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Decay estimates for the Cauchy problem for the damped
extensible beam equation

Reinhard Racke, * Shuji Yoshikawa,

Abstract

The extensible beam equation proposed by Woinovsky-Krieger [13] is a fourth order
dispersive equation with nonlocal nonlinear terms. In this paper we study the Cauchy
problem of the extended model by Ball who proposed the following model with external
and structural damping terms:

p@fu + 60wu + H@iu + n@taﬁu = (a + ﬁ/ |8mu]2dx + ’y'n/ 8t6wu6$udx> é@u.
R R

For n > 0 this represents a Kelvin-Voigt damping. We show the unique global existence
of solution for this problem and give a precise description of the decay of solutions in
time.

1 Introduction

The nonlinear beam equation

I
pO2u + KO = (a + ﬂ/ ]&m\%x) Ou (1.1)
0

was proposed by Woinovsky-Krieger [13] (see also [6]) as a model for the transverse defection
u of an extensible beam of natural length [, where p, x, a and [ are positive constants. In
this article we study the initial value problem for the modified model of (1.1) proposed by
Ball [2], where he assumes that the beam has linear structural (Kelvin-Voigt) and external
(frictional) damping, that is, we consider the following problem:

pOZu + KO + §0yu + N0t
= (a + 6/ |0, ul*d + 77]/ (9muc9t8mudx) O*u, (t,r) € RT x R, (1.2)
R R
u(0,-) = f, 0w (0,-) =g, r e R,

where v and ¢ are positive and 7 is a non-negative constant. According to the modeling
in [2], physically, in connection with the Kelvin-Voigt damping term 79;0%u, the additional
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nonlocal term yn fR 0,u0;0udx arises. Our problem approximates a sufficiently long beam
the cross-sectional area of which is proportional to the length. The initial-boundary value
problem for the equation (1.1) has been studied by many authors (see e.g. [5] and [1], etc.).

On the other hand, there seem to be no results studying the initial value problem x € R,
even if n = 0. For the problem (1.2) we investigate the decay property of solutions with the
help of the technique from the damped wave equation with absorbing type nonlinearity.

Before stating our main results, we explain several related results. The damped wave
equation 9?u — Au + dyu = f has been extensively studied. When we consider the Cauchy
problem (z € R™) of semilinear damped wave equations with absorbing type nonlinearity
f(u) = —|u[P~tu, it is important that we find suitable techniques to utilize the dissipative
property of the linearized equation. Nakao [9] proposed a technique dividing the time energy
integral appropriately estimating local portions. His technique has been used and further
developed by many authors (see [8], [10] etc.). Combining their techniques with the decay
estimate for the linearized equation, we obtain the following result.

Theorem 1.1 (Decay estimates). Let k > 2 be an any integer and set

‘ _ (4 (=0,1,23
O, :=minq -, 2 ¢, 0y = (= (1.3)
2 maxX,,—3.4 . ¢Mmin {04+2_m + 1, %} (> 4.

1. Let n = 0. For any (f,g) € H* x H*2, there exists unique global solution u to
(1.2) satisfying u € C([0,00), H*) and dyu € C([0,00), H*=2). Moreover, the solution
satisfies
Ci

(t+1)%

where Gy, = C(||fl|zx, |9l zr-2)-

Ch

¢
2 < -5
|0k < R

O<<k), 007 u)]> < (0 <m <k-2),

2. Letn > 0. For any (f,g) € H* x H* there exists unique global solution u to (1.2)
satisfying u € C([0,00), H*) and dyu € C([0,00), H*). Moreover, the solution satisfies

G
[0u(t)| 2 < ﬁ 10:05u(t)|| 12 <

Ci

_— </<
(t 4 1)0c+2 O<t<h)

where ék =C(Ifllaw, |9l e)-

In the case n = 0, Brito [4] considered the abstract form
pO2u+ kA% + 80u — (o + M(|A2ul?)) Au,

and showed the exponential decay of solutions if §% # 2a( where he assumed that, with
¢ >0, (Au,u) > CJul?. Biler [3] gave a remark related to improvements of the assumption
in [4]. In the above results the boundedness of the domain plays an essential role. In our
setting * € R, however, we can not expect the exponential decay of solutions. Indeed,
the result [12] showed that the decay of solution is polynomially and it is optimal even in
the linear case. In addition, from the result [12] we guess that the decay for ||0,u(t)|z2 in

2



Theorem 1.1 is optimal unless we do not assume some other restriction on the data. To
obtain the decay estimates in Theorem 1.1, the lower order term plays an essential role.
Indeed, if we assumed o = 0, we only expect to be able to show the slower decay estimate
10,u(t)||2 < C(t 4+ 1)"/* as mentioned in [12]. In the case n > 0, although Ball [2] gave
an existence result in the bounded domain case, there seems to be not any results for the
Cauchy problem (x € R) even for the linearized case. The Kelvin-Voigt damping changes
the structure of the equation (1.2). For example, when we compare the linear estimates (2.9)
and (2.13), the later estimate for the case n > 0 can be observed a kind of regularity gain
property. The intricate exponent 0, is concretely given as 0, =2 (¢ =4,5),5/2 (£=6,7), 3
(0 =28,9,10), 7/2 (¢ =11,12,13), 4 ({ = 14),... As we will show in the proof of Lemma 3.3,
it satisfies (%_1 < gg < 54_2 + 1.

This paper is organized as follows. In Section 2 we introduce several lemmas needed later
on to show the main results. In Section 3 we present the proof of the main result.

We conclude the introduction by giving notation used in this paper. We use the notation
0y = % and 0, := a%' We denote several positive constants by C' and C; (i = 1,2,3,...).
The constant may change from line to line. Important dependencies of constants are denoted
by C = C(...). LP and H*® are the standard Lebesgue and Sobolev spaces, respectively.
We denote the Fourier and the Fourier inverse transforms by F and F ~1 and the Fourier
transform of a function f by f.

2 Preliminaries

In this section we introduce some useful lemmas and linear estimates. To derive the decay
estimate for nonlinear problem, we use the following modified Nakao inequality introduced

by Ono [10].
Lemma 2.1 ([10, Lemma 2.1]). Let ¢ be a nonnegative function on [0,00), satisfying

sup  ¢(s)” < {kop(t) + ka(t + 1) Ho(t) — ot + 1)} + ka(t +1)°

sE[t,t+1]
for some kg, ki, ko, a and b > 0. Then ¢ has the decay property
p(t) <Ot +1)7°, 0 = min {a + 1,b/2},

where C' denotes a positive constant depending on ¢(0) and the known constants a,b, ...
appearing. In the case ko =0, (2.1) holds for = a + 1.

The following inequalities are well-known and useful for the estimate of the nonlinear
terms.

Lemma 2.2 (sec e.g. [11, Lemma 2.4]). 1. Let a > 0 and b > 0 with min{a,b} > 1. It holds

t
/ (t—s54+1)"%s+1)"0ds < O(t + 1)~ mintab},
0

2. Let1>a>0,b>0 andc>0. It holds

t
/ e~et=9)(t — §)=%(s + 1)"bds < C(t + 1)
0



For short, throughout this paper we often denote

I(u) ::/\&cuﬁdx, I(u) :z/@xuaﬁxudm. (2.1)
R R

We define the mild solution to (1.2) in the case p > 0 by the solution of the following integral
equation in the L?-sense

u(t) = Ko(t)f + Ki(t)g + % /Ot ICi(t — s){BI(u) + vnf(u)}aiu(s)ds, (2.2)

where Ko(t)f i= F~! [Ko(t,g)ﬂ and Cy(£)f 1= F! [Kl(t,g)ﬂ with

Va(€)2-4b(&) , Y Va(2-4b(&) ,
2 e 2

Ko(t,€) == 306t E 5

) (2.3)
. a(§)e ) (e\/@t - \/Wt)
2/a(€)? — 4b(€) ’
e 29O Va@Tmm®, _ /aeroanE,
Ki(t,¢) = O 00 <e —e ) ) (2.4)
5
a(€)i= S+ ogh W =g (2.5)

To prove a local existence theorem and decay estimates, we use L?-L? estimate which
can be proved by the standard Fourier splitting method. Although we could derive LP-L4
estimate by using the Carlson-Beurling inequality as in [7] and [11], we only state L*-L? case
for simplicity because we use only this case in this article.

Proposition 2.3. Let k be an any nonnegative integer and Ko and Ky be defined by (2.3)
and (2.4).
1. If n =0, then it holds that for 0 < ¢ <k and 0 < n < min{k, 2}

C

10Ko® |2 < (g 1OE e o O 0L s (2.6)
losks ] < f 7108 e+ O oL 2.7)
L R L R L 25)
500,05 S g8 Sl + €10k i (2.9)



2. If n > 0, then it holds that for 0 < {,m <k and 0 < n < min{k,4}

C _ _

|05 KCo(t) f] > < s 1)gllaf,? Fllz + Ce= 5 fl 2, (2.10)

C _ _ —n
|OsL () f|) 2 < (t+1)£”8§ Fllez + Ce 05" f |l 2, (2.11)

C _ _

050 Ko () f]| . < WHaI; fllre 4+ Ce Y05 f|| 12, (2.12)
RO, (¢ < ¢ okt ok ¢ Qf—m 2.13
H 0Ky ( )f||L2 < m” e fllze + H fllzz + miig — il fllzee (2.13)

Proof. We first prove the inequalities (2.10)-(2.13) for the case n > 0. Since from (2.5)
20m 4k 52
a(€)? - 4b(€) = 58 (—”——) & - 5 +55
pPp p?
we may choose r < 1 small satlsfymg a(§)* — 4b(&) > Je, > 0 for all || < r, and large

R > max {, / 5’;, 1} satisfying a?(€) — 4b(€) > Jcg|€® > 0 for all || > R.

We start proving the inequality (2.11). Observe that ||£[Fe=ClEl"| < C//t*/* and that for
a’?—4b >0

2 2 a(&) 4+ /a2(€) — 4b(€) ~ a(§)
Since ZE?) = ”git]‘gfz > 6—&377"452 (€] < r), we have
k a(®) _ Va2 =15 _(a® , VaZ©-1©
o<t 50
; (2.15)
2 lr|¥ _s C
< " BGEEARAR p 7U G (1 S )
Cr \/a (t + 1)5
We see that for |£] > R
2(€) —
2 2 i
since nb(§) > ra(€) holds by the assumption on R. Then for || > R we have
_ [ a® _ Va2(&)—4b(&) . _( a® | Va2(&)—4b(&)
e ( 2 2 )t < efﬁt, e ( et 2 )t < 67%#
Therefore we obtain
k
FEL(t, <Le"t+ezp < C|¢fFre . 2.17

Since the function Sin;‘x is bounded on bounded sets, we see that for r < || < R

OB, VI,

Hel* a0 e

k k t Ct

K (t,6)] < 5le < C|R|Fte™ 2! < Ce . (2.18

e Kt )] < =5 o, | < Ol < (218)
2



Consequently it follows from Plancherel’s theorem that

o3 () f 2 < Sup |Iel* Bt )1 F 2= + jlzgR\lﬁlel(t,Sﬂ (e

_ C
+ sup [[¢]"K(t, )10y |22 < P
R<g| (t+1)2

due to (2.15), (2.17) and (2.18). This proves (2.11).
Next we show (2.10). From the same argument as (2.15) we have for |£| < r

1Fllze + Ce™ 05" fll e,

EP Ko(t,6)] < CUEF + €5 + Jef e €D foedit< —C  (219)
(t+1)z
Since \/GQE’;)?%(&) < 05\—/’—%?6”4 (|¢] > R), we have
_K _ 4 _
E[F KL (2, €)] < CYEF + |6 (e + 72 < Clelfe™  (|¢] > R), (2.20)

in a similar manner to (2.17). It holds that for r < [{| < R

. Rk eix/a(éﬂ;%@t n e—iwt tR*a(R) ew2<€;4b<€>t EPAIGETGN
[ Kot €)| < — t—
e2pt 2 46 2pt a? (E)_4b(£)t
2
< Ce 4 Cte™“t < Ce .
(2.21)
Then (2.10) follows from (2.19), (2.20) and (2.21).
Next, we show the estimate (2.12). Observe that
OuKo(t, €) = —— &) oot (ev GOy Vel ““)?““)t) L (222
a(§)? — 4b(S)

k Kta | ¢ k42 *%fzt b(r)yrk —S¢ C
We have |[€[*0,Ko(t,€)| < rtalg|FH2e ™ " 4 202" < i (J¢] < r < 1), and

€[50, Ko(t,&)| < (%) (e_%t—i—e_%t) < Clfke=C (J¢] > R). From the same

argument as in the estimates for K ((2.18)), it immediately follows that ||£[¥9,Ko(t, £)| <
Cte= ¢ < Ce“ for r < |¢| < R. Then we arrive at (2.12).
Next we show (2.13). Observe that

8tK1 (ta 5)

(Ve

a(£)2— v
B e\/Wt + G_Wt - a(§) (6\/a(£)2274b(5)t B e@ﬁ Lo
2 2y/a(€)? — 4b(€)
—2b(¢) _(@_@)t

V(€] = 20(€) (V/a(©)” = 45(6) + a(©))

a(€) — B(E) + al§) (P +FTGTE)e
2y/a(€)? — 4b(¢)

(2.23)



We have for |£] <r <1

k KA Qe — 5280t a(r)r® _s, ¢
|1€]F0 K1 (8, €)| < e, |€]" e 40 —l——\/a e 2 < —(t—|—1)§+17 (2.24)
because
2(€) J WY _wtay

Va(€)2 = 4b(€) (¢a (©F — 46(E) +afe)) | ~ ol —40(E) = per
\/ —A4b(E) + al¢ '< a(€) _ a(r)

—4b(E) | Va(©? - () ~ Ve
For [{] > R > 1 we obtain from (2.16)
2b(§) —(@—7“‘2(5;"“’(5))1;
€
V(e = 8(0) (/a(eP — (0) +a(¢))
b(&) —E¢ K+a _= 4
S -w©° S e S
and
a€) + V@) —4(E) ~(PrTGEO)| _ a§) e,
2/ a?(§) — 4b(¢) ~ a2(€) — 4b(¢)
5+77 -2t —olght —Cti¢|—m m _—Ctet c
< vt ReE < oo e €| < e

Then we obtain for nonnegative integers k and ¢ and an integer n € [0, 4]

[ (a(@ Q) —4b<5>> B e

‘|§|k8tK1(t,§)| <

\/CR 2 2
k—4 2 _ [ a(®) | Va?(&)—4b(&)
‘ a(g) + a (5) 4b(€) e ( 5 T 2 )t S £|§|k—n+ C |€|k—m
VCR 2 2 eCt tm/4eCt

From the same argument as in (2.21) we see that |[£[*0,K;(t,&)| < Cte= "+ Ce ¢t < Ce= ¢
(r <|€] < R). Then we can establish (2.13).

In the last part of the proof, we consider now the case n = 0. The inequalities (2.6) and
(2.7) can be found in Propositions 3.1 and 3.2 in [11] as a special case (¢ = r = 2). Therefore
we only show (2.8) and (2.9). Let us choose small r < 1 satisfying a* — 4b(r) > 0 and R > 1
satisfying a* — 4b(R) < 0. We write ¢, := a® — 4b(r) and define ¢ by a positive constant
satisfying a® — 4b(€) < —cgr€* for all || > R. Recalling (2.22), we have for || <r < 1

2l e U)o
a? —4b(r Va? — 4b(r) Tt 1)zt

7

|1€]5 0, Ko(t, )| <




It holds that for || > R > 1

kt4 _—
lePaka(t, )] < 20N g (\W

VeRe?

In an argument similar to (2.18) for r < [£] < R we see

VA4b(§)—a? .,
+le =2 °

) < C’§|k+2€_ot.

Va2 —4b(€) Va2 —4b(€)
tRFB(R t_ - t
|l€1F 0, Ko(t, )| < LRNR) g€ = c < ce, (2.25)
2 a2_4b(§)t
2

with the help of the boundedness of the functions % and % in bounded sets.

Lastly we show (2.9). Recalling (2.23) and letting n = 0 in (2.24), we have for |{] <r

2(k + a) k42— 262t a(r)rk -t C
|1€]F0 K1 (8, €)| < mm +2, + NG e < —(t—i— E (2.26)

and for |£| > R
5
|1€[F0, K1 (¢, €)| < Cl¢)fe2".

From the same argument as above, we see ||¢[¥0,K:(t,£)| < Ce™@" (r < |¢| < R). Then we
obtain (2.9). This completes the proof of Proposition 2.3. O

An existence result in a suitable setting can be found in Brito [4] for the case n = 0 and
in Ball [2] for the case > 0, for bounded domains. Although the proof for the unbounded
domain case is also not too difficult, we show it here in both cases n = 0 and n > 0,
respectively, for self-containedness. By using the local existence and the decay estimate for
nonlinear problem given later, the unique global existence can then easily be shown.

Proposition 2.4 (Local existence and uniqueness). Let k be an any nonnegative integer.

1. Let np > 0. For any (f,g) € H*? x H*, there exists T = T(||f|lmr+2, ||gllgr) such
that there exists a unique mild solution u to (1.2) satisfying u € C([0,T], H**?), du €
c([o, 7], H").

2. Let n > 0. For any (f,g) € H*™? x H*2 there exists T = T(||f|lgr+2, ||| grr2)
such that there exists a unique mild solution u to (1.2) satisfying u € C([0,T], H*?),
O € C([0,T], H*?).

We remark that we regard I (u) as — [ Qyud2udx for the problem with n > 0in k=0 .
Proof. 1. To establish the local existence result, we define a nonlinear mapping by:

Ou] == Ko () f + Ka(t)g + % /0 Ki(t — s){BI(u(s)) +nl(u(s))}Ozu(s)ds



and the ball X7 := {u | |lu[[x < M}, where |lul|x = [Jullzsegr+2 + [|Opu| oo grr. We shall
show that the map ® is a contraction mapping on X7r. From Proposition 2.3 it obviously
holds that

1Ko () fll ez + 1K1 (D) gl mrive < CUULf N armez + glla),
100 f 1w + 0K () gl e < CUf e + Ngllan),

[ e = 51u) + mTu(s)) }oRu(s)as

0

where in the last inequality we have used the fact /C;(0) = O. Then we have

Hk+2

t
< C/O (10zu(s)I[22 + 9ru(s) ] 2 l|0zu(s)l| o) [[uls) [ srwsads,

o / Kt — $){BI(u(s)) + ynT(u(s))}02u(s)ds

Hk

t
< C/O (10zu(s) 122 + 19su(s) ]| cllOFus) [l 2) [uls) | esads.

12fulllx < CUSfllmere + llgllm) + CTullx

From the same argument we easily deduce that

%) = 0fa)lx < C sup [ 131 +T(w)3Eu = (BI@) + T (7)o s
< OT(Julfy + 175 lu — ..

This implies the desired result by choosing M = 2C(||g|| g+ + || f|| gr+2) and T < 1/(2C M?).
2. The same argument as above with the help of the estimate (2.13) yields the result for
n > 0. Indeed, if we set [[ullx = [[ullpsomr+> + [[Opul[Lseprr2 (K > 0), then by (2.13) as
n =m = 2 we have

89'?“31:/0 Kr(t = s){BI(u(s)) + v (u(s))}O5u(s)ds

L2

t 1
<0 [ (14 Gsgiamons ) (0 + 1092 102u(e) )0k u(s) s
< Clul (T +T'2)

Therefore by choosing small T satisfying CM?(T + T'/?) < 1/2, we have desired result. [

3 Asymptotic behavior

Unique local in time existence of mild solution has been proved in Section 2, and hence, once
we show a priori estimates corresponding to the local existence results, we can extend the
local solution to a global one. Therefore, we concentrate on the topics on the derivation of
the decay estimates (3.10) of the solution to (1.2).

9



As we have already seen in Proposition 2.3, we should split the arguments into the case
n = 0 and the case n > 0. However, the decay of the energy E,(t) which is defined by

Ey(t) = _Hatu”L2 +5 HazuHLQ +3 Hf‘? ullZz + 7 Hf9 ullz2 (3.1)

can be proved by the same arguments.

Lemma 3.1 (Decay of energy). Let n > 0. Assume that (f,g) € H? x L?>. Then the
solution to (1.2) constructed in Proposition 2.4 satisfies E,(t) < Ca(t + 1)71, where Cy =

CUlf a2, llgllz2)-
Proof. Multiplying (1.2) by d,u yields

0,E,(t) + A(t) = 0, (3.2)

where A(t) := 6[|0wull22 + nl|0:02ul3: + v ([fo 3xu@t&rudw)2. Next, multiplying (1.2) by u,
we obtain

0
o, (gnaﬁuﬂiz + p/ udyudz + %Ilazuﬂiz + §||“||L2)
R

+ Kl|07ullZ> + ol|OxullZs + BllOsullze = pllOpullZ:.

(3.3)

Integrating the resulting equality (3.3) with respect to time variable over [0, ¢], we have the
following inequality

n ol d n ol 0
§H5’§U(t)H%z + ZH@:U(QH‘EQ + §HU(?€)H%2 < 5\!331‘!\%2 + ZH@JH‘EQ + §Hf!|%z
t
+ ol fllzzllgllze + pllu®) || 2| Opu(t)|| 22 + p/o [0pu(s)]|72ds < C + C|lu(t)| 2,

with the help of the boundedness of ||0;u(t)|| 2 and fo |9u(s)]22ds, due to (3.2). Therefore
we obtain

n mn )
§II3§U(t)IIiz + leaxu(t)ll‘iz + §IIU(t)||iz <C. (3.4)
We shall show that
sup_ E,(s) < C{E,(t) = E,(t + 1)} + Cy/E,(t) = E,(t +1). (3.5)
s€t,t+1]

From (3.2) we have E,(t) — E,(t +1) = tH A(s)ds. Using the mean value theorem, there

exist 71 €[t,t+1/4] and 1 € [t + 3/4, t+ 1] satisfying ;A ft+4 A(s)ds and $A(1) =
f "3 A(s)ds. Then we obtain

;lmaX {A(ﬁ), A(7'2)} < Ep(t> - Ep(t + 1>' (3'6)

10



Here, from (3.3) we have

T2
/ (PllOwullZ: + £l 0Zullz> + alldwullz + BllOzull12) ds

= —5/ /u@tudxds—i—p/u(ﬁ)@tu(ﬁ)da:—p/u(Tg)ﬁtu(TQ)dx
T R R

R

—77/ /aiuatﬁguda:ds —’yn/ (/ 8xu8t8xudx/(8xu)2das)
1 R 1 R R

t+1
< 5/ [u(s)ll 2 l|0vuls) | 2ds + pllu(m) || 2 |1Ocu(mi) || 2 + pllu(re) |2 1Oru(T2) |2
t

t+1 t+1
+n / 102u(s)]| 2 10,02 s) || adds + 1 /
t t

t+1
+ 2p/ ||5)tu(s)|]%2ds
¢

ds + 2p/ |0u(s)||32ds

T1

/(‘%u@tamudx |0,u(s)|32ds
R

1 1 1 1
<c ( / ||atu<s>||igds) T Cllau(m)l2 + Cllowu(m)le +C ( / ||6ta§u<s>||%2ds)
t t

t+1 2\ 2 t+1
+C / ds| + 2p/ |0u(s)||32ds
t t

/ 0, u0;0zudx
R

/72 E,(s)ds < O\JE,(t) = E,(t + 1) + C{E,(t) = E,(t + 1)},

By using the mean value theorem again, there exists 7y € [y, 7] satisfying (1o — 1) E,(79) =

f:f E,(s)ds. Since 75 — 7 > 1/2 > 0, we have E,(10) < C\/E,(t) — E,(t + 1) + C{E,(t) —
E,(t+1)}. From (3.2) for any 7 € [r9,t + 1]

Bym) = E(r) + [ Als)ds > E,(r), (37)
and for any 7 € [t, 7]

E,(r) < E,(m0) + / As)ds = (1) + {E,(t) - Byt + 1)},

(3.8)
Combining (3.7) and (3.8) yields (3.5). It follows from (3.5) that
sp E,(5) < [CLEND - Et-+ D)+ CyE0 - Byfe + )
s€ftt+1]
<C {Ep(t) B Ep(t + 1)}2 +C {Ep(t) - Ep(t + 1)} (3-9>
< C{E,(1) = Byt + D}HE, () — B,(t+1) + 1}
< C{B,(t) ~ Byt + D} {B,(1) + 1}
Then by Lemma 2.1 we have the desired result. O

11



From Lemma 3.1 we have the following a priori estimates:
lu@)llz2 < Co, [10su(®)llz2 + 19ru(®) |12 + 82u(®)]l 12 < Calt+1)72. (3.10)

By applying Proposition 2.3 to the Duhamel formula (2.2), we can increase the decay rate
of ||0yu(t)||z2 and [|Oyu(t)]| 2, and particularly in the case n > 0 also ||0;02u(t)]| 2.

Lemma 3.2. Let n > 0. Assume that (f,g) € H*> x L*. Then the solution for (1.2) satisfies

C
10su(t) ]| z2 + |05u(t)] 2 < t+21' (3.11)
In addition, in the case n > 0, if we assume g € H?, the solution also satisfies
Cs
D20u(t)| < : 3.12
10 0u(t)]| < T 1) (3.12)

Proof. From (3.10) we see that [I(u(t))| 4 [I(u(t))] < C/(t +1). By applying Proposition
2.3 to the Duhamel formula (2.2), we have

t
C
Jo2u(o)] < KAl -+ KO+ [ 5102 (¢ = )okus)] o
c cuaxu(s)nml)g o [ Ul
2 0

roq Sl + Nl + [ e A

t
t 8. ¢ c
+/ 3 3d8+/ 3 ds
0o (t—s+1)2(s+1)2 0 (54 1)2eCt=9)

C C
<

+
L (t+1)2 ~ t+1

IN
+

(3.13)

IN
o

—_

+la +

)

-t

thanks to Lemma 2.2, where we have used (2.7) of (2.11) as k =4, ¢ = 3 and n = 2 in the
nonlinear term. By differentiating (2.2) with respect to the time variable, we also obtain

t
C
10vu(B)]] < (10K ()9l L2 + 100 (8) f 2 +/ po S Chy 5)0zu(s)|| L2ds
0

C b Cou(s)] 12 /t C||0%u(s)|| 2
< = 2 + |lglle) + ds PR R
< e+ ol + [ el g, [l

t+1

< ¢ +/t c ds+/t ¢ ds

Tt Sy (t—s+1)i(s+1)? o (s+1)2C¢=9)
c ¢ _¢

Tt+l o (t41): Tt

thanks to (2.8), (2.9) (or (2.12), (2.13)) and (3.13). Observe that the estimate (2.13) is the
same as (2.9) if we choose n = m = 0. This implies the estimate (3.11).

12



Next, we show the decay estimate (3.12) for ||020,u| 2 in the case > 0. By the Duhamel
formula we obtain

C
[020yu(t)|| 12 < m(“f“m + |l gl z2)
e |02u(s)|| 2 |02u(s)|| 2 |02u(s)|| 2
+A s+1 <(t — s+ 1)%+1 + eC(t—s) + (t _ 8)1/260(15—3) ds

C t C C
T +/0 <<s+ D2 —s+1)?  (s+ 120 = s)l/2ec<t—s>> @< T

with the help of (2.13) in ¢ = m = n = 2. This completes the proof. ]

Higher-order energy estimates help us to show decay estimate of higher-order norms of
the solution.

Lemma 3.3. Suppose that k > 3, and the exponents 0y and §k are given by (1.3).
1. Let n = 0. If we assume (f,g) € H* x H*2, the mild solution for (1.2) satisfies

C
k—2 k b
1027 0Bz + 125ullze < 7y

2. Let n > 0. If we assume (f,g) € H* x H*, the mild solution u € C(]|0,00); H*) N
C1([0,00); H*) for (1.2) satisfies

Ci C
(t 4 1)0%’
Proof. The case n > 0 is rather easy, we show it first. Let £ > 3. From the Duhamel formula
(2.2) and Proposition 2.3 with n = 3 we see that

[05u(t)]| 2 < 10 Bu(t)|| 2 <

xT

(t+ 1)§k+2'

t
C
ka2 < oK (@)l + |OEKo s + | 105K = s)22u(s)]ads
0

c Co (18 )l | 195 u(s) e
< s +||g||H>+/O s+1< R L

For k = 3, choosing ¢ = 3

/t |05u(s)|| L2 d8</t C gs < C
o (s+1)(t—s+1)2  ~Jo (s+1)2(t—s+1): — (t+1)2

so we obtain

(SIS

C n C n C < C
t+1):  (t+1)z (@CE+1)27 (¢+1)2
We show that 5k is non-decreasing. From the definition we immediately see that 6, = 2.

For some k > 5, we assume that 0,_1 > 0o > --- > 50. Then from the definition of 6, we
have

107u(®)]z> <

~ = 4 1 = AR
t9k =  maXx 1IIllIl {Q(k_1)+g_j + 17 ‘77} Z j:?’l_?}k{fl min {G(k_1)+2_]~ + 1, %} = Gk_l,

13



which implies gk > gk_l > > 50 for any k by induction. Moreover, it follows from the
definition and the non-decreasing property that

O < min{b_y + 1, k/2}. (3.14)

Since from Lemma 2.2

/t ||6§+24U(8)“L2 ds < /t ¢ ds < ?
o (s+1)(t—s+ 1)5 Jo (s+ 1)§k+2f€+1(t — s+ 1)5 (4 1)min{Ohpa—etl, ¢/2}’
. ok tu(s)| t ¢ ¢
/ I—Fds S/ — ds < — :
o (54 1)eCl=9 0 (54 1)fk-1t1eClt=9) (t + 1)0k-1+1
we obtain

< + < + ¢ < ¢
(t + 1)k/2 (lf + 1)519 (t_|_ 1>§k71+1 - (t 4 1)51@’

lozu(®)] 22 <

due to (3.14).
Similarly, from (2.12) and (2.13) with n = m = 2,

t
c
|0k Bu(t)]| 2 < H@i@thl(t)gHLQjLHaﬁatho(t)f”LZ%—/ 980Kt — 5)02u(s)] e
0

C
< m(”f”m + llgll+)
n /t c ||8§+2_ZU(3)€HL2 n ||3§g(t8)||L2 n ||aifu(18)||L2 s
o sHL\ (t—s+1)2+! eClt=s) (t — s)2eCt=9)
C /t C /t C
< + — ds + — ds
t+ 1)t Jo (54 1)Pkieetl(f — s+ 1)2H] 0 (54 1)%k+leCt=s)

/t .
+ — - ds
0 (s+1)%F1(t — 5)2eC(=9)

We easily deduce that maxy—s4

-----

k42 in {§k+2—é +1, £+ 1} = Opyo and Gpyy < O + 1.
Therefore from Lemma 2.2 we conlude that
C C C C

<

Eou(t)] < + — 4 — < =,
H t ()” (t—i—l)% <t+1)9k+2 (t+1)6k+1 (t+1)9k+2

which completes the proof in the case n > 0.
Next we show the estimate in the case n = 0. By using the Duhamel formula (2.2),
Lemma 2.2 and Proposition 2.3 again, we have

t
C
o720 < 057K (g + 05 Kalt) ]|+ [ 1057t = s)02u()] o
C

t k+4—( , 42 .
< —wa”H’H? + HgHH’C) +/ C <||8m U(S)HL 1 ||8$ U(S)HL )ds,

(t + 1) 0 s+1 (t — s+ 1)% eClt—s)
(3.15)

14



Similarly, from (2.8) and (2.9)

t
C
105 0cu(t)|| < [|050:C1 (1) g 2 + || 050K () £ . +/ m“aiaﬂcl(t — 5)0;u(s)|| 2ds
0

C

S -/

s+1

We write uy, := 0%u and

B

K «
Ep(®) = D0unl 3 + S102us) 3 + S 00un 3 +

We shall show the decay of the energy (3.17) under the assumptions

C C
k41 - k S
||8x u||L2 < (t—i— 1)9k—1’ ||6$U||L2 < (t—i— 1)919_2'

By differentiating the equation (1.2), we see that

pOtuy + KOGuy, + 00Uy, = (a + ﬂ/ |8xu|2dx> O2uy.
R

Multiplying with 0,uy, yields

0cEpi(t) + 0l|0url 72 = Bo(t),

where B, (t) := B 0,ukl|7 [5 0:0,udyudx. Multiplying uy, to (3.19) yields

C oy uls)llee | o5 uls)| L2
(t—s+1)2t! eClt=s)

105|721 0|22

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

5/ukﬁtukdx—i—pﬁt/ukﬁtukdx—l—fiﬂﬁiukﬂiz +Oé‘|axuk||%2 +B||8zu||i2||8xuk||i2 == p||8tuk||%2
R R

(3.21)

By the mean value theorem, there exist 7 € [¢,¢ + 1/4] and 75 € [t + 3/4,¢ + 1] satistying

1 t+1

i1

Then we obtain from (3.20)

4

15

t+i 1
0 (n)]2 = / O ()3ads, a2 = / ()]s
t t

5 t+1
e {1 0uun (), [0run () [} < By(6) = Buslt+ 1)+ [ Bya(o)ds =
t

k() (=0).



Here from (3.21) we have
/ (llOvuk|IZ2 + KllOZuxl[Zz + | Q]| + BllOsull: 1 Osurl72) (s)ds
T1
< 5/ [ur($)| 2 | Orur ()| 2ds + pllun(7a) | 22| Ovun (1) 22
t

t+1
+wmmwMﬂ@wwwm+%/‘|@w@m;w
t

C t+1 , 3 C
< (= </t ”&W(S)HLgds) + m“&uk(ﬁ)um
C

t+1
— |0 2 0 2,ds.
ol +20 [ o )|ds
Thus we conclude that f:f E,k(s)ds < oY gk : \/pT )+ CF,x(t). By using the mean

value theorem, there exists 7y € [11, 7] satistying (ro — 7)E, x(70) = f:f E,r(s)ds. Since
To— 11 > 1/2> 0, we see

C

Ep,/g(To) < m

F,i(t) + CF,(t).

It follows from integrating (3.20) that for any 7 € [79,t + 1]

E,k(10) + / B(s)ds = E, (1) + 5/ ||(9tu(s)||%2ds > E, (7). (3.22)
T0 T0
Since F, ;(t) = 5ft+1 |0uk(s)]|32ds, we have for any 7 € [t, 7]
T0 T0 t+1
Eox(r) = By (o) + 6 / 19yun (5)[|2ads — / Byu(s)ds < B, x(70) + Fo(t) + / B, 4 (s)|ds.
T T t
(3.23)

Combining (3.22) and (3.23) yields
C i
égﬂ&ﬂﬂﬁgjﬁmgﬁw@+CﬂAﬂﬁl [Byu(s)lds.
From (3.11) and the assumption (3.18) we see that

C

| By ()] < 105ur(t) 1221l Ocu(t) | 2| 07 u(t) || 2 < (t 1 1)1z’

and from this we also have

C
E,k(t+1)—E,;(t) <

N CES =k E,x(t+1) <C. (3.24)
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Therefore, we obtain
¢ 2
Fpalt) + CEu(t) + iy
C

sup E,.(1)* < 7
relhi] P k( ) (t + 1)20;672
1
<C (Ep,k(t) + m) {Epr(t) = Epr(t+ 1)} + (ES=t
where we have used the fact that from (3.24)
C
(t + 1)40s-1+4
C
(t + 1)40s-1+4

Fou(t)? < C{E,1(t) — Epp(t + 1)} +
= CE,e(O{Epr(t) — Epp(t + 1)} + CE, i (t + D{E,k(t + 1) — E, 1 (t)} +
C
s+ + m
¢ so we have

=~ (t+1)min{29k_2+l,9k_1+l} 9

< CE(O{B,u(t) - E,
follows. Thus we conclude from Lemma 2.1 that E, ;(t)

C

(t + 1)ymniOr 24172, G 1+ D/2)

107 0u(t)l| 2 + |05 u(t) ]| 22 <
For k =1, it holds that min{f_, +1/2, (6p + 1)/2} = 1. Substituting this into (3.15) with
k=1 and ¢ =4, we get
¢ PO (10us)llee | [10Fu(s)r
e (e 10l ) o
¢ + /t ¢ ds + /t ¢ ds < ¢
o (t—s+1)%(s+1)%2 o €U (s+1)2 T (t41)

3
2

<—0=
(t+1)2

||3§U(8)||L2> < C

(t+1)2

and substituting it into (3.16) with £k = 1 and ¢ = 2, we have
102 u(s)]| 2
+ eC(t—s)

/ot : <<t—s+1>2

s+ 1

0 0u(t)]| <
e £

So we have #; = 3/2. Similarly, for k = 2, it holds that min{6, +1/2, (6, +1)/2} =5/4.
Substituting this into (3.15) and (3.16) again, for k = 2, { = 4 and k = 2, ¢ = 2, respectively,

we have
C PO (N03us)lle | N10puls)lee
4 < x x
lo:uMll = =72 /0 s+1 ((t—s+1)2 Tt )ds
< th/t ¢ ds+/t ¢ ds < ¢
ST ) G G 20ty e S e
C
< -

[Zu(s)|lz2 | l|0zu(s)l|z2
+ C—s) ds < e

and
C e
2
<
17




So we have 0, = 2. Similarly, in k& = 3, it holds that min{6; + 1/2, (6 + 1)/2} = 3/2.

Substituting this into (3.15) and (3.16) as k = 3, £ = 4 and k = 3, { = 2, respectively, we

hav

(S}

; c Lo (1) | 0P e
PR < g + / ( n )ds

t+1)3 s+ 1\ (t—s+1)? eClt=9)

C ¢ C ! C C
< -~ + ds + sds < 3
(t+1)2 Jo (t—s+1)%(s+1)2 0 eCl=s)(s+ 1)1 (t+1)

C
3 v

Then we see 03 = 2. For k > 4, since 0,_s = 0,_; = 2 which is the same situation as k = 3,
we only show by iterating the same procedure as above that [|[0¥2u(t)]| 12 + [|0¥0u(t)| 2 <

ot

+1)72 (k > 4). This completes the proof of Lemma 3.3. O
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