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Abstract

In the present paper, a bicriterial optimal control problem governed by an ab-
stract evolution problem and bilateral control constraints is considered. To com-
pute Pareto optimal points and the Pareto front numerically, the (Euclidean)
reference point method is applied, where many scalar constrained optimization
problems have to be solved. For this reason a reduced-order approach based
on proper orthogonal decomposition (POD) is utilized. An a-posteriori error
analysis ensures a desired accuracy for the Pareto optimal points and for the
Pareto front computed by the POD method. Numerical experiments for evolu-
tion problems with convection-diffusion illustrate the efficiency of the presented
approach.
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1. Introduction

In real applications, optimization problems are often described by introducing
several objective functions conflicting with each other. This leads to multiob-
jective or multicriterial optimization problems; cf. [4l, [I2] [[6]. One prominent
example is given by an energy efficient heating, ventilation and air-conditioning
(HVAC) operation of a building with conflicting objectives such as minimal en-
ergy consumption and maximal comfort; cf. [5],[I1]. Finding the optimal control
that represents a good compromise is the main issue in these problems. For that
reason the concept of Pareto optimal or efficient points is developed. In con-
trast to scalar-valued optimization problems, the computation of a set of Pareto
optimal points is required. Consequently, many scalar-valued constrained opti-
mization problems have to be solved.

In this paper we apply the reference point method [I4] in order to transform a
bicriterial optimal control problem into a sequence of scalar-valued optimal con-
trol problems and solve them using well-known optimal control techniques; see
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[I7]. We extend our previous results obtained in [2] with respect to the follow-
ing issues: Instead of the linear heat equation, general linear evolution problems
are considered. Therefore, we can deal with parabolic problems involving con-
vection which arise in HVAC operation of building applications. Further, we
improve the a-posteriori error analysis for the control variable (cf. [2| Theo-
rem 7] and present an error estimate for the Pareto front in Theorem An
a-priori error for the objective is stated in Theorem [I4] Moreover, in our numer-
ical experiments we illustrate that our a-posteriori error bounds can be ensured
numerically. In particular, an adaptive basis update method known from scalar
optimization [I§] is extended to a bicriterial optimization problem. It is also
shown how the Pareto front can be approximated numerically by equidistantly
computed points.

Many results are derived by combining the POD error analysis presented in [6]
with the master thesis [I]. Let us mention that preliminary results combining
reduced-order modeling and multiobjective PDE-constrained optimization have
recently been derived; cf. [8] 9] [[3].

The paper is organized in the following manner: In Section [2| we introduce our
linear evolution equation as well as our bicriterial optimization problem. The
reference point method is recalled in Section[3] It turns out that the Pareto front
is approximated by solving many scalar optimization problems. To speed-up the
solution process a reduced-order approach is introduced in Section [4] where we
utilize proper orthogonal decomposition (POD). This allows us to present con-
vergence results. In Section [5] the numerical optimization and the reduced-order
approach is explained in detail for our present problem. Numerical experiments
are presented in Section [0}

Notation: Throughout this paper, if 2!, 22 € R* are two vectors, we write
xt < 2% if o} < a?for i =1,...k, and similarily for z* > 22. For x € R¥ we
define R = {y € R¥|y > 2} and RE = {y € R¥|y < z}. For convenience,
we set RE, = RE.

2

2. Problem formulation

2.1 The state equation. Let V and H be real, separable Hilbert spaces and
suppose that V' is dense in H with compact embedding. By (-,-)g and (-, )y
we denote the inner products in H and V| respectively. By identifying H with its
dual H' it follows that V < H = H' < V', each embedding being continuous
and dense. Let T' > 0 denote the terminal time. Suppose that a : V x V — R
is a bilinear form satisfying

la(p, )| <mllellyvlelly  and  ale,¢) > mllelly —n2 el Ve €V (1)
with constants 1 > 0, n; > 0 and 72 > 0. Recall that the space
W(0,T) = {¢ € L*(0,T; V)| ¢ € L*(0,T; V') }

is a Hilbert space endowed with the common inner product; see, e.g., [3 p. 473].
It is well-known that W (0,T) is continuously embedded into C([0,T]; H), the



space of all continuous functions from [0,7T] to H [3] p. 480]. Let D be an open
and bounded subset of R? with d € N and U = L?(D;R™). By U,y C U we
define the closed, convex and bounded subset

Upa = {u el | uq(s) < u(s) < uy(s) in R™ for almost all (f.a.a.) s € D}

with u,,up € U satisfying u, < up almost everywhere (a.e.) in D. We suppose
that y, € H, f € L?(0,T; V') and u € U,q hold. Then the statey € Y = W(0,T)
is given by the linear evolution problem

W), ) +aly(t), @) = (f + Bu)(t), )y, Vo €V, faa. t € (0,T),
(Y(0),0) g = (Yo, P) iy Yo eV,

where B: U — L?(0,T; V') is a continuous, linear operator and (-, -)y v stands
for the dual pairing between V' and V.

Example 1. Let us present an example for which will be considered in
our numerical experiments. Suppose that @ C RY, d € {1,2,3}, is a bounded
domain with Lipschitz-continuous boundary I'. We assume that €2 and T" are
split into disjoint subsets Q1,...,8,, and I'y,..., 'y, respectively, satisfying
Q=U",Qand T =], T;. Weset Q=(0,T) x Qand ¥; = (0,T) x I; for
i=1,...,m. Moreover, let H = L?*(Q)) and V = H'(Q). As the state equation
we consider the following diffusion-convection problem:

ye(t, @) — Ay(t, @) + B(x) - Vy(t, @) = i ui(t)xi(z) for (f,z) € Q,  (3a)

1<i<m: g—i(t,w) + a;y(t, ) = ayd(t) for (t,x) € &;, (3b)

y(0,x) = yo(x) for x € Q. (3c)

In , we assume 3 € L>(Q;RY). Moreover, x; stands for the characteristic
function of Q; for i = 1,...,m. The control variable u = (uq, ..., u,,) is assumed
to be in the Hilbert space U = L*(D;R™) with D = (0,7T). In (3D)), the a;’s are
nonnegative scalars and y? € L*°(0,T) denotes an essentially bounded outer
temperature associated with the boundary set I'; for any ¢ = 1,...,m. In
the vector n = n(x) stands for the normal vector defined on T" and g—z is the
normal derivative. Finally, yo € H is a given initial condition. We define the
bilinear forma : V xV — R

g, 9) = [ Vo v+ (B Vo)vda + > ai [evds Ve, p e V.

=1 T;

It follows by standard arguments that (1]) holds; see [1I, Lemma 5.1], for instance.
Furthermore, f € L?(0,T;V’) and B : U — L?(0,T;V’) are chosen as

m

(F@&) @)y y = g:laiy?(t)lf pds, ((Bu)(t), @)y v = 2 uilt) [ pda

i i=1 Q;
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for w € U and for all ¢ € V and fa.a. ¢t € [0,7]. Note that B is bounded
and continuous; cf. [I, Lemma 5.2]. Now the weak formulation for can be
expressed in the form .

Theorem 2. Problem admits a unique solution y € Y. Moreover, if even
Yo €V and f,Bu € L?(0,T; H) hold, we have y € C([0,T]; V).

Proof. The proof follows from [3 pp. 512-513] and [3, pp. 532-533]. O

Remark 3. Let § € Y be the unique solution to

@), 0) g +a@®t), o) = (ft), @)y, VeV, faa te(0,T]
(900),0) i = (Yo, V) Vo eV

Moreover, we introduce the linear and bounded solution operator S : U — Y as
follows y = Swu is the unique solution to

& W), o) +aG(t), 0) = (Bu)(t), 0)vryy Ve €V, faa. t€(0,T],
(9(0), )y =0 Vo eV,

Then, y = § + Su solves . O

2.2 The bicriterial optimal control problem. Let 3 be a real Hilbert space and
G :Y — H a bounded linear operator. We define the operator S = GS : U —
H. Since G and S are linear and bounded, Sy is linear and bounded as well.
For a given desired state y5¢ € H we introduce the bicriterial cost functional
J:U— R2 by

Fu) = ( i (u) ) _ ;( 1S3t — yacll3 ) — @

o (u) ull

Clearly, J1 and Jy are bounded from below. Furthermore, Jy is convex and Jy
is strictly convex.

Example 4. In the context of Example [I|let Y — L2?(0,7;H) =: H and
G : Y — H the canonical (linear, continuous) embedding operator. It follows
that Sg¢ is continuous and injective; cf. [I, Lemmas 5.6 and 5.7]. For given
yo € H we introduce the cost functional

T
LSt @) =yt @) dedt
0Q

j(u)=§ T for u € U and y = § + Su.
J lui(t)]? dt
i=10
Then setting y9c = yo — Gg € H we can express J in the form (14). O
Q
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Lemma 5. The objectives Ji and Jo are twice Fréchet differentiable with the

derivatives
J1(w) = (S5c(Sacu = yc), )y Jy(u) = (U, )y 5)
T (W) () = (S5cSacu’, Y, Ty, ) = (W, (u® € W)

where 8. : H — U is the (Hilbert) adjoint operator satisfying
(S, u)yy = (@, Sacu)qe  for all (p,u) € H x U

If Sq¢ is injective, Jy is strictly convex and the ideal vector y'¢ = (yid, 4id) € R?
defined by
id . z .
= Ji =1,2.
y; = min Ji(u) fori
1s well-defined.

Proof. Since H, U are Hilbert spaces and Sy is linear, continuous, foll_ovvs
directly. Since .J, is strictly convex, continuous and bounded from below, yi is
well-defined; cf. [I7, Theorem 2.14]. If Sy is injective, we infer from and

Ji(u) (v, 0) = (S*S3cv,v)y = |S3cv][3 >0 for all v € U\ {0}.
Thus, Jy is strictly convex as well, which implies that i is also well-defined. [

Example 6. In the context of Examples and [ it can be shown that for given
u € U,g the derivative of J; takes the form

R m T
Jjwu? =3 [ ( [ pt,x) dw)uf(t) dt for every u® = (uf,...,ud,) € U,
=10 o,

where p = p(u) € Y is the weak solution to the adjoint or dual equation
—pt —Ap—V - (Bp) + Ssu=yq -Gy inQ,
1§i§m:g—£+(ai+ﬁ~n)p20 on X, (6)
p(T,")=0 in Q;
cf. [I7, Section 3.6]. Let p € W(0,T) and p = Au € W(0,T) be the weak
solutions to p(T) =0 in H,
(D), p) g +ale,p(t) = (yo(t) —9(t), ¥)yy Ve €V, faa. t€(0,T],
(B(t), p) g+ ale,p(t)) = =((Su)(t)(t), 0)y Ve €V, faa. t€(0,T],
p(T)=p(T)=0 in H,
respectively; cf. Remark|3| Then, p = p + Au is the weak solution to @ O

_d
dt
_d
dt

In this paper we investigate the following bicriterial optimal control problem
min J(u) subject to (s.t.) u € Uyg. (P)

Problem @ involves the minimization of a vector-valued objective. This is
done by using the concepts of order relation and Pareto optimality; see, e.g., [4].
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Definition 7. The point i € Uaqg 15 called Pareto optimal for @ if there is no
other control u € Uyg \ {u} with J;(u) < Ji(u), i = 1,2, and J;(u) < Jj(a) for
at least one j € {1,2}.

3. The reference point method

8.1 The Euclidean reference point problem. The theoretical and numerical chal-
lenge is to present the decision maker with an approximation of the Pareto set
Ps and Pareto front Ps given by

P = {u € Uaq | u is Pareto optimal} CU and Pf= j(fPs) c R?,

respectively. In order to do so, we follow the ideas laid out in [I3, 14] and
make use of the (Euclidean) reference point method: Given a reference point
z=(21,22) € Ps + ]RQS we introduce the distance function F, : U — R by

F(u) = § |7 () — 2y = § (Ju() = 21)° + 3 (Jalw) — )"

The mapping F, measures the Euclidean distance between J (u) and z. It follows
from [2, Lemma 2] that the mapping F, is strictly convex, if z < 3¢ holds.
The goal is that — by finding a point that approximates z as best as possible — we
get a Pareto optimal point for . Therefore, we have to solve the (Euclidean)
reference point problem

~

min F,(u) st u € Uag P.)

which is a scalar-valued minimization problem. The following result, which
extends Theorem 4 in [2], follows from Lemma [5] and [1, Theorem 3.35].

Theorem 8. Let z € Pr + RQS and Sg¢ be injective. Then, 1' has a unique
solution U, = (Uz1,- .., Uz,m) € Uad, which is Pareto-optimal for @

By solving consecutively with an adaptive variation of z, we are able to
move along the Pareto front in a uniform manner. This way, we get a sequence
{Zk}kGN C R? of reference points along with optimal controls {Uk}keN C Uag
that solve with z = 2% as well as {J¥}reny € R? with J¥ = J(uF).

3.2 Optimality conditions. To compute a solution to (i we make use of opti-
mality conditions. Applying the chain rule and , we get for any v € U

Fl(u) = <(j1(u) — 21)85c(Sacu — yac) + (J2(u) — 22)u, .>u'
The gradient VF,(u) € U of F, at u € Uyq is given by

VFE,(u) = (jl(u) — 21) 85 (Szcu — yac) + (jg(u) — z2)u (7

so that we have F.(u) = (VF,(u), ). The next results follows from (7)) and [
Corollary 3.37].
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Theorem 9. Let Sy¢ be injective and z = (21, 22) € Pr+R<. If G, € Uag is an
optimal solution to 1) then a first-order necessary optimality condition reads

(VF,(tz),u —tz)y >0 for all u € Uyg. (8)
Example 10. We continue Examples and @ Then, has the form
T m
Py (( —2) [ po(t, ) da + (Ja(tz) — 22) s, z(t)) (us(t) — 1 5(t)) dt > 0
0 i=1 Q;
for all u € Uaq, where p. € Y solves (6] for u = u.. O

Utilizing we investigate the second derivative of F,. We are interested in
whether F is coercive. Let z € P+ R2 and u € Uaq. Then, we have for every
vel: -

>

<
<

(u) — zi)j{’(u)(v,v) + ||j{(u)v||i/

|
e
—
N

«
Il
-

F (u)(v,v)

>

(1) = i) J} (u) (v, ) (9)

Y
e

o
Il
s

- <((J1(u) — 21)85:Ssc + (Ja(u) = 22)Ta)v, vy,

Theorem 11. Let z € Ps + RQS and u, € Uyq the associated unique solution to
P.). If 21 < J1(a,) and zo < Jo(u.) hold, then F! () is coercive, i.e., for
Ky = Ja(t,) — 20 > 0 we have

F () (u,u) > ke ullf for all w € .

In particular, s also a ﬁrst-order_ sufficient optimality condition for a strict
local minimum. If additionally z < y'9 holds, is even a first-order sufficient
optimality condition for a strict global minimum.

Proof. From @, jl(ﬂz) —21 >0, k, >0and
FY(u:)(u,u) > (Ji(az) — 21) [|Sacullze + (Ja(@z) — 22) ulls, > s [y

for all u € U we derive that F'(u,) is coercive. This implies that u — F,(u)
is strictly convex in a neighborhood of u,. Therefore, is also sufficient for a
strict local minimum.

If z < 4/ holds, we know that F, is strictly convex. Hence, is sufficient for
a strict global minimum in this case. O

Remark 12. It is possible to show that is sufficient for a strict global
minimum, if z € Pr + RZ with 2z < J(@.) and z # J(a.) holds. A proof can be
found in [I, Theorem 3.45]. O
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3.3 A-posteriori error estimation. We want to estimate the error ||a, — u?||y,
where @, € U,q is the (unknown) optimal control of and u? € Uag \ {7}
is a given suboptimal control. Let z € Pf +R2Z and Sy be injective. We follow
along the lines of [I0] and define the perturbation ¢ € U by

[(VF,(uP));(s)]- for s € D with ul(s) = uq(s),
Gi(s)=q —[(VE:(uP))i(s)]+ for s € D with ug(s) = upi(s), (10)
—(VF,(uP))i(s) otherwise
fori =1,...,m, where we have used the decomposition for a real number £ € R
as & = [€]+ — [§]- with []+ = max(0,€) and [{]- = —min(0,£). The following

theorem is proved in [I, Theorem 3.51].

Theorem 13. Let z = (z1,22) € Pr + RZS, i, € Usg the associated solution to
(P.) and uP € Uog. If Jo(ti.) + J(uP) > 225 is satisfied, we have

0. — uP 1 7(0.) — J(uP 1
lt. —u Hu < C(u,uP,z2) ||C||u7 ”J(UZ) J(u )”2 < QW ||C||u7
) R (11)
where ¢ is given by (10) and C(u,,uP, z2) = (J2(@,) + J2(uP))/2 — 22 > 0.

4. Reduced-order modelling (ROM) by POD

The previously described reference point method requires for to be solved
repeatedly. In this multi-query context, it is reasonable to apply model-order
reduction techniques in order to reduce the computational effort for the opti-
mization. In this work we focus in particular on POD; see, e.g., [7]. Suppose
that we have chosen an admissible control u € U,y. Let y = Su denote the as-
sociated state variable and p be the solution to @ Then we consider the linear
space of snapshots V = span {y(t) ‘t € [0,T]} C V with o = dimV < co.
For any finite ¢ < 0 we are mterested in determining a POD basis of rank ¢ which
minimizes the mean square error between y(t), p(¢) and their corresponding ¢-th
partial Fourier sums on average in [0, T':

ming‘ lu(t) — é<y(t)7wi>vwiui +||p(t) — é<p<t>,¢i>vwi||2vdt

(PY)
s.t. {’lﬁz}le c V and <¢i7¢j>v = 5ij for 1 < Z,] < /.

A solution {¢;}¢_; to is called POD basis of rank £. Let us introduce the
linear, compact, selfadjoint and nonnegative operator R : V.— V by

Ry = f )y y(t) + (p(t), )y p(t)dt for ¢ € V.

Then, it is well-known [6, Theorem 1.15] that a solution {1, }{_; to is given
by the eigenvectors associated with the ¢ largest elgenvalues of R, i.e.,

Rwi:)\iwiforlgigé, )\122)\@2/\@+1220
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Moreover, the POD basis {¢;}¢_, of rank ¢ satisfies ¢); € V for 1 <i < £ and

J’Hy

ume\

4 0
WO i)y villy + o) = 3 0wy willydt= 3 A

Now suppose that we have computed a POD basis {¢;}¢_, C V of rank /.
We define the finite dimensional subspace V¢ = span {11, ...,%y} C V. Then
the POD solution operator 8¢ : U — H'(0,T;V*) < Y is defined as follows:
y* = Sty with y*(t) € V* for all t € [0,T] solves the POD Galerkin scheme

d

S0 05) g+l (0),0) = (Bult) ¥y Vi €V, faa. te (0,T)

y*(0) =0.

(12)

The adjoint equation @ is also reduced in a similar way; cf. [0 Section 1.4.4].
Let us introduce the following linear, H-orthogonal projection:

’PH ve : H— V' and for ¢ € H, P'e minimizes inf e — &l -
pteV

We suppose that ’Pf; ve 18 a bounded operator from V' to V. Then, we can
apply [15, Theorem 5.3]. It follows from [6, Propositions 1.27 and 1.32] that the
operator S¢ is well-defined and

0
2 2
(S — SZ)””L%O,T;V) =C Z il — P§7ve1/)i||v < o0
i=4+1

for a u € Upg. If y # Su and y € HY(0,T;V) we still have limy_, o ||(S —
Sf)u||L2(07T;V) =0.
The POD approximation to is given by the minimization problem

min J¢(u) st u € Uy, (PY)

where we set J¢(u) = J(§ + S'u,u). In particular, J5 = J, holds true. To solve
|D we apply the reference point method utilizing the corresponding distance
function

R 2 N 2
Fiu) = 317 u) = 2lly = $(Jf(w) = 21)" + § (Ja(u) — 2)
with a reference point z € Ps + R%. The low-order correspondant of dj reads

min F*(u) st u € Usg (PY)

Thereby, we obtain a POD suboptimal control @ € U,qg for any z. The resulting
error is then estimated using Theorem with u? = @‘. This indicates the
quality of the current POD basis, which can then be recomputed if necessary.
Moreover, the next estimate follows from [6, Propositions 1.27 & 1.32] and [T},
Theorem 5.31]
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Theorem 14. There is a constant C > 0 which does not depend on £ such that

) . v
|J1(u)—Jf(u)| <C > N ||1/11||€/ < oo foranyl <0.
i=0+1

If & € Uag \ {u} holds and y = § + St even belongs to H'(0,T;V), we have
Jim |J1 (%) — J{(@)| = 0.
— 00

Remark 15. We refer the reader to the Theorems 5.39, 5.41 and 5.45 in [I]
where also POD convergence results for ||VJi(u) — VJf(u)|lw, ||a. — @,
IVF.(u) — VF!(u)|j and ||¢||y are given.

5. The optimization algorithm

5.1 The reference point algorithm. We understand the task of numerically solv-
ing the multiobjective optimization problem (]EI) (respectively ) as comput-
ing an approximation of the Pareto front Pr and the Pareto set Ps by discrete,
finite substitutes

By = (u, o u™) €9, and F= iF) 9,

The process of computing these N numerical solutions is of recursive nature.
The first optimal control u(!) € U,q is obtained by applying a weighted-sum
method to lﬁb For a weight o > 0, this problem takes the form

min J; (u) + aJo(u)  subject to (s.t.) u € Ung (Po)

It follows from [I, Lemma 3.14] that admits a unique solution 4 € Uayq
which is Pareto optimal. We can therefore choose the associated optimal control
as a first point u(!) = @ € P of the approximate Pareto set. The parameter o
influences how dominant the individual components j1 and jg are for . The
choice of a@ > 1 will result in a large impact of jg, thereby inducing a solution
@ with low control effort .J,() and high state penalization .J; (). Conversely, a
parameter o < 1 will enforce a solution with low state penalization and a high
control effort. In our simulations, we choose the latter variant and thus accept
u® as the Pareto point with the lowest value for j1 that we will achieve.

Since Y is Pareto optimal, Definition [7| now implies that decreasing the com-
ponent Jo further than jg(u(l)) by varying the admissible control can only be
achieved by increasing the first component J; from .J; (uM). If we view the
objective space as a two-dimensional plane, this means that Ps continues from
J (uM) to the lower right. The idea behind the recursive algorithm is to itera-
tively generate a series of reference points 22, ..., 2(™) and choose u(™ as the
solution to with z = 2(® (i = 2, ..., N). In this way, we would like to move
along Pf in an equidistant manner. Since we know that Pf continues to the
lower right, the reference points should be chosen similarily. This is realized by
iteratively defining a reference point z(*1 € R? which is located at the lower

10
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Figure 1: Choice of z("*1) using h+ = hll =1 (left); and flow field 3 (right).

right of the current discrete Pareto point J (u(”)) and captures the local geome-
try of Ps. For this, let us observe the following properties of Euclidian reference
point problems: From [I, Lemma 3.42] it follows that u(™) is also the unique
solution to each reference point z = J(u(™) + A(z(™ — J(u(™)) for every A > 0.
This implies that o := 2" — J(u(™) € R? lies perpendicular to Ps at J(u™);
cf. left plot of Figure |l Consequently, the vector ol := (—p3, o)t € R? lies
tangential to Pr at j(u(")) and points to the lower right. This means that by
scaling ¢!l accordingly, we may determine how far along P the next reference
point will be chosen. Likewise, scaling ¢+ allows to determine how close to Ps
the reference points are located. This translates to choosing scalars hll, h+ > 0
and recursively defining for n = 2,..., N — 1:

2D = Fu™) 4 pll ol +ht. i (13)
[l I+l
Note that we can not define the reference point z(2) in this manner since u(!) was
computed by the weighted sum method rather than by the reference method.
However, due to the high dominance of J; at u"), we may assume that Pf is
approximately vertical in this area. In , we can therefore set ll := (0,-1)¢
and ¢!l := (=1,0). In other words,

2 = jM) - < }]fj ) . (14)

The following lemma assures when the above strategy will actually generate a
series of Pareto optimal points.

Lemma 16. Let 5135 = {u(l),...,u(N)} C Uaq be generated as described above.
Further, assume that Sg¢ is injective and 2(™ € Ps + R% holds forn=2,...,N.

Then, f]v’s C Ps and %f C Ps.

11
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Proof. First, the Pareto optimality of u(!) follows from [I, Lemma 3.14]. Each
subsequent control u(™ (n = 2,..., N) is the solution to a reference point problem
(P.). It then follows from Theorem [§]that these controls are Pareto optimal. [J

For the numerical implementation, the condition z(™ € P¢ + RZ is not easy to
verify since Pf is not known in advance. Instead, we employ a heuristic termi-
nation condition. As it was already explained, the algorithm tracks the Pareto
front along decreasing Jo and increasing Ji. For two subsequent solutions, we
therefore expect the difference Jo(u(™+Y) — Jo(u(™) to be negative. Once the
algorithm has reached the approximate end of the Pareto front, this difference
will become very close to zero or even positive. Once this is the case, we abort
the algorithm. The procedure is summarized in Algorithm

Algorithm 1 (Reference point method for the full-order model)

Require: Maximal number N € N of Pareto points, recursive parameters
Rl bt > 0, weighted-sum parameter a > 0, termination parameter ¢ > 0.

1: Solve and the solution as u(?). Set Py + {uM} and Ps + {J(uM)}.
2: Compute z(®) by .

3: for n = 27 ...., N do

4: Solve (| with reference point z(™) and save the solution as w1,
5 if Jy(u "H ) Jg(u(” ) > —¢ then

6: return iPS, in

7: else _ _ _ _

8: Add Py Py U {utD}, P = PeU {J (D)},

9: if ¢ < n then

10: Compute 2"V by (T3).

[y
[

: return f]v’s, Ps.

5.2 Solution of the reference point problem. The minimization problems 1)
and lb are both of the type

min F(u) s.t. u € Uy, (P)

where F': U — R is twice Fréchet differentiable and strictly convex. They are
numerically solved by an iterative descent algorithm: A sequence {u(k)},;“;o C
Ua.q of controls is generated by the recursion

uk D = Py (u® 4+ 0,6®)  for k=0,1,...,
where P,q : U — U denotes the projection onto the admissible set, meaning that
Uq,i(s), if ui(s) < uqi(s),

[Paduli(s) :{ wi(s), if ui(s) € [tai(s), upi(s)],

up,i(s), if ui(s) > upi(s).

12
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Further, the direction 6¢*) € U is computed by a Projected Newton-CG method:
At u®) | the set of active indices is defined by
A®) = {(s,9) € D x {1, com} [ul® (s) € {uai(s), upi(s)}}-
The control space is now split into two subspaces: U = UA(u<k)) @ uz(u(k)) with
Uy oy = {u € Ufui(s) = 0if (s,4) € A(u(k))},
Uggury = {u € Ul ui(s) = 0if (s,i) ¢ A(u®)}.

Let P4, Py : U — U be the projections onto the respective subspaces. Naturally,
for every § € U, it is then 6 = P46 + Pyd. The idea behind the Projected
Newton’s method is now to include second-order information of F' only for the
active indices: The Projected Hessian is therefore defined as

VEEu®): U= U,  [VEF(u®)]d = PaV2F(u)Pad + Py for § € U.

The search direction 6%} € U/ is now determined in the very same way as the
canonical Newton’s method:

[VLE W)™ = —VEu®) for k=0,1,... (15)

For the solution of the linear system , a CG-algorithm is employed. It is
easy to verify that since V2F(u®)) is positive definite, V%F(u®)) is as well.
However, it has to be noted that the definiteness may sometimes be lost in the
numerical experiments due to discretization inaccuracies. If this is the case, the
Newton scheme is temporarily abandoned in favor of a gradient step, i.e.
we set 6(F) = —VF(u®). After the direction §*) € U has been determined, a
backtracking line search is employed to find a step size 0, € R~ which satisfies
the Armijo rule:

Fu®™ + 0,60y < F(u®) + cx0r (VF(u®), 65y (16)

with a constant c4 € (0,1). Starting with a full Newton step at 6 = 1, the step
size is recursively decremented by setting 6; <+ [0 with a constant 8 € (0,1)
until is satisfied. This procedure helps to ensure a satisfactory descent of
the objective function.

5.3 Model-order reduction. Section[dhas introduced the concept of model-order
reduction. This leads to a reduced gradient VF? which is needed in the opti-
mization. The general strategy for the application of model-order reduction will
always follow the same steps: In the beginning of the optimization, use a certain
control u € U,y to generate full-order solutions y = Su € W(0,T) of and
p € W(0,T) of (6)). From this point on, replace and (6)) by their low-order
POD-Galerkin schemes. Then, use e.g. the a-posteriori error estimator
in order to assess the quality of solution to the arising low-order optimization
problems. If the error estimator deteriorates too drastically, repeat 1. for a cur-
rent control, i.e. recompute the reduced-order model. There are many different
strategies for a good choice of the full-order data whereby the reduced model is
generated. In Algorithm [2] we present a reduced-order variation of Algorithm
which contains one possible strategy for the choice of data.

13
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Algorithm 2 (Reference point method for the reduced-order model)

Require: Maximal number N € N of Pareto points, recursive parameters
Rl bt > 0, weighted-sum parameter o > 0, termination parameter ¢ > 0.
1: Solve (P,)) to get the control u. Set P, + {uM} and Ps + {J(uV)}.
2: Get {1/%'}:1 from (P’) using the state y and the dual p associated with u®.
3: Compute 2®) by (14)).
4: forn=2,.... N do

5 Solve with reference point z(™) and save the solution as w1,

6 if Jy(u ) — Jo(u™) > —¢ then

7: return i, ﬁf

8 else _ _ _ _

9 Add Py Py U {umtD}, P = PeU {J (D)},

10: if ¢ < n then

11: Compute the a-posteriori error estimator A(u(™) for u(™ by .
12: if A(u™) >ea then

13: Compute the full-order state y and adjoint p to control u(™.
14: Use y and p to recompute the POD-ROM by solving .
15: Compute 2"V by (T3).

16: return P, Ps.

6. Numerical experiments

6.1 Setting. In our numerical tests we consider the bicriterial optimal control
problem presented in Example The spatial domain is Q := (0,1)?2 C R?
and we choose T' = 1. The diffusion parameter is given by x = 0.5. For the
convection term of the PDE we use B := ¢, where § is a stationary
solution of a Navier-Stokes equation (cf. right plot of Figure|l)) and ¢, > 0 is a
parameter to control the strength of the convection. It holds || 3| (q;r2) =~ 6.6.
We impose a floor heating of the whole room with four uniformly distributed
heaters in the domains A; = (0,0.5)2, A = (0,0.5) x (0.5,1), A3 = (0.5,1) x
(0,0.5) and A4 = (0.5,1)2, i.e. m = 4. We refer to the different regions of the
heaters by calling the set A; region i. We set bilateral constraints u,(t) = 0 and
up(t) = 3 on the control u. This yields Usg = {u € L2(0,T;R*) | 0 < u(t) <
3 for all t € [0,1]}. The room is supposed to be perfectly isolated, i.e. it holds
a1 = 0 on the whole boundary I'1 = 9€2. This yields a homogeneous Neumann
boundary condition. As an initial condition we suppose that there is a constant
temperature of 16° in the whole room, i.e. yo(x) = 16 for all z € Q. For the
desired temperature we want a uniform increase of the temperature from 16° at
t=0to 18 at t =T yo(t,x) = 16 + 2t for all (¢,z) € Q. All computations
were carried out on a standard PC, Intel(R) Core(TM)2 Duo CPU P8700 @
2.53GHz, 4 GB RAM.

6.2 Results. In our first experiment we run the algorithm for ¢, = 1. The left
plot of Figure [2| shows the Pareto front Pr that we obtain in this case. We

14
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Figure 2: P¢ and reference points for ¢, = 1 (left); Computation times for ¢, = 0 and ¢, = 1
(right).

observe that Ps is smoothly approximated by 47 Pareto optimal points. Hereby,
Ps ranges from P! = (0.0191,3.5876) to P*" = (0.6667,0), i.e. the desired
temperature can be achieved quite closely in the upper part of the Pareto front.
In a next step we want to investigate the heating strategies for different optimal
controls and compare them with the strategies of optimal controls obtained by
running the algorithm for a system without convection, i.e. ¢, = 0. Therefore,
we pick three optimal controls in both cases, which are situated in the top, the
middle and the bottom of the Pareto front.
The influence of the convection term on the optimal controls can be immediately
seen in Figure [3] As the system without convection is totally symmetric, all
four heaters heat the same up to numerical inaccuracies. In contrast to that the
optimal controls of the system with convection adapt to the air flow, which goes
from the top left corner of the room to the right bottom corner by using different
heating strategies for all four heaters. Heater two needs to heat the most because
the warm air is transported from the second region mainly into the third region.
Consequently, heater three has to heat the least. By especially looking at the
optimal control @' of the system with ¢, = 1, we see that the control of the
second heater is active on the upper bound of the constraints in the beginning
of the heating process. The consequence is that the temperature in this region
is actually overshooting the desired temperature distribution in the beginning.
In the further progress the excessive heat of this region is transported into the
other regions by the air flow, so that heaters one, three and four actually have
to heat way less than in the case without convection.
Another interesting aspect worth considering is the difference in the computa-
tion times for the system with and without convection. As expected one can
see in the right plot of Figure 2] that the system without convection needs less
computation time because on the one hand, the convection term adds dynamics
to the optimal control problem, which are more difficult to handle, i.e. more

15
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Figure 3: Optimal controls for different values of cp.

Newton-CG iterations are needed for convergence than without the convection
term. On the other hand, solving the state and adjoint equation gets more costly
due to the fact that the arising linear equation systems become non-symmetric.
In addition, the computation times of both systems are monotonically decreas-
ing with some fluctuations when traversing the Pareto front from top to bot-
tom. By looking at the computation time of the system with convection, several
jumps can actually be seen. These jumps correspond to a decrease of needed
Newton-CG iterations in the optimization routine. The reason for this decrease
is that the coercivity constant of F”/ () is given by the difference Jy () — 2o (see
Theorem , which is increasing in comparison to jl(ﬁ) — z1 while traversing
the Pareto front from top to bottom and thus making the problem smoother.
A second experiment is conducted to investigate the influence of the parameter
h* in the generation of the reference points (see equation ) on the approx-
imation quality of the Pareto front. It was shown in [I] that this choice of
reference points leads to ||J(@"*! — @")|| < ht. Indeed, Figure 4| shows that
the distances between consecutive Pareto optimal points adapt nicely to the
parameter h'. Additionally, we observe that in regions in which P¢ has a high
curvature the distance between consecutive Pareto optimal points gets automat-
ically smaller without having to change the parameter h'. This is an important
property because regions with high curvature need a finer approximation.

Now we turn to analysing the results we get when applying the reduced-order
model. First of all, we are interested in the influence of the convection term
on the quality of the approximation. In [2] it was shown that already two
basis functions yield good results for a system without convection. However,

16



4 T T T T T T 4 T T T T T T
g |~ Paretofront —o—Pareto front
, # | x Reference points , X X Reference points
X
X
X
2 2 5
N N X
) ) “
1 1 X
X
& X
0 Xxxx M 0 x
*xx XXX X x x
06 04 02 0 02 04 06 08 06 04 02 0 02 04 06 08
J J
1 1

Figure 4: Pareto front for hy = 0.07 (left) and h; = 0.25 (right).

25 we observe in Figure [5| that switching on convection immediately increases the
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errors of the reduced-order model by a factor of about 102 in the control space
and 10° in the objective space and for the reference points. On the other
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Figure 5: Errors between the full and the POD solution for ¢ = 2 for ¢;, = 0 (blue), ¢, = 0.1
(magenta) and ¢, = 1 (purple).

hand, increasing the strength of the convection does not have such a strong
influence on the errors. This can be explained by the fact that adding convection
to the system completely changes the dynamics of the state and the adjoint
equation, whereas increasing the strength of the convection only intensifies these
dynamics. To get a mathematical explanation for this, we can look at the
eigenvalues {\; }2_; of the operator R for the different values of ¢;. It was shown
in Section that the sum Z?:e 41 A measures in some sense the error of the
POD approximation. It turns out that these eigenvalues decrease much faster for
¢y = 0 than the ones for ¢, € {0.1,1}. So in a next step we increase the number
of POD basis functions to see how the approximation errors behave. Therefore,
we take ¢, = 1 fixed and run the algorithm with ¢ € {2, 5,10}. Figures|6](a), (b)
and (c) clearly show that all three errors decrease for an increasing number of
basis functions. The fact that the error of the reference points is lower for £ =5
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Figure 6: Errors between the full and the POD solution for ¢, = 1 for £ = 2 (blue), £ = 5
(magenta) and £ = 10 (green)

than for £ = 10 for some reference points is not due to a better approximation,
but due to coincidence in the computation of the reference points. This can be
seen by looking at the errors in the objective space, which are always higher for
¢ =5 than for £ = 10.

As there is a lack of a-priori analysis for the POD method, it is crucial for
the numerical implementation to have good a-posteriori estimates. One such
estimate was introduced in Theorem Here, we want to test its efficiency.
Therefore, we consider the quotient of the a-posteriori estimates and the
real approximation error in the control and the objective space, respectively.
The closer this quotient is to 1, the more efficient the estimate is. The results
for different parameter settings can be seen in Figure []] We observe that the
efficiency of the a-posteriori estimate in the control space is very good except
for the cases ¢, = 0 and ¢ = 2. For all of the other parameter settings the
efficiency is close to 1 in large parts of the Pareto front. On the other hand,
the efficiencies of the a-posteriori estimates in the objective space are worse by
a factor 10-100 in most cases. Note that the gaps in the plots in Figures|[7| (b)
and (d) for £ = 2 are due to the fact that the optimization routine does not
converge properly in this case, so that Jo (@®) < 25 holds and the a-posteriori
estimates cannot be computed.

Using the good efficiency of the a-posteriori estimate in the control space, we
propose a straightforward strategy to adaptively increase the number of utilised
POD basis functions. Algorithm [6] shows the routine for computing the n-
th Pareto optimal point. In a nutshell the number of POD basis functions
is increased, if the a-posteriori estimate for the controls exceeds a predefined
threshold .

We test this algorithm in two different versions: First, the Pareto front is as
usual computed from top to bottom, and secondly from bottom to top. The
later approach appears more natural in the sense that we start with the part of
the Pareto front, in which the scalar optimization problem is well conditioned
and only small dynamics are expected due to little control input. In the process
the POD basis can then be extended with the dynamics getting stronger and
the problem getting worse conditioned. The first approach has the advantage
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Figure 7: Efficiencies of the a-posteriori error estimate.

that the POD basis is computed using a snapshot space, which already contains
strong dynamics. In both versions we start with ¢y = 2 basis functions. The
Figures [8 show exactly the difference of the two approaches. While in the case
of the computation direction being from top to bottom the POD basis is mainly
extended during the first optimization problem, the POD basis is sequentially
extended in the second approach. However, both approaches end with the same
number of 15 basis functions. For both versions the control of the approximation
error works very efficiently. The instances in which the real error overshoots the
a-posteriori estimate are due to inaccuracies in the computation of the solution
of the full system. As the POD basis gets immediately updated to 13 basis
function in the beginning for the version from top to bottom, it is clear that
this approach yields better results than the version from bottom to top.

In a last step we compare the computational times for different settings. We see
in Table [1] that the algorithms with a fixed number of basis functions perform
the fastest. They are up to a factor 30 faster than the full system. However,
there is the risk that on the one hand, not enough basis functions are chosen,
which leads to bad convergence properties and thus high computational times
(see the results for £ = 2) and on the other hand, there is no error control during
the algorithm, which might lead to unsatisfying results.

In comparison to that the adaptive basis extension algorithms need more time.
One share of the additional time consumption is simply that the a-posteriori
estimate has to be computed after each optimization problem. For this purpose
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Algorithm 3 (Adaptive basis extension algorithm)

Require: Threshold p > 0.
1: while 1 do
2 Solve with reference point z(™ with Algorithm
3: Compute the a-posteriori estimate fiqpos: from for the controls.
4: if ftgpost > 1 then
5 Set f=/0+1
6 else

7 return

| v=0 =01 =05 ¢ =1

Full system ‘ 566.3s 678.8s 7292s 701.5s
(=2 23.6 s 69.6 s 103.8s  164.2s
{=5 273 s 20.5 s 279 s 394 s
=10 29.2 s 22.6 s 56.6 s 49.3 s

Algorithm [6| from top to bottom | 49.0s 101.4s 150.8s 184.1s
Algorithm (6| from bottom to top | 50.7 s 87.6 s 1484s 17595

Table 1: Computation times for the different methods and different values of ¢y.

both the state and adjoint equation have to be solved once with the full system.
The second reason for the higher computation time is the basis extension itself.
Each time the basis is extended, the current optimization problem has to be
solved again using the larger POD system. In our results we observe an 13 basis
extensions for both algorithms, i.e. 13 optimization problems are computed in
vain. Yet, they are still faster by a factor of 5-10 than solving the full system
and their big advantage is that they can control the maximal approximation
error.
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