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Abstract

The conversion between stationary and flying qubits is a pillar of numerous quantum technologies
such as distributed quantum computing as well as many quantum internet and networking
protocols. These quantum technologies promise to use resources, in particular entanglement, not
available to classical devices to accomplish tasks that are difficult or even impossible to realize
with classical devices. Applications range from fundamental research to secure communication.
Because some of these applications require the generation of entanglement, even over large
distances, there is substantial interest in efficient interfaces between flying qubits, usually
photons, and a stationary memory.
In this thesis, we evaluate key aspects of optical spin-photon interfaces, a class of devices

combining a stationary qubit memory (spins) and an interface with flying qubits (photons). We
focus on defects in silicon carbide (SiC) in which a transition metal (TM) atom substitutes a
silicon (Si) atom in the lattice, so that the energy levels with naturally bound quantum states
localized around the defect lie within the band gap of SiC. We highlight two key properties
of these defects as stationary-flying interconnects: First, they have favorable spin coherence
properties and the pertaining nuclear spin of the TM can be used as a quantum memory. Second,
they feature a localized and efficient spin-photon interface via their excited states. Defects where
vanadium (V) takes the place of a Si atom even allow for photon emission with frequencies in
one of the fiber-optic transmission windows, which support efficient transmission in optical fiber.
After reviewing the theoretical foundations, we model the energy levels of an active electron

in the atomic 𝐷 shell of the TM defects in SiC using group theory to characterize them as
spin-photon interfaces. We relate the detailed level structure, consisting of pseudospin pairs
called Kramers doublets (KDs), to the interplay of the crystal potential, spin-orbit coupling, as
well as external perturbations, e.g., crystal strain and magnetic fields. For instance, the spin-orbit
coupling and some external perturbations affect the allowed transitions as well as the effective
𝑔-tensor (of the Zeeman Hamiltonian) and the effective hyperfine tensor within the KDs.
This rigorous theoretical description is instrumental for the performance and optimization of

spin control in TM defects. For a system initialized in a quantum state, we discuss the possibility
of swapping the nuclear and electronic states. Potential applications for this include nuclear
spin manipulation and thus a step towards long-lived nuclear-spin based quantum memories.
However, pure quantum states are non-trivial to prepare for defects like V with a large ground
state hyperfine manifold. Therefore, we develop a driven, dissipative protocol to polarize the
nuclear spin, which serves to initialize a simple quantum state paving the way for preparation
and long-time coherent storage of non-trivial quantum states.
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In addition, we show how crystal strain can be used to engineer the 𝑔-tensor, selection rules,
and the hyperfine interaction within the KDs. Based on these insights we discuss optical lambda
systems, microwave gates, and the influence of strain to the nuclear spin polarization where we
propose a way for initializing the quantum state of strained TM defects in SiC.
Finally, we formulate a theory for stimulated Raman emission which is applicable to a wide range

of physical systems as well as various parameter regimes. The range of physical systems includes
spin-active defects in solids, quantum dots, and trapped ions. The use of stimulated Raman
emission for time-bin encoding and spin-photon entanglement are demonstrated. Accounting for
losses of the emitters, we determine the upper bound for the photonic pulse emission efficiency of
arbitrary initial matter qubit states and show a path forward to optimizing the fidelity. Unlike
iterative drive optimization, which requires solving and re-solving the equations describing the
dynamics, this approach provides a paradigm shift to directly optimize the temporal mode of the
flying qubit using a closed-form expression.
Our results are readily combined with numerical ab-initio and experimental data, providing

intuition and further insight into the underlying physics. Additionally, the theoretical assessments
of this thesis bridge the gap between the fundamental characterization of TM defects in SiC and
their use as spin-photon interfaces in future experiments and quantum technology applications.
For instance, the proposed nuclear-spin preparation protocol and spin control mark the first step
towards an all-optically controlled integrated platform for quantum technology with TM defects
in SiC.
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Zusammenfassung

Die Umwandlung eines stationären Qubits in ein fliegendes Qubit ist ein Eckpfeiler zahlrei-
cher Quantentechnologien wie dem verteilten Quantencomputing sowie vieler Quanteninternet-
und Quantennetzwerk-Protokolle. Diese Quantentechnologien versprechen durch die Nutzung
nichtklassischer Ressourcen, insbesondere der Verschränkung, Aufgaben zu bewältigen, die mit
klassischen Geräten nur schwer oder gar nicht realisierbar sind. Die Anwendungen reichen von
der Grundlagenforschung bis zur sicheren Kommunikation. Einige dieser Anwendungen erfordern
die Erzeugung von Verschränkung – sogar über weite Entfernungen hinweg –, sodass ein großes
Interesse an effizienten Schnittstellen zwischen fliegenden Qubits, in der Regel Photonen, und
einem stationären Quantenspeicher besteht.
In dieser Arbeit untersuchen wir zentrale Schlüsselpunkte optischer Spin-Photon-Schnittstellen,

einer Klasse von Geräten, die einem stationären Quantenspeicher (Spins) mit einer Schnittstelle
zu fliegenden Qubits (Photonen) kombinieren. Dabei konzentrieren wir uns auf Defekte in Silici-
umcarbid (SiC), bei denen ein Siliciumatom (Si) des Gitters durch ein Übergangsmetallatom (TM)
ersetzt wird, sodass Energieniveaus dieser Defekte mit natürlich gebundenen Quantenzuständen,
die um den Defekt lokalisiert sind, innerhalb der Bandlücke von SiC liegen. Wir heben zwei
wesentliche Eigenschaften dieser Defekte als Verbindungselemente zwischen fliegenden und statio-
nären Quantenzuständen hervor: Erstens haben sie vorteilhafte Spinkohärenzeigenschaften und
der zugehörige Kernspin des TM kann als Quantenspeicher verwendet werden. Zweitens ermögli-
chen sie über ihre angeregten Zustände eine lokalisierte und effiziente Spin-Photon-Schnittstelle.
Defekte, bei denen ein Vanadiumatom (V) den Platz eines Si einnimmt, ermöglichen sogar die
Emission von Photonen mit Frequenzen in einem der faseroptischen Übertragungsfenster.
Nach einem Überblick über die theoretischen Grundlagen modellieren wir die Energieniveaus

eines aktiven Elektrons in der atomaren 𝐷-Schale der TM-Defekte in SiC durch gruppentheo-
retische Methoden, um sie als Spin-Photon-Schnittstelle zu charakterisieren. Wir verknüpfen
die detaillierte Niveaustruktur, die aus Pseudospinpaaren, genannt Kramers Dubletts (KDs),
besteht, mit dem Zusammenspiel von Kristallpotential, Spin-Bahn-Kopplung und externen Stö-
rungen wie Kristallverzerrungen und Magnetfeldern. So beeinflussen die Spin-Bahn-Kopplung
und manche externe Störungen die erlaubten Übergänge sowie den effektiven 𝑔-Tensor (des
Zeeman-Hamiltonians) und den effektiven Hyperfeintensor innerhalb der KDs.
Diese detaillierte theoretische Beschreibung ist entscheidend für die Implementierung und

Optimierung von Spinkontrolle in TM-Defekten. Für ein System, das in einem Quantenzustand
initialisiert wurde, diskutieren wir die Möglichkeit, den Kernspinzustand und elektronischen
Zustand auszutauschen. Mögliche Anwendungen hierfür sind die Manipulation des Kernspins
und damit ein Schritt in Richtung langlebiger Quantenspeicher auf Kernspinbasis. Allerdings
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ist es nicht trivial reine Quantenzustände für Defekte wie V-Defekte mit einer Vielzahl von
Hyperfeinstrukturniveaus im Grundzustand zu präparieren. Daher entwickeln wir ein getriebenes,
dissipatives Protokoll zur Polarisierung des Kernspins, das dazu dient, einen einfachen Quan-
tenzustand zu initialisieren. Die Initialisierung ebnet den Weg für die Erzeugung und kohärente
Langzeitspeicherung von nicht-trivialen Quantenzuständen.
Zusätzlich zeigen wir, wie Kristallverzerrungen genutzt werden können, um den 𝑔-Tensor,

Auswahlregeln und die Hyperfeinwechselwirkung innerhalb der KDs zu beeinflussen. Basierend
auf diesen Erkenntnissen diskutieren wir optische Lambda-Systeme, Mikrowellen-Gatter und den
Einfluss der Verzerrung auf die Kernspinpolarisation, wobei wir einen Weg zur Initialisierung des
Quantenzustands von verzerrten TM-Defekten in SiC aufzeigen.
Zuletzt formulieren wir eine Theorie zur stimulierten Raman-Emission, welche sowohl auf ein

breites Spektrum physikalischer Systeme als auch verschiedener Parameterregime anwendbar ist.
Das Spektrum der physikalischen Systeme reicht von spinaktiven Defekten in Festkörpern über
Quantenpunkte bis hin zu gefangenen Ionen. Die Nutzung der stimulierten Raman-Emission
für Time-Bin-Kodierung (Zeit-Gruppen-Kodierung) und Spin-Photon-Verschränkung wird de-
monstriert. Unter Berücksichtigung der Emitterverluste bestimmen wir die obere Grenze für
die photonische Pulsemissionseffizienz für beliebige Materie-Qubit-Ausgangszustände und zeigen
einen Weg zur Optimierung der Umwandlungstreue. Im Gegensatz zur iterativen Optimierung
der kontrollierenden Anregung, die ein wiederholtes Lösen der Bewegungsgleichungen erfordert,
bietet dieser Ansatz einen Paradigmenwechsel zur direkten Optimierung der zeitlichen Form des
fliegenden Qubits unter Verwendung einer geschlossenen Formel.
Unsere Ergebnisse sind mit numerischen Simulationen und experimentellen Daten kombinierbar,

was zusätzliche Einblicke in die zugrundeliegende Physik ermöglicht. Darüber hinaus verbinden die
theoretischen Betrachtungen dieser Arbeit die grundlegende Charakterisierung von TM-Defekten
in SiC mit ihrer Verwendung als Spin-Photon-Schnittstellen in zukünftigen Experimenten und
Anwendungen der Quantentechnologie. Das vorgeschlagene Kernspinpräparationsprotokoll und
die Spinkontrolle markieren den ersten Schritt in Richtung einer vollständig optisch kontrollierten
integrierten Plattform für Quantentechnologie mit TM-Defekten in SiC.

iv



Acknowledgements

First and foremost, I want to thank Guido Burkard for allowing me to work independently
with the tools of my choice, while at the same time providing advice, guidance, and discussions.
Additionally, I greatly appreciate the environment in which I could freely collaborate with
colleagues from other research institutions. I extend my gratitude towards Susanne Spaeter, her
dedicated and efficient administrative support allowed me to devote most of my time at the
university to research.
The collaborations within the QuanTELCO project was fruitful and memorable. I want to

particularly thank Pasquale Cilibrizzi, Cristian Bonato, Péter Udvarhelyi, András Csóré, Adam
Gali, Thomas Astner, Philipp Koller, Michael Trupke, Joop Hendriks, Carmem M. Gilardoni,
and Casper H. van der Wal for the productive cooperation, helpful suggestions, and inspiration
sparking discussions.
I also must thank Leonie Ullherr and my parents Anja and Marcus for always supporting me

in any way they can. Furthermore, I want to thank my brother Camillo for questioning details
only a mathematician would care about.
Additionally, I would like to extend my sincere appreciation to Emanuel Hubenschmid, Philipp

Mutter, Irina Heinz, Tobias Heinz, Wolf-Rüdiger Hannes, Balázs Gulacsi, Stephen R. McMillan,
Regina Finsterhölzl, Joris Kattemölle, Andrey Moskalenko, Mónica Benito González, Alessandro
David, Amin Hosseinkhani, Lorenzo Bernazzani, Violeta Ivanova-Rohling, Florian Kayatz,
Matthias Kizmann, Jonas R. F. de Lima, Csaba Géza Péterfalvi, Yetkin Pulcu, Jannis Ruh,
Vladyslav Shkolnykov, and Lin Wang of the Burkard group for providing an enjoyable research
environment. I particularly appreciate that Jonas Mielke and Florian Ginzel made sure that
I would have ample opportunities to discuss topics apart from physics at the university and
Ferdinand Omlor who graciously provided me with the opportunity to supervise his work not
once, but twice.
Lastly, I acknowledge funding from the European Union’s Horizon 2020 research and innovation

program under Grant Agreement No. 862721 (QuanTELCO), as well as from the German
Federal Ministry of Education and Research (BMBF) under the Grant Agreement No. 13N16212
(SPINNING).

v



vi



Notations, Conventions, and Abbreviations

Unless noted otherwise we will use SI units and absorb units into coupling constants. This means
that we use the spin and angular momentum operators in units of ℏ, e.g., for spin-1/2 we use
#—𝑆 = #—𝜎/2 where #—𝜎 is the Pauli vector. Within Ch. 2 we use the mathematical quantor notation
∀ (“for all”) and ∃ (“exists”). Furthermore, we use the following abbreviations:

3LS three-level system
App. appendix
BB84 quantum key distribution algorithm by Bennett and Bassard published in 1984
C carbon
Ch. chapter
CHSH Clauser-Horne-Shimony-Holt
DFT density functional theory
Eq. equation
ES excited state
Fig. figure
GS ground state
irrep irreducible representation
IS intermediate state
KD Kramers doublet
NV nitrogen vacancy
PLE Photoluminescence excitation
PSS pseudospin state
qubit quantum bit
Ref. reference
RSA Rivest-Shamir-Adleman
Sec. section
Si silicon
SiC silicon carbide
SiV silicon vacancy
SWT Schrieffer-Wolff transformation
TM transition metal
V vanadium
ZEFOZ zero first-order Zeeman
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1
Introduction

“When two systems, of which we know the states by their respective representation, enter into a
temporary physical interaction due to known forces between them and when after a time of

mutual influence the systems separate again, then they can no longer be described as before, viz.,
by endowing each of them with a representative of its own. I would not call that one but rather

the characteristic trait of quantum mechanics.”

Erwin Schrödinger [7]

Since the advent of quantum mechanics fundamental research is fascinated by the radical
differences between quantum and classical physics. Many of these differences can be attributed to
(quantum) entanglement [7, 8]. A particular example are the recent observations of loophole-free
violations of Bell inequalities [see Eq. (1.6)] that quantify the violation of local realism1 [12, 13]
in different physical implementations, e.g., defects in solids [14], entangled photons [15], and
superconducting circuits [16]. At the same time, technologies which arose during the so-called
“first quantum revolution”, e.g., semiconductors and lasers [17], are well established from science
to industry.
These technologies, first and foremost semiconductor based integrated circuits [18], are central

for the widespread availability of (classical) digital information processing [19]. In the so-called
“digital age” [20], the internet builds the foundation for social networking platforms, chat and
messaging applications, but also distributed computing. The seamless interaction with remote
data centers enables broad access to advanced technologies like large language models [21].
On a fundamental level, network technologies rely on linked nodes ranging from devices like
mobile phones and personal computers to large scale data centers. The natural choice to carry

1 Realism describes the assumption that measurement outcomes are well defined before a measurement is made
and even independent of the measurements [9–11]. Locality implies that two non-interacting systems cannot take
(further) influence onto each other [10]. Classical physics agrees with locality and realism or combined with local
realism.
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1 Introduction

information between distant nodes is encoding the information into electromagnetic radiation
which enables propagation at the speed of light. One particular example for this is the use of
light traveling through an optical fiber network making up the backbone of the modern internet
[22].
In analogy to the first quantum revolution and the digital revolution, including the emergence

of the internet, quantum devices interconnected via a quantum internet [23, 24] are envisioned
to provide access to quantum resources such as entanglement in the so-called second quantum
revolution which aims to merge information science and quantum mechanics [17]. Applications
of the emerging platforms of quantum technology range from fundamental research to secure
communication and universal quantum computing. Concrete examples include quantum sensing,
which can yield favorable sensitivity or accuracy, e.g., for high precision clocks [25] and magnetic
field sensing [26–29]. These sensors suit a wide range of tasks [30] from fundamental research
like the search for gravitational waves [31] to sensing of volcanic activity [32]. A general purpose
quantum computing device, initially envisioned by the pioneers P. Benioff [33], Y. Manin [34], and
R. Feynman [35] in the 1980s, promises an advantage (e.g., simulate systems of more constituents
or computational speedup compared to their classical counterpart), among others for quantum
simulation [36], searches in large unsorted databases (Grover’s algorithm) [37], solving of linear
equation systems (HHL algorithm) [38], and polynomial-time prime factorization and calculation
of discrete logarithms (Shor’s algorithm) [39]. Within quantum networks entanglement can be
used to synchronize remote clocks [40]. Moreover, quantum key distribution provides a way of
communication that is provably unconditionally secure [41–51], see Sec. 1.2.2 for further details.
However, to truly take advantage of these applications, quantum devices satisfying high

demands are required. For instance, quantum communication and the promising approach of
a modular quantum architecture [52] (likely the only viable near-term approach to large-scale
quantum computation [53]) or even distributed quantum computing [54] substantiate the need
for devices that can exchange quantum states between spatially separated nodes. To this end,
stationary to flying quantum interconnects convert (or entangle) the state of stationary quantum
systems to (with) flying quantum states and vice versa [53]. In this thesis we will focus on one
implementation of such interconnects, the transition metal (TM) defects in silicon carbide (SiC).
These systems connect spins implementing the stationary quantum systems with photons – the
natural choice for traveling qubits – and are therefore called spin-photon interfaces. Because
some of these defects have transitions in one of the telecommunication bands [5, 55–58], emitted
photons can be efficiently transmitted via optical fiber, potentially even via the existing optical
networking infrastructure (of the classical internet). Additionally, the spins feature favorable
coherence properties, e.g., spin relaxation times exceeding seconds [57, 59] and inhomogeneous
dephasing times in the order of microseconds have been observed [58, 60]. These promising
features of TM in SiC warrant additional research in which this thesis participates.
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Organization of the Thesis 1.1

1.1 Organization of the Thesis
The remainder of this work is structured as follows. In the rest of this chapter we review the
physics underlying the operating principles of quantum technological devices focusing on the
building blocks and some applications of spin-photon interfaces. Further, in Sec. 1.5.1 we detail
promising properties of TM in SiC as spin-photon interfaces and in Sec. 1.6 we lay out the
essential physics making SiC an excellent host for spin-photon interfaces.
Following, we introduce important employed theoretical methods in Ch. 2. We review the

concepts of open quantum systems and input-output theory in Sec. 2.1 and summarize key
concepts of group theory used to describe point defects, including the central Wigner-Eckart
theorem, in Sec. 2.2. We finish this chapter presenting two approximation methods, the Schrieffer-
Wolff transformation for time-indepedent Hermitian systems (Sec. 3.3.1) and an effective operator
formalism for open time-dependent systems (Sec. 2.3.2).
The remaining chapters display the author’s contribution to the scientific literature.
Chapter 3 is an adaption of Ref. [1]. In this chapter we develop the foundational model to

describe the electronic spin structure of TM defects in SiC. To this end we discuss the symmetry
of these defects and the corresponding symmetric Hamiltonian in Sec. 3.2. In Sec. 3.3 we first
show that the symmetric Hamiltonian can be diagonalized analytically in absence of an external
field and then use the Schrieffer-Wolff transformation to study the influence of external fields
(Sec. 3.3.1). We present the resulting selection rules as well as the Rabi frequencies for the
various spin transitions in the TM defect in Sec. 3.3.2. This chapter is supported by appendices
containing additional details on the defect Hamiltonian (App. 3.A), the relation between bases
for 𝑇𝑑 and 𝐶3𝑣 symmetry (App. 3.B), parameters for vanadium (V) in the 𝛼-configuration of
6H-SiC (App. 3.C), and an analytic expression of the spin-orbit states (App. 3.D).
Chapter 4 is an adaption of Ref. [2] and structured as follows. First, in Sec. 4.2 we repeat

key aspects of the model derived in Ch. 3 and discuss the interaction with the central nuclear
spin. Combining both, we present the effective hyperfine Hamiltonians in Sec. 4.3. Following the
discussion of the Hamiltonian (Sec. 4.3.1), we compare our results to recent experimental results
by Wolfowicz et al. [56] in Sec. 4.3.2. In Sec. 4.3.3 we propose a lambda system that can be used
to create a nuclear spin quantum memory interfaced with the electronic spin qubit and propose a
measurement sequence to determine the inhomogeneous dephasing time 𝑇 ∗

2 of the nuclear qubit.
This chapter is supported by appendices containing additional details of the derivation of the
hyperfine Hamiltonian (App. 4.A), the diagonalization of the effective Kramers doublet (KD)
Hamitonians for a magnetic field along the crystal axis (App. 4.B), and the model parameters
extracted from a fit to the experimental data of Wolfowicz et al. [56] (App. 4.C).
In Chapter 5 (adapted from Ref. [3]) we refine the selection rules to circular polarization. Then,

in Sec. 5.3 we show that a recent experiment by Cilibrizzi et al. [5] confirms key aspects of our
model. Using the model we then discuss qubit candidates (Sec. 5.4.1) and devise a protocol to
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1.2 Introduction

polarize the nuclear spin (Sec. 5.4.2). We additionally discuss the measurement of the polarization
success (Sec. 5.4.2). This chapter is supported by Apps. 5.A and 5.B, which discuss the model
parameters used, the derivation of the effective driving Hamiltonian, and the effective rate model.
Chapter 6 is an adaption of Ref. [6] and structured as follows. Building upon the model

developed in Chs. 3–5, we expand the model for V defect in SiC to account for strain in Sec. 6.2,
including its effective Hamiltonian. We combine and compare the effective Hamiltonian model
with ab initio calculations in Sec. 6.3.1. Based on these results, we then show the possibility to
engineer the 𝑔-tensor (Sec. 6.3.2), selection rules (Sec. 6.3.3), and how these can be combined
to create a lambda system for (pseudo)spin state preparation (Sec. 6.3.4). In Sec. 6.3.5 we
discuss the influence of strain on the hyperfine interaction and how this affects the possibility to
initialize the nuclear spin. This chapter is supported by appendices containing details about the
DFT calculation methods (App. 6.A), the signs of the strain coupling constants (App. 6.B), and
combined higher order strain and spin-orbit effects (App. 6.C).
In Ch. 7, which is an adaption of Ref. [4], we study cavity enhanced stimulated Raman emission.

First, we show how stimulated Raman emission can be used to generate spin-photon entanglement
in Sec. 7.2. In the following Sec. 7.3 we introduce the model describing the emitter and the
quantum pulse. We present a closed-form solution to the dynamics in Sec. 7.4 and introduce the
temporal mode matching (Sec. 7.4.1) to link the emitter dynamics to the temporal mode. We
use the solution of the dynamics to bound the state transfer fidelity in Sec. 7.4.2 and show how
to optimize the pulse shape to increase the fidelity in Sec. 7.4.3. This chapter is supported by
appendices containing details about the rotating and lab frames (App. 7.A), the decoherence
rates (App. 7.B), the solution of the non-Hermitian dynamics (App. 7.C), analytic solution for
the integrated (renormalized) depletion rate (App. 7.D), as well as the optimal pulse duration
and optimized pulse shapes (App. 7.E).
We conclude in Ch. 8 with a summary and an outlook.

1.2 Qubits
Taking a bottom-up approach, we review the basics of quantum technological devices with a
focus on spin-photon interfaces in the following. In analogy to the smallest classical unit of
information, a bit, which discriminates between two states 0 or 1, a quantum bit (qubit) is a
quantum mechanical two-level system. In contrast to the classical bit, the qubit can be in any of
the quantum mechanical superposition states

|Ψ⟩ = cos(𝜃/2) |0⟩ + exp(𝑖𝜑) sin(𝜃/2) |1⟩ , (1.1)

where we use the braket notation to denote the quantum states. In this expression we chose
two orthonormal basis states |0⟩ and |1⟩ which together span the two-dimensional Hilbert space
ℋ𝑞 of the qubit. The angle 𝜃 (𝜑) describes the mixing of (relative complex phase between) the
basis states |0⟩ and |1⟩. Because these two angles are real parameters, we see that a qubit can
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Qubits 1.2
represent an infinite number of points. Geometrically, these points (the possible qubit states)
correspond to a sphere, the Bloch sphere (see Fig. 1.1). This underlines the stark contrast to the
classical bit where the only possible states are the poles of the sphere.

θ

ϕ

|Ψ〉

|0〉

|1〉

x y

z

Figure 1.1: Bloch sphere describing the
quantum mechanical state space of a
two-level system (qubit). A pure quan-
tum state of a qubit |Ψ⟩ can be speci-
fied by two angles 𝜃 and 𝜑. The angle 𝜃
(𝜑) describes the mixing of (the relative
complex phase between) the two basis
states |0⟩ and |1⟩.

However, we can still read out only a single (classical)
bit of information in a single measurement. The super-
position of quantum states and the fact that a single
projective measurement can only result in an eigenvalue
of a Hermitian operator [61] are closely related to the
probabilistic nature of quantum mechanics. If a qubit is
initially in a superposition state according to Eq (1.1),
reading it out in the |0⟩ , |1⟩ basis results in 0 (1) with
probability |cos(𝜃/2)|2 (|sin(𝜃/2)|2). Two of the even
superposition states, where both states have proba-
bility 1/2, are often denoted by |±⟩ = (|0⟩ ± |1⟩)/

√
2.

A projective measurement also projects the state of
the qubit to the (eigen)state2 corresponding to the
measured outcome [61].

1.2.1 Spin Qubits
Taking the qubit as the fundamental building block of
quantum information, computation, and by extension
quantum technology, we must ask whether we can
find or engineer them in the physical world. The famous Stern-Gerlach experiment [62–64]
(from 1922) provided proof that the magnetic moment of atomic scale systems is quantized.
This intrinsic magnetic moment is a fundamental property of particles and is called spin. A
natural occurring two-level system is provided by spin-1/2 states, e.g., the electron spin. The
Dirac equation [65], uniting quantum mechanics and special relativity, links the electron’s spin
with its electromagnetic properties. While the Dirac equation has a four-component wave
function3 (spinor) in the non-relativistic limit a two-component spinor and the Pauli equation
(or Schrödinger-Pauli equation) [66, 67] arises,

𝑖ℏ 𝜕
𝜕𝑡

|Ψ⟩ = 1
2𝑚

{[2 #—𝑆 ⋅ ( #—𝑝 − 𝑞
#—

𝐴)]2 + 𝑞𝜙} |Ψ⟩ . (1.2)

This equation describes a particle (e.g., electron) with mass 𝑚 and charge 𝑞 coupled to the
electric scalar potential 𝜙 and the magnetic vector potential

#—

𝐴. Here, we use the momentum
operator #—𝑝 and express the spin-1/2 operators 𝑆𝑘 = 𝜎𝑘/2 (𝑘 = 𝑥, 𝑦, 𝑧) in units of the reduced

2 For a degenerate eigenstate the measurement projects a pure quantum state onto a linear combination of the
degenerate eigenstates [61].

3 The four-component wave function and the support of negative energy solutions of the Dirac equation are interpreted
in terms of antiparticles (for instance the positron for the electron).
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Planck constant ℏ via the Pauli matrices

𝜎𝑥 = (
0 1
1 0

) , 𝜎𝑦 = (
0 −𝑖
𝑖 0

) , 𝜎𝑧 = (
1 0
0 −1

) . (1.3)

The Pauli matrices are essential generators for single qubit operators and we use them regularly
throughout this thesis.
It is possible to incorporate relativistic corrections into the Pauli equation [68, 69]. A central

correction in the limit of small kinetic energies compared to the rest energy 𝑚𝑐2 is the spin-orbit
interaction, which leads to the important additional term [61, 70, 71]

𝐻so =
ℏ

2𝑚2𝑐2
[𝑞(∇𝜙) × #—𝑝 ] ⋅ #—𝑆, (1.4)

where we use the speed of light 𝑐 and the potential gradient ∇𝜙. This term takes into account
that an electron moving through an electric field (−∇𝜙) will be subject to a magnetic field in its
rest frame. This magnetic field couples to its spin, thus coupling the spin and orbital degrees of
freedom. We can utilize this interaction to couple cavities or apply control to the spin.
Potential quantum technology platforms where it is possible to use a spin4 pertaining to nuclei,

electrons, or holes naturally localized to a narrow region are defects in semiconductors, e.g., the
nitrogen vacancy (NV) center in diamond [72–85] ([86–88] for reviews). These defects usually
do not only feature a single spin degree of freedom but also orbital degrees (and neighboring
spins), which can be used as additional qubits or for mediating the control over the spin(s).
We mention that other promising stationary qubit platforms exist, these include semiconductor
quantum dots [89–92], trapped ions [93–95], neutral atoms [96, 97], as well as superconducting
circuits [98–101]. Note that not all of these platforms encode the qubit using spin degrees of
freedom and different platforms can be especially suited for different applications.

1.2.2 Photons as Flying Qubits
With a basic overview of the implementation of stationary qubits, we now turn to flying qubits.
The quanta of electromagnetic radiation [102], photons, propagate at the speed of light which
makes them the natural choice to encode flying qubits. We note that photons are spin-1 bosons
and their energy and momentum are determined by their frequency [61]. There are various
degrees of freedom of the photon suited for the qubit (see [103] for a review), e.g., the polarization
with bases vertical and horizontal or two circular polarizations but also so-called time-bin qubits
consisting of two orthogonal temporal modes. We will introduce the polarization in Sec. 2.1.1
and temporal modes in Sec. 2.1.3 where we treat the interaction between a traveling quantum
pulse with a stationary system, but first we turn to an application of these basic building blocks.

4 These spins are not necessarily spin-1/2. In cases where multiple levels are available (for example spins bigger than
1/2) care needs to be taken to separate two qubit levels from the remaining levels.
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Quantum Key Distribution

0

1

0

1
Alice

1

Bob

Eve

Figure 1.2: Sketch of the BB84 setup. Alice
uses a single photon source (pink circle) and
polarization filters (blue and gray) to encode
a random bit in a random basis. Here, the 𝑍
basis comprises horizontal and vertical polar-
ization (blue) while the 𝑋 basis corresponds
to polarizations of ±𝜋/4 (gray). During trans-
mission in the quantum channel (pink dashed
arrow) Eve (gray cone) can try to measure
or modify the quantum state. On the receiv-
ing end Bob uses a randomly chosen filter
(blue or gray) and then determines the qubit
state using a measurement device (black bell).
Additionally, Alice and Bob have access to a
public classical channel (black dashed line).

Equipped with only a (flying) qubit, the super-
position principle, and quantum measurements
we can discuss the first application of quantum
technology, the quantum key distribution algo-
rithm by Bennett and Bassard published in 1984
(BB84) [41, 42], which spearheaded quantum
communication. The basic idea of BB84 is that
one party, commonly called Alice, sends a photon
encoding a bit in the polarization to the receiver,
called Bob, see Fig. 1.2. After Alice randomly
chose the bit (0 or 1) she also randomly chooses
one of two possible bases 𝑋 (states |+⟩ , |−⟩) or
𝑍 (states |0⟩ , |1⟩) to encode the bit where the
states |+⟩ , |0⟩ (|−⟩ , |1⟩) encode 0 (1)5. Alice
then sends her photon in the prepared state to
Bob who measures the state in one of the bases
(also chosen randomly) to retrieve the encoded
bit. Because the two bases are non-orthogonal an
attacker, called Eve, cannot clone the states with
perfect fidelity due to the no-cloning theorem,
which states that an identical independent copy
of an unknown arbitrary quantum state cannot
be made [104, 105]. For this reason, Eve cannot
determine the exact information sent by Alice

and her action causes a disturbance detectable by Alice and Bob.
After the communication on the quantum channel Alice and Bob use a public classical channel

to determine the cases where they used the same basis. They disregard the cases where they
used different bases (called sifting) and the remaining bits make up the so-called sifted key. Even
in the ideal case (the absence of Eve), where only noise acts on the quantum channel, there
is a quantum bit error rate at which differences between Alice’s and Bob’s strings occur. To
determine this rate Alice and Bob share a random subset of their data via the public classical
channel to compare their subsets of bits (discarded when generating the final key). They compare
the estimated error rate to a security threshold to determine whether Eve has gained too much
information. If it is lower than the threshold, Alice and Bob apply classical procedures to first

5 Alternatively, any other combination of mutually unbiased bases can be used for the encoding. Mutually unbiased
bases means that the scalar products between normalized basis vectors of one basis (here 𝑋) with one of the other
basis (here 𝑍) are always equal (here 1/

√
2).
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error correct the strings to shorter identical strings, followed by privacy amplification further
condensing the strings to reduce Eve’s (potentially) stolen information to a negligible amount [51,
106].
As a whole, quantum key distribution leads to an approach to secure communication that

does not rely on the (assumtion of) computational complexity of a problem. Therefore, quan-
tum communication is said to be cryptographically unconditionally secure [49]. This is in
contrast to classical communication where most established encryption protocols rely on currently
computationally-hard problems such that an attacker could save the transmitted data and break
the encryption when new technology is available. For example, the standard Rivest-Shamir-
Adleman (RSA) encryption scheme [107] can be cracked in polynomial-time using the algorithm
developed by P. Shor [39] on a quantum computer.

1.3 Entanglement
Now that we discussed one application of a single qubit, we turn to a resource that becomes
available in systems of multiple interacting qubits, namely entanglement. The state of two qubits
is an element (vector) within the tensor-product Hilbert space ℋ𝑞 ⊗ℋ𝑞 which is spanned by
the product states |𝑘𝑙⟩ = |𝑘⟩ ⊗ |𝑙⟩ with 𝑘, 𝑙 = 0, 1. Another basis of this system is given by the
Bell states6

|Φ±⟩ =
|00⟩ ± |11⟩√

2
and |Ψ±⟩ =

|01⟩ ± |10⟩√
2

, (1.5)

possible due to the superposition of quantum states. Because there are no single qubit states
|𝑎⟩ and |𝑏⟩ such that we can write one of the Bell states as |𝑎⟩ ⊗ |𝑏⟩ [108], they are referred to
as (maximally) entangled states. Measurement one qubit of a bipartite system in a Bell state
also determines the state of the other qubit, e.g, for a system in the state |Φ+⟩ we measure 0
(with probability 1/2) for the first qubit, then the system is projected into |00⟩ such that if we
measure the second qubit we will also find the state 0 (with probability 1) if the quantum state
is not perturbed between the measurements.
Entangled states are central in Bell inequality violations [12–16], which we touched on at

the beginning of this chapter. We now have the tools to understand the physics behind this
violation. Using the terminology of the quantum key distribution we assume that Alice and Bob
respectively have access to two binary measures 𝐴𝑖, 𝐵𝑖 (𝑖 = 0, 1) with measurement results ±1.
If we now assume local realism we find a Bell inequality known as the CHSH inequality [13, 108]

⟨𝐴0𝐵0⟩ + ⟨𝐴0𝐵1⟩ + ⟨𝐴1𝐵0⟩ − ⟨𝐴1𝐵1⟩ ≤ 2, (1.6)

6 These states are also referred to EPR pairs after the famous Einstein-Podolsky-Rosen paradox [8].
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(a) (b)

Figure 1.3: Entanglement generation setups. In (a) we sketch a pitch-and-catch protocol where
the quantum state is directly transferred from one stationary quantum system to the other and
in (b) we sketch a heralded protocol where the outputs of the stationary systems interfere in a
central station to herald entanglement. The quantum systems are depicted as a cavity (gray)
interacting with a controlled (green arrow) atom like system (blue ball) with a pertaining spin
(yellow arrow). The black arrows indicate input and outputs where the arrow direction indicates
the propagation (in time). The (slashed) black square is a beam splitter and the black bells are
measurement devices. We note that depending on the particular implementations some inputs
can be vacuum and not all measurement devices are necessary.

for the mean values ⟨𝐴𝑖𝐵𝑗⟩ (𝑖, 𝑗 = 0, 1). However, in quantum mechanics it is possible to
violate this inequality; for example choosing the combined system in the initial state |Ψ⟩ =
(|01⟩ − |10⟩) /

√
2 and the measurements to be 𝐴0 = 𝜎𝑧, 𝐴1 = 𝜎𝑥, 𝐵0 = −(𝜎𝑥 + 𝜎𝑧)/

√
2, and

𝐵1 = (𝜎𝑥 −𝜎𝑧)/
√
2 where Alice’s (Bob’s) measurement acts on the first (second) qubit, we find a

maximal Bell inequality violation with Bell value ⟨𝐴0𝐵0⟩+⟨𝐴0𝐵1⟩+⟨𝐴1𝐵0⟩−⟨𝐴1𝐵1⟩ = 2
√
2 [108].

Here, the expectation value of an observable 𝑂 is calculated using the sandwich ⟨𝑂⟩ = ⟨Ψ|𝑂|Ψ⟩.
With this the CHSH inequality can be used to verify the quantumness of devices. Following

this idea, entanglement can be used for protocols (and their security proofs) in quantum
communication [43, 44, 47]. State of the art “device-independent” quantum key distribution
algorithms promise to increase the security by loosening the constraints7 on the quantum devices
[45, 46, 48, 50, 51, 109–111]. Instead, they rely on the input-output behavior to test their correct
function (e.g., using Bell tests) during the protocol itself [51, 109]. For more details on different
(device-independent) quantum key distribution protocols, potential attacks, and security proofs
we refer to Refs. [51, 109].

1.3.1 Entanglement Generation
Having established the concept of entanglement and some potential applications, our focus now
shifts towards understanding how to generate (remote) entangled states. There are different
approaches for generating entanglement between stationary systems, we therefore introduce two
prominent conceptual approaches here. First, the “pitch-and-catch” protocols where a flying
qubit, e.g., a photon, is emitted from a stationary qubit (or reflected of a cavity holding the
qubit) and is then transferred over the communication channel to another qubit on the receiving

7 Device-independent quantum key distribution still takes assumptions, e.g., the approach in Ref. [109] assumes
that quantum mechanics is correct, that the non-signaling condition is satisfied, that Alice and Bob have real
randomness to select the bases, and that they have reliable classical modules.
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1.3 Introduction

end [112]. This protocol is highly delicate regarding photon loss, making it unsuited for optical
frequencies and long distances [53]. It is however readily used with microwave photons with short
transmission lines connecting modules [113–116].
Second, heralded entanglement generation protocols where the qubits first emit (part of) a

photon (or reflect it) such that a degree of freedom of the photon is entangled with the stationary
qubit. The (with finite loss) collected photons then interfere on a 50:50 beam splitter and
are detected at the outputs. While the successful entanglement of the two emitting qubits
is probabilistic, it is confirmed (heralded) by detecting the (two) photon(s) [117–120]. This
approach is suited for distances in the hundreds (thousands) of kilometers for fiber (satellite)
based systems [121], for example a recent experiment showed heralded entanglement generation
over a 33 km long telecommunication fiber [122]. We sketch both protocols in Fig. 1.3.
While the repetition in the heralding approach can be viewed to counteract photon losses

during transmission, other decoherence processes, like dephasing can decrease the fidelity of
the entangled state. Entanglement purification can be used to distill an entangled state with
near unit fidelity from multiple imperfect entangled states with local operations [123–126]. For
simplicity, we explain the idea under the assumption that two imperfect copies of the same
entangled state have been shared. The protocol from Bennett et al. [123] then applies a CNOT
gate between the two local bits, and projectively reads one (per node) out. The results are shared
via a classical channel and if they are the same a higher fidelity entangled state is achieved. If
the measurements yield different states the process failed and needs to be restarted.

A repeater B

entanglement swapping

A repeater B

Figure 1.4: Illustration of entanglement
swapping. Entanglement (violet arrow)
between the end nodes A and B is gener-
ated from their respective entanglement
with a central repeater (gray and blue)
via entanglement swapping (black ar-
row).

Additionally, to reach even longer distances quantum
repeaters [125–128] can be used to deal with the ex-
ponential fidelity decay for long distances. The idea
is to combine entanglement purification with so-called
entanglement swapping [129, 130]. Here, the distance
between two (end) nodes is partitioned into shorter
distances by introducing additional repeater nodes in
between, see Fig. 1.4. The repeater nodes consist of
pairs of qubits, where first entanglement is generated
between the two neighboring nodes and respectively
one of the qubits. Performing a measurement at the
repeater nodes (e.g., a Bell measurement between the
qubit pair) followed by classical communication and

local operations (depending on the communicated measurement outcome) swaps the entanglement
to the neighboring nodes [130, 131].
With the entanglement of two qubits discussed, we briefly turn to the case of the combination

of many qubits to highlight the difference of a qubit and classical bit register. To be specific, for
a bit-string of length 𝑛 we find an exponential difference in the scaling of the complexity of the
state space of the classical and quantum bit-strings. The classical state space is discrete and a
state is specified by 𝑛 binary numbers; on the other hand, the qubit string is an element of a
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2𝑛-dimensional (complex) Hilbert space such that, taking the normalization and insignificance
of the global phase into account, one needs 2𝑛+1 − 2 real parameters to describe the quantum
states. The exponential scaling entails that for 𝑛 = 500 the number of parameters exceeds the
estimated number of atoms in the universe [108]. This not only visualizes that as the size of a
quantum system increases it becomes excruciatingly hard to simulate it on a classical device, but
also that the quantum system can use this much larger space as a resource.

1.4 DiVincenzo Criteria
To realize the full potential of quantum hardware and to take advantage of entanglement and the
exponential scaling of complexity with system size, a register of qubits is necessary. With different
implementations of qubits, it is logical to ask how and under what conditions we can scale and
utilize them. To build a general purpose quantum computer the conditions are commonly given
by the five plus two DiVincenzo criteria [132]:

1. Scalability: The physical system needs to have many, well-characterized qubits.

2. Initialization: It must be possible to initialize the qubit (register of length 𝑁) into a simple
state, e.g., |0⟩ (|0⟩⊗𝑁 = |0⟩ ⊗ ⋯ ⊗ |0⟩).

3. Long coherence: The coherence times of the system need to be much longer than the (gate)
operation times.

4. Universal quantum gate set: There needs to be a set of possible implementable Hamiltonians
to implement any unitary gate.

5. Qubit readout: To extract information from the system the qubit needs to be measured.

6. Stationary to flying qubit conversion: To generate remote entanglement or transmit a qubit
over a long distance it must be possible to convert the stationary qubit into a flying qubit
which is readily transmitted.

7. Transmission: Faithful transmission of flying qubits must be possible.

The former five are important for universal (single-device) quantum computers and the latter two
for quantum communication and modular quantum computing architectures. We will come back
to these conditions when we conclude the thesis in Ch. 8 and focus on the devices to implement
the sixth criterion in the following section.

1.5 Stationary-Flying Quantum Interconnects
To emphasize the significance of the efficient conversion of stationary to flying qubits required by
the seventh DiVincenzo criterion, we highlight the application of this conversion to entanglement
generation [112, 120, 122] (see Sec. 1.3.1) and note that the conversion is central for a modular
quantum architecture [52]. Entanglement generation, in turn, is essential for (device-independent)
quantum key distribution [45, 46, 48, 50, 51, 109–111]. Furthermore, (remote) entanglement
allows us to use teleportation-based quantum gates to connect different modules and thereby
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Figure 1.5: (a) Illustration of a spin-photon interface. Mediated by a dipole moment (yellow,
green, violet orbital) a spin (silver arrow) interacts with a cavity mode (pink) between two
mirrors. Via a cavity in and outcoupling the system can interact with flying photons (pink
droplet). A drive (green ray) can be used to control the dynamics. (b) Energy level structure of
a quantum emitter. Two ground states (|0⟩ and |1⟩), for example spin states for a spin-photon
interface, encode the qubit. An additional excited state |𝑒⟩ interfaces the qubit via an optical
transition (pink arrow) with the photon. (c) Silica optical fiber attenuation as a function of
wavelength (black line). Additionally, the O-band frequency range [141] (orange) and transition
frequency of the 𝛼 line of the vanadium (V) defect in 4H-SiC [56] are marked (gray dotted line),
see legend. The attenuation data is from Thorlabs for a “typical silica optical fiber” [142].

enables non-local quantum operations [118, 133–135]. Thus, we now turn to stationary-flying
quantum interconnects, see Fig. 1.5(a). For simplicity, we will refer to stationary-flying quantum
interconnects as quantum emitters and use flying qubit and photon interchangeably in the
following. These quantum emitters are also central in other applications for quantum networks
and communication (see Ref. [47] for a review on quantum communication), for example quantum
repeaters [125–128] and conference key agreement [136].
Interconnects used for shorter-distance networks, e.g., inside a quantum data center, or on a

chip, may use lower-frequency photons from superconducting circuits (e.g., mm-wave [137] or
microwave [138]) or even phonons [139, 140] to mediate the state between stationary nodes. On
the other hand, for long-distance communication, it is advantageous to use photons within one of
the fiber-optic transmission windows (also called telecommunication bands), because within these
bands the loss rate in the optical fibers is low, see Fig. 1.5(c) for the attenuation of a typical
silica optical fiber.
We understand an (idealized) quantum emitter as a three-level system [see Fig. 1.5(b)], where

two ground states (|0⟩ and |1⟩) make up the stationary qubit and an additional excited state |𝑒⟩
enables the coherent interaction with (optical) photons. Ideally, the stationary qubit can save
the state sufficiently long, i.e., has a long coherence time (also the third DiVincenzo criterion).
The meaning of sufficiently long depends on the particular application. For instance, considering
a quantum repeater, the qubit needs to preserve the state until the entanglement of the other
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branch is achieved (see Sec. 1.3.1) which yields a lower bound for the coherence time for this
application. In the end of Sec. 2.1.2 we discuss qubit dephasing and relaxation both bounding
the coherence time of a qubit.
The coherent optical interaction of the quantum emitter can be utilized with different approaches,

for instance by constructing a lambda system to implement the all-optical method known
as electromagnetically-induced transparency to store and retrieve photons [143, 144], or the
aforementioned protocols for entanglement generation (see Sec. 1.3.1). Additionally, we will
discuss another approach to coherently emit a quantum state into a photon, called stimulated
Raman emission, in Ch. 7.

1.5.1 Spin-Photon Interfaces
Now that we discussed the basics of stationary to flying interconnects, let us turn to their
physical implementation. While different stationary qubit platforms exist (see Sec. 1.2.1) we
will focus on quantum emitters that are naturally hosted in materials which can also serve as
a photonic platform. The reason is that the photonic platform can be used for engineering
suitable photonic cavities or waveguides to ensure that emitted photons, potentially entangled
with stationary qubits (or spins), are efficiently collected into a desired channel [53]. Quantum
emitters in photonic devices are quantum dots (e.g., gallium arsenide and indium phosphide),
various transparent crystals doped with rare-earth ions [145, 146], as well as other defects in
transparent crystals (called color centers). These defects can lead to accessible energy levels
with bound states naturally localized around the defect site [147]. We will also refer to quantum
emitters or color centers with ground states (encoding the stationary qubit) associated with spin
degrees of freedom as spin-photon interfaces.
One particular color center which has been extensively studied is the NV center in diamond [72,

74–85, 148–151] ([86–88] for reviews)8. The NV center comprises two missing neighboring carbon
atoms in the diamond lattice where one is replaced by a nitrogen atom. Optical initialization
and readout of its electron spin state is made feasible by the spin-photon interface via its excited
state [150, 157]. Transitions between the ground states can be driven with microwaves, allowing for
optically detected magnetic resonance [148]. Coherent population trapping, control and coupling
of these defects [74–76, 81–83] including full optical control [82] was already demonstrated. The
NV center has a seconds long coherence lifetime [149, 151], due to the interaction with nearby
nuclear spins [77, 78, 81] it provides access to a long-lived spin register as a quantum memory [80,
84, 85, 158]. Furthermore, it has been used to demonstrate remote entanglement over more than
one kilometer [14]. However, the NV center’s optical transition in the visible domain [around
640 nm, compare with Fig. 1.5(c)] necessitates wavelength conversion for integration into photonic
devices and existing telecommunication fiber networks, this comes at the cost of photon losses
and added noise during the conversion step [157, 159, 160].

8 The silicon vacancy (SiV) [152–156] center in diamond, is another similar defect to the NV with a zero-phonon line
around 738nm.
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In order to avoid this frequency conversion and to potentially gain other favorable or comple-
mentary properties, other defects in different host platforms are investigated. The most notable
contender for another color center host platform (beside diamond) is SiC [161–163]. Like diamond,
SiC is a wide band-gap semiconductor such that it can host defects with energy levels in the band-
gap, see Sec. 1.6 for further details. In this work, our main focus is on TM defects in SiC [1–3, 5,
6, 55–60, 164–167]. Before providing further details on SiC as a host platform in the next section,
we summarize key properties of TM defects in SiC as spin-photon interfaces in the following.
For molybdenum defects spin relaxation times 𝑇1 exceeding seconds [59], and inhomogeneous
dephasing times around 𝑇 ∗

2 ≈ 0.3 μs [60] were measured. A recent experiment on vanadium (V)
in SiC demonstrated optically detected magnetic resonance and an ensemble-averaged dephasing
time 𝑇 ∗

2 ≈ 7.2 μs (with 𝑇2 expected to be at least an order of magnitude longer) [58]. Additionally,
spin relaxation times 𝑇1 exceeding seconds and a high spin contrast were measured at cryogenic
temperatures for V defects [57]. First and foremost, some configurations of V defects in SiC
have (zero-phonon line) transitions compatible with the telecommunication O band [5, 55–58]
(one of the frequency ranges efficiently transmittable in typical optical fiber and compatible
with photonic devices), see Fig. 1.5. This ensures the compatibility of the defects’ spin-photon
interface with existing fiber-optic network infrastructure, which already spans the globe for
efficient long-range transmission of light [23]. Another recent experiment achieved ultra-narrow
inhomogeneous spectral distribution of V emitters using isotopically purified SiC [5].
The intrinsic nuclear spin of some TM defects (7/2 for V) has potential as a quantum

memory [56, 167], an essential ingredient for many quantum technologies [53, 162, 168]. The
resulting combination of an efficient quantum emitter and a quantum memory results in a hybrid
quantum system [169–171], consisting of a part that can couple strongly to external fields as well
as a part that is better shielded from its environment (for long coherence times).
These promising features of TM defects in SiC warrant additional research in which this thesis

participates, see Chs. 3–6. Before getting to the novel insights in these chapters, in the following
section we review the basic solid-state physics of SiC and discuss it as a host platform for
spin-photon interfaces.

1.6 Silicon Carbide as a Host for Spin-Photon Interfaces
After introducing selected applications, building blocks and relevant physics of spin-photon
interfaces in the previous sections, we discuss the essential physics of SiC as a host platform
for spin-photon interfaces in this section. Because our focus will be on the physics of defects,
in particular TM defects in SiC, we will outline the underlying solid-state physics and refer
the interested reader to a more thorough introduction to the large topic of solid-state physics,
for example Ref. [172] or Refs. [147, 173] with a focus on semiconductors. However, we will
introduce two key concepts and their relation to the defects. First, we will introduce polytypeism
in Sec. 1.6.1, a concept of central importance for SiC and, second, we will review key properties
of the band structure of semiconductors in Sec. 1.6.2. In Sec. 1.6.3 we summarize relevant aspects
of defect centers in SiC as spin-photon interfaces.
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Figure 1.6: Lattice structure of SiC. (a) Schematic of one lattice site occupied by Si (purple)
with the bonding C atoms (white). These nearest neighbors fulfill the symmetry 𝑇𝑑 of the regular
tetrahedron. (b) The three possible layers (𝐴, 𝐵, 𝐶) are shown viewed from the top where circles
of one color denote lattice sites in the same layer. The SiC lattice can be built up by stacking
tetrahedrally bonded Si-C bi-layers, where each layer can only be followed by one of the other
two types. (Quasi)hexagonal sites lie in a layer surrounded by layers of the same type (e.g., 𝐵
in 𝐴𝐵𝐴) while (quasi)cubic sites are surrounded by different layers (e.g., 𝐵 in 𝐴𝐵𝐶). In (a)
we depict the wurtzite (zinc-blende) top bonds of a hexagonal (cubic) site in gray (green). SiC
polytypes other than cubic 3𝐶-SiC break the 𝑇𝑑 symmetry.

1.6.1 Polytypeism
To begin our discussion of SiC we consider its crystal structure, which can be described in terms
of polytypeism. Polytypeism names the phenomenon that some materials exist in different crystal
structures with varying stacking sequence along one dimension without changes in chemical
composition [174]. For SiC the chemical composition of all polytypes is 50% silicon (Si) and 50%
carbon (C). Because all SiC polytypes consist of similar Si-C bonds (with a high bond energy
of 4.6 eV), the mechanical properties, in particular the high hardness and elasticity, between
the polytypes are similar [174]. In contrast, the band gaps and electronic properties differ
widely between the polytypes [174, 175], see Sec. 1.6.2. In the following the polytypeism of
SiC is explained. The explanation (including Fig. 1.6) is taken from B. Tissot and G. Burkard,
“Spin structure and resonant driving of spin-1/2 defects in SiC”, Phys. Rev. B 103, 064106
(2021) (Ref. [1]) with minor modifications.

Both Si and C atoms of the lattice are tetragonally bound to four atoms of the other constituent,
giving rise to the tetragonal point symmetry of one crystal site with its nearest neighbors, see
Fig. 1.6(a). We list the symmetry operators contained in the tetragonal point group 𝑇𝑑 in
Sec. 2.2.
To take the remaining atoms of the lattice into account, it is necessary to consider the crystal

structure of SiC which can be described in terms of polytypeism [175]. In the following, we
describe the crystal structure by the stacking order of tetrahedrally bonded Si-C bi-layers and
refer to the stacking axis as the crystal axis. Due to the tetrahedral bonding, there are only three
inequivalent types of layers, distinguished by the positions of the Si atoms (lattice sites) in the
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stacking plane [Fig. 1.6(b)]. In particular, layers of the same type cannot be directly on top of
each other due to the bonding of the atoms in the crystal structure, leaving only two possibilities
to stack three layers.
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Figure 1.7: Sketch of the crystal structure of the
(a) 3C-, (b) 4H-, and (c) 6H-SiC polytypes which is
periodically repeated in the crystal. The order of
the bi-layer of bonded pairs of silicon (purple balls)
and carbon (white balls) determines the polytype.
For 3C-SiC all lattice sites are equivallent cubic (𝑘)
sites. In 4H-SiC half of the sites are hexagonal (h)
and half cubic (k). For 6H two thirds are cubic (𝑘1
and 𝑘2) while a third is hexagonal (ℎ), here the two
cubic sites 𝑘1 and 𝑘2 are inequivalent.

Labeling the different layers 𝐴,𝐵 and 𝐶,
the first possible stacking has the form
𝐴𝐵𝐶 where sites in the 𝐵 layer have
a zinc-blende bonding [green bonds in
Fig. 1.6(a)] along the crystal axis and are
called (quasi)cubic sites. The zinc-blende
bonding is compatible with the 𝑇𝑑 symme-
try of the nearest neighbors. The other
possible stacking has the form 𝐴𝐵𝐴 where
the bonding along the crystal axis is given
by wurtzite bonding [dark gray bonds in
Fig. 1.6(a)] and sites in the 𝐵 layer are
called (quasi)hexagonal. Hexagonal layers
reduce the symmetry of point defects from
𝑇𝑑 to 𝐶3𝑣. We discuss the elements and
key properties of the 𝐶3𝑣 group in Sec. 2.2.
The various polytypes of SiC are combi-

nations of hexagonal and cubic layers. All
polytypes apart from cubic 3C-SiC have
at least one hexagonal layer and therefore
defect sites in these crystals fulfill 𝐶3𝑣 sym-

metry, where the high symmetry axis coincides with the crystal axis9. We show a sketch of the
cubic polytype 3C-SiC as well as two common hexagonal polytypes 4H- and 6H-SiC in Fig. 1.7.
From the above arguments we see that SiC is a crystalline solid, i.e., it has a periodic spatial

arrangement of atoms. In this periodic lattice we define the translation vector between equivalent
atoms

#—𝑅 = 𝑛1
#—

𝐴1 + 𝑛2
#—

𝐴2 + 𝑛3
#—

𝐴3, (1.7)

with non-coplanar elementary translation vectors
#—

𝐴𝑗, 𝑛𝑗 ∈ ℤ, and 𝑗 = 1, 2, 3 [147]. Using the
bond directions #—𝑎 𝑖 (𝑖 = 1, 2, 3, 4) and coordinate system #—𝑒 𝑙 (𝑙 = 𝑥, 𝑦, 𝑧) displayed in Fig. 1.6, we
express the elementary translations for SiC as

#—

𝐴𝑙 = #—𝑎 𝑙 − #—𝑎 3 for 𝑙 = 1, 2 spanning the 𝑥, 𝑦-plane.
The third vector has a component along the crystal axis ( #—𝑒 𝑧), depends on the polytype, and
connects each lattice site to the closest equivalent lattice site in another bi-layer. For example,
one choice for the third translation vector is

#—

𝐴3 = #—𝑎 4 − #—𝑎 3 for 3C-SiC.

9 The part taken from Ref. [1] ends here.
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The elementary translation vectors span the so-called unit cell and if the unit cell has minimal
volume, the unit cell and the spanning vectors are called primitive [147]. As the name suggests,
the cubic polytype has a cubic primitive cell, while the hexagonal polytypes have hexagonal
primitive cells. The (primitive) unit cell has a different size for the polytypes and contains two,
eight, and twelve atoms for 3C-, 4H-, and 6H-SiC, respectively.

1.6.2 Electronic Band Structure of Semiconductors
The periodicity of the lattice plays a central role to understand the electronic properties of atoms
in crystal structures, for instance crystalline semiconductors. For such a lattice we assume that
the periodically arranged atoms form a periodic potential [147]

𝑉 ( #—𝑟 + #—𝑅) = 𝑉 ( #—𝑟 ), (1.8)

for any lattice translation #—𝑅 [see Eq. (1.7)].
To understand Eq. (1.8) we now list important approximations and assumptions in it. For a

start, we split the electrons into two groups: valence and core electrons [173]. The core electrons
are those in filled orbitals which for Si are 1𝑠2, 2𝑠2, and 2𝑝6 (where the superscript denotes the
occupation of the orbital) and for C are 1𝑠2 [174]. The core electrons are treated in unison with
the nuclei as the so-called ion cores. Si and C both have four valence electrons yielding the
tetragonal bonding where the covalent bonds share electron pairs in 𝑠𝑝3 hybridized orbitals and
valence electrons are slightly closer localized to the C atoms [174].
Additionally, the Born-Oppenheimer approximation or adiabatic approximation uses that the

ion cores are much heavier than the electrons such that they move on different (characteristic)
timescales [173]. Within this approximation the electrons react almost instantaneously to ionic
motion and the ion cores experience a time-averaged electronic potential as they cannot follow
the motion of the electrons. To understand the fundamental idea, we simplify the following
arguments by employing the mean-field approximation where we assume that every electron
is affected by the same average potential [see Eq. (1.8)] [173]. Without taking the spin of the
electrons into account the stationary Schrödinger equation for the electrons then becomes

[
#—𝑝 2

2𝑚
+ 𝑉 ( #—𝑟 )]Ψ( #—𝑟 ) = 𝐸Ψ( #—𝑟 ), (1.9)

with the electron momentum #—𝑝 and position #—𝑟 operators as well as the one-electron eigenstates
Ψ and energies 𝐸. Taking the spin into account, each of the eigenstates can be occupied by up
to two electrons of opposite spin which is known as Pauli’s exclusion principle [173].
Symmetry considerations allow us to compose the wave functions as the product of a plane

wave 𝑒𝑖
#—𝑘 ⋅ #—𝑟 and a lattice periodic term 𝑢 #—𝑘 ,𝑛(

#—𝑟 ) yielding the Bloch waves [147, 176]

Ψ #—𝑘 ,𝑛(
#—𝑟 ) = 𝑒𝑖

#—𝑘 ⋅ #—𝑟 𝑢 #—𝑘 ,𝑛(
#—𝑟 ), (1.10)
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Figure 1.8: Schematic semiconductor band structure with indirect (a) or direct (b) band gap. If
the minimum of the lowest conduction band (gray) as a function of the wave vector 𝑘 is directly
above the maximum of the highest valence band (blue) the band gap is said to be direct and
else indirect. The magnitude of the band gap (violet arrow) is determined by the energy (𝐸)
difference between these extrema. Panel (c) shows the Fermi-Dirac statistics for zero (green solid
line) and non-zero (dashed black line) temperature 𝑇.

where #—𝑘 is the wave vector and 𝑛 labels the so-called band. The energy bands 𝐸𝑛(
#—𝑘 ) are also

dependent on the band label 𝑛 and wave vector #—𝑘 . Both the energies and the lattice periodic
term are periodic in #—𝑘 -space (also known as reciprocal space), where the reciprocal translation
vectors #—𝐺 are related to the ones in real space via #—𝑅 ⋅ #—𝐺 = 2𝜋𝑚 with 𝑚 ∈ ℤ. The electron
energies 𝐸𝑛(

#—𝑘 ) as a function of the wave vector #—𝑘 are known as the band structure. Note that
the introduction to the band structure within this chapter only draws a simplified picture where
we did not account for all possible relevant effects, for instance the spin-orbit coupling which is
naturally included in a relativistic treatment.
Before we continue with the physics of the band structure, we introduce the density of states

𝐷(𝐸) = ∑𝑗 𝛿(𝐸 − 𝐸𝑗), where the sum is over all possible energies 𝐸𝑗
10 and we use the Dirac

𝛿, see Ref. [173] for additional details. The density of states describes the number of allowed
states per unit energy (between 𝐸 to 𝐸 + 𝛿𝐸) and is an important quantity because it can be
theoretically calculated and measured experimentally [173]. Furthermore, the occupations of the
energy bands for electrons at temperature 𝑇 follow the Fermi-Dirac statistics given by

𝑓𝑒(𝐸) = 1
1 + exp [(𝐸 − 𝐸𝑒

𝐹)/𝑘𝐵𝑇 ]
, (1.11)

with the non-zero Fermi energy (chemical potential) for electrons 𝐸𝑒
𝐹 and the Boltzmann constant

𝑘𝐵. We display the distribution in Fig. 1.8(c).
Distributing the (valence) electrons into the bands following the Fermi-Dirac statistics [Eq. (1.11)]

for 𝑇 = 0K and the Pauli exclusion principle, we find that some energetically lower-lying bands
will be completely filled [147], more generally, we understand a completely filled band as a
band where the energy is low enough for the Fermi-Dirac statistics to be indistinguishable from
unity [172]. This leads to two distinct types of bands, the first are called valence bands and are

10 The sum can also become an integral over a continuum of energies.
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completely filled at 𝑇 = 0K, the remaining bands are called conduction bands [147]. If there is
at least one partly-filled conduction band, we call a material a metal. On the other hand, if the
conduction bands are completely empty and separated by a gap 𝐸𝑔 from the completely-filled
valence band(s) we have an insulator or a semiconductor. Mainly the magnitude of the band
gap 𝐸𝑔 determines whether a material is considered to be a semiconductor or an insulator, i.e.,
materials with 𝐸𝑔 ≤ 4 eV are usually considered to be semiconductors [147]. Note that we call a
band gap indirect (direct) if the global minimum of the lowest conduction band lies at a different
(the same) #—𝑘 value as the global maximum of the highest valence band [147], see Fig. 1.8.

This terminology can be understood in terms of optical transitions between the band extrema.
For a direct band gap direct emission (or absorption) of a photon is possible because photons
with an energy corresponding to the typical width of a semiconductor band gap have (almost)
vanishing momentum on the scale of the primitive cell of the reciprocal lattice closest to the origin
(i.e., the first Brillouin zone) [147]. For an indirect band gap the transitions are only possible
indirectly additionally involving the absorption or emission of a phonon, a bosonic quasiparticle
describing a vibrational lattice excitation (see Refs. [172, 173]), for momentum conservation
[147]. We can understand the excitation within the bands within the one-electron approximation
as an electron-hole pair [173]. The excitation promotes an electron from the valence band to
the conduction band, which leaves an unoccupied state in the valence band behind, this state is
referred to as a hole . Both the hole and the conduction band electron are called free carriers
because they can carry electric current, the former carries a positive and the latter a negative
charge [173, 174].
All polytypes of SiC have an indirect band gap, but the magnitude of the band gap increases

with the ratio of hexagonal sites to the total number of Si-C bi-layers, e.g., the band gaps at
room temperature are 2.36 eV for 3C-SiC, 3.02 eV for 6H-SiC, and 3.26 eV for 4H-SiC [174]. In
terms of optical properties the indirect band gap leads to a slowly increasing photon absorption
coefficient, even when the photon energy exceeds the band gap [174]. The large indirect band
gap makes it possible that transitions of defects within the material can be accessed without
suffering from interference with the electronic states of the host [161, 174]. We discuss further
details of point defects in SiC and their application as spin-photon interfaces in the next section.

1.6.3 Point Defects in Silicon Carbide as Spin-Photon Interfaces
In addition to the central characteristic of the large band gap, which we discussed in the previous
section, there are three relevant host material properties for defect based spin-photon interfaces;
all of these help to reduce decoherence of the interface [161]. First, a small spin-orbit interaction
is preferred to avoid unwanted spin flips in the defect states. For SiC spin-orbit splittings in the
valence bands of 10meV for 3C-, 7.2meV for 6H-, and 6.8meV for 4H-SiC have been measured
[174, 177–179]. Second, constituents with naturally occurring stable nuclear-spinless isotopes
are advantageous, because they enable isotope engineering for suppression of spin bath effects
[161, 180]. Both Si and C have stable isotopes of zero nuclear spin and isotopically purified
SiC is already used in state-of-the-art experiments [5, 181, 182]. Third, the availability of
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high-quality bulk or thin-film single crystals is useful to minimize defects or impurities that could
affect the defect spin state. SiC is established in the semiconductor industry with large wavers
commercially available [183]. Furthermore, it readily features advanced crystal growth [184],
defect creation [185, 186], and advanced microfabrication techniques [187–190]. These advanced
manufacturing processes improve scalability and magneto-optical properties of color centers
hosted in SiC [161, 191, 192].
With these arguments supporting SiC as a host platform for spin-photon interfaces, we

now turn to the defects hosted in SiC. For the sake of simplicity, we will neglect unwanted
(higher-dimensional) defects and other imperfections, e.g., stacking faults which are inclusions
of foreign polytypes [174], in our theoretical analysis. Moreover, this simplification is justified
since the advanced manufacturing processes can be used to avoid imperfections. Following
this simplification, we now discuss wanted (zero-dimensional) point defects, which are defects
localized to a (few) lattice site(s). Note that intentionally doping the crystal with other atoms
can be used to tune the density of states and electronic properties, i.e., SiC can be (negatively
as well as positively) doped [174]. Negative doping increases the density of free electrons and
positive doping the density of holes. This can be understood in terms of shallow levels close to
the conduction (valence) band that can easily donate (accept) an electron [147]. Doping can be
used to stabilize the charge state of color centers used as spin-photon interfaces [5].
Deep color centers are also point defects but with levels deep inside the band gap, such that

the quantum state is not easily lost due to excitation of a free carrier [161]. Examples for such
deep defects in SiC are the (negatively charged) silicon vacancy where a Si site is unoccupied
[193–195] and the neutral divacancy where a pair of neighboring C and Si atoms are unoccupied
[196–198]. The vacancies lead to bound states which we can understand in terms of the dangling
bonds of the atoms neighboring the vacancy. Color centers can also be substitutional atoms like
the TM defects where a TM atom substitutes a Si of the lattice [1–3, 5, 6, 55–60, 164–167]. The
detailed properties of defects in SiC depend not only on the defect type, but also the polytype as
well as the position in the lattice (first and foremost the difference between hexagonal and cubic
sites) [174].
All of these defects have bound states localized around the defect within the crystal and (a

part of their) energy levels in the band gap. The localization is central to make the defects
(individually) addressable as spin-photon interfaces via the energy levels in the band gap. In this
thesis we employ the symmetry reduction to analyze (parts of) the energy level structure. The
defect breaks the translational symmetry of the crystal lattice and reduces it to a point group
symmetry for the states localized around the defect. However, because the wave functions of
deep centers are better described in terms of the wave function of the parent atomic orbitals
[147], we can also consider the symmetry reduction starting with the isolated atom fulfilling
spherical symmetry (for a substitutional defect). Placing the atom at the substitutional site of
the lattice then reduces the symmetry to a discrete symmetry point group splitting the atomic
orbital levels.
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Summary 1.7

1.7 Summary
In this chapter, we have discussed the basic building blocks, the underlying physics, and some
applications of spin-photon interfaces. We then introduced the DiVincenzo criteria as a guideline
for examining key properties of devices required for quantum technology applications. In this
context, we highlighted the favorable properties of TM defects in SiC as a spin-photon interface
(Sec. 1.5.1) and reviewed the physics of SiC as a host platform for such defects (Sec. 1.6). Both
warrant further research efforts, which this thesis participates in. After introducing the necessary
methods to follow the calculations performed throughout this work in the next chapter, we
will use the perspective of symmetry reduction (of the previous section) to develop an effective
Hamiltonian description for the energy levels of the active electron of TM defects in SiC in Chs. 3
and 4. This model enables the assessment of the defect and the development of protocols tailored
to these defects in the rest of this thesis.
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2
Methods

In order to best understand the development of theoretical models and calculations performed
in this thesis we present the methods we rely on in this chapter. The methods described below
are based on standard knowledge that is well known in the literature. However, some of the
approaches combine established models and techniques in novel ways, while others are more
domain specific. In order to keep this thesis mostly self-contained, we review these in the
following.
We begin with an overview of input-output theory and open quantum systems in Sec. 2.1, both of

which are essential for modeling spin-photon interfaces and their interaction with electromagnetic
radiation. A condensed introduction to the application of group theory to the modeling of
defects in crystal structures is given in Sec. 2.2. In Sec. 2.3 we provide two approaches to the
perturbative treatment of systems with separate subspaces in energy or timescale.

2.1 Open Quantum Systems and Input-Output Theory
In this section we review the underlying physical models that are essential when studying quantum
emitters. We begin by discussing light matter interaction and cavity quantum electrodynamics.
Then we introduce the Lindblad master equation as a framework to describe open quantum
systems and incorporate the coherent interaction with distinct quantum pulses in this framework
using input-output theory for quantum pulses.

2.1.1 Minimal Coupling and Cavity Quantum Electrodynamics in a Nutshell
Even in classical electrodynamics position and momentum are not conjugate variables in the
presence of an electromagnetic field, the new canonical momentum is #—𝑝 − 𝑞

#—

𝐴 [199]. To describe
the interaction between an electromagnetic field and a charged particle one can use the so-called
minimal coupling [200],

#—𝑝 → #—𝑝 − 𝑞
#—

𝐴( #—𝑟 , 𝑡), 𝐻 → 𝐻 − 𝑞𝜙( #—𝑟 , 𝑡), (2.1)
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where 𝑝 is the momentum of the particle,
#—

𝐴 (𝜙) is the electromagnetic vector (scalar) potential
depending on the position #—𝑟 of the particle as well as time 𝑡, and 𝑞 the charge coupling to the
field1. This coupling for a charged particle with spin-1/2 in the non-relativistic limit leads us to
the Pauli Eq. (1.2). If the wavelength of the field is much larger than the typical length scale
relevant for the particle (for example the Bohr radius 10−10 m for an electron bound to an atom
compared to a typical optical wavelength 10−7 m) we can neglect the position dependence of the
electromagnetic potential [201]. This is known as the electric dipole or dipolar approximation.

Figure 2.1: Illustration of a cavity quan-
tum electrodynamics system. A cavity
mode (pink) trapped between two mirrors
(black) interacts with an atomic system.
The interaction can be direct via a dipole
moment between different orbital states
(yellow, green, violet) or indirect via medi-
ated by the spin-orbit interaction between
spin degrees of freedom (silver arrow).

In free space (or infinitely extended waveguides)
the electromagnetic field can comprise a contin-
uum of modes, for this case we refer the reader
to Sec. 2.1.3 where we treat the interaction with
quantum pulses. However, for a particle interact-
ing with a field trapped in a cavity we can focus
on a single mode of the electromagnetic field with
(positive) frequency 𝜔. To consider the quantization
of the electromagnetic field we consider a single
mode in vacuum (𝜙 = 0), use the Coulomb gauge
∇ ⋅

#—

𝐴 = 0, and introduce
#—

𝐴 = #—𝛼𝑎 + #—𝛼∗𝑎† [202].
Here, ∇ denotes the gradient, #—𝛼 determines the
magnitude and polarization of the field, and 𝑎 (𝑎†)
is the annihilation (creation) operator of the field
mode. Restricting the atom to two levels where the
electric field only couples between different energy

eigenstates, we arrive at the Rabi Hamiltonian [203]

𝐻/ℏ = Δ𝜎𝑧/2 + 𝜔𝑎†𝑎 + 𝑔𝜎𝑥(𝑎† + 𝑎). (2.2)

In this equation we used the energy splitting Δ ≥ 0, the Pauli matrices 𝜎𝑥, 𝜎𝑧 [see Eq. (1.3)], and
the dipole coupling strength 𝑔. The Rabi Hamiltonian is justified even if the system has more
levels given all other transitions are sufficiently detuned or there are appropriate selection rules.
Using raising and lowering operators 𝜎± = 𝜎𝑥 ± 𝑖𝜎𝑦 we split the interaction in two terms:

The first term 𝜎+𝑎 + h.c. oscillating with Δ− 𝜔 in the interaction picture and the second term
𝜎+𝑎† + h.c. oscillating with Δ+ 𝜔. Close to resonance we get |Δ − 𝜔| ≪ Δ + 𝜔 such that we
can use the rotating wave approximation to neglect the second term. With this we arrive at the
celebrated Jaynes-Cummings Hamiltonian [204]

𝐻/ℏ = Δ𝜎𝑧/2 + 𝜔𝑎†𝑎 + 𝑔(𝜎−𝑎† + 𝜎+𝑎). (2.3)

1 The substitution can equivalently applied to the four-momentum 𝑝𝜇 → 𝑝𝜇 − 𝑞𝐴𝜇 with the electromagnetic
four-potential (𝜙/𝑐, #—𝐴) and the speed of light 𝑐.
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(a) (b)

S

ρ̇ = − i
~ [H, ρ]

ES

V

ρ̇ = − i
~ [H, ρ] +

∑
k LkρL

†
k − 1

2

{
L†
kLk,

}

(c)

|1〉

|0〉

δ

∆Γ1→0

Lph=
√
Γph |1〉〈1|

L1→0=
√
Γ1→0 |0〉〈1|

Figure 2.2: Illustration of the Lindblad master equation. We contrast (a) the coherent evolution
of a perfectly isolated system 𝑆 according to the von Neumann Eq. (2.4) to the effective evolution
of the system interacting (with interaction term 𝑉) with an environment 𝐸 according to the
Lindblad master Eq. (2.14). In panel (c) we show two important decoherence processes of a
two-level system, the decay at rate Γ1→0 and the dephasing Γph. We interpret the first as a
spontaneous decay (red snake line) and the second as the result of a jitter 𝛿 of the energy splitting
of the levels Δ.

We note that the coupling of real systems is not always well captured by this simple interaction,
for example a longitudinal coupling would lead to an (additional) interaction term of the form
𝜎𝑧(𝑎†+𝑎) [205]. Furthermore, additional levels that (indirectly) interact with the electromagnetic
field can complicate the model. In Ch. 3 we will show how the complex interplay of various
interactions, most prominently the spin-orbit interaction, leads to the selection rules for transition
metal (TM) defects in silicon carbide (SiC). These quantum emitters usually provide no control
over the direction of emission and are therefore often embedded in cavities to enhance the
collection efficiency of the quantum emission [53, 188, 206].

2.1.2 Lindblad Master Equation
A quantum emitter or spin-photon interface is a device that emits (or absorbs) a photon into
(from) the environment, to this end the system cannot be perfectly isolated from the environment.
Therefore, we need an approach to model a system in contact with an environment, illustrated
in Fig. 2.2. We will sketch the Lindblad formalism [207] and the imposed approximations in
the following. Starting from the Schrödinger equation describing the evolution of an isolated
quantum system, we find the evolution of a density matrix (or operator) 𝜌 according to the von
Neumann equation [208]

̇𝜌(𝑡) = − 𝑖
ℏ
[𝐻(𝑡), 𝜌(𝑡)] , (2.4)

with the Hamiltonian 𝐻, the reduced Planck constant ℏ. The density matrix generalizes pure
states to account for statistically mixed states. If we now take the isolated system described by
the von Neumann equation to be the combination of the system under study and its environment,
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the full Hilbert space is the tensor product ℋ𝑆 ⊗ ℋ𝐸 of the systems and the environments
Hilbert spaces. Due to the sheer size of the environment it generally becomes infeasible to
describe all possible coherent oscillations and the full phase information using the Schrödinger or
von Neuman equation. However, we can trace out the dynamics of the environment to find the
effective dynamics of the system leading to non-unitary dynamics which can be described by a
so-called master equation [208]. To eliminate the environment from the effective dynamics we
follow the “simple derivation” found in Refs. [209, 210]2. With this approach we aim to find the
dynamics of 𝜌𝑆(𝑡) = tr𝐸[𝜌(𝑡)], where tr𝐸(⋅) denotes the partial trace over the Hilbert space of
the environment ℋ𝐸. We partition the combined Hamiltonian

𝐻𝑆 ⊗ 𝟙 + 𝟙 ⊗𝐻𝐸 + 𝛼𝑉 (2.5)

into the system-environment coupling 𝛼𝑉, the system 𝐻𝑆 and environment 𝐻𝐸 Hamiltonians.
From now on we will omit the explicit tensor products and switch to the interaction picture

𝐻𝐼(𝑡) = 𝑒𝑖(𝐻𝑆+𝐻𝐸)𝑡/ℏ𝑉 𝑒−𝑖(𝐻𝑆+𝐻𝐸)𝑡/ℏ and 𝜌𝐼(𝑡) = 𝑒𝑖(𝐻𝑆+𝐻𝐸)𝑡/ℏ𝜌(𝑡)𝑒−𝑖(𝐻𝑆+𝐻𝐸)𝑡/ℏ, (2.6)

such that we find

̇𝜌𝐼(𝑡) = − 𝑖
ℏ
𝛼 [𝐻𝐼(𝑡), 𝜌𝐼(𝑡)] . (2.7)

Formally integrating the von Neumann Eq. (2.7) yields 𝜌𝐼(𝑡) = 𝜌(0) − 𝑖
ℏ𝛼∫𝑡

0
[𝐻𝐼(𝜏), 𝜌𝐼(𝜏)] 𝑑𝜏

which we insert into itself and then take the partial trace to calculate

̇𝜌𝑆,𝐼 = −𝛼2

ℏ2 tr𝐸 {[𝐻𝐼(𝑡),∫
𝑡

0
[𝐻𝐼(𝜏), 𝜌𝐼(𝜏)] 𝑑𝜏]} . (2.8)

In this expression we omitted − 𝑖𝛼
ℏ tr𝐸 [𝐻𝐼(𝑡), 𝜌(0)] because we can choose 𝑉 such that this term

vanishes if the initial state is separable, i.e., 𝜌(0) = 𝜌𝑆(0) ⊗ 𝜌𝐸(0) [210]. Using the most general
expression of the interaction 𝑉 = ∑𝑖 𝑆𝑖⊗𝐸𝑖 in terms of system 𝑆𝑖 and environment 𝐸𝑖 operators
we can always achieve this choice by using 𝑉 ′ = ∑𝑖 𝑆𝑖 ⊗ (𝐸𝑖 − ⟨𝐸𝑖⟩), where ⟨𝐸𝑖⟩ = tr[𝐸𝑖𝜌𝐸(0)],
leading to an energy shift 𝐻′

𝑆 = 𝐻𝑆 + 𝛼∑𝑖 ⟨𝐸𝑖⟩ 𝑆𝑖. Additionally, assuming the initial state to
be separable can be justified by appropriately choosing the time point 𝑡 = 0, e.g., as the time
when the interaction with the environment is switched on, or by using the argument that the
correlations between the system and the environment decay rapidly. Furthermore, a separable
initial state can be achieved by only controlling the system, for instance by preparing the system
state 𝜌𝑆 in a pure state using a projective measurement [212]. With the appropriate 𝑡 = 0
Eq. (2.8) is still exact but the right-hand side shows two challenges, namely it (i) includes the
combined system and environment state and (ii) depends on all earlier times. To solve challenge

2 We note that different derivations, which can have advantages like better generalizability, of the Lindblad master
equation exist [211].
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(i) we first employ the Born approximation, a weak-coupling approximation, in our notation this
corresponds to 𝛼 ≪ 1. Due to the weak coupling this approximation takes the influence of the
system to the environment to be negligible such that we can unravel system and environment to
𝜌𝐼(𝑡) ≈ 𝜌𝑆,𝐼(𝑡) ⊗ 𝜌𝐸.
Then we solve challenge (ii) using the Markov approximation describing the dynamics on a

coarse-grained timescale. Integrating Eq. (2.8) after inserting the Born approximation we find
the difference 𝜌𝑆,𝐼(𝑡) − 𝜌𝑆,𝐼(𝑡′) ∝ 𝛼2, which justifies the first step of the Markov approximation
in the weak-coupling regime. This step is given by replacing 𝜌𝑆,𝐼(𝜏) → 𝜌𝑆,𝐼(𝑡) on the right-hand
side of Eq. (2.8) after application of the Born approximation and leads to a time local equation.
However, the resulting time local equation is still not Markovian since it depends on the initial
state. To resolve this we apply a final step of the Markov approximation that corresponds to a
coarse-graining. We substitute 𝜏 = 𝑡 − 𝑠 (which does not change the integration bounds) where
𝑠 describes how far back in time we go to take memory effects into account. Within the Markov
approximation the memory effects are short-lived compared to the system dynamics therefore the
integrand quickly decays with 𝑠 and we can extend the upper bound of the integral to infinity.
With the combined Born-Markov approximation we get

̇𝜌𝑆,𝐼 = −𝛼2

ℏ2 ∫
∞

0
tr𝐸 {[𝐻𝐼(𝑡), [𝐻𝐼(𝑡 − 𝑠), 𝜌𝑆,𝐼(𝑡) ⊗ 𝜌𝐸] 𝑑𝜏]} , (2.9)

which is also known as the Redfield equation [210, 213, 214]. While this equation is a Markovian
master equation it does not guarantee positivity of the map, thus unphysical solutions containing
negative populations are possible.
To ensure complete positivity, we employ the rotating wave approximation also known as the

secular approximation in this context. To apply this approximation we consider the most general
form of the interaction 𝑉 = ∑𝑛 𝑆𝑛 ⊗𝐸𝑛. With the projection operators 𝑃𝑘 onto the eigenspace
(subspace of eigenstates) belonging to the eigenvalue 𝜖𝑘 of 𝐻𝑆 we spectrally decompose the
system operator part of 𝑉 to

𝑆𝑛(𝜔) = ∑
𝑘,𝑙∶𝜖𝑙−𝜖𝑘=ℏ𝜔

𝑃𝑘𝑆𝑛𝑃𝑙, (2.10)

where we sum over all energy differences leading to the frequency ℏ𝜔. With this definition we
find the interaction picture operator 𝑆𝑛,𝐼(𝜔, 𝑡) = 𝑒𝑖𝐻𝑆𝑡/ℏ𝑆𝑛(𝜔)𝑒−𝑖𝐻𝑆𝑡/ℏ = 𝑒−𝑖𝜔𝑡𝑆𝑛(𝜔). Summing
over all energy differences ∑𝜔 𝑆𝑛(𝜔) = 𝑆𝑛 leads us to the interaction picture Hamiltonian

𝐻𝐼(𝑡) = ∑
𝑛,𝜔

𝑒−𝑖𝜔𝑡𝑆𝑛(𝜔) ⊗ 𝐸𝑛,𝐼(𝑡) = ∑
𝑛,𝜔

𝑒𝑖𝜔𝑡𝑆†
𝑛(𝜔) ⊗ 𝐸†

𝑛,𝐼(𝑡), (2.11)
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with the interaction picture environmental operators 𝐸𝑛,𝐼(𝑡) = 𝑒𝑖𝐻𝐸𝑡/ℏ𝐸𝑛𝑒−𝑖𝐻𝐸𝑡/ℏ and where
the second equality follows from the Hermicity of 𝑉 † = 𝑉. To reap the benefits of the spectral
decomposition we reinsert Eq. (2.11) into the Redfield Eq. (2.9)3

̇𝜌𝑆,𝐼 = ∑
𝜔,𝜔′,𝑘,𝑙

𝑒𝑖(𝜔′−𝜔)𝑡 {Γ𝑘𝑙(𝜔) [𝑆𝑙(𝜔)𝜌𝑆,𝐼(𝑡), 𝑆
†
𝑘(𝜔′)] + Γ∗

𝑙𝑘(𝜔) [𝑆𝑙(𝜔′), 𝜌𝑆,𝐼(𝑡)𝑆
†
𝑘(𝜔)]} , (2.12)

where we used the cyclicity of the trace and defined

Γ𝑛𝑚(𝜔) = 𝛼2

ℏ2 ∫
∞

0
𝑑𝑠𝑒𝑖𝜔𝑠 tr𝐸 [𝐸†

𝑛,𝐼(𝑡)𝐸𝑚,𝐼(𝑡 − 𝑠)𝜌𝐸] . (2.13)

Application of the secular approximation to Eq. (2.12) corresponds to retaining only the resonant
interaction terms, i.e. terms where 𝜔 = 𝜔′ [210]. Finally, we assume that the environment is in
a stationary state, i.e., [𝐻𝐸, 𝜌𝐸] = 0, and divide the dissipation terms into Hermitian 𝜋𝑘𝑙(𝜔) =
−𝑖ℏ
2 [Γ𝑘𝑙(𝜔)−Γ𝑘𝑙(𝜔)∗] and non-Hermitian 𝛾𝑘𝑙(𝜔) = Γ𝑘𝑙(𝜔)+Γ𝑘𝑙(𝜔)∗ = ∫∞

−∞
𝑑𝑠𝑒𝑖𝜔𝑠 tr𝐸 [𝐸†

𝑘(𝑠)𝐸𝑙𝜌𝐸]
parts [208]. Taking the environment to be in a stationary state makes 𝜋𝑘𝑙(𝜔) and 𝛾𝑘𝑙(𝜔)
independent of the time 𝑡, which is readily seen from Eq. (2.13) considering the cyclicity of the
trace. Often the thermal state 𝜌𝐸 = 𝑒−𝐻𝐸/𝑘𝐵𝑇/ tr𝐸 𝑒−𝐻𝐸/𝑘𝐵𝑇, with the Boltzmann constant 𝑘𝐵
and temperature 𝑇, is used as the (stationary) reference state of the environment. The Hermitian
part leads to the Lamb shift Hamiltonian 𝐻𝐿𝑆 = ∑𝜔,𝑘,𝑙 𝜋𝑘𝑙(𝜔)𝑆

†
𝑘(𝜔)𝑆𝑙 which renormalizes

the system energy levels due to the interaction with the environment [210]. Because 𝛾𝑘𝑙(𝜔)
are Fourier transforms of positive functions (tr𝐸 [𝐸†

𝑘(𝑠)𝐸𝑙𝜌𝐸]) they form a positive matrix
𝛾(𝜔) [208, 210]. Therefore, we can diagonalize this matrix using a unitary operator 𝑂 and get
𝑂𝛾(𝜔)𝑂† = diag(𝑑1(𝜔),… , 𝑑𝑁(𝜔)). Transforming back to the Schrödinger picture and applying
the unitary transformation 𝑂 gives

̇𝜌(𝑡) = − 𝑖
ℏ
[𝐻, 𝜌(𝑡)] +∑

𝑘
[𝐿𝑘𝜌(𝑡)𝐿

†
𝑘 −

1
2
{𝐿†

𝑘𝐿𝑘, 𝜌(𝑡)}] , (2.14)

where we used the anticommutator {𝐴,𝐵} = 𝐴𝐵 +𝐵𝐴, omitted the subscript 𝑆 for simplicity,
combined the system and Lamb shift Hamiltonians 𝐻 = 𝐻𝑆 +𝐻𝐿𝑆, and introduced the jump
operators 𝐿𝑘=(𝑚,𝜔) = √𝑑𝑚(𝜔)∑𝑛 𝑂∗

𝑚𝑛𝑆𝑛(𝜔). This equation is the anticipated Lindblad master
equation.
In this thesis, we will not derive the dissipators from first principles but introduce them on a

phenomenological level. Among others, we will describe (qubit) dephasing with dissipators of the
form √Γph |1⟩ ⟨1| which describes the dephasing of the state |1⟩ with respect to the other qubit
state |0⟩ and decay from |0⟩ to |1⟩ with √Γ0→1 |0⟩ ⟨1|. We can understand the dephasing as the
consequence of a jitter (𝛿) of the energy splitting (Δ) of the levels [215, 216] due to noise from
the environment and the decay as the emission of an excitation (e.g. a photon or phonon) to the

3 To simplify the calculation we first rewrite the double commutator [𝐻𝐼(𝑡), [𝐻𝐼(𝑡 − 𝑠), 𝜌𝐼(𝑡)]] =
[𝐻𝐼(𝑡)†,𝐻𝐼(𝑡 − 𝑠)𝜌] + [𝜌𝐻𝐼(𝑡 − 𝑠)†,𝐻𝐼(𝑡)], where we use † to denote the terms where we insert the expres-
sion using 𝑆†

𝑛(𝜔) from Eq. (2.11).
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environment, see Fig. 2.2(c). Note that the Kubo-Martin-Schwinger condition for the coupling
to a heat bath at temperature 𝑇 leads to the detailed balance [208, 211], which we can use in
combination with the energy difference 𝐸1 −𝐸0 compared to the thermal energy 𝑘𝐵𝑇 to get the
rate of thermal excitations (inverse decay processes). With this we find the inverse process of the
decay above according to the dissipator √Γ0→1𝑒−(𝐸1−𝐸0)/𝑘𝐵𝑇 |1⟩ ⟨0|.

2.1.3 Input-Output Theory for Quantum Pulses
While the Lindblad master equation introduced in Sec. 2.1.2 treats the interaction with the
environment it completely reduced the dynamics to the system level. Thus, undesired losses
and desired processes, like the emission of a photon into a certain mode, cannot be distinct. To
incorporate certain input and output modes into the Lindblad master equation we will use the
novel approach to input-output theory for quantum pulses by Kiilerich and Mølmer [217, 218]
to incorporate these distinct modes. Due to the time-dependence of the quantum pulses the
Lindblad master equation will also be time-dependent.
Before we dive into the novel approach, we summarize key aspects of conventional input-

output theory. This theory relates the input 𝑏in(𝑡) and output 𝑏out(𝑡) field lowering operators
𝑏out(𝑡) = 𝑏in(𝑡) +

√
𝜅𝑐(𝑡) via the decay rate 𝜅 and lowering operator of the system 𝑐(𝑡) [201,

219–221]. To derive this equation we follow Ref. [220]. Analogous to the derivation of the Lindblad
master equation, we begin with the full Hamiltonian of the form 𝐻𝑆 +𝐻𝐸 + 𝑉 with the system
(environment) Hamiltonian 𝐻𝑆 (𝐻𝐸) as well as the interaction between system and environment 𝑉.
Here, the environment is supposed to describe electromagnetic radiation, therefore we take it as
a continuum of bosonic (frequency) modes whose creation 𝑏†(𝜔) and annihilation 𝑏(𝜔) operators
satisfy [𝑏(𝜔), 𝑏†(𝜔′)] = 𝛿(𝜔−𝜔′). The bath Hamiltonian is 𝐻𝐸 = ℏ∫∞

−∞
𝜔𝑏†(𝜔)𝑏(𝜔)𝑑𝜔 and couples

to a system operator 𝑐 via the interaction Hamiltonian 𝑉 = 𝑖ℏ∫∞
−∞

𝑑𝜔𝜅(𝜔) [𝑐𝑏†(𝜔) − 𝑐†𝑏(𝜔)].
We do not specify 𝐻𝑆 or the particular form of the system operator 𝑐, however the particular
form of 𝐻𝐸 and 𝑉 imply the rotating wave approximation (see Secs. 2.1.2 and 2.1.1) and the
integral bounds from (−∞,∞) include negative frequencies. Both are justified for weak system
environment coupling, where we can neglect rapidly oscillating terms in the interaction. Because
only terms close to resonance are relevant, negative frequencies only contribute very little, thus
extending the integration bounds to −∞ is also justified. These simplifications create what is
called quantum white noise and lead to Markovian dynamics.
The Heisenberg equations of motion are

̇𝑏(𝜔, 𝑡) = − 𝑖𝜔𝑏(𝜔, 𝑡) + 𝜅(𝜔)𝑐(𝑡), (2.15)

̇𝑎(𝑡) = − 𝑖
ℏ
[𝑎(𝑡),𝐻𝑆(𝑡)] +∫

∞

−∞
𝑑𝜔{𝑏†(𝜔, 𝑡) [𝑎(𝑡), 𝑐(𝑡)] − [𝑎(𝑡), 𝑐†(𝑡)] 𝑏(𝜔, 𝑡)} , (2.16)

for the frequency modes 𝑏(𝜔, 𝑡) of the environment and an arbitrary system operator 𝑎(𝑡)
in the Heisenberg picture. For a convenient notation we use the explicit time argument to
differentiate the Heisenberg picture from the Schrödinger picture. We continue by formally solving
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𝑏(𝜔, 𝑡) = 𝑒−𝑖𝜔(𝑡−𝑡0)𝑏(𝜔, 𝑡0) + 𝜅(𝜔)∫𝑡
𝑡0
𝑒−𝑖𝜔(𝑡−𝜏)𝑐(𝜏)𝑑𝜏, where 𝑏(𝜔, 𝑡0) has the same commutation

relation as 𝑏(𝜔) and resembles an initial value at 𝑡 = 𝑡0. We use the reference modes 𝑏(𝜔, 𝑡0) to
define the “in” field

𝑏in(𝑡) =
1√
2𝜋

∫
∞

−∞
𝑑𝜔𝑒−𝑖𝜔(𝑡−𝑡0)𝑏(𝜔, 𝑡0), (2.17)

which satisfies [𝑏in(𝑡), 𝑏
†
in(𝑡′)] = 𝛿(𝑡−𝑡′). Application of the Markov approximation 𝜅(𝜔) = √𝜅/2𝜋

makes it possible to rewrite Eq. (2.16) in terms of Eq. (2.17) by using ∫∞
−∞

𝑑𝜔𝑒−𝑖𝜔𝑡 = 2𝜋𝛿(𝑡) as
well as ∫𝑡

0
𝑑𝜏𝑐(𝜏)𝛿(𝑡 − 𝜏) = 1

2𝑐(𝑡). The result is the quantum Langevin equation

̇𝑎(𝑡) = − 𝑖
ℏ
[𝑎(𝑡),𝐻𝑆(𝑡)] − [𝑎(𝑡), 𝑐†(𝑡)] [𝜅

2
𝑐(𝑡) +

√
𝜅𝑏in(𝑡)] + [𝜅

2
𝑐†(𝑡) +

√
𝜅𝑏†in(𝑡)] [𝑎(𝑡), 𝑐(𝑡)] .

(2.18)

In this equation, the terms ∝ 𝜅
2 are Markovian damping terms, i.e., damping terms that only

depend on the system operators at time 𝑡 not previous times.
Taking a time 𝑡1 > 𝑡 we can, analogous to Eq. (2.17), define

𝑏out(𝑡) =
1√
2𝜋

∫
∞

−∞
𝑑𝜔𝑒−𝑖𝜔(𝑡−𝑡1)𝑏(𝜔, 𝑡1), (2.19)

where we have 𝑏(𝜔) = 𝑒−𝑖𝜔(𝑡−𝑡1)𝑏(𝜔, 𝑡1)−𝜅(𝜔)∫𝑡1
𝑡

𝑑𝜏𝑒−𝑖𝜔(𝑡−𝜏)𝑐(𝜏). This leads us to a time-reversed
Langevin equation

̇𝑎(𝑡) = − 𝑖
ℏ
[𝑎(𝑡),𝐻𝑆(𝑡)] − [𝑎(𝑡), 𝑐†(𝑡)] [−𝜅

2
𝑐(𝑡) +

√
𝜅𝑏out(𝑡)] + [−𝜅

2
𝑐†(𝑡) +

√
𝜅𝑏†out(𝑡)] [𝑎(𝑡), 𝑐(𝑡)] ,

(2.20)

compared to (2.18) we see that 𝑏in(𝑡) → 𝑏out(𝑡), 𝜅
2 𝑐(𝑡) → −𝜅

2 𝑐(𝑡), and
√
𝜅 →

√
𝜅. Substracting

Eq. (2.18) from Eq. (2.20) for 𝑎(𝑡) = 𝑐(𝑡) results in the anticipated identity

𝑏out(𝑡) = 𝑏in(𝑡) +
√
𝜅𝑐(𝑡). (2.21)

To directly apply Eq. (2.21) one needs to know the time-dependent system operator 𝑐(𝑡) in the
Heisenberg picture which is only available for sufficiently simple system Hamiltonians 𝐻𝑆, but
the input-output theory for quantum pulses [217, 218] enables a Schrödinger picture description
where we treat the input (output) quantum state occupying single normalized wave packet 𝑢(𝑡)
[𝑣(𝑡)]. Here, normalized mode 𝑜(𝑡) = 𝑢(𝑡), 𝑣(𝑡) refers to the modulo square normalization over
time ∫∞

0
|𝑜(𝑡)|2 𝑑𝑡 = 1. For a temporal mode 𝑜(𝑡) we define the pertaining bosonic creation

operator

𝑏†𝑜 = ∫𝑑𝑡𝑜(𝑡)𝑏†(𝑡). (2.22)
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The fundamental idea is to model the input (output) wave packet as the emission (absorption)

from a virtual one-sided cavity (annihilation operator 𝑎) with time-dependent complex coupling
𝑖 [𝑔∗(𝑡)𝑎𝑏†in − 𝑔(𝑡)𝑎†𝑏in] to its respective input continuum fields, see Fig. 2.3. In particular,
choosing

𝑔𝑢(𝑡) =
𝑢∗(𝑡)

√1 − ∫𝑡
0
𝑑𝑡′ |𝑢(𝑡′)|2

, 𝑔𝑣(𝑡) = − 𝑣∗(𝑡)

√∫𝑡
0
𝑑𝑡′ |𝑢(𝑡′)|2

, (2.23)

which respectively emit the initial (intra-)cavity state (at 𝑡 = 0) as a traveling wave packet given
by the temporal mode 𝑢(𝑡) and asymptotically acquire the initial (𝑡 = 0) state of the temporal-
mode 𝑣(𝑡) incident on the cavity [217, 222, 223]. To understand the temporal coupling of the
virtual cavities, we consider an empty cavity with time-dependent coupling operator 𝑔(𝑡)𝑎 and the
cavity annihilation operator 𝑎, in this case Eq. (2.18) becomes [218, 220] ̇𝑎 = − |𝑔(𝑡)|

2 𝑎 − 𝑔(𝑡)𝑏in(𝑡)
in the rotating frame of the carrier frequency of the field mode. In this expression we employed
the Born-Markov approximation which mandates that 𝑔(𝑡) varies slowly compared to the spectral
range of the continuum field [218]. Formal integration of this expression yields [218]

𝑎(𝑡) = 𝑒−
1
2 ∫𝑡

0
𝑑𝜏|𝑔(𝜏)|2𝑎(0) −∫

𝑡

0
𝑑𝜏𝑔(𝜏)𝑒−

1
2 ∫𝑡

𝜏
|𝑔(𝜏)|2𝑏in(𝜏). (2.24)

To generate the temporal mode 𝑢(𝑡) occupied by the state given by the initial state of the virtual
cavity [see Eq. (2.22)] (from a vacuum input) we need [217]

𝑢(𝑡) = 𝑔∗𝑢(𝑡)𝑒
− 1

2 ∫𝑡
0
𝑑𝜏|𝑔𝑢(𝜏)|

2
. (2.25)

Because solving this condition for the coupling strength 𝑔𝑢(𝑡) is non-trivial, we first considering
the differential equation 𝑤̇ = − |𝑢(𝑡)|2 = − |𝑔𝑢(𝑡)|

2 𝑒−∫𝑡
0
𝑑𝜏|𝑔𝑢(𝜏)|

2
. Solving the differential equation

for the initial condition 𝑤(0) = 1 results in 𝑤(𝑡) = 1 − ∫𝑡
0
𝑑𝜏 |𝑢(𝜏)|2 = 𝑒−∫𝑡

0
𝑑𝜏|𝑔𝑢(𝜏)|

2
. Using this

solution as a substitution rule to replace the exponential in Eq. (2.25) enables us to directly
deduce the (complex conjugate of) the coupling 𝑔𝑢(𝑡) in Eq. (2.23) [217, 218, 224].
For the virtual output cavity we assume an asymptotic decay of the initial amplitude [i.e., the

term ∝ 𝑎(0) in Eq. (2.24) vanishes] and the integral of the second term in Eq. (2.24) for 𝑡 → ∞
yields the relation to the temporal mode [218]

𝑣(𝑡) = −𝑔∗𝑣(𝑡)𝑒
− 1

2 ∫∞
𝑡

𝑑𝜏|𝑔𝑣|(𝜏). (2.26)

Analogous to the input generation, inversion yields 𝑔𝑣(𝑡) in Eq. (2.23) [217, 218, 223]. Here, the
differential equation is 𝑤̇ = |𝑣(𝑡)|2 = |𝑔𝑣(𝑡)|

2 𝑒−
1
2 ∫∞

𝑡
𝑑𝜏|𝑔𝑣(𝜏)|

2
with initial condition 𝑤(0) = 0.

To implement the initial idea where we use the virtual cavities to generate the input and capture
the output pulses (see Fig. 2.3), we need to model the combined three-partite system. Since two
of the three systems are virtual assuming that the pulse travels between the sub-systems in a
cascaded manner requires no assumption over a real physical system. The cascaded evolution of
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gu(t) gv(t)

Figure 2.3: Illustration of the equivalence between a quantum system (a) interacting with a
traveling quantum pulse and (b) coupled to cavities with appropriately chosen time-dependent
couplings. The quantum system is illustrated by an atomic system with spin (blue ball with
yellow arrow) in a cavity (gray mirrors with pink mode). The traveling pulses are illustrated by
temporal modes 𝑢(𝑡) and 𝑣(𝑡) (pink curves).

systems was investigated in seminal works by Carmichael [225] as well as Gardiner [226] and
generalizations to systematically analyze complex cascaded networks within the so-called SLH
framework [227, 228]. To derive the relevant rules to cascade from one system to another, we
investigate the Hamiltonian

𝐻1 +𝐻2 +∫
∞

−∞
𝑑𝜔𝜔𝑏†(𝜔)𝑏(𝜔)

+ 𝑖√𝜅1
2𝜋

∫
∞

−∞
𝑑𝜔 [𝑐1𝑏†(𝜔) − 𝑐†1𝑏(𝜔)] + 𝑖√𝜅2

2𝜋
∫

∞

−∞
𝑑𝜔 [𝑐2𝑏†(𝜔)𝑒−𝑖𝜔𝜏 − 𝑐†2𝑏(𝜔)𝑒𝑖𝜔𝜏] . (2.27)

In this Hamiltonian the quantum channels 𝑏(𝜔) are directional from system 1 to 2 with a
propagation time 𝜏 between the systems to account for the cascaded evolution. The directionality
thus breaks time-reversal symmetry, in particular system 1 does not feel a back action from system
2. We choose time 𝑡 = 0 as the time when the Heisenberg picture and Schrödinger picture operators
agree. Then we transfer the input-output relation (2.21) to the Schrödinger picture using the
reference time 𝑡0 = 0 and 𝑡1 = 𝜏, such that we get 1√

2𝜋 ∫∞
−∞

𝑑𝜔𝑏(𝜔, 𝜏)𝑒𝑖𝜔𝜏 = 1√
2𝜋 ∫∞

−∞
𝑑𝜔𝑏(𝜔)+

√
𝜅𝑐.

Because all but one system are virtual we choose the propagation time to vanish 𝜏 → 0. With
this we can reinsert into the Hamiltonian to find

𝐻1 +𝐻2 + 𝑖√𝜅1𝜅2 [𝑐2𝑐
†
1 − 𝑐†2𝑐1] +∫

∞

−∞
𝑑𝜔𝜔𝑏†(𝜔)𝑏(𝜔)

+ 𝑖√𝜅1
2𝜋

∫
∞

−∞
𝑑𝜔 [𝑐1𝑏†(𝜔) − 𝑐†1𝑏(𝜔)] + 𝑖√𝜅2

2𝜋
∫

∞

−∞
𝑑𝜔 [𝑐2𝑏†(𝜔) − 𝑐†2𝑏(𝜔)] . (2.28)

We see that the combined two-partite system couples to the field as √𝜅1𝑐1 +
√𝜅2𝑐2 and the

combined two-partite Hamiltonian is 𝐻1 +𝐻2 + 𝑖√𝜅1𝜅2 [𝑐2𝑐
†
1 − 𝑐†2𝑐1]. Taking the global input

to be the vacuum state, treating the output of the combined system as losses to a Markovian
environment, and using the outlined approach to concatenate the three systems, we arrive at a
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master equation in Lindblad form (see Sec. 2.1.2) [217],

̇𝜌(𝑡) = − 𝑖
ℏ
[𝐻(𝑡), 𝜌(𝑡)] +∑

𝑖
[𝐿𝑖(𝑡)𝜌𝐿

†
𝑖 (𝑡) −

1
2
{𝐿†

𝑖 (𝑡)𝐿𝑖(𝑡), 𝜌(𝑡)}] (2.29)

with the particular jump operator

𝐿0(𝑡) =
√
𝜅𝑐 + 𝑔∗𝑢(𝑡)𝑎𝑢 + 𝑔∗𝑣(𝑡)𝑎𝑣, (2.30)

and the Hamiltonian

𝐻(𝑡) = 𝐻𝑆(𝑡) +
𝑖ℏ
2
[
√
𝜅𝑔𝑢(𝑡)𝑎

†
𝑢𝑐 +

√
𝜅𝑔∗𝑣(𝑡)𝑐†𝑎𝑣 + 𝑔𝑢(𝑡)𝑔∗𝑣(𝑡)𝑎

†
𝑢𝑎𝑣 −H.c.] . (2.31)

Here, 𝐻𝑆(𝑡) is the system Hamiltonian, 𝑐 is a system (annihilation) operator coupling to the field,
𝜅 is the rate of emission into the field via 𝑐, and 𝐿𝑖 for 𝑖 > 0 can take additional loss processes
(e.g., relaxation and dephasing leading to decoherence) into account [217]. Eqs. (2.29)–(2.31)
enable us to model the input-output behavior of selected modes within the open quantum
systems framework as a cascaded system with time-dependent couplings. We highlight that
in this framework the density matrix includes the state of the temporal modes 𝑣(𝑡) and 𝑢(𝑡).
Backpropagation as well as additional input and output pulses can be systematically incorporated
with additional virtual cavities [217, 218, 227, 228]. However, in this work we are interested only
in a single input and output mode, where the emission into other modes are treated as a loss.

2.2 Fundamental Concepts of Group Theory
In the previous section we discussed methods essential to model the interaction of quantum
emitters, for instance point defects in semiconductors, with their environment. Point defects like
the well known nitrogen vacancy (NV) [72, 74–88, 148–151] and silicon vacancy (SiV) [152–156]
centers in diamond as well as the class of defects we focus on within this work, TM defects in
SiC [1–3, 5, 6, 55–60, 164–167], show a high degree of symmetry. In this section we introduce
the fundamental concepts necessary to understand group theoretical arguments about energy
levels, transition rules, and the derivation of effective Hamiltonians. This section is meant as
a short review of group theory focusing on the (generalized) Wigner-Eckart theorem, and we
follow Ref. [229] unless otherwise noted. Ref. [229] can also serve as a more general and formal
introduction to group theory as well as a source for additional proofs.
We begin with the central definition of a group which is a set 𝐺 satisfying the following four

axioms [229]:

1. There is an operation (called multiplication) that maps a pair of elements 𝑔, 𝑞 ∈ 𝐺 to
𝑝 = 𝑔𝑞 ∈ 𝐺.

2. The (group) multiplication is associative, i.e. (𝑔𝑞)𝑝 = 𝑔(𝑞𝑝) ∀𝑝, 𝑞, 𝑔 ∈ 𝐺

3. There is an identity element 𝐸 ∈ 𝐺, such that 𝐸𝑔 = 𝑔𝐸 = 𝑔 ∀𝑔 ∈ 𝐺

4. For each element 𝑔 ∈ 𝐺 there is an inverse element 𝑔−1 ∈ 𝐺 such that 𝑔𝑔−1 = 𝑔−1𝑔 = 𝐸
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For finite groups we refer to the number of elements as the order of the group.
With regard to point defects, the groups of interest are groups of coordinate transformations that

leave the defect structure unaffected. These groups are called point groups and details about them
can be found for example in Ref. [230]. A group of particular interest for this thesis is the 𝐶3𝑣 point

σ1

σ2

σ3
R+

R−

~ex

~ey

~ez

Figure 2.4: Illustration of the sym-
metry operations of the 𝐶3𝑣 group.
In this figure we take the high sym-
metry axis of 𝐶3𝑣 along the 𝑧-axis
(out of plane) and indicate the reflec-
tions (violet planes) and rotations
(green arrows) that leave the geom-
etry in the 𝑥, 𝑦-plane (gray circles)
invariant.

group which describes the symmetry imposed to substi-
tutional defects in most polytypes of SiC, see Sec. 1.6.
The polytypes we focus on within this work are 4H- and
6H-SiC both reduce the symmetry to 𝐶3𝑣 and have respec-
tive bi-layer stackings of the form ABCB and ABCBAC4.
Taking the 𝑧-direction to be parallel to the stacking axis
of the crystal, this group consists of the operations

• identity 𝐸

• rotations 𝑅± around #—𝑒 𝑧 by ±2𝜋/3

• reflections 𝜎𝑖 on planes spanned by #—𝑒 𝑧 and 𝑅𝑖
+

#—𝑒 𝑥

with 𝑖 = 0, 1, 2

A product table for this group can be found in Tab. 2.1
which also confirms that this set is a group. Additionally,
we illustrate the symmetry operations in the 𝑥, 𝑦-plane in
Fig. 2.4

Rotations of coordinates (3 × 3 matrices with determinant ±1) are invertible which agrees
with the fact that rotating two vectors the same way leaves their scalar product invariant. If the
determinant is positive we call the rotations proper because we could apply them to a rigid object,

𝐶3𝑣 𝐸 𝑅+ 𝑅− 𝜎1 𝜎2 𝜎3

𝐸 𝐸 𝑅+ 𝑅− 𝜎1 𝜎2 𝜎3

𝑅+ 𝑅+ 𝑅− 𝐸 𝜎3 𝜎1 𝜎2

𝑅− 𝑅− 𝐸 𝑅+ 𝜎2 𝜎3 𝜎1

𝜎1 𝜎1 𝜎2 𝜎3 𝐸 𝑅+ 𝑅−

𝜎2 𝜎2 𝜎3 𝜎1 𝑅− 𝐸 𝑅+

𝜎3 𝜎3 𝜎1 𝜎2 𝑅+ 𝑅− 𝐸

Table 2.1: Product table for 𝐶3𝑣. The
entries 𝑎𝑏 correspond to the product of
the element 𝑎 of the first (left) column
with the element 𝑏 of the first (top) row.
This means first 𝑏 and then 𝑎 are applied
to the coordinates.

for example a rotation around an axis. On the other
hand, rotations with negative determinant are called
improper and examples are the inversion #—𝑟 → − #—𝑟
and reflections on planes.
We call a subset 𝑆 of a group 𝐺 a subgroup if

𝑠−1𝑠′ ∈ 𝑆 ∀𝑠, 𝑠′ ∈ 𝑆 [229]. This condition ensures
that the subgroup itself is a group. Indeed, the
condition implies that 𝑆 contains the identity 𝐸 ∈ 𝑆
(𝑠 = 𝑠′) as well as the inverse 𝑠−1 ∈ 𝑆 (𝑠′ = 𝐸)
and ensures that every product of two elements of
the subgroup 𝑠′, 𝑠″ ∈ 𝑆 is also an element of the
subgroup 𝑠″𝑠′ ∈ 𝑆 (𝑠−1 = 𝑠″). The subgroup 𝑆
inherits the associativity from 𝐺. The 𝐶3𝑣 point
group is an example of a subgroup, namely of the

4 The only polytype that leaves the tetrahedral symmetry 𝑇𝑑 of the nearest neighbors intact is 3C-SiC (ABC
stacking).
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tetrahedral group 𝑇𝑑 which is another point group, both are subgroups of the full group of
rotations. In the context of defects in SiC, the tetrahedral group arises when only considering
the nearest neighbors of a silicon (Si) substitutional site (and in 3C-SiC), and in addition to the
elements of 𝐶3𝑣 contains reflection along planes spanned by two different bond directions #—𝑎 𝑖 and
#—𝑎 𝑗, as well as rotations around all #—𝑎 𝑖 by ±2𝜋/3, improper rotations by 2𝜋/4 around #—𝑒 𝑧 + #—𝑎 𝑘

where 𝑖, 𝑗 = 1, 2, 3, 4 and 𝑘 = 1, 2, 3. Here, we use the bond directions #—𝑎 𝑖 and coordinate basis
#—𝑒 𝑙 (𝑙 = 𝑥, 𝑦, 𝑧) introduced in Fig. 1.6.
We call two elements 𝑔, 𝑞 ∈ 𝐺 conjugate to each other if there exists 𝑇 ∈ 𝐺 such that 𝑔 = 𝑇𝑞𝑇−1

[229]. With this we can give groups more structure by assigning the elements to (conjugacy)
classes. A (conjugacy) class of operators is a set of elements 𝐶 ⊆ 𝐺 that are mutually conjugate
[229]. For 𝐶3𝑣 the classes are the reflections (improper rotations), called 𝜎𝑣 for vertical reflections,
the proper (three-fold) rotations 𝑅±, called 𝐶3, and the identity 𝐸, also called 𝐸 after the only
element.

2.2.1 Representations
To work with an abstract group, like a group defined by a product table, it is helpful to
make use of a map to non-singular 𝑑 × 𝑑 matrices using the matrix multiplication as group
multiplication. A map between two groups Γ ∶ 𝐺1 → 𝐺2 that is compatible with their product,
i.e. Γ(𝑔𝑞) = Γ(𝑔)Γ(𝑞) ∈ 𝐺2 ∀𝑔, 𝑞 ∈ 𝐺1, is called a homomorphism (or homomorphic mapping)
[229]. We call an homomorphism Γ from group 𝐺 to non-singular 𝑑 × 𝑑 matrices a representation
Γ of the group 𝐺 [229]. If the homomorphism is one-to-one we call it isomorphism (or the map
isomorphic) and a representation where Γ is an isomorphism is said to be “faithful” [229].
The simplest possible representation is always the trivial representation which maps all elements

to 1. We also note that the identity is always represented as the 𝑑-dimensional unit matrix
Γ(𝐸) = 𝟙𝑑 for a 𝑑-dimensional representation [229]. Apparent representations for point groups,
like 𝐶3𝑣 are the 3 × 3 matrices describing the transformations of the basis vectors. Before we
continue, we briefly pause to understand how a coordinate transformation 𝑇 acts on a function
of coordinates 𝜓( #—𝑟 ). Demanding that the function is independent of the choice of coordinates
corresponds to imposing that for a change of coordinates we have [𝑃 (𝑇 )𝜓](T(𝑇 ) ⋅ #—𝑟 ) = 𝜓( #—𝑟 ),
in this expression 𝑃(𝑇 ) denotes the action of the transformation on the function and T(𝑇 ) on
the coordinates. From this we deduce that the action of a coordinate transformation can be
determined from 𝑃(𝑇 )𝜓( #—𝑟 ) = 𝜓[T−1(𝑇 ) ⋅ #—𝑟 ].
For the purpose of this thesis, we call the basis {𝜓𝑛( #—𝑟 ) ∶ 𝑛 = 1,… , 𝑑} of a 𝑑-dimensional inner

product space (called the carrier space 𝑉) a basis of the 𝑑-dimensional representation Γ of the
group 𝐺, if for every 𝑇 ∈ 𝐺 and 𝑛 ∈ {1,… , 𝑑} we have [229]

𝑃(𝑇 )𝜓𝑛( #—𝑟 ) =
𝑑

∑
𝑚=1

Γ(𝑇 )𝑚𝑛𝜓𝑚( #—𝑟 ). (2.32)
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While we focus on bases that are functions of coordinates, the notion can be generalized to
arbitrary bases of inner product spaces, see Ref. [229]. To transform operators we can apply
an operator 𝑂 to an arbitrary wave function 𝜓( #—𝑟 ) and transform the product 𝑃(𝑇 )[𝑂𝜓( #—𝑟 )] =
𝑂′𝑃(𝑇 )𝜓( #—𝑟 ), for this to hold for any wave function the transformed operator needs to fulfill
𝑂′ = 𝑃(𝑇 )𝑂𝑃−1(𝑇 ). We stress that the coordinate operator #—𝑟 also transforms according to
Eq. (2.32), i.e. 𝑃(𝑇 ) #—𝑟 𝑃−1(𝑇 ) = T(𝑇 )−1 #—𝑟 = Γ(𝑇 )𝑇 #—𝑟 = [ #—𝑟 𝑇Γ(𝑇 )]𝑇. This is in agreement with
our demand of invariance to the choice of coordinates, if the coordinates transform according
to the inverse of the basis vectors their product stays invariant when transforming both at the
same time.
Two 𝑑-dimensional representation Γ, Γ′ (of the group 𝐺) are called equivalent if there is a

non-singular 𝑑 × 𝑑 matrix 𝑠 such that

Γ′(𝑇 ) = 𝑠−1Γ(𝑇 )𝑠 ∀𝑇 ∈ 𝐺. (2.33)

The matrix 𝑠 is called a similarity transformation and can also be used to transform the basis
states of the basis 𝜓𝑛 of Γ to the basis 𝜓′

𝑛 of Γ′, which yields

𝜓′
𝑛 =

𝑑
∑
𝑚=1

𝑠𝑚𝑛𝜓𝑚. (2.34)

It can be shown that for finite groups every representation of the group 𝐺 is equivalent to a
unitary representation, i.e. a representation where the matrices Γ(𝑇 ) are unitary for all 𝑇 ∈ 𝐺
and that coordinate transformations representations are unitary if the basis functions form an
orthonormal set [229]. Two basis elements of different bases 𝜓𝑘 and 𝜒𝑘 are said to transform the
same [according to row 𝑘 of Γ, see Eq. (2.32)] if they transform like the same (“𝑘”-th) element
under the same representation Γ.

Irreducible Representations
With representations (and their pertaining basis) introduced we now turn to the important
concept of irreducible representations (irreps). For a finite group 𝐺, a representation Γ is reducible
if and only if it is equivalent to a representation Γ′ of 𝐺 where Γ′(𝑇 ) is block diagonal with the

same block sizes and positions for all 𝑇 ∈ 𝐺, i.e. we can write Γ′(𝑇 ) = (
Γ1(𝑇 ) 0

0 Γ2(𝑇 )
) ∀𝑇 ∈ 𝐺

with Γ1 and Γ2 being 𝑑 and dim(Γ) − 𝑑 dimensional representations of 𝐺 (which also implies
𝑑 ∈ ℕ and 0 < 𝑑 < dim(Γ)). For a more general definition, including infinite groups, see [229].
With this definition it is possible to define an irrep as a representation that is not reducible;

the idea is that an irrep cannot be decomposed into smaller representations. For a finite group
the number of inequivalent irreps is the same as the number of classes of the group.
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Orthogonality Theorem
One of the central theorems of group theory is known as the orthogonality theorem (for matrix
representations). If we choose a set of unitary irreps Γ𝑝, Γ𝑞 of 𝐺 such that they are identical if
𝑝 = 𝑞 and inequivalent if 𝑝 ≠ 𝑞 then

1
𝑔
∑
𝑇∈𝐺

Γ𝑝(𝑇 )∗𝑗𝑘Γ𝑞(𝑇 )𝑠𝑡 =
1
𝑑𝑝

𝛿𝑝𝑞𝛿𝑗𝑠𝛿𝑘𝑡, (2.35)

with the order of the group 𝑔 and the dimension 𝑑𝑝 of Γ𝑝 [229].
Sticking with this convention of Γ𝑝, Γ𝑞, we can conclude for their respective basis vectors 𝜑𝑝

𝑘

and 𝜓𝑞
𝑙 (𝑘 = 1,… , 𝑑𝑝, 𝑙 = 1,… , 𝑑𝑞) that

⟨𝜑𝑝
𝑘|𝜓

𝑞
𝑙 ⟩ = 𝛿𝑝𝑞𝛿𝑘𝑙 ⟨𝜑

𝑝
1|𝜓

𝑝
1⟩ , (2.36)

and for an orthonormal basis ⟨𝜑𝑝
1|𝜓

𝑝
1⟩ = 1.

Character Tables
Before we come to the application of representation and group theory to understand the form
of physically relevant operators and states, we introduce a helpful tool for the construction of
irreducible representations – the so-called character. The character of a group element 𝑇 ∈ 𝐺 for
a 𝑑-dimensional representation Γ is defined as [229]

𝜒Γ(𝑇 ) = tr [Γ(𝑇 )] =
𝑑

∑
𝑗=1

Γ(𝑇 )𝑗𝑗. (2.37)

We summarize key properties of the character (see Ref. [229] for additional details) in the
following where we use the notation 𝜒𝑝(𝑇 ) and 𝜒𝑞(𝑇 ) of the irreps Γ𝑝, Γ𝑞 of dimensions 𝑑𝑝, 𝑑𝑞
that we take to be inequivalent if 𝑝 ≠ 𝑞 (and the same if 𝑝 = 𝑞) of a finite group 𝐺 (of order 𝑔)
and 𝜒Γ(𝑇 ) being the character of some 𝑑-dimensional representation Γ of 𝐺.

1. For the identity we always know 𝜒Γ(𝐸) = 𝑑.

2. Elements 𝑇 of the same class 𝐶 have the same character such that we write 𝜒Γ(𝑇 ) = 𝜒Γ(𝐶).

3. From the orthogonality theorem follows ∑𝑇∈𝐺 𝜒𝑝(𝑇 )∗𝜒𝑞(𝑇 ) = 𝑔𝛿𝑝𝑞.

4. Two irreps of the same finite group are equivalent if and only if they have the same character
system (the set {𝜒𝑝(𝑇 )|𝑇 ∈ 𝐺}).

5. The number of times an irrep Γ𝑝 is contained in a representation Γ is
𝑛𝑝 = ∑𝑇∈𝐺 𝜒Γ(𝑇 )𝜒𝑝(𝑇 )∗/𝑔.

6. A representation is irreducible if and only if ∑𝑇∈𝐺 |𝜒Γ(𝑇 )|
2 = 𝑔.

7. Summing over all inequivalent irreps Γ𝑝 we get ∑𝑝 𝑑
2
𝑝 = 𝑔.
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8. Denoting 𝜒𝑝(𝐶𝑗) the character of the class 𝐶𝑗 (of 𝐺) and 𝑁𝑗 the number of elements in
the class 𝐶𝑗 we get ∑𝑝 𝜒

𝑝(𝐶𝑗)∗𝜒𝑝(𝐶𝑘)𝑁𝑘 = 𝑔𝛿𝑗𝑘, where the sum goes over all inequivalent
irreps Γ𝑝 and the classes 𝐶𝑗 and 𝐶𝑘 are the same (different) if 𝑗 = 𝑘 (𝑗 ≠ 𝑘).

𝐶3𝑣 𝐸 2𝐶3 3𝜎𝑣

Γ1 = 𝐴1 1 1 1
Γ2 = 𝐴2 1 1 -1
Γ3 = 𝐸 2 -1 0

Table 2.2: Character table
for the 𝐶3𝑣 point group.

The set of characters of all classes 𝐶𝑗 and irreps Γ𝑝 of a group,
i.e. the collection 𝜒𝑝(𝐶𝑗), is called the character system or char-
acter table. Note that we can either find the character table in
reference works, e.g., Ref. [230] for point groups, calculate it using
the known irreps (see Tab. 2.3), or using the rules above. Here,
we show how the rules can be applied to calculate the table for
𝐶3𝑣. We begin by writing the row of the trivial representation
𝐴1 = Γ1 where every class has character 1. As 𝐶3𝑣 has the order

𝑔 = 6 we can use the relation ∑𝑝 𝑑
2
𝑝 = 6 in combination with the knowledge that there must be

three irreps (as 𝐶3𝑣 has 3 classes). From this we can deduce that 𝐶3𝑣 has two one-dimensional
and one two-dimensional irrep such that we also know the first column of the character ta-
ble 𝜒1(𝐸) = 1, 𝜒2(𝐸) = 1 and 𝜒3(𝐸) = 2. We then use the condition within the 6th point,
i.e. 6 = 1+2|𝜒2(𝐶3)|2 +3|𝜒2(𝜎𝑣)|2 and 6 = 22 +2|𝜒3(𝐶3)|2 +3|𝜒3(𝜎𝑣)|2 from which we conclude
that |𝜒2(𝐶3)|2 = |𝜒2(𝜎𝑣)|2 = 1, |𝜒3(𝐶3)|2 = 1 and |𝜒3(𝜎𝑣)|2 = 0. Using the third point (with
𝑝 = 1 and 𝑞 = 2, 3) we can assign the correct signs for the character table displayed in Tab. 2.2.
With this independent derivation we can verify key properties of the irreps, see Tab. 2.3.
The irreps are commonly labelled as Γ𝑖 with 𝑖 = 1, 2,… or using a notation where one-

dimensional irreps where principal rotations have character +1 (−1) are labelled 𝐴 (𝐵), two-
dimensional representations are labelled 𝐸, and three-dimensional irreps 𝑇 [231]. Note that the
principal axis is the axis with the largest 𝑛, if the group has several 𝑛-fold rotation axes. In
this notation, in the presence of inversions, sometimes 𝑔 and 𝑢 are used to denote even and odd
(regarding the inversion).
To elaborate on reducible and irreducible representations their bases and the transformation

of physical objects, we use the transformation of the angular momentum states |𝑙 = 2,𝑚⟩ with
𝑚 = −𝑙,… , 𝑙 under the operations of the 𝐶3𝑣 point group. We reproduce App. B of B. Tissot
and G. Burkard, “Spin structure and resonant driving of spin-1/2 defects in SiC”, Phys. Rev. B
103, 064106 (2021) (Ref. [1]) with minor modifications in the following (including Table 2.3). We
remind the reader that we use the angular momentum operator #—𝐿 in units of ℏ. Furthermore, we
will use the angular momentum states |𝑙,𝑚⟩ with 𝐿𝑧 |𝑙,𝑚⟩ = 𝑚 |𝑙,𝑚⟩ and #—𝐿2 |𝑙,𝑚⟩ = 𝑙(𝑙+1) |𝑙,𝑚⟩
with our choice of units.

Transformations of States and Operators
The representation of a rotation about an axis #—𝑛 with rotation angle 𝛼 on angular momentum
eigenstates is given by

𝑅(𝛼, #—𝑛) |𝑙,𝑚⟩ = 𝑒−𝑖𝛼 #—𝑛⋅ #—𝐿 |𝑙,𝑚⟩ (2.38)
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irrep 𝐸 𝑅+ 𝑅− 𝜎1 𝜎2 𝜎3

Γ1 = 𝐴1 1 1 1 1 1 1
Γ2 = 𝐴2 1 1 1 −1 −1 −1

Γ3 = 𝐸 𝟙 (𝜖 0
0 𝜖∗) (𝜖

∗ 0
0 𝜖) −(0 1

1 0) −(0 𝜖∗
𝜖 0) −(0 𝜖

𝜖∗ 0)

Table 2.3: Representation (matrices) of the symmetry operations of the 𝐶3𝑣 group for its irreps.
The representation for 𝐸 is given for the basis states |±1⟩ and we use 𝜖 = 𝑒−i2𝜋/3.

and inversion is given by

𝑃 |𝑙,𝑚⟩ = (−1)𝑙 |𝑙,𝑚⟩ . (2.39)

With these considerations we can calculate the representation matrices of the 𝐶3𝑣 symmetry
operators for the |𝑚⟩ = |𝑙 = 2,𝑚⟩ angular momentum 𝑙 = 2 states with 𝑚 = −𝑙,… , 𝑙 (a basis for
the reducible representation Γ𝑙=2 of 𝐶3𝑣). The resulting representations for the irreps of 𝐶3𝑣 are
shown in Table 2.3.
We find |0⟩ is a basis for irrep Γ1 = 𝐴1. The operators 𝑧, and 𝑝𝑧 all transform according to the

irrep 𝐴1. The pairs of states (|1⟩ , |−1⟩) and (− |−2⟩ , |2⟩) are bases for the irrep Γ3 = 𝐸. The
spherical components of the angular momentum operator (𝐿+1, 𝐿−1) transform according to the
irrep 𝐸 in the same way as the basis (|1⟩ , |−1⟩), and are given by 𝐿±1 = −𝑖(𝐿𝑥 ± 𝑖𝐿𝑦)/

√
2 =

−𝑖𝐿±/
√
2. The coordinate components 𝑥, 𝑦 also transform like −𝐿𝑦, 𝐿𝑥 according to the irrep

𝐸. The 𝑧-component of the angular momentum operator 𝐿𝑧 transforms according to the irrep
Γ2 = 𝐴2. Representation matrices for 𝑇𝑑 symmetry operations can be calculated analogously
but in this case the spherical harmonics cannot be assigned directly to irreps5.
We remark that with the above considerations it is evident that the representation for the basis

given by all |𝑚⟩ states or all three angular momentum operators 𝐿𝑘 (𝑘 = 𝑥, 𝑦, 𝑧) are reducible.
By reducing these representations into irreducible blocks, we are able to assign the basis states
(or combinations of them via a similarity transformation) to irreps. The assignment of states and
operators to irreps is essential to apply group theory to deduce physical properties like selection
rules between states.

Double Groups
While angular momentum #—𝐿 has an integer quantum number 𝑙, electron spin #—𝑆 (in units of ℏ)
shares the same commutator algebra but with a quantum number 𝑠 = 1/2. For this reason a
rotation by 2𝜋 according to Eq. (2.38) around the 𝑧 axis would correspond to 𝑅(2𝜋, #—𝑒 𝑧) |𝑠,𝑚⟩ =
𝑒−𝑖2𝜋𝑆𝑧 |𝑠,𝑚𝑠⟩ = − |𝑠,𝑚𝑠⟩, i.e. a rotation of an electron spin by 2𝜋 does not result in the identity.
Instead, a rotation by 4𝜋 will lead to the identity. To take this into account when using group
theoretic arguments when half integer spins are involved we use double groups, see Ref. [231] for
additional details. We denote the double group by 𝐺 which extends the group 𝐺 with a new

5 The part taken from Ref. [1] ends here

39



2.2 Methods

element ̄𝐸 corresponding to rotations by 2𝜋 [231]. The new element fulfills ̄𝐸 ≠ 𝐸 = ̄𝐸2 and
the extension results in the new group containing twice the elements of the initial (point) group
[231].
We note here exemplary differences between the products of elements in 𝐶3𝑣 to the initial

products in 𝐶3𝑣 (see Table 2.1). Because in the double group a rotation 4𝜋 corresponds to 𝐸 we
find 𝑅2

± = 𝑅∓ = 𝐸𝑅∓ and 𝑅3
± = ̄𝐸. To square a reflection, we consider that a reflection on a

plane corresponds to a rotation by 𝜋 around the normal of the reflection plane combined with
the inversion 𝐼 such that we find 𝜎2

𝑖 = ̄𝐸 (as 𝐼2 = 𝐸 and 𝐼 commutes with the rotation by 𝜋).
For a product of one of the rotations with a reflection we take 𝑅+𝜎1 = 𝜎2 for consistency with
𝑅3

+𝜎1 = ̄𝐸𝜎1.
Due to the new products we also need to reconsider the classes of the group. For the 𝐶3𝑣

group we find double the classes of 𝐶3𝑣, where for each class 𝐶 of 𝐶3𝑣 we also have 𝐶 (in 𝐶3𝑣)
containing ̄𝐴 for 𝐴 ∈ 𝐶. Considering that for finite groups the number of classes and irreps are
the same we conclude that the double group has two additional one-dimensional representations
(Γ5 and Γ6) and an additional two-dimensional representation Γ4. While we will mainly use the
point groups themselves for group-theoretic arguments within this work, we will make use of the
double group to understand and label the level structure and states in the presence of spin-orbit
coupling.

2.2.2 Clebsch-Gordan Coefficients and the Wigner-Eckart Theorem
As stated before, the goal of this introduction to group theory is the development of effective
models for point defects. In the previous sections we showed how to assign operators and
states to representations, as well as key properties about representations. This section will now
combine this knowledge to “reduce” the calculation of expectation values to a minimal set of
symmetry allowed reduced matrix elements (which we will treat as parameters). Before we go
into the details, we need one last definition. Namely, a product representation Γ⊗ = Γ ⊗ Γ′

defined by combining the matrices of two representations (Γ, Γ′) of a group 𝐺 using the direct
product Γ⊗(𝑇 ) = Γ(𝑇 ) ⊗ Γ′(𝑇 ) ∀𝑇 ∈ 𝐺. The product representation of two unitary irreducible
representations is a (reducible) unitary representation with character 𝜒(𝑇 ) = 𝜒𝑝(𝑇 )𝜒𝑞(𝑇 ). The
remainder of this subsection is a slightly modified version of App. C of B. Tissot and G. Burkard,
“Spin structure and resonant driving of spin-1/2 defects in SiC”, Phys. Rev. B 103, 064106
(2021) (Ref. [1]). The Clebsch-Gordan coefficients link tensor-product states to basis states of an
irrep [229]

|𝜉𝑟,𝛼𝑙 ⟩ =
𝑑𝑝

∑
𝑗=1

𝑑𝑞

∑
𝑘=1

(
𝑝 𝑞
𝑗 𝑘

∣
𝑟 𝛼
𝑙

) |𝜙𝑝
𝑗 ⟩ ⊗ |𝜓𝑞

𝑘⟩ , (2.40)
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(Γ𝑖 𝐴1
𝑘 1 ∣Γ𝑗

𝑚) =(𝐴1 Γ𝑖
1 𝑘 ∣

Γ𝑗
𝑚) = 𝛿𝑖𝑗𝛿𝑘𝑚

(𝐴2 𝐴2
1 1 ∣𝐴1

1 ) =1

(𝐸 𝐴2
± 1 ∣𝐸±) =(𝐴2 𝐸

1 ±∣𝐸±) = ±1

(𝐸 𝐸
± ∓∣𝐴1

1 ) = 1√
2

(𝐸 𝐸
± ∓∣𝐴2

1 ) = ± 1√
2

(𝐸 𝐸
± ±∣𝐸∓) =∓ 1

Table 2.4: Non-zero Clebsch-Gordan coefficients for the 𝐶3𝑣 point group. Here ± correspond to
basis states of 𝐸 transforming like |±1⟩.

where the state |𝜓𝑞
𝑘⟩ (|𝜙𝑝

𝑗 ⟩ , |𝜉
𝑟,𝛼
𝑙 ⟩) transforms according to row 𝑘 (𝑗, 𝑙) of irrep Γ𝑞 (Γ𝑝, Γ𝑟). The

irrep Γ𝑟 is contained 𝑛𝑟
𝑝𝑞 times in the product representation Γ𝑝 ⊗ Γ𝑞 and 𝛼 runs from 1 to 𝑛𝑟

𝑝𝑞.
We will omit 𝛼 for simplicity if 𝑛𝑟

𝑝𝑞 = 1, which is the case for all products between irreps of 𝐶3𝑣.
Using the transformation matrices we can also calculate the Clebsch-Gordan coefficients for 𝐶3𝑣,
see Table 2.4. Equivalent coefficients for other bases of 𝐸 are found in [86].
To use the symmetry properties to derive the general form of the Hamiltonian we use the

Wigner-Eckart theorem [229]

⟨𝜓𝑟
𝑙 | 𝑄

𝑞
𝑘 |𝜙

𝑝
𝑗 ⟩ =

𝑛𝑟
𝑝𝑞

∑
𝛼=1

(
𝑝 𝑞
𝑗 𝑘

∣
𝑟 𝛼
𝑙

)
∗
⟨𝑟||𝑄𝑞||𝑝⟩𝛼 , (2.41)

where 𝑄𝑞
𝑘 is an operator transforming like a 𝑘 basis vector of irrep Γ𝑞, ⟨𝑟||𝑄𝑞||𝑝⟩𝛼 are reduced

matrix elements and the Clebsch-Gordan coefficients are complex conjugated. In this thesis we
treat the reduced matrix elements as independent parameters that are given by experiments or
ab initio calculations.

2.2.3 Time-Reversal Symmetry
To derive the form of operators we will combine the Wigner-Eckart theorem [Eq. (2.40)] with
arguments based on the behavior under time-reversal. The latter can also be understood as the
reversal of motion [61]. To discuss this, we first introduce the time-reversal operator 𝑇 in the
context of the Schrödinger equation. We refer the reader to Ref. [61] for additional information.
Starting with the (time-dependent) Schrödinger equation 𝑖ℏ𝜕𝜓

𝜕𝑡 = 𝐻𝜓 for a time-independent
Hamiltonian, which is formally solved by 𝜓( #—𝑟 , 𝑡) = 𝑒−𝑖𝐻𝑡/ℏ𝜓( #—𝑟 , 0), we see that time reversal is
related to complex conjugation. Indeed, for a spinless particle one finds that

𝜓( #—𝑟 ,−𝑡) = 𝑇𝜓( #—𝑟 , 𝑡) = 𝜓∗( #—𝑟 , 𝑡), (2.42)

i.e., in the absence of spin we have 𝑇 = 𝐾 with the complex conjugation operator 𝐾. From this
we can deduce that for a time-reversal symmetric Hamiltonian of a spinless sytem non-degenerate
eigenfunctions need to be real (up to a global phase independent of #—𝑟 ) [61]. This follows directly
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from the consideration that if 𝜓 is an energy eigenstate of a time-reversal symmetric Hamiltonian,
𝑇𝜓 needs to be an eigenstate to the same eigenvalue, therefore for 𝜓 to be non-degenerate it
needs to be the same as 𝑇𝜓.
In general, the time reversal operator is antilinear 𝑇𝑎 = 𝑎∗𝑇 (for 𝑎 ∈ ℂ) and antiunitary

⟨𝑇𝜓|𝑇𝜑⟩ = ⟨𝜓|𝜑⟩∗ = ⟨𝜑|𝜓⟩ (where 𝜓,𝜑 are vectors of some Hilbert space). Additionally, we will
use the relation ⟨𝜓|𝐴|𝜑⟩∗ = ⟨𝜑|𝐴†|𝜓⟩ = ⟨𝑇𝜓|𝑇𝐴𝑇−1|𝑇𝜑⟩ where 𝐴 is some linear operator acting
on a Hilbert space and 𝜓,𝜑 vectors of this Hilbert space which follows from the antiunitarity [61].
We can use this to verify the above definition of the action of time-reversal on spinless wave
functions using physical arguments for an example. Considering the above point that we associate
the reversal of time with the reversal of motion we deduce that time-reversal corresponds to
replacing #—𝑟 → #—𝑟 and #—𝑝 → − #—𝑝 , this also implies that #—𝐿 = #—𝑟 × #—𝑝 /ℏ → − #—𝐿. Note that this is
in agreement with the above mathematical definition, where the action on the operators yields
𝑇 #—𝑟 𝑇−1 = #—𝑟 , 𝑇 #—𝑝 𝑇−1 = − #—𝑝 , and 𝑇 #—𝐿𝑇−1 = − #—𝐿. To apply this physical argument to the angular
momentum eigenfunctions, we compare 𝑚𝑇 |𝑙,𝑚⟩ = 𝑇𝐿𝑧 |𝑙,𝑚⟩ = 𝑇𝐿𝑧𝑇−1𝑇 |𝑙,𝑚⟩ = −𝐿𝑧𝑇 |𝑙,𝑚⟩
which implies that 𝑇 |𝑙,𝑚⟩ ∝ |𝑙, −𝑚⟩. To account for the phase conventions we fall back to the
mathematical description and calculate the full action of time-reversal on angular momentum
eigenstates 𝑇 |𝑙,𝑚⟩ = (−1)𝑚 |𝑙, −𝑚⟩ [61].
In analogy to the action on angular momentum eigenstates we now turn to spin-1/2 wave

functions. We expect the Hamiltonian of an isolated system without external fields to be
time-reversal symmetric. Because the angular momentum and spin can couple with terms
∝ #—𝐿 ⋅ #—𝑆 we conclude that 𝑇 #—𝐿 ⋅ #—𝑆𝑇−1 = #—𝐿 ⋅ #—𝑆 stays invariant and 𝑇 #—𝑆𝑇−1 = − #—𝑆 is time-reversal
anti-symmetric6. On a (two-component) spinor time-reversal acts according to 𝑇 = 𝑒−𝑖𝜋𝑆𝑦𝐾
where 2𝑆𝑦 = 𝜎𝑦 is the Pauli 𝑦 matrix of the spin [61]. The unitary part 𝑒−𝑖𝜋𝑆𝑦 is essential to
lead to the appropriate transformation, e.g., since 𝑆𝑧 = 𝜎2/2 is real 𝐾𝑆𝑧𝐾 = 𝑆𝑧 but the unitary
part leads to 𝑇𝑆𝑧𝑇−1 = −𝑆𝑧. With this consideration we find that 𝑇 2 = 𝑒−𝑖2𝜋𝑆𝑦𝐾2 = −1 for
spin-1/2 systems (in contrast to 𝑇 2 = 1 for integer spin systems) parallel to the argument for
double groups (see Sec. 2.2.1).
In this context we also highlight Kramers’ theorem that states that in the presence of time-

reversal symmetry of a system, i.e. if [𝐻, 𝑇 ] = 0, for every energy eigenstate |𝜓⟩ the state 𝑇 |𝜓⟩
is an eigenstate for the same energy. Moreover, for half-integer spin systems these states are
orthogonal [232, 233]. We do not show this in general but motivate it by using the 𝑇 2 = −1
property for the spin-1/2 system, such that we calculate

−⟨𝜓|𝑇𝜓⟩ = ⟨𝑇 2𝜓|𝑇𝜓⟩ = ⟨𝐾𝑇𝜓|𝐾𝜓⟩ = ⟨𝜓|𝑇𝜓⟩ , (2.43)

which implies that the states need to be orthogonal ⟨𝜓|𝑇𝜓⟩ = 0. The pair of states |𝜓⟩ and 𝑇 |𝜓⟩
is referred to as a Kramers doublet (KD).

6 The same argument can be derived from the coupling to a magnetic field when the source of the magnetic field is
included in the overall system. Time-reversal flips the current generating the magnetic field leading to #—𝐵 → − #—𝐵,
allowing for the same argument applied to the spin-orbit interaction.
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Instead of using a time-dependent field to break time-reversal symmetry, often an external

magnetic field is used. When we consider the field to be external (i.e. the source is not part of
the Hamiltonian describing the system), time reversal does not flip the direction of a magnetic
field but the sign of #—𝑆 and #—𝐿 making the coupling term between the magnetic field and angular
momentum time-reversal antisymmetric. However, we note that the field direction would change
sign when taking the source into account as time reversal also inverts the direction of currents.

2.2.4 Symmetry Allowed Effective Operators
The combination of the Wigner-Eckart theorem (see Sec. 2.2.2) to account for the spatial
symmetry and the time-reversal transformation behavior (see Sec. 2.2.3) allows us to find effective
operators for an effective Hamiltonian description of defects. To illustrate the derivation of these
effective operators, we now exemplary discuss the form of some operators within a set of states
transforming like 𝑑-orbital states |𝑚⟩ = |𝑙 = 2,𝑚⟩.
For example, 𝑧 is time-reversal symmetric (and purely orbital, i.e. 𝑇 = 𝐾) and transforms

according to 𝐴1. Using the Wigner-Eckart theorem with the Clebsh-Gordan coefficients (see
Tab. 2.4) and the assignment of relevant states and operators (see Sec. 2.2.1) we find the non-zero
matrix elements

⟨0|𝑧|0⟩ = ⟨𝐴1||𝑧||𝐴1⟩ , ⟨±1|𝑧| ± 1⟩ = ⟨𝐸||𝑧||𝐸⟩1 , (2.44)

⟨±2|𝑧| ± 2⟩ = ⟨𝐸||𝑧||𝐸⟩2 , ⟨±1|𝑧| ∓ 2⟩ = ∓ ⟨𝐸||𝑧||𝐸⟩3 , (2.45)

where for simplicity we omit the elements following from Hermiticity and express the matrix
elements in terms of the reduced matrix elements. Considering that the irrep 𝐸 is contained
twice in the basis, we have three distinct reduced matrix elements ⟨𝐸|| ⋅ ||𝐸⟩𝑘, 𝑘 = 1, 2, 3, one for
each irrep and one for the mixing of the irreps. We will treat the reduced matrix elements as
parameters. Combining Hermiticity 𝑧† = 𝑧 and the time-reversal symmetry 𝑇𝑧𝑇−1 = 𝑧, which
implies ⟨𝑚|𝑧|𝑛⟩∗ = ⟨𝑇𝑚|𝑇𝑧𝑇−1|𝑇𝑛⟩ = (−1)𝑚+𝑛 ⟨−𝑚|𝑧| − 𝑛⟩ with 𝑚,𝑛 ∈ −2,… , 2, we deduce
that all parameters for 𝑧 are real.
As a second example we consider 𝐿𝑧 which transforms according to the irrep 𝐴2 and is

antisymmetric under time reversal 𝑇𝐿𝑧𝑇−1 = −𝐿𝑧. Using the Wigner-Eckart theorem we find
the non-zero matrix elements

⟨±1|𝐿𝑧| ± 1⟩ = ± ⟨𝐸||𝐿𝑧||𝐸⟩1 , ⟨±2|𝐿𝑧| ± 2⟩ = ∓ ⟨𝐸||𝐿𝑧||𝐸⟩2 , (2.46)

⟨±1|𝐿𝑧| ∓ 2⟩ = − ⟨𝐸||𝐿𝑧||𝐸⟩3 , (2.47)

where we omit the elements following from Hermiticity for brevity. Analogous to the above
consideration we combine the Hermiticity and the time-reversal antisymmetry 𝑇𝐿𝑧𝑇−1 = −𝐿𝑧

deducing that the parameters corresponding to ⟨𝐸||𝐿𝑧||𝐸⟩𝑖 with 𝑖 = 1, 2, 3 are real.
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(a)
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Figure 2.5: Sketch of approximation methods for Hermitian and open quantum systems. The
interaction between the ground state manifold (gray) and the excited manifold (apricot) gives
rise to effective dynamics within the manifolds. For the Hermitian interaction in both ways
(a) a lambda Λ type interaction 𝑉 (green solid lines) of two ground states |gs, 𝑖⟩ (𝑖 = 1, 2) and
an excited state |es⟩ gives rise to an effective interaction between the ground states 𝐻eff (green
dashed line). For the non-Hermitian (open quantum systems) dynamics (b) combinations of
Hermitian couplings and decays 𝐿𝑔→𝑒 (red snake arrow) can additionally lead to effective decays
between the ground states 𝐿eff (red-green dashed snake arrow).

For our last example, we consider the pair 𝐿±1 = −𝑖(𝐿𝑥 ± 𝑖𝐿𝑦)/
√
2 = −𝑖𝐿±/

√
2 transforming

according to irrep 𝐸. Application of the Wigner-Eckart theorem yields

⟨∓1|𝐿±1| ± 1⟩ = ∓ ⟨𝐸||𝐿+1||𝐸⟩1 , ⟨±2|𝐿±1| ∓ 2⟩ = ± ⟨𝐸||𝐿+1||𝐸⟩2 , (2.48)

⟨∓1|𝐿±1| ∓ 2⟩ = ⟨𝐸||𝐿+1||𝐸⟩3 , ⟨0|𝐿±1| ∓ 1⟩ = ⟨𝐴1||𝐿+1||𝐸⟩1 , (2.49)

⟨0|𝐿±1| ± 2⟩ = ± ⟨𝐴1||𝐿+1||𝐸⟩3 , (2.50)

where we omitted the matrix elements following from Hermiticity 𝐿†
±1 = −𝐿∓1. Again, we

combine Hermiticity and time reversal 𝑇𝐿±1𝑇−1 = 𝐿∓1 to calculate that ⟨𝐸||𝐿+1||𝐸⟩𝑖 = 0 for
𝑖 = 1, 2 and the remaining parameters are purely imaginary. We will use analogous considerations
to derive the form of orbital operators within this work and use tensor product spaces to take
the electron spin into account within the full Hamiltonian.

2.3 Approximations
Before diving into the exciting physics of spin-photon interfaces, we pause one last time to
review the approximation methods used within the analysis. While the previous Secs. 2.1 and
2.2 provide the fundamentals to model spin-photon interfaces, it is often helpful to extract
approximate expressions to gain useful insights from the models. In this section we show two
methods that we will employ in this work to reduce the dimension of a model by systematically
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calculating the effective correction on a separated subspace (in energy or timescale), see Fig. 2.5.
The first method is the Schrieffer-Wolff transformation and treats Hermitian dynamics, i.e., the
Hamiltonian. The second method is equivalent to adiabatic elimination and treats open system
dynamics subject to a time-dependent Hermitian drive.

2.3.1 Schrieffer-Wolff Transformation
Without further ado, the Schrieffer-Wolff transformation (SWT)7 is a perturbative expansion
to calculate the anti-Hermitian generator 𝑆 of a rotation that block diagonalizes the full time-
independent Hamiltonian 𝐻 = 𝐻0 + 𝜆𝑉𝑑 + 𝜆𝑉od to the two energy subspaces 𝒜,ℬ of the
unperturbed Hamiltonian 𝐻0. Here, we split the perturbation into a block diagonal 𝑉𝑑 and
a block off-diagonal 𝑉od part, and introduced the perturbation parameter 𝜆. We apply the
Baker-Hausdorff lemma [61]

𝐻̃ = 𝑒−𝑆𝐻𝑒𝑆 =
∞
∑
𝑘=0

1
𝑘!

[𝐻, 𝑆](𝑘) , (2.51)

where [𝐻, 𝑆](𝑘+1) = [[𝐻, 𝑆](𝑘), 𝑆] and [𝐻, 𝑆](0) = 𝐻, combined with a power series ansatz
𝑆 = ∑𝑛=1 𝜆

𝑛𝑆𝑛, 𝐻̃ = ∑𝑛=0 𝜆
𝑛𝐻(𝑛). Upon inserting the partitions in Eq. (2.51) and sorting

terms of the same order in 𝜆 we get

𝐻(0) = 𝐻0, 𝐻(1) = 𝑉𝑑 + 𝑉od + [𝐻0, 𝑆1] , (2.52)

𝐻(2) = [𝐻0, 𝑆2] + [𝑉𝑑 + 𝑉od, 𝑆1] +
1
2
[𝐻0, 𝑆1]

(2) , (2.53)

and so on for higher order terms. To generate a block diagonal 𝐻̃ we can choose the generator 𝑆
such that the off-diagonal terms cancel, for the first two terms of the partitions of 𝑆 this implies

[𝑆1,𝐻0] = 𝑉od, [𝑆2,𝐻0] = [𝑉𝑑, 𝑆1] , (2.54)

where we used that 𝐻0 and 𝑉𝑑 are block diagonal and 𝑆𝑛 and 𝑉od are block off-diagonal by
construction, see Fig. 2.6. We can express the block diagonal Hamiltonian in the compact form

𝐻̃ = 𝐻0 + 𝜆𝑉𝑑 +
𝜆2

2
[𝑉od, 𝑆1 + 𝜆𝑆2] + 𝒪(𝜆4), (2.55)

where we included 𝐻(3) using that we can calculate it using 𝑆1, 𝑆2 and projecting on the block
diagonal subspace. If the energy subspaces are well separated we can approximate the Hamiltonian
by truncating the power series. Higher orders can be calculated iteratively, see [235]. Note
considering 𝐻0 to have two eigenvalues 𝐸𝒜 and 𝐸ℬ with a large spectral gap |𝐸𝒜 − 𝐸ℬ|, the

7 The SWT is named in honor of the authors Schrieffer and Wolff of Ref. [234], but a form of it was already applied
much earlier to separate negative and positive energies in the Dirac equation to derive the Pauli equation, see
Ref. [67].
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Figure 2.6: Visualization of the Schrieffer-Wolff transformation. We use the block off-diagonal
generator 𝑆 (yellow) to bring the Hamiltonian 𝐻 to block diagonal form 𝐻̃ (brown). The initial
Hamiltonian 𝐻0 (violet) with two well separated energy subspaces 𝒜 and ℬ is perturbed by a
block diagonal perturbation 𝑉𝑑 (gray) and a block off-diagonal perturbation 𝑉od (green).

perturbative expansion is in orders of 𝜆/|𝐸𝒜 −𝐸ℬ| and higher orders are further suppressed by
the spectral gap. Therefore, the low order terms of 𝑆 and 𝐻̃ can be used as an approximation if
𝜆𝑉𝑑 and 𝜆𝑉od are small compared to the spectral gap.

2.3.2 Effective Operator Formalism for Open Quantum Systems
In this section we discuss the “effective operator formalism for open quantum systems” developed
by Reiter and Sørensen [236] (and extended in Ref. [237]), to derive effective dynamics for a lower
dimensional subspace for a Lindblad master equation, see Sec. 2.1.2. The aim of this formalism
is the elimination of fast decaying excited states from the dynamics to arrive at an effective
evolution of the ground states, see Fig. 2.5(b).
We assume that the open quantum system is described by a Lindblad master equation

̇𝜌(𝑡) = − 𝑖
ℏ
[𝐻, 𝜌(𝑡)] +∑

𝑘
[𝐿𝑘𝜌(𝑡)𝐿

†
𝑘 −

1
2
{𝐿†

𝑘𝐿𝑘, 𝜌(𝑡)}] , (2.56)

with the Hamiltonian 𝐻 and the dissipators 𝐿𝑖, see Sec. 2.1.2 for details. Using the projection
operators 𝑃𝑘, we split the Hamiltonian into time-independent ground (𝑔) and excited (𝑒) state
Hamiltonians 𝐻𝑘 = 𝑃𝑘𝐻𝑃𝑘 with 𝑘 = 𝑔, 𝑒 and the time-dependent interaction 𝑉 (𝑡) = 𝑃𝑒𝐻𝑃𝑔+H.c.
between the ground and excited state manifolds. Furthermore, we rely on the ground state
Hamiltonian to be diagonalizable (or only weakly coupling the ground states to each other) [236],
such that we use 𝐻𝑔 = ∑𝑙 𝐸𝑙 |𝑙⟩ ⟨𝑙| with energies 𝐸𝑙 and eigenstates |𝑙⟩ of 𝐻𝑔. To take driving
fields of different frequencies 𝜔𝑓 into account, we use

𝑉 = ∑
𝑓

𝑃𝑒𝑉𝑓𝑃𝑔𝑒−𝑖𝜔𝑓𝑡 +H.c., (2.57)

with small drive amplitudes 𝑉𝑓 compared to the decay (rate) to the ground state via a subset of
the dissipators 𝑃𝑔𝐿𝑘𝑃𝑒. Additionally, we assume that decoherence processes within the ground
and exited states happen at a slower rate than from the excited to the ground state. Formally,
we take 𝑉 and the action of the dissipators within the ground and excited states 𝑃𝑙𝐿𝑘𝑃𝑙 (𝑙 = 𝑔, 𝑒)
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to be of the order 𝜖. Here, we use 𝜖 as a small parameter compared to the typical decay rate
from the excited states to the ground states. This scenario is feasible in ideal quantum emitters
which combine a short excited state lifetime with long-lived ground states, making it possible
to device driven-dissipative protocols where the drive strength is between the decay rate of the
excited states and the decoherence rates of the ground and excited states8. Finally, we assume
that no quantum jumps going from the ground to the excited state are possible 𝑃𝑒𝐿𝑘𝑃𝑔 = 0,
which is well-justified at sufficiently low temperatures.
We begin the derivation by introducing the (excited state) non-Hermitian Hamiltonian

𝐻NH = 𝐻𝑒 −
𝑖ℏ
2
∑
𝑘

𝑃𝑒𝐿
†
𝑘𝐿𝑘𝑃𝑒, (2.58)

and note that non-Hermitian Hamiltonians are commonly used to describe open quantum systems
[225, 238–242] and complex energies allow the combination of the resonance energy with the
width of a transition [243]. In the quantum jump formalism9 [238, 244] the non-Hermitian
Hamiltonian describes the evolution in the absence of decays, and stochastic quantum jumps
are introduced to account for the resulting states after a decay, combined this is equivalent to a
Markovian master equation. Here, we use the non-unitary transformation 𝑂(𝑡) = 𝑒−𝑖𝐻0𝑡/ℏ, with
𝐻0 = 𝐻NH +𝐻𝑔 − 𝑖ℏ

2 ∑𝑘 𝑃𝑔𝐿
†
𝑘𝐿𝑘𝑃𝑔, which yields

̇̃𝜌(𝑡) = − 𝑖
ℏ
[ ̃𝑉 (𝑡) ̃𝜌(𝑡) − ̃𝜌(𝑡) ̃𝑉 †(𝑡)] +∑

𝑘
𝐿̃𝑘(𝑡) ̃𝜌(𝑡)𝐿̃†

𝑘(𝑡), (2.59)

where the operators apart from the density operator are transformed according to ̃𝐴(𝑡) =
𝑂−1(𝑡)𝐴(𝑡)𝑂(𝑡). To cancel the non-Hermitian Hamiltonian 𝐻0 evolution we choose the transfor-
mation of the density operator ̃𝜌 = 𝑂−1(𝑡)𝜌(𝑡)[𝑂−1(𝑡)]† such that the chain rule cancels 𝐻0 due
to 𝐻0 + 𝑖𝑑𝑂−1

𝑑𝑡 (𝑡)𝑂(𝑡) = 0.
We now expand the density matrix ̃𝜌(𝑡) = ∑𝑘 𝜖

𝑘𝜌(𝑘)(𝑡) leading to

̇𝜌(0)(𝑡) = 0, (2.60)

̇𝜌(1)(𝑡) = − 𝑖
ℏ
[ ̃𝑉 (𝑡)𝜌(0)(𝑡) − 𝜌(0)(𝑡) ̃𝑉 †(𝑡)] , (2.61)

̇𝜌(2)(𝑡) = − 𝑖
ℏ
[ ̃𝑉 (𝑡)𝜌(1)(𝑡) − 𝜌(1)(𝑡) ̃𝑉 †(𝑡)] +∑

𝑘
𝑃𝑔𝐿̃𝑘(𝑡)𝑃𝑒𝜌(2)(𝑡)𝑃𝑒𝐿̃

†
𝑘𝑃𝑔

+∑
𝑘

𝑃𝑔𝐿̃𝑘(𝑡)𝑃𝑔𝜌(0)(𝑡)𝑃𝑔𝐿̃
†
𝑘𝑃𝑔, (2.62)

where we assumed no initial excitations to neglect decay processes for 𝑛 ≤ 1 [236] and applied
the assumptions about the orders (in 𝜖) of the terms.

8 Good quantum emitters primarily emit in the zero-phonon line, such that the main decay in the ES needs to be the
decay to the GS.

9 The formalism is also known as the Monte Carlo wave function method [239] and similar to the quantum trajectory
theory [225].
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2.3 Methods

Using the projection operator approach [208, 245] to separate the evolution of ground and
excited states, leads to the reduced dynamics of the ground states

𝑃𝑔 ̇𝜌(0)𝑃𝑔 = 𝑃𝑔 ̇𝜌(1)𝑃𝑔 = 0, (2.63)

𝑃𝑔 ̇𝜌(2)(𝑡)𝑃𝑔 = − 𝑖
ℏ
𝑃𝑔 [ ̃𝑉 (𝑡)𝜌(1)(𝑡) − 𝜌(1)(𝑡) ̃𝑉 †(𝑡)] 𝑃𝑔 (2.64)

+∑
𝑘

𝑃𝑔𝐿̃𝑘(𝑡)[𝑃𝑔𝜌(0)(𝑡)𝑃𝑔 + 𝑃𝑒𝜌(2)(𝑡)𝑃𝑒]𝐿̃
†
𝑘𝑃𝑔, (2.65)

and the excited states

𝑃𝑒 ̇𝜌(0)𝑃𝑒 = 𝑃𝑒 ̇𝜌(1)𝑃𝑒 = 0, (2.66)

𝑃𝑒 ̇𝜌(2)(𝑡)𝑃𝑒 = − 𝑖
ℏ
𝑃𝑒 [ ̃𝑉 (𝑡)𝜌(1)(𝑡) − 𝜌(1)(𝑡) ̃𝑉 †(𝑡)] 𝑃𝑒 +∑

𝑘
𝑃𝑒𝐿̃𝑘(𝑡)𝑃𝑒𝜌(0)(𝑡)𝑃𝑒𝐿̃

†
𝑘𝑃𝑒. (2.67)

First we formally integrate Eq. (2.61) and Eq. (2.67), use that the unperturbed 𝜌(0) only lives
in the ground state [236], and insert the formal integrals into Eq. (2.64), which results in the
reduced dynamics of the ground states

𝑃𝑔 ̇𝜌(2)(𝑡)𝑃𝑔 = −𝑃𝑔{∑
𝑘

𝐿̃𝑘(𝑡)𝑃𝑔𝜌(0)(𝑡)𝑃𝑔𝐿̃
†
𝑘 +

1
ℏ2 ∫

𝑡

0
𝑑𝜏 [ ̃𝑉 (𝑡) ̃𝑉 (𝜏)𝜌(0)(𝜏) + 𝜌(0)(𝜏) ̃𝑉 †(𝜏) ̃𝑉 †(𝑡)]

+ 1
ℏ2 ∑

𝑘
𝐿̃𝑘(𝑡)𝑃𝑒 ∫

𝑡

0
𝑑 ̃𝑡∫

̃𝑡

0
𝑑𝜏 [ ̃𝑉 ( ̃𝑡)𝜌(0)(𝜏) ̃𝑉 †(𝜏) + ̃𝑉 (𝜏)𝜌(0)(𝜏) ̃𝑉 †( ̃𝑡)] 𝑃𝑒𝐿̃

†
𝑘(𝑡)}𝑃𝑔. (2.68)

There are three Lindblad-like and two Hamiltonian-like terms in this expression, to determine
them we solve the integrals

𝐼1 = 𝑃𝑔𝑉 (𝑡)∫
𝑡

0
𝑑𝜏 ̃𝑉 (𝜏)𝜌(0)(𝜏)𝑃𝑔, (2.69)

𝐼2 = 𝑃𝑒 ∫
𝑡

0
𝑑 ̃𝑡∫

̃𝑡

0
𝑑𝜏 [ ̃𝑉 ( ̃𝑡)𝜌(0)(𝜏) ̃𝑉 †(𝜏) + ̃𝑉 (𝜏)𝜌(0)(𝜏) ̃𝑉 †( ̃𝑡)] 𝑃𝑒. (2.70)

The remaining integral in Eq. (2.68) is the Hermitian conjugate of integral 𝐼1. To solve these
integrals we use the spectrum of 𝐻𝑔 = ∑𝑙 𝐸𝑙 |𝑙⟩ ⟨𝑙| to decompose 𝑉 (𝑓,𝑙)

+ (𝑡) = 𝑃𝑒𝑉𝑓 |𝑙⟩ ⟨𝑙| and shift
the non-Hermitian excited state Hamiltonian 𝐻(𝑓,𝑙)

NH = 𝐻NH−𝐸𝑙−ℏ𝜔𝑓. With these definitions we
first determine 𝑂(𝑡) = ∑𝑙(𝑒

−𝑖𝐸𝑙𝑡/ℏ+𝒪(𝜖2)) |𝑙⟩ ⟨𝑙|+𝑒−𝑖𝐻NH𝑡/ℏ with the non-Hermitian Hamiltonian
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Approximations 2.3

𝐻NH according to Eq. (2.58). Inserting these into Eqs. (2.69) and (2.70) we find

𝐼1 ≈ ∑
𝑓,𝑙

𝑂−1(𝑡)𝑃𝑔𝑉 (𝑡)𝑃𝑒𝑒−𝑖𝐻NH𝑡/ℏ ∫
𝑡

0
𝑑𝜏𝑒𝑖𝐻

(𝑓,𝑙)
NH 𝜏/ℏ𝑃𝑒𝑉

(𝑓,𝑙)
+ 𝜌(0)(𝑡)

≈ ∑
𝑓,𝑙

𝑖
ℏ
𝑃𝑔𝑂−1(𝑡)𝑃𝑔𝑉 (𝑡) [𝐻(𝑓,𝑙)

𝑁𝐻 ]
−1

𝑉 (𝑓,𝑙)
+ 𝑃𝑔𝑂(𝑡)𝑃𝑔𝜌(0)(𝑡), (2.71)

𝐼2 ≈ ∑
𝑓,𝑙,𝑓′,𝑙′

𝑃𝑒 ∫
𝑡

0
𝑑 ̃𝑡𝑒𝑖𝐻

(𝑓,𝑙)
NH ̃𝑡/ℏ𝑃𝑒𝑉

(𝑓,𝑙)
+ 𝜌(0)(𝑡)∫

𝑡

0
𝑑𝜏[𝑉 (𝑓′,𝑙′)

+ ]†𝑒−𝑖[𝐻(𝑓′,𝑙′)
NH ]†𝜏/ℏ

≈ 1
ℏ2 ∑

𝑓,𝑙,𝑓′,𝑙′
[𝐻(𝑓,𝑙)

NH ]−1𝑉 (𝑓,𝑙)
+ 𝜌(0)(𝑡)[𝑉 (𝑓′,𝑙′)

+ ]† {[𝐻(𝑓′,𝑙′)
NH ]†}

−1
. (2.72)

The approximations first neglect all higher orders, this includes a Markov-like approximation
for each of the dressed ground states consisting of 𝜌(0)(𝜏), 𝜌(0)( ̃𝑡) → 𝜌(0)(𝑡) and also justifies
separating the double integral10 [236]. Here, the Markov-like approximation is even valid with
a strong ground state interaction because we absorbed the fast part of the GS evolution into
𝐻(𝑓,𝑙)

NH . The approximation itself is justified by 𝑃𝑔[𝜌(0)(𝑡 + 𝛿𝑡) − 𝜌(0)(𝑡)]𝑃𝑔 = 𝒪(𝜖2). As a second
approximation we applied the adiabatic elimination in a form similar to the rotating wave
approximation where we neglect terms that oscillate with 𝑒±𝑖𝐻NH𝑡/ℏ in the end [236]. Note that
the adiabatic elimination is an established method to eliminate a state that is only sparsely
unoccupied, and dates back to theories to understand the maser [246]. Often the adiabatic
elimination is used in a different form than here, namely to approximate 𝑃𝑒 ̇𝜌(2)𝑃𝑒 ≈ 0 where the
sparse occupation is more immediately visible.
Inserting Eqs. (2.71) and (2.72) in Eq. (2.68) and transforming back to the Schrödinger picture

yields a master equation in Lindblad form

̇𝜌𝑔(𝑡) = − 𝑖
ℏ
[𝐻eff(𝑡), 𝜌𝑔] +∑

𝑘
(𝐿𝑘

eff(𝑡)𝜌𝑔(𝑡)[𝐿𝑘
eff(𝑡)]† −

1
2
{[𝐿𝑘

eff(𝑡)]†𝐿𝑘
eff(𝑡), 𝜌𝑔(𝑡)}) , (2.73)

for the reduced ground state density matrix 𝜌𝑔(𝑡). Here we introduced the effective operators

𝐻eff = 𝐻𝑔 −
1
2
{𝑉 ∑

𝑓,𝑙
[𝐻(𝑓,𝑙)

NH ]−1𝑉 (𝑓,𝑙)
+ (𝑡) +H.c.} , (2.74)

𝐿𝑘
eff = 𝑃𝑔𝐿𝑘 ∑

𝑓,𝑙
[𝐻(𝑓,𝑙)

NH ]−1𝑉 (𝑓,𝑙)
+ (𝑡), 𝐿𝑁+𝑘

eff = 𝑃𝑔𝐿𝑘𝑃𝑔, (2.75)

where 𝑁 is the initial amount of dissipators 𝐿𝑘 where 𝑘 = 1,… ,𝑁. Note that this implies that
the sum in Eq. (2.73) includes twice as many effective dissipators 𝐿𝑘

eff compared to the initial
Eq. (2.56) and some of the effective dissipators might vanish. This approximation method is

10 After application of the Markov-like approximation we partially integrate the first term of 𝐼2, which yields
𝐼2 = 𝑃𝑒 ∫

𝑡
0
𝑑 ̃𝑡 ̃𝑉 ( ̃𝑡)𝜌(0)(𝑡) ∫𝑡

0
𝑑𝜏 ̃𝑉 †(𝜏)𝑃𝑒. Here, the second term of 𝐼2 cancels the “−” term of the partial

integration.
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2.4 Methods

worthwhile to study driven dissipative systems, for example to devise protocols to initialize a
ground state of a quantum system. We will use this approach to explain the driven dissipative
protocol developed in Ch. 5 and estimate the relevant timescale of the protocol.

2.4 Summary
In this chapter we have reviewed theories for modeling quantum systems in contact with an
environment, which are essential for describing the dynamics of spin-photon interfaces. In addition,
we introduced the basics of group theory for developing effective Hamiltonian models of defects
in crystalline solids, such as semiconductors like SiC. Finally, we discussed two approximation
methods, one for static and hermitian Hamiltonians and another for the calculation of approximate
open dynamics in the presence of time-dependent drives and losses. These methods will be used
throughout the rest of this thesis.
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3
Spin Structure and Resonant Driving of

Spin-1/2 Defects in Silicon Carbide

The following chapter contains results published as B. Tissot and G. Burkard,
“Spin structure and resonant driving of spin-1/2 defects in SiC”, Phys. Rev. B

103, 064106 (2021) (Ref. [1]) with minor modifications. In particular, the
introduction was rewritten to integrate with the thesis, parts incorporated in

Sec. 1.6 and Ch. 2 were omitted in this chapter to avoid duplication, and
wording as well as notation were adapted for consistency throughout the

thesis.

3.1 Introduction
Motivated by the promising basic characteristics of transition metal (TM) defects in silicon carbide
(SiC) touched upon in Ch. 1 and equipped with the theoretical methods introduced in Ch. 2, in
this chapter we begin the detailed theoretical assessment of TM defects in SiC. In particular, we
will use the group theory presented in Sec. 2.2 and the Schrieffer-Wolff transformation introduced
in Sec. 3.3.1 to develop an effective Hamiltonian model to describe the energy levels of these
color centers, that lie within the band gap, and their interaction with electromagnetic fields.
The energy level structure of vanadium (V) and molybdenum (Mo) defects in SiC as well as

their ground state spin properties without sublevel structure are already well understood [55, 56,
59, 60, 164, 166, 167, 247]. However, in order to fully understand the selection rules, allowed
and forbidden transitions, and Rabi frequencies for arbitrary orientations of the static and
oscillatory (electric or magnetic) fields, more details of the level structure are required. Inspired
by studies of the nitrogen vacancy center in diamond [248] employing group theory [79, 86,
249–251] that shares the symmetry with the TM defects in SiC studied in this chapter, we also
employ group-theoretical methods to derive a Hamiltonian for an active electron localized in
a 𝑑 orbital of the TM defect (V or Mo) that possesses 𝐶3𝑣 symmetry imposed by the crystal
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3.2 Spin Structure and Resonant Driving of Spin-1/2 Defects in Silicon Carbide

potential of the surrounding atoms (see Eq. (1.8)) or simply the so-called crystal field (Fig. 1.6).
We analytically compute the defect energy levels as given by the eigenvalues of this Hamiltonian
in the absence of external fields.
In the presence of a non-zero static external (magnetic or electric) field the symmetry of the

system can be reduced and therefore previously used naive group theoretical arguments, e.g.,
selection rules based on the symmetry, are no longer applicable. To overcome this obstacle we
use a Schrieffer-Wolff transformation to derive an effective Hamiltonian which is compatible with
ground state Zeeman Hamiltonians derived previously [55] but has the benefit that it directly
links the effective 𝑔-factors to the spin-orbit coupling. This procedure also shows that some
matrix elements inside an orbital doublet that would not vanish in the most general case, do
vanish because the states originate from an atomic 𝑑 orbital.
For static magnetic fields along the high symmetry axis of the crystal we derive selection

rules within first and second order perturbation theory in the spin-orbit interaction, making it
possible to relate the magnitude of various transitions based on a small set of system properties.
Furthermore, the effective Hamiltonian describes how a static magnetic field breaking the 𝐶3𝑣

point symmetry mixes states of different irreducible representations (irreps) and thus changes the
selection rules. To understand magnetic and optical resonance in TM defects in more detail we
study the dependence of the Rabi frequency on the magnetic field direction and provide examples
where otherwise forbidden transitions are allowed for static magnetic fields that break the point
symmetry.
The remainder of this chapter is structured as follows: In Sec. 3.2 we introduce the Hamiltonian

describing the system. In Sec. 3.3 we treat the model where we first show that the reduced
problem can be solved analytically in absence of an external field and then (Sec. 3.3.1) use the
Schrieffer-Wolff transformation to study the influence of external fields. In Sec. 3.3.2 we combine
these insights and present the selection rules as well as the Rabi frequencies for the various spin
transitions in the TM defect. We conclude our work in Sec. 3.4.

3.2 Model
We consider spin-1/2 defects in SiC where neutral V0 or positively charged Mo+ substitute a
silicon atom [167], resulting in one active electron in a 𝑑1 atomic orbital. These defects are
sometimes referred to as V4+ and Mo5+ in the literature [55, 56, 60]. Our theory is based on
the 𝑑1 character of the electronic state and the 𝐶3𝑣 point symmetry of the surrounding crystal.
Since TM defects in SiC are not the only systems that fulfill these properties, the theory is also
applicable to other systems, e.g., copper impurities in ZnO [252].
The full model Hamiltonian we consider takes the form [71]

𝐻 = 𝐻TM + 𝑉cr +𝐻so +𝐻hf +𝐻𝑧 + 𝑉el. (3.1)

52



Model 3.2

The dominating part is the atomic Hamiltonian 𝐻TM = 𝑝2/(2𝑚𝑒) + 𝑉TM where #—𝑝 denotes the
momentum, 𝑚𝑒 the mass of the active electron, and the coupling of the Coulomb potential of the
TM atom to the electron charge −𝑒 given by 𝑉TM. This potential only depends on the distance
𝑟 = | #—𝑟 | between the electron and the defect placed at the origin, localizes the active electron at
the defect site, and separates the energy of the atomic 𝐷 shell from the remaining spectrum. The
Coulomb potentials of the crystal atoms couple to the charge of the active electron, resulting in
the crystal potential 𝑉cr that breaks the spherical symmetry of the defect atom and reduces it to
the 𝐶3𝑣 point group.
An electron in a 𝑑 orbital state has non-zero angular momentum 𝑙 = 2 inducing a magnetic

field in the electron rest frame. This relativistic effect is taken into account in the spin-orbit
coupling Hamiltonian [70, 71]

𝐻so =
ℏ

2𝑚2
𝑒𝑐2

{∇ [𝑉TM + 𝑉cr] × #—𝑝 } ⋅ #—𝑆, (3.2)

with the electron spin vector operator #—𝑆 = #—𝜎/2 in units of the reduced Planck constant ℏ given
by half the Pauli vector #—𝜎 , and the speed of light in vacuum 𝑐. Considering that the gradient
of the Coulomb potentials ∇[𝑉TM + 𝑉cr] transforms like the vector #—𝑟 the complete orbital part
transforms like the orbital angular momentum operator #—𝐿 = #—𝑟 × #—𝑝 /ℏ (in units of ℏ) [71]. For
the free ion, where 𝑉cr = 0, the intact spherical symmetry leads to 𝐻so = 𝜆0

#—𝐿 ⋅ #—𝑆 , with the free
ion coupling constant 𝜆0 = 𝜇0𝑍𝜇2

𝐵/(2𝜋𝑟3) expressed via the vacuum permeability 𝜇0, the atomic
number 𝑍, and the Bohr magneton 𝜇𝐵 and depending on the electronic configuration via 1/𝑟3.
The hyperfine Hamiltonian 𝐻hf models the interaction of the active electron spin with nearby

nuclear spins [253]. For an electron localized in an atomic 𝑑 orbital at the defect site, we expect
the interaction with the nuclear spin of the defect site to be the dominating contribution. The
most common V isotope is 51V with an abundance larger than 99% and nuclear spin 7/2, while
Mo only has approximately 25% combined natural abundance for isotopes 95Mo and 97Mo with
nuclear spin 5/2 and the remaining naturally occurring isotopes have nuclear spin zero [254, 255].
Measurement values for V show that the hyperfine splitting of the ground state is at least two
orders of magnitude smaller than the spin-orbit splitting, but the difference can be much larger
depending on the defect configuration [56]. Compared to V, Mo has the larger atomic number
resulting in a larger spin-orbit coupling constant [256]. Furthermore, the isotopes with non-zero
nuclear spin of Mo have a smaller |𝜇𝑁𝑔𝑁| compared to the relevant isotope of V [257]. Therefore,
we expect the ratio of the hyperfine and the spin-orbit coupling strength for V to give an upper
bound for the two TM atoms.
The Zeeman Hamiltonian describes the coupling of the electron spin #—𝑆 , electron angular

momentum #—𝐿 and nuclear spin #—𝐼 to a uniform external magnetic field #—𝐵. This term is given by

𝐻𝑧 = 𝜇𝐵 (𝑔𝑠
#—𝐵 ⋅ #—𝑆 + #—𝐵 ⋅ #—𝐿) − 𝜇𝑁𝑔𝑁

#—𝐵 ⋅ #—𝐼 . (3.3)
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Again using the experimental values of 𝑔𝑁𝜇𝑁 for V [56] we find 𝑔𝑁𝜇𝑁/𝜇𝐵 ≈ 10−4. From that we
conclude 𝐻𝑧 is dominated by the coupling of the magnetic field to the electron spin and angular
momentum.
The active electron can also couple to external electric fields, resulting in the potential 𝑉el.

Assuming that the electric field is uniform over the scale of the defect the term is given by

𝑉el = 𝑒 #—𝐸 ⋅ #—𝑟 , (3.4)

where #—𝐸 is the external electric field.
Using these considerations we order the magnitudes of the different contributions

𝐻TM ≫ 𝑉cr ≫ 𝐻so ≫ 𝐻hf. (3.5)

In the following we will concentrate on the case where we can neglect the hyperfine interaction,
given by static magnetic fields | #—𝐵| ≫ 𝐴𝑧𝑧/𝜇𝐵 ∼ 10mT where 𝐴𝑧𝑧 is a hyperfine tensor component
for a V defect [56].
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Figure 3.1: The energy levels of a 𝑑1 defect
in SiC. The spherical symmetry of the defect
is reduced to the 𝑇𝑑 point symmetry by its
nearest neighbors. This symmetry is further
reduced by atoms farther away to 𝐶3𝑣 in SiC
polytypes apart from 3C-SiC. The spin-orbit
coupling splits the levels further, producing
the fine structure given by five Kramers dou-
blets. We show the spin-orbit splittings of
the orbital doublets in blue, which to second
order can be found in Eq. (3.33). If one con-
siders the case where the spin-orbit splitting is
larger than the splitting due to the symmetry
reduction to 𝐶3𝑣 we obtain the same diagram
but with 𝐴1 → Γ7, 𝐸 → Γ8 which are irreps
of the 𝑇𝑑 double group of dimensions 2 and
4, respectively.

For electric fields well below the breakdown
field strength of SiC | #—𝐸| ≪ 3MV/cm [258] we es-
timate 𝐻so ≫ 𝑉el and for magnetic fields smaller
than 𝐵so = 𝜆0/𝜇𝐵 ≈ 531T we have 𝐻so ≫ 𝐻𝑧.
The approximate values are given for the free
ion value of the spin-orbit coupling constant 𝜆0

for V [55] and therefore give the lower bound for
the two TMs.

3.2.1 Symmetry Imposed Level Structure
In Sec. 1.6.1 we discussed the lattice structure
of SiC, and found that for the 3C polytypes the
lattice imposes 𝑇𝑑 symmetry onto the lattice
sites, while for the all remaining polytypes the
symmetry is reduced to 𝐶3𝑣. In addition to
these spatial symmetries, in the absence of a
magnetic field, the system is also invariant under
time inversion.
We now summarize the energy level structure

that follows directly from group theory for a
𝑑1-orbital state when the spherical symmetry is
reduced to 𝑇𝑑 and then to 𝐶3𝑣, including spin-
orbit coupling [55, 56, 59, 60, 164, 166, 167, 247,
252], see Fig. 3.1. A 𝑑 orbital corresponds to the
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Γ𝑙=2 irrep of the full rotation group. In the 𝑇𝑑 group the Γ𝑙=2 representation is composed of the
three-dimensional irrep 𝑇1 and the two-dimensional irrep 𝐸, hence the 𝑑 orbital is split into a
doublet and a triplet in a 𝑇𝑑 symmetric potential. While the doublet does not split further in
𝐶3𝑣, the triplet 𝑇1 splits into another doublet 𝐸 and a singlet corresponding to the irrep 𝐴1.
The spin-orbit coupling renders the orbital singlet of 𝐶3𝑣 into a Kramers doublet (KD), a

degenerate pair of states which are connected by time inversion, transforming according to the
spinor representation Γ4. The doublets of 𝐶3𝑣 split into two KDs corresponding to the irrep
Γ4 and the combined irreps Γ5/6 = Γ5 ⊕ Γ6, respectively. The same final structure arises when
first considering the spin-orbit coupling and then the symmetry reduction to 𝐶3𝑣. Time-reversal
symmetry protects the states of the same KD from being coupled to each other by operators
that also fulfill time-reversal symmetry [71], such as the position #—𝑟 and thus 𝑉el, as well as even
orders of #—𝐿, #—𝑆 and #—𝑝 (combined).

3.2.2 𝐶3𝑣 Symmetric Hamiltonian
To derive a general Hamiltonian for one active electron in the 𝑑 orbital subspace we use the basis

|𝑚⟩ |𝜎⟩ = |𝑙 = 2,𝑚⟩ |𝜎⟩ , (3.6)

with the spherical harmonics |𝑙 = 2,𝑚⟩ (𝑚 = −2,−1, 0, 1, 2) and the spinor |𝜎⟩ (𝜎 = ↑, ↓) for the
𝑧-axis parallel to the crystal axis. The full electronic wave function |Ψ𝑚⟩ in addition contains
the radial part according to the main quantum number 𝑛 = 3 (V) or 𝑛 = 4 (Mo). Due to effects
such as covalency and the Jahn-Teller effect, the states |Ψ𝑚⟩ can have contributions from other
orbital states [167, 259, 260]. These effects are taken into account by a proportionality constant
which describes the ratio between the effective matrix element ⟨𝑚|𝑂|𝑚′⟩ and full matrix element
⟨Ψ𝑚|𝑂|Ψ𝑚′⟩. A framework to derive operators that can take this into account while having
the appropriate transformation properties is given by the Wigner-Eckart theorem where the
proportionality constants correspond to so-called reduced matrix elements [229], see Sec. 2.2.2.
The transformation properties of the basis states and operators as well as the implications of

these for the Wigner-Eckart theorem are given in Sec. 2.2. The resulting Hamiltonian is described
in the following and generalizes previously used Hamiltonians derived by ligand or crystal field
theory [55, 252].

Crystal Eigenstates
The purely orbital Hamiltonian 𝐻𝑜 = 𝐻TM + 𝑉cr which transforms according to the irrep 𝐴1 of
𝐶3𝑣 and is time-reversal symmetric, can be written as

𝐻𝑜 = 𝜖3 |0⟩ ⟨0| + ∑
𝑖=1,2

𝜖𝑖 (|+𝑖⟩ ⟨+𝑖| + |−𝑖⟩ ⟨−𝑖|) , (3.7)

inside the subspace of the 𝑑 orbitals. The orbital doublet states are given by

|±1⟩ = cos(𝜙) |±1⟩ ∓ sin(𝜙) |∓2⟩ , |±2⟩ = − sin(𝜙) |±1⟩ ∓ cos(𝜙) |∓2⟩ , (3.8)
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𝑖 𝑙𝑥,𝑖2 𝑙𝑥,𝑖3 𝑙𝑧,𝑖1 𝑙𝑧,𝑖2
1 1

√
6
2 cos(𝜙) 1

2 [3 cos(2𝜙) − 1] −3
2 sin(2𝜙)

2 0 −
√
6
2 sin(𝜙) 0 −1

2 [3 cos(2𝜙) + 1]

Table 3.1: The 𝑙-factors introduced in the main text, corresponding to the non-zero matrix
elements of the angular momentum operators 𝐿𝑘 in the crystal eigenbasis.

where the mixing angle 𝜙 describes the admixture of states that transform equally under 𝐶3𝑣,
see App. 3.A. The states |±𝑖⟩ transform the same as |±1⟩ under the symmetry operations of 𝐶3𝑣

and time inversion 𝑇inv |±𝑖⟩ = − |∓𝑖⟩.

Spin-Orbit Coupling and Zeeman Term
The spin-orbit (Zeeman) Hamiltonian transforms like the scalar product of the angular momentum
operator with the spin operator #—𝐿 ⋅ #—𝑆 (magnetic field #—𝐿 ⋅ #—𝐵). This implies that the spin-orbit
Hamiltonian is time-reversal symmetric, while the Zeeman Hamiltonian is not. Using projection
operators on the eigenspaces of 𝐻𝑜,

𝑃𝑖 = |+𝑖⟩ ⟨+𝑖| + |−𝑖⟩ ⟨−𝑖| , 𝑃3 = |0⟩ ⟨0| , (3.9)

for 𝑖 = 1, 2, we can write the spin-orbit Hamiltonian as

𝑃𝑖𝐻so𝑃𝑗 =
#—𝑆 ⋅ Λ̃𝑖𝑗 ⋅ 𝑃𝑖

#—𝐿𝑃𝑗, (3.10)

where now 𝑖 = 1, 2, 3 and Λ̃𝑖𝑗 = Λ̃𝑗𝑖 = diag(𝜆̃𝑥,𝑖𝑗, 𝜆̃𝑥,𝑖𝑗, 𝜆̃𝑧,𝑖𝑗). Analogously, the Zeeman term is

𝑃𝑖𝐻𝑧𝑃𝑗 =𝛿𝑖𝑗𝜇𝐵𝑔𝑠
#—𝐵 ⋅ #—𝑆 + 𝜇𝐵

#—𝐵 ⋅ 𝑅̃𝑖𝑗 ⋅ 𝑃𝑖
#—𝐿𝑃𝑗, (3.11)

with 𝑅̃𝑖𝑗 = 𝑅̃𝑗𝑖 = diag( ̃𝑟𝑥,𝑖𝑗, ̃𝑟𝑥,𝑖𝑗, ̃𝑟𝑧,𝑖𝑗). The tensors 𝑅̃ and Λ̃ take the anisotropy of the reduction
factors for the spin-orbit coupling 𝜆̃𝑘,𝑖𝑗/𝜆0 and the orbital Zeeman term ̃𝑟𝑘,𝑖𝑗 into account.
In the employed basis [Eq. (3.8)] the non-zero matrix elements of the orbital angular momentum

operators 𝐿𝑘 are given by 𝑙𝑧,𝑖𝑗 = ±⟨±𝑖|𝐿𝑧|±𝑗⟩, 𝑙𝑥,12 = ±⟨∓2|𝐿𝑥|±1⟩ = 𝑖 ⟨∓2|𝐿𝑦|±1⟩, 𝑙𝑥,𝑖3 =
⟨±𝑖|𝐿𝑥|0⟩ = ±𝑖 ⟨±𝑖|𝐿𝑦|0⟩, with 𝑖, 𝑗 = 1, 2. Since #—𝐿 is Hermitian 𝑙𝑘,𝑖𝑗 = 𝑙𝑘,𝑗𝑖 and the unique
matrix elements in terms of the orbital mixing angle 𝜙 are given in Table 3.1. From now on we
will use the combined parameters 𝜆𝑘,𝑖𝑗 = 𝑙𝑘,𝑖𝑗𝜆̃𝑘,𝑖𝑗 and 𝑟𝑘,𝑖𝑗 = 𝑙𝑘,𝑖𝑗 ̃𝑟𝑘,𝑖𝑗.

External Electric Field
The coupling to external electric fields has the form shown in Eq. (3.4) and is time-reversal
symmetric for a static field. Due to the shared symmetry of 𝑥, 𝑦 and −𝐿𝑦, 𝐿𝑥 we can use the
orbital angular momentum operators to express

𝑃𝑖𝑉el𝑃𝑗 = (−1)Θ(𝑖−𝑗)𝑖 ̃ℰ𝑥,𝑖𝑗𝑃𝑖 (𝐸𝑦𝐿𝑥 −𝐸𝑥𝐿𝑦) 𝑃𝑗 + ℰ𝑧,𝑖𝑗𝐸𝑧𝑃𝑖 (|0⟩ ⟨0| + ∑
𝜎=±

|𝜎𝑖⟩ ⟨𝜎𝑗|)𝑃𝑗, (3.12)
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between the orbital spaces or inside the orbital singlet (i.e., for 𝑖, 𝑗 = 1, 2, 3 with 𝑖 ≠ 𝑗 or
𝑖 = 𝑗 = 3). Here, Θ(𝑥) is the Heaviside function which is 1 for positive 𝑥 and else 0. Due to the
different properties under time inversion, the matrix elements of 𝐿𝑥 and 𝐿𝑦 within an orbital
doublet vanish, while 𝑥 and 𝑦 can be non-zero, such that the coupling to electric fields inside the
orbital doublets (𝑖 = 1, 2) takes the form

𝑃𝑖𝑉el𝑃𝑖 = ℰ𝑧,𝑖𝑖𝐸𝑧 𝟙+ℰ𝑥,𝑖𝑖 (𝐸𝑥𝜎𝑥 −𝐸𝑦𝜎𝑦) , (3.13)

where 𝟙 is the identity matrix and 𝜎𝑥 and 𝜎𝑦 are the 𝑥 and 𝑦 Pauli matrices acting between
|±𝑖⟩. In analogy to the Zeeman and spin-orbit terms, we combine ℰ𝑥,𝑖𝑗 = ̃ℰ𝑥,𝑖𝑗𝑙𝑥,𝑖𝑗 and the
factors ℰ𝑘,𝑖𝑗 = ℰ𝑘,𝑗𝑖 are symmetric. The expressions for the energies and Rabi frequencies in the
following will only depend on the parameters 𝜖𝑖, 𝜆𝑘,𝑖𝑗, 𝑟𝑘,𝑖𝑗 and ℰ𝑘,𝑖𝑗. Using 𝐶3𝑣 ⊂ 𝑇𝑑 and the
angle 𝜙 it is possible to restrict parts of the Hamiltonian to intact 𝑇𝑑 symmetry, see App. 3.B for
more details.

3.3 Results
In the following we will study how the spin-orbit coupling influences the defect spin system and
as such the interaction with external fields. Comparing Eqs. (3.12) and (3.11) we note that
the orbital part of the Zeeman Hamiltonian 𝐻𝑧 has a form which is similar to the coupling to
external electric fields 𝑉el between different orbital spaces. As the Zeeman term additionally
includes pure spin transitions we will concentrate on this term in the following, calculations for
𝑉el are analogous and corresponding results will be summarized further below.
The Hamiltonian 𝐻𝑜 + 𝐻so can be block diagonalized into two Hermitian 2 × 2 blocks and

two real and symmetric 3 × 3 blocks. The blocks of the same size are related to each other by
time-reversal symmetry. This implies that there are at most 5 doubly degenerate eigenvalues,
corresponding to the KDs. The eigenstates of the 2 × 2 (3 × 3) blocks transform according to
Γ5/6 (Γ4). The resulting eigenvalues are listed in App. 3.D.

3.3.1 Perturbation Theory
While the aforementioned analytic solution holds for 𝐶3𝑣 symmetric defects as well as when
the 𝑇𝑑 is intact, for the perturbation theory we consider only 𝐶3𝑣 symmetry. This still covers
most defects, as well as the energies and states of the 𝑇𝑑 doublet 𝐸. Starting from the atomic
energy levels, the largest contribution to the energy splitting is due to the crystal potential
and the spin-orbit coupling is small compared to the resulting level spacings, 𝜆𝑘,𝑖𝑗 ≪ 𝜖𝑖 − 𝜖𝑗 for
𝑖 ≠ 𝑗. Experiments and ab initio calculations [55, 167] show that the reduction factor of the
spin-orbit coupling 𝜆𝑘,𝑖𝑗/𝜆0 and the orbital reduction of the Zeeman term 𝑟𝑘′,𝑖𝑗 share the same
order of magnitude and hence, | #—𝐵| ≪ 𝐵so implies 𝜇𝐵𝑟𝑘′,𝑖𝑗 |

#—𝐵| ≪ 𝜆𝑘,𝑖𝑗. We use a Schrieffer-Wolff
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Figure 3.2: Comparison of numerically calculated level structure (faded solid) to the approximate
levels calculated perturbatively in Eq. (3.34) (dashed) for V in the 𝛼-configuration of 6H-SiC
according to parameters used in [55] (see App. 3.C). In (a) [(b)] the dependence for a magnetic
field purely in 𝑧[𝑥]-direction is shown. The dependence on the direction for a fixed magnetic field
strength is depicted in (c). We choose the energy scale such that the ground state spin-orbit
energy 𝐸1,+,↓ = 0 in the absence of a magnetic field ( #—𝐵 = 0). We observe a predominantly linear
dependence of the energies on the 𝑧-component of the field as well as the higher order correction
due to the 𝑥-component.

transformation [235] treating the off-diagonal elements of 𝐻so as the perturbation

𝐻0 =𝐻𝑜 +∑
𝑖

𝑃𝑖𝐻so𝑃𝑖, 𝑉 = ∑
𝑖≠𝑗

𝑃𝑖𝐻so𝑃𝑗, (3.14)

such that we find the effective Hamiltonian

𝐻eff =∑
𝑖

𝑃𝑖𝑒𝑆𝐻𝑒−𝑆𝑃𝑖 ≈ ∑
𝑖

𝑃𝑖(𝐻0 +
1
2
[𝑆, 𝑉 ] + 𝐻𝑧 + [𝑆,𝐻𝑧])𝑃𝑖, (3.15)

for [𝐻0, 𝑆] = 𝑉 +𝒪[𝜆𝑘,𝑖𝑗𝜆𝑘′,𝑖𝑗′/(𝜖𝑖−𝜖𝑗)] and we enforce the additional constraint for 𝑃𝑖 [𝑆,𝐻𝑧] 𝑃𝑖

to be diagonal for #—𝐵 ∥ #—𝑒 𝑧.
These conditions ensure that 𝐻eff lies inside the projected spaces up to second order in the

spin-orbit coupling, i.e., 𝜆2
𝑘,𝑖𝑗/(𝜖𝑖 − 𝜖𝑗), and is diagonal for #—𝐵 ∥ #—𝑒 𝑧. Therefore, the diagonal

elements correspond to the second order eigenvalues for a magnetic field parallel to the crystal
axis, given by

𝐸(2)
𝑖,Γ5/6,𝜎

𝐸(2)
𝑖,Γ4,𝜎

} = 𝜖𝑖 ±
1
2
𝜆𝑧,𝑖𝑖 +

(−1)𝑖𝜆2
𝑧,12

4 (𝜖2 − 𝜖1)
+

⎧{
⎨{⎩

− (−1)𝑖𝜆2
𝑥,12

2(𝜖2−𝜖1)
+ 𝜇𝐵

𝜎
2𝐵𝑧𝑔𝑧𝑖,Γ5/6

−1
2
𝜆2
𝑥,𝑖3

𝜖3−𝜖𝑖
+ 𝜇𝐵

𝜎
2𝐵𝑧𝑔𝑧𝑖,Γ4

, (3.16)

𝐸(2)
3,Γ4,𝜎 = 𝜖3 +

𝜆2
𝑥,13

𝜖3 − 𝜖1
+

𝜆2
𝑥,23

𝜖3 − 𝜖2
+ 𝜎𝑔𝑠

2
𝜇𝐵𝐵𝑧. (3.17)
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The corresponding first order eigenstates are given by the columns of 𝟙−𝑆,

|𝑖, Γ5/6, 𝜎⟩
(1) = |𝜎𝑖⟩ |𝜎⟩ + 𝜎

2𝜆𝑥,12𝑟𝑧,12
(𝜖2 − 𝜖1)(𝑔𝑠 + 2𝑟𝑧,𝑖𝑖)

|−𝜎𝑖⟩ |−𝜎⟩

−
(−1)𝑖𝜆𝑧,12

2 (𝜖2 − 𝜖1)
|𝜎3−𝑖⟩ |𝜎⟩ −

𝜎𝜆𝑥,12

𝜖2 − 𝜖1
|−𝜎3−𝑖⟩ |−𝜎⟩ , (3.18)

|𝑖, Γ4, 𝜎⟩
(1) = |−𝜎𝑖⟩ |𝜎⟩ −

(−1)𝑖𝜆𝑧,12

2 (𝜖2 − 𝜖1)
|−𝜎3−𝑖⟩ |𝜎⟩ −

𝜎𝜆𝑥,𝑖3

𝜖3 − 𝜖𝑖
|0⟩ |−𝜎⟩ , (3.19)

|3, Γ4, 𝜎⟩
(1) = |0⟩ |𝜎⟩ +

𝜎𝜆𝑥,13

𝜖3 − 𝜖1
|𝜎1⟩ |−𝜎⟩ +

𝜎𝜆𝑥,23

𝜖3 − 𝜖2
|𝜎2⟩ |−𝜎⟩ , (3.20)

with 𝑖 = 1, 2, the parallel 𝑔-tensor components

𝑔𝑧𝑖,Γ5/6

𝑔𝑧𝑖,Γ4

} =𝑔𝑠 ± 2𝑟𝑧,𝑖𝑖 + (−1)𝑖2
𝜆𝑧,12𝑟𝑧,12
𝜖2 − 𝜖1

, (3.21)

and where we use 𝜎 inside (outside) the spin ket to represent ↑ (+) and ↓ (−). The first terms
on the right-hand side of the states Eqs. (3.18)-(3.20) are the reordered unperturbed states
|𝑖, Γ𝛾, 𝜎⟩

(0). Without loss of generality, due to the symmetry of the Hamiltonian, we choose the
coordinate system such that #—𝐵 lies in the 𝑥, 𝑧-plane. Without an external magnetic field, these
states approximate the zero-field analytic solutions and share their most important features. At
finite magnetic fields, Eq. (3.15) and Eqs. (3.18)-(3.20) provide a simpler description compared
to an analytic solution.
For the approximate matrix elements of an operator 𝑂, we introduce the notation

⟨𝑖, Γ𝛾, 𝜎|𝑂|𝑗, Γ𝛾, 𝜎⟩eff ≡ (0)⟨𝑖, Γ𝛾, 𝜎|𝑂eff|𝑗, Γ𝛾, 𝜎⟩
(0), (3.22)

where 𝑂eff = 𝑂+ [𝑂, 𝑆]. Because the operators 𝑂eff are of combined second order in the matrix
elements of 𝑂 and 𝐻so and in analogy to 𝐻eff being second order in the spin-orbit coupling we
will refer to them as the second order matrix elements. Furthermore, we will refer to the elements
of 𝑂 (between eigenstates of 𝐻0) as first order matrix elements.
As a static magnetic field along the crystal axis only breaks time-reversal symmetry but

not the 𝐶3𝑣 point symmetry, it can only mix states transforming according to the same irrep
and lift the degeneracy of the KDs. For 𝐵𝑥 ≠ 0 the effective Hamiltonians of the orbital
doublets and the singlet are not diagonal. The matrix elements inside the KDs are given by
⟨𝑖, Γ𝑘, 𝜎|𝐻|𝑖, Γ𝑘, 𝜎⟩eff = 𝐸(2)

𝑖,Γ𝑘,𝜎 and

⟨𝑖, Γ4, 𝜎|𝐻|𝑖, Γ4, −𝜎⟩eff =𝜇𝐵𝑔𝑖,𝑥𝐵𝑥/2, (3.23)
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where we define the perpendicular 𝑔-factors

𝑔𝑖,𝑥 =
⎧{
⎨{⎩

𝑔𝑠 +
4𝜆𝑥,13𝑟𝑥,13

𝜖3−𝜖1
+ 4𝜆𝑥,23𝑟𝑥23

𝜖3−𝜖2
for 𝑖 = 3

−4𝜆𝑥,𝑖3𝑟𝑥,𝑖3
𝜖3−𝜖𝑖

for 𝑖 = 1, 2
. (3.24)

We see that only the singlet KD has a non-suppressed effective perpendicular 𝑔-factor. Agreeing
with pure group theoretical considerations we find that the perpendicular 𝑔-factors for the Γ5/6

KDs are zero.
The matrix elements mixing the KDs inside an orbital doublet are given by

⟨𝑖, Γ5/6, 𝜎|𝐻|𝑖, Γ4, 𝜎⟩eff =𝜎𝜇𝐵𝑔𝑖,𝑐𝐵𝑥/2, (3.25)

⟨𝑖, Γ5/6, 𝜎|𝐻|𝑖, Γ4, −𝜎⟩
eff

=𝜇𝐵𝑔𝑖,𝑓𝐵𝑥/2, (3.26)

with the spin conserving (𝑐) and flipping (𝑓) mixing 𝑔-factors

𝑔𝑖,𝑐 =
2𝜆𝑧,12𝑟𝑥,12
𝜖2 − 𝜖1

+
𝜆𝑥,12𝑟𝑧,12
𝜖2 − 𝜖1

2𝑔𝑠
𝑔𝑠 + 2𝑟𝑧,𝑖𝑖

, (3.27)

𝑔𝑖,𝑓 =𝑔𝑠 + (−1)𝑖2(
𝜆𝑥,12𝑟𝑥,12
𝜖2 − 𝜖1

+
𝜆𝑥,𝑖3𝑟𝑥,𝑖3
𝜖3 − 𝜖𝑖

) . (3.28)

The only off-diagonal 𝑔-factors that do not vanish without spin-orbit coupling are 𝑔𝑖,𝑓 with 𝑖 = 1, 2
and 𝑔4,𝑥. The 𝑔-factors as expressed above and evaluated for V in the 𝛼-configuration of 6H-SiC
are within the margins of error for previously experimentally determined values [55] when using
the provided reduction factors according to parameters used in [55] (see App. 3.C). The maximal
deviation for values that were assumed to be 0 (𝑔𝑖,𝑥 and 𝑔𝑖,𝑐 for 𝑖 = 1, 2) is approximately 0.08.
Previous derivations of the 𝑔-factors (see App. A of Kaufmann et al. [55]) for a pair of Γ4 and
Γ5/6 states do not take the interaction with the remaining levels into account. The effective
Hamiltonian (3.15) connects the previous Hamiltonians to the Hamiltonian for the whole 𝑑
orbital.
For intact 𝑇𝑑 symmetry, the approximation still holds for 𝑖 = 1 despite the restrictions of the

parameters (App. 3.B) in particular 𝜖2 = 𝜖3. We find that the four pseudospin levels not only
have the same zero field energy (see Fig. 3.1) but share 𝑔𝑧1,Γ5/6

= 𝑔𝑧1,Γ4
. This implies that for

pure 𝑇𝑑 symmetry, the effective spin levels have a non-suppressed perpendicular 𝑔-factor and are
up to second order doubly degenerate. This underlines that the spin-orbit splitting of the 𝑖 = 1
doublet and the vanishing perpendicular 𝑔-factor are due to the combination of 𝐶3𝑣 symmetric
crystal potential and the spin-orbit interaction.
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The dominating effect of a static magnetic field in arbitrary direction can be taken into account
by diagonalizing the first order terms, i.e., the terms proportional to 𝑔𝑠. This leads to the
pseudospin state (PSS),

|𝑖, +, 𝜎⟩ = cos 𝜃𝑖,𝜎 |𝑖, Γ5/6, 𝜎⟩ + sin 𝜃𝑖,𝜎 |𝑖, Γ4, −𝜎⟩ , (3.29)

|𝑖, −, 𝜎⟩ = sin 𝜃𝑖,−𝜎 |𝑖, Γ5/6, −𝜎⟩ − cos 𝜃𝑖,−𝜎 |𝑖, Γ4, 𝜎⟩ , (3.30)

|3, 𝜎⟩ = cos 𝜃3 |3, Γ4, 𝜎⟩𝑧 + 𝜎 sin 𝜃3 |2, Γ4, −𝜎⟩ , (3.31)

with 𝑖 = 1, 2, and mixing angles given by

tan 2𝜃𝑖,𝜎 = 𝜇𝐵𝑔𝑠𝐵𝑥
Δ𝑖

𝑠𝑜 + 𝜇𝐵𝑔𝑠𝜎𝐵𝑧
, tan 2𝜃3 = 𝐵𝑥

𝐵𝑧
, (3.32)

in terms of the second order spin-orbit energy splittings

Δ𝑖
𝑠𝑜 = 𝜆𝑧,𝑖𝑖 +

𝜆2
𝑥,𝑖3

𝜖3 − 𝜖𝑖
+

(−1)𝑖𝜆2
𝑥,12

𝜖2 − 𝜖1
, (3.33)

which is given by the energy difference 𝐸𝑖,Γ5/6,𝜎 −𝐸𝑖,Γ4,𝜎 for #—𝐵 = 0 and is indicated in Fig. 3.1.
The PSS are not related by time-reversal symmetry and can therefore be coupled by electric
fields.
Neglecting [𝑆,𝐻𝑧], i.e., terms proportional to 𝑟𝑘′,𝑖𝑗′𝜆𝑘,𝑖𝑗/(𝜖𝑖 − 𝜖𝑗), the diagonal entries in the

basis consisting of the PSS correspond to approximate eigenvalues

𝐸(2)
𝑖,±,±𝜎 = (0)⟨𝑖, ±,±𝜎|𝐻eff|𝑖, ±,±𝜎⟩(0) = 𝜖𝑖 −

𝜆2
𝑧12 + 2𝜆2

𝑥,12

4 (𝜖2 − 𝜖1)
−

𝜆2
𝑥,𝑖3

2𝜖3 − 2𝜖1
± 𝜎𝐵𝑧𝜇𝐵𝑟𝑧,𝑖𝑖

± sign(Δ𝑖
𝑠𝑜 + 𝜇𝐵𝑔𝑠𝜎𝐵𝑧)

2
√[Δ𝑖

𝑠𝑜 + 𝜇𝐵𝑔𝑠𝜎𝐵𝑧]
2 + (𝜇𝐵𝑔𝑠𝐵𝑥)

2, (3.34)

𝐸(2)
3,𝜎 = (0)⟨3, 𝜎|𝐻eff|3, 𝜎⟩

(0) = 𝜖3 +
𝜆2
𝑥,13

𝜖3 − 𝜖1
+

𝜆2
𝑥,23

𝜖3 − 𝜖2
+ 𝜎𝑔𝑠

2
𝜇𝐵√𝐵2

𝑧 +𝐵2
𝑥, (3.35)

as shown in Fig. 3.2. The states are labeled according to the crystal field eigenspace 𝑖, the
spin-orbit splitting ± such that for 𝐵𝑥 = 0 “+” (“−”) coincides with the states transforming
according to Γ5/6 (Γ4). These labels are independent of the level ordering, reflecting that the level
ordering depends on the precise configuration of the defect, i.e. the free and a priori unknown
parameters of our model. The results in the following do not depend on the level order. Lastly 𝜎
labels the effective spin.
The approximate eigenvalues 𝐸(2)

𝑖,±,𝜎 already yield good results for the energies for V in the
𝛼-configuration of 6H-SiC compared to the numerical model by Kaufmann et al. [55], see Fig. 3.2.
For a magnetic field in 𝑧 direction all the states split linearly [Fig. 3.2(a)]. For magnetic fields
along the 𝑥-axis only the 𝑖 = 3 level splits linearly while the remaining PSS stay degenerate in
the first order, the KDs of one orbital doublet are pushed further apart with increasing magnetic
field in 𝑥-direction [Fig. 3.2(b)]. For a small fixed magnetic field strength we see an approximate
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〉

(a) |3,Γ4, σ〉
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∣∣2,Γ5/6, σ
〉

|1,Γ4, σ〉∣∣1,Γ5/6, σ
〉

(b) (c)

|i,Γ5/6, ↑〉

|i,Γ5/6, ↓〉

|i′,Γ4, ↑〉

|i′,Γ4, ↓〉

Bac,z, Eac,z

Bac,⊥, Eac,⊥
Bz

Bac,⊥
Eac,⊥

↑ ↑
↑ ↓

Figure 3.3: Non-zero matrix elements of the driving Hamiltonian 𝐻𝑑 between Kramers doublet
(KD) states for #—𝐵0 ∥ #—𝑒 𝑧 taking (a) only reordering of the states due to spin-orbit coupling
(0)⟨𝑖, Γ𝛾, 𝜎|𝐻𝑑|𝑖, Γ𝛾′ , 𝜎′⟩(0) (first order in 𝐻𝑑) and (b) the correction of the states due to the
spin-orbit coupling ⟨𝑖, Γ𝛾, 𝜎|𝐻𝑑|𝑖, Γ𝛾′ , 𝜎′⟩

eff
(mixed second order in 𝐻𝑑 and 𝐻so) into account.

In (c) the mixed second order matrix elements inside the KDs are depicted with the splitting
due to the static magnetic field along the crystal axis (green) that varies due to 𝐵ac,𝑧. Dashed
lines connect states of the same spin |𝑖, Γ𝛾, 𝜎⟩ ↔ |𝑗, Γ𝛾′ , 𝜎⟩, dotted lines states of inverted spin
|𝑖, Γ𝛾, 𝜎⟩ ↔ |𝑗, Γ𝛾′ , −𝜎⟩ and solid lines show that both channels are possible. The color indicates
which field component gives rise to the transition (see legend) where ⟂ corresponds to a field in
the 𝑥, 𝑦-plane. The red line connecting inverted spin states of the different irreps of the same
orbital doublet corresponds to a pure spin transition, therefore in the first order it can only be
driven by a magnetic field. In contrast, the corresponding spin conserving transition can be
driven only by an electric field in the first order.

linear dependence of the splitting of the KD as a function of the 𝑧-projection of the magnetic field
for the states of the orbital doublets and for the singlet PSS the dependence is approximately
constant [Fig. 3.2(c)].
If we consider 𝑉el instead of 𝐻𝑧 the biggest difference is that we do not have the pure spin

matrix elements (∝ 𝑔𝑠) but instead have an allowed spin-conserving coupling between the KDs
in the same orbital doublet. Furthermore, the KDs stay degenerate because 𝑉el does not break
the time-reversal symmetry for static electric fields. The 𝐸𝑧 fields action inside the projected
spaces is given by

⟨𝑖, Γ5/6, 𝜎|𝑉el|𝑖, Γ5/6, 𝜎⟩
⟨𝑖, Γ4, 𝜎|𝑉el|𝑖, Γ4, 𝜎⟩

} = [ℰ𝑧,𝑖𝑖 ± (−1)𝑖
ℰ𝑧,12𝜆𝑧,12

𝜖2 − 𝜖1
]𝐸𝑧, (3.36)

for 𝑖 = 1, 2 and ⟨3, Γ4, 𝜎|𝑉el|3, Γ4, 𝜎⟩ = ℰ𝑧,33𝐸𝑧.

3.3.2 Magnetic and Optical Resonance Properties
As an electrical field cannot lift the degeneracy of a KD we will consider the case where we apply
a static magnetic field #—𝐵0 that splits the KD and a periodical (electric or magnetic field) driving,
i.e., of the form #—𝐵ac sin(𝜔𝑡) or

#—𝐸ac sin(𝜔𝑡). The driving field gives rise to an additional part of
the Hamiltonian 𝐻𝑑 = 𝑂 sin(𝜔𝑡), where 𝑂 denotes either 𝐻𝑧 with the driving magnetic field
amplitude #—𝐵 = #—𝐵ac or the electric driving term 𝑉el with #—𝐸 = #—𝐸ac. As before we will discuss the
magnetic field case in detail and summarize the main differences for the electric field.
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For brevity, we define
ΩΨΨ′ =

1
2ℏ

|⟨Ψ|𝐻𝑑|Ψ′⟩| . (3.37)

For Ψ,Ψ′ eigenstates of 𝐻𝑜 +𝐻so +𝐻𝑧∣ #—𝐵= #—𝐵0

and Ψ ≠ Ψ′ ΩΨΨ′ is the resonant Rabi frequency.

We approximate ΩΨΨ′ ≈ Ωeff
ΨΨ′ = |⟨Ψ|𝐻𝑑|Ψ′⟩eff| /2ℏ, using the notation of Eq. (3.22) but where Ψ

and Ψ′ are eigenstates of 𝐻eff, thereby taking state mixing due to field components perpendicular
to the crystal axis into account.

Static Magnetic Field along Crystal Axis
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Figure 3.4: Rabi frequencies on resonance in sec-
ond order (off-diagonal matrix elements) and
energy level oscillation amplitudes (diagonal)
Ωeff

ΨΨ′/ |𝐵ac| according to Eq. (3.37). Parame-
ters are chosen for V in the 𝛼-configuration of
6H-SiC according to parameters used in [55] (see
App. 3.C) and a magnetic driving field. The
static magnetic field 𝐵0

#—𝑒 𝑧 is parallel to the crys-
tal axis and the oscillatory magnetic field perpen-
dicular (bottom left half) or parallel (top right
half). The 𝑥- and 𝑦-axes respectively label the
states Ψ and Ψ′. The inset depicts the relative
error in units of 10−3 according to Eq. (3.38) as
a function of 𝐵0 (𝑥-axis) for #—𝐵ac ∥ #—𝑒 𝑥 (solid blue
line) and #—𝐵ac ∥ #—𝑒 𝑧 (orange dotted line). We plot
matrix elements that identically vanish in white.

We consider a static field aligned with the crys-
tal axis #—𝐵0 ∥ #—𝑒 𝑧; in this case we can without
loss of generality consider the oscillatory field
to lie in the 𝑥, 𝑧-plane. Also, time-reversal
symmetry is broken by #—𝐵0 while the point
symmetry of the defect stays intact, implying
that the PSSs coincide with the KDs and the
second order Ωeff is independent of | #—𝐵0|.
The matrix elements of 𝐻𝑑 for a static mag-

netic field along the 𝑧-axis depend only on the
field component parallel or perpendicular to
the crystal axis (but not both). The result-
ing structure within first order is sketched in
Fig. 3.3(a). We start by only taking the first
order effect of the spin-orbit coupling into ac-
count, i.e., the reordering of the unperturbed
states. This corresponds to evaluating the ma-
trix elements (0)⟨𝑖, Γ𝛾, 𝜎|𝐻𝑑|𝑗, Γ𝛾′ , 𝜎′⟩(0). The
only non-zero matrix elements proportional
to the (electric or magnetic) field parallel to
the crystal axis are between states of the same
irrep with the same spin (𝛾 = 𝛾′ and 𝜎 = 𝜎′).
All other non-zero matrix elements are pro-
portional to perpendicular field components.
Inside the orbital doublets (𝑖 = 𝑗) the ele-
ments connecting inverted spins (𝜎 = −𝜎′) of
different irreps (𝛾 ≠ 𝛾′) are linked by perpendicular magnetic fields, while electric fields can
drive the spin conserving (𝜎 = 𝜎′) transition. Driving with a transverse field couples states with
the same spin (𝜎 = 𝜎′) of different irreps (𝛾 ≠ 𝛾′) from different orbital doublets (𝑖 ≠ 𝑗) as well
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as states with the same spin between the singlet Γ4 and all other irreps. Inside KDs the only
first-order non-diagonal matrix element is between the |3, Γ4, 𝜎⟩ states and proportional to 𝐵ac,𝑥;
electric fields cannot drive transitions inside KDs.
The mixing of the states due to the spin-orbit coupling, see Eqs. (3.18) and (3.19) for the

perturbative eigenstates, allows additional transitions. The allowed transitions within second
order perturbation theory are shown in Fig. 3.3(b). Summarizing the spin-orbit coupling mixes
all the Γ5/6 (spin) states with each other while Γ4 states of the orbital doublets with the same
spin are mixed with each other and with states of the singlet of inverted spin. This leads to all
first order allowed transitions between a basis state of the Γ5/6 irrep being allowed conserving
and flipping the spin in the second order. Additionally, to the first order transitions, transitions
between states that both transform like basis states of Γ4 spin flipping transitions are allowed
inside the KDs for 𝐵ac,x and between the states of the orbital doublets for 𝐵ac,𝑥 and 𝐸ac,𝑥 in the
second order. Between the singlet and the orbital doublet states transforming according to Γ4

inverted spin states couple proportional to 𝐵ac,𝑧 and 𝐸ac,𝑧 in the second order. The structure
given by the second order coincides with the structure for the analytic spin-orbit eigenstates.
The matrix elements Ωeff

ΨΨ′/ |𝐵ac| for V in the 𝛼-configuration of 6H-SiC are depicted in Fig. 3.4.
The maximum relative error of the ΩΨΨ′ as a function of 𝐵0

#—𝑒 𝑧 and #    —𝐵ac is given by

max
Φ

(|Ωeff
ΦΦ −ΩΦΦ|)/max

Φ
(ΩΦΦ), (3.38)

where Φ is an arbitrary wave function. The error is smaller than 1% for arbitrary driving
magnetic field strength for V in the 𝛼-configuration of 6H-SiC according to parameters used
in [55] (see App. 3.C) for static magnetic field strength 𝐵0 < 100T, as can be seen in the inset
of Fig. 3.4.
Considering that at least for 𝑉 in the 𝛼-configuration of 6H-SiC the leading order is much

larger than the following orders, it is hard to drive a transition that is suppressed in the leading
order. For example if the Zeeman splitting is much smaller than the crystal splitting it is difficult
to drive the transition |1, Γ5/6, ↓⟩ ↔ |2, Γ4, ↑⟩ because instead one would drive the transition
↔ |2, Γ4, ↓⟩ off-resonantly. This explains the missing measurement points in Figs. 6 and 7 in the
paper by Kaufman et al. [55] along the 𝛼-lines.

Static Magnetic Field in Arbitrary Direction
For 𝐵0,𝑥 ≠ 0 the point symmetry and time-reversal symmetry are broken by the static mag-
netic field. This is already manifested in the first order effect of a static magnetic field in
𝑥-direction, the mixing of states of inverted spin and different irreps inside the orbital doublets,
see Eqs. (3.29)–(3.31).
We first discuss the special case 𝐵0,𝑧 = 0 where the PSSs fulfill 𝐸(2)

𝑖,±,𝜎 = 𝐸(2)
𝑖,±,−𝜎 (𝑖 = 1, 2), see

Eq. (3.34). When considering the states (not the energies) this makes the small second order
contribution between the approximatly degenerate PSSs very relevant, leading to states that
diagonalize the coupling of the driving magnetic field in 𝑥 direction inside the PSS doublet.
Therefore, driving with an oscillatory magnetic field in 𝑥-direction will be suppressed while
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Figure 3.5: Resonant Rabi frequency ΩGS/ |𝐵ac| (MHz/T) between the ground state pseudospin
states as a function of the static and ac magnetic field direction for parameters according V
in the 𝛼-configuration of 6H-SiC according to parameters used in [55] (see App. 3.C) and a
static magnetic field strength 𝐵0 = 3T. In (a) the ac field lies in the 𝑥, 𝑦-plane and in (b) in
the 𝑥, 𝑧-plane. The yellow area in the bottom right of (b) corresponds to values ≥ 31MHz/T.
The approximate Rabi frequency Ωeff

GS agrees quantitatively up to a systematic deviation of
approximately +15% apart from the region where ΩGS/ |𝐵ac| < 1MHz/T there the absolute
error is smaller than 0.2MHz/T.

driving using a magnetic field in the 𝑦- or 𝑧-direction is possible. This underlines that in case of a
static field not aligned with the crystal axis the effective driving Hamiltonian can be anisotropic
in all oscillatory field components. Furthermore, the mixing of states makes several transitions
possible, e.g., the |1,+, ↓⟩ ↔ |1,+, ↑⟩ transition for 𝐵ac,𝑦, 𝐸ac,𝑥 and 𝐸ac,𝑦.
Now we consider a magnetic field along an arbitrary direction on the 𝑥, 𝑧-plane. As an example,

we discuss the transition within the PSS doublet |1,+, 𝜎⟩, which constitutes the GS for some
Mo and V defect configurations [55, 56, 59, 60, 164, 166, 167]. Group theoretical selection rules
imply that the transition inside the KD cannot be driven for #—𝐵0 ∥ #—𝑒 𝑧 [59]. However, due to the
mixing of the KDs for #—𝐵0 ∦ #—𝑒 𝑧 the transition becomes possible.
In Fig. 3.5 we show the Rabi frequency ΩGS = Ω|1,+,↓⟩,|1,+,↑⟩ as a function of the directions

of the static and alternating magnetic fields. There is a maximum value for the transition for
𝐵0,𝑧 ≠ 0 along the line where #—𝐵ac ∥ #—𝑒 𝑥. Using a static magnetic field corresponding to this
maximum ensures a splitting of the energies of the PSSs while at the same time making it possible
to drive the transition with a magnetic field along the 𝑥-axis.
Analogously the mixing of the states due to a static magnetic field perpendicular to the crystal

axis can make other transitions (including between different PSSs of different crystal eigenspaces)
possible for magnetic as well as electric driving fields. To understand the mixing quantitatively
and to maximize the resonant Rabi frequency one can use the effective Hamiltonian (3.15).
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3.4 Conclusions
We have introduced a framework that describes how the interplay of the reduced symmetry of a
defect implanted in a solid and spin-orbit coupling give rise to a non-trivial spin structure with
the direct application to a spin-1/2 defect in SiC. We derived analytic energy levels in absence of
external magnetic fields and used perturbation theory to obtain effective Hamiltonians inside the
crystal eigenspaces that are directly related to the Hamiltonian of the full orbital subspace.
This effective Hamiltonian directly links the anisotropy of the 𝑔-tensor of the KDs to the

interplay of 𝐶3𝑣 symmetry and the spin-orbit coupling and can be used to explain the expected
magnetic and optical resonance properties of the system for static magnetic fields in arbitrary
direction. We were able to show how transitions that are forbidden for intact 𝐶3𝑣 symmetry can
be accessed by applying a static field perpendicular to the crystal axis. This does not conflict
with previous selection rules as external fields not aligned with the crystal axis break the 𝐶3𝑣

point symmetry of the defect. We expect the employed theory to be useful to study allowed
transitions for optical and microwave control, as well as relaxation and coherence times, and to
optimize static fields to achieve desired forms of the driving Hamiltonian. Looking forward, in
Ch. 4 we will use the derived Schrieffer-Wolff transformation to construct effective hyperfine
Hamiltonians for the defect states originating from the atomic 𝑑 orbital.
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Defect Hamiltonian and Crystal Potential 3.A

Appendix

3.A Defect Hamiltonian and Crystal Potential
The TM defect and crystal potentials only act on the orbital part of the wave function and
transform according to the irreducible representation 𝐴1 of 𝐶3𝑣. Furthermore, using time-reversal
symmetry as well as Hermiticity of the Hamiltonian combining the defect atomic Hamiltonian
with the crystal potential, we find

𝐻𝑜 = 𝐻TM + 𝑉cr = ⟨𝐴1‖𝐻𝑜‖𝐴1⟩ |0⟩ ⟨0| + ⟨𝐸‖𝐻𝑜‖𝐸⟩3 (|−2⟩ ⟨+1| − |2⟩ ⟨−1| + h.c.)

+ ∑
𝑖=1,2

⟨𝐸‖𝐻𝑜‖𝐸⟩𝑖 (|+𝑖⟩ ⟨+𝑖| + |−𝑖⟩ ⟨−𝑖|) , (3.39)

where all reduced matrix elements correspond to real parameters. We introduce the definitions

⟨𝐴1||𝐻𝑜||𝐴1⟩ = 𝜖3, (3.40)

⟨𝐸||𝐻𝑜||𝐸⟩1 = 𝜖3 − 2Δ𝑐/3 +𝐾′/2, (3.41)

⟨𝐸||𝐻𝑜||𝐸⟩2 = 𝜖3 −Δ𝑐/3 +𝐾′/2 −𝐾, and (3.42)

⟨𝐸||𝐻𝑜||𝐸⟩3 =
√
2Δ𝑐/3, (3.43)

where the reduced matrix elements are introduced in Eq. (2.41). Here, 𝜖3 and Δ𝑐 parameterize
the part of the crystal Hamiltonian that fulfills the symmetry operations of 𝑇𝑑 and includes the
off-diagonal elements in this basis. Non-zero 𝐾 and 𝐾′ reduce the 𝑇𝑑 symmetry to 𝐶3𝑣. In terms
of these parameters the eigenvalues in Eq. (3.7) are

𝜖𝑖 − 𝜖3 = Δ𝑐
2
[(−1)𝑖

3
sign(1 − 3𝐾

Δ𝑐
)√8 + (1 − 3𝐾

Δ𝑐
)

2

− 1 − 𝐾
Δ𝑐

+ 𝐾′

Δ𝑐
], (3.44)

and the mixing angle, as used in Eq. (3.8), is

𝜙 = 1
2
arctan( 2

√
2

1 − 3𝐾/Δ𝑐
). (3.45)

3.B Basis Change From 𝑇𝑑 to 𝐶3𝑣 Basis
Considering that the nearest neighboring atoms of the TM defect respects 𝑇𝑑 symmetry, it may
be justified to only take the leading order of the symmetry reduction into account, e.g., by
assuming that only 𝐻𝑜 reduces the 𝑇𝑑 to 𝐶3𝑣 symmetry. With this assumption one can use that
intact 𝑇𝑑 symmetry has fewer independent parameters compared to 𝐶3𝑣. The reduction factors
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introduced in the main text are further restricted for intact 𝑇𝑑 symmetry, as they need to fulfill
𝑝𝑘,11 = 0, 𝑝𝑘,𝑖2 = 𝑝𝑘,𝑖3 and ̃𝑝𝑘,𝑖𝑗 = ̃𝑝𝑘′,𝑖𝑗 independently of the direction 𝑘 for 𝑝 = 𝜆, 𝑟, ℰ. For the
crystal potential parameters, this implies 𝜙𝑇𝑑

= arctan(2
√
2)/2 = arctan(1/

√
2) and 𝜖2 = 𝜖3.

The basis states of a crystal potential that leaves 𝑇𝑑 symmetry intact and one that reduces it
to 𝐶3𝑣 are related by

|±1⟩ = cos (𝜙𝑇𝑑
− 𝜙) |±̃1⟩ − sin (𝜙𝑇𝑑

− 𝜙) |±̃2⟩ , (3.46)

|±2⟩ = sin (𝜙𝑇𝑑
− 𝜙) |±̃1⟩ + cos (𝜙𝑇𝑑

− 𝜙cr) |±̃2⟩ , (3.47)

|0⟩ = | ̃0⟩ , (3.48)

where we denote the eigenstates for the 𝑇𝑑 symmetric crystal potential by |±̃𝑖⟩ , | ̃0⟩. Using
this transformation, orbital operators transforming according to 𝑇𝑑 symmetry can be easily
transformed to the 𝐶3𝑣 basis using the mixing angle 𝜙.

3.C Parameters for V in the 𝛼-Configuration of 6H-SiC
The necessary parameters for the model for vanadium (V) in the 𝛼-configuration of 6H-SiC were
taken from fits to experimental data by Kaufmann et al. [55]. While this has no implications
for the employed theory, we mention that Kaufmann et al. assumed that the 𝛼-configuration of
6H-SiC corresponds to a defect in a quasihexagonal layer, while recent ab initio calculations [167]
suggest that it corresponds to a defect in one of the quasicubic layers. The parameters used in
this article are

𝜖3 = 1018.47meV, Δ𝑐 = 973.15meV, (3.49)

𝐾 = 93.36meV, 𝐾′ = −24.30meV. (3.50)

Using Eq. (3.44) and shifting the energy scale such that 𝜖1 = 0 leads to the remaining parameters
of Eqs. (3.7) and (3.8), 𝜙 ≈ 0.662 and 𝜖2 ≈ 946.14meV. The orbital operators in 𝐻𝑧 and 𝐻so

can be calculated as explained in Appendix 3.B from the 𝑇𝑑 symmetric factors

̃𝑟12 = 0.18, ̃𝑟22 = 0.75, (3.51)

𝜆̃12 = 1.77meV, 𝜆̃22 = 16.29meV. (3.52)

Furthermore, the free ion value of the spin-orbit coupling strength for V is given by 𝜆0 = 30.75meV
in the same paper. Finally, we use 𝑔𝑠 = 2.
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3.D Block Diagonal Basis and Analytic Spin-Orbit States
The Hamiltonian 𝐻𝑜 +𝐻so is block diagonal in the following basis. The first block is defined in
the subspace spanned by the basis states

1√
2
(𝑖 |+1⟩ |↑⟩ + |−1⟩ |↓⟩),

1√
2
(𝑖 |+2⟩ |↑⟩ + |−2⟩ |↓⟩), (3.53)

that are related by time-inversion to the second blocks basis states

−1√
2
(𝑖 |+1⟩ |↑⟩ − |−1⟩ |↓⟩),

−1√
2
(𝑖 |+2⟩ |↑⟩ − |−2⟩ |↓⟩). (3.54)

Again, the third blocks basis states

|+1⟩ |↓⟩ , |0⟩ |↑⟩ , |+2⟩ |↓⟩ , (3.55)

are related to the fourth blocks basis states

−𝑖 |−1⟩ |↑⟩ ,−𝑖 |0⟩ |↓⟩ ,−𝑖 |−2⟩ |↑⟩ , (3.56)

by time inversion. Because the maximal block size is 3 × 3 and the blocks of this size are real
and symmetric it is possible to diagonalize the matrices analytically. The eigenvalues are

𝐸𝑖,Γ5/6
=1
2
(𝜖1 +

𝜆𝑧,11

2
+ 𝜖2 +

𝜆𝑧,22

2
) (3.57)

+ (−1)𝑖 1
2
(𝜖2 +

𝜆𝑧,22

2
− 𝜖1 −

𝜆𝑧,11

2
)
√√√√

⎷

𝜆2
𝑧,12 + 4𝜆2

𝑥,12

(𝜖2 +
𝜆𝑧,22
2 − 𝜖1 −

𝜆𝑧,11
2 )

2 + 1,

𝐸𝑖,Γ4
=𝑏
3
+ 2

√
𝑏2 − 3𝑐 cos [Δ

3
+ (𝛿𝑖1 − 𝛿𝑖2)

2𝜋
3
], (3.58)

with

⎧
{{{{{{{
⎨
{{{{{{{
⎩

𝑏 =𝜖0 + 𝜖1 + 𝜖2 −
𝜆𝑧,11

2
−

𝜆𝑧,22

2
, cos(Δ) = 2𝑏3 − 9𝑏𝑐 − 27𝑑

2√(𝑏2 − 3𝑐)3
,

𝑐 =𝜖0 (𝜖1 + 𝜖2 −
𝜆𝑧,11

2
−

𝜆𝑧,22

2
) −

𝜆2
𝑧,12

4
− 𝜆2

𝑥,01 − 𝜆2
𝑥,02 +(𝜖1 −

𝜆𝑧,11

2
)(𝜖2 −

𝜆𝑧,22

2
) ,

𝑑 =𝜖0 [
𝜆2
𝑧,12

4
− (𝜖1 −

𝜆𝑧,11

2
)(𝜖2 −

𝜆𝑧,22

2
)]

+ 𝜆𝑧,12𝜆𝑥,01𝜆𝑥,02 + 𝜆2
𝑥,01 (𝜖2 −

𝜆𝑧,22

2
) + 𝜆2

𝑥,02 (𝜖1 −
𝜆𝑧,11

2
) ,

where the labels are compatible with the perturbative solution. Since the 3 × 3 blocks are real,
the transformation can be expressed in terms of (three) Euler angles. The diagonalization of the
2 × 2 blocks can be expressed in terms of two angles.
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4
Hyperfine Structure of Transition Metal

Defects in Silicon Carbide

The following chapter contains results published as B. Tissot and G. Burkard,
“Hyperfine structure of transition metal defects in SiC”, Phys. Rev. B 104,

064102 (2021) (Ref. [2]) with minor modifications. In particular, the
introduction was rewritten to integrate with the thesis and wording as well as

notation were adapted for consistency throughout the thesis. Appendices
superseded by Chs. 2 and 3 are omitted to avoid duplication.

4.1 Introduction
In the previous chapter we developed a description of the electronic structure of transition metal
(TM) defects in silicon carbide (SiC) neglecting the much smaller hyperfine structure. However,
recent studies made the first steps towards control of nuclear spins via TM defects in SiC [56].
While these results are highly promising, a complete theoretical framework is still needed. In
this chapter, we derive a model of the hyperfine coupling based on the underlying symmetry
properties and relevant orbital configuration of the defect in the crystal, extending the model
of Ch. 3, explaining the experimental data, and leading to additional insights. In particular,
we derive a sensible form of the interaction of the defect nuclear spin with the spin and orbital
angular momentum of the active electron as well as their combined interaction with external
fields.
This chapter is organized as follows. We begin with Sec. 4.2, where we summarize the model

derived in Ch. 3 and discuss the interaction with the central nuclear spin. Combining both,
we present the effective hyperfine Hamiltonians in Sec. 4.3. Following the discussion of the
Hamiltonian (Sec. 4.3.1), we compare our results with recent experimental results of Wolfowicz
et al. [56] in Sec. 4.3.2. In Sec. 4.3.3, we propose a lambda system that can be used to create a

71

https://doi.org/10.1103/physrevb.104.064102
https://doi.org/10.1103/physrevb.104.064102


4.2 Hyperfine Structure of Transition Metal Defects in Silicon Carbide
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Figure 4.1: Spin-orbit (a) and hyperfine (b) energy level structure of the active electron bound
to the transition metal (TM) defect. The artistic illustration (c) shows the electron with spin-1/2
(yellow arrow) occupying a 𝐷-shell (green and violet) which is split by the 𝐶3𝑣 symmetric crystal
potential 𝑉cr, arising from the surrounding crystal atoms, into two orbital doublets 𝐸 and an
orbital singlet 𝐴1 (a). The white balls correspond to the nearest-neighbor atoms obeying 𝑇𝑑
symmetry which is further reduced to 𝐶3𝑣 by the atoms in the outer coordination shells (not
shown). The spin-orbit interaction 𝐻so further splits each of the orbital doublets into two
Kramers doublets (KDs), leading to the final spin-orbit structure given by five KDs. These KDs
are then further split into hyperfine levels, due to the interaction with the TM nuclear spin
[purple arrow in (c)], shown in (b) for the KD in the red frame.

nuclear spin quantum memory coupled to the electronic spin qubit, and propose a measurement
sequence to determine the inhomogeneous dephasing time 𝑇 ∗

2 of the nuclear qubit. We conclude
the chapter in Sec. 4.4.

4.2 Model
The prime examples for TM defects in SiC are created by neutral vanadium (V) and positively
charged molybdenum (Mo) atoms substituting a Si atom in 6H- or 4H-SiC [55, 56, 59, 60,
165–167]. These defects have one active electron in the atomic 𝐷-shell and are invariant under the
transformations of the 𝐶3𝑣 point group imposed by the crystal structure surrounding the defect,
leading to the electronic level structure shown in Fig. 4.1(a). While the interaction with the
nuclear spins of neighboring carbon (C) and Si isotopes with non-zero nuclear spins is possible,
the presence of such non-zero spin isotopes as a nearest neighbor is fairly improbable, because
their natural abundances are about 1% for 13C (spin 1/2) and 5% for 29Si (spin 1/2) [255] and
the abundance can be further reduced by using isotopically purified SiC [181, 182]. Here, we
therefore concentrate on the interaction with the TM nuclear spin. The nuclear spin for the most
common V isotope is 𝐼 = 7/2 (> 99%) and 𝐼 = 5/2 for about 25% of the stable Mo isotopes and
𝐼 = 0 for the remaining isotopes of Mo [254, 255].
In order to model the coupling between the electron and nuclear spin in a TM defect in SiC,

we start from the full Hamiltonian

𝐻 = 𝐻el +𝐻𝑑 +𝐻hf +𝐻𝑞 +𝐻𝑧,nuc +𝐻𝑑,nuc. (4.1)
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Model 4.2
The static electronic Hamiltonian 𝐻el describes the electronic orbital and spin degrees of freedom

including the Zeeman term for the interaction with a static magnetic field. The electronic driving
Hamiltonian 𝐻𝑑 models the interaction of the electron with an oscillating (electric or magnetic)
field, e.g. for optical driving it is given by the electric dipole coupling 𝐻𝐸

𝑑 = 𝑒 #—𝐸(𝑡) ⋅ #—𝑟 . The
remaining terms are the focus of this work, they incorporate the nuclear spin of the TM and its
interaction with the electron as well as external fields.
We discussed the first two terms 𝐻el +𝐻𝑑 and the selection rules between electronic states

in detail in Ch. 3 which was published as Ref. [1], in the following we give a summary of the
relevant properties. Note that in this chapter we combine the atomic Hamiltonian 𝐻TM, the
crystal potential 𝑉cr, the spin-orbit interaction 𝐻so and the electron Zeeman term 𝐻𝑧 of Ch. 3
in the electronic Hamiltonian 𝐻el = 𝐻TM + 𝑉cr + 𝐻so + 𝐻𝑧. While the state describing the
active electron shows the transformation properties of a 𝑑 orbital, due to effects such as the
Jahn-Teller effect and covalency [167, 259, 260] there can be an admixture of other orbitals. The
Wigner-Eckart theorem [79, 229] enables us to absorb these effects as well as the radial part
of the wave function in reduced matrix elements. Here, we treat reduced matrix elements as
parameters that can be obtained experimentally or via ab-inito calculations.
The structure of the electronic system is given by five Kramers doublets (KD), pairs of states

related by time-reversal symmetry [71], with distinct zero-field energies 𝐸𝑗,Γ5/6
, 𝐸𝑖,Γ4

, where we
label the orbital configuration with 𝑗 = 1, 2 and 𝑖 = 1, 2, 3 and the irreducible representation
(irrep) of 𝐶3𝑣 pertaining to the KD with Γ𝛾 (𝛾 = 4, 5/6) [1]. The time-reversal symmetry protects
KDs from coupling via operators that are invariant under time-reversal. But they can be split
via a static magnetic field #—𝐵 due to the Zeeman term.
Matrix elements mixing the KDs with same orbital origin due to a static magnetic field

perpendicular to the crystal axis #—𝐵⟂ ⟂ #—𝑒 𝑧 are suppressed by the spin-orbit splitting

Δso
𝑗 = 𝐸𝑗,Γ5/6

−𝐸𝑗,Γ4
, (4.2)

and therefore can be neglected for small fields | #—𝐵⟂| ≪ min𝑗=1,2 |Δso
𝑗 |/𝜇𝐵𝑔𝑠, with the Bohr

magneton 𝜇𝐵. Typically, the crystal potential is sufficiently large to neglect the coupling between
states originating from different atomic orbitals due to a static magnetic field.
In the following we neglect the mixing of the KDs due to the static magnetic field, enabling

the description of the KDs as separate pseudospin systems, described by the Hamiltonians

𝐻KD
𝑖,Γ𝛾

= 𝐸𝑖,Γ𝛾
+ 𝜇𝐵

2
#—𝐵g𝑖,Γ𝛾

#—𝜎 𝑖,Γ𝛾
, (4.3)

with the vector of Pauli operators #—𝜎 𝑖,Γ𝛾
acting between the KD states |𝑖, Γ𝛾, ↑⟩ and |𝑖, Γ𝛾, ↓⟩

(see Eqs. (4.28)–(4.30)), and the pseudospin 𝑔-tensor g. For all KDs g𝑖,Γ𝛾
is diagonal, for the

Γ5/6 KDs only 𝑔𝑧𝑖,Γ5/6
≠ 0, for the Γ4 KDs with 𝑗 = 1, 2 one finds 𝑔𝑧𝑗,Γ4

≫ 𝑔𝑥𝑗,Γ4
if the spin-orbit

coupling strength is much smaller than the crystal level spacing, see Ch. 3 (or Ref. [1]). Here we
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choose the crystal axis parallel to the 𝑧-axis, i.e. 𝑔𝑧𝑗,Γ𝛾
couples 𝐵𝑧 to 𝜎𝑧

𝑖,Γ𝛾
. Using the projection

on to the subspace of the KD 𝑃𝑖,Γ𝛾
we can combine these Hamiltonians to obtain the complete

effective electronic Hamiltonian 𝐻eff
el = ∑𝑖,Γ𝛾

𝑃𝑖,Γ𝛾
𝐻KD

𝑖,Γ𝛾
𝑃𝑖,Γ𝛾

.
Now we incorporate the interaction between the electron and the nucleus in Eq. (4.1). We take

the Fermi contact and anisotropic hyperfine interaction, as well as the interaction of the orbital
angular momentum with the nuclear spin into account. The total hyperfine Hamiltonian can be
written as [253, 261–263]

𝐻hf = 𝐻FC +𝐻ahf +𝐻orb = {𝑎FC
#—𝑆 + 𝑎 [ #—𝑆 − 3( #—𝑒 𝑟 ⋅

#—𝑆) ⋅ #—𝑒 𝑟 −
#—𝐿]} ⋅ #—𝐼 , (4.4)

with the electron (nuclear) spin #—𝑆 ( #—𝐼 ) and orbital angular momentum #—𝐿 in units of the reduced
Planck constant ℏ, the electron direction operator #—𝑒 𝑟 = #—𝑟 / | #—𝑟 |, and the anisotropic hyperfine
and Fermi contact coupling strengths 𝑎 = 𝑔𝑠𝜇𝐵𝜇0𝑔𝑁𝜇𝑁/4𝜋𝑟3 and 𝑎FC = −2𝑔𝑠𝜇𝐵𝜇0𝑔𝑁𝜇𝑁𝛿(𝑟)/3,
with the vacuum permeability 𝜇0, the free electron and nuclear 𝑔-factors 𝑔𝑠 = 2 and 𝑔𝑁, and the
nuclear magneton 𝜇𝑁. The anisotropic coupling strength depends on the electronic state via 1/𝑟3

while the Fermi contact interaction depends on the spin polarization density at the position of
the nucleus denoted using the delta distribution 𝛿(𝑟). The active electron is mainly localized in a
𝐷-shell but core-shell polarization can still lead to a relevant Fermi contact interaction, which is
known for TM complexes [264–267]. In a simplified manner one might understand this as some
form of mixing with 𝑠-orbitals.
In addition to the dipolar interaction we also incorporate the nuclear quadrupolar term [253,

262, 263]

𝐻𝑞 =
𝑒𝑄

6𝐼(2𝐼 − 1)
∑

𝑖,𝑗=𝑥,𝑦,𝑧

𝜕2𝑉
𝜕𝑖𝜕𝑗

[3
2
(𝐼𝑖𝐼𝑗 + 𝐼𝑗𝐼𝑖) − 𝛿𝑖𝑗

#—𝐼
2
] , (4.5)

describing the coupling between the nucleus and the (anisotropic) electric field gradient 𝜕2𝑉/𝜕𝑖𝜕𝑗
at the origin, due to the nuclear quadrupole moment 𝑄. Assuming that external fields do not
vary on the scale of the nucleus and considering that a potential with cubic symmetry does
not contribute to the quadrupole interaction, only the gradient of the crystal potential that
reduces 𝑇𝑑 symmetry to 𝐶3𝑣 and the charge distribution of the orbital state of the active electron
contribute to this term.
The nuclear spin can couple to external magnetic fields described by the nuclear Zeeman

Hamiltonian

𝐻𝑧,nuc = 𝜇𝑁𝑔𝑁
#—𝐼 ⋅ #—𝐵, (4.6)

and the corresponding driving 𝐻𝑑,nuc term for oscillating magnetic fields. These terms are small
in comparison to the KD Zeeman part |𝜇𝑁𝑔𝑁| ≪ 𝑔𝑧𝑖,Γ𝛾

𝜇𝐵 [56, 165, 257] and diagonal for #—𝐵
parallel to the crystal axis.

74



Results 4.3

4.3 Results

(b)
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〉
I− I+

Iz

∆so
j

∆z
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Figure 4.2: Non-zero matrix elements of
𝐻eff

hf between states of two Kramers dou-
blets (KDs) originating from the same or-
bital doublet. The black lines correspond
to the electronic pseudospin states becom-
ing multiplets when taking the nuclear spin
into account. The matrix elements be-
tween states of the same Γ4 KD are propor-
tional to 𝐼± (red dotted and green dashed
arrows) while they are proportional to 𝐼𝑧
(grey dash-dotted arrow) between states
of the Γ5/6 KDs. Inside the KDs the (off-
diagonal) hyperfine interaction competes
with the Zeeman splitting (brown). The
matrix elements between states of the dif-
ferent KDs of the same orbital doublet are
proportional to 𝐼± and suppressed by the
spin-orbit splitting Δso

𝑗 (blue).

We derive the minimal set of non-zero matrix ele-
ments of (mixed) square components of #—𝑒 𝑟 found
by expanding Eq. (4.4) in the eigenbasis of the
crystal potential using the Wigner-Eckart theorem.
Then we transform the resulting Hamiltonian to
the eigenbasis of the electronic Hamiltonian (for
𝐵𝑥 = 𝐵𝑦 = 0), the details of this are given in
App. 4.A. As we did for the mixing due to external
fields we neglect off-diagonal blocks between differ-
ent orbital configurations 𝑖 due to the crystal field
splitting.
We find for the effective hyperfine Hamiltonians

inside the KDs,

𝐻hf
𝑗,Γ5/6

= 1
2
(𝑎𝑧𝑗,Γ5/6

𝜎𝑧
𝑗,Γ5/6

+ 𝑎𝑥𝑗,Γ5/6
𝜎𝑥
𝑗,Γ5/6

) 𝐼𝑧,

(4.7)

𝐻hf
𝑗,Γ4

=
𝑎𝑧𝑗,Γ4

2
𝜎𝑧
𝑗,Γ4

𝐼𝑧 +
𝑎𝑥𝑗,Γ4

4
(𝜎+

𝑗,Γ4
𝐼+ + 𝜎−

𝑗,Γ4
𝐼−),

(4.8)

𝐻hf
3,Γ4

=
𝑎𝑧3,Γ4

2
𝜎𝑧
3,Γ4

𝐼𝑧 +
𝑎𝑥3,Γ4

4
(𝜎+

3,Γ4
𝐼− + 𝜎−

3,Γ4
𝐼+),

(4.9)

for 𝑗 = 1, 2 and using the pseudospin 𝜎±
𝑛,Γ𝛾

=
𝜎𝑥
𝑛,Γ𝛾

± 𝑖𝜎𝑦
𝑛,Γ𝛾

(𝑛 = 1, 2, 3) as well as nuclear 𝐼± = 𝐼𝑥 ± 𝑖𝐼𝑦 ladder operators. A similar
form of the hyperfine coupling tensors was found in [268] for 𝐷3ℎ only using the transformation
properties of the pseudospin. Here we begin at the orbital level to be able to link the form of
the hyperfine coupling to the orbital configuration of the KD. The block-diagonal part of the
total effective hyperfine Hamiltonian can thus be written as 𝐻hf,bd = ∑𝑖,Γ𝛾

𝑃𝑖,Γ𝛾
𝐻hf

𝑖,Γ𝛾
𝑃𝑖,Γ𝛾

. The
terms mixing the KDs of the same orbital doublet are

𝐻hf,od = ∑
𝑗,𝜎

(𝑎𝑗,𝑐𝜎 |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, 𝜎| 𝐼𝜎 + 𝑎𝑗,𝑓 |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, −𝜎| 𝐼−𝜎 + h.c.), (4.10)

where 𝜎 = ±1 =↑, ↓. Combined this leads to the effective hyperfine Hamiltonian 𝐻eff
hf =

𝐻hf,bd +𝐻hf,od. The resulting coupling structure is depicted in Fig. 4.2.
To treat the quadrupole term (4.5) inside an orbital subspace we use that it only includes

time-reversal symmetric electronic operators and furthermore 𝐶3𝑣 fulfills an axial symmetry
(here around the 𝑧-axis). The first implies that the states of one KD cannot be mixed by the
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coupling, the second that only the anisotropy component along the 𝑧-axis contributes, i.e.

𝐻𝑞
𝑗,Γ𝛾

= 𝑞𝑗,Γ𝛾
[3𝐼2𝑧 − 𝐼(𝐼 + 1)] , (4.11)

with 𝑞𝑗,Γ𝛾
= 𝑒𝑄 ⟨𝑗, Γ𝛾, 𝜎|𝜕2𝑉𝑐𝑟/𝜕𝑧2|𝑗, Γ𝛾, 𝜎⟩ /6𝐼(2𝐼 − 1). Because there are no electron spin

operators in this Hamiltonian, the electronic operator part is even proportional to unity in
the whole orbital subspace apart from corrections due to the spin-orbit coupling. Therefore,
we neglect the part of the quadrupole interaction mixing the KDs solely stemming from the
spin-orbit mixing of the states.
Combining the effective spin-orbit (4.3), hyperfine (4.7)-(4.10), nuclear quadrupole 𝐻eff

𝑞 =
∑𝑖,Γ𝛾

𝑃𝑖,Γ𝛾
𝐻q

𝑖,Γ𝛾
𝑃𝑖,Γ𝛾

, and nuclear Zeeman (4.6) contributions, we summarize our first main
result as,

𝐻eff = 𝐻eff
el +𝐻eff

hf +𝐻eff
𝑞 +𝐻𝑧,nuc. (4.12)

The immediate implications of Eq. (4.12) are given by its projection on the KDs, corresponding to
the effective description for negligible inter-KD mixing |𝑎𝑗,𝑐| , |𝑎𝑗,𝑓| ≪ ∣|Δ𝑠𝑜

𝑗 | −∑𝛾 𝜇𝐵 |𝑔𝑧𝑖,Γ𝛾
𝐵𝑧| /2∣.

The importance of this is further underlined considering measurements by Wolfowicz et al. [56]
where the hyperfine coupling strength is at least two orders of magnitude smaller than the
spin-orbit splitting in all V defects in 4H- and 6H-SiC for the ground state (𝑗 = 1).

4.3.1 Discussion of the Hyperfine Tensor
We now discuss the projection of Eq. (4.12) onto the KDs in more detail. The effective hyperfine
coupling in the |3, Γ4, 𝜎⟩ KD is the most similar to the simple diagonal dipolar coupling to the
nuclear spin, because the crystal potential does not mix the orbital singlet (𝑚 = 0) state with
the remaining orbital states and the spin-orbit coupling vanishes in first order in the orbital
singlet. Additionally, the form of the symmetry allowed part of the anisotropic hyperfine tensor
in this case also agrees with that of the negatively charged nitrogen vacancy (NV−) center which
has the same symmetry but comprises spins 𝑆 = 𝐼 = 1 [72, 78, 84].
The KDs originating from the orbital doublets deviate significantly from this form, because

the pseudospin states have a different spin and orbital wave function, due to the interplay of
the crystal potential and the spin-orbit coupling. This leads to the (pseudo)spin-non-conserving
coupling, i.e. the non-diagonal coupling 𝜎𝑥

𝑗,Γ5/6
𝐼𝑧 of the Γ5/6 KDs as well as the 𝜎+(−)

𝑗,Γ4
𝐼+(−)

coupling of the Γ4 KDs for 𝑗 = 1, 2, see Fig. 4.2. Furthermore, the magnitude of 𝑎𝑧𝑗,Γ𝛾
can deviate

significantly from the other two diagonal entries because it can have pure spin contributions.
Group theory implies that the Γ5/6 states cannot be coupled by operators transforming

according to the 𝐸 representation of 𝐶3𝑣, e.g. 𝐼𝑥, 𝐼𝑦. This follows from the requirement that
in 𝐶3𝑣 the spin-orbit operator part of 𝐻hf has to transform according to the same basis vector
of the same irrep as the corresponding nuclear spin operator, because 𝐻hf as a whole has to
transform according to 𝐴1. On the other hand operators transforming according to 𝐸 cannot
couple states transforming according to Γ5/6 = Γ5 ⊕ Γ6, as this combined irrep is not part of
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the direct product 𝐸 ⊗ (Γ5 ⊕ Γ6) = 2Γ4 ⊉ Γ5 ⊕ Γ6. On the other hand the counterpart of 𝐼𝑧
(transforming according to 𝐴2) can couple these states. Finally, we stress that the pseudospin
matrices are not angular momentum type operators and, therefore, 𝜎𝑥

𝑗,Γ5/6
and 𝜎𝑧

𝑗,Γ5/6
can in

part transform according to 𝐴2. For 𝜎𝑥
𝑗,Γ5/6

the relevant terms in the hyperfine Hamiltonian are
𝑥𝑧𝑆𝑥 + 𝑦𝑧𝑆𝑦. As can be seen by the explicit calculation in App. 4.A the contribution of these
terms vanishes in the Γ4 KDs. The difference between the Γ4 KDs originating from the doublet
and those from the singlet is due to the spin-orbit coupling leading to the pseudospin up state
from the doublet transforming like the pseudospin down state from the singlet and vice-versa.
We calculate the second order hyperfine interaction inside the KDs due to the interaction

between KDs from the same orbital doublet with a Schrieffer-Wolff transformation [235], see
Eq. (4.32). We obtain the second-order correction

𝐻hf,(2)
𝑗,Γ5/6

= −𝐻hf,(2)
𝑗,Γ4

= 𝑎od𝑗 (𝐼2 − 𝐼2𝑧 − 𝐼𝑧), (4.13)

for 𝑗 = 1, 2 and 𝐻hf,(2)
3,Γ4

= 0, with the defect-configuration dependent constant 𝑎od𝑗 = (𝑎2𝑗,𝑐 +
𝑎2𝑗,𝑓)/Δso

𝑗 . Combined with Eqs. (4.3),(4.7)–(4.9),(4.11) this leads to the second order of the
effective hyperfine Hamiltonians for the KDs

𝐻𝑖,Γ𝛾
= 𝐻KD

𝑖,Γ𝛾
+𝐻hf

𝑖,Γ𝛾
+𝐻q

𝑖,Γ𝛾
+𝐻𝑧,nuc +𝐻hf,(2)

𝑖,Γ𝛾
. (4.14)

We stress that the quadrupole Hamiltonian as well as the second order contribution of the
hyperfine interaction is purely diagonal in the basis where 𝑧 points along the crystal axis.

4.3.2 Comparison to Recent Experimental Results
We now compare our results to the recent measurements by Wolfowicz et al. [56], concentrating on
the two groundstate KDs. In Ref. [56] optically detected magnetic resonance of the groundstates
was performed, and to model the allowed resonant transition frequencies a model for the KDs
with a form of the hyperfine coupling was used that deviates from our hyperfine Hamiltonian.
The model ∑𝑘=𝑥,𝑦,𝑧 𝑎

𝑘
𝑗,Γ𝛾

𝜎𝑘
𝑗,Γ𝛾

𝐼𝑘/2 was used for all KDs, including a tilt of the quantization axis
of the pseudospin. Further technical details and resulting hyperfine coupling tensors for the
KDs can be found in App. 4.C. The above-mentioned measurement in combination with our
theoretical model suggests that the lowest-energy ground states (GS1) correspond to |1, Γ4⟩ and
GS2 to |1, Γ5/6⟩. The first point we want to highlight is that the measurement confirms that the
|1, Γ5/6⟩ KD states do not couple via 𝐼𝑥, 𝐼𝑦 and that a tilt of the pseudospin around the 𝑦-axis
corresponding to the coupling of 𝐼𝑧 to 𝜎𝑥

𝑗,Γ5/6
is found. We highlight that this artificial tilt of

the quantization axis needs no further explanation in our theory where the 𝜎𝑥
𝑗,Γ5/6

𝐼𝑧 coupling
emerges naturally from the interplay of the crystal potential and the spin-orbit interaction.
The second point is that our model provides a resort to explain the measurements [56] for GS1

without the need for an anisotropy in the hyperfine coupling tensor in the plane perpendicular to
the crystal axis. Our model Eq. (4.8), shows good agreement with the transition frequencies in
Ref. [56], despite a deviation of two energies in some configurations for small magnetic fields.
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Figure 4.3: Hyperfine energy levels without zero-field spin-orbit energies. For a V defect in the
𝛽 configuration of 4H-SiC we compare our model (black solid lines), see Eq. (4.14), with the
fitted model by Wolfowicz et al. [56] (green dashed lines). The fit for Γ5/6 (a) of Ref. [56] is
compatible with our model and the energy levels for the Γ4 states (b) were calculated using a
least squares fit for the eigenvalues of the models for magnetic fields between 2 − 45mT with
200 data points. While there is a disagreement in the energy levels, the allowed transitions for
magnetic microwave driving between the states are compatible with the experimental data. For
the effective hyperfine constants we find 𝑎𝑧1,Γ5/6

/ℎ ≈ 202.5MHz and 𝑎𝑥1,Γ5/6
/ℎ ≈ 158.2MHz, as

well as 𝑎𝑧1,Γ4
/ℎ ≈ −174.7 ± 4.3MHz and 𝑎𝑥1,Γ4

/ℎ ≈ 149.5 ± 4.2MHz, where the fit errors are due
to the deviation at small magnetic fields. We additionally use 𝑔𝑧1,Γ4

= 1.87, 𝑔𝑧1,Γ5/6
= 2.035, and

𝜇𝑁𝑔𝑁/ℎ = −11.213MHz/T from Ref. [56].

For larger magnetic fields (𝐵 ≥ 10mT) indeed all energies are in agreement with the model in
[56]. Not only does our model provide an explanation without the anisotropy, it furthermore
reduces the number of free parameters. For the 𝛽 configuration of the V defect in 4H-SiC we
plot the comparison of the models in Fig. 4.3.
Additionally, the measurement of 𝛽 6H-SiC in [56] includes all relevant electronic energy

splittings allowing us to assign |3, Γ4⟩ to the lowest energy excited state, for which we find that
the form of the hyperfine interaction of our theory agrees with their measurement.

4.3.3 Nuclear Quantum Memory
Finally, we want to use the gained understanding of the effective hyperfine Hamiltonians within the
KDs (4.14) [and Eqs. (4.7)-(4.9)] and investigate the consequences. The effective Hamiltonians
can be block diagonalized in 2×2 blocks. In Γ5/6 the KDs are mixed with each other but not with
the nuclear spin, such that the resulting states are merely tilted around an axis perpendicular to
the crystal axis. On the other hand, the Γ4 KD electronic states are entangled with the nuclear
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spin, i.e.

|𝑖, Γ4, +,𝑚𝐼⟩ = cos(𝜙𝑖,Γ4,𝑚𝐼
) |𝑖, Γ4, ↑⟩ |𝑚𝐼⟩ + sin(𝜙𝑖,Γ4,𝑚𝐼

) |𝑖, Γ4, ↓⟩
⎧{
⎨{⎩

|𝑚𝐼 − 1⟩ for 𝑖 = 1, 2

|𝑚𝐼 + 1⟩ for 𝑖 = 3
, (4.15)

and similarly for the corresponding orthogonal states |𝑖, Γ4, −,𝑚𝐼 ∓ 1⟩. The hyperfine mixing
angles 𝜙𝑖,Γ4,𝑚𝐼

, as well as the complete analytic diagonalization of the effective hyperfine Hamil-
tonian (4.14) including a static external magnetic field along the crystal axis can be found in
App. 4.B. In combination with the selection rules for the electronic states, see Ch. 3 or Ref. [1],
the mixing leads to the allowed transitions between hyperfine states. Here we concentrate on a
set of optical transitions under driving with an oscillatory electric field, 𝐻𝑑 = 𝑒 #—𝑟 ⋅ #—𝐸0 sin(𝜔𝑡),
that can be used to transfer the pseudospin state of the ground-state KD |1, Γ4, 𝜎⟩ to the nuclear
spin and vice versa via a lambda (Λ) system. We now consider the case where the electronic
qubit is given by the states |1⟩ , |0⟩ = |1, Γ4, ±,−𝐼⟩. The |0⟩ state is shared with the nuclear
qubit where the excited state is given by |1⟩nuc = |1, Γ4, −,−𝐼 + 1⟩. While we choose a certain
𝑚𝐼 here, the theory can be applied analogously to other encodings of the qubit. The states
𝑚𝐼 = ±𝐼 have the benefit that they couple to fewer states.

|3,Γ4,+,−I〉

|1,Γ4,+,−I〉

|1,Γ4,−,−I〉 |1,Γ4,−,−I + 1〉

B⊥, E⊥
Bz, Ez

Figure 4.4: Lambda (Λ) system to interface the
electronic (pseudo)spin and nuclear spin states
(orange arrows). Using the employed theory to
find the hyperfine eigenstates for a static mag-
netic field parallel to the crystal axis as well as
the selection rules for the spin-orbit eigenstates
we obtain the allowed transitions between rele-
vant states of different (pseudospin) Kramers
doublets. The lambda system can be used
to transfer an electronic state 𝛼 |𝑗, Γ4, −,−𝐼⟩ +
𝛽 |𝑗, Γ4, +,−𝐼⟩ (yellow dotted frame) to a nu-
clear spin state (quantum memory, purple dashed
frame) 𝛼 |𝑗, Γ4, −,−𝐼⟩+𝛽 |𝑗, Γ4, −,−𝐼 + 1⟩. The
blue dotted (solid orange) line(s) corresponds to
driving with a magnetic or electric field parallel
(perpendicular) to the crystal axis.

Next, we outline the necessary details on
how to transfer the state between the qubits
as well as an experiment to measure the inho-
mogeneous dephasing time 𝑇 ∗

2 of the nuclear
qubit while only directly controlling the elec-
tron. To achieve this we propose the use of
the ancillary state |3, Γ4, +,−𝐼⟩ that couples
polarization dependent to the states of the
electronic and nuclear qubit. This creates a Λ
system that transfers the population from the
|1⟩ ↔ |1⟩nuc, see Fig. 4.4. The polarization
dependence ensures that when driving the
two photon process |1⟩ ↔ |1⟩nuc resonantly,
no off-resonant transition to |0⟩ is excited.
Storing the state of the electronic qubit

𝛼 |0⟩ + 𝛽 |1⟩ to the nuclear qubit can be
achieved by applying a 𝜋-pulse to the Λ sys-
tem (orange transitions in Fig. 4.4), resulting
in the state 𝛼 |0⟩ + 𝛽𝑒𝑖𝜓𝑠 |1⟩nuc, where 𝜓𝑠 is a
known static phase gained during the pulse.
For a modified Ramsey experiment [80], one would first polarize the nuclear spin and prepare the

electronic state |0⟩. Now applying a 𝜋/2 pulse to the electronic qubit results in (|0⟩+|1⟩)/
√
2. This

is followed by a 𝜋 pulse via the optical Λ system to transfer the state to (|0⟩ + 𝑒𝑖𝜙𝑠 |1⟩nuc)/
√
2.
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During a (variable) free evolution of time 𝑇 this state accumulates a further relative phase
(different from the free evolution of the electronic qubit and independent of the initial state)
given by 𝜓 = (𝐸𝑖,Γ4,−

−𝐼 −𝐸𝑖,Γ4,−
−𝐼+1 )𝑇 /ℏ, where the energies in terms of the model parameters and

the static magnetic field strength can be found in App. 4.B. Applying a second 𝜋-pulse after
the free evolution transfers the population back to the electronic qubit, that now has a different
phase from the initially prepared state 𝜓′ = 𝜓 + 𝛿𝜓𝑠 where 𝛿𝜓𝑠 is another known static phase.
Applying another electronic 𝜋/2 pulse leads to the state (1− 𝑒𝑖𝜓′)/2 |0⟩ + (1− 𝑒𝑖𝜓′)/2 |1⟩ making
the phase measurable via population measurements of the state |0⟩ for different free evolution
durations 𝑇. Due to decoherence the final state is not achieved perfectly, this is quantified by the
inhomogeneous spin coherence time 𝑇 ∗

2,nuc that can be extracted from this kind of experiment
[80].
Similarly, our effective theory shows that the hyperfine interaction opens the possibility to

directly drive the pseudospin transition of the KDs for small magnetic fields due to the pseudospin
tilt or the pseudospin nuclear entanglement; this was studied using a different framework by
Gilardoni et al. [269]. Lastly, when the spin-orbit splitting is sufficiently small, the second order
hyperfine interaction can enable optical driving inside the KDs by mixing the KDs of the same
orbital doublet.
Finally, we note that we mostly concentrated on the V defect, because it has a high isotopic

purity, the transition line in the O-band, as well as larger interest in the experimental community.
Still, our theory is applicable to Mo as well, where the main differences are that only a fraction
of the stable isoptopes have nuclear spin and the (ground state) spin-orbit splitting is about
twice the one in the corresponding V defect [167].

4.4 Conclusion
In summary, we extended the theory introduced in Ch. 3 to include the hyperfine interacion in TM
defects in SiC having a single electron in a 𝐷-shell. The theory yields new insights into previous
measurements and reduces the required number of fit parameters of the effective hyperfine
coupling tensor. Additionally, these findings made it possible to correct the assignment of the
electronic levels to the irreducible representations (irreps) of the 𝐶3𝑣 point group. Combined
with Ch. 3, published as Ref. [1], the derived form of the coupling leads to selection rules between
the hyperfine energy levels. We used these to construct a Λ system that can be exploited to
create a nuclear spin quantum memory interfaced with the electronic qubit and proposed an
experimental sequence to measure the inhomogeneous dephasing time 𝑇 ∗

2 of the nuclear qubit.
We will refine the insights of the nuclear spin quantum memory in the next section, where we
will investigate optimal working points for qubit transitions in TM defects in SiC and devise
protocols for initializing their quantum states.
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4.A

Appendix

4.A Derivation of the Hyperfine Hamiltonian 𝐻hf
In this Appendix we show a more in-depth derivation of the general form of the hyperfine
Hamiltonian of a spin-orbit coupled electron state in a 𝐷-shell of a transition metal (TM) defect
in a crystal environment with 𝐶3𝑣 symmetry with the TM nuclear spin. We start by writing the
hyperfine Hamiltonian with the non-trivial scalar products expanded

𝐻hf = 𝑎FC
#—𝑆 ⋅ #—𝐼 − 3𝑎{[(−𝑦2 − 𝑥2

2
𝑆𝑥 + 𝑥𝑦𝑆𝑦)+ 𝑥𝑧𝑆𝑧 +

𝑦2 + 𝑥2

2
𝑆𝑥 − 𝑆𝑥/3 + 𝐿𝑥/3] 𝐼𝑥

+ [(𝑦2 − 𝑥2

2
𝑆𝑦 + 𝑥𝑦𝑆𝑥)+ 𝑦𝑧𝑆𝑧 +

𝑦2 + 𝑥2

2
𝑆𝑦 − 𝑆𝑦/3 + 𝐿𝑦/3] 𝐼𝑦

+ [(𝑥𝑧𝑆𝑥 + 𝑦𝑧𝑆𝑦) + 𝑧2𝑆𝑧 − 𝑆𝑧/3 + 𝐿𝑧/3] 𝐼𝑧}, (4.16)

where (𝑥, 𝑦, 𝑧)𝑇 = #—𝑟 /𝑟 are the direction vector components of the position #—𝑟 of the electron
relative to the TM nucleus in the origin. In the Appendices of [1] we discussed the application of
the Wigner-Eckart theorem for the given symmetry in detail; Analogously we use the eigenbasis
of the crystal potential inside the subspace of 𝑑-orbital like states, made up of two doublets
|±⟩𝑖 transforming like the basis |𝑙 = 2,𝑚 = ±1⟩ of 𝐸 and given by admixtures of the states
|𝑙 = 2,𝑚 ≠ 0⟩ (and states that transform the same) as well as a singlet |0⟩ = |𝑙 = 2,𝑚 = 0⟩
transforming according to 𝐴1. For the hyperfine Hamiltonian (4.16) the relevant operators are
the square components 𝑘𝑙 with 𝑘, 𝑙 = 𝑥, 𝑦, 𝑧 acting on the orbital states. These components can
be mapped to operators that transform the same as 𝑥, 𝑦, 𝑧, implying a one-to-one correspondence
of the application of the Wigner-Eckart theorem to the orbital terms of the electronic dipolar
coupling 𝑒 #—𝐸 ⋅ #—𝑟 . In particular, 𝑧2 and (𝑥2 + 𝑦2)/2 transform like 𝑧 according to the irrep 𝐴1,
while {𝑧𝑥, 𝑧𝑦} and {(𝑦2 − 𝑥2)/2, 𝑥𝑦} transform like {𝑥, 𝑦} according to the irrep 𝐸. The orbital
operators transforming like 𝑧 have the form

𝒵12(∑
𝜎=±

|𝜎1⟩ ⟨𝜎2| + h.c.) + ∑
𝑖=1,2,3

𝒵𝑖𝑖𝑃𝑖 (4.17)

where 𝑃𝑗 = |+𝑗⟩ ⟨+𝑗| + |−𝑗⟩ ⟨−𝑗|( 𝑗 = 1, 2 ) and 𝑃3 = |0⟩ ⟨0|. The operators transforming like 𝑥
have the form

∑
𝑖,𝑗=1,2

𝒳𝑖𝑗(|+𝑖⟩ ⟨−𝑗| + h.c.) + ∑
𝑖=1,2

𝒳𝑖3(|+𝑖⟩ ⟨0| − |−𝑖⟩ ⟨0| + h.c.) (4.18)
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and the corresponding operator transforming like 𝑦

∑
𝑖,𝑗=1,2

𝒳𝑖𝑗(i |+𝑖⟩ ⟨−𝑗| + h.c.) + ∑
𝑖=1,2

𝒳𝑖3(i |+𝑖⟩ ⟨0| + i |−𝑖⟩ ⟨0| + h.c.). (4.19)

While all operators transforming the same have these forms, the parameters 𝒳𝑖𝑗 and 𝒵𝑖𝑗 vary.
The #—𝐿 operators take the form discussed in Ch. 3 (published as Ref. [1]).
Because the spin-orbit interaction is much larger than the hyperfine interaction, we first

approximately diagonalize the spin-orbit Hamiltonian, using the first-order Schrieffer-Wolff
transformation we derived in Ch. 3 (published as Ref. [1]), given in terms of approximate
eigenstates (rows of 1 − 𝑆𝑠𝑜,1)

|𝑖, Γ5/6, 𝜎⟩
(1) = |𝜎𝑖⟩ |𝜎⟩ + 𝜎

2𝜆𝑥,12𝑟𝑧,12
(𝜖2 − 𝜖1)(𝑔𝑠 + 2𝑟𝑧,𝑖𝑖)

|−𝜎𝑖⟩ |−𝜎⟩ −
(−1)𝑖𝜆𝑧,12

2 (𝜖2 − 𝜖1)
|𝜎3−𝑖⟩ |𝜎⟩

−
𝜎𝜆𝑥,12

𝜖2 − 𝜖1
|−𝜎3−𝑖⟩ |−𝜎⟩ , (4.20)

|𝑖, Γ4, 𝜎⟩
(1) = |−𝜎𝑖⟩ |𝜎⟩ −

(−1)𝑖𝜆𝑧,12

2 (𝜖2 − 𝜖1)
|−𝜎3−𝑖⟩ |𝜎⟩ −

𝜎𝜆𝑥,𝑖3

𝜖3 − 𝜖𝑖
|0⟩ |−𝜎⟩ for 𝑖 < 3 and (4.21)

|3, Γ4, 𝜎⟩
(1) = |0⟩ |𝜎⟩ +

𝜎𝜆𝑥,13

𝜖3 − 𝜖1
|𝜎1⟩ |−𝜎⟩ +

𝜎𝜆𝑥,23

𝜖3 − 𝜖2
|𝜎2⟩ |−𝜎⟩ , (4.22)

with 𝜎 = ± =↑, ↓, 𝜖𝑗, 𝜖3 (𝑗 = 1, 2) the eigenvalues with the eigenvectors |±𝑗⟩ , |0⟩ of the crystal
potential, and 𝜆𝑘,𝑖𝑗 the spin-orbit parameters.
With the Schrieffer-Wolff transformation we can approximate the Hamiltonian 𝐻 [Eq. (4.1)] with

an effective Hamiltonian 𝐻eff = ∑𝑖=1,2,3 𝑃𝑖(𝐻 + [𝑆so,1,𝐻])𝑃𝑖 = 𝐻eff
el +𝐻eff

𝑑 +𝐻eff
hf +𝐻eff

𝑞 +𝐻𝑧,nuc,
with 𝐻eff

𝑞 and 𝐻𝑧,nuc as discussed in the main text and selection rules between the orbital states
under driving 𝐻eff

𝑑 as discussed in Ch. 3 (Ref. [1]). Renaming the independent (combinations of)
parameters we find

𝐻eff
el = ∑

𝑖,Γ𝛾

𝐻KD
𝑖,Γ𝛾

+∑
𝑗,𝜎

𝜇𝐵
2
[𝑔𝑗,𝑐(𝜎𝐵𝑥 + 𝑖𝐵𝑦) |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, 𝜎|

+ 𝑔𝑓,𝑐(𝐵𝑥 − 𝜎𝑖𝐵𝑦) |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, −𝜎| + h.c.]. (4.23)

with the KD Hamiltonians 𝐻KD
𝑖,Γ𝛾

from Eq. (4.3) of the main text and

𝐻eff
hf = ∑

𝑖,Γ𝛾

𝐻hf
𝑖,Γ𝛾

+∑
𝑗,𝜎

𝑎𝑗,𝑓[(𝐼𝑥 − 𝜎i𝐼𝑦) |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, −𝜎| + h.c.].

+∑
𝑗,𝜎

𝑎𝑗,𝑐[(𝜎𝐼𝑥 + i𝐼𝑦) |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, 𝜎| + h.c.] (4.24)
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Derivation of the Hyperfine Hamiltonian 𝐻hf
4.A

with the diagonal blocks

𝐻hf
𝑗,Γ5/6

= 1
2
(𝑎𝑧𝑗,Γ5/6

𝜎𝑧
𝑗,Γ5/6

+ 𝑎𝑥𝑗,Γ5/6
𝜎𝑥
𝑗,Γ5/6

) 𝐼𝑧, (4.25)

𝐻hf
𝑗,Γ4

=
𝑎𝑧𝑗,Γ4

2
𝜎𝑧
𝑗,Γ4

𝐼𝑧 +
𝑎𝑥𝑗,Γ4

2
(𝜎𝑥

𝑗,Γ4
𝐼𝑥 − 𝜎𝑦

𝑗,Γ4
𝐼𝑦), (4.26)

𝐻hf
3,Γ4

=
𝑎𝑧3,Γ4

2
𝜎𝑧
3,Γ4

𝐼𝑧 +
𝑎𝑥3,Γ4

2
(𝜎𝑥

3,Γ4
𝐼𝑥 + 𝜎𝑦

3,Γ4
𝐼𝑦), (4.27)

for 𝑗 = 1, 2, and 𝜎𝑘
𝑖,Γ𝛾

is the 𝑘 Pauli matrix acting between the pseudospin states of the 𝑖, Γ𝛾 KD,
i.e.

𝜎𝑥
𝑖,Γ𝛾

= |𝑖, Γ𝛾, ↑⟩ ⟨𝑖, Γ𝛾, ↓| + h.c., (4.28)

𝜎𝑦
𝑖,Γ𝛾

= −𝑖 |𝑖, Γ𝛾, ↑⟩ ⟨𝑖, Γ𝛾, ↓| + h.c., (4.29)

𝜎𝑧
𝑖,Γ𝛾

= |𝑖, Γ𝛾, ↑⟩ ⟨𝑖, Γ𝛾, ↑| − |𝑖, Γ𝛾, ↓⟩ ⟨𝑖, Γ𝛾, ↓| . (4.30)

Analogously we can write the above equations using coupling tensors 𝐻hf
𝑖,Γ𝛾

= 1
2

#—𝜎 𝑖,Γ𝛾
⋅ 𝐴𝑖,Γ𝛾

⋅ #—𝐼 ,
with

𝐴𝑗,Γ5/6
=

⎛⎜⎜⎜
⎝

0 0 𝑎𝑥𝑗,Γ5/6

0 0 0
0 0 𝑎𝑧𝑗,Γ5/6

⎞⎟⎟⎟
⎠

,𝐴𝑗,Γ4
=

⎛⎜⎜⎜
⎝

𝑎𝑥𝑗,Γ4
0 0

0 −𝑎𝑥𝑗,Γ4
0

0 0 𝑎𝑧𝑗,Γ4

⎞⎟⎟⎟
⎠

,𝐴3,Γ4
=

⎛⎜⎜⎜
⎝

𝑎𝑥3,Γ4
0 0

0 𝑎𝑥3,Γ4
0

0 0 𝑎𝑧3,Γ4

⎞⎟⎟⎟
⎠

,

(4.31)

and the Pauli vector #—𝜎 𝑖,Γ𝛾
= (𝜎𝑥

𝑖,Γ𝛾
, 𝜎𝑦

𝑖,Γ𝛾
, 𝜎𝑧

𝑖,Γ𝛾
)𝑇. We note that while we cannot estimate the

magnitude of the different contributions to the hyperfine Hamiltonian within our theory, the
main contribution is expected to be due to the anisotropic and orbital hyperfine interactions. In
the leading order for these one would find 𝑎𝑧𝑗,Γ5/6

= −𝑎𝑧𝑗,Γ4
(for KDs with the same orbital origin,

𝑗 = 1, 2) in agreement with the alternating signs found by the fit in Tab. 4.1.
To take the block-off-diagonal part 𝐻hf,od of (4.24) into account, we apply a second Schrieffer-

Wolff transformation. Here, the unperturbed Hamiltonian 𝐻0 = ∑𝑖,Γ𝛾
𝐸𝑖,Γ𝛾

𝑃𝑖,Γ𝛾
becomes

perturbed inside the KDs by 𝑉𝑑 = 𝐻hf,bd +𝐻𝑧,nuc +∑𝑖,Γ𝛾
𝜇𝐵𝑔𝑧𝑖,Γ𝛾

𝐵𝑧𝜎𝑧
𝑖,Γ𝛾

/2 and between KDs
with the same orbital origin by 𝐻hf,od, leading to the first-order Schrieffer-Wolff transformation

𝑆1 = ∑
𝑗,𝜎

1
Δso

𝑗
(𝑎𝑗,𝑐𝜎 |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, 𝜎| 𝐼𝜎 + 𝑎𝑗,𝑓 |𝑗, Γ5/6, 𝜎⟩ ⟨𝑗, Γ4, −𝜎| 𝐼−𝜎 − h.c.), (4.32)

and the new effective Hamiltonian 𝐻̃ = 𝐻0 + 𝑉d + [𝑆1,𝐻hf,od] /2. After projection into one of
the KDs, the effective interaction term becomes 𝐻hf,(2)

𝑖,Γ𝛾
= 𝑃𝑖,Γ𝛾

[𝑆1,𝐻hf,od] 𝑃𝑖,Γ𝛾
/2.
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4.C Hyperfine Structure of Transition Metal Defects in Silicon Carbide

4.B Diagonalization for a Magnetic Field Along the Crystal Axis
In this appendix we diagonalize the effective hyperfine Hamiltonian of the KDs, Eq. (4.14).
The effective hyperfine Hamiltonians can be decomposed into 2 × 2 blocks for a magnetic field
#—𝐵 along the crystal axis. For the 𝑗, Γ5/6 states the blocks are spanned by |𝑗, Γ5/6, ↑⟩ |𝑚𝐼⟩ and
|𝑗, Γ5/6, ↓⟩ |𝑚𝐼⟩, for the 𝑗 = 1, 2, Γ4 states by |𝑗, Γ4, ↑⟩ |𝑚𝐼⟩ and |𝑗, Γ4, ↓⟩ |𝑚𝐼 − 1⟩ (the states
|𝑗, Γ4, ↑⟩ |−𝐼⟩ and |𝑗, Γ4, ↓⟩ |𝐼⟩ are already diagonal), and for 3, Γ4 states by |3, Γ4, ↑⟩ |𝑚𝐼⟩ and
|3, Γ4, ↓⟩ |𝑚𝐼 + 1⟩ (the states |3, Γ4, ↑⟩ |𝐼⟩ and |3, Γ4, ↓⟩ |−𝐼⟩ are already diagonal). We can
diagonalize the non-diagonal blocks with the transformations

𝑇𝑗,Γ5/6,𝑚𝐼
= exp (−i𝜙𝑗,Γ5/6,𝑚𝐼

𝜎𝑦
𝑗,Γ5/6

) |𝑚𝐼⟩ ⟨𝑚𝐼| , (4.33)

with tan(2𝜙𝑗,Γ5/6,𝑚𝐼
) =

𝑎𝑥𝑗,Γ5/6
𝑚𝐼

𝜇𝐵𝐵𝑔𝑧𝑗,Γ5/6
+ 𝑎𝑧𝑗,Γ5/6

𝑚𝐼
;

𝑇𝑗,Γ4,𝑚𝐼
= exp [−𝑖𝜙𝑗,Γ4,𝑚𝐼

(−𝑖 |𝑗, Γ4, ↑⟩ |𝑚𝐼⟩ ⟨𝑚𝐼 − 1| ⟨𝑗, Γ4, ↓| + h.c.)], (4.34)

with tan 2𝜙𝑗,Γ4,𝑚𝐼
=

𝑎𝑥𝑗,Γ4
√𝐼(𝐼 + 1) −𝑚𝐼(𝑚𝐼 − 1)

𝜇𝐵𝑔𝑧𝑗,Γ4
𝐵 + (𝑎𝑧𝑗,Γ4

+ 6𝑞𝑗,Γ4
)(𝑚𝐼 − 1/2) + 𝜇𝑁𝑔𝑁𝐵 + 𝑎od𝑗 2𝑚𝐼

;

𝑇3,Γ4,𝑚𝐼
= exp [−𝑖𝜙3,Γ4,𝑚𝐼

(−𝑖 |3, Γ4, ↑⟩ |𝑚𝐼⟩ ⟨𝑚𝐼 + 1| ⟨3, Γ4, ↓| + h.c.)], (4.35)

with tan 2𝜙3,Γ4,𝑚𝐼
=

𝑎𝑥3,Γ4
√𝐼(𝐼 + 1) −𝑚𝐼(𝑚𝐼 + 1)

𝜇𝐵𝑔𝑧3,Γ4
𝐵 + (𝑎𝑧3,Γ4

+ 6𝑞3,Γ4
)(𝑚𝐼 + 1/2) − 𝜇𝑁𝑔𝑁𝐵

.

The corresponding eigenvalues are

𝐸𝑗,Γ5/6,±
𝑚𝐼 = 𝐸𝑗,Γ5/6

±
𝜇𝐵𝐵𝑔𝑧𝑗,Γ5/6

+ 𝑎𝑧𝑗,Γ5/6
𝑚𝐼

2 |cos 2𝜙𝑗,Γ5/6,𝑚𝐼
|

+ 𝜇𝑁𝑔𝑁𝑚𝐼𝐵 + 𝑞𝑗,Γ5/6
[3𝑚2

𝐼 − 𝐼(𝐼 + 1)] + 𝑎od𝑗 [𝐼(𝐼 + 1) −𝑚𝐼(𝑚𝐼 + 1)] , (4.36)

𝐸𝑗,Γ4,±
𝑚𝐼±1/2−1/2 = 𝐸𝑗,Γ4

+
𝑎𝑧𝑗,Γ4

4
±

𝜇𝐵𝑔𝑧𝑗,Γ4
𝐵 + (𝑎𝑧𝑗,Γ4

+ 6𝑞𝑗,Γ4
)(𝑚𝐼 − 1/2) + 𝜇𝑁𝑔𝑁𝐵 + 𝑎od𝑗 2𝑚𝐼

2 |cos 2𝜙𝑗,Γ4,𝑚𝐼
|

+ 𝜇𝑁𝑔𝑁𝐵(𝑚𝐼 − 1/2) + 𝑞𝑗,Γ4
[3(𝑚2

𝐼 −𝑚𝐼 +
1
2
) − 𝐼(𝐼 + 1)] + 𝑎od𝑗 [𝑚2

𝐼 − 𝐼(𝐼 + 1)], (4.37)

𝐸3,Γ4,±
𝑚𝐼∓1/2+1/2 = 𝐸3,Γ4

−
𝑎𝑧3,Γ4

4
±

𝜇𝐵𝑔𝑧3,Γ4
𝐵 + (𝑎𝑧3,Γ4

+ 6𝑞3,Γ4
)(𝑚𝐼 + 1/2) − 𝜇𝑁𝑔𝑁𝐵

2 |cos 2𝜙3,Γ4,𝑚𝐼
|

+ 𝜇𝑁𝑔𝑁𝐵(𝑚𝐼 + 1/2) + 𝑞𝑗,Γ4
[3(𝑚2

𝐼 +𝑚𝐼 +
1
2
) − 𝐼(𝐼 + 1)], (4.38)

where we use the contribution of the wave function proportional to cos(𝜙𝑖,Γ𝛾,𝑚𝐼
) to label the

energies.

4.C Hyperfine Tensors for Experimental Data from Wolfowicz et al. [56]
We compared our model briefly to data by Wolfowicz et al. [56] in the main text; here we provide
Table 4.1 with the least square fits for Γ4 defects to translate their model to our model as well as
the parameters for Γ5/6 defects that can be calculated directly using their principal axis tilt 𝜃
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Hyperfine Tensors for Experimental Data from Wolfowicz et al. [56] 4.C
Irrep Crystal Line 𝑎𝑥1,Γ𝛾

/ℎ 𝑎𝑧1,Γ𝛾
/ℎ Δcr/ℎ [56] Δso

1 /ℎ [56]
Γ4 4H-SiC 𝛼 (k) 165.1 ± 1.7 −232.0 ± 3.9 234.4 529
Γ4 4H-SiC 𝛽 (h) 149.5 ± 4.2 −174.7 ± 4.3 224.5 43
Γ4 6H-SiC 𝛼 (k2) 165.1 ± 1.6 −232.0 ± 3.6 229.1 524
Γ4 6H-SiC 𝛽 (k1) 141.6 ± 2.4 −171.2 ± 2.1 221.8 25
Γ4 6H-SiC 𝛾 (h) 147.3 ± 14.5 −175.4 ± 13.6 216.0 16
Γ5/6 4H-SiC 𝛽 (h) 202.5 158.2
Γ5/6 6H-SiC 𝛽 (k1) 197.6 165.8
Γ5/6 6H-SiC 𝛾 (h) 205.9 166.8

Table 4.1: Hyperfine tensors for our model calculated using the fit values of Wolfowicz et al. [56]
the defect type assignment (see line) in brackets is according to the ab initio results by A. Csóré
et al.. We omit the errors for the Γ5/6 KDs, because we can directly calculate [see Eq. (4.39)]
the values from their fit data such that there is no additional error due to fitting. Furthermore
we show the values of the crystal splitting Δcr between the lowest energy ground and excited
state, as well as the spin-orbit splitting between the two ground states as determined in [56]
(measurement error ≈ 1GHz for both Δso

2 and Δcr). The hyperfine components 𝑎𝑘𝛾 are in units
of MHz, the crystal splitting Δcr in THz and the spin-orbit splitting Δso

1 in GHz.

and 𝐴𝑍𝑍 (𝑎𝑧𝑗,Γ5/6
with 𝑗 = 1, 2 in the notation of the main text) value,

𝑎𝑥𝑗,Γ𝛾
= sin(𝜃)𝐴𝑍𝑍, 𝑎𝑧𝑗,Γ𝛾

= cos(𝜃)𝐴𝑍𝑍. (4.39)

The fit with the worst agreement is for the 𝛾 site of 6H-SiC, we want to stress that in this case
the data provided in the Supplemental Material in Ref. [56] seems to be not described perfectly
by their model, too. As this defect configuration also has the smallest Δso

1 it would be reasonable
to include the second order hyperfine energy correction when fitting to the raw data. The signs
in the table carry no physical meaning here, because we did not choose a particular orientation
of the 𝑧-axis, i.e. we do not know the stacking order of the crystal with regard to the direction of
the 𝑧-axis and inverting the magnetic field 𝐵𝑧 → −𝐵𝑧 corresponds to changing the sign of 𝑎𝑧𝑗,Γ𝛾

in the isolated KD hyperfine energy lines. The sign of the off-diagonal elements in comparison to
the diagonal elements has no effect on the energy levels used in the fit. The magnitudes of the
contributions the crystal field and the ground-state spin-orbit splitting for the different defect
configurations are included in Tab. 4.1.
Due to availability of measurements of the hyperfine tensor components for V we concentrated

on this defect, but for completeness we note that the crystal field splitting for measurements of
Mo (h site in 6H-SiC) [59] with about 267.4THz is of similar magnitude as for the V defects
and the spin-orbit coupling is larger than for V. According to Ref. [167] (where the same site is
assigned differently, as the k2 site) it has a spin-orbit splitting of about 1106.05GHz, about twice
the splitting in V. With this, we see that the arguments given based on the spin-orbit structure
in the main text hold for V as well as Mo.
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5
Nuclear Spin Quantum Memory in Silicon

Carbide

The following chapter contains results published as B. Tissot, M. Trupke,
P. Koller, T. Astner, and G. Burkard, “Nuclear spin quantum memory in
silicon carbide”, Phys. Rev. Res. 4, 033107 (2022) (Ref. [3]) with minor

modifications. In particular, the introduction was rewritten to integrate with
the thesis and wording as well as notation were adapted for consistency

throughout the thesis. Section 5.4.2 and the approaches to implement the
complex driving spectrum of 15 different frequencies in Sec. 5.4.2 were

developed in close collaboration between the author of this thesis and M.
Trupke. We added Sec. 5.3 where we compare the model developed in this

thesis to data from P. Cilibrizzi, M. J. Arshad, B. Tissot, N. T. Son,
I. G. Ivanov, T. Astner, P. Koller, M. Ghezellou, J. Ul-Hassan, D. White,

C. Bekker, G. Burkard, M. Trupke, and C. Bonato, “Ultra-narrow
inhomogeneous spectral distribution of telecom-wavelength vanadium centres

in isotopically-enriched silicon carbide”, Nature Communications 14, 8448
(2023) (Ref. [5]), which was graciously provided by P. Cilibrizzi et al.. While

the findings were also contributed to Ref. [5], this section was specifically
written for this thesis. The appendices superseded by Chs. 2–4 are omitted to

avoid duplication.

5.1 Introduction
Building upon the current experiments [56, 59, 60, 166] and numerical calculations [167, 269],
as well as using the theoretical framework we developed in the preceding two Chs. 3 and 4
(published as Refs. [1, 2]), in this chapter we identify promising qubit subsystems in transition
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5.1 Nuclear Spin Quantum Memory in Silicon Carbide
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Figure 5.1: Structure and energy level diagram of transition metal (TM) defects in SiC. (a)
Schematic of a TM defect (purple) substituting a Si atom in SiC, with its tetragonally-arranged
nearest-neighbor C atoms (grey). (b) Energy level diagram including selection rules for the
electronic structure of a TM defect in SiC. The dependence of the transitions on the field
direction is encoded in the line style in combination with the direction of the arrow. The blue
lines denote allowed transitions for parallel fields 𝐵𝑧 and ℰ𝑧, while the orange lines are allowed
for perpendicular magnetic and electric fields, 𝐹⟂ = 𝐹𝑥 + 𝑖𝐹𝑦 (𝐹 = ℰ,𝐵). The selection rules
for 𝐹 ∗

⟂ enable the reverse process, in agreement with angular momentum conservation. Faded
lines imply that the transition is only allowed due to spin-orbit mixing. The red solid (dotted)
lines are also for perpendicular fields, but allowed in the leading order for ℰ⟂ (𝐵⟂) and due
to spin-orbit mixing of the states 𝐵⟂ (ℰ⟂). The line styles furthermore imply the pseudospin
selection rules: solid lines are pseudospin conserving transitions, where for the orange and red
lines the direction of the arrow is relevant and implies the matrix elements according to ↑⇒↑ and
↓⇐↓. The blue dotted lines correspond to the spin flip transition. The orange and red dashed
(dotted) correspond to the pseudospin ↓⇒↑ (↑⇒↓) transitions.

metal (TM) defects and develop procedures to initialize these defects by nuclear spin polarization.
The initial polarization of the nuclear spin is a prerequisite for gaining control over a selected
subsystem of levels (e.g., two levels for a qubit) from the multitude of nuclear spin states.
To optically pump the nuclear-spin polarization, we propose to use ratchet-type sequential

population trapping into a polarized state. The proposed method shows parallels to coherent
population trapping into a dark state which is well established over a wide range of materials
from atoms [270], electrons in quantum dots [271], superconducting artificial atoms [272],
optomechanical systems [273], as well as nitrogen vacancy (NV) centers in diamond [76, 81–83].
A similar optical pumping was recently used to polarize Erbium nuclear spins [274, 275].
This chapter is organized as follows. We introduce the physical model in Sec. 5.2 and show

that a recent experiment by Cilibrizzi et al. [5] confirms key aspects of our model. We then
discuss possible qubit candidates in Sec. 5.4.1 and propose a protocol to polarize the nuclear spin
in Sec. 5.4.2, enabling the initialization of the system. Next, we briefly discuss the prospect to
engineer different protocols based on technical limitations (Sec. 5.4.2) as well as a measurement
of the polarization success (Sec. 5.4.2). Finally, we draw our conclusions in Sec. 5.5.
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Physical Model 5.2

5.2 Physical Model
The TM defects which we will focus on in this chapter consist of a positively charged molybdenum
(Mo5+) or a neutral vanadium (V4+) atom substituting a Si atom in 4H- or 6H-SiC. Both of these
defect atoms comprise one active electron in their 𝐷-shell [56, 59, 60, 166, 167]. In the presence
of the surrounding crystal structure, the defects remain invariant under the transformations of
the 𝐶3𝑣 point group. The symmetry reduction due to the crystal potential splits the 𝐷-shell
into one orbital singlet and two orbital doublets. Due to the spin-orbit interaction the electronic
structure for the active electron is given by five Kramers doublets (KDs), which are pairs of
states related to each other by time inversion. We show the nearest neighbor structure of the
defect in Fig. 5.1(a) and the resulting energy level structure in Fig. 5.1(b).
We concentrate on the interaction of the active electron of the defect with the nuclear spin

of the TM atom, see Ch. 4 (Ref. [2]), which for the main V isotope is 𝐼 = 7/2 (abundance
> 99%), while 𝐼 = 5/2 for about 25% of the stable isotopes of Mo and 𝐼 = 0 for the remaining
isotopes [254, 255]. In the following, we mainly focus on the V4+ 𝛼 defect in 4H-SiC, though
we note that the underlying theory is equally applicable to the other defects. Polarization
protocols and suitable qubit subsystems in other configurations can be derived analogously with
the appropriately adjusted model parameters.
For simplicity, we neglect the nuclear quadrupole interaction as well as the hyperfine interaction

between different KDs, because both are expected to be small and were indeed not observed in
recent experiments [2, 56]. We also neglect matrix elements between the KDs due to static fields,
as they are suppressed by the large spin-orbit Δ𝑖

so or crystal-field splitting Δcr for magnetic fields
| #—𝐵| ≪ min𝑖 |Δ𝑖

so/2𝜇𝐵| ≈ 6.5T for the V 𝛼 defect in 4H-SiC [56]. Using these approximations we
arrive at a block diagonal static Hamiltonian. The blocks that describe the different KDs have
the form

𝐻𝛾 =𝐸𝛾 + 1
2
𝜇𝐵

#—𝐵g𝛾
#—𝜎 𝛾 +

1
2

#—𝜎 𝛾A𝛾
#—𝐼 + 𝜇𝑁𝑔𝑁

#—𝐵 ⋅ #—𝐼 (5.1)

where the index 𝛾 = (𝑖,𝑅) labels the KD that originates from the crystal-field orbital 𝑖 = 1, 2, 3,
transforms according to the representation 𝑅 = Γ4, Γ5/6, and is made up by the pseudospin
states |𝛾, 𝜎 =↑, ↓⟩. The Hamiltonian 𝐻𝛾 for the KD 𝛾 consists of its electronic zero-field energy
𝐸𝛾, the Zeeman interaction coupling the pseudospin states of the KD to the magnetic field #—𝐵,
the hyperfine interaction coupling the pseudospin to the nuclear spin 𝐼, and the nuclear Zeeman
term describing the coupling of the nuclear spin to the magnetic field.
The precise form of the hyperfine and 𝑔-tensors deviate from a simple spin model and depend

on the KD, see Chs. 3 and 4 (published as Refs [1, 2]). We choose the 𝑧-axis parallel to the
stacking axis of the crystal and use the Pauli vector #—𝜎 𝛾 consisting of the standard Pauli operators
𝜎𝑘
𝛾 (𝑘 = 𝑥, 𝑦, 𝑧) acting between the pseudospin states |𝛾, 𝜎 =↑, ↓⟩, and the nuclear spin operators

𝐼𝑘 in units of the reduced Planck constant ℏ. The 𝑔-tensors are all diagonal, for Γ5/6 KDs only
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5.2 Nuclear Spin Quantum Memory in Silicon Carbide

the 𝑧, 𝑧-component is allowed, and for the Γ4 KDs the 𝑥, 𝑦 components have the same absolute
value, with the same sign for the KD originating from the orbital singlet 𝑖 = 3 and opposite signs
for the doublet KDs 𝑖 = 𝑗 = 1, 2.
We denote the parallel (perpendicular) 𝑔-factors of the KDs with 𝑔𝑧(𝑥)𝛾 . Perpendicular 𝑔-factors

of the KDs originating from the orbital (𝑗 = 1, 2) doublets are, however, not considered since
they either vanish due to symmetry (Γ5/6) or are much smaller than the parallel component
(𝑗, Γ4, not experimentally resolved) [1, 55, 56, 59, 167]. In summary, the 𝑔-tensors are
expressed by the diagonal matrices g𝑗,Γ4

= diag(𝑔𝑥𝑗,Γ4
, −𝑔𝑥𝑗,Γ4

, 𝑔𝑧𝑗,Γ4
), g𝑗,Γ5/6

= diag(0, 0, 𝑔𝑧𝑗,Γ5/6
),

and g3,Γ4
= diag(𝑔𝑥3,Γ4

, 𝑔𝑥3,Γ4
, 𝑔𝑧3,Γ4

).
The hyperfine coupling tensors for Γ5/6 only couple 𝐼𝑧 to 𝜎𝑥

𝑗,Γ5/6
and 𝜎𝑧

𝑗,Γ5/6
with the coupling

strength 𝑎𝑥Γ5/6
and 𝑎𝑧Γ5/6

, respectively. The coupling tensors for Γ4 KDs are diagonal and fulfill
𝑎𝑦𝑗,Γ4

= −𝑎𝑥𝑗,Γ4
for the KDs from orbital doublets and 𝑎𝑦3,Γ4

= 𝑎𝑥3,Γ4
for the singlet KD [2], where

we denote the diagonal entries as 𝑎𝑘𝑗,Γ4
(𝑘 = 𝑥, 𝑦, 𝑧). The different forms of the hyperfine coupling

leads to different mixtures of nuclear and pseudospin levels inside the KDs; the explicit matrix
form of the hyperfine tensor can be found in App. 4.A.
Furthermore, we use the Bohr (nuclear) magneton 𝜇𝐵 (𝜇𝑁), and the nuclear 𝑔-factor 𝑔𝑁. Here

we have |𝜇𝑁𝑔𝑁| ≪ |𝜇𝐵𝑔𝑧𝑖,𝛾|, in particular 𝜇𝑁𝑔𝑁/𝜇𝐵 ≈ 10−4 for V.
The electronic selection rules derived in [1] are summarized and further refined to include the

polarization of the perpendicular field in Fig. 5.1(b); enabling simple access to selection rules for
circular polarization #—𝐹± = 𝐹(cos𝜔𝑡,± sin𝜔𝑡, 0) with polarization ±, electric or magnetic field
strength 𝐹 = ℰ,𝐵 and positive angular frequency 𝜔. The selection rules in Fig. 5.1(b) correspond
to non-zero matrix elements for 𝐹⟂ = 𝐹𝑥 +𝑖𝐹𝑦 which combined with the energy ordering leads to
the selection rules for circular polarization, i.e. 𝐹⟂ → 𝐹−(𝐹+) for arrows in Fig. 5.1(b) pointing
from a lower to a higher (higher to lower) energy. We stress that the level ordering can depend
on the defect configuration and note that the different forms of the hyperfine coupling tensors of
the KDs [see (5.1)] are suited to assign the irreps to the physical states as was done in [2]. The
depicted ordering in Fig. 5.1 corresponds to V4+ 𝛼 defect in 4H-SiC.
As an example we consider an optical, resonant drive between the ground state (GS) 𝑔 = (1, Γ4)

and the excited state (ES) 𝑒 = (2, Γ5/6) pseudospin manifold, i.e. a drive with angular frequency
𝜔𝑑 > 0, leading to a transition matrix element of the form

⟨𝑒, ↑ |𝐻𝑑|𝑔, ↑⟩ = 𝑒𝑖(𝐸𝑒,↑−𝐸𝑔,↑)𝑡/ℏ𝜖ℰ⟂(𝑡) = ℰ𝜖𝑒𝑖𝛿±𝑡, (5.2)

with the dipole matrix element of the transition 𝜖. The detuning 𝛿± = (𝐸𝑒,↑ − 𝐸𝑔,↑)/ℏ ± 𝜔𝑑

of the transition strongly depends on the polarization “±” of the drive. Within the rotating
wave approximation, only the “−” polarized drives with 𝛿− = 0 remain. Therefore, the selection
rules in Fig. 5.1(b) can be interpreted as circular polarization dependent selection rules, with the
aforementioned mapping. The total angular momentum for these atom-photon interactions is
conserved because a change of pseudospin goes hand in hand with a change of electron spin as
well as angular momentum (see Ch. 3 or Ref. [1] for the form of the KD states).

90



Experimental Verification of Circular Polarization Selection Rules 5.3

In the following we will use a dipole moment of 𝜖 = 1 debye which was estimated in [269] based
on the radiative lifetime of the defect for all leading order transitions and estimate the transition
dipole elements ̃𝜖 ∼ 𝜖Δ1

so/Δcr ≈ 0.002𝜖 for purely spin-orbit mixing allowed transitions.
To generalize the selection rules to include the nuclear spin, the simplest approach is to use the

admixture of states, given via the diagonalization of the static KD Hamiltonians. Here we only
present the levels relevant for the protocol introduced in the following. For the GS we arrive at
the unitary transformation

𝑇𝑔 = exp(−
𝐼

∑
𝑚=−𝐼+1

𝜃𝑚 |𝑔, ↑⟩ |𝑚⟩ ⟨𝑔, ↓| ⟨𝑚 − 1| − h.c.) , (5.3)

with the nuclear spin state |𝑚⟩ = |𝐼,𝑚⟩ and the mixing angles 𝜃𝑚 given by tan(2𝜃𝑚) =
𝑎𝑥
𝑔√𝐼(𝐼+1)−𝑚(𝑚−1)

(𝜇𝐵𝑔𝑧𝑔+𝜇𝑁𝑔𝑁)𝐵+𝑎𝑧
𝑔(𝑚−1/2) . For the ES |𝑒, 𝜎⟩ = |2, Γ5/6, 𝜎⟩, used as an ancillary state manifold

in the following, we find the transformation

𝑇𝑒 = exp(−
𝐼

∑
𝑚=−𝐼

𝜙𝑚 |𝑒, ↑⟩ |𝑚⟩ ⟨𝑒, ↓| ⟨𝑚| − h.c.) , (5.4)

with mixing angles 𝜙𝑚 given by tan(2𝜙𝑚) = 𝑎𝑥
𝑒𝑚

𝜇𝐵𝑔𝑧𝑒𝐵+𝑎𝑧
𝑒𝑚

. The corresponding energies are

𝐸𝑔,𝜎
𝑚−𝛿𝜎,↓

=𝜎
𝜇𝐵𝑔𝑧𝑔𝐵 + 𝑎𝑧𝑔(𝑚 − 1/2) + 𝜇𝑁𝑔𝑁𝐵

2 |cos 2𝜃𝑚|
+

𝑎𝑧𝑔
4

+ 𝜇𝑁𝑔𝑁𝐵(𝑚− 1/2), (5.5)

𝐸𝑒,𝜎
𝑚 =Δcr + 𝜎𝜇𝐵𝐵𝑔𝑧𝑒 + 𝑎𝑧𝑒𝑚

2 |cos 2𝜙𝑚|
+ 𝜇𝑁𝑔𝑁𝑚𝐵, (5.6)

where we choose 𝐸𝑔 = 0 to lie at zero energy such that the energy of the ES corresponds to
the crystal field splitting 𝐸𝑒 = Δcr (the second GS and ES are offset by the spin-orbit splitting
𝐸1,Γ5/6 = Δ1

so, 𝐸2,Γ4 = Δcr +Δ2
so). We use the Kronecker symbol 𝛿𝜎,𝜎′ = (1 if 𝜎 = 𝜎′ else 0) for

compact notation. From now on we label the eigenstate pertaining to 𝐸𝛾,𝜎
𝑚 as |𝛾, 𝜎,𝑚⟩ according

to the KD 𝛾 = 𝑔, 𝑒, the main pseudospin component 𝜎 =↑, ↓, and the main nuclear magnetic
quantum number 𝑚. In Fig. 5.3 we plot the ground state spin multiplet energies of the Vanadium
𝛼 defect of 4H-SiC as a function of the parallel magnetic field strength 𝐵. For further details, we
refer the reader to Ch. 4 (published as Ref. [2]) where the remaining KDs, higher orders of the
hyperfine interaction, as well as the nuclear quadrupole interaction were considered as well.

5.3 Experimental Verification of Circular Polarization Selection Rules
Before continuing our analysis in search of suitable qubits and protocols for state initialization,
we pause to compare the predictions of the above circular selection rules with the measurement
by Cilibrizzi et al. [5]. In the part of the experiment relevant to this section, Cilibrizzi et al.
[5] studied the optical transitions through circular (±) polarization-resolved Photoluminescence
excitation (PLE) as a function of the magnetic field strength along the crystal axis.
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Figure 5.2: Photoluminescence excitation (PLE) spectra as a function of applied magnetic field
(a–c) and theory predicted transition frequencies (d). Comparison of the same PLE spot under
different magnetic fields along the crystal axis and different circular polarizations + (blue) and
− (red) as measured by Cilibrizzi et al. [5]. The measurement is compared to a fit based on our
model, see Eq. (5.8), resulting in good agreement. The transition frequencies (d) are calculated
according to Eqs. (5.3)–(5.6) using the selection rules in Fig. 5.1(b).

To compare the measurement with the outlined theory, we calculate the relative frequency
and strength of the hyperfine transitions using parameters obtained independently from other
experiments and adapted to the symmetry-based hyperfine model [2, 56, 57]. In particular, we
use the parameters found in App. 5.A but take the 𝑎𝑧𝛾 components to be positive. We consider
only the leading order transition ∝ |𝑔, 𝜎⟩ ⟨𝑒, 𝜎| +H.c. and assume a Lorentzian shape with the
same full width at half maximum 𝛾fwhm for each hyperfine allowed transition [56]. The relative
intensity of each hyperfine allowed transition thus yields

𝐴(𝜎, 𝜎𝑒,𝑚𝑒, 𝜎𝑔,𝑚𝑔, 𝜈) =
𝛾fwhm| ⟨𝑔, 𝜎𝑔,𝑚𝑔| |𝑔, 𝜎⟩ ⟨𝑒, 𝜎| |𝑒, 𝜎𝑒,𝑚𝑒⟩ |2

4 [𝜈 − (𝐸𝑒,𝜎𝑒𝑚𝑒 −𝐸𝑔,𝜎𝑔
𝑚𝑔 )/ℎ]

2
+ 𝛾2

fwhm

, (5.7)

with the drive polarization 𝜎, and the state of the GS (ES) determined by the pseudospin
𝜎𝑔 (𝜎𝑒) and the dominant nuclear spin state 𝑚𝑔 (𝑚𝑒). Here, we use the energies 𝐸𝛾,𝜎

𝑚 (with
𝛾 = 𝑔, 𝑒, 𝜎 = ±, and 𝑚 = −𝐼,… , 𝐼) according to Eqs. (5.5) and (5.6)] and the corresponding
states |𝛾, 𝜎,𝑚⟩ defined by the transformation according to Eqs. (5.3) and (5.4). We then fit the
measured intensity to

intensity(𝜎, 𝜈,𝐵) = 𝑜(𝐵) + 𝑎(𝐵) ∑
𝜎𝑒,𝑚𝑒,𝜎𝑔,𝑚𝑔

𝐴(𝜎, 𝜎𝑒,𝑚𝑒, 𝜎𝑔,𝑚𝑔, 𝜈) (5.8)

where we treat the line width 𝛾fwhm, the defect-dependent central (or zero-field) transition
frequency Δcr/ℎ, as well as the parameters describing the background offset and the amplitudes
of the peaks as fit parameters. Note that we choose the unit of 𝑎(𝐵) to accommodate the
different units of the Lorentzian model and the measurement. We find 𝛾fwhm = 1038 ± 7MHz
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and Δcr/ℎ = 234425594± 4MHz and the measurement run (𝐵) dependent parameters according
to Tab. 5.1. Note that the crystal splitting Δcr deviates only slightly from the value in App. 5.A
and [56], which can be attributed to local variations of the defects, e.g., due to strain (see Ch. 6
for more details).

𝐵 (Gauss) 𝑎(𝐵) (GHz/s) 𝑜(𝐵)
0Gauss 22.6±0.2 24.9±0.3
600Gauss 19.5±0.2 23.4±0.3
1000Gauss 23.1±0.2 27.6±0.3

Table 5.1: Measurement run dependent fit
parameters.

Because the data shows a narrowing of the transi-
tions for larger magnetic field strength we conclude
that the hyperfine components 𝑎𝑧𝛾 (𝛾 = 𝑔, 𝑒) share
the same sign. With the same sign the theory pre-
dicts the same narrowing. We can understand this
narrowing as the suppression of the vastly different
off-diagonal parts of the hyperfine interaction, such
that suppressing them leads to similar hyperfine splittings in the GS and ES KDs.

5.4 Qubit Design and State Preparation
Having confirmed key predictions of the model developed in Chs. 3 and 4, which we extended with
spin- and polarization-dependent selection rules in Sec. 5.2, by comparison with the experiment of
Cilibrizzi et al. [5] in Sec. 5.3, we now turn to insights for designing suitable qubits and protocols
to prepare them in a well-defined quantum state.

5.4.1 Qubit Candidates
Based on the outlined theory (Sec. 5.2), we now discuss suitable qubit candidates. Due to the
time-reversal symmetry of the KDs, electric fields cannot lead to pseudospin flips and dephasing
in the leading order. For temperatures ≪ |Δ1

so/𝑘𝐵| ≈ 25K for the considered 𝛼 V (10K for Mo)
transitions to the second GS (1, Γ5/6) are suppressed, these would else limit the decoherence
times [59, 276]. Furthermore, recent experiments show that the 𝑇1 exceeds seconds below ≲ 1K
[57] (4K for Mo defects [59]), such that we expect the main decoherence source to be coupling to
fluctuations in the magnetic field due to the spin bath at low temperatures. For this reason, we
discuss two qubit candidates that are protected against magnetic noise in the following.
To achieve the protection we suggest the use of zero first-order Zeeman (ZEFOZ) transitions,

also known as clock transitions, or optimal working points or “sweet spots” which are already
established for different transition types and materials [277–280] including the divacancy defect in
SiC [281, 282]. Using the state pair belonging to such a transition as the qubit improves protection
from magnetic or nuclear spin bath noise (by suppressing the first order of the coupling), thereby
offering the opportunity to increase the coherence time. Due to the large anisotropy of the
𝑔-tensor, i.e., its vanishing perpendicular component as well as the orders of magnitude smaller
coupling of the nuclear spin to the magnetic field in comparison to the coupling of the electronic
state, we optimize ZEFOZ transitions only via the parallel magnetic field component. Inspecting
the field dependence of the energies we find two conceptual possibilities of (approximate) ZEFOZ
transitions with different strengths and weaknesses, see Fig. 5.3.
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Figure 5.3: Ground state [𝑔 = (1, Γ4)] nuclear
energy levels of the vanadium 𝛼 defect in 4H-SiC as a
function of the magnetic field strength parallel to the
crystal axis. The black solid and red dashed circles
mark two possible zero first-order Zeeman (ZEFOZ)
transitions (see main text). These pairs of levels
are suitable qubit candidates due to their enhanced
protection from magnetic noise. The coupling to
perpendicular fields is negligible. Solid (dashed)
lines label states that consist mainly of pseudospin
down (up) and the line color encodes the nuclear
spin quantum number 𝑚 (see legend).

The first possibility is an electronic
spin qubit (transition marked in black at
≈ 28mT in Fig. 5.3) at the point of an
avoided crossing, using the levels |𝑔, ↓, 5/2⟩
and |𝑔, ↑, 7/2⟩. At this point the Zeeman
interaction and the diagonal hyperfine cou-
pling are of similar magnitude, leading to
a high degree of mixing of the states. The
energy levels of the transition have an ex-
tremum as a function of magnetic field at
this point, implying that they are parallel
and constitute a ZEFOZ transition. Ad-
ditionally, their eigenstate characteristics
enable strong microwave driving using a
parallel microwave magnetic field, i.e.

⟨𝑔, ↑, 𝐼|𝜎𝑧
𝑔|𝑔, ↓, 𝐼 − 1⟩ = − sin(2𝜃𝐼), (5.9)

which is −1 at the avoided crossing.
The other possibility are nuclear spin

qubits given by neighboring hyperfine levels within the same pseudospin manifold at higher
magnetic fields. For sufficiently high bias magnetic field, the field dependence of the transition
frequency becomes negligible (see Fig. 5.3), because the Zeeman splitting suppresses the (off-
diagonal) hyperfine interaction, leaving only the small nuclear Zeeman term. As is visible in
Fig. 5.3 there is a regime where the nuclear levels are approximately parallel (leading to ZEFOZ
transitions) and addressable individually due to the large splitting between the hyperfine levels, as
well as the sufficient anharmonicity. This enables the possibility of higher-dimensional encoding
in a single defect in this magnetic field domain. Direct driving between the nuclear levels is
only possible via small terms of the Zeeman Hamiltonian, for example for the red transition in
Fig. 5.3 we have the leading element ⟨𝑔, ↓, 𝐼 − 1|𝐻MW

𝑧 |𝑔, ↓, 𝐼⟩ ≈
√
2𝐼𝜇𝑁𝑔𝑁𝐵MW

⟂ (𝑡) that can be
driven using a perpendicular microwave magnetic field.
To compare the protection from magnetic noise we calculate the leading order energy fluc-

tuation induced by a fluctuation of the magnetic field 𝛿 #—𝑏 [283]. In both cases the immedi-
ate influence on the energies stems from 𝑏𝑧, for the electronic ZEFOZ qubit we find 𝛿𝐸el ≈
[(𝜇𝐵𝑔𝑧𝑔+𝜇𝑁𝑔𝑁)𝛿𝑏𝑧]2/2

√
2𝐼𝑎𝑥𝑔 , i.e. the first order truly vanishes and the second order is suppressed

by the perpendicular hyperfine interaction. For the nuclear (ZEFOZ like) qubit the leading order
is given by 𝜇𝑁𝑔𝑁𝛿𝑏𝑧, i.e. it does simply not include the much larger electronic term but it is still
linear. Both are large improvements over a naïve electronic qubit where the leading term would
be 𝜇𝐵𝑔𝑧𝑔𝛿𝑏𝑧. We expect that these optimized transitions, at low temperature will enable a big
improvement over the 𝑇 ∗

2 ≈ 0.3 𝜇s measured for Mo at 4K in [60].
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Figure 5.4: Schematic of a purely optical (ratchet-type) nuclear polarization method. This
scheme makes use of the short exited state lifetime 𝜏. The different forms of the hyperfine
coupling make it possible to use a set of pump fields to increase the nuclear polarization while
exciting from the ground state (GS) 𝑔 = (1, Γ4) pseudospin ↓ manifold to the excited state
(ES) 𝑒 = (2, Γ5/6) ↑. Another set of drives is used to repump the pseudospin ↓ manifold while
conserving the nuclear spin. Here both of the drive types are implemented using “−” polarization
according to the selection rules depicted in the magnification in Fig.5.1(b) in combination with
the hyperfine mixing of the GS and ES. The repump drives are employed to avoid a bottleneck
due to a small pseudospin relaxation rate 1/𝑇1, and instead rely on the fast decay of the ES.

The optical line width prevents pseudospin resolution at the avoided crossing as well as optical
nuclear spin readout. The combination of larger level splitting and Rabi frequencies of (non-
ZEFOZ) electronic qubits, could make a hybrid of a electronic qubit, for control and readout,
and a nuclear qubit, for storage, an interesting option. Finally, the hyperfine structure of all V
defects in 4H- and 6H-SiC suggests that all have the (1, Γ4) KD as the lowest GS, making the
above arguments applicable to all defects in this family [2, 56].

5.4.2 State Preparation via Nuclear Polarization
For both the electron and nuclear spin qubits it is necessary to polarize the nuclear spin to achieve
a well-defined initial state mandatory for experiments and potential technological applications.
Due to the multitude of nuclear spin states for 𝐼 = 7/2 in the case of V and 𝐼 = 5/2 for Mo
isotopes with nuclear spin, we develop a dissipative nuclear-spin polarization protocol. The
dissipative nature makes it possible to use continuous drives, rendering it unnecessary to measure
and then manually choose the correct pulse to make the process irreversible.
First, we outline the general idea and then discuss one possible implementation in more detail.

The protocol relies on the different forms of the hyperfine coupling of the KDs [see Eq. (5.1)] to
open different channels via the state mixing. The first order nuclear spin polarizing, pseudospin
flipping transition, is the leading one because the leading order (in spin-orbit coupling) allowed
transitions are all pseudospin conserving, see Fig. 5.1. This makes a repump necessary to
repopulate the correct pseudospin manifold. In summary, to polarize the nuclear spin inside a
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nuclear spin manifold of a KD, we employ an ancillary KD with a different form of the hyperfine
coupling. This ensures that we can engineer the driving such that the drive to and decay from
the ancillary KD on average polarizes the nuclear spin.
Different ES, different transitions, or different decays can be employed. For concreteness, we

concentrate on a purely optical protocol that relies on a qubit transition in the GS KD 𝑔 = (1, Γ4)
and using the ancillary ES manifold 𝑒 = (2, Γ5/6) KD to prepare the final state |𝑔, ↓, 𝐼⟩. This
corresponds to a crystal splitting of ≈ 234THz (or a wavelength of ≈ 1.28 𝜇m) for the V 𝛼
defect in 4H-SiC. This ES has a short lifetime of 𝜏 = 167 ns [56] in this configuration, making it
particularly suited for a dissipative protocol. We furthermore drive the polarizing transition due
to better control of the drive compared to using a decay channel. Lastly, we rely on the leading
decay process, instead of additional channels due to the hyperfine mixing, thereby leading to
faster dynamics. Figure 5.4 illustrates the main processes involved in the polarization towards
the final state |𝑔, ↓, 𝐼⟩.
To avoid unnecessarily populating one of the other KDs the driving fields ℰ should fulfill

|𝜖ℰ| ≪ min𝑖 |Δ𝑖
so|, as is also required for the use of the rotating wave approximation. A

drive exceeding this limit would also exceed the breakdown electric field of SiC by orders of
magnitude [258]. A resonant optical drive can excite the system from the excited state to the
conduction band, thereby ionizing the defect [56, 166]. The occupation of the excited states
should therefore be minimal as well. To this end, we conservatively limit the largest resonant
Rabi frequency to fulfill Ω𝑅 ≪ 1/𝜏 ≈ 6 (𝜇s)−1, i.e. significantly below saturation.
Therefore, we can restrict the driving Hamiltonian to the allowed transitions between GS and

ES, see the magnified part in Fig. 5.1(b), leading to

𝐻𝜎
𝑑 ≈ ℰ(𝑡)(𝜖 |𝑒,−𝜎⟩ + ̃𝜖 |𝑒, 𝜎⟩) ⟨𝑔,−𝜎| + h.c., (5.10)

in the product basis, where we now use 𝜎 = ± =↑, ↓ to indicate the polarization as well as the
pseudospin, enabling a compact encoding of the selection rules. Here, ℰ(𝑡) is the time dependent
electric field amplitude in the rotating wave approximation relevant for the 𝑔 → 𝑒 transitions
(oscillating with frequencies close to Δcr).
Combined with the hyperfine mixing of the states [see Eqs. (5.3) and (5.4)], where |𝑔, ↓⟩ |𝑚⟩

is mixed with |𝑔, ↑⟩ |𝑚 + 1⟩ and |𝑒, ↓⟩ |𝑚⟩ is mixed with |𝑒, ↑⟩ |𝑚⟩, this implies that using “−”
polarization enables the polarizing and repump drives while suppressing most unwanted transitions.
For large Zeeman splittings, linear polarization can also be used, assuming that the individual
transitions are spectrally resolved, because the larger detuning suffices to suppress unwanted
transitions.
To achieve fast dynamics the driving field ℰ(𝑡) = ∑𝑓 ℰ𝑓𝑒−𝑖𝜔𝑓𝑡 should consist of a resonant

field for each of the transitions corresponding to circularly polarized drives with amplitudes
ℰ𝑓 and rotating with frequencies 𝜔𝑓). The optimal angular frequencies of the drives are 𝜔𝑚 =
(𝐸𝑒,↑

𝑚+1 − 𝐸𝑔,↓
𝑚 )/ℏ with 𝑚 = −𝐼,… , 𝐼 − 1 (polarizing) and 𝜔′

𝑚 = (𝐸𝑒,↓
𝑚 − 𝐸𝑔,↑

𝑚 )/ℏ with 𝑚 =
−𝐼,… , 𝐼 (repump) using the eigenenergies (5.5) and (5.6). The magnetic field dependence of
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the polarizing frequencies 𝜔𝑚 can be seen in Fig. 5.5, including the relative transition matrix
element ⟨𝑒, ↑,𝑚 + 1|𝐻𝑑|𝑔, ↓,𝑚⟩/𝜖ℰ(𝑡) given by the exact transformation in Eqs. (5.3) and (5.4).
The figure also shows the important role played by the signs of the hyperfine components 𝑎𝑧𝛾
(𝛾 = 𝑔, 𝑒) which give the ordering of the nuclear states. Section 5.3 suggests that these have
the same sign, nevertheless we consider two different sign assignments in the following, since the
sign assignment and the resulting ordering of the nuclear states has a dramatic effect on the
requirements of the polarization scheme: If 𝑎𝑧𝛾 have opposite signs in the two KDs, a single
optical frequency can be sufficient to drive the pseudospin-flipping transition.
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Figure 5.5: Polarizing transition frequencies
𝜔𝑚/2𝜋 = (𝐸𝑒,↑

𝑚+1 − 𝐸𝑔,↓
𝑚 )/ℎ as a function of the

magnetic field strength along the crystal axis. We
show the significant difference between the cases (a)
sign(𝑎𝑧𝑔) = sign(𝑎𝑧𝑒) and (b) sign(𝑎𝑧𝑔) = − sign(𝑎𝑧𝑒)
for the driving frequencies. For drives correspond-
ing to the correct frequencies, the protocol works in
either case. The color shade gives the relative reso-
nant driving strength ⟨𝑒, ↑,𝑚 + 1|𝐻𝑑|𝑔, ↓,𝑚⟩ /𝜖ℰ(𝑡).
The jumps in the frequencies correspond to avoided
crossings in the excited state and ground state man-
ifolds where the states associated with the main
nuclear and pseudospin components change.

Assuming 𝑎𝑧𝑔𝑎𝑧𝑒 > 0, there are 15 different
optical transitions (for V where 𝐼 = 7/2)
that need to be driven in order to fully
polarize the nuclear spin1. Such a complex
excitation spectrum, containing 15 differ-
ent laser frequencies, can be produced by
direct, external, or combined modulation
of a laser diode [284–286]. We note, how-
ever, that in this worst case scenario the
spin polarization can also be achieved by
driving the system with only two excita-
tion frequencies at any one time: Once a
pair of hyperfine states has been depleted,
the driving frequencies can be shifted to
the next step in the polarization ladder,
since the leakage by decay across two nu-
clear states is expected to be negligible.
For increased fidelity, an excitation with
four drives can be employed.
Inhomogeneous broadening might appear to be deleterious for such a scheme since the hyperfine

transitions cannot be addressed individually. While vanadium in SiC presents a very stable mean
frequency, spectral diffusion leads to a single-transition line width of order 400MHz [56]. In fact,
this setting somewhat simplifies the polarization task since, for sufficiently large bias fields, the
repump and polarization transitions are spectrally separated from the spin conserving transition,
while the remaining undesired transitions are suppressed by the choice of laser polarization [see
Eq. (5.10) and App. 5.B]. Given that the spectral span of the transitions is ∼ 1.6GHz, it will
therefore be sufficient to apply four laser frequencies to address all desired transitions in one
branch, or to sweep the repump and polarization laser frequencies at a rate slower than the
expected nuclear spin transfer.

1 This paragraph is the product of the collaboration of the author with M. Trupke.
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In this context, we highlight that the only possible unwanted transitions accessible with “−”
polarization between the GS and ES are pseudospin conserving, i.e. coupling the pseudospin
manifolds ↑⇔↑ (∝ 𝜖) and ↓⇔↓ (∝ ̃𝜖𝑎𝑥𝑔 and ∝ 𝜖𝑎𝑥𝑔𝑎𝑥𝑒 ). The combination of the spin-orbit mixing
and both hyperfine mixings only leads to a correction of the amplitude of the polarizing transition
from |𝑔, ↓,𝑚⟩ ⇔ |𝑒, ↑,𝑚 + 1⟩ (∝ ̃𝜖𝑎𝑥𝑔𝑎𝑥𝑒 ). Most of these transitions do not drive away from
the final state (discussed later) and therefore at most lead to a slow-down. The problematic
transition is |𝑔, ↓, 𝐼⟩ ⇔ |𝑒, ↑, 𝐼⟩ which can interfere with the final state. But as it is only allowed
due to the combination of spin-orbit and hyperfine mixing (or the combination of the GS and ES
hyperfine mixing), it is inefficient compared to the competing drive |𝑔, ↑, 𝐼⟩ ⇔ |𝑒, ↓, 𝐼⟩ which is
independently allowed due to the hyperfine mixing and spin-orbit mixing.
We model the dynamics imposed by the drive in combination with the decay of the ES using a

Lindblad master equation

̇𝜌 = 𝑖
ℏ
[𝜌,𝐻] +∑

𝑙
Γ𝑙 (𝜎𝑙𝜌𝜎

†
𝑙 −

1
2
{𝜎†

𝑙 𝜎𝑙, 𝜌}) , (5.11)

with the anticommutator {𝐴,𝐵} = 𝐴𝐵 + 𝐵𝐴 where we describe the optical decay with the
dissipators 𝜎op

↑/↓ = |𝑔, ↑ / ↓⟩ ⟨𝑒, ↑ / ↓| both at a rate Γtot = 1/𝜏. Moreover, it is possible to take
additional dissipation channels into account, such as the pseudospin relaxation 𝜎rel = |𝑔, ↓⟩ ⟨𝑔, ↑|
with rate 1/𝑇1 and decoherence 𝜎ph = |𝑔, ↑⟩ ⟨𝑔, ↑| with rate 1/𝑇2. The Hamiltonian 𝐻 = 𝐻0+𝐻𝑑

consists of the static part 𝐻0 = ⨁𝛾 𝐻𝛾 made up by the KD Hamiltonians, as well as the driving
Hamiltonian 𝐻𝑑 [see Eq. (5.10) for the relevant part].
Before discussing the precise dynamics we discuss a simplified model using an effective Hamil-

tonian treating the hyperfine interaction as a perturbation using a first order Schrieffer-Wolff
transformation [235] as well as adiabatically eliminating the dynamics of the ES [236]. The
details and derivation are given in App. 5.B. The leading order rates between states are

Γ↑,𝑚→↓,𝑚 = 1
𝑇1

+ Γtot∣∑
𝑓

ℰ𝑓𝑒−𝑖𝜔𝑓𝑡[ ̃𝜖 − 𝜖𝑎𝑥𝑒𝑚/(2𝑔𝑧𝑒𝜇𝐵𝐵)
𝐸𝑒,↓

𝑚
′
−𝐸𝑔,↑

𝑚
′
− 𝜔𝑓 −

𝑖Γtot
2

− 𝜖𝑎𝑥𝑒𝑚/(2𝑔𝑧𝑒𝜇𝐵𝐵)
𝐸𝑒,↑

𝑚
′
−𝐸𝑔,↑

𝑚
′
− 𝜔𝑓 −

𝑖Γtot
2

]∣
2

, (5.12)

Γ↓,𝑚→↑,𝑚+1 =Γtot (
𝜖𝑎𝑥𝑔

2𝑔𝑧𝑔𝜇𝐵𝐵
)

2

[𝐼(𝐼 + 1) −𝑚(𝑚+ 1)] ∣∑
𝑓

ℰ𝑓𝑒−𝑖𝜔𝑓𝑡

𝐸𝑒,↑
𝑚+1

′
−𝐸𝑔,↓

𝑚
′
− 𝜔𝑓 −

𝑖Γtot
2

∣
2

, (5.13)

and the rate that needs to be suppressed for efficient nuclear-spin polarization is

Γ↑,𝑚→↓,𝑚−1 =Γtot (
𝜖𝑎𝑥𝑔

2𝑔𝑧𝑔𝜇𝐵𝐵
)

2

[𝐼(𝐼 + 1) −𝑚(𝑚− 1)] ∣∑
𝑓

ℰ𝑓𝑒−𝑖𝜔𝑓𝑡

𝐸𝑒,↑
𝑚

′
−𝐸𝑔,↑

𝑚
′
− 𝜔𝑓 −

𝑖Γtot
2

∣
2

, (5.14)
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Figure 5.6: Time evolution of the level occupation probabilities during polarization pumping.
The states |Ψ⟩ = |𝑒/𝑔, 𝜎,𝑚⟩ are encoded in the line style, where blue and green (grey) shades
indicate the main nuclear spin component of ground (excited) states, the dashed (solid) lines
correspond to mainly pseudospin up (down) states, see legend of Fig. 5.3 for the ground state. For
the excited state (ES), darker shades correspond to smaller 𝑚, and the intermediate state is not
visibly occupied. The red line corresponds to the desired final state |𝑔, ↓, 𝐼⟩. The dotted red line
corresponds to the analytic approximation (see App. 5.B) according to the simplified rate model
[Eqs. (5.12) and (5.13)]. We only take the resonant parts of the rates into account, leading to
the effective repump and polarizing rate Γeff = 4Ω2

𝑟/Γtot. For the simulation we chose the drives
such that all wanted transitions (see Fig. 5.4) have a resonant Rabi frequency Ω𝑟 = 2𝜋 ⋅ 0.2MHz.
These Rabi frequencies ensure that the ES is not significantly populated (see inset) because they
are much smaller than the ES relaxation rate Γtot = 1/167ns. See App. 5.A for a discussion of
all used parameters.

where the 𝐸𝛾,𝜎
𝑚

′ are the eigenenergies up to second order in the hyperfine coupling. These rates
encode the second order processes given by the driving to the ES followed by a decay to the GS
as well as pseudospin relaxation with rate 1/𝑇1 relevant for weak repump drives. We stress that
tuning the driving frequencies 𝜔𝑓 to the desired spin flip transitions minimizes the detuning in
the denominator of the first two rates Eqs. (5.12) and (5.13), while leading to a denominator of
the order of the Zeeman splitting in Eq. (5.14), thus suppressing the last rate.
With this simplified model we can already understand a single cycle of the process (see Fig. 5.4)

in terms of the second order processes leading to the effective rates. An arbitrary nuclear state of
the pseudospin down GS multiplet |𝑔, ↓,𝑚 ≠ 𝐼⟩ is driven to the pseudospin flipped and nuclear
spin increased ES |𝑒, ↑,𝑚 + 1⟩ (see Fig. 5.5 for the frequencies of this transition as a function
of the magnetic field) and subsequently decays to |𝑔, ↑,𝑚 + 1⟩. Because the lifetime 𝑇1 of the
pseudospin is much longer than 𝜏 ≪ 𝑇1 the repump drive is used to transfer |𝑔, ↑,𝑚 + 1⟩ back to
the ↓ manifold conserving the nuclear spin via the pseudospin flipped state |𝑒, ↓,𝑚⟩ of the ES.
In the most likely case after this the state is |𝑔, ↓,𝑚 + 1⟩. Repeating the cycles (i.e. letting the
system evolve long enough) therefore drives the overall state to the final state |𝑔, ↓, 𝐼⟩.
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In addition to the simplified model, we implemented the proposed protocol in the Julia
programming language and numerically solved the dynamics of the density matrix [287]. For the
numerical implementation we did not only use the leading order of the driving but kept all terms
oscillating slower than 2GHz.
Additionally, we included the intermediate KD |1, Γ5/6, 𝜎⟩, and the lifetime, thermal excitation,

as well as decoherence of the pseudospin. If the lifetime of the intermediate state (IS) is much
larger than 𝜏 it can slow down the process. This can be avoided with a repump excitation that
drives back to the ES down state (|1, Γ5/6, 𝜎⟩ → |𝑒, ↓⟩). On the other hand if either the decay
rate to the IS is negligible or the lifetime of the IS shorter than of the ES 𝜏, it can speed up the
polarization process by introducing an additional nuclear spin conserving decay channel.
Using the Kubo-Martin-Schwinger condition for the coupling to a heat bath [208], we can

use the detailed balance to obtain Γ𝑔,↓→𝑔,↑ = 𝑒−𝑔𝑧𝑔𝜇𝐵𝐵/𝑘𝐵𝑇/𝑇1 ≈ 0.3/𝑇1 for 𝑇 = 100mK and
𝐵 = 100mT and using the Boltzmann constant 𝑘𝐵. These cryogenic temperatures are used in
current experimental setups and are most likely necessary in potential applications for quantum
technology. We did not take into account thermal excitations between KDs, because the large
spin-orbit and crystal splitting protect against thermal excitations to higher energy KDs. We
expect that the pseudospin lifetime (already measured for Mo [59] and also expected for V [57])
is much larger at low temperatures compared to the one used in the simulation. Therefore, the
lifetime becomes even less relevant compared to the fast dynamics due to the short ES lifetime.
We plot the resulting state occupation probabilities of the eigenstates of the static Hamiltonian

at 100mT as a function of time in Fig. 5.6 (see App. 5.A for the remaining parameters). The
additional effects we consider in the simulation are discussed in the following.
After 100 𝜇s the fidelity of the final state ⟨𝑔, ↓, 𝐼|𝜌(100 𝜇s)|𝑔, ↓, 𝐼⟩ > 0.999. We also note that a

control field with different amplitudes of the different fields can achieve faster dynamics while
still ensuring charge stability of the defect, because the matrix elements differ for each of the
resonant transitions. Finally, the inset of Fig. 5.6 shows that the ES does not have significant
occupation.
Numerical simulations show that although the approximations necessary to derive the rates

Eqs. (5.12)–(5.14) break down close to the avoided crossing (in our case at 28mT, see Fig. 5.3),
the polarization protocol still works. To use the electronic ZEFOZ transition in this case, nuclear
magnetic resonance control can be used to transfer the population of the final state |𝑔, ↓, 𝐼⟩ to
one of the levels involved in the qubit, i.e |𝑔, ↑, 𝐼⟩ , |𝑔, ↓, 𝐼 − 1⟩.

Protocol Engineering
While the outlined all optical protocol relies on the availability of circular polarization as well
as an optical line width sufficiently narrow to resolve pseudospin transitions, similar protocols
using microwaves can be favorable depending on the technical constraints. For example, if the
optical line width is too broad to resolve the pseudospin transitions, using “−” polarization to
mainly drive the pseudospin conserving transition 𝑔, ↑⇔ 𝑒, ↑ (for adequate bias magnetic field) is
still possible. In combination with a microwave with parallel polarization between the states
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|𝑔, ↓,𝑚⟩ ⇔ |𝑔, ↑,𝑚 + 1⟩ for 𝑚 = −𝐼,… , 𝐼 −1 analogous to Eq. (5.9), the hyperfine allowed decay
|𝑒, ↑,𝑚 + 1⟩ ⇒ |𝑔, ↓,𝑚 + 1⟩ then leads to the same final state |𝑔, ↓, 𝐼⟩. We expect this process to
be slower than the outlined protocol as it relies on a decay process that is only allowed due to
the hyperfine interaction, and has competing rates from the ES.
For a protocol that is less reliant upon circular polarization, the same microwave drives

are employed but now combined with an optical drive that is pseudospin flipping between
|𝑔, ↑,𝑚⟩ ⇔ |𝑒, ↓,𝑚⟩ (the repump drive of the optical protocol), like the all optical protocol this
requires an optical line width that resolves the pseudospins. This protocol also results in the
same final state |𝑔, ↓, 𝐼⟩.
The different available protocols highlight the prospect of engineering the protocols for these

defects; setting this work apart from studies that only investigated resolved polarization schemes,
such as for erbium [274, 275].

Polarization Measurement
We now briefly outline a measurement protocol to confirm the nuclear polarization2. The
strongest optical transitions are pseudospin conserving ones and we expect the same to hold
for the corresponding ES to GS decay at sufficiently high magnetic fields, as was confirmed
in recent experiments [57]. We therefore expect that the pseudospin state can be read out
using a cycling transition, used in many platforms for readout [288–292] between the ES and
GS, for example to read out the ↓ pseudospin a “+” polarized drive would be used. However,
even at moderate magnetic fields, the frequencies of these transitions are closely spaced or even
overlapping for different hyperfine ground states. The spectral separation between electron
spin-conserving transitions increases monotonically for bias field strengths greater than ∼ 40mT,
by approximately 6GHz/T. Reading out the electron spin in this regime would then enable the
detection of hyperpolarization by performing a hyperfine-selective electron spin 𝜋−rotation, i.e. a
CNOT-like gate: A system that is initialized in one electronic state, but mixed across all nuclear
spin states therein, would at best present an average contrast of 12.5% for V, while the contrast
for a perfectly initialized system would increase eight-fold and approach unity.

5.5 Conclusions
Based on the current knowledge about TM defects in SiC we found promising qubit candidates
in the GS manifold, and developed the theory to engineer and quantitatively describe state
preparation protocols. Moreover, we derived selection rules for circular polarization and confirmed
the polarization-dependent selection rules by comparing the model to a recent experiment by
Cilibrizzi et al. [5]. We found that using the decay of an excited state in combination with
drives enables dissipative polarization of the nuclear spin. The main ingredients of our proposed
protocol are a polarizing transition, either a drive or a decay, enabled due to the different forms
of the hyperfine coupling of the KDs and a repump drive that is used to induce pseudospin flips

2 This section is the product of the collaboration of the author with M. Trupke.
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during the polarization process. We applied this to the particular configuration of 𝛼 V defects
in 4H-SiC using a purely optical protocol for the polarization. Due to the plethora of nuclear
states of these defects, nuclear spin polarization is essential for experimental implementations
and quantum technology applications.
Considering the different options for the in-detail implementation of the protocol and the fact

that it is not necessary to address all transitions at the same time but gradually sweeping two
drives is possible instead, we estimate that the polarization can be achieved in state-of-the-art
experiments. The sweep over drive frequencies can also be used to polarize a sub-ensemble of
multiple similar defects. For future research, it would be interesting to study the difference of the
initialization of single defects and ensembles as well as measure additional rates for the different
processes in these defects. We deem the domain of static magnetic field ∼ 100mT to resolve
the pseudospin transitions favorable. Experiments at temperatures ≲ 1K where detrimental
transitions to intermediate states and ES are suppressed and the 𝑇1 is enhanced ought to benefit
most from the ZEFOZ transitions. A detail missing from the model used in this (and the
previous) chapter(s) is the interaction with crystal strain; we will examine this interaction in the
next chapter, where we will also address the impact of strain on state preparation, readout, and
quantum gates.
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Appendix

5.A Model Parameters
In this article we use parameters according to estimates suited to describe the Vanadium 𝛼 defect
in 4H-SiC. Other defects with the same electronic configuration can be treated analogously but
the parameters will vary. These parameter values are based on fits [2] to experimental data [56] for
the GS as well as experimental data for the ES and 𝑇1 time [57]. The parameters of the individual
KDs can be found in Table 5.2 and the remaining relevant parameters are the spin-orbit splitting
of the ES KDs Δ2

so/ℎ = 181GHz, the nuclear gyromagnetic factor 𝜇𝑁𝑔𝑁/ℎ = −11.213MHz/T of
Vanadium, as well as the Bohr magneton 𝜇𝐵.
To model the dissipative processes we use the measured lifetime (inverted rates) of the ES

(2, Γ5/6) 𝜏 = 1/Γtot = 167ns [56]. Additionally, we use a conservative estimate a spin lifetime
𝑇1 = 500𝜇s, and coherence time 𝑇2 = 1𝜇s, that the spin-flipping decay from the ES to the GS
at a rate |Δ1

𝑠𝑜/(Δ𝑐𝑟𝜏)|, and to show that a decay over the |1, Γ5/6, 𝜎⟩ does not interfere with
the process the rates Γ𝑒→1,Γ5/6

= 2 (𝜇s)−1 and Γ1,Γ5/6→𝑔 = 10 (𝜇s)−1. As stated in the main text
we also consider the inverted rate Γ𝑔,↓→𝑔,↑ = 𝑒−𝑔𝑧𝑔𝜇𝐵𝐵/𝑘𝐵𝑇/𝑇1 ≈ 0.3/𝑇1 at 𝑇 = 100mK, with
𝐵 = 100mT, and using the Boltzmann constant 𝑘𝐵.
For the drive we used 𝜖 = 1debye [269] for all leading order transitions and estimate the

transition dipole elements ̃𝜖 ∼ 𝜖Δ1
so/Δcr ≈ 0.002𝜖 for purely spin-orbit mixing allowed transitions.

The electric field amplitudes are chosen such that all resonant Rabi frequencies are 2𝜋 ⋅ 0.2MHz;
this corresponds to field strength ℰ between 0.28V/mm and 7.16V/mm. This ensures that the
differences in the dipole elements (see Fig. 5.5) do not lead to unnecessary bottlenecks in the
protocol. In the simulation we neglect transition matrix elements with a frequency above the
cutoff frequency 2GHz in the rotating frame.

5.B Derivation of the Effective Driving Hamiltonian and Rates
The selection rules (see Fig. 5.1) imply that the transitions between the GS (1,Γ4) and ES (2,Γ5/6)
KDs can be driven with perpendicular polarization. Assuming a drive tuned to this transition
we can neglect the off-resonant terms that would drive between other KDs if the dipole element
fulfills |𝜖ℰ(𝑡)/min𝑖 |Δ𝑖

so|| ≪ 1. Furthermore, applying a rotating wave approximation to neglect
terms that oscillate with a frequency of about twice the transition frequency, yields the circular
polarization dependent driving Hamiltonian (5.10) 𝐻𝜎

𝑑 ≈ ℰ(𝑡)(𝜖 |𝑒,−𝜎⟩ + ̃𝜖 |𝑒, 𝜎⟩) ⟨𝑔,−𝜎| + h.c.
where 𝜎 = ± =↑, ↓ indicates the polarization as well as the pseudospin, thereby encoding the
selection rules, ℰ(𝑡) = ∑𝑓 ℰ𝑓𝑒−𝑖𝜔𝑓𝑡 is the time-dependent electric field amplitude in the rotat-
ing wave approximation for transitions from the GS to the ES resulting from circular drives
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KD 𝛾 𝐸𝛾/ℎ (GHz) 𝑔𝑧𝛾 𝑎𝑧𝛾/ℎ (MHz) 𝑎𝑥𝛾/ℎ (MHz)
1, Γ4 (𝑔) 0 1.748 -232 165
1, Γ5/6 529 (Δ1

so) 2.16 170 210
2, Γ5/6 (𝑒) 234432 (Δ𝑐𝑟) 2.18 ∓213 75

Table 5.2: Model parameters for the relevant KDs for the Vanadium 𝛼 defect in SiC. These
parameters are based on fits [2] to experimental data [56] for the GS and experimental results
[57] for the ES. We use 𝑎𝑧𝑒 < 0 everywhere apart from Fig. 5.5(a) where we use the opposite sign.

with amplitudes ℰ𝑓 and frequencies 𝜔𝑓, and 𝜖 ( ̃𝜖) the leading order (spin-orbit mixing allowed)
dipole matrix element of the transition. For simplicity instead of the analytic diagonaliza-
tion (5.3) and (5.4) we treat the hyperfine interaction as a perturbation compared to a large
Zeeman splitting, i.e. 𝐵 ≫ max𝛾 |

𝑎𝑥
𝛾

𝜇𝐵𝑔𝑧𝛾
| ≈ 6.7mT. For a more compact notation we use the

ladder operators 𝑆± = 𝑆𝑥 ± 𝑖𝑆𝑦 with 𝑆 ∈ 𝐼, 𝜎 in the following. Then we diagonalize the static
Hamiltonian using a first order Schrieffer-Wolff transformation [235]

𝑆𝑔 =
𝑎𝑥𝑔 (𝜎+

𝑔 𝐼+ − 𝜎−
𝑔 𝐼−)

4𝜇𝐵𝑔𝑧𝑔𝐵
, 𝑆𝑒 = 𝑖𝑎𝑥𝑒𝜎

𝑦
𝑒𝐼𝑧

2𝑔𝑧𝑒𝜇𝐵𝐵
, (5.15)

leading to the transformed static Hamiltonian (energies up to second in 𝑎𝑥𝛾)

𝐻′
𝑔 =𝐻𝑔|𝑎𝑥

𝑔=0 +
1
2
[𝑆𝑔,

𝑎𝑥𝑔
4
(𝜎+

𝑔 𝐼+ + 𝜎−
𝑔 𝐼−)]

=𝐸𝑔 + 𝑔𝑧𝑔𝜇𝐵𝐵𝜎𝑧
𝑔/2 + 𝑎𝑧𝑔𝜎𝑧

𝑔𝐼𝑧/2 + 𝜇𝑁𝑔𝑁𝐼𝑧𝐵 + [𝑎𝑥𝑔2/(4𝑔𝑧𝑔𝜇𝐵𝐵)]𝜎𝑧
𝑔[𝐼(𝐼 + 1) − 𝐼2𝑧 ], (5.16)

𝐻′
𝑒 =𝐻𝑒|𝑎𝑥

𝑒=0 +
1
2
[𝑆𝑒,

𝑎𝑥𝑒
2
𝜎𝑥
𝑒 𝐼𝑧]

=𝐸𝑒 + 𝑔𝑧𝑒𝜇𝐵𝐵𝜎𝑧
𝑒/2 + 𝑎𝑧𝑒𝜎𝑧

𝑒𝐼𝑧/2 + 𝜇𝑁𝑔𝑁𝐼𝑧𝐵 + 𝑎𝑥𝑒 2

4𝑔𝑧𝑒𝜇𝐵𝐵
𝜎𝑧
𝑒𝐼2𝑧 , (5.17)

and the transformed driving Hamiltonian for a single polarization 𝜎

𝐻𝜎′

𝑑 ≈ℰ(𝑡)((𝜖 |𝑒,−𝜎⟩ + ̃𝜖 |𝑒, 𝜎⟩) ⟨𝑔,−𝜎| + [𝑆𝑔 + 𝑆𝑒, (𝜖 |𝑒,−𝜎⟩ + ̃𝜖 |𝑒, 𝜎⟩) ⟨𝑔,−𝜎|]) + h.c. (5.18)

=ℰ(𝑡)[(𝜖 + −𝜎 ̃𝜖𝑎𝑥𝑒
2𝑔𝑧𝑒𝜇𝐵𝐵

𝐼𝑧) |𝑒,−𝜎⟩ ⟨𝑔,−𝜎| + ( ̃𝜖 + 𝜎𝜖𝑎𝑥𝑒
2𝑔𝑧𝑒𝜇𝐵𝐵

𝐼𝑧) |𝑒, 𝜎⟩ ⟨𝑔,−𝜎|

+
𝜎𝑎𝑥𝑔

2𝜇𝐵𝑔𝑧𝑔𝐵
𝐼−𝜎(𝜖 |𝑒,−𝜎⟩ + ̃𝜖 |𝑒, 𝜎⟩) ⟨𝑔, 𝜎| ] + h.c.. (5.19)

In the following, we consider driving only with 𝜎 = − polarization, two sets of frequencies (one
for the polarization and one for repumping), and neglecting all decays apart from the very fast
relaxation from the ES to the GS. We use the theory from [236] to eliminate the ES dynamics
and derive effective dynamics of the GS. For each of the frequencies we have

𝐻𝑓
𝑑𝑒

𝑖𝜔𝑓𝑡/ℰ𝑓 =𝜖 |𝑒,+⟩ ⟨𝑔,+| + ( ̃𝜖 − 𝜖𝑎𝑥𝑒
2𝑔𝑧𝑒𝜇𝐵𝐵

𝐼𝑧) |𝑒,−⟩ ⟨𝑔,+| −
𝑎𝑥𝑔

2𝜇𝐵𝑔𝑧𝑔𝐵
𝐼+𝜖 |𝑒,+⟩ ⟨𝑔,−| , (5.20)
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the part of the driving Hamiltonian that drives from the GS to the ES. The parts can be
combined to the total driving Hamiltonian 𝐻𝑑 = ∑𝑓(𝐻

𝑓
𝑑 + h.c.). In combination with the

dissipator 𝐿 = √Γtot ∑𝜎 |𝑔, 𝜎⟩ ⟨𝑒, 𝜎| which is transformed with the Schrieffer-Wolff transformation
to 𝐿′ = √Γtot ∑𝜎 (|𝑔, 𝜎⟩ − 𝜎( 𝑎𝑥

𝑔
2𝜇𝐵𝑔𝑧𝑔𝐵

𝐼−𝜎 + 𝑎𝑥
𝑒

2𝑔𝑧𝑒𝜇𝐵𝐵𝐼𝑧) |𝑔,−𝜎⟩) ⟨𝑒, 𝜎|, we find the non-hermitian
Hamiltonian 𝐻NH = 𝐻′

𝑒 − 𝑖
2ℏ𝐿

†𝐿 where we neglected terms proportional to (𝜇𝐵𝑔𝑧𝛾𝐵)−2. Using
this diagonal matrix we can apply the method developed in Ref. [236] (see Sec. 2.3) and obtain

𝐻eff =𝐻′
𝑔 −

1
2
[∑

𝑓′

𝐻𝑓′

𝑑 (𝑡)+ ∑
𝑓,𝜎,𝑚

(𝐻NH −𝐸𝑔,𝜎
𝑚

′ − ℏ𝜔𝑓)
−1

𝐻𝑓
𝑑(𝑡) |𝑔, 𝜎,𝑚⟩ ⟨𝑔, 𝜎,𝑚| + h.c.] ,

(5.21)

𝐿eff =𝐿′ ∑
𝑓,(𝜎,𝑚)

(𝐻NH −𝐸𝑔,𝜎
𝑚

′ − ℏ𝜔𝑓)
−1

𝐻𝑓
𝑑(𝑡) |𝑔, 𝜎,𝑚⟩ ⟨𝑔, 𝜎,𝑚| , (5.22)

where 𝐸𝛾,𝜎
𝑚

′ are the diagonal entries of 𝐻′
𝛾.

In accordance with the former Schrieffer-Wolff transformation, we neglect terms that are
quadratic suppressed by the Zeeman splitting (either directly or in terms of a rotating wave
approximation). We additionally treat ̃𝜖 terms in the same way and neglect off-diagonal (w.r.t.
pseudospin of the KD) of this order, because they lead to higher order contributions. This yields
the simplified effective Hamiltonian

𝐻eff ≈ 𝐻′
𝑔 −∑

𝑚

1
2
∑
𝑓′,𝑓

[
ℰ𝑓′ℰ𝑓𝑒𝑖(𝜔𝑓′−𝜔𝑓)𝑡𝜖2

𝐸𝑒,↑
𝑚

′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

+ h.c.] |𝑔,+,𝑚⟩ ⟨𝑔,+,𝑚| , (5.23)

and the effective Lindblad operator

𝐿′
eff =√Γtot ∑

𝑓,𝑚
ℰ𝑓𝑒−𝑖𝜔𝑓𝑡{ 𝜖

𝐸𝑒,↑
𝑚

′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

|𝑔, +,𝑚⟩ ⟨𝑔,+,𝑚|

−
𝑎𝑥𝑔√𝐼(𝐼 + 1) −𝑚(𝑚− 1)

2𝜇𝐵𝑔𝑧𝑔𝐵
𝜖

𝐸𝑒,↑
𝑚

′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

|𝑔, −,𝑚 − 1⟩ ⟨𝑔,+,𝑚|

+ [ ̃𝜖 − 𝜖𝑎𝑥𝑒𝑚/(2𝑔𝑧𝑒𝜇𝐵𝐵)
𝐸𝑒,↓

𝑚
′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

− 𝜖𝑎𝑥𝑒𝑚/(2𝑔𝑧𝑒𝜇𝐵𝐵)
𝐸𝑒,↑

𝑚
′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

] |𝑔,−,𝑚⟩ ⟨𝑔,+,𝑚|

−
𝜖𝑎𝑥

𝑔
2𝜇𝐵𝑔𝑧𝑔𝐵

√𝐼(𝐼 + 1) −𝑚(𝑚+ 1)

𝐸𝑒,↑
𝑚+1

′
−𝐸𝑔,↓

𝑚
′
− ℏ𝜔𝑓 −

𝑖ℏΓtot
2

|𝑔, +,𝑚 + 1⟩ ⟨𝑔,−,𝑚|}. (5.24)

The first term leads to a decoherence of the ES that is irrelevant for our protocol. Because our
protocol drives the spin flipping transitions, and the depolarizing term in the second line stems
from the (off-resonant) spin-conserving excitation, it is naturally suppressed in comparison to the
terms in the last two terms that lead to the polarization. This suppression is effective because
the detuning 𝐸𝑒,↑

𝑚
′
−𝐸𝑔,↑

𝑚
′
− ℏ𝜔𝑓 is of the same order as the Zeeman splitting, and therefore this

term is much smaller than the last two terms, where the detuning is small (or zero).
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This means in the leading order we have the time-dependent transition rates shown in
Eqs. (5.12)–(5.14). Here we see that in the ideal case every term of the sum in the rate (5.14) is
suppressed by the Zeeman splitting to the power of four. We furthermore re-included the inverse
lifetime to Eq. (5.12) to highlight that the finite lifetime of the states does not work against our
protocol but can enhance its performance for weak repump drives.
For appropriate drives we can neglect the unwanted terms in Eq. (5.24) and use that the effective

Hamiltonian (5.23) is diagonal. If we additionally neglect all terms oscillating with a frequency
bigger than the electronic Zeeman splitting and assume the initial state is diagonal (in the basis
of 𝐻′

𝛾) and has its occupation (approximately) only in the GS, e.g., thermal states with cryogenic
temperatures. The dynamics of the reduced density matrix ̇̃𝜌 = 𝑖

ℏ [ ̃𝜌,𝐻eff]+𝐿eff ̃𝜌𝐿†
eff−

1
2{𝐿

†
eff𝐿eff, ̃𝜌}

simplify to the dynamics of the diagonal entries

̇̃𝜌↑,𝑚 = −Γ↑,𝑚→↓,𝑚𝜌↑,𝑚 + Γ↓,𝑚−1→↑,𝑚𝜌↓,𝑚−1, (5.25)
̇̃𝜌↓,𝑚 = −Γ↓,𝑚→↑,𝑚+1𝜌↓,𝑚 + Γ↑,𝑚→↓,𝑚𝜌↑,𝑚. (5.26)

If the electric field amplitudes are chosen such that the resonant Rabi frequencies are all equal Ω𝑟

we can approximate all rates with Γeff = 4Ω2
𝑟/Γtot. Additionally, assuming that the population

of all levels of the GS KD are equal, the analytic solution of the rate Eqs. (5.25) and (5.26) can
be used to very compactly write the solution for the occupation of the final state (for the nuclear
spin 𝐼 = 7/2 of vanadium)

̃𝜌↓,𝐼 ≈ 1 − 𝑒−Γeff𝑡

16

14
∑
𝑘=0

15 − 𝑘
𝑘!

Γ𝑘
eff𝑡𝑘. (5.27)

We emphasize that while these rates and the solution of the system are suited to estimate the
timescale of the dynamics and to explain the final state, in order to describe the full dynamics,
a description involving the full time evolution is better suited as it is numerically feasible and
contains several aspects neglected here for simplicity.
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6
Strain Engineering for Transition Metal

Defects in Silicon Carbide

The following chapter contains results published as B. Tissot, P. Udvarhelyi,
A. Gali, and G. Burkard, “Strain engineering for transition-metal defects in
SiC”, Phys. Rev. B 109, 054111 (2024) (Ref. [6]) with minor modifications.

In particular, wording and notation were adapted for consistency throughout
the thesis. The results and paragraphs on the density functional theory were

mainly contributed by P. Udvarhelyi but are reproduced here to keep the
chapter self contained. Specifically the first two paragraphs of Sec. 6.3.1 and
the pertaining App. 6.A are attributed to P. Udvarhelyi. To avoid duplication

we omit appendices of Ref. [6] superseded by Chs. 2–5.

6.1 Introduction
The focus of the preceding Chs. 3–5 (published as Refs. [1–3]), previous experiments [5, 56, 57,
59, 60, 166], and other theoretical work [167, 269] for TM defects in SiC was on unstrained
defects, however, the knowledge on the external perturbations affecting the magneto-optical
properties of the quantum defects is a key ingredient in their applications [293–296]. Note that in
the experiment by Cilibrizzi et al. [5] small frequency shifts of the crystal field splitting between
different regions of the probes were attributed to strain.
Furthermore, strain can be used passively, e.g. to reduce the dispersive readout time in silicon

vacancy centers in diamond [297] and to engineer the electronic structure [298] and 𝑔-tensor [299],
or actively to drive spin transitions in nitrogen vacancy (NV) centers [293] as well as to create
hybrid quantum systems by coupling a mechanical oscillator to defects [300, 301].
Motivated by these prospects, in this work we aim to generalize the effective Hamiltonian to

describe transition metal defects in silicon carbide under strain. To this end, we build on top of
the preceding group-theory based results in Chs. 3–5 (Refs. [1–3]), which were in good agreement
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6.2 Strain Engineering for Transition Metal Defects in Silicon Carbide

with previous ab-initio calculations [167] and experimental findings [5, 56, 57, 59]. Additionally,
we use density functional theory (DFT) calculations to estimate the strain coupling strength
for the commonly used vanadium defect in the 𝑘 site of 4H-SiC1. We show how strain in these
samples can be used to engineer the optical transition frequency, the 𝑔-tensor, transition rules as
well as the form of the hyperfine interaction. Based on this, we discuss state preparation and
readout as well as microwave control in strained samples.
This chapter is organized as follows. We begin by introducing the physical model for the V

defect in SiC in Sec. 6.2, including its effective Hamiltonian. Using this model, we combine and
compare the effective Hamiltonian and ab initio calculations in Sec. 6.3.1. Based on these results,
we then show the possibility to engineer the 𝑔-tensor (Sec. 6.3.2), selection rules (Sec. 6.3.3),
and how these can be combined to create a lambda system for pseudospin state preparation
(Sec. 6.3.4). In Sec. 6.3.5, we discuss the influence of strain on the hyperfine interaction and
how this influences the possibility to initialize the nuclear spin. We summarize our findings and
present our conclusions in Sec. 6.4.

6.2 Model
6.2.1 Defect Structure
The defect energy levels, sketched in Fig. 6.1, can be described by a single electron in an orbital
resembling the original atomic 𝑑 orbital. The 2𝐷 levels are split by the crystal potential into
two orbital doublets 2𝐸 and one orbital singlet 2𝐴1. Due to the spin-orbit interaction and the
interaction with an external strain field, the orbital doublets are further split. This results in
a level structure made up by five Kramers doublets (KDs) which are pairs of states related to
each other by time inversion. We use a group theoretic model in the following to describe the
above interactions within an effective Hamiltonian where we additionally calculate selection rules
between the KDs, the hyperfine structure of the KDs, and the Zeeman term within each KD.
Therein, we calculate the orbital-strain interaction parameters not yet reported in the literature
using ab initio calculations and also use these to confirm predictions made by the effective
Hamiltonian.

6.2.2 Effective Hamiltonian
We generalize the effective Hamiltonian from Chs. 3–5 (Refs. [1–3]) to additionally include the
strain such that the full Hamiltonian is of the form

𝐻 = 𝐻TM + 𝑉cr +𝐻so +𝐻𝑧 +𝐻nuc +𝐻el +𝐻st, (6.1)

1 According to previous DFT results the 𝑘 site corresponds to the 𝛼 configuration of vanadium in 4H-SiC [167].

108



Model 6.2

2D

Vcr

2A1
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Hso +Hstrain
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∆2
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~ez

Hhf +Hz

Figure 6.1: Sketch of the level structure and atomic configuration at the defect site. (a)
Hierarchy leading to the strained electronic structure, where the largest splitting of the 𝐷-shell
levels occupied by a single electron is due to the crystal field (red arrow), leading to two orbital
doublets 𝐸 and one orbital singlet 𝐴1, with additional two-fold spin degeneracy. The doublets
are further split due to the combination of strain and spin-orbit interaction, resulting in the
leading-order splitting [see Eq. (6.15)] between the Kramers doublets (KDs). The KD originating
from the orbital singlet 𝐴1 is not further split. Zooming into one of the KDs, (b) reveals the
hyperfine structure and Zeeeman splitting. (c) Artistic illustration of the 𝐷 shell electronic
orbital of the defect (green and purple), electron spin (yellow), nuclear spin (dark red), and
nearest neighboring sites (white balls). The gray arrow indicates the crystal axis #—𝑒 𝑧.

where the form of the atomic Hamiltonian (𝐻TM), crystal potential 𝑉cr, spin-orbit interaction
𝐻so, and coupling to magnetic 𝐻𝑧 and electric fields 𝐻el are discussed in Ch. 3 (Ref. [1]). The
interaction with the central nuclear spin 𝐻nuc (of the TM) was derived and analyzed in Ch. 4
(Ref. [2]). We summarize the form of these terms below and additionally discuss the influence of
strain 𝐻st within this symmetry-based framework. We note that this approach can only work in
the domain where the strain can be viewed as a small perturbation compared to 𝐻TM + 𝑉cr. As
we show in the following, this restriction does not affect our conclusions, since significant strain
effects are demonstrated within this domain.
In the basis of (orbital) eigenstates |0⟩ , |±𝑛⟩ with 𝑛 = 1, 2 of 𝐻TM + 𝑉cr (introduced in

Ch. 3 published as Ref. [1]) and using the corresponding projections of degenerate subspaces
𝑃𝑛 = |+𝑛⟩ ⟨+𝑛| + |−𝑛⟩ ⟨−𝑛| and 𝑃3 = |0⟩ ⟨0|, we can write the combined atomic and crystal
Hamiltonian as

𝐻TM + 𝑉cr = ∑
𝑛=1,2,3

𝜖𝑛𝑃𝑛, (6.2)

where 𝜖𝑛 are the crystal energies. Here, 𝑛 = 1, 2, 3 labels the three orbital multiplets shown in
Fig. 6.1(a). In the following, we describe each part of the Hamiltonian 𝐻 by its contribution to
each of the nine blocks 𝑃𝑛𝐻𝑃𝑚 defined by the three orbital sectors (𝑛,𝑚 = 1, 2, 3).
Using the projection operators, we can express the different blocks of the spin-orbit interaction

as

𝑃𝑛𝐻so𝑃𝑚 =𝜆𝑧
𝑛𝑚𝑆𝑧𝜎𝑧 + 𝑖(𝑛 −𝑚)𝜆𝑥

𝑛𝑚(𝑆𝑥𝜎𝑦 + 𝑆𝑦𝜎𝑥), (6.3)

⟨0|𝐻so|±𝑛⟩ =𝜆𝑥
𝑛3(𝑆𝑥 ± 𝑖𝑆𝑦), ⟨0|𝐻so|0⟩ = 0, (6.4)
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where 𝑛,𝑚 = 1, 2, 𝜎𝑘 denote the Pauli matrices (here acting between the orbital states |±𝑛⟩),
and 𝑆𝑘 (𝑘 = 𝑥, 𝑦, 𝑧) the spin-1/2 operators of the electron in units of ℏ. The spin-orbit coupling
constants 𝜆𝑘

𝑛𝑚 are in units of energy with this convention. Note that we depart from the
generalized angular momentum operator notation of Ch. 3 here in order to simplify the discussion
of leading order strain effects.
Another relevant term is the electronic Zeeman interaction due to the spin and angular

momentum coupling to an external magnetic field. In the relevant subspaces, it is given by

𝑃𝑛𝐻𝑧𝑃𝑚 =𝑟𝑧𝑛𝑚𝐵𝑧𝜎𝑧 + 𝜇𝐵𝑔𝑠
#—𝐵 ⋅ #—𝑆𝛿𝑛𝑚 + 𝑖(𝑛 −𝑚)𝑟𝑥𝑛𝑚(𝐵𝑥𝜎𝑦 +𝐵𝑦𝜎𝑥), (6.5)

⟨0|𝐻𝑧 |±𝑛⟩ = 𝑟𝑥𝑛3(𝐵𝑥 ± 𝑖𝐵𝑦), ⟨0|𝐻𝑧 |0⟩ = 𝜇𝐵𝑔𝑠
#—𝐵 ⋅ #—𝑆, (6.6)

where we use the electron gyromagnetic ratio 𝑔𝑠 = 2, the Bohr magneton 𝜇𝐵, and the coupling
constants of the orbital Zeeman term 𝑟𝑘𝑛𝑚.
The nuclear Hamiltonian 𝐻nuc = 𝐻hf + 𝐻zn (for transition metal defects with non-zero

nuclear spin) is made up by the hyperfine interaction 𝐻hf and the nuclear Zeeman interaction
𝐻𝑧𝑛 = 𝜇𝑁𝑔𝑁

#—𝐵 ⋅ #—𝐼 with the nuclear spin operator #—𝐼 in units of ℏ, the nuclear magneton 𝜇𝑁, and
nuclear 𝑔-factor 𝑔𝑁. As the nuclear Zeeman term is proportional to the identity operator 𝟙 in
the electronic subspace, it can be straightforwardly incorporated. Following Ch. 4 (and thus
Ref. [2]) and accommodating to the notation employed in this chapter, the hyperfine interaction
projected onto the relevant subspaces is

𝑃𝑛𝐻hf𝑃𝑚 =𝑎𝑧𝑛𝑚𝑆𝑧𝐼𝑧 +
𝑎𝑧𝑛𝑚′

2
(𝑆+𝐼− + 𝑆−𝐼+) + 𝑎𝑧𝑛𝑚″𝐼𝑧𝜎𝑧 −

𝑎𝑥𝑛𝑚
2

[𝜎−𝑆+𝐼+ + 𝜎+𝑆−𝐼−]

+ 1
2
𝑎𝑥𝑛𝑚′ [𝑆𝑧 (𝜎+𝐼+ + 𝜎−𝐼−) + (𝑆+𝜎+ + 𝜎−𝑆−) 𝐼𝑧] +

𝑎𝑥𝑛𝑚″

2
(𝑛 −𝑚) (𝜎+𝐼+ − 𝜎−𝐼−) , (6.7)

⟨0|𝐻hf |±𝑛⟩ = 𝑎𝑥𝑛3
″𝐼± ± 𝑎𝑥𝑛3𝑆∓𝐼∓ ∓ 𝑎𝑥𝑛3

′ [𝑆𝑧𝐼± + 𝑆±𝐼𝑧] , (6.8)

⟨0|𝐻hf |0⟩ = 𝑎𝑧33𝑆𝑧𝐼𝑧 +
1
2
𝑎𝑧33

′ (𝑆+𝐼− + 𝑆−𝐼+) , (6.9)

where we use the ladder operators 𝑂± = 𝑂𝑥 ± 𝑖𝑂𝑦 with 𝑂 = 𝜎, 𝑆, 𝐼 as well as the set of hyperfine
coupling parameters 𝑎𝑘𝑛𝑚, 𝑎𝑘𝑛𝑚

′, and 𝑎𝑘𝑛𝑚
″.

The effect of an applied electric field can be described by

𝑃𝑛𝐻el𝑃𝑚 =ℰ𝑧
𝑛𝑚𝐸𝑧 𝟙+ℰ𝑥

𝑛𝑚(𝜎𝑥𝐸𝑥 − 𝜎𝑦𝐸𝑦), (6.10)

⟨0|𝐻el |±𝑛⟩ = ∓ ℰ𝑥
𝑛3(𝐸𝑥 ± 𝑖𝐸𝑦), ⟨0|𝐻el |0⟩ = ℰ𝑧

33𝐸𝑧, (6.11)

with the coupling strengths ℰ𝑘
𝑛𝑚.

Lastly, we turn to the strain Hamiltonian. In our model, we start with a product space of orbital
and spin components, such that we can incorporate the strain interaction within the orbital
subspace. Its competition with the spin-orbit interaction gives rise to a complex interplay within
the KDs. To describe it, we use the assignment of the different strain elements to irreducible
representations of 𝐶3𝑣 [293] which then couple to the corresponding orbital operator, 𝑖.𝑒. the
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strain components transforming like the basis {𝑥, 𝑦} of the irreducible representation 𝐸 couple
to operators of the form of 𝑥 and 𝑦, while the strain components transforming like the basis 𝑧 of
𝐴1 couple to operators of the form of 𝑧. With these considerations, the strain Hamiltonian

𝑃𝑛𝐻st𝑃𝑚 =𝜖𝑧𝑛𝑚 𝟙+(𝜎𝑥𝜖𝑥𝑛𝑚 − 𝜎𝑦𝜖
𝑦
𝑛𝑚), (6.12)

⟨0|𝐻st |±𝑛⟩ = ∓ (𝜖𝑥𝑛3 ± 𝑖𝜖𝑦𝑛3), ⟨0|𝐻st |0⟩ = 𝜖𝑧33, (6.13)

has a similar structure as the coupling to electric fields but potentially leads to a much larger
contribution. Here, we use the reduced components of the strain tensor, organized by symmetry,
𝜖𝑥𝑛𝑚 = 𝑠𝑥𝑛𝑚𝜖𝑥𝑧 + 𝑠𝑥𝑛𝑚′ 𝜖𝑦𝑦−𝜖𝑥𝑥

2 , 𝜖𝑦𝑛𝑚 = 𝑠𝑥𝑛𝑚𝜖𝑦𝑧 + 𝑠𝑥𝑛𝑚′𝜖𝑥𝑦, and 𝜖𝑧𝑛𝑚 = 𝑠𝑧𝑛𝑚𝜖𝑧𝑧 + 𝑠𝑧𝑛𝑚′ 𝜖𝑥𝑥+𝜖𝑦𝑦
2 . In

contrast to the coupling to electric (and magnetic) fields, the tensorial form of the strain manifests
itself in the presence of multiple strain elements pertaining to the same irreducible representation.
These elements can also have different coupling constants 𝑠𝑘𝑛𝑚 and 𝑠𝑘𝑛𝑚

′ leading to more degrees
of freedom than a coupling to vectors.
For concreteness, we focus on the vanadium defect in the 𝑘 site of 4H-SiC in the following. We

use the already known combinations of parameters and we additionally estimate the magnitude of
the strain coupling constants using DFT calculations. Many relevant parameters without strain
can be found in the preceding Chs. 3–5 (Refs. [1–3]), including their values for other defects.

6.3 Results
In a first step, we investigate the electronic structure following from an externally applied, uniaxial,
and static strain. The remaining terms in the Hamiltonian will be discussed afterward, omitting
the discussion of static electric fields as they couple weakly to the defect compared to strain and
magnetic fields and the symmetry-based electric-field coupling Hamiltonian [Eqs. (6.10) and (6.11)]
is similar to the strain Hamiltonian [Eqs. (6.12) and (6.13)].
Referring to the absence of an external electromagnetic field as “zero field”, we define the

electronic zero-field Hamiltonian as 𝐻ezf = 𝐻TM + 𝑉cr +𝐻so +𝐻st. Projected onto one of the
doublets, the electronic zero-field Hamiltonian is

𝑃𝑛𝐻ezf𝑃𝑛 =(𝜖𝑛 + 𝜖𝑧𝑛𝑛) 𝟙+𝜆𝑧
𝑛𝑛𝑆𝑧𝜎𝑧 + (𝜎𝑥𝜖𝑥𝑛𝑛 − 𝜎𝑦𝜖

𝑦
𝑛𝑛), (6.14)

where we take the crystal field splitting to be the dominant contribution, i.e. |𝜖𝑛 − 𝜖𝑚| ≫ 𝜆𝑘
𝑗𝑙, 𝜖𝑘𝑗𝑙

with 𝑛 ≠ 𝑚, 𝑛,𝑚, 𝑗, 𝑙 = 1, 2, 3, and 𝑘 = 𝑥, 𝑦, 𝑧. Furthermore, we investigate the domain where the
magnetic field is weak compared to the spin-orbit coupling, as is relevant for most experimental
and technological applications. Therefore, we begin by diagonalizing the Hamiltonian (6.14),
leading to the eigenvalues

𝐸𝑛,± = 𝜖𝑛 + 𝜖𝑧𝑛𝑛 ± 1
2
sign(𝜆𝑧

𝑛𝑛)Δ𝑛, (6.15)
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𝑛 𝑘 𝑠𝑘𝑛𝑛 (ℎTHz/strain) 𝑠𝑘𝑛𝑛
′ (ℎTHz/strain)

1 𝑥 251 ± 1 230 ± 3
2 𝑥 −138 ± 6 −204 ± 3
2 𝑧 459 ± 24 305 ± 19

Table 6.1: Calculated strain-orbital coupling coefficients extracted from the linear perturbation
model of the orbital level splitting and ZPL energies from DFT. We average the coupling of
elements pertaining to the same irreducible representation as they are predicted to be the same
by the Wigner-Eckart theorem and agree within numerical accuracy between the original DFT
results, see Tab. 6.2. The signs are assigned according to App. 6.B. For the effective Hamiltonian
we choose to use 𝑠𝑧11 = 𝑠𝑧11

′ = 0 and assign the slope of the energy difference from the DFT
calculations to 𝑠𝑧22 and 𝑠𝑧22

′.

with the combined spin-orbit and strain splitting Δ𝑛 = √(𝜆𝑧
𝑛𝑛)2 + 4(𝜖𝑥𝑛𝑛)2 + 4(𝜖𝑦𝑛𝑛)2. As it splits

the orbital doublet into two Kramers doublets (made up by two pseudospins) we refer to Δ𝑛 as
the orbital splitting. These energies are doubly degenerate in agreement with Kramers’ theorem,
as time-reversal symmetry is still preserved for this static Hamiltonian, despite the (potential)
spatial symmetry breaking due to strain. The corresponding eigenstates are

|𝑛,±, 𝜎⟩ = cos(𝜃𝑛/2) |±𝜎𝑛⟩ |𝜎⟩ ± sin(𝜃𝑛/2) exp(∓𝑖𝜎𝜑𝑛/2) |∓𝜎𝑛⟩ |𝜎⟩ , (6.16)

where 𝜎 =↑, ↓ denotes the spin and is also used as 𝜎 = ± to achieve a concise notation.
The 𝑥- and 𝑦-like components of the strain coupling compete with each other and with the
spin-orbit coupling, leading to the mixing angles tan(𝜃𝑛) = 2𝜖𝑥𝑛𝑛√1+ (𝜖𝑦𝑛𝑛/𝜖𝑥𝑛𝑛)2/𝜆𝑧

𝑛𝑛 and
tan(𝜑𝑛) = 𝜖𝑦𝑛𝑛/𝜖𝑥𝑛𝑛. Without strain, the 𝐶3𝑣 symmetry of the defect is intact, yielding the KDs
Γ4 and Γ5/6 for the |𝑛,−, 𝜎⟩ and |𝑛,+, 𝜎⟩ KDs, respectively.

6.3.1 Ab Initio Calculations
The defect structure shows C3v point symmetry owing to the axial crystal field of the 4H
polytype2. It introduces a double-degenerate 𝑒(1) orbital inside the band gap, occupied by a single
electron and two empty orbital levels (𝑒(2) and 𝑎1) which are localized inside the conduction
band in the 2𝐸 ground state electronic configuration. The lowest energy excitation promotes
the electron between the different 𝑒 levels, sinking the 𝑒(2) orbital inside the band gap. The
calculated ZPL energy of 0.91 eV is in reasonable agreement with experiments [56]. We note
that Jahn-Teller instabilities are suppressed in the calculations by a smeared occupation in the
𝑒 orbital subspace, describing a dynamically averaged system in the unperturbed solution and
strain perturbation is applied to this high-symmetry system.

2 The first two paragraphs of this section and the accompanying ab initio calculations were contributed by P. Ud-
varhelyi.
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First, we determine the 𝑠𝑘𝑛𝑚 orbital-strain coupling constants, without spin-orbit coupling
taken into account, in both the ground and first excited state of the defect. To this end, we apply
strain with a magnitude of up to 0.02 and fit a linear response for the orbital level splitting energy
and the ZPL energy in the case of 𝐸 and 𝐴1 strain components, respectively. The coupling
coefficients are extracted as the fitted slope. Within the margin of error (see App. 6.A) the
slope for strains transforming together agree and are predicted to have the same 𝑠𝑘𝑛𝑚 by the
effective Hamiltonian, such that we will use their average in the following3. The calculated values
are collected in Table 6.1 where we additionally assigned the signs based on the discussion in
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Figure 6.2: Ground-state orbital splitting Δ1 as a
function of strain 𝜖𝑦𝑦 − 𝜖𝑥𝑥 comparing the effective
Hamiltonian and DFT calculations. The blue line
(dots) shows the linear dependence of the orbital split-
ting in the absence of spin-orbit splitting obtained
from the effective Hamiltonian (from DFT). The pink
dashed line (squares) show the combined spin-orbit
and strain splitting from the effective Hamiltonian
(from DFT), following the prediction, Eq. (6.15). The
effective Hamiltonian uses the zero-strain spin-orbit
splitting (extracted from the DFT) and fitted 𝑠𝑥11

′ (see
Tab. 6.1).

App. 6.B.
To confirm the agreement between

the effective Hamiltonian and the ab
initio calculations as well as the ex-
trapolation of using the purely orbital
calculations to extract the strain cou-
pling constants 𝑠𝑘𝑛𝑚 we use these com-
bined with the spin-orbit splitting in
the absence of strain predicted by the
ab initio calculation given by about
𝜆𝑧
11/ℎ = 1112GHz to calculate the

ground state energy splitting and com-
pare them to simulations combining
strain and the spin-orbit interaction,
see Fig. 6.2. The spin-orbit splitting
calculated using DFT turns out to be
about twice the experimentally mea-
sured value of 529GHz [56] in agree-
ment with a Ham reduction factor of
about 0.6 [167].
For this reason, we will use the nu-

merically determined strain coupling constants but use experimentally determined parameters
from the literature where available. In particular, we compare the mixing angle as well as
the combined spin-orbit and strain splitting as functions of strain components transforming
according to 𝐸𝑥 of the ground state (GS) and excited state (ES) doublets in Fig. 6.3 using the
experimentally determined spin-orbit splittings 𝜆𝑧

11/ℎ = 529GHz and 𝜆𝑧
22/ℎ = −181GHz [56],

where we assigned the signs based on the level ordering (see Ch. 4 or Ref. [2]). Fig. 6.3 shows
that the splittings of the ES and GS diverge more for 𝜖𝑦𝑦 − 𝜖𝑥𝑥 strain than for 𝜖𝑥𝑧. The mixing

3 The comparison between the ab initio calculation and the effective Hamiltonian was jointly performed by P. Ud-
varhelyi and the author of this thesis.
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angle between the strain types is also different where it increases faster for 𝜖𝑥𝑧 strain and in
all cases approaches the asymptotic value of 𝜋/2 which corresponds to maximal mixing of the
unstrained KDs, see Eq. (6.16).
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Figure 6.3: Behavior of Kramers doublets pertain-
ing to the same orbital doublet under strain 𝜖 at zero
field. (a) Strain mixing angle 𝜃𝑛 [see Eq. (6.16)],
and (b) orbital energy splitting [see Eq. (6.15)] as
a function of different strain components 𝜖 (see leg-
end). The plots show an increase in both mixing
and splitting with increasing strain. The symmetric
Kramers doublets Γ4 and Γ5/6 are fully mixed for
highly strained samples. Furthermore, we note that
the mixing angle is antisymmetric, while the energy
splitting is symmetric when inverting the sign of the
strain. We use the coupling constants in Tab. 6.1 as
well as 𝜆𝑧

11/ℎ = 529GHz and 𝜆𝑧
22/ℎ = −181GHz.

The linear dependence of Eq. (6.15) on 𝑧-
type strain, i.e. 𝜖𝑧𝑧 and 𝜖𝑥𝑥+𝜖𝑦𝑦, combined
with the non-zero difference of the coupling
constants between the GS and ES from the
ab initio calculation (see Tab. 6.1) implies
that 𝑧-type strain can be used to tune the
optical transition frequency, i.e. the crys-
tal field splitting. This is possible while
keeping the selection rules intact as 𝑧-type
strain conserves the defect’s 𝐶3𝑣 symme-
try. Within the effective Hamiltonian we
choose to use 𝑠𝑧11 = 𝑠𝑧11

′ = 0 because the
overall energy shift can be set arbitrarily
and only the energy differences contained
in the effective Hamiltonian carry physi-
cal meaning. We assign the full difference
of the coupling of the ES and GS orbital
doublets extracted from the ab initio cal-
culation to the parameters 𝑠𝑧22 and 𝑠𝑧22

′.

6.3.2 Engineering the 𝑔-Tensor
Projecting onto the 𝑛 (= 1, 2), ± KD

(spanned by the states |𝑛,±, 𝜎⟩ with 𝜎 =↑, ↓) we calculate the leading-order Zeeman term

𝐻𝑧
𝑛,± = 𝜇𝐵𝑔𝑧𝑛,± ̃𝑆𝑧𝐵𝑧 + 𝜇𝐵𝑔𝑥𝑛,± (

̃𝑆𝑥
̃𝑆𝑦
)(

cos(𝜑𝑛) ± sin(𝜑𝑛)
∓ sin(𝜑𝑛) cos(𝜑𝑛)

)(
𝐵𝑥

𝐵𝑦
), (6.17)

with the effective 𝑔-factors 𝑔𝑧𝑛,± = 𝑔𝑠 ± 2𝑟𝑧𝑛𝑛 cos(𝜃𝑛) and 𝑔𝑥𝑛,± = ±𝑔𝑠 sin(𝜃𝑛), where ̃𝑆𝑘 is the
𝑘 = 𝑥, 𝑦, 𝑧 pseudospin (1/2) operator for the KD. From this expression, it is evident that using
𝑥, 𝑦 strain enables coupling to perpendicular magnetic fields such that quantum gates relying on
𝑆𝑥,𝑦 operators become possible using microwave drives. Furthermore, 𝑦-type strain leads to an
effective rotation of the spin in the 𝑥, 𝑦 plane regarding an external magnetic field.
As we previously showed in the absence of strain (in Ch. 3 or Ref. [1]), in the presence of strain the

𝑔-factors are also influenced by (combined) higher orders of the strain and spin-orbit interactions
between different orbital subspaces. We calculate the (second-order) correction using a Schrieffer-
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Wolf transformation treating 𝐻so +𝐻st as the perturbation. In App. 6.C, we show how to derive
the correction for 𝑔𝑧𝑛,± for purely 𝑥-type strain. These are in agreement with previous unstrained re-
sults.
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Figure 6.4: Parallel and perpendicular 𝑔-tensor ele-
ments as a function of the strain mixing angle 𝜃1 for
the ground state Kramers doublet. In the absence
of strain the perpendicular 𝑔-factor vanishes and
increases (decreases) for positive (negative) strain
mixing angles 𝜃1. The parallel 𝑔-factor only slightly
varies around the value of 2. Parameters used for
this plot are 𝑔𝑠 = 2 and 𝑟𝑧11 = 0.103.

Using the insights of the higher order, we
use 𝑟𝑧𝑛𝑛 = ∑𝑠=± |𝑔𝑠 − 𝑔𝑧,0𝑛,𝑠|/4 with the ex-
perimentally determined 𝑔𝑧,0𝑛,𝑠 at zero strain
of the same doublet 𝑛 and attribute the re-
maining individual deviation between 𝑔𝑧,0𝑛,𝑠

and 𝑔𝑧𝑛,𝑠 to a common deviation from 𝑔𝑠
due to the second-order term. With this
consideration and using the 𝑔-factors [2,
56, 57], we find 𝑟𝑧11 = 0.103 for vanadium
defects in the 𝑘 site in 4H-SiC (and the
second order correction is 0.046). Using
these parameters, we show the evolution
of the parallel and perpendicular 𝑔-factors
as a function of the strain mixing angle 𝜃1
for the ground-state KD in Fig. 6.4 where
we do not include the small second-order correction. This figure makes it readily visible that
as 𝑟𝑧11 ≪ 𝑔𝑠 the parallel 𝑔-factor changes little compared to the perpendicular 𝑔-factor. The
perpendicular 𝑔-factor 𝑔𝑥1,− varies between 0 in the absence of strain up to ±𝑔𝑠 = ±2 while the
parallel 𝑔-factor 𝑔𝑧1,− only shows a marginal deviation from 𝑔𝑠 = 2.

6.3.3 Engineering Optical Transitions
After discussing the interaction with magnetic fields which is essential to split the pseudospin
levels and for microwave control, we investigate the leading-order electric dipole transition
matrix elements in this subsection. These matrix elements are important to characterize the
interaction with optical fields. In the absence of strain all leading-order transitions conserve the
spin ⟨𝑛,±, 𝜎|𝐻el|𝑚,±,−𝜎⟩ = 0 and ⟨𝑛,±, 𝜎|𝐻el|3,−𝜎⟩ = 0, see Ch. 3 or Ref. [1]. For simplicity,
we focus on the transitions between the 1,− KD and the two 2,± KDs under the (leading-order)
influence of strain. To this end, we calculate

⟨2,+, 𝜎|𝐻el|1,−, 𝜎⟩ 𝜎𝑒−𝜎𝑖(𝜑1+𝜑2)/2 = ℰ𝑥
12 [(𝜎𝐸𝑥 + 𝑖𝐸𝑦)𝑒−𝜎𝑖(𝜑2+𝜑1)/2 cos(𝜃1

2
) cos(𝜃2

2
)

+(−𝜎𝐸𝑥 + 𝑖𝐸𝑦)𝑒𝜎𝑖(𝜑2+𝜑1)/2 sin(𝜃1
2
) sin(𝜃2

2
)]

+ 𝐸𝑧ℰ𝑧
12 [𝑒𝑖(𝜑2−𝜑1)/2 cos(𝜃1

2
) sin(𝜃2

2
) − 𝑒−𝑖(𝜑2−𝜑1)/2 cos(𝜃2

2
) sin(𝜃1

2
)] , (6.18)
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⟨2,−, 𝜎|𝐻el|1,−, 𝜎⟩ 𝑒𝜎𝑖(𝜑2−𝜑1)/2 = ℰ𝑥
12 [(−𝐸𝑥 − 𝜎𝑖𝐸𝑦)𝑒−𝜎𝑖(𝜑2+𝜑1)/2 cos(𝜃1

2
) sin(𝜃2

2
)

+(−𝐸𝑥 + 𝜎𝑖𝐸𝑦)𝑒𝜎𝑖(𝜑2+𝜑1)/2 sin(𝜃1
2
) cos(𝜃2

2
)]

+ 𝐸𝑧ℰ𝑧
12 [𝑒𝜎𝑖(𝜑2−𝜑1)/2 cos(𝜃1

2
) cos(𝜃2

2
) + 𝑒−𝜎𝑖(𝜑2−𝜑1)/2 sin(𝜃2

2
) sin(𝜃1

2
)] . (6.19)
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Figure 6.5: Electric dipole transition matrix el-
ements as a function of 𝑥-type strain for linear
polarized drives. The color (see legend) encodes
the target excited state |2,±, 𝜎⟩ that couples pseu-
dospin conserving to the ground state Kramers dou-
blet |1,−, 𝜎⟩. The rows (a,b), (c,d), and (e,f) show
the selection rules for 𝐸𝑥, 𝐸𝑦, and 𝐸𝑧, respectively.
The columns (a,c,e) and (b,d,f) correspond to the
two different 𝑥-type strains (𝜖𝑦𝑦 − 𝜖𝑥𝑥)/2 and 𝜖𝑥𝑧.
The pseudospin 𝜎 is encoded in the line style solid
(dashed) for ↑ (↓) but is not visible as the lines are
aligned. We use the same parameters as in Fig. 6.3.

Similar expressions can be analogously cal-
culated for other transitions. We show in
Fig. 6.5 how the electric dipole transition
matrix elements evolve as a function of the
𝑥-type strain elements 𝜖𝑥𝑧 and (𝜖𝑦𝑦−𝜖𝑥𝑥)/2.
This figure underlines that there are do-
mains where these types of strain enable
multiple simultaneous transitions and that
strain can significantly impact the selection
rules of the defect. The strongest change
of the selection rules visible in Fig. 6.5 is
the complete inversion of dipole coupling
strength to the GS via 𝐸𝑥 polarized fields
between the ES KDs under 𝑥 strain. Com-
bined with the influence on 𝐸𝑦 we con-
clude that the circular polarization selec-
tion rules in the absence of strain derived
in Ch. 5 (Ref. [3]) become linear polariza-
tion rules in suitably strained samples. For
example, in Fig. 6.5 it can be seen that the
transition |1,−, 𝜎⟩ ↔ |2,+, 𝜎⟩ becomes pri-
marily susceptible to 𝐸𝑦 in the presence
of strong strain. We can generalize this
by considering that for strong (positive)

strain 𝜃1, 𝜃2 ≈ 𝜋/2, such that we find

⟨2,+, 𝜎|𝐻el|1,−, 𝜎⟩ 𝜎𝑒−𝜎𝑖(𝜑1+𝜑2)/2 =

𝑖𝐸𝑧ℰ𝑧
12 sin(

𝜑2 − 𝜑1
2

) − 𝑖ℰ𝑥
12 [𝐸𝑥 sin(

𝜑2 + 𝜑1
2

) − 𝐸𝑦 cos(
𝜑2 + 𝜑1

2
)] . (6.20)

Figure 6.5 and the above expressions directly show that we can generate an orbital three-level
system in the 𝑉 configuration where one GS KD couples to two ES KDs in the presence of strain.
Considering the equivalent structure of the two doublets, we infer that an orbital lambda (Λ)
system can be created analogously.
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Because even in the presence of strain the leading-order transitions conserve the pseudospin,
the spin-conserving transitions to the ES are cyclic if the pseudospins inside the KDs are not
mixed. These cycling transitions are used in many platforms for spin readout [288–292]. Since
the coupling to a magnetic field aligned with the crystal axis ( #—𝑒 𝑧) is diagonal [see Eq. (6.17)] the
pseudospins are pure for such a magnetic field. Therefore, the application of a static magnetic
field perfectly aligned with the crystal axis, splitting the spin levels without mixing them, enables
spin readout even in the presence of strain.

6.3.4 Pseudospin Polarization in a Highly Strained System
While one possible way to initialize a state is a projective measurement, another approach
established in a wide range of platforms is coherent population trapping [76, 81–83, 270–273].
This approach relies on a lambda Λ system, but in the case of the V defect in SiC, all the
leading order transitions conserve the pseudospin of the KDs. For this reason, different hyperfine
interactions of KDs [3], additional fields, or higher-order transition rules are needed to polarize
the electron spin. Higher orders can be investigated using a Schrieffer-Wolff transformation, but
are not discussed here for simplicity (see App. 6.C for the case with strain, or Ch. 3 adapted
from Ref. [1] for the case without strain).
Instead, we briefly outline how the combination of strain and a static magnetic field can be

used to set up an optical lambda system. In particular, we propose to combine 𝑥 type strain
leading to 𝜃1 ≠ 0 and a magnetic field in the 𝑥𝑧 plane (with non-vanishing 𝑥, 𝑧 components).
In this case, the KD’s Zeeman terms [see Eq. (6.17)] are 𝐻𝑛,±,𝑧 = 𝜇𝐵𝑔𝑧𝑛,± ̃𝑆𝑧𝐵𝑧 + 𝜇𝐵𝑔𝑥𝑛,± ̃𝑆𝑥𝐵𝑥

which is diagonalized by the states

|𝑛,±, 𝜎̃⟩ = cos(𝜙𝑛,±/2) |𝑛,±, 𝜎⟩ + 𝜎 sin(𝜙𝑛,±/2) |𝑛,±,−𝜎⟩ , (6.21)

with the corresponding eigenvalues,

𝐸𝑧
𝑛,±,𝜎̃ = 𝜎𝜇𝐵𝑔𝑧𝑛,±𝐵𝑧√1+ (𝑔𝑥𝑛,±𝐵𝑥)2/(𝑔𝑧𝑛,±𝐵𝑧)2, (6.22)

and the angles 𝜙𝑛,± = arctan [𝑔𝑥𝑛,±𝐵𝑥/𝑔𝑧𝑛,±𝐵𝑧]. With this, an optical lambda system made up by
the two GS |1,−, 𝜎̃⟩ (𝜎 =↑, ↓) and one of the ES becomes feasible. As an example we calculate
the electric dipole matrix element between the GS and the ES |2,+, ̃↓⟩,

⟨1,−, 𝜎̃|𝐻el|2,+, ̃↓⟩ = [cos(𝜙1,−/2)𝛿𝜎,↓ + sin(𝜙1,−/2)𝛿𝜎,↑] cos(𝜙2,+/2) ⟨1,−, ↓ |𝐻el|2,+, ↓⟩

+ [sin(𝜙1,−/2)𝛿𝜎,↓ − cos(𝜙1,−/2)𝛿𝜎,↑] sin(𝜙2,+/2) ⟨1,−, ↑ |𝐻el|2,+, ↑⟩ , (6.23)

with the spin-conserving matrix elements according to Eq. (6.18). These selection rules also
imply that the corresponding decay processes becomes allowed. Combined, this enables the
preparation of a pseudospin state of the GS KD in the presence of strain.
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The readout of the qubit discussed in the previous section relied on cyclic transitions. To make
the transitions highly cyclic on demand after using the Λ system we can target 𝜙𝑛,± = 0 [see
Eqs. (6.21) and (6.23)]. This can be achieved either by switching the perpendicular component
of the magnetic field on and off (e.g., by changing the relative alignment of the magnetic field) or
by modulating the perpendicular 𝑔-tensor component via the strain [298, 300, 301] (see Fig. 6.4).
Note that the adiabatic modulation can be sped up by shortcut to adiabadicity approaches like
counter adiabatic driving [302–304].

6.3.5 Hyperfine Interaction in Strained Kramers Doublets
After the detailed discussion of the interplay of the electronic structure of TM defects in SiC
with strain, we now proceed to the hyperfine structure of the KDs in the presence of strain. The
Hamiltonian of the hyperfine interaction [Eqs. (6.7) and (6.8)] projected onto the strained KDs
[Eq. (6.16)] is

𝐻hf
𝑛,± = ̃𝑆𝑧 [𝑎𝑧𝑧𝑛,±𝐼𝑧 ±

𝑎𝑧𝑥𝑛,±
2

(𝑒𝑖𝜑𝑛𝐼− + 𝑒−𝑖𝜑𝑛𝐼+)]

+ 1
2
[𝑒−𝑖(1±1)𝜑𝑛 ̃𝑆− (𝑎𝑥𝑦𝑛,±𝐼− + 𝑎𝑥𝑥𝑛,±𝑒𝑖𝜑𝑛𝐼+ + 𝑎𝑥𝑧𝑛,±𝑒2𝑖𝜑𝑛𝐼𝑧) + h.c.] , (6.24)
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Figure 6.6: Hyperfine tensor elements of the ground
state Kramers doublet as functions of the strain mix-
ing angle 𝜃1. The different colors correspond to the
different hyperfine tensor elements (see legend). The
dashed lines correspond to the case where the orbital
hyperfine interaction dominates over the Fermi con-
tact and anisotropic hyperfine interaction and the
solid lines to the reverse. For most elements both
cases align but they significantly differ for 𝑎𝑥𝑥1,− and
𝑎𝑧𝑧1,−. We use the parameters 𝑎𝑥1,−/ℎ = −82.55MHz,
𝑎𝑥1,−

′/ℎ = 105MHz, 𝑎𝑧1,−/ℎ = 𝑎𝑧1,−
′/ℎ = 201MHz

(−31MHz) 𝑎𝑧1,−
″/ℎ = −15.5MHz (100.5MHz) for

the solid (dashed) lines.

with the hyperfine coupling constants
𝑎𝑧𝑧𝑛,± = 𝑎𝑧𝑛𝑛 ± 2𝑎𝑧𝑛𝑛″ cos(𝜃𝑛), 𝑎𝑧𝑥𝑛,± =
𝑎𝑥𝑛𝑛′ sin(𝜃𝑛), 𝑎𝑥𝑦𝑛,± = −𝑎𝑥𝑛𝑛[1 ∓ cos(𝜃𝑛)],
𝑎𝑥𝑧𝑛,± = 𝑎𝑥𝑛𝑛′[1 ± cos(𝜃𝑛)], and 𝑎𝑥𝑥𝑛,± =
±𝑎𝑧11

′ sin(𝜃𝑛). We extract the parameters
from the literature values (determined at
zero strain) [2, 3, 56, 57] using the fol-
lowing relations by comparing the pre-
dicted forms for 𝜃𝑛 = 0. The aver-
age (quarter of the difference) of 𝑎𝑧𝑧𝑛,± be-
tween the KDs ± pertaining to the same
doublet 𝑛 yields 𝑎𝑧𝑛𝑛 = (𝑎𝑧𝑧𝑛,+ + 𝑎𝑧𝑧𝑛,−)/2
[𝑎𝑧𝑛𝑛″ = (𝑎𝑧𝑧𝑛,+ − 𝑎𝑧𝑧𝑛,−)/4]. The compo-
nents 𝑎𝑥𝑛𝑛 and 𝑎𝑥𝑛𝑛′ are fully given by
−𝑎𝑥𝑦𝑛,−/2 and 𝑎𝑥𝑧𝑛,+/2, respectively. We
plot the coupling constants of the GS KD
|1,−, 𝜎⟩ as a function of the GS strain mix-
ing angle 𝜃1 in Fig. 6.6, where we assume
𝑎𝑧𝑛𝑛′ = 𝑎𝑧𝑛𝑛. Figure 6.6 shows that due to

the symmetry breaking, additional hyperfine elements become non-zero compared with the case
of intact symmetry (𝜃𝑛 = 0).
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While the magnitudes of the different components of the two GS KDs and the lower ES
KD are agreed upon within several works [2, 3, 56–58] and thereby enabled the independent
determination of the relative sign of the lowest ES and GS, see Sec. 5.3 and Ref. [5], the relative
sign between the KDs of the same doublet does not have this support. Therefore, we show in
Fig. 6.6 two possible configurations, one for opposite signs (here, 𝑎𝑧𝑧1,− < 0 < 𝑎𝑧𝑧1,+ for 𝜃1 = 0)
where the orbital hyperfine dominates the diagonal interaction and one for the same signs (here,
0 < 𝑎𝑧𝑧1,−, 𝑎𝑧𝑧1,+) where the anisotropic hyperfine and Fermi contact interaction are dominant. The
vastly different strain dependence of the 𝑧𝑧 strain coupling elements for the different signs shows
that by measuring this dependence (for example by using a strong, constant magnetic field) it
is possible to determine the relative signs of the hyperfine tensor of the GS KDs without using
direct transitions between those. This would then give us insight into whether the |𝑎𝑧𝑛𝑛| or |𝑎𝑧𝑛𝑛″|
is dominant, where the former stems from the anisotropic and Fermi contact terms and the
latter from the orbital angular momentum interacting with the nuclear spin. Therefore, such a
measurement would determine which of these interactions is prevalent.
In the previously proposed nuclear spin-polarization protocol, see Ch. 5 (Ref. [3]), unstrained

samples were considered. Fundamentally, the different forms of the hyperfine coupling between
the KDs were devised to a driven dissipative protocol to polarize the nuclear spin. In this protocol
spin-flipping transitions are driven in combination with spin-conserving decays leading to the
polarization of nuclear and electronic spin. We expect this protocol to be possible if the (𝑥, 𝑦)
strain is sufficiently small such that the GS are dominated by the hyperfine terms ∝ 𝑎𝑧𝑧1,−, 𝑎

𝑥𝑦
1,−

and the ES by the terms ∝ 𝑎𝑧𝑧2,+, 𝑎𝑥𝑧2,+. This can be estimated using the strain mixing angles 𝜃𝑛
for 𝑛 = 1, 2 [see Eq. (6.16)] and Figs. 6.3 and 6.6.
On the other hand, for highly (𝑥, 𝑦) strained samples, one has a non-negligible 𝜃𝑛. In this case,

one can apply a strong magnetic field along the crystal axis to suppress the hyperfine interaction
terms ∝ ̃𝑆−, ̃𝑆+. In this case, the quantization axis of the nuclear spin is tilted depending on the
KD. This is immediately visible by investigating a single pseudospin manifold

⟨𝑛,±, 𝜎|𝐻|𝑛,±, 𝜎⟩ ≈ 𝐸𝑛,±,𝜎 + (𝜇𝑁𝑔𝑁𝐵𝑧 +
𝜎
2
𝑎𝑧𝑧𝑛,±)𝐼𝑧 ±

𝜎
2
𝑎𝑧𝑥𝑛,±[cos(𝜑𝑛)𝐼𝑥 − sin(𝜑𝑛)𝐼𝑦], (6.25)

with the electronic energy 𝐸𝑛,±,𝜎 and where the magnetic field along 𝑧-direction suppresses the
off-diagonal terms mixing pseudospins. By first applying a rotation around the 𝑧-axis by the angle
−𝜑𝑛 and then a rotation around the 𝑦-axis with the angle ± arctan[(𝜎𝜇𝑁𝑔𝑁𝐵𝑧 +𝑎𝑧𝑧𝑛,±)/𝑎𝑧𝑥𝑛,±], we
diagonalize this manifold, yielding the diagonal hyperfine term in the rotated basis,

1
2
√(𝑎𝑧𝑥𝑛,±)2 + (2𝜇𝑁𝑔𝑁𝐵𝑧 + 𝜎𝑎𝑧𝑧𝑛,±)2𝐼𝑧. (6.26)

The rotations reflect that the nuclear spin experiences a strain, pseudospin, and KD dependent
principal axis tilt. Independent of the pseudospin, it is possible to drive a (pseudospin) conserving
transition to an ancillary state (AS) 𝑛,±, 𝜎 with a different principal axis tilt incrementally
increasing the nuclear-spin polarization. This enables nuclear polarization. For simplicity, we
will discuss an approach based on purely 𝑥-type strain, i.e. 𝜃𝑖 ≠ 0 and 𝜑𝑖 = 0. Transforming
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any KDs pseudospin 𝜎 manifold into the diagonal basis of the GS KDs down state (1,−, ↓), we
find that we need to replace 𝐼𝑧 → cos(Δ𝜑)𝐼𝑧 + sin(Δ𝜑)𝐼𝑥 in Eq. (6.26) with the relative axis
tilt angle Δ𝜑 = arctan[(−𝜇𝑁𝑔𝑁𝐵𝑧 + 𝑎𝑧𝑧1,−)/𝑎𝑧𝑥1,−] ± arctan[(𝜎𝜇𝑁𝑔𝑁𝐵𝑧 + 𝑎𝑧𝑧𝑛,±)/𝑎𝑧𝑥𝑛,±]. The relative
tilt angle Δ𝜑 formalizes that driving to the AS conserving the nuclear-spin state will lead to a
nuclear spin precession in the AS until the state decays back to the GS.
This interaction of the nuclear-spin eigenstates of the GS in the AS can be used to polarize the

nuclear spin. A suitable domain for this may be Δ𝜑 ≠ 0 but Δ𝜑 ≪ 1 where we can approximate
the eigenstates of the AS using first-order perturbation theory. The eigenstates of the ancillary
KD pseudospin 𝜎 (in the principal axis system of the GS KD down state) are

|𝑛,±, 𝜎,𝑚⟩ ≈ |𝑛,±, 𝜎⟩ [ |𝐼,𝑚⟩ − Δ𝜑
2

√𝐼(𝐼 + 1) −𝑚(𝑚+ 1) |𝐼,𝑚 + 1⟩

+ Δ𝜑
2

√𝐼(𝐼 + 1) −𝑚(𝑚− 1) |𝐼,𝑚 − 1⟩ ]. (6.27)

The form of these states shows the possibility to resonantly drive the transitions from the GS
𝜎,𝑚 state to the corresponding 𝜎,𝑚± 1 from where the decay mainly occurs to the 𝜎,𝑚± 1 GS
(if Δ𝜑 ≪ 1). Here, the small angle Δ𝜑 ensures that the main decay does not decrease the nuclear
magnetic moment again, while still enabling a resonant drive of the polarizing transition. This
process polarizes the nuclear spin stepwise. The outlined approach works with the transition to
an ES or the second GS, given that the nuclear transition lines can be resolved. This is in contrast
to the proposed zero-strain protocol, where a pseudospin flipping transition in combination with
the correct polarization renders this requirement unnecessary.
While we focused for concreteness on one additional example including strain in this work, we

note that combining our model with the general approach outlined in Ch. 5 (Ref. [3]), protocols
optimized for different scenarios can be developed that are best matched to the technical setup.

6.4 Conclusion
In this chapter we extended the model of unstrained transition metal (TM) defects in silicon
carbide (SiC) of the preceding chapters to include strain. We studied the influence of strain
on TM defects in SiC, focusing on a particularly promising center for quantum technology
applications, the substitutional vanadium defect at the 𝑘 site of 4H-SiC. We found that using
strain enables the engineering of the electronic 𝑔-tensor and optical selection rules, thereby
opening the possibility for strain-controlled manipulation (microwave gates) within the KDs, as
well as Λ and V optical three-level setups where both branches can be driven using the same
polarization. By combining strain and magnetic fields, we showed a path towards engineering
Λ systems for the pseudospin states of the KD, thus enabling further prospects such as state
preparation within the GS KD. We also discussed the prospect of state readout of strained defects
using cycling transitions.
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Furthermore, we showed the influence of strain on the hyperfine interaction within the KDs.
Here, we found that the previously proposed polarization protocol is likely not applicable anymore
for strongly strained samples. Therefore, we discussed one example of an application of our
theory where it is straightforward to find different polarization schemes even in the presence of
strain. A natural next step would be to exploit our theoretical insights in future experiments.
This chapter concludes our theoretical assessment focusing on TM defects in SiC as a spin-photon
interface. Nevertheless, we turn to the study of a central task within quantum technology that
can be realized using spin-photon interfaces, namely the transfer of stationary to flying quantum
states, in the next chapter.

121



6.B Strain Engineering for Transition Metal Defects in Silicon Carbide

Appendix

6.A DFT Calculation Methods
We model the vanadium defect embedded in a 128-atom 4H-SiC supercell4. Its electronic structure
is calculated using the plane-wave based Vienna Ab-initio Simulation Package (VASP) [305–308],
with the Γ-point approximation for the k-point sampling. The plane wave cutoff is set to 420 eV
and PAW method [309] is used for the core electrons. We apply density functional theory (DFT)
using the hybrid exchange functional of Heyd, Scuseria, and Ernzerhof (HSE06) [310] with
on-site correction (DFT+U) according to the Dudarev-approach [311], where the d-orbitals of
the vanadium atom is effected by 𝑈 = −2.5 eV [312]. The atomic configurations are relaxed to
forces smaller than 0.01 eV/Å. Excited state electronic configurations are calculated with the
constrained occupation Δ-SCF method [313]. The methods for applying strain is discussed in
Ref. [293]. We note that the local defect structure is relaxed within the strain constraint applied
to the lattice.
The results of this simulation are discussed in the main text and we additionally provided all

slopes extracted for the coupling to strain in Tab. 6.2. In this table 𝑠𝑦𝑛𝑚(′) takes the same role
as 𝑠𝑥𝑛𝑚(′) [see Eq. (6.12)] but takes into account that we cannot assume them to be the same
a priori within the DFT calculation. We encode the slope of the ES and GS level splitting in
𝑠𝑧22, 𝑠𝑧22

′ by choosing 𝑠𝑧11, 𝑠𝑧11
′ = 0 as we discuss in the main text.

6.B Crystal Field Eigenstates and Signs of the Strain Coupling Constants
Inside the 𝑑 orbital projections the crystal eigenstates are given as

|±1⟩ = cos(𝜙) |±1⟩ ∓ sin(𝜙) |∓2⟩ ,

|±2⟩ = − sin(𝜙) |±1⟩ ∓ cos(𝜙) |∓2⟩ ,
(6.28)

where the crystal mixing angle 𝜙 describes the admixture of states that transform equally under
𝐶3𝑣.

4 This section of the appendix was contributed by P. Udvarhelyi and is reproduced to make the thesis selfcontained.
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Crystal Field Eigenstates and Signs of the Strain Coupling Constants 6.B
symmetry parameter calculated value (eV/strain)

𝐸𝑥

𝑠𝑥11 1.04(1)
𝑠𝑥22 0.56(5)
𝑠𝑥11

′ 0.94(2)
𝑠𝑥22

′ 0.85(2)

𝐸𝑦

𝑠𝑦11 1.037(2)
𝑠𝑦22 0.582(2)
𝑠𝑦11

′ 0.958(4)
𝑠𝑦22

′ 0.84(1)

𝐴1
𝑠𝑧22 1.9(1)
𝑠𝑧22

′ 1.26(8)

Table 6.2: Calculated strain-orbital coupling coefficients extracted from linear perturbation model
of the orbital level splitting and ZPL energies from DFT. Couplings of 𝐸𝑥 and 𝐸𝑦 perturbations
show the same coupling strengths within computational accuracy. Standard deviations are
extracted from the linear fit and are given in parenthesis for the last meaningful digit. We
note that the 𝑠𝑧22, 𝑠𝑧22

′ values correspond to the slope of the ES-GS splitting where we chose
𝑠𝑧11, 𝑠𝑧11

′ = 0.

In the absence of spin-orbit coupling the doublet states split due to 𝑥, 𝑦-strain, we use this to
determine the sign of the strain coupling constants. The eigenvectors for purely 𝜖𝑥𝑛𝑚 strain are
(within the doublet projection) given by

|+1⟩ ± |−1⟩√
2

= cos(𝜙)(|+1⟩ ± |−1⟩) − sin(𝜙)(|−2⟩ ∓ |+2⟩), (6.29)

|+2⟩ ± |−2⟩√
2

= − sin(𝜙)(|+1⟩ ± |−1⟩) − cos(𝜙)(|−2⟩ ∓ |+2⟩), (6.30)

with the eigenvalues 𝜖𝑛 ±𝜖𝑥𝑛𝑛. We note the parallel of these pairs of states to the cubic harmonics
|𝑥2 − 𝑦2⟩ = 1√

2 (|+2⟩ + |−2⟩), |𝑥𝑦⟩ = 𝑖√
2 (− |+2⟩ + |−2⟩), |𝑥𝑧⟩ = 1√

2 (− |+1⟩ + |−1⟩), |𝑦𝑧⟩ =
𝑖√
2 (|+1⟩ + |−1⟩), and |𝑧2⟩ = |0⟩ . With this we find that the strain eigenstates are proportional

to the distinct sets of cubic harmonics |+𝑛⟩+|−𝑛⟩ ∝ |𝑦𝑧⟩ , |𝑥𝑦⟩ and |+𝑛⟩−|−𝑛⟩ ∝ |𝑥𝑧⟩ , |𝑥2 − 𝑦2⟩.
With this we can obtain the sign of the coupling from the DFT simulation without spin by

comparing the projection on the cubic harmonics (of the 𝑑-orbital)5. We find that for 𝜖𝑥𝑧 = 0.01
in the GS (ES) the lower energy state is mainly |𝑥𝑧⟩ (|𝑥𝑦⟩), i.e. the |+1⟩ − |−1⟩ (|+1⟩ + |−1⟩)
state, such that 𝑠𝑥11 > 0 (𝑠𝑥22 < 0). Analogously, for 𝜖𝑦𝑦 − 𝜖𝑥𝑥 = 0.01 in the GS (ES) the lower
energy state is mainly |𝑥𝑧⟩ (|𝑥𝑦⟩), i.e. the |+1⟩ − |−1⟩ (|+2⟩ + |+2⟩) state, such that 𝑠𝑥11

′ > 0
(𝑠𝑥22

′ < 0).

5 The sign assignment of the strain coupling constants is the result of the joint analysis performed by P. Udvarhelyi
and the author of this thesis.
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6.C Strain Engineering for Transition Metal Defects in Silicon Carbide

Due to the known transformation properties of the states from the literature (using the
difference in the hyperfine tensor) we assign the lower KD of the GS in the absence of strain to
Γ4 and in the ES to Γ5/6 [2, 3, 5, 56, 57] (see Chs. 4 and 5). To accommodate this in the model,
we use 𝜆𝑧

11 > 0 and 𝜆𝑧
22 < 0 for the vanadium defect in the 𝑘 site in 4H-SiC.

6.C Combined Higher-Order Spin-Orbit and Strain Effects
To understand higher order effects we treat a purely 𝑥-type strain using a Schrieffer-Wolff
transformation [235]. To this end, we perturbatively take block off-diagonal elements of the
spin-orbit and strain Hamiltonians (together) into account. We do the following calculations
in the basis where the leading-order doublet Hamiltonians 𝑃𝑛𝐻ezf𝑃𝑛 given in Eq. (6.16) are
diagonalized, such that we can afterward directly study the corrections affecting the KDs. Then
we use the transformation 𝑈 = exp(−𝑆) and, within first-order perturbation theory,

𝑆 = ∑
𝑛≠𝑚

𝑃𝑛(𝐻so +𝐻st)𝑃𝑚/(𝜖𝑛 − 𝜖𝑚), (6.31)

where we directly neglect spin-orbit and strain terms in the denominator as they are part of the
higher (neglected) orders. The corrections to the zero-field energies are then given by 1

2 [𝑆,𝐻ezf]
which is block diagonal in the KDs and corrects their energies by

𝐸𝑛,−
′ =(−1)𝑛𝜆

𝑧
12

2/4 + 𝜆𝑥
12

2 sin2(𝜃𝑛/2) + 𝜖𝑥12
2

𝜖2 − 𝜖1
− 𝜆𝑥

𝑖3
2 cos2(𝜃𝑛/2) + 𝜖𝑥𝑖3

2(1 + sin(𝜃𝑛))
𝜖3 − 𝜖1

, (6.32)

𝐸𝑛,+
′ =(−1)𝑛𝜆

𝑧
12

2/4 + 𝜆𝑥
12

2 cos2(𝜃𝑛/2) + 𝜖𝑥12
2

𝜖2 − 𝜖1
− 𝜆𝑥

𝑖3
2 sin2(𝜃𝑛/2) + 𝜖𝑥𝑖3

2(1 − sin(𝜃𝑛))
𝜖3 − 𝜖1

, (6.33)

𝐸3
′ =𝜆𝑥

23
2 + 2𝜖𝑥23

2

𝜖3 − 𝜖2
+ 𝜆𝑥

13
2 + 2𝜖𝑥13

2

𝜖3 − 𝜖1
, (6.34)

where 𝑛 = 1, 2.
In addition to this, the corresponding corrections of the remaining parts ℎ of the full Hamiltonian

can be calculated as [𝑆, ℎ]. For instance this corrects the coupling to a magnetic field along the
crystal axis #—𝑒 𝑧 projected onto the KDs as

𝐻𝑧
𝑛,−

′ = [(−1)𝑛 2𝜆𝑧
12

𝜖2 − 𝜖1
𝑆𝑧 −

4𝜆𝑥
12 sin2(𝜃𝑛/2)
𝜖2 − 𝜖1

𝑆𝑥] 𝑟𝑧12𝜇𝐵𝐵𝑧, (6.35)

𝐻𝑧
𝑛,+

′ = [(−1)𝑛 2𝜆𝑧
12

𝜖2 − 𝜖1
𝑆𝑧 −

4𝜆𝑥
12 cos2(𝜃𝑛/2)
𝜖2 − 𝜖1

𝑆𝑥] 𝑟𝑧12𝜇𝐵𝐵𝑧, (6.36)

𝐻𝑧
3
′ =0, (6.37)

where one can neglect the off-diagonal matrix elements considering that they are suppressed
by the leading-order term 𝑔𝑠𝑆𝑧, as we expect for 𝑔𝑠 ≫ 𝑟𝑧12. While in this article we focus on
providing the straight-forward recipe to calculate higher-order terms for simplicity, previous
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Combined Higher-Order Spin-Orbit and Strain Effects 6.C

work takes higher-order effects in the spin-orbit coupling only (without strain) into account [1–3]
(adapted in Chs. 3–5). Analogously, expressions for other magnetic-field directions and parts of
the Hamiltonian can be calculated using 𝑆 but are omitted here.
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7
Efficient High-Fidelity Flying Qubit

Shaping

The following chapter contains results published as B. Tissot and G. Burkard,
“Efficient high-fidelity flying qubit shaping”, Phys. Rev. Res. 6, 013150
(2024) (Ref. [4]) with minor modifications. In particular, we tailored the

introduction to integrate with the thesis and applied small changes to the
wording and the layout of the figures.

7.1 Introduction
We extensively studied transition metal defects in silicon carbide in Chs. 3–6, which is a particular
platform for implementing a spin-photon interface, which in turn is a possible stationary-flying
quantum interconnect (see Sec. 1.5). In this section we will continue within the field of stationary-
flying quantum interconnects, but study a protocol independent of the implementation. Due to
the more advanced experiments for spin-photon interfaces integrated in photonic cavities, we will
use the silicon vacancy (SiV) in diamond for concrete parameters in this section.
As explained in more detail in Sec. 1.5, efficient, tunable, and coherent quantum emitters are at

the heart of many quantum technologies. Prominent examples include entanglement distribution
[112, 122] as well as more general applications for quantum networks and communication [47,
110, 111, 120, 126, 136] which can potentially enable a quantum internet [23, 24] with quantum-
mechanically enhanced security and privacy. Additionally, single-photon emission represents
a cornerstone for several photonic technologies [103, 314–317]. Generally, there is a large
interest in coherent quantum media conversion, as it allows the connection between different
quantum systems with diverse properties. This enables hybrid quantum systems that combine
the advantages of each subsystem. Such hybrid quantum systems can combine matter systems
with beneficial properties for storage or computation, e.g. trapped ions [95], semiconductor
qubits [318] implemented via quantum dots and defects in solids, or superconducting circuits

127

https://doi.org/10.1103/physrevresearch.6.013150
https://doi.org/10.1103/physrevresearch.6.013150


7.1 Efficient High-Fidelity Flying Qubit Shaping
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Figure 7.1: Illustration of the physical system (a) and energy level diagram (b) of a stimulated
Raman emitter. The illustration depicts a quantum system (blue ball) coupled to an electromag-
netic cavity mode (pink) as well as an excitation (e.g. laser) field (green). One of the mirrors
couples out into a fiber enabling the emission of a photon pulse (pink glowing droplet). The
level diagram (b) in the rotating frame depicts the excited state |𝑒⟩ (ES) split from the two
ground states (GS) |0⟩ , |1⟩ by the detuning Δ for the relevant states of the cavity |0⟩𝑐 and |1⟩𝑐
with zero and one photon. The lambda (Λ) system is set up by a controllable time-dependent
(excitation field) Rabi amplitude Ω(𝑡) coupling |1⟩ |0⟩𝑐 to the ES, as well as cavity interaction
between the ES and |0⟩ |1⟩𝑐 with single photon coupling strength 𝑔. The cavity emits the photon
wave packet with pulse shape 𝑣(𝑡) via the (right) out-coupling 𝜅, thus converting the matter
qubit (shaded blue) to a flying qubit. Imperfections of the three-level system and cavity can lead
to decoherence processes taken into account via the combined rates ̃𝛾, Γ1, Γ2, and ̃𝜅.

[319], with easily transmittable photons [103]. In this regard, photons are the natural choice
for traveling qubits [42] and can be used to exchange quantum states or create entanglement
between distant matter systems.
Cavity-enhanced stimulated Raman emission is an established technique for controlled and

(nearly) deterministic pulse emission, i.e., “push button-like” shaped pulse generation. The
on-demand emission promises a leap towards independence of emission and absorption which
is of the utmost importance when exchanging states between diverse systems. The ability of
Purcell enhancement to achieve a controllable emitter with high efficiency was already shown
over a wide range of materials, e.g. trapped ions as well as atoms [320–322], “un-trapped” atoms
[323], quantum dots [324, 325], and defects in solids [155, 326]. Previous theoretical work focused
on perfect emitters [112, 327–331].
In this chapter we theoretically determine the fundamental fidelity bound of coherent state

transfer for arbitrary pulse shapes from a stationary matter three-level system (3LS) via a cavity
to a traveling qubit pulse which facilitates a novel approach to maximize the state transfer fidelity.
In particular, we are interested in the transfer of a superposition of qubit states 𝛼0 |1⟩ + 𝛽0 |0⟩
via the excited state |𝑒⟩ and cavity to the traveling photon (qubit) 𝛼0 |1⟩𝑣 + 𝛽0 |0⟩𝑣, see Fig. 7.1.
Previously derived photon retrieval bounds [322, 328, 329, 332] depending only on the cavity

decay rate and cooperativity of the emitter-cavity coupling can greatly overestimate the bound
we calculate which includes additional system features, most prominently different decoherence
processes of the emitter as well as the temporal shape of the flying qubit 𝑣(𝑡) and initial
superposition states, fundamentally necessary to understand spin-photon entanglement. Because
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Entanglement Generation via Stimulated Raman Emission 7.2
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Figure 7.2: Emission of a time-bin qubit using (a) an ancillary (e.g. nuclear spin) qubit or (b)
an ancillary state. The main focus of this chapter is the particular implementation of the EMIT
process via cavity-enahanced stimulated Raman emission. C𝑛NOT and SWAP refer to the two
qubit gates between the matter qubit and the ancillary qubit and 𝑋 denotes the one-qubit 𝑋-gate
of the matter qubit (or a 𝜋/2-pulse between |0⟩ and |1⟩). Additionally, if one only implements
the protocol up to the first emission, matter-photon entanglement is achieved.

the bound depends on the shape of the photon, it is suited to find optimized flying qubit shapes,
providing a paradigm shift from approaches that aim to find the optimal drive, e.g., the shortcut
to adiabaticity [333] approach as well as theories eliminating the propagating pulse completely
[112].
The remainder of this chapter is organized as follows. First, we show how stimulated Raman

emission can be used to generate spin-photon entanglement in Sec. 7.2. In the following Sec. 7.3
we introduce the model describing the emitter and the quantum pulse. We present a closed-form
solution of the dynamics in Sec. 7.4 and introduce the temporal mode matching (Sec. 7.4.1)
to link the emitter dynamics to the temporal mode. We use the solution to bound the state
transfer fidelity in Sec. 7.4.2 and show how to optimize the pulse shape to increase the fidelity in
Sec. 7.4.3. We conclude the chapter in Sec. 7.5.

7.2 Entanglement Generation via Stimulated Raman Emission
Prior to the detailed analysis we point out quantum technological applications of stimulated
Raman emission beyond single photon sources, e.g., to create a photon entangled with the
matter qubit or to transfer the matter qubit to a time-bin qubit if an additional long-lived
matter state or (nuclear) spin (𝑛) is available. For concreteness, we focus on the SiV center
in diamond, an established Raman emitter [155, 326] which features the silicon nuclear spin
as a quantum memory. Recently, a C𝑛NOT gate between the electronic qubit and the nuclear
spin was demonstrated using microwaves (fidelity ∼ 99.9%) [334]. After initializing the nuclear
spin 𝛼0 |1⟩𝑛 + 𝛽0 |0⟩𝑛 state, we propose to use a nuclear C𝑛NOT followed by a Raman emission
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7.3 Efficient High-Fidelity Flying Qubit Shaping

resulting in the entangled state 𝛼0 |1⟩𝑛 |1⟩𝑣 + 𝛽0 |0⟩𝑛 |0⟩𝑣. The basic idea is to store the wave
function amplitude 𝛽0 (of the qubit state |0⟩) in an ancillary state during the emission from the
qubit state |1⟩ to the first time bin |1⟩1.
After the first emission, gates are applied between the qubit and the ancillary state(s) so that

after another emission the qubit state is encoded in two time-bins, i.e., a time-bin qubit with the
state 𝛼0 |1⟩1 + 𝛽0 |1⟩2. The indices mark the time-bins which are independent pulses, e.g., pulses
with non-overlapping envelopes.
In Fig. 7.2 we show two examples of the implementation of this idea, one for an ancillary

qubit (as is the case for the silicon nuclear spin in the SiV) and one for a single ancillary state.
For ancillary qubit implementation we need the two-qubit gates C𝑛NOT and SWAP while for
the single extra state |𝑎⟩ we need the ability to apply a 𝜋/2 rotation between |0⟩ and |𝑎⟩, in
both cases an 𝑋 gate between |0⟩ and |1⟩ is also required. The EMIT gate corresponds to the
stimulated Raman emission process. In both cases, stopping the protocol after the first emission
or replacing the SWAP by another C𝑛NOT can be used to generate entanglement. For the single
ancillary state the time-bin entanglement can be achieved by omitting the second 𝜋/2 pulse for
the single ancillary state.
The entangled state after the first emission is 𝛼0 |1⟩𝑛 |1⟩1+𝛽0 |0⟩𝑛 |0⟩1 using the ancillary qubit

with states |𝜎⟩𝑛 (𝜎 = 0, 1) or 𝛼0 |0⟩ |1⟩1+𝛽0 |𝑎⟩ |0⟩1 using only one ancillary state |𝑎⟩, where |𝑚⟩1
with 𝑚 = 0, 1,… is the number state of the first emitted pulse. For the time-bin entanglement
we find 𝛼0 |1⟩𝑛 |1⟩1 +𝛽0 |0⟩𝑛 |1⟩2 and 𝛼0 |𝑎⟩ |1⟩1 +𝛽0 |0⟩ |1⟩2. Analogously, initializing the system
in one of the ancillary states and then repeating a (partial) transfer of the occupation to |1⟩
followed by an emission enables time-bin qudit generation.
Applications for the protocol generating entanglement between a quantum memory and a flying

qubit include entanglement exchange between distant matter nodes (heralded [119] or combined
with perfect absorption [329, 335] to “pitch-and-catch” [112], see Sec. 1.3.1) and the generation
of photonic cluster states [336]. Note that the following analysis is compatible with the outlined
entanglement generation protocols because the analytical solution only makes assumptions about
the initial preparation of the Raman emitter.

7.3 Model
In this scenario the quantum memory is better shielded from decoherence than the emitter
making it vital to understand and optimize the emission. The rotating frame Hamiltonian (see
App. 7.A for additional details on the rotating frame) of the cavity interacting with the 3LS is

𝐻𝑆/ℏ = Δ |𝑒⟩ ⟨𝑒| + [Ω(𝑡) |𝑒⟩ ⟨1| + 𝑔𝑐† |0⟩ ⟨𝑒| +H.c.] , (7.1)

with the time-dependent Rabi frequency of the drive Ω(𝑡), the single photon coupling strength
to the cavity 𝑔, the detuning between the cavity and the |0⟩ ↔ |𝑒⟩ transition Δ, the 3LS states
|0⟩ , |1⟩ , |𝑒⟩, and the cavity photon annihilation operator 𝑐. The energy level structure is sketched
in Fig. 7.1.
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Results 7.4

To include the emission from the cavity into a specific output pulse in the Hermitian dynamics
we employ the recently developed input-output theory for quantum pulses [217, 218] using an
open quantum systems approach, see Sec. 2.1.3 for an introduction of this method. Therefore,
we can use dissipators 𝐿𝑖 to model various incoherent processes and rely on the Born-Markov
approximation. Since the relevant emission is in a pulse that travels away from the emitter,
this approximation is justified provided the cavity coupling 𝜅 is approximately constant for the
spectrum of the pulse and the emitted pulse varies slowly compared to the spectral range of the
continuum field [218]. For a pulse with a carrier frequency in the optical range and durations in
the order of 0.1 ns or a microwave pulse and durations down to 10 ns, we deem the assumptions
well justified.
We take the input to be in the vacuum state and employ input-output theory for pulses [217,

218] to model the emission (caused by directional single photon losses 𝑐 with rate 𝜅) to the
specific pulse as a virtual cavity with time-dependent coupling to the system. In this way, the
cavity would completely absorb the specific pulse. This is achieved by a total Hamiltonian
𝐻 = 𝐻𝑆 + ℏ 𝑖

2
√
𝜅 [𝑔∗𝑣(𝑡)𝑐†𝑎 −H.c.], with the cavity decay rate 𝜅, the annihilation operator of the

virtual cavity 𝑎 and time-dependent coupling strength 𝑔𝑣(𝑡) = −𝑣∗(𝑡)/√∫𝑡
0
𝑑𝑡′ |𝑣(𝑡′)|2 which is

directly linked to the normalized pulse form 𝑣(𝑡), i.e. ∫𝑇
0
|𝑣(𝜏)|2 𝑑𝜏 = 1 with the pulse duration 𝑇.

Combined with the dissipator 𝐿0(𝑡) = 𝑔𝑣(𝑡)∗𝑎 +
√
𝜅𝑐, the total Hamiltonian leads to a cascaded

evolution, resulting in a transfer of the quantum amplitudes from the emitter to the virtual
cavity. Additionally, a pulse shape that does not (perfectly) capture the dynamics of the emission
process leads to incoherent losses via 𝐿0(𝑡); in other words, only the emission into modes other
than the temporal mode 𝑣(𝑡) are treated as losses.
To study the coherent state transfer of a matter state into the propagating wave packet,

we focus on the single excitation subspace using a non-Hermitian Hamiltonian approach [225,
238, 239, 244], described by the time-dependent Schrödinger equation 𝑖ℏ 𝜕

𝜕𝑡 |Ψ⟩ = 𝐻NH |Ψ⟩ with
𝐻NH = 𝐻 − ℏ 𝑖

2 ∑𝑖 𝐿
†
𝑖𝐿𝑖 and using the ansatz wave function

|Ψ(𝑡)⟩ = [𝛼(𝑡) |1⟩ + 𝛽(𝑡) |0⟩ + 𝑖𝜁(𝑡) |𝑒⟩] |0⟩𝑐 |0⟩𝑣 + 𝜂(𝑡) |0⟩ |1⟩𝑐 |0⟩𝑣 + 𝜆(𝑡) |0⟩ |0⟩𝑐 |1⟩𝑣 . (7.2)

7.4 Results
In the following we summarize the solution of the dynamics of the state transfer from the
normalized state |Ψ(0)⟩ = (𝛼0 |1⟩+𝛽0 |0⟩) |0⟩𝑐 |0⟩𝑣 to a state close to |Ψtarget⟩ = |0⟩ |0⟩𝑐 (𝛼0 |1⟩𝑣+
𝛽0 |0⟩𝑣). Our first objective is to find a (closed-form) expression for the (approximate) fidelity of
the state transfer

𝐹 = |⟨Ψ(𝑇 )|Ψtarget⟩|
2 = |𝛼∗

0𝜆(𝑇 ) + 𝛽∗
0𝛽(𝑇 )|

2 , (7.3)

as a function of the system parameters and the pulse shape. One of the distinguishing features
of our method is that it does not require the repeated numerical solution of any differential
equations.
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7.4.1 Temporal Mode Matching
First, we solve the amplitude that is not partaking in the emission and therefore is only subject
to decoherence, 𝛽(𝑡) = 𝛽0𝑒−Γ2𝑡/2. Then we determine the optimal relationship between the
wave function amplitudes [Eq. (7.2)] and the pulse shape by solving 𝐿0(𝑡) |Ψ(𝑡)⟩ = 0 for the
time-dependent coupling 𝑔𝑣(𝑡) to the virtual cavity. Fulfillment of this condition implies that the
successful coherent emission is a no-jump trajectory in the model, and yields

𝑔𝑣(𝑡) = −
√
𝜅𝜂∗(𝑡)/𝜆∗(𝑡), (7.4)

which corresponds to the temporal mode matching condition. While the ideal process is fully
coherent in our model, the remaining incoherent processes (𝐿𝑖, 𝑖 ≠ 0) describe unwanted errors.
Thus, we have immediate access to the probability of these errors 𝑝𝑒 = 1−⟨Ψ(𝑡)|Ψ(𝑡)⟩ ≥ 0 via the
loss of the wave function norm, underlining that the chosen approach is perfectly suited to describe
the coherent transfer of population. Within 𝑝𝑒 we here consider the combined decoherence rates
̃𝛾, Γ1, Γ2 respectively for the 3LS states |𝑒⟩ , |1⟩ , |0⟩, as well as additional losses of the cavity ̃𝜅.

In App. 7.B we relate the combined decoherence rates to the corresponding dissipators of the
Lindblad master equation modeling incoherent transitions, for example decays and dephasing
processes. We are focusing on efficient quantum emitters where high fidelities are possible. By
employing the Cauchy-Schwartz inequality we find 𝑝𝑒 ≤ 1 − 𝐹 such that 𝑝𝑒 is small (𝑝𝑒 ≪ 1) for
suitable pulses that reach high fidelities. This makes our approach highly accurate because the
unwanted emission of multiple excitations and the back action on the coherent trajectory after
a quantum jump that are neglected within the non-Hermitian Schrödinger equation are highly
unlikely. This confirms the usefulness of the non-normalized coherent trajectory to calculate
fidelities approaching unity.
The pulse shape can be linked to the dynamics via the temporal mode matching (7.4). Combined

with the non-Hermitian Schrödinger equation, we arrive at a set of differential equations for the
amplitudes, whose solution we calculate in App. 7.C. We find

𝜂(𝑡) =𝐸𝛼0𝑒−Γ2𝑡/2𝑣(𝑡)/
√
𝜅, 𝜆(𝑡) = 𝐸𝛼0𝑒−Γ2𝑡/2√∫

𝑡

0
|𝑣(𝜏)|2 𝑑𝜏, (7.5)

where the positive proportionality constant 𝐸 takes into account that the pulse shape is normalized
independently of the dynamics and we term it matter-photon (amplitude) conversion efficiency
since it can be defined as the (renormalized) amplitude transfer ratio 𝐸 = (𝜆(𝑇 )/𝛼0)𝑒Γ2𝑇/2. In
turn, the fidelity (7.3) is directly bound by 𝛼∗

0𝜆(𝑇 ) and thus by the maximal achievable 𝐸max.
To calculate 𝐸max, we apply the idea of photon shaping [330], where we solve the non-Hermitian
dynamics in reverse by imposing 𝜂, 𝜆, resulting in

𝜁(𝑡) = Γ2 + 𝜅 + ̃𝜅
2𝑔

𝜂(𝑡) + 1
𝑔

̇𝜂(𝑡), Ω(𝑡) = −( ̃𝛾/2 + 𝑖Δ)𝜁(𝑡) + 𝑔𝜂(𝑡) + ̇𝜁(𝑡)
𝛼(𝑡)

. (7.6)
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The remaining amplitude evolves according to

𝛼(𝑡) = 𝛼0𝑒𝑖𝜙(𝑡)−Γ1𝑡/2√1−𝐸2 ∫
𝑡

0
𝑑(𝜏)𝑑𝜏, (7.7)

with the phase evolution 𝜙(𝑡) and the (re-normalized) depletion rate 𝑑(𝑡) which are closed-form
analytic functions of the pulse shape 𝑣(𝑡) and system parameters 𝑔, 𝜅, ̃𝛾, ̃𝜅, Γ1, Γ2 . The depletion
rate is

𝑑(𝑡) = 𝑒𝑡(Γ1−Γ2){[1 + ̃𝜅
𝜅
+ ̃𝛾 − Γ2

𝑔2
(𝜅

4
(1 + ̃𝜅

𝜅
)

2

+
̇𝜃2(𝑡)
𝜅

) + 2 ̈𝜃(𝑡) ̇𝜃(𝑡)
𝜅𝑔2

]𝑓2(𝑡)

+ [2
𝜅
+ 𝜅

2𝑔2
(1 + ̃𝜅

𝜅
)

2

+ ̃𝛾 − Γ2
𝑔2

(1 + ̃𝜅
𝜅
) + 2 ̇𝜃2(𝑡)

𝜅𝑔2
]𝑓(𝑡) ̇𝑓(𝑡)

+ [ 1
𝑔2

(1 + ̃𝜅
𝜅
) + ̃𝛾 − Γ2

𝜅𝑔2
] ̇𝑓2(𝑡)

+ 1
𝑔2

(1 + ̃𝜅
𝜅
)𝑓(𝑡) ̈𝑓(𝑡) + 2

𝜅𝑔2
̇𝑓(𝑡) ̈𝑓(𝑡)}, (7.8)

where we introduce the photon envelope phase 𝜃(𝑡) ∈ ℝ and amplitude 𝑓(𝑡) ∈ ℝ, i.e., 𝑣(𝑡) =
𝑒𝑖𝜃(𝑡)𝑓(𝑡). The phase evolution 𝜙(𝑡) can be found in App. 7.C. We stress that 𝑑(𝑡) is independent
of the detuning Δ and matter-photon conversion efficiency 𝐸. On the other hand, the phase
evolution 𝜙(𝑡) is an integral expression additionally depending on Δ. For a pulse with constant
complex phase and for Δ = 0 we have 𝜙(𝑡) = 0. We highlight that Ω(𝑡), 𝑑(𝑡), and 𝜙(𝑡) are all
independent of the initial state of the matter qubit (𝛼0, 𝛽0).

7.4.2 State Transfer Fidelity Bound
A complex square-root in Eq. (7.7) would contradict our ansatz such that we find the bound

𝐸 ≤ 𝐸max = 1

√max𝑡≥0 ∫
𝑡
0
𝑑(𝜏)𝑑𝜏

. (7.9)

Because as soon as the square-root in Eq. (7.7) tends to zero the Rabi amplitude Ω(𝑡) (7.6)
diverges (unless 𝜂(𝑡), 𝜁(𝑡), ̇𝜁(𝑡) vanish at the same time) the physical bound can be formulated
even stronger such that the inequality becomes strict (≤→<) ensuring |𝛼(𝑡)| > 0. The form
of 𝑑(𝜏) [Eq. (7.8)] and Eq. (7.9) imply that a varying phase in the rotating frame, ̇𝜃(𝑡) ≠ 0, is
detrimental, i.e., reduces 𝐸max, if the phase of |1⟩ can be controlled better than the ES (Γ1 < ̃𝛾).
Using the method of partial integration, 2∫𝑡

0
𝑒(Γ1−Γ2)𝑡 [ ̇𝜃 ̈𝜃𝑓2 + ̇𝜃2𝑓 ̇𝑓]

2
𝑑𝑡 = 𝑒(Γ1−Γ2)𝑡𝑓2(𝑡) ̇𝜃2(𝑡) −

(Γ1−Γ2) ∫
𝑡
0

̇𝜃2𝑓2𝑒(Γ1−Γ2)𝑡𝑑𝑡, when integrating Eq. (7.8) proves that a varying phase in the rotating
frame reduces 𝐸max, as long as Γ1 < ̃𝛾. The bound on the parameter 𝐸 also limits the fidelity
(7.3),

𝐹 ≤𝑒−Γ2𝑇 |1 − (1 − 𝐸max) |𝛼0|
2|

2
. (7.10)

133



7.4 Efficient High-Fidelity Flying Qubit Shaping

0.95

0.97

0.99

𝐹 a
vg

(a)

0 2𝜋
𝑔

0.5 1.0 1.5 2.0
0.94

0.96

0.98

Pulse duration 𝑇 [ns]

𝐹
(|𝛼

0|
=

1)
(b)

1/max𝑡 ∫𝑡
0

𝑑(𝜏)𝑑𝜏
1/∫𝑇

0
𝑑(𝜏)𝑑𝜏

2𝐶/(1 + 2𝐶)
Maximum

Figure 7.3: Bounds for the average (a) and worst case (b) fidelity as a function of the pulse
duration for a sin2 pulse, see Eqs. (7.10) and (7.11). We compare different bounds, derived from
different expressions for 𝐸2 (see legend), the pulse form dependent fidelities based on the exact
maximum Eq. (7.9) (solid lines), the simplified analytic bound 𝐸2 = 1/∫𝑇

0
𝑑(𝜏)𝑑𝜏 (dotted lines),

and the approximation for slowly varying pulses and perfect emitters 𝐸2 = 2𝐶/(1 + 2𝐶) [see
Eq. (7.12)] (dashed line). The maxima of the fidelity based on the exact maximum are marked by
diamonds. The pulse form dependent bounds are shown for different decoherences of the matter
qubit (Γ1, Γ2)/ ̃𝛾, from dark (blue) to light (yellow) the values are (0, 0), (0.01, 0.005), (0, 0.1),
(0.1, 0), (0.2, 0), and (0.1, 0.1). We use cavity QED parameters that can describe silicon vacancy
defects in diamond (𝑔, 𝜅, 𝛾) = 2𝜋 × (6, 30, 0.1)GHz inside a perfect one-sided cavity ̃𝜅 = 0.

The fraction of the amplitude transferred from |1⟩ to |1⟩𝑣 corresponds to the worst case fidelity
𝐹(|𝛼0| = 1) = |𝜆(𝑇 )/𝛼0|

2 = 𝐸2𝑒−Γ2𝑇 ≤ 𝐸2
max𝑒−Γ2𝑇 and does not depend on the initial condition.

This result is a generalization of the upper bound for the maximum efficiency in Ref. [330] and
we emphasize that by incorporating the imperfections of the emitter the fidelity has a maximum
at a finite time (see Fig. 7.3) and is therefore suited to optimize the pulse duration. Considering
that any initial matter-qubit state should be transferred with a good fidelity we average the
fidelity (7.10) over the Bloch sphere

𝐹avg =
𝐸2 +𝐸 + 1

3𝑒Γ2𝑇
≤ 𝐸2

max +𝐸max + 1
3𝑒Γ2𝑇

. (7.11)

To compare our result to previous bounds for perfect emitters (Γ1, Γ2 = 0) and slowly evolving
pulses we first use max𝑡 ∫

𝑡
0
𝑑(𝜏)𝑑𝜏 ≥ ∫𝑇

0
𝑑(𝜏)𝑑𝜏 and ∫𝑇

0
𝑑(𝜏)𝑑𝜏 > 0 for good quantum emitters

where Γ1, Γ2 < 𝜅, ̃𝛾, employing ∫𝑇
0
𝑑(𝜏)𝑑𝜏 as a “simpler” upper bound for Eqs. (7.9)–(7.11).

In Fig. 7.4 we show exp(Γ2𝑇 )∫
𝑇
0
𝑑(𝜏)𝑑𝜏 for sin2 pulses of different duration and for different

decoherence rates of the emitter. The figure shows that for long pulse durations the difference
between ∫𝑇

0
𝑑(𝜏)𝑑𝜏 and max𝑡 ∫

𝑡
0
𝑑(𝜏)𝑑𝜏 becomes smaller. It is also readily visible that for short

pulses the maximum deviates from ∫𝑇
0
𝑑(𝜏)𝑑𝜏. We can further approximate this for a slowly

evolving pulse ̇𝑣 ≪ 𝜅, 𝑔 and perfect emitter to

𝐸2 ≲ 𝜅
𝜅 + ̃𝜅

2𝐶
(1 + 2𝐶)

, (7.12)
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with the (generalized) cooperativity 𝐶 = 2𝑔2/[ ̃𝛾(𝜅 + ̃𝜅)]. This is in agreement with the photon
escape (or retrieval) efficiency found in Refs. [322, 328, 329, 332]. However, the photon envelope
dependent bounds for decohering emitters are more accurate and can quantify the optimal
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Figure 7.4: Integrated depletion rate ∫𝑡
0
𝑑(𝜏)𝑑𝜏

[see Eq. (7.8)] for a sin2 puse as a function of
integration time 𝑡. We use this integral to cal-
culate the maximum achievable fidelity for a set
of parameters. Here, we consider a sin2 pulse
which corresponds to the ansatz in Eq. (7.13)
with 𝐿 = 1. We use the colors and parameters
of Fig. 7.3.

duration (see Fig. 7.3).
To gain a better understanding of our re-

sults, we consider a pulse shape of the form

𝑣(𝑡) =
𝐿
∑
𝑛=1

𝑣𝑛 [1 − cos(2𝜋𝑛
𝑇

𝑡)] , (7.13)

for 0 < 𝑡 < 𝑇, else 𝑣(𝑡) = 0. Pulses of this
form are real 𝑣(𝑡) ∈ ℝ, symmetric, fulfill
𝑣(0) = 𝑣(𝑇 ) = ̇𝑣(0) = ̇𝑣(𝑇 ) = 0 [337], and
contain 𝐿 independent parameters 𝑇 , 𝑣𝑛/𝑣1
with 𝑛 = 2,… ,𝐿. For 𝐿 = 1 this ansatz
is a sin2 pulse with variable pulse duration.
Using the basis of Eq. (7.13) normalization
yields 𝑣1 = √6/9𝑇 (𝐿 = 1) making it appar-
ent that the only free parameter of the sin2

pulse is the duration.
We show the maximum worst-case fidelity 𝐹(|𝛼0| = 0) and average fidelity for 𝐿 = 1 as a

function of the pulse duration 𝑇 in Fig. 7.3, confirming that the various approximate bounds fail
to capture a useful bound for the maximum achievable fidelity for all possible timescales and fail
to quantify the optimal duration in contrast to the bound provided by Eq. (7.9) that does not
rely on an adiabatic approximation and holds for any detuning.
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Figure 7.5: Optimal pulse duration 𝑇 for 𝐿 = 1
and worst case fidelity 𝐹(|𝛼0| = 1) = |𝜆(𝑇 )/𝛼0|2
as functions of the matter qubit decoherence
rates Γ1 and Γ2 (see legend). The colors cor-
respond to different decoherence processes, see
legend. We use the parameters of Fig. 7.3.

The optimal duration balances the finite cav-
ity coupling strength 𝑔 and cavity decay rate
𝜅 with the decoherence of the emitter. We
more thoroughly investigate the optimal dura-
tion for a sin2 pulse as a function of the qubit
decoherence rates Γ1 and Γ2 in Fig. 7.5. For
this figure we determine the optimal duration
numerically in two steps. First, we find the op-
timal duration on a grid with 200 time-points
between max(1/𝑔, 1/𝜅) and min(Γ1, Γ2) and
then repeat the optimization with 200 addi-
tional points between the two points around
the optimum of the first run. This approach
ensures that even for small decoherence rates
the grid is sufficiently small to avoid artifacts
of the numerical grid. The decrease of the
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Figure 7.6: Results of optimizing the pulse shape for a maximum worst-case fidelity. Panel (a)
shows half of the optimal symmetric pulse shapes 𝑓(𝑡) for different numbers of free parameters 𝐿
and restrictions on the pulse (see legend). The corresponding worst-case fidelity 𝐹(|𝛼0| = 1) and
optimal pulse duration 𝑇 are depicted in panels (b) and (c), here the dashed line corresponds
to the perfect emitter bound [see Eq. (7.12)]. (d) Driving Rabi frequency Ω(𝑡) as a function of
time for different pulses [colors see (a)] and 𝐸/𝐸max (see legend). Reducing 𝐸 leads to a larger
minimal |𝛼(𝑡)| = 𝑒−Γ2𝑡𝑟(𝑡) (see inset) and smoothes out discontinuities in Ω(𝑡). Parameters are
those of Fig. 7.3, Γ1, Γ2 = 0.1𝛾, and Δ = 0. See App. 7.E for the optimization results.

worst case fidelity as well as the optimal duration as a function of the decoherence rates of
the matter system becomes apparent in Fig. 7.5. However, the duration decrease flattens for
higher rates as the duration is also limited from below due to the finite coupling between the
matter-qubit and the cavity and out-coupling rate of the cavity. Furthermore, we see that
qualitatively the rates Γ1, Γ2 behave similar, but depending on the protocol of interest it might
be preferential to swap the roles of |0⟩ and |1⟩, i.e., couple the shorter or longer lived state to the
excited state via the cavity.

7.4.3 Fidelity Optimization by Pulse Shaping
More generally, we can take an ansatz for the envelope and optimize its independent parameters
with regard to any quantity limited by Eq. (7.9). Here, we maximize the worst-case fidelity
𝐹(|𝛼0| = 1) [see Eq. (7.10)] to find 𝑣opt = argmax𝑣 [1/max𝑡 𝑒Γ2𝑇 ∫𝑡

0
𝑑(𝜏)𝑑𝜏]. The paradigm shift

from searching for the optimal Ω(𝑡) to searching the optimal pulse shape 𝑣(𝑡) (including the
duration) saves one from repeatedly solving the dynamics and instead allows the use of the
closed-form function 𝑑(𝑡) [Eq. (7.8)], see App. 7.D for the analytic evaluation of ∫𝑡

0
𝑑(𝜏)𝑑𝜏 for the

ansatz in Eq. (7.13). Parametrizing 𝑣(𝑡) by #—𝑣 the optimization is over a finite parameter space
instead of a function space, and the optimization assumes the well-known form of a (continuous)
minimax problem [338, 339] for finding the optimal #—𝑣 . In Fig. 7.6 we show results for the ansatz
in Eq. (7.13) and a grid optimization to find the 𝐿 optimal parameters 𝑇 , 𝑣𝑛/𝑣1 (𝑛 = 2,… ,𝐿).
It turns out that increasing 𝐿 allows for higher fidelities and shorter pulses. We also display
the photon shape and Rabi frequency to both of which we have immediate access after the
optimization. We remark that the optimization results can be confirmed using a single simulation
of the Lindblad master equation with the optimal photon shape and Rabi frequency.
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Constraints can be accounted for by different 𝑣(𝑡), e.g., by fixing some parameters; in particular,
if the rate at which the drive can be modulated is larger than the optimal 𝑇 we can fix it to the
minimal achievable 𝑇. In Fig. 7.6 we also show the optimization results ensuring a continuous
drive activation by imposing ̈𝑣(0) = 0 [see Eq. (7.6)]. To this end we only use odd 𝑛 as free
parameters and set 𝑣2𝑛 = − 𝑛2

(𝑛+1)2 𝑣2𝑛−1. Additionally, we show in Fig. 7.6(d) that targeting 𝐸max

leads to a pole in the driving Rabi frequency Ω(𝑡) (7.6) which can be avoided by smoothing Ω(𝑡)
by reducing the target efficiency 𝐸 < 𝐸max.

7.5 Conclusion
In conclusion, we derived a novel bound for the fidelity of a coherent state transfer using
cavity-assisted stimulated Raman emission, taking into account not only the cavity quantum
electrodynamic quantities, but also the temporal pulse shape and additional decoherence processes
of the three-level system. Due to the cascaded nature of the equations, we see great potential in
applying the bounds to non-trivial waveguides. Furthermore, we showed how this new bound can
be cast into an optimization problem for the pulse shape for an efficient emission process providing
a paradigm shift from optimizing the drive to optimizing the temporal mode (and thereby also
fixing the drive). We show that this optimization is of a closed form expression in contrast to the
naïve optimization where the dynamics need to be solved (numericaly) repeatedly. Combined
with the encoding and entanglement protocols we propose, this is a promising ingredient for
quantum technology. The method of including the main emission process into the coherent
dynamics by combining the novel input-output approach by [217, 218] with the temporal mode
matching can potentially be applied to many problems. While we grid-optimized a symmetric
pulse, non-symmetric pulses compatible with the initial conditions, i.e., continuously vanishing
at 𝑡 = 0, and different optimization algorithms can be investigated analogously. A natural next
step would be to study a photon mediated matter-to-matter transfer within this framework.
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Appendix

7.A Rotating Frame and Lab Frame
Since the main text introduces the Hamiltonian in the rotating frame, in this section we link the
rotating frame to the lab frame. The Hamiltonian in the lab frame is

𝐻̃𝑆/ℏ = (Δ + 𝜔𝑐) |𝑒⟩ ⟨𝑒| − 𝛿 |1⟩ ⟨1| + 𝜔𝑐𝑐†𝑐 + (Ω̃∗(𝑡) |1⟩ ⟨𝑒| + 𝑔𝑐† |0⟩ ⟨𝑒| +H.c.) , (7.14)

with the excited state energy Δ+𝜔𝑐 (in units of frequency), the qubit level splitting 𝛿, the cavity
frequency 𝜔𝑐. We then apply the transformation to the rotating frame

𝑈 = exp [−𝑖(−𝛿 |1⟩ ⟨1| + 𝜔𝑐 |𝑒⟩ ⟨𝑒| + 𝜔𝑐𝑐†𝑐)𝑡] , (7.15)

leading to

𝐻𝑠/ℏ = 𝑈†𝐻̃𝑆/ℏ𝑈 − 𝑖𝑈† ̇𝑈 = Δ |𝑒⟩ ⟨𝑒| + (Ω∗(𝑡) |1⟩ ⟨𝑒| + 𝑔𝑐† |0⟩ ⟨𝑒| +H.c.) , (7.16)

corresponding to the Hamiltonian of the main text. The detuning is Δ and the drive in the lab
frame is linked to the rotating frame by Ω̃(𝑡) = Ω(𝑡) exp[−𝑖(𝛿 + 𝜔𝑐)𝑡]. Additionally, we see how
the splitting between the qubit states is absorbed in the time-dependent drive.
Using the same transformation we can also link the time-dependence of the coupling to the

virtual cavity ̃𝑔𝑣(𝑡) = 𝑔𝑣(𝑡)𝑒𝑖𝜔𝑐𝑡 between the lab and rotating frames. This also links the photon
envelopes ̃𝑣(𝑡) = 𝑒−𝑖𝜔𝑐𝑡𝑣(𝑡) and leads to the correct transformation of the dissipator 𝐿0. Because
the remaining dissipators only gain a global phase in the rotating frame and always occur in pairs
(with their adjoint) in the master equation, we can treat the remaining dissipators as unchanged
in the rotating frame.

7.B Decoherence Rates
In this section we show how to derive the combined decoherence rates arising in the non-Hermitian
Hamiltonian from established dissipators from the Lindblad master equation. The Lindblad
master equation takes the form

𝑑𝜌
𝑑𝑡

= − 𝑖
ℏ
[𝐻, 𝜌] +∑

𝑖
(𝐿𝑖𝜌𝐿

†
𝑖 −

1
2
{𝐿†

𝑖𝐿𝑖, 𝜌}) , (7.17)
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also found in the employed open quantum systems approach to input-output theory [217, 218].
In addition to the main dissipator 𝐿0 introduced in the main text we consider the following
dissipators:

• Decays from the excited state (ES) |𝑒⟩ to the ground states (GSs) |1⟩ , |0⟩:
𝐿1 = √𝛾 cos(𝜉) |1⟩ ⟨𝑒|, 𝐿2 = √𝛾 sin(𝜉) |0⟩ ⟨𝑒| with the branching angle 𝜉

• The important uncorrelated dephasing terms [340], here the dephasing of |1⟩ and |𝑒⟩ using
the phase of |0⟩ as reference: 𝐿3 = √Γ1

ph |1⟩ ⟨1| and 𝐿4 = √Γ𝑒
ph |𝑒⟩ ⟨𝑒|

• Incoherent transitions between the GSs: 𝐿5 = √Γ0→1 |1⟩ ⟨0|, 𝐿6 = √Γ1→0 |0⟩ ⟨1|

• Unwanted cavity losses (e.g., losses through the wrong mirror), given by 𝐿7 =
√

̃𝜅𝑐

The effect of these dissipators on the non-Hermitian Schrödinger equation

𝑖ℏ 𝜕
𝜕𝑡

|Ψ⟩ = 𝐻NH |Ψ⟩ = (𝐻 − ℏ 𝑖
2
∑
𝑖

𝐿†
𝑖𝐿𝑖)|Ψ⟩ , (7.18)

only depends on 𝐿†
𝑖𝐿𝑖. This implies we can combine ∑𝑖=1,2,4 𝐿

†
𝑖𝐿𝑖 = ̃𝛾 |𝑒⟩ ⟨𝑒| with ̃𝛾 = 𝛾 + Γ𝑒

ph

and ∑𝑖=3,6 𝐿
†
𝑖𝐿𝑖 = Γ1 |1⟩ ⟨1| with Γ1 = Γ1→0 + Γ1

ph. In the main text we refer to Γ0→1 = Γ2 for
a consistent and simpler notation. Lastly the cavity losses lead to 𝐿†

7𝐿7 = ̃𝜅𝑐†𝑐.

7.C Solving the Non-Hermitian Dynamics
Combining the temporal mode matching and the non-Hermitian Schrödinger equation the
(decaying) dynamics of the coherent state transfer are

̇𝛼(𝑡) = − Γ1
2
𝛼(𝑡) + Ω∗(𝑡)𝜁(𝑡), ̇𝛽(𝑡) = −Γ2

2
𝛽(𝑡), (7.19)

̇𝜁(𝑡) = (−𝑖Δ − ̃𝛾
2
) 𝜁(𝑡) − 𝑔𝜂(𝑡) − Ω(𝑡)𝛼(𝑡), (7.20)

̇𝜂(𝑡) = − Γ2 + 𝜅 + ̃𝜅
2

𝜂(𝑡) + 𝑔𝜁(𝑡), (7.21)

𝜆̇(𝑡) = − Γ2
2
𝜆(𝑡) + 𝜅|𝜂(𝑡)|2

2𝜆∗(𝑡)
, (7.22)

where we combined important uncorrelated dephasing terms [340] and relevant decays from the
states |1⟩, |0⟩, and |𝑒⟩ in the rates Γ1, Γ2, and ̃𝛾, respectively.
To solve these equations we first formally integrate the pulse amplitude

𝜆(𝑡) =
√
𝜅𝑒𝑖𝜑√∫

𝑡

0
𝑒Γ2(𝜏−𝑡)|𝜂(𝜏)|2 𝑑𝜏, (7.23)
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where we allow for an arbitrary initial phase 𝜑. Inserting this solution into the temporal mode
matching 𝑔𝑣(𝑡) = −

√
𝜅𝜂∗(𝑡)/𝜆∗(𝑡) and comparing to the definition of the time dependent coupling

to the virtual cavity 𝑔𝑣(𝑡) = −𝑣∗(𝑡)/√∫𝑡
0
𝑑𝑡′ |𝑣(𝑡′)|2 relates 𝜂(𝑡) to the pulse shape

𝜂(𝑡) = 𝐸 |𝛼0| 𝑒𝑖𝜑𝑒−Γ2𝑡/2𝑣(𝑡)/
√
𝜅, (7.24)

with 𝛼0 = 𝛼(0). We term the positive proportionality constant 𝐸 the matter-photon conversion
efficiency and demonstrate in the main text, that it is directly related to the fidelity of the
process. Eq. (7.24) shows that the pulse shape is directly linked to the dynamics of the ES and
combined with the temporal mode matching we see that a static phase (such as 𝜑) can be either
encoded in 𝜆(𝑡) and or 𝑣(𝑡). Reinserting 𝜂(𝑡) into the formal integral describing the photon
probability amplitude yields

𝜆(𝑡) = 𝐸 |𝛼0| 𝑒𝑖𝜑−Γ2𝑡/2√∫
𝑡

0
|𝑣(𝜏)|2 𝑑𝜏. (7.25)

Inspired by results on the optimal control to emit a photon of a certain shape [330], we solve
the remaining equations in reverse by imposing a fixed photon shape [and thereby 𝜂(𝑡), 𝜆(𝑡)].
This approach leads us to

𝜁(𝑡) = Γ2 + 𝜅 + ̃𝜅
2𝑔

𝜂(𝑡) + 1
𝑔

̇𝜂(𝑡), (7.26)

and the optimal drive

Ω(𝑡) = −( ̃𝛾/2 + 𝑖Δ)𝜁(𝑡) + 𝑔𝜂(𝑡) + ̇𝜁(𝑡)
𝛼(𝑡)

. (7.27)

Because we can ensure that |𝛼(𝑡)| > 0 for 0 ≤ 𝑡 < 𝑇 if 𝛼0 ≠ 0 and the form of Ω(𝑡) is irrelevant
for 𝛼0 = 0 as no emission takes place, this provides a solution of Eq. (7.20) for Ω(𝑡). Additionally,
we now choose 𝜑 such that Ω(𝑡) becomes independent of the initial condition, i.e. |𝛼0| 𝑒𝑖𝜑 = 𝛼0

implying that the phase of 𝛼0 becomes the phase of 𝜆(𝑡). The complex phase of Ω(𝑡) is then
only determined by the system parameters and the pulse shape 𝑣(𝑡), not the initial condition of
the matter qubit.
To separate the remaining Eq. (7.19) into two separable (in 𝑡) real equations we take the ansatz

𝛼(𝑡) = 𝛼0𝑟(𝑡)𝑒𝑖𝜙(𝑡)−Γ1𝑡/2, with 𝑟(𝑡), 𝜙(𝑡) ∈ ℝ, 𝑟(0) = 1, and 𝜙(0) = 0. The separation yields
𝑟 ̇𝑟 = −1

2𝐸
2𝑑(𝑡) with the depletion rate accoring to Eq. (7.8) of the main text. We can integrate

both sides of the separated equation for ̇𝑟 to calculate the solution used in the main text for
𝑟2(𝑡) = 1 − 𝐸2 ∫𝑡

0
𝑑(𝜏)𝑑𝜏 ≥ 0. Note that 𝑟(𝑡) and 𝑑(𝑡) are independent of the detuning Δ.
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Analytic Solution of the Integrated Depletion Rate ∫𝑡
0
𝑑(𝜏)𝑑𝜏 7.D

After solving this integral the phase evolution also becomes a straight-forward integral, i.e.

𝜙(𝑡) = ∫
𝑡

0

𝐹 2𝑒(Γ1−Γ2)𝑡

𝑔2𝑟2(𝑡)
{[(1 + ̃𝜅

𝜅
)(Δ+ ̇𝜃(𝑡)) +

̈𝜃(𝑡)
𝜅

] 𝑓(𝑡) ̇𝑓(𝑡)

+ [𝜅
4
(1 + ̃𝜅

𝜅
)

2

(Δ + ̇𝜃(𝑡)) + (1 + ̃𝜅
𝜅
)

̈𝜃(𝑡)
2

+ 1
𝜅
(Δ ̇𝜃2(𝑡) − 𝑔2 ̇𝜃(𝑡) + ̇𝜃3(𝑡))] 𝑓2(𝑡)

+ Δ+ 2 ̇𝜃(𝑡)
𝜅

̇𝑓2(𝑡) −
̇𝜃(𝑡)
𝜅

𝑓(𝑡) ̈𝑓(𝑡)}𝑑𝑡, (7.28)

with the photon envelope phase 𝜃(𝑡) ∈ ℝ and amplitude 𝑓(𝑡) ∈ ℝ, i.e., 𝑣(𝑡) = 𝑒𝑖𝜃(𝑡)𝑓(𝑡). We
can read of from this expression that 𝜙(𝑡) = 𝜙(0) = 0 for Δ = 0 and ̇𝜃(𝑡) = 0, implying that
the phase 𝜙 is constant for Δ = 0 and ̇𝜃(𝑡) = 0, i.e., a resonant cavity and a pulse shape with
constant complex argument.

7.D Analytic Solution of the Integrated Depletion Rate ∫𝑡
0
𝑑(𝜏)𝑑𝜏

In this section we show the analytic expression for 𝐺(𝑡) = ∫𝑡
0
𝑑(𝜏)𝑑𝜏 for the real pulse shape

introduced in the main text given by

𝑣(𝑡) = 𝑓(𝑡) =
𝐿
∑
𝑛=1

𝑣𝑛 [1 − cos(2𝜋𝑛
𝑇

𝑡)] =
𝐿
∑
𝑛=1

𝑣𝑛𝑓𝑛(𝑡). (7.29)

Because this pulse shape is real we can write

𝐺(𝑡) = ∫
𝑡

0
𝑒𝑡(Γ1−Γ2){[1 + ̃𝜅

𝜅
+ ̃𝛾 − Γ2

𝑔2
𝜅
4
(1 + ̃𝜅

𝜅
)

2

]𝑓2(𝑡) + [ 1
𝑔2

(1 + ̃𝜅
𝜅
) + ̃𝛾 − Γ2

𝜅𝑔2
] ̇𝑓2(𝑡)

+ [2
𝜅
+ 𝜅

2𝑔2
(1 + ̃𝜅

𝜅
)

2

+ ̃𝛾 − Γ2
𝑔2

(1 + ̃𝜅
𝜅
)]𝑓(𝑡) ̇𝑓(𝑡)

+ 1
𝑔2

(1 + ̃𝜅
𝜅
)𝑓(𝑡) ̈𝑓(𝑡) + 2

𝜅𝑔2
̇𝑓(𝑡) ̈𝑓(𝑡)}𝑑𝑡, (7.30)

where using the ansatz (7.29) enables us to integrate term wise. This means the full integral
takes the form ∑𝑛,𝑚 𝑣𝑛𝑣𝑚𝑋 where 𝑋 is made up from products of the prefactor and the integrals
shown below. For brevity of the notation we use Γ = Γ1 −Γ2 and 𝜔𝑛 = 2𝜋𝑛

𝑇 to write the different
terms for the integral

∫
𝑡

0
𝑒Γ𝑡𝑓𝑛(𝑡)𝑓𝑚(𝑡)𝑑𝑡 =

⎧{{
⎨{{⎩

𝑢𝑚−𝑛(𝑡,Γ)+𝑢𝑚+𝑛(𝑡,Γ)
2 + 𝑒Γ𝑡−1

Γ − 𝑢𝑛(𝑡, Γ) − 𝑢𝑚(𝑡, Γ) for Γ ≠ 0,
3𝑡
2 + sin(2𝜔𝑚𝑡)

4𝜔𝑚
− 2 sin(𝜔𝑚𝑡)

𝜔𝑚
for Γ = 0 and 𝑛 = 𝑚,

𝑢𝑚−𝑛(𝑡,Γ=0)+𝑢𝑚+𝑛(𝑡,Γ=0)
2 − 𝑢𝑛(𝑡, Γ = 0) − 𝑢𝑚(𝑡, Γ = 0) + 𝑡 else,

(7.31)
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𝐿 ̈𝑓(0) = 0 𝐸max 𝑇 𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6
1 yes 0.987 0.50 1.35 -0.34
2 yes 0.987 0.38 1.5 -0.38 0.16 -0.09
3 yes 0.988 0.38 1.44 -0.36 0.27 -0.15 0.08 -0.06
1 no 0.988 0.44 1.23
2 no 0.988 0.44 1.28 -0.07
3 no 0.988 0.34 1.46 -0.30 0.17

Table 7.1: Optimized pulse parameters. The durations are rounded to two (three for 𝐸max)
decimal digits. The duration 𝑇 is given in ns and the amplitudes in units of 1/ns.

∫
𝑡

0
𝑒Γ𝑡𝑓𝑛(𝑡) ̇𝑓𝑚(𝑡)𝑑𝑡 =𝜔𝑚

⎧{
⎨{⎩

1−cos(𝜔𝑚𝑡)
𝜔𝑚

− 1−cos(𝜔2𝑚𝑡)
2𝜔2𝑚

for Γ = 0 and 𝑛 = 𝑚,

𝑢𝑚(𝑡) + 𝑢𝑚+𝑛(𝑡,Γ)+𝑢𝑚−𝑛(𝑡,Γ)
2 else,

(7.32)

∫
𝑡

0
𝑒Γ𝑡 ̇𝑓𝑛(𝑡) ̇𝑓𝑚(𝑡)𝑑𝑡 = 1

2
𝜔𝑛𝜔𝑚

⎧{
⎨{⎩

𝑡 − sin(2𝜔𝑚𝑡)
2𝜔𝑚

for Γ = 0 and 𝑛 = 𝑚,

ℎ𝑚+𝑛(𝑡, Γ) − ℎ𝑚+𝑛(𝑡, Γ) else,
(7.33)

∫
𝑡

0
𝑒Γ𝑡𝑓𝑛(𝑡) ̈𝑓𝑚(𝑡)𝑑𝑡 = 1

2
𝜔2
𝑚

⎧{
⎨{⎩

2ℎ𝑚(𝑡, Γ = 0) − 𝑡 + sin(2𝜔𝑚𝑡)
2𝜔𝑚

for Γ = 0 and 𝑛 = 𝑚,

2ℎ𝑚(𝑡, Γ) − ℎ𝑚+𝑛(𝑡, Γ) − ℎ𝑚+𝑛(𝑡, Γ) else,
(7.34)

∫
𝑡

0
𝑒Γ𝑡 ̇𝑓𝑛(𝑡) ̈𝑓𝑚(𝑡)𝑑𝑡 = 1

2
𝜔𝑛𝜔2

𝑚

⎧{
⎨{⎩

1−cos(𝜔2𝑚𝑡)
𝜔2𝑚

for Γ = 0 and 𝑛 = 𝑚,

𝑢𝑚+𝑛(𝑡, Γ) − 𝑢𝑚+𝑛(𝑡, Γ) else,
(7.35)

with

ℎ𝑚(𝑡, Γ) = 1
Γ2 + 𝜔2

𝑚
{𝑒Γ𝑡[𝜔𝑚 sin(𝜔𝑚𝑡) + Γ cos(𝜔𝑚𝑡)] − Γ}, (7.36)

𝑢𝑚(𝑡, Γ) = 1
Γ2 + 𝜔2

𝑚
{𝜔𝑚 + 𝑒Γ𝑡 [Γ sin(𝜔𝑚𝑡) − 𝜔𝑚 cos(𝜔𝑚𝑡)]} . (7.37)

7.E Optimized Pulse Shapes
To optimize the pulse shapes in Fig. 3 we use 500 samples for 𝑇 between max(1/𝜅, 1/𝑔) and
min(1/Γ1, 1/Γ2) (here ≈ 0.03 ns and 16 ns) and for each 𝜆𝑛/𝜆1 (𝑛 = 2,… ,𝐿) 200 samples between
−1 and 1. With this we can numerically determine the maxima of these discrete points. Table 7.1
shows the optimization results of Fig. 3 of the main text.
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8
Conclusion

Spin-photon interfaces are a promising platform to realize interconnects between stationary
qubits (spins) and flying qubits (photons). For the spin-photon interface provided by transition
metal (TM) defects in silicon carbide (SiC), we specifically emphasize that they provide naturally
localized quantum states, exhibit favorable spin coherence properties, have a pertaining nuclear
memory (for TMs with non-zero nuclear spin), and a zero-phonon line in the optical domain.
For vanadium (V) defects, this optical transition even emits into one of the telecommunication
bands that can be efficiently transmitted in optical fiber.

8.1 Summary
In this thesis we developed a detailed model to describe the relevant level structure for TM
defects in SiC. We presented the key role of the spin-orbit interaction for the level structure of
the active electron and the coupling to external fields. In addition, we investigated the influence
of external perturbations, most notably crystal strain and magnetic fields, on the level structure
and selection rules. We applied these findings to discuss the readout, control, and preparation of
the quantum state of the defect.
In particular, in Ch. 3 we introduced the framework describing the energy level structure of the

defect due to the interplay between the reduced symmetry of a TM defect implanted in SiC and
the spin-orbit coupling. This provides valuable insights into the anisotropy of the 𝑔-tensor. We
determined the expected magnetic and optical selection rules for intact symmetry. Furthermore,
the calculated resonance properties in the presence of a static magnetic field in arbitrary direction
show that access to transitions forbidden for intact 𝐶3𝑣 symmetry is possible by breaking the
𝐶3𝑣 symmetry. We extended the model to include the hyperfine interaction with the nuclear spin
of the TM defect in Ch. 4, which we linked to previous experimental results. This link made the
assignment of the electronic levels to the irreducible representations (irreps) of the 𝐶3𝑣 point
group possible. Combined with the previous chapter, we have access to selection rules between
the hyperfine levels, which we used to construct a lambda (Λ) system to interface a nuclear
spin quantum memory with the electronic qubit. Additionally, we proposed an experiment to
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determine the inhomogeneous dephasing time 𝑇 ∗
2 of the nuclear memory qubit. Combined, Chs. 3

and 5 are central in characterizing suitable qubit transitions which is part of the first DiVincenzo
criterion (see Sec. 1.4).
Using the model down to the hyperfine levels, in Ch. 5, we refined the selection rules to

account for circular polarization of the fields and proposed suitable qubit candidates in the
ground state (GS) manifold based on zero first-order Zeeman (ZEFOZ) transitions (also known
as clock transitions or optimal working points). These transitions are better protected from
magnetic noise and thus have the potential to improve the coherence time (working towards
the third DiVincenzo criterion). To initialize the qubit into a simple state (second DiVincenzo
criterion) we developed a framework to engineer driven, dissipative protocols. We applied the
framework to the 𝛼 configuration of V defects in 4H-SiC to devise a purely optical protocol,
feasible in state-of-the-art experiments, to polarize the nuclear and pseudospin. Due to the
plethora of nuclear states of these defects, the polarization is essential for experiments and
quantum technology applications. Lastly, we identified cycling transitions suitable for readout of
the pseudospin state (fifth DiVincenzo criterion).
In Ch. 6 we studied the influence of strain on the TM defects in SiC. We found that strain enables

engineering of the 𝑔-tensor and optical selection rules, such that strain-controlled manipulation
(microwave gates) within the KDs, as well as Λ and V optical three-level setups using a single
polarization and static strain are possible. The optical setups and microwave gates are a step
towards a universal quantum gate set (fourth DiVincenzo criterion). Moreover, we showed a
path forward for state preparation within the GS KD by combining magnetic fields and strain
for engineering a Λ system for the pseudospin states of the KD. We also discussed the prospect
of state readout of strained defects using cycling transitions. Due to the influence of strain on
the hyperfine interaction it becomes necessary to develop new polarization schemes. Therefore,
we presented one possible scheme adapted for strained defects as an example.
These insights and the optical transition of some of the TM defects in SiC within an optical

fiber transmission window highlight their great prospect as stationary to flying quantum intercon-
nects (sixth DiVincenzo criterion). These frequency windows are advantageous for the faithful
transmission (seventh DiVincenzo criterion) of a photon encoding the flying qubit in optical fiber
due to the low losses.
We studied a particular implementation of stationary to flying qubit conversion, namely (cavity-

assisted) stimulated Raman emission, in Ch. 7. First, we proposed protocols for encoding the
stationary qubit into the flying qubit or generating entanglement between the stationary and
flying qubits. By matching the emitted temporal mode (or pulse shape) to the system dynamics,
which can potentially be applied to other models and protocols, we derive a novel bound for the
fidelity of the state transfer that accounts for the pulse shape of the flying qubit. Subsequently,
we cast the bound into an optimization problem for the pulse shape to achieve an efficient
emission process. This paradigm shift from optimizing the drive to optimizing the emitted pulse
results in a closed-form expression optimization problem.
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8.2 Outlook
While the theoretical assessment of this thesis shows the great prospect of single TM defects in
SiC as spin-photon interfaces for applications in quantum technology, there are still aspects that
need further investigation and engineering before scaling up to quantum network and internet
applications.
While some of the theoretical predictions of the models developed in this thesis have already

been experimentally verified, other aspects, including the proposed state preparation, readout,
and strain engineering, are worth future experiments. Furthermore, to obtain more quantitative
information on the properties of various TM defects at different crystal sites it would be of great
interest to compute or measure missing model parameters for different defect configurations.
Some experiments work with ensembles of defects, where the ensemble may consist of several
emitters with similar but varying properties due to nearby crystal defects, different local strain,
and varying depth. For this reason it would also be instrumental to extend the model developed
in this thesis to account for interactions with (other) nearby defects and to study the effect of
the proximity to the surface of the material. This in turn could be used to create a model for
an emitter ensemble. Similar to the nitrogen vacancy (NV) center in diamond, we can imagine
applications of TM defects in SiC at non-cryogenic temperatures. To this end, it would also be
interesting to model and measure device properties at elevated temperatures.
A natural next step towards quantum technology is the integration of TM defects in SiC

into photonic structures, potentially even in a fully chip-integrated quantum photonic platform.
This would work towards solving the central technical challenge of efficiently collecting emitted
photons and thus efficient stationary-flying qubit entanglement generation. The task of scaling up
to a quantum network additionally necessitates sufficiently low decoherence. The coherence time
needs to be at least sufficiently long to generate entanglement between two or more (neighboring)
nodes. There is a paradox arising because the possibility to control and coherently interact
with a quantum system (e.g., to generate spin-photon entanglement) prohibits perfect isolation
of the interface which leads to decoherence. This paradox substantiates the need to engineer
protocols and devices to balance these constraints. For the same reason, continued work in device
fabrication in order to further suppress crystal imperfections and unwanted nuclear spins to
increase the coherence time is well-founded. Analogous to how the NV center in diamond and
TM defects in SiC each have some favorable properties, there might be other classes of defects
and host materials with complementary properties. Therefore, a continued survey of different
defects and suitable host materials is a valuable effort.
We reiterate that not only the individual devices need to be developed, but also the full-scale

protocols need to be optimized to the greatest possible extent. In the context of this thesis, a
natural next step for future research would be to incorporate the stationary-flying entanglement
protocol into a model for remote entanglement generation of stationary nodes mediated by the
flying qubit, followed by an optimization of the entanglement generation.
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8.2 Conclusion

Finally, let us reflect upon the introduction. Even though it has taken years to develop
and establish the necessary technology, we cannot imagine a world without digital information
processing. The same might become true for quantum information processing. Additionally,
during the development and assessment of the necessary platforms and while solving the technical
challenges to build advanced quantum devices the research community might uncover new insights
and interesting physics. Combined with the results presented in this thesis, we hope this convinces
the reader that continued research in the field of quantum technology, in particular spin-photon
interfaces, is a worthwhile endeavor.
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