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Experimental observation of Shapiro-steps
in colloidal monolayers driven across
time-dependent substrate potentials

T. Brazda, C. July and C. Bechinger *

We experimentally study the motion of a colloidal monolayer which is driven across a commensurate

substrate potential whose amplitude is periodically modulated in time. In addition to a significant

reduction of the static friction force compared to an unmodulated substrate, we observe a Shapiro step

structure in the force dependence of the mean particle velocity which is explained by the dynamical

mode locking between the particle motion and the substrate modulation. In this regime, the entire

crystal moves in a stick-slip fashion similar to what is observed when a single point contact is driven

across a periodic surface. Contrary to numerical simulations, where typically a large number of Shapiro

steps is found, only a single step is observed in our experiments. This is explained by the formation of

kinks which weaken the synchronization between adjacent particles.

1. Introduction

Although friction is omnipresent in our daily life and systematic
studies date back more than 300 years, many aspects of tribology
remain poorly understood. Even when considering one of
the simplest examples, i.e. two atomically flat surfaces in close
contact and which are sliding across each other, a rather complex
particle dynamics occurs. In addition to the well-known stick-slip
motion,1–3 the Frenkel–Kontorova (FK) model predicts the for-
mation of topological defects such as kinks and antikinks which
provide an efficient mechanism for mass transport across the
interface and are thus crucial for a quantitative understanding
of the friction coefficient.4–9 Recently, experiments with colloidal
monolayers allowed detailed insights into the particle motion
relative to the substrate potential and thus revealed direct
evidence for the motion and lateral structure of kinks and
antikinks.10 Compared to atomic systems where e.g. the lattice
spacing and the elasticity of the two interacting bodies are
determined by the specific choice of the materials, colloidal
model systems offer a higher flexibility regarding such material
parameters. In general, colloidal systems are distinguished by
ultralow elastic constants11 (about 9 orders of magnitude smaller
compared to solids). Accordingly, their response to local strain-fields
is much higher which allows to resolve minute changes in the
structural properties of such systems.

In contrast to previous measurements where the frictional
properties of a colloidal monolayer on static substrate potentials

was studied,10,12 here we consider the situation where the
substrate potential amplitude periodically oscillates in time.
Under such conditions, numerical simulations predict the
occurrence of Shapiro steps in the mean particle velocity which
results from the dynamical phase locking between the particle
motion and the substrate oscillation.13,14

2. Experimental

In our experiments, we have used negatively charged polystyrene
spheres with radius R = 1.95 mm and about 3% polydispersity
which are suspended in an aqueous solvent. The colloidal
particles are contained in a sample cell composed of two fused
silica slides with a plate separation of 200 mm. After sedimentation
and at sufficiently high particle densities, the particles assemble
in an extended (several square millimeters) two-dimensional
hexagonal crystal. Due to the interplay of gravitational and
electrostatic forces the monolayer is confined at the bottom of
the sample cell. A vertically incident laser beam exerts an
additional light pressure and thus ensures that vertical particle
fluctuations are reduced to about 2% of the particle diameter,
i.e. that the system remains two-dimensional even in the presence of
external driving.10 To enhance the electrostatic particle interaction,
ions have been largely removed from the suspension by a closed
deionizing circuit.15 Depending on the degree of deionization, this
leads to Debye screening lengths up to k�1E 180 nm which can be
maintained over several hours. This value has been determined
by the comparison betweenmeasured and numerically computed
pair correlation functions. Substrate potentials were created by a
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polarized beam of a frequency-doubled solid state laser (l = 532 nm)
which is split into three beams of identical intensity and polarization.
These beams are directed from above into the sample cell where
they create a hexagonal lattice. Due to optical gradient forces,
this optical landscape acts as substrate potential for the colloidal
particles. Because the substrate strength U is proportional to
the incident light intensity, it can be adjusted continuously.16

To achieve commensurate conditions between the colloidal crystal
and the substrate potential, the optical lattice spacing s (being
determined by the angle of incidence of the interfering laser
beams) was adjusted to be identical to the mean particle
spacing a. In the experiments reported here, we have chosen
s = a = 6.1 mm. Using an acousto-optical modulator (AOM), we
vary the intensity of the interfering laser beams which leads to
a time-dependent and spatially periodic substrate potential
U(x,y,t) = [U0 + DU cos(2pt/TO)]f (x,y) where

f ðx; yÞ ¼ 2
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describes the spatial (x,y) modulation of the intensity pattern.
As a function of time t, the potential oscillates with period TO
between U = U0 � DU. In our experiments, U0 has been chosen
to be larger than DU which renders the spatial position of the
potential maxima and minima to be constant.

Lateral driving forces to the colloidal monolayer were applied
by moving the entire sample cell along one of the symmetry
directions of the crystal by a piezo stage with velocity u.
Accordingly, each colloid is laterally driven with the Stokes
force F = Zeffu where the effective viscosity Zeff has been
determined from the measured short-time particle diffusion
coefficient. Its value is about 30% higher than the bulk viscosity
of water due to hydrodynamic interactions between the particles
and the substrate.17 Particle positions were recorded with a CCD
camera with a frame rate of 3 s�1 and stored for later data
analysis. All experiments were performed at room temperature.

3. Results

Fig. 1a compares the time-averaged colloidal drift velocity

vd ¼ 1

N

PN
i 1

vi (N being the total number of particles) of a crystal

on a static (open symbols) and a modulated (closed symbols)
substrate potential. In agreement with previous experiments18,19

and simulations,20,21 we observe with increasing F a transition
from a pinned to a sliding monolayer. For the parameters used
here (U0 = 5.6kBT), depinning occurs at F D 22 fN. Above this
value, the monolayer partially depinnes due to the formation of
kinks and antikinks and finally slides almost undistorted across
the surface.10 For an oscillating substrate, the drift velocity curve
looks qualitatively different. Exemplarily, we show the results for
TO = 90 s and DU = 21kBT but qualitatively similar results have
been also observed for other amplitudes and oscillation periods.
In addition to a rather abrupt change from a pinned to a sliding
state, a pronounced step-like structure is observed for 33 o F o
47 fN. To yield comparable results for the depinning forces with

the unmodulated situation, the mean substrate potential has
been adjusted to U0 = 23kBT.

The observed step-like structure is in agreement with recent
Brownian dynamics simulations on colloidal systems13,14 and
originate from a dynamical phase locking between the particle
motion and the oscillation of the substrate and is schematically
explained in Fig. 1b. At t = 0 s where the substrate potential is
largest, the colloids are strongly trapped at the potential
minima. This leads to vd = 0 nm s�1. For t = 0.5TO the potential
barriers become minimal which facilitates their surmounting
by colloids and enables the entire colloidal crystal to slide in
the direction of F. With increasing time, potential barriers will
increase again and particles relax back to the nearest potential
minimum. When the relaxation time t of particles within the
substrate potential is much smaller than TO, after each oscillation
period t = nTO (n being an integer), the particles become again
localized at potential minima (independent of their previous
position within the potential well) but are shifted in the direction
of F. In the example shown in Fig. 1b, the particles have laterally
moved by one substrate lattice constant s during a modula-
tion cycle and the averaged particle drift velocity is vd = ns/TO.

Fig. 1 (a) Mean particle drift velocity of a driven commensurate colloidal
monolayer on a hexagonal substrate potential as a function of the lateral
driving force F. Open and closed symbols correspond to a static
(U0 = 5.6kBT) and oscillating (TO = 90 s, U0 = 23kBT, DU = 21kBT) substrate
potential. Dashed lines show the positions where phase locking Shapiro
steps are expected. Inset: Schematic drawing of a driven colloidal mono
layer on a hexagonal substrate potential. (b) Explanation of the origin of the
phase locking mechanism for a one dimensional systems of interacting
particles in a periodic substrate potential.
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This dynamical phase locking leads to the Shapiro steps in the
drift velocity. The position of the experimentally observed steps
in Fig. 1a are in excellent agreement with this prediction
(dashed horizontal lines). Contrary to numerical simulations,13

however, where a large number of equidistant Shapiro steps is
observed, in our experiments Shapiro steps are hardly visible
for n 4 1.

To understand, why Shapiro steps rapidly disappear with
increasing n, we have studied the monolayer motion with single
particle resolution. Fig. 2a shows the x-component (parallel to
the driving force) of particle trajectories within a representative
section of the sample. The data correspond to F = 43 fN where
a Shapiro plateau is experimentally observed (cf. Fig. 1a).
In agreement with the phase-locking mechanism explained
above, all particles move in a synchronous and periodic fashion
which leads to a particle displacement by one lattice constant
after each oscillation period. Because the transition probability
varies exponentially with the potential barrier proportional
to exp( U/kBT), this explains why particle motion occurs only
around times corresponding to odd multiples of TO/2, where
the potential barriers are smallest (see also Fig. 1b). Under our
conditions, particle motion occurs when U r 5kBT. Similar
trajectories are observed over the entire range of the first
Shapiro step (33 fN o F o 46 fN).

Fig. 2b shows the corresponding data for F = 58 fN. At these
driving forces the second Shapiro step should appear (cf. Fig. 1a)
and indeed the particle displacement during an oscillation period
is equal to 2 s (inset of Fig. 2b). To show the collective particle
motion, in Fig. 2c we have plotted particle trajectories over a larger
spatial region (same parameters as in Fig. 2b). In contrast to Fig. 2a,

where particle motion occurs only at odd multiples of 0.5TO,
in Fig. 2c some colloids are also able to surmount rather large
potential barriers (e.g. at t E 0.75TO). Such unlocked particle
motion leads to localized compression zones which propagate
in the direction of the applied force (arrows in Fig. 2c). Similar
features have been previously reported in colloidal crystals
which are driven across static substrate potentials where they
were identified as running kinks.9 Contrary to that, however,
the kinks in Fig. 2c do not propagate with constant speed but
their velocity can even drop to zero (frozen kinks) as seen in the
center of Fig. 2c.

Local compressions within the monolayer can be quantified
by measuring the probability distribution of the Voronoi cell
area P(A). Because the strength of the substrate potential varies
over time, a time-dependence of P(A) is expected. Fig. 3a shows
P(A) for F = 40 fN where the first Shapiro plateau occurs and the
particles move synchronously over the substrate. The blue and
red data correspond to times, where the substrate potential
is smallest (U = 2kBT at t = (n + 1/2)TO; n = 0, 1, 2, . . .) and largest
(U = 45kBT at t = nTO), respectively. In both cases, P(A) is well
described by a Gaussian distribution whose half width becomes
smaller with increasing U. This is due to the stronger particle
localization at larger substrate potentials.

Fig. 3b shows the corresponding data for F = 58 fN where
the second Shapiro plateau should occur (cf. Fig. 2b). Similar
to above, at times where the substrate potential is smallest
(blue data), P(A) follows a Gaussian distribution. However,
when U becomes maximal (red data), P(A) becomes strongly
asymmetric. In particular the shoulder towards smaller Voronoi
cells suggests, that highly compressed regions form. This is in
agreement with the creation of kinks already observed in
Fig. 2b. To quantify the strain due to kinks, we first fitted a
superposition of two Gaussians (solid line) to P(A) in Fig. 3b.
As a measure for the strain caused by kinks, we consider the
area Ak which is defined by the integral under the left handed
Gaussian up to the intersection point with the other Gaussian
curve (shaded region in Fig. 3c).

In Fig. 4 we have plotted as open symbols Ak/hAi as a function
of the driving force. Here hAi corresponds to the total Voronoi
cell area (i.e. the integral of the solid curve in Fig. 3c). For
comparison, we have added the averaged particle drift velocity
vd as closed symbols (cf. Fig. 1a). Even for very small driving
forces (F o 22 fN), where vd E 0, a small elastic strain arises.
This is because the probability for particle jumps over substrate
potential barriers generally increases with increasing F. As a
result, even below the static friction force which is characterized
by an abrupt rise of vd, a small number (typically 4%) of particles
already cross the potential barrier which leads to a finite strain.
When F becomes stronger, the strain further increases until it signi-
ficantly drops at driving forces where the first Shapiro plateau is
observed. As already mentioned above, under such conditions
synchronous particle motion occurs which strongly reduces the
accumulation of elastic strain. Further increasing F leads to a
monotonic increase of hAki even within the range where the second
Shapiro step is expected (dashed line) and thus confirms the
partially asynchronous trajectories as observed in Fig. 2b and c.

Fig. 2 Kink propagationwithin a colloidal monolayer. Solid lines correspond
to the x component of the particle trajectories parallel to the driving
force on an oscillating substrate (TO = 90 s, U0 = 23kBT, DU = 21kBT).
(a) For Fd = 40 fN where phase locking occurs, particle move simultaneously.
(b) For Fd = 58 fN particle motion is less synchronized which leads to the
formation of kinks. (c) Extended view of the trajectories shown in (b). The
black arrows mark moving kinks.
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In general the occurence of Shapiro steps increases with
increasing inter-particle coupling. In contrast to numerical
simulations, where the ratio of the colloidal lattice constant a
and the Debye screening length a/k�1 was set to 2,13 in our
experiments this value is E30. This explains why higher order
Shapiro steps are not observed by us. In addition to the
strength of the particle coupling, numerical studies suggest
that the number of Shapiro steps should also depend on the
substrate modulation time TO.

18,22–26 For example, when the
relaxation time t is much larger than TO, particles do not

fully relax to potential minima after each modulation cycle
(t = (n + 1/2)TO). This results in a narrowing and eventually the
disappearance of single Shapiro steps. Since TO in our experi-
ments can be only varied over a rather small range, however,
such a dependence cannot be investigated with our setup.

4. Conclusions

In conclusion, we have experimentally demonstrated the dynamical
phase locking of a colloidal monolayer which is driven across an
oscillating periodic substrate potential. In contrast to stiff mono-
layers, where a large number of such steps has been predicted, only
a single pronounced Shapiro step is found in our experiments. This
is due to the formation of local density fluctuations (kinks) which
weaken the synchronous particle motion and thus lead to the
disappearance of higher order Shapiro steps.
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