired equations for
determining the components of y(©)

Wil + 58 +wry” + ) = 0. (2.84)

Unfortunately, the ansatz does not supply the second equation to determine y&o)

and yéo) in a unique way. In fact, we should not expect, that these variables come

out univocally, as we have replaced one unknown ¢(® by two unknowns ygo),yéo).

Regarding the second integral proportional to 1 — e™*", it is clear, that the ar-
gument from above does not work to produce another equation. In this respect,
the fourth integral looks more promising. Integration produces a term of the type
re”“" f(s), where f stands now for yéo) — )\yéo). After resubstitution of the time we
get t/e2e=wt/ ? f(t). However, due to the exponential function this term is bounded
for € € (0,1) and t > 0, although €2 occurs as an delusive external factor. So, none
of the other integrals gives rise to a second equation.

As we dispose only of one equation for two unknowns y%o) , yg)), we can define one of
them arbitrarily (in accordance with initial conditions and regularity requirements)
and compute the other by equation (2.84). In particular we can choose ygo) to
satisfy

g0 = a0 =0 (2.85)

Observe that this choice is a priori not distinguished, except that it makes the
integral J(© vanish, what simplifies the further computations.
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So we end up with the following IVPs for yéo) and ygo):

20\, 0

& (0)y y = =0 (2.86)
y, (0) = 0

yio) + /\y§0) = —ryg” — T)\yéo) =0

= (5) = ae™* (2.87)
W0 = o } "

The initial conditions have been read from equation (2.82).

Remark 2.9. We emphasize that the additional imposition of equation (2.85) en-

tailing yéo) = 0 is not compelling. Therefore let us suppose yéo) Z 0. Due to the

initial condition ygo)(O) = 0, the component yéo)(s) can be written as sngo)(s) with

some gjgo)(s). Using (2.83) we obtain

Ot/ t) =y (1) + Ty (1) — Ere g0 (1)

=o(1) =o(1)

O(e?)

Thus, ¢(® is not only composed of O(1)-terms but also contains an O(e?)-term,
that is expected to appear in the second order function ¢®. Even though this is
not forbidden, as parts of higher order functions may be incorporated into lower
order functions, it is against the idea of the expansion. This justifies our choice as
particularly reasonable, since it disentangles the zeroth and second order.

It might be interesting to compute, how the appearance of the O(e?)-term in the
zeroth order function o) affects the second order function o(®. Either this term
belongs really to the expansion of o, or it comes into play artificially and appears
with inverse sign in o(®),

Computation of z(?(r,s). The computation proceeds analogously to the previ-
ous one, observing that the source Q® does vanish a posteriori thanks to equation
(2.86) and (2.87). So we obtain from (2.80)

(2) (2) () _ re-wry @
2@ (r,5) = 4y (s) = | /1 (S)J”ygwfs)(z) e () (2.88)
e yy (s)

In order to determine y(2) we must appeal to the representation of z(%) by Duhamel’s
formula. Inserting (2.88) into

zW(r,s) = e’"Ay(A‘)(s)—/ [288252) + wde® + wrzl? 4 0220 (1, 5) DA (%) dv
0

=:J(2)
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yields for the integral J(2)
JO =) /0 T il + 3 +wxy® + 2 + 510 () 4w
+ ) /0 - ] e aw
# () [ [ed? + 38 oxof? #2082 0] 6) 0 a0
+(77) /0 T 8 = | (s) e av.

With the same arguments as in the computation of z(9) we infer, that the integrand
of the first integral must vanish. This results into equation (2.90) for y%z), that

presupposes yéz) as given. Like (2.86), equation (2.89) is due to a special selection

of yéz), such that the second and fourth integral on the right and hence J?) become

zero as well.

y§2) - )‘yéz) =0 2.89
@) .(0) (2.89)
ys (0) = B—19;(0)
y&z) + )\y?) = —Ty'§2) — T)\yg) — nggo)
@ (2.90)
y;'(0) = 0

Computation of z(**)(r,s),k > 2. In principle, the computation is repeatable
in every order. Assuming that y(2*=2) has been defined in such a way, that Q)
vanishes, equation (2.80) yields

(2k) (2k) o\ —wr, (2k)
z(2k) (r,s) = eTAy(zk)(s) =71 (s) + Tyz (fgk) Ty (s) ) (2.91)
e~y (s)

2k+2) given once more by (2.80) we obtain

Plugging this into the representation of z
Z(2k+2) (T‘, S) _ erAy(2k+2)(s)

— / [20525%) + w@szg%) + w)\zg%) + 832'%%_2)} (9, s) elr=)A (?) dd .
0

—. J(2k)

Evidently, the integral J() has the same structure as J(© and J@&. This allows
us to use the reasoning from above to extract the subsequent equations.

yé%—l—?) _ )2\11552;"'2) = Tyf;: } (2.92)
2 00) = —5™(0)

y.§2k+2) I )\y§2k+2) = —Tyé%* 2 _ T)\y§2k+2) - r:&%%) -7 2§§2k) } (2.93)
y§2k+2)(0) =0
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It should be reemphasized, that the equation for y§2k+2) is not enforced by the

ansatz. Notice also, that from the fourth order on, the preceding order function
appears as source term in the equations of both components. Since (2.93) and (2.92)
imply that the integral J (2k) hecomes zero, the condition Q2F*2) = 0 is assured,
which is necessary to go on likewise with the next order.

Interpretation of the two-scale expansion

In order to construe the equations obtained by the asymptotic expansion, it is
advantageous to introduce new variables being more natural and thus simplifying

the hierarchic evolution equations derived for the y(®)s. For k € Ny we set:
(k) = yg%) n Tyg%)’ S0 = _Tyé%) .

According to (2.78) and (2.91) this yields

oM (r,5) = 2 (r5) = 5™ (5) + 7y () — ey (s)
= () (s) + e g (s).

After resubstitution of the time ¢ we get finally

o (t/e, 1) = (PP () + e e () |
S~—— —

regular irregular

This representation shows that each asymptotic order function can be written as
the sum of a reqular and an irregular part. The regular part depends only on the
slow time s = t like the order functions of the regular expansion. In contrast, the
irregular part depends on both time scales; furthermore it reveals a multiplicative
structure, where the dependence on the rapid time scale r = t/€? is given explic-
itly by the exponential function. Even if the second factor ¢ is of exponential
growth (cf. evolution equation for ¢(?) in (2.95)), for € sufficiently small the expo-
nential function effectuates a decay of the irregular part, that becomes the faster
the smaller € is chosen. Due to this circumstance the irregular part is called initial
layer®®, because it is only “visible” as long as t is of the size €2. Therefore it is
almost irrelevant for the behavior of o(2%) over a time interval of magnitude 1.

Let us now express the IVPs determining the y(?)s in terms of the regular part
¢k) and the initial layer function ¢**). For $(© and ¢(©) we obtain from (2.86)

and (2.87)
. {C'(O) + X =0

0) =
o (o0 =a

(2.94)

33In order to get convergence of the irregular part (initial layer) ewt/e® #®®) (1) to a regular
function for € — 0, we must write it as a function of the rapid time. Replacing t by €*r yields
e TR (e2r) =9, e~ (0), so that the modulating function ¢ is reduced to its initial value.
If o.(t) is plotted versus the rapid time (cf. figure 2.5), the curves nearly coincide with the graph
of 7 = e~ “"¢2¥)(0). Therefore it is reasonable to refer to e “" as the initial layer (profile).
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Similarly, we obtain from (2.89) and (2.90)

{é@) — 2@ =0 {C'(2) + M@ = 7¢O (2.95)
2)(0) = r(0(0) = 74 ¢@(0) = —2(0)
Eventually, the general case (2.92) and (2.93) leads to:
{é(%) ~ A = 7.{5(2/&—2) | {é(%) FACER) = _pf2h-2) 296)
¢R(0) = 76CF=2(0) + 7¢F2(0) ¢B(0) = —pM(0)

These IVPs can be solved®!subsequently as well, computing first ¢(©), then ¢®
before (@), thereafter ¥ and ¢¥ and so on.

Convergence of o.. In contrast to the higher order-functions, o(®) consists only
of a regular part, which is the solution of the unperturbed IVP (2.70). Of course,
this implies ¢ ) = 5. So we end up with the expansion

o(t) = CO@) + & (d?) (1) + et/ p@ (t)) v (2.97)

——
=o(t)

Similarly to the result obtained by the regular expansion (cf. equation (2.73)), this
affirms the assertion of proposition 2.3. It becomes immediately clear, why o, should
approximate ¢ with a deviation of second order:

oe(t) — o(t) = € (d%) + e—wt/52¢<2>(t)) o = out) —o(t)] = O(e) .

Convergence of 7.. Differentiating (2.97) with respect to the time yields
Ge(t) = (O — we ™ y2) 4 2 (6(2) tewl R we_“’t/52<z5(4)) + ... . (2.98)

Differentiation of the initial layer seems to add a term to the zeroth order. However,
as the exponential function e — e~“!/ < fades down much faster than any power of
€ for ¢ > 0, this term can actually be counted to the second order. Similarly to
lemma 2.7 one can prove® ,

e—wt/e < %62 ]
Therefore, . approximates ¢ with second order accuracy, as claimed by proposition
2.4, if t stays away from a neighborhood of 0. Hence we get

|6c(t) — a(t)| = O(e?) uniformly for all ¢t > 6,

where 6 is some fixed positive time. A special case happens, if ¢(2) vanishes iden-
tically. Because of the absence of the initial layer in the second order, uniform
approximation occurs then on the entire non-negative time-ray. This exceptional
case is given if and only if ¢ is initialized by 0 or equivalently 7¢©) (0)—76=0
which is satisfied for ¢.(0) = < —a\ = 4(0). So the initial layer (in the second
order) is suppressed if o is initialized compatibly.

34 As far as the successive solution of these IVPs is concerned, we need not care about questions
of regularity. Since the starting equations for ¢(® and »?@ are homogeneous, their solutions are
C* and this entails the same smoothness for all the other functions pertaining to higher orders.

35 0bserve: e @< < Me2 o ¢ 2e @t = f(€%) < M. The constant M must be less or equal
than the maximum of the function f(€?).
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Further comments on the structure of the deviation o. — 0. Now we turn
to the regular part of the leading error term (). The linearity of the problem
permits us once more to decompose easily ¢(?) into two parts, that are of different
provenance

2 2 2

@@= + P

S~—— ~~
natural “Interaction”
deviation with initial

layer

C](\?) and C§2) are defined by the following IVPs:

{ )+ A = —CO { G+ =0
¢P0) =0 ¢?P(0) = —p@(0)

Since C](\?) is driven by the solution of the limit problem, it represents the constituent
of the deviation, that is “naturally” expected by writing the perturbed equation
(2.69) in the form of the limit equation plus a small source, viz. &+ Aoc = —€275..
As this kind of error is encountered in many approximation processes, it is not
specific for the singular nature of (2.69).

Like the initial layer, C}z) is generated by incompatible initialization 5 # —aA. How-
ever, it reveals the same decay rate as the solution of the limit problem ¢(?). This
shows that an incompatible initialization does not only spark the rapidly vanishing
initial layer but also affects the long term behavior of o..

Just as the deviation terms in the second order are driven by the exact solution
and the initial incompatibility, they feed terms of fourth order, that appear again
as initial conditions and sources for the sixth order and so forth. Asymptotically,
the prevailing terms are, of course, those of second order in e.

Observe that C](\?) is equal to ¢ of the regular expansion (2.71), as both satisfy
the same IVP. Further terms in the second order of the two-scale expansion (2.97)
are masked out by the regular expansion in (2.71). This shows clearly that a full
analysis of the singular limit problem requires a two-scale expansion. Nevertheless,
the main feature, namely the convergence of o, to o, is correctly predicted even by
the regular expansion.

It should be pointed out, that the different constituents of the error (initial layer,
natural part, interaction), that we have identified, can be found less precisely in the
estimates performed to prove proposition 2.3 and 2.4.

Smooth initialization up to arbitrary order. The compatible initialization
7.(0) = —a\ suppresses only the initial layer @ in second order, while the initial
layers in higher orders, i.e. <;5(4), ) ... persist in general. These become noticeable,
if we consider the convergence of higher derivatives 6. — 6,0, — 0,.... If we
initialize o, by a truncated expansion

5.(0) = 8O + 253 £ g™ 4 (2.99)

it is possible to “switch off” arbitrarily many initial layers by a suitable choice of the
coefficients 4(2¥). In the sequel we determine the initial condition which removes
the initial layers up to order 2n + 2. We call such an initialization smooth up to
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order 2n 4 2. This ensures that the leading derivatives of o, converge uniformly in
a neighborhood of 0 and hence on [0, c0).

Inserting (2.97) into (2.99), we obtain by equating terms of same order in € (com-
parison of coefficients):

& 62(0) = (O (0) - BO)

. . (2.100)
2k . $2k+2)(0) = T<C(2k)(0) + 2 (0) — 5(%))
Thus we discover, how the coefficients 3%%) should be adjusted. First, the known
compatibility condition 30 = C () making ¢ vanish is recovered. Observing that
this implies in particular ¢ (0) = 0 we set 52 = (()(0), such that ¢*(0) = 0. So
the initial layer function ¢ is initialized by zero, while the source ¢(® appearing
in its evolution equation vanishes too. Hence ¢¥) must also vanish, as a linear
homogeneous ODE with zero initial condition admits only the trivial solution. This
procedure can be continued by setting 54 = C (4)(0) to enforce ¢(© to stay zero
and so forth.
However, there remains a problem, because ¢(?(0),¢®)(0),¢™(0),... are not given
explicitly. In some cases, like this example, it is possible to compute these values
from the given initial data, without solving the IVPs for the regular asymptotic
order functions. In fact, as ¢ (0)(0) is given, we obtain by means of the evolution
equation for ¢(©):

{©(0) = =A¢0(0) = —an.

Differentiating the evolution equation of ¢(©) yields
¢O0) = =A(@(0) = aA?  and by induction %C(O)(O) =(—=1)"a\".

This enables us to compute the derivatives of ¢(2?) (t) for t = 0. By differentiating
its evolution equation n times and setting ¢ = 0 we arrive at the recursion relation

4 (@(0) = AL @ (0) — r I O(0)

with the initial condition for n = 0: ¢ (0) = —¢((0) = 0, as we suppose that ¢
vanishes by the choice of 5(0). The solution of this recurrence equation is given by

i—ZC@)(O) = (—=1)"nTa\" T

Proceeding in this way one can compute iteratively the derivatives of all regular
asymptotic orders at the initial time ¢ = 0. Let us demonstrate this once more for
¢@: from its evolution we obtain the recursive equation

D) = AL D (0) — 7 L2 c@)(0)

Assuming that ) compensates ¢ (2)(0), such that ¢ becomes identically zero,
this entails ¢ (0) = —¢®*(0) = 0 as start value for n = 0. By induction the
following explicit representation is verified

%C(@(O) = (—1)"%(712 + 3n)r2a "2

Let us summarize the result of this paragraph in the subsequent proposition.



120 Scalings and singular limits on the basis of the D1P2 model
‘ plot ‘ fine & solid line (red) bold & dashed line (blue)
a) o O
b @) 1 ©
) 4 = [O’E -0 ]
c) o py [0'5 —o® — 520(2)]
d) o® = [oc — o — 53 — 640'(4)]
e) C'(O) _ we*wt/f2¢(2) Ge
52) | gt/ (2 @ L5 (0 4 gmwt/e? (30 ()
f) [ ¢ +e (¢ —wo™) E—Q[UE—C +e (¢ —wo )]
g) 6(4) + o—wt/€ (d.>(4) o w¢(6)) l4 [(-Te _ 21: e%é(%) + 2k g—wt/e? (é(Zk) _ w¢(2k+2))]
€ k=0
; . 2 ; .
h) | ¢©® 4 o—wt/e (¢(6) _ w¢(8)) Eiﬁ[de _ kzzzoezkc(zk) 4 2hgwt/e (¢(2k) _ w¢(2k+2))]

Table 2.2: Quantities plotted in figure 2.6 and 2.7

Proposition 2.8. The following initial conditions of the IVP (2.69)

0:(0) = a, 5.(0) = EO(0) + 2@ (0) + ... + €2 ()

imply ¢ = oW = . = ¢2"t2 = 0. Hence there is no initial layer up to the
order 2n+2 inclusively. The a priori unknown values ((9(0),¢?(0), ..., 3 (0) are
available without solving any differential equation as described above.

Additive two-scale ansatz. It should be mentioned for completeness, that beside the
general two-scale expansion ansatz pursued in this section, more specialized expansions are imag-
inable. In particular, the observations concerning the nature of the initial layer motivate an additive
two-scale expansion, the more so as the IVP (2.69) is linear. Inserting the ansatz

o(t) = €01 + (€2 + v 1/)) + € (€D 1) + vV (1)) + ..

into (2.69) and performing the comparison of coefficients leads to the following equations, where
the dots over the ’s refer to their argument being t/e2 and not t.

U 5(0) + /\5(0) + Td;(?) + 1/'}(2) -0

(2.101)

2k . £R) L \g(R) | L ECR=2) | 2R (2R) |\ (2k=2) _ (2.102)
and . )

€90 =a £0®0) +4P(0)  =p (2.103)

€ 0) + 9 (0) =0 PR (0) +9H(0) = 0 '

In order to solve these equations it is reasonable to split them in such a way, that each equation
contains only one function as unknown. Of course, this step is not compelling and represents only
one possibility to solve the above equations. Doing so we obtain again a hierarchic system of IVPs,
that can be solved in a subsequent manner:

£0 4 2@ — g b +wp® = 0
v2(0) = 0
€00 = a §20) = p-E00)
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Figure 2.6: The plots illustrate the expansion for o, (upper row a-d) and its time
derivative . (lower row e-h). A detailed listing of the plotted quantities is given in table
2.2. Observe the initial layers occurring in all plots but a). Furthermore the growth
of the asymptotic order functions should be noticed. Chosen parameters: € = 0.045,
7=03, A=97%7, o« = 1 and 3 = 0. The order functions of the expansion, i.e. the
solutions of (2.94), (2.95) and (2.96), have been computed with Maple.

a) b) <)

1 0 0 0
-05 -100
0.8
-1 -200
06 -15 -300
oal - SONCLL L -2 -400
25 -500
02 3 = 600
- R S R T N G -
S
0 -35 -40 -700
0 002 004 006 008 0 002 004 006 008 0 002 004 006 008 0 002 004 006 008
4
e) f) 9) x10 h)
‘ ‘ ‘ 50 ‘ ‘ ‘ ‘ 1000 ‘ ‘ ‘ ‘ 2 ‘ ‘
500
0
0
-50 -500
-1000
-100
-1500
-150 -2000
-2500
-200
-3000
-250 -3500 6
0 002 004 006 008 0 002 004 006 008 0 002 004 006 008 0 002 004 006 008

Figure 2.7: With exception of the second initial value 3, the curves refer to the same
parameter setting as in figure 2.6. In order to exemplify the effect of the smooth
initialization as described above, the following value for 3 has been taken: 3 = () +
e28@ 4 8™ with O = (O (0) = —a\, O = 6(2)(0) = —1a)2, gW = 6(4)(0) -
—272a\3. Apparently, the initial layer disappear up to the third order. The only initial
layer to be detected in plot h) stems from the fourth order.
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Y VE L pth = Ay E
k21;{ k>2: PpE0) = 0
€20) = 0 GER(0) = —£CE2)(0)

A priori, these equations convey a different picture from that obtained by (2.94), (2.95) and (2.96).
In particular, the irregular part does not couple to the regular one. Moreover the equations hide
the internal structure of the initial layer and it is not definitely clear, that the 1(*)’s are really
functions of the rapid time t/ez. To answer this, a deeper analysis of the equations should be done.

Towards rigor

The aim of this subsection is to present a rigorous justification of the two-scale
expansion (2.74). It will be shown, that (2.74) derived so far by formal arguments
converges to the solution o, of (2.69), if the number of asymptotic order functions
is increased. For this we introduce the comparison function of order n € N

sl(t) .= ¢© 4 ZE% [C(%) 4 emwt/e y(2K) ®)], (2.104)
k=1

that corresponds to the two-scale expansion truncated behind the order 2n (remem-
ber that ¢(?*) and ¢(**) have been defined as solutions of (2.94), (2.95) and (2.96)).
Due to the construction of the expansion, it is no surprise that (2.104) solves (2.69)
approximately leaving a residual proportional to €2 if plugged into the evolution
equation. A similar behavior is observed for the second initial condition, whereas
the first one is exactly fulfilled.

Lemma 2.9. The comparison function (2.104) satisfies the following IVP:

EQ : ezTégn] + égn] + )\&QL] _ 62n+2T(C(2n) + e—wt/e2¢(2n))
¢©(0) ifn=0

) ~[n] o A [n] _
IC: 6:°(0)=a A 6e(0)= {ﬁ+e2"(<'(2")(0) +6(0)) ifn>1

Proof: The proof is a straightforward computation exploiting the equations (2.94),
(2.95) and (2.96) satisfied by (9, ..., and by ¢@, ..., $(*®) respectively. ]

Let us now consider the difference
pl =gl _ o,

By linearity DL"} is the solution of the IVP

EQ: 627’D£n] + Dyﬂ + AD@ _ E2n+2T(C(2n) + e—wt/@q-zg(gn)) —. 62n+27_Q£n]
(O0)—B=—ar—8, n=0 (2.105)

1IC: DMy =0 A DI (0) =: e2n Al — . .
® () =e () (0) 1 4D (0))m > 1
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that we write as a first order system in matrix form:

=:M, :DL'”] :QLn]
(n] [n] ’ N
d (D o (0 —€é*r D" on (0
EQ: E(DL’”)J””/E (A 1 ) (ng) = ¢ (2.106)

() = =

As the source term on the right hand side of the evolution equation and of the
initial condition scales with €2, the solution should reflect this scaling due to the

n]

linearity of the problem. Nevertheless, it is necessary to estimate DL

because of
further dependencies on € appearing in the source QL"] and the system matrix M.

Once again Duhamel’s formula (cf. page 112) renders a good service. Using the
shortcuts from above, we obtain:

t
D[n] (t) _ 62n |:e—wt/e2etM€A[n] _|_/ e—w(t—ﬁ)/EQG(t—ﬁ)MeQLn} (19) dv
0

€

Let us now apply the maximum-norm || - || in R?. The time ¢ should be contained in
some compact interval [0,7],7 > 0. Using the triangle inequality and the standard
norm inequality for matrices and linear operators, we get:

IDE@)| = max{|DI®)], |DM@)]}

S €2n |:e—wt/52HetM€A[n]H +/t —w(t—79) /e H (t—19) Mg N] Hdﬁ:|
0

t
T A
0

IN

e2n [e—wt/ez HetMe

Q(0)] 7]

Since the norm of an exponential matrix is dominated by the exponential function
of the matrix norm, we draw the norm into the exponential function. Furthermore
we replace the time argument in the exponential functions containing || M|| by the
maximal time 7" and estimate the integrand, so that there remains only the factor
e~ (t=9)/€ 5 he integrated:

D)

IA

t
c2n [e—wt/éeuw Al 4 / o—w(t=0)/€? (t=0) | M| |Q£n}(19)|d19]

0

IA

E2neT||M5|| [e—wt/e2|A[n]|+ sup |Q[n |/ w(t—19)/e2 d19:|
te[0,7

S EzneT“Me“ |:e—wt/€2 ‘A[TL]‘ + sup ’Qt[in} (t)’7'€2(1 _ e—wt/ez):| (2107)
te[0,7

Now, the right hand side is much easier to control and we can formulate our central
result.
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Theorem 2.6. For anyn € Ny there is a constant C' > 0 such that for any e € (0, 1]
and t € [0,T] the following estimate holds true:

gll(t) — o(t)] < Ce™.
The constant C' depends onn, T and A\, T as well as on the initial conditions of (2.69).

Proof: The main part of the proof has already been done above. Let us set

m = max{7,1+ A} > H(g _6127>H = || M|,
q = sup T<|§(2n)(t)|+|<5(2n)(t)|>
te€[0,7T
> sup 7| + e G (0)| = sup Q)
t€[0,7) t€[0,T

m and g estimate |[Mc| and sup,cpo ) ]QW (t)| independently of e: In particular,
q is finite as supremum of a continuous functions over the compact time interval
[0,7]. Furthermore ¢ is independent of €, because ¢ 2n) and ¢(2") are computed
by solving successively the IVPs (2.94),(2.95) and (2.96). Therefore, apart from
the time ¢, (2" (t) and $(2™ () depend ultimately only on the external initial data
o, of (2.94) and (2.95) as well as on the constants A\ and 7 = w™!. Similarly,
a = |AM| = [CM(0) + 6™ (0)] is fully determined by these parameters.
Consider now the inequality in (2.107). We recall that 5 (t)— ae(t)| < HDL"] (t)”
Evidently, the claim works with any constant C' satisfying

C 2 " (atrq) = (1AM 47 sup Q1))
te[0,T]

Observe that e=“*/<* and €2(1 — e~“¥/<*) are crudely® estimated by 1. ]

Remark 2.10. Theorem 2.6 gives an estimate being by a factor of €2 worse than
one might have expected. In particular, it can not be concluded immediately, that
o converges to the solution o = ¢(©) of the limit problem (2.70). To obtain this
result we argue in the following way. Let C be the constant mentioned in the
theorem and let n = 2. Then the subsequent estimate is possible

(C+ swp o@D/ 00)e = [out) - )] + Elo@(t/e, 1)
te[0,7]

v

|05(t) - C(O) (t)‘ = ‘Uﬁ(t) - U(t)

v

)

which gives the desired result, as
0@ (t/e2,1)] < [CP )] + e <P (1)] < [¢D(8)] + 6P (1)

can be estimated independently of € over any compact time interval.

36Note that the theorem targets on the rate of asymptotic similarity in Cl([(), T ]) For this
purpose we accept the rough estimate of the decaying exponential functions.
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Remark 2.11. The detour to consider the expansion up to one order higher than
intuitively necessary is met again in the subsequent chapter. Insofar it is typical
for our approach to singularly perturbed problems.

In the present case, the reason for this circumstance is quite obvious: The estimate
in theorem 2.6 refers to D). So it is simultaneously done for |6.(t) — o(t)| and
the time derivative |G¢(t) — ¢.(t)|. But we already know from the previous section
and from the heuristic analysis on page 117, that the time derivatives cannot be
asymptotically similar of order 2 in CO([O, T]) Only if t > 6 > 0, a finer estimate

—wt/e?

of e in (2.107) extends the second order asymptotic similarity in CO([G, T]) to
the first derivatives 6¢(t),c(t). (Compare proposition 2.3 and 2.4.) In the current
ODE setting (without sources) we do not need any regularity requirements as in

later chapters.

Remark 2.12. Compatible initialization 3 = —aX = ¢(© entails A© = 0, such
(0]

that we may infer from (2.107) as well, that o, and ¢’ = o are asymptotically
similar of second order in C! ([O, T ]) under this initial condition.

Summary

The main feature of the singular IVP (2.69) is that the derivative of its solution
converges generally in a weaker topology to its limit function than the solution itself
(pointwise versus uniform convergence on [0,77]). The reason for this behavior was
attributed to the appearance of an initial layer. It was the objective of this section
to demonstrate that we can deal successfully with such a problem by a multiscale
expansion, which is well-suited to understand the dynamics of the initial layer. The
result of the formal two-scale expansion leads to a set of regular IVPs, that provide
information about the time evolution and the composition of the deviation.
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Chapter 3

Analysis of a D1P3 lattice-Boltzmann
equation

This chapter is devoted to a study of a lattice-Boltzmann equation based on the
D1P3 model. Even if the practical relevance of this model is rather limited, as
it refers only to one space dimension, it represents a good point of departure for
theoretical investigations. This is owed to the fact, that many features of lattice-
Boltzmann equations already turn up analyzing a three velocity model equation. In
this sense the D1P3 model becomes a paradigm, which is not only studied for the
sake of its own. Some observations can be carried over in a more or less straight-
forward manner to more complicated lattice-Boltzmann equations, others might be
more intricate. Nevertheless, a clear understanding of a simplified case provides a
good feeling for the how and why of more complex situations.

We remind that a D1P3 lattice-Boltzmann equation has already been presented in
subsection 1.1.2. In contrast to the example given there, we consider the parabolic
scaling here. The analysis follows the guideline of section 1.3 using a comparison
function, which is constructed in the form of an asymptotic expansion.

The energy estimate in section 3.1 is inspired by [41]. This paper provides a pi-
oneering mathematical discussion of a D2P9 lattice-Boltzmann equation with the
Navier-Stokes equilibrium (1.31). [41] as well as [1] emphasize the decisive role of
certain algebraic properties that the collision operator should satisfy to guarantee
stability. These properties' are reflected by lemma 3.1 in the context of the D1P3
BGK lattice-Boltzmann equation with equilibrium (3.3).

A paradigm

Let L, T > 0 such that X := [0, L] and 7 := [0, T abbreviate a spatial domain and
a time interval respectively. Furthermore let us set X :=7 x X. We consider the
following initial value problem for the lattice-Boltzmann equation:

fe(0,2) = wvo(x)w, re X (3.1)
Of(t,z) — e 180, (t,x) = e 2Jf(t, )+ g(t,z)w, (t,z) € Xp. (3.2)

!The author thanks Prof. Wen-An Yong for the opportunity of a short discussion.
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fe represents the F-valued population function, where F stands for the set of real
functions? over the D1P3 velocity space S = {—1,0,1} (confer table 1.1).

As far as boundary conditions are concerned, it is required that f. € Cpe, (Xr, F)
for some m € N, m > 1. This means that f. and all its (mixed) derivatives up
to the m'" order are continuous and L-periodic?, i.e. 9{94f(t,0) = 0idaf.(t, L) for
0<i,5<mandi+j<m. We suppose that the initial condition vg : X — R and
the source g : Xr — R are L-periodic and sufficiently smooth such that they induce

the required regularity properties of f..

The collision operator J. : F — F with J. := w(E, — I) is of BGK-type, where I
denotes the identity on F. The accompanying equilibrium operator is given by

E.f:=(1-¢erc) (f,1) w for f € F. (3.3)
So E. and J. are linear operators. The reactivity ¢ > 0 and the collision time
7 := w~! > 0, which is the inverse of the collision frequency w, are prescribed
constants.

In the course of this chapter the following claim will be established: Let vg,g,c, 7
and the weight parameter § > 1 (occurring in w) be the same as above. Then
the solution v of the initial value problem for the diffusion-reaction equation with
periodic boundary conditions and v := 7/6

v(0,z) = reX
o(t,r) — vd2v(t,z) + cv(t,x) = g(t, ) (t,x) € Xr

~—
|
<
o
—~
8
~—

(3.4)

is approximated by the mass moment of the population function f:

v(t,x) = leiﬁ]l<f€(t,a;),1>.

Therefore we refer to the above IVP as the (macroscopic) limit or target problem.
We will refine this assertion further below providing a convergence rate inter alia.

Before we enter into details, let us motivate what makes the limit of the scaled
lattice-Boltzmann equation (3.2) interesting and even surprising. A striking feature
of equation (3.2) is the singular behavior if the scaling parameter € tends to zero.
This raises the question whether there is a reasonable limit and wether ¢ — 0 entails
convergence of f. and of the entire equation (i.e. all occurring derivatives).

A priori, several scenarios are imaginable: the formally ‘exploding’ terms may
cancel each other or are possibly canceled by an ‘exploding’ time derivative O,f.
Alternatively, the singularities % and }2 may be compensated by f. such that the
critical terms remain bounded as a whole.

2This space is isomorphic to R?; therefore f. can be considered as a tuple of three components.

. el e . . . . 60—
For instance, the homogeneous equilibrium (weight function) w € F is given by (%, Tl, %) where
0 > 1 is the weight parameter.

3Equivalently the problem could be formulated as a full space problem with the constraint of
L-periodicity.
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Multiplying equation (3.2) by €? and sending it to zero seems to avoid the trouble
with infinite or undefined terms. However, under the hypothesis that f. behaves
decently (e.g. staying bounded), the differential equation becomes in the limit

0 = Jof(t,x) = (f,1)w —f,

which is dramatically different from (3.2). In contrast to the initial value problem
having a unique solution, this purely algebraic limit equation permits an infinite
multitude of solutions. Any function of the form f(¢, z) = w(t, z)w, where w : Xr —
R is some L-periodic function respecting the initial condition w(0,x) = vg(x), solves
the limit problem.

What may not be grasped at first glance is the fact that w is not at all arbitrary
but the solution of (3.4). Clearly, this reveals the singular nature of the equation.

In order to disentangle the confusing situation, we will make the ansatz, that f.
depends in a regular manner on e. This means, that we try to approximate the
solution by a truncated power series in €. Amazingly, this procedure provides a lot
of insight, although only a special class of initial values can be captured?.

3.1 Energy estimate and stability

Prior to the asymptotic consistency analysis, we establish a stability result. This
states grosso modo, that the solution of the lattice-Boltzmann equation depends
continuously on its initial value and a possible source term. The result is formulated
in a way directly adapted to our purpose, guided by the following idea:

Consider an exact solution f. and an approximate solution f. of the lattice-Boltz-
mann equation. We can interpret the approximate solution as an exact solution
with an additional source term corresponding to the residual. If stability holds,
the two functions will stay close together during their evolution, provided they are
initially almost equal and the residual is small. So asymptotic similarity can be
inferred from stability, as soon as consistency is ensured, which means that the
residual (i.e. the additional source driving f.) vanishes with e.

A crucial role in the stability proof comes up to the following lemma which relies
on the special structure of the equilibrium operator. In the sequel let W : F — F
be the linear operator® corresponding to a multiplication with the weight function
w and let B = W1 its inverse.

Lemma 3.1. BJ, is a symmetric (self-adjoint) operator with respect to the stan-
dard scalar product in F. There exist orthogonal projectors Iy, k € {1,2,3}, with
mutually disjoint ranges such that BJ. permits the following representation:
3 3
BJ. ==Y NIl = —
k=1 k=

eIl TT (3.5)
1

4Tt turns out that the zeroth order term of the expansion must be proportional to w. Therefore
the initialization (3.1) has been chosen so restrictive. Since f.(0,z) € F, we have f.(0,z) €
span {w, s, % —s%}. That is why the general initialization should be given by f.(0,z) = a(x)w +
b(z)s + c(z)(4 —s*) with some functions a,b,c: X — R. Moreover e-dependent initializations are
imaginable, e.g. in the form of truncated power series.

SIf f = (f_,fo,f4) " then W = diag(ay, &5%, o )-
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Here the —\i’s (with A\, > 0) denote the non-positive eigenvalues.

Proof: Since BJ, = w(BE.— B) and due to the symmetry of B, the first part of the
assertion is proved, if we verify, that B FE, is symmetric too. Havingw =w-1 =W -1,
we find
BE.= (1—é*re){-,1) BW 1= (1 —é*re)(-,1)1.
=1

So, BE, is just a multiple of the rank-one orthogonal projector ﬁ(, 1) 1, that is
symmetric according to proposition 3.1. This implies that BE, has only a single
non-zero eigenvalue given by 1 — e27¢ with the associated eigenvector is 1 € F.

By the spectral theorem for symmetric operators in Euclidean® vector spaces B.J, has
an orthonormal basis of eigenvectors. Let Il for k € {1,2,3} denote the orthogonal
projector’ on the k’th eigenvector. Since I1;, IT;, refer to different eigenvectors if j #
k we get 11,11 = 0. Using again proposition 3.1, the orthogonality of the projector
I, entails its symmetry, i.e. II] = II;, and thus II, = 12 = H;Hk. Designating
with — )\, the eigenvalue of BJ, belonging to IIj, the spectral decomposition of B.J,
in (3.5) follows.

Let us finally check that all eigenvalues of BJ. are non-positive. Considering first
the case ¢ = 0, we find

111

1= psg=amt - =l ) = [ (1) - (7 )

Taking recourse to the explicit matrix representation of BJy, it can be verified that
BJy has the following non-positive eigenvalues:

0, —2wh, —w(20+;% —3) with6>1.

Hence B.Jy is negative semi-definite. As the projector —e?7¢(-,1)1 is negative semi-
definite as well (recall 7 > 0 and ¢ > 0) we conclude that BJ. = BJy — e?7c(-, 1)1
is also negative semi-definite. Hence positive eigenvalues are excluded. [ |

Proposition 3.1. Let P be a projector in a vector space V, i.e. P = P2. Then the following two
statements are equivalent:

i) P is orthogonal, i.e. Yv,w € V. (Pv,(I — P)w) = (({ — P)v, Pw) =0
ii) P is symmetric, i.e. P = P,

Proof:

i) = ii): Expanding the assumption yields: (Pv,w) = (Pv, Pw) = (v, Pw).
This implies: 0 = (Pv,w) — (v, Pw) = (P — P )v, w).
Since this holds for all v,w € V, we conclude: P—P' =0 < P=P".

ii) = i): From the hypothesis we infer: 0=P - P2=PT —PTP=PT(I - P).
Hence we find for all v,w € V: 0= (v, PT (I — P)w) = (Pv,(I — P)w). n

5By an Euclidean vector space we understand a finite-dimensional, real vector space equipped
with a scalar product.

"If v # 0 is a vector in an Euclidean vector space, then ﬁ(, v)v is the orthogonal projection
on v.
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Let us make the notion of an approximate solution more precise by recalling the
definition of consistency. An e-dependent function f, € Cper(XT, F) is said to be con-
sistent of order « to the lattice-Boltzmann equation, if there exists an e-dependent
function re € Cper(X7, F) — called the residue function — such that:

i) fis an (exact) solution of the lattice-Boltzmann equation with the additional
source term €“r,:

of. — 180, f. = ¢ 2Jf + gw + €%re. (3.6)

ii) re is uniformly bounded with respect to e:
T

3C >0, Ve € (0,1] //HrE (t,z)|%dxdt < C. (3.7)
0

We refer to re := €%r. as the residual. The residue function is, so to say, the unscaled
residual of order O(1).
Now we can formulate the central stability result of this chapter:

Theorem 3.1. Letf € Crl,or(XT; F) be a solution of the lattice-Boltzmann equation.
Suppose that f, € Cper(XT,}") is consistent to the lattice-Boltzmann equation of
order o > 0 and X

”f6(07 ) - f5(07 ')HﬁQ(X;]-') < K()Ea
for some constant Ky. Then there exists a constant K > 0 independent of € € (0, 1]
such that R

sup |[fe(t, ) = fe(t, )l c2 (v, 7) < Ke®
te[0,T]

Proof: For convenience let us introduce the deviation d. := f. — 1?6. As our equilib-
rium operator is linear, the evolution equation for d. is simply derived by subtracting
(3.6) from (3.2).

Ode +150,dc = & Jode — € (3.9)
Moreover note, that B is a positive operator in F, whose operator norm satisfies
1 <min{20, 7%} < HBH < max{20, 991} if@ > 1 and ||B|| = 2 for # = 1. Therefore
the norm defined by | - | 52 ( X7 - f v -,+) is equivalent to the standard norm in
£2(265 ) and we have | Fngrnry < 1+ Bgry < 151 agrin
Now the proof is done by an energy estimate of the deviation. This is obtained
by taking the scalar product of equation (3.9) with Bd. and integrating over the
spatial domain X.

/ (Bd.,0d.) + % / (Bd., S0,d.) = 612 / (Bd., J.d.) — ¢ / (Bd,r)  (3.10)
X X X X
Let us consider the second integral on the left hand side, which is given in more
detail by:
L L
/{Bdﬁ(t,:n),Samde(t,:E»dx _ %/%(Bde(t,x),Sde(t,x»dx —0  (311)
0

0
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Since f.,f. and consequently d. are L-periodic, i.e. de(t,0) = dc(t, L), the integral
vanishes. Remarking that (Bd., Jd.) = (d¢, BJd.), because B is diagonal as a
multiplication operator and a fortiori symmetric, we can exploit lemma 3.1. So
equation (3.10) becomes

1d 1<
§d_/ Bd..d.) ——2; /deg,nkd /<Bd5,r5>
e —

X

which corresponds to

3

1 2

s del ey = = D AMede |72 ey — / Bd,,r.) .
k=1 ¥

The expression resulting from the integral over the collision term (the first one of the

right hand side) is obviously negative. Thus we can estimate applying additionally

the Cauchy-Schwarz inequality:

IN

- Ea/<Bde,re> < € |del 25 Irel 2 (i)
X

< (Mg + )

= lddzer + Iz

3 lde |£2(X )

In the second line we made use of the inequality ab = e~ /2ae®/2b < e=%a2 + b2
for arbitrary reals a, b, €. Finally, we apply Gronwall’s inequality®:

|de (2, ')l%Q(X;}‘) < exp(t) |de(0, |£2(X]-‘ e exp(t HB”/ Ire(o ”ﬂ(}(}‘)d
By the initial condition (3.8) we have |d(0, )| z2(x,7) < || B||Koe®. From the defini-
tion of consistency we know, that the integral is dominated by some constant C' > 0

for 0 <t <T. So we end up with

et )2 ey < 1delts M) < exp (D) BIKZE® + & exp (T)|B]IC

for t € 7, which yields the assertion with K := y/exp (T)||B||(K3 + C). |

Suppose that f. and f. are Cper-functions with m > 1. Then the residual is in
CriH(Xp, F) and we are allowed to differentiate equation (3.9) up to m — 1 times.

Due to its linearity and the constancy of the parameters w and ¢, its form will

8Gronwall’s lemma in differential form claims, that the non-negative function n € C'([0,T])
satisfies the estimate

n(t) < exp (/Ot d)(s)ds) [n(O) + /Otw(s)ds] for ¢t € [0,T],

if the differential inequality Sn(t) < ¢(¢)n(t) + ¥(t) holds true with the nonnegative functions
#, € £'([0,T]). For further reference see [17] page 624.
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not be altered. Therefore we get also the asymptotic similarity of the derivatives,
simply by multiplying the equation

Oy(9%d,) + €180, (0%d.) = e 2T Fd, — e®dFr.,  1<k<m-—1

with BoFd. and performing exactly the same steps as in the proof of the previous
theorem.

Corollary 3.1. Suppose the assumptions of theorem 8.1 are satisfied. If addition-
ally fe,fe € Cg’ér(XT,f ) then the two functions are for € | 0 asymptotically similar
in C(T, H™ (X, f)) with a residual of order «, i.e. there is a constant K > 0 such
that

sug”c‘)ﬁfe(t, ) — 8 (t, Mez,r < Ke® 0<k<m-1.

te

Sobolev’s embedding theorem? tells us, that any weakly differentiable function on
an interval of the real axis is continuous (strictly speaking its equivalence class
with respect to almost everywhere equality contains a continuous representative).
Moreover its supremum-norm can be estimated by the £2-norm of the function and
its weak derivative. Especially this entails in our case for m > 2

SupHa!cng(u ) - 8I;f6(t7 ')”EQ(X;F) = O(Ea) ) 0<k<m-1
teT
s supsupl bt (ta) Bt a)F = O,  O<k<m-—2
teT xeX

and allows us to formulate a second corollary.

Corollary 3.2. Under the hypothesis of corollary 3.1, f. and f. are asymptotically

similar in C$;2(XT,.7:), i.e. with respect to the supremum-norm over Xp =7 X X.

3.2 Regular expansion and consistency

This section deals with the explicit construction of a comparison (prediction) func-
tion in the form of a truncated regular expansion for some arbitrary but fixed
n € Ny:

Hl O by ) (3.12)

In general it is not possible to choose the asymptotic order functions f) 0 <k <n,

in such a way that the comparison function becomes an exact solution of the lattice-

Boltzmann equation (3.2). Hence we try to determine the f(*)’s so that the residual*®
o fM — 159,80 — 250t 4 il 1w — gw =: 77

is asymptotically minimized for € | 0. FLn} inherits the structure of a finite power

series starting however with e~2. In order to make the residual vanish as fast as

possible for € — 0, we equate terms of equal power in € with 0. The f(*)’s must be

914] page 129
10T his expression is obtained by plugging the comparison function ﬂ[n] into the lattice-Boltzmann
equation and putting all terms on the left hand side.
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determined in such a manner that the obtained equations are satisfied. A priori, the
residual comprises n + 3 different orders from €2 to €” which yields n + 3 different
equations. As we have to determine n + 1 asymptotic order functions, we expect
that all equations but two can be fulfilled by an appropriate choice of the f*)’s. We
pick the equations referring to €2 up to €” 2 which ensures the residual to be of
magnitude O(e"~!). So the subsequent equations result

e 2. 0=Jy

el S0,f0 = JofH) (3.13)

) =
d 0 0 £ SO, D = Jof(k+2) — c(fB) 1)w + grow

where the index k runs through the set {0,...,n — 2}. Apart from the two first
equations, the obtained equations share the same algebraic structure.

If we achieve to satisfy the above equations by a special selection of (O, ... f(®),

then only terms of the order n — 1 and n will survive.
o) L 189, £ 4 ) = — e le(f D 1yw — Pe(f) 1w - 77

These remaining terms have to be compensated by the actual residual, if equality
shall hold. Resolving thus for an] yields

€

lnl — en—l{ A=Y 4+ S9,F) 4+ e f™ 4 c(fD 1w + ec(f™) | 1w } . (3.14)
[n]

residue function r¢

If f(»=1) and f(™ are sufficiently smooth, the residue function is uniformly bounded
for € € (0,1]. Hence we find the ansatz (3.12) consistent of order n — 1 provided
that we manage to solve system (3.13).

For ease of notation we define two differential operators
Dy := —70;, D, = —750,

mapping CJ% (Xr; F) to CliH(Xr; F). Let us collect those terms in (3.13) on the

per
left hand side, which contain the highest occurring asymptotic order function. By

introducing the linear map
M:F—F, M:=1-(,1)w=—7Jp (3.15)

the equations (3.13) are recast in the form:

MO = ¢ (3.16)
MY = pfO (3.17)
M*+2) = Pk L p kD) 2ot 1w+ rgbrew (3.18)

Before we continue, a quick study of the properties of M seems to be recommended.

Lemma 3.2. The linear operator M, as defined above, is a projector. For given
y € F the equation Mx =y is only solvable if (y,1) = 0. Its general solution is
given by x =ker M +y =Rw +vy .
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Proof: Since (w,1) =1 we get:

M?x = Mx— (Mx,1)w = x— {x, )w — (x — (x, L)w, 1)w
= x—=2(x, )w + (x, 1)(w,)w = x — (x, 1)w
= Mx

So, we see that M is a projector, indeed. Its nullspace is obviously given by
ker M = span{w}. Hence M is not invertible and the equation admits only a
solution if y € range M. By Fredholm’s alternative for Euclidean vector spaces (see
the proposition below) we have range M = (ker M "), . Let us therefore compute
the adjoint operator M :

(Mx,z) = (x—(x,1w, z) = (x,z) — (x,1){w,z) = (x,z) — (X, (z,w)1)
= (x, z—(z,w)1) = (x, M"2) = M'=TI-(,wl

Evidently, we have ker M T = span {1}, which yields the necessary solvability con-
dition (y,1) =0 < y € (ker M "), . Furthermore being a projector, M acts like
the identity!! on its range. So y € range M is a specific solution. As the general
solution is given as a sum of a particular solution plus an arbitrary solution of the
homogeneous equation being an element of ker M = span {w}, we find the asserted
formula verified. [

Proposition 3.2. Let A:V — V be an endomorphism on an Euclidean vector space V. Then the range
(image) of A is the orthogonal complement to the kernel (nullspace) of the adjoint operator AT, i.e.:
range A = (ker AT) .

Proof: Let w € ker AT and u € range A, i.e. there exists a v € V with u = Av. Then we have u L v, since
(u,w) = (Av,w) = (v,ATw) = (,0) = 0.

This shows range A C (ker A7), . In order to prove the equality we must take recourse to the finite

dimensionality of V. Therefore it is possible to consider a matrix representation of A and AT. We note

that a matrix and its transpose have the same rank, since row rank and column rank are equal for any
matrix. Thus we conclude: dim(range A) = dim(range A" ). Moreover the following relations hold true:

i) V = ker AT @ (ker AT) | = dim ((ker AT),) = dimV —dim(ker AT)
i) dimV = dim(ker AT) + dim(range AT) <«  dim(range AT) = dimV — dim(ker AT)

Hence we get: dim(range A) = dim ((ker AT)J_). So range A is a subspace of (ker A7) having the same
dimension. This enforces, however, the equality of the two spaces. [ |

By means of the preceding lemma, equations (3.16),(3.17) and (3.18) are easily
solved. As f( is in the kernel of M according to equation (3.16), we conclude

£O = O | (3.19)

with some u(©) : X7 — R to be specified more precisely later. If we take this expres-
sion for f(©) and remember (Sw, 1)=0, we notice immediately, that the right hand

Hlet y € range M with y = Mx. The defining property of projectors, M? = M, implies
y — My = Mx — M?x = Mx — Mx = 0. Therefore M acts like the identity on range M.
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side of equation (3.17) fulfills the solvability condition (D,f(®),1) = 0 independently
of u(®). Therefore we obtain

fO = 4w 4 D,FO) (3.20)

with another unknown function u") remaining also undetermined so far. Similarly,
we proceed with the higher asymptotic orders. This yields for k € {0, ...,1 — 2} the
following recursion relation

f+2) — 2w 4 DR 4 D FEFD 7o (f®) 1w + Tgdrow (3.21)
provided the solvability condition
(Def® 4 DFED — 7e(f®) 1w + 7gdrow, 1) = 0 (3.22)

is fulfilled. Obviously, for any order a new scalar function comes into play. To all
appearances, the undetermined F-valued asymptotic order (k) is replaced by an-
other unknown but scalar-valued function u¥), that seems to be quite arbitrary at
first glance. Therefore the impression imposes, that we are not winning much, since
the complete meaning of these scalar-valued functions remains a little bit vague.

So far it is only known that u*) = (f(¥) 1) due to the solvability condition; thus
u® is the mass moment of f*), However, we already anticipate, that the solvabil-
ity condition inflicts certain constraints on the u(*)’s, which make them not at all
arbitrary. In order to demonstrate this, it is necessary, that we substitute in equa-
tion (3.21) the asymptotic orders recursively by their corresponding mass moments.

To do so, it is convenient to define the following family of differential operators by
recurrence, which spares the cumbersome writing of lengthy terms.

P.:=0 fork<0, Py:=1, P,:=D,P._1+DiP,_o fork>1 (3.23)
We consider P}, as a differential operator from Cg’féjk(XT;}") to Cpe(X7; F) for
m € Ny. In the sequel of this section we tacitly assume enough smoothness, so that
all occurring differential operators can be applied in a meaningful sense.

Remark 3.1. (Parity) An essential property of the Py’s is, that they exhibit a
well defined parity, if we interpret them as polynomials with respect to the operator
S. By a simple induction it is verified for j € Ny that even powers of S including
S0 = T occur only in Py;, whereas Pj11 contains odd ones. Hence the relations
S%+l = § and (Sw,1) = 0 entail

(Pojiafw,1) =0 (3.24)
. 2j+1
for any function f € Cper * (X1; R).

Remark 3.2. (Homogeneity) Another characteristic feature should not stay un-
mentioned, for it will become of much use further down. From a formal point of
view, we can consider the differential operator P as a polynomial in D; and D,.
Let us therefore write P, = Py(Dy, D,). Moreover, let us replace the differential
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operators Dy, D, by the formal variables ¥, £, so that we can define the polynomial
pe(X, &) = Pu(x?,€). Evidently, these polynomials obey the recursion relation

pO(X?f) = 17 pl(Xaf) = 57 pk(Xaf) = Spk—l(X7€) + szk—2(X7§) :

By an induction argument one can check, that these polynomials are homoge-
neous and their degree of homogeneity is given by their index. Thus pg(Ax, \§) =
Nepr(x, €). Hence, the following consequence ensues: If we assign to each monomial
of Py(Dy, D,) a degree given by twice the order of the time derivative plus the order
of the spatial derivative, it turns out, that we obtain for every monomial of Py the
same degree. Introducing the function spaces

Cr( X F) = {f € Cper(Xr; F) : OjOLf € Cper (X3 F) if 20+ j <},

per

it is now straightforward to see, that P, maps €"%t%(Xr; F) to €2, (Xr; F).

per per

The objective of the next lemma is to resolve the recursion relation (3.21) for the
asymptotic order functions and to express them in terms of their mass moments.

Lemma 3.3. {512 0 < k < n — 2, admits the following explicit representation

k+2 k
flk+2) — ZPk+2_ju(j)w — TCZPk_ju(j)W + 7PLgw. (3.25)
j=0 §=0

Proof: The proof is done by induction.
Start: Tt is easily checked that the formula holds even true for f(© and f(1), i.e. for
ke {—2,—1}, if we set ul)) = 0 for j < 0. Using dpo = 1 we get for k = 0:

f@ = u@w+ Df® 4 DV —7(fO 1)w + Tgw
= 4w+ DuOw + DuDw + D2uOw — 7eu® (w, )w + Tgw
= Pou(2)w + Plu(l)w + PQU(O)W — TCP()U(O)W + 7 Pygw

Thus we obtain the claimed formula also in this case.

Step: Assuming formula (3.25) to be true for k£ > 0, we show that it is also retrieved
for k41 > 0. Note that the Kroncker delta vanishes then. Setting in equation (3.21)
k to k + 1 yields:

flE+3) L (k43),, 4+ D fE2) 4 kD) ey (kD

Now the induction hypothesis is used to substitute f**1) and f(*+2) by analogous
formulas:

k42 . k )
Pk+2_jumw —TCy, Pk+1_ju(J)W + TPkgW:|
0 =0

f(k+3) — u(k+3)w + Dx|:
]:

j=
k+1 . k—1 ,
Peya_juw —7e Y Py jullw + TPk_lgw} — reuFDw,

+Dt[
j
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Next, corresponding sums inside each of the square brackets are rewritten such that
the index j runs everywhere over the same range. So the sums can be condensed:

k+1
fE3) = P 3w + Pru*Dw + 3 (D Py + Di P —j)uPw
§=0
k-1 ,
— TcPou(kH)w — rePiufw — ¢ > (DmPk_j + Dth_l_j)u(J)w
§=0

+ 7(Dy Py + Dy Py_1) gw.
Finally the recursion relation (3.23) is applied

k+3 k+1

flk43) — > Pk+3_ju(j)w —TCYy, Pk+1_ju(j)w + 7Py 119w,
j=0 7=0
to recover formula (3.25) mutatis mutandis where k is replaced by k + 1. ]

At last, we are prepared to analyze the solvability condition. Equation (3.25) is
equivalent to

k+1 k
=0 7=0

Therefore the solvability condition becomes

k+1 _ k '
<2Pk+2_ju(j)w — TC Pk_ju(])w + Pigw, 1> =0.
=0 =0

Taking all addends containing u**9 and ) out of the sums, we obtain
(P Dw, 1) + (PouPw, 1) — re(Pou®w, 1) =

k-1

k-1
= —< Z Pk+2_ju(j)w - TCZ Pk_ju(j)w + Prgw, 1>.
§=0 §=0

Using the relations

i) (Pul*tDw, 1) = (Dyu*Dw, 1) = —79,u*+D(Sw,1) = 0

i) (Pou®w,1) = ((Dy + DHuOw,1) = —79u® (w,1) —7202u® (S%w, 1)
=1 —1/0

we arrive at a diffusion-reaction equation for u¥) with a source Rg:

Bu® _ 7524 ®) 4 ey — <k_1p Dy — oS p )
U 70zu" +cu'” = w etro—juw —Tey ] Po_juw + Pygw, 1) .
J=0 '

xT
J=0

=Ry

Let k be even. Due to equation (3.24) only those terms survive the scalar product,
where k 4+ 2 — j is even too. Thus we obtain for £ = 2n at the right hand side
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an expression containing only u(?), u®), ... u("=2) and g as well as certain (mostly
mixed) partial derivatives of these quantities. For odd k the situation is completely
analogous except that g does not occur. This results in a decoupling of even and
odd orders, that emerges as the responsible feature for the second order convergence
mentioned in section 3. Setting either k = 2] or kK = 2] + 1 we obtain the following
evolution equations from the above one:

Aeul?) — 53511(2” + cu® = Ry, (U(O)=U(2)7 -'-,U(2l_2)79)= (3.26)
Au2+) gagu(zm) 4+ o@D — 9%2l+1(u(1),u(3), ,.,7u(2l—1)), (3.27)
In the case of the two lowest orders we get in particular:
du® — %Qﬁu(o) +a® = ¢ (3.28)
dut) — 5a§u<1> +eu = 0 (3:29)

These evolution equations respresent the desired conditions, we have to impose on
the mass moments, in order to make the ansatz (3.12) “as consistent as possible”.
Together with appropriate initial conditions, this hierarchy of diffusion-reaction
equations determines the mass moments u(©), ..., ("2 uniquely. In contrast, no
constraints arise from the solvability condition for the mass moments w1, ("),
Besides sufficient regularity requirements, they can be freely chosen. That is why
we are allowed to set them to zero.

Remark 3.3. (Vanishing of odd orders) The homogeneity of equation (3.29)
has an important consequence, as u!) remains zero once and for all, if it is initialized
so. By equation (3.27) higher odd orders depend entirely on lower ones. Therefore
we conclude, that all subsequent odd orders vanish too, provided they are initialized
by zero. This fact emanates from the circumstance that the inhomogeneity gw of the
lattice-Boltzmann equation (3.2) appears only in the zeroth order as O(1)-term. Of
course, things would change, if some O(¢e)-term were admitted as additional source.

Remark 3.4. (Construction of the comparison function) How can we con-
struct a truncated regular expansion, that reaches on the one hand a prescribed
order of consistency but that is on the other hand as simple as possible? The pre-
vious considerations give the following suggestion, that will serve as guideline for
the next subsection. In order to distinguish easily between even and odd order
functions we consider f2**3] (instead of ")) from now on.

a) Find sufficiently smooth functions «(?), u(®, ..., u®>" satisfying (3.28) and (3.27)
respectively.

b) Set M, u®), .. utD) 4Cn+3) and 4(27+2) equal to 0 and compute by equa-
tion (3.25) the 2m + 4 asymptotic orders fO £ f@n+3),

c) Set fl2n+3] .= Zifg?’ ¢*f(%) | which is then consistent of order 2n + 2.

d) Asu®?t2) 4(2n+3) — 0 the mass moments of f("+2) £(27+3) vanish. According
to equation (3.14) the residual is therefore simplified to

€

plant3] 62"+2{atf<2"+2> + 88, f ) 4 eatf@"*?’)} : (3.30)
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The proposed construction of the comparison function has a nice impact on the
internal structure of the asymptotic orders. It ensures that even asymptotic orders
are exclusively composed of terms containing an even power of s (i.e. 1 = 5% s?).
In contrast, the addends pertaining to odd asymptotic order functions are always
proportional to s = s', which is the only odd power. We prove this property by
exploiting the orthogonality of s € F with respect to the subspace span {1,s%} C F.

Lemma 3.4. Suppose that the asymptotic orders are constructed as described above,
such that the mass moments of the odd orders vanish all. Then the following rela-
tions hold true for j € {0,1,...,2n + 3}.

(f@) sy =0, (fFD =0, (FETD P _Ly=0 (3.31)

Proof: The proof is done by induction.
Start: Using u(® = 0 we get from (3.19) and (3.20)

fO0) = O | fO = DO = —79,uVsw .

Recalling the orthogonality of w,s € F, (3.31) becomes directly clear for j = 0.
Step: Let us now suppose, that the relations are true for the asymptotic orders f (27)
and f(%+1) for some j € Ng. Applying the recursive representation (3.21) for k = 2j
we find

(242 o) = w2 (w,s) + (Df ) s) + (D FHHD 5 — 7¢(f%) 1) (w,s)
= 0 — 79,(f®s) — 79,(sfF TV s) — 0 = 0

Using (sf(2+1) s) = (f(21+1) s2) we see, that both scalar products vanish due to
the induction hypothesis. Analogously we consider equation (3.21) for k = 2j + 1

using the assumption of the lemma (u(**3) = 0) and the induction hypothesis
(FRIHD 1) = (2541 = 0,

(FEH9.s%) = (DA, s?) 4 (D.fH2),s%)
= —7O,(fFTD 2y — 79, (sfFT2) 2 = 0

The first scalar product vanishes by the induction hypothesis. Shifting s from the
left to the right hand side of the second scalar product and using s> = s, we obtain
<f(2j +2),s>. But this vanishes by what we have just proved above.

The third asserted relation is an immediate consequence of the second one and the
assumption that the odd mass moments are zero.

<f(2j+1),52 o %> _ <f(2j+1),52> _ %(f(2j+1), 1> —0-0=0 n

These relations are exploited in the next section, when we show that the moments

with respect to s and s? — % exhibit also a privileged convergence behavior besides

the mass moment.

3.3 Smoothness conditions and convergence

After these rather formal computations, we shall formulate results about asymptotic

stmilarity and convergence concerning the population function f. and the comparison

%[2n+3}

function . Above all, this should include the answer to the following questions:
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Under what regularity conditions can equations (3.26) and (3.27) be
solved successively up to a certain order? What regularity is necessary
for the mass moments in order to bestow a classical meaning upon the
recursive formula (3.21) for constructing the asymptotic order functions

and thus ﬂ[2n+3] ?

The issue of smoothness is of utmost importance, since lower order mass moments
occur as source terms in the evolution equations of higher order ones. So the reg-
ularity of every order function influences the regularity of the following ones and
decides thus whether the expansion ansatz (3.12) can be extended by further orders.

Due to these reasons, it would be imperative to study regularity properties con-
cerning the IVPs on an interval with periodic boundary conditions for the diffusion-
reaction equation and the lattice-Boltzmann equation. Since our main focus is on
lattice-Boltzmann specific arguments, we choose a pragmatic way and postulate the
required smoothness statements in the form of two assumptions.

Assumption 3.1. For given k € Ny let vy € C'gé;z(/l’ ) and g € ‘Kgor(XT). Further-
more we assume the constants v > 0 and ¢ > 0. Then the initial value problem for
the diffusion-reaction equation

v(0,-) = o, v —vojv+cv=g withy =7 (3.32)

has a unique solution in €%52(Xr).

Assumption 3.2. For given k € Ny let fiu; € CEEN (X, F) and g € CF_ (Xr; F).

per per
Then the initial value problem for the lattice-Boltzmann equation

£.(0,)) =™ Of + e 150,f. = ¢ 2Jf. + gw (3.33)

has a unique solution in CAf!(Xr; F).

Lemma 3.5. For given n,p € Ny let vy € Comt*™(X) and g € o™ (Xp). The
subsequent initial value problems

u®)(0,-) = vodo

) — 24 k) + w0 = Ry (u®, u@, w2 g)

can be solved successively for 0 < k < n and we have u(k) %3;‘2“2*“(%).

Proof: Starting with £ = 0 the initial value problems are solved one after the
other. Due to the required smoothness of vy and g, assumption 3.1 guarantees the
existence of a solution u(® € Gan T (xp).

It remains to check, whether the source term Ry on the right hand side is smooth
enough, such that u(2¥) possesses the claimed regularity. This is done by induction.
Start: The case k = 0 was just settled.

Hypothesis: The assertion of the lemma is supposed to be correct for j € {0,...,k —
1}, ie. ul®) € @2n—2k+24n(xr),
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Step: In order to find u(?%) € @2—2k+2+2m e have to verify the premises of
assumption 3.1. So we need Ry, € F22k+2m From

k—1 . k-1 .
SRQk = w< Z P2k+2_2ju(2”w —TC Z P%_gju@])w + PngW, 1>
7=0 7=0

the regularity of the individual addends can be directly read off if we use the in-
duction hypothesis and take remark 3.2 into account.

P2k+2_2ju(2j)w c %égy—2j+2+2m)—(2k+2—2j)(XT;j:) c %gg—2k+2m(XT.f)
Po—ggul®w € o~ TEIMTE (e ) C g2 n (g F)
Pogw € G (X F) C G222 Xy F)

Thus, Ror has the required smoothness and assumption 3.1 yields the assertion
) € gan 22 n e .

Let us now consider the case, where p = 1 + 2m with some m € N. So the given

data is vy € C2LF3T2™(X) and g € €21+ (Xr). The preceding lemma provides

uw© w®@ . u® such that we can proceed as described in remark 3.4. Introducing

additionally w(2"*2) = 0, this yields the 2n + 3 asymptotic orders
l 1-2
f(2l) = Z Pgl_gku(Qk) —TC Z Pgl_g_gku@k) + 7Py _ogw (334)
k=0 k=0
l -2
f(2l+l) = Z P21+1_2ku(2k) — TC Z Pgl_l_%u(%) + TPQl_lgW (335)
k=0 k=0

for0<i<n+1.

Lemma 3.6. f) {241 gre well defined functions in Chex (X1, F) for the specified
range of [.

Proof: As we have

g€ (5§§+1+2m(XT) and u®® ¢ %§§_2k+3+2m(2@) by lemma 3.5,
we verify the assertion by counting the degree of regularity which each addend in
(3.34) and (3.35) has. For instance:

P2l+1_2ku(2k)w e cglggl?—2k+3+2m)_(21+1_2k)(XT;f) C %2n—2l+2+2m(XT;f)

per

Py_1gw € cgrgz?‘*‘l‘Fzm)—(zl—l)(XT;f) C (gﬁg—2l+2+2m(XT;f)

Due to remark 3.23, the application of Poy1_op or Py 1 reduces the degree of
smoothness by 2l + 1 — 2k or 2] — 1 respectively. Since [ is at most n+ 1, all addends
are at least in €om (Xr; F) C Cot,(Xp; F). |

per

Theorem 3.2. (Main result, asymptotic similarity) Let vy € ng‘r"’ 32m(X) and
g € CInF1+2m(xr) and suppose that assumption 8.1 holds true such that ?5[2"4'3] €

per
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Cher(X1) can be constructed as described above. Let f. be the solution of the lattice-
Boltzmann equation 3.33 initialized by 1?6[2"+3}, i.e.
A R 2n+3 | .
f.(0,-) = 2430, with 3= S JF0),
j=0

If assumption 3.2 holds true, such that f. € CITer(XT), then there exists a constant
K > 0 independent of € such that

[fe(t,) — f?"*‘”’}(t,-)Hc( ) < K2

TyH™1(X;F)

Proof: The claimed estimate comes out as an almost automatic consequence: The
comparison function has been defined in such a way, that the residual is given by
equation (3.30). Since f(27+2) £2n+3) ¢ ™ (X7, F) according to lemma 3.6, we get

r£2"+3] € C™ (X, F). Hence there is a constant dominating the residue function

r£2n+3] and its derivatives (up to order m — 1) on the whole compact space-time

domain Xy for arbitrary e € (0,1]. A fortiori, condition (3.7) is satisfied by r£2n+3}.
Furthermore f. and 1?6[2"”} agree for t = 0. So the hypothesis of theorem 3.1 is

granted for a = 2n + 2 and we can allege corollary 3.1 to verify the assertion. ™

Let us recall, that for any x € F the quantity (f,x) is called the moment associated
with x. We have already seen in the last subsection that the mass moment wu.,
which is the moment with respect to 1 € F, plays a major role in the analysis of the
lattice-Boltzmann equation. Beside u., two other moments turn out to be relevant:

ue == (f., 1), be = (f.,s), Ye = (fe,s° — §) . (3.36)

¢ and 1), are referred to as the first and second moment'? respectively. Like the
. . t2n+3] . . . . .

comparison function f¢ itself, all its moments are polynomials in €. In partic-
ular, ¢®) and ¢»®) figure as coefficient functions of the first and second moment

respectively, being thus the first and second moment of f*). However, unlike ?6[2"4'3],

A£2"+3] and 1/12"4'3] expose a feature that 11£2"+3] has by construction: only every

second power of € has a non-zero coefficient:

ﬁ£2n+3] — <]Ee[2n+3}71> = w® L 2@ L 2ny )
A£2n+3} — <1§6[2n+3}’s> _ 6(25(1) + 63(25(3) + ..+ 62n+3¢(2n+3)7
A£2n+3} — <1§6[2n+3}752_%> — 62¢(2) + 641/}(4) + .+ 62n+2w(2n+2)'

This property is easily understood with the help of lemma 3.4. There we have
proved, that certain moments of the asymptotic order functions vanish if it is con-
structed as described in remark 3.4. The expansion of ¢, starts with a second order

term, since s — % is orthogonal to w and hence to f(© = 4w,

'2The linear independence of the three moment generating polynomials in F should be noticed.
Shortly we will see, the first moment is related to the (diffusive) flux —v9,v wherefore it is also
referred to as the flur moment. The second moment contains the the second derivative of v which
has no intuitive physical meaning.
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Corollary 3.3. (Asymptotic similarity of the moments) Under the conditions of

the previous theorem, the moments of the comparison function ﬂpn%ﬂ and of the

population function f. are asymptotically similar with the same order as f. and

ﬂ[2n+3]. The following estimates hold true where K > 0 is the constant from the
theorem:
lue = @™y (rgmosay) < MUz K2, (3.37)
_ 2[2n+3] 2n+2
HQSE gbe ||C(T;'Hm71(‘){)) é HSH]: KE 9

Proof: It is sufficient to consider the case of the mass moment, since the other
two cases can be treated analogically. Recalling the definition of the norm in
C(’T; H™ (X )) and using the Cauchy-Schwarz inequality from the second to the
third line yields the assertion:

1
m—1 . . 2
H’LLE - a£2n+3] HC(’]’;’]—['anl(X)) = jél%? |: 2:0 /X |a;uﬁ(t, T) — a;a£2n+3] (t, $)‘2dx:|

i=

N[

m—1 . o~
:sup[z / \<a;fe(t,g;)—a;fg2"+3}(t,x),1>|2dx]
0 X

teT Li=

D=

m—1 X N
< sup [ 5 [ oise) - a4 2l dx]

teT Li=

<1l Hff - 1?epn—i-g}HC(T;H’”*l(ﬂ.’;}-)) < It e [ |

The construction of f needs only the solution v of (3.32) that is identified with
]

u(9). The asymptotic order functions of ﬂ[g become explicitly

FO(t2) = vt z)w

fD(t,z) = —7100(tx)sw

() = 702u(t)(s*w— jw) (3.38)
f(3)(t,ﬂj‘) = —T3agv(t’$) (S?’W— %SW) +7'281;8xv(t,:17)sw

with the residue function
rE’} = 7'2(%8:%@ (S2W — %W) — 7'3831) (s4w — %sz)
—€ [7'3@8321 (53w — %sw) — 12020, sw).

£,

Using the orthogonality of w,s,s? — % € F we obtain the following moments of
<?e[3]7 1> =, <{A:£3}’S> = _Egaxva <ﬁ£3}752 - %> = _62%63’0'

Apart from higher order corrections these formulas hold also true with repsect to
other comparison functions than fe[g] taking more asymptotic order functions into
account. This results into the final corollary.
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Corollary 3.4. (Convergence of Moments) Under the conditions of the preceding
theorem the mass moment u. = (fe, 1) converges quadratically in € to the solution v
of (3.32), while the first and second moment ¢, e vanish in the limit. However,
the the limit of the rescaled moments € ‘¢, and e 1. is related to the first and
second derivative of v:

ue = v+ 0(?),
elge = —Z0v + O(e?),
e = —250%0 + O().

All relations are understood with respect to the C(T; H™ (X))-norm.

Proof: The statement is a straightforward consequence of the previous corollary
and the triangle inequality. By adding the same term on both sides of inequality
(3.37), we get

lue — ZOU(Q”EZJH +1 ZIU(Z”EZJH < KT 4 ZIU(Z”EQJII,
J= J= J=

where the norms refer to C(7;H™ !(X)). Since arbitrary reals a, b satisfy [a —b| <
la| + |b], the left hand side is shrunk to [luc — u(?|. The right hand side contains
only terms being at least of order €2. As the sum extends only over finitely many
terms, which are continuous due to the regularity assumptions and thence bounded
on the compact time-space domain A7, the right hand side can be estimated for

€ € (0,1] by a constant times €2. So it is an O(e?)-term.
Repeating the same arguments for the first and second moment, leads to:

sl = K22 + O(e?)
Is* = §llz K2 + O(e")

¢ — e o]
I — 20|

<
<

Division by €' and €2 respectively transforms the right hand side into an O(€?)-term
ifn>1. [ ]

Observe that we need at least %5[5} to conclude the assertion for ¢, and ..

3.4 Initial conditions and irregular expansions

As the regular expansion considered so far starts with a term of the form u(®w,
it cannot approximate solutions belonging to initial conditions whose leading order
does not lie in the span of w € F. This invites the question how arbitrary initial
values evolve.

To answer this, we try to find other, non-regular expansions to construct approxi-
mate solutions of the lattice-Boltzmann equation'3. Before we present the working
expansion, we discuss an ansatz which turns out to fail.

3For simplicity the source term is set to 0.
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We track the presumption that initial values being in span{s, s? — %} are subject to a
fast evolution in comparison with those in span{w}. In this context fast means that
they become marginally small after an e-depending time that is short compared
with 1 (e.g. €,€2,...).

This motivates the introduction of a scaled time variable t/e which distinguishes
the following ansatz

jet/e,x) =jO/e, x) + ¢V (t /e, 2) + ... (3.39)

from the regular expansion. The role of j. is to approximate the population function
f. just like the comparison function f.. In order to ensure that (3.39) makes sense
we require that the coefficient functions are bounded for € | 0. This entails in
particular that €*j(%)(t/e, 2) = O(e¥). Plugging (3.39) into the lattice-Boltzmann
equation, the standard comparison of coefficients'* yields

e2: 0 = Jyj©
el 0O +89,j0 = Jy;m (3.40)
7t 90 + 80,1 = JojHD —(jY 1w

where J; denotes the derivative with respect to the first variable, i.e. t/e (observe:

Oy = € '01). The first equation pertaining to the order ¢~2 agrees with the corre-
sponding result in (3.13) for the regular expansion. So we obtain

O ekerJy = jO®/e,z) =wO(t/e,z)w (3.41)

with some unknown function w(®). Already now this indicates clearly that (3.39) is
not pertinent for our goal because it produces structurally the same term in zeroth
order as the regular expansion. Nevertheless let us continue to check whether the
ansatz works in principle.

Using (3.41) to compute the mass moment of the second equation in (3.40)

(0j9,1) + (50,j0,1) = (JpjV,1)

w® (w,1) + 9,w® (sw,1) = w <<j(1), Dw — 1), 1)
=1 =0 =0

we deduce dw® = 0, which shows that w® is constant in time. Hence j) is
solution of the equation
Joj(l) = 9w Osw.

According to lemma 3.2 this equation is solvable since (sw,1) = 0. Furthermore
this yields
i = whw — 78, Vsw. (3.42)

Let us now turn to the zero order equation being the third one in (3.40) with k£ = 1:

ruwOw + 8, Vsw — 78,00 sw + cwOw = Joj® (3.43)

18trictly speaking, the comparison of coefficients applies for polynomials and power series if the
coefficients are independent of the expansion variable. This situation is not given here. However
the boundedness of the coefficients is enough to justify the procedure.
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Again, this equation is only solvable if the mass moment of the left hand side
vanishes which provides the equation to determine w® more precisely:

Aw) — 589010(0) + cw® = 0.
As w® does not depend on time we conclude

w(t/e, x) = E(5(‘99610(0) (z) — cw® (z)) + const.
€

However, this result violates the assumption that the order functions j©@j®), .
remain bounded for fixed ¢ and x as € goes to 0. To overcome this inconsistency,
we are obliged to equate the coefficient behind E with 0, which implies w™® to be
constant in time as well. Thus we are led to a differential equation determining the
spatial dependence of w(©):

cw® = gaxw“)) .

For ¢ # 0 the solution is given by an exponential function. This, however, cannot
comply with the periodic boundary conditions. Therefore we must infer that w(®
vanishes if ¢ # 0. In any case, w(®) must be constant in space and time. So (3.43)
becomes

Joj(2) = 9, wMsw.

Since this representation is analogous to (3.42) and since the equation for j®) is
structurally the same as (3.43) for i@, we see that we can repeat the arguments
to infer that w( is constant too. This shows finally that only trivial or at most
constant solutions of the lattice-Boltzmann equation can be expanded by (3.39).
Due to this reason the ansatz must be rejected.

In order to obtain a more enlightening expansion we have to choose the time scaling
t/e* such that the equation in the lowest order is not of the type Jox = 0. It is
quickly seen that this requirement is fulfilled for o = 2. Therefore, let us consider
the expansion

et/ 2) =jOt/, ) + Mt/ z) + ... | (3.44)

resulting in the subsequent equations for the order functions:

e 2. 9@ = JyjO
et oM 4+ 80,0 = gy (3.45)
=2 01 + S0,j D = i) — ¢(j5D 1)w

In contrast to the order functions of the regular expansion, we obtain for j(O),j(l),
no PDFEs but ODEs, since the equations do not involve the spatial derivative of the
highest occurring order function. So, the j#)’s come out as solutions of ODEs with
respect to the scaled time variable r = t/e? having the structure

0™ = Joj®) = —99,*7D — e(j*V, Dw.
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The right hand side is a true inhomogeneity as it depends only on j*~1) being
determined by the previous equation. Thus the solution is formally given by means
of the variation of constants formula:

Bt/ z) = e0/¢jR) (0, z)
2

t/e
— tho/e® / e T[S0,V (r,2) + (D (1, ), 1)w] dr
0

The leading order function j(©) satisfies the homogeneous equation 91j@ = Jyj©@.

Let us now consider each of the three basis vectors w, s, s>

—% € F as initial value for
j© . The following computation shows that these vectors constitute an eigenbasis

of the collision operator Jy:

Jow =w |:<W, Lw — W] =0,
Jos =w [(s, 1w — s} = —ws,
Jo(s2 — 1) = w[<s2 A g] = —w(s? - 1),

Since it is assumed that w is strictly positive, the eigenvalues of s and s — % are

negative which has a strong impact on their dynamics. So the solution associated
with s and s? — % as initial values decreases exponentially!® in the fast time /€2
Using the variation of constants formula, it becomes clear that the exponential de-
cay devolves upon the subsequent order functions jV),j® ... too. A fortiori, they
remain bounded for fixed ¢,z as € tends to 0, which justifies the ansatz (3.45).

As far as the first eigenvector w is concerned, the expansion displays a quite different
behavior. Due to Jow = 0, the initial value j.(0, z) = w(® (z)w implies that j© is
constant in time, i.e. jO(t/e2, z) = w® (z)w. For j() we obtain then the initial
value problem

MM + JojM = 8,w® (z)ws with j(0,z) = 0.
Since ws is also an eigenvector of Jy pertaining to the eigenvalue —w, this yields
Wt/ x) = e~ 9,0 (z)ws — 70w (z)ws.

The exponentially decaying part is to adjust the initial condition while the second
part (solution of the inhomogeneous equation) is constant in time and resembles the
expression for f1) in equation (3.38). Without going into details of further calcula-
tions to compute higher order functions, we may note that the expansion appears
also reasonable in the case of a w-proportional initial condition. In opposition to
the other cases it contains constant terms. Once the decaying terms have vanished
practically, a regular expansion is left'® whose mass moment is given by the time

For the initial value j®(0,z) = w®s we obtain the solution j(t,z) = w(o)(m)et‘]‘)/szs =
w® (:c)efm/ezs. If * — % or sw is chosen instead of s, a completely analogous result is found.
161n the short time scale the “diffusive” decay of w@w is not observable.
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independent function w(® .

In summary, the following observations can be stated:

e The irregular expansion (3.44) contributes together with the regular expan-
sion to a complete comprehension of the dynamics generated by the lattice-
Boltzmann equation. Thanks to the linearity of the system it is easily possible
to combine both expansions to understand the evolution associated to arbi-
trary initial values.

e Expansion (3.44) gives evidence for the existence of initial layers. This is
a particular class of solutions decaying towards zero over a time interval of
magnitude O(e?).

Missing higher order terms in the regular expansion of the initial condition
can be compensated by initial layers up to a maximal order depending on the
regularity of the initial data.

e Finally, the parallel to section 2.3 should be noticed.

With regard to the first point, it remains to check whether any ansatz using another
scaled time t/e®, a # 2 can only approximate constant or trivial solutions of the
lattice-Boltzmann equation (non-existence of further time scales).

3.5 A glimpse of boundary conditions

The conversion of macroscopic boundary conditions!” into kinetic ones for the

lattice-Boltzmann equation is a non-trivial task and still subject to current research
[67, 6]. This difficulty is not of purely discrete nature faced in the context of lattice-
Boltzmann schemes. In this section we want to substantiate that the problem is
of intrinsic kinetic origin and may arise already at the level of kinetic differential
equations. The reason for this lies in the fact that kinetic equations involve other
quantities as primary variables than the macroscopic ones. This impedes a straight
imposition of macroscopic boundary conditions since those quantities are not di-
rectly accessible which shall be kept on a certain value. Moreover, kinetic boundary
conditions must mediate between those for the target equation and the requirements
of the kinetic equation, that might be quite different from a mathematical point of
view.

The force-driven Poiseuille flow through a canal provides a simple but illustrative
example. Along the walls no-slip conditions apply while inflow and outflow are
modeled by periodic boundary conditions. In section 1.2 it was pointed out, that
the flow profile of such a quasi 1D flow is a solution of the diffusion equation.

Concretely, the Poiseuille flow is assumed to occur in y-direction. A symmetric in-
terval [—w, w], w > 0, on the x-axis may correspond to the cross-section of the canal.
The stationary flow profile [-w,w] > z + wv(x) is then solution of a 1D Poisson

"Referring to the target equation.
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equation (stationary diffusion equation), where homogeneous Dirichlet boundary
conditions reflect the vanishing flow velocity at the walls.

"
U(_;)v:(a(:)): vg(w) } = v(z) = 2%(102 —z?). (3.46)
On the right hand side, a constant g appears representing the strength of the force
field which is directed parallel to the y-axis and induces the Poiseuille low. The
solution of (3.46) represents a parabola opened from below with roots at —w and
w. Its maximum is located in the center of the canal (x = 0) where the flow reaches
its highest speed depending on the ratio of the force g and the viscosity v.

Let us investigate how (3.46) is approximated in the framework of the kinetic ap-
proach using the D1P3 lattice-Boltzmann equation. Thanks to the stationarity
of the target problem (3.46) we consider the time-independent lattice-Boltzmann
equation'®

180,f = L Jof + gw. (3.47)

In order to avoid a reactive term appearing in (3.2), the reactivity ¢ is set to 0, which
results into the collision operator Jy. Equation (3.47) must be complemented by
boundary conditions at w and —w.

It is well known that the bounce-back rule realizes a kinetic approximation of the
macroscopic no-slip condition for the Stokes and Navier-Stokes equation particularly
with regard to the D2P9 model. In section 1.2 it has been shown (see page 49) that
the reduction from the D2P9 to the D1P3 model yields a bounce-back-like condition
with sign-flipping. So we arrive at the following differential algebraic boundary value
problem, which is the componentwise version of (3.47) multiplied by €.

el fi(z) = fi(x)— %u(m) - %5279 fi(w) = —fa(w)
0 = fo(z) — %%lu(:n) - %6279 (3.48)
—Tedyfa(x) = fo(z) — %u(w) — %6279 fo(—w) = —fi(-w)

Let us derive a solution of this boundary value problem: Motivated by the solution
of the target problem, we assume that the populations and their mass moment u are
described by quadratic polynomials. To reduce the number of unknown variables,
we exploit the symmetry of the problem.

So we require that u and the rest population fy are invariant under reflection at
the origin: u(x) = u(—=z) and fo(x) = fo(—x). This means that the zeros of the
associated quadratic polynomials are symmetrically situated with respect to 0. In
particular linear terms are excluded. In opposition, left and right moving popu-
lations should obey the relation fi(—z) = fa(x). All assumptions are taken into
account by the following ansatz

u(z) = a(n—x)(n+z) = —ar?®+ an?
fo(z) = b(p—z)(p+x) = —bz®+bp’
fi(z) = dg—2)(r+z) = —dz®>+d(q—r)z +dgr
fo(z) = d(r —x)(¢+2z) = —dz®+d(r — q)x + dgr

18Tn this section we do not stress the e-dependence by index notation. So we write f,f instead
of fe, fe.
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where a,b,d > 0 and n,p,q,r > 0 are respectively the amplitudes and roots of
the unknown polynomials. It turns out that these seven coefficients are uniquely
determined by (3.48).

First, the boundary conditions for f; and fy yield: rq = w?.

Performing a comparison of coefficients in front of the z?-term and the con-
stant term occurring in the algebraic equation for f(©) ends up with the rela-
tions:

b= %a and a(z? — p?) = é*ry. (3.49)

Similarly, we extract from the equation for f;

d= 55 r—q=2Te a(p? —w?) = 2ar?e® — grie? (3.50)
e The relation u = f; + fy 4+ fo imposes the equation
(0 — 1)n? + w? = op°. (3.51)

Adding the right equations of (3.49) and (3.50), and solving for p gives p =

Vw? 4+ 2762 .

Combining this with (3.51) produces n = {/w? + 2851 72¢2,

Utilizing a = %g g leads to the final result for u:

u(z) = £ <w2 — 2?4 2%6272> =v(z) +

X e

%7‘262 (3.52)

Comparing the mass moment u with the solution v of the target problem (3.46)
confirms the statement of corollary 3.4 i.e.:

f,1) =u A0y more precisely v =u 4 O(e?).

Formula (3.52) corroborates that homogeneous Dirichlet boundary conditions are
not exactly satisfied. This is symptomatic for other macroscopic boundary condi-
tions, whose translation into kinetic boundary conditions is possibly less evident.

Returning to (3.52), the error term vanishes remarkably if 6 attains its limit value
1. Hence, for the example of the Poiseuille flow, the solution of the target equation
is produced exactly if the D1P2 model is used as a special case of the D1P3 model.

In general, kinetic boundary conditions are obtained as conditions on the the mo-
ments of the population function f.

bounce-back with  sign-flipping f; = —fy (s*,f) =0 —  Dirichlet b.c. (3.53)
bounce-back without sign-flipping f; = fo  (s,f) =0 — Neumann b.c. (3.54)

In order to see what kind of macroscopic boundary condition ensues from (3.53),
we insert the comparison function. More precisely the boundary conditions for the
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mass moments u(?, 42 ... of the asymptotic order functions are chosen such that
the comparison function f2n+3] gatisfies the boundary condition with a residual as
small as possible. Explicitly let us consider fI3] which is constructed alone by the
solution v = u(9 of the target equation (3.32). Using the expressions for f O @) £
and f©® in (3.38) we obtain

(Bl s2) = %u(o) + 0-¢ + %728:%11(0) & +0-é&

Obviously, the right hand side is minimized if we require u(®) to vanish at the
boundaries, which yields Dirichlet conditions for u(®). Hence (3.53) may be used to
approximate the target problem (3.32) endowed with homogeneous Dirichlet instead
of periodic boundary conditions, i.e. v(t,0) = v(t, L) = 0. i3 leaves a residual of
magnitude O(e?) since it is not possible to additionally require ?u(®) = 0 which
would result in an ill-posed problem for u(?). To obtain a higher order of consistency,
we need another quantity that can compensate the O%u(o)—term. This is achieved
by taking fI5] where u® occurs in the associated asymptotic order function f(:

f@ = 4w + 72920 (s?w — %w)
= (Bl 1) = %u(o) + 0-€ + (%u(z) + 99;217'285u(0))62 +0-é
So we may demand inhomogeneous Dirichlet conditions for u(?) by setting
u? = —90%17'28:%11(0) at the boundary.

In this way, fI5] reaches a consistency order of at least 4, because <f(3),s2> must
vanish due to lemma 3.4 (f (3) has only terms containing s which is orthogonal to s2).
Let us finally note that the mass moment (3.52) of the example is recovered as sum
of u® = v and u® = —%728&) = 90%17'2%. Further terms do not appear in the
expansion of u because they involve derivatives that vanish for the time-independent
quadratic polynomial v.

The second kinetic boundary condition (3.54) is analyzed analogously. Here we
obtain

(f[?’},s> =0 — g@xu(o) e+ 0-€ — (73%a§u(0> — 725@896@) e .
The residual becomes at most of magnitude O(e?) if we set d,u(®) = 0 at the bound-
ary. Hence we can employ (3.54) to approximate target problems with Neumann'?

boundary conditions. By using f 5], a higher order of consistency can be attained
which yields an inhomogeneous Neumann condition for u(2).

Finally, an objection with regard to condition (3.53) may be thrown in: It is true
that bounce-back type conditions are well adapted to the hyperbolic character of
lattice-Boltzmann equations, since they couple populations referring to out-going
and incoming characteristics at the boundary points. But from the perspective of

190Observe that —vd,v is interpreted as the diffusive flux which is inversely proportional to the
gradient of the density to level out spatial density fluctuations.
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the target equation, (3.53) is not a natural approach to realize Dirichlet boundary
conditions upon the mass moment u. Instead, it would appear much more intuitive
to require directly

(f,1) = 0. (3.55)

Since 1 € F is orthogonal to s’w — %W in opposition to s?, we infer <1?[3], 1) =0if

uw© = 0. Similarly we get (fl0)1) = 0 if u(® = 0 and u® = 0 at the boundary.
This time, homogeneous Dirichlet conditions are also found for the second and even
for higher order functions of the mass moment.

Against this backdrop, the exceptional role of the D1P2 (§ = 1) model with respect
to the accuracy of (3.52) becomes immediately comprehensible, because condition
(3.53) and (3.55) coincide in this case as s = 1.

Remark 3.5. Both condition (3.53) and (3.55) are suitable for the D1P3 lattice-
Boltzmann algorithm because there is only one population at each boundary node
which is not updated by the standard evolution step. This population can be
determined either by the bounce-back prescription or by solving a linear equation
such that the mass moment remains zero. In two dimensions there are usually more
than one population (even along a rectilinear boundary) where boundary conditions
must be applied. In this case condition (3.55) yields only a single equation which
is not enough to determine several unknown populations. In this situation bounce-
back offers a reasonable possibility to cope with the under-determined problem.

Boundary conditions and energy estimate

Let us finally check whether the energy estimate in section 3.1 also works if we
assume bounce-back type boundary conditions like (3.53) or (3.54) instead of pe-
riodic boundary conditions. The essential step in the proof of theorem 3.1, where
the periodicity of f and f has been exploited, is the elimination of the integral

L A~ A~
[::/0 <B(f(t,a;) —f(t,2)), S&x(f(t,x)—f(t,x))> do
L A~ A~
= /0 %%<B(f(t,x) —f(t,z)), S(f(t,z) — f(t,a:))> dz.

in (3.11). We consider now the boundary conditions
fg(t, 0) = :]:fl (t, 0) and fg(t, L) = :|:f1 (t, L),

which are supposed to be satisfied likewise by the comparison function f up to a
residual of magnitude O(e®). Then

fo(t,0) = £f1(£,0) + O(e®)  and  fo(t, L) = £f1(¢, L) + O(e%)
Evaluating the integral by the fundamental theorem of calculus we obtain

1= i, s )
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which becomes more explicitly

L/ (20 (fi=F) —1- (i —F)\ | 6D
I=§< f%l(fo—fo) | 0 (fo—fo) >
20 (fy —f2) +1-(fa—f2)/ / 1o
_ L iN2 e ia2]®D)
- 9[(f2 £)2 = (f1 — F1) ](w)
. L 91(tL)
_ 9[(i1)2(fl —H+0(2) = (f - f1)2] .

In contrast to the periodic case the integral usually does not become zero since it
is not possible to construct comparison functions, which satisfy the non-periodic
boundary conditions exactly. However, the integral vanishes in the limit of € | 0.
Therefore it acts like a small additional source term, which shows that the an energy
estimate similar to theorem 3.1 is basically possible.

Outlook — What else?

The following aspects of the presented D1P3 lattice-Boltzmann equation might be
interesting for further research.

e Lemma 3.1 does not refer to an equilibrium operator which includes advection,
e.g. BEf = (1—e*rc)(f,1)w + eab(f, 1)ws, because then BE, is not symmetric.
Here another approach might be necessary to close this gap.

e The energy estimate should be performed carefully for non-periodic bound-
ary conditions particularly with respect to the resulting order of asymptotic
similarity. Furthermore norms stronger than £2 should be taken into account
to get also asymptotic similarity for the derivatives of f and f. What are the
boundary conditions for d,f, 92f,...?

e Instead of (3.53) and (3.54) one might consider the boundary condition (f,s*—

%} = 0 which does not appear suspicious as it is analogue to the other moment
conditions. However, the asymptotic analysis reveals quickly that it does
not result in a macroscopic boundary conditions for u(® or d,u® but for
@%u(o). This leads to an ill-posed problem for u(®), whose second spatial
derivative cannot be prescribed as being a solution of a second order parabolic
equation. If the boundary condition (f,s?— %> = 0 is well-posed for the lattice-
Boltzmann equation, how does the solution look like? Certainly, it cannot be
approximated by means of a regular expansion alone (arising of boundary

layers).

e Another question concerns the natural translation of Neumann boundary con-
ditions. So 0,v = 0 suggests 0 = J,u = 9, (f,1) = (0,f,1). Where is the snag?

e Classical lattice-Boltzmann algorithms work on uniform (mostly quadratic or
cubic) grids. Local grid refinement requires the coupling of grids with different
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mesh spacings (coarse grid < fine grid). The grid spacing of the discrete algo-
rithm is related to the sacling parameter e of the lattice-Boltzmann equation
(see end of subsection 1.1.2, page 41). Therefore it might be interesting from
the point of grid coupling to study the model problem for a locally constant
but discontinuous parameter function which replaces e.

e In the course of the computations particularly in section 3.2 it became notice-
able, that the full information needed to determine an order function univo-
cally was not directly found in the equations pertaining to this order but two
orders later. This obliges to continue the expansion, which makes stronger
regularity assumptions necessary concerning initial data and sources, as al-
ready observed at the end of section 2.3. What can be said, if these regularity
assumptions are not available? We will encounter related problems in analyz-
ing numerical schemes throughout the next chapters.
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Chapter 4

Consistency of a D1P3
lattice-Boltzmann algorithm

In this chapter we analyze the D1P3 lattice-Boltzmann algorithm. Analogously
to the D1P3 lattice-Boltzmann equation discussed in the previous chapter, this
paradigmatic algorithm is suitable to pick up some general understanding of BGK
lattice-Boltzmann schemes applying also to schemes in two or three dimensions.
Before introducing the D1P3 lattice-Boltzmann algorithm, we shortly present the
target equation to be solved numerically, which is sometimes denoted synonymously
as limit or macroscopic equation.

Target problem. Let L € (0,00) and T € (0, 0] be arbitrary but fixed through-
out this chapter. Furthermore the functions w € F(R/LR,R) and g € F([0,T] x
R/LR,R) are be given. w is called the initial condition while g plays the role of an
external source. In the sequel the following initial value problem for the advection-
diffusion-reaction equation

u(0,-) = w

) (4.1)
Ou + adyu — voyu + cu= g

serves as target problem for our D1P3 lattice-Boltzmann algorithm. Its solution
u € F([0,T] x R/LR,R) as well as w and g are supposed to be periodic functions
on [0, L] wherefore they are introduced as functions over R/R.

As far as the three constants are concerned, the reactivity ¢ and the diffusivity v
satisfy the condition ¢ > 0 and v > 0 respectively while the advection velocity a
may be a signed.

Depending on the concrete physical problem, that might be hidden behind the
target problem, u could correspond to a concentration or density, to a temperature
or to the velocity profile of a shear flow as shown in section 1.2.

Ingredients of the lattice-Boltzmann algorithm. The finite velocity space of
the D1P3 model is given by the set

S:={-1,1,0} ={e,®,0}

Obviously S satisfies the reflection property, i.e. & = —S. With exception of the
equilibrium (see below), we denote by sans-serif letters those quantities, which can

157
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0" moment odd moments even moments
> Ds(u) = u S Dy(uw)s?™ = 0 | LDu)s™ = bu
seES seS SES
> As(w) = 0 S As(w) s = au | Y Afu) s =0
s€S seS sES
Y Ri(w) = —reu | Y Rw) s = 0 | L R(w)s*™ = —freu
s€S seS sES

Table 4.1: Moments of the equilibrium.

be considered as real-valued functions over §. The argument is written in index
notation. Let us also introduce the multiplication-operator S : F(S,R) — F(S,R),
defined by (Sf)s := sfs.

Furthermore, the weights or rest populations w € F(S,R) are given by

1 61 1

which is summarized into a single formula by wg = (1— 32)ﬂ%1 + 32%. The weights
must add up to 1; furthermore # > 1 is required to ensure their non-negativity. For
0 = 1 the D1P3 algorithm reduces to the D1P2 algorithm. The following structure
relations are found:

wg = 1 wy s2mL = 0 wg s2M = 1 m e N.
> > > ;

seS seS seS

It should be recalled that specific terms and parameters of the target equation can
be tuned by the equilibrium'. Here, the equilibrium & : S x R — R is composed
of three terms; a mandatory diffusive part D as well as an optional advective and
reactive part A, R vanishing for a« = 0 and ¢ = 0 respectively.

E(w) = D) + cAlu) + € R(u) (4.2)

= uw + ebauSw — € Tcuw

Later, the scaling parameter ¢ is substituted by grid spacing while 7 represents the
collision time, that turns out to be related to the diffusivity of the target equation
(cf. next paragraph). To be available as reference for computations, the moments®
of the equilibrium are listed in table 4.1.

"We consider here an equilibrium, generalizing the D1P3 equilibrium, that we have originally
derived in section 1.2 from the D2P9 Stokes equilibrium and that leads only to the diffusion
equation. By means of the formal asymptotic analysis it was found, how the equilibrium should
be modified to produce an additional advective and reactive term in the limit equation. It is
important to scale these additional terms A, R correctly with respect to the grid spacing. Thus,
the equilibrium becomes dependent on another parameter denoted here by e.

2If we multiply an s-dependent quantity by s*, with k& € Ny, and sum over s € S, we obtain
the k’th moment of this quantity. This name is chosen in analogy to the theory of the Boltzmann
equation, where the three lowest moments correspond to physical quantities (density, momentum
or velocity and kinetic energy or temperature).
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The lattice-Boltzmann algorithm for the target problem. For the constant
L specified by the target problem let us define Ny as the smallest integer greater
or equal than L. The spatial domain R/LR is covered by a uniform mesh

Lp:={xzi=ih: i€ Z/NL} .

with the mesh-size h := % and N € Ny := {Ny, N + 1,...}. So, Ny, corresponds
just to the minimal number of mesh nodes, for we want to admit only mesh spacings
h < 1. Note, that h can attain only discrete values out of the set Hp, := {% : N €
Nz }; for given h the number of spatial grid nodes is denoted by Nj. Because of its
additive group structure it is advantageous to choose Z/NZ as spatial index set?.
It is important to notice, that the lattice-Boltzmann algorithm requires a strict
connection between the temporal and spatial discretization parameter. The time
increment corresponding to one iteration (time-step) is given by h?, i.e. the square
of the spatial mesh-size. If the maximal time T is finite, the number of time-steps,
that can be performed on a spatial grid with Ny, nodes, before T" has been exceeded,
is given by Np(h) := [T'/h?], with the square brackets denoting the greatest integer
less or equal than T'/h?. The time-interval [0, 7] is thus discretized by

ﬂ::{tn:nhQ: ne']I‘h},

where the index-set of the iterations is Tp := {0,1,..., Np(h)} if T is finite and
T}, := Np if T'= co. So we obtain the time-space grid G;, := 7;, X Ly,

0 L0

[ ) R/LR

L Z./6Z
7./81.
7/127

Figure 4.1:  Left: Spatial domain. In R/LR, the numbers 0 and L belong to the
same equivalence class. Therefore the point with coordinate L is identified with the
origin 0, providing thus in a natural way the periodic boundary conditions. As for
the discretization of R/LR, the left neighbor of the leftmost node corresponds to the
rightmost node and vice versa. Right: Time-space grid with 6 nodes and 9 iterations.
The time advances only with h? per iteration.

The lattice-Boltzmann algorithm is a prescription to compute the population or
particle function F, € F(S x Tj x Z/N,Z,R) being the primary variable. The
subscript h refers both to the explicit h-dependence of the numerical solution as
well as to the implicit one due to the h-dependence of its domain of definition.
There are several possibilities to initialize F;,. Classically?, this is done by means of
the equilibrium

Fr(0,7) = &n(w(x)) , (4.4)

3Thanks to the additive group structure of Z/NZ we have not to distinguish between interior
nodes and boundary nodes in equation (4.5) as it would be the case for the index set {1, ..., N}. The
indexation is therefore quite suggestive, since periodic boundary conditions are — strictly speaking
— no boundary conditions.

We will see later, that the initialization by the equilibrium is not recommandable. In fact,
it represents a rather crude initialization triggering more or less strong initial layers, that can be




160 Consistency of a D1P3 lattice-Boltzmann algorithm

where w is the initial condition of the target problem (4.1). The evolution is deter-
mined by the discrete lattice- Boltzmann equation coming along as a sort of difference
equation.

Frs(n+1,i+s) = (1—w)Fps(n,i) +wEhs(Un(n, i) + B2 g(tn, z)ws  (4.5)

The parameter w is called the collision frequency; its inverse 7 := w™!, which will
also occur quite frequently, is referred to as the collision time. The argument of the

equilibrium
Uy = Z Fs
seES
is the zeroth moment and represents the actual quantity of interest in contrast to
the primary variable, because of the following connection with the solution of the
target problem.

Assertion: The zeroth moment approximates the solution of the target problem
u(tnyxi) ~ Uh(’I’L,Z) ) (46)
i) if the diffusivity of the target equation is related to the collision® time by

(r—13), (4.7)

UV =

D=

i1) if the parameters a,c of the equilibrium are the advection speed and reactivity
of the target equation,

i11) if the population function is initialized by the initial condition of the target
problem according to eqn.(4.4).

It is the intention of the following two sections to make this allegation more precise
and justify it eventually.

Remark 4.1. (Notation) If the index s is omitted, we consider w, £(u), F(n, 1) etc.
as functions over the finite velocity space S. In this case one may take these quanti-
ties alternatively as three-tuples (triples). wg, & (u), Fs(n, ) signify the component
associated with the velocity s € §. Consequently the multiplication-operator S
should be thought as a diagonal matrix. In order to emphasize the functional de-
pendence of Fj from the discrete velocities (analogous to the distribution function
of the Boltzmann equation), we abstain from the standard index notation thus
avoiding any artificial numbering.

4.1 Formal expansion

This section is devoted to a formal analysis of the lattice-Boltzmann algorithm
based on a regular expansion with respect to the discretization parameter h. For-
mal means, that we do not care about questions of existence, convergence and

avoided by taking additional terms into account to achieve a higher order of consistency. However,
these terms require the knowledge of spatial derivatives of w necessitating numeric differentiation
or special initialization routines if they cannot be computed analytically.

®In particular, 7 must be greater than %, in order to ensure a positive diffusivity.
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smoothness. Even if we do not reach rigorous statements about the convergence,
we gain valuable insight into the structure of the algorithm. The main result con-
sists in deriving a limit equation, that is a priori not evident. Furthermore, we
obtain also strong indications about the convergence rate of the scheme and its
inherent error. The major objective consists in acquiring an idea and feeling of
how the scheme behaves. Therefore the computations of this section serve to find
a suitable asymptotic ansatz, which will be used in section 4.3 for a more rigorous
treatment.

Working Hypothesis: Let us assume that there exists a function f. € F(S x
[0,7] x R/LR,R) depending analytically on the parameter, e which interpolates the
population function of the lattice-Boltzmann algorithm on arbitrary grids specified
by h € Hp:

Fh7s(n,i) = fh’s(tn(h),xi(h)) .
This assumption is reasonable if the domain is equipped with periodic boundary
conditions (or corresponds to the full space) but turns out to be generally wrong

on bounded domains (see the study of numerical boundary layers in chapter 7).
Moreover we assume, that f. depends on e via a regular expansion (power series).

fo=fO 4 ef® 4 272 4

The coefficient functions f*) € F(S x [0, T] x R/LR,R) with k € Ny are designated
as the asymptotic orders. They are supposed to be smooth e-independent functions
of time and space. Let us also introduce the zeroth moment of the regular expansion

MO o CHENSE o P SR CPY
seS seS k

In order to avoid the tedious distinction of special cases, it is reasonable to introduce
u(=2) =0 and u=Y = 0. Furthermore we will make use of the following shortcuts.

D(k) p(u(k))
AR5 = A(uR) W) .— pk) 4 glk=1) | p(k=2) (4.8)
R (k) R(uk)

Due to the linearity of £ we obtain &( > e u(o‘)) = Y e g,
az>0 a>0

Comparison of Coefficients. Let us plug f. into the discrete lattice-Boltzmann
equation (4.5). Setting e = h and replacing the indices by the coordinates of the
time-space grid nodes, they stand for, we get

fh,s(tn + h2,l'i + Sh) = (1 - w) fh,s(tna$i) + wgh,s(uh(tmxi)) + h? W g(tna$i) .

If we can construct coefficients f*) such that this equation holds for We assume,
arbitrary ¢ € [0,7], z € R/LR and € > 0

feos(t+ex+se) = (1 —w)fos(t,2) +wées (ue(t, x)) + ewyg(t,z), (4.9)
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it will also satisfy the lattice-Boltzmann equation in the grid. Substituting fe s(t +
€2,z + se) by its formal Taylor series around ¢,z yieldS'

fos(t+eatse) = Y. e2ﬁ+v aﬁ (50p) fes(t, )
B,7>0

= Zeo‘ Z —86 (s0)7 fes(t, x)

a>0 204+y=«a
B,y=0

= Z € Ta(at, Sax)fe,s (t7 l‘)
a>0

A rearrangement has been performed in the second line, such that equal powers
of € are collected. The coefficient behind € is a sum of diverse derivatives of f.
with respect to tand x. To avoid these cumbersome expressions, we have implicitly
introduced the following polynomials,

Z — 195 ¢’ aeN. (4.10)

2B+y= a
B,y=0

which come into play by the Taylor expansion due to the coupling of the differently
scaled time and space increment. Equation (4.9) can then be written in the form:

D e To(04,80:) fe = (1—w)fe + wé(uc) + gw
a>0
For brevity we will often write Ty, instead of T,,(d, SO;). Remarking that the first
term of the sum (o = 0) is equal to f, since Tp = 1, this term can be canceled.
Dividing by w = 77!
fo = Ec(ue) — TZEO‘ To (0, SO) fe + ETgw

a>1

we arrive at:

Let us now replace f., u. by their expansions, in order to obtain an equation, that is
fully expanded with respect to €, such that we are allowed to perform the comparison
of coefficients.

DD = FED =y N TP 4 Ergw (4.11)
520 520 a>1520

Equating terms containing equal power of ¢, yields the following infinite system,
connecting the asymptotic orders with each other.

f) = gy _ o Z To fP + gn7gw n >0

a>1,5>0
a+06=n

e f = g _ TZTa frme) 4+ G Tgw (4.12)

a=1

5Let ak,br € Cfor k € Ng. Two power series A, := Zk are® and B, := Zk bre® are identical, i.e.
equal for all € € C, if and only if the coefficients are equal, i.e. ar = by for all k € Ny. The direction
“<” is trivial, while “=" is seen by the following iterative/repetitive process: The equality of the
power series implies in the special case of € = 0: ap = bo. If we know already ar = bi for £ < n then
consider (Ac—3", ., are®) /"t = D kon are®™ "V and (Be—Y, ., bie®) /"t = D kon bpet—m L,
Since these expressions are equal by assumption for all ¢, this yields by choosing € = 0: an4+1 = bnt1.
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Since f(™ depends, by this formula, only on preceding asymptotic order functions,
the system is triangular and can successively be solved for the f(")’s. Let us evaluate
the first two orders explicitly:

FO _ g0 _ pO) _ L0, (4.13)
f) = 0 — 77y(0,,50,)F0 = DD + A — 759, DO
= uDw + 0 au® Sw — TaxU(O)SW (4.14)

Inserting these expressions into (4.12) for n = 2, leads to a similar but longer
expression, that gives & in terms of u®,u™ 4(® and the source g, which did
not yet appear in the above formulae for (O, f(1). So the asymptotic orders of the
population function should be expressed in terms of the external source function g
and of the asymptotic orders pertaining to the zeroth moment. This is surprising,
since the asymptotic orders of the three unknown functions fj, o, fj, o, fn o are basically
constructed from the asymptotic orders of a single unknown function, namely wy,.
However, this gives rise to the question, what equations determine the evolution of
the u(*)’s.

Before we come to the answer of this problem, we want to establish a general
representation formula of the f(™)’s. Since the expressions become rather long with
increasing n, we introduce another class of polynomials P,, = P, (7,9,s) defined
recursively by

Py:=1 for m>1 Ppi=-17Y TPy, (4.15)
j=1

On the left hand side there are only polynomials of degree less than m; so P, is
well determined. For ease of notation, we define P_; =0 and P_5 = 0.

Proposition 4.1. The asymptotic orders of f. have the following representation,
n
) = an—k ER) 4 7P, _sgw n >0 (4.16)
k=0

where Py,_k, P,—o abbreviate P,_y (T, 0y, S0,) respectively Py,_o(T,0, S0;).

Even if (4.16) looks like an explicit formula for the f(")’s, contrasting the recursive
representation (4.12), the recursion is only shifted to the definition of the polynomi-
als (4.15). Nevertheless, (4.16) is advantageous, since, first of all, the recursion rela-
tion for polynomials is practically much easier to execute, for instance by computer
algebra packages. Secondly, from the theoretical point of view, we can attempt to
exploit algebraic properties of the P,,’s to discover features of the recursion, which
would remain mysterious otherwise.

Proof: In order to start a proof by induction, we check that (4.16) is correct for
n =0:

0
fO =3P, eW 4+ 7P yg = PED +0=¢£0
k=0
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Obviously, this result agrees with equation (4.12) setting n = 0. Let us assume that
(4.16) is true for all m € Ny with m < n € Ny. We have to verify that (4.16) holds
then also for n + 1, i.e.:

n+1
f(n+1) = an—l—l—k g(k) + 7P, 19
k=0

Inserting in (4.12) the induction hypothesis for fO, M) we get:

n+1
f(n-l-l) — g(n-l—l) _ TZTk; f(n-l-l—k) + 52(n+1) Tgw
k=1
n+1 n+l—k _
=gt TZTk{ Z Poy1k—5 & + TPn+1—k—29W} + TOo(nt1) W
k=1 j=0
Introducing the quantities
n+ln+l1—k .
Appr =" — 73N Ti Posagey €
k=1 j=0
n+1
Bpy1:=—1° ZTk Pot1-k—2 9gW + O(ny1)2TgwW
k=1

with f(*+1) = Ap+1 + Bpy1, it remains to be shown for n > 0:

n+1
k
Apy1 = ZPn+1—k5 ; Bpyr = 7Py1gw.
k=0

Regarding the first relation, we permute the summations (see figure 4.2) to reduce
the double sum into a simple sum utilizing (4.15). Recall that Py = 1 while all
other polynomials of degree > 1 are recursively defined.

n+ln+l1—k
A = EMD = 2N TPy EY)
k=1 ;=0
n n+l—j
= ) — 2NN TP €Y
§j=0 k=1
n n+1—j
= gt Z [_T Z TkPn—l-l—j—k] gl
j=0 k=1
n n+1

= Pyt 4 an+l_j el = an+l_j gl
j=0 j=0

Let us now turn to the second term B, 1. Due to the Kronecker-§ term and the
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N-k @
‘o ® set N:=n+1
20 @ © N N-k N—-1 N—j
j 1 © o o Z =
o © © o o k=1 j=0 7=0 k=1
1 2 3 N

k

Figure 4.2: Swapping the sums.

non-applicability of the recursion relation (4.15) for n = 0, we have to distinguish
three situations. Recall that P_y = P_o = 0 by definition.

n=20: Byoy1 = —T2T1P_29W 4+ dorTgw = 0 = 7P_1gw
n=1: By = —T2(T1P_1 +T2P_2) gw + Tdaagw
= 04+79w = 7TFhhgw = 7P gw
n+1
n=2: Boy1 = —1° ZTkPn+1—k—2 gW + (g2 TgW
k=1
= (4.15)
= —TzszPn_l_k gw + 0 =" TP,_1gw
k=1

The polynomials 7}, exhibit a well defined parity” with respect to ¢, which they owe
to the fact, that the temporal increment in equation (4.9) is the square of the spatial
increment. This quite simple algebraic property is - besides the reflection property of
the finite velocity set S - responsible for the so-called odd-even decoupling (cf. remark
4.2) of the evolution equations for the asymptotic orders of ue. So it ultimately gives
rise to the second order convergence behavior of the lattice-Boltzmann algorithm.

Lemma 4.1. If a € Ny is either even or odd respectively, then ¢ — To(9,) is an
even or odd polynomial, i.e. To(9, —¢) = (—=1)*T(9,5).

Proof: Any even integer can only be written as sum of two integers, if both are
either even or odd. Likewise, if an odd integer is represented as the sum of two
integers, then one addend must be even, while the other is odd. Since T, contains
only monomials of the form ¥5¢7 with 26 + v = «, we see that 7 is even (odd) if
and only if « is even (odd). Therefore all occurring monomials are either even or
odd with respect to . ]

The symmetry behavior of the T},’s under the reflection of ¢ at the origin carries
over to the P,,’s. Thus, T,, and P, are even (odd) polynomials, if m is even (odd).

TA function f: R — R is said to be of even parity, if it is symmetric with respect to reflection
at the origin, i.e. f(—z) = f(x). It is of odd parity if it is antisymmetric, i.e. f(—z) = —f(z). A
polynomial p(z) is of even (odd) parity, iff it contains only even (odd) powers of x [even (odd)
polynomial].
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Lemma 4.2. If | € Ny is even (odd), then ¢ — Py, (1,9,5) is an even (odd)
polynomial, i.e. Pp(7,9,—¢) = (—=1)" Py (1,9,5).

Proof: The verification is done by induction. Since Py(7,9, —¢) = (-1)?-1=1=
Py(7,7,¢), the assertion is true for m = 0. Let m € N and suppose that the assetion
is true for all j € Ny with 5 < m. Then:

Pm(T7 797 —§) = -7 in: ]}(197 —§) Pm_j (T’ 19’ —§)
j=1
= 7 (YT, =) (1) Ppy(r, 0, =)
j=1

= (=)™ Py,(1,9,5)

u
T0(197§) =1 P0(7—7197§) =1
Ti(¥,s) = ¢ Pi(r,9,5) = —7¢
T(0,¢) = 9+ 3 Py(r,d,) = 7(r—3)* — 70
T3(0,6) = Jc+5<° Py(r,0,¢) = —7(r* =7 +5)s" = 7(2r — )ik
Ty(b,<) = 39° 40+ 55| Purdq) = (7 =470+ 7 - gt r(r - )¢
—7(37* = 37+ 3)v¢”

Table 4.2: The first five representatives of the two polynomial families.

Fortunately, for our further arguments (cf. theorem 4.2) the explicit knowledge of
the polynomials, with exception of Fy, P; and P, is not at all necessary. In order
to illustrate, how the length of the P,,’s grows with increasing index and to have
them at our disposal for some later examples, table 4.2 presents a compilation up
to forth order.

The following notation turns out to be quite economic in the sequel,

(Pg) = Zws Py(7, 0, $0y) (sPy) = Zwsst(T,&g,S@z)

seS SES

when we have to compute frequently generalized moments of the equilibrium con-
tained in table 4.3. For the proof of theorem 4.2 we have to know the following
differential operators explicitly:

(Po) =1 (Py) = T(%(T - %)a:c — 3t) (sPy) = —T%@x (4.17)
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> Porn(7,0¢,80;) Ds(v) = (Pom)v > Pomy1(7,01,50;,) Ds(v) = 0

SES seS

> Popy (7,01, 80;) Ag(v)= 0 > Poppi1 (7,01, 802) Ag(v)= ab({sPapi1)v
SES s€S

> Popy (7,01, 802) Rs(V)=—7c(Pom) v | D Pomny1(T, 04, 80,) Rs(v)= 0

seS s€S

Table 4.3: Generalized moment relations of the equilibrium.

Evolution equations. The question about the evolution equations for the u(™’s
finds a simple answer by computing the zeroth moment of (4.12), i.e. summing it
over s € S. For n =0, 1 we can directly sum (4.13), (4.14). Taking the structure
relations or the moments of the equilibrium (cf. table 4.1) into account, we discover
the tautologies u(9) = u(® and v = ().

Let us now sum equation (4.12) for n = 2 and replace f(0, f(1) by (4.13), (4.14):

Y = 2 [ag?) — 7 [T1(Bh, 50,) £ + Ty(0y, 50,) FO] + Tgws]

seS SES
u? = u® — reu® — TZ (T3 (0, s0) fO 4+ Ty(8,, 50,) f(o)] + 79
seS
Since u® cancels out, we find a diffusion-advection-reaction equation for u(9), where

the given function g takes the role of an external source.

Z [(s@x)(u(l)ws +0au'® swy — 7 9,u Vs Ws) + (0 + %8283)(U(O)W5)} =g— cu®
seS

o + aou® — %(T— %)5:%“(0) +al? =g (4.18)

Thus, u(®) is well determined by (4.18) together with initial conditions and the
periodic boundary conditions. Exactly as in the previous chapter, this equation for
the zeroth order of u emanates from the second order of equation (4.11). We refer
to this phenomenon as order-shift, which is typical for singularly perturbed systems.

Remark 4.2. The evolution equation for u®), k € Ny, is derived by summing
equation (4.12) over s € S setting n = k + 2 (order-shift). This reproduces
the diffusion-advection-reaction equation in all orders, i.e. the left hand side corre-
sponds to equation (4.18). For k = 0 equation (4.18) is obtained, while for k = 1
the equation is homogeneous, see (4.21); higher orders are driven by source terms
depending on lower orders. Odd and even orders are strictly separated: If k is odd
resp. even, then u'¥) depends via the source terms only on preceding odd resp. even
orders (odd-even decoupling). The external source-term g occurs only in even
orders; see equations (4.19), (4.20).

Proof: Let us sum equation (4.12) over s € S, for even k € Ny, i.e. n = 2a + 2
with @ > 0. The sum in (4.12) is split into two partial sums, such that the running
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index attains either only even or only odd values.

20+2 2a+2

S = S Pasr o €0 4 D Prasa s €0 4 7 P gw]
s€S s€S§ >0 720
v even v odd
a+1
u?or?) = Z [ZP2 —B+1) 5( D+ ZP2( B)+1 5526“) + 7 P gws}
seS (=0 B=0

Decomposing the equilibrium into its three constituents, we observe, that only the
underbraced addends survive according to table 4.3.

even: ZP2(a—ﬁ+1) @8 = Zp2(a 511) DEB) | AC8-D 4 R(26-2)
seS sES |: H,—/:|

= (Pya—prn) (v — 7eu®7?)

(26+1) _ (26+1) (26) (26-1)
Z P2(oz—ﬁ)+l 5s Z P2(oz—ﬁ)+l |:Ds + As + Rs }

seS seS
= af(sPyap)11) ul*

Therefore if n is even, only even orders of uj;, occur in the zeroth moment equation.

a+1 «

ul2t2) =" (Pya_gin)) (WP = 7cu® D) + a0 (sPaap)11)u®? + 7(Paa)g
B8=0 B=0

Writing the terms containing either u(2¢12) or 4(2% outside the sums yields:

= (P u*D) 4 (P)ulP — 1e(P)ul® + af(sP)u®® + 1(Py)g

a—1 «
+ ) [(PZ(a—B+1)> + a9<3P2(a—ﬁ)+l>] u? — ¢ (Pya_pir)) u®?)
B=0 B=0

It should be noticed, that the first addend of the second sum (8 = 0) does not
contribute, since u(~2) = 0. Therefore the sum starts actually with 3 = 1. By
replacing 8 — [ + 1, the second sum can be merged with the first one. Moreover,
resorting to (4.17), results in:

_ u(2a+2) + 7[%(7——)6 at] (2a) 7_Cu(2<)c) o Taamu@a) + 7'<P2a>g
a—1
+ ) [(PZ(a—B+1)> — 7¢(Pya—g)) + aB(sPya_gs1)|u®
3=0

Subtracting ©(22*2) on both sides, gathering all terms containing u(2® on the left
hand side and dividing by 7 gives finally the diffusion-advection-reaction equation
for u(2®) which is driven by derivatives of the lower even orders of u; and the
external source g.

Au®) + adu> — (- %)@%u@a) + cu® = EXT®® £ LOWEY | (4.19)
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a—1

LOWE?) .= Z |:W<P2(a—,3+1)> + wab(sPoia—py11) — c(Paa—p))| u®?
B=0

EXTCY = (Py,) g

Thus we find the assertion corroborated for even k € Ny.

Repeating the same procedure by taking the zeroth moment of equation (4.12) for
odd k € Ny, i.e. n =2a+ 3 a > 0, yields:

2a+3 2a+3

Zf§2a+3) _ Z [ Z Poos1—s EM + Z Poot1-+ ED & 1 Prats gws]
seES se€§ >0 720
~ odd 7 even
a+1 atl
08 5[5 Py €9 5 Py 690 4 7 P ]
seS  [B=0 B=0

Since ) cs Prat1Ws = (Paa+1) = 0 according to table 4.3, the terms, involving the
external source g, disappear as claimed. The equilibrium is again decomposed into
its three parts — only the underbraced terms survive.

odd: > Pya_pin) EZY = 3 Py i (2ﬁ+1 +A@H 4 REA

= (Pya-pi2) (u

even: ZP2(a—ﬁ)+3 58(25) — ZP2(a—ﬁ)+3 pg%) + _Ag%—l) +Rg26—2)
SES SES |: N r— i|

= ab(sPya_g)s3) u®

(26+1) _ Cm@ﬁ—n)

As asserted, the reassembled equation involves only odd orders of uy,.

a+1 a+1
u(20+8) = Z(Pz(a—6+2)> (U(zﬁH) - CTU(%_I)) +a Z<3P2(a—6)+3> w971
B=0
Writing the terms containing «(2*t3) or (221 outside the sums yields:

= <P0> u(2a+3) + <P2>u(2a+1) _ TC<P2> u(2a+1) + a9<spl>u(2a+1)

+ D (Poa—pr)u®tV =37 [CT(P2(a—B+1)> - aH(st(a—ﬁ)+3>]u(25‘1)
B=0 B8=0

Note, that there is no contribution for § = 0 in the second sum, since u(=Y = 0.
Therefore the sum begins actually with 8 = 1. By replacing  — (4 1, the second
sum can be merged with the first one, since the index [ runs through the same
range. Furthermore, resolving (Pp), (P) and (sP;) by means of (4.17), leads to:

_ u(2a+3) + T[%(T—%)&%—@t]u(za—i—l) o 7_Cu(2oz+1) o 7_aamu(2oz+1)
a—1

L [W<P2(a—ﬁ+1>> = APoa-p)) + wa@(st(a_ﬁ)+l>] u(28-1)
B=0
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Subtracting u(2**3) on both sides, gathering all terms containing «(2**1) on the left
hand side and dividing by 7 gives finally the diffusion-advection-reaction equation
for w22+ which is driven by derivatives of the lower odd orders of .

Opu® T 4 a0u ) — (1 — 1oZuP D) 4 et = LOWE D | (4.20)

a—1
LOW@Hl) = %~ |:W<P2(a—ﬁ+1)> + wab(sPy(a—pgy+1) — C<P2(a—ﬁ)>] w01
B=0
This shows, that the assertion is also true for odd k € Ny. Especially, we obtain for
o = 0 the homogeneous diffusion-advection-reaction equation for u(!)

V) + adu® — L7 - a2 4 cu® = 0. (4.21)

Since there is nothing to sum on the right hand side, LOW® = 0. [

Conclusions. In the introduction to this chapter we have claimed, that the
lattice-Boltzmann scheme can be used as a numerical solver of equation (4.1). Like
all numerical methods, the algorithm does generally not furnish the exact solu-
tion, but a result that is more or less slightly perturbed by some (unknown) error.
From remark 4.2 it becomes clear where this error originates from. Actually, the
lattice-Boltzmann algorithm solves simultaneously two independent hierarchies of
diffusion-advection-reaction equations, given by (4.19) and (4.20). Unfortunately,
the solutions of these infinitely many equations w4 4@ are not provided
separately but in a compound form.

Un(n,i) = un(tn,z:)
= uO(t,, ) + huV (b, 25) + W2 (b, 23) + B3u® () + ...

Let us assume, that the lattice-Boltzmann algorithm is initialized so that (%) 0,) =
w where w is the initial condition specified by the target problem. Then u(9) = u
is just the solution of the target problem and we obtain

Un(n,) = u(tn, ;) + O(h) . (4.22)

This represents a first justification of assertion (4.6), that the zeroth moment Uy,
yields an approximate solution of the target problem. The leading error term is
given by hu®. Since the u(*)’s are independent of the grid-spacing h, the error
should nearly be halved, if the grid size is halved.

However, we can improve the convergence behavior significantly (about one order)
by exploiting the odd-even decoupling. If the lattice-Boltzmann algorithm is ini-
tialized in such a way, that u(22+1(0,.) = 0 for all & € Ny, then these orders vanish
completely, provided the external source-term is scaled with h? as indicated. This
is seen by the following reasoning;:

u®) satisfies a homogeneous equation. So, there are neither source-terms nor bound-
ary conditions (recall that we consider only periodic boundary conditions) that
could drive it away from zero. Inductively we infer that all higher odd orders must
also vanish, since they are only driven by preceding lower odd orders (odd-even
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decoupling) being zero according to the hypothesis. Instead of (4.22), a proper
initialization thus leads to

Up(n,i) = u(o)(tn,azi) + hzu@)(tn,xi) + h4u(4)(tn,:pi) + ...

= u(ty,z;) + O(h?). (4.23)

Therefore we expect the lattice-Boltzmann algorithm to be a second order scheme.
So the error is diminished by a factor of four, if the spatial discretization becomes
two times finer.

1st and 2nd Moments. Under the assumption, that the odd orders are switched
off, we obtain for the first and second monomial moments:

Z'th,s = h(au(o) — %T@mu(o)) + O(h?)

s€S
= h(au(o) —(v+ %)&cu(o)) + O(h%),

S s = Fu@ £ 12a®] + B2 - )70, [au® —002a®] + o).
s€S

flux

Remark 4.3. Here we have stressed the analyzing aspect of the asymptotic expan-
sion. It has been elucidated how to extract the macroscopic quantities (solution
of the target equation and the associated flux) from the mesoscopic quantities by
computing suitable moments of the population function.

Nonetheless, we should keep in mind the synthesizing aspect being also contained
in formula (4.16). It tells, how an approximate population function can be build
(approximate solution of the discrete lattice-Boltzmann equation) from a solution
of the target problem. This is of particular interest in the following situations:

e [nitialization: Find a suitable initial population function for a given initial
condition of the target problem.

e Boundary conditions: At boundaries the lattice-Boltzmann algorithm can not
be applied to update all populations, since there are missing neighbor nodes.
One ansatz is to construct the missing populations by means of the macro-
scopic boundary conditions of the target equation.

o Grid coupling and population transformation: Similarly to the boundary con-
ditions, mesoscopic interface conditions have to be found. How are the pop-
ulation functions on grids of different mesh-size related with each other ?

e Theoretical studies: Construct from the solution of the target problem an ap-
proximate solution of the discrete lattice-Boltzmann equation to prove con-
vergence.
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4.2 Consistency and asymptotic similarity

It has been shown in the preceding section by a formal computation, that the
lattice-Boltzmann scheme is related to the diffusion-advection-reaction equation.
Classically, a finite difference scheme is connected to a differential equation by
a consistency analysis, where the solution of the differential equation is plugged
into the scheme. Under suitable smoothness assumptions, the finite differences
are replaced by truncated Taylor expansions. If the solution of the differential
equation satisfies the difference scheme up to a remainder that shrinks to zero for
the discretization getting finer and finer, the scheme is called consistent to the
differential equation. Then the output of the scheme is considered to approximate
the solution of the differential equation.

In order to prove this approximation in a rigorous way, a stability discussion is nec-
essary. For this the scheme is associated with a linear operator acting on a space,
whose dimension is determined by the chosen grid. Stability means, that the family
of operators resulting from global grid refinements is bounded independently of the
mesh parametrized by the grid spacing. By virtue of the Laz-Richtmyer equivalence
theorem convergence of a linear scheme is guaranteed as soon as it is consistent and
stable.

However, this standard approach — as just outlined — is not directly applicable to the
analysis of lattice-Boltzmann schemes, as it involves more variables (unknowns) with
the tuple-valued population function than the approximated target equation. So
the consistency analysis cannot be performed in the manner described above, since
it is not possible to insert the solution of the diffusion-advection-reaction equation
into the lattice-Boltzmann algorithm. Nevertheless, we may follow the guideline of
the classical analyzing procedure, if we generalize the notion of consistency.

The lattice-Boltzmann algorithm in operator form and further notation.
In the sequel we consider the lattice-Boltzmann algorithm as described on page 160
with a terminal time 0 < T < co. We recall that N, denotes the number of spatial
nodes for h € Hy, where Hp, is the set of admissible grid spacings.

Basically, the lattice-Boltzmann algorithm assigns to a given function corresponding
to the state at time-step n—1, a new function corresponding to the state at time-step
n. So, we can describe the algorithm on the grid Gy, by an evolution operator,

B (n) : F(S x Z/NyZ,R) — F(S x Z/NyZ,R)  n €Ty \ {0}

where the argument n indicates, that 9B, might explicitly depend on the iteration,
if for instance the external source depends on time. Since the equilibrium depends
linearly on the zeroth moment Uy, the evolution operator is linear as long as there
are no external sources. In general, however, the evolution operator is an affine-
linear mapping. Equivalently, the lattice-Boltzmann equation (4.5) can now be
written in operator form,

Fh(n + 17 ) = %h(n + 1)Fh(n7 ) = ehFh(na ) + Gh(n7 )
where the linear part is given by the evolution matrix

¢, : F(S x Z/NWZ,R) — F(S x Z/N4Z,R) .
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Supposing that the quantities 7, a, ¢ and w = 77! are constant, ¢, does not depend

on the iteration. Let Q‘Eh,s(Fh(n, ),z) denote the evaluation of &,Fp(n,-) € F(S x
Z/NyZ) for s € S and i € Z/NpZ. Then the evolution operator is defined by

s (Fa(n,),i) = (1—w)Fpaln,i—s) + 5%5(2 Frs(n,i— s)) .
ses
The additive part, containing the external source g, is given by the grid function
Gh : Th — .7'—(5 X Z/NhZ,R).
Ghs(n,i) == h?g(tn, ;) ws
The restriction operator®
Ry, : F([0,T] x R/LR,R) — F(T}, x Z/N,Z,R)

confines every function f € F([0,7] x R/LR,R) to the time-space grid G,. If
R (f,n,1) denotes the evaluation of Ry, f at the time-step n € T}, and at the mesh-
node i € Z/NyZ, then Ry, is defined by

Ru(f,n,i) = f(tn, ;) with (tn,zi) € Gy .

We will mostly use the short notation f(n,i) := R, (f,n,); it should then become
clear from the context, to what grid the restriction refers.
Let us finally equip the function space F(S x Z/NZ,R) with some norms?. Since

dim F(S x Z/NZ,R) = #S - #(Z/NZ) = 3N

RBN

the space is isomorphic to . Therefore we obtain canonically the norms:

[flloo = max max (6@ [l = (> Y KG@F)" p=1

s€S i€Z/NZ
iez/ s€S i€L/NZ

As we interpret the functions of F(S x Z/NZ,R) not as elements of R*N but as
restrictions of functions in F(S x R/LR,R), we prefer'? the LP-norms.

e = /50 = (32 3 ‘fs(i),p%;

sE€Si€Z/NZ

In order to adopt a uniform notation, we write || - ||f~ instead of || - ||o. If not
indicated otherwise, we suppose 1 < p < co. It should be remarked, that LP(S x
Z/NZ,R) is isometrically embedded into LP(S x R/LR,R) by identifying i € Z/NZ
with z; := z% € R/LR. The functions which are thus defined only on the nodes z;

8By abuse of notation, we utilize the same symbol also for the restriction operator on F(S x
[0,T] x R/LR,R) that is defined analogously.

Tt should be clear, that everything what follows has a straight-forward analogon in F (Z/NZ,R).
However, we do not state the analogous definitions, to avoid repetitions.

1%Note that for the constant one-function 1y € F(Z/NZ,R) we have |1y, = /N, while we
have ||1x|/zr = {/L being independent of N. In that sense, the LP norms are better to be compared
with each other, if N varies.
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are extended by the left neighbor node interpolation (or alternatively by the nearest
neighbor node interpolation) to piecewise constant functions defined on the whole
domain R/LR.

LP(S x Z/NZ,R) > H— H € L’(S x R/LR,R)

Hs(zo) g < x <1
Left neighbor node interpolation: Hg(z) := : <<t
Ho(xn-1) an1< o <L

Note, that the LP-norm of H is equal to the standard LP-norm of the tuple-valued
_ _ _ 1
function H on R/LR, i.e. |[H|zr = [H|[zr := (X ,cs fR/LR Hy(2)[P da) 7.

Definition 4.1. (Consistency) Let f. € F(S x [0,T] x R/LR,R) depend on the
real parameter €. The function f. is consistent to the discrete lattice-Boltzmann
equation with a consistency order r € R{ referring to the norm ||-| e, if there exists
a constant C), independent of h and n, such that for all h € Hy, and n € Ty, \ {0}
the iteration error satisfies the estimate

| fn(n, ) = Br()fu(n—1,-) ||, < Cph". (4.24)

The reason why we are interested in a consistent population function f. is to compare
it for ¢ = h with the output Fj of the lattice-Boltzmann algorithm on the grid Gj,.
Since the solution of the discrete lattice-Boltzmann equation is uniquely defined
by the initial values and since f, solves the discrete lattice-Boltzmann equation
approximately, we expect, that Fj, and f, remain close together if they are (almost)
equally initialized. Of course, the deviation might increase in time mainly because
f, does not satisfy the discrete lattice-Boltzmann equation exactly. Let us suppose,
that the deviation per iteration is of order O(h"). In order to reach a fixed time
t € (0,T]), Nt = N¢(h) := [tN?] = [th™?] iterations have to be performed. In the
worst case, the deviation per iteration cumulates; thus after [th~2] iterations the
mutual deviation of F; and f; should be of order [th=2]O(h") = O(h"~2), under the
assumption that both quantities agree at the beginning.

Before we go on, let us mention the following lemma, that turns out to be quite
helpful in the proof of the next theorem.

Lemma 4.3. For k € N consider the affine-linear mappings Ay : V. — V with
V' denoting some vector space. Assume Apx = Lypx + by, with the linear mapping
Ly € Hom(V') and some vector by € V.. Then for x,y € V

MAce — Ay = [1Le@—y) (4.25)
k=1 k=1 k=1

where the product sign denotes the composition, for instance [[ Ay x = (Azo0 Az o

k=1
A (z) = As <A2 (Al(az))>.

Proof: The proof is done by induction:
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n = 1: Ajx — Aly = (Llﬂj‘ + bl) — (Lly + bl) =Lix—Liy= Ll(ﬂj‘ — y)

n = n + 1: Suppose (4.25) holds for some n € N.

n+1 n+1 n n
[TAvz — JlAvy = Api]lAkze — Avpi[[Ary
k=1 k=1 k=1 k=1

= Ln+1<HAk9€ - HAky>

=1 =1

n n+1
= Ly [[Li(z—y) = J]Li(z—y)
=1 =1 =

The following theorem is related to the Laz-Richtmyer equivalence theorem, which
plays a central role in the theory of linear finite difference schemes. Actually, this
theorem comes along in various versions depending on the difference scheme to be
considered.

Generally, it states, that a linear finite difference scheme is convergent if and only if
it is consistent and stable, i.e. consistency and stability are sufficient and necessary
conditions for convergence. The power of the equivalence theorem is based on the
fact, that it permits to divide the convergence analysis into two parts that can be
done independently: a consistency analysis that is often quite evident by a Taylor
expansion and a stability analysis.

In the following theorem we provide the central estimate that connects — under the
hypothesis of stability — consistency with asymptotic similarity, thus paving the
way towards the convergence of the considered D1P3 lattice-Boltzmann scheme.

Theorem 4.1. May F;, for h € Hp be a solution of the discrete lattice-Boltzmann
equation (4.5) initialized by Fp(0,-) and may f. be consistent of order r to the
discrete lattice- Boltzmann equation with respect to the LP-norm. Then the difference
between Fp, and ?h can be estimated by

IFn (N, ) = Fu (N, ) 1
< &Nl IFn(0,) = Fu(0,)lzo + masx 1€, G T W2, (1.26)

inherited initial dev. inherent dev.

where ||€||, denotes the operator norm induced by the p-norm on F(S x Z/N,Z)
of the evolution matriz &, € L(F(S x Z/N,Z,R), F(S x Z/N,Z,R)).

The mutual deviation is obviously split into two parts: The inherited initial devia-
tion amplified or attenuated by the repeated application of the evolution operator
and the inherent deviation, that is due to the iteration error.

Proof: Let us introduce the two grid functions

Ny

M) = TEBuR)FL(0.) — T1Bn(kfu(0.)
k=1 k=1

() = TTBA00.) — (i)
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Ne
Since Fp(Ng, ) = [ Br(k)Fr(0,-), we get by using the triangle inequality:
k=1

[Fa(Ne, ) = (N )| < IAR]+ 1Bl

So, we have to estimate Ay and Bp. Application of lemma 4.3 yields:

An = kﬁleh (Fr(0.) = 1(0,)) = & (Fa(0,-) — 4 (0, )

and therefore we obtain:  [|Az]lze < |€Y |, IF4(0,-) — (0, )|z
By can be written as a telescopic sum in the following manner.

NeZ LN, . Nt .
B = > [TIBtk) fulG—1.) — I Batk) fali)]
j=1 k=J k=j+1

+ By(Ny) Fu(Ne — 1,2) — F,(Ve, )

Exploiting once more lemma 4.3 gives:

N=1 K .
= Z II € [%h(j) f(i —1,-) = fu(J, ')}
=1 k=j+1

+ Bu(Ny) Fu(Ny — 1,-) — F(NV, )
Ny
=3 i) G - 1) - B
j=1

Note, that (’32 stands for the identity. Using now the consistency (4.24) and observ-
ing that N; < tN? = th™2, this results in the following estimate:

Ny
Ni—j N2 o 2o
Ballze < > N€y Ml 1B1() TG = 1,-) = fa(Gi)lleo
j=1
< N Ni—j Bro< n T B2
< N max €7, G0 < max (€, G, T b
Hence, the difference between the lattice-Boltzmann solution Fj, and the given func-
tion fj, is dominated as asserted. [ |

It is desirable to improve estimate (4.26) in the sense that the h-dependence of
the right hand side gets more simple. In order to finish the conclusions, that the
preceding theorem permits us to draw, we adopt the following assumption of
stability:

su max e, =: B, < 00 4.27

s €l = B (1.21)
Furthermore let us suppose, that F; and fh are initially consistent of order p (w.r.t.
the LP-norm), meaning that there exists a constant J, > 0 being independent of h
with

IF(0,) = Fa(0, ) lw < Jy . (4.28)
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Then (4.26) becomes:
IFR(Ne, ) = fu(Ne, ) loe < By Jy b + By Gy T 2 (4.29)

As both quantities on the left hand side depend on h, it does not make sense to
speak about convergence of F,(Ny(h),-) towards f,(Ny(h),-) or conversely for & | 0.
Instead, we refer to definition 1.4 where we have introduced the notion of asymptotic
similarity, characterizing this kind of mutual approximation.

Corollary 4.1. May Fy, for h € Hy, be a solution of the discrete lattice- Boltzmann
equation (4.5) and may f. be consistent of order r to the discrete lattice-Boltzmann
equation w.r.t. the norm ||-||rr. The stability assumption may be fulfilled and Fy, f,
are supposed to be consistently initialized up to order r—2. Then Fp(Ny,-), fh(Nt, )€

isom.

LP(S X Z/NyZ,R) — LP(S x R/LR,R) are asymptotically similar as sequences
in LP(§ x R/LR,R) for h | 0 with residue of order r — 2, as we have:

IFn(Ne ) = fa(Ne e < (ByJy + E,CpT) B2 (4.30)

Proof: The assertion is a direct consequence of the isometry and equation (4.30),
that results trivially from (4.29). ]

Eventually, we throw a glance at the zeroth moment, which is actually the quantity
of interest. Let 1 < p < cc.

1

S Fos (Ne, i) — fs (V. i)‘p> »

[0W(Ne,) = (N Yo = % (5
seS

i€Z/N,Z

In order to get the summation over s € § out of the modulus, we remember that
x > |z|P is a convex function!! for p > 1. Thus we obtain:

<{ET (T [P —ha|)?

i€Z/NLZ sES
—1 N —1
= 3" |[Fu(Ns, ) — F(Ne, e < 377 (Bpd, + E,C,T) W2

p—1

This estimate is also true'? for p = oo, since lim, .3 » = 3. Therefore we see,
that the asymptotic similarity is transmitted from the population functions Fy, fj,

to the associated zero moments Up, Up,.

171f the function f is convex on the interval I C R, then the following inequality holds true for
n points x1, ..., Tn € I and positive numbers A1, ..., \, with A1 + ... + A\, = 1:

fOums + o4 Anzn) < A f(a1) + oo+ Anflan)

Therefore we obtain in our special case:

| §$s|p = 3" gplro + 2g +wel’ = 3" [zz0 + 370 + guel’
s€
<3 (sleol” + glzal’ + lzel’) = 371X |zl
SES

12For p = oo we have:

||Uh(Nt:') —ﬁh(Nt,')HLoo = max

Fr.s(Ne,d) — frs(Ne, i
€L/ Ny Z Z h( ¢ Z) h’( ¢ Z)

sES

< Bmax max  [Fra(Ned) = Fuo(Ne, )] = 3[[Fue(Ner ) = Fio (N, ) aos
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4.3 Construction of consistent population functions

In this section we show by an explicit construction, that functions being consistent
to the lattice-Boltzmann equation of arbitrarily high order do exist if we assume
sufficient regularity of the solution to the target problem. In order to avoid the
impression, that these consistent functions appear out of hot air we point out that
the construction is strongly motivated by the results of the formal analysis. In fact,
these approximate population functions are obtained by truncating the asymptotic
expansion.

Before we formulate the smoothness requirements and describe the construction
process, we state the following preparatory lemma.

Lemma 4.4. Let f € C"1([0,T] x R/LR,R) and 0 < |h| < 1, then:
Ft+n et h) = 3 B0, 0:)f(tx)| < | fllensr (B
k=0

Proof: According to Taylor’s theorem, there exist § € (t,t+h?) and & € (z,2+h),
such that:

}n—i-l

ferren = S EE) @] s+ oty [0 -] se.0

k=0

::Sn Z:Rn

The truncated Taylor series is split into two sums, where the indices 3,~ are sup-
posed to be non-negative. The second sum is abbreviated by S;.

Seoo= Y RO Y G hP 00t x)
2B+y<n 2B+vy>n+1
B+r<n B+y<n

= > > saplafte) + S,

k=0 2B-+y=k

(4.10) th Ty (0, 02) f(t, ) + S,
k=0

If n = 2k respectively n = 2k + 1, then S} contains k% + k respectively (k + 1)?
addends. However, we estimate S} simply by dropping the restriction 28+~ > n+1
and adding up all derivatives of order < n.

Sel < b ST 9o f(t ) < (RS 19)0) f(t @)
28+y>n+1 B+v<n
B+v<n
< BN 070 fleo = IR | fllen

B+v<n
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Estimating R, yields:

[Ra| < [R™F N 109707£(9.9)

BH+y=n+1

< AN 1070 fleo = (R [ flen
B+y=n+1

Since

f(t+h2,$+h) - thTk(ataax)f(tvx) = S;kz + Rn
k=0

the assertion follows by taking the modulus, applying the triangle inequality on the
right hand side, using the estimates for R,, and S} and observing, that ||f||cn+1 =

I fllen + |flan+r. n

Existence and Smoothness Hypothesis: Let a € Ny be given. Consider the
target problem with the initial and source functions

we C*T(R/LR,R) g€ C**2([0,T] x R/LR,R) . (4.31)
We assume, that there exist functions u(®,u?, ..., 429 with
u®? e c?0728+4([0, 7] x R/LR,R) B € {0,1,...,a} (4.32)
being solutions to the following coupled initial value problems (cf. eqn. (4.19)).

u®(0,:) = wdys (4.33)
dul® 4 (ady — 3(1—3) 92 + c)u(zﬁ) = EXT®®) £ LOW®?)  (4.34)
I

Here dpg denotes the Kronecker-delta. The two source terms are given by:

a—1

LOWE?) = Z |:W<P2(a—,3+1)> + wab(sPoia—py11) — c(Paa—p))| u®?
B=0

EXTCY = (Py,) g

We suppose, that the algorithmic parameters 6, 7 are related to the diffusivity v of
the target problem according to (4.7). Then u©) is just the solution of the target
problem (4.1). Furthermore let us define

w2 =0, WP =0 Be{0,1,..,a+1}.
For ease of notation we set (=1 = 0 and u(~2) = 0.

Remark 4.4. The smoothness hypothesis is motivated by the pragmatic reason,
to obtain the main result (theorem 4.2) in classical sense. Since the polynomials
defined by (4.15) mix time and space derivatives, we do not want to distinguish
between temporal and spatial regularity. Apart from this, however, we do not
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assume more regularity than necessary. In particular, the smoothness hypothesis
guarantees, that the terms on the right hand side of (4.34) keep their classical
meaning. It has to be checked separately, whether the required regularity of the
data really implies the assumed regularity of the u(2%)’s by successively solving the
initial value problem (4.33),(4.34). Using the regularizing effect of the diffusive term
(second derivative), the assumption may be relaxed; but we do not enter this issue
here.

Due to the regularity assumption concerning g and the u(2%)’s we can construct the
following functions f(™ for n € {0, 1, ...,2a + 3}

f) = > " Py (1,0, 50,)EW + 7P, _sgw, (4.35)
k=0

where £%) abbreviates D(u®) + A(u*~Y) 4 R(u*~2). It should be noticed, that
the degree of the polynomial P, is n —k. So, the highest (possibly mixed) deriva-
tive contained in P, (7, ¢, S0;) is of order n — k < 2a.+ 3 — k. Since it is applied
to ulk) € g2a—ktd 4 (k=1) ¢ 02a—k+5 anq o(k—2) ¢ C20=k+6 the sum is well defined.
Likewise, as we have assumed g € C?**2, the highest derivative acting on g and
being of order 2« + 1, also exists in the classical sense. Actually, we have always
presupposed one order of regularity more than necessary for the definition of the
f(")s. This additional order is required to derive the estimate of lemma 4.6.

The approrimate population function f. to be compared with the output of the
lattice-Boltzmann algorithm is assembled by the following truncated asymptotic
expansion

fe := Z fn) en (4.36)

where the f(")’s appear as asymptotic orders. By virtue of their construction (cf.
4.16 resp. (4.35)) it is no surprise, that they exhibit the following algebraic property
becoming crucial further below.

Lemma 4.5. v can be recovered from £ (n =0,...,2a + 3) by computing its
zeroth moment.

> ses 72 = u® for  Be{0,1,..,a}
Z f(n) — () (26+1) ) )
s > ses iz 12 =0 for  pe{0,1,..,a+1}
seS Z f o - 0
s€S 'S

Proof: For n = 0,1 the assertion can be directly verified using (4.13) and (4.14);
for n > 2 we take recourse to theorem 4.2. From the representation formula (4.35),
we infer for even n = 26 4+ 2 and € {0,1,...,a} by repeating the arithmetic
manipulations performed already in the proof of theorem 4.2:

> @D = D (9, + b, — (7 — )02 + c)u® + EXTEH) + LOW )
seS

=0
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Since u(?%) satisfies (4.34), the underbraced term vanishes and the assertion is ob-
tained. In the same way we get for odd n = 26 + 3 and § € {0,1,...,a} the

expression'?,

7RI Z 249 (9, 4 ad, — H(r — D)6+ c)ulPD £ LOWEIHY
seS

=0

3)

which vanishes since uV) = u® = ... = (223 = 0, thus concluding the proof. m

Therefore we can write the zeroth moment of f.

b= Y = 3 ul)
3=0

seS

as a truncated asymptotic expansion with the u(2%)’s as coefficient functions. Finally
let us define the following remainder terms,

2a+3—n
)t z) = fE+E wtse)— Y ¥ T(0h,50,) F (¢t ) (4.37)
k=0

satisfying the following estimate.

Lemma 4.6. There exists a constant K = K(a,c,T,60) depending only on the pa-
rameters of the target problem'*, such that

20+3 a
Z Hré?”(f‘) € < K (leu@”)\\cmwﬂ + ”9H02a+2> gt
n=0 v=0

forallseS and 0 <e<1.

Proof: In order to estimate rgsﬁ) we apply lemma 4.4 to fs(zﬁ).
204+3—n
IfZco = sup  |[f(E+Ew+se)— > € Th(y,50,) FM(t,2)
’ z€R/LR o

te[0,7—€?]
2a+4-20

IN

[£)]| c2ara—2s €

Using the notation of (4.8), equation (4.35) is written for n = 23 with 8 € {0, ...,a+
1} more explicitly in the following form:

B
£28) _ Z [Pw_zyp(?“/) + Pyggy 1 A 4 P2ﬁ_2_y_272(2’7)] + TPy s gw
v=0

13Note, that LOW®#*1 is a linear combination of derivatives of u,...,u??=Y. For the exact
definition see equation (4.20). In particular, LOW®BHD) vanishes if «*, ..., u(®*~1 vanish.
HMRecall: a advection speed, ¢ reactivity, 7 collision time, 6 weight parameter.
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Using the triangle inequality, this leads to:

B
Hfgn)”02a+4—2ﬁ < {Z HPgﬁ_%/’Dg?’Y) + P2ﬁ—2«,—1./4£2ﬁ/) + P2ﬁ-2«,_27222ﬁ/)H02a+472ﬁ
v=0

+ HTP25—2 g WSH02Q+472Q} (438)

Let us now simplify the right hand side by estimating it further. Since Pg_og
contains (mixed) derivatives of g up to order 23 —2, we see, that || Pyg_3 g||g2a+1-25
involves derivatives up to order (26 —2)+ (2a+4 —25) = 2a+ 2. Therefore we get

(28

17 Pap 2 g Wsllczara2s < G ||g o

with G2P) .= T(sum of absolute values of polynomial coefficients of Pg_o(T,, ))

Similarly, we proceed with the first addend. Introducing the polynomials pf@,
whose coefficients depend only on the parameters a,c,7 and 6 via Dy(1), Ag(1),

Rs(1),

pgzgg (0,¢) = (Ds(l) Pyg—ry) + As(1) Pyg—y)—1 + Rs(1) P2(,B—'y)—2> (1,7,9)

we define the constants Kéiﬁ ) analogously to the G(28)’s by:
28 ._ : ; (28)
K27 := sum of absolute values of polynomial coefficients of Doy

So, the Kéiﬁ Vg depend also exclusively on a,c,7 and #. In the representation

of f0) derivatives of u(?) occur up to order 28 — 2y (for v < f3) contained in
Pog_9y = Pog_o,(7,0;,50;). That is why the highest derivative of u®) occurring
on the right hand side of (4.38) is of order (2a+4 —25) + (20 —27) = 2a+4 — 2.
Hence we obtain:

HP26—27D§27) + Pyg_oy 1 AP + Pag_o, RV | czasass < Kéiﬁ) || czata-2,

So we conclude:
0 (28)
Hrg?sﬁ)nco < {ZK% [u®)|| p2ata-zy + GEP) H9||C2a+2} (20+4-28
v=0

The case n = 26+ 1 with € {0,...,a + 1} is treated in the same way, resulting in
an analogous inequality:

B
”rgf*l)Hco < {ZK%BH) 6@ || zatazy + GEATD HQHCMH} (20+3-2
v=0

Multiplying these equations by €2 resp. €2°*1 adding them together and summing
over 3 € {0, ...,a + 1} yields, after changing the order of the double summation on
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the right hand side:

2a+3 a a+l
2 28+1
S Il < {30 [0 KED + RED) g
n=0 =0 B=v

20+3
+ Y ew ||9HC2@+2} 2ot
n=0

Note, that the sum over + reaches only to o and not to a.+ 1, since u(2*2) vanishes
by definition. So, we obtain the assertion by choosing

2043 a+1
K := max { Z G, ZKéiﬁ) —I—Kéiﬁﬂ) with v = 0,...,@} .
n=0 B=v

Recalling the definition of the constants G and K. (M) we see that K does nei-

27
ther depend on ¢ nor on the u(®*")’s and ¢. In fact, it is only determined by the
polynomials Py (k € {0,1,...,2a + 3}) and the indicated parameters. [

We are now well prepared to prove that f, solves the discrete lattice-Boltzmann
equation on the grid G;, approximately, up to a remainder-term of order O(h2**4) =
O(Nh—2a—4) )

Theorem 4.2. Suppose that the existence and smoothness hypothesis is satisfied.
May f. € F(S x [0,T] x R/LR,R) be constructed as described above. Then the
subsequent estimate holds true for any admissible mesh-size h € Hy, and all time
steps n € Ty \ {Nr(h)} with 1 < p < co.

[fn(n+1,) = Br(n+ Dfu(n, )|, < Cp R (4.39)

The constant Cy, is independent of h and n
(0%
C,:= V3L K <Z 10| a4 + H9||c2a+2) , (4.40)
v=0

where K is the constant from lemma 4.6. Thus f. is consistent of order 2a + 4 to
the lattice-Boltzmann equation with respect to the supremum-norm and a fortiori
with the weaker LP-norms (1 <p < o).

For the proof of the theorem, the recursive representation formula (4.12) for the
asymptotic order functions will be of great help:

fO = g0 f) = g _ Zka"_k + dopTgw  n > 1. (4.41)
k=1

Proof: Let us first consider the case of the supremum norm (p = 0o). The asserted
inequality is just a short notation of

|Dh(n7 ia 8)| =

fis(to + 2, 20) = {(1= ) s(tnys — sh) +

wgh,s<th,§(tn,wi - Sh)) + h? g(tn, v — sh) Ws} < C, h2

5e$
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N n—k=0 New 1st index: v:=n —k v:0—-N-1
If k2ndindex: k: 1 > N—-v, n=v+k
N-1 n-k=1 If n 2nd index: n:v+1—N, k=n-—v

=2

—1N—-v

N n
Z Z anbrCn_ = Z au-l—kbkcu
2 n-k=N-2 n=1k=1 k=1
k / — N
1 ® n—k=N-1 Z by Cy

1 2 .. N-1N v

N
Il
o

=2

Il
=]

n=v+1

Figure 4.3: Change of indexation in a double sum. See equation (4.43).

that is asserted to hold for any s € S, (t, + h?, ;) € Gj,. Since we want to prove the
estimate independently of x; € L, i.e. in the supremum norm, we have to verify the
following inequality, obtained by replacing z; with x; + sh, for any (¢, +h?,z;) € G,
and s € S.

fr.s(tn + % i + sh) — {(1 — W)y s(tn, i) +

wEh,s(meg(tn,xi)) + h2g(tn,a:,-)ws}
seS

Actually, we will show that this equation holds for arbitrary (¢ + k% z) € [0,T] x
R/LR, if |h| < 1. By reason of clarity, we omit the arguments (¢,x) whenever
possible without misinterpretation. Recall in particular Ty = T (0, s0,).

(#) 1= |fp(t+h2, 2+ sh) — {(1 — w)fhs(t ) + WEhs ( 3 st x)) + 20, ;n)ws}
SES

Solving (4.37) for the shifted order function, multiplying by A" and summing over
n € {0,1,...,a + 3} yields

243 2a43—n
fos(t + h%, 2 + sh) = Zh"[ N R (e) P )| (a42)
n=0 k=0

By summing also the representation formula (4.41) over n we obtain

2a+3 2043 n
frs = EO + DR = & (un) — 7YY BT 4 hPrgw,
n=1 n=1 k=1

As explained in figure 4.3 (set 2o+ 3 =: N introduce n — k =: v as new index, keep
k as second index and rename, finally, v in n), we will change the indexation of the
double sum such that it can be put together with the double sum in (4.42).

2a+2 2a+3—n
fre = Enslun) — 7 > WA 4 RPrgw, (4.43)
n=0 k=1
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Let us now plug (4.42) and (4.43) into (x). By virtue of lemma (4.5) we have
5h(2§es fh’g) = &p(up). This enables us to put together the equilibrium terms
coming directly from the algorithm with those from (4.43). Thus we get:

2a+3 2a+3—n 2a+3
= 1> Z hPR T+ Z Wl 4 (w = 1) s(up) + (1—7) BPgw,
n=0 k=0

2042 2a+43—n

+ (r-1) Z Z hn+kaf§n) + wé’h,s(uh) — hzgws
n=0 k=1

The double sums can be simplified essentially:

2043 2a+3—n 2a+2 2a+3—n 2a+3—n

ST BT =N Y AN = YT ATl = f,
n=0 k=0 n=0 k=1 n=0

So we obtain:

2043 20+3 2a+3—n
(+) = ‘fh,s + Y = ) + T Y > KT — B rgw,
n=0 n=0 k=1

Using again (4.43) for the resubstitution (replace third, fourth and fifth term to-
gether by —f}, ;) we arrive at

20+3

‘Zh"rhs anhsu o b

Taking into account the estimate of the remainder terms in lemma (4.6), we find
the following inequality implying the assertion.

20+3
= ‘f;w + 3 g =
n=0

(6%
(1) < K (316 omtamrs + llgllgansa ) A2+
¥=0

=:Cso

Note that /3L := lim ¥/3L = 1. The case 1 < p < oo follows easily:

p—00

Ian+1) = Batn+ Dfaln, N = (33 [Datnivs)” §)

s€Si€Z/NZ
1 1
< (X X lowm k)T = (3N [ n P £)T = BT o 2
J N——
SESIEL/NZ ~

Initialization and Convergence. Next, let us consider the case o = 0 in detail.
This case is, of course, the simplest as well as the most important one, since it is
sufficient to prove convergence of the lattice-Boltzmann scheme. The consideration
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of higher orders leads to a truncated asymptotic expansion of the zeroth moment,
that additionally describes the leading error terms being not of interest here.

We have already remarked, that «(?) = u, where u is just the solution of the target
problem (4.1). As no other asymptotic orders are involved, we will always write
u instead of u(®. Let us assume, that the existence and smoothness hypothesis
is fulfilled for v and g, such that we have u € C*([0,7] x R/LR,R) and g €
C?([0,T] x R/LR,R). Then it is possible to construct recursively the following
functions by means of the polynomials T}, (see equation (4.10) and table 4.2), where
T}, abbreviates Ty (0, $0z).

fO .= D(u)
fO = Aw) — 7 T, O

f2 = R(u) — T{ T fD 4 Ty O } +orgw (4.44)

£3) = - T{ T + T f 4 7y f© }

Note, that this construction procedure is equivalent to (4.35). The approximate
population function f. is then defined by

fo = fO 4 ef®M 4 272 4 S£6) (4.45)
Explicitly we obtain for the asymptotic orders:

fO(t, 2
fO (¢, 2

s

u(t, )
{9(18 — 780, } (t,z)

@tz —TWS{C + 0as’d, — (1—3)s°92 + at}u(t,x) + 7w, g(t, x)

) =
) =
) =
Gt z) =7 ws{sca + 0as30? — (1 — %)3385 +88t8x}u(t,:17) + Twss0.g(t, )
— TWy (& + %8283) (9&8 — Tsﬁw)u(t, x) — Tws{satam + %sgag}u(t, x)
Considering these functions as polynomials in s € S, we observe, that fgl) and fg?’)

have odd parity, while féo) and f§2) are of even parity. Hence the zeroth moments
of fgl) and f§3> vanish. Since u is the solution of the target equation we find

S = —rfeut adu—yir— Hou+ u—g} = 0.

seS

So we obtain, without explicitly referring to lemma 4.5,

d fes =D [FO + nfM 4 p2E) 4 B3O] = w.

seS seS
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Let us now estimate the remainder terms:

1Ot z) < fuflos b
Vit 2)) < 0lal lulles B> + 7llosullcs h® < (Oa] +7) Jullos B
’ ——

=K

2
2] < refulles + rlalfldaullcs + 7(r = 5)|02ullos + 7Dgullz + lglcs
1 2 2
< (re+0rlal+7(r—5) +7) llullea h® + Tlgllez b
=Ko

12 < (e lalo+ 7+ ) + $r(lald +7) + 1) fullosh + 7llgloeh

=:K3

As already mentioned, the lattice-Boltzmann scheme is classically initialized by the
equilibrium associated with the initial condition for the target problem. The pre-
ceding analysis of the lattice-Boltzmann scheme suggests, however, to initialize the
population function by the initial value of the approximated population function.
Thus there are four further possibilities of initialization depending on how many
orders should be taken into account.

equilibrium: Fp(0,7) = & (w(a;)) needs: w

0" order : Fj,(0,i) = f,(LO)(O,xZ-) 7w

15t order : Fp(0,i) = iof,(ﬁ)(O,:Ei) h" 7w, dpw

274 order : Fy(0,i) = ﬁ:offln)(O,:Ei) h"™ 7w, 0w, 02w, g

37 order : Fp(0,i) = ioffln)(O,:Ei) h™ T w, Opw, O%w, O3w, g, 0.9

The right column indicates the quantities being necessary for each specific initial-
ization. Usually, the initial value w and the source g are provided in the grid nodes
at least. For initializations of first and higher order, additionally spatial derivatives
of w and g are needed, which must be supplied numerically (e.g. numeric differ-
entiation) in the worst case, if w and g are not prescribed analytically. Moreover,
the expressions for f2) and f(®) contain temporal derivatives of the solution. These
can not be computed directly, but they can be procured by taking recourse to the
target equation. Solving it for dyu yields with u(0,-) = w:

(0, ) = vd?w — adyw — cu + ¢(0, -)
0:0,u(0, ) = vdPw — ad*w — cu + 9,g(0, )

Thus, the knowledge of w, g is sufficient to compute 1‘(2)(07 -) and f(?’)(O7 ).

Obviously, the initialization via equilibrium or zeroth order is consistent of order
1; generally the initialization up to order m is consistent of order n + 1. After
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theorem 4.2 our approximated population function is consistent of order 4 to the
discrete lattice-Boltzmann equation. In virtue of theorem 4.1, we conclude under
the stability assumption, that the inherent deviation is for any fixed, finite time
of magnitude h%. Thus it is reasonable to choose the initialization so that the
inherited initial deviation is of the same size. Any higher order initialization does
not considerably decrease the error, whereas a lower order initialization might spoil
the result since the inherited initial deviation is then expected to dominate the
inherent deviation. Therefore, the initialization should be preferably done up to
first order:

Fr(0,i) = w(zi)w + h(fa—70;) w(z;) Sw . (4.46)

Theorem 4.3. Consider the target problem (4.1) with w € C*(R/LR,R) and g €
C?([0,T] x R/LR,R) and assume v € C*([0,T] x R/LR,R). If assumption (4.27)
is satisfied, then the zeroth moment Uy, of the population function converges in the
grid nodes to the solution of the target equation:

-1
Un(Ne, ) — @(Ne, )2 < 357 (Epd, + E,CpT) .

4.4 Initial behavior

In this section we shortly study the initial behavior of the lattice-Boltzmann algo-
rithm in a phenomenological way by performing numerical experiments that illus-
trate the principal observations.

In the previous section the population function Fj corresponding to the output of
the lattice-Boltzmann algorithm, is approximated by a truncated power series with
respect to the grid spacing h. This approach turns out to provide an understanding
of how the lattice-Boltzmann algorithm behaves. The validity of the regular ex-
pansion can only be justified in a strict sense if the lattice-Boltzmann algorithm is
initialized by the expansion. Practically, however, this condition might be quite dif-
ficult to fulfill (especially for more complicated lattice-Boltzmann algorithms) since
the expansion requires derivatives of the initial data if the first and even higher
order terms should be taken into account.

So the question arises whether the accuracy of the lattice-Boltzmann algorithm
can be sensibly spoiled by the initialization. In the case of a large diffusivity it is
experimentally observed that a crude initialization affects the result only slightly,
as if the algorithm tries by itself to behave in a nice manner and to correct the
bad initialization. But for small diffusivities (w close to 2) persistent initial layers
appear.

Observation of an initial layer

As a first example, let us consider the D1P2 algorithm obtained from the D1P3
scheme setting 8 = 1. Furthermore we take the pure diffusion equation as target
problem, i.e. a = ¢ =0 in (4.1). So it is enough to consider only the diffusive part
D of the equilibrium (4.2).

For a given solution u, we obtain from page 186 the prediction function including
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the zeroth and first order of the regular expansion:

fr.s(t,x) = O (8, ) + BV (8, 2) = su(t,x) — hgsTdyul(t, x) .
From theorem 4.1 it can be concluded that

Frs(n,i) = fro(nh?ih) + O(h?) if  Fp4(0,4) = fi4(0,ih).

Now we consider the lattice-Boltzmann algorithm initialized only the zeroth order
corresponding to the diffusive equilibrium

Fs(0,3) = f9(0,ih) = Lu(0, k).

Surely, the first order of the populations will no more be equal to f1). Instead,
we expect the appearance of an additional term Ly, 4, the nitial layer, that should

cancel fgl) for n = 0 in order to fulfill the initial condition

Frs(n,i) = fOnh2ih) + h (fgl)(nh2,z’h)+ths(n,i)) FO(R?).  (4.47)

!
=0

Note that this expansion makes only sense if the initial layer is uniformly bounded
for h € Hy, and (n,i) € Ng x Z/N,Z.

Inserting (4.47) into the lattice-Boltzmann equation, exploiting the linearity of the
equilibrium and utilizing the fact that f; ; satisfies the lattice-Boltzmann equation
up to second order, we find after dividing by h

Lis (1 + 154 5) = (1= w)lns (1,3) + 30 (Lo (n,9) + L (7)) + O(h)

So, we see that Lj s must solve the lattice-Boltzmann equation up to a residue of
first order. For a more detailed examination of initial layers, it is reasonable (due
to the linearity of the equilibrium) to define Ly, 5 as solution of the discrete lattice-
Boltzmann equation with the initial condition Ly, 5(0,7) = — §1>(0, ih). This will be
done in the next paragraph.

To get an impression of how an initial layer looks like, let us take the “damped
sinus” solving the diffusion equation for a little experiment

u(t,x) = e imvt sin(27x) x € R/1R. (4.48)

If the lattice-Boltzmann algorithm is initialized via the equilibrium, the initial layer
can be made visible by plotting the difference!® between the populations and the
two leading orders of the expansion:

Lo, ) :% Fu(nd) — Lu(t,z) — hisrouu(t,z)] +O(h) . (4.49)

::Rh,s(n7i)

15The difference is divided by the grid spacing h in order to get an unscaled quantity, that is
in leading order independent of the grid size. This facilitates the comparison of this quantity on
grids of different size.
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We call this quantity the residual of first order.

Spatial plots for fixed times suggest, that Ry s(n,-) behaves smoothly in space; it
seems to be proportional to cos(2mx) i.e. Oyu(0,x). The quantity reveals a different
behavior if we look at its evolution in time. For this the residual in a fixed node is
plotted versus the iteration number. The following observations are striking:

e There are three qualitatively different modes of residuals distinguished fun-
damentally by their temporal behavior (see figure 4.4):

i) 2 > w > 1 (over-relaxation): damped oscillations (on time-step level)
ii) 1 > w > 0 (under-relaxation): exponential decay.

iii) w =1 (limit case): no initial layer.

e Th residual of the right and left moving population differ by their sign, i.e.
Rps(n, i) = —Rp —s(n, 7). (see figure 4.4)

e Plotting the residual versus the iteration number for different grid spacings
hi # hg, yields almost congruent curves, i.e. Ry, s(n,41) = Rp, s(n,12) where
i1h1 = i9hy denote the same spatial position. See figure 4.5.

Initial-layer-type output of the D1P2 lattice-Boltzmann algorithm

Now, let us consider Lj ¢ as solution of the following initial value problem for the
discrete lattice-Boltzmann equation

Lns(0,i) = %sw(ih)
Lhstn+1i+s) = (1—w)lya(ni) + w i (Lh,s(n,z‘) + Lh,_s(n,z‘)>,

Ds ( Zo—ES Lh,o(nvi))

where w denotes a smooth function on the spatial domain. In the case of the
preceding example we have w(z) o cos(2mz).

As the qualitative behavior of Lj s practically leads to the same observations as
those concerning the first order residual (see above), this motivates the following
ansatz to approximate Ly, 4

Lps(n,i) ~ Ago)(n,i) = %g(n)sw(ih).

The unknown function ¢ : Ny — R shall be defined in such a way, that A() satisfies
the lattice-Boltzmann equation up to a residue of order O(h). Noticing that the
)

diffusive equilibrium vanishes since A(e0 )+ Ag) = (, we obtain

gn+1)sw(th+sh) = (1—w)g(n)sw(ih)
= gn+1)sw(h) + Oh) = (1—w)g(n)sw(ih)

This equation is satisfied if g(n + 1) = (1 — w)g(n). Using the initial condition
g(0) =1 we find g(n) = (1 —w)™ and therefore

AQ(n,i) = 1 (1 —w)"sw(ih) .
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0 5 10 15 0 5 10 15

Figure 4.4: The four figures display the (approximate) first order residual (cf. equation
(4.49)) in the leftmost grid node plotted versus the iteration number for different values
of the diffusivity v. In each figure the two curves representing the left (<) and right
(>) moving population seem to be equal up to the sign. Moreover the figures indicate,
how the residual is influenced by the diffusivity v related to the collision frequency via
w = (v + 3)~1: monotonous exponential decay for v = 2 (left above), no initial layer
for v = 0.5 (right above), damped oscillations for v = 0.05 (left below) and v = 0.005
(right below). The experiments were performed on a grid of 40 nodes.

Since Lp, 5(0,4) = A (0,1), this suggests that Lp, s(n,i) = A (n,i) + O(h).

By means of A we can explain our observations. For positive diffusivity, i.e. 0 <
w < 2 we have |1 —w| < 1. Therefore the initial layer tends in leading order
exponentially with respect to the iteration number n to zero. The damping rate is
given by

0= ‘log|1—w|‘ .

For 1 —w < 01ie. 1 <w the coefficient (1 —w)™ changes from iteration to iteration
its sign resulting in the observed oscillations. Table 4.4 gives a summary.

Let us try to approximate Lj ; up to second order. For this we have to find a
function A, such that A&O) + hAgl) satisfies the lattice-Boltzmann equation up to
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Figure 4.5: Again the (approximate) first order residual (cf. equation (4.49)) is plotted
versus the iteration number, but this time only for the right moving population at the
leftmost grid. Instead, grids with different number of nodes (resulting in different mesh-
spacings) have been considered. Above: v = 2, number of grid nodes: 80 (o), 90 (+),
100 (¢). Below: v = 0.05, number of grid nodes: 20 (o), 30 (+), 40 (¢). For v =2
the second order term of the regular expansion,also contained in the plotted quantity,
becomes quite large and even dominating if the grid is not fine enough. Therefore a
higher grid resolution has been chosen for the upper figures. Thus the first order of the
residual is better recognized. Clearly, it depends only on v and the iteration number n
but not on the grid size h.

mode behavior

under-relaxed: 0 < w < 1 | damped, monotonous: (1 —w)" = "

relaxed : w = 1 limit case c(1-w)"=0

over-relaxed : 1 <w < 2 | damped, oscillating : (1 —w)” = (=1)"e~"

Table 4.4: Behavior of the initial layer in dependence of the collision frequency w.
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second order (is consistent up to second order) and Agl)(O,i) = 0. We make the
following ansatz
A (n,i) = §gs(n) dpw(ih)

with g : & x Ng — R. Plugging A (n,4) + hA®M (n,4) into the lattice-Boltzmann
equation
(1 - w)" M sw(ih + sh) + $hgs(n + 1)0,w(ih + sh)
=1(1 —w)(1 —w)"sw(ih) + Fh(l —w)gs(n)d,w(ih)
+ sw[ihgs(n) + 1hg_s(n)]O,w(ih)

multiplying by 2 and expanding the terms on the left hand side up to O(h?) yields:

(1—w)s [w(z’h) + shdyw(ih) + O(h2)] tg(n+1) [h@mw(z’h) n O(h2)]
= (1 —w)" M sw(ih) + k(1 — w)gs(n)dw(ih) +w [%gs(n) + %g_s(n)} Opw(ih)
After dividing the equation by hd,w(ih) and sending h to zero we obtain:
(1-— w)"“\sf_/ +g(n+1) = (1-w)gs(n) — swlgs(n) +g—s(n)]
=1

Thus we find a recursion relation for g, which takes explicitly the following form:

<g@(n + 1)) _ <1 - %W %W ) <g@(n)> . <(1 - W)n+1>
go(n+1) %w - %W gs(n) (1—w)*t

Obviously, this equation together with the initial condition gs(0) = 0 is completely
symmetric with respect to g., gs. Therefore g.(n) = gg(n) =: g(n) and

9(0) =0 g(n+1)=g(n)+ 1 -w)".

The solution of this scalar equation is essentially given by the geometric series with

respect to the geometric sequence k — —(1 — w)*.

n

o) = 1- Y (1-w)t =1 -

k=0
= 1-7)+7(1—- w)"+1

1—(1—w)tt
1-(1-w)

So we end up with Agl)(n,i) = 1 [1—7+7(1—w)"* d,w(ih) .

It is striking, that this coefficient does not tend to zero for n going to infinity.
Instead
lim AV = 1(1 - 7)d,w(ih) , (4.50)

n—oo
if 0 < w < 2. This is in contradiction to the numerical experiments and to the dis-
sipative behavior of the lattice-Boltzmann algorithm in general. In order to obtain
a more realistic first order coefficient, an heuristic argument will bail us out.
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If both of populations of the D1P2 lattice-Boltzmann algorithm are initialized by
$(1—7)d,w(ih), corresponding to (4.50), the leading (zeroth) order is described by
the regular expansion. So this amounts to

Frs(n,i) = %(1 — T)v(nh2,ih) + O(h)

where v(t, z) would be the solution to the subsequent initial value problem for the
diffusion equation:

v(0,2) = (1—71)0,w(x),
o — vdPv = 0.

We can imagine that after the initialization of the lattice-Boltzmann algorithm by
A§°> + hAgl), the terms containing (1 — w)™ vanish relatively rapidly, such that
(4.50) is left in the first order. This apparently reinitializes the lattice-Boltzmann
algorithm once more, with the only difference that now the initial condition is
an O(h)-term instead of an O(1)-term. Due to the linearity of the algorithm we
therefore suppose!® that the actual A1) is given by

AV (n,i) = L1 —7+7(1—w)" ] v(nh?ih) .

107 107

Figure 4.6: The conjecture is backed by a numerical convergence study with w(z) =
cos(2mx). Here twelve grids have been used with 10, 20, 30, 40, 50, 70, 80, 100, 120,
160, 200 and 240 nodes. The diffusivity is v = 3 (left) and v = 0.01 (right). Circles
(o) indicate the approximation rate for A(?) while triangles (A) mark the approximation
rate for A(®) + hA() . Observe that the slope of the curves corresponds to the values
in table 4.5 agreeing quite well with the ideal values of 1 and 2 respectively. The small
deviations are due to higher order effects diminishing slightly the ideal values.

16 Alternatively, the following ansatz seems to be reasonable in the same way at the current stage:

AV (n,i) = L[(1 = m)v(nh® ih) + (1 — )" dpw(ih)]
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v | 0" ord. appr. | 1% ord. appr.
3 0.9425 1.9348
1.5 0.9786 1.9717
0.7 0.9951 1.9914
0.01 0.9994 1.9997

Table 4.5: Rates of asymptotic similarity.

D1P3 model with diffusion equilibrium

In order to observe the initial behavior of the general D1P3 model, we consider
once more the diffusion equation such that the solution is given by (4.48). As in
the previous case, the initial behavior is essentially determined by the relaxation
parameter w. For w < 1 the initial layer decays monotonically, while for w > 1
a damped oscillating comportment is observed. In both cases the damping rate is
also determined by the factor (1 —w) and occurs in the discrete time (iteration).

In contrast to the special case of the D1P2 model, we discover beat-bellies in the
overrelaxed case, i.e. the absolute value of the initial layer swells for several iterations
and ebbs then away before it starts to swell again. Considering the same initial value
problem on grids of different mesh size, it turns out, that necks and bellies of the
beats coincide if they are plotted versus the scaled quantity nh, where n denotes
the number of iteration and h corresponds to the grid spacing. This quantity is
referred to as the fast time, since it advances faster than the standard or slow time
given by nh?.

0.6

04

0.2

-0.2

—04l

-0.6
0

Figure 4.7: Initial layers of the right-moving population at the leftmost node on three
different grids are plotted versus the iteration (left) and versus the fast time (right).
Note that at left the exponential envelopes for the damping (black dotted lines) coincide
for the three grids, whereas the extrema of the beats are attained simultaneously with
respect to the fast time (right). Apparently the damping takes place in the iteration
scale while the beats are found in the fast time scale. The number of grid nodes is 20
(red o), 40 (blue +), 80 (green A). Other parameters: v = 0.001,6 = 3.
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Chapter 5

Long-term behavior of an advective
lattice-Boltzmann scheme

The preceding chapter has shown that reqular asymptotic expansions are well suited
to extract essential properties of lattice-Boltzmann algorithms. In particular, we
were able to derive the target equation, to predict the convergence order and to
acquire a qualitative understanding of the error production. While shortly consid-
ering initial layers, it became also clear that regular expansions can not be used to
describe all aspects of lattice-Boltzmann algorithms.

The analyzed D1P3 lattice-Boltzmann algorithm is based on a parabolically scaled
lattice-Boltzmann equation. In this chapter we focus on a D1P2 algorithm related to
a hyperbolically scaled lattice-Boltzmann equation. Numerical experiments indicate
the occurrence of numerical errors that cannot be explained satisfactorily by means
of standard regular expansions alone.

Besides the advection equation, which plays the role of the target equation in this
case, the hyperbolically scaled lattice-Boltzmann algorithm implicitly solves a dif-
fusion equation in the background. As this happens with respect to a shorter time
step!, the effect becomes only apparent after a relatively large number of iterations.
In order to capture both the advective foreground process and the diffusive back-
ground process being a long-term phenomenon, we set up a prediction function in
the form of a two-scale expansion. This turns out to be an appropriate tool eluci-
dating the interaction between the processes. Technically, the two-scale expansion
extends the regular one. So it is performed most efficiently after being prepared by
the regular expansion. Due to this reason and to assure the self-containment of this
chapter, section 5.1 concentrates on the regular expansion. Profiting in section 5.2
from this preparatory work, we motivate the appearance of different time scales in
5.2.1 prior to embark on the asymptotic analysis in 5.2.2. The two-scale expansion
for an interesting special case involving dispersive effects is presented in subsection
5.2.3.

This chapter remains mainly on a formal level. However, the derived expansions
can be justified rigorously if the algorithm is proven to be stable. This is accom-
plished in section 6.3. There we will also return to the following question shortly
touched in 5.2.2: is it possible to draw conclusions about stability on the basis of

Depending on the process, different time increments are associated with one iteration.

197
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formal asymptotics and multiscale expansions in particular? The issue is discussed
studying the advective D1P2 lattice-Boltzmann algorithm in an exemplary manner.

Let us finally remark, that the natural time scales inherent in Boltzmann-like equa-
tions emerge clearly in this model algorithm. While the advective process is pre-
vailing, the diffusive process counteracts as disturbance. Combining both processes
on the slow time scale, leads directly to an advective-diffusive D1P2 scheme whose
generalization onto the D1P3 model was subject of the previous chapter.

A few recapitulating words concerning the notation

Lattice-Boltzmann methods are based on discrete velocity particle models. Con-
cretely, we consider fictitious particles that can move with unit speed in one space
dimension either to the left or to the right. Hence the discrete velocities are given by
S = {s1,s2} = {—1,1}. The particle distribution is described by a vector-valued
function referred to as the population function. The first component represents
the density of the particles traveling to the left, while the second component is
associated with the other species:

Fi(t,z)
F(t,2) = [Fe(t,2)] e g0y = (F:(t,:v)> '

Observe that the components, which we denote as populations, depend on time
and space. In order to keep the conception? clear, we designate R? by RS if the
indices refer to the discrete velocities. Elements of RS are highlighted by sans-
serif characters. Let us introduce the following abbreviations, that will simplify the
computations in later sections:

1:=(1) €eR®  s:=(3)=(7")eRrR®

52

The scalar product in R® is indicated by brackets. In particular we have:

<f’g> = f:lgl + f2g2 = <17 1> = <S7S> =2 and <17S> =0. (51)
For f € RS we call the scalar products (f,1) and (f,s) mass moment (0'" moment)
and fluz moment (15 moment) respectively. Furthermore, we will extensively make
use of componentwise multiplication for f, g € RS:

-t () = () - - #-((F) -1 £

By slight abuse® of notation, we understand the usually invalid operation a +f with
a € R and f € RS in the sense of a + f := al +f.

2In allusion to the phase-space density of the Boltzmann equation, it would be natural to describe
the particle distribution with a function (¢, z,s) — |~:(t, x, s) where the variable s can only take the
two values s1 and s2. However, we abstain from this point of view, using the more familiar vector
notation F(t,z) = F(t,z, s3) instead.

3A reader familiar with MATLAB may notice the analogy with respect to the componentwise
multiplication operator (.*) for matrices as well as the addition of scalars and matrices.
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Presentation of the advective D1P2 lattice-Boltzmann algorithm

The algorithm we are going to investigate has the standard lattice-Boltzmann form
Fe(t+ h,x + sph) = F(t,x) + [JF(t,a:)}k, k=1,2 (5.2)

where the discretization parameter h = 1/N, N € N determines the space-time
grid. More precisely, t can take the values t,, = nh with n € Ny and = ranges in
x; = ih with i € Z. The collision operator J on the right hand side of (5.2) models
the particle interaction. Here, we choose the simple BGK form

JF = w(E(U) — F)

with relaxation parameter w. The equilibrium distribution E(U) is assumed to
depend only on the mass moment U of F

E(U) := (1 +as)U, U = (F,1).

The role of the parameter a € R will be explained later. In view of (5.1) we observe
that
(E(U),1) = 3U(1,1) + 3aU(s,1) = U
so that
(JF,1) =w (E((F,1)),1) —w(F,1) = w(F,1) —w(F,1) =0

which expresses the mass conservation during the collision process. We remark that
the collision operator is linear because the equilibrium distribution depends linearly
on U and hence on F. In fact, we can write for a general f € R®

Ei((f.1)) = 3(1 +as)(f, 1) =
Ex2((f, 1)) = 3(1 +as2)(f, 1) =

(1—a)f + %(1 —a)fy
(I+a)fi + (1 +a)f

D= N[

so that E(({f,1)) = Ef with the matrix

l—a 1-a
— 1
E'_2<1—|—a 1—1—a> (5:3)
which satisfies the projector property E = E?. Using this notation, the collision
operator is given by the matrix J = w(E — I) and the algorithm (5.2) appears in

the form
Fe(t +h, x4 sph) = (1 — w)Fp(t,z) + w[EF(t, z)] . (5.4)

Apart from this update equation we require suitable initial and boundary condi-
tions to fully specify the particle dynamics.

A typical initialization rule is based on the equilibrium distribution. Given some
function = — wvp(z), one may set

F(0,z) = E(vo(z)). (5.5)

Improvements of this basic initialization are derived in the sequel. Let us assume
that vg is a 1-periodic function, i.e. vo(x+1) = vo(z). Since the grid with the nodes
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x; = ih = i/N for ¢ € Z is also 1-periodic as z; + 1 = ;4 n, we conclude that the
population function F is 1-periodic too. In particular, it suffices to compute F on
N consecutive nodes {zg,...,zy—1}. The required information from the neighbors
of the trailing nodes follows from periodicity

F(t,x_l) = F(t,LEN_l), F(t,a;N) = F(t,xo) (56)

which can be regarded as a boundary condition.

5.1 Regular expansion

5.1.1 Analysis of the update rule

Implementing the lattice-Boltzmann algorithm introduced above with initial value
vo(z) = cos(2mz), for example, we observe the following dynamics of U = (F,1):
provided |a| is small enough (otherwise the algorithm is unstable), the initial cosine-
shape of the graph moves with a speed related to the parameter a. Repeating the
simulation with smaller grid size h, we observe similar profiles. It turns out that the
amplitude of the cosine reduces during the movement and this reduction is more
pronounced for larger values of h.

In order to understand the behavior of the lattice-Boltzmann solution F(t,z) more
thoroughly, we try to approximate it in the form of a regular h-expansion

F(t,z) ~ flol(t, 2) .= fO (¢, 2) + hf D (¢, z) + ... + O (¢, ) (5.7)

with ¢t = ¢, = nh and x = z; = jh, n € N,j € Z. Note that flol is a polynomial?
of order v € N with respect to the grid parameter h. We refer to f o) as prediction
function. The asymptotic order functions f® with 0 < 3 < « are supposed to be
h-independent. Hence they are defined on the whole unit interval [0, 1]. In order to
take the boundary conditions (5.6) of the algorithm into account, they should be
extendible to smooth, 1-periodic functions on R.

If the prediction function fl® nicely approximates® the population function F for
small h, then fl°l also satisfies the lattice-Boltzmann algorithm (5.4) up to a small
residual. This observation is exploited to determine the coefficients f%): they are
chosen in such a way that the residual has highest possible order in h and thus
vanishes with optimal speed as h tends to zero. More specifically, we require for all
h>0

8t + hyx + sph) = (1 - w)f(t,2) + w[BFO(E2)], + OGO, (5.8)

4This particular h-dependence is motivated by the theorem of Weierstra which states that the
polynomials are dense in the space of continuous functions over a compact interval like [0, 1]. Hence
any continuous function is arbitrarily well approximated by polynomials. This confirms, that the
set of polynomials might be ample enough, to approximate the grid dependency of the population
function F provided it behaves continuously in h.

®Strictly speaking the approximation refers to the restriction of f ] onto the corresponding grid.
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Under the assumption that the asymptotic order functions are sufficiently smooth,

we substitute f[ ](t + h,x + sih) by its Taylor expansion around (¢,x) up to the
order a:

£t + b, @ + sph) = Z% (0, + 510 )7 £, 2) + O(RHY). (5.9)

A convenient effect of the Taylor expansion is, that it disentangles the index-
depending spatial argument at the left hand side. Therefore we may now write
vectors instead of components (i.e. f in place of fi), such that equation (5.8) in
combination with the Taylor expansion reads®

Z% (0, + 58, )8 flol = (1 —w)fle 4 wEfld 1 O(pet.
W
B=0 =:D
If we replace f®) by the truncated series in (5.7) and incorporate those terms into

O(h**1) that are proportional to some power of h with an exponent greater than
«, we obtain

ZZ h? DY ) = (1 - )Za:hﬁf(ﬁ)+wza:hﬁEf(ﬁ) + O(hoth.

—0~=0 =0 B8=0

This equation, that shall hold true for arbitrary h, enforces the equality of the
coefficients referring on both sides to equal powers of h. In particular the comparison
of coefficients yields for a« > 4 and 0 < 3 < 4:

RO . £(0) = (1 —w)fO 4 WwEfO
Rl . £ 4 pfO) = (1 —w)f®M 4+ wEfM
h2: £ 4 DFO) 1 LD = (1 - w)f® +wEf®)
B f3) 4 DFR) 4 120 4 1p3O) = (1 - w)f® + wEF®)
Wi f@ 4 DE® 4 1@ 4 1D 4 L DO = (1 - w)f® + wEF®

(5.10)
Next, we gather in each equation the terms of highest index at the left hand side,
while the other terms are collected at the right:

(I-E)f9 = o

(I-E)fY = —1pfO

(I-E)f® = —Lpf® _ Lp20) (5.11)
(I-E)Y® = —1pf@ _ Lpxl) _ Lp3O

(I-E)f® = —1pf® _ Lp%@ _ Lp3® _ L piO) |

Obviously, we obtain for each asymptotic order function a linear equation with the
common system matrix I — F. Furthermore the asymptotic order functions depend

SWe consider D as a special differentiation operator, therefore we should define it by D =
10:+ 505, where I is the 2 x 2 identity matrix and S := ( *0 1 ) Note that the matrix multlphcatlon
with I and S is equivalent to the vector multiplication with 1 and s respectively.
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hierarchically on their “comrades” of lower order, which appear as inhomogeneities.
This implies that the equations must be solved successively starting with the ho-
mogeneous equation for fO). However, the singularity of I — E seems to create a
problem. In fact, we have

10 1(l—a 1—a 1(14+a —-14a

I_E_<0 1>_§<1+a 1+a>_5<—1—a 1—a> (5.12)
which shows that the rank of I — E is only 1 (the rows differ only by sign). At first
sight this seems to be disturbing, because the lack of an inverse matrix (I — E)~!
entails, that the solution for arbitrary right hand sides may not exist or is not
unique in the affirmative case. A second glance reveals, however, that the regular
expansion ansatz would fail, if I — E were invertible. In this case f(?) could only be
0 yielding by induction 0 for all the other asymptotic order functions. So fl* would
have no other choice than to vanish thus trapping the ansatz into a cul-de-sac.
Let us now look under what circumstances the 2 x 2 system (I — E)x =y has a
solution. As the image space of I — E is spanned’ by s

image(I — E) — span { <_11> } _ span{s},

the inhomogeneous equations admit only solutions for right hand sides being multi-
ples of s. Since {1, s} forms an orthogonal basis in RS every vector and in particular
y admits the representation

y = 3{y, )1+ 3(y,s)s.

where the factor 3 = (1,1)7! = (s,s)! takes into account that the basis vectors
are not normalized. The condition of y being a multiple of s enforces (y,1) = 0.
Therefore the mass moment of the inhomogeneity y must vanish. Consequently,
equations (5.11) are supplemented by the following solvability conditions.

(DF9 1) = 0

(DF 1) — (D) 1) (513)
(DF@ 1) ~H(D*W, 1) - L(D3©) 1) '
(Df®) 1) — (D@, 1) — L(D*W 1) — L (DO 1)

In the forthcoming paragraphs we extract from these equations:

e explicit formulas representing the asymptotic order functions in terms of their
mass moments,

e evolution equations determining the mass moments.

Before we begin with this program we need to know the nullspace of I — F, which
is given by the range of F, i.e.:

kernel( — E) = span {% G ;Z) } — span{3(1+as)}. (5.14)

"The column vectors of I — E in (5.12) are multiples of s, more precisely the left column vector
is (1 + a)s, the right one (—1+ a)s.
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Note, that the factor % serves only to normalize the mass moment.

It shall be emphasized that we have not yet said anything, so far, about the existence
of the prediction function. All we do is to derive necessary conditions, that must
be fulfilled by a sufficiently smooth prediction function and its asymptotic order
functions in order to generate a residual of the desired magnitude. However, as
soon as we find functions complying with the obtained conditions, we can infer the
existence of the prediction function.

Oth

Discussion of the order equation: representation of f(©)

Equation (5.11¢) implies that f(O)(¢,z) must belong to the kernel of I — E inde-
pendently of its arguments ¢, z. According to equation (5.14), £(0) (t,z) should be a
multiple of %(1 + as). The factor of proportionality, abbreviated by w9, may vary
with ¢ and z like f©) itself and must be considered as a scalar function. So we get:

At present, u(9) appears to be completely arbitrary. In the next paragraph we
will see, that the solvability condition for equation (5.11;) imposes the necessary
constraints on u(9) to fix it. However, taking the scalar product® with 1 we recognize
already now that «(?) plays the role of the mass moment pertaining to f(©),

Discussion of the 1% solvability condition: evolution of «(°)

Writing down equation (5.13¢), which is the solvability condition for (5.11;), yields
in detail:

0 = (DFY1) = 1{(8, +50,) (1 +as), 1)ul”
= %(& +s(ady + 0;) + ady, 1>u(0)
= 9u® 4 adu?,

This shows, that «(©) must be a solution of the advection equation:

Au® + adu® =0 (5.16)

Discussion of the 15t order equation: representation of f(!)

From linear algebra it is well known, that the general solution of an inhomogeneous,
linear equation like (5.117) is composed of a specific solution plus an arbitrary so-
lution of the homogeneous equation. In complete analogy to (5.11p), the solution
of the homogeneous equation (I — E)f() = 0 is given by F(1+ as)uM), where —

1)

similarly to u(9) above — u(!) is an unknown function to be determined later.

SObserve: ((1+as),1) =1
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How does a specific solution of the inhomogeneous equation (I — E)x =y look like?
From E? = E we conclude that I — E is a projector too, because

(I-E? =I1"-2E4+E*>=1-2E+E =1-E.

Hence, if y € image(I — E) which entails y = (I — E)z for some z € R®, we conclude
that

(I-Ey=(-EPz=(-Ez=y,

which proves that y itself solves the equation (I — E)x =y and is therefore a specific
solution.

Applying this result we get the subsequent representation of f(1)
F0 = L(1 4 asyu® — 1DFO),

which tacitly assumes the solvability condition <Df(0), 1) = 0 or equivalently equa-
tion (5.16) to hold true. From this and (s,1) = 0 we deduce (f 1) = «(). Thus
u®) emerges as mass moment of f().
In order to obtain a fully explicit expression we need to compute Df(®).
=0

——
(0% +350:)(1 + as)u'® = L(9, + ady)u® + 1s(ad; + 0,)ul”
(1 — a?)sdpu®

0
Df» = 1
1
2

To get rid of the overbraced addend and to transmute the temporal derivative into
a spatial one, we have applied equation (5.16) twice. With this preparation, we
finally arrive at:

O = L1+ as)u® — L (1 — a?)s0,u® (5.17)

It is also easily checked by this formula, that u) corresponds to the mass moment
of f(1).

Extracting further orders: the general procedure

Before we enter the derivation of the evolution equations for v and w(?, which
might disguise the underlying thread, let us sketch how the computations proceed.
We have seen by solving (5.11p) and (5.111), that we are required to introduce
a scalar function u(® for each asymptotic order function. As consequence of the
solvability condition it turns out that u(®) has the meaning of the mass moment
(f® 1), Furthermore, u'® is basically determined as a solution of an evolution

equation that comes out from the solvability condition pertaining to the next order
£(B+1)

Using this knowledge we try to organize the computation of further asymptotic
order functions more efficiently. So we introduce the u(®)’s directly by setting
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u® := (f®) 1). Abbreviating Ff(®) by E(u(ﬁ)) —: E®) we transform (5.11) into

fO = EO
fO = @ _ %Df(o)
2 — @ _ %Df(l) _ %D%‘(O) ) (5.18)

8 = EG) - %Df@) - %D%(l) - %Diff(o)
f4 = EM@ _ %Df(3) — %D%‘(?) — 6%1)31-”(1) — ﬁpq(o) )
In general we obtain

f0) = g — _LpfB-1 _ L prl0), (5.19)

wI! wp!
This provides a recursive representation of the asymptotic order functions. After
substituting 6 by 8+1 and taking the scalar product with 1 we recover the solvability
condition for f(8+1)

(DFE), 1) = (DD, 1) — . — gy (DO, 1), (5.20)

where we have additionally used the identity (E(),1) = u() = (f() 1),

This equation is the point of departure for deriving the evolution equation of ulP),
The first step is to insert the recursive representation of f(%) into (5.20). Shoveling
all scalar products on the right hand side with exception of the equilibrium term,
we arrive at

(DEW) 1) = 5 1 (DHPY 1) + .. 4 (DO 1),

with ¢g_1,...,co denoting some coefficients. Independently of 3, the left hand side
becomes the differential operator 9; + ad, applied to u(®. So u(® satisfies an
advection equation that is driven by a source term depending on the mass moments
uw© . uB=D of the lower-order asymptotic order functions. To make the source
more explicit, we employ recursively the representation formulas (counterparts of
(5.19) for f#=1) . f(1)) and obtain eventually

O + ad,uP = &5 (D2EPD 1) .. 4 G(DPHEO 1)

with some new constants ¢g_1,...,¢o. It only remains to expand the powers of D
and to evaluate the scalar products. Then the source terms contain both spatial and
temporal derivatives of the u(®’s. In order to eliminate the time derivatives, one
successively resorts to the evolution equations for ORI Actually, this
step? is the most tedious one of the whole computation. Concluding, we see that
the computation can be performed quasi mechanically up to an arbitrary maximal
order a.

Note, that we do not meet an equation for the mass moment of the highest order
u(® | because this would require to introduce a further asymptotic order function
fletl) " Without reducing the order of the residual we are free to choose u(®. In
accordance with the initial conditions (see next subsection) it can be set to 0.

9We remark that this step is not really necessary; furthermore it might be difficult to perform
it in other situations, where the target equation is more complicated than the advection equation.
The main reason for the replacement of temporal derivatives is to obtain finally expressions for the
population functions that depend only on spatial derivatives. If we want to use these expressions to
improve the initialization of the algorithm, it will be relatively easy to compute spatial derivatives
of the initial data in contrast to time derivatives.
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Evolution equation for uM: Following the instruction from above we insert first (5.181)
and then (5.18p) into (5.13;):

(DEW, 1)

|

—~

€= €=
|

N[= N

= (- DEO).
Next, we evaluate (DE(l), 1) = O + adpu® and
(D’E™ 1) = %<(a§ +250:0, + 02) (1 + as), 1> ne
= (8,52 +0%+ 2(18,581)11(0) = (1- aQ)azu(O)7

where we have employed repeatedly (5.16) Au® = —adu® to eliminate the time derivatives.
Combining the results produces the evolution equation for u.

u™ + ad,u™ = (L - 1)1 - a®)Zu® (5.21)

Evolution equation for u(2): Once again we repeat the procedure. Plugging first (5.182)
into (5.132) leads to

(DEP 1y = (L - DY 1)+ (& - (D9, 1)
Insertion of (5.181) for f*) and (5.18,) for f? gives
(DE® 1) = (L - I(D’EW,1) — (& - L+ 1)(D’EV, 1) . (5.22)

Since the left hand side ends up in the advection operator applied to u(?, it remains to care about
the two addends of the right hand side. In order to eliminate finally all time derivatives, we express
first 62uV by space derivatives of u™ and w9, For this we employ the evolution equations (5.21)
and (5.16):

2y = —a8,0uM + (% —
—a@z( — ad,uM +

a?02u'V) — 2a(2 —H)(1 - a®)o2u®.

(1 —a®)d?,u®

1

2)

2

(2= D -aoeu) - (5 - Pall - aou

This preparation together with further substitutions using (5.21) and (5.16) then yields:
(D’EW 1) = %<(a§ + 250,90, + 02)(1 + as), 1>u(1) = (87 + 200:0, + 92)u'V

= %92V — 2a(L - 11— a®)d2u®
+ aﬁu“) + 2(1896( — a@xu(l) + (% — %)Eﬁu(o))
= (1- az)aiu(l)
For the second addend we get; utilizing (5.16) again,

(D°E®, 1) = 3{(97 + 35002 + 30,07 + 502) (1 + as), 1)u®

(8? + 30020, + 30102 + a@i)u(o) = ( —a®+3a®—3a+ a) a?;u(o)
= —2a(1—a®)du.

Combining these results with (5.22) eventually produces the evolution equation for u?.

3u® +ad:u® = (L - 1)(1 - a®)2u® +2a(L — L + 1)(1 - a?)33u® (5.23)
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Explicit representation of f2): n order to provide explicit expressions'® for the asymp-
totic order functions we must go through the recursion as given by (5.18) and (5.19).
For f® we start with the preliminary calculations to get DfY) and D?*f®):

DFY = 1(1 4 as)(8; + 50, )u'" — (1 — a®)s(0r + s0:)D.u'”
Eliminating the temporal derivatives by reverting to (5.16) and (5.21) we continue:
DfV = 11+ as)( — adu + L-Hia- a2)8§u(0)) +3(1+ as)s@xu(l)
- (1= a®)s(—ady + 59,)0,u'”
= 11— a®)sd,u? + 1(1 - a2)((% ~ D1 +as)— 11— as))aﬁu@

30— P+ 30— ) (2o o 3
Likewise we obtain:
DH® = 50+ a9)(@F + 250,00 + ) = 5(1+ as)(a*0} — 2050} + 7
- a9 = 1) - a0t

Plugging these expressions into (5.182) yields

@ _ 2) _ 1 1 2£0)
f® = E® - 1pf® _ Lp*
= %(1 + as)um %(1 — a2)saxu(1)
— = (1— az)(%as —tas— %)aiu“” — A1 -a*)(1 - as)du”
and finally:
f@ = L1 +as)u® — L (1 —a?)sdu® — L(L - 1)(1 - a*)asdiu® (5.24)

5.1.2 Smooth initialization and consistency
Analysis of initial conditions

With the considerations above, we have come quite close to a thorough understand-
ing of the lattice-Boltzmann solution. Starting out with an asymptotic expansion
F(t,z) ~ fO(t,2) + hf D (t, z) + h2f P (t,2) + . . ., we derived the precise form of the
leading order coefficients

0 = s(1+ as)u®
fO =11 +as)u® — L (1 - a?)sd,ul® (5.25)
f& =11 +as)u® - L1 - a?)so,u® — L2 — 1)1 — a?)aso?u)

by exploiting the lattice-Boltzmann update rule (5.4). However, the full lattice-
Boltzmann algorithm consists of (5.4) and the initialization condition (5.5)

F(0,z) = E(vo(x)). (5.26)

In order to ensure that our prediction function satisfies all the constraints imposed
on the numerical solution as accurately as possible, we use (5.26) in exactly the same

Ocontaining only (spatial) derivatives of the mass moments of equal and lower order
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way as the update rule: we replace F in (5.26) by flol and compare h-coefficients.
Due to the simplicity of the condition, we quickly find

RO £O(0,2) = (1 + as)vo ()
Rt f1(0,x)
h?: £2(0,x)

Comparing (5.250) and (5.27¢), we see that the initialization constraint forces the
initial condition u(?)(0, ) = wy(x) for the leading order mass moment. In view of
the fact that u(®) also satisfies (5.16), we conclude that u(® and thus also f(©) is
now completely determined.

In the next order, we similarly find (") (0, z) = 0 but also 9,u(?) (0, z) = 0. The lat-
ter condition is clearly violated if the function vy is not constant because u(?) (0, z) =
vo(z) as a consequence of the previous consideration. In other words, for the lattice-
Boltzmann algorithm with initialization (5.26), our prediction function can only
describe the numerical solution if v is restricted to the boring case of constant
functions. The reason for this behavior can be understood as follows: even if we set
uM(0,z) = 0, the evolution equation requires f() (¢, z) = —%(1 — a?)s0,u (t, )
for all (t,x) € [0,T] x R whereas the initialization forces f1)(0,2) = 0. These two
conditions amount to a discontinuity of f!) at ¢ = 0 unless vy is constant. In par-
ticular, a smooth prediction function as used in the expansion of the update rule,
is incapable of describing this situation properly. Since smoothness has been an
important ingredient in the derivation (Taylor’s theorem), we conclude that our
prediction function may properly describe the leading order h-dependence of the
numerical solution but fails to describe the first order contribution.

Practically, we can observe the anticipated non-smoothness in first order as a con-
sequence of initialization (5.26). An example is provided by figure 5.1.2.

=0 (5.27)
=0

As a remedy, we propose a modified initialization rule which avoids non-smoothness
in the leading orders. We set!!

F(0,2) = E(vo(z)) — has (1 — a?)sdpvg(z) — h2%(% - - a?)asdvo(z). (5.28)

Analyzing the lattice-Boltzmann algorithm with this initialization rule, we find

RO fO(0,2) = (1 + as)vo(x)
Wl f0(0,2) = —L (1 — a2)sd,vo(x) (5.29)
h2: fD(0,2) = -1 (2 - 1)(1 - a?)asd?vy(x)

which is compatible with (5.25) if u(9(0,z) = vo(z) and u(M(0,z) = u?(0,z) = 0.
In summary, our prediction function fl2 satisfies the full lattice-Boltzmann algo-
rithm quite accurately, provided the asymptotic order functions are based on the

"'This idea can be generalized by setting F(0,z) = f(/(0, 2) where all mass moments u(* with
1 < 8 < a are assumed to vanish initially and u(?(0,z) is assumed to be vo(x). In this case,
the initial condition only depends on vy and its derivatives. By construction, the initialization
is compatible with the prediction f[a] so that non-smoothness may only appear in order o + 1.
From a practical point of view, the initial condition enforces (F(0,z),1) = vo(x) so that vo has the
interpretation as initial value for the mass moment of F.



5.1. Regular expansion 209

mass moments satisfying the subsequent initial value problems (5.30), (5.31) and
(5.32). For clarity we define the abbreviations:

pi=G-H0-a’),  A=2a(FH-L+H0-a).
IVP for u(©):
9u® + ad,u® =0
©) _ (5.30)
u'?(0,2) = vo(x)
IVP for u:
o + adu) = po2u®)
5.31
uM(0,2) =0 (5.31)
IVP for u(?:
ou® + ad,u® = po2u® 4+ A3u)
5.32
u(0,2) = 0 (5.32)

We remark that «(@, @, 4@ are automatically 1-periodic if vy has this property.
Furthermore these equations determine u(9, 4 and «(® unambiguously.

Consistency

We have seen that the prediction function fi2 approximately satisfies the lattice-
Boltzmann algorithm (5.4) with initialization (5.28) if the asymptotic order func-
tions and their mass moments are chosen according to (5.25) and (5.30), (5.31),
(5.32). We can formally'? conclude that fl?! captures the h-behavior of F up to the
expanded order, i.e. F(t,z) —fl2l(t, ) = O(h?). Summing over the components, we
find for the mass moment at every grid point (¢, z)

Ut,z) = u O, z) + huD(t,z) + h2u@ (¢, 2) + O(h®). (5.33)

In particular, U coincides with the solution u(®) of (5.30) up to an error which is
at least proportional to h. In this sense, the advective lattice-Boltzmann algorithm
is consistent to the advection equation (5.30). The order of consistency can also
be deduced from (5.33). If w # 2 and a? # 1 and hence u # 0, equation (5.31)
for u") involves a non-zero source term (unless v is constant which would imply
92u®) = 0). Thus u™") will be different from zero and the coincidence of U and u(®)
is of first order
Ut,z) —u® (¢, 2) = huM (¢, ) + O(h?).

We say that the algorithm is first order consistent to (5.30) in that case. If, however,
w = 2 or a®> = 1, the source term in (5.31) vanishes and since u(!)(0,z) = 0, the

12The conclusion can be rigorously justified provided the lattice-Boltzmann evolution operator
can be shown to be stable which essentially requires all powers of the evolution matrix to be
uniformly bounded in a suitable norm.
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Figure 5.1:

The curves represent the quantity Fy(¢,x) — f{ﬂ (t,z) versus the time ¢ in a fixed grid
point x over 200 iterations on a mesh with 20 nodes. The relaxation frequency is set
to w = 1.97. In the upper plot, the lattice-Boltzmann algorithm has been initialized
using the equilibrium with vg(z) = cos(27wz). The lower curve refers to an improved,
consistent initialization by means of the regular expansion, i.e. F(0,-) = flZ(0,-). The
deviation between F and f[2 starts with 0 and increases quite slowly in time. Furthermore
we observe a smoothly oscillating behavior which is explained by the advection of the
cosine (a = 0.66). In contrast, the upper curve seems to be a superposition of the
lower one with a strongly oscillating (from iteration to iteration) initial deviation due
to the inconsistent initialization violating the smoothness assumptions concerning the
asymptotic order functions and their mass moments. The initial layer ebbs down and
disappears after around 140 iterations.
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solution u(l)(t, x) turns out to be zero everywhere. In this case,

Ut,z) —u9(t,z) = Pu@(t,z) + O(h?)

where u(?) is non-zero for non-trivial u(®) and a? ¢ {0,1} (note that for w = 2, the
factor A = 2a(1 —(12)(W—12 —14+1) equals —%a(1—a?)). Hence, the lattice-Boltzmann

method is a second order accurate method for (5.30) in the case w = 2.

For a? = 1, the u®-equation has zero source and zero initial value so that u(?) =0
in that case. Then, the algorithm is at least third order accurate!s.

We conclude that the proposed lattice-Boltzmann algorithm gives rise to approxi-
mate solutions of the advection problem (5.30) with first, second, or higher order
of consistency, depending on the chosen parameters.

In exactly the same way, other lattice-Boltzmann algorithms [34, 36, 38, 39, 54, 5]
or, more generally, any finite difference scheme [37] can be analyzed.

Explicit computation of the mass moments

Due to the simplicity of the scenario considered here, we are able to solve the equa-
tions for the mass moments analytically. This step is actually not necessary for
the consistency analysis which can be carried out just based on the homogeneous
or non-homogeneous structure of the equations as demonstrated above. However,
the explicit solution reveals some interesting structure which naturally leads to a
multiscale analysis of the algorithm. The equations (5.30), (5.31), and (5.32) are
advection problems which can be solved with the method of characteristics.

To explain the idea, let us consider a problem of the general form
Orw + adzw = b, w(0,z) = wo(x). (5.34)

The equation states that the directional derivative of w along the constant vector (1,a) in (¢,z)
space is given by the function b. Considering a characteristic line o — Y (o) starting in the point
(0, z0) with direction vector (1,a), i.e.

Y(o)=(1,a), Y(0)=(0,x0) = Y (o) = (0,20 + ca),
we know that the value z(o) of the solution to (5.34) evolves along the line according to the law
2(0) = b(Y (0)), 2(0) = wo(xo).

In particular, the solution w at a given point (¢, z) is obtained by determining xo and o such that
Y (o) = (t,z) and setting w(t,z) = z(0). Specifically, we have o =t and xo = = — at, so that

w(t,x) = z(t), 2(0) =b(o,z — (t — 0)a), 2(0) = wo(z — at).
Applying this methodology to (5.30), we have to deal with the simple source

b (t, ) = 0 so that z turns out to be constant along the characteristic line, i.e.
z(0) = wo(x — at) for all o. Hence:

uO (t, ) = vo(x — at) (5.35)

130ne can show that for a? = 1, the lattice-Boltzmann algorithm even reproduces the ezact
solution of (5.30) at the grid points.
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Using this result, we can compute the right hand side of (5.31)
b (t0) = (e —at), p=(L— 1)1 —a?).
Along the characteristic line, we have
bV W(o,z — (t —0)a)) = i (x — (t — 0)a — ao) = pvl(z — at)

which is independent of 0. Hence, the function value z grows with constant rate
v (x — at) along the characteristic, starting with uM (0,2 — at) = 0 so that:

uM(t, ) = ptof(x — at) (5.36)

The source in (5.32) has the form

b (t,x) = pd2u® (t, ) + 23O (t,2),  A=2a(L - L+ 1)1 -d?).

gl=

Similarly to the previous case, the behavior is simple along the characteristics with
the only difference, that the linear growth of u™) is integrated to a quadratic be-
havior. More precisely,

bV (0,2 — (t — 0)a)) = plovd (x — at) + vl (z — at)

and thus:

u(t,z) = 20" (x — at) + At (z — at) (5.37)

Using this explicit form, we can write

U(t, ) = wvoly) + (ht)pvg (y) + 5(ht)* g (y) + (P \f) (y) + O(h°)]

y=x—at *

An important observation is that the expansion breaks down if t is chosen large.
For example, if t = 1/h, the formerly first and second order terms obviously turn
into zero order contributions and we may expect that higher order terms which we
collected in O(h?) also need to be considered since they may be of the form (ht)3,
(ht)*, etc. In other words, the regular expansion fails to represent the leading
order behavior for large t since it is non-uniformly bounded in the time variable
(it contains so-called secular'? terms). Hence, if we are interested in the long time
behavior of our scheme, we have to choose a different asymptotic ansatz. Such an
ansatz can be motivated by restructuring the expansion of U

Ut.z) = voly) + [uvg(y) +hxvg' ()] bt + gu*og"(y) (ht)* + -], -

In this form U appears as some sort of truncated power series expansion in the
variable (ht) where the coefficients themselves are regularly expanded with respect
to h and depend on t. Clearly, this truncation is reasonable if ht is small but fails

Derived from the Latin word saeculum = century. The term originates from celestial mechanics,
more exactly from asymptotic expansions describing the motion of planets, and refers to long term
perturbations. In our context we call terms in an asymptotic expansion secular (with respect to
the time variable) if they are not uniformly bounded over RT but only over compact intervals.
However there is no strict definition.
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for ht > 1. The way out is to avoid expanding the distinct ht behavior with respect
to h. Instead, the dependence of the numerical solution on the quantity ht should
be resolved directly. This can be achieved with an ansatz of the form

Ut,z) = ul® (¢, ht, z) + huV (¢, ht, ) + h2u® (¢, ht,z) + ...

which is a so called two-scale expansion. An additional motivation for this approach
can be drawn from direct observations of the numerical solution. This is explained
in the following section.

5.2 Multiscale Expansion

5.2.1 A numeric test to detect different time scales

Consider the lattice-Boltzmann algorithm on two different spatial grids G; C G, with
h1 being a multiple of hs. Both algorithms are supposed to be equally initialized
by means of a smooth function vy representing the initial mass moment. Let Uy(n)
and Usz(n) denote the mass moments on the coarse and fine grid after n iterations.
For a moment, we want to ignore the analysis done in section 5.1. Then it is not
clear a priori, how U; and Us are related to each other. To be less sketchy we may
ask, for which indices n1,ny the mass moments Uj(n1) and Usa(ng) look especially
similar.

We attempt to answer the question by an experiment. If the algorithm is initialized
choosing a peak-like profile for vy, one might discover'® that the peaks almost
coincide with each other if the iteration indices satisfy ni1hy = nohg. More generally,
we can say

Ui(ny) = Us(ng) whenever n1h; = nahs. (5.38)

Therefore it is reasonable to introduce a new quantity 77 defined by Tj(n;, G;) :=
n;h; called time. Obviously, the evolution of the algorithm reveals a grid indepen-
dent dynamics, if iterations on different grids are identified with respect to their
time.

The strong resemblance (quasi-agreement) of the mass moments for T7(nq,G;) =
T (n2,G2) is explained by the consistency analysis. This tells, that for h — 0 the
mass moments converge towards the solution of the advection equation (initialized
by wp), which, of course, does not know anything about the lattice-Boltzmann
algorithm and has a grid independent evolution.

If the two algorithms run over long periods with 77 > 1, we realize that the peaks
start to deform their shape (see figure 5.2). Although this phenomenon is predicted
by the regular expansion (specifying the leading error terms u®, u(z)) the forecast
becomes totally wrong after a relatively short while. Furthermore we observe that
the flattening of the peak is more distinct on the coarser grid G; than on G, in spite
of comparing iterations corresponding to the same time. This insinuates that the
deformation process takes place in a time scale different from that of the advection.
In order to study the deformation alone without being “disturbed” by the advec-
tion it is possible to switch it off by setting a = 0. It turns out that the peaks

15The effect becomes the more evident the smaller h; and hs are chosen.
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Figure 5.2:
Left: Advective(linear) versus diffusive(quadratic) time scale. Generally, the flattening

of the mass moment increases with the number of iterations. Here we have set w = 1.3.
The advection velocity a = 0.5 has been chosen in such a way that the peak returns
to its initial position at the center after 200(400) iterations on a grid with 100(200)
nodes. So we can blind out the displacement by the advection avoiding to switch it off
totally. The subsequent table indicates to which grid and to which iteration the lines
(representing the mass moment) refer.

‘ line | #grid nodes | #time steps |
gray, dash-dotted 100 (G1) 400
gray, solid 200 (G2) 800
black solid 200 (G2) 1600

The fact that the black solid curve agrees with the gray dash-dotted curve suggests that
the flattening occurs in the quadratic time scale. The black dashed peak corresponds
to the initial condition. Right: Difference between the dash-dotted and the thin black
solid line (projected onto the coarse grid).

undergo the same deformation on both grids, if the iteration indices fulfill the con-
dition n1h? = ngh3 (cf. figure 5.2). Similarly to T} we therefore define another time
Ty, with Ty(n,G) := nh?, which elapses slower than T; provided A < 1. In order
to distinguish both of the times we refer to 1y as linear time and designate T as
quadratic time. Moreover we also speak of time scales in this context.

A special situation becomes noticeable for w = 2. Instead of a simple flattening, the
deformation of the mass moment displays a distortion due to oscillations (cf. figure
5.3). It turns out, that these oscillations evolve (emerge and modify themselves)
even slower than the quadratic time. This urges the conjecture that their evolution
can be described by means of the cubic time scale T3(n,G) = nh®. This hypothesis
is backed by figure 5.3.
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Recapitulating we can say that the the evolution of the lattice-Boltzmann algorithm
appears as a superposition of several'® processes. Each one is governed by a time
scale of its own and can be interpreted as a grid independent process if regarded in
this scale. In the next subsection we apply the technique of multiscale expansions
to separate these processes from each other and to derive equations determining
their evolution.

5.2.2 Additional quadratic time scale

The previous subsection gives rise to a modification of the ansatz for the prediction
function. In order to capture both the advection in the linear time scale and the
flattening deformation in the quadratic time scale we equip the new prediction
function with two time arguments:

f[a](tl,tg,llﬁ) = f(o)(tl,tg,ﬂj‘) + hf(l) (tl,tQ,ﬂj‘) + ... + haf(a)(tl,tQ,ﬂj‘), (539)
Inspired by the observations, we want to choose fl%! in such a way that we have
F(t,z) ~ flol(¢, ht, z) (5.40)

for t = t, = nh and v = z; = jh with n € Ny and j € Z. In particular, flo]
shall satisfy the update rule (5.2) of the lattice-Boltzmann algorithm with a small
residual.

0t + hy bt + B2, 2 + sih) = (¢, ht, x) + [JF(¢, ht, 2)], + O(RFY)  (5.41)

We suppose that fl* and its asymptotic order functions fulfill the same assump-
tions concerning the regularity, 1-periodicity etc. as in subsection 5.1.1. Next, we
substitute (5.39) into (5.41). In order to find determining conditions for the f(*)s,
we perform on the left hand side a Taylor expansion of each f®) around (t,ht,x).
More precisely, the formal Taylor series

1
D+ hoht + 02 e+ sih)], =Y — (D + h?0,,)7 ) (t, ht, x)
720

is truncated after the (o — B)'™ order. Terms being of h-order greater than «
(including the remainder terms of the Taylor expansion) are incorporated into the
O(h**t1)-term. There is now some liberty to decide how the terms shall cancel
each other. A reasonable way!” is to equate those terms at the left and right hand

6Here we could also broach the issue of initial layers representing a typical example of superposed
processes. Numerical initial layers are often triggered by crude initializations and evolve on a faster
time scale than the dominant one. In particular, they evolve with respect to the discrete time scale
(To(n,G) = n).

1"We proceed as if we could perform the comparison of coefficients. But actually, the
f(ﬁ)(t, ht,x)’s at the left hand side are not completely expanded with respect to h. Therefore
the equality of terms containing the same power of h is not compellent if h is varied. Hence we are
not lead automatically to equations that determine the asymptotic order functions as in the case of
the regular expansion. Other settings are imaginable. This insinuates that multiscale expansions
are not unique in contrast to regular expansions. To illustrate this by a trivial example consider
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Figure 5.3:

Advective(linear) versus diffusive(quadratic) and dispersive(cubic) time scale: The plots
display the mass moment on two different grids at different iterations (see table below).
For clarity each diagram shows two curves only. The initial mass moment is given by
the dashed line in the upper left subfigure. The flanks of this curve are quite steep near
the transition points where the flat zone passes over to the peak. Although it seems
to have kinks, the function is everywhere arbitrarily smooth. As this feature provokes
relatively strong oscillations, it is well suited to highlight the effect. Observe that the
curves in the subfigure right below match so well, that they appear virtually identical.
As 3200 = 23 - 200, there are 8 times more iterations necessary to reach the same
configuration of oscillations on a grid with half the spacing size. This prompts us to
assume that the evolution of the oscillations becomes grid-independent if considered in
the cubic time scale.

‘ line | #grid nodes | #time steps |
black solid 100 400
gray solid 200 800
gray solid (thick) 200 1600
gray dash-dotted 200 3200

Analogously to the example in figure 5.2 the advection velocity is set to a = 0.5, while
we have selected the special value w = 2 for the relaxation frequency.
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side which carry the same power of h as prefactor. Then we obtain the following
equations from the 0" 15t 224 and 3™ order:

po . £(0) = (I + J)f®)
Rt £ 4 DFO) = (I + J)ftH)
(5.42)
h?: f@ + DFL) + LD%HO) 4 9, £ = (I + J)f?
R3O 4+ DF@ 4+ 1pA*W 4 1D3¢0) 4 9, f1) + Doy, O = (I 4 J)f®)

Subtracting f®) on each side of (5.425) results in an equation for f¥) with the
system matrix J = w(E — I). So the equations (5.42) correspond to (5.10). In
particular we obtain the same equations in the 0*" and 15* order; only the equations
from the 2" order on are affected by the modified ansatz, producing additional
inhomogeneities. As the structure of the equations stays unaltered, we can take
over the results from subsection 5.1.1 and only track the additional terms.

Introducing the mass moments uw©, 4@ 4@ and taking the scalar product of equa-

tions (5.42) with the vector 1 finally gives the subsequent equations'®:

(5.421) = atlu@) + adyu® =0
(5.429) = Ay uM) + adpuV = pd2u® — 8y, u® (5.43)
(5423) = 9yu? 4 adu® = pd2u® + 2Pu© — d,u®

In subsection 5.1.2 we have seen that the integration of the evolution equations for
u® and u® lead to secular terms, that do not reflect the behavior of the algorithm
on a long time scale. These terms are generated by the sources. A particular
reason, why secular terms show up, is that the sources are themselves solutions
of (inhomogeneous) advection equations with equal advection velocity causing the
unbounded factors ¢ and t2.

A view at (5.432) shows that we should encounter the same problem unless we
require the right hand side of (5.432) to vanish. In fact, by this setting'®, we kill
two birds with one stone: Firstly, we avoid the arising of secular terms. Secondly,
we find a well known homogeneous diffusion equation, that determines the evolution
of u9 with respect to to.

the function f(n) = nh + nh? + n2h°. Introducing the variables t1 = nh and t2 = nh? there is
an infinite multitude of possibilities. As the replacement of the third addend is not obvious we
can express it using either ¢; or tz or both of them by writing it in the from n2h® = gn2h® +
(1 — g)n*h° for some ¢ € R. Hence we obtain the following parametrized family of representations
fa(tr,t2) = (b1 + t2) + hat3 + h*(1 — @)t

all of them satisfying f(n) = f,(nh, nh?).

18Observe that the scalar product (D, ;1) = 8, (D 1) = 9,, ( A, u” + ad,ul® )=0
does not contribute. —:/0_/

YNotice that we only give a motivation and no strict justification for our approach, which has
the appeal to break up a complicated, unconventional system into standard partial differential
equations — similarly to the separation of variables method decomposing the Laplace equation into
ODEs. To reassure a reader being alarmed about this frivolity, we recall that asymptotics often
requires some ingenuity to select a good ansatz. A rigorous proof is mostly based on a stability
analysis and rarely reflects the idea why a certain ansatz has been chosen. Furthermore it should
be kept in mind that multiscale expansions need not be unique.
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Analogously we proceed with the next equation (5.433) which is decoupled into a
homogeneous advection equation for 1@ and a diffusion equation for u™). This
time, the source term containing u(?) drives the diffusion equation for u(!) instead
of the advection equation for u(?). We will see that this prevents the appearance of
secular terms.

To summarize the reasoning, let us write down the initial value problems that
determine u(®) and «"), where the initial conditions result from the requirement

vo(x) = <F(O,a;),1> = <f[a}(0,0,x), 1>:

3t1u(0)(t1,t2,a:) + a@xu(o)(tl,tg,x) = 0

O u® (ty,to,x) — pd2u®(ty,ts,2) = 0 (5.44)
u(o)(0,0,aj) = vp(x)

atlu(l)(tl,t2,x) + ad; u® (tl,tQ, ) =0
OpuV (t1,t0,2) — pd2u(ty,to,z) = ABEuO(ty,ts,2) (5.45)
u1(0,0,2) =0

A reason explaining the flattening observed in figure 5.2 emerges from the occur-
rence of the diffusion equation in (5.44) and (5.45). Indeed, the smoothing of sharp
extrema and the leveling of steep slopes ranks among the characteristic dynamics
encoded in this equation and distinguishes it fundamentally from the advection
equation. A necessary condition to display this behavior is the positivity of the dif-
fusivity coefficient . = (— — %)(1 — a?) determining how fast the smoothing process
takes place. For p < 0 the smoothing behavior is reversed. As the resulting IVP
for the backward diffusion equation is ill-posed, it might not admit a solution at all.
This ‘bad’ behavior may be reflected by the lattice-Boltzmann algorithm revealing
instabilities. In allusion to physical diffusion processes the artificial smoothing ef-
fect of numerical schemes is referred to as numeric diffusion®.

For each mass moment we interpret the equation systems (5.44) and (5.45) as two
initial value problems that are coupled via a common initial condition and the
spatial variable x. The solution can be obtained consecutively starting with the
diffusion equation.

In order to acquire some feeling, how possible solutions of (5.44) and (5.45) are
constructed and look like, let us consider an example. Since we are primarily
interested in 1-periodic solutions we choose a cosine?! as initial mass moment:

v0(0,0, z) = cos(2mmax) m € N.

20Numeric diffusion may be regarded as an undesired and annoying property. However, in many
situations it has a stabilizing side action.

2! Actually, this example is of much importance, since cos(2mma) represents the general Fourier
mode. Thanks to the linearity of both equations, the solution for an arbitrary 1-periodic initial
function vg can be obtained by decomposing it into its Fourier modes. Solving the equations for
each Fourier mode separately, the solution pertaining to the original initial value is recovered by
superposition.
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Solving the diffusion equation at first, yields:
u(® (0,t2,x) = exp ( - 47T2m2,ut2) cos (27Tm:n)

Initializing the advection equation by u(©) (0,t9,x), where t3 is to be treated as mere
parameter, results in the final solution:

w0 (t1,ty,2) = exp (— 4m?m?2uty) cos (2mrm(z — aty)) (5.46)

The diffusion equation for u¥) is inhomogeneous. The source itself is a solution of
a homogeneous diffusion equation with equal diffusivity p. Therefore u(l)(O,tg,aj)
is just obtained by multiplying A@gu(o) (0, to, z) with to:

u(l)(O, ty, ) = 8m3m3 Aty exp ( — 47T2m2ut2) sin (27me)

Substituting x by = — at;

uD (ty,ty, ) = 8T3m3 Aty exp (= 4m?m?2uty) sin (2rm(z — aty)) (5.47)

makes u(!) satisfy all three equations in (5.45).

Similar to (5.36), we notice a factor t; in the explicit representation of u("). How-
ever, in opposition to the regular expansion, the factor to is accompanied by the
exponential function exp(—4n2m?uts) damping 1) to zero while to grows towards
infinity, if the diffusion coefficient u is positive. So, under this condition, u® is
uniformly bounded, i.e. there are upper and lower bounds for all ¢t > 0.

The situation in the first order is characteristic for higher orders, because the struc-
ture of the evolution equations

Z?tlu(ﬁ)(tl,tg,x) + a@xu(ﬁ)(tl,tg,x) = 0
Dy ul® (ty,t,2) — pd2uP(t),ts,2) = inhomogeneity
u$?(0,0,2) =0

is repeated for all § € N. The only difference is given by the inhomogeneities that
become more complicated for higher orders. This entails particularly that tg occurs
as factor in the explicit formula for u(®). However, also higher powers of to are
tamed by the exponential function which decays more rapidly than any polynomial
can increase. So tg exp(—4n2m?uhts) is uniformly bounded for any 3 and vanishes
at infinity (¢ T 0co0). Therefore, we are allowed to conclude that the two-scale expan-
sion avoids secular terms.

The computations give rise to the hypothesis that the mass moment U = (F,1)
admits the representation

Ut,z) = u (¢, ht,z) + huM (¢, ht,z) + H.O.T.
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where H.O.T. stands for ‘higher order terms’ and

u® (t, ht, z) + huV (¢, ht, ) =
= [cos (2rm(z — at)) + h*t 87 m>* Asin (2mm(z — at))] exp(—4m’m?pht).

Note that the factor A% in front of the sine comes from the first order and the
substitution to = ht. Under the assumption that the higher order terms are well-
behaved, we infer:

o uO(t, ht,x) describes the behavior of U(t,z) with 2°d order accuracy in h
on time intervals whose length is of magnitude O(1). This means that the
maximal iteration index npm.x satisfies the estimate ngp.xh < C, where h
denotes the grid spacing and C' is a given constant.

o uO(t, ht, x) describes the behavior of U with 1%t order accuracy in h on ‘long’
time intervals whose length is of magnitude O(+), i.e. the maximal iteration
index complies with the condition nmaxh? < C.

In particular, our results for u(®) and u(!) in (5.46) and (5.47) foreshadow that U
remains bounded independently of the number of iterations, stability of the algo-
rithm provided.

Indeed, all hypotheses are positively validated by numerical experiments which
justifies the two-scale expansion as an adequate tool to analyze the behavior of the
lattice-Boltzmann scheme.

5.2.3 Emergence of a cubic time scale

Now let us look what happens with the multiscale expansion if we set w = 2. In
this case the diffusivity coeflicient 1 = (% — %)(1 — a?) becomes 0. So the diffusion
equation in (5.44) degenerates to 9y, u(®) = 0 implying that u(?) is not dependent on
ty at all. Taking the initial condition u(?)(0,0,z) = vg(z) and the advection equa-
tion into account, this amounts to u(®) (¢, ty, z) = vo(z — aty). Thus u(® does not
capture a damping exponential factor, that could guarantee uniform boundedness
of the u®’s with respect to ts similarly to the example in the preceding subsec-
tion. Computing uM) (ty,ty, ) = toAv) (z — at1) we see that it gets unbounded for
to — 00. Hence the two-scale expansion with the additional quadratic time scale is

not able to avoid secular terms.

In subsection 5.2.1, we have noticed (cf. figure 5.3), that for w = 2 oscillations
emerge and modify themselves in the cubic time scale. This suggests to approxi-
mate the population function by a prediction function i (t1,t3,2) having two time
arguments as well, but differently related to the n'" iteration:

F(nh,jh) =~ fl(nh,nh® jh)  or  F(t,z) ~ (¢, h?, ).

In order to keep this slight modification with respect to (5.40) in mind, we denote
the second temporal argument by t3. Again fl® stands for a polynomial of order
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« in h. Then, under analogous assumptions as in the previous subsection, we can
derive the following equations for o > 4 to determine the leading asymptotic order
functions.

RO : £(©) =+ J)fO®
Bl £ 4 pDfO) =(I+ J)fH
h? £ 4 DFD 4 L p2f(O) =(I+ J)f® 3 (5.48)
h3 £ + DF® + L D2 4 1 D3O 4 g, £(O) = (I + J)f®
ht f@ 4+ DF®) 4+ LD 4 1 D3¢M) 4 L DO 4 9, ) + DY, £ = (I + J)fD

Similarly to the procedure in 5.1.1 and 5.2.2, these equations are written in terms
of the mass moments associated to the asymptotic order functions

(5.481) = 0yu® +adu® =
(5.48,) = Ohu) +adu) = (5.49)
(5.483) = Ay u® + adu® = A3u® — 9, u®) '
(5.484) = 9,u® + adu® = XEu) — g uV)

where \ = —2a(1 — a?) shortcuts the coefficient A for w = 2. Splitting (5.493)

into separate equations for the left and right hand side, we get a complete®? set of
equations for u(®.

O uO(ty,t3,2) + adpul®(ty,ts,0) = 0
atgu(o) (t17t373:) - Xagu(o) (t17t37$) =0 (550)
ul(0,0, ) = vo(z)

Moreover, combining (5.492) and (5.494) we find in the same way:

E?tlu(l)(tl,tg,x) + a@xu(l)(tl,tg,x) = 0
atgu(l)(tl,tg,x) — X&gu(l)(tl,tg,x) = 0 (5.51)
uM(0,0,2) =0

The second equation of (5.50) states that the dynamics of u(?) in the slow time
variable is described by a dispersive equation. A characteristic property of this
equation is to disperse a peak into a sequence of oscillations similarly to what we
have observed (cf. figure 5.3). The reason for this behavior is found if we study
the evolution of a single Fourier mode. Let us therefore consider a sinusoidal initial
condition:

vo(z) = cos(2mrmaz).

Integrating the dispersion equation in (5.50) with this initialization yields

u(® (0,t3,x) = cos (87T3m35\t3 + 27Tma:). (5.52)

22Observe that we must expand up to the third order to extract the full set of evolution equations
determining u(®.
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Differently from the diffusion equation, the sinusoidal profile is shifted and not
damped. In contrast to the advection equation the transport velocity depends on
the spatial frequency of the cosine. Hence the Fourier modes of an arbitrary initial
profile travel with different speeds. This effect destroys the original shape of the
profile, which is conserved under pure advection.

Taking (5.52) as initial condition for the advection equation in (5.50) yields the
final result for u(©®).

w0 (t1,t3, ) = cos (87T3m35\t3 + 2rm(z — atl))

Let us now turn to (5.51) that differs from the analogous equations (5.21) and
(5.45), because of the missing source term. Due to the zero initial condition, ()
must vanish.

uM(ty,t3,2) =0

Thus, the asymptotic expansion of the mass moment has a trivial first order if
w = 2, wherefore the lattice-Boltzmann scheme reaches higher accuracy as in the
general case w # 2 discussed in subsection 5.1.2.

How does the expansion continue? In general the second order u(?) does not vanish.
Due to the resonance effect?® it will be of the form tzw(t1,t3, ) with some function
w. Resubstituting ¢; by ¢ and t3 by h?t produces a factor h* in front of u(?). This
indicates that u(9) should approximate the mass moment U up to a residue of mag-
nitude O(h*) over time intervals of constant length. This hypothesis is supported
by numerical tests. The approximation order is reduced respectively by 1 and 2 if
we couple the number of iterations quadratically or cubically to the inverse of the
grid spacing h (time intervals of length O(h~2) or O(h™3)).

To understand better how the vanishing of the first order comes about, let us close this subsection
by delivering the computation in detail:

In order to obtain (5.493) and from this (5.51) we must take the scalar product of (5.484) with 1.
Since

(JfD1) =0, and (D3, 1) = 81, (DFV 1) = 8y, (9eu'” + ') = 0

we get =85 u(V) —a

/_M .
0= (9, f Y, 1) + (D fP, 1) + LD 1) + LD*W 1) + L (D' 1).

#Generally: If A is some linear operator (e.g. spatial derivative) and z(¢,-) a solution of the
homogeneous equation 9,z + Az = 0 then y(¢,) = tx(¢,-) is a solution of the inhomogeneous
equation Oy + Ay = x. So the solution of the equation imitates the source while amplified in
time due to the multiplication with ¢. This phenomenon is called resonance. Moreover, y becomes
unbounded if z does not decay faster to 0 than 1/t as t — oo (resonance catastrophe).

Concretely: The dispersive equations arising in the asymptotic orders do not differ in the left
hand side, since the spatial differential operator A always corresponds to Z\ai As the source terms
solve inhomogeneous equations with the same A, the solutions contain powers of ts as factors
because of the resonance effect. Since there is no exponential damping as in the case of the
diffusion equation, the expansion is expected to produce secular terms similarly to the regular
expansion but in a much slower time scale.
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Figure 5.4:

The figure shows four snapshots of the mass moment U(nh,-) (gray dashed). The
thin solid line indicates the prediction u(?) (nh, -) + huV) (nh, -) + h*u® (nh, -) obtained
by the regular expansion. In contrast, the black dashed line refers to the prediction
u(© (nh,nh3,-) that results from the multiscale expansion.

After 50 iterations (¢ = 0.25) the initial profile is shifted rightwards by 0.2 length units
(a = 0.8); the distortion is hardly visible. 750 iterations later (¢ = 4) the distortion
becomes noticeable. The regular expansion displays serious problems at the two knees
where very sharp peaks are formed that evoke a certain similarity to the second and
third derivative of the initial profile (see figure 5.2.3). Due to the secular terms in
the regular expansion the derivatives of the initial profile are amplified in time, what
makes the peaks grow quickly outside the range of the coordinate system. While the
multiscale expansion imitates the oscillations of U very well; even after 100000 iterations
the resemblance between U and the prediction is not lost.
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It remains to compute A. Applying D*, D*, D? and D to (5.480_3) and taking the scalar product
with 1 yields the following identities

(D fP.1) = (DEW1) - %<D2f(2> 1) — 55(D 1) — <D4f(0),1>
(D*¥? 1) = (D*E@ 1) - 1D DM 1) — E<D4f(o)7 1)

(D?’f(l)7 1) = (D E(l)7 1) — $<D4f(0)7 1)

(D0 1) = (DEO1)

where we have once again used (Dd:,f(”),1) = 0 for the first equation and JEB) = GEB) — f D),
Thereby we get for A:

(DE®,1) + (5 = ) (D*P.1) + (5 - HUDFV, 1) + (55 — 51D, 0)

(DE® 1)+ (2 —5) (DEW 1)+ [4 — &5 + 55 (D', 1)
N—— ———— ——

=—1/12 for w=2 =0 for w=2

(DE® 1) — L(D°E™, 1)
Next, we employ (DE® 1) = 9;,u® + ad,u® and
(D*EWM 1) = 2((8} + 3597, 8, +3at102 +592)(1 +as)u'”, 1) = —2a(1 — a®)33uV

where the latter formula holds true as u(!) also solves the homogeneous advection equation. Thus,
we finally arrive at

Degu™ + 05, u® + adpu'® — (= 2a(1 - QQ))agu(l) -0

which is equivalent to (5.493).

Appendix: Details of the bump-shaped test function

Here we give the analytic description of the bump profile that we have used as
initial condition to illustrate the cubic time scaling (cf. figure 5.3) and to validate
the two-scale expansion with cubic time (cf. figure 5.4).

<03 : 0
Q(r):=9q 03<2<0.7: exp ;5725 - exp Lj
((2+0.2)-0.5) ((2—0.2)-0.5)
0.7<x : 0

The function @ is arbitrarily smooth (no kinks) but not analytic.

Note that each derivative is at least one order of magnitude larger than the preced-
ing one. This explains why the regular expansion containing higher order derivatives
‘explodes’ rapidly. Furthermore ® is identically zero outside of the bump, which
means that all derivatives vanish there too. By this reason the regular expansion
has not even a rudimentary chance to mimic the oscillations in figure 5.3 that ex-
tend over the whole interval.

The computation of the two-scale prediction for the mass moment in figure 5.4 is
based on a Fourier decomposition of ®.
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Figure 5.5: Left above: Test profile for initializing the mass moment. The other figures
display the first, second and third derivative. Compare the scales of the ordinates axes
differeing in orders of magnitude.
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Chapter 6

Stability investigations around the
D1P2 model

While chapter 4 and 5 are mainly concerned with the consistency analysis of an
D1P3 and D1P2 lattice-Boltzmann scheme, we now broach the issue of stability
being the second pillar besides consistency in a convergence proof.

Section 6.2 deals with a D1P2 algorithm emanating from a parabolically scaled
lattice-Boltzmann equation. The considered algorithm is a special case (§ = 1) of
the D1P3 scheme analyzed in chapter 4, which discretizes the advection-diffusion
equation with periodic boundary conditions. Theorem 6.1 states the main result
establishing stability with respect to the £o-norm. From this, uniform convergence
in time and space can be inferred. For a purely diffusive scheme, stability is easily
obtained (see proposition 6.1); therefore the principal challenge is the part of the
equilibrium being responsible for the advection term in the target equation. Since
the proof utilizes the matrix representation of the lattice-Boltzmann algorithm, shift
matrices are introduced in the preliminary section 6.1.

In subsection 6.2.2 and 6.2.3 the spectrum of the evolution matrix is computed
followed by a discussion of its properties. In particular, the eigenvalues near 1 are
compared with those of the evolution operator pertaining to the target equation.

A slight modification of the advective-diffusive algorithm studied in 6.2 leads to
a scheme approximating the pure advection equation. It is shown in 6.3.1 that
the CFL-condition is necessary for stability of this algorithm. This result paral-
lels a classical statement concerning the stability of basic finite difference methods.
In 6.3.2 the observation of the preceding subsection is extended by formulating a
precise criterion for fo-norm stability. Finally, the actual stability behavior of the
lattice-Boltzmann scheme is compared with a prediction relying on the formal mul-
tiscale analysis performed in section 5.2.

Bounce-back-like boundary conditions are considered in section 6.4. Since non-
periodic boundary conditions ‘break the symmetry’ of the evolution matrix, the ana-
lytic computation of eigenvalues is restricted to a purely diffusive lattice-Boltzmann
scheme. This differs from the scheme in 6.2 just by ignoring the advective part
of the equilibrium. In subsection 6.4.1 it is shown that the spectra of lattice-
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Boltzmann evolution matrices imitate several features' which are known for the
continuous counterparts of the target equations (diffusion equation with either pe-
riodic, Dirichlet or Neumann boundary conditions). Subsection 6.4.2 reports on
the computation of eigenvectors associated to the evolution matrix. The chapter is
closed by an outlook sketching possible future work.

6.1 Basics concerning shift matrices

Permutation matrices are distinguished by the property that their application to a
vector effects a permutation of its components. Therefore these matrices must have
a single element equal to one in each row and each column, while all other entries
vanish. This accounts for both orthogonality (unitarity) and bistochasticity.

We speak of shift matrices if the underlying permutation corresponds to a shift.
Note that shift matrices constitute a cyclic subgroup within the group of permuta-
tion matrices.

In numerical schemes for solving partial differential equations, the nodes of the mesh
exchange numbers with their neighbors to approximate, for instance, certain deriva-
tives. Locally, the transport of information between the nodes might be described
by finite difference equations. However, in many examples a global representation
of the transport operation is constructed by means of permutation matrices. There-
fore permutation matrices are naturally involved in finite difference discretizations
of differential operators.

Standard finite difference matrices are primarily build up as special linear combi-
nations of shift matrices for the one-dimensional case. Finite difference matrices on
domains in several dimensions being the Cartesian product of intervals (rectangular
domains, parallelepipeds) are constructed effectively by taking appropriate tensor
products of one-dimensional finite difference matrices. A nice example is given by
the discretized Laplacian® on a domain with periodic boundary conditions.

As classical lattice-Boltzmann algorithms fit into the setup of finite difference
schemes, the associated evolution matrices on geometrically simple domains are
assembled using shift matrices too.

Before getting more concrete, let us settle some notation. In the sequel we consider
a uniform grid with NV € N nodes discretizing a spatial interval. Furthermore
we introduce the unit roots of order N as the N complex-valued solutions of the
equation zV — 1 = 0, forming a multiplicative group generated by

w = AN, (6.1)

Observe that many quantities (dimension of matrices, w etc.) occurring throughout
this section depend on N without being explicitly marked for ease of notation. In

'For instance: multiplicity of eigenvalues, (almost) invariance of the spectrum under change of

boundary conditions.

2The second derivative % can be approximated by the 3-point stencil, which becomes in matrix
form on a uniform grid: A;, = h™2(R — 2I + L). On a square domain in R? the 5-point stencil
for the Laplacian 92 + 85 is obtained by Az, = A1, @I4+I® A4, with an appropriate indexation

of the grid nodes.
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the context of periodic boundary conditions (for the lattice-Boltzmann algorithm)
it is advantageous to take the additive group

ZN :=7Z/NZ represented by {0,1,...,N —1}
as index set.
Those shift matrices being of primary interest for us are given elementwise by
Ly :=0kt1, 5 Ry :=0p—10, k.l € Zyn

or equivalently by

01 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 O
Do . . 0 1 O 00
00 ... 0 1 0 : A
0O 0 ... 0 1 0 0 1 00
1 0 ... O 0 0 0 0 0 1 0

Applied to a column vector, L performs an up-shift while R effectuates a down-
shift. Visualizing the vector and its image by plotting its components versus their
indices (corresponding to the abscissa values), the up-shift and down-shift look like
a left-shift and right-shift respectively. Therefore we call L the leftshift and R the
rightshift. Since L and R represent a shift by one step, the cyclic group of shift
matrices is generated by L as well as by R. Moreover the following equalities hold:

L=RN!1=R! and R=LV"1=L"L

Because of LY = RN =1, it is possible to express the inverse matrices as (N — 1)th
power. Thanks to the orthogonality we get additionally

L'=L"=R and R'=R'" =L. (6.3)

The orthogonality requires also, that the spectrum of L and R lies on the unit
circle. An extension of the Perron-Frobenius theorem (due to Wielandt, [61], page
363) states that the peripheral spectrum?® of a nonnegative and irreducible matrix
corresponds to the set of unit roots of a certain order p € N multiplied by the
spectral radius. p is also known as index of cyclicity; it is at most equal to the
matrix dimension. Obviously, L and R are cyclic* matrices with maximal index of
cyclicity, as each block has size 1 x 1. Combining this, we deduce at once, that the
spectrum of L and R is given by the unit roots of order N. This can also be found
by the following elementary computation of the characteristic polynomial presented
for the sake of self-containment.

3Eigenvalues of maximal modulus, i.e. whose modulus is equal to the spectral radius.

1A matrix is called cyclic, if its column vectors can be transformed into one another by cyclic
permutations of the elements. This is not related to the index of cyclicity, which is given as the
number of eigenvalues with maximal modulus. The index of cyclicity determines also the number
of nonzero-subblocks that are obtained if the matrix is transformed to a certain standard form
with nonzero blocks on the first upper diagonal and in the lower left corner (similar to L).
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Lemma 6.1. The characteristic polynomial of the N x N leftshift and rightshift
matrix s given by

A= (=YY —1).
Hence the unit roots of N order are the eigenvalues of L and R, i.e. spec(L) =
spec(R) = {1, w,w?,...,wN"1}.

Proof: Since the characteristic polynomial is the same for a matrix and its trans-
posed, we may restrict ourselves by (6.3) to the case of L. Writing out the deter-
minant and expanding it by Leibniz’ rule with respect to the first column yields:

A1 0 0 ... 0
0 A 1 0 ... 0
det(L — \I) = o
0 0 A 1 0
0 0 0 —x 1
1 0 0 0 -\
A 10 0 1 0 0 0
Lo A1 0 0
= =Xl 0 ... —x 1 o0 |+ Eph
0 0 A 1 0 A 10
0 0 0 -\ 0 0 -\ 1

= (DN -1).

As the eigenvalues are just the roots of the characteristic polynomial, the assertion
is verified. [

Lemma 6.2. L and R are diagonalizable: To each eigenvalue w™, m € Zy be-
longs a one-dimensional eigenspace spanned by (me)éezN in the case of L and by

(wN=t=0m), - or equivalently by (w™™) ez, in the case of R.
Proof: The claim is directly checked remembering that w?¥ = w™™ = 1:
01 0 0o ... 0 1 w™ w™ 1
00 1 0 ...0 w™ w?™ w?™ w™
: — — — ™ :
0 0 0 1 0 w(foS)m (N 2)m (N 2)m w(N*B)m
0o o0 ... 0 1 w(N*Z)m (N 1)m (N 1)m w(N72)m
1 0 ... 0 0 0 w(Nfl)m 1 Nm w(N—l)m
000 0 ... 0 1\ fwh-bm 1 wN™ wN=om
1 0 0 00 w™-2)m w®-Dm w™N—Dm wN—2m
0 1 0 0 0 w(N73)m w(N72)m w(N72)m w(N—S)m
. = = = wm
0 0 1 0 0 w™ w2m w2m w™
0 0 0 1 0 1 w™ w™ 1
Finally: (w™=Y™), = (w™"™), = w™™(w™*™), being collinear to (w™*™),. [ |
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The knowledge of the eigenvectors (forming a basis in CV) permits us to diag-
onalize L and R by means of a similarity transformation where the columns of
the transformation matrix must be composed of the eigenvectors. In the case of
R we obtain the Fourier matriz F, that is defined as the Vandermonde matrix
V(,w w2, .., wl_N) multiplied by the normalization factor N-Y2

1 1 1 1
1 w™t w2 w~(N-1)
F = 1 -2 w4 e w=2N=1)
1 w- -1 2= —(N=1)(N-1)

Since L and R are unitary, their eigenvectors associated to different eigenvalues are
mutually orthogonal, so that F is unitary too. Noticing the symmetry of F, we
obtain its inverse as the complex-conjugated matrix:

Fl—F=F =F= F v w L wY).

1 = w we get

Using the relation @ = w™! or w—!

F!= N_l/zV(l,wl,w2, Lwl T,

which is the matrix whose columns are the eigenvectors of L. So we can summarize
the reasoning by the following corollary.

Corollary 6.1. Let W := diag(1,w,w?,. .. ,wN_l), then:

FLF!=W & FIILF=W,
F'RF=W <& FRF '=W.

6.2 LB advection-diffusion scheme with periodic bound-
ary conditions

Matrix formulation of the algorithm

Let us briefly recall some fundamentals concerning the object of investigation: the
D1P2 lattice-Boltzmann algorithm with periodic boundary conditions discretizing
the advection-diffusion equation.

Adopting the notation of the previous chapters we denote by F : 7, x &), —
R? the two-component population function that is defined on the temporal grid
T, = {0, At,2At,3At, ...} and the spatial mesh X}. The latter one discretizes the
spatial domain [0, L] by setting X}, = {%h, %h, ey 2N2_1h} or alternatively X} =
{0, h,...,(N — 1)h} with the grid spacing Az = h = £ for some N € N. Since
the algorithm is derived from a parabolically scaled lattice-Boltzmann equation
(see end of section 1.1.2) spatial and temporal increments shall be coupled via
At = Az? = h2.

The populations in the nodes evolve according to the difference equation

Fs(tns1,75) = Fs(tn, 7j—s) + [JF(tnij—S)]s' (6.4)

= Cs(tn+17mjfs)
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Here the population function F is indexed by the D1P2 velocity set S = {—1,1}.
F_1 and F; denote the distributions of virtual particles moving respectively to the
left and right. Observe that (6.4) encodes implicitly periodic boundary conditions,
since the spatial index j is assumed to be in Zy, such that j + s and 7 — s are
understood modulo N.

The BGK collision operator J is given by
JE=w(EU)-F), (6.5)

involving the equilibrium E(U), which is considered here as function of the mass
moment U = F_; + Fy:

Es(U) == 3(1 4+ ahs — Lcn?)U. (6.6)

Besides the collision frequency w in (6.5), two macroscopic parameters a and ¢
appear in the equilibrium figuring also in the target equation

O + adyv — (= — %)8:%21 +cv =0, (6.7)

1
w
which has been found by the consistency analysis in chapter 4.

The initialization of the lattice-Boltzmann algorithm is a topic of its own. The
simplest possibility is to set F(0,z;) = £ (vo(z;)) where vg = v(0,-) denotes the
initial value pertaining to the target equation (6.7).

Let us now cast the algorithm (6.4) in matrix form. For this we notice that each
iteration (evolution step) is decomposed into two substeps. The first one is referred
to as the collision® executed as purely nodal® operation. It consists in computing
the collision product C (underbraced RHS in (6.4)) from the current population
function F at each node. Representing the equilibrium operator and J as 2 x 2
matrices acting on the two-component population function F we obtain

. Coi(t,z)\  (a B\ (F-i(t,z)
ctn=aenren e (cren)=(05) (FA6m)
where the coefficients of the 2x2 collision block are read off from (6.4) (6.5) and (6.6):

a:=1-— %w — %wah — %ch2, 8= %w — %wah — %ch2, ©8)
v = %w + %wah — %ch2, o0 =1-— %w + %wah — %ch2.

The iteration is completed by the propagation or transport of the collision products
to their corresponding destination nodes. This second substep is non-nodal, for the
basic operation of copying a collision product involves two different nodes simulta-
neously. At this point the shift matrices come into play.

5We commit here a slight abuse of terminology. From a kinetic point of view the collision
corresponds to the application of the operator J, whilst we understand it now in the sense of
evaluating the right hand side of (6.4). To avoid misunderstandings, J may be referred to as the
relaxation operator.

5The collision can be implemented by a loop running over all nodes. Inside the loop only
populations pertaining to the same node are manipulated.
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Figure 6.1: The configuration of the D1P2 grid with N = 4. The mesh-nodes are
represented by dashed crosses x. The arrows symbolize two populations located in
each node. After the collision step, every node sends one of the collision products to its
left and the other to its right neighbor. Imposing periodic boundary conditions means
that the left neighbor of the leftmost node is the rightmost node and the other way
round.

For the implementation of the algorithm one may introduce a column vector F
embracing the populations of all nodes. Since the equilibrium £ depends linearly
on the mass moment U and thus on the populations, the algorithm on the whole
grid can be formulated in matrix-vector notation. For our further investigations it is
advantageous to index the populations as indicated in figure 6.1. So the populations
are arranged as components of the vector F in such a way, that the upper half
contains the left-moving populations from left to right, whereas the right-traveling
populations are put into the lower half (from left to right as well). Without external
sources the population vector F(n + 1) of the (n + 1) iteration is obtained from
F(n) by applying an evolution matrix E. Hence (6.4) shall be written in the form

F(n+1) = EF(n) = E"" F(0). (6.9)

How is the evolution matrix E set up explicitly? As already mentioned, every
iteration is executed by performing two substeps. This entails, that E should be
obtained as a product of a collision matrix C with a transport matrix T. Since the
collision is a nodal operation, C attains the form

in the case of a configuration with four nodes (figure 6.1). Observe that each block
is a multiple of the identity matrix. This is due to the fact that the coefficients of
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the target equation are supposed to be spatially constant”. In general, we get

(o B (oI I
o= (* Por= (1 ), o

where ® denotes the Kronecker or tensor product for matrices and I the N x N
identity matrix.

The second step is done by the transport matriz. For the four-node grid in figure

6.1 it becomes
1

1
Thanks to the specific numbering of the populations, the transport matrix is 2 x 2

block-diagonal with a leftshift and rightshift on its diagonal. The general construc-
tion rule for the transport matrix is given by

10 00 L 0
T_<O 0>®L+ (O 1>®R—<0 R>'

Multiplying T with C from the right, finally yields the evolution or iteration matriz
E of the algorithm.

_ (L 0 ol I\ (oL (L
sore- (O M-(EA). e
Notice the order of the factors, such that C is applied to the population vector F
prior to T.

The eigenvalues of the collision block influence the stability of the evolution matrix
essentially. They are listed here for later considerations.

Lemma 6.3. The eigenvalues of the collision block <‘f; g) are

_ : -1 oo (w(l—ah) — ch?
1-w wzth<1> and 1 —ch® with <w(1+ah)—ch2

spanning the associated eigenspaces.

It is noteworthy that the eigenvalues do not depend on the advection velocity a.

"Furthermore it is assumed that a,c and w are also constant in time. Therefore E does not
depend on the iteration index n
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6.2.1 An /,-stability result

The notion of stability plays a crucial role in the theory of dynamical systems
regardless whether they are of continuous or discrete nature. There is no “ultimate”
definition of stability; rather there is a multitude of specialized notions sharing a
basic idea but differing in details depending on the context they are tailored for.
The subsequent definitions refer to a family of iterations like (6.9). It is supposed
that the family is parameterized by a discretization parameter At > 0, which is
interpreted as time step. Generally, the spaces that E and F belong to depend on
At (compare with the setup described on page 59 and the following ones).

Definition 6.1. An explicit iteration scheme like (6.9) is called stable with respect
to the operator norm || - ||, if the subsequent condition is fulfilled:

3C > 0: Vadmissible At >0: VneNyg: ||E"|| <C.

It should be noted, that the evolution operator E as well as the norm || - || may
depend on At; for instance via the space it operates on. In contrast, the constant
C is required to be independent of the time step At and of the iteration n.

In many situations this property is too restrictive. In particular, it does not make
sense if the iteration scheme shall approximate the solution of a differential equa-
tion that gets unbounded as time tends to infinity. Euler’s forward polygon method
Z(tnt1) = (1 + aAt)z(t,) discretizing the ODE %:E(t) = ax(t) may serve as exam-
ple. In this case the evolution operator corresponds to a multiplication with the
number 1 4+ aAt. Obviously, we get for a > 0: lim, (1 + aAt)” = co. So the
scheme is not stable in the above sense — a feature, which is of course inherited
from its continuous counterpart. On the other hand (1 4+ aAt)7/44 is bounded
for At | 0, since the limit limas—o(1 + aAt)[T/ At — T (oes exist for any fixed
time 1" > 0. It is desirable to dispose of a suitably weaker stability notion for such
situations.

Definition 6.2. An explicit iteration scheme in the form of (6.9) is said to be
stable over bounded time intervals® [0,T] with respect to the operator norm
| - ||, if the following condition holds true:

VI'>0: 3C > 0: Vadmissible At >0: Vne Ny, nAt<T: [E"||<C.

As in definition 6.1, C' is independent of At but depends on T'. Notice that stability
in the sense of definition 6.1 implies stability over bounded time intervals.

For the lattice-Boltzmann algorithm the actual discretization parameter, the time
step At is linked to the spatial grid constant Az = h by setting At = h?, where
h = % with IV € N can only attain integer fractions of the interval length L.

The subsequent stability result refers to the matrix infinity-norm || - ||oo which gives
rise to uniform convergence of the algorithm in space. Remember that the matrix
infinity-norm is induced by the maximum norm for vectors. As operator norm,
Il - lloo is submultiplicative. For a given matrix the || - ||o-norm is easily obtained by

8 Also referred to as Lax-Richtmyer stability, see [45] page 106.
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row-wise summing the moduli of the matrix elements and taking the maximum of
the resulting sums. Prior to the main result let us first consider the purely diffusive
case.

Proposition 6.1. (purely diffusive case) For a = 0 and ¢ = 0 the lattice-
Boltzmann algorithm (6.4) with equilibrium (6.6) is stable in the sense of definition
6.1 with respect to || - |0, if the relazation frequency w satisfies: 0 < w < 2.

The assertion becomes quickly comprehensible, if we notice, that the evolution
matrix is stochastic under the requirements of the proposition.

Proof: The proof works with the standard estimate based on the submultiplica-
tivity of || - ||eo yielding ||E"|lec < ||E||%. So the assertion is verified, if we
show ||E|s < 1. Using again the submultiplicativity we get by (6.11) [|Eljc <
IT||x ||Cllco- Now the transport-matrix T is a permutation matrix and contains in
each row exactly a single non-vanishing element equal to 1. Therefore | T|o = 1.
If a = 0 and ¢ = 0 the coefficients of the collision block reduce to

azl—%w, = 3w,
— 1 11
y= Zw, 0=1-35w.

Evidently all coefficients are non-negative for w € [0, 2]. Regarding the structure of
C in (6.10) we obtain

ICloe = max {Ja| + |B], [y +16]} = (1 — 50) + qw =1.
Hence |El|sx < [|T||x||Clloc =1 -1 =1 which finishes the proof. |

The stability condition with respect to w is well known. In fact, it extends to many
other linear BGK lattice-Boltzmann algorithms, amongst others the D2P9 model
with Stokes equilibrium. The condition 0 < w < 2 is not only sufficient but also
necessary for stability as shown in [63] on page 208. The reasoning therein is based
on the idea to consider a spatially constant population function. In this case the
lattice-Boltzmann algorithm simplifies, such that the application of the evolution
matrix corresponds to a multiplication by 1 — w. The modulus of this number is
larger than 1 if the condition on w is violated.

At the end of this paragraph the necessity is also proven by another argument.

Now, we come to the principal result of this subsection:

Theorem 6.1. (general case) Assume that the relazation frequency satisfies the
stability condition 0 < w < 2. Then the lattice-Boltzmann algorithm (6.4) with the
equilibrium (6.6) is stable in the sense of definition 6.2 with respect to || - || for
any advection velocity a € R and any reactivity ¢ > 0.

The proof is based on the following lemma:
Lemma 6.4. Let o, 3,7 and § be non-negative numbers. Then the following equality

holds for all n € Ny
oL, BL\" a B\"
YR O0R v 4

)

i (S
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where L and R are the shift matrices of arbitrary but equal dimension defined
in (6.2).

Proof: Actually, we will prove another claim, from which the statement of the
lemma follows easily due to the assumed non-negativity of the four numbers. For
this let us introduce the abbreviations

e e (00
Py Py TR R 2 Uy 70
Here PZ(-;»L) with i,j € {1,2} is a block-matrix having the same size N x N as the

shift matrices L and R. We assert now, that every row-sum of PZ@ is equal to wgl),

i.e. the following equation holds for all row indices k € {1,..., N} and all 4, j € {1,2}:
RowSumk(PZ(-;l)) = wgl) .

The verification of this claim is performed inductively over the exponent n.

Start: Evidently, the assertion is true for n = 0, since we obtain in this case identity

matrices.

<P§? PQ) B <aL 6L>0_ <I 0) . (1 0) B <a B)O_ (w%?’ w§2’>
0 0| = = = = 0 0
Pé1) péz) 7R R 0 I 0 1 v 6 wél) wéz)

Step: By hypothesis of induction the claim holds for n € Ny. We have to show that
it is also true for n + 1. Now we have

<P§T{+B p§g+3> B (aL ﬁL) (P?{i P?i)
n+ n+ - n n
P21 P22 /}/R oR P2l P22
_ (oLP{) +pLPYY  oLP(Y + LPY)
+yRP™ 1+ sRPYY ARP 1 GRPJY

and

v 0 LR AN A AR T R A T SR
Observing that multiplication by L respectively R from the left acts on a matrix like
an upshift or downshift of the rows” respectively, we recognize that the row-sums

<a ﬁ)"“ _ <a 5) (w%?’ w%’) _ (awi’})mwé’}) wi?m@?) |

of PZ(-;»L) remain invariant under multiplication with the shift matrices. Using the
linearity of the 'RowSum-operator’, we get finally for any row index k € {1,...,N}:

RowSumk(PYfH)) = RowSumk(aLPY{) + ﬁLPg{))
= «aRowSumy (LPYf)) + 4 ROWSHmk(LPglL))
= aRowSumy (Pgrf)) + 4 ROWSUHlk(ng))
= ayfy + By = it

S0

o I
~_

2 Q@

-1 - a b
9Just to have a concrete example before one’s eyes: ( . 1) (d e
1 - - g h

T 0
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This computation can be analogously repeated for the other three index combina-
tions, which concludes the proof of the claim.

Let us now revert to the assertion of the lemma. As «, 3,7 and § are non-negative,
and trivially equal to their modulus, the infinity-norm || - ||, corresponds to the
maximal row-sum. Hence:

H <aL 5L>

= max {RowSum(PgrlL) + ng))v RowSum(Pgll) + szl))}
a B\"
7 0) e

Proof: (Theorem 6.1) According to definition (6.2) we have to justify the bound-
edness of the set

e}

— max{lbll +1/1127 21 —H/} } N ‘

M:={|E|": heHy 0<n<[T/h%}.
From our assumption concerning w follows
1—%w>0 and %w>0.

For given a and ¢ we can therefore find some grid spacing hg € Hy, such that the
four coefficients of the collision block in (6.8) are positive for all admissible h < hy.
This suggests to decompose M in the following manner:

M={|E|": heHr, h>hy 0<n<[T/R*]} U

finite set
{IE[": heHr, h<hy 0<n<[T/h*} .

bounded by D

Clearly, the first subset is finite and hence trivially bounded. In order to show that
the second subset is bounded too, we take recourse to lemma (6.4). This gives for

alln e N "
el = [ (55)7| -

whenever h < hg or equivalently the number of grid nodes N is greater than Ny =
L/hy. Lemma 6.3 provides the eigenvalues of the collision block, whose moduli are
less than 1, if w satisfies the stability condition, i.e. w € (0,2), and A < hy. This
entails that the collision block is zero-convergent. Therefore there exists

b= {[(22)

and this yields finally

n€N0}<oo

o0

sup max ||E"|x < sup sup||E"||e < D,
heHy, 0<n<[T/h?] heH neN
h<hg h<ho

which establishes the boundedness of the second subset. [ ]
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What has been shown in the proof is actually more than asserted by the theorem:
If we declare only those grid spacings h € Hy = {L/N : N € N} for admissible
such that the h-dependent coefficients «, 3,y and § become positive for fixed a and
¢, then even stability according to definition 6.1 is obtained.

Lemma 6.5. Let o, 3,7 and § arbitrary real numbers. Then the subsequent inequality holds for

alln € Np:
a B\" aL ﬂL)" H<|a| Iﬂl)"
< <
H(W 5) oo‘H(vR oR) ||~ I\l 19l

Proof: Since the matrices share the same formal structure, the four elements which belong to
the matrices raised to the n'" power are composed of analogous products with respect to the four
coefficients. Therefore the assertion follows directly from the triangle inequality and the definition
of the matrix infinity norm.

Nota bene: Actually, the matrix in the center is not 2 x 2 but 2N x 2N. The products of coefficients
that appear as addends in the same element if the matrix is 2x 2 (left and right), may be distributed
over different matrix elements for the 2NV x 2N matrix. |

oo

Proposition 6.2. Under the hypothesis of theorem 6.1 the condition 0 < w < 2 is necessary for
stability.

Proof: A necessary criterion for stability as specified in definition 6.1 is “spectral stability” mean-
ing that the whole spectrum of E must lie inside the closed unit disk. According to lemma 6.3,
1—w is an eigenvalue of the collision block. If w violates the given stability condition, i.e. w & [0, 2],
then the eigenvalue 1 — w leaves the unit disk. Therefore the powers of the collision block cannot
be bounded with respect to any norm. Now the left part of the above inequality implies, that the
powers of the evolution matrix become unbounded too. |

Remark 6.1. The quadratic coupling of the space and time step is also encountered in the case
of explicit finite difference methods for parabolic equations like the diffusion equation. It reflects

that parabolic equations combine a first order time derivative with a second order space derivative.

However, it is remarkable that this coupling does not involve the diffusivity v = (% — %) in

2
opposition to standard finite difference schemes.

6.2.2 The spectral limit set of the evolution matrices

Theorem 6.2. Consider the lattice-Boltzmann algorithm (6.4) with equilibrium
(6.6) over a grid of N nodes. The characteristic polynomial of the associated evo-
lution matriz E factors into N quadratic polynomials and is given by

N—
XE(\) = H [)\2 — (aw™ +0w™)\ + aé—ﬂ’y] . (6.12)

m=0

[y

Proof: At the end of section 6.1 we have seen, that the shift matrices L and R
are diagonalized by a similarity transformation'® with the Fourier matrix F. This
nurtures the hope to simplify E significantly using the Fourier matrix again. We

0 Tyansition to Fourier basis.
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try the following ansatz:

F 0\ (oL pL\ (F! 0

0 F)\/WR /R 0 F!
aFL BFL\ (F~1 0
~vFR J0FR 0 F!

aFLF~! ﬁFLF_
~FRF~! §FRF!

aW [W

YW W | °
For the last step we have exploited the relations of corollary 6.1. Indeed, the
transformation leads to a simplification, as each of the four blocks is diagonal.

Since the determinant and hence the characteristic polynomial are invariant under
similarity transformations we obtain

= 0 e (3 )53 )]

Furthermore the determinant does not alter if lines or columns are permuted. It is
reasonable to rearrange the matrix, such that it gets blockdiagonal with N different
2 x 2-blocks, as indicated:

0
ow . . Bw . .
. . . aw’  Bu’
AN N —0 so
) N—1 ) . BwN! YW~ 0w

70 0
T . . 5w . . aw™"1 BNl

\ _I.V71 . \ 6_N ) . . WEN 1 5—N 1

Since the determinant of a blockdiagonal matrix is equal to the product of the
determinants associated to each block, we obtain

xe(A) = II [Qywnl—-A)@ﬁE”L_.A)__ﬁu/nvﬂyn]

Expanding the product in rectangular braces and employing the properties (6.1) of
the unit roots yields the asserted formula. [ |

The explicit knowledge of the characteristic polynomial and rather more its decom-
position into quadratic polynomials, whose zeros can be found analytically, permit
us to study the spectrum in detail. Therefore the computation of the spectrum
enables us to discover further features of the lattice-Boltzmann algorithm.

Obviously, the quadratic factors in (6.12) agree in their structure and differ only
in the powers w™ of the unit root. For an analysis of these polynomials, it makes
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Figure 6.2: Plot of spec(FE,0.5,0,0,10) (red circles) and spec(E,0.5,0,0,50) (blue
dots) illustrating the statement of corollary 6.2. The fine solid curve corresponds to the
spectral limit set, that is always a line-like subset of the closed area between the circles
of radius 1 (thick) and |1 — w| (dashed) if 0 < w < 2.

sense to replace w™ by an arbitrary number e'? (¢ € [0,27)) on the unit circle. So
we define

Xo(A) = A2 — (ae'? +5e7 )\ + ad — By
= A\ 4+ [(w+ ch? — 2) cos(¢) + iwahsin(@)]A + (1 —w)(1— ch?).

As the macroscopic quantities of the equilibrium, a and ¢, occur only with h and h?
respectively, it will be advantageous to substitute them by new variables r := ah
and p := ch?. Then the quadratic polynomial X4 becomes

Xs(A) =A% + [(w+p—2)cos(¢) +iwrsin(@)|A + (1 -w)(l—p).  (6.13)

The parameter r has a special meaning: remembering that h? = At corresponds
to the time step, while A is just the spatial grid constant Az, we see that the grid
speed is given by Az/At = h™'. Thus r = ah = a/h~! can be considered as the
ratio of the advection velocity and the grid speed. In allusion to the theory of finite
differences, this quotient is referred to as CFL number.

It should be kept in mind that r and p shrink to 0 under grid refinement, if a and
¢ are held fixed.

Let us abbreviate by spec(E,w,r,p, N) C C the spectrum of E associated with
given values for w,r and p and a grid of N nodes.
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Corollary 6.2. The spectrum of E admits the subsequent representation:

spec(E,w,r,p,N) = {zG(C| dme{0,...,N —1} s.th. x2mm(2) =0 }
N

In particular we have for k € N:  spec(E,w,r,p, N) C spec(E,w,r,p, kN)

Proof: The first part is an immediate consequence of theorem (6.2) since xg(z)
ij\ri;(l) X2rm (2) . The inclusion relation follows from the simple fact that {252 m =

N
0,1,.. N =1} C {Z2|m =0,1,...,kN — 1}. (]

In the sequel we want to deal with the closed union of all eigenvalues pertaining to
some E for fixed w,r and p but variable grid size:

S(w,r,p) = U spec(E,w,r,p,N)
NeN

{z € C|3N €N s.th. z € spec(E,w,r,p,N)},

We shall call this set the spectral limit set, which is remarkably not a messy amor-
phous cloud of points in the complex plane. Instead, S(w, r, p) reveals a clear struc-
ture, which might be foreshadowed by the inclusion property of corollary (6.2). In
fact, all eigenvalues are located on a set that can be described by a few smooth
curves. This becomes even more comprehensible by proposition 6.3, characterizing
the spectral limit set as the zero level set of the parameterized polynomial x4. For
the proof the subsequent lemma is useful.

Lemma 6.6. Let X and Y be two metric spaces, where X is assumed to be compact. Denote the
projection onto Y by p2, i.e. p2: X XY — Y with pg((:my)) :=vy. Then

AC X XY closed = p2(A) C Y closed.
Proof: It is to be shown that y € p2(A) already implies y € p2(A). As y is supposed to be in the
closure of p2(A), there exists a sequence (yn)n C p2(A) with yn 272, y. For each vy, exists an
Zn € X with (zn,yn) € A. Since X is compact, the sequence (z)n has a convergent subsequence

. k—oo .
(Tny )& with &,, —— = € X. As every subsequence of a convergent sequence is convergent, we

have yn, LimiicR y. Hence A 3> (zn,, Yn,) LimicR (z,y) in the product topology of X x Y. So we can

conclude (z,y) € A because A is assumed to be closed in the product topology. But this finally
implies that y belongs to the image of A, i.e. y € P2(A) as p2((z,y)) = y. [ ]

The compactness of X is an essential hypothesis!; in general the canonical projections of a closed

set in a product space need not to be closed.

Proposition 6.3. The spectral limit set s alternatively given by

S(w,rp) = {2z € C|3p € [0,27m) s.th. xs(z) =0} =: Z.

"The statement of the lemma may be wrong if the hypothesis is not given. Example: A :=
{(z,y)|y > 1/z with z,y € (0,00)} is closed in R X R but p1(A) = p2(A) = (0, 00) is not closed
in R.
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Proof: The assertion is verified along with three steps:

i)  Zis closed.

ii) VN eN: spec(E,w,r,p,N) C Z.

iii) U spec(E,w,r,p,N) is dense in Z.
NeN

Since the function ¢ — x4(2) is 2m-periodic, the set Z is not changed!? if we permit
¢ € 10, 27| instead of ¢ € [0,27). Let us introduce the mapping f : [0,27] x C — C
defined by f(¢,2) = x¢(2). Clearly, f is continuous with respect to the standard
product topology in [0,27] x C. Therefore f~1(0) is closed in [0,27] x C. If po :
[0,27] x C — C denotes the canonical projection, lemma 6.6 entails the closedness
of the set po(f~1(0)) = Z, as [0, 27] is compact.

Obviously, we have spec(E,w,r,p, N) C Z for every N € N. So Z contains the
union of all spectra. As Z is closed, it comprises also the closure of the union,
i.e. S(w,r,p), because the closure of a set is the smallest closed superset.

Let 2 € Z. Then there exists ¢ € [0, 27] with X3(%) = 0. Since U := Unen{ZEE|m =
0,1,...,N — 1} is dense in [0, 27] there is a sequence (¢y,), in U converging to .
Now, the zeros of a polynomial depend continuously'? on its coefficients. Therefore
it exists a sequence (z;), with

X (2n) =0 and Zn 22 3,

since the coefficients of the polynomials x4, converge to those of the polynomial
Xg- Of course, we have (z,), C &(w,r,p). This shows that arbitrary elements of Z
are limits of sequences in &(w,r,p), which proves the denseness. [ |

Geometric shape of G(w,0,0) and multiplicity of eigenvalues

In the case of pure diffusion (r = 0,p = 0) the spectral limit set becomes partic-
ularly simple; the next proposition delivers a geometric description which is to be
compared with figure 6.3.

Proposition 6.4. If r =0 and p = 0, the spectral limit set is given by
i) 0<w<1l: 6w,0,0)=[-lw—-1U[l—-w,1Uy1—wSi(0)
i) 1<w<2: 6(w,0,0)=[-1,1-w]Uw-—1,1]

The statement is a consequence of the following observations. In the diffusive case
the polynomial x4 reduces to

Xo(A) = A2 + (W —2)cos(d)A + (1 —w).

12Since X¢ depends on ¢ via e'?, it is possible to replace the angular parameter ¢ € [0, 27)
by a complex-valued parameter belonging to the unit circle, which forms a compact metric space.
Observe that there is no diffeomorphism (bijective, continuous and continuously invertible) between
the unit circle and a compact interval.

13Here it is important to consider complex-valued roots (see also zero-counting formula). In
contrast, the number (and position) of real roots may depend discontinuously on the coefficients.
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Figure 6.3: These plots illustrate the spectral limit set for the purely diffusive case,
which is considered in proposition 6.4. The spectral limit set is plotted for values of w
both inside and outside of the stability interval [0,2] in order to demonstrate that the
scheme may become unstable. It is striking that &(w,0,0) always lies in the closed
region between the unit circle (thick gray line) and the circle of radius |1 — w| (dashed
gray line). The dots and crosses indicate the eigenvalues for N = 10. Furthermore
they help to distinguish both of the branches: A_ (blue line with dots) and Ay (red
line with crosses). Square roots of negative radicands are evaluated taking the principal
value. Observe that the so obtained branches do not necessarily agree with the natural
branches (especially if w € [0, 1)) discussed in the next paragraph.
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Using the standard formula for solving quadratic equations we get

A(¢) = (1— 3w)cos(p) £ \/%(u) —2)2cos?(¢) + w — 1. (6.14)

ad i) For 0 < w < 1 the radicand can be negative depending on ¢. More exactly,
there is a ¢g = ¢o(w) € (0, §) such that the radicand vanishes. As cos(¢g) must be
positive we obtain

2
%(w—2)2cos2(¢o)+w—1:0 & cos(qﬁo):m\/l—w.
The radicand in (6.14) becomes non-negative if ¢ € [0, ¢o] U [ — ¢g, ™+ ¢o] U [2 —
¢0,27] and hence A_ and A; are real. For ¢ € (¢o,m — ¢g) U (7 + o, 27 — ¢g)
the radicand is negative and the root gets imaginary. In this case A_ and A, are
complex-valued and lie on a circle with radius /1 — w, because

2

As(o)? = ‘(1 — Lw) cos(¢) = i\/l —w — H(w —2)2 cos?(¢)

= [(1 —lw)? cosz(qﬁ)] + [1 —w—t(w-2)? cos2(¢)] =1-w.

¢ 0 ®o 5 T — ¢o T T+ o 3 27 — ¢o
A@)|1l-w|[Vi-w|-iVlT-w|-VI-w| -1 |-VT-w|iVI-w|VI-w
A (9) 1 Vi-w| iVi-w | -VI—-wl|lw—1|-VI-w|iVl-w|VI-w
e Rt eR™ e Rt
‘ € V1 —wS1(0) (circle) ‘ ‘ € V1 —wS1(0) (circle)

The table lists the values of Ay and A_ for selected values of ¢.

ad ii) In the case of 1 < w < 2 the radicand is nonnegative no matter how ¢ is
chosen. Therefore the spectral limit set is real.

@) |1-w|—vVw-1| -1 | —vVw—-1]€cR™
At (@) 1 w—1 |w—1] vw—1 | eR"

Both of the tables unveil, that each of the parameterizations ¢ — A_(¢) and ¢ —
A+ (@) runs twice through a curve: first in forward direction if ¢ € [0,7) and then
backwards for ¢ € [, 27). This insinuates that all eigenvalues appear with double
algebraic multiplicity except of the starting point (¢ = 0) and the returning point
(¢ = ), which are only passed once. In the case of an odd number of grid nodes,
the returning point is not hit, because there is no choice of m € {0,1,.... N — 1},
such that 27 % is equal to 7 if N is not even. Let us summarize the reasoning:

Corollary 6.3. In the purely diffusive case the eigenvalues occur with the subse-
quent algebraic multiplicities depending partly on the number of grid nodes N :
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eigenvalue -1 1 l—w | w—1 other
N odd not simple | simple not two-fold
N even simple | simple | simple | simple | two-fold

As the evolution matrix E reduces to the collision block (confer lemma 6.3) for a
single node grid (N = 1), the starting points A_(0) = 1 —w and A\ (0) = 1 turn out
to be the eigenvalues of the collision block. Similarly, the spectrum of E referring to
a grid with just two nodes (N = 2) is composed of the starting and returning points.

In order to verify that E is diagonalizable (and admits a basis of eigenvectors) it is
sufficient to check that the 2 x 2 blocks

aw™ Buw™
o™ sw™ |’

which appeared in the proof of theorem 6.2, are diagonalizable. This would also
entail that all eigenvalues of E must have maximal geometric multiplicity. It should
be noted that the two-fold degeneracy of the eigenvalues originates from a property
of the diffusion operator with periodic boundary conditions'* (see appendix).

Further observations in the general case

The degeneracy is broken, as soon as the advection velocity a (and hence the CFL
number r) does not vanish. Obviously, the symmetry between both directions is
destroyed by selecting a direction of propagation for the advection process. Figure
6.5 and 6.6 display, how the two-fold eigenvalues of the purely diffusive case split
into a couple of eigenvalues if a gets different from 0. Moreover, it becomes clearly
visible, how the spectral limit set develops gradually into a warped curve, that can-
not be described any more by elementary line segments and circles.

Generally, the spectral limit set is computed as zero-level set of (6.13), which yields

Ai(9) == —% [(w +p — 2)cos(¢) + iwr sin((b)]

+ \/i [(w+p—2)cos(¢) + iwr sin(¢)]2 —(1-w)(1-p). (6.15)

¢ — A_(¢) and ¢ — Ai(¢) with ¢ € [0,27) are regarded as parameterizations
tracing the spectral limit set. The formula permits two direct observations:

e The spectral limit set does not change if the sign of r is switched!®. This
reflects the isotropy of the lattice-Boltzmann algorithm, which has a priori no
preferred direction (left/right). Hence a change of sign makes the parameter-
ization A+ just run in the reverse sense.

14Similarly to the lattice-Boltzmann evolution matrix, the diffusion operator (second order
derivative) —% admits two eigenfunctions on the space of periodic C?-functions for every eigen-
value different from zero (scaled sine and cosine function).

'5Observe that r and sin(¢) occur in (6.15) only together as product. The assertion results from

the relations —rsin(¢) = rsin(—¢) and cos(¢) = cos(—¢).
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e The radicand in (6.15) is not only 27~ but m-periodic'®. So the spectral
limit set corresponds geometrically to an ellipse (terms in first line of (6.15))
superposed by the “root” of a rotated ellipse (root term), which is traversed
twice as ¢ goes from 0 to 2.

Natural branches and evaluation of the complex-valued root. For a # 0,
figure 6.5 and 6.6 show that the spectral limit set is composed of two closed curves,
that we denote as natural branches. Evidently, each branch should be associated
with one of the two parameterizations A_ and A;. However, there is some caution
demanded, since the square root of complex numbers is multi-valued. Evaluating the
root by the principal value!”, the curves may appear with spurious discontinuities.
In order to obtain the natural branches, as highlighted in figure 6.5 and 6.6, it is
necessary to compute the square root in a continuous way when the spectral limit
set is plotted by sampling the parameterizations A_ and A;.

Otherwise, if the square-root of the ¢-parameterized radicand is evaluated staying
always on the same leaf of the underlying Riemannian surface, its value may per-
form erratic-looking leaps in the complex plane. This entails that A_ and Ay may
artificially jump between the natural branches, whenever the radicand oversteps the
line of discontinuity associated with the square root.

The shortcoming is remedied if both square roots are calculated a priori in order
to choose the value extending the previous values for A_ (or respectively for A, )
“continuously”, i.e. with the least difference. Alternatively, one can try to slit the
complex plane along a tilted ray which is then used as line of discontinuity instead
of the positive or negative real axis.

Sink and source points. Moving along the spectral limit set, one may ask how
the eigenvectors change with the eigenvalues.

Eigenvectors with constant populations belong to the so-called sink points Ay (0) = 1
and A_(0) = 1 — w being just the eigenvalues of the collision block. Each sink point
is accompanied by a source point'®. Both of them lie on the real line where the
source point is mostly symmetrically situated to its corresponding sink point with
regard to the imaginary axis (see exception in figure 6.6).

Eigenvectors of high spatial frequency (shortwave modes) refer to the eigenvalues
near the source points, while those with low spatial frequency (longwave modes) be-
long to eigenvalues around the sink points. Hopping along a branch from eigenvalue
to eigenvalue towards the sink point, the spatial oscillations of the associated eigen-
vectors decreases each time by 1 (see figure 6.4). When the number of grid points is
increased, it seems as if new eigenvalues are generated near the source points where
eigenvectors reveal higher spatial frequencies than existing before. The other eigen-

16Tt should be noticed, that the square of a linear combination of the sine and cosine function is
m-periodic, since sin(z) = (1 — cos(2z)) and cos®(z) = 1 — sin®(xz) are m-periodic as well as the
mixed term cos(z)sin(z) = 1 sin(2z).

1" Any complex number z € C can be represented in the form z = re'? with 2| = r > 0 and
—7 < 0 < 7. The principal value of \/Z is usually defined by /re'/2.

18The source points are the additional eigenvalues of the evolution matrix pertaining to a two-

node grid. They occur as eigenvalues if the number of grid nodes is even.
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Figure 6.4:  Schematic picture representing the spectral limit set in the complex
plane for the underrelaxed case w < 1. The dots indicate the positions of eigenvalues
that belong to an evolution matrix referring to a grid of N = 18 nodes. Red and
blue coloring highlight the natural branches. Their associated sink and source points
(being also eigenvalues) are marked by fat filled dots; the arrows are orientated in
direction of the sink points. The small boxes impart an impression how the eigenvectors
typically look like. As the components of the eigenvectors are complex-valued, the
more or less oscillating lines inside the boxes can only display the real or imaginary
part, which, furthermore, refers only to a single population. The other population looks
quite similar. Moreover, the eigenvectors of the lower half branch and of the blue
branch behave qualitatively in the same manner. Eigenvectors with the same spatial
frequency distinguish in the ratio of the complex-valued amplitudes for each population
(cf. computation of eigenvectors on page 257.)
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values are apparently shifted in direction of the sink points'?. The eigenvectors of
E are computed at the end of the next subsection.

a*h=0 a*h =0.07
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Figure 6.5: Sequence of spectral limit sets: underrelaxed case with w = 0.6. The radius
of the small circle is |1 —w| (also in figure 6.6). For a = 0 the two branches coincide on
a circle of radius v/1 — w. The markers indicate eigenvalues associated with a grid of
20 nodes. Dots mark the A_-branch while circles indicate the Ay-branch (also below).

“Spectral gallery”. The following figures portray how the spectral limit set
behaves if w and r = ah vary. In particular, one may perceive, that the eigenvalues
are not uniformly (equidistantly) distributed on the curves for fixed N but sit more
densely packed in some segments than in others.

Furthermore, we realize that the branches distinguished in figure 6.3 for w = 0.3
or w = 0.7 are different from the natural branches marked in figure 6.5 for ah = 0
(pure diffusion), because the complex root has been evaluated differently. In fact,
for » = 0, the natural branches cover each other on the circular part of &(w,0,0)
(figure 6.5), where the dots fill just the centers of the little circles. As r = ah
starts moving away from O the branches deform continuously. So the inner branch
associated with A_ contracts around (1—w)S7(0), while the outer branch pertaining
to As inflates towards the unit circle and beyond.

In the overrelaxed case (figure 6.6), the branches face each other symmetrically
until a critical value of |r| is reached provoking a sudden change of topology.

As long as |r| < 1 and w € [0,2], the spectral limit set does not leave the closed
area between the unit circle (bold gray) and the circle of radius |1 — w|, whereas it
does not intersect the open domain between the circles if [r| > 1. In particular the

YNote that our labeling, sink and source point, shall reflect these observations.
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Figure 6.6: Sequence of spectral limit sets: overrelaxed case with w = 1.5. In the
plots of the upper row, sink- and source-points belonging to the same branch are not
symmetric with respect to the imaginary axis.

spectral limit set is not completely contained in the closed unit disk if |r| > 1 (see
section 6.3.1).

6.2.3 Asymptotics and symmetry of eigenvalues

Macroscopic interpretation of eigenvalues near 1

By the asymptotic analysis in chapter 4, we have established a relation between the
lattice-Boltzmann algorithm?® (6.4) using the (6.6) and the following IBVP:

EQ: O+ adpu —vd*u+cu=0 with v= % %,
BC: u(t,0) = u(t, L), (6.16)
IC = u(0,-) = uo.

The spectral analysis opens the opportunity to understand this connection from
another side. In particular, we want to investigate, how the eigenvalues of the
lattice-Boltzmann evolution matrix E are related to (6.16). Thus, we should look
for the evolution operator of the IBVP. Formally (6.16,EQ) can be written as ODE:

%u+Au:0 with A := —vd? +ad, + ¢

To grasp the idea, let us proceed in a sloppy way ignoring technical details as the
domain of definition of A etc.. In analogy to linear ODE systems in R™, the evolution

20The D1P2 algorithm considered here represents a special case of the D1P3 algorithm studied
in chapter 4.
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operator of (6.16) becomes the exponential?! e~*4. Following the analogy farther,
we recognize that the eigenfunctions of the evolution operator correspond to the
eigenfunctions of the operator A itself. Additionally we can infer

Av =\ = ety = ey,

So we have to find the eigenvalues of the operator A in order to get those of the
evolution operator e *4. For this we take recourse to the appendix. It must be
underlined, that the eigenvalues of A depend also on the function space the operator
A is defined on. This function space usually incorporates the boundary conditions
that may crucially influence the eigenvalues (see appendix for an example).
According to theorem A.2 we get for every n € Z an eigenvalue

A = 47%n%v 4 2imna + ¢ (6.17)

of the differential operator A applied to the space of (sufficiently smooth) periodic
functions. Hence the eigenvalues of the evolution operator e *4 are et n € Z.

Remark 6.2. Product structure of eigenfunctions. Actually, the eigenvalues
and eigenfunctions of the evolution operator e 4 are calculated by the method of
separation of variables due to the following reason: Let v = v(x) be an eigenfunction
of e7* and let u(t,z) be the solution of (6.16) with ug = v. The fact that v is
an eigenfunction of the evolution operator implies, that v and wu(¢,-) are linear
dependent as functions of the spatial variable x. Therefore there is a ‘scalar’ g
depending on the time ¢, such that u(t,z) = g(¢t)v(z). Thus it turns out, that the
search for eigenfunctions of the evolution operator is equivalent with the quest for
solutions of (6.16), that have the above product form.

Since the application of the lattice-Boltzmann evolution operator E corresponds to
a time step At = h?, E is to be compared with e=Ah*  We know that the lattice-
Boltzmann algorithm generates a sequence of population grid functions (h | 0),
whose mass moment converges to the solution of (6.16).

This circumstance should have a strong impact on the eigenvalues of E and e=4
Figure 6.7 and 6.8 show some of the eigenvalues of E and e~Ah* pear the common
eigenvalue 1. Each figure contains actually several plots for a growing number N
of grid nodes and a decreasing grid spacing h respectively. As a and not r remains
fixed, the shown part of the spectral limit sets gets flatter when h is diminished.
Similarly, the red curves interpolating the eigenvalues of e=Ah* bhecome more tight
for h | 0. However, the most striking feature is, that these curves fit the spectral
limit sets near 1 the better the more h is reduced. Moreover, it is clearly visible
that circles and dots seem to coincide the better the more they approach 1 and the
smaller h is chosen. The observations are made more precise quantitatively by the
following proposition.

h2

Proposition 6.5. Let A\, and Ay as given in (6.17) and (6.15) respectively. Then

2INote that this can be strictly defined in the framework of strongly continuous semigroups; but
is of no relevance for the objective here.
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Figure 6.7: The figure shows qualitatively, how the eigenvalues of E (blue dots) per-
taining to the right branch of the spectral limit set approximate those of e~4"" (red
circles) in the overrelaxed advective-diffusive case. Several curves are plotted corre-
sponding to varying values of h = % Observe that here the advection velocity a (and

not the CFL-number ) is kept constant.

the following asymptotic similarities hold true for h € Hr:

i) ‘e_’\"hQ 1l =om?)

ii) ‘)\+(27mh) — 1] = o(r?)

i) ‘)\+(27mh)—e_)‘”h2 = O(h)

The relations, in particular ii) and iii), have been verified performing the necessary
Taylor expansions using the computer algebra package MAPLE.
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Figure 6.8: Analogously to figure 6.7, this plot refers to the underrelaxed advective-
diffusive case. The small plot in the right upper corner should help for ‘orientation’ to
see better which detail of the spectra is plotted. Notice how the eigenvalues gather
near 1 if NV is increased.

Spectral symmetry properties

Figure 6.3, 6.5 and 6.6 reveal that the spectral limit set appears invariant by re-
flections at the z- and y-axis. Actually, the symmetry with respect to the z-axis is
trivial. Since the evolution matrix E has only real entries, its characteristic poly-
nomial must have real coeflicients as well. Therefore, with any zero z the complex
conjugated number Z is a zero too. This explains the invariance of the spectrum
under complex conjugation and thus under reflection at the z-axis.

The y-symmetry is due to a less obvious reason. It is useful to observe, that axial
symmetry with regard to two perpendicular axes entails the point-symmetry with
respect to the intersection point. Conversely, the symmetry relative to a line and
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a point lying on it, requires also the symmetry with repsect to an orthogonal axis
through this point. Therefore the pretended y-symmetry might be a mere conse-
quence of the x-symmetry in ‘cooperation’ with the point-symmetry relative to the
origin. Before we discuss this issue in more detail, the following general considera-
tion in an abstract setup will be quite useful for our concrete purpose.

Abstract setting. For this we consider an endomorphism A : V' — V of a finite
dimensional C-vector space V. We would like to establish a connection between
symmetry properties of its spectrum and its mapping properties. The spectrum
exhibits a rotational symmetry, if there exists a complex number o with o-spec(A) C
spec(A). For instance, if 0 = —1, then the spectrum is symmetric with respect
to the reflection at the origin, whereas it is invariant under rotations of 90° for
+0 = i. How to define symmetric mapping properties, is less obvious. It turns
out that a sort of generalized commutator relation like (6.18) comes into play, if we
construct another endomorphism, mapping eigenvectors on each other belonging to
eigenvalues associated with one another by the symmetry.

Proposition 6.6. Let A : V — V be a diagonalizable endomorphism of a finite
dimensional C-vector space V. Assume that there is o € C, such that the spectrum
of A is fulfills the condition

o -spec(A) C spec(A).
Then there exists a nontrivial endomorphism B : V — V satisfying the equation
AB —ocBA=0. (6.18)

Proof: By hypothesis, A is diagonalizable, such that V' can be represented as the
direct sum of the eigenspaces associated with the (different) eigenvalues, i.e. V =
@;eig(A, A;). Therefore it is possible to define B on each of the eigenspaces sepa-
rately. This can be done in such a way that B(eig(4, \;)) C eig(A,o);). For this
one has just to choose a basis in eig(A, \;) and eig(A,o);). Then B‘oig(A,Aj) can
be defined by mapping the chosen basis vectors of eig(A, A;) on at least one of the
basis vectors of eig(A, o);).

Consider now the equation Av = Av for some A € spec(A) and v € eig(A4, ).
Multiplying it from the left with ¢ B yields e BAv = o ABv. On the other hand we
must have ABv = oABwv since Bv € eig(A,0\) by construction of B and choice
of v. Comparing provides ABv = o BAv. As this equation can be derived for any
v € V belonging to one of the eigenspaces, it is valid for all elements of at least one
basis of V. Hence we even have AB = 0 BA. [

The next proposition contains the rather converse statement.

Proposition 6.7. Let A: V — V be a diagonalizable, nontrivial endomorphism
of a finite dimensional C-vector space V. The endomorphism B :V — V and the
number o € C\ {0} shall satisfy

AB —ocBA =0.
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Suppose there is a basis {v;} of eigenvectors of A, such that B*v; # 0 for k € N
and i € {1,...,dimV'}. Then

i)IneN: o" =1, and i) o - spec(A) = spec(A).

A sufficient condition for B¥v; # 0 with i € {1,...,dim V} and k € N is, that B has
full rank.

Proof: Let us first verify the inclusion relation
o - spec(A) C spec(A). (6.19)

For this we have to show that o\ € spec(A) whenever A € spec(A). As X is an
eigenvalue of A, thereisi € {1,...,dim V'} with Av; = Av;. Multiplying this equation
with 0B from the left yields o BAv; = o ABv;. By using the hypothesis in the form
AB = 0BA we obtain ABv; = cABwv;. Since Bv; # 0 is assumed, we realize by
definition that o\ is an eigenvalue of A. Hence oA € spec(A).

ad i) (reductio ad absurdum) As A is by hypothesis not the zero-mapping, there
is an eigenvalue A # 0. Similarly to the proof of (6.19), it can be shown by
induction that AB*v; = o* A\B*v; for some i € {1,...,dimV} and any k € Ny.
Thanks to the hypothesis B¥v; # 0 we are allowed to conclude that o*) is an
eigenvalue of A.

Now, let us assume that there is no n € N with ¢” = 1. Then o™\ # o'\
for any pair m > ¢ with ¢,m € Ny. Otherwise, if we had 6™\ = ‘), then
by division of o\ # 0 we would obtain the equation ™ ¢ = 1. So we would
have found n = m — ¢ € N with ¢” = 1, which is in contradiction to the
assumption above. Therefore the assumption implies, that there are infinitely
many eigenvalues \, o\, 02\, ... of A. But this conflicts with the finiteness of
dim V' being an upper bound for the number of different eigenvalues.

ad i) From (6.19) we can conclude that o**! . spec(A) C o* - spec(A) for arbitrary
k € Ny, since

of 1. spec(d) = {akHu | 1 € spec(A)}
)

= {Jk(a,u) | 1 € spec(A)}
= {O‘k%| » € o -spec(A)}
(Gég) {ak%| » € spec(A)} = ok - spec(A) .

Having by i) an exponent n € N with ¢™ = 1, we end up with the chain of
inclusions

spec(A) = 1-spec(A)=0"-spec(A)
C o™ spec(A) C ... C o -spec(A),

which gives the converse inclusion to (6.19). Thus the equality of the sets
follows together with (6.19). ]
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As a complement of the preceding proposition we get:
Corollary 6.4. If m denotes the smallest integer with ¢ =1, then m < dim V.

Proof: If \ # 0 denotes an eigenvalue of the endomorphism A, then
X\, oA, ..., o™

are m different eigenvalues. The assertion follows from the fact, that there are
maximally dim V' different eigenvalues. [ |

Let us close this excursion by a final proposition dealing with a special case, that
admits a short proof of its own.

Proposition 6.8. Under the hypothesis of proposition 6.7 assume additionally that
A and B are isomorphisms (invertible). Then c@™V =1,

Proof: Since A and B are invertible, their determinants are different from 0. From
the hypothesis in proposition 6.7 we get AB = 0 BA. Applying the determinant on
both sides and employing the multilinearity as well as the product rule, yields

det(A) det(B) = o4V det(B) det(A).

Dividing by det(A) det(B) # 0 leads to the assertion. [ |

Application. The shift matrices L and R (of dimension N) possess a highly
symmetric spectrum, since the unit roots correspond to the N vertices of a regu-
lar polygon being rotationally symmetric with respect to the origin. If N is even,
i.e. N = 2K for some K € N, the polygon is in particular invariant under reflection
at the origin. This special symmetry is inherited by the evolution operator, as we
will see below.

According to lemma 6.2 the eigenvalues of L are ™K m ¢ {0,..,N — 1}
with the eigenvectors (ei“m/ KY,. By reflection under the origin the n'® eigenvalue
'™/ K is associated to the (n 4+ K)™ eigenvalue e™("HK)/K — gimeimn/K — _gimn/K
for n € {0,..., K — 1}. Considering the eigenvector of the (n + K)™ eigenvalue,
(el +E)/ K = ((—1)ei™/K), yields the observation:

The eigenvectors pertaining to the n'™ and (n + K)™ eigenvalue can be
chosen, such that they agree in their even components and differ in their
odd components only by the factor —1.

Thus, the matrix representation of the endomorphism B mentioned in proposition
6.6 and 6.7 is a diagonal matrix with the alternating sequence of 1 and —1 on
its diagonal. By abuse of notation, let us denote this matrix also by B. So by
proposition (6.6) we expect L and B to anticommute, since 0 = —1 due to the
invariance of spec(L) under reflection at the origin (for N even!). It can be easily
checked that

LB+BL=0 and likewise RB + BR = 0. (6.20)
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From this we obtain for the evolution matrix
aL LY\ /(B 0 n B 0 aL. L\ (ao(LB+BL) pB(LB+BL)
YR IR 0 B 0 B/\»R R/ \#(RB+BR) /(RB+BR)
which is equal to the zero matrix because of (6.20). Applying now proposition 6.7
proves the next proposition:

Proposition 6.9. If the number N of grid nodes is even, then the spectrum of the
evolution matriz E pertaining to the lattice-Boltzmann scheme (6.4) is invariant
under reflections at the origin.

So the observed symmetries of the spectrum can be verified without computing the
eigenvalues explicitly!

Since the eigenvalues of the evolution matrices associated to an even number of grid
nodes lie dense in the spectral limit set, i.e.

S(w,r,p) = U spec(E,w,r,p,2N)
NeN

we can eventually infer:

Corollary 6.5. The spectral limit set S(w,r,p) is invariant under reflections at
the origin.

Together with the z-symmetry this entails the y-symmetry of the spectral limit set
mentioned at the beginning of this paragraph.

Eigenvectors of the evolution operator

The spectral analysis is completed by the computation of the eigenvectors pertaining
to the evolution matrix E of the lattice-Boltzmann scheme 6.4. It seems nearly self-
evident that the eigenvectors of E are somehow related to the eigenvectors of the
shift matrices L and R.

Let us denote by v, the unique eigenvector of L pertaining to the eigenvalue w™
with m € {0,..., N — 1}. Then the following holds true according to lemma 6.2:

Vi, = (wem)gezN , Lvy,=w"v,, and Rv,,=w v, =0"v,.
For the eigenvectors of E associated to the eigenvalues Ay (2rm/N) we make the

[m]

ansatz < a[j},ﬁm > The unknown amplitude ay " € C must be determined in such a

way that the equation

ol BL Vin ! Vi
m =y (2 N m 6.21
<7R 5R> (a[i ]Vm> +(2rm/N) <a[i ]Vm> (6.21)
is satisfied. Exploiting the properties of v,,, we obtain for the left hand side
(aL 6L> Vi - alv,, + a[im]ﬂLvm
YR R a[im]vm YRv,, + a[f} RV,
aw™v,, + a[f}ﬂwmvm
YWV + a[im] swmv,, |
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Comparison with (6.21) results to:

aw™ + azn}ﬁwm — )\:I:(27Tm/N) - azn} _ )\i(QWm/N) — aw |

puwm

m

Yw
At (2rm/N) — dw™

~ya™ + a[f}éﬁm = Ai(Zwm/N)a[f} = a[f} =

At first sight, it seems as if two different values for a[im I come out. However, equating

both expressions yields under the assumption that the denominators do not vanish:

AL (27m/N) — (aw™ + §T™)Ay (2rm/N) + ad — By = 0.

We know however that Ay (2mm/N) satisfies this equation by its definition. There-

fore both expressions for a[f lare equal. Moreover this shows that our ansatz works.
Let us summarize the result by the following theorem:

[m] [m]
Theorem 6.3. For 0 < m < N — 1, let us denote by <j[+ml> and <jlml> the
+

population vectors corresponding to the eigenvectors of the evolution opemitor with
regard to Ay (2rm/N) and A_(2mrm/N), i.e.:

[m] [m]
oL OLY (g4 _ g+
Their (™" component associated with the (' grid node (¢ € Zy ) is given by
g[fb] (0) = exp(2riml/N), g[_m] () = exp(2riml/N),

d[frn} () = a[f] exp(2riml/N), a™ () = a™ exp(2riml/N),

where the amplitude of the right-moving populations stored in d4+ and d_ is

) _ Ay (2mm/N)e 2mm/N — m]  A—(2mm/N)e 2mm/N _ q
ay = , a- = .
g B
6.3 LB advection scheme with periodic boundary con-
ditions

The D1P2 lattice-Boltzmann algorithm (6.4) for the advection-diffusion equation
presented at the beginning of the previous section can be used to approximate also
the solution of the pure advection equation

O+ adyv =0 (6.22)
with periodic boundary conditions if it is performed with two minor changes:
e The equilibrium (6.6) is replaced by
E(U) == (1 +as)U. (6.23)

Here the reaction term —%ch2 is discarded; furthermore and most important
is the advective term as occurring now without the factor h.
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e Each iteration is identified with a time increment At = Az = h.

The resulting algorithm is identical to the D1P2 scheme which is studied in chap-
ter 5 and where the connection between the lattice-Boltzmann algorithm and the
advection equation (6.22) is established by a consistency analysis.

Subsection 6.3.1 and 6.3.2 are based on theorem 6.2. Due to the structural equality
of both algorithms (purely advective < advective-diffusive with ¢ = 0) the calcula-
tion of eigenvalues can be transfered directly. In the sequel, E denotes the evolution
matrix of the advective lattice-Boltzmann scheme to be considered here. Without
repeating the computations, we set in analogy to subsection 6.2.2

XA 9) = N (0 4 G A+ — 1y

= A2 + [(w — 2) cos() + iwasin(@) A+ 1 — w, (6.24)
where the coefficients «, 3, and § of the collision block are now given by
a:=1- %w - %wa7 ﬁ = %w — %wa,
(6.25)
Y= %w + %wa, 6 :=1— %w + %wa.

Furthermore (6.15) becomes:
Ai(p) = —% [(w —2) cos(¢) + iwa sin(qﬁ)]

+ \/i [(w—2) cos(¢) + iwa sin(¢)]2 —(1—-w). (6.26)
The zero-level set of x(A\, ¢) yields again the spectral limit set
S(a,w) :={A e C| 3 € [0,2m) with x(A,¢) =0}, (6.27)

which looks exactly like those depicted in figure 6.5 and 6.6 (replace ah by a!).

Thanks to the tight interlocking of both algorithms, we do not only benefit here
from subsection 6.2.2 but, conversely, the results of subsection 6.3.1 and 6.3.2 (the-
orem 6.4 and 6.6) extend mutatis mutandis to the advective-diffusive algorithm of
the previous section. In contrast, the proof of the £, -stability theorem is not gen-
erally extendible to the advection scheme, as it essentially exploits the positivity
of the collision block coefficients. This can be reached for sufficiently small A if
the advective-diffusive equilibrium (6.6) is chosen, which differs from (6.23) by the
additional scaling factor h in the advective part.

What have multiscale expansions to do with stability?

Let us briefly motivate the topic of subsection 6.3.3: The general convergence theory
(Lax equivalence theorem) requires consistency and stability. Whereas the consis-
tency analysis involves mainly elementary techniques like Taylor expansion, that
may be applied in a quasi mechanical manner, the inspection of stability often rep-
resents a real challenge. However, since checking consistency alone is not sufficient??

22There are schemes, like the naive or the downstream discretization of the advection equation,
lacking stability although being consistent. Unfortunately, in many situations stability may be
deteriorated or even forfeited by increasing the order of consistency.
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for completely assessing a numeric algorithm, it would be desirable to dispose of an
handy, theoretical tool being able to provide indications about the stability behavior
(or even to predict it) without implementing and testing the algorithm. This could
contribute to systemize and thus to support the construction and improvement of
numerical schemes.

Subsection 6.3.3 is an attempt to fathom whether it is possible to examine stabil-
ity by asymptotic expansions just as in the case of consistency. Concretely, the
subsection is inspired by the following background-question: Can multiscale expan-
sions be used to find precise stability criteria for finite difference schemes? For the
specific example of the advection equation discretized with the upwind method,
a positive answer has been given in [37]. However this is not universally true as
demonstrated here by the advective D1P2 lattice-Boltzmann algorithm, for which
a twoscale expansion indicates stability, while the method is actually unstable.

6.3.1 The CFL-condition and stability

The discretization of (hyperbolic) PDEs necessitates the observation of the CFL-
condition being indispensable for convergence. It requires the domain of dependence
of the discretization method to contain the domain of dependence of the PDE (see
also [45]). For a three-point stencil difference scheme solving the one-dimensional
advection equation the CFL-condition translates into

lagL| < 1. (6.28)

The inequality admits an easy interpretation, namely that the grid speed®® Ax/At
must not be inferior to the advection speed |a|. This means that the scheme must
be able to propagate disturbances as fast as the equation in order to converge.

It is remarkable that the CFL-condition is equivalent with stability in the case
of standard finite-difference schemes like Upwind, Lax-Friederich or Lax-Wendroff.
For the advective D1P2 lattice-Boltzmann algorithm, a similar equivalence holds as
shown in theorem 6.6. Before we turn to this, we verify that |a] < 1 is necessary
for stability (note that (6.28) turns into |a| < 1 for At = Az = h).

Theorem 6.4. The spectral limit set pertaining to the evolution matriz of the ad-
vective D1P2 lattice- Boltzmann scheme is entirely contained in the closed unit disk,
i.e. 6(w,a) C D1(0), if and only if 0 <w <2 and -1 <a<1 orw=0.

If 6(w,a) ¢ Di1(0) then for all but finitely many grids the corresponding evolution
matrix has an eigenvalue whose distance from D;(0) must be greater than a con-
stant minimal distance (eigenvalues fill G(w,a) densely). Therefore the algorithm
cannot be stable neither according to definition 6.1 nor to definition 6.2.

As the radicand in (6.26) is generally complex-valued, it is not immediately obvious
how to estimate |\ (¢)| in order to get conditions on the parameters a,w assuring
that the spectral limit set and hence the eigenvalues of E stay inside the closed unit
disk.

ZDetermines how fast a disturbance is propagated by the scheme.
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Lem. 1

Figure 6.9: The stability domain of E in the aw plane. The gray shading and line
types visualizes the case differentiation to prove theorem 6.4. As the collision matrix
corresponds to the identity if w is set to 0, the whole line w = 0 belongs — apart from
the closed rectangle [—1,1] x [0, 2] — to the stability domain too. Note that “Lem. 1"
refers to lemma 6.7, “Lem. 2" to lemma 6.8 and so on.

Thus, the proof of theorem 6.4 is furnished by chopping up the assertion among
several lemmas. For this the aw-plane is decomposed as depicted in figure 6.9.
The verification of the main lemma 6.9, which demarcates essentially the stability
domain where p(E) < 1, is not done by a straight forward computation but employs
the theorem of Rouché from complex analysis.

Theorem 6.5. (Rouché’s Theorem) Let ' be a closed path null-homologous in
G C C and assume that T' has an interior. Let f,g be holomorphic (analytic) on
G, and

1F(Q) =g <[f(Q]  forall¢ onT.

Then f and g have the same number of zeros in the interior of I.
A proof is presented in [44], page 181.
In opposition, lemma 6.7 and 6.8 characterize the area of instability, while each of

the lemmas 6.10, 6.11 and 6.12 deals with parts of the boundary of the stability
domain.

Lemma 6.7. Suppose w < 0 or w > 2. Then &(w,a) ¢ D;(0).

Proof: The constant term of the quadratic polynomial x(¢, A) is 1 —w. According
to Vieta’s rule the zeros of A — x(¢, ) satisfy A_(¢) - \j(¢) = 1 — w. Now the
hypothesis entails |1 — w| > 1 which implies that the modulus of at least one zero
is greater than 1. Then this zero lies outside the closed unit disk. [ |

Lemma 6.8. Let 0 < w <2 and |a| > 1. Then &(w,a) ¢ D1(0).
Proof: Assume a > 1. The assertion is proved by showing [A, (5)| > 1. Setting

¢ =% in (6.26) yields:
A (%) = jwai+ \Jw — 1 — Fw2a?.
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A small computation confirms that the root is imaginary since the radicand is
negative for arbitrary w and |a| > 1:

Hence M\ (5) = i(%wa +4/14 w2 —w > Finally, this leads to the estimate

A (3)| = swa+4/1+ fw?a? —w
>twt+/l+iw?—w = tuo+(1-iw) =1,

where we have used the hypothesis 0 < w < 2 and a > 1. Similarly one can show
that A_(%) is located outside the unit circle if a < —1. |

Lemma 6.9. If0 <w < 2 and |a|] <1 then &(w,a) C D1(0).

Proof: We have to show that, under the hypothesis above, the roots of (6.24) lie
inside the closed unit disk independently of ¢ € [0,27). For this, we distinguish
two cases. The first one with ¢ € {0, 7} can be treated directly:

YO0 =2 + (W=2)A + 1—-w), xOm) =X+ 2—wA + (1-w)

Both polynomials do not depend on a. It is easily seen that the zeros of x(-,0) are
1 and 1 — w, while the zeros of x(-,7) are —1 and w — 1. So, they are located inside
the closed unit disk if 0 < w < 2.

The second case concerns the general situation ¢ € [0,27)\ {0, 7} = (0,7)U (7, 27),
which is handled by using the theorem of Rouché (theorem 6.5). To apply it, we
need a function of comparison v, that must have as many zeros inside the open unit
disk as we claim that y has. So 1 is required to have two zeros. Moreover it must
satisfy the following estimate on the unit circle:

Ix(2) —¥(2)] < |¢(2)] for all z € 0D1(0).

We choose for 1 the polynomial y itself but setting w = 1:

PY(N, @) = A* + [ — cos(¢) + iasin(¢)] A

The zeros of 1 are 0 and cos(¢) — iasin(¢). If ¢ € [0,27) \ {0, 7} then |cos(¢)| < 1
and |sin(¢)| > 0. This implies that both zeros of ¢ are located inside the open
unit disk assuming the hypothesis |a| < 1. Annotation: Geometrically the second
zero describes an ellipse for ¢ € [0, 27) parameterized in (counter)clockwise sense if
a is positive(negative). Its major semiaxes is 1 along the real axis while its minor
semiaxis in imaginary direction has length |a|. Evidently, the ellipse is completely
contained in the closed unit disk if and only if |a|] < 1.

Let us now verify the required estimate. We start with the right hand side and
replace z by ¢ € 9D;(0) with § € [0,27). Drawing the factor (w — 1)e' out of
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the modulus, using |¢?| = 1 and observing that the absolute value does not change
under complex conjugation, we get:

(e, 0) = (e, 0)| =
= ‘(w —2) cos(¢)el? + cos(¢)e? +ia(w — 1)sin(p)e’? + (1 — w)
= |w-—1] ‘cos((b)eie +iasin(¢)e? — 1‘

= Jw—1[[eY| ‘cos(qb) + iasin(p) — e 17

= |w-—1] ‘Cos(qb) + iasin(¢) — e—1?

= |w—1] ‘COS(@) — iasin(¢) — e

For the left hand side we find by factoring out —el?:
(e, 6)] = [e% + (— cos(6) + iasin(9))e”

= | =€ ‘—eie — (= cos(¢) +ia sin((b))‘

= ‘COS(QS) —iasin(¢) — €.

So we can conclude:

X(E6) =0 0)| = ko= 1] feos(9) —asin(g) — "
= (e, 9)].

< ‘cos((b) — iasin(¢) — e

The strict inequality holds, indeed, because the assumption w € (0,2) implies
|l —w| < 1. Furthermore |cos(¢) — iasin(¢) — €| cannot be zero, since €'’ is on
the unit circle whereas cos(¢) —iasin(¢) lies in its interior as justified above. Thus,
all assumptions of Rouché’s theorem are fulfilled which gives the assertion. [

Lemma 6.10. Assume 0 <w <2 and |a| =1. Then &(w,a) C D;1(0).

Proof: Setting in (6.24) a = 1, it has to be shown that the zeros of the polynomial
X\, @) = A2+ [(w —2)cos(¢) + iw Sin(qb)] A+ (1—w)

lie in the closed unit disk. It is easy to check that e7i? is a root of x. By Vieta’s
rule the product of the zeros must be equal to the coefficient of the constant term.
Hence the other zero must be given by (1 —w)el?. So both of the zeros are located
inside the closed unit disk under the hypothesis. The other case a = —1 is treated
likewise. u

Lemma 6.11. Suppose w = 0. Then &(w,a) C 0D1(0) C D1(0).
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Proof: In this case the collision matrix becomes the identity. Hence the evolution
matrix is just the transport matrix. So the spectrum lies on the unit circle what is
also obtained by formula (6.26) reducing to

A+ (¢) = cos(@) £ y/cos?(p) — 1 = cos(¢) £ i|sin(¢)| = eto,

Lemma 6.12. Suppose w =2 and |a] < 1. Then &(w,a) C dD1(0) C D1(0).

Proof: In this case (6.26) simplifies to Ai(¢) = —iasin(¢) + /1 — a?sin?(¢). A
long as |a| < 1 the root is real, and we get |A.(¢)|? = a?sin?(¢) + 1 — a?sin?(¢) =
1. [ ]

6.3.2 Stability in the /;-norm

Theorem 6.4 already gives the necessary fundamental condition for stability?*. If
E is diagonalizable?® (see appendix, corollary 6.6) and p(E) < 1 the powers of
the evolution matrix remain bounded. In this section we show that the bound is
independent of the underlying grid which defines the size of the evolution matrix.
It must be noted that this statement depends substantially?® on the norm. An
illustration for this is provided by figure 6.10.

Prior to the statement of the final theorem let us consider two specific cases where
stability with respect to other norms than || - ||2 is easily shown. For a = 0 (what
does not make much sense regarding the advection equation) and 0 < w < 2 one
can argue as in the proof of propostion 6.1.

Summing the entries of the collision matrix column-wise it can be shown that
|E|1 < 1if w and a are chosen such that the four coefficients «, 3,7 and § are
non-negative (e.g. 0 <w <land —1<a<1).

Theorem 6.6. The advective D1P2 lattice-Boltzmann scheme is stable in the sense
of definition 6.1 with respect to the lo-norm, if and only if 0 <w <2 and—-1<a <1
or if w=0.

21Sometimes the necessity of the stability condition p(E) < 1 is confounded with sufficiency. The
following circumstance might explain this common mistake: In simulations, instabilities become
mostly perceivable by sudden blow-ups of the numerical solution. This usually happens, if the
iteration operator has eigenvalues outside the closed unit disk. If the initial condition has even a
very small component with respect to the ‘maximal’ eigenvector, for instance by rounding errors,
then this component is strongly amplified and gives rise to the blow-up after a certain number
of iterations. Indeed, this effect is excluded if p(E) < 1 (and E diagonalizable). As the scheme
can only be tested on a few (i.e. finite) number of refined grids, it seems justified from a practical
perspective to take the above condition as sufficient. From the theoretical point of view, the scheme
has to be considered on an infinite sequence of successively refined grids in order to decide wether
the scheme is stable and convergent.

Z51f E were not diagonalizable, i.e. if the Jordan blocks were not simple, then ||E| increased
polynomially what is still less than exponential growth for p(E) > 1.

26Tt is true that in finite dimensional vector spaces (R™) all norms are equivalent. But the
coefficients occurring in mutual estimates depend on the dimension of the space. Therefore stability
with respect to one norm need not be equivalent with stability in another norm.
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Figure 6.10: The upper diagram visualizes the maximum-norm ||E" ||, over the itera-
tion index n € {0,...,200}. For clarity only every fifth value is plotted, which lets the
curves appear a little bit smoother. The curves refer to grids of 20,40, 80,160 and 320
nodes with w = 2 and a = 0.8. Analogously, the lower diagram has to be interpreted,

except that it refers to ||E™|2. Evidently, as far as the two-norm || - ||2 is concerned,
one realizes a common bound for the powers of the evolution matrices associated to
different grids; regarding the || - |[x-norm this bound seems to be lacking.

Before we start with the proof, let us mention that the matrix || - ||2-norm is induced
by the vectorial || - ||2-norm.

IM[3 == sup [[Maz|f = sup (Mx,Mz) = sup (MM z,x) = p(MM")
leli=1 Jell=1 lel=1

From this ensues that the (matricial) || - ||o-norm keeps invariant under unitary
similarity transformations as unitary matrices generate the isometries of the scalar
product.

Proof: Defining
ael?  Bel?
B(¢) = <,Ye—i¢> 5e—i¢> (6.29)

it can be shown in analogy to the proof of theorem 6.2 that the evolution matrix E
is similar to the block-diagonal matrix

B(0)
P
E .= 5(¥) . (6.30)
| p(z)

by a unitary transformation. Moreover all powers of E are unitarily similar to those
of E too. This implies |E"||y = |E"||s. Evaluating the norm by means of lemma
6.13, we obtain

IE"|l2 = [E"|2= ma HB(QW) l2 < sup [[B(¢)" |- (6.31)
me{0,..., ¢€(0,27]
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Thanks to the estimate at right, we get rid of the high dimensional matrix E and
the problem is formulated in terms of the family of 2 x 2 block-matrices B(¢). To
finish the proof we have to bound the right hand side; for this two cases a = 0 and
a # 0 are distinguished.

Case 1: a =10

In this situation we directly calculate ||B(¢)||3 = p(B(¢)B(¢)*). The computation

* o24B2-\  (ay+Bd)e'?
det (B(¢)B(¢)" — AI) = det ( A )
=N — (@ + 2+ 7"+ A + (a6 — By)°

=N - (2-2w+ WA+ (1—w)?

yields the eigenvalues 1 and (1 — w)? pertaining to B(¢)B(¢)*. Independently of
¢ we find ||B(¢)]]2 = 1 for w € [0,2]. Hence it follows with the standard estimate

sup [|B(#)"[]2 < sup [|B(#)llz < 1.
¢€[0,27] ¢€[0,27]

Case 2: a #0

Here the direct argument does not work although ||B(¢)]||2 is also independent of
¢. Actually we have ||B(¢)||2 > 1 whenever the advection velocity does not vanish.
Therefore let us introduce the following sequence of positive functions for n € N:

fai]0,27] = R, fu(@) = [[B"(9)]|2-

As B(¢) depends continuously on ¢ and due to the continuity of the matrix multi-
plication and the matricial || - [|2-norm, the functions f,, are continuous too.
According to lemma 6.15 the matrices B(¢) with ¢ € [0, 2x] are diagonalizable if
a # 0. From theorem 6.4 follows furthermore: p(B(gb)) < 1. Hence lemma 6.14
guarantees that arbitrary powers of B(¢) remain bounded.

This shows that the function sequence (f,)nen is pointwise bounded:

3C, >0: YneN: f,(¢) < Cy.

So we can quote the principle of uniform boundedness (theorem 6.7) ensuring that
the sequence (fy)nen is even locally bounded?’. Eventually, the compactness®® of
the domain of definition, which is the interval [0, 27|, yields global boundedness. So
the right hand side of (6.31) must be bounded. ]

The case a = 0 has been treated separately, because proving the diagonalizibility of
B(¢) (lemma 6.15) needs some more effort. Observe that case 2 can be made more
explicit, by writing B(¢)" = W (¢)D(¢)"W (¢)~!. The non-zero elements of the
diagonal matrix D(¢) are of modulus less or equal 1 because p(B(¢)) < 1. Then
I1B(@)"™|| = [IW(®)| ||W(#)~t|, where the right hand side is independent of n and
bounded by reason of continuity and compactness.

2y¢ € [0,27], 36 > 0,3C > 0, ¥n € N, Vap € [0, 2] with [¢p — )| <5 : |fu())] < C

28The theorem of Heine-Borel states that subsets of finite dimensional vector spaces are compact,
if and only if they are closed and bounded. Generally, compactness of a set S in a topological space
is defined by the property that any open cover of S permits a finite cover. In the concrete case a
open cover is generated, since any ¢ € [0, 27| has an open neighborhood where the f,,’s are bounded
by a common constant. Due to the compactness, there are finitely many of these neighborhoods
which cover [0, 27]. So global boundedness ensues.
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Complements to the proof of theorem 6.6

Theorem 6.7. (Osgood’s theorem — principle of uniform boundedness) Let
(M, d) be a complete metric space and F C C(M,R). Suppose that, for each x € M,
there exists a constant Cy > 0 such that Vf € F: |f(x)] < Cy. Then there exists
a nonempty open ball B C M and a constant C' > 0 such that Vf € F, Vx € B :
[f(@)| <C.

For the proof we refer to [58] page 184.

Lemma 6.13. Let M = diag(Bj, ..., BN) be a block-diagonal matriz. Then | M| =
maxy, || B||2-

Proof: The assertion is due to the fact that the || - ||o-norm is connected to the
eigenvalues of M M*, which can be computed block-wise:

M]3 = p(M M)
= max {|A| : det(MM*—X) =0}
= max {|A| : [[det(BrB; — \) =0}
k

= max max {|\| : det(ByB; — \) =0}
= max p(BiBy) = max || B3
]

Observe that other induced matrix norms (e.g. ||+ [J1 or || - ||) behave analogically.

Lemma 6.14. Let M be a diagonalizable matriz and assume p(M) < 1. Then there
is for any matriz norm || - || a constant C' > 0 such that: VYn e N: |M"™|| < C.

A proof of a slightly more general assertion is contained in [12], theorem 3.33 page
108.

Lemma 6.15. The 2 x 2 matriz B(¢) defined in (6.29) is diagonalizable for a # 0.

Proof: It is enough to show that the characteristic polynomial, i.e. x(\, ), has
two different zeros, since this implies immediately the existence of two different
eigenvectors forming an eigenbasis.

Case 1: ¢ ¢ {0,7} and w # 0

Under this condition the coefficient of the linear term is complex-valued while the
constant term 1 — w is real. From Vieta’s rule we can conclude that at least one
zero is properly complex, say z; = rie? with r; > 0 and 6 € (—=,0) U (0,7).
Furthermore we get zo = roe 1 with 7o > 0 for w # 1 or ro =0 for w = 1 such that
the product is real, more exactly z120 = 1 —w. So we may conclude z; # zs.

Case 2: ¢ € {0,7} or w =10

In these cases the characteristic polynomial and thus the eigenvalues do not depend
on a. An explicit computation yields two different eigenvalues 1 and w+ 1 for w # 0
and ¢ = 0. Similarly, —1 and w — 1 are eigenvalues if ¢ = 7 and w # 0. If only
the second condition is satisfied, then the eigenvalues are € and e~'%. Finally,
B(¢) is automatically diagonal (positive/negative identity) if both conditions are
fulfilled. [ |
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For a = 0 the discriminant?® of the characteristic polynomial is strictly positive for
w > 1 and implies the existence of two eigenvalues and eigenvectors. However, if
w < 1, then w and ¢ can be chosen such that the discriminant may vanish. In this
case it is not clear a priori whether B(¢) has two linearly independent eigenvectors.
The lemma implies immediately that the transformed evolution matrix E defined
in (6.30) is diagonalizable as well. The similarity between E and E entails the
subsequent corollary.

Corollary 6.6. The evolution matriz E of the advective D1P2 lattice-Boltzmann
algorithm is diagonalizable if a # 0.

6.3.3 Multiscale expansion and stability

Let us briefly recall the results of subsection 5.2.2 concerning the twoscale expansion
with a linear and quadratic time t; = nh and t; = nh?. The idea is to approximate
the population function F of the lattice-Boltzmann algorithm in the following way:

F(nh,z) = fO(nh,nh? x) + i (nh,nh% z) + ... . (6.32)

The asymptotic order functions f(© (1) are defined such that the order of the
residual (with respect to h) becomes as large as possible. In contrast to a regular
expansion with a single time, the order functions do not come out in a cogent man-
ner. Therefore additional conditions may be imposed simplifying the calculation
as much as possible without loosing the flexibility of the ansatz. So the subse-
quent PDEs are extracted, which determine the evolution of the mass moment u(®)
associated to f©) = 1(1 + as)u(®.

A, u O (1, t2, ) + adpu (t1, tg, x) = 0 (6.33)
O, ul® (b1, 2, ) — pd2ulV (b1, t,2) =0 with p= (L =31 -a®)  (634)

w

The advection equation (6.33) is already found using the regular expansion. It
describes the most conspicuous behavior of u© because t1 evolves faster than ¢5. In
opposition, the diffusion equation accounts for a less striking process, that becomes
only noticeable after an observation over rather many iterations.

The sign of diffusivity p plays a crucial role. In case of u > 0 the solutions of
the diffusion equation, being damped and smoothed, exhibit the typical decently
behaving dynamics. The situation changes dramatically if 1 attains negative values.
This case is referred to as the backward diffusion equation; the associated initial
value problem is known to be ill-posed?’.

Whenever the parameters a and w are set such that ;1 becomes negative, the twoscale
expansion signalizes via equation (6.34) that there might arise some trouble with
the stability of the algorithm. So we are led to the assumption that the domain of

2 2w? cos?(¢) + (w — 1) sin®(¢)

3%Formally the associated evolution should be inverse to that of the diffusion equation. Therefore
its effect would be roughing instead of smoothing. However, the example of an Gaussian bell func-
tion, evolving in finite time into a J-distribution-like peak, gives clear evidence that the associated
IVP generally permits no solution in the standard function spaces. Thus the twoscale expansion
breaks down for p < 0, which implies that it is no more adequate to approximate the population
function F.
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Figure 6.11: The stability domain S, as predicted by the twoscale expansion, suggesting
that the four closed quadrants — each one sharing its corner with the central square —
belong to the stability domain as well. Compare with figure 6.9.

stability is given by the subset S, := {(a,w) € R? : p(a,w) = (L — 3)(1 —a?) > 0}
of the a-w plane sketched in figure 6.11. Although this guess is not completely right,
because it contains the actual domain of stability as a proper subset, it must be
emphasized that it is only based on simple formal asymptotic computations and
some elementary knowledge about the diffusion equation.

Still the question remains open, why exactly the analysis of the long-term behavior
should contribute to understand stability properties. If the parameters a and w
are chosen outside of the actual stability domain, the algorithm blows up after a
certain number of iterations that is almost independent of the grid spacing h. This
insinuates rather that the instable behavior strikes very fast, more precisely in the
discrete time scale. In the light of this observation the chosen twoscale ansatz with
its additional slow time appears especially inappropriate, even contradictory.
Throwing a glance at the spectra in figure 6.12 and 6.13, reveals that the occurrence
of instabilities must be attributed to the eigenvalues of maximal modulus located
on the imaginary axis. Their associated eigenvectors are slightly excited because
of rounding errors if not due to the initialization itself. By application of the
evolution matrix they undergo the strongest amplification such that they quickly
become disturbing and lead finally to the ‘explosion’.

Since the spectral limit set depends only on a and w, the position of the ‘bad’
eigenvalues, most responsible for instability, does practically not change under grid
refinement. Furthermore, as these eigenvalues are located half-way between the
source and sink points, the corresponding eigenvectors are strongly oscillatory with
half of the maximal spatial frequency (see figure 6.12 right below). As the frequency
grows with the number of grid nodes, the algorithm uncovers its discrete nature
here, that eludes a description by smooth3! functions. However, smooth functions
are used to construct the asymptotic order functions f(©) (t1,t2,x) etc.. Restricted
to the grid, they are represented essentially as linear combinations of the ‘smooth-

310ne may object why, actually, it is reasonable to analyze discrete algorithms by means of
smooth functions, if they can not fully mimic discrete behavior. There are two reasons: First, in
many cases one is mostly interested in the properties of discrete algorithms that are not typically
discrete. Second, one has generally a better feeling for smooth functions than for irregular, discrete
functions.
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Figure 6.12: Left: Spectrum (grid with 64 nodes) and spectral limit set of the evolution
operator for w = 1.5 and a = 1.2. Right: mass moments of the eigenvectors pertaining
to the highlighted eigenvalues; the diagram shows the real part while the imaginary part
vanishes. The sinusoidal curve (above) refers to the marked eigenvalue close to 1 on
the circled branch (A;). This curve does not alter under grid refinement if the fourth
eigenvalue from 1 (in counterclockwise orientation) is always considered. It just gets
sampled more densely. A different situation is found for the eigenvalue closest to the
markers position on the imaginary axis. The mass moment of the associated eigenvector
looks like a zigzag whose oscillations grow if the grid is refined. The limit of such a
sequence of eigenvectors cannot be described by a smooth function.

looking’ eigenvectors (longwave modes, cf. figure 6.12 right above) pertaining to
the eigenvalues near 1. It seems to be a trivial consequence that it is not possible
to grasp the full behavior of the evolution matrix by just analyzing its action on a
small subspace.

Nevertheless it is possible to gain certain information by this ansatz, if, figuratively
speaking, the eigenvalues near 1 are drawn out of the closed unit disk D;(0) by
those which are farther outside already. This situation occurs if p is negative
(see figure 6.12). The eigenvectors pertaining to those eigenvalues are only faintly
amplified by the evolution matrix so that their blow-up happens after comparatively
many iterations. Moreover, the eigenvalues whose eigenvectors do not exceed a fixed
maximal spatial frequency converge to 1 as h tends to 0. Therefore the amplification
rate of the associated eigenvectors decreases under grid refinement and this entails
that their blow-up takes place after more and more iterations. The quadratic time
variable to = nh? in (6.32) accounts for this phenomenon. What we actually sense
by the twoscale expansion is not the early blow-up of the ‘rough’ eigenvectors but
the blow-up of the ‘smooth’ ones occurring much later.

Figure 6.13 depicts a situation where the asymptotic approach is outwitted, which
happens if |a| > 1 and w & [0, 2] such that g > 0. Now the spectral branch referring
to Ay and containing 1 lies within D;(0). Instead the other branch has completely
left D1(0). Despite of u being positive the algorithm cannot be stable. Why does
the prediction based on the twoscale expansion miss this instability? The reason is
simple: even those eigenvectors are very oscillating that belong to the eigenvalues

being scarcely outside Dj(0) and close to 1 (confer 6.13 right below). Using only
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Figure 6.13: Another case with w = 2.1 and a = 1.05 in analogy to figure 6.12. The
sinusoidal curve (above) refers to the eigenvalue of the interior, circled branch (A1)

situated within D;(0). The curve below with the beat-like bellies belongs to the marked
eigenvalue on the exterior, dotted branch (\_) lying outside D1(0). Again, under grid
refinement the eigenvectors (referred to the eigenvalues at second position counted from
the positive real axis in counterclockwise orientation) behave distinctly. The upper curve
is filled up with dots but its shape is not affected. In contrast, the number of oscillations
within each belly is enhanced in the lower curve although the bellies keep their form.
The beats are generated by a small difference in the sampling frequency of the grid
and the spatial frequency of an exponential function that is contained in the analytic
expression of the eigenvector.

smooth ansatz functions, the expansion (6.32) is blind for them. If rounding errors
were avoided and if the initialization involved only eigenvectors associated to the
Ay-branch, the algorithm would be stable, however.

Accordance of multiscale expansion and expansion of eigenvalues near 1

In order to elucidate the relation between the multiscale expansion and the spectrum of the
evolution matrix we return to (6.26) which gives an analytic expression for the eigenvalues
setting ¢ € {%Tm : m € 0,..,N — 1}. Substituting 1/N by h we recognize that the
eigenvalues A; (2rmh) converge to 1 for h tending to 0 and fixed m. Performing a Taylor
expansion around h = 0

Ay (2mmh) = 1 — 27imah
—4r*m*(L - H)(1 —a®) h* — 2r°m*a® h* + O(h®) (6.35)

gives an approximation of certain3? eigenvalues near 1. The coefficients of first and second

order turn out to be the negative eigenvalues®® of the advection operator ad, and the
diffusion operator —ud2 = —(2 —1)(1—a?)92 (on [0, 1] with periodic boundary conditions)

appearing in (6.33) and (6.34). The additional term in the second order can be made clear by
looking at the eigenvalues of the evolution operators related to the advection and diffusion

32Bear in mind, that there might be other eigenvalues close to 1 (e.g. on the branch associated
with A_) that are not approximated by the above expansion.

331t is quickly checked that = +— €*™™% with m € Z represents a basis of eigenfunctions respecting
periodic boundary conditions.
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equation and associated to a time interval At.

advection: e~2mmadt  — 1 _ 21imaAt — 27n2m2a2At? + O(At3)

diffusion: e 4T mIHAL = 1 _4x2m2 AL + O(AL?) (6.36)

Apparently, (6.35) is obtained by setting At = h in (6.36), and At = h? in (6.36),, mul-
tiplying both truncated series and keeping only terms of order less than O(h®). So the
expansion of the eigenvalues (6.35) corroborates the results of the multiscale expansion:

I) The effect of the lattice-Boltzmann evolution matrix (on a certain subspace) corre-
sponds to an intertwining of an advection and diffusion process where the first one is
dominant.

IT) There is an inherent separation of time scales: the advection takes place in the linear
(fast) time scale while the diffusion evolves in the quadratic (slow) time scale.

6.4 LB diffusion scheme with bounce-back type bound-
ary conditions

Let us now return to the parabolicly scaled D1P2 lattice-Boltzmann scheme that
is to be endowed with non-periodic boundary conditions. Concretely we have the
following in mind:

e Proper bounce-back condition: this amounts to the Robin3* condition for the
target equation. In the absence of advection, Robin and Neumann conditions
coincide?® with each other.

e Sign inverting bounce-back condition: If the sign of the corresponding colli-
sion products is flipped before they undergo the bounce-back operation, the
homogeneous Dirichlet boundary condition for the mass moment is obtained.

In order to see that these kinetic conditions are really connected with the indicated
macroscopic boundary conditions for the target problem, a consistency analysis has
to be performed. This, however, is not done in the scope of the thesis, instead,
we refer to section 3.5, where analogous conditions are considered for the D1P3
lattice-Boltzmann equation.

The objective of this section is to compute the spectra of the modified evolution
matrices resulting from the two non-periodic boundary conditions. Following the
idea employed in the case of periodic boundary conditions, we first try to diagonal-
ize the transport matrix. The analytic accessibility of the spectrum of the evolution
matrix is finally owed to the circumstance that the collision matrix admits a sim-
ple30 representation in the eigenbasis of the transport matrix. So the characteristic

34 Also called natural or no-fluz condition in the homogeneous case.

35The heat flux corresponds to the negative temperature gradient. Hence the no-flux condition
at the boundary implies the vanishing of the normal derivative, i.e. the Neumann condition. In
one space dimension we see that the flux au — v9,u gets proportional to the spatial derivative of
u if the advection velocity a vanishes.

36The special structure of the collision matrix as nodal operation must be respected which implies
the existence of invariant subspaces.
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Figure 6.14: In the case of non-periodic boundary conditions the leftmost and right-
most node do not have neighbor nodes on both sides. Therefore each of the two
boundary nodes has a population (4 and 8) that can not be updated in the usual way.
In contrast, the collision products of index 1 and 5 cannot be sent away during the
transport step like their counterparts in other nodes. To make a virtue of necessity,
these collision products are used to supply the otherwise empty populations of index 8
and 4 respectively (bounce-back). One may imagine that these collision products are
reflected by a wall and thus return to their emitting node with opposite velocity. In the
case of bounce-back with sign flipping the numerical value of the collision products is
multiplied by —1.

polynomial of the evolution matrix eventually decomposes into quadratic3” factor
polynomials.

The knowledge of the eigenvalues provides some insight how spectral properties of
the target problem devolve upon the discretization. In subsection 6.4.2 the eigen-
vectors of the evolution matrix referring to bounce-back boundary conditions are
calculated exemplarily. These computations may be the starting point for future
investigations®® concerning the consistency of boundary conditions and the conver-
gence of the lattice-Boltzmann algorithms.

Some notational changes. In the case of non-periodic boundary conditions we
use {1,..., N} to index the nodes in standard manner from left to right. Fur-
thermore the populations are indexed as depicted in figure 6.14, which differs from
figure 6.1 (periodic case) since now one species is counted from left to right while
the other is counted in backwards direction. In this way, however, the transport
matrix becomes particularly simple, e.g. a shift-matrix.

From now on w stands for the unit root of order 2N: w := ¢!™/N. In opposition to
the previous convention, the shift matrix L and the Fourier matrix F are taken as
2N x 2N matrices.

We consider the case of absent advection; the reason for this restriction is revealed
below. Hence we take the equilibrium & (U) = 4 (1—2¢h?)U instead of (6.6). Then
the coefficients of the collision block become

a=0=1-3w—3ch? B=rv=3%w—ich’ (6.37)

3"The factor polynomials come out as a parameterized family sharing the same structure and
distinguishing only in the value of a parameter. Observe that their degree seems to be determined
by the size of the collision block.

38Gimilarly to the Fourier approach in section 2.2, this offers an alternative contrasting the
approach via asymptotic expansions carried out in chapter 4.
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6.4.1 Evolution matrices and their spectra
Bounce-back inducing Robin conditions

Let us start with bounce-back boundary conditions. In this case the lattice-Boltz-
mann equation is described by the following equations,

Fs(tht1,25) = Cs(tns1,2j—s)  (bulk algorithm )
Fii(tnt1,21) = Co1(tnt1,21)  (bounce-back at left boundary) (6.38)

F_o1(tn+1,2n) = C41(tnt1,2n)  (bounce-back at right boundary)

where the index s refers to the D1P2 velocity set, i.e. s € {—1,+1}, and the collision
product is given by Cy(tp11, %) = (1 — w)Fs(tn, z) + wE (U (tn, x)).

The first equation summarizes the evolution step of the fundamental algorithm,
which refers to all populations that can be supplied with collision products by the
regular transport step. This particularly concerns the populations belonging to
interior nodes of the grid (bulk nodes®) but also the “negative” and “positive”
population of the left and right boundary node respectively. The second and third
line regulate the update of the positive population Fyq(t,+1,21) at the leftmost
node and the negative population F_;(t,+1,2xN) at the rightmost node, where the
standard update cannot be applied due to missing neighbor nodes.

If the populations are indexed as depicted in figure (6.14) the transport matrix T
just corresponds to the leftshift matrix L of dimension 2/N. This circumstance turns
out to be the key observation enabling the subsequent computations. For the four
node system in figure (6.14) the transport and the collision matrix read

1 - ] a - - |- - B

1 - B A

| R B
1 - - . [ 2 Y
We notice that the transport matrix is irreducible and has no block-diagonal struc-
ture contrasting the situation of periodic boundary conditions. The collision matrix
turns out to be a linear combination of the 2IV x 2N identity I and the “reflected”
identity matrix J, where the reflection refers to either the vertical or horizontal
central axis forming together a cross that divides that matrix in four N x N blocks.

Let us therefore introduce the matrix Jj;, whose elements are defined by

JM(/C,K) = 5k,M+1—£ k.t € {1,. .. M}

39Observe that there are only bulk nodes in the case of periodic boundary conditions due to the
choice of the index set Z/NZ.
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In the sequel, we deal mostly with Jon and Jpy; we omit the subscripts, whenever
the dimension is clear by the context.

Hence the transport and collision matrix are generally given by

Trp=L and C=al+ 3],

defining the evolution matrix’® Ep = TRC by their product.

Now the motivation for our restriction to switch off the advection parameter (i.e. set-
ting a = 0) clarifies: Since the transport matrix has lost its 2 x 2 block structure
(which it had in the case of periodicity), we expect that the interplay between colli-
sion and transport matrix only keeps analytically handable, if the collision matrix is
easily expressed in terms of simply structured 2N x 2N matrices. This is obtained
by abandoning®!' the advection, such that transport and collision matrix appear on
equal footing.

The main preparation for the computation of the eigenvalues consists in the follow-
ing lemma.

Lemma 6.16. The Fourier transform of the matrix Jys is given by

1| 0 0
_ 1 0 0 wjlw
aJar - Fyp <0 diag(w]lw,...,w%_l)JM_J : K
0 w%_l

Proof: Using w% =1and wy = w&l, we compute the matrix element associated

40The subscript R stands for Robin boundary conditions.
a1

I BJ I 83
a=0 = a=6AB=7y = C:<3‘J gl):@] il):aHﬂJ
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to the indices k, ¢ € {1,..., M}:
M M

—_(k—=1)(m—1) L (m-1)(e-1)
War m,M-+1-n ——=W;,r
vM

Il
NE
NE

5~

| M
_ Z k=DM +1=n=1)  (n—1)(~1)

- M M M
n=1
_ (k-1 1 N B=D(n=1)  (n=1)(e=1)
= Wy MZWM Wy
n=1
_ k- 1 N[ ket (e—)\ !
= wy a7 2 (i )
n=1
1 X () (kD)D"
k— —1)+ (-
= i gp 2 (W )
n=0
For w!f~DHED # 1 we can apply th tion f la of th tri i
M pPply € summation rormula O € geometric series
that yields 0:
M1 _ (D) (h—1)(e~1)
S (wlfHe0) 2 G ) _ 1= (w)
~ M 1— wg\l/f[—1)+(£—1) 1— wg\l;—l)—i—(f—l)
1-1
= 1_w§‘1;—1)+(é—1) =0

For k, ¢ € {1,..., M} the case wg\]}_l)ﬂz_l) = 1 occurs only if (k—1)+(¢{—1) =0or
(k—1)+(¢—1) = M. This is equal to the condition k = 1 and ¢ = 1 or alternatively
¢ =M 42—k with k£ > 1. Thus the nonzero matrix elements are

(Fu-Jn-Fy) (L) =1,  (Fu-Ju-Fy}) (kB M+2-k) =uwit k>2

which proves the assertion. [ |

Proposition 6.10. The characteristic polynomial of the evolution matrizc Er =
TRrC pertaining to the lattice-Boltzmann algorithm (6.38) with bounce-back bound-
ary conditions is given by
N-1
Xr(A) = (a+B=N)(B—a—A) [] [\ —2acos(am/N)A+a® - #%].  (6.39)

m=1
where the coefficients o, B of the collision block are defined in (6.37).
Proof: Fourier transformation of the evolution matrix Eg yields
Ep = FERF ! = FL(al+3J)F !
-1 -1
= FLF ' (aI+BFJF )
= W(ad+BFJFY)
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where we have applied corollary 6.1 to compute the left underbraced term. The
right underbraced matrix product has been figured out in the proof of lemma 6.16.

Thus we obtain

1o 0 1| 0 0
WEIF- — 0| w! 0 w!
0 w2N-1 0| w2N-1
1 0 0
B 0 w?
0 | wiN—2
which gives finally
a+p 0 0
0 aw! Bw?
& awN—1 0 Bu?N-2
R —_
0 —a+p 0
Bu?N+2 0 auwN+!
0 BuN-2 quwN-1

Since the characteristic polynomial is invariant under similarity transformations like
the discrete Fourier transformation, we find

det(Er — AI)

det(ER —AI)

(a+B-N)(B -
(a+B8—-N) (8-
(48— (8-

N-1 aw™ — \
a—A) gl det (ﬁw4N—2m
N—1
a—A)
m=1
N—1
a—A)
m=1

Substituting w = ¢ leads to (6.39).

Sign inverting bounce-back inducing Dirichlet conditions

ﬁme
awN=m _ )

[(aw™ = X)(a@™ — ) = 7]

(A — a(w™ + @™\ +a® — 5.

If we modify (6.38) by writing the second and third equation with a minus sign on
the right hand side

Fii(tni, 1) = —Coa(tnyr, 21)
Foi(tnet,on) = —Cy1(tner, oN)

(6.40)
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the lattice-Boltzmann algorithm realizes homogeneous Dirichlet boundary condition
for the mass moment U. In the case of the four node system the transport matrix

looks like
1

- || 6a)

-1

Tp is distinguished from the leftshift matrix L = Tg only with respect to the
matrix elements Tp(N, N + 1) and Tp(2N,1) that are equal to —1 instead of 1.
So the sign of the “bounced” collision products is flipped.

Of course, we can not directly apply the results about the shift matrices to diago-
nalize Tp. However, it turns out, that the two modified matrix elements have no
crucial impact on the spectrum and the eigenvectors.

Lemma 6.17. The characteristic polynomial of the 2N x 2N transport matriz T p
is X — NN — 1. Hence the unit roots of 2N order, i.e. 1,w,w?,...,w?*N~1 are

the eigenvalues of Tp.

Let us consider the special case of N = 3, that demonstrates the general situation. Expanding the
determinant by Leibniz’ rule with respect to the first column, yields an upper and lower triangular
matrix, whose determinants are given by the product of the diagonal elements. Thus the assertion
becomes directly verified:

A1 .
A1 .
-2 -1

det(Tp — AI) = o

The eigenvector U, associated to the eigenvalue w™, (m € {1,...,2N}) is easily
computed by exploiting the recursive relation between its components provided by
the equation Tp - U,, = w"™U,,. Setting the first component of the eigenvector
equal to 1 yields
Un(k) = (~)LF om0

for its k"™ component. While the first half of the components agrees with the
components of the corresponding eigenvector pertaining to L, the second half differs
by a minus sign.
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We arrange the 2N eigenvectors of Tp in the columns®? of a 2N x 2N matrix
denoted by G:

k-1

(-1l
V2N

Like F, the matrix G is unitary too. In order to see this, we write the 2N x 2N
inverse Fourier matrix F~! = F* = F as a 2 x 2 block matrix of four N x N blocks.

P (P*)”*T g) (6.42)

The symmetry of F, i.e. F = F', has been taken into account by setting for the
upper right and lower left block B and BT respectively. Moreover the subblocks
A and D are supposed to be symmetric too. Due to the above mentioned relation
between the eigenvectors of L and Tp we get

AR AT

Obviously G can be written as product of two unitary matrices. Since the set
of unitary matrices with fixed dimension forms a group and is thus closed under
matrix multiplication, this entails the unitarity of G. Let us note this result in the
next lemma followed by an alternative proof.

G(k,0) == wF=DED ke p e {1,... 2N},

|

Lemma 6.18. The matriz G is unitary: GG* =1 < G~!=G*.
Proof:

2N 1 2N k=1 m—1
S G 0G (m) = oS ()UF e L ey
=1 =1
2N—-1
k-1 m—1 1 k—1)¢ —(m—1)¢
= IF e S
2N =
2N—-1
k-1 m=1| 1 k—m)e
= IRl o 3w
2N Pt
-l LS ()
2N
£=0
. . 1 2N—-1 4 _
CIENE ) e
= (-1 (-1) L1 1—w2NGem) g g
k#m 3N TouG—m = 3N 1=w = 0

By construction, the matrix G diagonalizes the transport matrix Tp, i.e.:
G !TpG = G*TpG = diag(1l,w,..., w7 1) =W.

Analogously to the previous paragraph, we need to compute the similarity trans-
formation of J with respect to G.

“2Observe that the column-vectors of F* = F are the eigenvectors of the shift matrix L. Thus
G plays the analogous role to F*.
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Lemma 6.19. The following equation holds true: G*JG = —FJF*.

Proof: We use the block matrix representation of F* in (6.42). Keeping the sym-
metry of F in mind, we get for the right product

. A B\/0o I\/A B
FIES = <ET ﬁ) <J 0> <BT D>

(B3I AJ\/A B
- \psg B'J/\BT D

[ BJA+AJB'" BJB+AIJD
~ \DJA+B'JBT DIB+B'JD

The left side becomes
. A -B)\/0 J A B
S [ IE

_ (-B1 AI\/A B
-~ \-py B'3)\-BT -D

B —-BJA -AJB' —-BJB-AJD
-~ \-DJA-B"JBT -DJB-B'JD)’

which is obviously the negative of FJF*. [ |

From lemma 6.16 we obtain

-1 0 .. 0

0
G'JG=| ; : (6.43)

Now we are able to compute the characteristic polynomial of the evolution matrix.

Proposition 6.11. The evolution matrizc Ep = TpC of the lattice-Boltzmann
algorithm with sign reversing bounce-back boundary conditions has the characteristic
polynomial

N-1
XpA) =(a—=0 =N (—a—05-2X) H [\ — 2accos(mm/N)A + o — %] (6.44)

m=1
with o, B as given in (6.37).

Proof: Taking the computation in the proof of proposition (6.10) as guidance, we
set

Ep = G'EpG = W(al + G*JG).
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Using (6.43) and the fact*? that the product of a diagonal matrix with a “reflected”
diagonal matrix results into a “reflected” diagonal matrix, Ep becomes explicitly

a—pf 0 e 0
aw —Ppw
0 1 2
B, awN-1 — Buw2N-2
— BN+ awN+
0 _BuwiN-2 aw2N-1

The X-shape structure of the (2N — 1) x (2N — 1) block permits us to read off the
characteristic polynomial like in theorem 6.2 and proposition 6.10. [

Comparison of eigenvalues

The computation of the spectra pertaining to the lattice-Boltzmann evolution ma-
trix with different boundary conditions enables us to draw some parallels between
the diffusion-reaction equation (A.1) (with a = 0) and the lattice-Boltzmann algo-
rithm discretizing this equation.

From theorem A.1 and A.2 (see appendix), we know the eigenvalues of the BVP for
the diffusion-reaction operator (—v9? + ¢):

m € Z  for periodic BCs

mm?v+c¢ with { m €Ny for Dirichlet BCs (6.45)

m € N for Robin BCs
So we can formulate the following two observations:

e The diffusion-reaction operator attains the same eigenvalues for all three
boundary conditions (but not the same eigenfunctions!). Only exception rep-
resents ¢, which is no eigenvalue in the case of Dirichlet boundary conditions.

e In the case of periodic boundary conditions, the eigenvalues are twofold de-
generated, as they are parameterized by m € Z but depend only on m?2. Only
exception is again the eigenvalue ¢ obtained for m = 0.

An analogous statement refers to the eigenvalues of the evolution operators for the
associated IBVPs. From section 6.2.3 we know already, that these eigenvalues are
essentially related by the exponential function to the eigenvalues of the diffusion-
reaction operator. In particular, if ¢ vanishes, 0 is an eigenvalue of the BVP with
either periodic or Robin boundary conditions. Its counterpart with respect to the

G )G

43
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evolution operator is 1, which implies the existence of conserved states.

It turns out that the evolution matrix of the lattice-Boltzmann algorithm shares a
lot of these properties. To see this better, we write down once more the character-
istic polynomials** that we have obtained for the different boundary conditions:

N-1
periodic BC: xp(A) = H (A% = 2acos(2mrm/N)A + o® — 5°]

m=0
N-1

ind. Robin BC:  xr(A) = (A\? — 26X + % — a?) H [A? = 2acos(mm/N)A + o — 57]

=23
Ll

ind. Dirichlet BC: xp(A) = (A2 4 26\ + 5% — o?) (A% = 2acos(mm/N)A + o — 57]
1

3
I

The identity of the cosine, cos(2rm/N) = cos(2m(N —m)/N) = cos(2w — 27rm/N),
effects, that almost all factor polynomials of xyp occur twice in the product. So we
obtain for even N

xp(A) = (A2 =20\ + a? — B2)(A? + 20\ + o® — ?)
X H [A? — 2acos(mm/N) + o? — 52]2,

1<m<N
m even

while we get for odd NV

xp(A) = (A2 = 20\ + o — 3?) H [)\2 — 2acos(mm/N) 4 o? — ﬁ2]2, (6.46)

1<m<N
m even

since N/2 is no integer in this case.
Evidently, all characteristic polynomials contain quadratic factor polynomials

Xm (M) = X2 = 2accos(mm/N)X + a? — 32 withm € {1,...,N — 1},

whose roots are given by

AL = acos(mm/N) + /a2 cos?(mm/N) — a2 + (2. (6.47)

In the case of periodic boundary conditions the x,,’s appear only if m is an even
number of the above range; but they are squared in exchange.

Only by the quadratic polynomials in front of the product signs the characteris-
tic polynomials of Ep, Er and Ep differ from each other. The associated zeros
characterize the spectra as shown in table 6.1.

1 Observe that we also set a = 0, i.e. @« = § and 3 = ~, in the case of periodic boundary
conditions.
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‘ kinetic BCs ‘ induced macroscopic BCs ‘ characterizing eigenvalues ‘
bounce-back Robin (natural) a+f8, B-—«
bb. with sign-flipping Dirichlet —a—pfp, a—p
periodic, N arbitrary periodic a+p, a-—p
periodic, N even 7 —a—0, (-«

Table 6.1: To which boundary condition the spectrum refers is best distinguished by
the characterizing eigenvalues. Note: o+ 3 =1 —ch? and a — 3 = 1 — w. These
values are well known as eigenvalues of the collision block.

The feature of the diffusion-reaction equation summarized in (6.45) is reflected by
the lattice-Boltzmann algorithm in the following way:

e The spectra of the three evolution matrices obey the following mutual inclu-
sions:

spec(Ep,w,0,p, N)U{—a -, o« — 3} = spec(Ep,w,0,p,2N),
spec(Ep,w,0,p, N)U{ a+ 3, B—a} = spec(Ep,w,0,p,2N),
spec(Eg,w,0,p, N) Nspec(Ep,w,0,p,N) = {\E|1<m <N -1}

e With exception of the characterizing eigenvalues (including 1 in the purely
diffusive case), all eigenvalues of Ep are twofold degenerated.

The relations above imply the equality of the spectral limit sets corresponding to
the three boundary conditions. Hence we are allowed to conclude that the spectral
limit set is contained in the closed unit disk if and only if w € [0, 2] (compare with
proposition 6.4). This entails that w € [0,2] is a necessary stability condition in the
case of the presented boundary conditions. The sufficiency for stability (e.g. with
respect to the infinity norm) can be proved literally like proposition 6.1.

Additionally, we get another consequence: Between two neighboring eigenvalues of
Ep there lies a common eigenvalue of Eg and Ep, provided the three matrices refer
to the same number of grid nodes.

6.4.2 Computing eigenbases

For the computation of the eigenvectors it is crucial to observe that the transport
matrices Tgr, Tp and the collision matrix C have common invariant subspaces. For
this let us introduce the subspaces of

positively repetitive vectors Cgf = {V eC?N: IveCV s.th. V= (X)} ,

negatively repetitive vectors C2V .= {V eC?M: IveCV s.th. V= (_‘:,)}

Since every vector (V‘i) € C?V admits the decomposition

() -3 50

eczy¥ ec2y
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with u, w € CV, it becomes obvious that C?V is the direct, orthogonal sum of these
subspaces, i.e. C2V = C2¥ @ C2V.

It turns out, that these subspaces remain invariant under the application of T g, Tp
and C. Introducing the N x N matrix L, which shall be equal to the N x N left-
shift matrix with the exception of the matrix element L(N,1) = —1, the following
identities can be easily checked confirming immediately the invariance properties of
the transport matrices:

()-8 0)-0) (-6 D) -(5)
()= D0 )-8 () ()

The transport matrices operate on each of the subspaces like 2 x 2 diagonal block
matrices whose N x N blocks are either given by L or by L, depending on whether

they are applied to a positively or negatively repetitive vector. The collision matrix
reveals the same 2 x 2 block structure:

C=al+p8J= (O‘I 6J>.

63 ol

Notice that I and J are understood as 2N x 2N matrices at the left hand side, while
they represent N x N blocks at the right. Hence we get

v\  [av+pIv ON v\ [av-—pBlv ON
c <v> N <ﬁJV + ozv) €Cy and C —v) \BIv—-av €G-
which proves the invariance of C2Y and C?¥ also with respect to C.

The decisive issue of these observations consists in reducing by half the dimension
of the linear system to be solved for finding the eigenvectors. In the sequel we focus
on the computation of the eigenvectors pertaining to Eg; however the computation
should be easily adapted to the case of Ep.

Eigenvectors of Er in (C%f . Let us start with the lattice-Boltzmann evolution
matrix Er inducing natural, Robin type boundary conditions. If X is an eigenvalue,
then the equation ExrV = AV has a nontrivial solution, that we seek now in Cgf .
Setting V = (X) and using the results from above we get

B L 0 al BI\ (v  [aLv+pLIvY [Av
ERV =2V = (0 L> (ﬁJ a1> <v> - (ﬁLJv+aLv> - ()\v '
As an identical equation is produced for the upper and lower block, it is enough to

consider the dimensionally halved equation from the upper block, i.e.

L(al+ J)v = Av.
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Multiplied by R = L™, it transforms into
av + 6Jv = ARv.

Writing this equation line by line (componentwise), we discover how the linear
system can be solved by a recursion:

N—-k+1) = Av(k-1) for2<k<N
N—-k—-1) for1<k<N-1
1

(6.48)
As J and R map the N** component of v to the first component of the corresponding
image vector, the first row in (6.48) relates only two components, v(1) and v(N),
with each other. This enables us to determine v(/N) in dependence of v(1). Under
the assumption v(1) # 0, we are allowed to pick up an arbitrary value for v(1)
(besides 0), since eigenvectors are only determined up to a constant on account of
the homogeneity of the equation ExV = AV. Thus we obtain

o
A—p3

In order to compute a further component we have to jump to the lowest line of
(6.48) expressing v(N — 1) in terms of v(1) and v(IN). The knowledge of v(N —1)
can be used to calculate v(2) if we set k¥ = 2 in the second equation of (6.48).
Writing v(N — 1) and v(2) in terms of v(1) and v(N) yields

v(2) I Nt Sy L D N v(1)
v(N-1)) A1 a7t v(N) )"~
This cross-over computation is continuable providing successively v(N — 2),v(3)
then v(N — 3), v(4) and so forth. Thereby v(k+1) and v(N —k — 1) depend only

directly from v(k) and v(N — k) just in the same manner as v(2), v(N — 1) depend
on v(1),v(N). Introducing the recursion matrix

A_ B B 0 1
Ry:=[¢ A and J =
§ 10

o ) =m0 ) =m (W) e

After [N/2] iterations all components of v are known. Until now its seems, as
if the equation ExV = AV has a nontrivial solution in (Cgf for any A, because
the recursion works apparently always independently of whether A is an eigenvalue
or not. Of course, it is clear from linear algebra (elementary theory of eigenvalue
equation in finite dimensional vector spaces) that this is not possible.

v(l) =1 = v(N) =

>|Q

we obtain
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R

vV VLV gy ) B @), vis)
v(2),v(7) = v(3),v(6) 2).v(6) ™ v(3).v(5)
V(3),V(6) R—)\>V(4)7V(5) v y V —;}\—)V ,V

v@)v(E) )y OO Vv
Y N S I = v(5),v(3)
V(6)’v(3) &, V(7),V(2) v(5), v(3) = v(6), v(2)
VD) 2 v(E),v() v(6).v(2) - (7). v(1)

Table 6.2: The recursion for N = 8 and N = 7. Performing the recursion more than
| N/2] times, reproduces already known components in backwards order.

In order to see where the computation breaks down if A is not an eigenvalue, let us
continue the recursion beyond [ N/2] steps. The equations in (6.48) imply, that the
components of v should be reproduced in converse order, if they are well-defined.
Table 6.4.2 exemplifies this kind of ‘reproduction-property’. In the case of N = 8
we get for instance

v4)\ _ (v _ (v(5) 3(v3)\ _ (VB3 _ (v(6)
m () = Cm) = (o) B0w) = (o) = C)
So we can infer a necessary condition for the reproduction-property to be fulfilled:
For even N, the matrices

Ry—J, Ry—J, R}—1J,
must be singular, whereas the case of odd N necessitates the matrices
2 4 6
Ry—-J, Ry—J, R;—-J,

to possess a nontrivial nullspace. We will verify that this condition is satisfied
indeed, surprisingly independently of A.

Lemma 6.20. For each n € Ny there is an x, € R? such that RYx, = Jx, or
equivalently (RY — J)x, = 0.

Proof: Let us first discuss the case of n being odd i.e. n = 2j — 1 for some j € N.
By checking that the determinant det(R) — J) vanishes, the assertion is verified for

n=1:
A_ B B 2
det(R—J) = | % C;A * ! :1—%—(—1)<§+1><§—1>:0
X by

The general case is treated by observing the following commutation relation of R
and J: JR) = R;lj or equivalently JRyJ = R;l as J = J~!. This is explained by
the fact that R is the sum of a diagonal and an antisymmetric matrix (implying
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Rx(1,2) = —Rx(2,1)). Moreover we have det(Ry) = 1. Indeed, we get for an
arbitrary matrix with the mentioned properties:

S RIS IPRaRE
-6y

Furthermore det(R)) = 1 guarantees that Ry and all its powers are invertible.
Hence there is for every 2 < j € N an x9;_1 with z7 = Rg\_lmj_l. Exploiting
the commutator relation also for the powers of Ry we obtain the assertion for odd
n=2j—1.

Ryz1 = Jxy = R)\Rg\_lxgj_l = JRi_lxgj_l
& RyRI 'wo; 1 = RN Jag; 4
= Rg\_lR)\Ri_lej_l = Jx2j—1
= Rij_lxgj_l = Jx2j—1

Likewise the case of even n = 25 with j € Ny is verified. For n = 0 the kernel of
RS — J =1 — J is trivially given by the multiples of 2o = (1,1)". If we define the
vector x9; (j € N) by the equation zy = R&xgj, we can proceed as above to show
Rg\nZEgn = Jzoy,. |

In particular, the reproduction property requires the matrix Riv ~1 — J to have
a nontrivial kernel. Additionally, the nullspace of this matrix is supplied by the
known values for v(1) and v(NN). So, its kernel must correspond to the span of the
vector ( i ) Hence:

a A_ B2\ a
()-(5) = (D) e

It turns out that this condition is not any more satisfied for arbitrary A. Therefore
we have found the equation, which determines (at least some of) the eigenvalues of
the lattice-Boltzmann evolution operator Ei. As the above equation seems to be
quite complicated, we abstain however from extracting the eigenvalues out of it the
more so as we know them already. Instead, we simply show that nearly half of the
eigenvalues will do the job.

>0

Lemma 6.21. Equation (6.50) holds if A\ = A\t for even m € {1,... N — 1}.
Recall, that A\t and ), as defined in (6.47) are eigenvalues of Ep.

Proof: Let us first consider the characteristic polynomial of Ry:

AP B
(7

p e det(Ry — ul) = R R A O R /TR
X X H

Multiplying the equation det(Ry — pl) = 0 with —ap ™'\ yields

N —a(p+p YA +a? =g =0.
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Comparing the left hand side with the polynomial x,, in equation (6.46), replacing
2cos(mm/N) by w™ +w ™", we see that it is satisfied setting u = w™ = ™/N and
A= )\i with 1 <m < N — 1. In other words: If A is equal to the eigenvalue )\,ﬁ of
the lattice-Boltzmann evolution matrix Eg, then the eigenvalues of the recursion

matrix R,+ are w™ and w™". This has an important consequence: As (w™)N =
m

w™N = (=1)™, we may conclude® that Rivi = I if m is even and Rivi
is odd.

Now we are able to verify (6.50) supposing m to be even. From R

=—-Jifm

N_ = I we obtain
Am

Rivi_lRﬁl = [ and thus R)_\i = Rivi_l. So we have to check whether the equation

+
R)_\J_} (a/(A%—ﬁ)) = (a/(Aan—ﬁ)) is satisfied or not. Fortunately, we get a positive

result:
e B s\ ! a i
o almy, _)\m 1 _ E g 1 _ )\Ea_g
8 o o | = BN P o ) =\ )
A A Am =B Can e ax/) s
This proves the assertion. [ |

Clearly, (6.50) can not hold for odd m, since we obtain then the negative inverse
—R;i for Ri\;—l. Below, we will see that, if m is odd, the eigenvectors associated
to AL lie in the subspace of the negatively repetitive vectors.

Let us designate by V- the (unique) eigenvector of Ep pertaining to the eigenvalue
+
Af. So far we know, that, m being even, Vit has the structure Vi = (Xiﬁ) with

vit € CN. To find a direct and explicit representation for the components of vi:,
the reasoning above and the recursion relation (6.49) yield*6

vi(k+1) 1 w™ 0 1
m — Rk‘ — B B—l
(v ) = (o) = (0 ufn) 22 (o)

«

where By« denotes the matrix whose columns contain the eigenvectors of Ry«.
This motivates the ansatz

v (k) = kiw™ 4 kg™ (6.51)

m

with the unknowns k1, ko depending on m and A\}. The coefficients can be deter-
mined by the subsequent 2 x 2 system resulting from the ‘initial condition’ for k =1
and k=N

vil) = 1 = k™4 kw ™
VE(N) = 29— = k(=)™ + ka(—=1)™ = k1 + Ko

)\m_ﬁ
where we have employed our assumption of m being even. Solving for k1, ko leads
finally to the desired formula:

i) = e () ()] e

*®Observe that w™ # w™™ holds for m € {1,...,N — 1}. Therefore R,+ is diagonalizable

entailing either Rivi =1 or Rivi =1

46Here we use once again the diagonalizability of R+
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Eigenvectors of Er in C?V. In order to address the eigenvectors in the sub-
space of negatively repetitive vectors we have basically to repeat the steps from the
previous paragraph. Therefore we will shorten the presentation.

The ansatz of an eigenvector V = (¥,) € C2Y leads also to a reduction of the
dimension:

L 0 ol [J v aLv — ALJv Av
ErV =)V - = - - = .
RV =4V = (0 L> (5.] a1> <—v> <—ﬁLJv + aLv> (—Av)
Since we get equivalent equations in both of the blocks, it suffices to solve
L(al — 8I)v = \v & av — 3Jv = ARv.

In components the latter equation becomes:

av(l) — Bv(N) = —Av(N)
av(k) — Bv(N—-k+1) = Av(k—-1) for2<k<N 6.53
av(N —k) — Bv(k+1) = AW(N—-k—-1) forl1<k<N-1 (6.53)
av(N) — Bv(1) = Av(N—-1)

Unlike equation (6.53) there are now minus signs in front of all S-terms and in front
of the A-term in the first line. Setting once more v(1) = 1 this yields the same value
for v(N) but with reverse sign:

.«
=7

Similarly, the recursion matrix resulting from (6.53) gets only slightly modified with
respect to the sign of its off-diagonal elements.

A_ B2
Ry:=|© aX
(7
)
Also for this new recursion matrix, lemma (6.20) can be proved since the cru-
cial commutation relation is not affected by the change of sign concerning the off-
diagonal elements.
Analogously to the demonstration of lemma (6.21) one shows, that the eigenvalues
of Ry are w™ and w™"™ if A = A\, But in contrast to the previous situation we

have now N
1 E
— -1 g >‘7n_:6
i <T“ ) ( 1 >
Am_ﬁ

e - a

B _ B
— a arm, g 1 = — E E 1 = ﬁ_O;\m
o ﬁ [e] 13 & . 62 o 1 .
)\? ﬁ_)‘m E E ﬁ_)\m

e
m

v(l) =1 = v(N)

>Q M@

since

$tle

This excludes the possibility of m being even, such that Ri\;—l = I. Therefore the

odd m’s are favored this time, implying Ri\;—l =1
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An explicit expression for the eigenvectors can be found with the ansatz (6.51)
employing however the modified ‘initial condition’.

vi(l) = 1 = k™4 kw ™
Vr:lr:L(N) = B_%Am = Hl(—l)m+/€2(—1)m

Taking into account that (—1)™ = —1, as m is supposed to be odd, and noticing that
the left hand side of the second equation is just the negative of the corresponding
term in (6.51), we realize exactly the same system as in (6.51). Therefore the
formula (6.52) does not only hold for even m € {1,...,N — 1} but for all m €
{1,...N —1}.

Eigenvectors of Er pertaining to a + 3 and § — a. We have already seen
that the eigenvalues o + 6 and 8 — « play a special role. In fact, the eigenvector
V(J{ pertaining to « + 3 can be guessed immediately. The eigenvalue equation (in
C*N) for \=a+f

ErV=(a+3)V < Lal+8J)V=(a+p)V < aV+pIV=(a+ )RV

is obviously satisfied by the constant vector, that is mapped onto itself by R and
J. Hence V§ (k) =1,k € {1,...,2N}.

The eigenvector V; associated to 3 — o needs a little bit more scrutiny. The fact
that the eigenvalue 8 — « is just the difference of the coefficients appearing on the
left hand side of the eigenvalue equation

LI+ 8I)V=(B—-a)V < aV+pIJV=(-aRV

suggests, that up to a constant V (k) = (—1)* for k € {1,...,2N}. So Vj is the
vector, whose components are alternatingly either 1 or —1.

Let us suppose that our ansatz is correct, then a shiftmatrix applied toV, yields
just its negative. Thus we get especially RV, = —V. Furthermore we have
JV, = =V, since V| is of dimension 2N being always even. Plugging now V
into the right equation form above leads to

aVy +68IVy =(-a)RV, & oV, -3V, =—(—-a)Vy,

which verifies our ansatz as being true. Notice, that Vg is either positively or
negatively repetitive, depending on whether N is even or odd respectively. This
varying behavior is necessary in order to ensure that the subspaces of positive and
negative parity, Cgf and C?V, contain the same number of eigenvectors. Otherwise
this would provoke a contradiction to the equal dimension of the subspaces.

6.5 Towards the D1P3 scheme & Concluding remarks

Before finishing this chapter, we want shortly discuss the possibility to generalize
the results of the preceding sections.
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D1P3 lattice-Boltzmann algorithm

In particular one might ask whether the considerations in section 6.2 can be trans-
ferred to the D1P3 algorithm which contains the D1P2 model as a specific limit
case.

For this, let us consider the D1P3 equilibrium given in table 1.1 which leads to the
advection-diffusion equation as target equation.

1
50 s=-—1
E(u;s) = w(s)(1+ hbas — h*Lc)u  with w(s) = 5 s=-+1 (6.54)
9—1
7 s=10

As usual, h denotes the grid spacing. Here a parameter 6 > 1 occurs that is absent
in the D1P2 equilibrium (6.6). Like the relaxation frequency w, this weight param-
eter figures in the diffusivity®’.

In order to obtain a matrix formulation of the algorithm, rest populations must be
additionally taken into account. We assume that they are also indexed from left
to right (for instance from 9 to 12 in figure 6.1). Adopting this kind of indexation
for an arbitrary grid with IV nodes, the transport and collision matrix of the D1P3
algorithm become

L 0 0 al I pBI
T=|0 R 0 C=|~I 61 ~1],
0 0 I nI nI (I

where L, R and I respectively denote the leftshift, rightshift and identity matrix of
dimension N. The coefficients of the collision block are given by

a=1-w+p ﬁ::;—e(l—ﬁah—%chQ),
0 =1—-w+7y 7::2“’—9(1+0ah—%ch2),
C:=1—w+n n::%(l—éciﬂ).

Proceeding analogously to the proof of theorem 6.2, it is shown that the character-
istic polynomial of the evolution matrix E = T - C can be written as the following
product of 3 x 3 determinants

No1 aw™ — A Bw™ Bw™

XE(A) = H det ~yo™ o dw™ — A yw™
m=0

n n ¢—=A

Hence xg factorizes in a product of N cubic polynomials. Thereby, we are led to
the following family of cubic polynomials parametrized by ¢ € [0, 27)

X\, ) == X? — (ae'? + de ™ + () \?
+ (ad = By + (a¢ = Bn)e'? + (6¢ —ym)e)A — (1 —w)*(1 — ch?).

4TThe algorithmic parameters w and @ are connected to the diffusivity v by v = %(% - %)
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Plots of the resulting spectral limit sets are given in figure 6.15 and 6.17.

Furthermore let us note that the eigenvalues of the collision block are

-1 -1 9 —14+8ah+7ch?
1—w with ( 0 ) , ( 1) and 1—ch® with < 1+0ah+7ch? >
1 0 2(0—1)(Tch?-1)

spanning the associated eigenspaces (observe the parallel to lemma 6.3).

The limit § — 1. We observe in figure 6.15 that the spectral limit set for 6 = 1
(plot left above) equals the spectral limit set of the corresponding D1P2 evolution
matrix. Indeed, the evolution of the rest population decouples from the evolution
of the other populations since § — 1 implies  — 0. Hence, for § = 1, the evolution
matrix is blockdiagonal: the upper block of dimension 2N corresponds to the evolu-
tion matrix of the D1P2 algorithm, whereas the lower N x N block is just (1 —w)I.
This explains the above observation®®.

If the rest populations are initialized by 0, the D1P3 algorithm turns out to be
numerically equivalent to the D1P2 algorithm; otherwise the rest populations are
quickly damped down because® they are multiplied by 1 — w in each iteration.

If 0 is chosen to be less than 1, the rest populations are associated with nega-
tive weights. Apart from appearing quite unphysical, this setting leads to instable
behavior of the algorithm.

The limit 6 — oco. In this case, one could expect that the scheme changes into
a standard discretization of the diffusion equation using only a single variable, due
to the following reason: As 6 determines how the total mass U = F_; + F11 + Fy
is distributed among the three populations, the increase of 6 means that mass is
“sucked” from the left and right moving population to be pumped into the resting
population until they end up with zero mass in the limit. Thereby, Fy finally
becomes identical to the mass moment which approximates the solution of the
diffusion equation.

However, this expectation is not corroborated by figure 6.15 (see plot right below
for comparatively large 6). If 6 tends to oo, the green and blue branch are tied up
around the circle of radius |1 — w|. Simultaneously, the red branch is constricted
and eventually dwindles into a single point which is 1. So, the scheme decouples
again in the limit § — co. But now the populations F_1, F,; are rapidly attenuated
because the diagonal elements «, d converge to 1 —w while the off-diagonal elements
08,7 vanish. Since those populations loose significance which are responsible for
the exchange of information between the nodes, it is intuitively evident that the
macroscopic dynamics of the D1P3 scheme is rather stagnant in the limit § — oo.
Thus, the scheme turns into a “boring” algorithm. There are only two kinds of

“®The determinant (and hence the characteristic polynomial) of a blockdiagonal matrix is given
as product of the determinants (characteristic polynomials) pertaining to the diagonal blocks.
Observe that the lower block of the evolution matrix admits only the eigenvalue (1 — w) with
N-fold multiplicity (see green point in the plot).

“Provided that w € (0,2) such that |1 — w| < 1.
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Figure 6.15: The plots illustrate how the spectral limit set deforms if the weight pa-
rameter 6 is varied whereas w = 1.4 and a = ¢ = 0 remain fixed. The colors come
about as we have used Cardano’s formula to solve the cubic factor polynomials the
characteristic polynomial is composed of. So the colors mark the first, second and
third solution obtained with Cardano’s formula which seem to agree with the natural
branches of the spectral limit set. For # = 1 the spectral limit set of the D1P2 algorithm
is obtained (to be compared with figure 6.3). The plot next to it suggests that it might
be advantageous to run the algorithm with 6 slightly greater than 1. So the positive
properties of the D1P2 scheme (strong interaction between the nodes) can be combined
with the fact that the left branch of the spectrum stays away from the unit circle. This
ensures that undesired, highly oscillating and unphysical modes being possibly excited
by initialization and rounding errors are damped out.
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eigenvectors: those which are quickly®® damped to 0 because their eigenvalue lies
on the circle with radius |1 — w|, and those eigenvectors which are left invariant as
the associated eigenvalue is 1.

Stability. As long as w and 6 are suitably selected, h can be chosen sufficiently
small such that all six coefficients of the collision block are positive. Then stability
with respect to the £°°-norm can be shown following the steps in the proof of
theorem 6.1. However, employing this approach, we cannot handle the full range
of we [0,2] and 0 € (1,00) where a stable behavior is expected by numerical tests.
This problem already arises in the purely diffusive case. To become more precise,
let us consider the following collision block (a = 0,¢ = 0):

1 1 1
1 1 1
35W 1l—w+ 59w 35W
-1 6—1 6—1
Zw =5 1—w+ 5w

e Obviously, the sum of the three coefficients in each column always yields 1.
Therefore stability with respect to the ¢'-norm is immediately obtained if all
coeflicients are non-negative.

e Under the assumption of non-negative coefficients, even ¢°°-stability can be
verified by adapting the proof of theorem 6.1.

e Negative diagonal coefficients of the collision block can only appear for w > 1.
There are two cases to be distinguished:

0-1 if 1<9<% hence 1—w+%w<0 :>1—w+%w<0,
0—1

1
7 <129
%2% if %g@ hence 1—w+90%1w<0 :>1—w+%w<0.

What relation must hold between w and 6 such that at least one of the coef-
ficients in the collision block gets negative? In the first case 6 < % we find

1—w+%w<0 &S 0 <w,
while the second case 6 > % leads to the condition
l-w+Hw<0 & 6>i-

So, the above mentioned stability arguments fail if (w, @) belongs to the sub-
area of the wé-plane, which is marked in figure 6.16 (left) by the darker (pink)
hachures. A possibility to rigorously demonstrate stability (with respect to
the £?-norm) independently of the sign that is taken on by the coefficients of
the collision block is to mimic the proof of theorem 6.6 in section 6.3. How-
ever, for this it must be shown that the spectral limit set lies completely inside
the closed unit disk.

50«Quickly” means here in the discrete time scale, that only depends on the number of iterations
but not on the grid spacing h. Therefore no macroscopic evolution can occur which would be
independent of the underlying grid.
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Figure 6.16: Left: From the eigenvalues of the collision block we conclude that w € [0, 2]
is necessary for stability. To avoid a negative weight for the rest population, 8 > 1
is additionally required. The diagram depicts for which choice of (w,#) stability is
proved so far (greenish/bright subregion) and where it is only expected (reddish/darker
subregion). Notice that the curved boundary between the two zones corresponds to the
graph (w,0 = %ﬁ) Right: The curves visualize the functional dependence between
f and the specific CFL-number, where the spectral limit set starts to cross the unit
circle if the CFL-number is increased further. For each curve, w is kept constant. The
plot reveals a clear trend: the larger # and w are chosen, the more blatantly the CFL
condition is violated, i.e. the smaller the maximal CFL-number can be chosen where
instabilities do not yet occur. Furthermore it is recognized that r(6) — % as w — 2.
Only in the case of the D1P2 scheme (6 = 1) the CFL-condition is respected.

The CFL-condition. In section 6.3 we have considered the D1P2 algorithm in
hyperbolic scaling, which gave rise to the pure advection equation as target problem.
Here the issue of the CFL-condition®! came up. It was proved that the inequalities

la| <1 for hyperbolic scaling (grid speed 3% = 1)

lah| <1 for parabolic scaling (grid speed 5% = 1)

together with the requirement w € [0, 2] assure as necessary and sufficient condition,
that the spectral limit set is situated inside the closed unit disk. Now the question
raises, whether this condition can be generalized to the D1P3 algorithm. The plots
in figure 6.17 give clear evidence that the condition is not sufficient to guarantee
that the spectral limit set stays inside the closed unit disk.

However, in view of figure 6.16 it is conspicuous that stability seems to be provided
whenever the CFL-number r = ah is less than 1/6. Moreover, this bound may be
sharp and should be exact for w = 2. From a purely algebraic perspective this
means that the advective term hfas of the equilibrium 6.54 must be bounded by 1.
How might this relation be interpreted?

51The advection speed must not be larger than the grid speed; in other words the ratio advection
speed / grid speed must be less or at most equal than 1.
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Figure 6.17: The spectral limit set for fixed w = 1.2 and 6 = 3.5 but variable CFL-
number r = ah (for the parabolic case). It is clearly seen that the spectrum lies partly
outside the closed unit disk although » = ah = 0.7. (Annotation: The coloring is again
due to the application of Cardano’s formula — however it seems here less natural than
in figure 6.16.)

At present, trying to answer this question, we reach an area of speculation. Be-
sides the fact that 6 enters the formula for the diffusivity v, we remember having
found another physical meaning for this parameter in section 2.1 on page 74. There
it appeared as squared wave velocity (squared sound speed) in combination with
a two moment conserving equilibrium. Possibly, there is some connection behind
which escapes for the moment. It may be, that a multiscale expansion could help to
clear up this issue by tracking down further dynamics hidden in the D1P3 lattice-
Boltzmann algorithm.

To sum up this exposition, it became clear that the rest population can be employed
to control the stability of the D1P2/D1P3 lattice-Boltzmann algorithm. There-
fore it should be worthwile to investigate further, practically more relevant lattice-
Boltzmann methods (D2P4/D2P5 schemes for diffusion and above all D2P8/D2P9
schemes for fluid flows) with respect to this point.

Bounce-back boundary conditions and advective equilibrium

Throughout our discussion concerning the stability of boundary conditions, the ad-
vective term of the equilibrium (6.6) has been disregarded. Therefore we briefly
touch this topic here once again. It was mentioned in section 6.4 that the spectrum
pertaining to the evolution matrix of the lattice-Boltzmann algorithm imitates cer-
tain properties of the spectrum which belongs to the evolution operators of the
target equation. Figure 6.18 and 6.19 illustrate how the spectrum reacts if the
advection parameter a gets different from 0.

Let us close the chapter with a stability statement:

Proposition 6.12. The D1P2 advective-diffusive lattice- Boltzmann algorithm with
(sign inverting) bounce-back boundary conditions defined in (6.38) and (6.40) is
stable with respect to the {*-norm if 0 < w < 2 (independently of a € R and ¢ > 0).

Proof: Considering the coefficients of the collision block in (6.8), we see that «, 3,
and ¢ are positive for w € (0,2) if h is chosen sufficiently small. Furthermore
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Figure 6.18: Overrelaxed case w = 1.1: The spectrum for the purely diffusive case
is marked by vertical lines (red). If the advection is switched on (here r = ah =
0.3) the eigenvalues (dots) are shifted along the real line. In contrast to the case of
periodic boundary conditions, the eigenvalues remain real. This property parallels the
corresponding behavior of the target equation (compare the eigenvalues in theorem
A.2 and theorem A.1). The green circles represent some eigenvalues pertaining to the
evolution operator of the target problem. Especially near 1, they surround in their
center a dot, which indicates how well they are approximated by the eigenvalues of the
lattice-Boltzmann evolution operator. It should be observed that the spectra are not
completely symmetric with respect to the imaginary axis (although the spectral limit set
is). Furthermore we note that 1 belongs to the left but not to the right spectrum. This
reflects the observation that homogeneous Robin boundary conditions admit a non-zero
conserved state which does not exist in the case of homogeneous Dirichlet boundary
conditions.

a+v = 1and B+6 = 1 which shows that the /!-norm of the collision matrix C is 1.
Since the '-norm of the transport matrices Tz and Tp is equal to 1 as well, we infer
IEpli = ITa0Cli < [TroliICli = 1 and hence [yl < |Erpl; = 1.
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Figure 6.19: In analogy to figure 6.18, here the underrelaxed case for w = 0.8 is
depicted. The spectra refer to the same CFL-number » = 0.3 but the advection velocity
a is larger as the number of grid points has been increased to obtain more eigenvalues.
Also here the eigenvalues of physical importance near 1 remain real-valued. Even the
complex eigenvalues stay on the circle of radius /1 — w as far as r does not become too
large. Therefore the spectral limit set does not alter if » may be varied over a certain
range. Even though the algorithms referring to periodic or bounce-back type boundary
conditions differ just in the treatment of two populations, we recognize a fundamental
difference concerning the spectral properties of the evolution matrices.



Chapter 7

Asymptotic analysis of a numeric
boundary layer

Initial layers are just a specific realization of a much broader class of phenomena
known under the name of boundary layers'. These typically arise in connection
with singular limits or numerical schemes, if the approximating problem admits
additional degrees of freedom that may be chosen in non-conformity to the limit
problem.

Lattice-Boltzmann methods are not only prone to initial layers as already seen in
the previous chapters but they are also susceptible for spatial boundary layers.
For instance, the analysis of the standard D2P9 algorithm by means of regular
expansions shows that the bounce-back boundary condition implies homogeneous
Dirichlet conditions in the leading zeroth order of the momentum moment. How-
ever, contradictory boundary conditions are already found for the following order.
So the regular expansion breaks down in this case. To obtain an adequate descrip-
tion of the algorithm, the regular expansion must be complemented by further,
irregular terms representing a boundary layer.

In order to become more acquainted with spatial boundary layers, we study this
phenomenon in the context of a numerical scheme that is somewhat more simple
than the lattice-Boltzmann model algorithm, as it involves only a single, time-
independent variable. Concretely, we consider the five-point stencil discretization
for the one-dimensional Poisson equation over a bounded interval. In contrast to
the standard three-point stencil discretization, the five-point stencil cannot be com-
bined with Dirichlet boundary conditions in a trivial, natural way. In order to apply
the stencil in each of the neighbors associated with the two boundary nodes, sev-
eral possibilities are imaginable, how to extend the solution beyond the boundary
node using different orders of polynomial extrapolation. Alternatively, one-sided
or restricted stencils could be used to define the scheme in both of the exceptional
nodes — but this possibility is not to be considered here.

A priori, there are plausible arguments backing lower as well as higher extrapolation
orders:

e One might argue in favor of a low extrapolation order: In spite of providing

nterpret initial layers as boundary layers at the temporal boundary of the underlying time
space domain.
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rather bad stencils for the two exceptional nodes, the resulting error should
become neglegible as the discretization is fourth order accurate in the vast
majority of grid nodes. So even the nearest neighbor extrapolation seems to
be sufficient.

e On the other hand, the standard argument (compare with proposition 1.9) to
infer convergence from consistency and stability suggests that already a large
residual in a single node may spoil the convergence order with respect to the
maximum norm. Hence, the extrapolation order should be chosen such that
the residual is at least of the same order in the exceptional as in the the bulk
nodes. Thus, a higher extrapolation order should be preferred.

e Finally, it seems very reasonable to choose the extrapolation order equal to
the consistency order of the regular five-point stencil in the bulk nodes.

It turns out that the third argument is right. So cubic interpolation, which generally
is fourth order accurate, corresponds to the lowest order of extrapolation leading
to the maximal convergence order of the scheme. Although being quite plausible,
this result is remarkable from the viewpoint of the second argument. Actually, it
turns out that the associated classical consistency order is only 2 at the exceptional
nodes, which is less than the experimentally tested fourth order convergence. This
shows that there is also some truth in the first argument. Even the nearest neighbor
interpolation, which leads to a negative consistency order, results in a convergent
scheme. Obviously, the scheme “tolerates” less accurate stencils at the exceptional
nodes near the boundary.

Of course, the proof of these observations cannot be based on proposition 1.9 by
just assuming stability (uniform boundedness of the inverse finite difference oper-
ator). In fact, another more subtle property of the finite difference operator and
its inverse comes into play, that we denote as damping property (see for example
chapter 4 of [57] and references therein, where similar phenomena are discussed).

The goal of the following analysis is to exemplify the following aspects:

e asymptotic expansions may contain discrete order functions beside smooth
order functions.

e formal asymptotic analysis may not be sufficient to predict the convergence
order even if stability is provided.

e what kind of information about the inverse finite difference operator might be
necessary to prove actual convergence rates.

Section 7.1, 7.2 and 7.3 are mainly of preliminary character. Section 7.1 presents
some prerequisites whereas section 7.2 and 7.3 introduce the model problem and
the specific discretizations. While stability is proved in section 7.4, the decisive
damping property is discussed in section 7.5, which is used to establish an asymp-
totic expansion of the numerical error in section 7.6. Numerical tests are provided
in the last section.
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7.1 Some remarks about interpolation and difference
stencils

This section assembles in its first part some facts about interpolation — including
extrapolation as a special case. The second part is devoted to difference stencils.
Some material should be found in standard textbooks, while others might be more
original and especially adapted to our needs. Although the intention was to develop
the material only as far as it used in later sections, it might be also of interest for
its own. Moreover, we indicate also some points that might spur to further investi-
gations.

The problem of interpolation consists in extending a function f, that is only given
on a finite set of sampling nodes/points xq,...,x,. The extension is performed
by certain ansatz functions, where the most popular ones are polynomials. The
interpolating polynomial is defined in such a way, that it attains the provided
values of the function f to be interpolated in the sampling nodes. This amounts
to as many equations as sampling nodes, viz. n + 1. The equations can be used to
determine the n 4 1 coefficients of a polynomial of n’th order.

anxl + ... + ao L f(zo0) 1 o .- :E(T]L ap f(l‘o)
ana? + ot a0 = f(21) 1z ... af ai f(z1)
& I -
anz? + .. + ao = f(zn) 1z, ... an, f(zn)
The system matrix is known as the Vandermonde matrix V = V(xq,...,z,). In
the case of pairwise distinct sampling nodes the Vandermonde matrix is invertible?;
hence the interpolation polynomial P(f|xo,...,x,) is uniquely defined.

Often one is only interested in the interpolation value at some special position, called
interpolation point, which we denote in the sequel by y. Observe that y is, strictly
speaking, an extrapolation point, if y & [min{xzo, ..., x,}, max{xg, ..., x,}]. As
the coefficients of the interpolation polynomial depend linearly on f(x¢), ..., f(zy),
the value P(f|xo,...,zy)(y) should also depend linearly on them via the interpo-
lation weights wy, ..., Wy:

P(f|ZL'(], axn)(y) = wOf(:L'O) + ... +wnf($n) .

Noticing that f is exactly recovered by the interpolation if it is a polynomial of
order less or equal than n, we can set up the following system for the interpolation
weights,

1
word + ... + wnzl = 40 1 1 ... 1 wo 1
woxd + ... + wnzh RS Yl - rog T1 ... Tp w1 B Yy
woxl + o + Wrzh Lyn xg wy .. Ty W, y"
2Its determinant is given by det V(zo,...,Tn) = [lo<icj<n(zi — xi), which is different from

zero, if xo, ..., x, are pairwise different.
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where the transposed Vandermonde matrix is encountered.

The interpolation polynomial and the interpolation weights can be computed alter-
natively by means of the Lagrange polynomials defined for a set of sampling nodes
by

Li(t) := U ;i—_x;j, for i € {0,...,n}.
i

They are characterized by the property L;(x;) = d;;. Therefore, the interpolating
polynomial becomes

P(flzo, ..., xn)(t)

I
(]
=
=~
~—
=
&

For ¢t = y we discover that the interpolation weights of y with respect to xg, ..., xn
are simply given by w; = L;(y).

In numerical schemes for solving (partial) differential equations, interpolation is
frequently used to deal with irregular nodes that do not possess the full number of
neighbor nodes (for instance at boundaries or interfaces). This gives rise to the fol-
lowing question: Do the interpolation weights depend on the very special position of
the sampling nodes or are they already completely determined by the configuration
(ratios of distances/ angles)? The subsequent theorem yields an affirmative answer
for the latter possibility. In fact, the interpolation weights are equal, if they refer
to geometrically similar configurations. Therefore, the interpolation weights have
to be computed only for certain typical configurations but not for every irregular
node. Furthermore, they are invariant with respect to the grid scaling (grid size).

Theorem 7.1. Let xg,...,z, € R and &, ...,&, € R be two sets of sampling nodes
and x, & € R two interpolation points. Moreover wy, ..., w, and wy, ...,w, denote the
associated interpolation weights of x and &. Suppose there exists a € R\ {0} and
b e R, such that

E=ar+b and & =ax;+b forie{0,..,n}.
Then x and & have the same interpolation weights, i.e. w; = w; fori € {0,...,n}.

The statement of the theorem can also be formulated in terms of the Vandermonde

matrix with r(z) := (1, z,...,2")T and w := (wo, w1, ..., wy,)".

V(zg,.yxn) -w=r(x) = V(awg+Db,..,ax, +b)T - w =r(ax+b)

Proof: Let L; and A; denote the corresponding i’th Lagrange polynomial. Using
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the assumption of the theorem we obtain

wi = NE©O=T] iy
j=0

& — &

i
(ax +b) — (ax; +b)
(az; +b) — (azj + b)

7=0
VE
-
= H . = LZ(:I:) = wj,
=0 Ty — l’j
J#i
which yields the assertion. [

An analog result can be derived for the interpolation of functions depending on
several variables. The next proposition is of practical interest for finite-difference
methods based on uniform grids.

Proposition 7.1. Let xy < ... < x,, be equidistant, that means |x;—1 — z;| = h for
i €{1,...,n} with h > 0 fixred. The interpolation weights of xj, k € {0,...,n}, with
respect to {xg,...,xn} \ {zk} are given by
i (1)
wy; = (—1)FFH 2L (7.1)

(%)

According to the definition of the interpolation weights we obtain

n
P10, oo Ty eyt () = 3w if () (7.2)

2
Note that ~ indicates, that x;, has to be deleted? from the list of sampling nodes.
One can easily see, that the sum of the wy, ;’s over i is equal to one, what reflects the

fact, that constant functions are exactly interpolated. Expanding 0 = (1 —1)" by
the binomial formula, solving for (Z) and dividing by it yields the desired equation.

Proof: By theorem 7.1 it is sufficient to consider the special case of x; = ¢ for
i € {0,1,...,n} such that h = 1. As we have n sampling points {zg, ..., 2, } \{zx} the
interpolation will be of order n. Thus, if f in (7.2) is a polynomial with deg f < n—1,
f will agree with its interpolation polynomial, i.e. f = P(f). Taking in particular
the first n monomials 1,z,...,2" !, the following n equalities are required to hold:

[ Zwk’i it for0<{<n-1. (7.3)
=0
i+k

This provides a linear system that could be solved for the weights.

3Figuratively, =5 has to ‘take its hat’ — i.e. to leave — as it is formulated in the German edition
of [12], volume 1.
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Since the system matrix is the transposed Vandermonde matrix V7 (0, ...,E, iy 1)
with Vg = i’ the linear system has a unique solution. Hence we are done, as soon
as we show, that (7.1) is a solution.

If we insert (7.1) into (7.3) and multiply by (}) we get:

(k" = (1 (D'
7
s 0= (—1)’“+1§:(?)(—1)"# — (MK
=0
i#k

Writing the minus sign in front of the binomial coefficient as (—1)%*1 yields,

n
| .
i
such that the term containing £ can be incorporated into the sum:

n

s 0= Y (DU = a-1n"PM )

1=0

The polynomial Pg(n) is defined in (7.4). Since Pg(n)(l) = 0 for ¢ < n, the assertion
is a direct consequence of lemma 7.1. [ |

In order to evaluate certain sums (involving binomial coefficients) that we encounter in the proofs
of proposition 7.1 and 7.2, it is advantageous to introduce for n € Ny and ¢ € Ny the following
family of polynomials:
7 I3 n
P (x) = & (zd) (x —1)". (7.4)

Notice that the degree of Pe(") is n, as any differentiation is succeeded by a multiplication by x.

Lemma 7.1. The subsequent equality holds true

PM1) = £ (—)ntF (")kz, in particular Pl(”)(l) =V 1. /-n

" 0: 0</t<n
o k

k=0

Proof: Expanding (z — 1)™ by means of the binomial formula yields

k=0
= ISR @) = 53 ()R
k=0 =0

The assertion is obtained by setting = 1 and observing that (—1)"7% = (=1)"**,
By induction one can show, that the highest derivative occurring in the differential operator (x@x)l

is of order ¢. More exactly it can be expanded into

(29)" = 28" + L 10 42D,
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Furthermore we have
Fa—1)"=nn-1)-....n—L+1) (- =0 (x—-1)""

As (x — 1)™ has an n-fold zero for x = 1, we obtain d°(x —1)" = 0 for 0 < £ < n and
P = 2pl (M (@ - 1)° = 1. ]

Let us now turn to the numeric computation of derivatives (numeric differentiation),
that is classically done by finite differences (difference-quotients). In this context
the stencil notation is popular.

Convention: A difference stencil is a finite, ordered collection of real numbers
ai,...,a, written in the form [aq,..., ag,...,a,]. The number n € N is the length
of the stencil; the asterisk * indicates its cemter. This becomes important, if the
stencil is applied as a (linear) operator.

1) [a1, .., Gy ooy an] : F(Z) — F(Z)

(101, s ks s @) () = [0, s s s an F(G) o= D @if (G4 =) (T5)
1=1

2) [a1, .o, Qs ooy n]p : F(R) — F(R)

([al, ...,dkk,...,an]hf> (2) = [a1, ooy Ay ooy ann f () = Zaif(ac—k(i—k)h) (7.6)
i=1

In the latter case an additional parameter h > 0, the step-size, must be specified.
For ease of notation stencils are here defined as operators on F(Z) or F(R) respec-
tively in order to be applicable everywhere and thus to avoid incompatibilities with
possible boundaries.

Theorem 7.2. For n € Ny and m € N there is a unique right-sided (forward)
stencil R™™ of length n + m, such that for all u € C"*™(R)

h™"R™"u = 0"u+ O(h™) .

Similar statements hold of course for stencils, that are left-sided or whose center is
located at another position.
Proposition 7.2. The right-sided stencils of first order accuracy are given by

*

—N—

B = [0 (). (0]

Proof: It is to show that h™"R™u(x) = O"u(x) + O(h) for any u € C"TL(R).
According to equation 7.6 we have:

K" RMu(z) = h " zn:(—l)““f (Mu(z + kh)
k=0
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Substituting for u(z + kh) its truncated Taylor expansion and
B RM u(z) = S (— 1) (’,g){ 3 Lk R u(e) + O(h"“)}
k=0 £=0

interchanging the order of the sums,

B R () = 30 5 (3 () ()R ou(@nt T+ O(h)
=0 k=0
yields finally
R () = S P (1) 0u(z)h" + O(h) = 0™u(z) + O(h)
=0
where we have employed lemma 7.1. [ |

Remark 7.1. The right-sided stencils for higher derivatives can be derived by an heuristic reason-
ing. As higher differentiation operators are simply the operator product (composition) of first order
differentiation operators, the stencils should be obtained similarly by concatenation or composition.
For instance:

RYMWoRY = [-1,1)o[-1,1] = [-1, 1] +[0, -1, 1] = [, -2, 1] = R>™.
R oR™oRY =[-1,1]o[l, -2, 1] = —[1, =2, 1] + [0, 1, -2, 1] = [-1, 3, -3, 1] = R*"

Notice that attention has to be paid to the centers of the stencils when adding or composing them.
(n) . . .
If we set R™! = [;On ,r&n), e r;n)], the concatenation R"*1! = RV o R™! results in the following

recursive rule

T,E"H) = 7"1(::)1 — T,(C") forl1 <k<n
to compute the stencil coefficients. This relation is complemented by setting r(()"H) = (—1)"+1 and
7(er+11) = 1. Moreover the recursion is started with rél) =—land = rgl) = 1 since R"' = [-1,1].

The coefficients of the stencils can be arranged in a triangular pattern similar to Pascal’s triangle.
Unlike the recurrence relation associated to Pascal’s triangle, which is a sum and not a difference,
we obtain also binomial coefficients for the r,(c")’s but with alternating signs (cf. proposition 7.2).

Instead of searching for stencils computing arbitrary derivatives with first order accuracy, one can
also ask for stencils approximating a given derivative with arbitrary accuracy. In fact, there is a
nice formula pertaining to the first derivative.

Conjecture 7.1. The right-sided stencil of minimal length, approxzimating the first derivative with
the accuracy of order n, is given by

RY" = =3 (-1)FiRM = RY - iR 4 IR —IRM 4 4 (-)"MIRM (1)
k=1

Remark 7.2. Similar expressions can be found for stencils associated to higher derivatives, but
the occurring coefficients do not obey such an easy rule. The first terms of the Taylor expansion
of R™! applied to a function u are

R = 0w+ hPSY (10" + B2 P, (1)0™ P+

In order to eliminate the leading error, which is essentially given by the (n + 1)’th derivative, we
can use the stencil R" ™!, Hence

Rn,Z — Rn,l _ P/"(Li)l(l) . Rn+1,1 )
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Note that the right hand side represents a stencil of the length n + 2, what agrees with the length
of the minimal stencil for the n’th derivative with second order accuracy. Taylor expansion reveals
once more the leading error.

BRGu= 0 B (P (1) = PO (1) - PUEY (1)) 07 a4 O(h°)

Analogously, this can be used for a second correction leading to R™3. Moreover it becomes clear,
how a (rather complicated) recursion relation for the coefficients could be derived.

Remark 7.3. In the case of stencils with higher accuracy the approach of concatenation does not
work, what is documented by the following example:
Computing R*? at first by means of (7.7)

R"™ =RV —IR* =[-1,1] - 11, -2, 1] = 3[-3, 4, —1],
self-concatenation yields

R"™2oR™ = 1[-3,4, —1]01[-3, 4, —1]

= 119, —24, 22, -8,

This stencil is already by one entry too long to agree with R*? = [2, =5, 4, —1], that comes
out by solving the defining linear system. Hence we have corroborated that RYZ o RYZ # R?2.
Nevertheless RY2 o RY2 can be used to approximate the second derivative with second order
accuracy.

Remark 7.4. It is possible to derive R*? from R"? o R™? by combining the concatenated stencil
with an extrapolation stencil, that is used to reduce the length. From proposition 7.1 we can read
off the following interpolation weights, that we write now in stencil form

[~1, 4, —6, 4pu(z + 3h) = u(z + 4h) + O(h*).

The residual O(h?*) can be checked by Taylor expansion. Observing that this equation is equivalent
to [—i 4, —6, 4, —1]pu(x) = O(h?), we obtain

h™2RL2 0 RY2u+ Lh2[=1, 4, =6, 4, —1],u = 8%u + O(h?).

Obviously, summing yields (9, —24, 22, =8, 1] + L[~ 1, 4, =6, 4, —1] = [2, —5, 4, —1, 0] which is
equivalent to R%? as the 0 at right can be discarded.

We have seen in remark 7.2 that the knowledge of the numbers Pr(ffr)u(l) is important for produc-
ing stencils of higher accuracy by the presented correction procedure based on Taylor expansion.
Therefore it is worthwile to look for properties of these numbers, that might simplify their com-
putation. The following conjecture summarizes an experimental observation, that we have not yet
proved.

Conjecture 7.2. Forn € No,v € Ny the sequence n +— P7(L"+V)(1) is an arithmetic sequence? of
degree v with the step-size 27".

4A sequence (an)nen, is called an arithmetic sequence, if the difference sequence Da with
(Da)n := ant+1 —an =: dn = d is constant. d is the step-size. A sequence (b )nen, is referred to as
an arithmetic sequence of degree § € N, if D%b is an arithmetic sequence, where D means J-times
repeated application of the difference operator.
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7.2 Model problem: 1D Poisson equation with Dirich-
let BC

As model problem being subject to later numerical investigations, we choose the
Poisson equation with Dirichlet boundary conditions on the interval Z := [0, L]. The
classical variant of this boundary value problem (BVP) is:

For a given data function f € C((O,L)) and boundary values ug,ur, € R find a
function u € C([0, L]) NC?((0, L)), that satisfies the BVP

u(0) = up, u(L) =ur and d*u(z) = f(z) forz € (0,L), L > 0. (7.8)

For reasons that become clear further below, it is advantageous to consider uni-
formly continuous sources f € C([O,L]) implying u € C?([0, L]). Introducing the
operator

D:C*([0,L]) - RxC([0,L]) xR with u— Du:= (u(0),u”,u(L)), (7.9)
equation (7.8) can be reformulated into
Du = (ug, f,ur). (7.10)

The operator D, consisting of the second derivative (Laplacian) together with the
projection onto the boundary values, admits an inverse operator G := D™, that
can be computed analytically. G turns out to be an integral operator, whose kernel
function is referred to as the Green’s function ¢ : [0, L] x [0, L] — R:
1
G (x,€) ::x—g—min{w,f} _ {§5(33—L) for 0<§{<z <L (7.11)
L 7o(§ — L) for 0<z<ELL

Important properties of the Green’s function are its symmetry ¢ (x, &) = 4(&, z),
its piecewise linearity and its non-positivity®. It will be proved in theorem 7.4, that
G :RxC([0,L]) x R — C*([0, L]) is given by

L
G+ (uo, fruw) = with u(a) =g+ Fur —w) + [ F(@.&) FOdE (12

If one of the arguments of ¢ is kept fixed, the resulting function exhibits a kink in
its extremum (z = ), where its derivative makes a leap by 1. This jump condition
is the crucial characteristic® of G, exploited to prove (7.12).

Formula (7.12) guarantees the existence of a solution u € C?([0, L]) for a right hand
side f € C°([0, L]) being continuous on the compact interval”. Moreover, the differ-
ential equation enforces, that f € C"([0, L]) entails u € C"*2([0, L]) for any n € N.

®Instead of (7.8) many authors consider the equation —9%u = f (notice the minus sign), since
—0? is a positive operator implying that the Green’s function is non-negative.

SFormally, the derivative of a jump function (Heaviside function) yields a d-function. So
924 (2,6) = 6(x — £).

"In contrast, if f is only continuous on the open interval, then f need not be integrable over
(0, L) and thence the formula might not be applicable.



7.2. Model problem: 1D Poisson equation with Dirichlet BC 309

Therefore the inverse operator G acts in a smoothing way.

In the framework of finite differences, the solution u is normally required to be at
least in C%([0, L]). These stronger assumptions are necessary to be able to deploy
Taylor expansion as a simple but mighty analytic tool® (confer section 7.6).

Theorem 7.3. (uniqueness) The Poisson equation with Dirichlet boundary conditions (7.8) has
at most one solution in C([0,L]) N C*((0, L)).

Proof: Suppose there exist two different solutions w # v. It is to show, that they are actually

equal. Consider the difference w := u — v satisfying the homogeneous Poisson equation. From
w” = 0 follows w’ = const and hence w(zx) = c1x+co with some constants co, ¢1. The homogeneous
boundary conditions w(0) = w(L) = 0 require however ¢; = ¢o = 0. Thus w = 0 which is equivalent
to u = wv. |

For general Sturm-Liouville differential operators of second order the construction of the Green’s
function and the inverse operator is done by means of a fundamental system. In the present case,
we can however gain (7.12) by a repeated integration of the differential equation.

Theorem 7.4. Let f € C([0,L]). Then the Poisson equation with Dirichlet boundary conditions
(7.8) admits a solution u € C([0, L]) which is given by (7.12).

Proof: A first representation of the solution is obtained by integrating the Poisson equation u’’ = f
twice resulting in

z ¢
u(x) :/0 /(; f&)ded¢ + Ciz + Co .

The integration constants C1,Cy have to be adapted to the boundary conditions. This yields:
x ¢ T L ¢
u@ =w + [ [Cr©deac — L] [7 [ 1) dedc + w0 - (713)
o Jo o Jo

According to the fundamental theorem of calculus, u is in C2([0, L]) and solves (7.8). It remains
to be shown that (7.13) can be transformed into (7.12). For this we have to interchange the order
of integration using Fubini’s theorem.

x x L L
T €T €T
u@) =uo+ [ [ f@acae~ 3 [7 [ p© dcde— $uo+ g
o Je Lo Je
Performing the integration with respect to ¢ gives

T L
u@) = w+ T —w) + [@-0r©da - [E-orode

The two integrals abbreviated by I1, I2 have to be considered more carefully:
x x L P L
nb=a [ f©de - [ er©de — o [ s©ds + T [ ereas
0 0 0 0

By splitting the third integral from 0 to x and from x to L, the first integral is canceled:

- _/O’”gf(g)dg - rc/:f(é)df + %/OLéf(é)drS,

8The significance of Taylor expansion is based on its capability to link the realm of differences
with the realm of derivatives. As long as we are primarily interested in the difference schemes to
approximate differential equations this is an indispensable tool.
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Decomposing likewise the last integral and drawing together the integrals over the same domain
produces finally the Green’s function as kernel function under the integral.

_ g T L L
e+ 1 [e-nroa = [Taeornee

This finishes the proof of the theorem. |

Actually, the applicability of formula (7.12) is not restricted to source functions in C([0, L]) but
holds for a broader class of functions. This is supported by the following examples:

flz)=a"" AN u=0 A w=0 =  u(z) = zlog(z)

f@)=z"2% A u=0 A w1 =0 = u(z)=—22"* 42

As (7.12) can obviously be applied to source functions that become singular at the boundary, the
condition requiring f to be continuous on the compact interval [0, L] should be relaxed.

For this, let us define a space of functions being locally integrable® and being additionally integrable
over [0, L] if multiplied by a C*([0, L]) (weight)-function, that is supposed to vanish at the boundary
points 0 and L:

£4(0,0) = {9 € £Loe((0.1) + & wg(2) € Lhoe(10,1)) A 2= (L~ 2)g(x) € L ((0, 1))}

The boundary constraints on the admissible weight functions serve to compensate possible singu-
larities of the source functions. It is obvious that (7.12) is well defined for functions of this space.
In contrast it appears questionable, whether (7.12) is then also a solution of the Poisson equation
even if the source is continuous in (0, L).

This problem is avoided by considering the following subspace of [,11,}((07 L)) We write f €
[,fllom((&[/))7 if there exist @« > 0 and constants Co,Cr, > 0 such that f € [,lloc((07L)) satis-
fies

[f(z)] < Cox ™™ for 0<a<d and |f(z) <Cr(L—z) > for L—6<ax<L

Lemma 7.2. Assume f € L},,,((0,L)) and z € (0,L). Then:

€ L
o tim [er©la =0 and  tm [T @-on@lde=o

z L—e
i) tm e [C17©IdE =0 and tm e [ 17O =0
Proof: The proof is straightforward by employing the majorants. |

Theorem 7.5. The Poisson equation with Dirichlet boundary conditions has, for any
feC((0,L)) N LY, ((0,L)), a solution u € C*((0,L)) NC([0,L]) that is represented by (7.12).

Proof: In order to shorten the writing we consider the case of homogeneous boundary conditions
u(0) = u(L) = 0 without restriction of generality. Let us define u for any z € (0, L):

uw) = 22 [Cen@as + 1 [ e-nsede.

From the assumption follows f € [,11‘,((07 L)); thence the integrals are well defined. By the fun-
damental theorem of calculus, an integral represents a differentiable function with respect to its
upper and lower integration bound if the integrand is continuous'®. Applying the product rule

Yintegrable over every compact subset

101f the integrand should be singular at the boundary, the integral interval may be decomposed,
in order to verify differentiability at arbitrary but fixed € (0,L). For instance: as x lies in the
open interval we can always find an intermediate position 0 < z < x, such that [* = [+ [". The
first integral is then a constant while the second one can be differentiated with respect to z.
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yields:

— 1 [(er©de + Tt + 1 [Ter©de - fa- 11w
:—/ff d£+—/£f
u'(@) = af(e) — ple-DfE) = f@)
As f€C((0,L)) we see that u € C*((0,L)). Moreover the Poisson equation is obviously satisfied.

The continuity of u holds by construction in the open interval (0, L). To verify the continuity at
the two boundary points we consider:

€l0

_ € L
tim u(0)] = lim | T [ e de + £ [ €~ Dreae]

Applying the triangle inequality and decomposing the integration domain of the second integral
into (e, 2z) U (2, L), yields:

hm|u( )| <

L= [erende + £ [1e-nrena + £ [ e~ nrenac)

z

The first addend vanishes in the limit since the integral tends to zero by part i) of lemma 7.2. The
same is true for the third addend due to the factor e. Observe that the integral remains bounded
because (¢ — L) f(€) € Li,.((0, L]). The second addend becomes:

£ [ e=nrena = £ [Clerorae + [l

The factor € makes the first addend vanish, as the integral is bounded due to £f(€) € £i,.([0, L)).
Furthermore the second addend goes to zero by part ii) of lemma 7.2. Hence we get lim. o u(e) =
u(0) = 0. An analog computation can be performed for the right boundary at L. This shows
u € C([0, L]) as asserted. [ ]

7.3 Discretization of Dirichlet boundary conditions

In order to discretize the BVP (7.8) by finite differences, the interval Z = [0, L]
is covered by an equidistant grid Zp, := {xg,...,xnx} C Z containing N + 1 nodes
x; = ih with ¢ € {0,...,N} and h := % The numerical solution is computed as
a grid function v : Z, — R. Instead of v(x;) we write also v;. Note, that v as
any other discrete quantity or operator on F(Zj) depends already by its domain
of definition on the number of grid nodes or equivalently on the grid spacing h.
Nevertheless we abstain from writing vy, in order to avoid a too cumbersome and
overloaded notation.

A function ¢ : Z — R defined on the spatial domain Z can be “compared” with
a grid function in the easiest way by restricting!'? it onto the grid, i.e. §:7Z, — R
with g; = g(z:) == g(@i).

"1n particular the solution u of the BVP (7.8)
2The projection from F(Z) to F(Zy) is called sampling.
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The second derivative is usually discretized by the three-point central difference
quotient. This leads to the standard discretization of BVP (7.8)

Vi—1 — 2%’ + v;
h2

The matrix, pertaining to the above linear system, discretizes the operator D de-
fined in (7.10) and is therefore abbreviated by D.

The Dirichlet boundary conditions fit ideally with the three-point stencil. The
values at the boundary nodes xg,xn are already prescribed by the boundary con-
ditions, whereas the interior nodes x1,...,zy_1 have only to “communicate” with
their direct neighbors.

vg = Uy, UN = UL, = f(ih) forie{l,..,N —1}. (7.14)

The situation gets more sophisticated if the stencil becomes broader. For this, let
us consider the symmetric five-point stencil

la, b, & b, a] = L[—1, 16, —30, 16, —1],

that offers another, more accurate discretization of the second derivative. The
remainder of this section we will be concerned with the construction of appropriate
boundary conditions. The following sections are then devoted to their theoretical
and experimental analysis.

Lemma 7.3. Let I C R be an interval and g € CG(I). For any x € I there exists hmaz =
hmaz(z) > 0 and a constant C = C(x) > 0, such that the following estimate holds true for any h
with |h| < hmaz:

Lo [-1, 16, =30, 16, —1]a g(z) — ¢"(x)| < Ch*.

C can be chosen independently from x € I, if I is compact!

The verification can be done by writing out the stencil and replacing g(x — 2h), g(x — h), g(z + h)
and g(z+2h) by the truncated Taylor expansion up to sixth order (the remainder term is the sixth
order). Let us here proceed the other way round by demonstrating exemplarily, how the stencil is
constructed. For this we make the ansatz of a symmetric five-point stencil.

Lla, b, & b, al g(z) = g"(z) + O(h")

This ansatz is justified by the following reasons:

i) Odd derivatives will be canceled, because they occur with opposite sign in the truncated
Taylor series of g(z — 2h), g(x + 2h) and g(z — h), g(z + h).

ii) To get a fourth order accurate approximation of the second derivative, the zeroth and fourth
derivative must be canceled, while the coefficients in front of the second derivative should
sum up to one.

Therefore we obtain three equations for three unknowns.

g(z) 2a+2b+c = 0
0g(x) : 2-22—Ta+2~%b = 2a+ib =1
o*g(x) - 2-%a+2~%b = Za+5b = 0

The truncated Taylor expansion yields

o a,b,6,b,a], g(x) = g"(x) + h* (B20°g(02) + £°g(61) + £°g(m) + 228°g(n2)),
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where 02 € (x — 2h,z),01 € (x — h,z),m € (x,z + h) and 72 € (x,x + 2h) are appropriate
intermediate positions. Since the continuous function |869| attains a maximum on the compact
subinterval [ — hmaz, & + Amaz] CC I, the remainder term can be estimated as asserted with

26 4+1

max{a,b} ~max [9%g(¢)|.
|é—z|<hmaax

If I is compact, 8%¢ has a maximum on the entire interval. Hence the constant C' can be defined

equally for all x € I.

In contrast to the three-point stencil, the five-point stencil leads to a conflict with
the Dirichlet boundary conditions. As every node needs two neighbors on both
sides, the stencil can not be applied in z; and xny_1. There are several possibilities
to overcome this difficulty:

1) Apply the three-point stencil in z; and zn_;.
2) Extrapolate to get v_1,vn+1; apply the five-point stencil in z1, zn_1.
3) Use asymmetric or one-sided finite difference quotients in 1, xy_1.

The first idea leads directly to the scheme:

v9 = U
AL -2 1o = f(h)
L1, 16, =30, 16, —1Jv; = f(ih) forie{2,..,N—2}  (7.15)
(L, ~2, oy_y = f((N =1)h)
VN = ur

For the second idea we have to specify how the extrapolation shall be performed.
Let g be a function defined in a vicinity of € R, containing the equidistant points
x— h,x,x + h,...,x + 4h for h > 0 small enough. If x — h plays the role of the
extrapolation point, while x,x + h, ... are taken as the sampling nodes, proposition
7.1 yields the following extrapolation stencils:

glx —h) = [i]h g(x) + O(h) nearest-neighbor
glx —h) = [5, —1]p g(x) + O(h?) linear

gz —h) = [3,-3,1]s g(z) + O(h%) quadratic
gz —h) = [4,-6,4,~1], g(z)  + 0% cubic

gz —h) = [5,-10,10, 5,1, g(x) + O(RD) quartic

Assuming ¢ to be sufficiently smooth, it can be shown by straight-forward Taylor
expansion, that the difference between the actual value g(x — h) and the result of
the extrapolation is of the indicated order.

Because of theorem 7.1 these extrapolation formulas are also valid, if h is replaced by
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—h. Then the right-sided stencils become left-sided with the coefficients in converse
order. For instance:

g(z+h) =[1, =5, 10, 10, 5]s g(z) + O(h®)

Since the extrapolation can obviously be applied in xn41 analogously to x_1, we
only need to consider the left boundary in detail.
Let us assume, that z_; would belong to the grid. Then the stencil in z; would be

=la, b, ¢, b, avy = %(av_l + bug + cvy + bug + a1)3> = f(h). (7.16)

As v_q is only fictitious, we must replace it by an extrapolating expression accessing
the values at the right neighbors of z_1. According to the preparative excursion we
can consider the following options:

v_1 — Vg nearest-neighbor
v_1 — 2v9 — 11 linear

v_1 — 3vyg — vy + V9 quadratic
v_1 — 4vg — 6V + 4dvg — vg cubic

v_1 — dvg — 10v; + 10vy — Svg 4+ v4 quartic

Hence, substituting v_;, equation (7.16) becomes by utilizing the

0) nearest-neighbor (0" order/constant polynomial) extrapolation:
% ((b + CL)UQ + cv1 + bvg + CL1)3> = f(h)
& —==[15, =30, 16, —1Jv1 = f(h)

I) linear (1% order polynomial) extrapolation:
o ((b + 2a)vg + (¢ — a)vy + bvg + avg) = f(h)

o [14, —29, 16, —1]v; = f(h)

1
1252
I1) quadratic (2" order polynomial) extrapolation:

o ((b + 3a)vg + (¢ — 3a)vy + (b + a)ve + avg) = f(h)

o 13, —27, 15, ~1Jv1 = f(h)

1
iz |
I1I) cubic (3" order polynomial) extrapolation:

o ((b + 4a)vg + (¢ — 6a)vy + (b + 4a)vy + (a — a)vg) = f(h)

< [127 _247 127 0] v = %[17 _27 1] v = f(h)

L
12h2
Remarkably, the cubic extrapolation leads to the same equation in 1 that oc-
curs in the mixed stencil scheme (7.15), where the five-point stencil in 1, xny—1

has been supplanted by the three-point stencil (first idea).
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IV) quartic (4" order polynomial) extrapolation:

Elg ((b + 5a)vg + (¢ — 10a)vy + (b + 10a)vy — davs + (w4) = f(h)

& oh[11, =20, 6, -4, v, = f(h)

Summarizing, we obtain the following class of extrapolation schemes

Vo = U
aloh, o, db, of, oo = f(h)
%[a, b, ¢, b, alv; = f(ih) forie {2,..,N —2} (7.17)
o, of, o5, o, dhlun—1 = f(h)
UN = uj
with
( K= €0 [b +a, a bv a, 0]
pw=-ey: [b+2a, cia, b, a, 0]
[oh, o, ob, o8, di1==4 pw=ey: la+3a,¢c—3a, b+a, a, 0 . (7.18)
w=-es: |a+4a,c—6a, b+4a, 0, 0]
pw=-eys: la+ba,c —*10a, b+ 10a, —4a, ]

Like D the associated system matrices ZA)M represent discretizations of the operator
D.

B2 0 0 0 0
o of o of

s

=T
QO OO
o O O O
o O O O

Dyi=qe| + - e (7.19)
b ¢ b a O

a b c b «a

of o o of o

0 0 0 0 0 A2

o O Q

o O O O
o O O O

For the sake of completeness let us mention the outcome of the third idea. The

ansatz of an asymmetric difference quotient like %[a, B, v, 6, (€)] leads to
wll, =2, 1, 0y g(x) = ¢"(z) +O(h?),
[Q _27 %7 %7 _%]h g(ﬂj) = g//(l’)—|—0(h3)

Comparing these stencils with those of the cubic and quartic extrapolation scheme
in x1, we recognize, that this approach reproduces only what we have already found.
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In contrast, the ansatz of one-sided difference quotients %[&, B, 7, (§)] generates
alternative schemes, that will not be studied in the sequel, however. From remark
7.1 and 7.4 we get the subsequent stencils for the second derivative

L, -2, 1 g@) = ¢'(@)+O0m)

%5[27 =9, 4, _1]h g(:E) = g”(:n) +O(h2) .

The one-sided three-point stencil is just the classical central three-point stencil for
the second derivative, shifted to the right and losing therefore one order of accuracy.

7.4 Stability of extrapolation schemes

In the last section we have constructed different discretizations of the operator D
introduced in equation (7.10). It is generally known, that differential operators are
not bounded in the supremum norm. This property is inherited to the discretiza-
tions. Surely, the discrete operators D, D“ act on finite dimensional spaces and are
therefore bounded. However, their norm grows over all bounds, if the grid spacing
h tends to 0 (i.e. with increasing dimension of the system). This can be easily seen
as follows: The discrete operators ﬁ, lA?u are represented by band matrices whose
band width does not change with the grid spacing h. As the coefficients depend on
the grid spacing only by the factor % (compare with (7.19)), the induced || - ||
matrix norms behave like O(h~2) and “explode” in the limit & | 0.

In opposition to D, its inverse operator G is bounded as being an integral operator.
Therefore the question arises, whether the norm of the inverse operators of D, lA)u
remains bounded with respect to h. Clearly, this property should be expected, as
ﬁ_l, ﬁ;l are supposed to approximate G.

Definition 7.1. A scheme discretizing the BVP (7.8) is called stable, if the inverse
of its system matriz can be estimated independently of the grid spacing with respect
to the || - || operator matriz norm.

In particular, the standard scheme and the extrapolation schemes are stable, if

D™ oo = O(1) and \|D,;1||Oo =0(1)  forh|O.

As @G is the inverse of D, it is reasonable to assume, that a discretization (sampling)
of G is somehow close to the inverse of D, D,,. Let us therefore project the Green’s
function onto the grid:

Gii =G (ih, jh) = G (x;,&;) = ih>L™ — hmin{i, 5} for 7,5 € {0,1,..., N} (7.20)

The obvious symmetry property ¥4(z,§) = 9(&,z) entails g;-j = %;Z There is
another symmetry property'3, that should be at our disposition for later purposes.
We check it for the discrete case.

The “continuous” analogon to lemma 7.4 is ¥(z,L—&) =%(L—1,f) and
Y (x,&) =9(L — z,L — &) respectively.
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Lemma 7.4. Let 9 denote the (N +1) x (N + 1) matriz representing the restriction of the Green’s
function on a uniform grid with N 4+ 1 nodes in each direction. Then

i) Dun-1) = Dn—r)» i) D = Yn—ry(n-1) for k,1€{0,..,N}.
Proof: By (7.20) the assertion i) is equivalent to
k(N — DAL~ — min{k, N — 1} = (N — k)lhL™" — min{N — k,} , (7.21)

where both sides have been divided by h. In order to evaluate the minimum, two cases have to be
distinguished:
case I: k< N-Il & [I<N-k

case2: k>N-1l & [I>N-k

Using h = % or hL7! = % respectively, we get from (7.21) in the case of

k(N—1) _ (N=K)L

1) ~— —k="F~--1 & k———k—l———

2) END (N ="K (N-k) o k-8 _Ntl=I-E N4k
So we end up with the same terms on each side for both cases.
As for ii) we have to show

h ' = 5 — min{k, 1} = @=RND _ in (N — b, N — 1} = h ™ Gy iy v -

Since the expressions are symmetric with respect to k,l we can suppose k <[ < N -k >N —1
without loss of generality. Thus

% _k 2 N27Nl];Nk+kl — (N 1)

This equation is verified by elementary cancellations. |

Note that the two properties require each other. Setting for instance x = N — k we have for
5 5 k=N—k 5 5
ko kL €40, N} Gyv—ty =Y n-ky = GN-—ryN-1) = Gl

In order to discretize GG, we approximate the integral by the left-point quadrature
(rectangular rule), such that (7.12) becomes'4

u(ih)z(l—f)uo—i-—u/; + h Nz: ) + O(h) .
=0

Observing that the sum starts actually with j =1 (%o = 0 as the Green’s function
vanishes at the boundary of [0, L] x [0, L]) this equation takes the matrix vector
form

[ 1 0 e 0 0 ug
tiy N hgn L h% e ~ bil
: = : : : : : : + O(h)
UN—1 % hn—1n - hN-1v-1) % fn-1
un 0 0 e 0 1 ur,
=@
defining the sampled inverse operator G. Note that Gy is thus given by
ékl = %5{0 + hgkl + %5”\7 . (7.22)

4 Actually, the right hand side approximates u(ik) with second order accuracy, i.e. O(k) could
be replaced by O(h?). By theorem 7.6 we see, that the right hand side corresponds just to the
numeric solution provided by the standard scheme, which is second order accurate.
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Remark 7.5. G inherits the symmetry property treated in lemma 7.4 from < ,
since it is also satisfied by its left- and rightmost columns, i.e. by the matrix
(D610 + £0in)

0 INJke{o,....N}"
It can be read off from equation (7.19) and from a matrix representation of D re-
spectlvely, that the D sand D possess the same symmetry property (i.e. (D Yk =

(D) (N=m)(N=Fk))- We will benefit from this circumstance in the proofs of the lem-
mata 7.6 and 7.7.

Lemma 7.5. The norm of the sampled inverse operator can be estimated indepen-
dently of the grid spacing h or the number of grid nodes respectively. More exactly:

Glloo <1+ 2L  with L denoting the length of the discretized interval T = [0, L.

Proof: In order to compute the || - ||-operator matrix norm, we have to compute
for each row the sum of the moduli of its elements. The norm is then given as the
maximum of these sums.

In each row of G the sum of the leftmost and rightmost element is one. Therefore
it remains to estimate the maximal contribution of the sampled Green’s function
4. Thus:

N-1 N-1
1Glle = 1 +1]1V1a>1< {h 3 \%—!} — 1+ max {h 3 it - hmin{z’,jH}
1= = =1 =
N-— h }
< L
< 1 I?:a{L Zy+h me{zg}
< 1+ ]LV—Z%NN“\Q“) + L N?
< 1+ gLPRE 4 12 < 14207

We have introduced G‘, because it seems promising to take it as a guess for ap-
proximating D~! and D;l. Indeed, we have hit the nail on the top as regards the
standard scheme (7.14).

Theorem 7.6. (Stability of the Standard Scheme) The inverse of the matrix
associated with the scheme (7.14) is the sampled inverse operator, i.e.

Dl=a & D-G =1 (identity) .
In combination with lemma 7.5, this implies immediately the stability of the standard
method.

Proof: We have to show that ﬁlelm = 0km, where the product on the left hand side is to be
summed over | € {0, ..., N} (convention of summation). As it seems to us more cumbersome to
write down a general formula for the elements of D, we show this in three steps.

15 case: k=0

DoiGim = S0t + (Bt 0mo + hGmt + £0mn) = 228m0 + h%mo + % 0mn = dmo
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2" cagse: 1< k< N-—1
Dt Gim = h™2(81—11 — 2051 + Okt 11) - (Bt bmo + WGyt + L6mn)
= N 2N ENZ D 5,0+ b (Skmut — 20k + Op10) G + E=L=2R ()5

(6k—11 — 26kt + Op411) - (% — min{l, m})
_ m(k71)7§\1;+(k+1)

— min{k — 1,m} 4+ 2min{k, m} — min{k + 1,m}
=[—(k=1)+2k—(k+1)] +[-2+2]6k—1)m + Okm = 6km
3" case: k=N
DniGim = 6n1 - (N 6mo + h%mi + £0mn) = X500 + h%mn + Nomn = dmn
For the 1°¢ and 3" case we have used, that %;; is zero whenever i € {0, N} or j € {0, N}. Note in

the 274 case the representation of the Kronecker-§ by means of the three minima. |

In the case of the extrapolation schemes based on the five-point stencil, the sampled
inverse operator GG renders also good services, that constitute the first step towards
the proof of stability.

Lemma 7.6. Let D, as given in (7.19) with p € {e1, ez, e3,es}. Multiplying D,
from the right by G results in strictly diagonal—dorpinant band matrices J,, whose
band width is reduced by two in comparison with D,. More exactly:

1 0 0 0 0 ...0
o I -X 0 0 0
I 5
1 7 1
0 _ﬁ 6 _ﬁ 0 ... 0
) D, -G = J, = e e
0 0 -5 £ -5 0
0o ... 0 0 —-% I o0
O ... 0 0 0 o0 1
1 0 0 0 0 ...0
o # -L 0o o0 .. 0
1 7 1
0 _ﬁ 6 _ﬁ 0 ... 0
II) De,-G = J, = :
1 7 1
0 2 5 120
0 ... 0o -5 B o0
o ... 0 0 0 0 1
1 0 0 0 0 0
o 1 0 0 0 ...0
1 7 1
0 _ﬁ 6 _ﬁ 0 .. O
) De,-G = J,, = e
1 7 1
0 o -+ I -+ o
0 0 0 1 0
0 o 0 0 0 1
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1 0 0 0 0 ..0
11 1 1
o H 1 1 9 0
1 7 1
0 _ﬁ 6 _ﬁ 0 ... 0
IV) Do, -G =: J,, = S :
1 7 1
0 0o —& I Lo
1 1 11
0 e O _ﬁ 6 ﬁ 0
0 ... 0 0 0 1

Proof: The verification proceeds similarly to the proof of theorem 7.6. -
Ad I) For ease of notation let us set throughout the subsequent calculations: D := D.,. The
assertion DG = J is equivalent to the following componentwise equations for k,m € {0,..., N},

i) Dot Gim = Som

ii) D1 Gim = 261m — 502m

i) D Gin = 50k tym + L0km — Okiym  for 2< k<N -2
iv) Din_1y Gim = —50(N—2)ym T =6(N—1)m

v) Dni Gim = Onm

where we adopt the convention of summation, i.e. summing over the index ! from 0 to N.
Remember: 9, =0 whenever l=0o0r =N, 2a+2b+c=0and h™'%,, = le — min{l, m}.

Check of i): DOI él'm - 60l [%50771 + hgflm + %6Nm} - %60111 + thm + %5Nm - 6Om

Check of ii): Because of

R Dy [ X Som + Lonm] = [(b+2a)d0 + (¢ — a)d11 + bd2r + adsi] [dom — %00m + 5 0nm)
= (2a+2b+ c)doidom — (2a + 2b + )+ 0om + (2a + 2b + ¢) % Onm
= 0

we have only to consider the part of élm which comes from the Green’s function ¢:
DuGrm = h72[(b+2a)00 + (¢ — a)du + by + ads] - hGim,
= [(b + 2a)80; + (¢ — a)d1; + bday + adgl} . [% — min{l, m}}
= (c—a)Z+b22 +a32 — (c—a)min{l,m} — bmin{2, m} — amin{3, m}
= (2a+2b+¢)% — (¢ —a)min{l,m} — bmin{2, m} — amin{3, m}
= —(c+b)oim — (c+2b+ a)dom = (b+ 2a)dim + adom

Inserting a = —1—12 and b = }—g yields the assertion.

Check of iii): Let us split Glm as above:

b’ Dy [Etbom + £0nm] = [ab—2y + bS(—1y1 + €Okt + b3 (1) + ad(ray] [SSom + & Onm)
= (2a+2b+ )% bom + (204 2b + ) £ Snm
= 0
Hence:
DG = b7 [a8(k—2y1 + bS(k—1)1 + €Okt + b1y + ab(hr2y] - 7Ly

[aé(k,g)l + bd(k—1)1 + Okt + b0 (k1) + a5(k+2)l} [lwm — min{l, m}]
= (2a+2b+ )2 — amin{k — 2,m} — bmin{k — 1,m}
—cmin{k,m} — bmin{k + 1,m} — amin{k + 2, m}
= ad(k—1ym + (2a + b)0rm + ad(k41)m
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—2L and 2a + b = I we obtain iii).

Setting a = — 35 5

We annotate that an evaluation of the min’s results in the following case differentiation equivalently

expressed by means of the Kronecker-§’s.

m<k—2:

amin{k — 2, m} + bmin{k — 1, m} m=k—1:
+ cmin{k,m} + =¢ m=k :
bmin{k + 1, m} + amin{k + 2,m} m==Fk+1:
m>k+2:

The symmetry properties of D and G offer an alternative to a direct check of assertion i

(a+b+c+b+a)m
alk—2)+(b+c+b+a)(k—1)
alk—2)+bk—1)+ (c+b+a)k
a(k —2)+ bk — 1)+ ck(b+a)(k +1)
(a+b+c+b+a)k+2)

v). Summing the product in iv) in reverse order (I — N —1) yields:

D(N—l)lélm = D(N—l)(Nfl)é(Nfl)m

Exploiting the symmetry property (confer remark 7.5)

:Dl(N—(Nfl))él(N—m) = DuGAz(me)

using assertion ii) with m — N —m and observing that generally d;(n—j;) = d(n—s);

= Z201(Nom) — 1502(N-m) = SO(N-1)m —

delivers finally iv). Analogously v) is checked.

1
0(N-2)m

As the ﬁu7s differ from one another only in the row of index 1 and N — 1 it remains to verify
assertion ii) and iv) for each D, separately. However the symmetry argument works equally for
all [A)M’s, such that we can confine ourselves to inspecting only ii). Since the computations are
accomplished in a similar way, we present only the step:

Ad II)

(Dey)11Gim = —(¢ — 3a) min{1,m} — (b+ a) min{2, m} — amin{3, m}
= —(c—3a) —2(b+ a) — 3a+[(c — 3a) — 2(b+ a) — 3a]dom+ [(b+ a) + 2a|F1m +adam

- (b + 3a)61m + a62m - }_gdlm - %52m
Ad III)

(-Deg ) llélm

—(¢ — 6a) min{1,m} — (b + 4a) min{2, m}

[~ (c—6a) —2(b+4a)] + [(c — 6a) + 2(b + 4a)]Som + (b + 4a)d1m

51m
Ad TV)
(-ée4 ) 1lélm

[(b+10a) — 8a + 3a|d1m + [ — 4a + 2a]2m + adsm

11 1 1
Ealm + 352m - ﬁé?)m

(10a — ¢) min{1,m} — (b + 10a) min{2, m} + 4a min{3, m} — amin{4, m}
[(10a — ¢) — 2(b+ 10a) + 12a — 4a] + [(10a — ¢) — 2(b + 10a) + 12a — 4a]dom
+

Note that it is important to multiply with G from the right. The multiplication from
the left leads to more complicated matrices. It is remarkable, that the matrix Dy, of
the nearest-neighbor extrapolation scheme exposes a different bahavior. Although
1560 - @ is in the lines of index 2 < i < N — 2 also equal to the tridiagonalmatrix

tridiag( — 1—12, %,

—%) the two lines of index ¢ = 1 and 7 = N —1 are full. It turns out

that the product-matrix is neither diagonal-dominant nor even bounded. Therefore
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1560 will undergo an individual treatment in lemma 7.7.

Proposition 7.3. Let A = (a;;)i; € C*? be a strictly diagonal-dominant matriz, i.e.
i) VreCh ||Az|e > allzs
o :=min {|ai;| — Y |ai|} > 0. = it) A is invertible
¢ J# —
iii) [|AT oo < 3

Proof:

ad i) Without loss of generality let ||z||cc = 1 (otherwise consider z/||z||). Then |z;| < 1 for all
j €{1,...,d} and there is at least one index ¢ with |z;| = 1.

[Azllo > [(Az)i| = [Caijas] > laullei| — | X aija;]
J JF#i
> aii| = 2 laglle;| = ai| — Ylai| >
iFi iFi

ad ii) Due to i) the kernel (nullspace) of A must be trivial.

ad iii) Setting in ii) 2 = A~z for some z € C?, we obtain:
I2lloo = A4 2l 2 @A 2l = AT 2l < Fll2llco-

As the inequality holds true, while z ranges over the whole C?, the assertion follows.

Theorem 7.7. (Stability of the higher order extrapolation methods) The
matrices D,, with p € {ey, ea,e3,e4} defined in (7.19) are invertible. Moreover the
following estimates hold independently of the grid spacing h = % or the number of
nodes respectively:

I) ||De_11\|oo < 14212 (5-point stencil, linear extrapol.)
1) Hf)e_;Hoo < 1+2L2 (5-point stencil, qudrat. extrapol.)
II1) ||De_31\|oo < 142L2 (5-point stencil, cubic extrapol.)
IV) Hﬁ;llHoo < 3(1+2L% (5-point stencil, quartic extrapol.)

Proof: Since the matrices .J, in lemma 7.6 are diagonal-dominant, they are invert-
ible according to proposition 7.3 ii). Hence, it can be inferred from the lemma 7.6,
that the D,’s are invertible too, with

A=l A -1
Dit=G-Jt.

Now, || - |leo is an operator matrix norm, since it is induced by the maximum norm
for vectors. So it is submultiplicative yielding with lemma 7.5 the inequality

1D oo < MGlloo 15 oo < (14 2L2) T |oo-

In order to estimate Hj n |, proposition 7.3 iii) can be used once more, such that
the claimed estimates ensue directly. [ |
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Let us now tackle the stability of the nearest-neighbor extrapolation scheme.

Lemma 7.7. Let l:)eo be given as in (7.19) with p = ey. The multiplication of ﬁeo
from the left with G yields the following matrix:

1 0 0 0 0 0 0 0 00
x ok —% 0 0 0 0 0 * =
* ok % —% 0 0 0 0 * =
* ok —% % —% 0 0 0 *x =x
* ok 0 —% % —% 0 0 x x
G Doy =t Koy — SR

* % 0 0 —% —% —1—12 0 *x =x
* % 0 0 0 —% % —% * %
* ok 0 0 0 0 —1—12 % * %

0 0 0 0 0 —% *
0 0 0 0 0 0 0 0 01

The asterisks indicate non-zero elements given in the two leftmost columns by
—k

(Keo)loz_%_‘_ﬁ) (Keo)k():_%NT fO'f’kuZ,

(Keo)ll = % - ﬁa (Keo)zl = —GLN, (Keo)m = %—Nﬁk fork‘ > 3.

Furthermore the elements in the two rightmost columns are determined by the sym-
metry property (Keg)km = (Keo)(N=k)(N—m) holding for k,m € {0,..., N}.

Proof: In order to facilitate the writing of indices let us introduce the shortcuts D = f)eo and
K := K.,. The verification is divided into several steps. We start by computing individually the
three leftmost columns of K (of indices m = 0, 1,2). Since the subsequent columns of D (up to the
(N — 3)’th one) contain the full five-point stencil, we can treat together the corresponding columns
of K in a single coup. The proof is finished by checking the symmetry property.

Remember that h™'%;; = & — min{i, j} (cf. (7.22)) and 2a + 2b+ ¢ = 0. Furthermore recall from
(7.19) and (7.18) the representation of the columns of D. As in the previous proofs we use the
summation convention with respect to the index ! (to be summed from 0 to N).

Column m = 0:

Krwo = GuDiyp= (2610 + h% + £oiv) - (00 + h™2(b+ a)é + h72a512)
= % + ((b + a)hilgfm + ahil.(sz)
= 224 (b+a)L — (b+ a)min{k, 1} + a2 — amin{k, 2}
= 1+ (b+3a—1)L — (b+3a) + (b+ 3a)dko + adk1
— _LM+25kO_L5k1
2N~ 12 12

Column m = 1:

K = GuDn = (%280 + h%a + Lain)h ™ (con + bdin + adiz)
= chilgfm + bhilgsz + ahflgfm
(c+2b+3a)£ — cmin{l, k} — bmin{2, k} — amin{3, k}
— £ — (c+2b+3a) + (c+ 2b+ 3a)dro + (b+ 2a)k1 + adk2

— 1 N-k _ 1 7 _ L
= G x 50k0 + §0k1 — T30k2

o
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Column m = 2:
Kiy = GubDip= (At b0 + hGe + £N1) - h? (bS11 + cbiz2 + bdis + adia)
h™ Gy (17511 + cdi2 + bdis + a5l4)
= (b+2c+3b+4a)L — bmin{l, k} — cmin{2, k} — bmin{3, k} — a min{4, k}
= —(b+2c+3b+4a)+ (b+2c+3b+4a)dko + (¢ + 2b+ 3a)dr1 + (b+ 2a)dk2 + adks
= —56k+ Lok — Hoks
Columns 3<m< N —3:

Kim = GraDim = (5801 + ha + £0n1) - h ™ (abi(m—2) + bi(m—1) + Otm + bOy(m1) + adi(mr2))
= h™ ' G (a1 m—2) + DOuim—1) + Ot + bSiimi1) + @Oyt 2))
=la(m—2)+b(m—1)+cm+b(m+1)+a(m+2)] &

—amin{k,m — 2} —bmin{k,m — 1} — cmin{k, m} — bmin{k, m + 1} — amin{k, m + 2}
=m(2a+2b+c) — [a(m —2) + b(m — 1) + cm + b(m + 1) + a(m + 2)]
+ [b+ 2¢+ 3b+ 4aldp(m—2) + [c + 20+ 3a]dk(m—1) + [0+ 2a]0km + Ok(m+1)
= ab(m-1) + (b+20)0km + a150k(m+1) = —150k(m—1) T §Okm — T50k(m+1)
Symmetry property: Using the symmetry properties of G and K mentioned in remark 7.5 and
“rebaptizing” the summation index from N — [ to [, we obtain:

K(ka)(me) = G(ka)lDl(me) = ék(N—l)D(N—l)m = GuDim =: Kim . |
Lemma 7.8. The matriz K., = G- 1560 is strictly diagonal-dominant and satisfies
-1 A ~ ~
1Ko o <8 and  [[Key = Ifloo = |G- (Dey = D)oo = 3

Proof: From lemma 7.7 we can read off the elementwise representation of the matrix K., with
me{0,..,N}and k€ {1,...., N — 1}:

(Keo)Om = 50m
(Keg)k:m = _%¥5Om + %udlm - %6(k71)m + %&cm - 1_126(k+1)m + %%&)m - %%51771
(KE())N’ITL - 5Nm
We observe that all matrix elements are non-negative. Since % > % the matrix is strictly diagonal-
dominant and proposition 7.3 iii) ensures ||K;'|| < (£ — &) ' = £. Furthermore we get
1

— N-1|1N-k 1 N—-k _ 1 T _ 1 k4L 1 k| 4 4,1 __1
[ Key = Il|oc = max; -, [12 N TN +12+(6 D+ +7 N+12N]_12+6_2' u

Theorem 7.8. (Stability of the mearest-neighbor extrapolation method)
The system matriz D, of the nearest-neighbor extrapolation scheme is invertible.
Moreover we have independently of the number of grid nodes

D' =K'G and  |D7Me < (14 2L2).

Proof: Analogously to theorem 7.7 the assertion follows directly from lemma 7.5
and lemma 7.8. [ |

Remark 7.6. There is another possibility to prove theorem 7.8, however, with a slightly worse
(larger) constant in the estimate. The idea is based on a Neumann sequence. We present it briefly,
since it might be helpful to have it in mind, when the argument using diagonal-dominance fails
(see for example comments on corollary 7.2).

Obviously we have

Dey=D+Dey—D=D-(I+D "(Dey — D)) =D (I+G(De, —
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where we introduce the abbreviation P := G(D., — D). Lemma 7.8 yields ||P|c = 1. Therefore
the Neumann series of P converges and is equal to the inverse of I + P:

T+P) =3 (D'PF = [U+P) e < D IPI = b= = L = 2
k>0 k>0 2

From D, = D - (I + P) we can conclude ﬁ;ol =I+P) D t=U+P)'-G
The submultiplicativity of the norm || - || and lemma 7.5 lead eventually to the estimate:

-1 —1 A 2 2
[Deg lloo < [[(1+P)" oo IGlloe < 2(142L7) =2+ 4L".

7.5 Damping property of discrete inverse operators

The Lipschitz-continuity of the Green’s operator G guarantees that the solution
of the Poisson problem is bounded, whenever the input data — the source and the
boundary values — are bounded too. This property is transmitted to the numeric
schemes by the stability estimates, which provide an upper bound for the norm
of the discrete inverse operators under grid refinement. Such stability estimates
are expected to hold for any reasonable discretization of a well-posed differential
equation problem.

In order to prove the convergence of the five-point stencil extrapolation schemes we
need to consider also (point) sources that become singular under grid refinement.
These sources are of course not bounded in the || - ||oo-norm; that is why the sta-
bility argument fails to infer the boundedness of the corresponding solutions. A
more thorough knowledge of the discrete inverse operators is therefore necessary.
Typically, estimates of their matrix elements are required.

The problem sketched so far for the discrete case has a continuous analogon, that
we want to present at first to settle the idea. Let us consider the Poisson problem
with homogeneous boundary conditions and a “point source” represented by Dirac’s
§-function®. How does the solution behave, when the position of the point source is
shifted towards the left boundary point 0, while its strength is increased reciprocally
to its distance € from 07

u(0) =u(L) =0, Ou(r) =L6(x —€¢) x€(0,L)

This problem is interesting because of two antagonistic conditions: on the one hand
the boundary condition tries to keep the (continuous) solution close to zero in the
vicinity of the boundary, on the other hand the singular source tends to infinity.

The solution is just 1/e times the Green’s function, that is constructed by the
fundamental solution'® plus a regular part adjusting the boundary conditions. A

15Correctly, one should speak of the §-distribution. It can be regularized by a sequence of
functions, that vanish outside a shrinking vicinity of a given center point, such that their integral
over R remains constant one. A simple possibility to realize such a sequence parametrized by h | 0
is given by rectangular functions of height h~', whose support is an interval of length h around
the center. This sequence is well suited to discretize the J-function on a grid of mesh-width h.

$The fundamental solution .# = & (z,€) pertaining to a differential operator A satisfies
Az F(x,€) = d(x — ). The Green’s function ¥ refers to the differential operator and a pre-
scribed choice of homogeneous boundary conditions. We have ¥(z,§) = #(z,§) + % (z,£) with
A% (x,€) = 0, such that ¢ satisfies the boundary conditions with respect to z for any &.
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formal computation with the d-function yields:

for 0<x<e
for e<ax <L

—_

Foz - 2ot <
L - L

Indeed the solution remains bounded. The crucial point is, that the singular factor
1/e tends as fast to infinity as the Greens function vanishes in approaching the
boundary. Thus, the question, which inverse powers of € still generate bounded
solutions, is therefore related to the decay rate of the Green’s function near the
boundary.

Let us return to the discrete case. The discretized version of equation (7.23) could
be written in the form

Du’U = #51 with ¢; € f(Ih), 51(:%) = (5@' for 0 < 1,5 < N.
Here the grid spacing h = % has adopted the role of the parameter €. Further-
more the discrete counterpart of §(z — h) is %51. After the consideration of the
continuous case one is strongly inclined to suppose that the associated solutions
remain uniformly bounded for i | 0. Before we come to the proof of this result our
observation prompts a clear definition, characterizing the right hand side.

Definition 7.2. For h | 0 let g € F(Zy) be a (sequence of) grid function(s) satis-
fying the following conditions:

i) gl = O(3)
it)  dist(supp(g),0Z) = O(h), 0I ={0,L}

iii) #supplg) = O(1)
The discrete operator A : F(Zy) — F(Zy) is said to have the damping property if
|Agllco = O(1) under grid refinement h | 0.

The term “damping property” tries to express figuratively, that the singularity of
the source is “damped” by the application of A, as ironing flattens a crease. If
we want to waive condition ii) and permit arbitrarily located singular sources, the
singularity must be mildened. This means that the norm of ¢ may only be of the
order O(%), what corresponds to the J-function without any singular factor.

Theorem 7.9. (Damping property of G ) The sampled Green’s operator, which
1s the inverse operator to the standard scheme, possesses the damping property.

Proof: A grid function g fulfilling the conditions of the previous definition is written
as a finite linear combination of %5’”, where the index m varies in {0,1,..., M} U
{N —M,...,N} and M is a fixed integer while h | 0 and N — oo. By linearity it is
sufficient to consider the case g = Elgém. We have to show that [|Gg||e is bounded
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independently of h.

N
1A _ N1 A
Iz Gl = max |k ;leamz\
N N
_ 1 N—k 7 k
= max |z IZ% (M5E610 + h%ht + 2603 ) 6|
N N
_ 1 7
= max |+ ;%ﬁmﬂ
N N
= max|} lz_g (KIh*L™" — hmin{k, 1}) 6|
N k .
= max | m — min{k, m}]|
— max {min{k,m} — £m} =m — Zm
k=1
< m
Note that 0 < k,m < N, therefore %, % < 1. By reasons of symmetry we expect

this to hold also for the right boundary at L.

8 -m N X
G = i {mingls, ¥ ) £ )

|| 2= ——

_ k<N-m: k—k(1-%) =
= {k;>N—m: (1—%)(N—m) NT_k(N—m)

Ek<N-m: m
E>N-m: J(N-—m)=m-—m<m
m

IN

Remark 7.7. This result can be used to prove the damping property for a whole
class of operators. Suppose that A € F(I)) — F(Zp) factorizes in the form
A=B-G with B € F(I)) — F(I) uniformly bounded under grid refinement
and G as the right factor. Then:

1h™2Admlloe < [|Blloollh™?Gémlle = O(1)-O(1) = O(1) .

Corollary 7.1. The inverse operator De_ol of the nearest-neighbor extrapolation
scheme has the damping property.

~

Proof: In theorem 7.8 we have established the decomposition De_o1 = Ke_olé

Therefore the assertion follows directly from remark 7.7. [

Corollary 7.2. The inverse operators associated with the linear, quadratic, cu-
bic and quartic extrapolation schemes defined in (7.17) and (7.19) dispose of the
damping property.
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Instead of hurling ourselves immediately into tedious computations to prove this
result, we content ourselves with some comments on it.

1) The factors in D,, = J., D (see lemma 7.6) or equivalently in D‘l = GJ_l
appear just in the wrong order to apply remark 7.7. So we consmier K., =
GDe1 being also a tridiagonal matrix equal to J., with the exception of the
non-vanishing elements (Ke, )10 = (Ke;)(v—1)n = —L. Using K., to show
stability, the damping property comes for free.

2) The situation is similar for the quadratic extrapolation scheme. However,
K, = G’f)ez is no more a band-matrix, but its three left- and rightmost
columns are full similar to K., in lemma 7.7. Nevertheless, the matrix is still
strictly diagonal-dominant, such that it can be handled analogously.

3) The situation becomes more complicated for K., := Gﬁel and K., := éf)el,
since the number of full columns on each side increases to four and five re-
spectively. Moreover the matrices lose their strict diagonal-dominance!'” what
requires more effort to invert them. In fact, the Neumann series (similar to
remark 7.6) offers a possibility, but there remains an additional cliff to cir-
cumnavigate. The full work is done for the quartic extrapolation scheme in
proof of lemma 7.9.

Lemma 7.9. The system matriz 1564 of the the quartic extrapolation scheme allows the factoriza-
tion D., = DK.,, where the matriz K., is invertible and HK;11||00 < 12 independently of the grid
spacing.

Proof: It is to show that the product matrix éDe4 =: K(.,) is invertible satisfying moreover the
asserted estimate. In order to compute the product we introduce two (N 4 1) x (N + 1) matrices:

0 o 0 0 0 0
1 -2 1 0 0 0
0o 1 —2 1 0 0
b= e
0 0 1 -2 10
0 0 0 1 —2 1
0 0 0 0 0 o
0 0 0 0 0..0 0 0 0 0 0
1N-131-N 5N-1 51-N 1 0.0 L1 5-1 51 3-1 11
4 N 4 N 6 N 12 N 12 12 N 12 N 6 N 4 N 4 N
M := : : : : : : : : :
11 3=l 51 51 11 g oLlNol5 I NSN_131-NIN_1
4 N 4 N 6 N 12 N 12 N 12 N 12 N 6 N 4 N 4 N
0 0 0 0 0 0..0 © 0 0 0 0

The vertical dots in the non-zero columns indicate that the matrix elements decrease or increase
linearly with their row indices, e.g. Myo = iNT and Mpy_4 = % ]’i, for 1 <k <N -—1. At the
end of a longish computation we find

Key =GDey =M+ (I —5D) =1+ (M~ D).

We are interested in the inverse of this matrix. As it is not diagonal-dominant, we try to invert it
by computing the Neumann series for M — %D7 which is known to be convergent iff the spectral
radius is less than one. A sufficient criterion consists in checking a matrix norm. Unfortunately
we have

IM — 35Dl = § >1

17 At least, G‘f)eg is diagonal-dominant but not strictly diagonal dominant.
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Since it is still sufficient if the norm of some power of M — %D is less than one, we estimate

|[(M — %f)f”m For this we expand the square and compute the addends. After a good deal of
arithmetics we find:

(=)
o
o

0 0 0.0 0 0 0 0 0
1 1-N 3 N—-1 51-N 5 N-1 11-Ng 1 -1 51 5 -1 31 1-1
16 N 16 N 24 N 48 N 48 N o 48 N 48 N 24 N 16 N 16 N
M? = : : : : :
1-1 31 5-1 51 1-1 gl1-N 5N—-151-N 3 N—1 1 1-N
16 N 16 N 24 N 48 N 48 N 48 N 48 N 24 N 16 N 16 N
0 0 0 0 0 0.0 0 0 0 0 0
0 0 0 0 0 0 0.0 0 0 0 0 0 0
31-N 7N—1171-N 7N—-1 71-N 1 N—1y o 11 7-1 71 1r-1 71 3-1
4 N 3 N 6 N 4 N 12 N 12 N o 12 N 12 N 4 N 6 N 3 N 4 N
3-1 71 17=1 71 71 11 g4 gLN=1 71-N 7N—1171-N 7N—1 31-N
4 N 3 N 6 N 4 N 12 N 12 N Y12 N 12 N 4 N 6 N 3 N 4 N
0 0 0 0 0 0 0.0 0 0 0 0 0 0
and
0 0 0 0 0 0
1 3 5 5 1
-1 i ~% 1z ~1z 0 0
0 0 0 0 0 0
DM = - - - :
0 0 0 0 0 0 0
0 _4 5 5 3 1
12 12 6 4 4
0 0 0 0 0 0 0

Observe that DM is almost zero. This is due to the fact that D is essentially a finite difference
matrix. Therefore DM gives, so to say, the second derivative of the column vectors of M. Since
these depend linearly on the row index, the product matrix elements are zero except at those
positions, where the matrix elements of M jump in the top- and bottommost line from zero to
some other value. In contrast M? and DM exhibit nearly the same structure. This facilitates
estimating the norm of their sum, which is much smaller than the sum of their norms:

2 _ 1 - _ N-1 1 13 3 17 5 117
[l —EMDHOO—HQ{{(\—E+ﬁz|+’ﬁ—ﬁ§|+’—ﬂ+ﬁ€|+
5 17 1 17 11 N—k | k) _1
+’E_EZ|+‘_E+EE|+’0_EE|)'(—“'W)*@
Employing the triangle inequality we get:
~ 2 ~ ~ 2
I(M? = $5D)* oo = ||M* = 5MD — DM + 157 D°||oo

< |IM? = 5MD|loo + 15 1DM|loo + 7z I D15
The estimate is completed by reading off the norms of DM and D

”(M_%D) lloo < 5 +123+144:%<1

which brings the desired result. In order to show that K, ;11 exists, we have to verify the convergence

of the Neumann series. Additionally, we will obtain an upper bound for ||K_,!||c.

oo

K, = 14) (GDe, —I)" i M- LD)

n=1
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Taking the norm on both sides and applying the triangle inequality to get the norm inside the sum
yields:

1K e < 14 301 = £
n=1
< 14 |IM = 55 Dll + Z 1 = DY |+ 32 (M = D™
m=1
o0
= =\ 2m
S 15+ (1 IM = Dle) - 3o [l = D)7,
m=1
11,1 L )27 11,1 5
<5+3 Z - w0Vl < 35 ) (%)
—1 m=1
The last sum is just a geometric series. Hence:
—1 5\—1
1Ko e < 5+ 5(0-%) = F+55 <12
Note that we have used the submultiplicativity of || - || twice. The Neumann series is therefore
absolutely convergent and defines a Cauchy sequence which is convergent. |

Observe that the lemma implies not only the damping property for the inverse matrix of the quartic
extrapolation scheme but guarantees also its stability. Nevertheless, in section 7.4, we have given a
separate proof for the stability, which requires less computation and permits a common treatment
of the four higher order extrapolation schemes.

7.6 Asymptotic expansions and convergence

Now, we have all ingredients to derive an asymptotic expansion of the numeric solu-
tion v and to prove the convergence of the five-point stencil extrapolation schemes
as a byproduct. The presentation will be given in detail for the nearest neighbor
extrapolation scheme. It is possible to adapt the proof for the other extrapolation
schemes without any difficulty.

Let us start with the definition of two useful grid functions:

0 for je{0,1,N—1N

X :Znp — R, X(l’z’)Ein:{l for2<:{j<N—2 } (7.24)
0 for i #j

8+ In — R, 5;(z:) = 6; = { L ot i; (7.25)

The nodes, where y does not vanish, are called bulk nodes. Furthermore we will
make use of the following terminology.

Convention: May G, = G : Z, — R denote a grid function (more precisely
a family of grid functions) for any admissible!® grid spacing h. G is a sampled
grid function, if there exists (for the whole family) a continuous (smooth) function
g : T — R independent of the mesh-width h, such that G = §, where § designates
the restriction (sampling) of g onto the grid. Otherwise G is called a pure grid

18The length of 7 should be an natural multiple of the grid spacing. Furthermore the grid spacing
is generally supposed to be less than one.
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function. In the first case G is also said to be regular, while it is irregular in the
latter one.

Furthermore, let G be uniformly bounded with respect to a norm || - || on F(Z},). If
G admits for some n € Ny a representation of the form

G=A0 L pAD L A

we call the right hand side a (truncated asymptotic) expansion of the order n. The

coefficient functions A®) = A;LV) for 0 < v < n are referred to as (asymptotic)
order functions. They are supposed to be uniformly bounded!” with respect to the
same norm, although they may explicitly depend on h. In particular they might
be regular or irregular. This convention is naturally extendible to expansions with
fractional or negative powers of h. For the latter case we have to waive the assump-
tion that G is uniformly bounded.

Remark 7.8. In order to include also the case of irregular asymptotic order func-
tion, we have to admit, that the order functions depend not only by their domain
of definition on the grid spacing but also numerically. Therefore the asymptotic
expansion is not uniquely defined, for instance we may write

G=AD4h(AD £ hA®) 4h3AB®)  instead of G = AO+hAD 42 AP 1p3A0)
The left expansion pretends that the second order vanishes, while the right expan-
sion takes the existence of a second order into account, that can be split off from the
first one. Both forms may be correct with the difference that the right one is more
precise. Generally, asymptotic expansions make only sense, if the asymptotic orders
vary with the grid spacing as little as possible. The notion of a complete asymptotic
expansion (up to a certain accuracy) can only be vaguely defined. Roughly speak-
ing it means, that one tries to split off as many orders as possible (up to a given
accuracy). So, orders should neither be hidden in the preceding ones nor artificially
generated. It should be pointed out, that regular order functions can be uniquely
defined.

Recall that the nearest neighbor extrapolation scheme discretizes the boundary
value problem (7.8) in the following way:

(Vg = g
Lla+b, ¢,b, au = f(h)
Degv=5 & ¢ hla, b, & b, alv; = f@ih) ie€{2,..,N—2}  (7.26)
Lla, b, ¢, b+alon—1 = f(Nh—h)
UN = uy

The discrete source function ¢ : I, — R contains the boundary values as well as the
source f of the original problem, i.e. ¢ = (ug, f1,..., fnv—1,ur)".

191f there is a common bound for all functions of the family.
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Definition 7.3. Let g : Z;, — R be a grid function and < : I, — R a given source
function. The grid function D.,g — < tis referred to as the residual of g with respect
to D, and s.

Although given in a special context, this definition applies analogously to all similar
cases.

The following theorem is central for the whole section. It postulates an asymptotic
expansion with irregular order functions for the numeric solution v. The result will
be refined later on by extending the expansion to further orders.

Theorem 7.10. Let f € C*(Z) and u € C%(Z) be the solution of the BVP (7.8).
Then the solution v € F(Zy,) of the scheme (7.26) admits the expansion

v =1+ hs™Y + h2s® + 136G £ O(hY), (7.27)

where s, 52 s6) ¢ F(Zn) are grid functions, that are bounded with respect to the
| - [|[co-norm independently of the grid spacing h and thus in particular for h | 0.

Remark 7.9. In practice, the numeric solution v is used as an approximation
for the the solution w of the differential equation. Here we adopt the converse
perspective??, what is frequently done in the error analysis.
Moreover it is a matter of the point of view, whether (7.27) is considered to expand
the numeric solution v or the error v — @ by subtracting .

Remark 7.10. The proof is based on the following idea: by Taylor expansion, the
residual of @ naturally comes along in the form of an asymptotic expansion. As the
residual of v is zero, it is plausible to assume, that any reasonable approximation of
v should have a small residual, i.e. a residual close to the residual of v (continuity
argument). Therefore we attempt to modify the grid function @ in such a way, that
the leading terms of its residual do not occur any more. Of course, we try this by an
ansatz that reflects the structure of the residual of 4, i.e. an asymptotic expansion.
We will see in the subsequent proof, that this procedure leads finally to the claimed
expansion.

Proof: Taylor expansion of u and f up to the sixth and fourth derivative respec-
tively yields a residual of the form

Deyti— ¢ =h~rC0 4 4 p3r0) 4 ph @), (7.28)

Its first five order functions ) : 7;, —» R (=1 < v < 3) are found to be

P00 = — £ [0u(0)81 — du(L)Sn-1],
r@ = L[0%u(0)8y + 0*u(L)dn—1],
rM = —L[93u(0)0; — 0Pu(L)dn—1], (7.29)
r@ = L [8%(0)8) + 8*u(L)oNn-1],
r® = L [8%u(0)8) — 8Pu(L)oNn-1],

20Remember, that asymptotic similarity is an equivalence relation.
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where the stencil at x1 and xny_1 has been expanded around 0 and L respectively
(see remark 7.12). Both the boundary conditions being exactly satisfied and the
stencil in the bulk nodes — if expanded around its center — do not contribute in these
orders. All remainder terms of the Taylor expansion are contained in r®, which is
defined pointwise. At the boundary nodes xg,zn and their neighbors z1,xny_1 we
obtain

r®(zg) = rWan)=0
rD (@) = §%u(m(2:) + BLOu(na(xi)) + £28% (n3(5)) — £ f (np(2y)) -

with ¢ € {1, N — 1} and 71,72, 73 and 7y being suitable intermediate points?! de-
pending on x;.
At the bulk nodes the subsequent remainder is produced (2 <i < N — 2)

rW () = 280%u(0_o(z:)) + 50%u(0-1 () + GO (01 (2:)) + BLOu(0a(2:))

where 0_5,0_1,6; and 6y denote appropriate intermediate points??, whose exact
position depends on ;.

Actually the precise knowledge of the coefficients occurring in the order functions
of the residual is not of importance for the moment. We underline, however, that
(=D r®) satisfy condition i) and ii) of definition 7.2. Since their support is given
by the interior nodes x1,xny_1 directly adjacent to the boundary nodes g, xy, we
get

dist(supp(r(”)),al) =h and #supp(r®)=2 for —1<v<3. (7.30)
Furthermore the six residual order functions are uniformly bounded with respect
to ||  [[so- This follows clearly from the assumption, that the derivatives of u up to
the sixth order and the derivatives of f up to the fourth order are continuous over
the compact interval Z = [0, L].

In order to generate a residual of magnitude O(h*), we consider the ansatz??

o+ hsM 4 .+ 1050, (7.31)

The s*)’s represent unknown grid functions, that should turn out to be uniformly

21The existence of the intermediate positions is guaranteed by the mean value theorem and the
regularity assumptions with respect to v and f. In particular, we have:

m(z1) € (0,h) n2(x1) € (0,2h) ns(x1) € (0,3h) ny(z1) € (0,h)
m@n-1) € (L—h,L) me(wxn-1) € (L—2h,L) ns(wn-1) € (L —3h,L) nslazn-1)€ (L—h,L)

22 Analogically to the n’s we have:

0_1 € (:Cz — h7$i) 0, € (mhmi + h) 0_o € (:Cz — 2h7$i) 0y € (mhmi + Qh)

23The ansatz is motivated by the observation that the method is convergent. Therefore the
ansatz has no singular term and starts with the analytic solution @ in the zeroth order.
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bounded under grid refinement h | 0. Computing the residual of (7.31) yields
X 5 R 6 5 R
D.,u+ Z W Deys™ —¢ = Z A Z hY D,y s™) (7.32)
v=1 v=1 v=1

5
= Zh” [h_zr(”_2) —I—Ijeos(”)] + W™ (7.33)

v=1

Obviously, we can use ﬁeos(”) to compensate h=2r*=2) for v € {1,...,5}. So the
s")’s are determined by the requirement

Deys™ = —n7 2072 o 50 = —ﬁ;)lh_zr(”_2). (7.34)

Since D, is invertible (cf. theorem 7.8), the s*)’s are well defined. Thus the
question arises, whether they are uniformly bounded. This cannot be inferred from
the stability of ﬁeo since the right hand side of 7.34 (left equation) is of magnitude
O(h~2) and therefore gets unbounded if h | 0 (the r*=2)s are however bounded,
as we have already remarked). In view of (7.30), h~2r(=2) fulfills all conditions of
definition 7.2. According to corollary 7.1 the inverse operator 156_01 has the damping
property, hence for h | 0

18 )oo = [|1DZ 277D | = O(1)  with 1 < v < 5.
Using 7.34, equation 7.33 is equivalent to
¢ = D, (a+ hsM 4+ .+ h58(5)) — hr@,
Inserting zero in the form of Deyv — ¢ = 0 on the left hand side
Deyv = Do, (a+ hsM .+ h58(5)) — ptr@
leads after application of 15;)1 to the asserted expansion

v = a+hs 4+ h2s@ 4 p3s®) 4 pts0) 4 pds0) h4De_01r(4) .

O(ht)

The underbraced expression is of magnitude O(h*), since s s6) and ﬁe_olr(A‘) are
uniformly bounded. The latter is true, because ||l§;)1\|m is uniformly bounded
thanks to the stability provided by theorem 7.8. Therefore the standard estimate
yields | D™ ||oo < DM loo]lr™®]|oo < oo n

Remark 7.11. Notice that s(*) and s are finally absorbed into the O(h*)-term.
This gives rise to the question, whether it would have been necessary to introduce
and compute them explicitly. The answer is that they are required by techni-
cal reasons, in order to cancel terms of the original residual associated to 4. In
the analysis of lattice-Boltzmann schemes we have encountered similar phenomena,
where a proof requires the expansion up to higher orders than visible in the final
result.
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Another issue, closely related to the addressed one, concerns the regularity assump-
tions. Considering the claimed expansion in theorem 7.10, there is certainly no
doubt (by the parallel to Taylor expansion), that every term in the expansion re-
quires one order of regularity concerning f and u. Thus the assumption f € C*(T)
and u € C*(Z) appears to be sufficient. The cause for stronger regularity assump-
tions originates from the proof where two subsequent orders internally come into
play. Therefore it should be examined whether one could not do better by relaxing
the required regularity assumptions which contradict the intuition.

Remark 7.12. The order functions of the residual in 7.29 have been read off
from the subsequent Taylor expansion after substituting the numerical values for
a = —1—12,b = % and ¢ = —3Y. Expanding the stencil and f in 1 = h around 0

12
yields formally

mzla+0b, ¢, b, alpu(h) — f(h) = h™ adu(0) + Y B 2[5+ TP + £ — 2557]0"u(0). (7.35)

v!
v>2

Observe, that there is no O(h~2)-term at the right hand side since 2a + 2b+ ¢ = 0.
By the same reason the coefficient in front of the O(h™!)-term simplifies to a.
Differentiating formally the Poisson equation 0% f = 9*+2u shows, that f and its
derivatives can be expressed by derivatives of u. This is exploited to eliminate f
on the right hand side of (7.35). Analogously the stencil in zx_; = L — h can
be expanded around L. Since h is then replaced by —h the terms of odd order
with respect to h occur with a minus sign (compare the signs in front of 9”u(L) in
(7.29)).

Remark 7.13. Expansion (7.27) contains @ as a regular order function. In contrast,
s, 52 and s constitute grid functions being not representable as the restriction
(sampling) of continuous or even smooth functions onto the grid. This evokes the
discrete nature?® of the scheme.

We have seen in the proof of theorem 7.10, that the coefficient functions s, s(2)
and s®) arise from the residual of @& generated at the neighbor nodes z1 and zy_1
of the boundary points. Plotting these grid functions over Z; shows, that they
are characterized by large difference quotients®® near the boundary. So both their
origin and their appearance motivate the following convention.

Convention: We call any (part of an) order function of the asymptotic expansion
for v a boundary layer (german: Randschicht) if it is due to the residual in x; and
IN-1-

Theorem 7.10 implies immediately the convergence. More exactly we obtain:

Corollary 7.3. Under the hypothesis of theorem 7.10 the scheme (7.26) is first
order convergent towards the solution of the BVP (7.8). Hence there is a constant
C > 0, such that

lv— il < Ch for all admissible grid spacings h < 1.

24 A good numerical scheme is distinguished by the property, that its specifically discrete nature
becomes evident as little as possible.

25Tn the next section we consider some examples, that indicate that at least on of the difference
quotients (sgl’) — s(()l'))/h, (35\1,') — s%’ll)/h gets singular for A | 0.
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Proof: In the proof of theorem 7.10 we have shown, that the boundary layers
s 5@ and s® are uniformly bounded under grid refinement by appropriate,
positive constants C;, Cy and Cs, i.e. ||s®)||o < C,, for h | 0. Furthermore, equation
(7.27) is, by definition of the O-notation, equivalent to

v — @ — hsV) — h2s2) — B350 < Cyn?

with a suitable constant Cy > 0. Adding on both sides [|hs(!) + h2s(®) + h350)|
and applying on the left hand side the triangle inequality in the “reverse direction”,
yields:

v = @lloo < ||hs™) 4+ h2s@ + B3| + Cuht

Applying the triangle inequality now on the right hand side and estimating the
boundary layers gives

|v = @lloo < C1h + Coh? + C3h® 4+ Cyh*.

As the function k — h" is strictly decreasing for h < 1 and x € N the assertion
ensues with C := Cy + Cy + C5 + Cy4. [ ]

Remark 7.14. The residual of @ in equation 7.28 behaves like O(h~!). So it
becomes unbounded (with respect to || - ||c) under grid refinement despite the
convergence of the scheme. Therefore the convergence proof cannot be achieved by
recourse to the stability of the scheme alone but utilizes essentially the damping
property to deal with the singular residual.

Let us quickly examine the convergence of the higher order extrapolation schemes.
We anticipate already that their convergence order is equal to the leading order of
their residual (generated also in x1, zny_1) raised by two as well, thanks to the effect
of the damping property. However, fourth order convergence can not be exceeded
due the residual generated in the bulk nodes (see theorem 7.12). Therefore the
quartic or even higher extrapolation schemes do not outperform the cubic one.

Theorem 7.11. Under the assumptions of theorem 7.10, the extrapolation schemes
constructed in section 7.3 with the system matrices D, (k € {1,2,3,4}) are conver-
gent. More precisely:

linear (De,) ond
) ﬁ rd
The qu:jg;zzzc extrapolation scheme E ﬁ@i 18 Zth —order accurate.
e3
quartic ( ﬁe4 ) 4th

Proof: (Sketch) Just as for the nearest-neighbor extrapolation scheme an asymp-
totic expansion of the numeric solution can be established. The arguments apply
in complete analogy to the proof of theorem 7.10, because the four schemes are
stable according to theorem 7.7 and their corresponding inverse operators satisfy
the damping property by corollary 7.2.

Actually, the only point being different is the computation of the residual that
results in other expansions accounting for the convergence behavior of each scheme.
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Let us therefore have a look at the formal expansions of the different stencils in z
analogously to (7.35).

o, 67 v, 6, €lnu(h) — f(h)

= Y hTPL[0"a+ B+ 27y + 375+ 47| 0"u(0) — D hY H0"F(0
v>0 v>0

= > RTPL[0%a+ B+ 2"y + 375+ 47€] 0" u(0) — Zh”@ 55710"u(0)
v>0 v>2

The table summarizes the result, that is obtained by evaluating the leading coeffi-
cients of this expansion for the four stencils:

extrapolation stencil in expansion starts with
linear [e, 5 el =1[b+2a, c - a, b, a, 0] O(1)-term
quadratic [e, 5 5, el =1[b+3a,c —*3(17 b+ a, a, 0] O(h)-term
cubic [ev, [*3 | =1[b+4a,c —*6a, b+ 4a, 0, 0] O(h?)-term
quartic [a, [*3 ] =1[b+ 5a, c —*10a, b+ 10a, —4a, a) O(h*)-term

The right column gives the order of the residual in x1,2y_1. (Remember, that
the residual in the bulk nodes resides in the fourth order independently of the
extrapolation.) Taking into account that the residual in z1,xx_1 gives rise to
boundary layers, whose order is increased by 2 (damping property), we get the
following asymptotic expansions

Vey = U+ h2sg21) + h3s§;) + O(h%),
Vey = U+ h3s§;) + O(h%),

Ve, = U+ O(hY),

Ve, = G+ O(hY),

where v, denotes the numeric solution obtained by the scheme ej. For the cubic
extrapolation scheme, the leading boundary layer is in the fourth order, while the
first boundary layer of the quartic extrapolation scheme appears only in the fifth
order and is therefore absorbed into the O(h?)-term as well.

Observe also that we have indexed the boundary layers, since they depend on the
kind of extrapolation. The assertion is now obvious by proceeding as in the proof
of corollary 7.3. [ |

Remark 7.15. We emphasize once more, that we could prove neither the conver-
gence of the nearest-neighbor nor of the linear extrapolation scheme without the
damping property. Moreover, by ignoring the damping property, the provable con-
vergence rates for the quadratic, cubic and quartic extrapolation scheme would be
1, 2 and 3 respectively, which disagrees with the observable convergence rates.
Only if the extrapolation is executed by a polynomial of degree five, the residual in
x1 and xy_1 is of the order four as in the bulk nodes. Stability provided, we do
not need the damping property in this case to show that the convergence rate of
the scheme is four. However, the damping property would still be necessary, if one
wants to expand the error as we have done it.

Let us return to the nearest-neighbor scheme. Under stronger regularity assumptions the expansion

(7.27) can be continued to higher orders. Generally, we get with every additional order of regularity
an additional order in the expansion.
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We have seen that the stencil in 1 and zn—1 gives rise to the boundary layers 5(1), s and 3(3),
that correspond to the first three leading orders of the error v — 4. In expansion (7.27) the error
generated by the five-point stencil in the bulk nodes 2, ..., £y —2 is hidden in the unspecified O(h*)-
term. If we demand on u for more regularity, we can make explicit the leading orders of the error
associated to the stencil in the bulk nodes. It turns out, that the order functions of this error are
described by regular grid functions. This contrasts to the boundary layers. To understand this
better, let us consider a concrete situation®®, specified in the hypothesis of the following theorem.
Examples to illustrate the expansion are presented in the next section.

Theorem 7.12. May u € C*°(Z) be the solution of the BVP (7.8) with the source f € C¥(T). Ifv
denotes the solution of the scheme (7.26) then the truncated expansion

v="a+hs" + 1% 4+ 0*s® £ h o+ sD] + 8P £ (2 45O + 17D L 0o0®) .

holds true. The regular parts w, Z of the fourth and sixth order function respectively are determined
by the subsequent boundary value problems

w'(z) = —2% u(z) forz e (0,L) and w(0)=w(L)=0

= w(z) = & [84u(:c) — 29tu(L) — %841(0)],

2 (x) = —2% Pu(z) forxz e (0,L) and w(0)=w(L)=0
= 2(z) = [86u(:c) — 29%u(L) — %aﬁu(o)].

The boundary layers (irregular parts) are given by:

DeysV = i [0u(0)d1 — du(L)on—1]

Deps? = —5k [0%u(0)6 + 9*u(L)dn—1]

Deys® i [0%u(0)01 — 0*u(L)dn-1]

Deos™ = —5bs [0*u(0)61 + 0*u(L)dn—1]

Deys® iz [0°u(0)01 — O°u(L)dn-1] + 1= [Ow(0)61 — Ow(L)dn 1]

Deos®@ = 2 [0%u(0)81 — %u(L)dn—1] + 525 [0*w(0)d1 + 9*w(L)on—1]

Deys'™ = 222 [0%(0)61 — 8%u(L)on—1] + =z [0%w(0)d1 — 83w (L)dn-1]
+ 7 [02(0)61 — 02(L)dN—1]

Proof: (Sketch) The proof proceeds anologously to the proof of the previous theorem. Recall that
the five-point stencil has the following formal Taylor expansion around its center at x:

&la, b, ¢, b, alpu(z) = 8 u(x) + 2 Z p2v =22 atb 0* u(zx). (7.36)

(2v)!
v>3

Therefore it gives rise to error terms residing in the fourth and sixth order function. For instance,
using (7.35) and (7.36) the fourth order function of the residual associated to 4 is

r@ =[G4 2 Fa L19%(0)6 + [& + Bt + Ba — L]0%u(L)Sn—1 + 228t §ou
= 520°u(0)81 + 52 0°u(L)dn-1 + g5 Pux ,

where x is defined in (7.24). The first two addends can be compensated by means of an appropri-
ately chosen boundary layer as in the proof of theorem 7.10. For the third addend, being different
from zero in the bulk nodes, we consider the ansatz @ + k5. Computing the fourth order function
of the residual associated with this ansatz yields the additional term 8/21\1/)(7 that can be used to
compensate % 5@1)@ if w is defined as indicated in the theorem. Analogously one deals with r©,
where z comes into play.

26We abstain from treating the general case, since it gets notationally quite cumbersome without
providing a better grasp.
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As the Dirichlet boundary conditions do not depend on h, they are exactly satisfied by @ in the
zeroth order of the expansion. This implies homogeneous boundary conditions for w, z.

The coefficients in front of the derivatives of w, z occurring in the formulas for s 5O (M are
determined by expanding the stencil in z1,zy—1 around 0 and L as in (7.35). [ |

Remark 7.16. The terms of the residual, generated at the bulk nodes, are associated to terms
in the expansion of v that exhibit the same order with respect to h. This distinguishes them from
the residual terms produced in z1,zx—1 gaining two orders by the damping property.

Notice also, that only orders of even index in the expansion of v will have regular parts like w, z.

Remark 7.17. The sixth and eighth derivative of u occur as source functions for w and z respec-
tively. If we go to further orders in the expansion of v, derivatives of w and z will occur themselves
as source functions. The reason, why w does not appear as a source for z results from the fact,
that the stencil (at the bulk nodes) approximates the second derivative with fourth order accuracy.

Remark 7.18. w and z are defined independently of the stencil in x1,xn—1, i.e. independently of
the used extrapolation. So they appear equally in the expansion of all extrapolation schemes. This
implies in particular, that their accurary is at most fourth order (since w emerges in the fourth
order).

Remark 7.19. Observe that the regular parts of the expansion (e.g. u,w, z) are all defined via
the same type of boundary value problem. This might not be amazing, in particular as we consider
a linear discretization for a linear BVP. Nevertheless, it is a structural property of the expansion
that we already have met in the analysis of lattice-Boltzmann methods.

A correction strategy

On the previous pages we have given a thorough analysis of the nearest-neighbor extrapolation
scheme. In comparison to the other extrapolation schemes, this scheme solves the discrepancy of
the boundary conditions only in a modest (not to say bad) way, although it might be the most
intuitive one.

The (consistency)analysis can be used to improve systematically a numeric scheme and to synthe-
size thus new, more performant schemes. The suitable correction of the original scheme is suggested
by a Taylor expansion of the residual.

Let us demonstrate this exemplarily by means of the nearest neighbor extrapolation scheme. In
particular we consider the Taylor expansion of this scheme in x;.

&lb+a, ¢ b, alin —a = h™'adu(0) — 29°u(0) + h20*u(0) — K> Zd*u(0) + O(R®)  (7.37)
The goal consists in modifying the stencil on the left hand side in such a way, that the terms of
the highest order on the right hand side are eliminated. This is done by subtracting appropriate
stencils, that approximate the occurring derivatives in (7.37). From proposition 7.2 we get the
following right-sided stencils, approximating the first four derivatives with first order accuracy.

151, 1 = Ou+ LhdPu+ ER20Pu+ LhP0*u+ O(h?)

L0, =2, 1su = 0®u+hdPu+ Lh*0'u + O(h®)

L-1,3, =3, o = 0Pu+ 2hd*u+ O(h?) (7:38)
L0, 4,6, -4, 1,u = 0*u+O(h)

By adding —7 times the standard right-sided stencil®” for the first derivative, one gets rid of the
leading residual term h~'ad,u(0) in (7.37):

*"Note: %[—i 1]pu(0) = £[-1, I]ul = +(u1 —uo) = 7 (u(h) —u(0)). Even though the stencil is
centered in x1 = h the expansion is done around zo = 0. This is applied analogically to the other
stencils in (7.38).



340 Asymptotic analysis of a numeric boundary layer

Ab+a, e b, ain—a

h~adu(0) — £8°u(0) + h28°u(0) — h* £ 0% u(0) + O(h?)
Ou(0) + h38°u(0) + h* 10°u(0) + h® 50" u(0) + O(R*) | — 2.

= =

1, 1]

7=[b+ 2a, ¢ z a, b, alis —q = —ad’u(0) — k> Z0"u(0) + O(h?)

In order to obtain a residual of the order O(h), we have to cancel the leading term (second derivative
of u) in the expansion of the corrected stencil directly above. This is done analogously utilizing
now the stencil for the second derivative in (7.38).

7z[b+ 2a, c - a, b, aliin — <1 = —ad’u(0) — h* L9 u(0) + O(k®)
L[, -2, iy = 9%u(0) + hd*u(0) + h> La*u(0) + O(h?) | +a-
7z[b+ 3a, ¢ —*3a, b+a,alis —a = had®u(0) + h*29"u(0) + O(h®)

The procedure can be continued. Thus, a second order residual is obtained by

7z[b+3a, c —*3(17 b+a,ain—s = had’u(0) +h*L£9"u(0) + O(h?)
L1, 3, =3, i = 0%u+ 2hd'u+O(h?) |- ha
7z[b+4a, c —*6a, b+4a, 0]ty —1 = —h%adu(0) + O(h?)

Once more this can be corrected, to reach even a residual of third order.

7z[b+ 4a, c —*6a, b+ 4a, 0]t1 — 1 = —h%ad"u(0) + O(h?)
d*u+0O(h) |+ h*a

L[, 4, 6, —4, 1)y

h—lz[b—k 5a, ¢ —*10a, b+10a, —4a, alis —¢1 = O(R®)

It turns out that the stencils of the higher order extrapolation methods are recovered by this
procedure (compare with page 315). This unveils another connection between the extrapolation
schemes.

Observe, however, that the correction of the nearest neighbor extrapolation scheme does not lead
inevitably to the linear extrapolation scheme. The analysis by Taylor expansion does not exactly
prescribe the correction but gives only an indication, i.e. a necessary condition, that the correcting
stencil must satisfy. Other possibilities are imaginable. Instead of the standard stencil for the first
derivative, we could use one of the following two stencils

s [—g, 4, lJpu = Ou-— %hza% — %h384u0(h4)

= [=1,0, 1]Jpu = Ou+ %h283u+0(h4)

to eliminate the A~ adu(0) term in (7.37).

Stability and the damping property provided, this shows finally, that a multitude of different five-
point stencil schemes can be generated by modifying only the stencils in 1 and zx_1. The sole
condition to ensure at least convergence of first order is, that the coefficients of the stencil must
sum up to zero.

7.7 Numeric experiments

Arriving at the end of this chapter we provide some examples which illuminate the
asymptotic expansion that has been established in the previous section, especially
in theorem 7.12. In particular, we try to convey a feeling for the two types of grid
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functions occurring in the expansion: sampled (regular) grid functions and pure (ir-
regular) grid functions (confer convention on page 330). Beyond that, we want to
observe, how the expansion approximates numerically the solution v of the discrete
scheme. We restrict the numeric experiments to the five-point stencil with nearest
neighbor extrapolation. From the point of asymptotics this is the most interesting
method, since its expansion is nontrivial in all orders.

We have selected four test problems to be discussed in the sequel. Besides the
asymptotic order functions, introduced in the previous section, the quantities in
table 7.1 are of interest for our numeric study.

Do:=v—1t << hs® +h2® £ 13 L (W 4 @) + 1P + 1O (O + 2) + A7) = Ty
Di:=v—a—hsV  —  h2s® £ h3s® L pW 4 0) + h5s®) 4+ hO(sO 4 2) + ATV =Ty
Dy :=v—a—hs™ —h%s® s B3 p(sW ) — AP — hO(s© 4 2) + BT = T
Dy :=v—1t—hsV —h2s@ —p3s®  —  pA(sW 4 @) — s — hO(s© 4+ 2) + A7) = Ty
Dy:=v—a—hsM —h2s?® —p3s) _p(s® 1 0)  — hSs® £ hO(sO 4 2) + hTs(D =Ty
Ds :=v—1—hs™ — 1?5 — 3@ —p(s® ) — A5 s RO 4 2) + AT = Ty
Dg :=v— 1 —hsV) — 25 — p3s®) — pA(s® f i) — 5™ —hO(s© +2) o AT = Tp
D7 :=v—a—hsV —h2s® — p3s®) — pA(s® 1) — h5s®) — hO(s® 4 2) — AT

Table 7.1: Definition of the deviations D), and the cut tails T}, to be compared with
the D;'s. Note: Dy, = T}, + O(h®) for 0 < k < 6.

The deviation Dy, corresponds to the numeric solution v minus the expansion trun-
cated after the k’th asymptotic order. If we identify v with the infinite expansion,
the deviation is just its tail. As we have to dispose of the first eight asymptotic
order functions to compute the deviations Dy, ..., D7 we can calculate additionally
the associated cut tails Ty, ...,Tg. An order by order comparison of the deviations
and the cut tails is used to validate numerically the expansion in theorem 7.12. This
is done by plotting the maximum norm of D and T}, versus the grid spacing h in a
diagram, whose abscissa and ordinate are logarithmically scaled (see figure 7.3, 7.4).

To get an idea of how the order functions look like, we plot them over the spatial
domain, which is chosen as the unit interval. While the zeroth asymptotic order
corresponds to the solution of the differential equation and is compared to v, the
other asymptotic orders are compared with the rescaled deviations. This means
that the deviation Dy, is divided by h**! to obtain a quantity of magnitude O(1).
The advantage of the rescaled deviations is, that they are grid independent with
respect to their leading order; so they can be compared more easily on grids of
different mesh size (confer e.g. figure 7.1, 7.2).
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diagram (subfigure) | (0) | (1) (2) (3) (4) (5) (6) (7)

order function U s 52 s@ | s® | s® [ sOpz] 50

to be compared with | v %DO %Dl %Dg h—14D3 %Dél %Df) %Dﬁ

Table 7.2: Quantities being compared in plots over the spatial domain (grid). Asymp-
totic order functions are indicated by solid lines —, while the quantities in the third line
are represented by circles o. Note: #Dk = (k + 1)'th order function + O(h)

Sinusoidal test problem (Example 1)
The solution of the test problem over the interval Z = [0,1] (i.e. L =1)
u(0) =u(1) =0, '(x)=—n?sin(rz) = wu(x)=sin(rz)

is given by the sine.
In Diagram (0) of figure 7.1 and 7.2 we recognize the numeric solution v (circles)
approximating the analytic solution of the test problem (line) on two different grids.

0) 1)

1 e — 0.05 — 0.06
08

A\ 0.04 ‘
06 b |
oalt Lo 0.02 ]
02 ftf - :

: ' ' ' Y ‘ Z

oB— D

& -0.01 -02

0.8

0.6

0.4

0.2

-0.1

Figure 7.1: Comparison of the asymptotic order functions (lines) and the rescaled
deviations (circles) over the spatial domain [0, 1] for example 1 (sine). A grid with 11
nodes has been used. The number over each subfigure refers to table 7.2 which specifies
the plotted quantities.

Diagram (1) displays the rescaled deviation h~!Dq (circles), which is the error
v — 4 divided by the grid spacing. Both of the diagrams look similar, especially the
minimum attains almost the same value in both cases; therefore it does not depend
significantly on the grid spacing. This can be taken as an experimental evidence
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Figure 7.2: Same as in figure 7.1 for a grid with 20 nodes.

for the first order convergence behavior of the scheme, meaning that the error is
approximately proportional to the grid spacing.

Another feature is striking: From the left and right boundary we need only one grid
step to reach nearly the full depth of the bowel-like curve. Its walls get therefore the
steeper the smaller the grid spacing becomes. This behavior can not be described
by a smooth function with a gradient being independent of the grid size. In fact,
we see here a typical pure grid function. Connecting the circles by straight lines
yields the graph of a continuous function over the interval [0, 1], whose values de-
pend not only on the spatial position but also essentially on the considered grid (at
least near the two boundary points). Such a grid dependent error indicates often
a bad behavior of the scheme in solitary nodes as in our case, where the scheme
approximates poorly the equation at the direct neighbors of the boundary nodes.

According to theorem 7.12 the main contribution to the total error is given by the
first boundary layer s(V). Even if the line?® marking s() seems to match perfectly
with the rescaled error h=! Dy, a closer look reveals, in diagram (2), that there is
still something left, if we subtract hs(!) from the error v — @ and divide thereafter
by h?. Comparing the resulting rescaled deviation h=2D; on both grids, we observe
that they do not agree with respect to their extremal values. The maximum in
figure 7.2 (2) is by a factor of around % smaller than in 7.1 (2), what is roughly the
ratio of the two grid spacings. Hence there should be no contribution in the second
order. In fact, the boundary layer s(?) must vanish, as the second derivative of

28The solid line indicating sV sholuld not belie the fact, that s s actually a grid function
like v, whose values are only defined in the grid nodes. The line has been chosen for the reason of
clarity of the diagram!
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sin(7x) is zero at the boundary points (compare definition of s in theorem 7.12).
Therefore the curve described by the circles in diagram (2) corresponds essentially
to the third asymptotic order function multiplied by h.

In diagram (3) of figure 7.1 and 7.2 the circles reach approximately the same
height. This documents, that the rescaled deviation h~2R; in (2) becomes an
O(1)-quantity after an additional division by h. Observe that h™3R; = h 3Ry as
s =o.

Unlike diagram (1) the circles in (3) are clearly displaced with respect to the plateau
corresponding to s®). It seems as if the plateau is superimposed by a sinusoidal
curve. The displacement fades however with decreasing grid spacing (compare the
diagram (3) in both figures!).

Indeed, the subfigures (4) corroborate the impression, that the displacement in
(3) can be ascribed to the fourth order. In contrast to the previous diagrams the
circles representing the rescaled deviation h~4Ds appear to be located on a smooth
curve. As the fourth derivative of the analytic solution u vanishes at the boundary
points, the boundary layer s™W is zero. This entails, that the fourth order function
comprises only the regular part w.

The fifth and seventh order function in the diagrams (5) and (7) resemble the
third one, while the sixth order function exposes a comportment, that is analogous
to the fourth one.

In figure 7.3 we have plotted the maximum norms of the deviations (circles) and
the cut tails versus the grid spacing h in logarithmically scaled coordinate systems.
Apparently, in every diagram the circles lie virtually on a straight line, that coin-
cides well with the line associated to the corresponding cut tail. Exceptions are
only found in diagram (6) and (7), where the values approach the range of machine
precision. The straight lines indicate that the deviations and the cut tails depend
affine-linearly on some power of the grid spacing, whose exponential is determined
by their slopes. Apart from subfigure (1) the lines are almost parallel to the dashed
reference lines indicating a slope of k + 1. This shows that Dy and T} are in their
leading order proportional to h¥*1, i.e. Dy, T = O(h**1). The different behavior
in diagram (1) is due to the fact, that s() = 0. Therefore the slope is actually close
to 3.

Let us finally throw a glance at the slopes in table 7.3. Clearly, the (relative)
difference between the deviation D; and the cut tail T} is expected to become the
less the longer the cut tail is. This explains, why the slopes comply for £ = 0,1, 2
with each other up to the fifth and fourth digit respectively. For £k =1 and k = 2
we obtain equal rates since s(2) = 0.

The slope of log(||Ts||)ee is 7 within the provided accuracy, because Ts = h7s(7).
Note, that this value might differ from 7 choosing other parameters, since the
boundary layer s(7) and in particular its extrema might slightly vary with the grid
spacing. Therefore strict proportionality of Tg to h7 need not always be observed.
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Figure 7.3: Double-logarithmic plot of || D[l (circles) and ||T||o (lines) for 0 <
k < T versus the grid spacing varying between ﬁ and %. A grid sequence with
11,16,21,26,31,41,51,61,81,91 and 101 nodes has been employed. The associated
grid spacings are given by h = (#nodes — 1)~1. The dashed lines, covered in some
diagrams, represent reference lines indicating exact proportionality to a power of A, i.e.
linear growth in (0), quadratic growth in (1) and so on. Any line running parallel to a
reference line expresses an affine-linear dependence on the corresponding power of h.

k | slope of log(||Dxl|lss) | slope of log(||T%||o0)
0 0.996972 0.996972

1 3.069949 3.069948

2 3.069949 3.069948

3 3.983730 3.983725

4 5.053250 5.053558

) 5.971200 5.975647

6 7.134063 7.000000

7 8.464278 -

Table 7.3: The slopes have been determined by taking the gradient of the best-fit-
straight-line for (logh,log (|| Dxlls)) and (logh,log([|Tk|l«)) respectively with the
grid spacing h € {%, %, %, %} This corresponds to the first four grids of the sequence
mentioned in the caption of figure 7.3.

Another sinusoidal test problem (Example 2)

Let us proceed to the second example

u(0) =u(1) =0, u’(z)=4r?cos(2mz) = wu(x)=1— cos(27x)
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complementing the previous one, as its solution contains the second trigonometric
function, the cosine. In contrast to the sine we take the cosine here over a full
period.

k | slope of log(||Dx|ls) | slope of log(||T%||)
0 2.032256 2.032254

1 2.032256 2.032254

2 3.989398 3.989326

3 3.989398 3.989326

4 5.981233 5.993534

5) 5.981233 5.993534

6 7.994524 6.940423

7 7.994524 -

Table 7.4: Slopes of log(||Dkl|/co) and log(||Tk||cc) for the second example (cosine).
Note that these quantities depend to a certain extent on which grids are used to deter-
mine the best-fit-straight-line. Here we took h € {%, %, %, 5—10} This corresponds to
the fourth till seventh grid of the sequence that figure 7.4 is based on.

Considering table 7.4 and figure 7.4 it seems astonishing at first sight, that v ap-
proximates 4 with second order accuracy. The reason for this behavior is found in
the fact, that s(!) vanishes for this special case (cf. figure 7.5 (1)), as the derivative
of the cosine, namely the sine, vanishes at the boundaries. Similarly, we observe no
boundary layers in the third, fifth and seventh order. Instead we get in the even
orders a superposition of regular and irregular grid functions, where the latter ones
are just the boundary layers.

The value for the slope of log(||Ts|/~) in table 7.4 appears confusing, since it is
supposed to be close to eight instead to seven. In fact, no relevant meaning inheres
in this number, since s(7) and thus Ts = h7s(? are zero. However s(7) has been de-
termined by the Matlab-script as the solution of a linear system. The small numeric
error, s(7 is endued with, gives rise to this imaginary value. Figure 7.4 (7) shows
that ||T%||s is somewhere in the range between 1072 and 1073° what is very small
indeed. Surprisingly, the line representing ||77||o runs very straight and describes
no zigzag, like typical roundoff errors, that behave usually rather randomly.

Polynomial test problems (Examples 3 & 4)

As example 3 and 4 we take a polynomial p of degree 6 or 7 respectively solving
the following boundary value problem.

u(0) = p(0), u(1) =p(1), u'(z)=p"(x) = uz)=p2)
Concretely p has been chosen arbitrarily to be either

pe(x) = (x4 1.00)(z —0.05)(x —0.35)(x — 0.89)(x — 9.67)(z — 15.01) or
pr(z) = —6.6727 + 5.89z5 + 2.482° — 3.462* + 2.692° +9.712? — 3.452 — 7.32 .



7.7. Numeric experiments 347

Figure 7.4: Double-logarithmic plot of ||Rg|/s (circles) and || Tk||oc (lines) for the
second example (cosine) using the same grid sequence as for the first example.

Since a polynomial has only finitely many derivatives being different from zero,
the numeric solution v has a finite expansion, whenever the source is polynomial.
We pay particular attention to the residuals Rg and R7, that should vanish in the
case of pg and py respectively. This provides a good test, whether the coefficients
occurring in the expansion have been determined correctly.

Conclusion

We have seen how the asymptotic order functions can be visualized and how they
build up the numeric solution v. Furthermore we have tried to encourage the
awareness for the two basic kinds of grid functions, that represent different error
sources of the scheme: irregular, pure grid functions (boundary layers) generated
by the truncation error in singular nodes adjacent to the boundary; and regular,
sampled grid functions produced by the truncation error at the bulk nodes.

The interpretation of diagrams should be done with care, because computers are
usually restricted with respect to their computational precision. This can provoke
artificial, misleading effects.
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Figure 7.5: Asymptotic order function for example 2 on a grid with 11 (above) and 20
(below) nodes (cf. table 7.2). In contrast to example 1 (figure 7.1,7.2), the odd order
functions vanish, while boundary layers and regular parts occur together in the even
orders. Note also that the amplitude of the order functions increases much stronger
than in example 1. As we have taken the cosine over its full period, differentiating
yields an additional factor 2.
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Figure 7.6: Asymptotic order functions for example 3 on a grid with 11 (above) and 20
(below) nodes (cf. table 7.2). As the expansion terminates behind the sixth asymptotic
order we have %D5 — 5(6). Therefore the circles in (6) must coincide with the line.
Consequently, in subfigure (7) the circles should be located on the zero line. The
observed deviations of the order 107 and 10~° are probably due to inaccuracies of
floating point operations. In particular the linear equations defining the numeric solution
v and the boundary layers are solved with a fixed accuracy. This error is amplified
when divided by a power of h, what is done to compute the rescaled deviation. The
amplification gets the stronger the smaller the grid spacing h becomes.
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Figure 7.7: Asymptotic orders for example 4 on a grid with 11 (above) and 20 (below)
nodes (cf. table 7.2). In subfigure (7) the circles lie quasi exactly on the line. This
is checked by computing the deviation D7. For the first grid we obtain ||D7|jcc =
2.475875 - 10712, whereas || D7||oo = 4.761316¢ - 10714 in the case of the finer, second
grid.
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A.1 Eigenvalues of the advection-diffusion operator

The results of the following eigenvalue computations are used for the purpose of
comparison in section 6.2.3.

Non-periodic boundary conditions

Let us consider the advection-diffusion-reaction equation in one space dimension
o + adpv — vd2v + cw = 0, (A.1)

with the constants v > 0,a € R,c¢ > 0. The unknown v : Rj x [0,1] — R is
a function of the time ¢ € R} and of the space x € [0,1]. One of the following
boundary conditions (BC) should be imposed:

D) homogeneous Dirichlet BC v(t,z € {0,1}) = 0

N) homogeneous Neumann BC : Ou(t,zr €{0,1}) = 0

R) homogeneous Robin-type BC: la — v, |v(t,z € {0,1}) = 0

The standard time separation ansatz v(t, z) = e~ *u(x) leads to the eigenvalue prob-
lem of the advection-diffusion-reaction operator in the following function spaces:

Cp = {w6C2([0, 1,R) : w(z €{0,1}) = 0 }
Cn = {wec2([0, 1),R) : dyw(z € {0,11) = 0 }
Cp = {w € C*([0,1],R) : [a—vd;] w(z € {0,1}) = 0 }

So we ask for all A € C, such that there exists a non-trivial function u # 0, which
belongs to one of the above function spaces and satisfies the subsequent equation.

ueClp (D)
(—1/85 + ady + ¢)u = Au with ueln (N) (A.2)
u€Cr (R)

The following theorem provides the answer.

351
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Theorem A.1. Each of the three eigenvalue problems (D),(N),(R) admits the fol-
lowing etgenvalues being all simple:
a2

A= — + 0% + ¢ n € N. (A.3)
4v

The corresponding eigenfunctions are given by
D) uh(w) = exp(gyz) sin(mnx)

N) ul(z) = exp(&x) [mn cos(mnz) — £ sin(mnz)]

R) uh(z) = exp(Lx) [mn cos(mnz) + & sin(mnz)]

Moreover, \g = ¢ is an additional simple eigenvalue in the case of (N) belonging to

the eigenfunction u?v(x) =1 and in the case of (R) belonging to the eigenfunction

a .
ul(x) = ev®. There are no further eigenvalues.

Proof: The characteristic polynomial of the differential equation (A.2) is
—v(¢? 4 a +c = \. Its roots are

2

Ge =9 FVaz—pt+s = BFw. (A4)

where we have introduced the abbreviations
A
B =5 wi=A\/fz -5+ (A.5)

1st case: Let us suppose, that the roots are not equal. According to the theory
of ordinary linear differential equations with constant coefficients, a fundamental
system is given by fi(z) := €% = =9 and fy(z) = e©@* = eftwz  Any
solution u of the differential equation (A.2) can be written as a linear combination

of fi, fo.
wz) = w1 fi(x) + kKo fol) = kP77 4 gy elfTe)e

We want to choose the coefficients k1, ko € C in such a way, that the boundary con-
ditions are satisfied. Since the boundary conditions are homogeneous, the resulting
linear system for k1, ko is also homogeneous. In order to permit a non-trivial so-
lution u, the system matrix must have a non-trivial kernel. Otherwise both of the
coefficients would vanish. Therefore the determinant of the system matrix must
vanish and this delivers the determining equation for the admissible values that the
eigenvalue A\ can attain.

D) Dirichlet BC at £ € {0,1}:  w(§) = 0 &

Kle(ﬁ_w)s + H2e(ﬁ+w)§ — O =

(e o) () = ()

11 . .
det<eﬁ_w el@_l_w) :eﬁ‘l'w—eﬁwzo <~ ewzl
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N) Neumann BC at £ € {0,1}:  J,u(§) = 0 &
R1(B — w)eB=E 1 ky(B +w)elPHl = 0 &

(2o 058) () = ()

det <(ﬁ(—ﬂ ;)Zﬁ)—w (g(f :)Zﬁ)er) = (B2 —w?)(ePTY —ef ) = 0

& w=p3% or |e*=1

R) Robin-type BC at £ € {0,1}: au(§) — v,u(§) = 0
Dividing by v and using & = 2§ yields: 28u(§) — d,u(§) = 0 <

k1[2811(€) — 0o f1(&)] + K2[2Bf2(&) — 0xf2(€)] = 0 <
20— (6 —w) 26— (B +w) k1) (0O
(5”6 e ™ 6 D) () = o)
ﬁ +w ﬁ — W _ w —w\ __
det <(ﬂ—|—w) of—w (ﬂ—w) e6+w> — (ﬁ2_w2)(e5+ —eb ) =0

o 2] o

2w

All three cases lead to the condition e** = 1, that is equivalent to w = imn with
n € Z\ {0}. The case n = 0 is excluded, since we assume (; # (, implying w # 0.
Solving

2
— /e A _;
w=1\/1z—5+,=imn

for A yields the claimed formula (A.3). Note, that we get for +n the same A, so we
can assume n € N.

In order to compute the associated eigenfunctions, we have to determine the coef-

ficients k1, k2. Recall e¥ = ™ = (—1)".

D) () exer (e ) = () € o)
N) <:;> € ker <(ﬁ e +(i>+<fl)>“eﬁ> “ <:;> € Spa’“(ﬁ@

K1 (B+w) (B —wn) K1 w—0
Y <> <l <(5 +w)(-1)e’ (3 w><—1>"eﬁ> - <> - <w + 6)
Thus we obtain by resubstituting: (12 =8 Fw, = 5, w=imn.

up(z) o 9T — 2% = fT [e™" — 7]
= [e9" —e™"] = —2ie’ sin(mnz)

= —2i exp(g5) sin(mnw)
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un(@) o (Wt ) T 4 (w—B) e
= ef [(wW+B)e™ + (w—pB)e"]
— eﬁ:c [w (ewx + e—w:c) _ ﬁ (ew:c _ ewx) ]
= [ 2imn cos(mnz) — 2if sin(mnz) |

= 2i exp(£x) [ mn cos(mnz) — £ sin(rnz)]

up(z) o (wn—B) e + (w+pB) e
= P [ (wB) e ™™ + (w+p[)e” ]
eﬁ:c [w (ew:c + e—wx) + ﬁ (ew:c _ e—wx) ]
= [ 2imn cos(mnz) + 2iB sin(mnz) |

= 2i exp(£x) [ mn cos(mnz) + £ sin(mnz)]

So we recover the claimed eigenfunctions that are uniquely determined up to a
scalar factor.

In the Neumann and Robin case we additionally obtain the condition
w? = b? that transforms into A\ = ¢ thus implying w = § and ¢; = 0, { = 20.
The coefficients for the Neumann case are then determined by

0 20 k1 _ (0
0 28e*)\ky) — \0O
Obviously xg = 0 while we may choose 1 = 1. So we find as eigenfunction r;e¢1% +

k1€92% = % = 1, which turns out to be u?\,. For the Robin case the coeflicients
must satisfy

(35 0) () = ()

This time we are in the inverse situation. So we obtain with k1 = 0 and k9 = 1 the
a
following eigenfunction r1e¢1% 4 koe%?® = e20% = ev®, which is exactly u%.

2nd case: Let us now assume w =0 < A = % + c¢. Then we have only one root
¢ of the characteristic polynomial. A fundamental system is given by f;(x) := e<®
and fo(z) := zet®.
D) Dirichlet BC at § € {0,1}:
k1f1(E) + Rafa(§) =0 & rie® Ry =0 &

1 0\ (r) _ (0O 1 0 _
(o) () = () el &)=
Since the system matrix is regular, there remains only the trivial solution for

K1,kg. But this means, that the equation (A.2) has for A\ = % + ¢ only the

.. . 2 . .
trivial solution in Cp and therefore 7> + ¢ is no eigenvalue.
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N) Neumann BC at £ € {0,1}:
RUF(E) + Raf3(6) =0 & R1fe™ + ra(e +afe™) &

I} 1 k1 _ (0 I} 1 B
Bt ) () () (2o ta) e

Obviously, the system matrix is regular except for § = 0. Therefore an
eigenvalue can only be found in this case, implying a = 0 and A = ¢. The
associated fundamental system is fi(x) = 1 and fa(z) = x. The coefficients
have to satisfy the equation (8 D (:;) = (8). So k9 = 0 while we can choose
k1 = 1. Hence we find again the constant function as eigenfunction of the

eigenvalue c.
R) Robin-type BC at ¢ € {0,1}:
safi(€) —vfi(©)] + relafo(&) —vf5(€)] =0 <

k1[2811(6) — 1] + k2[26/2(8) - f5(6)] =0 &
K1 [Qﬁeﬁﬁ_ﬁeﬁf] _ [Qﬁgeﬁf _ eﬁﬁ_éﬁeﬁﬁ] -0 <

1 0 1
<6€5 eﬂ—ﬂeﬁ> (2) - <0> det <6§5 eﬂ—ﬂeﬁ>:‘ﬁzeﬁ

Like above, the determinant of the system matrix vanishes only for 5 = 0. In
this case the Robin-type boundary conditions reduce to the Neumann bound-
ary conditions. But this is in agreement with the fact that uOR = e%m turns
into u?v =1 for a =0.

Since we have not found any new eigenvalues in the second case and since there is
no other case to be considered, all eigenvalues have already been captured in the
first case. [

Remark A.1. (Interpretation of Robin condition) The quantity av — vd,v is
called flux. If ¢ = 0 (no production or destruction of v) and if the flux is equal at
the left and right boundary, then the integral of v remains constant:

1 1 1
%/ v(t,z) de = / O dx = / (V@%’U — adyv) dz
0 0 0
= [vOv(t,1) —av(t,1)] — [vOyv(t,0) — av(t,0)]
= 0 due to the assumed equality of the fluxes

In particular, equality is provided if the flux is required to vanish at the bound-
ary points by imposing the homogeneous Robin condition. Associating with v a
concentration for instance, this boundary condition models an impermeable wall
preventing both outflow and inflow. Therefore this boundary condition is also re-
ferred to as the natural boundary condition.

Periodic boundary conditions

Let us now treat the case of periodic boundary conditions. For this the following
function space is introduced.

Cp = {w € C2([0,1],R) : dlw(0) = lw(1) for j =0, 1, 2} (A.6)
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One should be aware, that not only w but also its first and second derivative are
required to be continuous periodic functions'. A time separation ansatz leads to
the subsequent eigenvalue problem (P):

(—1/8:% 4+ ady + ¢)u = Au with welp . (A.7)
Analogously to theorem A.1 we obtain:

Theorem A.2. The eigenvalue problem (P) has the following complex-valued, sim-
ple eigenvalues:

A\ = 47*n*v + 2imna + c n € Z. (A.8)

The associated eigenfunctions are given by up(x) = e2imne,

Proof: As the characteristic polynomial is not affected by the boundary condi-
tions, we can use the notation defined in (A.4) and (A.5). First we suppose that
the roots of the characteristic polynomial are different i.e. w # 0. Then we obtain
the following system for the coefficients k1, ks.

Periodic BC: u(0) = u(1) and 0,u(0) = d,u(l) <«

Kle(:@_w)o + 526(64_“})0 — Hle(ﬁ_w)l + ng(ﬁ+w)1
k1(B — w)elB=90 1 ko (B 4 w)elP 90 = k1 (B — w)eB=) 4 ky(B 4 w)elPTwll

< <<ﬂ—1w>_<fﬁ—_zﬁ—w> (8 +1J<fﬁ—+:ﬁ+“’>> <2+> - <8>

1— eﬁ—w 1— eﬁ-‘rw
det <(ﬁ —w)(1 =P (B w)(1 - eH)

o [ooe=0f o 1o =0] o [w=0

> = 2w (1l —e ) (1 —eftw) =0

) Letn€Z: #“=1 & f-w=2m <& = 4n°n’v+ 2mna+c

Note, that n = 0 is only admissible if assuming 8 # 0 < a # 0.
Otherwise 0 — w = 2i70 = w = 0, yielding the excluded double zero.
Computing the kernel of the system matrix for 1 — e%~% = 0, leads to the

eigenfunctions:
0 1 — eftw k1 (0 o (M) ¢ 1
0 (B+w)(1—e")) k) ~ \0 r2) =P\ 0
= u?(;ﬁ) = eclw = e(ﬁ_w)w = e[ﬁ_(ﬁ_2i7‘—”)}w = e2i7rmv

The periodic boundary conditions suggest, that we treat 0 and 1 practically as the same
point just as if we bend the interval [0, 1] to a circle and glue it together at the endpoints 0, 1.
Mathematically periodic boundary conditions are obtained by considering the quotient space of
R with respect to 1, abbreviated by R/1 =: T!. This manifold is frequently referred to as the
one-dimensional torus being equivalent to the one-dimensional sphere S*. Instead of defining Cp
where periodic boundary conditions must be specified explicitly, one could also write C2 (’]I‘l, R).
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2) Let n€Z: v =1 & pB4w = 2mn < X = 4r’n’v —2imna+c

Again n = 0 is only admissible, if we assume §#0 < a # 0.
Computing the kernel of the system matrix for 1 — et = 0, leads to the
eigenfunctions:

(o 0) () = (0) = (o) eom(3)

= ug(x) — e(gx — e(ﬁ—l—w)x — e[6+(—6+2i7rn)]m — e2i7rnm

Obviously case 1) and 2) lead to the same eigenvalues and associated eigenfunctions,
which correspond to those given by the theorem. For n = 0 we obtain the constant
function as eigenfunction; note that this is also true if a = 0, what we had to exclude
in order to avoid w = 0.

The special situation with the characteristic polynomial having a double root, i.e.
(1 = (o & w = 0 has to be treated separately with a different fundamental
system. However, as in the proof of the previous theorem, no additional eigenvalues
or eigenfunctions are found. [

Remark A.2. (Degeneracy for a = 0) It should be noticed that the spectrum
is real if a = 0, since the operator becomes then symmetric. In this case the
eigenvalues are equal for n and —n, n € N. With exception of n = 0, all eigenvalues
are two-fold degenerated with the z — cos(2mnz) and x +— sin(27nx) spanning the
eigenspace. As soon as a # 0 the degeneracy disappears; the eigenvalues become
complex-valued and emerge for n > 1 in complex conjugated pairs.

Remark A.3. (Elimination of advection by Galilean transformations)
Real-valued solutions of the advection diffusion equation with periodic boundary
conditions are obtained in the following manner:

v (tx) = %[e_’\mtug(x) + e_)‘*mtu;m(a:)]

_ 2 9 . . _ 2.2 o o
%[e (4m*m*v+2irmat-c)t e217rmx e (4m*m*v—2irma+-c)t e 2irma
(42?2 ; _ 9 _
e (4m*m I/-"-C)t% {e2l7rm(:c at) e 2irm(z at)}

e~ (m*mPu o)t cos(2mm(z — at))

wh(t,x) = %[e‘Amt uh(z) — e A-mt u;m(aj)]
= e (rmivicpt sin(2rm(z — at))

The sinusoidal profile of the solution is independent of the advection velocity a,
which determines only how fast the profile is shifted to the right (a > 0) or left
(a <0).

As the unit interval with periodic boundary conditions can be identified with the
quotient space R/1R, the addition of an arbitrary real number represents an invert-
ible transformation (translation) from R/1R onto R/IR. So, the term ad, being
responsible for the advection can be eliminated by virtue of the time-dependent
transformation z = x — at. Formulating the equation with respect to the new space
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variable z, 0; is replaced by 9; — a0, whereas the spatial derivatives do not alter.
Therefore a0, is canceled by the transformation of the time derivative. Physically,
this means, that the inertial system is changed, such that the original (uniform)
advection with velocity a appears as rest.

Concluding remarks

Remark A.4. (Completeness of eigenfunctions) In order to prove alterna-
tively, that there are no other eigenfunctions than those provided by theorem A.1
and A.2, one might argue that the set of eigenfunctions forms a complete basis of a
suitable Hilbert space. In particular it has to be shown that the set formed by all
possible linear combinations of the given eigenfunctions lies dense in this Hilbert
space.

Remark A.5. (Length scaling of the space interval) So far, the eigenvalue
problems have been considered on the unit interval [0, 1]. How are the eigenvalues
and eigenfunctions affected if the space interval [0,1] is replaced by an interval
[0, L] of arbitrary length L > 0?7 Using the transformation x — Lz mapping [0, 1]
onto [0, L], we can avoid to repeat the computations of the preceding paragraphs.
Composing the eigenfunction w : [0,1] — R with the inverse transformation x +—
x/L we obtain a function v : [0, L] — R.

Ozu = LOyv

v(z) ==u(z/L) = '(z)=4u(z/L) and thus { Pu — L20%

Taking into account the relation between the derivatives of u and v, we see that v
is also eigenfunction of an advection-diffusion-reaction operator where, however, v
and a are substituted by vL? and aL.

—v02u+adyut+cu= i = —vL?0*v+ aLldyv+cv= v

If u satisfies periodic boundary conditions or homogeneous boundary conditions of
Dirichlet or Neumann type at 0 and 1, then v fulfills the same conditions at 0 and
L. In the case of homogeneous Robin conditions we get a slight modification as it
involves the function and its derivative simultaneously.

=0
0

(a — VL@m)v|
(a_Vax)u‘xe{o,l} =0 = = (aL_UL2am

In order to interpret the new coefficients vL? and aL as diffusivity and advection
velocity, we introduce

ze{0,L}

)U|x€{O,L} =

vi=uvL? a:=al.

Substituting a and v by @ and ¥ in the explicit representation of v} (x) := u'k(x/L),
we get

vh(z) = up(z/L) =exp(z/L)[mncos(rnz/L) + 5 sin(rnz/L)]

= exp(ﬁi2 La/L)[wn cos(mnz/L) + 23§2Lsin(7mx/L)]

= exp(Lx)[mncos(rna/L) + & Lsin(rnz/L)]
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Proceeding similarly with the corresponding eigenvalue yields
2

=2
a a
A= —+710%v+c= —

" e + 7220 /L + ¢ =: A\,

so that we obtain finally
(—1785—1—&8904—6)21?3:;\”1)?3 (d—ﬂ@m)vﬂme{o’L} =0.

Of course, the tildas could be removed now.

Summarizing, we see now how the eigenvalue and eigenfunction of the advection-
diffusion-reaction operator —v92 + ad, + ¢ (with homogeneous Robin conditions)
depend on the length L of the spatial domain:

. 2
eigenvalue: A\, = & + m?n?v/L? + ¢,

eigenfunction: x — exp(x)[mn cos(mnz/L) + 5% Lsin(rnz/L)] .

Analogously the other boundary conditions can be handled.
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