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Abstract

The Hadamard product of two matrices of the same order is obtained by entry-wise mul-

tiplication of their coefficients. In a similar way, the Hadamard power of a matrix and a

polynomial is formed by real powers of its coefficients. Results for the Hadamard product

of some important classes of matrices, e.g., positive definite matrices, conditionally negative

definite matrices and matrices with one positive eigenvalue are presented. The results are

extended to give sufficient conditions for symmetric matrices to have exactly one positive

eigenvalue. A Hurwitz (or stable) polynomial is a real polynomial whose roots are located

in the open left half of the complex plane. Results for the Hadamard square root of Hurwitz

polynomials of degree five are given. Also, a type of Oppenheim’s Inequality for Hurwitz

matrices is presented. Finally, interval matrices, i.e., matrices with intervals as entries, are

studied, and new results for the interval property of several classes of matrices, e.g., inverse

M -matrices, conditionally positive (negative) semidefinite matrices, and infinitely divisible

matrices are given.
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Deutsche Zusammenfassung

Das Hadamard-Produkt von zwei Matrizen gleicher Ordnung erhält man, indem man die
beiden Matrizen koeffizientenweise miteinander multipliziert. In ähnlicher Weise erhält man
auch die Hadamard-Potenz einer Matrix und eines Polynoms durch Potenzierung der Ko-
effizienten. In der Dissertation werden Ergebnisse zum Hadamard-Produkt von wichtigen
Klassen von Matrizen hergeleitet, und zwar für die positiv definiten Matrizen, die bedingt
negativ definiten Matrizen sowie für Matrizen mit einem positiven Eigenwert. Diese Re-
sultate werden erweitert auf hinreichende Bedingungen für symmetrische Matrizen, genau
einen positiven Eigenwert zu besitzen.

Es schließt sich eine Untersuchung von Intervallmatrizen an, d. h. von Matrizen, deren
Koeffizienten Intervalle sind. Hier werden neue Ergebnisse für die sogenannte Intervalleigen-
schaft von verschiedenen Klassen von Matrizen nachgewiesen, und zwar für die inversen
M -Matrizen, für die bedingt positiv (negativ) definiten Matrizen und für die unendlich
teilbaren Matrizen.

Ein Hurwitz-Polynom (auch stabiles Polynom genannt) ist ein Polynom, dessen sämtliche
Nullstellen in der offenen linken komplexen Halbebene liegen. Eine hinreichende und notwendige
Bedingung dafür, dass die Hadamard-Quadratwurzel eines solchen Polynoms vom Grad fünf
selbst wieder ein Hurwitz-Polynom ist, wird hergeleitet. Auch wird die Gültigkeit der Un-
gleichung von Oppenheim für Hurwitz-Matrizen untersucht.
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1 Introduction

Otherwise than by the usual matrix multiplication, matrices of the same size can be multi-
plied entry-wise, which is called the Hadamard product. Results obtained from both methods
are different. The Hadamard product of two matrices is very similar to matrix addition,
entries in the same row and column of the given matrices are multiplied together to form
a new matrix. The Hadamard product is named after the French mathematician Jacques
Hadamard, and is also known as the entry-wise or Schur product due to an earlier work
of the German mathematician Issai Schur. This product has been used in finite geometry,
group theory, number theory, regular graphs, and statistics. For an excellent review of the
Hadamard product and its applications, see, e.g., [CLLB12].

1.1 Overview
This thesis contains three main parts. The first looks at the Hadamard powers of some
important classes of symmetric matrices. These classes, e.g., symmetric positive definite
matrices and symmetric positive matrices with one positive eigenvalue, play an important
role in various branches of mathematics and other sciences, see, e.g., [Pen09]. To obtain our
main results in this part we use Bernstein functions. A particular instance of the matrices
that we study are the conditionally negative semidefinite matrices. It is well-known that the
Hadamard inverse of any conditionally negative semidefinite matrix with positive entries is
infinitely divisible. We generalize this result to other forms of matrices. Several conditions
for symmetric matrices to have exactly one positive eigenvalue are given as well.

The second main part of this thesis looks at Hurwitz polynomials, i.e., real polynomials
whose roots are located in the open left half of the complex plane, and their associated
Hurwitz matrices. Over the years, various criteria for deciding whether a polynomial is
Hurwitz have been obtained in the literature. We give a new formula for the leading
principal minors of Hurwitz matrices which leads us to (i) a new criterion for deciding
whether a polynomial is Hurwitz, (ii) sufficient and necessary conditions for the Hadamard
square root of Hurwitz polynomials of degree five to be Hurwitz, and (iii) a new Oppenheim-
type determinantal inequality for Hurwitz matrices associated with Hurwitz polynomials.

Finally, the last main part of this thesis looks at a special type of matrices called the
interval matrices, i.e., matrices with intervals as entries. We investigate various properties
of interval matrices and prove the interval property of several classes of matrices, e.g., inverse
M -matrices, conditionally positive (negative) semidefinite matrices, and infinitely divisible
matrices.

1



Definitions and Notations 2

1.2 Definitions and Notations
1.2.1 Hadamard Product and Hadamard Power
We use the following standard notation. The set of positive real numbers is denoted by R+.
The set of n × m real matrices is denoted by Rn,m. A real matrix B is called nonnegative
(positive), if all the entries of B are nonnegative (positive) and this will be denoted by
B ≥ (>)0. Similarly, the strict and non-strict inequalities between vectors are understood
entry-wise, e.g., for x = [xi]ni=1 ∈ Rn, x > 0 and x ≥ 0 mean xi > 0 and xi ≥ 0,
respectively, i = 1, . . . , n. Let A = [aij ] and B = [bij ] be real n × n matrices. Their
Hadamard product (also called Schur product) A ◦ B is defined as the entry-wise product of
A and B, A ◦ B = [aijbij ]. The Hadamard unit matrix is the matrix E all of whose entries
are 1 (the size of E being understood). A matrix is Hadamard invertible if all its entries are
non-zero, and A◦−1 = [1/aij ] is then called the Hadamard inverse of A. If all entries of A
are non-negative, then the r-th Hadamard power of A is A◦r = [ar

ij ], r > 0. We define the
Hadamard exponential of A by e◦A = [eaij ] and, if A has all entries positive, the Hadamard
logarithm of A by log◦(A) = [log(aij)].

A real n × n matrix A is said to be positive semidefinite if xT Ax ≥ 0 for all x ∈ Rn; A is
positive definite if xT Ax > 0 for every nonzero vector x ∈ Rn. Suppose that A is symmetric
positive semidefinite and that A ≥ 0.

We say that A is infinitely divisible if the matrix A◦r is positive semidefinite for every
positive r. We consider polynomials with real coefficients, i.e., polynomials of the form

p(x) =
n∑

k=0
akxk, (1.1)

where ak , k = 0, . . . , n, are real numbers. The polynomial p is said to be Hurwitz or stable
if all the roots of p lie in the open left half of the complex plane. Let p(x), q(x) be two
polynomials of equal degree n,

p(x) =
n∑

k=0
akxk , q(x) =

n∑
k=0

bkxk.

Then the Hadamard product of the two polynomials is defined by

(p ◦ q)(x) :=
n∑

k=0
akbkxk.

If p has only real positive coefficients and t ∈ R \ {0}, the t-th Hadamard power of p is the
polynomial p◦t(x) = ∑n

k=0 at
kxk. By P n, we denote the family of all polynomials of degree

n with positive coefficients and by Hn the family of all Hurwitz polynomials in P n.
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1.2.2 Conditionally Positive and Conditionally Negative Matrices
Let e ∈ Rn be the vector of all ones and ei ∈ Rn be the vector which has in its i-th
component a one, while all its other components are zero. A real symmetric n × n matrix A
is said to be conditionally positive (negative) semidefinite if xT Ax ≥ 0 (≤ 0) for all x ∈ Rn

with x ̸= 0 such that xT e = 0; A is conditionally positive (negative) definite if xT Ax > 0
(< 0) for all x ∈ Rn with x ̸= 0 such that xT e = 0. If A is a symmetric matrix such that
aij > 0 for all i, j and A has exactly one positive eigenvalue, then we say that A is in the
class A. The absolute value of vectors and matrices is understood entry-wise.

1.2.3 Matrix Minors
For κ, n we denote by Qκ,n the set of all strictly increasing sequences of κ integers cho-
sen from {1, 2, . . . , n}. Let A be a real n × n matrix. For α = (α1, α2, . . . , ακ), β =
(β1, β2, . . . , βκ) ∈ Qκ,n, we denote by A[α|β] the κ×κ submatrix of A contained in the rows
indexed by α1, α2, . . . , ακ and columns indexed by β1, β2, . . . , βκ. We suppress the brackets
when we enumerate the indices explicitly. When α = β, the principal submatrix A[α | α]
is abbreviated to A[α] and detA[α] is called a principal minor. In the special case where
α = (1, 2, . . . , κ), we refer to the principal submatrix A[α] as the leading principal submatrix
(and to detA[α] as the leading principal minor) of order κ.

1.2.4 The Set of P , Z, M , H-Matrices
A real square matrix A is called a P -matrix if every principal minor is positive. A real
square matrix A is called a Z-matrix if all the off-diagonal entries of A are nonpositive.
Note that any Z-matrix A can be written as A = sI − B, where s is a real number and
B ≥ 0. A Z-matrix A is called an M -matrix, if A can be written as A = sI −B, where B ≥ 0
and s ≥ ρ(B). Here ρ(B) stands for the spectral radius of the matrix B. A matrix A ∈ Rn,n

is called inverse nonnegative if A is nonsingular and 0 ≤ A−1. A Z-matrix is an M-matrix
if it is inverse nonnegative. If A = [aij ] is a complex square matrix, the comparison matrix
M(A) = [mij ] of A is defined by

mij =
{

|aij |, i = j
−|aij |, i ̸= j.

(1.2)

We say that A is an H-matrix if M(A) is an M -matrix. A matrix A is called an inverse
M -matrix (H-matrix) if A is nonsingular and A−1 is an M -matrix (H-matrix).

1.2.5 Interval Matrices and Interval Property
We consider (matrix) intervals [A] := [A, A], such that,

[A, A] =
{

A ∈ Rn,n | A ≤ A ≤ A
}

,
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where A ≤ A with (A)ij = aij , (A)ij = aij , i, j = 1, . . . , n. A vertex matrix of [A] is a
matrix A = [aij ] with aij ∈

{
aij , aij

}
; A and A are called the corner matrices. Each matrix

interval [A] = [A, A] can also be represented as an interval matrix, i.e., as a matrix with
entries taken from the set of the compact nonempty real intervals, i.e.,

[A] = [[aij , aij ]]ni,j=1.

Also, each matrix interval [A] = [A, A] can be represented as {A ∈ Rn,n | | A − Ac | ≤ ∆},
where Ac = 1

2(A + A) is the midpoint matrix and ∆ = 1
2(A − A) is the radius matrix, in

particular, A = Ac − ∆ and A = Ac + ∆. The matrix interval [A] is called regular if A is
nonsingular for all A ∈ [A]. If Ac and ∆ are symmetric, then we call [A] symmetric and
define the symmetric part of [A] as

[A]sym :=
{

B ∈ [A] : B = BT
}

.

Let V be a fixed set of vertex matrices. We say that a set S of matrices has the interval
property (with respect to V ) if [A] ⊂ S whenever V ([A]) ⊂ S for any matrix interval [A].
Here it is implicitly understood that S ⊂ Rn,n for an arbitrary, but fixed n. In the sequel
we abbreviate ‘interval property‘ by ‘IP‘ when referring to a specified property. We extend
properties of real matrices to matrix intervals by saying that a matrix interval has a certain
property if each real matrix contained in it possesses this property.

1.2.6 Linear Complementarity Problem
Let A ∈ Rn,n and q ∈ Rn. The Linear Complementarity Problem (LCP)(q, A) is to find a
vector z ∈ Rn such that

Az + q ≥ 0, z ≥ 0 and zT (Az + q) = 0.

Notice that if q ≥ 0, z = 0 is always a solution, called the trivial solution. Thus, given a
matrix A, one often wants to know if the only solution when q ≥ 0 is the trivial solution, or
if there are any others. In this thesis we consider classes of matrices that have been evolved
while studying LCP.



2 On the Hadamard Power of Nonnegative Matrices

The d-th Hadamard power (d ∈ R+) of a matrix is obtained by taking the d-th power of
each entry. Entry-wise powers of matrices have been well-studied in the literature, and
have recently received renewed attention due to their application in many areas. A direct
consequence of Schur’s product theorem, see Theorem 2.4 below, is that if A is symmetric
positive (semi)definite, then A◦m is also positive (semi)definite for all positive integers m.
It is natural to ask what happens if the integral Hadamard powers are replaced with the
fractional Hadamard powers A◦r. There has been much interest in studying the conditions
under which these Hadamard power functions preserve properties such as positivity, mono-
tonicity, and convexity for various classes of nonnegative matrices. See for example [FH77],
[GKR15], [Hia09]. In this chapter, we study powers of some classes of nonnegative matrices.
We obtain our results by using one of the so-called Bernstein functions.
The organization of this chapter is as follows. In Section 2.1, completely monotonic func-
tions are studied. In Section 2.2, results for conditionally negative semidefinite matrices and
matrices in class A are given. In Section 2.3, infinitely divisible matrices are considered,
examples of such matrices and ways to generate matrices of this class are presented. Finally
in Section 2.4, conditions for symmetric matrices to have exactly one positive eigenvalue are
given.

2.1 Completely Monotonic Functions
A positive function defined on R+ such that the sequence of its derivatives alternates signs
at every point, is called a completely monotonic function. We denote the set of completely
monotonic functions by CM. There are interesting topics in probability and statistics where
CM functions play a role; see [Kim74] for one such topic.
The following is a classical definition of CM functions. See, e.g., in [Ber08].

Definition 2.1. A function f : R+ −→ R is said to be completely monotonic, denoted by
CM, if f has derivatives of all orders and satisfies the inequality

(−1)nf (n)(x) ≥ 0, x > 0 and n = 0, 1, 2, . . . . (2.1)

In particular, this implies that each CM function on R+ is positive, decreasing, and con-
vex, with concave first derivative.

5



Completely Monotonic Functions 6

2.1.1 Bernstein Functions
A differentiable function f : R+ −→ R ∪ {0} is called a Bernstein function, denoted by B,
if f ′ is completely monotonic. For example, the elementary function f(x) = xα, 0 ≤ α ≤ 1,
is a Bernstein function. The notion of the Bernstein function goes back to the treatment
of potential theory in the work of the school of J. Deny. In [Boc55], a Bernstein function
is called a completely monotonic function, which was characterized by Bernstein in 1929 as
a Laplace transform of positive measure on R+ ∪ {0}, see [Ber29]. The literature devoted
to this class of functions is impressive since they have remarkable applications in various
branches, for instance, they play a role in potential theory, probability theory, physics,
numerical and asymptotic analysis, and combinatorics. A detailed collection of the most
important properties as well as lists of Bernstein functions can be found in the survey paper
[Ber08] and the monograph [SSV12].
The set B is a convex cone closed under pointwise convergence. Since a Bernstein function
f(x) is nonnegative and increasing, f(x) has a nonnegative limit at zero.

The Bernstein functions on R+ can be characterized as follows:

Theorem 2.1. [SSV12, Theorem 3.2] A function f : R+ −→ R is a Bernstein function if
and only if it admits the representation

f(x) = α + βx +
∫ ∞

0
(1 − e−tx) µ(dt), (2.2)

where α, β ≥ 0 and µ is a measure on R+ satisfying
∫∞

0 min{1, t} µ(dt) < ∞.

Example 2.1. The following are examples of Bernstein functions presented in [Ber08]:

1. f(x) = αx + β, where α, β ≥ 0.

2. f(x) = 1 − e−xt, where t > 0.

3. f(x) = log(1 + x).

4. f(x) = xα, 0 ≤ α ≤ 1.

5. f(x) = (1 + 1/x)x, (1 + x)1+1/x.

The following theorem gives a relation between the set of the completely monotonic and
Bernstein functions.

Theorem 2.2. [Ber96] Let f : R+ −→ R+∪{0}. Then f ∈ B if and only if exp(−tf) ∈ CM,
for all t > 0.

We end this section by the following composition results, which come from the integral
representations of the CM and B functions.

Corollary 2.1. The following composition results hold:

• f, g ∈ B ⇒ f ◦ g ∈ B,

• f ∈ CM, g ∈ B ⇒ f ◦ g ∈ CM.
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2.2 Conditionally Negative Matrices and Matrices with One
Positive Eigenvalue

It is well-known that a non-negative conditionally negative semidefinite matrix has exactly
one positive eigenvalue, see [BR97, Corollary 4.1.5]. Let A = [aij ] be a real symmetric ma-
trix. When f : R+ −→ R+ ∪ {0} is a Bernstein function, we prove that [f(aij)] has exactly
one positive eigenvalue. This result leads us to generalize a remarkable result by [Rea99],
and establish more results on conditionally negative semidefinite matrices, infinitely divisi-
ble matrices, and matrices with exactly one positive eigenvalue, see [ASG20].

We start this section with the Perron-Frobenius Theorem for nonnegative matrices, proved
by Oskar Perron and Georg Frobenius, and the Schur Product Theorem, proved by Issai
Schur. These are two prominent theorems in matrix theory, see, e.g., [HJ13, Theorem 8.4.4,
Theorem 7.5.3].

Theorem 2.3. (Perron-Frobenius Theorem): Suppose A ∈ Rn,n is an irreducible matrix.
Then it has a positive eigenvalue µ such that for any other eigenvalue λ of A, we have
|λ| ≤ µ. Furthermore, there exists a unique eigenvector v = [vi]ni=1 of A, which can be taken
positive, such that Av = µv and ∑n

i=1 vi = 1.

Theorem 2.4. (Schur Product Theorem):
If A and B are symmetric positive semidefinite matrices of size n, then A ◦ B is positive

semidefinite, too.

The following are three remarkable existence theorems concerning conditionally positive
semidefinite, conditionally negative semidefinite, and infinitely divisible matrices.

Theorem 2.5. ([BR97, Lemma 4.1.4]): If A is a conditionally negative semidefinite matrix,
then A has at most one positive eigenvalue.

Proof. Suppose A has two positive eigenvalues, λ and µ, with x and y as the corresponding
eigenvectors, respectively, and we assume x and y to be orthogonal.
Since xT Ax = λxT x > 0, then xT e ̸= 0. Similarly, yT e ̸= 0, and by a suitable normalization
we assume that xT e = yT e. Then (x − y)T e = 0, but

(x − y)T A(x − y) = xT Ax + yT Ay
= λxT x + µyT y > 0,

and this contradicts the fact that A is conditionally negative semidefinite. Therefore, A has
at most one positive eigenvalue, counting multiplicities.

Theorem 2.6. ([Hor90, p.144]; [Mic86, Corollary 2.1]): The symmetric matrix A = [aij ] ∈
Rn,n is conditionally positive semidefinite if and only if its Hadamard exponential e◦tA is
positive semidefinite for all t ≥ 0. Moreover, e◦tA is positive definite for all t > 0 if and
only if 2aij < aii + ajj , for all i ̸= j.
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Remark 2.1. ([Rea99, p. 38]): If A = [aij ] is a symmetric positive semidefinite matrix,
then

2aij < aii + ajj for all i ̸= j ⇔ A has distinct rows.

However, this is not true for conditionally positive semidefinite matrices. For example,
consider

A = [aij ] =

1 2 2
2 3 3
2 3 5

 .

Then A is conditionally positive semidefinite and has distinct rows, but 2aij = aii +ajj when
i = 1 and j = 2.

Necessary and sufficient conditions for a matrix to be conditionally positive semidefinite
are also known. One of them says that an n × n symmetric matrix B = [bij ] is conditionally
positive semidefinite if and only if the (n − 1) × (n − 1) matrix D = [dij ] with entries

dij = bij + bi+1,j+1 − bi,j+1 − bi+1,j (2.3)

is positive semidefinite. See [HJ91, pp. 457-458] where these criteria are used to prove the
infinite divisibility of some matrices. Several applications of conditionally positive semidef-
inite matrices may be found in the book [BR97].

Theorem 2.7. ([Rea99, Theorem 2.7]): Let A ∈ A. Then A◦−1 is positive semidefinite.
Moreover, A◦−1 is positive definite if and only if

aii

v2
i

+ ajj

v2
j

< 2 aij

vivj
, for all i ̸= j,

where v = [vi]ni=1 is the Perron eigenvector for A.

Proof. Let the eigenvalues of A be λ1 ≤ · · · ≤ λn−1 < r with Aui = λiui, for 1 ≤ i ≤ n − 1
and Av = rv. By writing the matrix A in the form

A = rvvT + λn−1un−1uT
n−1 + · · · + λ1u1uT

1 ,

we have

xT WAWx = xT (reeT + λn−1(Wun−1)(Wun−1)T + · · · + λ1(Wu1)(Wu1)T )x,

where x ∈ Rn and W = diag( 1
v1

, . . . , 1
vn

). If xT e = 0, then

xT WAWx ≤ 0,

i.e. WAW = B is conditionally negative semidefinite, where B = [bij ] = aij

vivj
for all i, j.

Next, recall that for t > 0,
1
t

=
∫ ∞

0
e−ts ds.
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Hence,

xT

(
1

bij

)
x =

∫ ∞

0
xT
(
e−bijs

)
x ds,

and since [−bijs], for s > 0 is conditionally positive semidefinite, by Theorem 2.6 [e−bijs]
is positive semidefinite, so [1/bij ] = (WAW )◦−1 = W −1A◦−1W −1 is positive semidefinite.
Therefore A◦−1 is positive semidefinite. Finally, A◦−1 is positive definite if and only if
W −1A◦−1W −1 is positive definite if and only if [e−bijs] is positive definite if and only if
bii + bjj < 2bij , for all i ̸= j, if and only if

aii

v2
i

+ ajj

v2
j

< 2 aij

vivj
, for all i ̸= j.

Before we move to our results in this section, we need the following well-known lemmata.

Lemma 2.1. ([BR97, Corollary 4.4.5, Theorem 4.4.6]; [Rea99, Corollary 2.8, proof of
Theorem 2.7]):
Let A = [aij ] ∈ A. Then the following properties hold:

1. A◦−1 is positive semidefinite. Moreover, it is positive definite if A is invertible.

2. If A is conditionally negative definite, then A◦−1 is positive definite if and only if
2aij > aii + ajj , for all i ̸= j.

3. The matrix A ◦ (vvT )◦−1 is conditionally negative semidefinite, where v is the Perron
eigenvector of A.

Lemma 2.2. ([BR97, Lemma 4.3.5]):
Let A be an n × n symmetric conditionally negative semidefinite matrix that is not negative
semidefinite, and suppose that xT Ax ̸= 0 for every non-zero x ∈ Rn such that xT e = 0.
Then A is invertible with one positive eigenvalue.

Proof. Suppose Ax = 0 for some x. If xT e = 0, then xT Ax = 0 which implies x = 0 by the
hypothesis on A.
Without loss of generality, let xT e > 0. Since A is not negative semidefinite, there exists y
such that yT Ay > 0. Again, yT e must be nonzero. Without loss of generality, let yT e > 0.
Define

α = xT e
yT e .

Then (x − αy)T e = 0 and (x − αy)T A(x − αy) = α2yT Ay > 0, which is a contradiction.
Thus x = 0 and hence A must be invertible. By Theorem 2.5, A has at most one positive
eigenvalue. Since A is not negative semidefinite then it has at least one positive eigenvalue.
Therefore A has one positive eigenvalue, and the proof is complete.
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Lemma 2.3. (Sylvester’s Law of Inertia, e.g., [HJ13, Theorem 4.5.8]):
Let A and B be Hermitian matrices, then there exists a non-singular matrix S such that
A = SBS∗ if and only if A and B have the same inertia, i.e., the same number of positive,
zero, and negative eigenvalues.

Theorem 2.8. ([ASG20, Theorem 6]): Let A = [aij ] ∈ Rn,n be a symmetric conditionally
negative semidefinite matrix with all entries positive and let f : R+ −→ R+ ∪ {0} be a
Bernstein function. Then [f(aij)] ∈ A. Moreover, it is invertible if A is invertible.

Proof. Let f ∈ B, thus by (2.2),

f(aij) = α + βaij +
∫ ∞

0
(1 − e−taij )dµ(t),

where α, β ≥ 0 and [α + βaij ] is conditionally negative semidefinite.
Since A is conditionally negative semidefinite, −tA is conditionally positive semidefinite and
so by Theorem 2.6, [e◦−tA] is positive semidefinite for all t > 0. Therefore, [E − e◦−tA] is
conditionally negative semidefinite. Whence [f(aij)] is conditionally negative semidefinite,
and hence it has one positive eigenvalue.
To prove the sufficient condition on the invertibility of [f(aij)], suppose A is in addition
invertible. Then, Lemma 2.1(i), (ii) implies that 2aij > aii + ajj , for all i ̸= j and so
−A is invertible, conditionally positive semidefinite and has the property −2aij < −aii −
ajj , for all i ̸= j. By Theorem 2.6, [e◦−tA] is positive definite and hence [−e◦−tA] is
conditionally negative definite for all t > 0. This implies that [E − e◦−tA] is conditionally
negative definite. Therefore, [f(aij)] is conditionally negative definite and since it has a
positive eigenvalue, it is not negative semidefinite. By using Lemma 2.2, we conclude that
[f(aij)] is invertible.

Theorem 2.9. ([ASG20, Theorem 7]): Let A ∈ A and 0 < α ≤ 1. Then A◦α belongs also
to A, and is invertible if A is invertible.

Proof. Let A ∈ A and let v = [vi]ni=1 be the Perron eigenvector of A. By Lemma 2.1(iii),
B := A ◦ (vvT )◦−1 is conditionally negative semidefinite and hence it has exactly one
positive eigenvalue. For 0 < α ≤ 1, the function f(x) = xα is a Bernstein function. Thus,
by Theorem 2.8, B◦α has exactly one positive eigenvalue and is invertible if B is invertible.
Let W = diag(vα

1 , . . . , vα
n), then A◦α = WB◦αW . By Lemma 2.3, A◦α has one positive

eigenvalue and is invertible if B◦α is invertible. Finally, by Lemma 2.3, B is invertible if A
is invertible.

2.3 Infinitely Divisible Matrices
A classical problem in matrix analysis involves the study of functions that act entry-wise
on matrices and preserve positivity. In particular, the study of entry-wise power func-
tions t −→ tr has been of special interest to various mathematicians; see [BE07], [GKR15],
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[Hor69].
For a symmetric matrix A with positive entries, we say that A is infinitely divisible if the
matrix A◦r is positive semidefinite for every non-negative r. A lot of work has been done
on the real entry-wise powers preserving the positive semidefiniteness of various families
of matrices. For more information on this, see [FH77], [Jai17]. For a symmetric positive
semidefinite matrix A, it is known that A◦r is positive semidefinite if r is a positive integer
or r ≥ n − 2, see [FH77], [Jai17]. This inequality is sharp [FH77, Theorem 2.2], i.e., for
every non integer r < n − 2, there exists a positive semidefinite matrix A such that A◦r is
not positive semidefinite.
In general, infinitely divisible matrices are not closed under addition and multiplication.
For example, let X = [xixj ], where x1, . . . , xn are distinct positive real numbers and E be
the matrix of order n with each of its entries equals to 1, then X and E are both infinitely
divisible, but their sum is not infinitely divisible, see [Jai17, Theorem 1.1]. Also, the Cauchy
matrix C = [cij ] = [ 1

i+j ], 1 ≤ i, j ≤ 3, is infinitely divisible, see [Bha06], but its square C2 is
not infinitely divisible because det(C2)◦ 1

4 < 0. On the other hand, it was shown in [Bap88,
p.471, proof of Lemma 6] that if A is in class A, then its Hadamard inverse is infinitely di-
visible. The converse needs not be true, for example, the Hadamard inverse of the infinitely

divisible matrix

1 3 1
3 10 4
1 4 2.5

 has two positive eigenvalues.

In this section we will present conditions for a symmetric matrix to be infinitely divisible,
see [ASG20]. It is clear that every infinitely divisible matrix is a positive semidefinite matrix,
however, the converse needs not be true. for example, the matrix

A =

1.1 3 1
3 9.1 3.9
1 3.9 2.9

 (2.4)

is positive semidefinite (moreover, it is a matrix in which all the minors are positive), while
detA◦ 1

9 < 0, see [AS23].
Note that for a symmetric matrix A = [aij ] with aij ≥ 0, the following conditions are
equivalent (thanks to the Schur Product Theorem and the obvious continuity argument):

(i) A◦ 1
m is positive semidefinite, for each m ∈ N.

(ii) A◦r is positive semidefinite, for each r ∈ R+.
Some basic examples of infinitely divisible matrices are the nonnegative symmetric positive
semidefinite matrices of order 2 and diagonal matrices with nonnegative entries.

2.3.1 Conditions for a Nonnegative Matrix to Be Infinitely Divisible
In this subsection, we give an alternative proof of a result due to Bapat in [Bap88, p.417,
proof of Lemma 6], and we provide some results for the conditionally negative semidefinite
matrices, as well. Before we do so we present a remarkable theorem by Horn [Hor69].
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Theorem 2.10. ([Hor69, Corollary 1.6]): Let A be Hadamard invertible. Then A is in-
finitely divisible if and only if A is symmetric, positive, and log◦(A) is conditionally positive
semidefinite.

Theorem 2.11. ([ASG20, Corollary 8]): Let A ∈ A, then the Hadamard inverse of A is
infinitely divisible.

Proof. Let A ∈ A, then the proof of the positive semidefiniteness of A◦−α for all 0 < α ≤ 1
follows directly from Theorem 2.9 and Lemma 2.1(i). The extension to all α > 1 is provided
by the application of Theorem 2.4.

Our results in Theorem 2.8 and Theorem 2.11 can be used to obtain the infinite divisibility
of some matrices. The following theorem presents three examples.

Theorem 2.12. [ASG20, Theorem 9] Let A be a symmetric conditionally negative semidef-
inite matrix with positive entries, then the following matrices are infinitely divisible:

(i) E + rA◦−1, r > 0,

(ii) (log◦(E + A))◦−1,

(iii) (A + αE)◦−1 ◦ (A + βE), 0 ≤ α < β.

Proof. Assume that x ∈ R+. (i): The function f(x) = x
r+x , where r > 0, is a Bernstein

function. Thus, if A is conditionally negative semidefinite with positive entries, Theorem
2.8 and Theorem 2.11 imply (i).
(ii): The proof follows by using the same arguments as in the proof of (i) for the Bernstein
function g(x) = log(1 + x).
(iii): By [Ber08, p.9], the following representation holds

log
x + β

x + α
=
∫ β

α
(x + ξ)−1dξ, (2.5)

where 0 ≤ α < β and ξ is a measure on R+. Now, if a symmetric matrix A is conditionally
negative semidefinite with positive entries, then (2.5) implies that the matrix [log

aij+β
aij+α ] is

positive semidefinite. We complete the proof by using Theorem 2.6.

2.3.2 Examples
We present now some interesting examples of infinitely divisible matrices, which were dis-
cussed in [Bha06].

1. The Cauchy Matrix
Let 0 < p1 ≤ p2 ≤ · · · ≤ pn. The matrix C with entries cij = 1

pi+pj
is called a

Cauchy matrix. The Hadamard inverse of the Cauchy matrix can be expressed as
C◦−1 = (DE + ED), where D = diag(p1, . . . , pn), and the matrix E is the matrix of
ones, i.e., E := eT e. Thus, xT C◦−1x = 0, for all x ∈ Rn such that xT e = 0, which
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means C◦−1 is both conditionally positive and conditionally negative semidefinite.
Therefore, Theorem 2.11 implies that the Cauchy matrix is infinitely divisible.
It was shown in [BJ15a, Theorem 3] that C◦−r is conditionally negative semidefinite for
0 < r < 1; and it is conditionally positive semidefinite and nonsingular for 1 < r < 2.

2. The Matrix min(x,y)
Let p1, . . . , pn be any positive numbers, and let N = [nij ] ∈ Rn,n such that

nij = min(pi, pj).

It was shown in [BJ15b, Theorem 2.1] that the matrix [max(pi, pj)] is conditionally
negative semidefinite. Therefore, it follows from Theorem 2.11 and the observation

min(pi, pj) =
(

max

(
1
pi

,
1
pj

))−1

that the matrix N is infinitely divisible.

3. The Pascal Matrix
The n × n Pascal matrix is the matrix A with entries

aij =
(

i + j

i

)
, i, j = 0, 1, . . . , n − 1.

The rows of the Pascal triangle occupy the anti-diagonals of A. Thus the 4 × 4 Pascal
matrix is

A =


1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 20

 .

Let L be the lower triangular matrix whose rows are occupied by the rows of the
Pascal triangle. Thus for n = 4

L =


1 0 0 0
1 1 0 0
1 2 1 0
1 3 3 1

 .

It is well-known that A = LL∗, and hence A is positive semidefinite. Using (2.3) and
Theorem 2.10 one sees that the n × n Pascal matrix is infinitely divisible if and only
if the (n − 1) × (n − 1) matrix D with entries

dij = log
i + j + 2
i + j + 1 = log

(
1 + 1

i + j + 1

)
is positive semidefinite. For x ≥ 0 we have

log(1 + x) =
∫ ∞

1

tx

t + x
dµ(t),
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where µ is the probability measure on [1, ∞) defined as dµ(t) = dt/t2, see [Bha97, p.
145]. Therefore, we can write dij as

dij =
∫ ∞

1

1
i + j + 1 + 1

t

dµ(t).

Thus D is a limit of positive linear combinations of matrices C(t) = [cij(t)], where

cij(t) = 1
i + j + 1 + 1

t

, t ≥ 1.

Put pij = i + 1
2

(
1 + 1

t

)
, then

cij(t) = 1
pi + pj

, t ≥ 1.

Thus for each t ≥ 1, the matrix C(t) is a Cauchy matrix. Hence D is positive
semidefinite.

For more examples and results on infinitely divisible matrices, see [Bha06], [BK07], [Hor69].

2.4 Sufficient Conditions for Symmetric Matrices to Have One
Positive Eigenvalue

The class of symmetric matrices with exactly one eigenvalue of one sign and the remaining
eigenvalues of the other sign presents interesting properties. These matrices arise naturally
in many areas such as mathematical programming, matrix theory, numerical analysis, in-
terpolation of scattered data and statistics, see, e.g., [BR97], [Mic86], [Pen09]. In [BR97,
Theorem 4.4.6], Bapat and Raghavan gave 18 equivalent conditions for a symmetric ma-
trix with positive entries to have one positive eigenvalue. In this section, other matrices
that have one positive eigenvalue are obtained. A consequence of our results will be used
to show that if A is a symmetric matrix which has all off-diagonal entries positive, all di-
agonal entries zero, and has just one positive eigenvalue, then A◦α, 0 < α < 1, has one
positive eigenvalue, too. This result provides a generalization of a theorem given by Reams
in [Rea99], see [ASG20].

We will start this section by presenting some sufficient and necessary conditions for a
symmetric nonnegative matrix to have exactly one positive eigenvalue.

Theorem 2.13. ([BR97, Theorem 4.4.6]): Let A = [aij ] ∈ Rn,n be a positive, symmetric
matrix. Let v := [vi]ni=1 be the Perron eigenvector of A with vT v = 1. Define the sets Ω
and Φ as follows:

Ω =
{

x ∈ Rn : xT Ax > 0
}

,
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Φ =
{

x ∈ Ω : vT x ≥ 0
}

.

Then the following conditions are equivalent:

1. A ∈ A.

2. For any x, y ∈ Φ; yT Ax > 0.

3. x ∈ Rn, y ∈ Ω, yT Ax = 0 ⇒ xT Ax ≤ 0.

4. A and all its principal minors have exactly one positive eigenvalue.

5. For any r × r principal minor B of A, −1r−1detB ≥ 0, r = 1, 2, . . . , n.

6.
[

aij

vivj

]
is conditionally negative semidefinite.

7. [e
−taij
vivj ] is positive semidefinite for any t > 0.

8.
[

A v
vT 0

]
∈ A.

9. [ 1
vivj+λaij

] is positive semidefinite for any λ > 0.

The next theorem obtains a new matrix that is in class A.

Theorem 2.14. ([ASG20, Theorem 10]): Let A ∈ A, then for all r > 0, rA + vvT ∈ A,
where v = [vi]ni=1 is the Perron eigenvector of A.

Proof. Let A = [aij ] ∈ A, then Lemma 2.1(ii) ensures that the matrix [r aij

vivj
+ 1] is in class

A. We complete the proof in the same way as in the proof of Theorem 2.9.

The next two lemmata will be used in the proof of Theorem 2.15. Note that, if a symmetric
matrix A = [aij ] ∈ Rn,n is conditionally negative definite, then by (ei − ej)T e = 0, we have
0 > (ei − ej)T A(ei − ej) = aii + ajj − 2aij .
It was shown in [BR97, Theorem 4.4.6] and follows from [Pen09, Theorem 3.1] by Lemma
2.3, that a symmetric matrix A ∈ Rn,n with positive entries belongs to the class A if and
only if, for any k × k principal submatrix B of A, (−1)k−1detB ≥ 0, for all k = 1, . . . , n.
The next lemma provides a weaker condition for a symmetric matrix to have exactly one
positive eigenvalue by removing the assumption of the positivity of the entries of A.

Lemma 2.4. ([SH10, Lemma 3.8]): Let A ∈ Rn,n be a symmetric matrix and let for each
k × k leading principal submatrix B of A, (−1)k−1detB > 0, for k = 1, . . . , n. Then A has
exactly one positive eigenvalue.

Proof. Let λ1 ≤ λ2 ≤ · · · ≤ λn be the eigenvalues of A. We shall prove the result by
induction on n. For n = 1, the result trivially holds. Assume the result is true for n − 1.
That is, if (−1)k−1detB > 0 for any k×k leading principal submatrix B of A, k = 1, . . . , n−1,
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then A has exactly one positive eigenvalue. Let µ1 ≤ µ2 ≤ · · · ≤ µn−1 be the eigenvalues of
the (n − 1) × (n − 1) leading principal submatrix B of A. By the assumption, µn−1 is the
only positive eigenvalue of B.
Now, let n > 2. By the interlacing theorem for eigenvalues of Hermitian matrices, we have:
If n is even, then detA < 0 and λ1λ2 . . . λn−2 > 0, which implies λn−1 < 0.
If n is odd, then detA > 0 and λ1λ2 . . . λn−2 < 0, which implies λn−1 < 0.
Thus, A has one positive eigenvalue.

The following lemma was proven in [Mic86] for Euclidean distance matrices, where in
Remark 3.2 therein it is mentioned that the proof can be extended to arbitrary symmetric
conditionally negative semidefinite matrices with nonnegative entries satisfying the inequal-
ity condition in Lemma 2.6, cf. [DGM86, pp.163-164].

Lemma 2.5. ([Mic86]):
If a symmetric matrix A = [aij ] ∈ Rn,n is conditionally negative semidefinite with nonneg-
ative entries and

2aij > aii + ajj , for all i ̸= j,

then
(−1)n−1det(A◦α) > 0,

for all 0 < α < 1.

A distance matrix is a square matrix containing the distances, taken pairwise, between the
elements of a finite metric space. In general, the distance matrix needs not be conditionally
negative semidefinite. For example, the distance matrix

0 1 1 1 2
1 0 2 2 1
1 2 0 2 1
1 2 2 0 1
2 1 1 1 0


is not conditionally negative semidefinite. A famous theorem of Schoenberg in distance
geometry says that a symmetric matrix D = [dij ] with zero diagonal entries and positive
off-diagonal entries, is conditionally negative semidefinite if and only if there exist distinct
vectors u1, . . . , un ∈ Rs for some s such that ∥ui − uj∥2 = dij for all i, j, i.e., D is an
Euclidean distance matrix, see [BR97, Theorem 4.1.7]. In [Mic86, proof of Theorem 2.3],
Micchelli showed that if a conditionally negative semidefinite matrix A ∈ Rn,n is a distance
matrix, then A◦α, 0 < α < 1, has one positive eigenvalue and is invertible. In the next
theorem, we give a weaker condition on A such that A◦α has one positive eigenvalue.

Theorem 2.15. ([ASG20, Theorem 13]): Let A ∈ Rn,n be a symmetric conditionally neg-
ative semidefinite matrix with nonnegative entries and

2aij > aii + ajj , for all i ̸= j. (2.6)

Then A◦α, 0 < α < 1, has one positive eigenvalue and is invertible.
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Proof. From the hypothesis, we can conclude that −A is conditionally positive semidefinite
and −2aij < −aii − ajj , for all i ̸= j. Let B be any leading principal submatrix of
A. By Theorem 2.6, e◦−A is positive definite. Then e◦−B is also positive definite. By
Theorem 2.6 we conclude that B is conditionally negative definite and has the property
2bij > bii + bjj , for all i ̸= j. Now, Lemma 2.5 and Lemma 2.4 imply that the matrix A◦α,
has one positive eigenvalue for all 0 < α < 1 and is invertible.

If A ∈ Rn,n is symmetric with positive off-diagonal entries, zero diagonal entries, and
just one positive eigenvalue, then A need not be conditionally negative definite. For exam-

ple, let A =

 0 1 16
1 0 4
16 4 0

 and x = (1, −2, 1)T . Then A has one positive eigenvalue, but

xT Ax = 12 > 0.
In [Rea99, Theorem 2.9], Reams showed that if a symmetric matrix A, with positive
off-diagonal entries and all diagonal entries zero, has one positive eigenvalue, then the
Hadamard square root of A has also one positive eigenvalue and is invertible. The next
theorem gives a generalization of his result which was already proven by Schoenberg in
[Sch37] for the special case of distance matrices (of distinct points).

Theorem 2.16. ([ASG20, Theorem 14]): Let A ∈ Rn,n be symmetric with positive off-
diagonal entries, zero diagonal entries, and just one positive eigenvalue. Then A◦α, 0 <
α < 1, has one positive eigenvalue and is invertible.

Proof. Let λ1 ≤ · · · ≤ λn−1 ≤ 0 < λn be the eigenvalues of A with Av = λnv and
Auj = λjuj , where 1 ≤ j ≤ n − 1 and v = (v1, . . . , vn)T ∈ Rn be the Perron eigenvector of
A.
Write

A = λnvvT + λn−1un−1uT
n−1 + · · · + λ1u1uT

1 .

Then,

xT WAWx = xT (λneeT + λn−1(Wun−1)(Wun−1)T + · · · + λ1(Wu1)(Wu1)T )x,

where W = diag( 1
v1

, . . . , 1
vn

). So, if xT e = 0, then

xT WAWx ≤ 0,

and hence the matrix WAW is conditionally negative semidefinite. By using Theorem 2.15,
(WAW )◦α = W ◦αA◦αW ◦α has one positive eigenvalue. If A◦α would not be invertible then
W ◦αA◦αW ◦α would not be invertible by Lemma 2.3 and we obtain by (2.6) a contradiction
to the positivity of the off-diagonal entries of A.



3 Hurwitz Polynomials and Hurwitz Matrices

In many applications, where stability plays a significant role such as systems theory, the
problem of deciding whether a given polynomial is Hurwitz or not is very important [Bar83].
This problem was first proposed by the physicist and mathematician James Maxwell in 1868
[Max68], who presented a solution to this problem for polynomials of degree three. At the
height of the Industrial Revolution, the mechanism for controlling the speed of every steam
engine was plagued by problems of instability and inaccuracy that could apparently not be
overcome by either theoretical or practical approaches. In those days, various governors
had been newly invented. However, Maxwell’s interest in governors was unrelated to their
practical utility and instead originated from the desire to address the issue of their stability.
Routh in 1887 and Hurwitz in 1895 showed that the stability can be determined directly
from the coefficients of the associated characteristic polynomial. The work of Routh and
Hurwitz fostered the Routh-Hurwitz Criterion, probably the best known criterion for de-
termining whether or not a polynomial is a Hurwitz polynomial [Lod11]. However, several
criteria have been studied to obtain Hurwitz-type polynomials, such as the Routh-Hurwitz
criterion, the Liénard conditions, the Hermite-Biehler theorem, the stability test, and the
Routh algorithm.
Interesting properties of these polynomials were also found, e.g., total nonnegativity of spe-
cial matrices associated with this kind of polynomials [Asn70], [Kem82], and the fact that
the Hadamard product of Hurwitz polynomials is Hurwitz [GW96].

The organization of this chapter is as follows: In Section 3.1, the Hurwitz matrix and
conditions for a real polynomial to be Hurwitz are recalled. In Section 3.2, a new formula
for the leading principal minors of Hurwitz matrices is presented. This is used to study
the validity of Oppenheim’s inequality for the Hurwitz matrix associated with a Hurwitz
polynomial. In Section 3.3, conditions under which the Hadamard power of a Hurwitz
polynomial is also Hurwitz are given.

3.1 Hurwitz Polynomials
We shall consider only polynomials with positive coefficients, i.e., polynomials of the form

p(x) = anxn + an−1xn−1 + · · · + a1x + a0, (3.1)

where x is a complex variable, n is a fixed positive integer and ai , i = 1, . . . , n, are positive
numbers.

18
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3.1.1 Hurwitz Matrix Which is Associated with a Real Polynomial
For a polynomial p given by (3.1), the Hurwitz matrix H(p) = [hij ]ni,j=1 associated with p is
given by

H(p) =



an−1 an−3 an−5 an−7 . . . 0 0
an an−2 an−4 an−6 . . . 0 0
0 an−1 an−3 an−5 . . . 0 0
0 an−0 an−2 an−4 . . . 0 0
...

...
...

... . . . ...
...

0 0 0 0 . . . a1 0
0 0 0 0 . . . a2 a0


. (3.2)

In the Hurwitz matrix the coefficients an−1, an−2, an−3, . . . , a0 of the polynomial (3.1)
are on the main diagonal, and all the elements of the last column are null, except the last
element which is a0. The leading principal minors of the matrix (3.2) are given by the
following determinants, called Hurwitz determinants,

∆1 := an−1, ∆2 :=
∣∣∣∣∣an−1 an−3

an an−2

∣∣∣∣∣ , ∆3 :=

∣∣∣∣∣∣∣
an−1 an−3 an−5
an an−2 an−4
0 an−1 an−3

∣∣∣∣∣∣∣ , . . . , ∆n := det(H(p)). (3.3)

3.1.2 Criteria for Deciding Whether a Polynomial is Hurwitz
Recall that, a polynomial is said to be Hurwitz or stable if all its roots lie in the open left
half of the complex plane. Many criteria were found for deciding whether a polynomial
is Hurwitz, which include the Routh-Hurwitz criterion, the Liénard-Chipart conditions,
Routh’s algorithm, and the Stability Test in [BK95].

a) Routh-Hurwitz Criterion

Theorem 3.1. (Routh-Hurwitz Theorem): The polynomial p in (3.1) is a Hurwitz polyno-
mial if and only if all leading principal minors ∆1, ∆2, . . . , ∆n of H(p) are positive.

b) Liénard-Chipart Criterion
For the polynomial p in (3.1), and the leading principal minors of the matrix (3.2), define

the sequences Q1, Q2 as
Q1 = (∆1, ∆3, ∆5, . . .) ,

Q2 = (∆2, ∆4, ∆6, . . .) .

In [LC14], the French mathematicians Liénard and Chipart established a stability criterion
based on the Routh-Hurwitz criterion as follows.

Theorem 3.2. (Liénard-Chipart Theorem): The polynomial p in (3.1) is a Hurwitz poly-
nomial if and only if one of the sequences Q1, Q2, has all its members positive.
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Example 3.1. Consider the polynomial p(x) = x4 + 2x3 + 9x2 + x + 4 whose coefficients
are all positive.Then

∆1 = 2, ∆3 =

∣∣∣∣∣∣∣
2 1 0
1 9 4
0 2 1

∣∣∣∣∣∣∣ = 5.

Therefore, according to the sequence Q3, p is a Hurwitz polynomial.

d) Stability Test in [BK95]
Let p(x) = ∑n

k=0 akxk. We define its odd and even parts as

Podd(x) = a1x + a3x3 + . . . ,

and
Peven(x) = a0 + a2x2 + . . . ,

respectively. In [BK95] the authors have presented methods for testing the Hurwitzness of
the polynomial based on the Interlacing Theorem. This test is called the Stability Test, and
is described as follows.
Let p be a polynomial with positive coefficients and decomposed into its odd and even parts
as

p(x) = Peven(x) + Podd(x).
Now define the polynomial Q of order n − 1 by:

If n = 2m : Q(x) =
(

Peven(x) − a2m

a2m−1
xPodd(x)

)
+ Podd(x),

if n = 2m + 1 : Q(x) =
(

Podd(x) − a2m+1
a2m

xPeven(x)
)

+ Peven(x).

That is in general, with µ = an
an−1

,

Q(x) = an−1xn−1 + (an−2 − µan−3) xn−2 + an−3xn−3 + (an−4 − µan−5) xn−4 + . . . .

Then the following key result on degree reduction is obtained (for the abbreviations P n and
Hn see Subsection 1.2.1).
Theorem 3.3. ([BK95, p.58] ): If p ∈ P n, then p ∈ Hn if and only if Q ∈ Hn−1.
Example 3.2. Let p(x) = ∑5

k=0 akxk ∈ P 5. Then p(x) ∈ H5 if and only if the Q(x) =
a2

4x4 + (a4a3 − a5a2) x3 + a4a2x2 + (a4a1 − a5a0) x + a4a0 ∈ H4.

Finally, we present a result shows that the stability of a polynomial is not affected by
reversing the order of coefficients.
Theorem 3.4. If a polynomial

p(x) = a0xn + a1xn−1 + · · · + an−1x + an

is a Hurwitz polynomial, then so is the polynomial

q(x) = anxn + an−1xn−1 + · · · + a1x + a0.
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3.2 On Hurwitz Determinants and the Validity of Oppenheim’s
Inequality

In this section, we first present a new formula for the leading principal minors of Hurwitz
matrices. In Subsection 3.2.3, this formula used to study the validity of Oppenheim’s
inequality for the Hurwitz matrix up to order 6 that associated with a Hurwitz polynomial,
see [AASG].

3.2.1 A New Formula for Hurwitz Determinants
In Section 3.1.2 we saw that for a polynomial p given by (3.1) to belong to the set Hn, it
is necessary and sufficient that all the Hurwitz determinants given in (3.3) are positive. We
start this subsection by a well-known formula which establishes a useful relation between
the roots of a Hurwitz polynomial and the determinant of its associated Hurwitz matrix.
Orlando’s Formula ([Gan59, p. 196]): Let f(x) = ∑n

k=0 akxk be a polynomial with complex
coefficients. Then

△n−1 = (−1)
n(n−1)

2 an−1
n

∏
1≤i<k≤n

(ri + rk), (3.4)

where ri, i = 1, . . . , n, are the zeros of f .

Theorem 3.5. ([AASG, Theorem 3.1]): Let A = H(p) be the Hurwitz matrix associated
with the Hurwitz polynomial p given by (3.1). Then if n is even, detA = detCe(A), where
the n/2 × n/2 symmetric matrix Ce(A) is defined by

Ce(A) :=



∣∣∣∣∣an−1 an−3
an an−2

∣∣∣∣∣
∣∣∣∣∣an−1 an−5

an an−4

∣∣∣∣∣
∣∣∣∣∣an−1 an−7

an an−6

∣∣∣∣∣ . . .∣∣∣∣∣an−1 an−5
an an−4

∣∣∣∣∣
∣∣∣∣∣an−1 an−7

an an−6

∣∣∣∣∣+
∣∣∣∣∣an−3 an−5
an−2 an−4

∣∣∣∣∣
∣∣∣∣∣an−1 an−9

an an−8

∣∣∣∣∣+
∣∣∣∣∣an−3 an−7
an−2 an−6

∣∣∣∣∣ . . .∣∣∣∣∣an−1 an−7
an an−6

∣∣∣∣∣
∣∣∣∣∣an−1 an−9

an an−8

∣∣∣∣∣+
∣∣∣∣∣an−3 an−7
an−2 an−6

∣∣∣∣∣
∣∣∣∣∣an−1 an−11

an an−10

∣∣∣∣∣+
∣∣∣∣∣an−3 an−9
an−2 an−8

∣∣∣∣∣+
∣∣∣∣∣an−5 an−7
an−4 an−6

∣∣∣∣∣ . . .

...
...

... . . .


,

(3.5)
and if n is odd, detA = detCo(A), where the (n + 1)/2 × (n + 1)/2 matrix Co(A) is defined
by

Co(A) :=



an−1 an−3 an−5 . . .

anan−3 anan−5 +
∣∣∣∣∣an−2 an−4
an−1 an−3

∣∣∣∣∣ anan−7 +
∣∣∣∣∣an−2 an−6
an−1 an−5

∣∣∣∣∣ . . .

anan−5 anan−7 +
∣∣∣∣∣an−2 an−6
an−1 an−5

∣∣∣∣∣ anan−9 +
∣∣∣∣∣an−2 an−8
an−1 an−7

∣∣∣∣∣+
∣∣∣∣∣an−4 an−6
an−3 an−5

∣∣∣∣∣ . . .

...
...

... . . .


,

(3.6)
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with the convention that an−i = 0, for all i > n.
Proof. Case 1: n is even (for an illustration of n = 8, see Example 3.3):
First, define the n × n matrix EA and the n/2 × n/2 matrices E

(1)
A , E

(2)
A , all having entries

from A, as follows:

EA :=



1 0 0 0 . . . 0
0 0 1 0 . . . 0
...

...
...

... . . . ...
0 0 0 0 . . . 0
0 0 0 0 . . . an−1
...

...
...

... . . . ...
0 0 −an an−1 . . . a3−an an−1 −an−2 an−3 . . . a1


,

E
(1)
A :=


an−1 an−3 an−5 . . . a10 an−1 an−3 . . . a30 0 an−1 . . . a5

...
...

... . . . ...
0 0 0 . . . an−1

 , E
(2)
A :=


0 0 . . . 0 0
a1 0 . . . 0 0
a3 a1 . . . 0 0
...

... . . . ...
...

an−3 an−5 . . . a1 0

 .

Then detEA = a
n/2
n−1 and EAA =

(
E

(1)
A E

(2)
A

0 Ce(A)

)
.

Thus, det(EAA) = a
n/2
n−1detCe(A), and so (3.5) is shown.

Case 2: n is odd:
First, define the n × n matrix OA and the (n − 1)/2 × (n − 1)/2, (n − 1)/2 × (n + 1)/2
matrices O

(1)
A , O

(2)
A , respectively, as follows:

OA :=



1 0 0 0 . . . 0
0 0 1 0 . . . 0
...

...
...

... . . . ...
0 0 0 0 . . . 1
0 0 0 0 . . . an−2
...

...
...

... . . . ...
0 0 an −an−1 . . . a3
an −an−1 an−2 −an−3 . . . a1


,

O
(1)
A :=


an−1 an−3 an−5 . . . a00 an−1 an−3 . . . a20 0 an−1 . . . a4

...
...

... . . . ...
0 0 0 . . . an−1

 , O
(2)
A :=


0 0 . . . 0 0
a0 0 . . . 0 0
a2 a0 . . . 0 0
...

... . . . ...
...

an−3 an−5 . . . a0 0

 .

Thus, det(OAA) = a
(n−1)/2
n−1 detCo(A), and so (3.6) is shown.

Example 3.3. Let n = 8. We get:

EA =



1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 −a8 a70 0 0 0 −a8 a7 −a6 a50 0 −a8 a7 −a6 a5 −a4 a3−a8 a7 −a6 a5 −a4 a3 −a2 a1

 ,
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and so,

EAA =
(

E
(1)
A E

(2)
A

0 Ce(A)

)
,

where

E
(1)
A =

a7 a5 a3 a10 a7 a5 a30 0 a7 a50 0 0 a7

 , E
(2)
A =

 0 0 0 0
a1 0 0 0
a1 a2 0 0
a1 a2 a3 0

 ,

Ce(A) =



∣∣∣∣∣a7 a5
a8 a6

∣∣∣∣∣
∣∣∣∣∣a7 a3
a8 a4

∣∣∣∣∣
∣∣∣∣∣a7 a1
a8 a2

∣∣∣∣∣ a7a0∣∣∣∣∣a7 a3
a8 a4

∣∣∣∣∣
∣∣∣∣∣a7 a1
a8 a2

∣∣∣∣∣+
∣∣∣∣∣a5 a3
a6 a4

∣∣∣∣∣ a7a0 +
∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0∣∣∣∣∣a7 a1
a8 a2

∣∣∣∣∣ a7a0 +
∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0

a7a0 a5a0 a3a0 a1a0


.

Corollary 3.1. Let p ∈ P n given by (3.1) and A be the Hurwitz matrix associated with p .
Then
if n = 3,

detA =
∣∣∣ a2 a0
a0a3 a1a0

∣∣∣ ,
if n = 4,

detA =
∣∣∣∣
∣∣∣a3 a1
a4 a2

∣∣∣ a3a0
a3a0 a1a0

∣∣∣∣ ,
if n = 5,

detA =

∣∣∣∣∣∣∣∣∣
a4 a2 a0

a5a2 a5a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0

a5a0 a3a0 a1a0

∣∣∣∣∣∣∣∣∣ ,
if n = 6,

detA =

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣a5 a3
a6 a4

∣∣∣∣∣
∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0

a5a0 a3a0 a1a0

∣∣∣∣∣∣∣∣∣∣∣∣
.

Theorem 3.6. ([AASG, Theorem 3.4]): Let p ∈ P n given by (3.1) and A be the Hurwitz
matrix associated with p. Then the following relations hold for the Hurwitz determinants.

(i) If n is even, then for i = 1, . . . , n
2 ,

∆2i = detA[1, . . . , 2i] = detCe(A)[1, . . . , i].
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(ii) If n is odd, then for i = 1, . . . , n+1
2 ,

∆2i−1 = detA[1, . . . , 2i − 1] = detCo(A)[1, . . . , i].

Proof. Let ∆1, ∆2, . . . , ∆n be the Hurwitz determinants of A, and n be even. Define the
following three index sets

α =
(
α1, α2, . . . , α n

2

)
:=
(

n

2 + 1,
n

2 + 2, . . . , n

)
,

β =
(
β1, β2, . . . , β n

2

)
:=
(

n

2 ,
n

2 − 1, . . . , 1
)

,

ζ = (ζ1, ζ2, . . . , ζn) := (n, n − 1, . . . , 1) .

For i = 1, . . . , n
2 , we have

det (EA [(α1, α2, . . . , αi) ∪ (β1, β2, . . . , βi) | ζ1, ζ2, . . . , ζ2i]) = ai
n−1,

and
det (EA [(α1, α2, . . . , αi) ∪ (β1, β2, . . . , βi) | ζ1, ζ2, . . . , ζ2i] A[1, . . . , 2i])

= det
(

E
(1)
A [β1, . . . , βi] ⋆

0 Ce(A)[1, . . . , i]

)

= detE(1)
A [β1, . . . , βi]detCe(A)[1, . . . , i] = ai

n−1detCe(A)[1, . . . , i].
Thus,

∆2i = detA[1, . . . , 2i] = detCe(A)[1, . . . , i].
The proof of the odd case is similar.

Example 3.4. Let n = 8. Then the fourth Hurwitz determinant is

∆4 = detA[1, . . . , 4] = det


a7 a5 a3 a1
a8 a6 a4 a2
0 a7 a5 a3
0 a8 a6 a4

 .

We have
1 0 0 0
0 0 1 0
0 0 −a8 a7

−a8 a7 −a6 a5




a7 a5 a3 a1
a8 a6 a4 a2
0 a7 a5 a3
0 a8 a6 a4

 =


a7 a5 a3 a1
0 a7 a5 a3
0 0 a7a6 − a8a5 a7a4 − a8a3
0 0 a7a4 − a8a3 a7a2 − a8a1 + a5a4 − a6a3

 .

Thus,

det




1 0 0 0
0 0 1 0
0 0 −a8 a7

−a8 a7 −a6 a5




a7 a5 a3 a1
a8 a6 a4 a2
0 a7 a5 a3
0 a8 a6 a4


 = a2

7 detCe(A)[1, 2]
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and therefore,
∆4 = det Ce(A)[1, 2].

By application of Lemma 3.2, we obtain a new necessary and sufficient condition for a
polynomial to be Hurwitz.

Theorem 3.7. ([AASG, Theorem 3.6]): Let p ∈ P n given by (3.1), with an = 1 if n
is odd 1, and A be the Hurwitz matrix associated with p. Then p ∈ Hn if and only if
Ce(A) ≻ 0 (Co(A) ≻ 0).

Remark 3.1. If one checks a symmetric matrix for positive definiteness by the positivity
of its leading principal minors, then Theorem 3.7 requires about the same number of minors
to be checked as Theorem 3.2. However, the order of minors in Theorem 3.7 is roughly half
the order of the respective minors in the Liénard-Chipart Criterion.

3.2.2 Oppenheim’s Inequality
Given two matrices A = [aij ], B = [bij ] that are symmetric positive (semi)definite matrices
with the same order, the Hadamard inequality says that

n∏
i=1

aii ≥ detA.

It is well-known that A ◦ B is positive (semi)definite; see Theorem 2.4. Moreover, the
celebrated Oppenheim inequality (see [Opp30]) states that

det(A ◦ B) ≥ detA ·
n∏

i=1
bii

≥ detA · detB. (3.7)

The last inequality is a consequence of Hadamard’s inequality. Over the years, various
generalizations for Oppenheim’s inequality (3.7) have been obtained in the literature e.g.,
generalizations of Oppenheim’s inequality for positive definite block matrices [Lin14], H-
matrices [LL01], and M -matrices [LZ97].

3.2.3 Oppenheim type Determinantal Inequality for Hurwitz Matrices
Associated with Hurwitz Polynomials

In this section, we prove that Oppenheim’s inequality is valid for the Hurwitz matrices that
are associated with Hurwitz polynomials of up to order 5. Then, we give an Oppenheim-
type inequality for Hurwitz matrix associated with a Hurwitz polynomial of order 6. Before
we start, we present the following useful lemma.

1In this case, the matrix Co(A) in (3.6) is symmetric.
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Lemma 3.1. ([Zha11, Theorem 7.7]): Suppose A, B ⪰ 0 have the same order (> 1). Then

det(A + B) ≥ detA + detB

with equality if and only if A + B is singular or A = 0 or B = 0.

The next theorem presents inequalities of type (3.7) for Hurwitz matrices of order n ≤ 6.
Taking into account that for positive definite matrices, the equality case in inequality (3.7)
can occur only in very restricted cases, see, e.g., [ZD09], it is not surprising that the following
inequalities are strict.

Theorem 3.8. ([AASG, Theorem 3.8]): Let f(x) = ∑n
k=0 akxk, g(x) = ∑n

k=0 bkxk be
Hurwitz polynomials with positive coefficients and let A and B be the Hurwitz matrices
associated with f and g, respectively. Then the following statements hold.

(i) If n = 3, 4, 5, then det(A ◦ B) > detA · detB.

(ii) If n = 6, then det(A ◦ B) + (a3a2b5b0 + a5a0b3b2) det(Ce(A ◦ B)[1, 3]) > detA · detB.

Proof. In each part, we use the determinant forms in Corollary 3.1.

(i) If n = 3, then the result is trivial.
If n = 4, then

det(A ◦ B) =

∣∣∣∣∣∣∣
∣∣∣∣∣a3b3 a1b1
a4b4 a2b2

∣∣∣∣∣ a3a0b3b0

a3a0b3b0 a1a0b1b0

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣
∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣+ a4a1

∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣+ b4b1

∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0b3b0

a3a0b3b0 a1a0b1b0

∣∣∣∣∣∣∣ .
We make use of Theorem 3.7 and Lemma 2.4 to conclude

det(A ◦ B) = det



∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0

a3a0 a1a0

 ◦


∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣ b3b0

b3b0 b1b0

+ diag
(

a1a4

∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣+ b1b4

∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣, 0
)

> detCe(A) · detCe(B) (by Lemma 3.1 and (3.7))
= detA · detB.

Let n = 5. Without loss of generality we may assume that a5 = b5 = 1. Then the
matrices A and B are symmetric and

det(A ◦ B) =

∣∣∣∣∣∣∣∣∣
a4b4 a2b2 a0b0

a2b2 a0b0 +
∣∣∣∣∣a3b3 a1b1
a4b4 a2b2

∣∣∣∣∣ a3a0b3b0

a0b0 a3a0b3b0 a1a0b1b0

∣∣∣∣∣∣∣∣∣ .
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Since

a0b0 +
∣∣∣∣∣a3b3 a1b1
a4b4 a2b2

∣∣∣∣∣ =
(

a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣
)(

b0 +
∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣
)

+
∣∣∣∣∣a1 a0
1 a4

∣∣∣∣∣
∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣+
∣∣∣∣∣b1 b0
1 b4

∣∣∣∣∣
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ ,
we obtain similarly as for n = 4

det(A ◦ B) ≥ detCo(A) · detCo(B)
= detA · detB.

(ii) If n = 6, then

Ce(A ◦ B) =



∣∣∣∣∣a5 a6
a3 a4

∣∣∣∣∣
∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ a3a0

a5a0 a3a0 a1a0

 ◦


A · B

∣∣∣∣∣b5 b6
b3 b4

∣∣∣∣∣
∣∣∣∣∣b5 b1
b6 b2

∣∣∣∣∣ b5b0∣∣∣∣∣b5 b1
b6 b2

∣∣∣∣∣ b5b0 +
∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣ b3b0

b5b0 b3b0 b1b0



+


b6b3

∣∣∣∣∣a5 a3
a6 a4

∣∣∣∣∣ b6b1

∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ 0

b6b1

∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ b4b1

(
a5a0 +

∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣
)

0

0 0 0

+


a6a3

∣∣∣∣∣b5 b3
b6 b4

∣∣∣∣∣ a6a1

∣∣∣∣∣b5 b1
b6 b2

∣∣∣∣∣ 0

a6a1

∣∣∣∣∣b5 b1
b6 b2

∣∣∣∣∣ a4a1

(
b5b0 +

∣∣∣∣∣b3 b1
b4 b2

∣∣∣∣∣
)

0

0 0 0


− diag(0, c, 0), where c := a3a2b5b0 + a5a0b3b2.

The Hadamard product on the right-hand side is positive definite because it is the
Hadamard product of the two symmetric positive definite matrices Ce(A) and Ce(B).
Also, the matrix

X :=


b3b6

∣∣∣∣∣a5 a3
a6 a4

∣∣∣∣∣ b6b1

∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ 0

b6b1

∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ b4b1

(
a5a0 +

∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣
)

0

0 0 0

 =

b6b3 b6b1 0
b6b1 b4b1 0

0 0 0

◦



∣∣∣∣∣a5 a3
a6 a4

∣∣∣∣∣
∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ 0∣∣∣∣∣a5 a1
a6 a2

∣∣∣∣∣ a5a0 +
∣∣∣∣∣a3 a1
a4 a2

∣∣∣∣∣ 0

0 0 0


is the Hadamard product of two positive semidefinite matrices because

det
[
b6b3 b6b1
b6b1 b4b1

]
= b6b1(b4b3 − b6b1) > 0,

and so it is positive semidefinite with a similar conclusion for the matrix

Y :=


a6a3

∣∣∣∣b5 b3
b6 b4

∣∣∣∣ a6a1

∣∣∣∣b5 b1
b6 b2

∣∣∣∣ 0

a6a1

∣∣∣∣b5 b1
b6 b2

∣∣∣∣ a4a1

(
b5b0 +

∣∣∣∣b3 b1
b4 b2

∣∣∣∣) 0
0 0 0

 .
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After rearranging terms, we obtain

det(Ce(A ◦ B) + diag(0, c, 0)) = det(Ce(A ◦ B)) + c det(Ce(A ◦ B)[1, 3]).

On the other side, application of Lemma 3.1 with exclusion of the equality case and
(3.7) yields

det(Ce(A ◦ B) + diag(0, c, 0)) = det(A ◦ B) + c detCe(A ◦ B)[1, 3]
≥ det(Ce(A) ◦ Ce(B) + X + Y )
≥ det(Ce(A) ◦ Ce(B))
≥ detA · detB,

from which the statement follows.

Example 3.5. Let f(x) = (x+1)6, then the Hurwitz matrix A associated with the polynomial
f is

A =


a5 a3 a1 0 0 0
a6 a4 a2 a0 0 0
0 a5 a3 a1 0 0
0 a6 a4 a2 a0 0
0 0 a5 a3 a1 0
0 0 a6 a4 a2 a0

 =


6 20 6 0 0 0
1 15 15 1 0 0
0 6 20 6 0 0
0 1 15 15 1 0
0 0 6 20 6 0
0 0 1 15 15 1

 ,

and by Orlando’s formula (3.4),

detA = −(−2)15 = 32768.

detA◦2 =

∣∣∣∣∣∣∣∣∣∣∣

36 400 36 0 0 0
1 225 225 1 0 0
0 36 400 36 0 0
0 1 225 225 1 0
0 0 36 400 36 0
0 0 1 225 225 1

∣∣∣∣∣∣∣∣∣∣∣
= 19265701888,

det(Ce(A◦2)[1, 3]) = det


∣∣∣∣∣a2

5 a2
6

a2
3 a2

4

∣∣∣∣∣ a2
5a2

0

a2
5a2

0 a2
1a2

0

 = det


∣∣∣∣∣ 36 1
400 225

∣∣∣∣∣ 36

36 36

 = det
[
7700 36
36 36

]
= 275904,

c = 2a3a2a5a0 = 3600,

detA◦2 + c det(Ce(A◦2)[1, 3]) = 2.02... × 1010 > detA2 = 1.07... × 109.

3.3 Hadamard Product of Polynomials and Its Stability
In this section, we first present conditions under which the Hadamard power of a Hurwitz
polynomial is also Hurwitz. Using these, we give a necessary and sufficient condition for the
Hadamard square root of a Hurwitz polynomial of degree 5 to be Hurwitz, see [AASG].
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3.3.1 Hadamard Powers of Stable Polynomials
Consider the polynomial f ∈ P n given as

f(x) =
n∑

k=0
akxk. (3.8)

In 1996, Garloff and Wagner proved in [GW96] that f ∈ Hn implies f◦t ∈ Hn for all
t ∈ {1, 2, 3, . . . }. In general, if p ∈ Hn then p◦t need not be a Hurwitz polynomial for every
t ≥ 1. Sufficient conditions for p◦t, t ∈ R, to be Hurwitz for all t > t0 or t < t1, for some
positive t0 and negative t1, are given in [BBC17].

For a polynomial f in (3.8), define ωi(t) as follows

ωi(t) = at
n−i−1at

n−i − at
n−i−2at

n−i+1, i = 1, 2, . . . , n − 2. (3.9)

Also, let

d = max
1≤i≤n−2

an−i−2 an−i+1
an−i−1 an−i

, d = min
1≤i≤n−2

an−i−2 an−i+1
an−i−1 an−i

. (3.10)

Note that,

• if ωi > 0 for all i, then d < 1,

• if ωi < 0 for all i, then d > 1.

The following theorem gives sufficient conditions for a Hurwitz polynomial f◦t of degree
n ≥ 3, to be not Hurwitz for some t ∈ R.

Theorem 3.9. ([BBC17, Theorem 5]): Let f given in (3.8), n ≥ 3.

• If ωi ≥ 0 for some i ∈ {1, . . . , n − 2}, then f◦t ̸∈ Hn for all t ≤ 0.

• If ωi ≤ 0 for some i ∈ {1, . . . , n − 2}, then f◦t ̸∈ Hn for all t ≥ 0.

Now we present specific cases for the polynomial f◦t to be Hurwitz.

a) Case n = 3
Consider the polynomials of degree n = 3. The following theorem gives sufficient conditions
for the polynomial f◦t, t ∈ R, to be Hurwitz.

Theorem 3.10. ([BBC17, Theorem 6]): Let f(x) = ∑3
k=0 akxk ∈ H3.

• If ω1 > 0, then f◦t ∈ H3 for all t > 0.

• If ω1 < 0, then f◦t ∈ H3 for all t < 0.
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Proof. If ω1 > 0, then at
1at

2 − at
0at

3 > 0 for every t > 0. Let H◦t(f) be the Hurwitz matrix
associated to f◦t, and ∆i, i = 1, 2, 3, be the leading principal minors of H◦t(f). Then by
the Routh-Hurwitz criterion we get the stability of f◦t for t > 0, because

∆1 = at
2 > 0 , ∆2 = ω1(t) , and ∆3 = at

0ω1(t).

In an analogous manner is the proof of the second statement.

b) Case n = 4
The following two lemmas give a simple characterization of Hurwitz polynomials of degree 4
and a simple consequence for the sign of ωk, which will be helpful to prove the next theorem.

Lemma 3.2. ([BBC17, Proposition 7]): Let f(x) = ∑4
k=0 akxk ∈ P 4. Then f ∈ H4 if and

only if
a1a4
a2a3

+ a0a3
a1a2

< 1. (3.11)

Proof. It is easily computed that

∆1 = a3, ∆2 = a2a3 − a1a4, ∆3 = a1a2a3 − a0a2
3 − a2

1a4, and ∆4 = a0∆3.

By the Routh-Hurwitz criterion, f ∈ H4 implies ∆3 > 0, i.e.,

a1a2a3 > a0a2
3 + a2

1a4.

Dividing by a1a2a3, we obtain inequality (3.11). For the reverse implication, we can conclude
from (3.11) that

a1a4
a2a3

< 1.

Hence ∆2 > 0. Moreover, an immediate consequence of (3.11) is ∆3 > 0, and so ∆4 > 0.
Once again we use the Routh–Hurwitz criterion and get the stability of f .

Lemma 3.3. ([BBC17, Lemma 1]): Let µ ∈ (0, 1) and f ∈ P n, n ≥ 3. Put

t0 := log µ

log d
, t1 := log µ

log d
.

Then

• If ωi > 0 for all i = 1, . . . , n − 2, then

µat
n−i−1at

n−i − at
n−i−2at

n−i+1 > 0 for all i = 1, . . . , n − 2 and t > t0 > 0.

• If ωi < 0 for all i = 1, . . . , n − 2, then

µat
n−i−1at

n−i − at
n−i−2at

n−i+1 > 0 for all i = 1, . . . , n − 2 and t < t1 < 0.
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Proof. If ωi for all i, then d < 1 and hence for a fixed t > t0 we have d
t

< µ. Therefore, it
is easy to conclude that dan−i−1an−i ≥ an−i−2an−i+1 for all i. From this we get

0 ≤ d
t
at

n−i−1at
n−i − at

n−i−2at
n−i+1 < µ at

n−i−1at
n−i − at

n−i−2at
n−i+1.

In an analogous manner is the proof of the second statement.

Note that, for any polynomial f(x) = ∑4
k=0 akxk, there are only two ω,

is defined by (3.9):

ω1 = a2a3 − a1a4 , ω2 = a1a2 − a0a3

and by (3.10):
d = max

{
a1a4
a2a3

,
a0a3
a1a2

}
, d = min

{
a1a4
a2a3

,
a0a3
a1a2

}
.

Theorem 3.11. ([BBC17, Theorem 8]): Let f(x) = ∑4
k=0 akxk ∈ P n and

t0 := log 0.5
log d

, t1 := log 0.5
log d

.

Then

• If ω1, ω2 > 0 then f◦t ∈ H4 for all t > t0 > 0.

• If ω1, ω2 < 0 then f◦t ∈ H4 for all t < t1 < 0.

Moreover, the constants t0 and t1 are best possible, i.e., for t0 it means that there exists a
polynomial f of degree 4 with positive coefficients and ω1, ω1 > 0 such that f◦t is not stable
for every t ≤ t0.

Proof. By using Lemma 3.3 for µ = 1
2 and t > t0, we have

1
2at

2at
3 − at

1at
4 > 0 ,

1
2at

1at
2 − at

0at
3 > 0.

From where
at

1at
4

at
2at

3
<

1
2 and

at
0at

3
at

1at
2

<
1
2

and therefore
at

1at
4

at
2at

3
+ at

0at
3

at
1at

2
< 1. (3.12)

Lemma 3.2 implies that f◦t ∈ H4 for t > t0. In an analogous manner is the proof of the
second statement.

The following example shows that the constants t0 and t1 cannot be improved.
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Example 3.6. ([BBC17, Example 2]): Consider the polynomial

f(x) = 2x4 + x3 + 5x2 + x + 2.

Then
ω1 = 3 , ω2 = 3 , d = 0.4 , t0 = log 0.5

log 0.4 .

Fix t ≤ t0. By Lemma 3.2, f◦t ∈ H4 if and only if inequality (3.12) holds. We calculate

at
1at

4
at

2at
3

+ at
0at

3
at

1at
2

= 2 (0.4)t ≥ 2 (0.4)t0 = 1.

We see that inequality (3.12) does not hold and consequently f t /∈ H4. Additionally, by
Lemma 3.2, f ∈ H4.

c) Case n = 5

Theorem 3.12. ([BBCK24, Theorem 2.3]): Let f(x) = ∑5
k=0 akxk ∈ H5. Then f◦t ∈ H5

for all t > 1.

Let f(x) = ∑n
k=0 akxk ∈ P n. In [BG21], the authors give a necessary and sufficient

condition for the Hadamard square root of a Hurwitz polynomial f of degree four, f◦ 1
2 (x) =∑n

k=0
√

akxk, to be Hurwitz. The condition is:

(ρ1 − ρ2)2 − 2(ρ1 + ρ2) + 1 > 0 ,

where
ρ1 := a1a4

a2a3
and ρ2 := a0a3

a2a1
.

In general, if a polynomial f of degree 5 is Hurwitz, then f◦ 1
2 does not need to be Hurwitz.

Example 3.7. ([AASG, Example 3.9]): The polynomial

f(x) = 0.1x5 + 1.5x4 + x3 + 3x2 + x + 1

is Hurwitz, but f◦ 1
2 /∈ H5.

We give a necessary and sufficient condition for the Hadamard square root of a Hurwitz
polynomial of degree 5 to be Hurwitz.

Theorem 3.13. ([AASG, Theorem 3.10]): Let f(x) = ∑5
k=0 akxk ∈ H5, ω :=

√
a4a3−√

a5a2√
a4a1−√

a5a0
.

Then f◦ 1
2 is Hurwitz if and only if

ω2 >
a4
a2

, and √
a0 ω2 −

√
a2 ω + √

a4 < 0
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Proof. By Theorem 3.3, it is enough to show that k is Hurwitz, where

k(x) := a4x4 + (√a4a3 −
√

a5a2) x3 + √
a4a2x2 + (√a4a1 −

√
a5a0) x + √

a4a0.

Let K be the Hurwitz matrix associated with the polynomial k. Theorem 3.7 implies that
k is Hurwitz if and only if

Ce(K) = √
a0a4


∣∣∣∣∣
√

a4a3 − √
a5a2

√
a4a1 − √

a5a0

a4
√

a4a2

∣∣∣∣∣ √
a0a4

(√
a4a3 − √

a5a2
)

√
a4a3 − √

a5a2
√

a4a1 − √
a5a0

 ≻ 0.

The two conditions imply that the two leading principal minors in Ce(K) are positive.

The following example shows that the result in Theorem 3.12 does not need to hold for
polynomials of degree 6 and noninteger t.

Example 3.8. ([BBCK24, Example 3.1]): Consider

f(x) = x6 + x5 + 117x4 + 17.006x3 + 1772x2 + 72.051x + 7200.

Then f ∈ H6 but two of the zeros of the polynomial f◦1.05 are: 0.00003081 ± 2.68432210.
So they have positive real parts. Therefore, f◦1.05 /∈ H6.



4 Related Matrix Intervals

By an interval matrix, we mean a matrix whose elements are interval numbers. Matrix
intervals of several classes of matrices have been studied and investigated by some mathe-
maticians. Matrix intervals of P -matrices, positive definite matrices, inverse positive ma-
trices, M -matrices, inverse M -matrices, and stability of interval matrices are considered in
[BG84], [Roh87], [Roh94], [RR96], [JS02]. For surveys see [AGT16] and [GASA21]. In this
chapter, we study the interval property of several classes of matrices. Many of the classes
that are studied in this chapter are related to the linear complementarity problem.

The organization of this chapter depends on the number of vertex matrices that are
needed for having the interval property.

4.1 Matrix Properties Which Can Be Inferred from One or Two
Vertex Matrices

We start with the class of nonsingular matrices that have a nonnegative inverse. Such
matrices are called inverse nonnegative matrices.

a) Inverse Nonnegative Matrices

Definition 4.1. A matrix A ∈ Rn,n is called inverse nonnegative if A is nonsingular and
0 ≤ A−1.

IP 4.1. [Kut71, Corollary 3.5] The inverse nonnegative matrices have the interval property
with respect to the set V ([A]) =

{
A, A

}
.

IP 4.1 can also be found in [Met72, Bemerkung 1.2 (v) (a), p.15]. It seems that Metelmann
found this result independently of Kuttler ([Kut71] appeared in April 1971, Kurt Metelmann
submitted his dissertation [Met72] most probably at the end of year 1971 or at the beginning
of 1972). In [Roh89, Theorem 4.6] an extension of IP 4.1 to more general sign patterns of
the inverse matrix is presented. This interval property involves two vertex matrices of type
Ayz which will be introduced in Subsection 4.2. For symmetric inverse nonnegative matrices
there is also a simple formula for the smallest eigenvalue. The following two theorems give
more properties of an inverse nonnegative interval matrix. More about inverse nonnegative
matrices can be found in [Hla20].

Theorem 4.1. ([Hla20, Theorem 7,8]): If [A] is inverse nonnegative, then

(1) A
−1 ≤ A−1 ≤ A−1, for every A ∈ [A].

34
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(2) If both Ac and ∆ are symmetric, then λmin([A]sym) = [λmin(A), λmin(A)], where
λmin([A]sym) denotes the minimum eigenvalue of [A].

Notice that for the largest eigenvalue an analogous statement is not valid in general.

Theorem 4.2. ([Hla20, Theorem 10]): Let [A] be inverse nonnegative, then

det[A] = [min(D), max(D)],

where D =
{

detA, detA
}

and det[A] denotes the range of the determinant function over
[A].

An M -matrix is an inverse nonnegative matrix having all its off-diagonal entries nonpos-
itive.

b) Semipositive, Semimonotone, and Copositive Matrices

Definition 4.2. A matrix A ∈ Rn,n is called

(i) semipositive, if there exists a vector x ∈ Rn with x ≥ 0 such that Ax > 0;

(ii) minimally semipositive, if it is semipositive and no column-deleted submatrix is semi-
positive;
and if m = n, A is called

(iii) (strictly) semimonotone, if each nonzero vector x ∈ Rn with x ≥ 0 has a component
xk > 0 such that (Ax)k ≥ 0 (> 0);

(iv) (strictly) copositive, if xT Ax ≥ 0 (> 0) for all vectors x ∈ Rn with x ≥ 0 (and
x ̸= 0).

Notice that the set of strictly copositive (copositive) matrices is a generalization of the set
of the positive definite (positive semidefinite) matrices. The classes of matrices in Defintion
4.2 are closely related to the linear complementarity problem. E.g., a matrix A ∈ Rn,n is
(strictly) semimonotone if and only if the (LCP)(q, A) has a unique solution for all q > 0
(q ≥ 0). Also, if A is a strictly copositive matrix, then for each q ∈ Rn the (LCP)(q, A)
has a solution. It is easy to see that the (LCP)(q, A) need not have a solution if A is only
a copositive matrix. For example, if A = 0, then A is copositive but the (LCP)(q, A) has a
solution if and only if q > 0. See [Cot10], [CPS09].
A thorough treatment of properties of the (minimally) semipositive, the strictly semimono-
tone, and the (strictly) copositive matrices can be found in [JST20, Chapter 3, Section 3.8,
and Chapter 6]. Obviously, each of the matrix classes (i), (iii), and (iv) in Definition 4.2
has the interval property, see [Hla19, Propositions 1,3,5].

IP 4.2. Each of the sets of
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(i) the semipositive matrices,

(ii) the (strictly) semimonotone matrices, and

(iii) the (strictly) copositive matrices

has the interval property with respect to the left corner matrix.

The minimally semipositive matrices possess the interval property with respect to the two
corner matrices but a slightly stronger result is valid.

Theorem 4.3. ([CKS18, Corollaries 5.5 and 5.6], [CK21, Theorem 5.1 (b)]): Let [A] =
[A, A] be a matrix interval in Rm,n. Then [A] is minimally semipositive if and only if A is
semipositive and A is minimally semipositive.

It is known, see, e.g., [JST20, Corollary 3.5.8], that a square matrix A is minimally semi-
positive if and only if A is inverse nonnegative. Thus, Theorem 4.3 provides a strengthening
of IP 4.1. For related results, see [CKS18, Section 5]. Given a (minimally) semipositive
matrix B, results on constructing a (minimally) semipositive matrix interval [A, B] can be
found in [JST20, Section 3.7.3].

c) Almost P -Matrices
Reversing the sign of the determinant of P -matrices, i.e, of matrices having all their princi-
pal minors positive (see Definition 4.5), results in the class of the following matrices which
are related to the linear complementarity problem [Mia93].

Definition 4.3. A matrix A ∈ Rn,n, n ≥ 2, is called an almost P -matrix if all its proper
principal minors are positive while its determinant is negative.

In [BP14] Barreras and Peña proved equivalent properties of this class of matrices as
follows.

Theorem 4.4. ([BP14, Theorem 4]): Let A ∈ Rn,n, n ≥ 2, be a Z-matrix. Then the
following statements are equivalent:

• A is an almost P -matrix.

• detA < 0 and A[1, . . . , n − 1] is a nonsingular M-matrix.

• detA < 0 and detA[1, . . . , k] > 0 for all k < n.

• A is a nonsingular matrix with an odd number of negative eigenvalues, and all eigen-
values of the (n − 1) × (n − 1) leading principal submatrix have positive real part.

IP 4.3. ([Fan66, Lemma 3]): The set of almost P -matrices having all their off-diagonal
entries nonpositive has the interval property with respect to the two corner matrices.
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Recall that an M -matrix A can be represented as

A = tI − B with B ≥ 0, (4.1)

where I is the identity matrix and t > ρ(B) (ρ(B) denotes the spectral radius of B). A
characterization of a matrix A appearing in IP 4.3 is that it can be represented as in (4.1)
with σ < t < ρ(B), where σ denotes the maximum of the spectral radii of all principal
submatrices of order n − 1 of B [Fan66, p. 188]. In [Joh82], the closure of these matrices is
considered, i.e., the matrices A having the following properties:

(a) A can be represented as in (4.1),

(b) σ ≤ t < ρ(B),

(c) the off-diagonal entries of A are nonpositive.
IP 4.4. ([Joh82, Theorem 2.10(i)]): The set of the matrices A with (a)-(c) has the interval
property with respect to the two corner matrices.

d) H-matrices
The set of M -matrices is contained in the set of H-matrices. Also, A is an H-matrix if

and only if A is generalized diagonally dominant. Therefore, a given matrix A is an H-
matrix if there exists a positive diagonal matrix D such that AD is diagonally dominant.
The following theorem gives a link between regularity and the H-matrix property.
Theorem 4.5. ([Neu90, Prop. 4.1.7]): Let Ac be an M -matrix. Then [A] is regular if and
only if it is an H-matrix.

Notice that the assumption cannot be weakened to the assumption that Ac is an H-matrix.
For example, the interval matrix [

[0, 10] 1
−1 10

]
is regular and its midpoint is an H-matrix. However, [A] itself is not an H-matrix.
Definition 4.4. Let [A] = [aij , aij ]ni,j=1 be a matrix interval in Rn,n. Define the vertex
matrix v([A]) as follows:

v([A])ij :=


min

aii∈[aii]
|aii| if i = j,

−max
aij∈[aij ]

|aij | if i ̸= j,

for all i, j = 1, . . . , n.
IP 4.5. (E.g., [May17, Theorem 3.3.5(a)]) The set of the H-matrices has the interval
property with respect to a vertex matrix at which v([A]) is attained.

Sufficient conditions for a matrix interval to contain only H-matrices can be found in
[CS21]. Also, the H-matrix intervals are related to the verified numeric solution of the
linear complementarity problem with interval data, see [AS03] and [MXH09] and further
references therein.
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4.2 Matrix Properties Which Require at Most 2n-1 Vertex
Matrices

In this section, we study the interval property of several classes of matrices. It was shown
that the set of inverse M -matrices has the interval property with respect to at most 2n2−n

of vertex matrices. We reduce this set to 2n2 vertices. Also, we prove the interval property
for the conditionally positive semidefinite, conditionally negative semidefinite, and infinitely
divisible matrices, see [GASA21].

First we recall the definition of the following sets of vertex matrices.

Let Yn = {y ∈ Rn | | yi |= 1, i = 1, . . . , n} and Ty = diag(y1, y2, . . . , yn). We define the
set V1([A]) of matrices Ayz = Ac − Ty∆Tz for all y, z ∈ Yn. The definition implies that for
all i, j = 1, . . . , n,

(Ayz)ij = (Ac)ij − yi(∆)ijzj =
{

aij if yizj = −1,
aij if yizj = 1,

(4.2)

so that all matrices Ayz are vertex matrices. The cardinality of V1([A]) is at most 22n−1. In
the following subsection, we consider the set V2([A]) which is obtained from V1([A]) if we
choose y = z. The cardinality is then reduced to at most 2n−1.

a) P -matrices:

Definition 4.5. A matrix is called a P (P0)-matrix if all its principal minors are positive
(nonnegative).

Note that, a matrix A ∈ Rn,n is a P -matrix if and only if LCP(q, A) has a unique solution
for every q ∈ Rn.

IP 4.6. [BG84, Theorem 1 (i) and Remark (b)]: The set of P (P0)-matrices has the interval
property with respect to V2([A]).

[BG84, Theorem 2] shows that for P -matrices the set V2([A]) cannot be replaced by a
nonempty proper subset. For the interval property of matrices with alternating signs of
their principal minors see [BG84, Remark (b)].

b) Positive (semi)definiteness

IP 4.7. ([Roh94, Theorem 2]): The set of positive (semi)definite matrices has the interval
property with respect to V2([A]).

In [Kre05, Theorem 2.2] it was shown that in the positive definite case the set V2([A])
cannot be replaced by a nonempty proper subset.

Note that, a sufficient condition for existence and uniqueness of a solution to the LCP
problem is that A be symmetric positive-definite.
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c) Hurwitz Stability

Definition 4.6. A matrix is called Hurwitz stable if all its eigenvalues have negative real
parts.

It is well-known that the Hurwitz stability of a matrix interval cannot in general be
inferred from the Hurwitz stability of all of its vertex matrices, see [GB88, p.395] and
[Roh94, p.181]. However, if a matrix A is symmetric then A is Hurwitz stable if and only if
−A is positive definite. Using this fact, the following theorem can be shown.

Theorem 4.6. ([Roh94, Theorem 6]): Let [A] be a symmetric matrix interval. Then [A] is
Hurwitz stable if and only if each vertex matrix A−z,z, z ∈ Yn, is Hurwitz stable.

In [Kre05, Theorem 2.2] it was shown that a further reduction of the set Yn is impossible:
without checking all 2n−1 matrices A−z,z we cannot guarantee that all A ∈ [A] are Hurwitz
stable. In [YD13] matrices are considered which are connected with mathematical models
of ecosystems describing the effects a species may have on itself and its surrounding species.
It is demonstrated by some examples that a few vertex matrices of this type may suffice to
conclude that the entire matrix interval is Hurwitz stable.

d) Inverse M-Matrices
We consider now the set of the inverse M -matrices, i.e., regular matrices having an M -
matrix as inverse matrix. For a comprehensive survey on this class see [JST20, Chapter 5].
This set has the interval property with respect to a set of vertex matrices of cardinality at
most 2n2−n. It has been conjectured in [Hla20, Conjecture 1] that the cardinality of the
needed set of vertex matrices can be reduced to 2n2. The following interval property reveals
that it can be reduced to 2n−1 but it leaves the conjecture still open.

IP 4.8. ([GASA21, IP 4.4]): The set of the inverse M -matrices has the interval property
with respect to the set V2 of vertex matrices.

Proof. We use the following characterization of nonnegative matrices having a special prop-
erty called the Minkowski property [UKW73, Theorem 3], see also [KK78, Chapter 3, The-
orem 6]: The inverse matrix of A ∈ Rn,n has nonnegative diagonal entries and nonpositive
off-diagonal entries if and only if for any nonempty proper subset α of {1, . . . , n} of cardi-
nality r and any given positive vector y ∈ Rn−r, the following system has a positive solution
x ∈ Rr,

(TeαATeα)w > 0, (4.3)

where the vector eα ∈ Rn is defined as:

(eα)i := 1, if i ∈ α, and (eα)i := −1, otherwise, i = 1, . . . , n,
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where e is defined in Section 1.2.2, and the components of w ∈ Rn are composed of the r
components of x and the n − r components of y.

Now let [A] be a matrix interval in Rn,n and assume that all its vertex matrices from V2
are inverse M -matrices. Choose any A ∈ [A] and consider the system (4.3) with any given
positive vector y ∈ Rn−r. Since A is nonnegative, we obtain for any positive vector x ∈ Rr,
if i ∈ α: ∑

j∈α

aijxj −
∑
j ̸∈α

aijyj ≥
∑
j∈α

aijxj −
∑
j ̸∈α

aijyj , (4.4)

and if i ̸∈ α:
−
∑
j∈α

aijxj +
∑
j ̸∈α

aijyj ≥ −
∑
j∈α

aijxj +
∑
j ̸∈α

aijyj . (4.5)

We may conclude that we have found a vertex matrix in V2 such that the system of the
form (4.3) associated with this vertex matrix has a positive solution for the given positive
vector y. By (4.4) and (4.5), the system (4.3) has the same positive solution. Therefore,
the nonnegative matrix A has the Minkowski property. By [KK78, Chapter 3, Lemma 10],
each nonnegative matrix possessing the Minkowski property as well as its inverse matrix
are P -matrices. Since A−1 is a P -matrix having nonpositive off-diagonal entries, A is an
inverse M -matrix.

For a matrix interval [A] in Rn,n, we define the set V3([A]) of its vertex matrices as the
set of matrices Azz,

Azz := Ac + Tz △ Tz, for all z ∈ Yn;

this means that for y = −z in the explicit representation (4.2) of the matrices contained
in V2([A]), the role of the lower and upper endpoints of the coefficient intervals has to be
interchanged.
The next two matrix classes play also a role in mathematical economics.

e) Conditionally Positive and Conditionally Negative Semidefinite Matrices
Recall that, a symmetric matrix A ∈ Rn,n is said to be conditionally positive (negative)
semidefinite if xT Ax ≥ 0 (≤ 0, ) for all vectors x ∈ Rn with xT e = 0, see Subsection 1.2.2.

IP 4.9. ([GASA21, IP 4.7]): The set of the conditionally positive (negative) semidefinite
matrices has the interval property with respect to the set V2 (V3) of vertex matrices.

Proof. We apply Theorem 2.6. We first prove the statement for conditionally positive
semidefinite matrices. Let [A] = [A, A] be a matrix interval in Rn,n and assume that both
corner matrices are symmetric. Furthermore, assume that all vertex matrices in V2 are
conditionally positive semidefinite. Let A ∈ [A] be symmetric. Then it follows that

e◦tA ≤ e◦tA ≤ e◦tA, for all 0 ≤ t.

There is a one-to-one correspondence between the matrices in V2([A]) and the matrices in
V2([e◦tA, e◦tA]), where the latter vertex matrices are positive semidefinite for all 0 ≤ t. By
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IP 4.7, e◦tA is positive semidefinite for all 0 ≤ t, and we can conclude that A is conditionally
positive semidefinite. The statement for conditionally negative semidefinite matrices follows
now by using [−A, −A] instead of [A] and the set V3 instead of V2.

The question whether an analogous interval property is true for the conditionally positive
definite matrices is open. Unfortunately, the necessary and sufficient condition for a matrix
to be conditionally positive semidefinite used in the proof of IP 4.9 does not carry over to
the conditionally positive definite matrices: If a matrix A is conditionally positive definite
then, in fact, its Hadamard exponential e◦A is positive definite, see [Rea99, Corollary 2.6],
but the reverse statement is not true. A counterexample is provided by the matrix

A :=

6 2 1
2 1 4
1 4 12

 ,

which is not conditionally positive definite while e◦A is positive definite.

f) Infinitely Divisible Matrices
Recall that, A is infinitely divisible if the matrix A◦r is symmetric positive semidefinite for
every non-negative r.

IP 4.10. ([GASA21, IP 4.8]): The set of positive infinitely divisible matrices has the in-
terval property with respect to the set V2 of vertex matrices.

Proof. The proof is similar to the one of IP 4.9. Here we use Theorem 2.10. Let [A] = [A, A]
be a matrix interval in Rn,n and assume that A > 0 and both corner matrices are symmetric.
Furthermore, assume that all vertex matrices in V2 are infinitely divisible. Let A ∈ [A] be
symmetric. Then it follows that

log◦(A) ≤ log◦(A) ≤ log◦(A).

We conclude by IP 4.9 that log◦(A) is conditionally positive semidefinite, and therefore, A
is infinitely divisible.
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List of Symbols

Rn,m the set of n-by-m real matrices
Rn the set of n-real vectors
R+ the set of positive real numbers
ei the vector which has in its i-th component a one

[aij ] entries of a matrix
A ◦ B the Hadamard product of the matrices A and B

A◦r the r-th Hadamard power of the matrix A
f◦r the r-th Hadamard power of the polynomial f(x)
e◦A the Hadamard exponential of the matrix A

log◦(A) the Hadamard logarithm of the matrix A
A◦−1 the Hadamard inverse of the matrix A

A the class of matrices that have one positive eigenvalue
A[α|β] submatrix of A

A[α] principal submatrix of A
det A determinant of A

I identity matrix
AT transpose of a matrix A
E matrix with all entries are one

CM the set of completely monotone functions
B the set of Bernstein functions

[A] matrix interval
[A]sym the set of symmetric matrices in [A]

P n the family of all polynomials of degree n with positive coefficients
Hn the family of all Hurwitz polynomials of degree n with positive coefficients

H(p) the associated Hurwitz matrix with the polynomial p(x)
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