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Introduction

The aim of the present thesis is to develop several useful tools for the treatment of elliptic

and parabolic partial differential equations which arise in the context of certain lithium-ion

battery models, for instance. Typically, such model equations exhibit the structure of a coupled

elliptic-parabolic system in a domain 2 C R"™:

(1) { —V-(kV¢+AVe) = F  in (0,T) x €,
% V- (aVép+pVe) = G  in(0,T) x €,

with different kinds of — possibly nonlinear — boundary conditions. In the system (1) the coeffi-
cients as well as the functions on the right-hand side may depend on the unknown functions ¢
and ¢ which will lead to a nonlinear coupling of the equations.

Regarding the geometry of the domain €2, our results cover two application-oriented situations:
First, we will consider the case when € is a bounded C'"!-domain which is divided by M dis-
joint, closed C''-surfaces ¥;, which do not intersect with the boundary, into M + 1 subdomains
Qo, ..., Q0 with 0Q; = X; for i« = 1,..., M. In this situation, general boundary conditions
on the exterior boundary 02 can be imposed. Secondly, we will consider a paraxial rectangu-
lar domain which is divided by parallel surfaces ¥; into several subdomains. In this case, the
boundary 952 is the union of 2n smooth parts, and on every smooth part, Dirichlet or Neumann
boundary conditions are imposed. Whereas the required results on linear equations for the C'1:1-
domain will be obtained from considering the model problems in the half space R'}, our starting
point for the case of a rectangular domain will be a model problem in a k-corner of the form
K7 :=R"% x (0,00)F with 1 < k < n.

We will focus on the following version of (1) with one parabolic and two elliptic equations:

—V - (k1(u3)Vur) =  F(ug —ug,uz) in (0,7) x Q,
(2) —V - (k2(u3)Vug) = —F(uz —wuj,uz) in (0,7) x €,
% -V (K3VU3) = G(’U,l, ug, U3) in (O, T) X Q,

with linear boundary conditions. Here, the nonlinear coupling is essentially conveyed by func-
tions F': R x (0,00) x 2 — R and G : R? x (0,00) x 2 — R where we assume that the following
properties are satisfied:

(i) F and G are sufficiently smooth in each subdomain €2;, but may have jumps at the interfaces
Y. In addition, F' is strictly monotonically increasing with respect to the first variable.

(ii) For large p and 0 < s < ;1), the nonlinear operator

2—-3 S
Tp s W2(Q) x WoiP(Q) = W3(Q),  (u,0) = F(u(-),0(), )
is well-defined and bounded.

(iii) For T'€ (0,00), J := (0,7, and K > 0let X := C(J; W2(Q)) x C(J; W2(2)) x W, % (J x Q).
Then the nonlinear operator

Tg : X = Ly(J; Lp(2)),  (wr,u2,u3) — G(ui(-), ua(-),us(:),")

is well-defined, continuous, and bounded.



2 Introduction and main results

We refer to Assumption 6.2 for the more precise formulation. The examples
F(ui,ug) :=u§ -sinh(u;) and G(u1,us,us) := ug - sinh(ug — uq)

for some a € (—1,1) as well as our applications in Chapter 7 demonstrate that the mapping
properties (i) and (iii) do not necessarily imply polynomial growth conditions on F' and G as
they are often imposed in the theory of semi- and quasilinear elliptic equations (cf. Chapter 8
in [GT77]).

The main mathematical challenges in the course of our considerations can be summarized as
follows:

e We deal with a coupled elliptic-parabolic system where the coupling is effected by nonlinear
functions on the right-hand side of the equations as well as by the coefficients, making the
coupling quasilinear.

e The nonlinear functions do not satisfy mild growth conditions with respect to the unknown
functions in general. On the contrary, they even may involve exponential growth or singular
behaviour (e.g., for us — 0) with respect to different variables. As mentioned above, this
renders a direct application of standard results on semi- and quasilinear elliptic equations to
the present situation impossible.

e The coefficients k; occurring in (2) can possibly have discontinuities. To be precise, we shall
only assume C17-regularity of x; and ko with respect to ¢ as well as of k3 with respect to z in
each subdomain €2;, but not on the whole domain. A standard assumption in the L,-theory
for elliptic and parameter-elliptic equations is the continuity of the highest-order coefficients
(cf. [AV63] or [ADF97]) and therefore these results will not be applicable on the whole of €2
directly.

e A further difficulty due to the lack of smoothness of the boundary occurs when 2 possesses
the above-mentioned rectangular geometry and the boundary conditions are of different type,
different order, and partially inhomogeneous on the smooth parts of 9. In view of the L,-
theory for parabolic equations with periodic, homogeneous boundary conditions, such prob-
lems have been considered in the article [DN13] as well as the dissertation [Naul2] using a
Fourier-series approach and reflection techniques. We will adapt the latter idea to the situa-
tion of inhomogeneous boundary conditions in the Chapters 2 and 5.

Nevertheless, our main results state the local in time existence of a strong solution to the system
(2) in the Ly-Sobolev spaces

(u1, uz, ug) € C([0,T]; WZ()) x C([0,T]; W7 () x W, 2((0,T) x Q)

under natural assumptions on the data, see Theorem 6.10. The basic idea for obtaining our
analytical results for the system (2) is to decouple and linearize the equations and then apply
two fixed point principles consecutively. More precisely, we will separate the elliptic part from
the parabolic equation by fixing us in an appropriate function space. For an arbitrary, fixed
time t € [0, 7] we will first prove the well-posedness of the semilinear elliptic system

(3)

{ =V - (k1(us(t,x))Vui(z)) =  F((uz —w)(z),us(t,x),z) in €,
=V - (ko(ug(t, ) Vuz(z)) = —F((uz —u1)(@),us(t,x),z) in

which will be achieved by linearizing the system (3) and applying the Leray-Schauder principle
(see Theorem 4.14). Afterwards, the time dependence and the parabolic equation will be re-
included by using a Schauder fixed point argument in Chapter 6.

The Wg—regularity with respect to the space-variable will be obtained by paying particular
attention to the situation near the surfaces ¥;: We will regard this situation as a problem with
additional transmission conditions on the interfaces ;.
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Generally speaking, transmission conditions on a surface I', separating two domains 24 and €_
from each other, are a special form of boundary conditions that act on both unknown functions
uy and w_ which are solutions of the related partial differential equations in €2, and _,
respectively. If these equations are of order 2m, one also imposes 2m transmission conditions of
the form

C’;r(az,D)u+ +C; (2, D)u- = Z C;ZY(:/E)DVUJF + Z ¢ (@)DTu_ = hj(z) (z€T),

+ —
|7|§mj "Ylgm]'

for j = 1,...,2m. One important aspect of transmission conditions is that they can be used
to include physical properties into a mathematical model. For instance, in equations which
describe an electrical potential ¢, a common assumption is the continuity of ¢ across certain
interfaces, e.g. a membrane or an electrode surface, as well as the continuity of a corresponding
flux J. A well-known example for this is the Nernst-Planck flux for a species i of charge z; € Z,
with diffusivity D;, and of the concentration c¢;:

Ji = —DiVCZ‘ — %DZZZCZV(ﬁ + c;v

which consists of diffusion, electromigration, and convection in a velocity field v. The continuity
of » means ¢, = ¢_ on I' and if we regard the continuity of J; on I' as a condition on the
corresponding derivative of ¢ on I', we infer additional transmission conditions for ¢:

%zi (DiciVy — Dic; Vo_) = (—=D;Ve + ¢fv) + (DiVe; — ¢ v) .

Another example can be formulated for the equations of thermoelasticity: Consider two domains
Q; and Qy with C2- boundaries 9Q; = I'y UT'y and 09y = I'y, respectively, such that T'y NIy = (.
If Q1 and €25 consist of different materials, this results in different positive Lamé constants \;
and p;, mass densities m;, thermal conductivities x;, specific heat capacities ¢;, and coupling
parameters «;. On 'y the following transmission conditions are imposed for the displacements
u; and the temperature differences 6; (each with respect to a given reference state):

ur =u, 61 =02 wmVur+ (1 + M)V -ur + 7162 = poVuo + (12 + A2)V - ug + 7201

This represents the continuity of u and 6 across I's as well as the equality of the forces on the
interface. For the mathematical treatment of this example, we refer to the article [AMSV].

As mentioned above, a second important aspect of transmission conditions is that despite possi-
ble discontinuities of the coefficients in the equations, a certain regularity of the solution can be
obtained if transmission conditions of an according order are satisfied. We will pay particular
attention to the so-called canonical transmission conditions which read as

uy =0%fu_ on R (k=0,...,m—1)

for ux € W)'(R%) in the case of the half spaces R. In Chapter 5, we will present general
results for parabolic systems with transmission conditions. The results for the corresponding
resolvent problems, i.e., for parameter-elliptic equations, will be derived in Chapter 1 for the case
of a domain with sufficiently smooth boundary and in Chapter 2 for the case of a rectangular
geometry, respectively. In the context of the Lj)-theory for a scalar parameter-elliptic equation
with transmission conditions in a C?™-domain, solvability and regularity results have been
obtained by M. S. Agranovich, R. Denk, and M. Faierman in [ADF97]. Besides the consideration
of general transmission conditions, another central aspect of the present thesis is the treatment
of parameter-elliptic systems with data in function spaces of higher regularity, namely for data
in the Besov space W) with 1 < p < oo and s < 1/p.
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The L,-theory for parameter-elliptic boundary value problems of order 2m with the general
structure

(4) {()\—A(x,D))u = f in €,

Bj(z,D)u = g; on o), j=1,...,m,

with the data f € L,(Q2) and g; € Wzm_mj_l/p((?ﬁ) was developed quite a long time ago: see
[AV63] for the case p = 2, [ADF97] for scalar boundary value problem and the case 1 < p < oo,
and [DFMO02] for systems in L,. Under suitable assumptions on the domain and the coef-
ficients, the L,-realization of (4) with homogeneous boundary conditions which is given by
D(Agpyp) == {ue W2™(Q): Bju=0, j=1,...,m}, Agpou := Au defines a sectorial opera-
tor. Moreover, for a wide class of operators the stronger property of R-sectoriality for Agy 0,
which implies the unique solvability of the corresponding time dependent problem, was proved
in [DHPO03], [KWO04], and [DHP07].

However, the situation essentially changes if the data provide higher regularity, say, f € W, ()

and g; € Wp2m+s_mj —ip (092) for sufficiently large s > 0, and we ask for resolvent estimates in

the ground space W;(Q). In fact, for s > }%, the underlying operator Ap, , with the domain
D(Apps) :={ue Wme‘”(Q) : Bj(z, D)u = 0} is no longer sectorial, because the corresponding
resolvent (A — Apps)~ 1 does not decay in the Wy-norm at the rate IA|71, unless additional
compatibility conditions of the form BjAku = 0 for 2mk +m; < s — % are incorporated into
D(App,). Similar assertions hold for the case of inhomogeneous boundary conditions. We
refer to the thesis [Ne09] for an apposite example and the article [DD11] for general resolvent
estimates. In Chapter 1, we will apply the functional analytic concept of Banach scales from
[Ama95] and interpolation theory to obtain natural resolvent estimates and the sectoriality for
Apps in the ground space sz;( AB) (R ), which contains compatibility conditions as indicated
above. For the case of inhomogeneous boundary values, we will derive an explicit estimate in
certain parameter-dependent norms for the case s = 1 in Theorem 1.39. Eventually, the general
result, Corollary 1.44, for the case s € (0, Il)) will be obtained by interpolation.

One motivation to consider the equations (4) in function spaces of higher regularity lies in the

compactness of the embedding B, () S B;,(£2) of Besov spaces, for t > s, which is satisfied for
bounded domains €2 with a Lipschitz boundary, see [Tri02]. This compactness can be exploited
to acquire the compactness of the solution operator to the linearized equations which makes a
fixed point argument of Schauder type accessible. In this thesis, we will pursue this approach
in order to prove the well-posedness of the nonlinear elliptic equations (3) in the weak sense in
Chapter 3 and in the strong sense in Chapter 4.

Taking into account the monotonicity properties of the nonlinear function F', one could also try
to establish a monotone method for the corresponding elliptic system (3) in order to obtain a
classical solution under suitable simplifications. However, such a method is not directly appli-
cable to the system (3) which will be discussed in Chapter 7. To the author’s knowledge, a
monotone method for elliptic-parabolic systems of the present structure has not been developed
yet. Therefore, solvability results for the whole system with a monotone method seem to be out
of range.

The importance of elliptic-parabolic systems of partial differential equations becomes evident
through their occurrence in various physical and mathematical contexts. In connection with free
boundary value problems, in [Esc04] a tumor growth model was treated by J. Escher. In this
article, local in time existence is proved for a system which couples an elliptic equation for the
internal pressure with a parabolic equation for a nutrient-concentration.

Other elliptic-parabolic systems naturally arise when one considers purely parabolic systems
or hyperbolic-parabolic systems and passes to a quasi-stationary problem in one of the equa-
tions or in the hyperbolic equation, respectively. A related example for this is the macroscopic
chemotaxis model by E. F. Keller and L. A. Segel.
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In its original version, this model leads to a fully parabolic system which describes the dynamics
of a species density subject to the concentration of a chemoattractant which is produced by the
species itself at a certain rate. By rescaling and passing to the limit, an elliptic-parabolic version
of this system was derived and considered in [JL92]. Existence, uniqueness, and the qualitative
behaviour of a solution to the chemotaxis system have been studied by many authors in various
frameworks. We refer to the review article [Hor03] for further references on this topic.

Whereas the previous systems have been studied in great detail and multifarious settings, this has
not yet been the case for the elliptic-parabolic equations developed by Newman et. al. (cf. the ar-
ticles [DFN93], [DFN94], and [DNT94]) which describe the processes during charge or discharge
of a lithium-ion battery. For simplicity, the domain € is supposed to be an interval (n = 1),
a paraxial rectangle (n = 2), or a cuboid (n = 3) which is divided by two parallel (n — 1)-
dimensional surfaces ¥; into the electrodes 2; and 23, and the separator 29. The situation is
illustrated for the case n = 2 below:

2 Qo Q3
(negative electrode)  (Separator) (positive electrode)

Figure 1: Schematic design of a charged lithium-ion battery.

With the unknown potentials ¢; in the liquid phase, being the whole of €2, and ¢2 in the solid
electrodes 21 and 13 as well as the concentration c of electrolyte, the model equations read as

—V - (ki(c) (Vo1 — 22V 1n(c))) = j(¢2 — ¢1,0) inJxQ, (i=1,2,3),
—V - (o;Vpa) = —j(d2— P1,¢) inJxQ;, (i=1,3),
Oc =V - (DiVe) = jlpa — ¢1,¢) inJx€Q, (i=1,2,3),
(5) Oyt — 2L L9,c = 0 on J x 99,
00y = 1 on J x Ty, k € {n,2n},
oy = 0 on J x ((8@1\Fn) U (893\1—‘2”)) ,
dec = 0 on J x 0N,
c(0,x) = co(x) (x e Q).

The voltage I is deflected or supplied at two parallel surfaces I';, and I'g;, of the boundary, while
isolation and non-flux conditions are imposed on the remaining parts of 2. The nonlinear
function j is given by an expression of the form

(6) j(¢s — b1, ) = ke® [exp (25 (¢ — ¢1 — U)) — exp (‘(E;)F(@ — 61— U))] in O and Qs

and represents the flux of charges across the electrode surfaces 3; which is proportional to the
reaction rate of oxidation at the anode or the rate of reduction at the cathode, respectively.
Such kinetic expressions of Butler-Volmer form are typical for (electro-) chemical reactions.
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In the present model, the electrodes are regarded as superposition of liquid and solid phase at
every point and the properties are averaged, such that the source term j appears as a right-hand
side in each equation instead as a boundary condition. In the separator (2o, one formally sets
j := 0. For a brief discussion and a derivation of the model equations, we refer to Section 7.1 of
this thesis.

Note that the conductivities x; : [0,00) — [0,00) in (5) depend continuously on ¢ only in each
of the subdomains €2;. Even for the case of a smooth concentration ¢, one cannot expect the
continuity of the coefficient k(c) on all of €2, because of possible jumps in the dependence on
¢ at the electrode surfaces. Similarly, if we define the effective diffusion coefficient D := D; in
Q; for i =1,2,3, D is only sufficiently smooth in each subdomain, but not across the electrode
surfaces ;.

In order to handle the logarithmic term in the first equation, substituting ¢; with the function
uj = ¢ — % In(c) is helpful. Consequently, the nonlinearity j takes the form

(7) N(¢p2 —ui,c) :=

e i (2u1—U) _ 2—a ~Ugp T (p2—ur v, in O UQg,
0, in QQ.

This function becomes singular if the concentration ¢ approaches zero and it has exponential
growth with respect to the difference of the potentials. After this modification, the system (5)
structurally matches the general equations (2) to a wide extent and adapted variants of the
fundamental assumptions (i)-(iii) can be verified for the nonlinearity N. Note that the consid-
eration of the system (5) in two or three dimensions combines all the mathematical difficulties
we outlined at the beginning.

A first theoretical treatment for the system (5) with the particular nonlinearity (6) was presented
in the article [WXZ06] in the framework of weak solutions. The authors already followed the
approach of decoupling the equations and treating the elliptic system and the parabolic equation
separately. The essential compactness properties for the fixed point arguments were obtained
from the Holder continuity of weak solution to the linearized equations.

This thesis is structured as follows.

Chapter 1 contains the results on general parameter-elliptic systems in the ground spaces
L,, WI}, and W7 with s < %. We follow a standard approach in elliptic theory and first
develop the assertions for model problems in the whole and the half space. The sectoriality
of the corresponding realization Ag, ;s of the model problem in the ground space W;;( A,B)(Q)’
where additional compatibility conditions are included, is proved in Theorem 1.33 for general s.
Corresponding results for inhomogeneous boundary conditions are obtained in Theorems 1.39
(for the case s = 1) and Corollary 1.44 (for 0 < s < %), respectively. Subsequently, the results
are generalized for a bounded domain with sufficiently smooth boundary and varying coefficients
of suitable smoothness via perturbation theory and a localization procedure. The main result
on parameter-elliptic systems in the space WPS(Q) with s < % is Theorem 1.49. Besides the
results for standard boundary value problems, transmission problems are briefly addressed. In
particular, we give a proof for the absolute ellipticity of the canonical transmission conditions
in Theorem 1.9.

Chapter 2 transfers the results from Chapter 1 to the case of a rectangular domain with
additional transmission conditions across an interface. In order to accomplish this, we restrict
ourselves to differential operators with even principal part and boundary conditions of even or
odd order on each surface, to make reflection techniques applicable. The main result on the
model problem in a divided k-corner Kj i with additional transmission conditions is stated in
Theorem 2.12, see also Corollary 2.15 for the case of inhomogeneous transmission conditions.
After a localization procedure, we obtain the unique solvability of a general parameter-elliptic
boundary value problem in a cuboid 2 with transmission conditions across certain interfaces for
the ground space W (€2), see Corollary 2.26 for the precise statement.
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Chapter 3 deals with the existence and uniqueness of a weak solution to a nonlinear elliptic
system of the form (3) in a Lipschitz domain. Regarding the nonlinear function F' merely
condition (i), which was introduced at the beginning, is assumed to be satisfied. The problem
with homogeneous Neumann boundary conditions and the particular nonlinearity (6) has been
the scope of the article [WXZ06]. By virtue of the Leray-Schauder principle in (Lo (£2))?, we
generalize the corresponding well-posedness result in the space H} ()N Loo(£2) in Theorem 3.18.
We also refer to Corollary 3.20 for the case of inhomogeneous Neumann boundary conditions.
Beyond that, we prove analogous results in H}:(2) N Loo(€2) for Dirichlet and mixed boundary
conditions under some restrictions on the geometry of €2 in Theorem 3.34.

Chapter 4 considers the nonlinear elliptic system (3) in L,(€2) for the case of a rectangular
domain. Here, we ask for a solution in the space WI? (©2) and impose the assumptions (i) and
(ii) on the nonlinearity F. In comparison with the previous chapter, our conditions on the
coefficients are strengthened, too, but we still permit discontinuities at interfaces which divide
the domain €. In order to allow for the discontinuous coefficients, we impose additional canonical
transmission conditions of order two across these interfaces and then apply a general result from
Chapter 2 to a linearized version of the equations. Making use of the Lo,-bounds we proved in
the previous chapter, we can again establish a Leray-Schauder fixed point argument to prove
our main result (Theorem 4.14): the strong well-posedness for the system in sz(Q)

Chapter 5 focuses on general parabolic equations with transmission conditions in the case
of two domains €; and €y which are separated by a C?™-surface and for the situation of a
rectangular domain which is divided by an interface, respectively. First, we briefly introduce
the notion of R-boundedness of an operator family and quote two operator-valued variants of
Michlin’s multiplier theorem (see Theorem 5.10). We further introduce the functional analytic
concepts of R-sectoriality and of maximal regularity for an operator as well as a connection
between them which is given by a theorem due to L. Weis (Theorem 5.18). By deriving a
resolvent representation and estimates of the R-bounds of the resolvent, the property of R-
sectoriality is then established for the realization of a parabolic initial boundary value problem
with transmission conditions in the space L,((0,T"); L,(£21)) x L, ((0,T"); L,(£22)). The key results
in this context are Theorem 5.28 for the case of a sufficiently smooth domain and Theorem 5.33
for the case of a rectangular domain.

Chapter 6 connects the results on the nonlinear elliptic system from Chapter 4 and linear
parabolic equations with transmission conditions from Chapter 5. In Theorem 6.10, we prove
local in time existence of a solution which possesses sz—regularity with respect to the space
variables for an elliptic-parabolic system of the structure (2) in a general setting. In order
to establish a Schauder fixed point argument, the main tasks are to obtain compactness and
continuity properties when plugging functions into the nonlinearity G.

Chapter 7 starts with a short derivation of the lithium-ion battery model equations (5) which
were a principal motivation for this thesis. Afterwards, we transfer our general results from
Chapter 6 to this concrete situation and obtain the existence of a local in time solution

(61, ¢2,¢) € C([0,T]; W) x C([0, T]; W2(€)) x W, ((0,T) x )

in Theorem 7.5. In particular, the nonlinearity (6) will serve as an applied example which
satisfies the assumptions (i)-(iii) we imposed on F' and G in Chapters 4 and 6. We eventually
conclude with a brief discussion of a more recent battery model.

Basic notations and definitions as well as some important facts and results on particular topics
are summarized in Appendix A.

Konstanz, April 2013 Tim Seger







Chapter 1

Parameter-elliptic systems

In this chapter, we present well-posedness results for parameter-elliptic boundary value problems.
We briefly introduce the notion of parameter-ellipticity and summarize some well-known results
on a model problem in the space L,(R’}) which go back to M. S. Agranovich and M. I. Vishik,
see [AV63]. For a survey and the generalization to systems we refer to the articles [ADF97] and
[DEMO2].

In the subsequent sections, we then focus on two new situations: First, we derive solvability
results and a priori estimates in the space W) (R™), to obtain higher regularity of the solution to
the boundary value problem if the data permit this. By perturbation theory and a localization
procedure, the results are proved for a bounded C™!-domain € and for differential operators
with varying coefficients. Secondly, besides the results for standard boundary value problems,
first results on systems with transmission conditions will be obtained as well.

1.1 Boundary value problems in L,

We start with the definition of a parameter-elliptic system with a complex parameter A € C
varying in a sector

Yy ={2 € C\ {0} : |arg(2)| < ¢} (p€[0,m)).

Given A € X, we consider the boundary value problem (A, B) := (4, By, ..., Byn/2)

(1.1) A=Az, D))u = f inRY,
' YonBj(z,D)u = g; onR" (j=1,...,mN/2),

where 7, denotes the trace on the boundary R = R""! (cf. Theorem A.2). The following
list of assumptions may also be regarded as a definition of the postulated properties.

Assumption 1.1

(i) Differential Operators: We consider operators of the structure

(1.2) Ax,D):= Y aa(x)D* and Bj(x,D):= Y _ bjs(x)D’ (j=1,...,mN/2)

|| <m |B]<m;

acting on R’} and R~ respectively, with mj = ord(B;) < m — 1. For the coefficients of
the differential operator A we assume

{ BUC(R;CN*N) | an(00) := lm aq(z) exists, (|a| =m),
Qo

|z| =00

Loo(R; TV, (laf <m).

For the coefficients of the boundary operators we assume that bjg € cmHl=mi (Rr—1, C1XNV)
for all j = 1,...,mN/2 and |B| < m;j). For |B| = m; it is additionally required that the
limits bjz(00) 1= lim |4, bjp(2’,0) € CY™*N exist.

o/ eR"1
The principal parts Ao of A and Bjo of B; are defined by

Ap(2,8) = Y aa(@)¢® and Bjo(z,):= Y bg(x)e’ (j=1,...,mN/2).

laj=m |Bl=m;
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(i)

(iii)

(i)

Parameter-ellipticity: The differential operator A is parameter-elliptic in the sector iw
i.e.

det(A — Ap(x,€)) 0 (x € BT, (£,1) €R" x T, \ {0}).

Shapiro-Lopatinskii condition: Let xo € R"! be fived and assume that (1.1) is rewritten
in local coordinates with respect to xg, i.e., xg — 0 and the inner normal vector is given by
en. Then we assume that for all (€/,)) € R"™1 xS, \ {0} the system of ordinary differential
equations

(1.3) { (A= Ag(z0, &, Dp))u = (n > 0),

0
Bjo(.fo,gl,pn)’u’xn:o = hj (] = 1,,mN/2),

admits a unique, stable, continuous solution for all h; € C. Furthermore, we assume that
the limit problem, where the highest order coefficients an(xo) and bjg(xo) are replaced by
their limits aq(c0) and bjg(o0)

14 (A= Ag(0, &, Dp))u = 0 (2, >0),
(1.4) Bjo(oo, &, Doul, g = hj (G=1,...,mN/2),

has a unique, stable, continuous solution for all h; € C.

Data: We assume f € L,(R%;CY) and g; € Wgnfmfl/p(]l{”_l) forj=1,...,mN/2.

Definition 1.2

The boundary value problem (A, B) in the half space is called parameter-elliptic if all assumptions
on the operators from 1.1 are satisfied, i.e., the differential operator A is parameter-elliptic and
the Shapiro-Lopatinskii condition is satisfied. We refer to (A,B) as a model problem if all
differential operators coincide with their principal parts and have constant coefficients.

Remark 1.3

(1)

(i)

Note that for n > 1 the number mN is even if A is a parameter-elliptic differential operator
(see [AV63], Section 6). For n =1, we additionally impose the condition of proper elliptic-
ity: For allzg € R} and all (A, &) € S, xR 1\{0}, the polynomial 7 — det(A—A(zo, &', 7))
possesses the same number of roots with positive and negative imaginary part.

The principal symbol Ag is positively homogeneous in & of degree m, hence we have
PN = Ao(z, p§) = p" (A — Ao(2,€))  (p>0, x €RY, (N §) € By x R™\ {0}).

We say that (x,&,\) — X — Ag(x,&) is quasi-homogeneous in (N, &) of degree m. Conse-
quently, (x,&, ) — det(A — Ag(x,§)) is quasi-homogeneous in (A, &) of degree mN. Since
{(X,€) € Sy, xR™ : |A|[+[¢]™ = 1} is a compact set, the assumptions on parameter-ellipticity
and the continuity imply

Cp :=inf {|det(A — Ag(z,¢))|: z € R}, A€ Xy, E€R™ N\ +[¢[™ =1} >0,
Hence, scaling with p := |\ + |£|™ yields an estimate of the form

(1.5) |det(A — Ao(z,€))| = Cp(IAl + [€[™)™.

The results for the Ly-setting are quite well-known (see [AV63], [DHPO03], [ADF97]), so we omit
their proofs, but we will partially extend the results to transmission problems. Before we state
the main theorem of the L,-theory, we introduce the important property of sectoriality of an
operator.
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Definition 1.4
A closed linear operator A : X D D(A) — X in a complex Banach space X is called sectorial if
the following conditions are satisfied:

(i) D(A) = X and R(A) = X.

(it) There exists an angle ¢ € (0,7) such that p(A) D X, and the set {A\(A— A)~1: X e T, }
is bounded in L(X).

The supremum over all angles such that condition (i) is satisfied is called the spectral angle @ o

of A.

7

o(A) m X,

Figure 1.1: The sector X, the spectrum and the resolvent set of an operator A.

Remark 1.5
(i) Recall that every sectorial operator with a spectral angle pao > 7 generates a bounded
analytic semigroup on the Banach space X, see [KW04], Theorem 1.1.

(ii) If the Banach space X is reflexive, condition (ii) implies that D(A) = X and in this situation
R(A) = X s equivalent to N(A) = {0}. For further properties of sectorial operators, we
refer to the textbook [Haa00].

At this point, it is convenient to introduce certain parameter-dependent norms for a priori
estimates of a solution.

Definition 1.6
Let Q C R™ be a domain. For A € C we set

& k
lullypo = lullkpa+ A= [[ullope (I1<k<m, ueW;(Q),
k—1/p k—
lulli1/ppon = lulle-1/ppoo+ A= llullopoe (L<k<m, ueW, P(09)).

The basic theorem of the Ly-theory for the problem (1.1) in the half space reads as follows:

Theorem 1.7

Let the model problem (A,B) be parameter-elliptic in the sense of Definition 1.2. Then for
all f € Ly(R%;CN), g; € W;l_mj_l/p(]R”_l), and X\ € X, the problem (1.1) with constant
coefficients admits a unique solution u € WIZ”(R?F;(CN). In addition, for || > Ao > 0 the
following a priori estimate is satisfied:

mN/2

(1.6) el < C | W llopmr + Y W9l —1/ppint | -
j=1

with C independent of f, g;, and X.
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In particular, the Ly-realization Ag, of (A,B), defined by

D(App) = {ueW(RY): %.Bj(D)u=0, j=1,...,mN/2},
App = Lp(RY) D D(Agp) = Ly(RY), u— A(D)u,

s a sectorial operator of angle .

Proof. A proof can be found in [ADF97], Theorem 2.1 for the scalar case and in [DFMO02],
Theorem 2.4 for the matrix-valued case. O

1.1.1 Transmission problems in the half spaces R’}

Theorem 1.7 has a straightforward consequence for transmission problems in the half spaces R}.
Here, we give a brief introduction to transmission problems and present an application which
will be generalized in a subsequent chapter. For simplicity, we consider a scalar boundary value
problem in the half spaces with parameter-elliptic operators Ay acting in R™, and A, acting in
R? of the same order 2m:

()\—Al(D))ﬂl = fl iHRz,
(1.7) {()\—AQ(D))’U,Q = fg ianﬁ.

Generally speaking, transmission conditions are boundary conditions imposed on the surface
[, :={z € R":z, =0} 2 R"! which include both solutions %; and us:

0B (2, D) + 700 BY (@, D)us = g; on Ty (j=0,...,2m 1),

with differential operators B](-l)(x,D) of order my; acting on R” and B](2) (x,D) of order my;
acting on R’} and given boundary values g; in an appropriate trace space. Note that one
usually imposes 2m of such conditions, whereas for a standard scalar boundary value problem
of order 2m, only m boundary conditions are imposed. For our applications in the present
chapter, we restrict ourselves to the important case of canonical transmission conditions which
for uq € ng(RT_L) and ug € ng(R’}r) read as

(1.8) Vintta — Yint1 = Yo Dhuz —yonDhiin =g on Ty, (1=0,...,2m—1),

with g; € ngfl*l/p(ljn). If g; = 0 in (1.8) we have the following 'patching’ theorem.

Lemma 1.8
Let 1 <p<oo,k €N, uy € WERY), and u_ € WF(R™). Then

u(a) = {u+<x>, (v € RY),
u(a), (xeR"),

s an element of W;(R”) if and only if
Y00y =00 u— = (=1)'500-pu_ (1=0,...,k=1),

The same assertions hold for the case of the Besov spaces Bg;s(R") for (1 <p,q < 00) and the
Bessel potential spaces Hg“(R”) with 0 < s < 1/p.

Proof. See [Ama00], Theorem 4.7.3. O

The next theorem states the well-posedness of a model transmission problem with these condi-
tions. We also refer to Section 7 of [ADF97] for a comparable result.
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Theorem 1.9
Let Ay and Az be differential operators of order 2m in the half spaces R™ and R}, respectively.
Assume that both operators have constant coefficients and are parameter-elliptic in a sector X.

Then for all (fi, f2) € Ly(R™) x L,(R%) and g € ng_l_l/p(Rnfl), the transmission problem

A=A (D)ix = fi inR",
(19) ()\ — AQ(D))UQ = fg m Ri,
VU2 — YVl = g on R L (1=0,...,2m —1)

admits a unique solution (i1,uz) € W2™(R™) x W™ (R'}). In addition, there exists a constant
Ao > 0 such that for all X\ € T, with |A| > Xo the a priori estimate

2m—1
lallgm pre + luzllam prn < € (Hflllo,p,w + | felloprs + Y lla ”2m—l—1/p,p,R"1>
=0

uy(x), (zeR™)

" belongs to W2™(R™) if and only
ug(z), (z€RY) P

holds. Furthermore, the function u(z) := {
ifgr=0forl=0,...,2m—1.

Proof. By means of the transformation z,, — —x,, we rewrite the problem (1.9) as a diagonal
system in the half space R’ by setting A;(D) := A1(D', —Dy), fi(z) = fi(a',—zn) € Lp(RY),

and uy () := (2, —z,) for z, > 0. Note that A; is parameter-elliptic in X, by the properties
of the principal symbol under change of coordinates (see, e.g., [Kum81], Chapter 2, Theorem

6.3). The transformed problem reads as

A=Ai(D))u1 = fi inRY,
(110) ()\ - AQ(D))UQ = f2 in Rﬁ,
YonDhus + (—1)* 1y, Dhuy = g on R (1=0,...,2m — 1),

and is equivalent to the system (1.1) if we set A(D) = diag(A1(D), A2(D)), u = (u1,u2)’,
f = (fi,f2)T, and By(D)u := (1,(=1)*)u for I = 0,...,2m — 1. A is parameter-elliptic
because the parameter-ellipticity of A; and A implies that for all (X, §) € X, x R™\ {0}:

[det(A — A(€)] = |(A = AL(€)) (A = A2())] = C1Co(|A] + €)%

It remains to verify the Shapiro-Lopatinskii condition for the boundary operators By, i.e., we
have to show that for all (), &) € X, x R"™1\ {0}, the system of ordinary differential equations
of order 2m

A=A, Dn))or = 0 (2n >0),
(A=A, Dp))vz = 0 (zn>0),
[Dflv2 + (_1)l+1D'lrLU1](§/7 xn)‘zn:() = g (l =0,...,2m — 1)

admits a unique, stable solution for any choice of g; € C, or, equivalently,
A=A (€, D)5 = 0 (2, <0),
(A= A2(§', Dp))v2 = (zn > 0),
Dévg(fl,xn)lxnzo — DLy (5',xn)}xn:0 = g (=0,...,2m—1)

e}

admits a unique, stable solution for arbitrary g; € C. Suppose M; := {wi,..., Wy} is a
fundamental system of stable solutions for the first equation, i.e., (A — A1(§,Dy))w; = 0 and
there holds limgy, oo w;(zy) = 0. Similarly, let My := {w1,...,wy} be a fundamental system
of stable solutions for the second equation, i.e. (A—Az(¢, Dy))w; = 0 and limg,, oo wi(z,) = 0.

We define complex polynomials of degree 2m by

a(r, & 0) = (A=A (€,7)) and ao(r, &, A) = (A — Ax(€,7)).
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By the assumption on the proper ellipticity of Ay and As, each of these polynomials has exactly
m roots in the upper and in the lower complex half plane C, respectively. Let T( ~(1 &N
(k =1,...,m) denote the m roots of a1(¢,7,\) in C_ and 7',5,2) = T,EQ)(f',A), (k = 1, ceeym)
denote the m roots of az(¢’,7,A) in C;. Then we define two complex polynomials of degree m

by
a1 (1) = a1 (1, &, N HT—Tk and  ag (1) := agy (1,€,N) HT—Tk
1 k=1

and consider the following differential equation on the whole of R:
(1.11) a12(Dn, &' N z(xy) == a1-(Dn, &', N)az4 (D, &, N)2(z,) =0 in R.

Note that by definition a12(7,&’, ) has exactly m roots in the upper and in the lower complex
half plane. Define M := M; U Ms. Clearly, each element of M solves (1.11) and each of the
subsets M7 and M, is linearly independent. If we assume M to be linearly dependent, then
we have

Tp) = Zakwk(xn) (xn € R),

for some index 7 € {1,...,m} and coefficients a; € C that cannot vanish simultaneously.
By the definition of M; it follows lim,, o w;i(x,) = 0 and on the other hand there holds
limy, 4o Wi(xyn) = limg, 5400 D pey @kwi(z,) = 0 by the definition of Mj. Consequently,
w;(xy,) is a solution of (1.11) which is bounded on the entire real line and hence, w;(z,) = 0
which contradicts the linear independence of My. Therefore, M is a fundamental system of
(1.11) and for all ;,, € R the Wronskian of this system does not vanish:

w1 (zy) i Wi (20)
Dy (zy, Dpwp, (x4,
det 1( ) ) (@n) #0 (zn, €R).
D%m_lﬁl () - D%m_lwm(xn)

Now we insert the approach 01 = Y ;" apWy and vy = > * | Brwy with unknown coefficients
ag, B € C into the transmission conditions to obtain the following system of linear equations:

.
w1 () e Wi () :

Dpir(zn) - Dyptom(an) cam | "
: : B1 B
D2y (w) o DI Mwm(an) ), | Jam-1

Bm

as well as its unique solvability. We are now able to apply Theorem 1.7 to the system (1.10) and
this yields a unique solution (u1,ug) € Wme (R™)? that satisfies the desired a priori estimate for
parameters \ € ip with a sufficiently large modulus. The claim of the theorem follows, since
the transformation x,, +— —x,, does not affect the norms of the functions. The last statement is
a direct consequence of Lemma 1.8. 0

Some concluding comments on the preceding results are in order.

Remark 1.10
(i) An application of Theorem 1.7 in its general version permits the treatment of lower order
terms as well as varying coefficients of the differential operators A, and As. The theorem
easily extends to this situation, since the main part of the proof, i.e., the verification of the
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Shapiro-Lopatinskii condition for the canonical transmission conditions, is then performed
for fized (z0,&',N) € Ty x R x B, with (§,\) # (0,0). However, in this introductory
chapter we restrict ourselves to the constant coefficient result because we will carry out the
generalizations to lower order terms and varying coefficients via perturbation theory and a
localization procedure for a more complex problem in a subsequent chapter.

(ii) The last proof contains an important property of the scalar canonical transmission condi-
tions: in combination with general properly (parameter-) elliptic operators they satisfy the
Shapiro-Lopatinskii condition. This property of a set of boundary conditions is sometimes
called absolute ellipticity.

(7ii) General transmission conditions of the form (1.7) can be treated similarly. In this case, a
substitute for the Shapiro-Lopatinskii condition has to be imposed such that the correspond-
ing system in Rl then satisfies the classical Shapiro-Lopatinskii condition from Assumption
1.1. We postpone details to Chapter 5 where we prove these results in view of parabolic
transmission problems.

(iv) The operators Ay and Ay do not have to be parameter-elliptic with the same angle w. If A,
is parameter-elliptic in the sector ¥, and As in a sector X,, the assertion still holds for
all angles 0 < ¢ < min(p1, p2).

(v) A localization procedure makes the results accessible to the situation of a bounded C*™-
domain which is divided by a closed C*™-surface into two subdomains €y and Q. See
[ADF97], Sections 1.7 and 7 for further information.

1.2 Boundary value problems in W}

In contrast to the preceding section, we now change our ground space from L, to VVp1 in order to
obtain analogous results in this space of higher regularity. In analogy to the well-known L,-case,
we would like to prove sectoriality of the underlying operator Ag, but it turns out that we have
to handle this new situation more carefully: It was demonstrated in [Ne09] and [DD11] that the
necessary resolvent estimate

H)\()\—AB <C

-1

) HL(WZ} (R7))
fails, unless additional compatibility conditions are included into the ground space. More pre-
cisely, the boundary values of the right-hand side f have to vanish up to a certain order and

this is the reason why we merely consider an appropriate subspace of W]g1 (R%), which includes
these homogeneous boundary conditions as soon as boundary conditions of order 0 appear.

1.2.1 Parameter-elliptic operators in W}f (R™)

We first summarize some properties of a parameter-elliptic operator in the whole space where
the ground space is a Sobolev space of higher order. Therefore, we briefly recall the results
from [KS12] for the case of a model problem where even R-sectoriality of the W;—realization of
a parameter-elliptic operator is proved. Keeping in mind that R-boundedness implies uniform
boundedness and R-sectoriality of an operator is a stronger property than sectoriality, the
relevance of the presented results will be clear without the precise definitions of R-boundedness
and R-sectoriality, which will be given in Chapter 5.

Let
A(D) = Z ao,D*

|laj=m

be a differential operator of order m without lower order terms and with constant coefficients
Qo € CNXN,
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We assume that A is parameter-elliptic in a complex sector iw with constant Cp, i.e.,
|det(X = A(€))] > Cp(|¢]™ + MDY (€, 1) € R" x Z,\ {0}).

Definition 1.11
Let the differential operator A(D) be given as described above and let k € Ny. Then the Wzi“—
realization Ay, of A is defined by D(Ayp) := W;”“‘I‘/’(R";CN) and

App WER™,CY) D D(Ay,) = Wy (R™CY),  ues A pu = A(D)u.

First, we state some results which will turn out to be useful when proving certain mapping
properties of Fourier multipliers between Sobolev spaces of higher order.

Remark 1.12 (Order reductions)
For k € N, consider the symbols

map: R" = CVN e idon (14 [€2)5.
Then the operators
Ap: LR CY) = WERYMCY),  fo To, f
A : W RS CN) = LyRMCY), fo Ty f
are well-defined and (A_y)~' = Ag. In addition, for all | € N:
Akl gncny € LW, (R CN), W, (R™, CV)),

and for all 1 > k:
Al @ncony € L(WLR™, C), Wl (R, CV)).

Lemma 1.13
Let A(D) be a differential operator which is parameter-elliptic in a sector ¥, with constant Cp
and coefficients aq € CN*N . For g € Ng with |B] < m, consider the matriz-valued symbols

mp R x T, \ {0} = CVN(60) - AT (0 A®€)

Then the following assertions hold:

(i) For B € Ny with |8 < m and X\ € X, \ {0}, mg(-,\) defines a Fourier multiplier. The
corresponding linear operator is denoted by Ty, (. x) € L(L,(R™, c)).

(i) The family of operators
Tp = { Ty A € T\ {0}} € L(L,(R™5CY))

is R-bounded and the R-bound only depends on m,n,p, N, and Cp.

(i1i) For every k € N, the family of operators

Thp = {Tmﬂ , AET,\ {0}} C LWy (R™CN))

2 ’ka (R™;CN)
is R-bounded as well and the R-bound only depends on k,m,n,p, N, and Cp.
Proof. See [KS12], Lemma 5.11. O
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Theorem 1.14 (R-sectoriality of parameter-elliptic operators in sz (R™))
Let k € Ny and A(D) be a differential operator which is parameter-elliptic in a sector i(p. Then
the following assertions for the W]f—realization of A hold true:

(i) p(Akp) O T \ {0},
(i1) For B € N§ with |B| < m, the set

{|A\"“T‘ﬂ'pﬂ(x — Apy) A e T\ {0}} c L(WS(R™CN))

is R-bounded and the R-bound only depends on k,m,n,p, N, and the constant Cp of
parameter-ellipticity.

In particular, Ay, is R-sectorial with angle pr > ¢.
(iii) For all X € 5, \ {0} there holds A" 5" DP(\ = Agp) ™ = Tp () in L(Ly(R;CY)).
Proof. See [KS12], Proposition 5.12. O

In addition, it was proved in [KS12] that this result remains true under interpolation which
yields R-sectoriality for the realizations of A in the whole Besov- and the Bessel potential scale,
see [KS12], Corollary 5.31.

Corollary 1.15
Let s > 0 and A(D) be a parameter-elliptic differential operator of order m without lower order
terms and constant coefficients. Then for all f € W7 (R"), the equation

A=AD)u=f nR"

has a unique solution u € W;’”S(R”) and there exists a \g > 0 such that for all X\ € T, with
Al > Ao the solution satisfies the following a priori estimate with a constant C which only
depends on k,m,n,p, N, and Cp:

s pen < ClIf llsp e

Remark 1.16

The last Theorem shows that in the situation of a parameter-elliptic problem in R™, the reqularity
of the right-hand side is inherited by the solution. The statements presented above, also hold
in full strength for operators including lower order terms and with varying coefficients (under
appropriate smoothness assumptions). For the proofs we refer to the article [KS12].

1.2.2 Smoothness assumptions and continuity in higher order Sobolev spaces

The goal of the next subsections is to obtain additional regularity for the solution of a boundary
value problem, provided by the corresponding data. In a first step, we derive the continuity
of the differential operators in certain parameter-dependent norms which will be convenient for
the corresponding a priori estimates. In view of later applications, this will be discussed in full
generality for varying coefficients here.

Let © C R™ be an open set with boundary 02 and s € [0,00). Let a function u € WI;”+S(Q), a
differential operator Aix, D), and boundary operators Bj(x,D) of the structure (1.2) be given.

Furthermore, let A € X, \ {0} and set f := (A — A(x,D))u as well as g; := y90Bj(x, D)u. We
consider the equations

(1.12) { A=Az, D)u = f inQ,
' %}QBJ(%D) = g; on aQ, (]:]-aamN/Q)a
and ask for, preferably weak, sufficient conditions on the boundary and the coefficients of the

operators, such that the natural regularities f € W3 () and g; € Wy," emmy—1/p (092) are fulfilled.
Conditions which will turn out to be adequate for our applications are contained in the following
theorem.
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Theorem 1.17 (Multiplication properties in Besov spaces)

(1)

(i)

(iii)

Let Q@ C R™ be an open set. Let 0 < s1 < s9 and 1 < p,p1,p2,4,q1,q2 < 00. Assume that
the following constraints are satisfied:

1 1 1
(1.13a) < 4
p p1 P2
n
(5r —s1)+ + (5 — s2)+,  if max(— —s;) >0,
113b) o5 > " " =12 pi
p max(— —s;), otherwise,
i=1,2"p;
1 1
(1.13c¢) s1+s2 > n<—|——1> )
p1 P2

(1.13d) if s1 < s2, then q>q, and if sy = s9, then ¢ > max(qi,q2).

Then we have the following continuous pointwise multiplication: For all uy € By | (Q) and
uz € B2, (Q) it holds uy - ug € Byl (Q2) and there is a constant C' (independent of u1 and

ug) such that
A1) ur- sl @ < Clurllg , oluelss, o (e By, @), i=1.2)

Suppose that (1.13a) and (1.13c) are satisfied and equality holds in (1.13b). Assume in

addition that ¢ > max(qi, q2) if s1 — % = 59 — p%. Then (1.14) remains valid if

n n n
{i:sizandqi>1}u i:8; > — and ¢ > — = (.
Di Di P S

In the case pp = o0 and p = p1 > 1, assume 0 < s; < s, and (1.13d). Then the
multiplication property (1.14) holds as well.

Proof. The results are stated in [RS96], Theorems 1 and 2 of Chapter 4.4.4 and Theorem 4.7.1.

O]

Up to some extent, the presented multiplier results include those of H. Triebel (see [Tri83],
Theorem 3.3.2, p.198) where a sufficient pointwise multiplier condition in By  (€2) is fulfilled for
functions which belong to the Holder-Zygmund space €4 (Q)) = Béopo((l) with ¢ > s. Taking
into account that €*(f2) coincides with the classical Holder space C¥%(Q) for t = k + a ¢ N,
the above assertions match with those of P. Grisvard in [Gri85] and H. Amann in [Ama91]. We
also briefly outline these results here.

Theorem 1.18
Let Q) be a Lipschitz domain.

(i)

Let k € N, a € [0,1], and s € R. Then for k+a > |s| if s € N and for k + o > |s| if
s € R\ N, the functions ¢ € BUC**(Q) are pointwise multipliers in W, (Q). In particular,
pu € W7 () for ¢ € BUC**(Q) and u € W, (Q) and there is a constant K, independent
of u and ¢, such that

lpullspo < Kllelloragllullsp.o-

Under the same preliminaries, similar results hold in the spaces W3 (Q) and W5o(9).
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(ii) Let s1,82 > s such that one of the following conditions is fulfilled:

1 1 1 1 1 )
(1.15a) si+sg—s>n|—+———]>0ands;—s>n|——— (i=1,2),
p

2 %) pbi P
1 1 1 1 1

(1.15b) 31+32—s>n<+—) >0 andsz-—szn(—) (1=1,2).
b1 p2 D pbi P

Then the pointwise multiplication WL (2) x W52(Q) — W (82) is continuous.
Proof. See [Ama91], Section 4. O

For the consideration of (1.12) in WI}(Q), we make the following assumptions on the occurring
coeflicients:

Assumption 1.19
Let Q) be a bounded domain. Then we impose the following assumptions on the variable coeffi-
cients in equation (1.12):

(i) For |a| = m, we assume aq € CH(Q; CVXN),
(i) For |a| = k < m, we assume an € Loo(QCN*N) + L, (Q;CN*NY with v, > p and

m—k > % such that for all j = 1,...n we have Ojaq € Loo(Q; CNV*N) —i—LT;C(Q;(CNXN)
with vy, > p and m —k +1> 1.
k

(iii) Forj=1,...,mN/2 and |B| < m;, we assume bjz € C™ MiT1Lai(Q; C*NY) and a; € (0,1].

Keeping in mind that we will consider (1.12) the spaces W (£2) with s € (0, 1), too, we state the
corresponding smoothness assumptions for this situation.

Assumption 1.20
Let Q be a bounded domain and let s € (0,1). Then we impose the following assumptions on the
variable coefficients in equation (1.12) considered as an equation in W (€2):

(i) For |a| < m, we assume an € CH(Q; CV*NY) with t > s.
(i) For j = 1,...,mN/2 and |B| < mj, we assume bjzg € C*(Q;C*N) with k; € N and
aj € [0,1] such that kj + aj > m + s —m.
Besides the smoothness assumptions, we will impose the following ellipticity conditions:
Definition 1.21
Let Q be a bounded C™'-domain. Then we say that a boundary value problem (A,B) of the

form (1.12) in Q is parameter-elliptic if the following conditions on the differential operators
(A, B1,...,Bpny2) are satisfied:

(i) The smoothness assumptions 1.19 or 1.20 for the coefficients are satisfied if (1.12) is con-
sidered in the ground space Wy () or in W3(Q), respectively.

(i) The differential operator A is parameter-elliptic in a closed sector iq,, i.e., for all x € Q,
(&, X)) € R" x X, \ {0} it holds det(X — Ag(z,€)) # 0.

(iii) The Shapiro-Lopatinskii condition is satisfied, i.e., for all zg € 0K, (¢',X) € R*1x¥,\{0},
the ordinary differential equation on the half line, rewritten in local coordinates with respect
to xo (cf. Assumption 1.1)

(A= Ag(20, ", Dp))u = 0 (2, >0),
Bj0($07§/7Dn)u|mn:0 - h] (] = 177mN/2)7
u(zy) — 0 (x, — 00),

has a unique solution for all h; € C.




20 1.2. Boundary value problems in W,

As a first step, we will merely consider problems in the half space R’;. For this situation, our
assumptions have to be modified as follows.

Definition 1.22
A boundary value problem (A, B) of the form (1.12) in the half space RY} will be called parameter-
elliptic in the sector ieo if the following conditions are satisfied:

(i) The smoothness assumptions 1.19 or 1.20 for the coefficients are satisfied if (1.12) is con-
sidered in the ground space Wpl(Ri) or in W;(R?F), respectively, where C* is replaced by
BUCF. In addition, we assume that the limits of the highest order coefficients

ao(00) := lim aq(z), (laj=m) and bjg(co):= lim bjg(x), (|B]=m;)

exist in CN*N and CN | respectively.

(i) The condition det(A — Ag(z,£)) # 0 of parameter-ellipticity of the operator A is satisfied
for all z € R U {oo} and (&, \) € R™ x T, \ {0}.

(i4i) The Shapiro-Lopatinskii condition is satisfied for all zo € R" 1 U {0},

In the preceding definition, the assumptions at infinity have to be understood in the sense that
the operators Ag(00, D) := |49y, da(00)D* and Bjo(oo, D) := ZIB\=mj bjg(c0)DP with the
limits of the coefficients satisfy the respective conditions in (ii) and (iii), too.

Remark 1.23

(i) In view of Theorem 1.17, the assumptions on the lower-order coefficients can somewhat
be weakened. Since under multiplication in Besov spaces less smoothness is preserved, one
can not reduce the requirement of t > s and the additional smoothness of the lower order
derivatives D*u (|a| < m) cannot be exploited, unlike in the Ly-case where Hélder’s and
Gagliardo-Nirenberg’s estimates permit a reduction. However, a sufficient condition on a,,
which ensures that the term a,D*u belongs to W () for u € W5(Q) and |a < m is:
aq € B3 (Q) with p1 sufficiently large. Note that most of the conditions in Theorem 1.17

p1,p
become redundant in this case; essentially only (1.13b) has to be met.

(ii) In the localization procedure, we will see that for the accessibility of results on bounded
domains it would be sufficient to consider half space problems where the highest order
coefficients are of the form ao(z) = al + al(x) where al € CHR%;CN*N) has a com-
pact support and a¥ € CN*N s fired. Likewise, it is sufficient to consider highest or-
der coefficients bjg(r) = bg-)ﬁ + b}ﬁ(x) with fized bgﬂ € CYN and compactly supported

b}ﬂ € Cm=mi (R ; CYNY for the boundary operators.

(i) Under the assumptions stated in Definition 1.22, a corresponding result for parameter-
elliptic problems with varying coefficients in the half space as well as for unbounded domains
with compact C™-boundary can be established, cf. [DHP03], Sections 7.4 and 8.2.

Using the smoothness assumptions stated above, we can prove the continuity of the correspond-
ing operators in the half space and for domains with sufficiently smooth boundary.

Lemma 1.24

Let Q denote either the half space or a bounded C™'-domain. Let s € (0,1] and let a boundary
value problem (A, By,...,Bpn/2) in Q of the structure (1.12) be given. Let the coefficients
satisfy Assumption 1.19 for the case s = 1 or Assumption 1.20 for 0 < s < 1. In the case
Q =R"Y, assume additionally that the Assumption (i) from Definition 1.22 is satisfied, too.
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Then the operator
mN/2
(A,B): WIS — W) x [ w7 aa)
j=1
U = (A('v,D)uufyaQBl(HD)u)'"7789BmN/2('5D)U)

1S continuous.

Proof. For s =1, note that Gagliardo-Nirenberg’s estimate (Theorem A.5) for given p € (1, 00),
m €N, and p < p; < &+ yields

n—mp
(1.16) lullopn < Cllullpaluloyn < Clullmpe  (ue W)
with 7 := = %—p%) € (0,1). Now, for |a] = k < m we choose m := m — k > 1 and use
Assumption 1.19 (ii) on a, to employ Holder’s inequality and obtain for j =1,... n:
HaaDOH—GjUHO,p,Q < Cllaallo,r,.0 ’Da+eju"m—k,p,ﬂ < Cllaallo,ry.ollullm+1,p.0-
Again, for || =k <m and j =1,...,n, we can choose m := m — k + 1 to estimate

[DjaaDullop0 < ClDjaallorm ol PUlm—k+1p,0 < ClDjaallor allt/lm+1,p.0-

By the product rule, we have for all || < m:

llaaDu

n
1p0 < llaaD%ullopo + Z [DjaaDullopn + ||aaDa+erH0,p7Q
j=1

IA

¢ (2aalona+ max 1Djaalorgo) i
For |a| = m, we apply Hélder’s inequality to find
00" ul 15 < © (2ol + mox, [Dstalooc) lulhnsr s
For the boundary operators, we find with the trace theorem (Theorem A.2) and Theorem 1.18
oo Bj (@ D)ullmss—my—1/ppoe < C Y 1bjsD ullmts—m, pe

|B]<my;

< C max HbjBHij’o‘j(ﬁ) Z "Dﬁu‘|m+s—mj7p,ﬂ
|B]<m; 18]<m,

< : o
< C Iglg%{j 1055 [l 555 (Q)||U||m+s,p,9'

For s € (0,1), the assertion follows even more directly via the pointwise multiplier theorems. [

So far we have not taken into account the parameter-dependence in problem (1.12). In order to
do this, we define new appropriate parameter-dependent norms.

Definition 1.25

Let s € (0,1] and a parameter-dependent boundary value problem (A,Bl,...,BmN/Q) of the
structure (1.12) with A € ip be given. Denote by 0 < mj < m — 1 the orders of the boundary
operators B;. We define the following norm expressions:

(1.17) lullispo = ltlmispe + Miullspo (v € W (Q)),
m+min(0,sfmj-71/p)
(118) mgmm—i-s—mj 0,002 = HgHersfmJ'fl/p,p,BQ + ’)" m ”g”max(O,sfmjfl/p),p,8Q7

where the latter norm expression is defined for all functions g € Wgﬂ+s_mj_1/p(8§2).
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Note that these norms completely coincide with the parameter-dependent norms of the L,-case
for s = 0. We first give an equivalent expression for |-l , -

Lemma 1.26
Let k € N and s > 0 with s — 1/p ¢ N. Then there exist positive constants Cy,Ca > 0 such that
for all u € W§+S(Q) and X € Xy:

_lel
Cillulisopa < 3 [N FDM| < Colullypo
laf<k o

Proof. Using the well-known equivalences || - [[xp,0 + [Al[l - llop.0 &= 22j01<k H)\PTDQ- and

HO,p,Q
I llspo="llopa+I:]spa we find

_lof _lof
(1.19) SN E| Al + Wlllopa + S [N E D]
jal <k P ol <k

5,p,82

It is easy to see that [Jull;,,,q =~ [ul

tained in the right-hand side, which proves the first inequality. For the second one, we have to

. o
estimate the terms H)\l_ E D%y

‘ o against [lufl s, o for 0 <|a] =1 < k. The continuity of

P,

D> : W;+|a|(Q) — W5(Q) (cf. [Gri85], Theorem 1.4.4.6) and interpolation between W}*5(€)
and W (€2) then yield

HAP‘%'D%

_L
o SO el < Clullisspe + Al

Py

‘s,pﬂ) .
O

Next, we prove the continuity of the operator (A, B) with respect to the parameter-dependent
norms.

Lemma 1.27

Let Q denote either the half space or a bounded domain with C™-boundary. Let s € (0,1] and
let a boundary value problem (A, Bi,..., By, n/2) in Q of the structure (1.12) be given. Let the
coefficients fulfill Assumption 1.19 in the case s = 1 or Assumption 1.20 in the case s < 1 with
C* replaced by BUCF for Q = R’t. Then the operator

mN/2

. m-+s s m+s—mj;—1/
(A7 B) . (Wp + ) w.”|m+57p7ﬂ) — (Wp7 || ' ||s,p,Q) X H (Wp ! p’ |||'H|m+s—mj—1/p7p78(2)
i=1

u = (A(.’IJ, D)u7 70B1 (1,', D)ua SRR ’YOBmN/2 (1'7 D)’LL)
1s continuous. More precisely, the following estimate is satisfied:

mN/2

120)  JAulepo+ S BBl s 1ppon < Clulliapa  (u€ WIHH(Q),
j=1

Proof. In Lemma 1.24, we already proved the inequalities ||A(z, D)ullspo < C|lullmtspn and
170B; (2, D)ullmts—m;—1/ppoe < Cllullmispa for all u € Wi+3(Q). Now, first assume that
s —mj —1/p > 0. Then, by the multiplication properties of the coefficients b;g, we find

[AlllvoBj (@, D)ulls—m;—1/pp00 < CIAl nax 1658l o505 @) > D ulls—m; p.2 < CIA[l|ullspe-
Smj
|B|<m;




1.2. Boundary value problems in W, 23

In the case s —m; — 1/p < 0, we first assume mj > s and use Lemma A.6 (iii) with o := 0,
o =m+s, 0:= W and p := |/\| * to infer
m—+ts— m
A “ lhoBy(a. D)ullopon < CIBj(x, D)ullmispe + plBj(z, D)ullop.e)
< 0 (Iulmsscmyme N5 )

By interpolation (note that s —m; < 0), we find

m+s—'m]-
AT ullmg po < C ([ullmtspo + (Al

5»1079) =C mu”|m+s,p,§2 ’

which completes the proof in the case m; > s. For the remaining case m; < s < m; + 1/p, we

use Lemma A.6 (iii) with o1 := m+s—mj, 09 :=s—m;, § := —(s—m; —1/p)/m € (0,1), and
= |\| to obtain
m+s—m; —1/
R o Bj (2, D)ullo p.o0 C (1B (@, D)ullmts—m, p2 + NIIBj(@, D)ulls—m, p2)

<
< Cllullmtspa+ Al

s0.2) = Cllullyyspo-

O]

The previous Lemma shows that the parameter-dependent norms are a natural choice for es-
timates of solutions to problems of the structure (1.12) in the ground space W, (£2). We now
pursue the questions of existence of a solution to (1.12) in the case s = 1 as well as the validity
of an a priori estimate in terms of the parameter-dependent norms, i.e., if the estimate (1.20) is
two-sided. To clarify our assumptions on the ground space, we first cite the following result:

Theorem 1.28 ([DD11], Theorem 3.2)
Let Q C R™ be a bounded smooth domain and a parameter-elliptic boundary value problem (A, B)

with data f € W;5(Q) and g; € W;nﬂ*mrl/p(@(l) be given. Suppose that for all solutions
u e WH(Q) of (1.12) and X € X, with sufficiently large modulus the estimate

mN/2

”|u|||m+s,p,Q — (HfHSJLQ + Z |||gJ Wm-i—s m;—1/p,p, 89)

7=1
is satisfied. Then g; =0 for all j with mj < s—1/p.

In our situation for s = 1 and 1 < p < oo, the preceding theorem indicates the necessity of
additional compatibility conditions in order to prove an estimate in the parameter-dependent
norms in the case m; = 0 for at least one j. Furthermore, since the trace of f Wpl(Q) is now
well defined, we have the compatibility condition that vyoBj(z,D)f = v0B;(z, D)A(x, D)u for
all j with m; = 0.

1.2.3 Homogeneous boundary conditions

We start with the treatment of the constant coefficient problem with homogeneous boundary
values

(- AD)u = f Ry
(1.21) { YonBj(D)u = 0 onRtl—lj (j=1,...,mN/2).

We will employ the functional analytic concept of Banach scales (see [Ama95], Chapter V) and
find a suitable space for the right-hand side f in the case of homogeneous boundary values as
a byproduct. So far all the subsequent definitions are only required for the constant coefficient
case here, but if we assume that the coefficients of the operators are pointwise multipliers in the
respective spaces, the definitions and assertions carry over to a more general setting. First, we
briefly describe the construction of a Banach scale which fits to our given situation.
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Definition 1.29
Let X be a Banach space, {-, -}y denote an exact interpolation functor, and A: X D D(A) — X
be the generator of a Cy-semigroup. We make the following definitions:

(i) For k € Ng, we inductively define the spaces Ey := D(A*) (with the convention A° = idx,
hence Ey = X ), the operators Ay := A, and Ay, as the Ey-realization of Ai_1, i.e.,

D(Ak) = {u € BN D(Ak_l) cAp_qu € Ek}, Apu = Ap_qu (U € D(Ak))

(ii) For o € (0,00) \ N, with o = k + 6 for some k € Ng and 0 € (0,1), define the space
E, :={E), Ex11}o and the operator A, as the Eq-realization of Ay, i.e.,

D(Ag) = {u € Ea N D(Ay) : Apu € Eo},  Agu = Agu (u € D(Ay)).

Theorem 1.30
Let X be a Banach space and A : X D D(A) — X be the generator of a Cy-semigroup.

(i) [(Eq, Aa); o > 0] defines a scale of Banach spaces in the sense of [Ama95], Definition V.1.1.
More precisely, [(Eq, Aa); o > 0] is the interpolation-extrapolation scale of order 0, gener-
ated by (X, A).

(i) The operator Ay : Eq D D(Ay) — Ey is again the generator of a Co-semigroup in E,.
(i1i) For o > 0 the equality p(Aa) = p(A) holds.

Proof. By the Hille-Yosida theorem, we can choose B := w — A with w > 0 sufficiently large
such that 0 € p(B) in Corollary V.2.1.4 of [Ama95]. Since D(B) = D(A), it follows that the
Definition 1.29 is meaningful and the first assertion follows from [Ama95], Theorem V.1.5.1.
Assertions (ii) and (iii) are immediate consequences of [Ama95] Theorem V.2.1.3 and Corollary
V.2.14. O

The scale with integer indices o € Ny is also called a discrete Banach scale or the power scale
generated by (X, A). All assertions remain valid if one replaces the term of ’semigroup’ by
‘analytic semigroup’. For a detailed discussion on Banach scales and their properties, we refer
to Chapter V of the textbook [Ama95]. Now, we apply the general definition to the present
situation of the L,-realization of a parameter-elliptic boundary value problem Apg .

Definition 1.31

For 1 < p < oo and s > 0, let K} denote one of the spaces Hy or W;. Let (A,B) be a
parameter-elliptic boundary value problem in R} with ord(A) = m and ord(B;) = mj < m — 1
for j=1,...,mN/2 such that its Ly-realization Ag, : Ly(R") D D(Agyp) — Lp(RY) generates
a semigroup. For s € [0,00), we write s = mk+t with k € Ny and t € [0,m), where t # m;+1/p
forj=1,...,mN/2, and define the spaces

1
Ky, RY) = {u € Ky(RY) : YoB;jA*u =0, for k € Ng, j =1,...,mN/2 with s —mk —m; > p} .

Lemma 1.32

In the situation of Definition 1.31, the following assertions hold true:

(i) K> a8 (R}) equipped with the norm || - ||s prr (see Appendiz A.1) is a closed subspace of
K5 (R} ) and therefore a Banach space.

(it) For sg < s1 with s; # km+m;+1/p (k € Ny), the embedding K"

pias) (RE) = Ky ) (RY)
is satisfied.

(iii) The space W;?Z’B) (R%) coincides with D(Agp) (where D(A(]&p) = Ly(R%})).
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(iv) The following interpolation properties are satisfied: Let k € Ng and 6 € (0,1) such that
m(0 + k) ¢ {km+mj+%, keNy, j=1,...,mN/2}. Then

(122 (Wit B0 W @), = W)
(1.23) [, o (R, HOA (RQL = HED®RY).

Proof. Part (i) and (ii) are immediate consequences of the definition. In (iii), the inclusion
ij_’& B) (R%) C D(Agp) is obvious, but for the converse inclusion we have to prove that

D(Af,) ={u € D(App) : Alu € D(Apy), 1=0,... .k} C WHE 5 (RY).

The definitions ensure that all boundary conditions of the form ~B; Alu, which are well-defined,
vanish and there remains to prove that u € W;m(Rﬁ) This has to be done iteratively. We start
with the facts u € W/"(R%), Au € Wy*(R%) and yoBju = 0 € w2 VP (Re=1) and pick
Ao € I, with sufficiently large modulus. Then, by definition, (Ao — A, B) is a regular elliptic
boundary value problem in the sense of [Tri95], Definition 5.2.1/4, (p.363). With minor changes
in the proof, the elliptic regularity result from [Tri95], Theorem 5.4.1 carries over to the situation
of a system in R’} and we may conclude u € Wme (R%). Replacing u by Au, we can now prove
Au € WP™(R") using A%u € W)"(R'}) and the corresponding boundary conditions. Iterating
this procedure, we find after k steps that u € W;m(Ri).

For the proof of the interpolation properties (iv), we use an idea from [Ne09]: the case k = 0 and
so = 0 is contained in [Ama09], Theorem 4.9.1. The general case is proved by induction over
k € Ny. Using (iii), we can consider the Banach scale from Definition 1.29 which is generated
by (Lp(R%), Agp) with D(Agyp) C Ly(RY) (cf. Theorem 1.7). Theorem 1.30 implies that both

realizations of Ag, in W;;?(’Z B) and Wﬁf;), respectively, are generators of semigroups and
that their resolvent sets coincide with p(Ap,). Hence, by the Hille-Yosida theorem, there exists
w > 0 such that the following mappings are topological isomorphisms:

w—Apy: Wk > WGk

T D EAS D mas)
w—App: Wp;(A,B) =) Wp;(A,B) Wp;(AB)'

By real interpolation we deduce an isomorphism

. m(k+1) m(k+2) km m(k+1) _ ym(k+0)
w=Asy: (WG W )em = (Whths Wrihb) )ap =W

where we employed the induction hypothesis (1.22) for k on the right-hand side. Hence, for
u e Wkt (W) Wm("f”))e holds true if and only if (w — Ag,)u € W&
7p

p(AaB) €\ W Wpias) p3(A.B)
and the last statement is equivalent to u € W;n_((jgw) by the definitions. The case of complex
interpolation can be treated analogously. O

Note that for the interpolation properties of the spaces W;( AB) We had to leave out the gaps
s = mk +m; + 1/p where the boundary values do not belong to the scale of Besov spaces.

Theorem 1.33
Assume that the model boundary value problem (A, B) be parameter-elliptic in a sector iw and
let s € [0,m]\{m;+1/p, j=1,...,mN/2}. Then for all f € Wpa B)(Rﬁr), the equation (1.21)

with homogeneous boundary values admits a unique solution u € WI:‘(:‘?B) (R%) which satisfies

(1.24) lellysspmn = lullmts prr + [M[wllsprr < Clfllspre
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for parameters \ € i¢ with sufficiently large modulus. In particular, the realization of A, in

the space W 4 ) (R%) defined by
D(Agp,s) = {u € WyiapRY) : Au e W 4 5(RY)},  Appsu:=Au, (u€ D(Agp,s))

is sectorial with angle ¢ and for the resolvent Rs(\) := (A — Apps) ! we have the estimate

lo

(1:25) RO, S Ol lns (7€ WHRE),

+

for all o € Nij with |af < m.

Proof. In case s = 0, this result is well-known, see Theorem 1.7. Now suppose that f €
D(App) = {ue W RL) :v0Bj(D)u=0, j=1,... ,mN/2}. Fix Ao € p(Ap,p) and consider
the right-hand side g := (Ao — A(D))f € L,(R%}). The sectoriality of Ag, in L,(R") yields a
unique solution v = (A — Ag,)"tg € D(Ap,) of the equation

(A=AMD))v = g inRY,
YonBj(D)v = 0 onR" 1 (j=1,...,mN/2)

and by the continuity of the differential operator (see Lemma 1.24), the a priori estimate

(1.26) ol p g < Cllglloprr < C([Aolllf

opry + [[Afloprr) < CADIfllm.prer -

is satisfied. Now, we define u := (Ao — Ag,) ‘v and exploit the fact that (A — Ag,)~' and
(Ao — App)~! commute:

A= ADNu = (h—Apy) (A= AD)v = (o — Ag,) g = f.
W0Bj(Du = 0B;(D) (Ao — Apy) v =0,
W0B(D)AD)u = 40B;(D)(hu— f) =0,

where we used the second line and the fact f € D(Ag,) for the last equality. Clearly, we have
u € W(RY), hence Au = f — Au € W' (R’}) and therefore u € D(A%m) = WE;("A’B) (R%) by
Lemma 1.32 (iii). Note that the construction of u does not depend on the choice of A\g. It
remains to verify the a priori estimate. This can be proved by employing the estimates (1.26)
for v as well as estimate

(1.27) bt iy, < C (100 = AYullprn + lulbmer 1p81 )

for w with & = 0 and £ = m. The latter estimate is stated in [Tri95], Section 5.3.3 for a
regular elliptic boundary value problem which is here given by (Ao — A, B). Furthermore, due
to uniqueness, the term |[u|lmik—1,r7 can be omitted. See also [Agr97], Theorem 2.2.1 and
Remark 2.2.2 for this fact. We obtain

lllom iy + Alullmpzs < C (100 = Aullmprs + N0 ~ Aulopps)

< (D) (100 = A oz + Poll Flloprs ) < DIz

and hence, for A\ € ieo with sufficiently large modulus we have linear topological isomorphisms

(A—App) : Ly(R%) D Woias®E) — Ly(R%),
(A= App) s Wiiap[®RY) D W2 5 ([RY) = Wi, g (RY).
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By real interpolation and Lemma 1.32, we deduce the isomorphism

(A=App) : Wy 4 5[RE) D Wm(+s y(RY) = Wiiap (RE)

for all s € (0,m) \ {m; +1/p, j = 1,...,mN/2}. The exactness of interpolation yields the
estimate (1.24), which can be rewritten in terms of the operator (A — Ag, ) as

IMNA = Apps) " raw < C ().

(AB)( n)) -

Furthermore, Theorem 2.1.3 of [Ama95] shows that the resolvent sets of the wo, (A B)—realizations

of Ag, coincide, hence, they all contain the sector ¥,. The estimate (1.25) is an immediate
consequence of (1.24) and Lemma 1.26. O

1.2.4 Inhomogeneous boundary conditions

For the case of general boundary data g; € VVerl mj=1/p (R"1), we first state a solvability
result and an a priori estimate in certain norms, which (in case s > 1/p and m; = 0 for
some j) somewhat differ form the 'natural’ norms from Definition 1.25. We start with an
extension operator to the half space that incorporates the parameter A and derive some continuity
properties for this operator.

Lemma 1.34 )

k1 _
Let k € Nand 1 < p < co. Forge W, *(R") and X\ € E, with [\| > Xo > 0, define the
extension (Exg)(x', zn) := h(z', x,) == F' "L exp(—zn (|| +INY™))(F'g)(€'). Then the following
assertions hold true:

(i) Exg € WERT) with yonExg = g and there is a constant C = C(Xo,n,p, k) > 0 such that

it <€ (Lol 1 s + NIl )

(i) For (0 < s < l and 0 <mj; < m — 1, the following equwalence of morms holds:
\ovp,RM) :

Proof. (i) is proved in Proposition 2.3 from [ADF97]. To prove the second assertion, we first
interpolate between (1.28) for k =m + 1 —m; and k = m — m; to see

(1.28) | Exgllx

kpmr + N7 [ Exgllo

m+sfmjfl/p

1Esglintsomypzr + A7 | Exgllpmy ~ <HgHm+S_mj_;7p’Rn1+\>\m lg

/P
llglloprn-1 ) -

Next, we use the continuity property of the extension operator E) in the L,-norm, which is

] (Y

-1/
stated in [ADF97], (A.18): |A|m || Exgllopms < CIA (1.28)
for k = 1 to deduce that
1Exglspm + N | Exgllopzn < C (I llgla—s pns + N7 lgllo et ) -
This leads to
]+( m+57mj71/p
A pRr < A HgHs—i,p,Rn_l + AT lgllopre—
m+s—mj—1/p
< C ”g”m-i—s—mj—%,p,Rnfl + ’/\| m ”g 0,pRn=1 |

where the last step follows by interpolation with s; :==m+s—m; —1/p, s =0, sg :== s —s/p,

m+s— m; —1/p
and p := |A|
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For the converse inequality, we use the relation g = 70, )9 and Lemma A.6 with s; := m+s—m
and sg := s to see

m+s—m;—1/p m+s—m;—1/p
AT llglloprnt < C {IIEXGlmts—m; pry + AT [ Exgllspry ) -
Furthermore, the continuity of the trace operator 7o, : W;nﬂ*mj (R%) — WgnJrs*mrl/p(R"_l)
(see Theorem A.2) implies that
HgHm—i-s—mj—l/p,p,R"*l < CHEAg”m+sfmj,p,]R:‘_7
which proves the assertion. ]

In a first step we derive a representation of a solution to the boundary value problem with f =0
and inhomogeneous boundary values.

Lemma 1.35 (Basic solutions)

Let the model problem (A, B) in the half space be parameter-elliptic in a sector ieo- Denote by
M the set M = {(¢',t,\) € R"! x [0,00) x ¥y, : || + |A| # 0}. Then for j =1,...,mN/2,
there exist functions Wj : M — CN with the following properties:

(i) Wj is smooth with respect to §' and t and all derivatives are jointly continuous in (&', t,X).
(ii) Wi(p€',p~tt, p™\) = p~™ for p>0 and j =1,...,mN/2.

(1ii) W; admits a representation of the form

(1.29) W&, 20, \) —/ TN — A(E, 7)) IN; (¢, T, ) dr,
Y+

where v+ = v+ (£', ) is a smooth contour in the upper complex half-plane which encloses all
roots of the polynomial T — det(A — A(¢', 7)) with positive imaginary part. The functions
Ni {1, A) e R xyy xSy, ¢ |+ A # 0} — CVN are smooth with respect to £ and
all derivatives are jointly continuous with respect to all variables. Furthermore, for p > 0
we have the quasi-homogeneity relation N;(p€', pr, p™N\) = p™ =™ ~IN; (€' 7, ).

(iv) For k=1,...,mN/2 and all (¢,\) € R""! x 5, \ {0}, the function W}, solves the system
of ordinary differential equations
amwy) [ QLACDIME Y = 0 >0

’ Bi(€, D)W (& 20, N, g = Gk (G =1,...,mN/2).

Proof. The assertions are stated in Lemma 2.5 of [DFM02]. See also [Vol68] and Remark 5.20
below for an explicit construction of Wj. O

Corollary 1.36 -
Let the model problem (A, B) in the half space be parameter-elliptic in a sector ¥, and assume

gj € W;’Hl_mj_l/p(R"_l) forj=1,...,mN/2. Let u € W' (R") be a solution to

A=AMD)u = 0 nRZ,
(1.31) { fYOBj(’D)u = gj onszl, (j:l,...,mN/Q).

Then the partial Fourier transform F'u of u admits the representation

mN/2 |
(Fu)(€ e, \) == ) /0 (OnWi)(E xn + 1y, N F (Exg;) (€ y) dy
j=1

mN/2
— Z /0 Wj(é./, Tn + Y, )\).F/(anE)\gj)(éJa y) d:’-/a
j=1

where Ey denotes the parameter-dependent extension operator defined in Lemma 1.34.
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Proof. Applying the partial Fourier transform to (1.31), we see that v(&', x,, \) := (Fu)(&, xy)
solves the following system of ordinary differential equations of order m for all (¢/,\) € R*~! x

iso \ {0}:

A=A, Dp))v(& zp,A) = 0 (xzn, > 0),
(1.32) {Bj(f’,Dn)v(S’,xn,)\)|mn0 = (Fg)¢) (G=1,...,mN/2).

Consequently, using an idea from Volevich (see [Vol68]) v(£’, 2, \) admits the representation

mN/2 mN/2
€ «’L'm Z W 5 xnv Z W g .’En, (E)\gj)(g/70)
mN/2
- Z/ ay Wi an +y, NF (Exgj)(€,y)] dy
mN/2

[e.e]
=- Z / (0 W) (s 2nty, NF (Brgy) (€ ) dy + / Wi(€ znty, NF (9nBrgy) (€ y) dy,
0
where we used (Eyg;j)(«,0) = g;(2’) with the parameter-dependent extension operator E) from
Lemma 1.34. ]
The representation for F'u from the preceding lemma motivates the following

Definition 1.37 (Solution operators for inhomogeneous boundary conditions)
For A € ¥, and z,, > 0, define the solution operators corresponding to the boundary value

problem with f =0 and inhomogeneous boundary values g; € Werl e 1/p(R" b by
(1.33)  (TVNEg) (@) = - / FH(0aW (€ an + . M) (F Bxgy) () dy,
(1.33) (TP NouErg; ) (@) = - /0 FH (W€ 2a + 9, ) (F 0 Brgy) (€ )) dy,

where E) denotes the parameter-dependent extension operator to the half space, defined in
Lemma 1.34.

Lemma 1.38

The following assertions hold for X € T, with |A| > Xo:

(i) The linear operator (Tj(l)E,\> : W;nﬂ*mj*l/p(R"*l) — WIHH(RY; CN) s continuous. More
precisely, for all o € N§ with |a| < m + 1:

+1 o

_1
D
@30 [P TIN B <c(||gj|m+1mwl+w ||gj|ro,p,Rn-1).

1) The linear operator 7@\ onEy) : pmlmmi =l a1y gyt R”:CN) is continuous.
J p p +

More precisely, for all o« € N§j with |a] < m 4 1:

(1.35)

=

m+1l—m 1

P
H9j||o,p,Rn—1 .

m-‘rl\\

(2)
DTN, <C (1,3
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Proof. Let a € N with |a| =k <m+1andg; € W;nﬂ_mj_l/p(R”_l) with mj; < m—1. Then,
by Lemma 1.34 (i), h; := Erg; = F' " le P Flg; € W;Hl_mj (R%), and we have to estimate the
expressions

m+l1—k o 1 p
(PSS 2 ROV N1
0,p,R%Y
milk E—l+1 p
_ZZ/ / F1y §/ap W wn + y, A (F'hy) (- y) dy dz,,
= O|a’| l 0’p7]Rn71
~ p
<3 [T o e D € VR )
7p7 n-
|a’\ l

where we have set Ej = ]-"_1(|)\|% + [¢'|)ym =" (F'h;). We now prove that for fixed X € X,
all z,,y>0and 0<k<m+1,0<[<kaswell as o € NS_I with |o/| = [, the symbols

m+1 k

M€t ) o= (A A
and  MP(€ za+y.0) = (IA[m +[¢)™~

5 DEIWH)(E 2 + 3, )
o (DEW)(E 2 4y, \)

define Fourier multipliers in L,(R"~!; CV). In order to verify Michlin’s condition, let 8’ € Ngil
with |#’] < n—1. In the sequel, we abbreviate p := p(¢’, A) := (]A|Y/"+|¢'|). We now employ the
homogeneity and continuity properties of (A — A(¢’, 7)) "1 N; and use the facts, that the contour
7+ in the representation (1.29) of W; can be chosen (locally) independent of & as well as the
inequality

[m(r)| = Cy (A7 +1€1) = Cop - (r € R(14).

Then we can estimate

€Y DY MP(E an +y, )

m+l1—k

— |\ / o )Tk—l+1eif<wn+y>p§,’ (pmj—m—l,g'a’(A—A(g’,T))—le(g’,T,A)) dr
T+

/ m+1—

oy N e e (R
NG SN ) 7 )T

‘ /w(e gy 7 (o0 g |55
pp™

IN

C
Tn+y

S C’pe—c'yﬂ(xn""y) S

For the second equality, note that Dg,l (p‘m+mi—1§’o" (A=A, 7)7IN; (¢, )\)) is quasi-homo-
geneous in (¢, 7, \) of degree | —m — 2 — |’| and the continuity of this function on the compact

t {(g/,?, AN+ IN<LT e <|€,‘+|5;\|1/m, (\E’IH/\/\I”"‘)"‘)} (see Lemma 1.35) was used to
obtain the second to last estimate. Furthermore, we employed the inequality te™* < 1 for ¢t > 0
in the last step. The calculation for M ](,3) follows the same steps. Michlin’s multiplier theorem
([Tri95], Section 2.2) yields the continuity of TM;;? € L(Ly(R"1;CY)) for i = 1,2 and for all

fe Lp(]R"_l; C"), we have the estimates

H (UfHOpR” 1= Hf, 1M (5 Tn + Y, )‘F/fHO,p,R”*1 <

’ e i =1,2).
xn+y‘|f|’0,p,R 1 (Z ) )
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Based on the functions Ej, we define h; € Ly(R) by

E](y) — {Hh(])<7 _y)HO,p,R"*1 (z i 8;, .

—~

Using the fact that the Hilbert transform is a continuous operator in L,(R) (i.e., Ly(R) is a
Banach space of class H7T, cf. Definition 5.6 and Remark 5.8 as well as the characterization
from Remark 5.7) and rewriting the inner integral as a Hilbert transform of h;, we can continue

the estimate for Tj(l)EA from the beginning as follows:

m+l1—k o ( ) .
HA DT (A )E’\ngo,p,Ri
1
o9 P 1
< /—1 (1) / s p
S X ([T, oo
~ 1 _ L
00 > ||h- . e p P 00 0 R = e p >
0 0 Tp +Y 0 —0 Tn —Y

=

1
gc(éuﬂmx%mwa sc(évm%mwu) = Ol lopze.

In order to obtain the estimate in terms of g;, we rewrite

~ _ S el —1ns
Ihillopzs = [F10AF +lgh™ ffwmlﬁn

< QM|MH1WWMR-+M| m|mmR)

(1.28) -
S (S

J

uwm@W4>:cw%mﬁkw_ﬁﬁnp

Exploiting the structure of the extension operator ), the operator T(2)0  E) is treated in the

same way since Tj(Q)&LE)\gj = —TJ-(Q)]:’*l(W% + |&'|)F'Eyg; and, replacing M( ) by M(k), the
above estimates follow analogously.

With the above results at hand, we can now prove the following

Theorem 1.39
Let the model problem (A, B) be elliptic with parameter X\ € X,. Then for all f € Wp1 (R%; cM)

and all g; € W;nﬂ*mrl/p(R"*l), the system

A—AD)u = [ R,
(1.36) { YnBj(Du = g; onRJz—l’ (j=1,...,mN/2)

admits a unique solution u € W;”H(Ri;(CN). Additionally, for A € B, with sufficiently large
modulus the following estimate is valid:

Belsrprr = Melbnsrpm + N ulpms
(1.37) < cf|r + (0,1 — m)| Al || £l
* — 17P7R1 1§2%‘3§V/2 Y m] prvR:L_
mN/2 —mi—1/p
-+§jn%mﬁlmjymmnr+u|H%M@W1).

7j=1
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Proof. Step 1. Assume f = 0 and suppose we are given a solution u € W;”H(R:‘_;CN) of
(1.31). By Lemma 1.36 u exhibits a representation of the form

mN/2
u=Y" TN Exrgj + T," (\)n Erg;.
j=1

Then [ull,1pre = ltllm+1,pr7 + [Al|lu]1,pre can be estimated by the sum of the expressions
(1.34) and (1.35) for |a| = m + 1 and |o| = 1. Lemma 1.38 then implies

mN/2

m+177’nj71/p
|||u|||m+1,p,R" S C ||gj||m+17mﬂfl,p7R”_1 + |)\| m ||g] |0,p,Rn_1 9
+ J p
j=1

yielding (1.38) for the case f = 0.

Step 2. Let now f # 0. We choose a suitable extension Ef € WI}(R”) of f to the whole
space R" with ||[Ef[[1,prn < C| fll1,prn (for instance, we may choose the even reflection Ep,
see Definition 2.7 below). According to Theorem 1.14, we can uniquely solve the problem

(A= A(D))a; = Ef inR"

with u; € WZZ”H(R”; C") and we decompose u = uj +ug with u; := |Ri and us is the unique
solution to

(1.38) {(A—A(D))u2 =0 in R%,

YB;j(D)uz = g; —vB;(D)u; on R L (j=1,...,mN/2).

From Corollary 1.15, we deduce an estimate for wuq:

lutllmirpre + [Alllutllipre < [[t1llmsrpre + Al pre < ClEfl1pre < Cllfll1pre

and Step 1 allows us to estimate ug for sufficiently large |A| :

l[ullmt1p e + [AllJuz

mN/2
'm+17'mj71

C Z ng - ’YUB]'(ID)Ul||m+1—mj—1/p,p,]R”—1 + ‘)“ m
j=1

‘l,p,Ri

/p
lg; — Y0 B;(D)uallp prn—1

IN

1-m;—1

mN/2 . 1/
<oy (ngumﬂ_mj_l/p,p,w1+wm 1951105t
j=1

A llpry + (1= min(l,mj))\/\\l/mllfllo,p,m) )

where we applied the inequality (1.20) to the terms that stem from the solution in the whole
m+1—mj—1/p .

space ||70Bj(p)u1||m+1—mj—1/p,p7]R”71 + | Al m 70B;(D)u1llpprn-1 in the case m; > 1,
and in case m; = 0 we used Lemma (A.6) (iii) with oo := 0,07 :=m,0 := -1 and p := ])\|me§1

as well as the a priori estimate (1.6) from the L-setting:

pm’

m+1-1/p m+1
A 0By (D)t lo s < C (g + A5 s

l0pz7 ) < CINMY ™ fllopzy.

This completes the proof of the a priori estimate in the general case.

Step 3. Uniqueness: Suppose there exist two solutions u,v € W}Z”H(Rq}r). Then w := u —v
solves the equations with f = g; = 0 and the a priori estimate implies ||w|| = 0, thus
u=w.

m+1,p,R"
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Step 4. Existence: We abbreviate the vector (f, 71, .., Gmn/2) by (f,§) and define the operator

mN/2
Z: 7R x [[ Ry - " (RY), (F.9) = Z(f.9).
j=1
with
Z(f,9) = rsF 1A= A©)T'FS
mN/2 .
> FWE wa NF (55— Bi(D)rsF 0 - A©) TV FT) |

Jj=1

where ro. : WF(R™; CY) — WEF(R%; CY) denotes the restriction to the half space. We denote the
differential operator (A — A(D),70,,B1(D); -, Y00 Bmn/2(DP)) by (A — A(D),70,,B(D)). Then
the properties of the basis functions W; (cf. Lemma 1.35) and the fact that the partial Fourier
transform commutes with the trace operator o, and with 0,, yields the following equality:

mN/2

(A = A(D),70.B(D)Z(f,§) = (r+fi1009)  ((f.§) € Z[R") x [ #(RY)).
j=1

On the other hand, the Fourier multiplier results in Theorem 1.14 and Lemma 1.38 show that
Z extends to a continuous operator Z : W, (R") x H;n:]\lf/ 2 w," g (R%) — W (R%). Con-
sequently, the composition

Z =70 (E,Ey): WHRY) x Y — WIH(R?)

is continuous, too, where we introduced the abbreviation Y := H;ﬁg/ 2 w," Hmm=1/p (R=1).

Now, Lemma 1.24, i.e., the continuity of

(A= A(D), v B(D)) : W (RY) — W, (RY) x Y

and (i—A(D), B(D))Z = idy, (R7)xy on a dense subset show that for given (f,9) € Wy (R})xY,
u:=2(f,g) € W;”H(]RCLF) defines a solution to the boundary value problem. O

Remark 1.40

(i) In case mj > 1 for all j = 1,...,mN/2, the preceding theorem shows that (1.12) is well-

posed in WI} (R}) and the solution satisfies the natural two-sided a priori estimate in the
mN/2

parameter-dependent norms: |||U|||m+1,p,Ri A fllpre + 22520 lg; |||m+1—mj—1/p,p,R"71'

(it) If mj = 0 for at least one j € {1,...,mN/2}, the expression on the right-hand side
contains an additional term |)‘|%HfH0,p,Ri' Furthermore, the norm of the corresponding
boundary value is not given by ||g.]'Hl—lpR"*1 (cf. Definition 1.25 and Lemma 1.27), but

p7 )

m+1l—-m;—1/p
IA| e lgjlloprn-1. However, Theorem 1.28 already indicates that additional com-
patibility conditions on f and g; are necessary to derive the converse of the estimate (1.20)
in this case.

(iii) Note that we obtain an estimate with respect to the parameter-dependent norms from Defi-
nition 1.25 in the special case g; — v B;(D)(A — A1) YEf =0 for j with mj = 0.




34 1.2. Boundary value problems in W,

Corollary 1.41 (Solution operator for the inhomogeneous boundary value problem)
Let s € [0,1]. Based on the Definition 1.37, we define the operator

mN/2
(L39)  T: [ wy PR o W),
j=1
mN/2
9= (g1 gmne) Y (TN Ergs + T2 (N0, Eagy).
7=1

Then T is well-defined, Tg solves the boundary value problem (1.31), and the estimate

+s—m

mN/2 " 1/
(1.40) ITGlnsspry < C D (19illmts—m;—1mprn-t + A" = lgsllopmn-s
j=1

holds for A € X, with |\| sufficiently large.

Proof. Following the scheme from the first step in the proof of Lemma 1.38, one can prove the

L,-estimate
0,p,R"— 1 > )

which proves the assertion for s = 0, see also Theorem 1.7 and the references for its proof. The
desired estimate in the case s = 1 is contained in Theorem 1.39 for f = 0. The general case
follows now by real interpolation. O

mN/2

m—m]-—l/p
oy <C 3 (\|gjum_mj_1/,,,p,wl FE g,
j=1

HTgHm,p,Rﬁ + Al Tg

Our main result for the setting of a model problem in Wp1 (R%) is now a simple modification of
Theorem 1.39.

Theorem 1.42
Assume thaithe model boundary value problem (A, B) is parameter-elliptic in a sector ip. Then
for all X € Xy, all f € W;;(A7B)(Rﬁ;CN) = {f € Wy (R%}) : %B;j(D)f =0, if mj = 0} and all

boundary values g; € W;@H*mjfl/p(R"_l) (j = 1,...,mN/2), the problem (1.12) admits a

unique solution u € W;”‘H(RQ‘_; CN). For \ € iso with sufficiently large modulus, the following
a priori estimate is satisfied:

mN/2 m-1 mjfl/p
el 0 < C<HfH1,p,sz+ S 195l 1yt + A ||gjuo,p,Rn-1).

=1

Proof. The major difference to the proof of Theorem 1.39 consists in defining the function
uy == (A — Apps) "L f for f € Wps,(A B) (R%) in Step 2. Following the proof of Theorem 1.39 and
using Theorem 1.33, the claim is proved. O

Remark 1.43

(1) The approach presented here differs from the standard Ly,-approach in one major point: In
L, one also proves an estimate for the case f = 0 and then, to handle a general right-
hand side, one extends f € L,(R%) from the half space to Ef € Ly(R"™) (e.g., by setting
f =0 in R™), solves the corresponding problem in the whole space with 1y € Wg”(R”),
and the restriction u; 1= €L1|R1 € W(R%) then solves the equation with right-hand side f.
However, this reduction to inhomogeneous boundary values changes the original boundary
values by —yoB;(D)u1, and there remains to solve the problem with f = 0 and the boundary
values g; == gj — v Bj(D)uy to correct this (cf. Step 2 of the proof of Theorem 1.39).
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In the VVp1 setting, Theorem 1.28 tells us that in this situation g; = 0 for m; = 0 is necessary
for a natural estimate of the solution. However, for a general f € I/Vp1 (R?), it is not clear
how to extend f to R™ such that voB;(D)u; = 0 for m; = 0 and hence it is not clear how
to obtain the natural estimates with this approach. Therefore, we considered the completely
subdivided problems (1.31) and (1.21).

(ii) The proof technique sketched in (i) works for an operator A with even principal part since
then for f € Wpl,O(Ri) one can choose the odd extension Ey, (cf. Lemma 2.7 below), and
then the proof of Theorem 2.10 yields that the restriction uy := ﬂ1|R1 of the solution to
(A= A(D))u1 = Eopnf in R satisfies your = 0, and one can follow the lines of the proof
of Theorem 1.89 again. We postpone details of this case to the subsequent chapter.

(iii) A proof of corresponding results in Wlﬂ“ with 2 < k < m can be carried out with the same
techniques: Theorem 1.39 generalizes to higher reqularity without essential changes of the
proof, and if the boundary values of order mj < m+k —1/p (where the "unnatural’ norms
of the boundary values would appear) vanish, the results follow directly with Theorem 1.33.

The situation significantly improves when we consider the case 0 < s < %, which will be crucial
for our applications in Chapter 4. For such s the compatibility conditions vanish, i.e., we have

W]f;( AB) (R}) = W;(R%}), and the natural parameter-dependent norms on the boundary are

X m+s—m]-—1/p
given by m"”m—i—s—mj—l/p,p,R"*1 = || : Hm-‘:—s—mj—l/p,p,Rnfl + |)“ m H ' ’
combination of Corollary 1.41 and Theorem 1.33 then yields

0.,p,Rn—1- A simple

Corollary 1.44
L and let a model boundary value problem (A, B), being parameter-elliptic in ip be

Let s < >
given. Then for all f € WPS(R?F;(CN) and all g; € W,?H‘gfmrl/p(R"*l), the boundary value
problem (1.12) admits a unique solution u € W' *(R'}) that satisfies
mN/2
ltllmspry + Mllullsprr < C {1 lspry + D W95l sm,—1/ppro-t
j=1
for X € B, with sufficiently large modulus. The solution admits the representation

u=Rs\)f+Ty

with the resolvent Rs(\) := (A — Agps)~ ' for the model problem with homogeneous bound-
ary conditions constructed in Theorem 1.33 and the solution operator T for the inhomogeneous
boundary conditions defined in Corollary 1.41.

1.2.5 Perturbation theory

After presenting the results for the case of a model problem, we now treat small perturbations
of the principal parts of the differential operators in order to consider varying coefficients. From
now we restrict ourselves to the case s < ;1). Our method follows the strategy which is carried
out in [DHPO03], Section 7.3 for the L,-case.

Lemma 1.45
Let the model boundary value problem (A, B) be elliptic with parameter \ € iw- Then there exist
€ >0 and A\g > 0 such that for all differential operators of the form

(1.41) So(z,D) = Y soa(x)D, Sj(@, D)= Y sjp@)D? (j=1,...,mN/2)

lo]=m |8]=m;
with coefficients that satisfy the smoothness assumptions 1.20 and

HSO(JéHCt(@;CNXN) <e, and ||5j6||ct(@;(cl><N) <e€ (] =1,... ,mN/Q),
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the perturbed boundary value problem (A+ So, B+ S) := (A+ So, B1 + 51, .., Byuny2 + Spmny2)
given by

(A= (A(D) + So(z,D)))u = f nRT,
(1.42) { ’YO(Bj(D)+§j(:E,D))u =0 onRtL_l, (j=1,...,mN/2),

admits a unique solution u € W;”+5(R$;CN) for all f € W;(Rﬁ;CN), provided |A| > Ag. In
this situation the solution again satisfies an a priori estimate of the form (1.24). In particular,
the W -realization of the shifted boundary value problem (A — o+ So, B+ S) defines a sectorial
operator of angle .

Proof. Let f € W5(R";CN). Then u € W)"*¢(R"; C) is a solution to (1.42) if and only if u
satisfies

(1.43) {(A—A(D))u = [+ So(x,D)u in R,
| %0B;j(D)u = —305(z,D)u on R"L, (j=1,...,mN/2).

A solution of this problem satisfies the representation stated in Corollary 1.44 which leads to
the following expression:

mN/2 mN/2

(1— [R (A)So(z, D) Z TV (N Ev0S;(z,D) + T;”(moansj(x,p)bu = R,(\)f,

j=1

where Ry(X) := (A — App.) ! again denotes the resolvent for the Wj-realization of the model
boundary value problem with homogeneous boundary conditions (see Theorem 1.33) and I
denotes the identity in Wg”JFS(Ri; cN ). In the sequel, the operator on the left-hand side will be

denoted by I — S()). Towards a Neumann series argument in L((W"(R%; CV), Il s, p )
we will estimate the parameter-dependent norms of the operators in the squared brackets. By
the results of Lemma 1.33,

Rt (W RECY), - lopry ) = (Wt RE CY), Wl iy )

is a continuous isomorphism and by the continuity of (A — A(D)) (cf. Lemma 1.27), the desired
estimate ”|S(>\)U}Wm+57p7Ri <C |||w|Hm+87p7Ri with C' < 1 is equivalent to

ISV Bs (Mol s prn < Cllvllsprn = ClA = AD))wlls pry < CColwllypysprn »

with v € W (R%}) and Rs(\)v = w.

i) Estimate of | Rs;(\)Sy(x, D)w For all w € W$(R"%) and 0 < ¢ < gp, we have
p +

m+s,p,R7 *

WRS()‘)SO(fﬁaD)w|”m+s,p,R1 < CfSo(z, D)wHSPR" = C’lnr‘lax 500 lct R")”me-i-&pR

< Cellwlmiopzy < 7 M0lhntopsmy

(if) Estimate of ||7{" (V) ExyoS;(x. Dywl| -+ We write w = Ry(\)v € W™+ (R?) and
m+s,p,RY}

use Corollary 1.41 and Lemma A.6 (ii) to estimate:
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H]@”(A)EmsmD)Rsu)v(HmH’pM

m+s—mj—1/p
< (ms (2, D) Ba Nl s, it + A ||vosj<:c,D)Rsu)vuo,p,w1)

(A.9)

< <2HS z, D) Rs(A)vlmt-s—m,; pr7 + A7 11 (2, D) Ry(A )U||s,p,R1>

< C( [D*S;(z, D)Rs(A)vl|s prr + A7 (1S5 (2, D) Ry (A )UHs,p,R1>
|o|l=m—m;

< C< 18;(z, DYD*Re(MNvllsprn + > [I[D*, S;(2, D)) Re(\vlls pen
|a|=m—m; |a|=m—m;
A5 D) Ry >v|rs,p,m)

< Cie <||R( )0lm+s,p, R AT s(A )U||mj+s,p,Ri> + Col AT ™ [v]l s

“1/m 1
< Cie||RsNvllys prn + C2fAl Y olls pmn < m””\s,p,m

for [A\| > A1 > 1 and a sufficiently small choice of €. In the second inequality, we used the fact that
No 2 Wy T (R — W;nJrs_mj_l/p(]R”_l) is continuous and (A.8) with o7 := m + s — m;,
op =8 < ;1), p := |\ "m . Furthermore, the fact that the commutators [D?, Sj(z,D)] are

differential operators of order not higher than m — 1 and the estimate (1.25) have been employed
in the argumentation.

The estimate of H‘T A)OnExy0S;(x, D) wm " is almost the same. For a suitable choice
m+s7p7 1

of ¢ < min(ep,e1) and |A| > A1 > 1 we obtain the estimate
mN/2 mN/2
Rs(\)So(z, D) + ZT N Exy0S;(x, D) + ZTZ) )00 ExY0S; (2, D) <

LWp" " (R1))

l\’)\»i

where W;”JFS (R%) is equipped with the parameter-dependent norm. Hence, there exists a unique
NS W;”*S(err), that solves (1.42). By Neumann series this u admits the representation

= (I -5 Nf= Zs

and with ||(1 — S()\))_lRSfmﬂHSJ)Ri <2 |||Rsfwm+5,p,R1 < 2C||f|ls,pr7 » the claimed a priori
estimate follows. O

Lemma 1.46 -
Let the assumptions of Lemma 1.45 be satisfied. Then for A € X, with sufficiently large modulus,
the perturbed boundary value problem

(A= (A(D) + So(z,D)))u = 0 inRY,
4 { WBD)+ S, D) = g5 on B =1, mNp2)

admits a unique solution v € W***(R%) for all g; € Wﬁ+s_mj_l/p(R"_1). This solution can
be represented as

mN/2

(1.45) u= Z T;(N)g
=1

and again satisfies an a priori estimate of the form (1.40).
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Proof. Adopting the notations from the preceding lemma, we write (1.44) in the form

(1.46) { A—=AMD)u = So(z,D)u in R%—l .
YBj(P)u = gj —vSj(z,P)u on R, (j=1,...,mN/2).

Corollary 1.44 shows then that any solution u € W***(R" ) satisfies

mN/2 mN/2

<I— [R (N)So(z, D) + 3 T1V(A)ExvoS;(@, D) + Z T (V) Ew()sj(x,p)Du—’]rg.
7j=1

The estimates we derived in the proof of Lemma 1.45 show that for an appropriate choice of
€ < g9 and for parameters A with a sufficiently large modulus the operator on the left-hand side
is invertible. Hence, the solution u € W} "*(R’}) of (1.44) is given by

mN/2
u=(I-SA\)"Tg= > (I-5N)" <Tj(1)()\)E,\ + TJ.(Z)(/\)anEA) 9;-
j=1

The a priori estimate follows from [|(I — S(\))7!(|, W B i) S <2 and Corollary 1.41.
m+s,p,
O

Remark 1.47

Note that the smallness condition on the coefficients is only required with respect to the C'-
norm, since the multiplication property of the coefficients is only required in the space W.
Higher norms can be rewritten as a combination of terms of lower order, which can be made
small by using the estimate (1.25) for sufficiently large modulus of A, and an expression of the
form ||S;(z, D)YDul|s prn , which is then estimated against C€||U|||a|+s,p,R1

1.2.6 Bounded C"™!-domains

We now extend the results for the half space and (possibly perturbed) principle parts to the case
of a bounded domain with sufficiently smooth boundary and operators with varying coefficients
including lower order terms. This will be obtained via a classical localization procedure. Nev-
ertheless at some points this procedure differs from the typical approach in L, (see [DHPO03],
pp. 92 ff.) due to the higher smoothness of the solution.

Let Q be a bounded domain with a C"™!-boundary and let differential operators

(1.47) Az, D) := Z aq(z)D* and Bj( Z big(x (j=1,...,mN)

la<m |B]<m;

with coefficients satisfying Assumption 1.20 be given. Furthermore, we assume parameter-
ellipticity of the boundary value problem (A, By, ..., By,n/2) in the sense of Definition 1.21. For

data
mN/2

(f+9) = (£ 91+ Gnya) €Y = W) x ] Wyt (00),
j=1

we consider the boundary value problem

1.48 A=Az, D)u = f inQ,
(1.48) voaBj(x,D)u gi ondQ, (j=1,...,mN/2).
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Step 1: Transformation and extension to the half space.
Fix an arbitrary point zg € 9. By the definition of a C"™!-boundary, there is an open neigh-
bourhood Uy, := Uy x Us C R x R of 2y as well as a C"™!-diffeomorphism Jzo 1 Uy = Vao,
such that Jg, (Uzy NQ) = Vo NRY and Jp (Uyy N 0Q) = Vi, NORY . Without loss of generality,
we may assume (DJ,,)(x0) = I,, (see [DHPO03], p. 93). Furthermore, J,, € C™(Uy,, Vi,) can
be extended to L B

Jzo : Uy :={x € R} 1z, > h(2")} = RY,

where h € C™1(R™"1) is an extension of the function h € C™!(U;,R"~!) which describes the
boundary in Uy,. For the whole section, we make the convention to denote the coordinates in €2
by x = (2/,x,) and the coordinates in the half space by y = (v, y,,). For the image of x¢ under
Jzo, We write yo 1= Jg,(0)-

Remark 1.48

(i) For k=0,...,m+ 1, the mappings J, and jmo induce continuous linear isomorphisms

Too : WEUse NQ) = WE(Vou ARY),  and Ty : WE(Uy,) — WERY),

u»—>uo.]x_01, ur—>qu$_01.

For the validity of a corresponding chain rule, we refer to [Maz85], Theorem 1.1.7. Using
real interpolation, we can obtain the continuity for the spaces W;”JFS as well.

(ii) In [Wio87], Theorem 4.1, the continuity properties of the mappings Jx, and jxo, which we
indicated in (i), are proved for the case of a C*"-diffeomorphism in a convexr domain for
the Slobodeckii spaces W2l with 0 < 1 < k + k. For our case | = m + s, a C"™'-boundary
with t > s would then be sufficient.

(iti) Due to the fact Jpo(Ug, N ON) = Vi, NORY, for functions in W) with t < m, we have
the mapping properties Ty, : Wh(Uzy N OQ) — WE(Va, N R™ 1) and jxo : W;(@ﬁm) —
W;(R”_l), respectively.

We now consider the push-forwards of the operators, i.e., A% (y, D) := ijA(a:,D)j;Ol and

B]f]”o (y,D) := Ty Bj(2, D) T, for y € V;, NR’. Note that the coefficients of the transformed
operators still satisfy the smoothness assumptions stated in 1.20. In order to check that the
Shapiro-Lopatinskii condition is preserved, we use the following transformation formula for the
principal parts:

AT (,8) = Ao (W), [Day (T )] &) (y € Vay NRY E ERM),

By (1,6) = Bjo(Jn ). [Day (T3 )] €) (v € Vay NRY, € €R™),

The proof of the Shapiro-Lopatinskii condition for the transformed operators is given in [W1087],
Theorem 11.3. Furthermore, with this representation one can prove, that the condition of
parameter-ellipticity in the sector ¥, holds for A7 (y,¢) as well and A% (y, £) and B;-]”O (y,€)
are again differential operators of order m and m; < m — 1, respectively. Accordingly, we may
rewrite their symbols in the form

(1.49) AT (y, €)== Y ad®(y)e® and By (y,6):= > b0y (G=1,...,mN/2).

|| <m |B|<my;

Next, we extend the coefficients of the operators for y € R’}. To this end, we choose a cutoff
function x € C§°(R™) with 0 < x < 1, such that x =1 for |y| <1 and x =0 for |y| > 2.
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For a sufficiently small radius 0 < r < r(xz¢), which will be chosen in Step 2, we define

(1.50a) al(y) = ad™ (yo+x (L) (y—w0)), (lo] <m),
(1.50b) b\ (y) = me (yo+x (Z2) (y—w0)), (G =1,...,mN/2, |8 <my).

This means, for y sufficiently close to yg, the coefficients are left unchanged, for larger distances
ly — yo|, the extended coefficients become constant and in between one chooses the value at a
point y € V,, NRY.

Let us verify that the smoothness conditions of Assumption 1.20 stlll hold: For a&mo) this can

be checked by a simple case differentiation using the fact that al®o € C*(Vzo NR%). For the
coefficients of the boundary operators, we have to consider the derivatives up to order |a| < k;
with k; +a; > m + s —m;, too. These derivatives can be written as a finite sum of the form

(D5 @) (D7) () = (D*675°) (o + X (552) (4 = 10)) (D7 (x (F22) (- — 0)) )W),

with 7 < o and the seminorm [ - |, of their Holder norms can be estimated as follows:

(D5 G (1) — (D) (D7) (1)

Y1 — ya|*
< |\ DTG (B0 @) ‘(Da 7750) (5 ‘ (P70 ()= (D7) (w2l
- ly1—y2|™7 ly1—y2|™
Tz jz Tz
< C Hb OHCka (VagNR™) + H OHCk%(vx mRn)HXHCWIa (R") ( )Hb OHC’CQ (VagNRZ)"

Step 2: Choice of an open covering of Q.
For given ¢ > 0 and any fixed x¢ € 052, we can choose r(x¢) such that for some s < ¢’ < ¢ the
following properties are valid:

(Z) J:c_ol(B(yO72r(l'0))) C Umm
a™ (yo)|

ot (Ri;CNX N

(i) > (o5 w) — bl (o)
|B]=m;

<
ot (Ri ;C1% N)

The smallness parameter ¢ is determined by Lemma 1.45 (applied to the parameter-elliptic
problem with frozen coefficients at xy) and the choice in (ii) and (iii) is possible because of

) () = o) (o)

Ct' (B(yo,2r(x0)))

a’) (x) - ™ (y)

t—t/
2 + sup T = Yl
r(zo)) /e Blyo.2r(z0)) |z — ylt +(t—t")

= [af (y) — al™ (yo)

<

< S+ o] (4r(z0))t .

C*(B(yo,2r(z0)))

Recall that ai™ (y) = a{™ (yo) and b( 0)( ) = b%o)(yo) outside of B(yg,2r(zg)). We obtain an
open covering of the boundary

o0 c | Ju (Blyo,r(z0))),

o€

and due to the compactness of 02, there exist z1, ...,y such that

o0 C U Jor (2k), (7).
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In the sequel, we abbreviate Jj, := Jy, , yi := Jp(zk), 7% == r(2k), U = J,;l(B(yk, r)), and for

the coefficients we write ol = a(()[ Zk) b( ) — plan), Furthermore, for k = 1,..., M7, we define

corresponding differential operators Wlth the extended coefficients consisting only of the highest
order terms:

(151) A®(y,D):= > alP(y)D* and B }:b (j=1,...,mN).

|aj=m |8|=m;

By construction, these operators satisfy the assumptions of Lemma 1.45 for each k, and for
sufficiently large |A| we obtain the resolvent ng)()\) for the W-realization of the local problem

(A(k’), (k), . B(k])V/Z) in the half space.

Note that for |y — ;| < r the operator A%¥)(y, D) coincides with the principal part of A7z« (y, D)
defined in (1.49), hence, for u € W;’LJFS(R”) with supp(u) C B(yg,rk), the order of differen-
tiation in the expression (Ajﬂ”k (y, D) — A (y,D)) u is at most m — 1. The same holds for

(szk (y,D) — B](-k) (y, D)) u with order of differentiation not greater than m; — 1.

In order to cover the whole domain Q, we exploit the compactness of Q=0 \ Uﬁ/[;l U} to find
finitely many points x s, +1, - - ., Za, and corresponding balls Uy := B(xg, ri) such that Uy C S~2,
Qc U],CV[:MIJrl Uk, and -, 2, Ha&k)(:c) all) (@)l (B(agry)) < € Where the extension proce-
dure for the coefficients is the same as in (1 50a), but now the coefficients are continued to the
whole of R™. As in the case of the neighbourhoods being close to the boundary, we define a
corresponding local operator with the extended coefficients and without lower order terms by

(1.52) AW(z, D)= > aP(2)D* (k=M +1,...,M).

|a]=m

Note that here no transformation was necessary so that we could extend the coefficients directly
and remain in the z-coordinates in this case. Furthermore, A%) is again elliptic with parameter
as a small perturbation of the parameter-elliptic operator with constant coefficients Ag(zx, D).
As an immediate consequence of [KS12], Proposition 5.22, a shift of the W, -realization of Ak)
is a sectorial operator, which means that A — A®) W Hs(R™) — W (R™) is invertible for
sufficiently large modulus of A\. The corresponding resolvent will be denoted by R(k)()\) for
k=M +1,...,M.

Subordinated to the finite covering Q C Uﬁ/lzl Uk, we choose a smooth partition of unity
(pr)iL, € C*®(R") with 0 < ¢ < 1, supp(px) C Uy, and Z,ivil k() = 1 for all z € Q.
Then, by multiplying the equation (1.48) with ¢, its unique solvability is equivalent to the
unique solvability of the local problems

oA —A(z,D))u = @if in QN U,
1.53 . k=1,...,M
(1.53) { Yook Bj(z,D)u = (yaapk) -g; on IQNUg, (j=1,...,mN/2), ( 1)
and

(1.54) ok A=Az, D)u=prf nQNU;, (k=M +1,...,M).

Note that yanpr € C(99) is a pointwise multiplier in the space W;Hs_mj_l/p(ﬁﬁ).

Step 3a: Local resolvents for interior neighbourhoods.
We write A(z, D) = Ao(x, D) + Ajow(x, D) and interchange the principal part Ag with ¢y using
Aoz, D)(pru) = prAo(z, D)u + [Ag, ¢r|u, where the commutator

[Ao(z, D), pr]u = Z ao (1) Z <Z>Da_ﬁ80kpﬁu

|a|=m BLla
1Bl<m

is a differential operator of order not exceeding m — 1.




42 1.2. Boundary value problems in W,

Then equation (1.54) can be rewritten as

(A= Ao(z, D)) (pru) = orf + orAow(x, D)u + [Ao(x, D), pr]u = vr f + Ci(x, D)u

with a differential operator Cy(x, D)u of order at most m — 1 and coefficients in C*(Q N Uy).
Now we apply the resolvent R*)()\) to this equation. Note that supp(¢ru) C Uy, hence,
Ao(x, D) (ppu) = A® (2, D)(pru), and we obtain

(1.55) oru = RPN epf + R®NCy(z,D)u (k=M +1,...,M).

Step 3b: Local resolvents for neighbourhoods intersecting with the boundary.
n (1.53), we first interchange A(z, D) and ¢y, as well as Bj(z, D) and ¢y, to obtain an equation
for pru:

{(A—A(

z,D))(pru) = @rpf +[A(z, D), prlu in QN Uy,
’yagBj(SU,D

Jeru) = (voawr)g; — voalBj(z, D), px]u on 02N Uy, (j =1,...,mN/2).

Assuming that all occurring functions are extended by zero to ﬁxk outside QN Uy, we may apply
Ji to change the coordinates x — y and artificially insert the terms from (1.51) A®) (y, D)7, (o)
into the equation and 'yoBJ(. )( Y, )jk(cpku) into the boundary conditions, respectively. After re-

arranging the equations, we obtain the following boundary value problem in the half space:

(A — A® (y, D) Ti(pxu) = Tnrf + TilA(z, D), prlu + (Aj’“ (y, D) — AK) (y,D)> NACEDE
0B (45, D) Tk(orw) - = T (oapr)g;) — 0 TklBj (@, D), olu .
+30 (B (9, D) - B*(y, D)) Tilpu).

We define the lower order differential operators Cj of order at most m — 1 and Dj;, of order at
most max(m; — 1,0) by

(D) = [A@. D)ol + J; " (4% (. D) - AWy, D)) Ticor.

Di(x,D) = —[Bj(, D), o) + T (B (. D) - BY*(y. D)) Fusor

Due to the smoothness properties of jk and by the construction of the extensions for the co-
efficients, the coefficients of Cj belong to C*(U,,) and those of Djj, belong to Ckii(U,,).

m-4s—mj— l/p(Rn 1)

Furthermore, jk((vaggok)g]) may be regarded as an element of W), , where we

assumed (Ypnpk)g; to be extended to OU by zero.

Now we apply the resolvent ng)()\) for the perturbed boundary value problem in the half space

(AR ng), .. 737(51)\/ /2) (with homogeneous boundary values) to the equation and, in order to
(k

correct the boundary values, we apply the operator Tj ) from Lemma 1.46 to the inhomogene-

ity jk(yagapk)gj + vojijk(:c,D). Finally, changing back to the z-coordinates, we obtain the
following representation for the local solution

mN/2
(1.56) oru =T RO Te(onf) + T S0 TV N Te((oaer)as)
j=1
B mN/2
+ [jk_le jka(a: D) +jk: Z T k ’)/ijDjk(l’ D)

7j=1
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Step 4: Proof of the a priori estimate.

In the sequel, we write for short R(’“)()\) = j,;lek)jk for k =1,...,M;. Let ¢y, € C*(R")
with supp(¢r) C Uy and ¢y, = 1 on supp(py) for k = 1,..., M. Then we multiply each of the
equations (1.55) and (1.56) by the corresponding v and sum them up to obtain

M M, mN/2
157) u=Y GRPNerf+> > Ty j’“ (N Tk ((voner)g;)
k=1 k=1 j=1
M, mN/2 _
{Z%R NCw(@, D)+ > wndi T} (M0 Dye(, D) |u
k=1 j=1

At this point, we assume that we are given a solution u € W;""*(Q) of (1.48). This solution
necessarily satisfies the latter equation, and we will now derive an estimate for u from this fact.
Similarly to the proofs of the Lemmas 1.45 and 1.46, we have to ensure that the norm of the
operator in the squared brackets, which will again be denoted by S()), considered as an operator
in L(W,"*5(), H\-mmﬂ’p q), is smaller than 3 for large modulus of A € ¥,

(i) For k= My +1,..., M, we use the 1nterpolat10n inequality (Lemma A.6) with ¢ := ﬁ,
where C}, contains the norm Cg of R¥)()\) in LW - Nlsprn ), WHs(R™), Il 5 prn) and
the norm of the lower order differential operator Cy (-, D) in L(W;""*(R™), W;(R™)), which can
be estimated in terms of max||<,,—; Hckvnct(ﬁmUk) when ¢y, denote the coefficients of Cy(-, D).
Then, for |A\| > A1 :=4MC)C(e) we can estimate

’Hz/JkR(k)(/\)Ck(a:, D)u

IN

[N, Dy < Crl|Ci(e, Dyulls parus

‘)‘m+s,p,ﬂ m+s,p,R™

IN

Ck”“”m—i—s—l,p,Q

1 1
< (llntspa + AMCCEullop0) < T Wills
Note that Cy(z,D) =0 for x € R™\ (2N Uy). N
(ii) For k = 1,..., M, one has to take the coordinate changes J into account and obtains for
parameters [A| > Ay := AMCy,C;Cj-1:

R® (\) T C(w, D)u

IN

oromescon,,.,,, < e

m+s,p,Q2 H‘m—i—s,p,Ri

< C;-1Cgr ijck(x,l))u

s,p,RY

1
< CrrCrCy|ICk(w, PYullsporv, < 17 Ml

(iii) For the solution operators acting on the boundary values, there holds the continuity

k m+s—m;—1 n— m-s /mon
OO0 : (W™ ™™ T PR, Wy fpirt) = (W R, Il e )

for each k € {1,...,M;} with a constant Cr;. The mapping properties of the coordinate
transformation then yield the following estimates for h; € W," M (U):

o], <cr

m+s,p,Q2

R

m+s,p,R7Y m+s—m]-—%,p,R”*1

p,RY )
szl’jk> ’

< Cj101;,C, <”~7kh lmts—myp e + A

+])\

< €111, (]

m+s—mj,p,(7k
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Here, hj = Dji(z,D)u with u € W;”+5(Q), hence, there holds supp(h;) C QN Uy, and the
estimate can be continued:

o O ]

m+s7p)
< c(nDjk(x,D>u||m+s_mj,p,mvk Dy, DYl QU>
< ccp (Hu||m+s Lpanse 4 A HU||s+m]1,p,QﬂUk)'

Note that in case m; = 0 we have Dj; = 0. Now, the interpolation inequality yields

1
Al l[wllmts—1p 000, < Crlllullm+sponvy + Ml[[ullsp.ono) < Crllullg o

and

m—m]-}—l
AT ullstm—1p0nvn < Colllullms.ponv, + [Alllullsponv,) < C2llully s 5.0

such that for |A| > A3 := 2M1mNCCp max(C1,C2))™, we have

F—1m(k) 7D, - -
H)%jk T; (A)’YOJ’“DJ’“(QE’D)uH)mﬁm,g < SN, lellsrvs.p.60-

Combining the estimates we developed in (i)-(iii), we see that for |A| > Ao := max(A1, A2, A3)
the estimate

|||S()‘)u”|m+s,p,ﬁ < % Wu|”m+s,pﬂ
is valid. By a Neumann series argument, there exists (I — S(A)) ™' = (3272, S(A)!) and satisfies
(I = SO))~HI, W @) ) = 2. Using the abbreviation g := (g1,...,gmny2)’, we

deduce the following representation of a left inverse for the operator (A — A, Bi, ..., By,ny2) :
WHs(Q) — Y for parameters A € ¥, with [A| > Ao:

f M M; mN/2
(1.58) Ly (g) = (I — S(\)™ (Z URPNeef +3° Y vt )jk((’yagcpk)gj))
k=1 k=1 j=1

In order to complete the proof of the a priori estimate, we first apply the a priori estimates for
the resolvents R*)()\) and the continuity of J; to obtain

M
R < 3 [la ] N, q
Zwk ngf Z kaf b, R" Z jk; S ( )jkgakf mts.p, 0
m+s,p,Q2 k=1 =M
My
<O lodlpon+ G Y BO0GAS]
k=1 k—M1 1 mrep i
My
<y Z lonfls,p.0n0, + Co R™
p} h=Mi+1 o
M
< CZ oS lls.ponve < CMol|fls p.0;
k=1

where My denotes the maximal number of neighbourhoods which intersect with each other. For
the boundary terms, we proceed analogously to part (iii) of Step 4 and apply the estimates for
T; from Corollary 1.41 to find
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W¢kjk_1’]r§'k)()\)jk80kgjm
C H’jk_ 1T§'k)()‘)jk§0kgj”‘

s, [l
C

m+s,p,Ug

IN
IA

Cy

TV (\) Teprg; ‘H

m+s,p,ljk m+s,p,RY

IN
IN

TR Cr1Cr;Callergill s, —1/p.p,00,

IN

H|g,] ||| m+s—m; —1/p,p,0QNUy, *

Using the first estimate of Step 4, we then deduce

mN/2
el g p2 < 2C (Mollflls,p,ﬂ + >0 |||gjurm+s_mj_1/p,pm>-

j=1
Step 5: Existence of a right inverse.
There remains to prove that we can in fact solve the boundary value problem (1.48) for all data
(f,g9) € Y, meaning the surjectivity of (A — A, B) for sufficiently large modulus of A € ¥,. To
this end, we first apply the operator (A= Ap(x, D)) to the representation of L) f stated in (1.57),
where we abbreviate T( )()\) : j 1T( )( 0Tk

(A = Ao(z, D)) Ly <£> = (A = Ao(z, D)) RM (N) <90kf + Ci(x, D)Ly <§>>

Ms e |

i:: A= Ao(z, D))wkT(k (M) [Djk(waD)LA (g) + (’YaQ(Pk)gj} :

e
Il

1

Using the facts that supp(yxf + Ck(z, D)Ly (£>) C supp(pg) C Uk and 1 = 1 on supp(gx),

we can calculate

(= Ao(z, D)) Ly (g )

= !
= 3 k(A — Ag(a, DYRB (N (i + Cilz, D)Ly <g ))

k:lM f

+ >[40, k) R® (A (o f + Cr(x, D)Ly < p ))
k=1
M mN/2 f

+3° 3 WA — Aoz, D)) + [~ Ao, i) TLH (V) [Djk(x, D)Ly (g) + (mmgj}
k=1 j=1

M
= > I (g )) [ Ao, un] RY(N) (g1 f + Culer, D)Ly (§)>
M mN/2

3N A0, vl TV O [Djk(x»D)LA <§> + (’7809%)93‘] :
k=1 j=1
Note that (A — Ag(z, D))T\"(A) = 0 and (A — Ag(z, D))R*®)(N)g = g for g € W3(Q) with
supp(g) C Ui N Q. Making use of the equalities Z;‘il ¢ = 1 and Zj\il [Ao(z, D), x] = 0 as
well as recalling the definitions of Cy(x, D) (cf. Step 3a and 3b)

[A(an)790k] + jk_l (Ajk (y"D) - A(k)(y’D)) jk(ﬂk, (1 <k< M1)>

Ci(x,D) = {
‘pk(A_AO)(x7D)+[AO(an)790k]v (Ml <k‘§M),
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the first sum can be rewritten as

i (%f + Ci(z, D)L (g))

k=1

= f+ é(mo,@k} + [A — Ao, ¢r]) L (g) + 70! ((Aj’c - A(’“))(y,D)) Tronly (g)

FY A A DL, (3) + i) aina (1)

k=M +1
My
= s+ t- e (1) + Y- ane o (1)
k=1
~ M
+ ((4% = a9)0. ) Gt (1) + 2 ol D)l (7).

We have proved

a—aeonn (1) = (§) +men (1),

with an operator R; which consists of combinations of lower order differential operators and solu-
tion operators. Hence, its norm in L(Y) (with the parameter-dependent norms for the boundary
values) can be estimated by virtue of the interpolation inequality and the same techniques as in
Step 4 to see that [|Ri||fy) < & for [A] > Ay

Regarding the boundary conditions, we first apply the principal parts yo0 B o(x, D) to Ly (g )

Note that y9oD*¢r = 0 for the interior neighbourhoods, i.e., for k = M; +1,..., M. Further-
more, we make use of the facts that J, R*)(\) solves the homogeneous boundary value problem

()\ — A ng), ey Bg;])V/Q) in the half space, which coincides with ()\ — Aojk, Bf’é, ceey BZ?N/?,O)

on Vi NR%, and we have 'yaQBl’Ojk_l']I‘;k)()\)'yojkg = 059 for g € W;H‘gfmjfl/p(ﬁﬂ) with
supp(g) C 0Q N Uy:

& & f
YoaBio(x, D)Ly <g> = (voaer)g + 700 Y brDu(x, D)Ly <g> +
k= k=
My 1 1 mN/2
o0 S [Bro. ty] (R(’“)(A)(cpkf T Ci(e, D)Ly (f; ) ny ﬂrﬁk)(A)[Djk(x, D)L <§) +<fyamok>ng .
k=1 J=1

The first sum equals to g; and we consider the second sum. We apply the definition of Dy (z, D)
(cf. Step 3b) to write

AZJI:WDHC(%D)LA <§) = %[—Bz(ivap),@k]ll\ (g)

k=1 k=1
+ jkil(Blk(.%D) - szk (va)>jk90kL>\ <§) :

Note that 1, = 1 over the set, where D # 0 and that for x € 92 we have Z,iw:ll or(x) =1,

thus g 22/1:11 [By, ¢r] = 0. Furthermore, by construction, the latter operators can be rewritten
in the form

Tt (Blk(y,D) - szk (y»D)) Jier = —(B = Bo)(z, D)gy. + Ci(, D)y,
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where a(m, D) is a differential operator of order at most m; — 1, because the principal parts of

By, and Bl‘7 * coincide on V; NR’} and Ble also contains the transformed lower order terms of
B;. Using again vyq 224:11 pr = 1, we obtain the equality

YooB(z, D)L (g) = <2> + Ra(z, ) <£> ;

where Ry(z, A) is again a combination of solution operators and differential operators of lower
order. In virtue the interpolation inequality, the norm of Ry in L(Y) becomes arbitrarily small
for sufficiently large |A| > A2. Summarizing the above considerations and putting the lower
order terms into Ri 4+ Rs, we can write

(A=A, By,...,Byny2)La (i;) = <£> + (R1 + R») <£>

thus, for [A| > Ag := max(A1, A2), the operator Ly(I + (Ry + Rg))™' : Y — W""(Q) is the
desired right inverse. We can now formulate our main result for parameter-elliptic systems in
bounded domains with sufficiently smooth boundary.

Theorem 1.49

Let Q C R™ be a bounded C™'-domain, 1 < p < oo, and 0 < s < L. Let the boundary
value problem (A, By, ..., By,n/2), with operators of the form (1.47), whose coefficients satisfy
Assumptions 1.20, be parameter-elliptic in iw Then there exists a Ao > 0 such that for all
A € X, with A > Ao, all f € W5(Q), and g; € w90 (= 1,...,mN/2), the
boundary value problem (1.48) admits a unique solution w € Wj""*(Q) and the a priori estimate

mN/2

Nalrapo < C [ 1Flsp2+ 3 N9ihmssmsn -1 /ppon
j=1

is valid. In particular, the shift Apps — Ao of the W -realization A s, which is given by

D(Agps) = {u € WIZ”""S(Q) ‘vo0Bj(x,D)u=0, j=1,... ,mN/Z} )
AB,p,su = A(l’, D)ua (u € D(ABJJ,S))

defines a sectorial operator in L(W;(€2)) with H)\()\ — (ABp,s — AU)YIHL(WS(Q)) <C.
P

1.2.7 Fredholm property

For general elliptic boundary value problems in bounded smooth domains without parameter,
the Fredholm property of the underlying operator (A, B) is known in the scales H® (see [Agr97],
Section 2.4 and the references therein) and W, (see [Tri95], Sections 5.4.3 and 5.4.4 and the
references therein). For the basic definitions and properties of Fredholm operators we refer to
Section A.6 of the Appendix. In the situation of a parameter-dependent boundary value problem
in a bounded domain, we will now employ Theorem 1.49, which implies the Fredholm property
for (A\— A, B) with large |A|, and compactness results to deduce unique solvability for parameters
with smaller modulus. It will be convenient to abbreviate the function spaces and their norms
by

(Xla ” : HX1) (W;H_S(Q): H ’ Hm-i—s,p,ﬂ) , and
mN/2 mN/2

s m+s—m;—1
Koo |- Ixa) = (Wp<ﬂ>>< T Wi 00), | apa+ 3 ||-||m+s_mj_1/p,p,m).
j=1 j=1
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Theorem 1.50
Let (A,B) be a parameter-elliptic boundary value problem in the situation of Theorem 1.49.
Then the following assertions hold true:

(i) For A € ¥, with |A| > Xo, the operator corresponding to the boundary value problem
()‘ - Au B) : Xl — XQ) U = ()‘ - A(’ D)“)V@QBl(W D)U, s 773QBmN/2(') D)u)
is a Fredholm operator of index 0.

(ii) Suppose that the operator (n— A, B) : X1 — X is injective for a given u € C. Then for all
feW(Q) and g; € W;Hs_mj_l/p(afl) (7=1,...,mN/2), the boundary value problem

(u—A@D)u = f inf,
(1.59) { YBj(z,D)u = g; ondf, (j=1,...,mN/2)

admits a unique solution u € W™T5(Q). This solution satisfies the a priori estimate

mN/2

(1.60) lellmtspe < C [ 1Fflspo+ D Ngillmts—m—1/pp00
j=1

Proof. (i) We obtain dim(ker((A — A, B))) = codim(R(A — A,B)) = 0, since (A — A,B) is an
isomorphism for A\ € §¢ with a large modulus.
(ii) Fix A € X, such that [(A — A), B] is invertible. We write

(= A4),B] = [(1= N id e i), 05, 0] + [(A = A), B,

where id(WZ”“}W; ) denotes the embedding W,""#(Q) < W (), which is compact by Theorem

A.1 (ii). Together with (i) and Lemma A.19 (iii), we infer that [(u—A), B] is a Fredholm operator
of index 0, too. Now, the injectivity and Lemma A.19 (i) show existence and uniqueness for
the problem (1.60). Regarding the a priori estimate, first note that [(u — A),B] : X1 — Xa is a
continuous linear operator between X; and X5. The proof for this assertion is literally the same
as in Lemma 1.24. Then, [Agro4], Theorem 2.3.4 (and the subsequent Remark) shows that the
finiteness of dim(ker([(x — A), B])) and codim([(x — A), B]) (which implies that R([(u — A), B])
is closed, see Lemma A.19 (ii)) is sufficient for an estimate of the form

mN/2

lullx, = llullmsspe < Ok = A), Blullx, = C [ 1flspo+ D N9illmtsmm—1/pp00
j=1

for all w € X;. This completes the proof. O




Chapter 2

Boundary value problems in
rectangular domains

In this chapter, we extend our results to the case of rectangular domains. Whereas we studied
problems in the half space to obtain the results for a domain with smooth boundary in the
previous chapter, our starting point is now the so-called k-corner Kj! := R F x (R+)k c R™.
We will employ reflection techniques in order to extend the given boundary value problem to a
problem in the half space. This method leads to several restrictions concerning the principal part
of the differential operator as well as the feasible boundary operators. Namely, we will require
an even principal part of the differential operator and we are merely restricted to boundary
conditions which are of even or odd order.

The boundary 9Kj! of the k-corner splits into k parts. More precisely, 0K} is the union of the
surfaces

(2.1) [ji={zeKl:z;=0} (j=n—k+1,...,n).

k
We identify I'; = Kz:% by skipping the j-th component and 0K} = UFj.
j=1

2.1 Symmetric boundary value problems
The subsequent definitions are required to specify the class of boundary value problems under
consideration. We give them for the general case of non-constant coefficients.

Definition 2.1
Let Q@ C R™ be a domain. A differential operator A(z, D) = 3, <om @a(x)DY with coefficients

Ao : 0 = CN*N s called even if the implication ao # 0 = o € 2N holds, i.e., all orders of
derivatives are even. We say that A has even principal part if Ag is even.

Regarding the boundary conditions, we restrict ourselves to conditions of even or odd type. For
second order differential equations, these types of boundary conditions correspond to Dirichlet
and Neumann boundary conditions, respectively. Note that we now have to impose boundary
conditions on each part I'; of OK}! separately.

Definition 2.2 ‘ ‘
Letj e {n—k+1,...,n} and let Bj(z,D) := <B§])(w,D),...,B£ﬁV(x,D)) be a tuple of mN

boundary operators of the structure (1.2).

1) We refer to B; as an even boundary condition in direction j 1
j
(2.2) B, = (ng, . B BYY o By B B}@?Qm_z)
with BY) (2, D)u = b9 (2)D! (s=1,...,N; t=0,2,...2m — 2).
1 e refer to b; as an o oundary condition wn direction j 1
3) W B; dd bound dition in direction j i
(2.3) B, = (Bﬁ}, .BY,BY) . BY, . BY)L B}@}Qm_J

with BY) (2, Dyu = b (2)D5 (s=1,...,N; t=1,3,...2m — 1).
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Notation 2.3

(i) We introduce a vector v € {0, 1}* which describes the type of the boundary condition on the
surface I'yp_jyj for j=1,... k:

o 0, if By_kyj is of even type,
! 1, if Bu—k4; 18 of odd type.

(i) We write for short vy jBj(x,D)u =0 on I'; if and only if ’yo,ng)(x, Dj)u=0 on T'; holds
forallt = 2k wz.th k=0,....m—1, Z‘ijH%n :O, and s =1,...,N. Here, v
2k+1  withk=0,.... m—1, ifvjipp=1 ’
denotes the trace in direction xj for j =n—k+1,...,n.
Note that in both cases for all x € OKT, each of the m admissible orders t appears N times
with N different row vectors bg(x), which are necessarily linearly independent for the Shapiro-
Lopatinskii condition.

We first consider the problem (A, B) := (A, By,—k+1,- - ., Byn) in the k-corner K}

(2.4) A=A(z,D))u = f inK},
' Y0,;Bj(x,D)u = 0 onTly, (j=n—k+1,...,n),

in the ground space L,(K}) under the following
Assumption 2.4

(i) In case of variable coefficients, the smoothness assumptions from Assumption 1.1 (i) are
satisfied, with R} replaced by K.

(i) The differential operator A has even principal part in the sense of Definition 2.1.

(iit) A is parameter-elliptic in a closed sector Sy, d.e., det(A — Ag(§)) # 0 for all z € K} and
(€, A) € R x 3\ {0}

(tv) Forj=mn—k+1,...,n, the boundary operators B; = (B%j)(Dj), . ,B(jgv(Dj)> acting on

m.
L' are of even or odd type in the sense of Definition 2.2.

(v) For j = n—k+1,...,n and all z9 € I'; the problem (Ao(xo,D),B;(xo,D;)) in local
coordinates with respect to xq satisfies the Shapiro-Lopatinskii condition.

Definition 2.5

We call the boundary value problem (2.4) symmetric if Assumption 2.4 is satisfied. We refer to
(A, B) as a symmetric model problem if A and B have constant coefficients and if A coincides
with its principal part.

Using Assumption 2.4 (i), a continuity result for the differential operator (A, 5) can be proved
analogously to Lemmas 1.24 and 1.27. The well-posedness of the symmetric boundary value
problem (2.4) is closely related to the study of the resolvent of the underlying operator, to be
defined next.

Definition 2.6
Set D(Ag) = {u S ng(KZ§ cNy: Y,;Bju=0, j=n—k+1,..., n} Then the Ly-realization
of (A, B) is defined as

Ap : Ly(KECN) D D(Ag) — Ly(KCY),  Apu:= A(x,D)u  (u € D(Ag)).
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In the sequel, we describe the construction of an appropriate extension operator for the sym-
metric boundary value problem (2.4). We first define odd and even extension operators that
will act in each component z; for j =n — k +1,...,n, separately.

Definition and Lemma 2.7
Let f € L,(K¥;CN). For fized j € {n —k+1,...,n}, we then define extensions of f in the
direction x; onto R"™F x (R} )" IHF=1 x R x (R4)7™" by means of

(i) Eoj: Ly(R™ x Rk CV) = LR x (Ry)" =1 xR x (R4 )~ C)

o fl). (> 0),
(lﬂng)(x).—— { __f(x17_..,xj_la_"xj7$j+17"'7xn)’ (1; < 0)

(ii) E1j: Ly(R"™F x (Ry)*; CV) = Ly(R™™F x (Ry)" 1 x R x (Ry )7~ CN)
o f@), (2> 0)
(Ehgfj(x)-—'{ f(xlr..,xj_lf—ag,xj+1w..,xn), (1; < 0)

The following estimates are satisfied:

1B flloprn—r xRy yr—iti—1 xRx Ry )i—n < 2| fllopro—tx@yyx (6 =0,1).

Remark 2.8

The extension operators from the preceding definition may also be considered in the Sobolev
spaces W;,O(K’]}:; CcN) or WI} (K2; CN). Note that the additional zero boundary condition in case
of an odd extension is necessary to preserve the reqularity by Lemma 1.8. In this case, we obtain
continuous extensions

EOJ’ : Wpl’0< Z,CN) — Wp{o(Rn_k X (R+)n—j+k—1 ¥ R x (R_’_)]—n’(cN)
Ey;: Wpl( ncN) — Wpl(R"*k x (Ry)"™ =1 % R x (Ry )1~ CVN)

with
1 Eij fll1prr—kx @y yn-itt-1xRx®y)i—n < 2| fll1pro-kx@pr  (=0,1).

In order to construct an extension operator which corresponds to the boundary value problem
(2.4) in case of a model problem with gU) = 0, we start with an extension of f in the variable
Zp—k+1 and choose the extension operator E,, ,,_r+1 where v; denotes the [-th entry of the vector
v from Notation 2.3. We end up with a boundary value problem in Kj!_; with the right-hand side
Ein—ki1f € Lp(K}_;) and k — 1 remaining boundary operators B; with constant coefficients,
which trivially extend to {x € K}!_; : z; = 0}. Iterating this procedure for x,_j12,...,%,, we
obtain a problem in R™ with the right-hand side E,, ,Ey, | n—1-- Ey, n—i+1f € Lp(R™). This
procedure defines an extension operator subject to the boundary conditions:

(2.5) E, : LKy CNY = L,(R,CY), f— Eufi=EynFuy_mn1- Funtof
Clearly, we have ||y fllo e < 2¥(|fllopip for all f e Ly(K}).

Remark 2.9

In view of the ground spaces W;(R.Q in directions with Neumann boundary conditions and
WZ}’O(RQ in directions with Dirichlet boundary conditions, we obtain a continuous extension
operator by the procedure described above in the space

W, (KD) = W R ) [ W, (R),

DPVj—n+k
j=n—k+1

if we read W, (Ry) := W, (Ry). Then the operator E, : W}, ,(K}) — W,(R") is continuous
with || Ey fllipee < 28| fllpxp for f € Wy, (KR).
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We can now prove the basic theorem for a boundary value problem in a k-corner which is an
analogue of Theorem 1.7.

Theorem 2.10

Let k < n and let the constant coefficient boundary value problem (A, B) be symmetric in the
sense of Definition 2.4. Then for all f € L,(K?;CN) and X € £, \ {0}, the problem (2.4) with
homogeneous boundary conditions admits a unique solution u € ng(Kz; CN). In addition, for
Al > Xo > 0 the following a priori estimate holds:

lllgmpxr < Cllfllopxy
with C' independent of u, f, and X.

Proof. Let v describe the types of boundary conditions and extend f with the corresponding
extension operator E,, to the whole space R™. According to Corollary 1.15, for all A € X, \ {0}
the problem

A=AMD))v=E,f inR"

admits a unique solution v € W™(R") such that [|v]ly,, ,gn < CllEyflloprn < QkCHfHU,pyKZ'
We define u := U\Kz by means of restriction. Then |Jul|,,, pKp < 2kC||f||0,p,Kz, and there remains
to check that the boundary conditions are satisfied.

First, assume that B; is of even type, ie., vj_p4 = 0, and B; reads as ’yo,jbsﬁtD;f-u = 0 for
s=1,....,Nand t =0,2,...,2m — 2. We define

w(z) = —v(T1,...,Tj-1,—Tj, Tjq1,...,Tn) (x €R").
Due to Assumption 2.4 (i) and the odd extension of f in direction z;, we have:
A—AD))w(x)=—-A—-AD))v(...,—xj,...) = —(E,f)(...,—xj,...) = Ep, f(z) inR".

Hence, v = w by uniqueness, i.e., v is odd with respect to x;:

V(T Tty =X, Tjg1s e oo ) = —0(T1, o, Tjo1, Ty Tj1s - -, Ty)-
By differentiating this equation with respect to x;, we obtain for even t = 0,2,...,2m — 2:
t t
Div(T1, ..oy Tjm1, —Tjy Tjt 1y - -+, Tn) = —Div(T1, .00, o1, g, Tjg1, - -, Tn).-

Hence, fyO’j(D§v)(x) = 0 and the linearity the boundary condition yields ’yoyjbst(D;-v)(x) =0,
whence 7o jBju = 0. For the case of an odd boundary condition in direction z;, i.e., vj_p41p = 1,
we define

w(z) :==v(x1, ..., Tj 1, —Tj, Tjt1,.-.,Zn) (x €RM).

Again by Assumption 2.4(i) and the even extension of f in this case we find
A—=AD))w(z) =A—AMD))v(...,—zj,...) = (Euf)(...,—xj,...) = E, f(x)
and once more v = w by uniqueness, i.e., v is even with respect to x;:
V(T X1, =T, Tjgly o Tn) = V(X1 o L1, Ty L1y - - 5 T
By differentiating this equation with respect to x;, we obtain for odd t = 1,3,...,2m — 1:
D;-v(xl, e L1, =L Ty, Ty) = —D;-v(xl, e L1, Ty Tyl e e L)

From this 7o j(Djv)(x) = 0 easily follows, whence o ;Bju = 0.
On the other hand, assume we are given a solution v € ng“ (K}) of the boundary value
problem (2.4) with homogeneous boundary conditions.
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Then, by the linear independence of the set of vectors bgt for s=1,..., N and any fixed order of
differentiation ¢, we obtain from 70,jbitD§»v =0, that 'yo’jD;v = (0 either for t =1,3,...,2m —1
(odd boundary condition) or t =0, 2,...,2m — 2 (even boundary condition). If we set w;(z) :=
(T, ..., o1, =T, Tjq1, ..., Tp) fOr (@1, T, =25, T, .., 2n) € K, this is equivalent to

70, Djv = 70, Djw; = (—=1)"70,(Djv)

for odd t < 2m—1, and for even t < 2m—2 the condition ’VOJ"D;U = voJD;-wj is trivially satisfied.
According to Lemma 1.8, these conditions yield that the even extension E jv in direction x; is
an element of W§m+5(R”_k x (Ry)"9H+=1 x R x (R4)7~"). Replacing w; by —w; in case of
even boundary conditions, we see that the odd extension Ep jv in direction z; is an element of
W§m+S(R”_k x (Ry)™IHF=1 x R x (R4 )7~™). Performing the extension procedure successively
forj=n—k+1,...,n, we obtain that V := E, v € W;m“(R”). Since A is even, it is easy to
see that V solves (A— A(D))V = E, f in R"™. Thus, the unique solvability of this problem yields
uniqueness for the problem in the corner. ]

2.2 Transmission problems in a k-corner

For later applications it is desirable to impose transmission conditions across a certain interface
which is given here by I',, w.l.o.g. In the case of a model problem in an (n — 1)-dimensional
k-corner with £ < n — 1, we impose additional transmission conditions across the surface I',.
We abbreviate K}, := Kz_l x (0,00) and K} := K’,;”_l X (—00,0). By the definitions, there
holds K, =K} ;.

Assumption 2.11

(i) Let Ay be a differential operator of order 2m of the form (1.2) acting in K}!_ and Az be a
differential operator of the same order acting in Kj}, . We assume that both operators have
constant coefficients, coincide with their principal parts, are even in the sense of Definition
2.1 and parameter-elliptic in a sector ip.

(i) On each part I'; of 0K} = Kz_l (J=n—-k+1,...,n—1), let a set of mN boundary
operators Bj(Dj) = (ng)(Dj), . ,Bfﬁv(Dj)) of even or odd type be given which act on the
W), (vekp)

function u(x) := (@), (zeK)
) k+

(1it) On the surface I'y,, which separates KJ! L and Ki_, we impose 2mN transmission conditions
of order at most 2m — 1 of the structure

(2.6) Yo [6*,(1)(7))&1 —c® (D)UQ] —h onT, (=1,...,2mN)

with Cl(i)(D) = C’l(i) (D1,...,Dp_i, D) = Z cgf‘/)l)7 and constant coefficients. Recall that
[v|<my
we assume ord(Cl(l)) = ord(Cl(2)) = my here.

(iv) Assume that the following substitute for the Shapiro-Lopatinskii condition is satisfied for
the transmission conditions: For all by € C and (), &) € X, x R*1\ {0}, the system of
ordinary differential equations

(A — gl(fl’ Dp))oi(zn) = 0 (zn <0),
N (A= A&, Dy))va(zn) = 0 (2, >0),
[C}”(gl,...,gn,k,pn)m —C}”(gl,...,gn,k,pn)@} . h (I=1,...,2mN),
Ti(zn) = 0 (zn— —00),  va(zn) — 0 (2n — +00),

admits a unique solution.
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We now consider the boundary value problem with the transmission conditions in x,-direction:

A-A(D)i = fi nKp_,

A=A (D))uy = fo in K},
(27) 70,]BJ(D)U = 0 on FJ, (j:n—k—I—l,,n—l),
Yo [éf”(p)al —CPDyuy| = m onT,, (1=1,....2mN).

Theorem 2.12 N
Let Assumption 2.11 be satisfied. Then for all (f1, f2) € Lp(K}_) x Ly(K},) and all X € Xy,

the problem (2.7) with homogeneous transmission conditions (h; = 0) admits a unique solution
(1, up) € W2™(K}_) x W™(KT,). For [\ > Xo > 0 the following a priori estimate holds:

‘ O7p7Kg+ ) .

Proof. Let v be the vector describing the types of the boundary conditions and FE, denote the
corresponding extension operator. We extend (2.7) to a transmission problem in the half spaces

", where the differential and boundary (or transmission) operators extend trivially because of
their constant coefficients:

Vithompicy + W2l iy, < C (1 llopicy + 1112

A=A (D)U, = E,f, inR",
B ~()\ — Ay(D)) U, = E,fy inRY,
Yo [Cl(l)(D)Ul —c® (D)UQ} = 0  onR™, (I=1,...,2mN).

Here, Assumption 2.11 (iii), i.e., the independence of the transmission conditions of the vari-
ables &y, jy1,...,Tp—1, where the boundary conditions act on, was exploited as well. Applying
Theorem 1.9 and Remark 1.10 (iii), we obtain the existence of unique U; € W2™(R™) and
Uy € W™ (R'), which enjoy the desired estimates in R” for sufficiently large |A|. With the

same steps as in the proof of Theorem 2.10, we can show that ~o ;B;(D)U; = 0 on I'; N R™
and 7o, ;B;j(D)Uz = 0 on I'; N R"}. Hence, the restrictions w; := ﬁl‘Kn € ng(Kzf) and

k—
Uy 1= U2|KZ+ € ng(Kz ) uniquely solve (2.7) and we have

[l pic + Wolompicz, < Wilampzn + 102l e < C (1B illopen + 1B fallopsy )

< 20 (I fillopsg + I f2llopy, ) -
O

Remark 2.13 (Inhomogeneous transmission conditions)
In order to consider inhomogeneous transmission conditions of the form (2.6) with boundary

data h; € ng_ml_l/p(I‘n), additional compatibility conditions on the boundary data have to
be imposed. As we wish to argue with the unique solvability of the corresponding transmission
problem in R, in order to obtain the even or odd symmetry in the variables x; for j =n —k+
1,...,n — 1, we require that in addition to U = (ﬁl,Ug) also Vi :=U(...,—xj,...) or V_ :=
-U(...,—xj,...), respectively, defines a solution to the transmission problem, too. Inserting this
into the transmission conditions and exploiting that these conditions only act on x1,...,Tn_k,
and x,, we find the following condition, where h; € ngfml*l/p(R”_l)
hj:

denotes an extension of

You|COMDVi1 — CO(DWor| = 4ly(..., —xj,...) onR™, (I=1,...,2mN).

Accordingly, the compatibility conditions read as hy(...,—xj,...) = h(...,x;,...) if Bj is an
odd boundary condition (i.e. Vj_pix = 1), and —hy(...,—xj,...) = (..., xj,...) if Bj is an
even boundary condition (i.e. vj_nix, =0). This means, the extension hj has to be even in case
of odd boundary conditions on I'; and odd in case of even boundary conditions on I'; as well.
Hence, the only possible choice of an extension is hy = Eyhy.
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In order to preserve the regularity of a boundary value h; when applying F,, conditions of the
form ’yoij;hl =0 on I'; NT',, become necessary and sufficient:

Lemma 2.14
Let h € W;il/p(ljn) for some k € N. Then the extension E,h is an element of Wfﬁl/p(R”_l)
if and only if the following compatibility conditions are satisfied for j=n—k+1,...,n—1:

(2.8a) 0, 0ih = 0, onDynT; for r=13,... 2[5 1, ifv; p=1,
(2.8b) 0 0ih = 0, onD,NT; for r=0,2,...,2[51] if Vj—nik = 0.
Proof. We use I';, = {z € KI : 2, = 0} 2 R"* x (R})*"! and prove the case v; = 1. The
remaining extension procedures (for vo, ..., v;_1) follow iteratively and the case vj_, 4+, = 0 only
leads to a change of the signs. With hy(z1,...,Zp—k+1,---,Tn-1) = h(T1, ..., Tp—kt1y- -+, Tn-1)
for k41 >0, and h_(x1,...,Tp—ks1y---,Tn-1) := h(x1,..., —Tp_gs1,-..,Tn—1) in the case

Tn—k+1 < 0, the even extension Ey,_pi1h : R?=F+1 x (R, )F=2 — C is given by

h’+($)7 (xn—k-i-l > 0)7

E1nkr1h(z) == {h_ (), (Tp—k+1 <0).

Lemma 1.8 yields Ey ,_+1h(z) € I/V;?_l//p(R’"”_l’CJrl x RE72) if and only if for 1 = 0,...,k — 1

0 = Y0,n—k+1 (3571%1’% - 6fsz+1h—) = Y0,n—k+1 ((3fsz+1h) + (—1)l+1(3fkk+1h)) :

This condition is trivially satisfied for even [ < k — 1, while for odd | < k — 1 we obtain the
condition 2’70,n7k+18,l1_k+1h = 0, which is (2.8a). d

Roughly speaking, the inhomogeneous transmission values h; have to satisfy the adjacent bound-
ary conditions on the intersection I'; NI, as far as they are well-defined for h;, too. Note that for
an adjacent boundary condition of maximal order 2m — 1 no additional compatibility conditions
appear. As a direct consequence of the previous lemma and Theorem 2.12, we obtain

Corollary 2.15
Let Assumption 2.11 be satisfied and let h; € Wmefml*l/p(Fn) be given forl = 1,...,2mN,
subject to the compatibility conditions for all j=n—k+1,...,n—1:

(2.9) 70,0l = 0, onTyNT; for r=1,3,... 2[2==L] 1 ify; =1,
(2.10) v0,0;h = 0, onTyNT; for r=0,2,... 2 22=u=t] if Vi—pir = 0.

Then for all (fi, f2) € Ly(K}_) x LK}, ) and all X € Xy, the system (2.7) with inhomogeneous
transmission conditions admits a unique solution (i1, uz) € W2™(KP_) x W2™(K}, ) and for
IA| > Ao > 0 the following a priori estimate is satisfied:

2mN
a1 llam picy + Nullompry, <€ (\fl\lo,p,K;;_ + | fellopg, + Y ik |||2mm11/p,p,rn> :
=1

Remark 2.16

By using Theorem 1.7 instead of Theorem 1.9, a similar result holds for a general parameter-
elliptic system with an even differential operator A of order 2m, even or odd boundary conditions
on k — 1 surfaces I'y—g41,...,I'n—1, and a general set of mN boundary operators B](n) (Dy)

(j = 1,...,mN) acting on Ty, such that (A, Bgn), ... ,BS&), considered as a boundary value

problem in R™ | fulfills the Shapiro-Lopatinskii condition. Here, the boundary operator B®) may
act on the variables xi,...,Tpn—f, and x,, but not on Tp_k11,...,Tn—1.
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2.3 Higher regularity: the ground space W;(2)

In this section, we extend the previous results to the case of the ground space W;(KZ) with s < %
and varying coefficients. We first state our assumptions on the structure and the smoothness of
the perturbed boundary value problem under consideration.

Assumption 2.17

(i) The constant coefficient operator of order 2m

AD)= Y a.D"

|a|=2m

is even in the sense of Definition 2.1, i.e. ao € CN*N equals 0 if o ¢ 2N In addition, A
is parameter-elliptic in a closed sector ¥, (cf. Assumption 1.1).

(ii) Let S(x,D) be an operator of the structure

S(x,D) = Z So(z)D*

|a|=2m

with coefficients sq € BCH(K; CN*N) for some t € (s,1). We assume that S is a small
perturbation of A in the sense that so =0 for a ¢ 2Ny and Z Hscht(@) < e, where €

|a|=2m
will be determined explicitly later.

(iii) Forj =n—k+1,...,n—1, the boundary conditions B;(x,D;) = (ng)(m, D),... ,Bg;v(w, D))
on the surfaces I'; are of even or odd type in the sense of Definition 2.2, with coefficients
bfﬁ € BUC?*m—taj (@;CIXN), where o € (s,1). For fized j and every fized order of dif-
ferentiation t in direction x;, we assume that for all xq € I'; the corresponding N wvectors

bg? (o), .- ,b%l(mo) are linearly independent.

(iv) The boundary operator B, (D) = (B%n) (D),...,BJ%,(D)) acting on Ty, is given by a set
of constant coefficient differential operators, which only act on the variables x1,...,%n_p,
and x, and coincide with their principal parts. In addition, the corresponding constant
coefficient problem (A, B%n), .. .,B;Z{,) in R satisfies the Shapiro-Lopatinskii condition.

The order of Bl(n) will be denoted by my; := ord(Bl(n)) (l=1,...,mN).

Theorem 2.18
Let 0 < s < % and let Assumption 2.17 be satisfied with a sufficiently small € < g in (ii).
Then for all X € Sy with |\| > Ao and all f € W5(Kp;CN), there exists a unique solution

u e W2ms (K CN) to the boundary value problem

A= (AD)+ 5 D)u = [ nKE,
(211) 707ij(1U,D)U = 0 on Fj7 (] =n—k+1,...,n— 1)’
YonBn(P)u = 0 onT,.

In this situation the solution satisfies the estimate
lellom s prp < ClFllspicy-

Proof. Let v € {0,1}*~! denote the vector which describes the types of the boundary con-
ditions for j = n—k+ 1,...,n — 1. We extend the right-hand side f with E, to an ele-
ment of W, (]R’}r;(CN ), while we extend all coefficients of S in the variables =, _gy1,...,Zn—1
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with the even extension FE(; ). Note that the Holder continuity of s, is preserved with
£ 1)Sa“ct(Ri.(CN><N) < l[sallce(gy.caxy in this extension process, since for z # y we have
bARRS b ky

Eq,..sa(®) = Eq_ nsa)|  [54(F) — sa(7)| <|§ — 7

t
|z —ylt |7 — gt |$_y|> > ||504||Ci(Kk7(CN><N)7

where 2 := (z1,...,Zn—k, |Tn—k+1l,-- -, |[Zn-1],Zn) denotes the vector in K}!, which corresponds
to x and is obtained from x by at most k—1 reflections. Hence, the extended differential operator

Si(z,D) == (Eq,. 1)S)(,D) = Y (Eq,. 1)5)(2)D°

|a|=2m

defines a continuous linear map S; : ng“(R?_; cN) — Wy (R%; CN) (cf. the proof of Theorem
1.24) and f = E,f + Si(z,D)U € WS(RL;CN) for U € W2m+s(R%;CN). Since A and B,

trivially extend to R"!, we arrive at the following constant coefficient problem in the half space

(2.12) A—=AD)U = E,f+5(x,D)U nRY,
YonBn(D)U = 0 on R 1,

By Theorem 1.33, a solution U € W2 5(R'; CV) of (2.12) satisfies
[I — Rs(A)S1(z, D)|U = E, f,

where Rs(\) denotes the resolvent of the Wj-realization of the constant coefficient problem
(A, By,). The estimate

IN

C||Si(x, D)U

I1Bs(N)S1(2, P)Ull g5 p e

s,p;R%}

IN

Cl X Isallory | 1Ulzmtspry < CeNUNamypspre

|a|=2m

ensures the existence of U = [I — Rs(\)S1(z, D)] " E, f for sufficiently small ¢ < 5 and the a
priori estimate for v := U ‘KZ reads as

k
lellamys picn < NUNomasprn < 20 E0 fllspry < 2%[ fllspicp-

Using the symmetry of A and S, respectively, as well as the fact that the boundary operator B,

does not act on the variables z,,_11,...,Tn_1, We see that
' L U(xl,...,:vj_l,—:vj,xj_,_l,...,xn), if Vj—n+k:17
wj(z) = U " o
- ('Ilv"'7xj*1a_xj7x]’+l7‘""T’n)? 1 Vj—n-‘rk_oa

defines a solution to (2.12) as well:

A= AD)wj(z) = +AU(...,—zj,...)— (ADU)(...,~zj,...)
= :t(E,,f)(...,—xj,...)i(Sl((...,—a;j,...),D)U)(...,—xj,...)
= (Buf)(@) + Si(z, D)w;(2).

Hence, U is even with respect to x; in case v;_,y; = 1, which implies that the odd boundary
conditions are satisfied for U on {x € R, : x; = 0} and for u on I';, respectively. Likewise,
U is odd with respect to x; in case vj_p44 = 0, which yields the corresponding even boundary
conditions.

Again, uniqueness follows from the fact that any solution v € Wp2m+5(KZ) already satisfies
'yo,jD§-v =0onTIjforj=n—-k+1,...,n—1and t = 1,3,...,2m — 1 in case of odd, and
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for t =0,2,...,2m — 2 in case of even boundary conditions, respectively. In fact, this follows
from the linear independence of the vectors bgjt) () in the boundary conditions B;. Hence,
the extension operator E, leads to a function V := E,v € WPZm“(Rﬁ), which solves the
corresponding boundary value problem in the half space (2.12). Due to the parameter-ellipticity
of the problem (A, B,,), the solution is unique, and thus the uniqueness for the problem in the
corner follows from Corollary 1.44. O

Remark 2.19 (i) Note that the coefficients of By_k+1,...,Bn—1 could be chosen variable since
the method of extension already ensures v jD'v = 0 on T'j for t = 1,3,....2m — 1, and
the multiplication with by, € BUC?*M~42i (K¢ CY*N) does not change this. The linear
independence of every set of N wvectors b%) (x),..., bg\],)t(x) for all x € T'; which belong to the
same order of differentiation in direction x; is necessary for the uniqueness here.

(ii) The coefficients of B, were chosen to be constant since it is not clear that it is possible to
extend them in a way such that their smoothness and the Shapiro-Lopatinskii condition are
preserved at the same time, which is necessary to solve the occurring half space problem.

(i1i) As indicated in Theorem 2.12, homogeneous transmission conditions of the form (2.6) on
Iy, can be treated as well if both unknown functions satisfy the same boundary conditions
on each of the other corresponding parts of 0K}, . Indeed, after the change of variables
Ty > —xy, for u_, we deduce a system (of size 2N ) for v(z) = (u_(2', —xy),us(x))T in
K} with even or odd boundary conditions onI'; (j =n—Fk+1,...,n—1) and the constant
coefficient boundary conditions

5(1)(7)’ -D,) O u_(2', —xy)
2By =00 o ( ’ ">:0 onTy,, (I=1,...,2mN).
0B e ( 0 ¢ D) )\ us(@) ( )

For the particular case of homogeneous canonical transmission conditions, i.e.,

n —1)H*telgt 0 u_ (2, —xp
B,Et)v:—<( )o eTat>< EL+($) )>—0, (r=1,...,N; t=0,...,2m — 1),

we obtain solutions ut in ng“(K}gi), which together with the transmission conditions
define a function u € W§m+S(KZ). This is only possible for s < 1/p, because for 1/p <
s < 1+ 1/p the additional transmission conditions Yo, D>™el (uy —u_) =0 on T', become
necessary to have u € WmeJFS(KZ). But this condition is not satisfied in general, since it
can no longer be included into the boundary conditions on I',.

As in the L,-case, some comments and results on inhomogeneous boundary values and lower
oder terms in the boundary operators can be stated.

Corollary 2.20 (Inhomogeneous boundary conditions on I';,)

Let Assumption 2.17 be satisfied with sufficiently small € < &g in (ii). Let v € {0,171 be the
vector describing the type of the boundary conditions. Let f € W;(KQ;CN) and let boundary
values g, = (g%n),...,ggL])V)T € HZ@Y W,?m+s_m”l_1/p(Fn) be given subject to the following
compatibility conditions: For alll =1,...,mN, there holds

Y0, Dig™ =0 onTnNTy,  r=13,..2m—1-2["at]  ifv; =1,
Y0, Dig™ =0 onTunTy,  7=0,2,...,2m—my —2, if Vjnin = 0.

Then there exists A1 > 0, independent of f and g, such that for all A € ip with |[\| > Ay, there
exists a unique solution u € ng“(Kz; (CN) to the boundary value problem

A= (AD)+S@D))u = [ inK],
%,Bj(x,Du = 0 onTy, (j=n—k+1,...,n—1),
YonBn(P)u = g, onT,.
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In addition, the following a priori estimate is satisfied:

mN (n)
L <C 3 [l :
|||U”’2m+s,p,Kk - (Hf”s’p’Kk =1 o 2m+s—mp;—1/p,p,I'n

Proof. Under the given assumptions and according to Lemma 2.14, the extension operator F,,
can be applied to the data f and gl(n) without loss of any regularity. The coefficients of the
even differential operator S are again extended evenly, hence, S extends to the differential
operator S € L(W2™ (R cM), W5 (R%; CM)) (see the proof of Theorem 2.18). We obtain an

inhomogeneous boundary value problem in the half space

A=AMD)U = E,f+ S (x,D)U inRY,
Yo B(DU = E,g™ on R"1, (1=1,...,mN),

which is uniquely solvable for |[A| > A1, with U € W™ (R ) (combine the estimates derived in
the proofs of the Lemmas 1.45, 1.46, and the preceding Theorem for the existence of an inverse).
U admits the representation

mN
U = Ry(N)S1(z, D)U + Rs(NEyuf + Y Ti(\)(Eug™),
=1

where R, denotes the resolvent of the W;—realization of the constant coefficient problem (A, B,,)
(see Theorem 1.33). Furthermore, the desired a priori estimate holds for U in the form

mN
(n)
L e <||Euf\|s,p,m 2> ||, /p,p,RM> ‘

Now, all assertions for u:=U ‘KZ follow analogously to the proof of Theorem 2.18. For the
boundary conditions on I';, note that in the case v;_,; = 0, there holds

onB™M (D) (~U(...,—xj,..)) = —yoaB™MD)U(...,—2j,...)
= —(El,gl(n))(xh...,.Tj_l,—wj,$j+1,...,$n_1)
= Eugl(n)($/)7

and then uniqueness for the problem in the half space yields that U is odd with respect to x;.
The case of odd boundary conditions is treated in the same way. O

Remark 2.21 (Lower order terms in B,,)
Under the same assumptions as in Corollary 2.20, we can also allow lower order terms in
the operators Bl(n)(D) = Bl(g)(D) +BW (D) which have constant coefficients and only act

Llow
on the wvariables x1,...,Tn_, and x,. Rewriting the boundary condition ’yo’nBl(n)u = g; as
’Yo,nBl(E)U =g —vomBl(?gwu = g;, we have to ensure that g; satisfies the compatibility conditions.
Since g; is compatible, g; satisfies these conditions if and only if for allj =n—k+1,...,n—1:
1,3,....2m—1-=2[%], ifvipk=1
Dt|: B(n) ui|:O Onl‘\ml‘\ OT’t: Yy ) 9 1 '1—n 5
70,5 D; (0,05 10 iNTn  f 0,2,....2m — 2| . if s ik — 0.

On the other hand, the boundary condition for u onI'; and the linear independence of the vectors
br(z) ensures that

1,3,...,2m —1—2["], ifvj_per =1,

Diu=0 onT; ort=
fYO,] J J f {0727-..72m_2LTg”J7 Zf]/]—n_l’_kzo.

Llow has constant coef-

Since 707jD§ [’yo,nBﬁgwu] = ’yO’nBl(Tllgw [fyo,ﬂ);.u} , which holds because B(n)
ficients and does not act on x;, the compatibility conditions are satisfied. A similar argument

applies for the transmission conditions (cf. Corollary 2.15).
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2.4 Localization procedure for a cuboid

In view of applications to elliptic systems (with parameter) which appear in several battery
models, it is desirable to take a simplified geometry of a battery into account. So far, our
preparations of this section gear towards a rectangular domain Q = [[;_,(0, L) with L > 0
lying parallel to the coordinate axes. In addition, we now assume the domain to be divided into
three rectangular subdomains Q = Q; U Qs U Q3 by two disjoint, paraxial interfaces ¥; and 3o,
which are given by ¥; := {x € Q : 2, = 0;}, with 0 < 01 < 03 < L. In a battery, for instance,
these interfaces may represent the surfaces of the electrodes which separate a solid electrode
from the liquid electrolyte. Let

Iii={ze€Q:2;,=0}), (1<i<n) and I;:={2€Q:2;, =L, ,}, (n+1<i<2n)

denote the surfaces of {2. Note that I'; and I';4,, are parallel to each other and have no points
in common. First, we give the precise assumptions on the structure and the smoothness of the
boundary value problems under consideration:

Assumption 2.22
Let 1 <p<oo,meN, s<1/p, andt € (s,1).

(i) Fori=1,2,3, let A; be differential operators of order 2m

Ai(2,D) = Y aia()D* (z€Q)

la]<2m

with coefficients a; o € C*(Q;; CN*NY and even principal part, i.e., aio =0 for all o with
o] = 2m and o ¢ 2Ny. We define the corresponding differential operator on the whole

domain by
A(z,D) = Ai(z,D) (z € ).

(i) Fach operator A; is pammeter—ellipﬁc in a complex sector ipi. We set ¢ 1= minj<ij<3 @;
such that A is parameter-elliptic in 2.

(iit) For each of the surfaces I'j, let a corresponding set of boundary operators of the following
form be given:

(1) If j ¢ {n,2n}, the set of boundary conditions Bj = (B@(Dj), . ,Bg%(Dﬂ) onI'; is
of even or odd type in the sense of Definition 2.2 with constant coefficients. Here, we
denote Dj = Dj if t <n, and D;j := —Dj;_, forn < j < 2n.

(2) If j € {n,2n}, the boundary conditions B; = (B%j)(Dj), . .,Bg%(l)ﬂ) have constant
coefficients, and on each point xo € I';, the Shapiro-Lopatinskii condition holds for
the constant coefficient problem <Ag(x0,-),B§{0), .. '737(23\[ 0) considered as a problem

in the half space R'Y, i.e., for all A\ € B, & € R with |\ + |¢'| # 0 and all g, € C,
the system of ordinary differential equations

{(A—A()(xo,g’,pn))v(mn) — 0 (20 >0),

(2.13) Bl(i))@/’pn)v(o) g (I=1,...,mN/2),

admits a unique, stable solution v € C([0,00); CV).

(iv) On each of the surfaces ¥;, we impose 2mN general transmission conditions with constant
coefficients which only act on the x,-variable:

s, [C’l(i) (Dp)ui + C’l(iJrl)(Dn)uiH} =0 ond; (1=1,2;1=1,...,2mN).
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We assume that ord(C’l(i)) = ord(Cl(iH)) = my < 2m — 1. In addition, we demand that for
all zg € X; the constant coefficient problems for A;(xo, D) and Ai+1(xo, D), which are coupled

through the transmission conditions (Cfi), .. .,Cg:&?), satisfy the following substitute for the

Shapiro-Lopatinskii condition: For all xg € %;, (N, &) € T, x R*™1\ {0}, and all g; € C, the
system of ordinary differential equations

(A=A 0(z0,&,Dy))vi(xn) = 0 (2, <0),
(A= Air10(20,8,Dp)Jvig1(zn) = 0 (2n >0),
(2.14) Cl@ui+ ]| = a (=1, 2mN),
vilen) = 0 (zn— —00),  vip1(rn) — 0 (2n — +00),

which is rewritten in local coordinates with respect to xy, admits a unique solution (vi, vit1).

Under the above conditions, we now consider the following system for given f € W;(Q):
(2.15)
A—=A(z,D)u = f inQ,
'yagBl(j)(Dj)u = 0 only, (j=1,...,2n; I=1,...,mN),
Vs, Cl(l) (Dn)uz + Cl(i—’—l)(pn)ui_;,_l} = 0 on X, (Z =1,2;l=1,...,2mN).

Similar to the approach for a smooth domain, we first have to find a suitable neighbourhood
U,, for a point zy € 02 where we can define a corresponding local problem which satisfies the
assumptions of Theorem 2.18. The localization at different points of 9Q will lead to several
different types of boundary value problems in an n-corner or on the edges (lower dimensional
corners), which have already been treated in the previous sections.

The rectangular geometry somewhat simplifies the situation because the mapping from a neigh-
bourhood U,, of a boundary point to a neighbourhood V,, of the corresponding k-corner is
trivial in contrast to the mapping Jo, (cf. Remark 1.48). Instead of spheres with respect to |- |2
in R™, which we used for the covering of the smooth domain, cubes, i.e., spheres with respect to
| |oo, seem to be more appropriate this time.

Step 1 - Choice of grid and neighbourhoods. Fix a point zg € 9. Then there exists
a 0p > 0 such that, up to a rotation of the coordinate axes, in the intersection of the cube
Q(x0,00) :={z € R" : |x — 20|oo < dp} with © we are in exactly one of the following situations:

(M xg is one of the 2n corners of 2. This will lead to a boundary value problem in the n-corner
K = (0,00)™ with n — 1 sets of even or odd boundary conditions (cf. Assumption 2.22
(iii), (1)) and one set of general boundary conditions (cf. Assumption 2.22 (iii), (2)).

() xo lies on one of the edges of 2, namely zg € ﬂle I';, for some 2 < k < n, but z¢ ¢ ;.
This leads to a boundary value problem in a k-corner with k sets of even or odd boundary
conditions.

() xo lies inside a surface, i.e., g € I'; for exactly one i € {1,...,2n}, but o ¢ 3;. This
situation leads to a local boundary value problem in the half space.

N xo € X; for one i € {1,2} and x¢ lies on an edge of 99, i.e. zy € ﬂle I';, for some
2 < k < n. Then we are in the situation of a divided k-corner K¢ , with even or odd
boundary conditions on k surfaces and additional transmission conditions in x,-direction.

V) xg € X; for one i € {1,2} and z € I'; for exactly one j € {1,...,2n}. Then we have the
case of a divided corner K7, with transmission conditions in x,-direction and one set of
even or odd boundary conditions on {z € K} : z,,_1 = 0}.

@ x¢ lies inside of an interface, but not on the boundary, i.e., xo € ¥; for one i € {1,2} and
xo ¢ I';. This leads to a transmission problem in the half spaces R’.
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Figure 2.1: A divided cuboid and the corresponding local problems for the case n = 3.

Next, we extend the coeflicients of A; from Q(zo,do) to the whole unbounded corner K} in the
cases (D-() and in the cases V-, we extend the coefficients of both participating operators
from W_(z9,00) := Q(zo,d0) N Q; and W, (zp,00) := Q(zg,d0) N Qiy1 to their corresponding
half-corner Kj!, . The extension procedure is the same as that for smooth domains (cf. page 40),

i.e., we define
T xr—x
a;’?)(x) = Qai (:1:0 +x ( " O) (x — xo)) ,

where x € C§°(R™) with 0 < x < 1 such that x = 1 for |z|ec < 1 and x = 0 for |z|ec > 2
and the radius r € (0,00) can still be chosen sufficiently small. It was demonstrated above
that we obtain coefficients agfg) € CH(K; CV*N) and agfg ) ect (K7 ,; CN*N) by this extension
procedure, respectively. Given e > 0, there exists 61 = d1(¢) < dp such that we have the following
estimate for the variable top order coefficients of A;:

> Hafjfg)(w) - a&fg)(xo)HCt/(K—z;CNxN) <e.

|a|=2m
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This holds with a Holder index ' € (s,t), as we have already seen in the estimate on page 40.
Note that a((f;-))(x) - a((fg)(mo) =0 for |x — xo| > 2r. In the cases W)-@), where a cube intersects
with two of the subdomains Q; and €;11, these estimates hold for each of the operators separately
but remain valid for the C2V*2V valued coefficients

(0) (1

a. (2, —x, 0

a((fo)(:r) = ( ot ( ) (x](Y)XN > (z € Q(z0,01) N Qit1)
ONxN Qg it1(T)

of the corresponding system in the (k+1)-corner (or the 2-corner or the half space, respectively).

We will now choose grid points on 9€2 to construct a finite covering of the boundary. To this
end, we start with all 2n corners x; := 0,..., 22y, and all points xap+1, ..., 25, , Where a one-
dimensional edge (i.e., the intersection of n — 1 of the surfaces I';) intersects with one of the
(n —1)-dimensional interfaces ¥;. In the first case, we will obtain a local problem in an n-corner
(case (D), and in the second case, we will have to deal with a problem in an (n — 1)-corner with
additional transmission conditions (case V). By the compactness of 3; N 0f2, we can choose
finitely many points s, 41, ..., 2, € 23 N O such that 3; NN C U]k\/[j%ﬂ Q(zk, 0x) and for

k= Mi+1,..., My, in each part Q(xy, d) NS we have the situations @ (with k < n—1) or @. To

cover the interfaces 3;, we choose additional points xaz,+1, - .., T, € 2 such that zx & Q(xy, 6;)
if K # 1 for k,l € {1,..., M3} and the corresponding local problems are transmission problems
in R} (case @). Finally, we add finitely many points zpz,11, ..., 2, which lie on the edges or

surfaces of 0Q with xy ¢ Q(x;,0;) if k # l for k,1 € {1,..., My} such that we have the situations
() or () in these cases. Then we have 9 C UkM;’l Q(zg, o). By adding finitely many points
and making the radius smaller than minj<x<as, 0, we may assume w.l.o.g. that all cubes have
the same diameter . Using the compactness of Q \ U££1 Q(zk,d), we can add interior points
Tyl -- -2 € Q such that (w.lo.g.) {x1,...,7p} forms a grid on Q and

M
Q=] Qo) na.
k=1

Step 2 - Cutoff functions, local operators, and resolvents. In the sequel, we will write
Qr := Q(zg, d) for short. Note that Qp = (x — x;) + @y, and by construction at most 2n of the
cubes intersect at one point. Subordinated to the open covering of Q with cubes, we choose a
partition of unity @i (k= 1,..., M) with the following properties:

(i) ok € C*(R™), with supp(pr) C Qk,
(ii) px =1 on Q. = {x €Qk: |r—xploo < %(5},
(it)) 0L, op(x) =1 for all z € Q.

Note that, if zj, € I';, the corresponding cutoff function ¢y, is independent of x; (or z;_,, if i > n)
in a neighbourhood of zj, namely in {z € Q : dist(z,I;) < 16}. This situation is illustrated for
the two-dimensional case in the Figures 2.2 and 2.3 below and will become important when we
consider commutators for the boundary operators.

Multiplying equations (2.13) by ¢, we obtain a boundary value problem in a corner without
transmission conditions in the cases k = 1,...,2n,M; + 1,..., M5, and including transmission
conditions in cases k =2n +1,..., M3. We find a local transmission problem in the half spaces

T if My +1 <k < M3 and, as in the localization procedure for the smooth domain, we have a
local problem in R™ if My +1 < k < M. In order to construct a representation of a solution to
(2.13) we will employ the solutions of corresponding prolonged local problems and a partition
of unity.
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Figure 2.2: The cube @} and areas with val-

ues of the cutoff function ¢y. off function ¢;.

Definition 2.23 (Local operators)
We define local differential operators A% as follows:

(i) For k = 1,...,2n and k = M3+ 1,..., My, we have Q,, N OQ N Q; # 0 for exactly one

i € {1,2,3}. For this situation, we define

Figure 2.3: Areas of dependencies of the cut-

AP, D)= 3 ol (@)D (ue W2 (G V),

a,t
|a|=2m

where Gy, denotes the corresponding unbounded corner K' with 1 <1 < n.

(ii) In case Qy C Q; for exactly one i € {1,2,3} (i.e., for k = My+1,..., M) we define the

operator A®) in R™ in the same way.

(iii) For k = 2n + 1,..., M3, we have additional transmission conditions across ¥;, i.e., Qk

intersects with ; and Qi1 for some i € {1,2}. Then we define

AO @Dy = > e @D (u e WM (KL CY)),
|a|=2m
k T « m+s(en
ASF)(:(;,D)u+ = Z ag’ﬁl(m)D Uy (u+€W§ oKy CYY).
|a|=2m

We also define the differential operator for the corresponding system in Kj' =

AW (2, D) := Z a®¥) (2)D% (v e szm“(Kﬁ_; Cc*Vy)

with coefficients

(=)
a((la:k) (.%') = <a’oc,i

Note that, for a sufficiently small choice of 4, in (iii) we still may assume

(2!, —xp)

a
|a|=2m

0 t (. 2N X2N
@) (2!, ) € CELRCT,

0 aa,i—i—l

Z Ha&rk)(x) - a(gxk)(xk)"ct’(@;c2Nx2N) <e.

|a|=2m

_ <u_(a:




2.4. Localization procedure for a cuboid 65

Lemma 2.24 (Local resolvents) B
Let Assumptions 2.22 be satisfied. Then for all X € X, with sufficiently large modulus, the
following local problems admit a unique solution:

(i) For k =1,...,2n, the boundary value problem in the n-corner KI' (1 <1 <n) with n — 1
even or odd and one general boundary condition as well as for k = Mg+ 1,..., My, the
boundary value problem in the l-corner Kj' with (1 <1 <n), for given f € W, (K}; CM):

(A—A(k)‘(x,D))u = f m]lf(if,
’yo,iTBJ(-“)(DiT)u =0 only, r=1,...,l; j=1,...,mN).

Here, i, denotes the indices of the boundary conditions which are imposed on the surfaces
I';, that form the original corner of Q, and the surfaces I';, := {x € K}' : z;, = 0} are the
natural extensions of these surfaces to the unbounded corner Kj'.

(ii) For k = 2n +1,..., M, the boundary value problem in the divided l-corners K}', where
1 <1 < n, with additional transmission conditions in x,-direction which reads as

A=A® @Dy = f inKp,

k . n
(A_AE})(:aD))UJr = f+ K1+7
%04, B (Di)u = 0 ondKp, (r=1,...,5; j=1,...,mN),

Yon [Cl(_)(Dn)u_ + C’l(+) (Dn)u+} = 0 onl, (I=1,...,2mN).
) e K ‘
Here, of course, u(x) = us(@), (@ H'), and f+ € W;(K?i;CN). The assertion
u_(z), (reK)
remains also valid for k = Mo + 1,..., Ms, i.e., for a transmission problem in the half
spaces RZ .

(iii) For k = My +1,..., M, the problem in the full space (A — A®)(z,D))u = f in R™ with
f e WiRCN).

This gives rise to the local resolvents R¥)()) : Wi — W2t and for X € Xy, with [A| > Ao > 0
we have the estimate

[roo,,, =i

m—+s,p

‘s7p'

Proof. We apply Theorem 2.18 with A(D) := A®)(zy, D) and S(z, D) := A®) (x, D)—A®) (z}, D).
By construction and an appropriate choice of the grid parameter §, we see that Assumption 2.17
(ii) is satisfied for S. Hence, part (i) immediately follows. For (ii) we can consider the corre-

sponding diagonal system in K7, , for v(z) := (u_(2/, —zp), us(2))" and

K)o _ r_ r_
Afw, D)= | AT Ee DD Oy ) ) (f(“““’ x")> (x € KJ,),
OnxN Ay (x,D) f+(x)
which then reads as
A=A(z,D))v = f inK},
707%(31(,%)(12 )’Bj(w)(pir))v = 0 on ?Kﬁr, (r=1,...,1; 5=1,...,mN),
ton ()M (), ¢V (D) v = 0 onTy, (I=1,...,2mN).

T

Note that the form of the boundary conditions for u_ remains unchanged here, since they
are independent of x,. The new boundary condition on I'j, satisfies the Shapiro-Lopatinskii
condition due to Assumption 2.22 (iv), whence (ii) is now a consequence of (i). Part (iii) follows
from [KS12], Corollary 5.31. O
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Step 3 - Construction of the resolvent. Here, we merely consider the structural most
complicated type of local problems which is definitely the case when additional transmission
conditions are considered for a problem in a divided I-corner. We denote the corresponding sets
of boundary operators by B(j)(Dj), (j =1,...,1) instead of BU)(D; ), (r = 1,...,1) and use
the same notation for the surfaces I'; . Namely, the multiplication of (2.15) with ¢ for some
ke{2n+1,..., My} leads to a problem of the following structure:

oA = Ai(z,D)u; = orfi  inQNQg,
707j¢kB§j)(Dj)ui = 0 on I'; NONQE, (r=1,...,mN),
oA = Aip1(z, D))uitr = erfirr in Qi1 N Qg
’yo,jgoka«j)(Dj)ui_H = 0 on Fj N 891'4_1 M le (7“ = 1, - ,mN),
S [C,E") (Dn)u; + Cﬁ””(pn)um} -0 on %iNQs (r=1,...,2mN).

Note that the boundary conditions on I'; are the same for u; and w;11 (only on different parts
of the surfaces I';). To obtain equations for ¢iu; and @ru;t1, we wish to interchange ¢ with
the differential operators. For the equation, we thus obtain a commutator [A;(x, D), ¢x] and
[Ai+1(x, D), pg] on the right-hand side, but for the boundary and transmission conditions we
can exploit the special structure of the cutoff function: Since ¢}, is independent of x; in a
neighbourhood of I'; the corresponding commutators vanish: [Bﬁj)(Dj), vl =0forj=1,...,1L
Furthermore, @), can be chosen constant in the z,-direction across the interface, i.e., in an neigh-
bourhood of Q N'Y and consequently vsD3 ¢, = 0 so that ¢, commutes with the transmission
conditions which only act on the x,-variable. These changes lead to the system

(A= Ai(z, D)) (prus) = @rfi+ [Ai(z, D), il in € N Q,

(A= A1 (@, D)) (pruit1) = @rfirs + [Aivi(@, D), ppluivr  in Qi1 N Q,

A 'yQ,qu(«])(Dj)(goku) = 0 onI;NQy, (G=1,...,1; r=1,...,mN),

Yon [Cﬁz) (Dn)gokuz + C’,(,Hl)(Dn)gokqu} = 0 on X; N Qp, (7“ =1,..., 2mN).
Finally, we replace A_ := A;(z,D) and Ay := A;y1(x,D) by the local operators Agf) (x,D)

from Definition 2.23 (iii). We abbreviate the differential operators on the right-hand side of the
equations by

Cra(@,D) = (As — AP) (2, D)y, + [As(2, D), 0]

and point out that Cj, 4+ is of order at most 2m — 1 for functions v € ng“ (K7.). Extending
the right-hand sides by 0 outside of supp(y) to the whole of K}',, we obtain a transmission

boundary value problem in the divided /-corners K}, for u_ :=u; and uy := uiq1:
(2.16)
(A— A‘,l’j (@.D))(pru-) = @rf-+ Cr(2,D)u_ in K7,
A= AP (@, D) (prus) = rfs + Crs(@, D)uy in K7, ,
'yo’ijl)(Di)(kau) = 0 ondK}, (i=1,...,0; j=1,...,mN/2),
Yo.n [Cﬁ_)(Dn)gpku_ + CT(+)(Dn)goku+] =0 only, (r=1,...,2m).

Now, we apply the resolvent R*)()\) from Lemma 2.24 (i) to the local problem in the divided
[-corner to obtain the representation

(o) =mo (),

which can be rewritten in terms of u := (u_,u; )T and f:= (f_, f1)7 as
pru = RO [of + Crlz, D)ul.

The first component of pru will contribute to the solution u; in €2; and the second component
contributes to wu;11 in €;41. For the remaining cubes @), where no transmission conditions
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occur, the representation of ¢pu; is similar, but does not depend on the solution w41 in the
adjacent subdomain. The case of a local problem in R™, which corresponds to an interior point
xy has already been treated in Step 3a for the smooth domain. Now, let 1 € C°°(R"™) such
that supp(¢x) C Qk and ¥y = 1 on supp(pg). Then we have the representation

M
k=1

and the existence of a left inverse as well as the a priori estimate can be proved in the same way
as in Step 4 of Section 1.2.6. The proof for the existence of a right inverse (Step 5) also carries
over to the situation here. We have proved

Theorem 2.25

Under the Assumptions 2.22 and for A\ € ip with sufficiently large modulus, the boundary value
problem (2.15) with homogeneous boundary and transmission conditions admits a unique solution
u = u; in Q; with u; € WZ?"H'S(Qi; CN) for every given f € W5 (& CN). In each subdomain Q;
the solution satisfies the a priori estimate

lillom s p.; < Clfllspo-

Corollary 2.26

Under the assumptions of Theorem 2.25, let boundary values g; = (g@, .. ,g&%) on I'. with
gl(i) S W,?ers_m”_l/p(Fi) be given for i € {n,2n}. Furthermore, let h; = (hgi), .. .,hgﬁ?@ ) on

Y with hl(l) € Wﬁmﬂfm”*l/p(f‘r) be given for i € {1,2}, where m; = ord(C'l(Z)) = ord(C’l(ZH))
denotes the order of the corresponding transmission condition. Let v € {0,1}?"~2 be the vector
describing the type of the boundary conditions onT'; forj =1,...,n—1,n+1,...,2n—1. Assume
that the following compatibility conditions are satisfied for all j =1,...,n—1,n+1,...,2n—1:

Y0 Duf) =0 onTyNTy;,  r=13,.2m—1-2\"]  ifv;=1,

fygij;Tul(i) =0 onIyNTy, r=0,2,...,2m —my — 2, if vy =0,

where either w =g, i € {n,2n} andl=1,...,mN, oru=h, i € {1,2},l=1,...,2mN and I;
1s replaced by %3;.

Then there exists A1 > 0 such that for all X € X, with |A\| > A1, the boundary value problem

A=Az, D))u; = fi in Q;, (i=1,2,3),

(2.17) 'Y@QBZE]:)(DJ')U = 0‘0711_‘3‘7 G=1,....n—1,n+1,....2n—1; I =1,...,mN),
'yaQBlJ)(Dj)u = gl(J) onTj, (j€{n,2n}; [=1,...,mN),

15 [CH D+ (D) uia] = b onYy, (i=1,2 1=1,...,2mN),

admits a unique solution u; € WPQ’”‘*'S(Q@-) for i =1,2,3, and the following a priori estimate is
satisfied:

(218) |||u’t ”|2m+s,p,Qi

mN 2mN
<c(Ul- s ] '
- (HfH D2 + Z Z 9 2m+s—mjl—1/p7p,F]~ + jG%IQ} ZZ:; ! 2m+87mjl*1/p,p,zj

je{n,2n} I=1

Proof. The main difference to the method of the above proof is to use Corollary 2.20 for the
local problems in the I corner K}* of the form given in Lemma 2.24 (i) whenever a boundary
condition on I',, or I'y, participates in this problem. For these problems, the local solution yxu
is given by the restriction of

RPN E,

geeey

mN
(AB (@, D) — A®) (2, D) By (pru) + RO N E, f + Y Ti(A) (Evorg”)
=1
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to the corner K7, where R®)()\) denotes the resolvent of the homogeneous constant coefficient
problem (A®)(zy, D), B;) with i = n or i = 2n in the half space. Note that the trivial extension
of gokgl(l) to KI' again satisfies the compatibility conditions because of the special construction
of Vo)

For the local problems which include inhomogeneous transmission conditions, we proceed as in
Step 3 of the proof of Theorem 2.25, but apply Corollary 2.20 to the system of size 2N with
inhomogeneous transmission conditions (see (2.16)). This yields a representation of the solution
to the local problem of the form

2mN

u—(a, —fb“n)> (k) f- u_ (', —
Pk = RV |ex + Ck(z, D) Ty(\)gihy”
( () fr U+( Z
To verify the a priori estimate and the existence of a right inverse for sufﬁmently large modulus
of A\, one can again follow the structure of the proof given for the case of a smooth domain. [

Remark 2.27

If we combine the localization techniques we employed for C™!'-domains on pages 38 ff., and
for the rectangular domain with two interfaces on pages 61 ff., we can prove analogous results
for domains with piecewise C*™-boundary which is divided by a C*™'-surface ¥ such that
for every point on an edge or a corner xg € ﬂj I'; and for each point xo € ¥ N 0N, there
is a neighbourhood U(xy) which is 2m-diffeomorphic to a corresponding neighbourhood of the
reference cuboid treated in the present chapter. More illustrative, each of the surfaces I'; which
form the boundary of 2 as well as the interface ¥ may be a C*™-surface, but each intersection
of k of the surfaces I'j must be locally diffeomorphic to a k-corner and the intersection of ¥ with
k — 1 surfaces I" is locally diffeomorphic to a divided corner Ke—1+-

We draw a final conclusion for the case of canonical transmission conditions.

Corollary 2.28 (Canonical transmission conditions)
Under the assumptions of Corollary 2.26, let homogeneous transmission conditions be given by

[0Lu] := el |vs, (8L u;) — ’ygi(ailuiﬂ)] =0 ond;, (1=1,2;1=0,...,2m—1; r=1,...,N),

where e, denotes the r-th unit vector. Then for X\ € X, with |\| > A1, we obtain a unique
solution u € ng+S(Q; CN) to the system

()\—A(x,D))ul = fi in S, ( :17273)

(2.19) ’)/aQBl(])(Dj)U =0 onTy, (j =1, n—1,n+1,....2n—1; I =1,...,mN),
| 0B (D = g onTy, (j€{n 2n} [=1,....mN),
[Plu] = 0 onY;, (i=1,2;1=0,. 2m—1),

and u satisfies the a priori estimate

lilnsepir, < C(Ilpat 3 S 1]

je€{n,2n} I=1

In addition, if N = 1, the Assumption 2.22 (iv) becomes redundant.

2m+s—mj—1/p,p,I'; >

Proof. This is a direct consequence of Corollary 2.26 and Lemma 1.8. The claim for N = 1
follows from the proof of Theorem 1.9. O

Remark 2.29

The condition (ii) from Assumption 2.22 can be relaxed. In fact, the principal part of A only has
to be even near corner points and even with respect to certain variables near the intersections of
the surfaces I'j. Similar assertions hold for the Assumption 2.22 (i) regarding the dependence
of the boundary operators B; which were assumed to act only on the xj-variable. Note that
the parameter-ellipticity condition A, as well as the Shapiro-Lopatinskii condition for the local
boundary value (or transmission) problems still have to be satisfied.
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2.5 Fredholm property

To conclude this chapter, we state an analogous result on the Fredholm property for a parameter-
elliptic system in a rectangular domain. For this purpose, we consider the differential operator
from Assumption 2.22

1 1 2 2n
()‘ - Av B) = ()\ - A(a D)v’}TlBE )(D1)7 v 77F1B£HJ)V(ID1)7 7F2B§ )(DQ)v s 77F2annN)(D2n)>
which acts between the following Banach spaces:
xui= {u e wim (@) o080 (D)u=0 o

(i=1,...,n—1,n+1,...,2n— 1, jzl,...,mN)}

and
mN mN
Xy 1= W (Q) x {0} DmN o TT w2t ma VP (D, ) s {0y (=D o TT w2t 2mi = 1y,
Jj=1 Jj=1
2n mN
cwp@) < [T Twam" 7).
i=1 j=1

Here, the subscript B indicates that the compatibility conditions from Corollary 2.26 are included
into the space for the boundary value. This means for g € W5m+s_ml’j_1/p(Fl) (I € {n,2n})
there holds g € W§g+5_ml’j_1/p(Fl) ifand only if foralli =1,...,n —1,n+1,...,2n — 1 the

conditions

m

1,3,....2m—1-2]=2], ify; =1
0,2,...,2m — 2 —my, if ;=0

7071‘8;79:0 onI'yNTY;, TZ{

are satisfied. Note that for u € Xi, the compatibility conditions for its boundary values are

satisfied because for [ € {n,2n} we may interchange the boundary operators 7071B](l) (D), and

the linear independence of the vectors bglr) for s =1,..., N ensures g ;Dju = 0:

10405 (t01B (D)) = 30,8 (D) (0, Dfu) =0 (i =1,....n = Ln+1,...,20 1),

for even (odd) r € Ny such that 2m+s—1/p—m; ; —r > 1/p in case of an even (odd) boundary
condition on the surface I';.

Theorem 2.30
Let (A,B) be a symmetric, parameter-elliptic boundary value problem in the setting of Corollary
2.26. Then the following assertions hold true:

(i) For A € ¥, with |\| > Xo, the operator corresponding to the boundary value problem
2n mN
(/\ - A7B) : (X17 H : HQm—&—s,p,Q) - X27ZZ H : H2m+sfmi7jfl/p,p,l“i s
i=1 j=1

u = (A=A(,D)u,B(D)u)

is a Fredholm operator of index 0.
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(i)

Let i € C such that the operator (u—A,B) : X1 — Xz is injective. Then for all f € W;(Q)
and g](-l) € W;gﬂfml’j*l/p(l“l) (l € {n,2n}, j =1,...,mN), the boundary value problem

(2.17) (where hl(i) =0) with A = p admits a unique solution u € Xy. The solution satisfies
the a priori estimate

mN .
oot D D19 lomtsom,—1/pp00
le{n2n} j=1

(2.20) lullomtspa < Cu) | I

Proof. Up to some minor changes of the notations, the proof is the same as the one given for
Theorem 1.50. 0

Remark 2.31
The following generalizations can be deduced for the case 1 < mn < 3 from Theorem A.3.

(i)

(i)

(iii)

Theorem 2.30 can be extended to inhomogeneous boundary values on all smooth parts of 0S).
Assuming that all boundary values gﬁ,ll)j’l € W,?mﬂ*ml’j*l/p(ﬂ) (l=1,....2n,5=1,...,m)
combined with the coefficients of the corresponding boundary operators satisfy the compati-

.. iy . l l
bility conditions of Theorem A.3, there exists w € ng“(ﬁ) such that ’)/OJB](- )(Dl)w = g,(n)ﬂ
on I'; and

2n m
l
|w|2m+sp0 < C'Z Z ”97(71),,]- H2m+s—ml,]-—1/p,p,rl-
I=1 j=1

The approach w = w + v then yields an equation with entirely homogeneous boundary con-
ditions and right-hand side f — (u — A(D))w and Theorem 2.30 (ii) applies with gj(-l) =0.

Theorem A.3 can be applied to prove a corresponding trace theorem for Kjl. For the two-

dimensional case the idea is the following: Let r > Il) and 0 < j < [r]. Assume that

gV e W;fl/p(ljl) for 1 = 1,... k satisfies the compatibility conditions of Theorem A.3.
Here, Ty = [0,00). Using a cutoff function x, which is equal to one near I't_ N Ty, , we
can decompose the boundary values g+) = ygU+) + (1— X)g(li). Then we use Theorem
A.8 for xg'®) in a finite rectangle Q O supp(x) and the trace theorem in R™ for the
functions (1 — x)g(®) € W;,ul/p(]R) separately. This yields functions wo € Wy (Q) with
Yogrrs = xg9*) and wy € WI;’(RZ) with yr, ws = (1—x)g"*). Choosing a smooth function
P € CX(Q) with v =1 on supp(x), we can define w := Ywy + erhK% + w_’Ki e Wi (K3).

Since wy = 0 near I+, we have yp,w = g+,

A generalization of Theorem A.3 makes it possible to carry over the assertions of Section
2.3 to the case of entirely inhomogeneous boundary values including lower order terms in the
boundary operators. For this one would have to prove the continuity of the right inverse of
the trace operator with respect to the parameter-dependent norms. For the case r = 2m+ s
with s < }D this means that an estimate of the form

2n m—1
1 r—j—1/p 1
lullrpe + I ullspe < C S S 10 1ot /ppr + A 725 110 o,
I=1 j=0

is satisfied. Here, we will not further pursue this issue.




Chapter 3

Weak well-posedness
of a nonlinear elliptic system

Let Q C R™ be a bounded domain with a Lipschitz boundary. In this chapter we consider a
nonlinear elliptic system of the following structure:

{ =V (s1(@)Vu(z)) =  Flu(z) —w(z),2)+ fi(z) inQ,
-V - (k2(x)Vuz(z)) = —F(ua(x) —ui(x),z)+ fa(z) in Q,

when Neumann, Dirichlet, or mixed boundary conditions on 02 are imposed. For ¢ = 1,2, we
assume that x; : Q — R belongs to L (Q) with 0 < k? < k; < K; as well as f; € Ly(Q) with
q>5ifn>2 and ¢ = 2if n = 1. We will prove that thls system admits a unique weak solution
(uq, ug) eH 1(Q) , or in an appropriate subspace of H!(2)? under the following assumptions on
the nonlinearity F"

Assumption 3.1

Let F : R x Q — R such that s — F(s,-) is continuous from R into Lo (), i.e., for all
e > 0, there exists § > 0 such that for all s1,s2 € R with |s1 — sa| < 0, there holds || F(s1,-) —
F(s2,)|l0,000 < €. We further assume that the following estimates are satisfied:

There is a constant Cy > 0 such that

(3.1) (F(s,z) — F(t,z))(s —t) > Co(s —t)? (s,t €R, a.e. x € Q).
There are constants C; > 0 and Cy > 0 such that
(3.2) F(s,x)s > C15°—Cy (s€R, ae x€Q).

Clearly, the first condition is met with Cy = 0 if F'(-, z) is monotonically nondecreasing for all
x € Q. For later applications, we will sometimes impose the more restrictive

Assumption 3.2
F:RxQ — R is piecewise continuous on 2, F is differentiable with respect to the first variable,
and there is a positive constant C > 0 such that for almost all x € Q and oll w € R:

0
— > .
8wF(w,x) >C>0

We first prove some technical but useful conclusions from the proposed properties of F'.

Lemma 3.3
Let F: R x Q — R such that s — F(s,-) is continuous from R into L (2).

(i) Let (3.2) be satisfied. Then F(s,x) sgn(s) > —C3 for all s € R and almost all x € Q.

(ii) Let Assumption 3.2 be satisfied. Then Assumption 3.1 is satisfied as well.

Proof. (i) For |s| < 1, the mapping property of F' yields the boundedness of the image
{F(s,) : s € [-1,1]} C Lxo(Q), ie. |F(s,x)sgn(s)| = |F(s,z)] < K for a.e. x € Q.
Hence, F(s,z)sgn(s) > —K. For |s| > 1, we divide (3.2) by |s| and obtain the estimate
F(s,z) sgn(s) > Cissgn(s) — | 2‘ > —(C. Consequently, we can set C3 := max(K, Cy).
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(ii) For almost every fixed x € Q, F(-, ) is strictly monotonically increasing, hence (3.1) holds
with Cy = C. For |s| < R, the estimate (3.2) follows by the boundedness of (s,z) —
F(s,z)s — s%. For |s| > R, we use the mean value theorem: for some ¢ € (0, s) (resp. (s,0))
we have:

Cs* < s*(01F)(t,x) = s (F(s,x) — F(0,)), thus F(s,z)s > Cs® + F(0,2)s > Cy5* — Ca,
where the last inequality is trivial for F(0,z) > 0 (or F(0,z) < 0) and for F(0,z) < 0 (or
F(0,z) > 0), one can choose R sufficiently large such that %82 + F(0,2)s > —Cs.
0
3.1 Homogeneous Neumann boundary conditions

We first consider the elliptic system with homogeneous Neumann boundary conditions

-V (mVul) = F(UQ — ul) 4+ f1 in Q,
(33) -V (HQVUQ) = —F(UQ — ’U,l) + fg in Q,
% = % =0 on 0f).

When we consider the equations with pure Neumann boundary conditions, the following spaces
which include a vanishing integral mean value will be required in view of uniqueness.

Definition and Lemma 3.4
Let Q be a bounded domain. Denote by C°(Q2) the space of smooth functions in  with vanishing
integral.

(i) For 1 <p < oo, we define the space Ly, () := {u € Ly(Q) : [,u dz=0}. Then Ly, ()
is a closed subspace of L,(2) and for 1 < p < oo, C°(2) is dense in Ly ,(Q).

(it) For1l < p < oo, we define the space H) ,(Q) := {u € H)(Q) : [qu dr=0}. Then H, ()
is a closed subspace of HY(Q) and C°(Q) is dense in H ().

Definition 3.5
A pair of functions (u1,u2) € H' NLe := (HH(Q) x HY(Q)) N (Loo () X Loo(2)) is called a
(bounded) weak solution to the system (3.3) if for all $ € HX(Q) and allp € HY(Q) the following

equalities are satisfied:

(3.4a) /Q/il(x)Vm (x)Vo(x) do — / F(ug(z) —ui(z),x)p(z) de — | fi(x)o(z) de =0,

Q Q

(3.4b) /QHQ(Z')V’LLQ(CE)V"(/J($) dx—i—/

Q

Flun(a) = (@), 0)i(w) do = | p@yie) do=0.

Lemma 3.6 (Uniqueness)
Let the condition (3.1) on F be satisfied. If Cy > 0 then (3.3) admits at most one weak solution
(u1,u) € H!' NLeo. If Co = 0, then a weak solution (u1,uz) € (H () N Loo(Q))? is unique.

Proof. Assume there are two solutions (u1,us), (v1,v2) € H! NLs. Taking the difference of the
equations (3.4a) for u; and vy, and choosing ¢ := u; —v1 € HL(Q) N Lo «() as an admissible
test function shows

/ k1| V(uy —v1)]? de — / (F(ug —uy) — F(vg —v1)) (ug —vy1) de = 0.
Q Q

Similarly, by testing the difference of the equations (3.4b) for ug and vy with ¥ := ug — v, we
obtain

/ Ko |V (ug — v9)|? da + / (F(ug —uy) — F(va —v1)) (ug — v2) dz = 0.
Q Q
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Taking the sum, we end up with

/ k1| V (uy — v1)[? dm—{—/ K|V (ug — v2)|? dx
Q Q
+/ (F(ug —uy) — F(vg —v1)) ((ug —u1) — (v —v1)) dz =0.
Q
We now employ the assumptions on ; and (3.1) to find

BV (w1 — 1) 5,20 + K31V (u2 — v2)[1§ 9.0 + Coll(u1 — uz) — (v1 — v2)||§ 9.0 < 0.

Hence, u; — v is constant and together with u; — vy € H!(Q) this implies u; = v1. For Cy > 0,
the last term now equals |lug —v2p 2,0 and we also have ug = vy. In case of Cy = 0, we conclude
similarly as for u; — v1 with the vanishing mean value that us = vo. O

Remark 3.7

The vanishing mean value condition is rather technical but necessary. If we drop this condition
without replacement, we would only deduce uniqueness of the functions u; up to constants. A
possible replacement for this condition is to impose homogeneous Dirichlet boundary conditions
on a part Up of 0Q with \y—1(T'p) > 0 for one of the functions (provided Cy > 0). In this
situation, Poincaré’s inequality (see Lemma A.7) holds and ensures the coerciveness of a corre-
sponding bilinear form as well as uniqueness for this problem. For the treatment of a structural
similar equation with such techniques, we refer to the subsequent sections and [Hol9/]. The case
Co = 0 will not further be treated in the sequel to avoid technicalities.

In order to prove existence, we consider a modified, linearized problem with an additional
parameter 0 € [0,1]: Let (w1, w2) € L be fixed. Then we investigate the weak form of the
equations

ur = V- (sVur) = 6( Flwz—wi)+ fi+w) in€Q,

(3.5) ug — V- (KQVUQ) = (5(—F(w2 — wl) + fg + wg) in €,
% = % = 0 on 01},

which reads as follows: Find (u,u2) € H! N Ly such that for all ¢ € HL(Q) and ¢ € H(Q)

(3.6a) / u1¢ dr + / k1Vu1 Ve dr — 5/(F(w2 —w1) + f1 +wi)o dr =0,
Q Q Q

(3.6b) /ngw dx + /Q koVua Vi dx + 5/9(F(w2 —wy) — fa —w2)yp de = 0.

Note that these changes lead to a decoupling of the equations (3.4a)-(3.4b).

Lemma 3.8 (Uniqueness)
For all § € [0,1], the decoupled system (3.6a)-(3.6b) admits at most one solution (u1,us) in the
space H'(Q) x HY(Q).

Proof. Suppose there are solutions (u1,us), (vi,ve) € HY(2) x H'(2). Then we proceed in the
same way as in the proof of Lemma 3.6 to obtain the inequality

Jur — v1ll§ 0.0 + luz — vall§ 0.0 + K21V (w1 — 01)[[§ 2.0 + K31V (v1 — v2) |5 2.0 < 0.

This time we can immediately conclude that (u1,us) = (v1,v2) in (HY(Q))2. O
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Lemma 3.9 (Existence)

For all 6 € [0,1], € > 0, fi1, fa € Lg(Q) with ¢ > max (2,%—1—5), and wi,wy € Loo(R), the
equations (3.6a)-(3.6b) admit a unique solution (u1,uz) € H!' N Ls. In addition, there are a
constant C' > 0 and Holder exponents o; € (0,1) (i = 1,2), depending on n, 8, k2, K;, Q, and
|willo,co,0 such that the a priori estimates

3.7 uilli20 C(IF (w2 —wi,-) +willogo + [ filloze) (0= 1,2),

<
3.8) llurllgoar @y < Ci(llualloge+ 1+ 20 ([[F(w2 — w1, ) + willoeo,0 + [ f1llog0))
(3.9) [luzllcoarmy < Ca(lluzlloze + ([F (w2 —wi, ) + walloecn + [ f2ll00.0))

where C; has the same dependencies as C, but depends on «;, too.

Proof. For i = 1,2, we write g; := 0(fi +w;+ (—1)"" F(wa — w1, ) € Ly(2). Then the existence
of a solution uy € H() to

/uy/) dm+//€2Vu2V1jJ d:ﬁ—/gg¢ dr =0 (¢ € HY(Q)),
Q Q Q

follows immediately by the Lax-Milgram theorem (Theorem A.11). In order to prove the exis-
tence of u; € H!(Q), we define the bilinear form

B:H!Q)x HI(Q) =R, (u,¢) / u¢p dx —i—/ k1VuVe dx.
Q Q

Using the assumptions on k1 and Hoélder’s inequality it is easy to see that B is continuous and
coercive:

[B(u, 9)| < Ki[|[Vuloza [Volloza + llullozelldloze
B(u,u) > ||ull§ .0 + ki IVl 2.0

max(1, K1) ([[ulli20 [|é
min(1, k%)l 2,0-

< l12.0),
>

Furthermore, G : H}(Q) - R, ¢~ Jo 916 dz defines a continuous functional:

1G(#)] < llgrllo2.ell¢lloza < Cllgillogallol

Le, [|Gllary < Cllgilloge. Thus the Lax-Milgram theorem (Theorem A.11) for the Hilbert
space H(Q) yields the existence of a unique u; € H}(f2) such that for all ¢ € H} ()

1,2,Q,

/leqb dr = G(¢) = Blui, §) = /

ULP dﬂs+/ k1Vu1Vo dx.
Q Q

In addition, we obtain the estimate

Jull1,2,0 < min(1, &3) 7| g1llo,2,0-

There remains to prove that u := (u1,ug) € C%1(Q) x C%*2(Q) for some a1, as € (0,1). We are
going to apply the general result [Nit10], Theorem 3.1.5 for weak solutions in H'(f2), which is
summarized in the Appendix of this thesis, see Theorem A.14. First, observe that u; also solves
a weak problem in H(Q2): Let ¢» € H'(Q2) and set ay, := ‘51' Jq ¥ dz. Then ¢ := tp—ay, € H}(Q)
and hence

0 = /Q(Ulgl)(¢a¢) dm+/Qf<;1Vu1V(¢a¢) dx

= /Q(ul—gl)zp dx—l—/ﬂmVulvw da;+|51)|/ﬂgl da:/ﬂw dzx
= /Q(ul — (91 — ;”/le d:z:))z/; da:+/ﬂ/<51Vu1V¢ dzx.

=h1€Lg,«(Q)
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Hence, if we define A(x,p) := k1(x)p and a(z,u) := (u — h1)(x), then u; (now considered as an
element of H'(Q)) solves

/ Az, Vup)Vy dx +/ a(z,u)y de =0 (¢ € H(Q)).
Q Q

Since p - A(x,p) > k2|p|?, |A(z,p)| < Kilp|, and |a(x,u)| < |u(x)| + |hi(z)|, Theorem A.14
applies with m =2 and ¢; =0 (1 <@ <5), 6 =1 € Loo(Q2), and 97 = |h1| € Ly(Q2). Note that
[U7l0.0.0 < (14 |92)|lg1]/0,4,0- We obtain that u; is Hélder continuous up to the boundary with
some exponent o € (0,1) in Q and

[utllco.ar @y < € (Turlloz.0 + (14 [2))]g1ll0,40) -
For us the proof of existence in H'(2) and of the Holder estimate follows the same lines. [

Remark 3.10

(i) As an immediate consequence of the two preceding lemmas, the operator
(3.10) T: [0, 1] X Lioo — H!'N Lo C Lo, (5, (wl, WQ)) — (ul, UQ)

is well-defined and enjoys the estimate

(3811) 1T, (wr, w2)) o000 = oo, + Nuzllose.e < € (It llgos @) + Nzl o )
< O Q2IF((ws —w1)(), Mosen + I (f1, f2)

0,q,2 + ”(w17 w2)H0700,Q) ;

where C unites the constants of the estimates (3.7)-(3.9). In the sequel, we will consider
T as an operator from the space Lo into itself. The estimate (3.11) and the continuity of
s+ F(s,-) yield that T maps bounded subsets of L into bounded subsets of L.

(1) The assumption f; € Ly(Q) for ¢ > max (2, 5 —l—s) was chosen because on the one hand,
we require the right-hand sides g; to define a functional on H'(Q) for the Lax-Milgram
Theorem and on the other hand the preliminaries of Theorem A.14, i.e., g; € L1 for some
q=%+¢e (withn>2ande >0 orq=1ifn=1) have to be fulfilled to obtain the Hélder
estimates.

(iii) The bilinear form B from the preceding proof is in fact continuous and coercive as a mapping

B: H'x H' — R. Similarly, the functional G of course belongs to H*(Q)" as well. Since
we are interested to find a solution uy € HL()) we have to consider their restrictions to
this closed subspace of H(€2).
Of course, this procedure works for uy as well and existence of a weak solution (uy,us) €
(HN(Q) N Loo(Q))? (now for both unknown functions in the sense of equation (3.6a)) can
be shown analogously. This fact is relevant for uniqueness if one would like to consider the
nonlinear problem and the nonlinearity F satisfying (3.1) with Co = 0, see Lemma 3.6.

Remark 3.11

As a strategy to prove the existence of a solution to the nonlinear problem, we will work towards
an application of the Leray-Schauder principle (Theorem A.9) in order to obtain wy = uy, wg =
uz, and § = 1 in the linearized problem, i.e., a fixed point for the mapping T'(1,) : Loo — Loo.
Let us briefly check that T(0,w) =0 for all w € L. This follows from the fact that (0,0) is a
solution to (3.6a)-(3.6b) and this solution is unique according to Lemma 3.8.

The remaining preliminaries of Theorem A.9 are contained in the subsequent lemmas.
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Lemma 3.12
Let 6 € [0,1] be fixred. Then T'(,-) : Loo — Lo is continuous and compact.

Proof. Let w := (wy,w2), w := (w1,w2) € Lo and define u := (u1,u2) := T(0,w) as well as
u := (uy,uz) := T(6,w). Furthermore, we abbreviate g; := 5((—~1)”1F(w2 —wi,) +w; + fi)
for i = 1,2 and set hy := g1 — ﬁ fQ g1 dz. The functions g; and hy are defined similarly. Then
Uy — 171 fulfills

/(u1 )6 da +/ K1V (w1 — i)V da — / (hi— )b dz =0 (€ H'(Q).
Q Q Q

The Lax-Milgram theorem particularly yields an estimate of ||u; —u1jo,2,0 (cf.(3.7)) and hence,
from Theorem A.14 we deduce |u; — ﬂ1||co,a1@) < C|lh1 — hiljo,q.0- Using the embedding

CY1(Q) — L(£2), there remains to show that ||k — E1H07q’9 < e if |lw — wljpeo,0 < 1. This
follows from the continuity of s — F'(s,-) from R into L (€2):

A1 — T lo.co0 < (1 + Q][ F(ws — wi) — F(@a — @1)]|o,c0,0 + w1 — @1 ]|o,00,0:

since ||F'((wg —w1)(+), ") — F((w2 — w1)(+), *)|l0,00,0 < € for |[w — w||0,00,0 < 7. The proof for the
estimate of [[ug — tz]| 0,0, g follows the same lines.

For the compactness, let a bounded sequence (w(k))keN C L be given. Lemma 3.9 yields a

bounded sequence u*) := T(§,w®)) C Lo nooer” () x ol (€2) and since the Holder indices
only depend on Hw(k)HO,OO’Q as well as 6, n, and €, there are a; and aw, such that az(»k) > o for
all k € N. Hence, u® is bounded in C%1 () x C%22(Q) < C01/2(Q) x C02/2(Q) s Lo ()2,

yielding the desired convergent subsequence. O

Lemma 3.13
For every bounded set Xg C Lo and all € > 0, there exists 7 > 0 such that for all w € Xo and
all 6,0 € [0,1] with |61 — 6| < n, there holds ||T'(01,w) — T'(6,w)||0,00,0 < €.

Proof. Let 6,0 € [0,1]. For arbitrary w = (w1,w2) € Xo set u := (ug,u2) := T(6,w) and

w = (uy,uz) :=T(J,w). It is easy to see that u; — u; then satisfies

/(u1 — )¢ da +/ K1V (uy — 1)V d + (6 — 5)/ hip de =0 (¢ € HY(Q)),
Q Q Q

where we abbreviated hy := F(wy—w1, ) +wi+ f1— ﬁ Jo(F((w2—w1)(y), )+ f1(y)) dy. Recall
that [,w; dz = 0. Due to the continuity of s — F(s,-) and the boundedness ||wlo,cc,0 < Ko,
we infer that || F'((w2 —w1)(+),)llo,co,0 < K and hence, [|hijo,g,0 < (1+[Q) (K + | fillo,q,0) + Ko,
independent on the choice of w € Xy. Using the Lax-Milgram theorem and Theorem A.14, we
obtain

lut — T llooo,0 < llut — Ut llco.ai) < CI8 — 8|1 h1llog.0-

For ug — Uy the calculation is even simpler, so that we have proved that T'(-,w) : [0,1] = Ly is
Lipschitz continuous with a Lipschitz constant independent from the particular choice of w € Xj.
The lemma is proved. ]

The remaining condition in Theorem A.9 is the a priori boundedness of possible fixed points in
Loo: there is a constant K7 > 0 (independent of w and §) such that, if T'(9, (u1,u2)) = (u1, u2) is
satisfied for some d € [0, 1], then already ||(u1,u2)/0,00,0 < K7 holds. This a priori boundedness
in Lo, will be obtained via an iteration scheme, which is comparable to the well-known method
of Moser iteration, which was successfully employed to deduce Lso-estimates of weak solutions,
see [GT77], Section 8.5 for an introduction to this method.

For the remaining part of the present subsection, we suppose that T'(d, (u1,u2)) = (u1,ug) is
satisfied for some § € [0,1] and an element v = (uy,u2) € H' NLo. We start with a uniform
Lo-estimate for such u. This can be regarded as the start of an induction argument.
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Lemma 3.14
There are positive constants M; = M;(n,Q, f1, f2, C1,Ca, k1, k) such that

(i) luillo2.0 < M; (i=1,2),
(ii) 8| [ F((uz — wi)(x), x) d| < Ms.
The constants C; and k; stem from Assumption 3.1 on the nonlinearity and the coefficients k;.

Proof. We test (3.6a) with ¢ := uq, (3.6b) with ¢ := ug and sum up the resulting equalities:

/ 1|V 2 da + / o Vs 2 die + (1= 8) g By + (1 — 6) 22 0
0

+5/ us — u1) (), )(uz—ul)(ﬂs)d:c:5</gf1u1 dx+/Qf2uzda:>.

With the assumption on the coefficients, the property (3.2) of F', and by applying Hélder’s and
Young’s inequalities to the first integral on the right-hand side, we can estimate

ki

3 V2| a0 + (1= 8)[[urllg 20 + (1 = O)lluzllf 2.0 + 6C1luz — uallf 2.0

€ 1)
< Sl aat 8 (Cot a2+ / Jous da )
2 26 Q

For u; we have the second Poincaré inequality (A.10) which leads to

k2
(E-5+1-0) lulsa+ 5

(1= 0)[Juzllg 2.0 + 6C[luz — urllg 2.0

o
<o(Cat glhlfaat [ fowrdo).
€ Q

. k2
Hence, if we choose ¢ := C—l we obtain the estimates

||0,2,Qv

)

Now, we write ug = 0(uz — u1) + (1 — 0)uz + duj and obtain with the above estimates, 0 < 1,
and Young’s inequality

”U1||(2),2,Q < 2(50ng n <(5Cp 0Cp

2
2
+o2P
22+ (%) MilBaa+27

6Cp
(1= 8)|Juzll§ o0 + 6Cluz — u1]|§ 0.0 < 26 <C2 + Wllfl”%,z,n + [luzllo2,0ll f2
1

Suslan < olus—wilan+ (- Oluslizq + Slnldze
Cp
< ¢ (02+ |rf1\m+||u2um||fzum)
C'Cp cr? €
< G40+ DN s0 + Dl plan + Slusloss,

2k?
with Cf := 2 (1 + C% + %) Choosing € := %, we obtain

CICp

2 /
<6(C;C —
|uallg.2.0 < < 102 + 242

3012
A2+ 2 Hszom) M.

Now, going back to w1, we find

CpCy (Cp> Cp
U <2———+ | —
furlfan <252+ (5 ) 141l

Izl Moal| fallo,2.0 =: M.
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To prove the second assertion, we test equation (3.6b) with 1 € H'(Q) and rearrange the
expressions which leads to

5/ F((ug —u1)(x),z) de = 6/ fodr—(1 —5)/ ug dz,
Q Q Q
and with the results from the first part, we have

4]

/ F((ug —up)(x),z) dr
Q

< f2llo,0 + (1 —0)|luzllo1,0 < Ms.

O]

Remark 3.15

Note that the latter method of estimating | [, F((uz — w1)(x),2) dz| fails in the case Co = 0
(see (3.1) of Assumption 3.1): in the weak form of the equations for uy only test functions
Y € HL(Q) are admissible because we then also seek ug € HL(Q) in order to have uniqueness for
the nonlinear system (see Remark 3.6). Hence, the choice v =1 is no longer possible.

From now, we impose the stronger assumption on the right-hand sides

f1, f2 € Lo (Q),

which will be required to deduce the uniform L..-bound for functions (uj,us) € H!' N L., with
T(6, (u1,u2)) = (u1,uz). The next lemma contains the essential estimate, which will enable us
to carry out the iteration scheme. Note that we already know from Lemma 3.9 that any solution
of (3.6a)-(3.6b) belongs to L (£2), but we need a uniform L.-bound for possible solutions of
the corresponding nonlinear problem and up to now we only proved a uniform Lo-bound in the
preceding lemma.

Lemma 3.16

Suppose there is (u1,us) € H' N Leo with T(5, (u1,uz)) = (u1,us) for some § € [0,1]. Let p € N
be an even integer. Then there exists a positive constant C = C(n,, fi1, f2, k1, k2), independent
of u;, such that

2

(3.12) v+ Hv<ug/2>H2 < Cp (Il 0+ luallfythg) -

0,2, 02,0

Proof. We have u?™' € H 1(Q) by the chain rule and Hélder’s inequality:

i

v (47)
First, we test (3.6a) (where now (wi,ws) = (u1,u2)) with ¢ := uf ™" — ﬁ Jout ™ dz € HH(Q)

and (3.6b) (again with (w1, w2) = (u1,ue)) with ¢ := ugfl € H'(Q). Note that the occurring

term (1 — 0) <ﬁ Jo ub! dx) Jq w1 dx vanishes because of u; € H} (). After a rearrangement

—2
pan = 0= D

-2
0o S @ Dlluil b0, IVillo2,0 < co.

of the terms, the sum of the resulting equations reads

(3.13) /vaulwug’—l) dx—i—/

Q

- 5(/9 b de + /Q foub™! dx — /QF((ug —up)(x), 2) (Wt — ) () dx)

s <|é|/ﬂu€_l dx) (/Qf1 dw) s <|£12’/Qu110_1 dx) </QF((U2 —u)(@),7) da;>

We will now estimate each term of the right-hand side from above:

ks Vus V(i) da + (1 — 6) / (i +2) de
Q
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(i) Condition (3.2) on F' and Lemma 3.3 (i) show that

— [ Pl = w)a). )™ = o)
= [ =Pl )@ o)sentur — ) |~ o) da

< Cg/ ‘ — u1 ( )) dx < 03/ (|u2(;g)|P—1 + |u1(:c)|l’—1) dz.
Recall that p is even, hence (ug*1 - u{’fl) and (ug — wu1) have the same sign.
(i)
[ g™ o < o [ Ju do (i =1,2)
Q Q
(ii)

Hfl\om/ 1
1) dx ki P= dx.
‘mw/ e [ 5 ‘ o ol de

(iv) By Lemma 3.14 (ii), we can estimate

1
5'/ u}f*l dz / F((ug —up)(x),z) dz
2] Jo 0
We use (i)-(iv) in (3.13) and sum up the constants to C' = C(|€2|, M3, f1, f2) to obtain

(3.14) / KV (" Y) da + / ks VsV (ul ) dr + (1 — ) / (W +8) de
Q Q Q
< C’/ Jug [P~ 4 Jug P! da.
Q

Since p — 2 is even, the first two integrals can be estimated from below:

4(p — 1)k? 2
/m,wzw Yz > (p —1)k§/ a2V s|? der = (pz)/ V)|
Q Q b Q

Combining this and (3.14), the claim easily follows. O
We can now prove the desired L..-estimate:

Theorem 3.17
Let 1 < n < 4 and assume T(8, (u1,uz2)) = (u1,us) holds for some (u1,uz) € H! N Ly and
0 €[0,1]. Then there is a constant C = C(n, <, ki, f;) independent of u such that

(3.15) (w1, u2) 0,000 < C.

Proof. Step 1. Let us briefly consider the case n = 1: Since H'(Q) — C%*(Q) with o € (0, 3],
Lemma 3.16 for p = 2 and Lemma 3.14 yield

)< C.

[willo,co.0 < C([luillo2.0 + [Vuillo2.0) < C(]

14

Step 2. Let p € N be an even integer. We can assume p/2 < n, because else we can argue as

in Step 1. By Lemma 3.16 we have uf P eH 1(Q) and may apply Sobolev’s embedding theorem
([AF03], Theorem 4.12) which reads as

(3.16) HY(Q) = Loy (Q), e, |vlozwa <Clvlhiza (ve HY(Q)).
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Here, x := ;%5 for n > 3 and x can be chosen arbitrarily large for n = 2. For v = u p/2 , this
yields
b = [0 = < 27 H ()],
Hul‘ 0,px,2 ’ 02x, 12Q HuZHOpQ+ v 0,2,9

<oy (luill 0 + plluilly, o) < Y (Nuilly 0 + P17l )
=1 =1

where we used Holder’s inequality in the last step. We now want to consider the case when p
approaches infinity and may assume ||u;||op,0 > 1. Then the above estimate simplifies to

(3.17) (w1, w2)llogng < (Cp)Pll(ur, uz)llop.0-

We consider the sequence py, := 2x* for k € Np. Since the fundamental estimate (3.12) in our
proof is only valid for even p € N and we have to start with py = 2, because we have a uniform
estimate for this case, we have to ensure that in each iteration step, the improved index of
integrability is greater or equal to the next even number: pyy1 = prx > pr+2. This leads to the
condition n < py + 2 and hence, the argument works for n < 4. In particular, 2x* is always an
even number in this case, since x = 3 for n = 3 and x = 2 for n = 4. In the case n > pg + 2 one
has to prove a uniform estimate in L,,_2(€2) before one can argue with the presented iteration
scheme again. With these choices, an iterated application of (3.17) leads to

(a1, u2)lopsr.2 < (Cor) /P (ur, uz) o0

ko
< (C)MPE (ur, u2) lopp.0 < (Cy)=r=0 % [| (w1, u2)]0.2,0

and Z— is finite, since ;jtll ’g—J = JJ—X < 1 because of x > 2 and thus the right-hand side is
j= 0

independent of k. Passing to the limit k — oo yields

0 < Of[(ur,u2)llo2.0 < C.

[ (w1, uz)

We finally state our main result of this section.

Theorem 3.18

Let 1 <n < 4. Let k; € Loo(Q) such that k; > k? > 0 and assume that F : R x Q — R satisfies
Assumption 3.1. Then given fi,fo € Loo(S2), the nonlinear system (3.3) with homogeneous
Neumann boundary conditions admits a unique weak solution (ui,us) € H!' N L. in the sense
that (3.4a)-(3.4b) is satisfied. There is a constant K = K(F, fi1, f2, k1, k2,2, n) such that

In addition, there are «; € (0,1) and a constant C > 0 with the same dependencies as K such
that u € C%1(Q) x C%*2(Q) with

[[ur]l co, e+ [[uz]l o, ar (@) = C.

Proof. The preliminaries of the Leray-Schauder fixed point theorem (Theorem A.9) for the
operator T : [0,1] X Lo, — Lo are contained in Remarks 3.10 and 3.11, Lemmas 3.12 and
3.13, and Theorem 3.17. Thus, there exists u € Ly such that T'(1,u) = wu, i.e., a solution to
(3.3) in the sense that (3.4a)-(3.4b) is satisfied and ||(u1,us2) o < C. Taking the functions
fii=fitur+ F(ua —u1,) € Lo(2) and fo := fo 4+ ug — F(ua — u1,-) € Loo(R2) as data for
the equations (3.6a)-(3.6b), we deduce from Lemma 3.9 that v € H'. The solution u is unique
according to Lemma 3.6 and using the estimates (3.8) and (3.9) as well as the continuity of F,
we deduce the bound for ||u;|0,q;- O
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3.2 Generalizations

3.2.1 Inhomogeneous Neumann boundary conditions

Lemma 3.19
Let F : R x Q — R satisfy Assumption 3.1. For given U € Loo(S2), consider the function
G:RxQ—=R, (s,x) = F(s—U(xz),x). Then G satisfies Assumption 3.1 as well.

Proof. Obviously s — G(s,-) belongs to C(R; Lo (Q2)), too. For a.e. x € €, the estimate (3.1)
follows from
(G(s,2) = G(t,x))(s —t) = (F(s = U(x),2) = F(t = U(x),2))(s = U(z) = (t = U(x)))
> Co(s — Uz) — (t = U(x)))* = Co(s — )2,

and for the second estimate we first employ ||U|p.co,0 < K which together with (3.1) yields
F(s—K,z) < G(s,z) < F(s+ K, z). For s > 0, we find

G(s,x)s F(s—K,z)s > Ci(s— K)? - Cy+ KF(s — K, )
C15* —201sK + C1K? — Cy + KF(—K, x)
%C152 — 01K2 — CQ — KCg = 50182 — 04.

(AVARAVARIV]

Here, we used the fact that F(—K,-) € Lo (£2). For negative s the inequality follows from

G(s,z)s > F(s+K,z)s>Ci(s+K)>—Cy— KF(s+ K, z)
> (15°4 205K +C1K? - Cy — KF(K, )
1
Z 50182 — 01K2 — 02 — KCg = %0182 — 04.

O]

On the one hand, the preceding lemma allows us to include additional physical functions into the
nonlinearity (e.g. the open circuit potential for a battery, see Chapter 7). From a mathematical
point of view, we are now in the position to treat inhomogeneous Neumann boundary conditions
as well. We consider the system

—V - (k1Vu1) =  F(uz —up,z)+ fi inQ,
(3.18) -V - (k2Vug) = —F(ug —ui,z)+ fo in Q,
O = g1, %2 =g on 94,

with boundary values g; € Lo (992). We reduce to the case of homogeneous boundary conditions
by considering the linear Neumann problems

—V-(mel) = h1 in Q, and —V'(HQVIUQ) = h2 in Q,
/ﬁ% = g1 on 0, 52% = go on 01,

with functions hi, he € Leo() such that [, hy dz = [, gi dS(z) and ||hi|o,00,.0 < C|lgillo,00,00
for i = 1,2. For instance, we can explicitly define h; := XQﬁ ( S0 9i dS (:U)) These conditions

are necessary and sufficient for the existence of unique weak solutions wy,ws € H}(Q) to the
above problems and [Nit10], Theorem 3.1.5 again yields w; € C%%(Q), which ensures Hélder
continuity and an estimate of ||u;|| e, ) against the norms of the data in their respective spaces.

There remains to find a solution v € H' N Ly to the system

-V (/ﬁVvl) = F(’UQ—I-’U)Q— (v1+w1),x)+f1 —hy in Q,
-V (KJQVUQ) = —F(’U2 —+ wog — (1)1 + wl), x) + fg — hy in €,
% = %% = 0 on 0f),

which again admits the structure and the same properties as the system (3.3) but the nonlinearity
is now given by G(vy —v1, ) := F(va —v; + (w2 — w1 ), x). Theorem 3.18 yields a unique solution
v € H! NLy and then u := (v1 + wy,ve +wz) € H! N Ly solves (3.18).
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Corollary 3.20

Under the preliminaries stated in Theorem 3.18 and the Assumption 3.1 on F with Cy > 0,
let boundary values g1, g2 € Loo(O) be given. Then the system (3.18) possesses a unique weak
solution u = (u1,us) € H! N Ly, i-e.:

(3.19a) /QmVuqub dac—/

Q

(Flu =)+ ) do— [ g dS(a) = 0. (o€ @)
(3.19b) /Q ks VsV da + /Q (F(uz — w1, 2) — fo)tb dz — /8 mbdSa) = 0. (6 e H(@).

Furthermore, the solution is bounded in H' by a constant Cy which only depends on the quantities
1, Q, || fillo,00,9: 119ill0,00,00, ki, and K; and there are a; € (0,1) and a positive constant Co, which
additionally depends on oy such that

”U1||Co,a1(§) + ||U2H00,a2(§) é 02-
Proof. The procedure we sketched above yields a solution in the claimed spaces. The uniqueness
is proved in the same way as in Lemma 3.6. O

3.2.2 Dirichlet and mixed boundary conditions

The case when homogeneous or inhomogeneous Dirichlet conditions are imposed on some rel-
atively open set I'p C 912 is also of mathematical and physical interest and we are going to
generalize the results we have obtained for pure Neumann boundary conditions so far to this
setting. We consider the system

-V (I{lVUl) = F(UQ —uq, x) + fl in Q7

(3.20) ~V - (k2Vug) = —F(uz—ug,z)+ fo inQ,
uy = gi, u2=gz2 on FD,
“1% = hi, 52%2@ on I'y

under the following

Assumption 3.21 (i) Q C R" is a bounded Lipschitz domain and the boundary admits a split-
ting of the form 0Q = I'p UT N such that A\y—1(Tp NTx) = 0 and A\,—1(Tp) > 0. In
addition, we assume that the boundary 02 is reqular in the sense of Definition A.15.

(ii) The data satisfy f1,fo € Loo(), 1,92 € Wr}fl/m(aﬂ) for some m > n as well as
hi,hs € Loo(09Q). By the surjectivity of the trace operator yao : WL () — W#Z_l/m(aﬁ)
(cf. Theorem A.2 (ii)), there evists w; € WL () such that yaqw; = g; and with Sobolev’s

embedding we also have w; € C*(Q) for some o € (0,1 —n/m).

(iii) For the coefficients k1, ko € Loo(Q), there holds r; > k? > 0 which yields ellipticity with
constant k? for the corresponding bilinear form.

(iv) The nonlinearity F satisfies Assumption 3.2.

We only require that the different types of boundary conditions are well-separated in the sense
of Assumption 3.21 (i) in order to have a result on the Holder continuity for weak solutions
to mixed boundary value problems (Theorem A.17) at hand. The Dirichlet conditions on I'p
have to be included into the definition of an appropriate Hilbert space. The following definition
generalizes the idea that a function vanishes on the part I'p of 9Q and is adopted from [Gro89)
(Definition 3) and [GMO00] (Remark 4.3.1).
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Definition 3.22
Let Q be a bounded Lipschitz domain and let ON) be reqular in the sense of Definition A.15.

(i) Let O () := {v]g : v € CZ(R"), supp(v) N (IQ\T'y) =0}. For the case of pure Diri-
chlet conditions, we formally set Cg5(Q2) = C°() and Cg°(Q2) = C*°(2) in the case of
pure Neumann conditions.

(ii) Define H%D (R2) as the closure of CR () in HY(Q). Then H%D () is a Hilbert space with
respect to the standard scalar product in H'(Q). In the case I'p = 08, we formally have
H%D(Q) = H}(Q) and in case of pure Neumann conditions, there holds Hq}(Q) = HY(Q).

Conversely, in this situation it can be proved that C’ﬁ‘; (Q), defined as above, is dense in the
closed subspace {u € H'(Q) : ulp, = 0} of H 1(Q). Note that for more general Lipschitz
domains and I'p C 99 with \,,_1(T'p) > 0, the density of the restrictions of smooth functions to
2, which vanish in a neighbourhood of I'p, in the space WI}ID(Q) ={ue Wy(Q): ulp, =0}
has only recently been proved, see the article [Berll].

Definition 3.23 (Weak solution of the problem with mixed boundary conditions)

A pair (uy,uz) € HY(Q)? is called a weak solution of the nonlinear system (3.20) if (u1,us)
admits a decomposition u; = v; + w; with an element w; € Hl(Q) that satisfies yoqw; = g; and
v; € H%D such that for all p € H%D (Q) the following equalities are valid:

/ ki ViV dx —/ hip dS = /(—1)i+1F(v2 +we — v —wi,x)p dr
Q Ty Q

(3.21) —1—/ fip dx —/ kiVw;Vy dr (i =1,2).
Q Q

Lemma 3.24 (Uniqueness)
The system (3.20) admits at most one weak solution u = (u1,uz) € HY () x HY(Q) in the sense
of Definition 3.23.

Proof. Given two solutions u = (u1,uz), z = (21, 22) € H*(Q) x H(Q), their difference satisfies

/ k1V(u1 — 21)Ve dx / (F(ug —uy,x) — F(z2 — 21,2)) o dz (¢ € H%D(Q)),
Q Q

/ KoV (ug — 22)V) dx —/ (F(ug —ur,x) — F(z2 — z1,2)) Y de (¢ € H%D(Q))
Q Q

Taking ¢ := u; — 21 € H%D(Q) and 1 ;= ug — 29 € H%D(Q), summing up the equations, and
using the estimates for x;, we arrive at

V(w1 = 21)|[§ 2.0 + V(12 — 22) G 2.0
—C/ ug —up)(z),x) — F((22 — 21)(2), )] (u2 — w1 — (22 — 21)) () dx

< —Cllug —uy — (22— 21) [ 2.0 < 0.

IA

Now, the first Poincaré inequality (Theorem A.7 (1)), which holds for functions in H%D (Q), yields
u=z. O

Remark 3.25

The regularity of the Dirichlet boundary values g; € Wﬁfl/m(aQ) and the surjectivity of the
trace operator yield the existence of w; € WL (Q) < C**(Q) (a € (0,1 — L)) with yaow; = g;.
Since Q is bounded and m > max(n,2), we have WL (Q) — HX(Q). The assumption on g; is
stated here, because we intend to have a Holder continuous solution and the correction functions
w; should be bounded, since they occur in the nonlinearity F'. For the linearized equations, the
proceeding will also work for g; € HY/?(9Q), see [Dro00], but will then not necessarily lead to a
C%_solution.
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Example 3.26

One may ask, how a strong solution (u1,uz) € WF(Q) of (3.20) leads to a solution of (3.21).
We first assume that 0 is a Ct'-domain. In this situation the trace theorem (Theorem A.2)
yields g; = Yoqui € W,?‘l/p(aﬂ) and h; = ’yag%qu € W;‘l/p(aﬂ). In order to correct the
Dirichlet boundary value, we use the fact that the mapping

(3.22) Wi (Q) = Wy P(00) x W= P(090), w (’Yamv , Vaﬁgl:)

s a retraction, where v denotes the outer normal. We choose an element w; € WZ?(Q) with
(’yagw,;,’yag%‘fj) = (gi,0). Then v; :== u; — w; € sz(Q) satisfies v; = 0 on T'p and solves the
equation

-V (kiVv1) = F(ug —u,z)+ f1+ V- (k1Vwy) in Q,
—V - (koVug) = —F(ug —u1,x) + fo+ V- (k2Vwy) in Q,
(3.23)
v = 0, vo=0 on I'p,
Iﬂ% = hl, %2% :hz on FN.

Now, multiplication of the differential equations with ¢ € CF;, (Q) and integration by parts leads
to equations of the form (3.21). For the case of a Lipschitz domain, additional conditions on
the Dirichlet boundary values have to be imposed, since the mapping in (3.22) is in general no
longer surjective, unless certain compatibility conditions are satisfied by the boundary values. A
precise statement on this is presented in Theorem A.3 of the Appendiz.

We henceforth impose the additional

Assumption 3.27 (Inhomogeneous Dirichlet data)
In the case of an inhomogeneous Dirichlet condition yaqu; = ¢; on I'p, we assume that there
exists w; € HY(Q) N Loo(Q) with Vw; € Loo(Q) such that yaqw; = g; on T'p.

The boundedness of Vw; will only be required to prove a uniform L..-estimate for a solution.
In order to obtain a linear ground space for the system (3.20) with inhomogeneous Dirichlet
boundary values, we first reduce to the case of homogeneous Dirichlet boundary conditions,
i.e., the Dirichlet conditions are understood in the sense u; — g; € H%D (€). To this end, we fix
wy,wy € WE(Q) N Loo() such that ypqw; = g; is satisfied and seek the solution of the form
u; = v; + w;, where v; € H%D () is a solution to the nonlinear system (3.21) for i = 1, 2.

Remark 3.28

Note that there may exist several functions w; with yaqw; = g; (e.g., one can add a function
p € C3° () to w; without changing its regularity and its boundary value) and each of them will
uniquely lead to a function v; such that u; :== v; +w; solves (3.20). However, Lemma 3.24 shows
that these are only different decompositions of the same function.

We now follow the same scheme which we employed for the case of homogeneous Neumann
boundary conditions. We henceforth consider the linearized and decoupled equations, i.e., we fix
21,22 € Loo(€2) and introduce an additional parameter § € [0, 1] so that the resulting equations
read as

(3.24a) / K1V Ve dr = 5(/ fip dx —|—/ F(zo — 21 +wy —wy,x)p dx
Q Q Q

_/mwlw d:n+/ hip dS) (¢ € HL (),
Q

n

(3.24b) / KoV Vi dx = 5(/ fop dx — / F(z9 — 21 + wg —wy, )¢ dx
Q Q Q

_ / ko Vewn Ve da + / hot) dS> (i € HE ().
Q

I
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Lemma 3.29

For every fized z1,2z2 € Loo(2) and § € [0,1], the equations (3.24a) and (3.24b) admit unique
solutions vy, vy € HllD (Q). Furthermore, there exist Holder exponents oy € (0,1—n/m) and con-
stants Ci(;), depending on 0, T'p,n,m, ki, ||Killo,co0, and the norms ||gilli—1 m,m.00, [1hillo,00,00
and || fi + F(z2 — 21 + w2 — w1, ) |l0.00,0 (¢ = 1,2) such that the estimate

Hviucoﬁai(ﬁ) <C;, (1=1,2)
is satisfied.
Proof. Clearly, the bilinear forms

Ap Hp (Q) x HE(Q) = R, (u,v) — / k;VuVu dx
Q

are continuous and coercive, where the latter follows from the first Poincaré inequality. For the
continuity of the right-hand sides of the equations (3.24a) and (3.24b) as functionals on H%D (Q),
we only note that

< |lKillo,co,2ll Vwillo2,ell Velloza < Ci(gi, ki)llell2,0-

/ ki Vw; Vi dx
Q

The continuity of the other components of the functionals has already been proved in Lemma 3.9.
The existence in the Hilbert space H%D (©2) now follows by the Lax-Milgram theorem (Theorem

A.11). Regarding the Holder continuity, we note that for m > max(n,2) and with L + é =1
the embeddings Lo (0€2) < L (n-1), (0Q) — (qufl/q(@Q))’ hold true. In addition, it is easy to
check that ¢ — [ (fi = F (22 — z;—i— wy — w1, x))p d defines a continuous functional on W, (€):

[oR (a4 wn = wn)w),0) 4 )elo) d
| £ F((22 — 21 + wa —w1) (), ") + fillomalleloqe
(1F((22 — 21 + w2 — w1)(+); )lo,00,2 + I fillo,co.2) [I2ll0,4.0-

Hence, Theorem A.17 applies with b = A = 0 as well as v = 0 and yields the desired Holder
continuity as well as the claimed dependencies of «; and the constants C;. O

<
<

As a direct consequence, for fixed data f; € Loo(2), hy € Loo(99), and w; € WL (Q) N Loo(Q)
with vgow; = g; € Wr}fl/ "(082), the corresponding solution operator

T:[0,1] x LOO(Q)2 — LOO(Q)2, (6,21, 22) = (v1,v2)
is well-defined.

Remark 3.30

(i) The continuity conditions (i) and (i) of the Leray-Schauder fized point theorem can be
verified analogously to the proofs of the Lemmas 3.12 and 3.13, respectively.

(ii) With the same arguments as in the proof of Lemma 3.12, we can show that T'(J,-) maps
bounded sets of Loo(2)? into bounded sets of Loo(S2)2.

(111) The Holder exponents in Lemma 3.29 only depend on Q and the fized quantities n, || fil|o,00,0;
|1F((z2 — 21 = (w2 — w1))(-), )lo,00,05 k7, and ||gill1—1/mm.00. So they do not depend on the
particular choice of 21, z2 € Lo (Q2) but only on the norm of ||z2—21|0,00,0. Consequently, for

a bounded sequence (z)keNn = (z%k), zék))keN C Loo(Q)?, there are oy, as € (0,1) such that

for all k € N, the Hélder exponents agk) of v :=T(0,2) € Co’agk)(ﬁ) X Co’agk)(ﬁ) satisfy
agn) >« fori =1,2. Hence, a subsequence of (vy,)xeny converges in C%1/2(Q)x C%2/2(Q).
In particular, this subsequence converges in Loo(2)2. For all § € [0,1], this proves that the
mapping T(5,-) : Loo(2)? — Lo (2)? is compact.
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(iv) Obviously, there holds T(0, 21, z2) = 0 for all z € Lso(2)2, by the coerciveness of the bilinear
forms A1 and As (cf. the proof of Lemma 3.29).

It remains to prove the a-priori boundedness in L, (£2) of functions (v1,vs) € (HllD (Q)NLx())?
which satisfy T'(0, vy, vs) = (v1,v2) for some § € [0, 1].

Lemma 3.31

Suppose that Assumptions 3.21 and 3.27 are satisfied and 1 < n < 4. Then there exists a constant
M >0, depending on Q, I'p, n, p, ki, ||Killo,c0,0, and the norms || f; Igill1=1/m,m,00, and
[hillo,c0.00, such that [[v1]]o.co.q + [[v2llo,ce. < M holds for all (v1,v2) € (Hf 0 Loo(R2))? which
satisfy v = (v1,v2) = T(6,v1,v2) for some 6 € [0,1].

Proof. We first prove uniform boundedness in H*($2). We test (3.24a) (where now v; = z;) with
vy € H%D(Q), (3.24b) with ve € H%D(Q), and take the sum of the resulting equations:

/ /11|V1)1\2 dx —i—/ @\VWP dr = 5(/ fivr + fovs dx —|—/ k1 Vw1 Vo + kaVwaVuy dx
0 0 0 0

_ /QF((U2 vy (wy — w1))(x), ) (s — vy) da +/

hiv1 + hove dS(x)) .
'y

Using the ellipticity of x;, Holder’s inequality, § < 1, and the Assumption (3.2) on the nonlin-
earity, we find

IVULllg 2.0 + IV02§ 2.0 + Créllvz — vall§ 2.0

2
< e (il 20 + 2l 2.0) + Cs1, k2, ) <02 + 3 (Ifillf e + IVwillg 2.0 + ||hi||(%,oo,8ﬂ)>'
i=1

Together with Poincaré’s inequality and an appropriate choice of €, the claim follows. Note that

in case n = 1, we are finished by now, since Ha(Q) — CO Q) < Loo (Q) for a < %. To obtain

uniform estimates in higher L,-norms, we set ¢ := v}~ ! and Y= b ! for an even integer p.
Then ¢, € HFD () N Lo (2). Now, we can literally follow the proof of Lemma 3.16: The sum
of the resulting equations reads

//4;1VU1V(1)1191) dm+/ KQV'UQV(”Ugil) dx
Q Q
- 5( [ et s b o= [ FGon = v 4 (= w) (@) )08 = o)) da
Q Q

+/ k1 Vo V(0P ™) da —i—/ ko Vwa V(0B ™) da —I—/ ho? ™! 4 hgob ! dS(m)).
0 Q r

N

As in the proof of Lemma 3.16, the integrals on the left-hand side can be estimated from below
against p ). HV( p/Q)HaQ’Q and the first two integrals on the right-hand side can be estimated
from above For the remaining integrals, we use the higher integrability of Vw; € Lo (£2):

/ ki Vw; V (vf Hdz=(p-— 1)/ /ﬁivf_2VinUi dx
Q Q

<Cilp—1) (BIVE )R 20+ £ 10 lo10)
C'(p— 1) 2 Ci(p—1)
<= IV an + = il s
where we denoted C; := |[|k;Vwilo,000. Here, we used Vw; € L (Q) because the weaker

condition Vw; € L, () would only allow an estimate against ||v}~ HO _o and this term
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would become dominant in the iteration scheme for p > 4, such that an estimate of the form
v]o,ppsr,0 < (Cpk)l/pk]]vHopk o with a sequence py, which satisfies pr — 00, pri1 > P + 2,
and [] FO(Cp )1/ Pi < 0o seems no longer possible. For the boundary integrals, we use Holder’s
inequality, the continuity of the trace operator as well as Poincaré’s inequality for some ¢ € (0, 1):

/ hooP ™t dS(x)
I'n

IN

hillo.corn 107 llory < CllvE Hloaseon < CllvPHli4ee

< CIVEP o140

Using Young’s inequality (with ¢ = m >1land ¢ = %) for the norm of the gradient, we find

V@ Dorree = @— DI > Voilloareo

1
1+t (p—2)(1+4t) 1+t
= -0 ([ (FYerE) T )
Q

14t p/2 2 1— t % %—I—t
(p—1) /25 IV (02 + Lo, .

2 o), - 2
0,2,0

IN

IN

loillf 0

For the latter estimates, we could assume that ||V (v;)?/?||?

4+t . p_ - 1 ; _
more, for even p > 4, we chose 1 = 53 be, b= =y and in the case p = 2, we have

set t := % With an appropriate choice of ¢, it is no longer difficult to establish the following
gradient estimate

(3.25) Hv W)H

02,0 ‘p,pﬂ + Hlep,p 2 Q)

Following the arguments in the proof of Lemma 3.17 on page 79 and assuming w.l.o.g. that the
occurring norms are larger than 1 (else we can consider a larger index p), we can now take again
the inequality

+ || p/Q)Ho,z,Q <Cp (Z lerllZ=t o+ Il

||(1)1, U?)HO,px,Q < (Cp)l/pH(Ula UQ)”OJO,Q
with x := %5 if n = 3 or n = 4, and x arbitrarily large if n = 2, as a starting point for the
iteration scheme and the uniform boundedness of ||v]|p 0,0 follows. O

Theorem 3.32 (Existence for Dirichlet and mixed boundary conditions)

Let 1 < n < 4. Under the hypotheses stated in Assumptions 3.21 and 3.27, the nonlinear
problem (3.21) admits a unique solution (vi,vy) € (H%D (Q) N Loo())2. Fori = 1,2, there are
constants M; > 0, which depend on the quantities Q, n, || fillo,co.0, 19ill1=1/m,m,00: [[Pillo,c0,00
| |Killoo, and the constants of ellipticity k;, such that

and  lvz(12.0 + [[v20,00,0 < Mo.

In addition, there exist oy, € (0,1) and a constant Mz > 0, which depends on «; and the
same quantities as M;, such that

”UIHCO,%@) + HU2HCOVO‘2(§) S Mg.

Proof. Consider the mapping T : [0,1] X Loo(2)? — Loo(Q2)? defined on page 85. As a con-
sequence of Remark 3.30 and Lemmas 3.29 and 3.31, the Leray-Schauder fixed point theorem
(Theorem A.9) applies and yields the asserted existence and boundedness in L..(2)2. It fol-
lows from the continuity of s — F\(s,-), that f; = F((va — v1 + wy — w1)(+),") € Lso(Q) is
bounded by a constant that depends on || f;ll0,c0,0; [|9illi—1/m,m,0, and M;. Then, considering
(3.24a)-(3.24b) with § = 1 and using the unique solvability of the equations, the Lax-Milgram
theorem yields the boundedness of the H'-norms and Lemma 3.29 contains the boundedness of
the Holder-norms. O
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Corollary 3.33

Under the hypotheses stated in Assumptions 3.21 and 3.27, the system (3.21) admits a unique
weak solution (uy,uz) € H'(2)? in the sense of Definition 3.22. The solution is bounded in the
norms of H'(2)? and C%*1(Q) x C%2(Q) by positive constants which depend on the norms of
the given data f;, gi, and h; in their respective spaces as well as on ||wi|l1,00,0, |Kill0.0o,0, ki, €2,
n, and additionally on a; in the second case.

3.2.3 Different types of boundary conditions on the same surface

There remains to consider the case when each component of (u1,us) satisfies mixed boundary
conditions on 02, but the types of boundary conditions do not coincide on the same parts of
the boundary, i.e., we have two decompositions fNJ UTDJ =00 = fN,z UTD’Z and impose the
boundary conditions

Us

Yoou; = gi on I'p ;, Yok - = hionT'n; (i=1,2).

We assume A,—1(I'p;) > 0 in order to have a Poincaré inequality and all hypotheses from
Assumption 3.21 to be valid, where the geometric condition 3.21 (i) for the boundary parts is
now to be satisfied for both decompositions separately. In case of g; # 0, we additionally impose
Assumption 3.27. In this situation, the following steps can be carried over from the preceding
section where we considered the case 'y =I'n, = I'n:

(i) The reduction to homogeneous Dirichlet boundary conditions by subtracting w; € H*(Q)
with Vw; € Loo(2) and vpqw; = g;. This leads to a nonlinear problem of the form (3.21),
but now we seek the solution u; in the Hilbert space H%D ().

(ii) The linearization process which leads to completely decoupled equations of the form (3.24a)
in H%D ().

(iii) The proof of existence and uniqueness for the decoupled linearized equations as well as
the Holder estimate (see Lemma 3.29). Again we have a well-defined solution operator
T :[0,1] X Loo(2)? — Loo(Q)2. This operator maps bounded sets of Lo, (2)? into bounded
sets of Loo(92)? and satisfies T'(0, 21, 22) = 0. Furthermore, the continuity and compactness
of T(8,-) : Loo(2)? = Loo()? and the uniform continuity of T'(-, z) : [0, 1] — Loo(92)? with
respect to 8, if z = (21, 22) is taken from a bounded subset of L., (€2)? are proved in the
same way as the Lemmas 3.12 and 3.13.

(iv) The only difference when we intend to prove the uniform Loo-estimate for v € Lo (2)? with
T'(0,v) = v for some ¢ € [0, 1], is to estimate the boundary terms on I'yy; separately.

We can finally state the main result on the weak well-posedness of the nonlinear elliptic system
in its most general form:

Theorem 3.34

Let Q € R" (1 < n < 4) be a Lipschitz domain with two decompositions of the boundary
0N =Tn1Ulp; =TnaU ng which both satisfy the Assumption 3.21 (i). Assume that the
conditions (ii)-(iv) from Assumption 3.21 hold for the data f;, gi, and h;, the coefficients k;, and
the nonlinearity F. In case of g; # 0 assume that Assumption 3.27 is satisfied, too. Then the
nonlinear coupled system

-V - (k1iVu1) =  F(ug —u,z)+ fi in €,
(3.26) -V - (keVug) = —F(u2 —ui,x)+ fo mn €,
' w = g1 onTpi, k%2 =h onTyy,

ug = go onlpa, kKeFZz=ha onlypy,
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admits a unique weak solution v = (ui,uz) € HY(Q)?, i.e., u; = v; + w; with v; € H%Di(Q),
w; € HY(Q) N Lo () such that yoqw; = g; and

(3.27a) //-11V1)1V<,0 dx = /(F(’Ug —v1+wy —wy) + f1) e de — /melVgo dx —|—/ hip dzx,
Q Q Q

I'n

(3.27b)/l€2VU2V1/) dx = /(—F(vg — v +wy —wy) + fo) dax — /KQVwQVd) dr + | hot dux,
Q Q Q Iy

holds for all ¢ € H%D () and ¢ € H%D ,(0). In addition, u € CY1(Q) x C%2(Q) for some
ai,az € (0,1) and there is a constant C(a;) > 0, depending on all the data in their respective
norms, ||Kil|o,00,0, the constants of ellipticity k; as well as on © and n, such that

lutlliz,o + luallize + llutllcoe @) + luzllcoes @) < C-







Chapter 4

Strong well-posedness of a
nonlinear elliptic system

In the preceding chapter, we proved the unique solvability of the nonlinear elliptic system

(4.1) { =V (m1(@)Vur(z)) = Fluz(z) —wi(z),2z) + fi(z) inQ,
=V - (ke(x)Vuz(z)) = —F(uz(x) —ui(z),x)+ fo(x) in Q,

with different types of boundary conditions in appropriate subspaces of H'(€2). Here, we ask for
sufficient conditions on the nonlinearity F' and the coefficients, under which a unique solution
with higher regularity exists in the Sobolev space Wﬁ(Q) In view of later applications, we
restrict ourselves to the case of a rectangular domain which is divided by two interfaces. Still,
the stated results easily carry over to the situation when € is a bounded C''-domain which is
divided by disjoint, closed C1'-surfaces I'; (i = 1,..., M) which do not intersect with each other
or with the boundary, into M + 1 subdomains g, ..., Q2 such that 0Q; =T; fori=1,..., M.
In order to obtain a Wi-solution, we have to impose some stronger assumptions on the occurring
data and coefficients which will be specified here for the case of a rectangular domain. Preserving
the notation from Chapter 3, we consider the nonlinear system (4.1) with boundary conditions
of Neumann, Dirichlet or mixed type which will be made precise in the subsequent paragraphs.

Assumption 4.1
Let 1 <n<4,pe (no00), s< 1%’ andt € (s,1).

(i) Geometry: Let Q = [[;_,(0,L;) C R", with 0 < L < co be a rectangular domain whose
boundary is the union of the (n — 1)-dimensional surfaces Ty, := {x € Q : x;, = 0} for
k=1,....n, and Ty :={x € Q : 2, = Lp_p} fork =n+1,...,2n. We assume that
Q is divided by two (n — 1)-dimensional surfaces ¥; := {x € Q: x, = oy} (i = 1,2), with
0 < 01 < 09 < Ly, into three subdomains: Q = Q1 U Qy U Q3.

(ii) Coefficients: Let r; € CYY(Qy) for i = 1,2, and j = 1,2,3, i.e., we allow possible dis-
continuities at the interfaces X;. We will frequently use ||Vkillq g < K; and further
assume K; > kf > 0 which implies the ellipticity for the principal parts of the corresponding
differential operators.

(ii) Nonlinearity: For j = 1,2,3, the function F|Rx§j : R x Q; — R is continuous, differen-
tiable with respect to the first variable, 81F|RX§j R x ﬁj — R s continuous and there is
a constant C' > 0 such that

0

—F(w,z) >Cpr >0 ((w,z) e RxQ).

ow

In addition, we assume that F acts between the spaces Wg(Q) and W, (Q) in the following
sense: for all u € W2(Q) we have F(u(-),-) € W5(Q) and F maps bounded subsets of
W2(Q) into bounded subsets of W3 (Q), i.e. for all u € W2(Q) with |lull2p0 < Ki, there
exists Ko = Ko(K1) > 0 such that ||F(u(-),)|lspo < Ka.
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(iv) Boundary conditions: Fork=1,....n—1,n+1,...,2n—1, the boundary condition on
'y is of the form

Yorti =0  or  yorriOku; =0 on Ty (i =1,2),

i.e., we either impose homogeneous Dirichlet or homogeneous Neumann boundary condi-

tions. Again we agree to write Op+r, = —O0k, for k = 1,...,n. Regarding the boundary
conditions on the parallel surfaces I'y, and sy, we suppose to be given one of the following
cases

k k :
Yo0,kUi = g((),i), or  YokRiOnu; = 95,1-) (k€{n,2n}, i=12),

with a boundary value g(k) € W§+5_m’“_l/p(Fk) which is subject to the compatibility con-

mk,z’
ditions

k k .
(4.2a) Y0,i000 = 10495907 = 0 onT;NTy if mg =0,
(4.2b) Y4990 = 0 onT;NTy ifmy =1,

forje{l,...,n—1,n+1,...,2n — 1}. See the preliminaries of Corollary 2.26.

(v) Transmission conditions: On the surfaces ¥; (j = 1,2), we impose homogeneous canon-
ical transmission conditions in ., -direction for both functions u;:

(433“) 721u1‘91 - 721ui|92 =0, V1 (aﬂul)|91 -7 (anuz)‘Qg =0 on Xy, (Z =1, 2)’
(4'3b) szui‘ﬁz - 722Ui|93 =0, sz(anui)kb — Vs (&TUZ)‘Qs =0 on X, ('L =1, 2)'

We will write for short [u;] = [Ohu;] = 0 on X; for i,j € {1,2}, where [u;] denotes
the jump of u; across ¥;. The latter conditions ensure that u; € W5+S(Q) if and only if
ui|Qj € Wrts(Qy) for j =1,2,3 (¢f. Lemma 1.8).

(vi) Data: We assume f1, fa € W5 (Q) N Lo (9).

Note that for £k = 1,...,2n, the boundary conditions for u; and us on each surface I'y may be
of different type.

Notation 4.2

For k=1,...,2n, the boundary operator which acts on u; on the surface I'y will be denoted by
’yo’k[)’gk). The corresponding boundary values will be denoted by 97(7];,2,1; where we set gfr]le =0,

ifk=1,...,n—1,n+1,...,2n — 1, and the index my € {0,1} corresponds to Dirichlet- or
Neumann boundary conditions, respectively. We will use the symbolic notation

YoobBiu; = g;  on O, if and only if 707;681(]{)%- = gﬁr’fi,i onTy (kE=1,...,2n).
Remark 4.3 (Acting properties of nonlinear functions)

The question, under which conditions F : R x Q — R acts between the spaces W7 () and W3 (€2)
is a question on the properties of the corresponding superposition (or Nemytskij) operator

(Tr(u)) () = F(u(z),z) (z€Q).

Tr can be considered for a Carathéodory function F, i.e. F(y,-) : & — R is measurable for
y € R and F(-,x) : R — R is continuous for almost every x € Q. The mapping properties as
well as boundedness and continuity for this operator are known for the L,-spaces, the Sobolev
spaces WE(Q) with k € N, and the Hélder spaces C%*(Q) (see [AZ90], Chapters 3, 7, and 9).
For the Besov spaces, the question is still not answered for the whole scale, but at least some
sufficient conditions are known and the autonomous case, i.e. I is independent of x, is studied
in much more detail, see [RS96], Chapter 5 and [AZ90], Chapter 9.
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First of all, let us mention that it suffices to have TF(u)]Qj € W,(8y) for j = 1,2,3, because
for the present case s < 1/p, one can approximate functions in W;(Qj) by smooth functions
with compact support in ;. More precisely, W;(Qj) coincides with the closure of C°(§);) with
respect to || - ||spo, for s <1/p (cf. [Tri02], Proposition 3.1). An approzimation of TF(u)|Qj in
each Q0 with functions in C°(€Y;) will then yield an approximation of Tr(u) on all of Q with
functions in C2°(2), hence Tp(u) € W7 (€2).

In the following, we list some sufficient properties for the function F' such that Tr admits the
mapping property from Assumption 4.1 (iii).

()

(i)

(iii)

(iv)

Assume that F is real analytic with respect to y and independent of x. In this case, we
can use the well-known fact that for p > 5, the space Wg(ﬂ) is a Banach algebra with an
equivalent norm || - |5, o = Kl - [l2pa (cf. [AF03], pp.106 [f.), with a constant K, =
K.(n,p,Q), such that F : WpQ(Q) — WI,Q(Q) is bounded because of the absolute convergence
of the series

o0 oo

k k

IF@) 550 <> lerl 16150 < lel (lulls, o)
k=0 k=0

Let F € C%(R) with bounded derivatives F', F" € Loo(R). Then we have by the chain and
product rule (see [GT77], Lemma 7.5) as well as Holder’s inequality that for all u € W2 (52)
with p > n, the composition F ou € W;(Q) s well-defined with

n
IF oullapo = Foullopa+ Y, IF (wdjulope
ij=1
+ [[1F (w)9;0;u + F" (u)dudjullopo < C(F)|ull2p.0,

where we used the embedding W, (€2) < Loo(£2).

From [Val85], we cite the following sufficient condition: Assume that Q@ C R" is bounded
and satisfies the cone condition. Let k € N and assume F € CF(R x Q). Then the operator
Tp : WIf‘(Q) — W;(Q), u v+ F(u(-),-) is continuous. See also [AZ90], Theorem 9.7. Of
course, the operator Tp : WF(Q) — W3(Q) is even compact in this case.

We can exploit that there are sharp conditions on F : R xQ — R to act in the spaces C*(2)
([AZ90], Theorem 7.1): Let 0 < < a < 1. Then Tr maps C%%(Q) to C*5(Q) and is
bounded if and only if for all v > 0, there exists m = m(r) > 0, such that

(F(u,2) = F,p)] < m (o =y’ + (¢ u— v))?/?)

holds for all |u|,|v| < r and z,y € Q. The latter condition is equivalent to the local Lipschitz
continuity of F(-,x) uniformly in x € Q and to the Hélder continuity with exponent B/a of
F(u,-) uniformly with respect to u in compact subsets of R, see also [Nug93].

Assuming these properties for F' with a =1 and 0 < s < 8 <1 and settinge := 5 — s> 0,
we can conclude as follows: By embedding we have u € WPQ(Q) < O Q) S o).
Now, F is bounded from C%(Q) to

CP(Q) < CP==/2(Q) = BEZ/2(Q) — B3, ,(Q) — B3, (Q) = WS(9).

Owverall, the operator Tr : W]?(Q) — W35(Q),u — F(u,-) is compact. Note that in this situ-
ation continuity of Tr holds for any space WE(2), which continuously embeds into CoH(Q).
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Example 4.4
As an easy consequence of Remark 4.3(i), we can consider a nonlinearity of the structure
F(y,x) = m(x) - exp(y), where m is an arbitrary pointwise multiplier function in the space

W3(Q) with 0 < s < 1, which holds for example in case m € C*(Q) with t > s. In this case, we
find for u € WPQ(Q) with p > 5

1
717,9 - K ‘

1 (u, 2)|[s p0 < Imll eyl exp(w)] Iml| e @) exp(Ksull1p.0)-
In analogy to the preceding chapter, we linearize and decouple the system by considering the
equations

up =V (k1Vur) = 0(F(22—21)+ fi+2) inQ,
(4.4a) voobBiu1 = g1 on 052,
[ur] = [Onwa] = 0 on Xj, (j€{1,2}),

ug — V- (HQVUQ) = 9 (—F(ZQ — 21) + fo+ 22) in €,
(4.4b) YooBauz = dgo on 99,
[[UQ]] = Hanuﬂ] =0 on Zjv (.7 € {172})7

for given z1, 20 € W7 () and with an additional parameter § € [0,1].

Remark 4.5 (’Strong implies weak’)
Here, we outline a connection between a solution (uy,uz) € W2 (Q)? to the nonlinear system (4.1)
and a weak solution in the sense of Definition 3.23 to the equations (3.27a)-(3.27b). We write
Jp and Jn :={1,...,2n}\ Jp for the index sets of the surfaces with a Dirichlet and a Neumann
boundary condition, respectively. Let (uy,us) € WI?(Q) satisfy (4.1) with boundary conditions
voaBiu; = g; on 0L, which satisfy Assumption 4.1. Here, we only consider the most complicated
case in detail which is given by the nonlinear system with an inhomogeneous Dirichlet condition
on Ty, orT'yy,.
In this case, we apply Theorem A.8 with m = 2 and r = 2+s which is possible to the compatibility
conditions from (4.2a) (iv). Hence, we can choose w; € W2T5(Q) such that
. , , , . A (n) (2n)

(V0,1Wi570,101Wis « + + , Y0,0Wis V0,000 Wi - - - 5 V0,20 Wis V0,20 02nw5) = (0,0,...,90/,0,..., 95, ", 0).
We henceforth consider the equations for v; := wu; — w;, which now satisfies a homogeneous
Dirichlet condition on I'p := ;¢ T'j:

—V - (kiV) = (=1 F(vg — v +wa —w1) + fi +V - (ki V) in

15 Y0,V = 0 on Fj (] c JD),
(4.5) Y0,;Kki0;v; = 0 onT; (jeJn\{n,2n}),
’YQ,jHZ‘ajvi = 982 on I'; (jeJnvn {n, 2n})

Let ¢ € Cp° (2) (see Definition 5.22). Then we can multiply the first line of (4.5) with ¢ in
Lo(Q) and use integration by parts to find that v; € W2(Q) N H%D(Q) satisfies

/ ((—1)i+1F(02 — v+ wy —wy) + fz) o dr = —/ V- (ki V(vi + w;)) ¢ dz
Q Q

/mV(vZ—I—wl Vo dx — Z /m 8”1 85;7) p dS(x Z/ avl+awl)\g€_/d5(x)

jeln \—/—/ jeip ~
=%0,;0vi+70,50;ws

:/mindiJ da:—i—/ KkiVw; Vi da:—/ gﬁz«p dS(z).
Q Q I,
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Note that in the situation of an inhomogeneous Dirichlet boundary value at most one inhomoge-
neous Neumann boundary term (on the opposite surface) occurs. Hence, we have a decomposition
u; = v; +w; € HllD () + HY(Q) and v; satisfies an equation of the form (3.27a)-(3.27b). The
treatment of the cases when no inhomogeneous Dirichlet boundary condition occurs is much eas-
ier. For the situation of pure Neumann boundary conditions, one has to consider test functions
with vanishing mean value p € C°(Q) (cf. Definition 3.4).

Corollary 4.6
Suppose that Assumption 4.1 is satisfied. Then the following systems admit at most one solution
u = (u1,u2) in the indicated spaces:

(i) The linear equations (4.4a) and (4.4b) in the space W7 ().

(it) The nonlinear system (4.1) in the space W2()? with two sets of boundary conditions By
for uy and By for us, which contain at least one Dirichlet condition.

(77i) The nonlinear system (4.1) with pure Neumann boundary conditions when the solution is
considered in the space W2, () x W2(Q) (cf. Definition 3.4).

Proof. (i) The difference of two solutions u; — uy to (4.4a) satisfies this equation with homoge-
neous boundary values and right-hand side, which only admits the trivial solution due to Lemma
3.29 with w; = 0, i.e. u; = u; holds in Lo(£2). (ii) is a direct consequence of Lemma 3.24 and
(iii) follows from Lemma 3.6. O

We emphasize that no additional compatibility conditions were necessary to prove uniqueness for
the aforementioned systems, since their boundary conditions are linear and hence the difference
of two solutions always satisfies homogeneous boundary values. An application of Corollary 2.26
and the Fredholm property (Theorem 2.30) now yield:

Lemma 4.7

Let Assumption 4.1 be satisfied. Then for every 6 € [0,1] and z1,29 € WPQ(Q), each of the
equations (4.4a) and (4.4b) admits a unique solution u; € W2T(Q). This solution satisfies the
a priori estimate

i l
(4.6) ||ui||2+s,p,a§0(|<—1>z+l Flzp—z1) + fi+zillspa+ Y. ||g£3m|r2+5_ml_1/,,,p,n).
le{n,2n}

Proof. Instead of (4.4a) consider the equation

Aup — V- (/<;1Vu1) = (5(F<22 — 2’1> + f1 + 21) in €,
(4~7) vooBiur = og¢1 on 0},
[ui] = [Opu1] = 0 on ¥;, (i € {1,2}),

with a parameter A € S@ for some 0 < ¢ < 5. The principal part of this operator is k1A
and this operator with the boundary conditions from Assumption 4.1 (iv) leads to a boundary
value problem, which is symmetric in the sense of Definition 2.5, in particular this problem
is parameter-elliptic in ¥,. According to Corollary 2.26 for |A\| > A; this problem admits a
unique solution u; € W§+S(Q), which satisfies the a priori estimate from 2.26 in the parameter
dependent norms. Due to Corollary 4.6 (i), the operator

2n
(1= V- (519),B1) € L | WZ(), Wy (@) x [[wy ™7™ 77 (ry)
j=1

is injective. By Theorem 2.30, equation (4.4a) admits a unique solution which satisfies the a
priori estimate (4.6) for i = 1. The existence of a solution to (4.4b) follows the same lines. [
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The preceding lemma gives rise to the solution operator to the equations (4.4a)-(4.4b):

Definition 4.8
Let Assumption 4.1 be satisfied.

(i) We abbreviate X := (W2(2))? and X, := W3, (Q) x W2(Q). The norm on X and X, will
be denoted by

Jullx i= llutllap + luzllopa  (u = (u1,uz) € X).

(ii) Let ord(BZ.(j)) = 0 for at least one pair (i,j) (i = 1,2; j = 1,...,2n), i.e., at least one
of the boundary conditions is of Dirichlet type. Then for given data f; € W;(Q) and
g%ij,i € Wp%s*mi’jfl/p(f‘j) (i =1,2; j € {n,2n}), which are subject to the compatibility
conditions (4.2a)-(4.2b), we define the solution operator

(4.8) T: [0, 1] x X — (W172+8(Q))2 C X, ((5, 21722) — T(5, 2’1,2’2) = (’u,l,UQ),

where (u1,uz) denotes the solution of the equations (4.4a)-(4.4b) which uniquely exists due
to Lemma 4.7.

(iii) In the case of pure Neumann boundary conditions, i.e., ord(BZ-(j)) =1 foralli=1,2, and
j =1,...,2n, we additionally project the first component of the solution into the space
WP%IS(Q), i.e. we define the operator

(4.9) T:[0,1]x Xo — W2E(Q) x WrT(Q) C X,

(0,21,22) +— T(6,21,22) := <u1 — 1/ uy dw , ug) .
12 Jo

Remark 4.9
Clearly, T satisfies T'(0, z1,22) = 0, since the problem with homogeneous data admits the unique
solution 0, see Corollary 4.6.

In the subsequent lemmas, we prove continuity properties of the operator T" with respect to z
and 9.

Lemma 4.10

For fized 0 € [0,1], the operator T(0,-) : X — X is continuous, i.e. for all y = (y1,y2) € X and
all € > 0, there exists 1 > 0 such that for all z = (21,22) € X with ||y — z||x <, there holds
IT(6,y) = T(6,2)|x <e.

Proof. Let u := (uj,u2) :=T(d,y) and v := (v1,v2) := T'(6, z) be the unique solutions to (4.4a)
and (4.4b) with the data (—1)"T'F(yo —y1) + f; +y; and (—1)"T F(29 — 21) + f; + 2, respectively.
Then w; := u; — v; satisfies

wi =V - (kiVw) = §((=1)"* N (Fya —y1) — Fza — 21)) + 4 — zi) inQ,
(4.10) { YoaBi(D)w; = O( s C ) on 0.

The a priori estimate (4.6) for this elliptic problem and ¢ < 1 yield

|ui = vill2p0 < C(|F(y2 —y1) — F(z2 — 21)llop.o + i — zillop,) -

For our choice of p we have WZ? () — CH*(Q). In particular, we have the boundedness of

max|yz(z) —y1(x)| < Clly2 —yill2p0 =: K1 < oo. For ||y —z||x < n with 0 <n < 1, this implies
e

ma%|(z2 —z1)(x)] < C ((z2 —y2) + (y1 — 21) + (Y2 — y1)ll2p0) < 2Cn + K1 < 2C + Ky =: K.
T€
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We now apply the mean value theorem to obtain

/!F(y2—y17$)—F(Z2—Zla$)!p dr = /\(31F)(€,w)\p\(y2—y1)—(32—21)|p dzx
Q Q
< K (lly = 21l 0+ 2 = 215 ,.0)

with some § € [~K3, K] and K3 1= max ek, ry)xa |(O1F) (€, )| This yields the desired

continuity of T with 7 := min ( . In case of pure Neumann boundary conditions, we

1
20(}§3+1)v 2
additionally estimate

< lur=v1ll2po QP —v1flo,1,0 < etllur—viflopo < 2.
2,p,Q2

1
ul—vl—lg/vl—ulda:
Q

O]

Lemma 4.11

The mapping T is equicontinuous on bounded subsets of X uniformly in 0, i.e. for any bounded
set Xo C X and for all e > 0, there exists n > 0 such that for all §1,02 € [0,1] with |52 — 51| <n
and for all z € Xy, there holds ||T'(61,2) — T'(d2,2)||x < €.

Proof. Let z = (z1,22) € X such that ||z||x < Ki, hence |22 — z1]j2p0 < 2K;. By the
Assumption 4.1 (iii), ' maps bounded sets of W2(€2) into bounded sets of W3 (Q) < L,(€2) and
we infer ||[F(z2 — z1)||op0 < Cr(Ki). For 61,62 € [0,1], we define u := (u1,u2) := T(01,2) as

well as v := (v1,v2) := T(d2, z). Then the difference w; := u; — v; solves

wi = V- (kiVw;) = (82— 01) (=1)T'F (22 — 21) + fi + 21) in Q,

(4.11) { YoaBiw; = (62 —d1)g on J9.

For a solution to this problem the a priori estimate (4.6) yields

lwillzp < Cloa—d1] [ 1F(z2 — 20)llope + I fillope + lzillopa + > Hgi(J)H%mjrl/p,p,Fj
j€{n,2n}

<|62—01| | Cr (K1) + C| fillopa + C Z ng(j)||2—mjﬁi_1/p,p,rj < |d2—61| C(F, Kl,fi,gi(j)),
j€{n,2n}

This shows that T'(-, z) is Lipschitz continuous with a Lipschitz constant which only depends on
K and the fixed data, but not on the particular choice of z € X. Hence, the claimed continuity
is proved. In case of pure Neumann conditions we proceed similarly as in the proof of the
preceding lemma. O

Next, we prove a uniform a priori bound for elements u € X, which satisfy T'(§, u) = u for some
0 €10,1].

Lemma 4.12
There is a constant M > 0 such that if u = (u1,u2) € X satisfies T(d,u) = u for some § € [0,1],
it follows ||u|lx < M.

Proof. The equality T'(d,u) = u implies that (u;,ug) is a solution to the nonlinear system
(4.4a)-(4.4b) with z; = u; and z2 = ua. Remark 4.5 shows that u; is also a weak solution to
the nonlinear system. In case of an inhomogeneous Dirichlet condition, note that the boundary
correction term w; € W2(€2) only depends on the Dirichlet data g((]],i) on I'; for j € {n,2n} and
satisfies an estimate of the form (cf. (A.2))

2
lwillzpg < CUGS o1 /mprn + 1957 21 /ppran) =2 Miz.




98

In order to obtain a bound for v;, we deduce from Lemma 3.31 (or from Theorem 3.17 in case
of pure Neumann boundary conditions, respectively) that in particular ||v;]joec,0 < Ma; for
i = 1,2. By embedding, we have |u;||0,00,0 < M; := M ; + My ; and set M3z := M; + M,. Using
the a priori estimate in sz (Q) for the linear equations and the piecewise continuity of F' on the
compact sets [—Ms, M3] x Q; for j =1,2,3, we infer for i = 1,2 that

[uillzpo < CO(|F'(u2 — ur)llop.a + | fillopa + luillope) < Cr(Ms) + C(| fillop.a + M)

Defining M as the sum of these constants finishes the proof. O

Lemma 4.13
For every fized 6 € [0,1], the operator Ty := T'(6,-) from Definition 4.8 (ii) [resp. (iii)] has the
following properties:

(i) Ts maps bounded subsets of X [resp. of X.] into bounded subsets of (VV]?J“S(Q))2 [resp. of
W2E5(Q) x W25 (Q)].

(i) Ts : X — X [resp. Ts : X, — X.] is a compact operator.

Proof. (i) Let z € X with ||z||x < K3. Then the boundedness of the mapping z — F(z,-) as a
mapping from W2(Q) into W3 (Q) (cf. Assumption 4.1, (iii)) yields [|F(z(:),")|[sp0 < C(F, K1).
The a priori estimate (4.6) then implies that || T(, 2)||2+sp,0 is bounded by a constant which
(4)

depends on the fixed data f; and I i in their respective norms as well as on C'(F, K).

(ii) The continuity of T5 has been proved in Lemma 4.10. Part (i) shows that any bounded
sequence (zp)nen in X yields a bounded sequence (T5(2zn))nen in (W7T5(€2))? and by the com-

pactness of the embedding W 5(€2) & W2(Q), there exists a subsequence of (T5(zy))nen which
converges in X. In case of pure Neumann boundary conditions note that

/u1 dx /u1 dzr
Q Q

hence, all assertions remain valid in this case, too. O

< |u1llo,1,0,
0,p,2

1 ‘ _ L ‘
‘Q’ 2+5,p,Q2 ‘Q’

Theorem 4.14
Let Assumption 4.1 be satisfied. Then the nonlinear elliptic system

-V (kiVu1) = Flua—w)+fi in€Q,
(4.12) —V - (k2Vug) = —F(ug—up)+ fo inQ,
' YoaBiui = g1, eaBauz = g2 on 0%,
[wi] = [Opus] = 0 on X, (1,5 € {1,2})
admits a unique solution u = (uy,uz) € (W2*(Q))2. In case of pure Neumann boundary

conditions, uniqueness holds in the space WrT5(Q) x W2T5(Q). In addition, there exists a
constant M = M (n,p, s,Q, K4, fi, gi) such that

utll21sp0 + luzll24spo < M.

Proof. The Leray-Schauder principle (Theorem A.9), whose preliminaries are contained in Def-
inition 4.8, Remark 4.5, and Lemmas 4.10-4.13, gives rise to a fixed point u = (u1,uz) € X
of the operator T'(1,-) : X — X. By the construction of the problems (4.4a)-(4.4b), u is a
solution to the nonlinear system (4.12) and |ul|x < M by Lemma 4.12. Taking the functions
(=)™ F(ug — u1) + fi € W3(Q) N Loo (), which are also bounded by a constant C(F, M, f;),
as data for the equations (4.4a)-(4.4b) and using their unique solvability, Lemma 4.7 yields
u; € WT5(2) and the bound for the norm in W2*4(€2). O
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Remark 4.15

(1)

(i)

The Fredholm property of the elliptic boundary value problems is not essential for the proof
of the unique solvability of the linearized equations (4.4a) and (4.4b) in Lemma 4.7. In fact,
we could consider equations of the structure (4.7) with a fized, sufficiently large A > \g and
a term Az; instead of z; on the right-hand side. Then Corollary 2.28 applies and yields the
corresponding estimate. The remaining part of the proof strategy remains the same but the
estimates will additionally depend on A.

In the present chapter, the homogeneous transmission conditions were imposed to obtain a
strong solution u € WE(Q)% despite the possible discontinuities of the coefficients across
the interfaces ¥;. Using Corollary 2.26, one can consider general transmission conditions
on the interfaces ¥;, but then one will obtain a solution w which satisfies u\Qj € WPQH(QJ-)
for j =1,2,3, but in general one cannot expect a higher global regularity than u € W;(Q)
with s < 1/p on the whole of Q.







Chapter 5

Parabolic transmission problems

The detailed study of parameter-elliptic boundary value problems in different settings in the
first chapter has direct consequences for the corresponding parabolic equations. Here, we briefly
introduce the abstract concepts of R-boundedness and maximal regularity as well as their impli-
cations for the solvability of parabolic equations. Afterwards, we focus on parabolic equations
with general transmission conditions.

5.1 Maximal regularity and R-boundedness
Throughout this section let X,Y, and Z denote Banach spaces.

5.1.1 7R-bounded operator families

Definition 5.1

A family T C L(X,Y) of linear operators is called R-bounded if there exists a constant C' > 0
and p € [1,00) such that for any choice of n € N, T; € T, x; € X, and for all independent,
symmetric, {—1,1}-valued random variables € on a probability space (2, M, p) it holds that

n n
E eiTjx; § €55
j=1 7j=1

The smallest possible constant C' such that (5.1) is satisfied is called the R-bound of the family
T and will be denoted by R,(T).

(5.1) <C

Lp(;Y)

Ly(@x)

R-boundedness implies uniform boundedness and if X and Y are Hilbert spaces, the concepts
are equivalent. An equivalent characterization of R-boundedness via Rademacher functions as
well as Kahanes inequality (see [KWO04], Definition 1.9 and Theorem 2.4) shows that if 7 is
R-bounded for one p € [1,00), then for any ¢ € [1,00). Still the R-bound may depend on p, but
we do not further indicate this and agree to write R(T).

Lemma 5.2

(i) Let T and S C L(X,Y) as well asU C L(Y,Z) be R-bounded. Then the operator families
TUSCLX,)Y), T+SCLX,)Y), and UT C L(X,Z) are R-bounded as well. For the

corresponding R-bounds the estimates
R(TUS),R(T+S) <R(S)+R(T) and RUT) <RU)R(T)

are valid. Furthermore, if T denotes the closure of T with respect to the strong operator

topology, it holds R(T) = R(T).

(it) (Kahane’s contraction principle) Letn € N, z; € X, €; be independent, symmetric, {—1,1}-
valued random wvariables on a probability space (2, M, p). Assume that o, B; € C with
laj| < |Bj] for j=1,...,n. Then

n n
) ajeja; > Bjejx;
=1 j=1

The constant 2 can be omitted in the case o, B € R.

Proof. See e.g. [DHP03], Propositions 3.4 and 3.5. O

(5.2) <2

Lp(9X)

Lp(9X)
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A fundamental ingredient when proving R-boundedness of the resolvents corresponding to cer-
tain parameter-elliptic problems will be the R-boundedness of kernel functions and of their
corresponding integral operators which is contained in the next lemma.

Lemma 5.3
Let (2, 1) be a o-finite measure space and A be an index set. Let K = {ky : A € A} be a set of
measurable, operator-valued kernels ky : Q@ x Q — L(X,Y) such that

R ({ka(z,y) : A€ A}) <ko(z,y) (2,5 €Q)
for ko : Q x Q — C and assume that the scalar integral operator
(Fof)a) = [ kolanu)f(0) dy (£ € Ly(s2)

belongs to L(Ly(K2)). Then the family

(Krg)(x) = /Q kx(z,1)9(y) dy (g € Ly( X), A€ A)

of vector valued integral operators belongs to L(Ly(£2; X), L,(£2;Y)) and is R-bounded with
R{Kx: A€ A}) <Kol @)

Proof. Note that g € L,(€2; X) means [|g(-)||x € Lp(€2). Then the estimate

Liwa@ig e = [ da:</ (/ er (s 9)9w) Iy dy> "

S/Q</Qko($,y)H9(y)HX dy) o< [ 1lO0@ dr = [KollgOlx]l, o

/kx(ﬂzy) (y) dy
Q

p
< (IKollzzyon 19Ol 1, 0))” = (HKolzqzyon 9z, 00"

shows that K\ € L(L,(92; X), L,(€;Y)). The R-boundedness is proved in [DHP03], Proposition
4.12. O

The second ingredient is to prove the R-boundedness of certain kernel functions similarly as we
proved the norm-boundedness of the solution operators in Chapter 1, using Michlin’s multiplier
theorem. The necessary generalizations are provided in the next subsection.

5.1.2 Operator valued Fourier multipliers

Let X,Y be Banach spaces and m € Lo (R™\ {0}; L(X,Y)). Then, since mFf € Loo(R™;Y)
for f € /(R™; X), the operator

Tnf:=F 'mFf (f € Z(R"X))
is well-defined as a mapping from .(R™; X) into ./ (R™;Y).

Definition 5.4

Let 1 <p < oo and m € Loo(R"; L(X,Y)). Then m is called an (operator-valued) (L,-)Fourier
multiplier if the operator Ty, f € Ly(R™Y) for all f € /(R™; X) and if there exists C > 0 such
that

1T fllL,®eyy < Clfllz,@enx)y  (f € LS (R™X)).

Since S (R™; X) is dense in L,(R"; X), in this situation T, extends to a continuous linear
operator Ty, € L(Ly(R™; X), L,(R™;Y)).




5.1. Maximal regularity and R-boundedness 103

Remark 5.5 (Necessity of R-boundedness)

If one first restricts to functions f € F1P(R™; X), it suffices to require m € L1 j,.(R"; L(X,Y))
(see [DHPO3], Section 8.3) such that Ty, : F'2(R"; X) — ' (R"Y) is well-defined. How-
ever, given m € Ly 1o.(R™; L(X,Y")) such that T,,, € L(Ly(R™; X), L,(R™Y)), it is known that
{m(&),£ € L(m)} C L(X,Y) is R-bounded, where L(m) denotes the set of Lebesgue points of m
(see [DHPO3], Proposition 3.17).

Before we can state sufficient conditions on m € L (R™; L(X,Y)) to be a Fourier multiplier, i.e.,
an analogue of Michlin’s multiplier theorem, two more definitions of properties of the underlying
Banach spaces are required.

Definition 5.6 (i) We define the Hilbert transform
H: S (R X) = S (R X), [ Hf=F 'myFf,
with the symbol my = z% idx.
(ii) The Banach space X is said to be of class HT if H extends to a bounded linear operator
H € L(Ly(R; X)) for some p € [1,00).

Remark 5.7
In [Ama95], Section 4.3 the following equivalent definition of the Hilbert transform is justified:

(Hu)(t) := %PV(l/t)*u: llim u(t—7) L.

T e—0 >e

Remark 5.8

In the literature, Banach spaces of class HT are often referred to as spaces which admit the
unconditional martingale difference property (UMD-property), which is an equivalent description
in probability theory. In the textbook [Ama95], Theorem 4.5.2, one can find several properties of
spaces of class HT such as

(i) Finite-dimensional spaces are of class HT .
(ii) Hilbert spaces are of class HT .
(1it) If X is of class HT, so is Ly(2; X) for 1 <p < 0.
(iv) If X is of class HT and Y C X is a closed linear subspace, then'Y is of class HT, too.

(v) The property of class HT is stable interpolation, i.e., if (Xo, X1) is an interpolation couple
of Banach spaces of class HT, then for 8 € (0,1) and 1 < p < oo, the spaces (Xo, X1)pp
and [Xo, X1l]p are of class HT, too.

In particular, all function spaces we will be dealing with are of class HT .

Definition 5.9

A Banach space X is said to have property («) if there exists a constant C > 0 such that for
alln € N, o5 € C with || < 1, all ;5 € X, and all independent, symmetric, {—1,1}-
valued random variables 551) on a probability space (1, M1, p1) and 552) on a probability space
(Qo, Mo, o) fori,j=1,...,n, there holds

[ L] s oo wasc [ [
Q1 JQo ¥ o, Ja,

ij=1
We do not discuss this property in detail but mention that if a Banach space X has property
(a), so has L,(2; X) for p € (1,00) and that Hilbert spaces possess property (). For more
details and proofs we refer to [KWO04], Section 4. The following theorem contains the vector
valued version of Michlin’s multiplier theorem.

> e @eP @)y

1,j=1

dz dy.
b'e
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Theorem 5.10
Let 1 < p < o0 and X,Y be Banach spaces of class HT. Assume that T C L(X,Y) is an
R-bounded set.

(i) If m € C™"(R™\ {0}; L(X,Y)) satisfies

(5.3) {lelDMm(e) ;¢ e R, v e {0,1)"} C T,
then m is a Fourier multiplier in the sense of Definition 5.4. In addition, the estimate
| Tl Lz, (X)L, (Re:Y)) < CR(T) is satisfied with a constant C' = C(X,Y,n,p).

(i) If in addition X and Y enjoy property (a) and m € C™(R™\ {0}; L(X,Y)) satisfies the
condition

(5.4) (ODm(€): €€ R, v € {0,1}"} C T,

then m is a Fourier multiplier in the sense of Definition 5.4 and the set of operators
{T5, : m satisfies condition (5.4)} C L(Ly(R™; X), L,(R™;Y))

is R-bounded.

Proof. For (i) we refer to [DHPO03], Theorem 3.25, [KW04], Theorem 4.13 or [HHN02]. The
R-boundedness of a family of Fourier multiplier operators in (ii) was proved by Girardi and
Weis, see [GWO03] and also [KWO04], Theorem 4.6. O

We draw a simple conclusion for the case X = CY and Y = CM which will be useful for later
applications to parabolic systems.

Corollary 5.11
Let M,N € N, A be an index set, and {mx,\ € A} be a set of (M x N)-matriz valued symbols
my € C"(R™\ {0}; L(CN,CM)) such that

[E7DTmA(E)| < Co (£ € R"\ {0}, v €{0,1}", A€ A).

Then the family of operators {Tpm, : A € A} C L(Ly(R™;CN), L,(R™;CM)) is R-bounded with
R ({Tm, : X € A}) < CCy, where C only depends on n, N, M, and p.

Proof. Since CYN and CM with their standard inner products are Hilbert spaces, they are of class
‘HT and possess property («). The assumption implies that the set

{EDYmy(€) 1 € e R™\ {0}, v € {0,1}", X € A} c L(CN,CM)

is uniformly bounded in L(CY,CM), hence this set is R-bounded. Note that we choose the
euclidean norm on CV and CM here and that only the R-bound, but not the property of R-
boundedness in L(X,Y) is affected by passing to an equivalent norm on X or Y. In order to
apply Theorem 5.10 (ii), we set T := {A € L(CN,CM) : |A| < Cy}, which is uniformly bounded
and again R-bounded, because the operators act between Hilbert spaces. Theorem 5.10 (ii)
yields the R-boundedness of {T},, : A € A} C L(L,(R™;CY), L,(R";CM)) with the claimed
‘R-bound. O

5.1.3 Maximal regularity and parabolic equations

This subsection connects the notion of R-boundedness to the well-posedness of parabolic equa-
tions and the regularity of the solution. We discuss the central condition of R-sectoriality of an
operator A in the context of abstract Cauchy problems of the form

(5.5) {Ut —ué)t)t - 2{07 in (0,7),

with a closed and densely defined linear operator A : X D D(A) — X on a Banach space X. As
a generalization of the sectoriality of an operator (cf. Definition 1.4), we have the following
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Definition 5.12
A closed linear operator A on a complex Banach space X is called R-sectorial if the following
conditions are satisfied:

(1) D(A) = X and R(A) = X.

(2) There exists an angle ¢ € (0,7) such that p(A) D, and the set {A\(A—A)~1: X ey}
is R-bounded in L(X).

The supremum of all angles such that condition (2) is satisfied is called the R-angle go} of A.

Remark 5.13
Every R-sectorial operator is in particular sectorial and it holds QOZE < s < 7. In Hilbert spaces
the two definitions are equivalent.

When dealing with inhomogeneous initial conditions, we need an appropriate space for the initial
value ug.

Definition 5.14
Let J:=(0,T), 1 <p< oo, and A: X D D(A) — X be a closed linear operator in X. We
define the space for the solution of (5.5) as K := Wy (J; X)NLy(J; D(A)) with the natural norm

ullg = ||u||W£(J;X) +|[ull L, (7;pca))- Furthermore, let I,(A) denote the trace space
Ip(A) = {up: Ju € E:u(0) =uo}, with |uollr,a):= uGIE,iLI(l(f)‘):uo lul|e,

and F := Ly(J; X) x I,(A) the space for the data to the equations (5.5).

Remark 5.15 (Characterization of I,,(A))

It can be shown that I,(A) is a Banach space with D(A) — I,(A) — X. If A is the generator
of a strongly continuous semigroup, I,(A) can be characterized as a real interpolation space:
I,(A) = (X, D(A))1-1/pp, see e.g. [Lun95], Proposition 2.2.2. By means of the trace method
(see [Tri95], Section 1.8) one can prove that this is already satisfied for a closed operator A:
The equalities

Vi(p, 3, D(A),p, 1, X) =E and Ty(p,3,D(A),p, 1, X) = I,(A)
hold with equivalent norms. The equivalence Theorem ([Tri95], Theorem 1.8.2) then implies

I(A) =Ty (p, , D(A),p, 5. X) = (D(A), X)1 = (X, D(A)1-1/pp

1
P
with equivalent norms.

In case of our applications we will consider X := Ly(§2; CN) and for the realization of a differ-
ential operator A of order 2m on X, the domain is a subspace of ng(ﬂ; CN). The right choice
for the space of the initial conditions will therefore be the Besov space

Ip(4) = (Lp( CY), Wrm(2;CY)) = By t-P @),

1_1/17717

Definition 5.16

Let T >0, J:=(0,T), 1 <p< oo, X a Banach space, and let A: X D D(A) — X be a closed,
densely defined operator in X. Then A is said to have maximal Ly-regularity on X, if for all
(f,up) € F there exists a unique solution u : J — D(A) of the Cauchy problem (5.5) which
satisfies the estimate

(5.6) el ) + 14wl 2, 0x) < Cp (I1F 1, 0:) + loll o, )

with a constant C, > 0 independent of f € Lyp(J; X) and ug € (X, D(A))1_1/pp-




106 5.2. Transmission problems in the half space

It was proved by Sobolevskii in [Sob64] that if A has maximal regularity for one p € (1, 00), then
A enjoys this property for all p € (1,00). In the sequel, we do not further indicate the index p
and only speak of maximal regularity.

Remark 5.17

(i) Observe that the definition does not require u € Lp(J; X), hence [lut|r,(s,x) cannot be
replaced by ||u||WI}(J;X). However, this is possible if 0 € p(A) or if the time interval J is
finite, i.e., T < oo, see [KW04], for instance. Then A admits mazimal regularity if and
only if the mapping

< 3t’Y—OA > :WZ}(J;LP(X))QLP(J;D(A)) — Ly(J; X) x I(A)

is a continuous isomorphism of Banach spaces. Here, vy denotes the trace with respect to
time.

(i1) The definition of I,(A) allows to reduce (5.5) to the case ug = 0, since we may subtract
v € E with v(0) = ug and |[v|lg < 2[juollz,a)- Hence, our definition of mazimal regularity
is equivalent to the definition in [KW04], Section 1.3, where merely u(0) = 0 is considered.

The following theorem was proved by L. Weis in 2001 and connects the concepts of R-sectoriality
and maximal regularity.

Theorem 5.18

Let A be the generator of a bounded analytic semigroup on a Banach space X of class HT. Then
A has mazimal L,-regularity for one (all) p € (1,00) on Ry if and only if A is R-sectorial with
R-angle <p7§ > 5.

Proof. The result is Theorem 1.11 in [KWO04]. O

Results on maximal L,-regularity have been established for general linear parabolic equations
under natural assumptions (see for example [DHP03] and [DHP07]) and have been applied in
fixed point arguments to several nonlinear equations by numerous authors, e.g. in [EPS03] to
the Stefan-problem with Gibbs-Thomson correction, or in [DGHSS] to a free boundary value
problem, which is a model for the spin-coating process, to mention only a few. However, the
notion of transmission problems, which corresponds to a system in R’ with 2m boundary
operators, does not fit into the scheme which was developed in [DHP03] or [DHP07] and we
present a slightly different approach in the next section.

5.2 Transmission problems in the half space

We consider a general parabolic transmission problem in the half spaces R’} of the following
structure:

iy — A1 (z, D)y = fu in J xR,
8,5112 — AQ(JL‘,D)UQ = f2 inJ x Ri,
(5.7 (B @, D) - B (2, D = g in JxRL (j=1,...,2
Yo.n \ L T, ) b (z,Duz) = gj mJ X , (G=1,...,2m),
1(0,2) = d1o(x) inR”, wup(0,z) = wugoe(r) inR7.

and impose the following
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Assumption 5.19
Let Q1 and Qo be domains in R™ which are separated by a surface I.

(1)

(i)

(iii)

(iv)

(v)

The differential operator Ay(z,D) = Z a0 (z)D* is of order 2m with continuous coef-

la|<2m
ficients atd € BUC(,) if |a| = 2m, and ay € Loo () if |af < 2m. If Qy is unbounded,
(1)

assume in addition that ay’(00) := lim, d((yl) exists. We further assume parabolicity of

the operator Zl, i.e., there exists an angle 1 > 7/2 such that

(5.8) A — gLo(x,é) == Z aD(2)e* £0  for allz € Qy, (€,)) € R" x ., \ {0}.

|a|=2m

Here, ELO again denotes the principal symbol of Ay. In other words, Ay is parameter-elliptic
in a sector X, which contains the closed right halfplane.

Az o(z,D) = Z a P (2)D* is a differential operator of order 2m, whose coefficients
lal<2m

satisfy the same assumptions in 29 as those of Ay in Q4 and Ay is also parabolic, i.e., there

exists an angle po > /2 such that

(5.9) A= Aoo(z,6) #£0  for allz € Qa, (€,)) € R" x T, \ {0}
The operators EJ(-I) and B](-Q) i the tmnsmzsszon conditions are of equal order m; < 2m
and take the form éj(-l)(x,D Z b Dﬁ and B( ) (x,D) Z b DB with co-
181<m; 18]<m;
efficients b(ﬁ), b( ) ¢ g2m- "i(T). If T is unbounded, assume that the limits
7(1) . 7(1) (2) . (2)
bip (00) = |m|ignzer bip (@) and bjg(o0) := \x|jgflxer bip (@)
ezist for |Bl =m; and j =1,...,2m.

The following substitute for the Shapiro-Lopatinskii condition is satisfied: For every xg € I,
the system of ordinary differential equations in local coordinates subject to xg

(A= Aro(20,8,Dn))ir(zn) = 0 (24 <0),
5.10 _ ()\ - AZ,O(‘/EUu 5/7 Dn))UZ(xn) = 0 (CC )
( ’ ) Bj('}())(:EOaé'/aDn)f}l _— - B]('?O)(x()vg/aDn)UQ =0 = gj (] - 1 m)a
G1(2n) =0 (tn — —00),  va(tn) — O (2n— +oo)

admits a unique solution for all g; € C and all (§,)\) € R"™1 x X, \ {0}, where we have
set ¢ := min(p1, @2). In addition, for unbounded domains Q1 and Qy and unbounded T', we
impose the condition when the coefficients of the principal parts are replaced by their limits
at infinity.

Regarding the data in (5.7), we assume the following reqularities: fi € Ly(J; Lp(21)),
fo € Ly(J; Ly($2)), and g; € W2/ (J x T) i= W " (5 Ly (D)) 0 Ly(J; W, (1)),
where we have set kj := 2m —m; — 1/p for j = 1,...,2m. According to Remark 5.15,
the initial values satisfy i1 € Wp2m72m/p(91) and ugp € Wimem/p(Qg). In addition,
if kKj > 2m/p, i.e., if the boundary value g; admits a trace with respect to time, then
7p§§1)(x,l))ﬂ170 — ’}/FB]@) (x,'D)UZ() = gj(O,x) fOT’ zel.
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The transmission problem (5.7) will be called parabolic if the assumptions (i) — (iv) are satisfied.
The main task will be to treat the transmission problem in the half spaces, i.e. ; := R”,
Q =R} and I' = R™~!. In this situation, we will merely consider the equivalent system for
u = (uy,u2)? := (i1 o Tp,us)?, where 7, : R — R” denotes the reflection in the x,-variable.
Our assumptions will lead to a system in the half space which is parameter-elliptic in the sector
5, D {2 € C: Re(z) > 0}. We define the reflected right-hand side f; := fio7, € L,(J; L,(R%)),
f = (f1, f2)T, and note that the reflected differential operator in R” with the symbol

Al(xvé) = Avl(ljv _xnvgla _gn) (.ﬁU € R17 5 € Rn)

again satisfies Assumption 5.19 (i) with R” replaced by R} and the analogue of (iv), which now
reads: for every zgp € R"71, all (¢/,\) € R"1 x 3, \ {0}, and all g; € C, the system of ordinary
differential equations

(A= A1o(20,&, Dn))vi(zn) = 0 (zn >0),
5.11 (A= Ago(w0,&, Dn))va(an) = 0 (2n>0),
( . ) (Bj(,lo) (370, 5/7 D'fl)vl - BJ(?O) ($07 5/7 Dn)UQ) _ = gy (] = 1, s 2m),
v1 (wn) — 0, UZ(xn) — 0 (xn — +OO),

is uniquely solvable. Here, we have set B](-l)(xo,g',Dn) = Ej(-l) (z9,&', —Dy,) for zg € R*1. We
now follow a standard approach in elliptic theory and first consider the model problem, hence
all operators have constant coefficients (a&”, ag), B;}B), bggﬁ) € C) and coincide with their principal
parts. In order to prove maximal regularity, we will derive a resolvent representation for the

solution to the problem

(A= A(D)iy = fi inR",
(5.12) N (A= A2(D))uz = fo inRY,
Yo,n (Bj(l)(’D)ﬁl — BJ(.Q) (D)u2> = g; on R (j=1,...,2m).

Observe that we can equivalently construct a representation for the solution u = (u1,ug) to the
corresponding system in the half space and then obtain (i1, us) = (uj o 7, u2).

5.2.1 Solution operators

(D) 0

0 Ay(D)
B;(D) = (BJ(-l)(D), —BJ(-Q) (D)) and B(D) := (B1(D), ..., Bam(D))T for the differential operator
and the boundary operators, respectively, we construct the resolvent for the system

: L " A
Preserving the notation introduced above and writing A(D) := ( ! > as well as

(5.13) (AMidez —A(D))u = f in R?H,l .
YouBij(P)u = g; on R, (j=1,...,2m)

which is parameter-elliptic in the sector ip. First, we reduce to a homogeneous right-hand side:
Let Eo : Ly(R7; C?) — L,(R™;C?) denote the trivial extension. Then we solve the equation in
the whole space (cf. [DHP03], Theorem 5.4) and restrict the solution to R} again:

(5.14) wo =14 (A — Apn) "' Eof € W2 (RY; C?).

We choose the approach u = wg + w, where w € Wme(Ri; C?) is a solution to

(5.15) { (AMde2 —AMD))w = 0 in R},

' YonBj(D)w = gj —yonBj(D)wy on R*7 (j=1,...,2m).
For convenience, we agree to write g; := g; — 0., B;j(D)wo € Wimfmj*l/p(Rnfl) for the new
inhomogeneous boundary values. Parameter-ellipticity of (A, By, ..., Bay) and Lemma 2.5 of
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[DEMO2] yield the existence of a 2 x 2m matrix-valued function W (€', zy, A), which is defined
on the set S := {(&,x,,A) : (£,A) € R x 3, \ {0}, z, > 0}. W has continuous derivatives
with respect to & and z,, of arbitrary order and admits the representation

(5.16) W(E 2, \) = / o O )N ) dr
Y+

with a 2 x 2m matrix . This matrix-function has continuous derivatives with respect to £ and
admits the following quasi-homogeneity for all p > 0:

N(p€, pr, p*™ ) = N'(&, 7, Ndiag(p2m—m—1 | p2m=mam=1y

see also Lemma 1.35. The 2m columns of the matrix W form a set of basic solutions for
the system of ordinary differential equations which is obtained from (5.15) via partial Fourier
transform. More precisely, for all (¢,A) € R"! x X, \ {0}, the matrix function W(¢',-,\)
satisfies

(5.17) { (Nide2 —AE, D)W (E 20, A) = Oam (25 > 0),
' B, D)W (E an, Ny o = Iom

This leads to the representation v(¢', zp, A) = W(E', x,, N)(F§)(§') with the vector of boundary
values § := (g1,...,02m)" € HQm I/V2m mj_l/p(]R” 1) for every solution v of
piy | P ACDE Y = (20 > 0),

' Bj(&, Du)v(€s an, M, g = (FgE) (G=1,...,2m).

In the sequel, we denote by h; := B;j(D)wg+ F'~L exp(— (])\]1/2m + &) zn)Fgj € VV2m " (]Ri)
a special extension of §; to the half space to obtain h := (hi,...,hop) with y9,h = § (cf.
Lemma 1.34 or [DFM02], Lemma 2.6) and rewrite the representation for v as follows:

(€, xn, N) = W(E 2, \)(Fh)(E,0) = — /OOO On, [W(&’,mn + o, )\)(]-"h)(g',a)] do
=— /Ooo(anW)(fl,xn + 0, \)(F'h)(&, o) do— /000 W (&, zy + o, \)(F'o,h)(&,0) do.
Finally, we introduce the parameter-dependent order reductions in the tangential variables
AN W (B = Wy (™), wis Ay(Wu = P (A2 4 |€]) Pl

and use the property As(A)A_s(A) = idp, gn) for s € R (cf. Remark 1.12). Abbreviating
p = (INY?™ + |¢]), we define the matrices

Uy (p) == diag(p™™~™,...,p?""™m) and  Wa(p) == p~ W1(p).

Then the operator Ty, = F'~1¥F maps HQm WQm " (R?) continuously into L,(R")?™
and Ty, := F' WUy F’ maps Hzm T/V2m mj_l(R") continuously into L,(R)?*™. We obtain the
following representation for w(m zy) = (F (-, z,))(2)):

(5.19) w(z z,) = _/000 FHO0,W) (€ zn + o, )T (p)(F' Ty, h) (€, 0) do

= [T F W i+ 0 ) ()P Ta (€ ) do
0

T (AN Ty, b+ T (N Ty, dph.
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Remark 5.20 (Construction and smoothness of the basic solutions)

We take a closer look at the construction of the matriz W (&', xn, \), especially to the N x Nm
matriz N'(€',7,)\). This matriz is constructed in [Vol68] for the case of an elliptic system in C
and one can define N using the pseudo-inverse A(£',\)T of the mN x 2mN matriz

A(E',N) ::/ B¢, 1) N= A, ) I, TIN, ..., 7" Uy] dr
v+ (€0

which has rank mN for all (§',)) € R"™! x £, \ {0} if and only if the Shapiro-Lopatinskii
condition is satisfied by (A, B) (see [Vol68], Section 1). Explicitly, one defines

NE 1N = [In, 7N, ..., 7" HIN] AE N T (AENAE N

which is an N x mN matriz, and satisfies f7+ B, ) (A—=AE, 7)) IN (&, 1,)\) dT = Lyn. From
this representation, the smoothness properties can be read off immediately. In addition, since
A= (A — A€, 7)) is analytic and this property is preserved under the multiplication and
inversion of A, the same holds true for N.

5.2.2 R-boundedness for solution operators

We first prove R-boundedness for the integral operators T(®) in the representation (5.19).

Lemma 5.21
Fori=1,2 and Ao > 0, the sets of operators

{Aiz"éf‘pawi)m XES, A=, a €N, Ja] < 2m)
are R-bounded in L(Ly,(R"; C*™), L,(R";C?)).

2m—|a|

Proof. We start with the kernel functions that correspond to A™zm DT ()\):

2m—|a|

k(€ 2,0, N) i= A2 €D (=0, W)(€, 2 + 0, N T ().

Observe that the integrand
M:S —C¥* (& 1 A) = (A=A, )T IN(E, 7, )T (p)

is homogeneous in (¢, 7, A>™) of degree —2m — 1 (in fact, the different homogeneities of A" and
U in each row cancel out each other), and that differentiation with respect to & diminishes the
degree of homogeneity by 1. Then we can estimate

DRI s, )|

2m—|a|

— )\2m€/al+’yl/ Ta"Jrlei(x"*")TDg,/(()\—A(ﬁ/,T))le(flyT,A)‘I’fl(ﬂ)) dr
¥+

2m—|a|

_ )\Tfla/+7/ Tan—l—lei(xn—l-cr)’rp—Zm—l—“/ <D’YIM>(§ T _A > dr
€' A
- ’ ’ n+1
= (L)‘|> 2m (M>a+7 T " ei(@nto)r (DV/IMXEJ TN ) dr
p2m p - (§/ )\) p f p’p’ me

< C(a,’y') / ( p7~_an+1ei(a:n+t7)ﬂ‘7 ('Dgﬁ\l)(%,?, %) dr
T+

A
7p2m

M
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For the latter estimates, we used the continuity of DV M on the bounded set

{(5.7.0) (€N e ®7 D)\ {0}, 7e RO (5, 20}

Furthermore, we used the fact that v, can be chosen locally independent of { so that we do
not have to differentiate v, and the inequality te! < 1 for ¢ > 0. For k (§’ Zn,0,\), the
calculation only differs in the power of 7 and the homogeneity of . Taking Cj as the largest
of the constants C(a,~’) with o/ € {0,1}", Corollary 5.11 applies in R*~! with N = 2m and
M = 2. This yields the R-boundedness of the sets

K@ = {f’*lkgj)(-,xn,a, NF X e io} C L(L,(R";C*™), L,(R"1;C2)) (i =1,2),

with an R-bound R(K®) < xﬂ% for all z,,0 € Ry. We set ko(2n,0) == +a, then the
corresponding integral operator (Kof)(zn) = [° wf (ﬂj do is bounded since L,(R;) is of class

HT and we can apply Lemma 5.3 with X = L,(R""1;C?*™) and Y = L,(R"1;C?). We obtain
the R-boundedness of the sets of integral operators

(Ko f)(@n) == /0 T F O (o N(FA)E o) do (f € Ly(Ry; LR™ €M),

in L(Ly(Ro: Ly(R™1; €M), Ly(Ry; Ly(R™1C2))) = L(L,(RY; C2™), Ly(R%; C2)) which yields
the assertion. 0

There remains to prove the R-boundedness of the set of operators, where the solution operators
T® (M) are applied to. Here, we distinguish between the operators which stem from the reduction
to homogeneous right-hand sides and the operators which act on the original inhomogeneous
boundary values.

Lemma 5.22
The following sets of operators are R-bounded in L(L,(R";C?), L,(R;C*™)):

{Ty, BD)ri(A— Arn) 'Eg: A€ S,}  and  {Tw,0.B(D)ry(A— Apn) 'Eg: A€ T, ).

Proof. Since the restriction operator commutes with Ty, B(D) and Ty,0,B(D) (the constant
coefficient operator B trivially extends to R™) and the sets with a single continuous operator
{ry} C L(Ly(R™;C*™), L,(R};C*™)), {Eo} C L(Ly(R%;C?),L,(R";C?)) are R-bounded, it
suffices to prove R-boundedness of the sets

{Ty,B(D)(A\ = Apn) ' : X €E,}  and  {Ty,0,B8(D)(A — Arn) ' : X € 5y}

in L(L,(R™";C?), L,(R™ C?™)) in view of Lemma 5.2 (i). Up to a factor (—i) for ma, the
corresponding matrix valued symbols are given by

ma(€,X) == Uy (|A[77 € NBE) (A= A(€)) ™" and ma(&, \) == Ua(|A|27 +[¢)EBE) (A— A(€)) !

Both symbols are quasi-homogeneous in (£, \) of degree 0 and bounded on the compact set
{(6,\) € R" x B,\ {0} : |\]'/?™ +|¢| = 1} by continuity and the same holds for £YDgm; (€, ).
Hence,

£9DEmi(6, )] < Ca ((§,X) € R" x B, \ {0}, o € {0,1}")

and Corollary 5.11 yields the claimed R-boundedness. O

In order to have a continuous time dependent solution operator for inhomogeneous transmission
conditions in the parabolic system, we also need to prove the R-boundedness for the derivative
of T®W(\) with respect to A, so that Theorem 5.10 (ii) becomes applicable in one dimension.
Taking Fourier transform with respect to ¢t € R, d; transforms into a multiplication with in
where 1 € R. Hence, we require the Michlin condition for T®)()\) with A € iR.
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Lemma 5.23
For \g > 0, the following sets of operators are R-bounded in L(L, (R’ ; (CQm),Lp(Ri; C?)):

{AZ*%D%AW)(A) SAER, A= N, a €N, fa] <2m)  (j=1,2).

Proof. We follow the lines of the proof of Lemma 5.21. This time we have to estimate the kernel
functions

KO 2,0, 0) = X505 € 0,08 (=0, W)(€, 2m + 0, U7 (p)-
Note that differentiability with respect to A is ensured by Remark 5.20 and each diagonal element
of U (p), given by (|A[*/?2™ + |¢/|)~2™+™ is differentiable with respect to A for A € iR\ {0}.
Every differentiation with respect to & diminishes the degree of homogeneity of the integrand
by 1, while a derivative with respect to A diminishes the degree of homogeneity of the integrand
by 2m, since this is the homogeneity-weight of A. With these facts at hand, we can estimate

E/’y’pg/lK(g{l) (é—/7 T + o, )\)‘

Am—|«|

= g / ron el T DL (A = A€ 7)) TIN(E T )T (p) dr
Y+

4m—|al

_ )\Tf’alﬂl / Tan-f—lei(a;n+0)7'p—4m—1—\7’| (Dg//M><%v %7 p2>\’”> dr
’Y+(£/7>\)

C(,v")

Tn+ 0

Note that we do not have to differentiate v, with respect to £ and ), since Cauchy’s theorem
makes it possible to choose v, locally independent of these variables. With obvious modifications

for Kg), the rest of the proof is literally the same as in Lemma 5.21. O

5.2.3 Maximal regularity for parabolic transmission problems

Eventually, we can draw the conclusions for parabolic transmission problems in the situation of

a model problem. We start with (5.7) when g; = 0 and define A(D) := ( Al(()D) 4 (()D) > as
2

well as E(D) = (Ej(l)(D), —BJ(?) (D)) and B(D) := (By(D), ..., By (D))T. Then we define the
realization of (A, B) in X := L,(R™) x L,(R%) as

1 (1 m(mpn m (Tpn 23 N
D(Ag) = {u = <u2> € Wg (R™) x Wg (R%): Bu= 0}, Agu = AD)u (u € D(Ag)).
For J = (0,T) and an open subset 2 C R", we agree to write

W2 (J x Q) := Wy (J; Lp(2)) N Ly (J; W™ (€2)).

Theorem 5.24
Let the transmission problem (5.7) be parabolic in the sense of Assumption 5.19. Then the

Ly-realization of the model problem is R-sectorial with angle ¢ := min(p1, p2) > 7, i.e. ,

MO = A7 A e Ty 1N 2 Mo} € LIL (T3 Ly(R2)) X Ly(J; Ly(RY)

is R-bounded. In particular, for Ay > 0 the operator gg— Ao admits mazimal reqularity and for
all (f1, f2) € Lp(T; Ly(R2) < Ly(RY)) and uo = (), u? ) € W2/ () s w2/ (R,

the transmission problem (5.7) with g; = 0 and A replaced by A-— Ao admits a unique solution
(t1,us2) in the space E = Wpl(J; X) N Ly(J; D(Ag)) which enjoys an estimate of the form
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(5.20) 10tz (;n,pmryy + NOallL, (r;wzm @) + 102l L, iz, @n)) + lu2lle,(gwzm @e))
~ (1 2
< c*(Hfaan@th@Rn>>+-Hué>ruvgm-2mm%Rg)—%HfauLp@h[m(Rin +'Hué)|hvﬁm—2mn%Ri))-

Proof. By the discussion on page 108, it suffices to prove the properties for the corresponding
system in R}, i.e., maximal regularity for the L, (R’ )-realization of (A, B), defined at the begin-
ning of subsection 5.2.1. The solution wy € ng(R15 C?) for the constant coefficient problem
in R™ (see (5.14)) is uniquely determined and the part w, given in (5.19), which stems from
the boundary terms of wgy belongs to ng(R’}r;(CQ), too, as shown in Lemmas 5.21 and 5.22.
Hence, u := wo + w € W™ (R;C?) and direct calculations show that u in fact solves (5.13)
with g; = 0. Consequently, the resolvent is given by

(5.21) (A —Ap)~'f=ry(A\— Agn) ' Eof
+ TO (N Ty, 7 BN — Apn) " Eof + T®(A\) Ty, 74 0,B(A — Agpn) " Eof.

Lemma 5.21 and Lemma 5.22 show that the two latter sets of operators are R-bounded and
the proof of the R-boundedness of the set {\r (A — Agn) 1 Ep : A € B} is the same as given
for Lemma 5.22, see also [DHPO03], Corollary 5.6. This yields the R-boundedness of the set
{AA=A4p)"1, A e Ty, [A| > Ao}, whence Ag — )¢ is R-sectorial with angle ¢ and by Theorem
5.18 all other assertions follow at once. O

The preceding theorem covers an important special case which is of particular interest if the
highest order coefficients of a parabolic operator in the half space have discontinuities across the
surface I'y, := {z € R" : x,, = 0}.

Corollary 5.25

Let Assumption 5.19 (i), (i), and (v) be satisfied with g; = 0. Assume that B represents the
canonical transmission conditions, i.e., Ej(D) = &, =0") for j = 1,...,2m. Then all
assertions of Theorem 5.24 hold true. In addition, the function

uy (t R™
u(t,x) = {ul( x), @ €RL

ug(t,xz), x€RY,

is an element of Wy 2™ (J x R™).

We now turn our attention to inhomogeneous transmission conditions and consider (5.7) with
Us;,0 =0 and fz =0 fori= 1,2.

Theorem 5.26

Let the transmission problem (5.7) be parabolic in the sense of Assumption 5.19 with u;o = 0
and f; = 0. Then for all \g > 0, the parabolic transmission model problem with inhomogeneous
transmission conditions

Oty — (A (D) — Ao)iiy, = 0 in J x R™,
Oyug — (A2(D) — No)ua 0 inJxRY,
Yo (Ef’(l))al - Bj(-Q)(D)uQ) = g inJxR™ (j=1,...,2m),
1(0,2) =0, n R, wux(0,z) = 0 inR}

(5.22)

admits a unique solution u = (g, ug) € By x By := Wy ?™(Ry x R™) x W™ (R, x R"), which
satisfies the estimate

2m

(5.23) nmmﬂmm$020mmymMMWm+mmmmﬂwug.
]:
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Proof. Again, we prove the claim for the corresponding system in the half space. The com-
patibility conditions 5.19 (v) for ug = 0 read g;(0,2') = 0 if 7L = W > %. Thus,
the trivial extension by zero Fy:g; of g; with respect to ¢ yields an element of the space

W;j/Qm(R; Ly(R*1)) N L, (R; W7 (R*~1)). We apply the time-dependent extension operator
as well as the time dependent order reductions from [DHP07], Section 3, which in include the
operator L := 0;+ Ao+ (—Ap_1)™ with domain D(L) := W (R; L,(R"™1)) N L, (R; Wme(R”_l)),
to obtain

hi(t,a zn) = L3 e """ By g; € Ly(R; Ly(R)).

Fourier transform with respect to ¢ applied to the system which corresponds to (5.22) leads to
the parameter-dependent problem for v;(n, z) = (Fui(-, x))(n):

(in — (A1(D) — Xo))vi(n,z) = 0 in R x R%,
(5.24) (in — (A2(D) — 0))”2(777 z) = 0 in R x R,
Yom (BJ()( Joi — B! >(D)U2) = (FEosg)(n,a') imRxR™L (j=1,...,2m).

By the considerations in subsection 5.2.1, we can write the unique solution to this system in the
form

v = TON Ty, ExFiEog + T (N Ty, 0y, ExFiBorg = (TU)(A) + ’Ir@)(A)) Ty, ExFiEo.g

— (’]I‘(l)()\) + ']1*(2)()\)) Fih =: T(in)Fh

where we have set A = in and (F;Eo9) := FiEo (91, - - ,g2m) T, as well as b := (hq,. .., hom)T.
We further employed the parameter-dependent extension operator

. - /2m
By W RY) 5 WEPTRY), g e g with Ly = A+ (—Ap_p)™

and used the property 9, F\g = —LiﬂmE)\@ng (see [DHPO7], Remark 3.6 and Lemma 4.3). The
solution to (5.22) is then given by u = ry 4 F; ' T(in)Fih, where r; ;. denotes the restriction from
R to the time interval R;. Now, Lemma 5.21 as well as Lemma 5.23 imply that the sets

{Al—*paqr(x) A e iR\ {0}, |o] < Qm} and {)\2_%@@“1‘(}\) A€ iR\ {0}, |af < Qm}
are R-bounded in L(Ly,(R%;C*™), L,(R%;C?)). Theorem 5.10 (ii) with n = 1 implies that
(F =3 DT (in) Fy - € R\ {0}, |a] < 2m} € L(Lp(R; Ly(R™;C2™)), L,(R; L,(R™; C2)))

is R-bounded again, since all spaces enjoy property («) here. Using the boundedness of these
operators for &« = 0 and || = 2m, it is not hard to see that

10cull LRy, ®7 c2)) + 1l L,y wzm ®n c2)) < CllR L, @i, ®7 c2m)),

and by the construction of h we obtain

||h||Lp(R;Lp(R1;<C2m CZ; (HQJHW g/2m(]R Ly (R1) + HQJHLP(M W9 (Rn— 1))> )
J

see also [DHPO7]. O
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Remark 5.27

(i) The last two theorems for model transmission problems are the analogues of Lemma 4.2 and
Proposition 4.5 in [DHPO07], see also [DHPO03], Corollary 7.5, where even the Banach space
valued case and different integrability with respect to time and space are treated. However,
in case my # ma # ... % Moy (which holds in particular for the canonical transmission
conditions) our boundary operator B for the system in Rl does not fit into the setting of
the cited papers. In [DHPO7] m boundary operators Bj with E-valued coefficients which
coincide with their principal parts in case of a model problem are treated and our system
cannot be rewritten in this particular form.

(i) Apart from this difference, the perturbation theory for R-bounded operators as well as the
localization procedure which are in order to make the above results accessible for operators
with variable coefficients, including lower order terms in a domain with sufficiently smooth,
compact boundary, will exactly follow the lines of [DHP03], Sections 7.3-8.2 and [DHP07],
Proposition 4.7. Useful perturbation results in this context have been established in the
article [DDHPV].

(iii) The aforementioned perturbation results can be deduced for a sufficiently large modulus of
the shift Ao which already occurred in the above Theorems and they are a parabolic version
of the parameter-dependent case, stated in [ADF97], Section 7. If we restrict to a finite
time interval (0,T) with T < oo, the shift becomes unnecessary by replacing f(t,x) by
e Mtf(t,x), gi(t,2') by e Mlg;(t,2"), and u(t,z) by e tu(t,z).

With the techniques mentioned above, the following Theorem for bounded domains with a
C?™-boundary which are divided by a closed C?"-surface I' can be formulated.

Theorem 5.28

Let Q C R™ be a bounded domain with a C*™-boundary 0. LetT be a closed C*™-surface inside
Q with T'NOQ = 0 such that Q is divided into the subdomains Q1 and Qo with Oy = I'. Let
parabolic differential operators A1 and As in Q1 and Qo, as well as 2m transmission conditions
on I’ be given such that Assumptions 5.19 are satisfied. For the exterior boundary, assume that
m boundary operators Cj(x, D) = ZM:TJ_ cj(x)DY are defined on 0N so that the boundary value
problem (A1,Ch,...,Cy) satisfies the Shapiro-Lopatinskii condition at every point of I'. Then
there exists \g > 0 such that for all fi € Ly(J; Ly(%)), g5 € W;Z/Qm’m(J xT) (I=1,...,2m),
hj € W;j/Qm’KZ(J x0Q) (j =1,...,m) and u;p € ngﬁm/p(ﬁi), which are subject to the
compatibility conditions

(1) Vanj(xle)ul,O(;U) = h](O,x) fOT' .] = 17"'am;
(2) ~r (Bl(l)(x,D)uLo — BZ(Q) (.%',D)UQ’(]) =¢(0,z) for 1=1,...,2m,

the parabolic transmission boundary value problem

(8t — (Al (ZL',D) — )\0))’&1 = f1 m J X Ql,
(0 — (A2(@, D) = Ao))uz = fa in J x Q,
(5.25) - (Bl(l)(a:,D)ul - BZ(Q)(x,D)u2> = g on JxT, (I=1,...,2m),
v90Cj(z,D)ur = h;j onJx0Q, (j=1,...,m),
u1(0,2) =u1o(z) inQy, u2(0,z) = wugo(x) in o,

admits a unique solution (uy,uz) € Wy 2™ (J x Q1) x Wy (J x Q).
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The solution satisfies the estimate
(5.26) 0pullr,(;1,00)) + lvallL, (wzm @) + 102l L, (10, 00)) + lu2llL, (7 w2m @)

< C(Hfl”Lp(J;Lp(Ql)) + 1 fellLy(rin,2)) + ||U1,0||Wp2mf2m/p(91) + Huz,ongm—zm/p(Qz)

2m m
+ ZZ Hgl”W:l/Qm’“l(JxF) + Zl Hh‘jHW;j/2m’F“j (JX@Q)) :
=1 j=
Remark 5.29 L

The given proofs carry over to parabolic systems with transmission conditions (A,B) in RY of
order 2m and dimension N which are coupled by 2mN transmission conditions. The reflected
system (A, B) of dimension 2N in the half space then admits a block-structure and the Shapiro-
Lopatinskii condition has to be satisfied for the ODE-system in Ry with 2mN boundary condi-
tions. In this situation, it is no longer guaranteed that the canonical transmission conditions

n

Yo [al—lal,j — af;lugﬁj] —0 (=1,....2m; j=1,...,N)

satisfy this condition automatically, see [DFM02/, Example A.4. The simple argumentation
with the roots of the polynomials a1— and asy, which we presented in the proof of Theorem 1.9
to verify the Shapiro-Lopatinskii condition can no longer be applied, since parabolicity is now
characterized by the determinant of X — Ao(xo,§). This property of absolute ellipticity of the
canonical transmission conditions remains valid if the matriz Ag(zo, &) is positive definite or
admits a triangular structure (see [DFM02], Propositions A.1 and A.3).

5.3 Transmission boundary value problems for a cuboid

In order to solve parabolic boundary value problems in a cube which is divided by an interface,
where transmission conditions are imposed, there remains to consider the local problem, where
the interface intersects with the boundary.

Figure 5.1: Rectangular intersection of a surface ¥ with an edge formed by I'; and T's.

The corresponding parameter-dependent problem has already been studied in Section 2.2 under
the additional assumption that the principal parts of the operators are even and by restriction
to boundary conditions of even or odd type on the lateral surfaces. Here, we preserve the
notation which was introduced at the beginning of Chapter 2 for the k-corner and the surfaces
I'; which form the boundary. We consider the local resolvent problem with constant coefficients
an without lower order terms:

A=A (D), = fi nKpP_,
A= A(D)uy = fo in K},

(5.27) 7,85 (D)u 0 only, j=n—-k+1,...,n—-1),
Yo,n (Cl(l)(x,D)ﬂl — 01(2) (:E,D)u2> = g onl,, (I=1,...,2m).
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Here, the boundary condition v jB;(D)u = 0 has to be understood as 707jBl(J)(Dj)ﬂ1 =0 on
iy ={x el : z, > 0} and ’YO’jBl(])(Dj)UQ =0onl_ ={zxel;: z, <0} for
l=1,...,2m, respectively, where B; is a set of boundary conditions of even or odd type in the
sense of Definition 2.2. We still suppose Assumption 5.19 to be satisfied, but in addition, we
now assume that the operators A; and A, have even principal parts in the sense of Definition
2.1. We assume that g; € ng_ml_l/ P(I,,) is subject to the compatibility conditions

(5.28) 10,;BY (D))gi=0 on T, NT;if 2m —m; —ord(BY) —2/p > 0

forall j=n—k+1,....n—1, k=1,....m,and [ = 1,...,2m. We will again make use of
the symbolic notation vomgu = 0 for the transmission conditions. Let v € {0,1}*~! be the
vector, which describes the type of the boundary conditions B; for j =n —k+1,...,n—1 (cf.
Notation 2.3) and E, denote the corresponding extension operator (cf. (2.5) on page 51). The
L-realization of the boundary value problem is then defined by

D(Ag) := {u = (@1, u2) € W2™(KP_) x W2™(K}L,) : v0;Bju=0 on Tj, ~9,Cu=0 on Fn},
~ ~ T ~
Apu = (Al(p)al,AQw)ug) (u € D(Ap)).

We first state the main result for a model problem with homogeneous transmission conditions.

Theorem 5.30 _ _
Let even differential operators Ay in Kj_ and Az in Kj', as well as transmission conditions C
with constant coefficients be given such that Assumption 5.19 is satisfied. Assume that the trans-

mission conditions do not act on the variables ki1, ..., Tn—1, i.e., C(D) =C(D1,...,Dp—,Dp).
In addition, on each surface I'; (j =n—k+1,...,n—1) let a set of m boundary operators

B;(D;) = (Bij)(Dj)j...,B%)(DjD of even or odd type be given. Then for A\g > 0 we have
AeX A > Ao} C p(Ag) and

{20 = Ap) X e T N> o) € L (KE) % Ly(Ki)

is R-bounded.

Proof. We consider the corresponding system in Kj!, and apply the extension operator E,, so
that (5.27) is extended to the following transmission problem in the half spaces

()\ — A1 (D))Ul = E,,fl in Ri,
(5.29) (A = A2(D))v2 Eyfo inRY,
Y0,n <Cl(1)(D)v1 — Cl(2) (D)UQ) =0 on R*L (I1=1,...,2m).

Theorem 5.24 yields a unique solution to this problem which is given by v = (A — A¢) "1 (EL f),
where the explicit form of (A — A¢)~! is stated in (5.21). With the same arguments as in the
proof of Theorem 2.12, we see that u := TKp, U is a solution to the system in KZ+. If u = (uy,u2)
and v = (v1,v2) € W2™(K},;C?) are solutions to the system in K}, which corresponds to
(5.27), then it is not hard to see that their extensions U := E,u and V := Ey v € Wme(Rﬁ; C?)
both solve (5.29). Note that the ng—regularity is preserved, because u and v satisfy boundary
conditions of even type in case of an odd extension in direction z; and of odd type in case
of an even extension in direction ;. Uniqueness for the system in R’} yields U = V, hence
implies uniqueness for the system in Kj', . There remains to prove the claimed R-boundedness
and this follows from the continuity of the mappings rgp, € L (Wym(RY), W2™(Ky, ) and
E, € L(Ly(K}., ), Ly(R") and the R-boundedness of the set {\(A — A¢) ™1 : A € Xy, |A] > Ao}
which is contained in Theorem 5.24. O




118 5.3. Transmission boundary value problems for a cuboid

We do not emphasize on the consequences for the corresponding parabolic equation, but we
state the following analogue of Theorem 5.26 for inhomogeneous transmission conditions in the
parabolic version of (5.27) which is given by

(0 — A (D) = fi  inJxKp,
(815 — A2(D))u2 = fg in J x KZ—&-’
(5.30) Y0,;B;(Dj)u = 0 onJxI';, (j=n—-k+1,...,n—-1),
Yo.n (61(1)(7))&1 - 01(2) (D)ug) = g onJxIy, (I=1,...,2m),
1~L1 (0) = 'INLLO in KZ_, UQ(O) = u20 in KZ+.

Theorem 5.31
Under the assumptions of Theorem 5.30, let values

gi € WM (] x T) i= WP (T Ly(T)) N Ly(J; W (T'n)

for the transmission conditions be given and assume fi = fo = 0. Suppose that g1 satisfies the
compatibility conditions with the boundary operators Bj given by (5.28) for t € J, as well as
with the initial conditions U1 = ugp = 0, i.e., we have g;(0,2') = 0 on 'y, if k;/2m > 1/p.
Then (5.30) admits a unique solution @ = (@iy, us) € Wy 2™ (J x Ky ) x Wy 2" (J x K%, ) and
the estimate (5.23) (with R". replaced by K and R"™! replaced by T'y,) is satisfied.

Proof. The compatibility conditions (5.28) with the boundary operators allow an extension of

g1 € W;lmm’m(,] x I'y) by Ey, to Eyg; € W;lﬂm’m(J x R"™1) (cf. the proof of Corollary 2.20)
and after the reflection in the first equation we may consider the inhomogeneous system in the
half spaces

(at — A1<D))1}1 = 0 in J x Ri,
(0 — Ao(D))vy = 0 in J x R?,
Yon (VD)o = CP DY) = Bugr on T xR (1=1,...,2m),
’Ul(O) = UQ(O) =0 in RT_T_.

(5.31)

Theorem 5.26 yields a unique solution v = (v1,v2) € Wpl’2m(J x R)? and as in the proof of
Theorem 2.12 by uniqueness, symmetry, and the extension procedure, it is not hard to prove that
u = Tgp U satisfies the boundary conditions B; on I'; for all ¢ € J. The estimate is satisfied
for v in R? and by the continuity of the restriction, it holds for u on Kj,. If u = (u1,us)
and v = (v1,v9) € Wp2™(J X K7, )? are solutions to the reflected version of (5.30) in K.,
their extensions U := E,u and V := E,v belong to Wp1’2m(J X R’}r)Q, because they satisfy the
appropriate type of homogeneous boundary conditions in direction ;. U and V both solve

(5.31), because the transmission conditions are independent of the variables @, _gi1,...,%Tn—1,
and hence they coincide, which yields uniqueness. O
Remark 5.32

Note that the proofs of the preceding theorems directly carry over to a boundary value problem
in Kii, , where k — 1 boundary conditions of even or odd type on I'; and one set of boundary

conditions By, = (B%n), cees Bfﬁ)) on Iy, of general type (under the restriction, that BB, only acts

On Ti,...,Tn_f, and x,) such that (A, B,) satisfies the Shapiro-Lopatinskii condition at each
point of I'y, are imposed. See also Corollary 2.20 for the parameter-dependent case in the space
WH(R™).

p N

Following the localization procedure, we performed in Section 2.4, but using perturbation re-
sults for R-boundedness (see e.g. [KWO04], Theorems 6.4 and 6.5) instead of Theorem 2.18 and
Corollary 2.20, we can eventually state the parabolic analogue of Corollary 2.26.
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Theorem 5.33
Let 1 < p < oo and suppose that the following assumptions are satisfied:

(i) Geometry: Let 0 < Ly < oo and Q := [[;_,(0, L) be a parazial rectangle. For fized
0<o01 <09 <Ly, let ¥ :={x € Q:z, = 0;} be two interfaces which divide Q) into three
subdomains 1, Qs, and Q3.

(i) Differential operators: For i =1,2,3, let A; be a differential operator of order 2m with
even principal part AY which is parabolic in Q;. Assume that the coefficients of A; satisfy
the smoothness assumptions from Assumption 5.19 (i).

(1)) Boundary operators I: On the lateral surfacesT'; (7 =1,...,n—1,n+1,...,2n—1)
let homogeneous boundary conditions of even or odd type be given. These conditions will

be denoted by B;(x,D;) = <B§j)(x,Dj), .. ,Bﬁ,{) (x,Dj)). Regarding the smoothness of the

. ] ()
coefficients of the boundary operators, assume that bl%) € ¢2m—ord(B;’ )(Fj).

(iv) Boundary operators II: On each of the parallel surfaces Ty, == {x € Q : x, = 0}
and Top = {x € Q : x, = L,} let a set of m constant coefficient boundary operators

B;(Dy,) := <B§j)(Dn),...,B,(Z)(Dn)) (7 € {n,2n}) be given which only act on the x,-
variable such that the boundary value problems (A1, By) and (As, Bay,) satisfy the Shapiro-
Lopatinskii condition at each point xg € I'y, and xg € I'ay,, respectively.

(v) Transmission conditions: On each of the surfaces ¥; let a set C and D of 2m transmis-
ston conditions of the form
’yglCl(l)(Dn)ul — ")/2101(2) (Dp)ug = hl(l) on ¥, (I=1,...,2m),
'yEQDl(Q) (D) ug — ’yzQDl(?’) (Dpus = hl@) on Yo, (I=1,...,2m),
be given such that Assumption 5.19 is satisfied for each of the transmission problems

(A1,A2,C) on Xy and (A2,A3,D) on Yo. Here, hl(i) € W;”/Qm’ﬁ”(J x ¥ (i = 1,2)
with K1y = 2m — ord(Cl(l)) —1/p and kg :=2m — ord(Dl(Q)) —1/p.

(vi) Data and compatibility conditions: For i = 1,2,3, let f; € L,(J;Ly(SY;)). Further,
let initial values u;o € W;m_Qm/p(Qi) and with kj = 2m — ord(Bl(])) — 1/p let boundary

values gl(j) € W;ﬂ/zm’njl(J xT;) (j € {n,2n}, I =1,...,m) for the conditions on I';, and
T'a,, be given such that the following compatibility conditions are satisfied:

(1) v5,C (Dp)ur g — 45, C2 (Dp)uzg = bV (0,2)  for 1 =1,...,2m, if ky/2m > 1/p.
(2) 15, D2 (Dy)uso — 75, D (Dp)usg = hP (0,2) forl=1,...,2m, if ky/2m > 1/p.

(3) 'yoJB,(gj)(x,Dj)uiyg =0onl; forj=1,...,.n—-1n+1,....2n—-1, k=1,...,m, and
1=1,2,3, if 2m — 2m/p—ord(B,(j)) > 1/p.

(4) 'yo’jB,ij)(Dj)uw = g,(cj)(O,;U) onT; forj e {n2n}, k=1,....m, and i = 1,2,3, if
Kjk/2m > 1/p.

(5) '707jBlij)(x,Dj)hl(i) =0o0onX;NTLj forallt € Jandj=1,....n—1,n+1,...,2n -1,
k=1,....2m,1=1,...,2m, andi=1,2, if ky — ord(BY) > 1/p.

(6) WOJB,(C]‘)(:E,Dj)gl(i) =0onIyNTLy forallte Jandj=1,....,n—1,n+1,...,2n -1,
kE=1,...,m,l=1,...,2m, and i € {n,2n}, ifﬁil—ord(B,?))>1/p.
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Then there exists A\g > 0 such that for i = 1,2,3, the parabolic transmission boundary value
problem

(0 — (Ai(z, ) A)u, = fi  inJ xQ
Y0,;B;(x, Dj)u; onJ xTy, (je€{l,...,2n}, j#n,2n),
’yo,] ])(D]) u; g,(cj) onJxTy, (j=n,2n; k=1,...,m),
(5-32) g Cl(l)(Dn)ul - l (Dn) uz) = hl(l) on ¥, I=1,...,2m),
(
)

N
Il
o

V5, Dl(2)(Dn)u2 —-p®¥ = hl(2) on Yy, (I=1,...,2m),

= uw m QZ‘,

admits a unique solution u; € W/pl’2m(J x Q;). The solution satisfies the estimate

3
> 0wl 1500 + il TWEm(Q,)) < C(Z 1fill 2y Lo 0y + [0 llyyzm—2mrm g
i=1 =1

m . 2 2m
+ Z ZHg’(f])HW:J"@/”’“J"“(JXD)+22Hh H L LT ))'

je{n,2n} k=1 j=11=1




Chapter 6

Local existence for a nonlinear
elliptic-parabolic system

After the detailed treatment of the coupled elliptic system in Chapters 2 and 3, we introduce
a third, parabolic equation which is coupled to the elliptic system via the nonlinearity on the
right-hand sides of the equations. Consequently, all unknown functions, as well as the data of
the equations will become time dependent: w; = u;(t,z), (t,z) € (0,7) x Q (i = 1,2,3) and
initial data have to be imposed.

6.1 Statement of the problem and assumptions

Notation 6.1
For1 <p<ooandr >0 withrp > n, we denote by W;}_‘_(Q) the cone of positive W -functions:

Wy () :={ue W, () : ux)>0 (reQ)}

Note that the pointwise condition is meaningful, because of rp > n. We will use similar notations
for the spaces C' (2) and Wpl”i(J x Q).

Assumption 6.2
Let 1 <n<4,0<s<T<I, and%+n—i—3<p<ooa,swellass<%. Fiz T € (0,00) and
abbreviate J := (0,T).

(i) Geometry: Given L; € (0,00) (I = 1,...,n) and 0 < 01 < 09 < Ly, let Q denote the
parazial cuboid Q := [[;-,(0,L;). The 2n surfaces, whose union is the boundary 99, will
be denoted by Ty, :={x € Q: 2, =0} fork=1,....nand Ty :={x € Q: x4, = Ly_n}
fork=n+41,...,2n, respectively. In addition, let  be divided by the two parallel surfaces
S i={x € Q:z, =0;} (i =1,2) into three subdomains ; (j =1,2,3).

(ii) Coefficients: Let k1 : [0,00) — [0,00) with k1(0) = 0 and k1(c) > 0 for ¢ > 0. Regarding
the smoothness of k1, we assume the following property: for every c € Ci’T(ﬁ) there holds
k1(c) € CH7(Q;) for j = 1,2,3. Likewise, we assume that ko € CY7(Q;) for j = 1,2,3,
with ke > k3 > 0. In addition, let a diffusion coefficient k3 € C(Q;) with k3 > k3 > 0
and V3 € Loo(€25) be given. In each subdomain Q; (j = 1,2,3), we consider the following
differential operators in divergence form:

Aij(z, D)uy = V- (ki(u3z)Vur) = ki(uz)Aug + Iill(u;),)Vu;g -Vuq,
AQj (:E, D)UQ = V- (HQVUQ) = HQAUQ + VF&QVUQ,
Agj(:li, D)U3 = V- (/ﬁ:gvu;),) = k3Aug + VkzVus.

Note that A;; has even principal part and is parameter-elliptic in every sector iw with
p < m, since

A= Afj(x0,€) = A+ i) [€P # 0 ((€,0) € R™ x (C\ (=00,0)) \ {(0,0)}, z0 € ).

For the parameter-ellipticity of Aij; we assumed u3 € C’i () here.
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(iii)

(iv)

(v)

(vi)

Nonlinearity: Let F : R x (0,00) x  — R such that for every j € {1,2,3} the function
Fj = R (0,00) x5, s continuous with respect to all variables and continuously differentiable
with respect to the first variable. Furthermore, there is a constant C; > 0 such that

(O1F))(v,w,z) > C; >0, (v,w,z) € R x (0,00) x Qj.

Additionally, we assume that the mapping x — F(u(x),v(x), ) is an element of W (2) for
all w € W2(Q) and v € W;;S/p(ﬂ) and the nonlinear operator

(6.1) Tp: Wi(Q) X W;f/p(Q) = Wy (), (w,v) = F(u(-),v(),")

is bounded. Note that by the embeddings Wg(ﬂj), ngg/p(Qj) — C(Q;) and the piecewise

continuity of F, Tr maps bounded sets of W2(€2;) x W;;g/p(ﬁj) into bounded sets of C();)
forj=1,2,3.

Boundary conditions: The system for (u1,u2,us) is completed by a homogeneous bound-
ary condition on each surface T'y, for k€ {1,...,n—1,n+1,...,2n —1}:

Bi(D) == (B§1> (Dy),..., BV (D,_1), B" (D, 11),. .. ,BF"—l)(DQn,l)) (i=1,2,3)
with Opyk = —0k (k=1,...,n) of even or odd type, i.e.
B® (D Vs — . B® (D Vu: — O
Y0,k D; (D) u Y0,kUi  OT Yo,k (D) u; Y0,k Ok U

Note that these types of boundary conditions satisfy the Shapiro-Lopatinskii condition with
the operators A;j, cf. Assumption 4.1 and [Wlo87], Examples 11.1 and 11.2.

Inhomogeneous boundary conditions ng) (Dx) of general form can be imposed on the parallel
surfaces Iy, and T’y with the constraint that the boundary value problems (Ail,Bfn)) and
(Ajs, B(2n)) then satisfy the Shapiro-Lopatinskii condition on I'y, fori=1,2,3.

i
Transmission Conditions: On the surfaces ¥; (j = 1,2), we impose homogeneous
canonical transmission conditions of order 2 for all unknown functions:

[u;] = [6hu;] =0 onX; (i=1,2,3, j=1,2).

Data: Fori = 1,2, let f; € C(J;WS5(Q) N Loo(Q)) and assume f3 € Ly(J; Ly(Q)). For
possibly inhomogeneous boundary data of uy and ug on the surfaces I'y, and I's,,, we assume
the regularity

k) C(J; Wyt (Tg)), (k€ {n,2n})

Imini
with Kk =24 s —my — 1/p fori=1,2 as well as the compatibility conditions
70:1915’?31671' = 70,j6jg(k3k7i =0 onI;jNIy (=1,....n=1,n+1,....2n—1, k € {n,2n})

m

which have to be satisfied for allt € J. Since F is only defined for positive values of r, we
assume to be given a positive initial condition us o € Wﬁf/p(ﬁ) with

uz(0,2) =ugp(z) >Co >0 (ze€).

K3k o
Possibly inhomogeneous boundary values 91(1’:9),k,3 e W, 2 "*(J xTy) (k€ {n,2n}) for us,
where K3 = 2 —mg — 1/p, are assumed to satisfy the compatibility conditions with us o
and the boundary operators on the adjacent surfaces, which have been stated in Theorem

5.85 (vi).
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Preserving the symbolic Notation 4.2 for the boundary conditions, we study the following non-
linear elliptic-parabolic system

—V - (k1(u3)Vuy) = F(ug —uj,uz,z)+ f1 inJxQ,
—V - (keVuy) = —F(ug —ui,ug,z) + fo in J xQ,
(6.2) Ouz —V - (k3Vuz) =  F(ug —ui,us,z)+ f3 inJ xQ,
' yoBiu; = g; on J x 09, (i=1,2,3),
[u;] = [Onui] = 0O onJxY;, (i=1,2,3; j=1,2),
L uz(0,2) = wuzg(x) in Q.
Remark 6.3

(i) The initial conditions for u; and uy are obtained by solving the elliptic system for t = 0
with ugz = ugo. This is possible due to Theorem 4.14.

(i) For uy and ug, we are restricted to Dirichlet or Neumann boundary conditions on all of OS2,
because we are going to apply Theorem 4.14. Regarding us, we imposed more general bound-
ary conditions which satisfy the Shapiro-Lopatinskii condition on I'y, and Ia,, respectively,
which makes Theorem 5.33 applicable.

(iii) Regarding the transmission conditions for all three unknown functions, we could also impose
conditions of general form under the assumptions of Theorem 5.31. However, in the present
chapter, we ask for preferably high reqularity of the solution and hence, the homogeneous
canonical conditions are advisable.

(iv) The Assumption 6.2 (iii) on F seems somewhat technical, but the application in Chapter 7

will clarify for what kind of nonlinearities this assumption is satisfied.

6.2 Function spaces and continuity results

Here, we introduce certain subsets of the Sobolev and Hoélder spaces which will be frequently
used when we consider the above equations.

Notation 6.4 -
Let § denote one of the spaces W (S2) or Cke(Q) for s >0, p € (1,00), k € Ny, and o € (0,1).
For K > 0 we denote by an additional subscript K the set

1
sk = {78 Ifls <K, f@) 2 ).
The latter condition has to be understood in the Ly,-sense in case sp < n and in the classical
sense for sp > n and for the Héolder spaces, respectively. Analogous notations will also be used for
spaces of time dependent functions as well as for intersections of these spaces, always equipped
with their standard norms.

In order to apply our results from Chapter 4 for the elliptic system, we are going to fix us in an
appropriate function space and then fix the time ¢ € [0,7), to determine u;(¢,-) (i = 1,2). We
will seek a solution us of the parabolic equation in the set Ex, where K > 0 will be determined
later and E denotes the space E := W% (J x Q) := Wy (J; Ly(2) N Ly(J; sz(Q)) By [Ama00],
Theorem 5.2, for # € (0,1) and 0 <a<1—-6— %, we have the compact embedding

(6.3) E < C°(J;W2(Q),

and the latter space is continuously embedded into C%(J;C*#(Q)) for 0 < 8 < 20 — 1 — -
Furthermore, from [Ama95], Theorem I11.4.10.2, it is known that E < BUC(.J; W2 */?(Q)).
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Remark 6.5

It is in order to discuss a proper choice of the parameters a,6 € (0,1) as well as p € (1,00) for
the embedding (6.3). For our purposes, the Hélder index o may become very small, while we wish
6 € (0,1) to be close to 1 in order to preserve the high regularity. The condition 0 < a < 1—9—%
implies 0 < 1- l —«a, hence r := 260 — 1 < 1- % — 2a. For the sake of simplicity, we choose
O<a< 2p m the sequel and set 0 := 1 — 2—, j.e., 7:=1— 2. This explains our assumption on
the mapping properties of the nonlinearity (see (6.1)).

For the embedding WEB(Q) < CLB(Q) we can then choose f =1 — 5 =1- "—‘*‘3 > ¢ because of

the choice p > n+ 3+ % This will be important for the coefficient k1(us) in the ﬁrst equation.
For the time being, let us € Eg, and ¢t € [0,7) be fixed. We use the compact embedding
E < Co(7; W)t (€2)) with the parameters from Remark 6.5. Then for all ¢ € J, there holds
us(t,-) € WHT(Q) with ||uz(t,)|14rp0 < Cllusllg < CKy =: K;. Hence, us(t,-) € W;J}(’;(Q)
and the operator from (6.1) induces a bounded mapping

G: Wg(Q) = Wy (), uw F(u(),us(t,),").
Note that G : R x Q — R, (w,x) — F(w,u3(t,z),x) satisfies Assumption 4.1 (iii).

For the coefficient, we use Sobolev’s embedding to see us(t, ) € C1#(Q) with g < r—7 and hence,
for j = 1,2, 3, the coefficient 1 3 := K1 0us(t,-) is an element of C17(Q;) with 7 :=t38 > 1/p > s
(see Remark 6.5). Since u3 € Eg, we have r13(x) > k1,3 > 0 for 2 € 2 and the latter estimate
is independent of ¢. Similarly, we have [lug(t,-)||c14-@m) < C2(Ko) for all t € J, which yields
k1,3l o1 @) < K1,3(Ko) independent of ¢. By our assumptions, for all ¢ € [0, 7], we can fix data

filt,) € WE(Q) N Lo (), g (t,) € Wi~ P(1y) for k € {n,2n} and i = 1,2, which

Im; ikt
admit bounds in the norms of the indicated spaces that are independent of ¢ as well. So we are

back in the situation of Theorem 4.14 and can consider the elliptic system

=V (k13Vur) = Gug—ur,z) + fi(t,)) inQ,
(6 4) -V ('%QVU2) = _G(UQ - ul,:n) + f2(ta ) n 0,
' YoBiui = gi(t,-) on 99, (i=1,2),
[wi] = [Onwi] = 0 on J x X;, (4,7 =1,2).

For almost every ¢ € [0,T), we obtain a unique solution uy (¢, -), uz(t, ) € W5(€2) which satisfies
the estimate

(6.5) [Jua(t, )ll2+spa + llua(t, ) ll2+spa

< (nm(ug( Mo Izl 3o 1t ws@nzw@ + 199, (¢ >unu,p,r)

i=1,2
je{n,2n}

< M<K1,37”"52’cl+t(g), Z Hfz‘HLoo(J;W;(Q)ﬂLOO )+Hgm”,
i=1,2
jel{n,2n}

i)

which is again independent of ¢ € .J, hence (u1,u2) € Loo(J; W7T5(€2)?). This procedure gives
rise to a solution operator.

Lemma 6.6 (Time-independent solution operator)
For every K < oo and 0 <5< s< ]%, the operator

L: WI}}_{T(Q) — W5+§(Q>2, ug — (ul,ug),

where (u1,u2) s the unique solution to the system (6.4), is well-defined and continuous. In ad-
dition, L maps bounded sets of WI}f(Q) into bounded sets of W2T5(Q)?, i.e., there is a constant

c=C (K, I fillws @)L @) ||9£,{2j,i

ILvll21sp0 < C - (v e W, ().

2—m;;—1/p,p,L';> ||"32Hcl+t(ﬁ)’ H"‘91||Cl+f([0,oo))7”ap) such that
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Proof. The above discussion shows that the definition of L is meaningful and the boundedness
is contained in (6.5). Let vy — v in Wpl}r(Q) Denote by wuy = (u1,u2k) = Lv, and
u := (u1,up) := Lv the corresponding solutions to (6.4). By inequality (6.5), u,, C W2T()? is
bounded and we may assume that uy, — U = (U1, Us) in (W£+§(Q))2. We will prove that u = U
in W3 () N Loo(Q2). The piecewise continuity of 1 and F (see Assumption 6.2 (ii) and (iii))
implies Ky, 1= K1ovE — K10V in Loo(2) as well as F'(ug gy —u g, Vg, -) = F(Ua—Up,v,-) in Lo ().
Following the proceeding of Remarks 3.26 and 4.5, it is not hard to see that uz, € W, ()N Loo(€2)
is the unique solution to the corresponding weak problem: In case of an inhomogeneous Dirichlet

condition for u; on I'; for j € {n,2n}, first choose w; € W2+#(Q) such that o jw; = géjl) on I';

and fyO,kBi(k) (Dy)w; = 0 on I'y, for k # j. The existence of an element w; € W5+S(Q) with these

properties is ensured by Theorem A.3 and the compatibility conditions for the Dirichlet data.
Then @; 1, == wj — w; € H%D Z(Q) solves a problem of the following structure:

/ﬁkVﬁLngo dr = /(F(qu — ULk, Uk, x) + f1) @ do — /FakquVgo dx +/ hip dx,
Q Q Q

'y

/RQV&Zkvw dr = /(—F(Ug}k — ULk, Uk, &) + f2) ¥ do — /HQVW2V1/J dz —i—/ hot) dux,
Q Q Q

T'no2

for all p € HI:LD () and ¥ € H%D ,(§2). The last term in each equation here only contains a
possible remaining inhomogeneous Neumann boundary value on T',, or I'y,. For k — oo, we find

/(ﬁkV&Lk — (k1 0v)V(U; —w1))Ve dx
Q

< Itk — (K1 00)||0,00,0]| V(U1 — w1) Ve

0,1, + [[K5kll0,00,0ll V(@1 — (U1 —w1))Vepllo,0 — 0.

Analogous convergence properties can be seen for the remaining expressions and this shows that
Uy := Uy — wy satisfies

/(m 0 v)VU Ve dx = /(F(Ug —Uy,v,x) + f1) p doe — /(m ov)Vw Vo dx +/ hip dx
Q Q 'y

Q
and a similar equation is satisfied by Us := Us — ws. By the definition of L and analogous
considerations, these equations are also solved by (Z;:g;) =Lv— (g;) and Lemma 3.24 shows
u=Uin (W3(2) N Lo ()2 O

Observe that the mapping v — x1(v) is in general not continuous from C17(€Q;) to CH7(€;),
but our proof only requires uniqueness for the weak solution and continuity in Lo (£2). Similarly,
we only used the piecewise continuity of ' and the convergence of u; and vy, in C(Q), which is
guaranteed by embedding. In order to include the time dependence of the data, we make the

following
Definition 6.7 (Time-dependent solution operator)

(i) Define the trivial extension S of L to Eg, = W;QO(J x Q) by

(6.6) S Eiy — C(T,W2H(Q)2, uis (S(u)(t,-) == Llu(t,-)) (t€J).

(ii) We further abbreviate the following set of Holder continuous functions with values in the
Sobolev space Wyt (Q):

Eaiircy = {u € CHTWET@) : [lult, Misrpo < Cr (t€T), ult,) > & in 0},

with the parameters o and r from Remark 6.5 and where C1 denotes the constant of the
(compact) embedding E — C(J; W}t (Q)).




126 6.2. Function spaces and continuity results

Lemma 6.8

For Ky < oo, the operator S : Ex, — C(J; W5+§(Q))2 is well-defined and compact. In particu-
lar, S is continuous and maps Er, into a bounded subset of C(J; Wg*g(Q))2, i.e., there exists
a constant K1 = K1(Ky) > 0 such that

HSU||C(7;W5+§(Q)) < K1 (U S EKO)'

Proof. First, S : Eq,14r,0, = C(J; W2T$(Q))? is well-defined because the mapping ¢ — u(t, ) is
continuous from [0, 7] into W;ng" (Q)and L : WZ}Z{ (Q) — W2t5(Q)? is continuous by Lemma 6.6
and bounded as well. Thus, the composition ¢ — (S(u))(t,-) is continuous from J to W2+5(Q)?,
ie., S(u) € (C(J;WFT5(2)?))c, for all u € Eq 144,c, and there exists a constant K (see Lemma
6.6 for the dependencies of K1) such that

HS(U)|’C(7;WP2+§(Q)2) < Ki, (U S Ea,1+r701)~

Assuming S : Eq 14rc; — C(J; W2T5(Q))? is discontinuous, let vy, — v in C*(J; W, 17(Q)) and
assume ||S(vg) — S(v)“C(j‘W3+§(Q)) > ¢ for all k € N. Then there exists a sequence (t)reny C J
such that [|(S(vk) — S(v))(tg, -)\|W3+5(Q) > ¢ for k € N. W.lo.g. let t, — to € J. Then we have

1S (vk) = S(0))(tr ) ll2+3p.0
< S (r)) (Ers ) = (S(@)) (o, )ll24sp.0 + [[(S(0)(t0, ) = (S(0)) (Ek, ) ll2+5.p.0;

and the second norm is smaller than § for k > ki, because S(v) € C(J;W2¥(€))% The
continuity of L (cf. Lemma 6.6) yields the existence of a positive constant § = (5, v) such
that |[L(vk(tk,")) — L(v(to, ) ll2+sp0 < 3, if [[(vk(tk, ) — v(to, )l[14rpo < 0. We now prove
that the latter condition is satisfied for sufficiently large k£ € N, to obtain a contradiction to
our assumption: First, the convergence in C(J; W;*’” (2)) yields that there exists k2 € N such
that for all & > kp there holds ||vg(to, ) — v(to,")|li4rpo < g. Furthermore, the fact that
v € C(J; W)H(Q)) is bounded yields the existence of k3 € N with

5 (k=ks).

[0k (trs ) = vr(to, ) l1+rp0 < Cilte —to|* <
Hence, for k > max(ka, k3) we obtain

[0k (ks -) = v(to, )l+rp0 < (vk(to, ) = v(to, )llirpe + [[(Vk(trs ) = ve(to, ) l14rp0 < 0.

This proves the continuity of S : En14rc, — C(J; VV[?%(Q))2 and continuity as well as
compactness for S : Eg, — C(J; W§+§ (€2))? follow from the compactness of the embedding

E < C(J; Wi (Q)). O

The properties of S lead to a helpful estimate of the nonlinearity which will allow us to prove
local existence.

Corollary 6.9
Consider the nonlinear mapping

N :Eg, — C(J; W[?(Q)) X Eo4rc, — Lp(J; Lp(Q2))
us — (ug—ul,u;z,) »—>F(u2—u1,U3,~).

Then N : Eg, — Ly(J; Ly(2)) is compact. In addition, there exists a constant Ko = Ko(Ko,p)
such that

(6.7) IN (us)llz, (o)) < Ko TP (us € Big,).
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Proof. Lemma 6.8 shows that the first step ug — (S(us),us) = (u1,u2,us) is compact from Eg,
into C(J; WT5(9))? x Eq,14r,0, and obviously, (u1,ug,us) — (u2 — w1, us) is continuous from
the latter space into C(J; W2T¥(Q)) x Eq 14rc, -

Since (up — u1,u3)(t,-) € W2Q) X WI}E’;(Q) — C(Q) x C,(Q) for all t € J, the mapping
(ug—uq,us)(t, ) — F((ug— ul)(t, Jyus(t, ), ) € Loo(R2) is well-defined. In addition, the mapping
t— F((ug —u1)(t,-),us(t,-),-) is continuous from [0, 7] into L (£2), as the composition of the
continuous function t — (ug—uq,u3)(t, ) (from J to C(Q)xCc, (Q)) and the piecewise continuous
mapping F. This shows N(v) € C(J; Loo(Q)) for all v € Ef,.

For the boundedness note that ||us — u1||c(f w2+ T ||U3|]Ca(7 witr @) < 2K (Ko) + C1(Kp)
by Lemma 6.8 and by embedding ||(ug — u1)(t, )||C + llus(t, )o@y < 2K1(Ko) + C1(Ko) for
all t € J and the piecewise continuity of F' yields the boundedness

1F (ua—u1, u3)lo7.0. y) < K2(E1(Ko), Ci(Ko))  (uz € By, (u1,u2) = S(uz) € C(J; W7 (1))

There remains to prove that (ue — ui,us) — F(ug — uj,us,-) maps continuously from the
set C(J; W2(Q)) x C(J; Wplgl"(Q)) into Ly(J; Ly(2)). To this end, let (ug,vy) — (u,v) in
C(J;W2(Q)) x C*(J; W;é’;(ﬁ)) This implies the convergence in C(J;C(Q)) x Ce,(J; C(2))
by continuous embedding. The piecewise continuity of F' implies that F'(ug,vr) — F(u,v) in
Loo(J; Loo(€2)). The Ly-estimate follows from the boundedness of N:

T
INa)II7, .1,y = 1 (w2 = w1, u3, )7y ) < /0 1 Tr (uz = ur, us)(t,)If 0.0 dt < T K3

O]

6.3 Fixed point argument

We are now in the position to establish a Schauder fixed point argument to prove the existence
of a solution to (6.2) for a small time interval (0,7p). To this end, we consider the nonlinear
compact mapping N : Ex, — L,(J; Ly(€2)) from Corollary 6.9 which for given u € Eg, provides
us the data for the linearized parabolic equation

v —Vek3Vv = N(u)+ f3 inJ xQ,
yoBsv = g3 on J x 99,
[v] = [Onv] = 0 on ¥j, (j=1,2),
v(0,2) = wugo(z) in Q.

(6.8)

The space for the fixed data (f3, g3, u3 ) to the equation will be denoted by

L . %37Hn3 %13,%2713 2—-2/p
F:= L,(J; Ly(Q)) x W, (J xTp) x W, (J x Tap) x W, 2/P(Q).

Theorem 5.33 shows that there exists a unique solution v € E to (6.8) and v satisfies the a priori
estimate

IN

)
lolle @hmmmWMQHMﬂzw(+§Z%ﬂumwuﬁ)

je{n,2n}
(6.9) < Cp (KT +1|(f3, 93, uso)lle)
Note that the homogeneous transmission conditions for v ensure that v(t,-) € W2(2) on the
whole domain for almost every t € J and we omitted the shift Ay of the operator A3, since our

considerations are restricted to a finite time interval. The continuity of the solution operator to
the linear parabolic equation then allows us to define the compact operator

Z:Eg, = E, u~—o.
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There remains to choose 1" and Ky such that Z : Eg, — Eg,. The choice will also depend on

the condition uz g > Cp > 0. First, we use the embedding E — BUC(J; ngz/p(Q)) and choose
T) € (0,T) such that for all ¢ € [0,T}) there holds

uso(2) = v(t,z) < |uso(@) = v(t,2)| < Juso(-) = v(t; Voces < Clluso() = v(t, )a-z/ppo < G-

This implies v(t,x) > ugo(z) — % > % >0 for all t € [0,71) and z € . Then we set
Ky := max (Cal, Cp <||(f3793; US,O)H]F + m))

with Cp from (6.9) and define the time T3 := (C;l Ko min (Klo, %))p, where the constant Ko

stems from the estimate (6.7). The estimate (6.9) then implies

lolle < Cp (IN@)llz, sz, + |(f3,93,u30)llr) < Cp <K2T21/p + ;é—‘;) < Ko,

ie., for 0 < T < min(T},T) we have Zu = v € Eg, for u € Eg,. By its definition, Eg, is a
nonempty, closed, convex, bounded set in E, whence Schauder’s fixed point theorem (Theorem
A8 (ii)) applies to Z and yields the existence of uz € Eg, which solves (6.8) with u = v = ug.
By construction of the operator S, the corresponding triple (w1, ug,us) with (uq,ug) := S(us) is
a solution to the nonlinear elliptic-parabolic system (6.2). The main result of this chapter reads
as follows:

Theorem 6.10
Let Assumption 6.2 be satisfied. Then there exists a finite time Ty > 0 and a constant Ky > 0
such that the elliptic-parabolic system (6.2) with J := (0,Ty) admits a solution

(w1, uz,ug) € C(T;WEH(Q)) x C(T; Wats(Q)) x W% (J x Q),

where 0 < § < s < 1/p. The norm of (ui,u2,u3) in the latter space is estimated against a
constant K := Ki + Ky, where the dependence of Ky is contained in Lemma 6.8 and in the
estimate (6.5) and K¢ depends on Coy,n,p, HKBHC(@)’ ||V/~@3HLOO(91), and ||(f3, 93, u30)||F-

Remark 6.11

The situation can easily be generalized to the situation when the nonlinearity in the parabolic
equation differs from the nonlinear function in the two elliptic equations. In fact, we can consider
a nonlinear measurable function

G:R?x (0,00) x Q= R, (x,9,2) — G(z,y,2)

with continuous restrictions to R? x (0,00) x Q; (j = 1,2,3) and the following property: For
a finite time T € (0,00), J := (0,T), and K > 0 let X := C(J;W2(Q)) x C(J; W2(Q)) x Ek.
Then the nonlinear mapping

T : X — Lp(J; LP(Q)), (ul,uQ,u;:,) — G(ul,’LLz,’LL;g, )

is well-defined, continuous, and maps bounded subsets of X into bounded subsets of L,(J; L,(£2))
with an estimate of the form

G (ur,uz, uz, )L, 15L,0) < C2(Cr,p)TT ([[(u1,u2, uz)llx < C1)

for some v = ~v(C1,p) > 0. Sufficient conditions on G for these mapping properties have been
discussed at the beginning of Chapter 4.

Remark 6.12
A similar proof can be established under the assumptions of Chapter 4 for a weak solution

(ur, uz,u3) € C7(J; HY(Q)? x C(J; H'(2)) N C72(T;CP(Q)),

where the fized point argument is implemented on the set (C%/%(J;CB(Q))) i for appropriate
K >0 and T <Ty. See [WXZ06], Section 4 for details.




Chapter 7

Application to a lithium-ion
battery model

In this chapter, we apply the general results of the previous chapters to a concrete model for
a lithium-ion battery which was developed by J. Newman et al. in [DFN94]. In particular,
an application-oriented example of a nonlinearity which admits the properties we required in
Chapter 6 will be presented. Before we state and prove our analytical results for the model
equations, we give a short derivation of the system. Afterwards, a few generalizations and a
different model will be discussed.

7.1 Derivation of the model

Here, we rather want to give an idea where the model equations stem from, than a rigorous
derivation of the model. Our presentation closely follows the articles [DNT94] and [DFN94] as
well as the textbook [New73]. To begin with, let us consider the components of a lithium-ion
battery. We distinguish three different major parts: two solid, negative and positive electrodes
which consist of active porous material (e.g. graphite (layered structure) or small particles of
FePO,4 or MnOg, where lithium is intercalated) and the liquid electrolyte (e.g. an organic solvent
with a high concentration of a dissolved lithium salt; a typical example is LiPFg in Ethylene
carbonate) which occupies the separator region between the electrodes and surrounds (or also
permeates) their particles.

Anode Separator Cathode
Figure 7.1: Schematic design of a lithium-ion battery (notations for discharge).

Sometimes, metallic lithium is used for the anode (cf. [DFN93]) and the separator is occupied by
some conductive polymer (e.g. polyethylene oxide). If an appliance is connected to the battery,
neutral lithium in the negative electrode will oxidize to a cation Li* which dissolves into the
solvent and leaves an electron e~ at the negative electrode which is the anode because of this
oxidation process.

Li — Lit + e~ (anodic oxidation).
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This attrition of lithium at the reactive surface of the anode also initiates diffusion processes of
lithium-atoms in the solid material. Driven by diffusion and electromigration in the electric field
which is formed between the electrodes, the dissolved Lit-cations move to the positive electrode,
the cathode, and at its surface, a reduction process takes place:

Lit +e- — Li (cathodic reduction).
The reduced lithium atoms will also diffuse deeper into the active particles, whose volume

increases as a consequence. The discharge process, we sketched above, is illustrated in the
following picture.

© o o
e o o o—
e~ o o q
o
o~ o o—
© o o o
e ) ) e
- ) nd o~ <«
Cnd o>
° e o
o o o o o—
) ) LiT
° Cad
° o
Diffusion & Electromigration Diffusion &
Oxidation & Diffusion Reduction

Figure 7.2: Processes during discharge of a lithium-ion battery.

Following Chapter 12 of [SS02], the basic assumptions of the model can be summarized as
follows:

e The exact positions and shapes of the particles are not specified.

e Properties are averaged over a test-volume which is large with respect to the porous struc-
ture, but which is small with respect to the dimension of the whole battery (thickness
parameters suggested in [DFN94]: Anode and Cathode: 200 pm, Separator: 50 pum).

e The electrodes are seen as a superposition of solid active material and liquid electrolyte,
and these phases coexist at every point of the electrodes.

e Solid and liquid phase are assumed to be electrically neutral.

e Thermal effects are neglected, i.e., the temperature 7" is a constant. The volume as well as
the geometry of €2 are assumed to be constant, too.

For the sake of simplicity, the geometry of the whole battery €2, as well as the geometry of the
electrodes (21 and Q3) and the separator (£22) will be assumed to be rectangular as indicated in
Assumption 6.2 (i). The significant quantities to describe the processes within the battery are

¢1: the potential in the liquid phase (being the whole of Q by the above assumptions) which is
a function ¢; : (0,7) x Q@ — R.

¢2: the potential in the solid phase (€' := Q1 U Q3) which is a function ¢9 : (0,7) x Q' — R.

c: the concentration of electrolyte which is a function ¢ : (0,77) x Q@ — (0, 00).
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In the sequel, we will derive relations between the unknown functions and available data which
will eventually lead to a system of partial differential equations.

Potential in the electrolyte

The potential in the electrolyte is usually measured against a reference electrode of metallic
lithium. In general, with the species M; (i = +, —,0), the half cell reaction can be written as

s_M* + S+Mj_+ + sgMy = ne™,

with the charge numbers zy € Z, the stoichiometric coefficients s; € Z (i = +,—,0) and

the number of involved electrons n € Njy. If we assume that the anion M_ := X~ and the

- . . . - . ] .
solvent My do not participate in this reaction, it simply reads as —1LiT = le~ or rewritten:

[Li] = Li* +e~. Note that the metallic lithium of the reference electrode (denoted as [Li]) does
not explicitly occur in this half cell reaction.
The liquid phase is a highly concentrated solution of a lithium salt in a neutral solvent, whose
dissociation reads

Li,, X, =viLit +v_X*,

with the numbers v of cations, v_ of anions and v := v + v_. The electroneutrality con-
dition can then be rewritten as zy vy + z_v_ = 0. For this situation, the following general
relation between the potential, the electrolyte concentration, and the current density vector
was developed:

40
i = _Rv¢1_”<‘%++_soc>vu
F\nvy zyvy  ne
B kvRT [ sy t9. s0C Oln(fy)
(7.1) = —kV¢y i (ny+ - Tl nco) (1 + Bhn(e) Vin(c)

Here, F' = 96485 C mol~! denotes Faraday’s constant, R= 8,3145 J K~!'mol~! the ideal gas
constant, T' the constant temperature [K], 4 the chemical potential of the electrolyte [J mol~!],
and t9 € (0,1) is the transference number of the cation. For the case of a binary electrolyte
LiX, wehave vy, =v_=1v=2 2, =1,2.=—-1,n=1, s = —1, and sg = s— = 0. Then
(7.1) simplifies to

(7.2) i=—KVe +

K2RT(1 — 1Y) Oln(f1)
— <1+ mn(; >V1n(c)

This equation is similar to Ohm’s law, but the second summand is introduced to include con-
centration variations. The positive coefficient k = k(c) is called the effective ionic conductivity
and depends on the concentration of the electrolyte. As this dependency may change abruptly

when we pass from the electrode to the separator, the function « is only continuous in each of

the domains €2;. In the sequel, we will omit the term (1 + 881?15{5)> which means we assume that

the molar activity coefficient fi does not depend on In(c) for the sake of simplicity. In order to
obtain a current balance in the liquid phase, we use (7.2) in the relation V-7 = j (Faraday’s law
of electrolysis), where j denotes the current flow in normal direction which will be determined
later (see reaction rate). The equation for the potential ¢ then reads

2RT(1 —t9)

(7.3) -V <I€(C)V¢1 — k() 7 VIn(c)) =j inQ; (1=1,2,3).

Regarding boundary conditions for ¢, one imposes non flux boundary conditions of the form

2RT(1—-19)1

(7.4) k(c)Ond1 — K(c) 2 Eanc =0 on J0.




132 7.1. Derivation of the model

In this case, the condition fQ ¢1 dr = 0 becomes necessary for uniqueness. Alternatively, ¢ can
be set to 0 at one of the current collector surfaces, e.g., at the positive electrode surface I's,, and
the conditions (7.4) are then imposed on 9 \ I'yy,.

Potential in the solid electrodes

In each of the subdomains £, and §23 of the solid phase, we directly apply Ohm’s law to obtain
i = -0V in Q (k€ {1,3}),

where the conductivities o, may have different values in £2; and €23. Setting ¢ := o in Q, we
use the relation V -4 = —j to obtain the charge balance for the electrodes:

(75) -V (UV¢2) = —j in Ql and Qg.

Note that the sign of the current flow j is different here, because we changed from the liquid
to the solid phase: the outflow of the solid phase equals the inflow of the liquid phase and
vice versa. Regarding the boundary conditions for ¢2, we impose an inhomogeneous Neumann
boundary value I on each of the current collector surfaces I';, and I's, as well as non-flux
boundary conditions on the remaining parts of 9Q' = 9y U 093, i.e.

1 1

(76) 8n¢2 = —— 0on Fn, 8ng252 = —  on an, a,/(ﬁg =0 on 891 \Fn and 893 \ an.
o1 03

I corresponds to the applied current of the lithium-cell.

Transport equations in the electrolyte

While the flux IN; of a species ¢ in a dilute solution takes the simple form

N, = —zuFe;V¢o —D;Vg; +c;v,

migration  diffusion convection

where ¢; denotes the concentration, u; the mobility, and D; a diffusion coefficient, for a concen-
trated solution, the following expression for the flux was developed in [New73], Section 79:

0

t:
(77) Ni = ZilFi — ViDVC (Z = +, —),

where ¢ = 7= denotes the electrolyte concentration, D is the diffusion coefficient of the electrolyte,
and 2 agaln denotes the current density in the liquid phase. The convection term and volume
changes have already been neglected here. If we use this expression in the general material
balance equation d;c = —V - N, we obtain (withv_ =v, =2, =1,2_ = —1,and t° =1 — t&
which is assumed to be constant)

(1—-t3)

1— 0
( )V 1=V -DVc+ j in Q.

(7.8) Oic =V -DVc+ I I

Note that the coefficient D may be discontinuous at the interfaces of the electrodes, because the
diffusivity in pure liquid and in the liquid-solid superposition phase is different. The boundary
condition for the concentration of the electrolyte is a non-flux condition on the whole boundary
and we impose an initial condition:

(7.9) Opc=0 on 09, and c(0,z) =co(z) (z€Q).

Reaction rate

The current flow j is an expression in ¢1, ¢2, and ¢ which describes the charge exchange and
the intercalation process at the interface of the electrodes. By the superposition assumption,
this reaction term enters the differential equations as an inhomogeneous right-hand side rather
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than as a boundary condition. For electrochemical reactions, the flow j takes the following
Butler-Volmer form (see Section 56 in [New73], for instance):

(7.10) j=jlds— b1,¢) =g (e%(@ﬂm—m e (¢2*¢17U)>
with the so called surface-overpotential 17 := ¢3 — ¢1 — U and the exchange current density

19 := aF'kc*. Here, a is the reactive surface and k denotes a positive kinetic rate constant. The
anodic and cathodic transfer coefficients o, and . are assumed to be constants in the interval
(0,1). One often uses the relation a. = 1 — g or sets oy = ae = % if no data are available. The
function U is called the open circuit potential and is defined as the potential of the electrode
(measured against a metallic lithium reference electrode), when no current is applied to the cell.
This function depends on the concentration of intercalated lithium in the solid phase, which is
not further modeled here. In the sequel, we assume U to be a Holder continuous function of
x with a sufficiently large exponent v: U € C7(€);) for i = 1,3. Note that j is only defined in
the electrodes €27 and €23, where both of the quantities ¢; and ¢o exist. We formally set j := 0
in Q9. Lastly, we assume that (1 — ti) ~ 1 in the electrodes, i.e., the active material of the
electrodes is a good electronic conductor. We summarize the equations of the battery model for
the case of pure Neumann boundary conditions:

(—V - (ri(c) (Vo1 — HLVIn(e))) = j(¢2—¢1,¢) inJxQ, (i=1,2,3),
—V - (0;V2) = —j(pa —¢1,¢) inJ xQy, (i=1,3),
oc—V - (D;Ve) = jlpa—¢1,¢) inJxQ, (i=1,2,3),
(7.11) o1 —HL Lo, = 0 on J x 69,
o0y = I on J x Ty, k€ {n,2n},
O = 0 on J x ((021\T'y) U (093\I'2,)) ,
o,c = 0 on J x 09,
\ c(0,z) = co(z) (x € Q).

Here, v denotes the outward normal vector on the respective parts of the boundary, which exists
almost everywhere on 0f).

7.2 Local solvability of the model equations

In the sequel, we shall set the physical constants k, a, R, T, and F to 1 for the sake of readability.
Before we apply our abstract results to the particular system (7.11), we will rewrite the system
in the form of (6.2).

7.2.1 Reformulation of the model equations

We set uj := ¢1 — 2In(c). Then we can seek u; as a solution of the nonlinear equation
=V - (k(c)Vuy) = j(¢d2 — u1 — 21In(c),¢) in (0,T) x Q; (i =1,2,3),

with homogeneous Neumann boundary conditions on all of 0€2: 9,u; = 0, or an inhomogeneous
Dirichlet boundary condition u; = 21n(c) on (0,7") x I'g;, and homogeneous Neumann conditions
on 02\ I'y,. In all three equations the nonlinear function j from (7.10) changes to

N(g2 —u1,c) = j(¢2—u1—2In(c),c)

(7.12) _ {ca (ea(¢2—u1—2ln(0)—U) — e—(l—a)(¢2—U1—21n(C)—U)) ’ ?n 0, UQ4
0, in Q9
caee(@2—u=U) _ 2-ap—(1-a)(¢2-u~U) in O UQ3

- {0, in Q9 )

Let us verify that the nonlinearity IV satisfies Assumption 6.2 (iii) in 2, and Q3.
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Lemma 7.1 -
Let € (0,1), T >0, J=(0,T), andp>n+3. Let s < %, v > s, and assume U € C7(§Y;) for

i=1,3. For K >0 let c € (C(J;C"()))k (cf Notation 6.1) and fix an arbitrary t € J.

(i) Fori = 1,3 consider the mapping

Fi:RxQ; - R, (y,2) — N(y,clt,z)) = c(t, z) "WV _ ¢(t, 2)>~ e~ 1) =U))

Then F' is continuous and continuously differentiable with respect to y and there erists a
constant C; o > 0 such that (0,F)(y,x) > Ci .

.. 2 s ey .
(ii) For every u € W, () there holds N(u(-),c(t,-)) € W;(Q). In addition, the mapping

N - Wg(Q) - Wy(Q), uw— N(u) :== N(u(-),c(t,-))

is bounded, i.e., if ||u|l2p0 < K1, there exists a constant Ko = Ko(K1, K), independent of
w, such that ||N(u(-),c(t,)||spo < Ko (u € WpQ(Q))

Proof. (i) The continuity and the differentiability with respect to y are trivial. Differentiation

with respect to y yields
Oy N)(y, e(t, ) = ac(t, )" VD) 4 (1 — a)e(t, x)* e D@D,

and as the continuous functions ac(t,-)~%, (1 — a)e(t, )2~ and e*V() possess a minimum
on (), we can estimate

(0,N)(y, c(t,z)) > C(K, a,U) (eay + e—<1—a>y) >0 >0,

because the function y — (eay + e_(l_a)y) attains a global positive minimum at the point
11—«
yo :=In (52).

Let u € W2(€2). We first prove that v := N(u(-),c(t,-)) € W5(€;). This is trivial for Qp
and for 7 and Q3 we first notice that WPQ(QZ) is a Banach-algebra for p > 5 (cf. [AF03],
Theorem 4.39). This yields that exp(tau) € W2 () with || exp(au)|l2p0, < Ki([lull2p.0)-
Since U is Hélder continuous, the functions exp(—al) and exp((1 —«a)U) belong to C7(£2;)
as well. Similarly, ¢(t,-) € C7(€;) takes values in the compact interval [+, K] and conse-
quently, the functions c(t,-)~ and c(t,-)?~® belong to C7(Q;), too. As a consequence of
Theorem 1.18, the functions c(t,-)~%e~*V € C7(Q;) and c(t, -)>~*e(l=VCY(Q;) are point-
wise multipliers in the Besov space W, (€;), which proves v € W7(€2;). According to [Tri02],
Proposition 3.1, we have equality of the spaces W (£2) = W; (Q) for s < %, where the latter
space denotes the closure of smooth functions with compact support in €2 with respect to
the norm || - [|s p.0. By approximating v with Cg°-functions in €; for i = 1,3 and continuing
the approximating functions by 0 in s, we obtain an approximation for v on 2, hence
v e Wi(9Q).

O

Remark 7.2

(i) We do not further consider the case when the potential ¢, is set to 0 on I'y,. The corre-

sponding boundary condition for uy then reads uy = 21In(c) on Ty, and in order to apply
Theorem 4.14 and to have a uniform estimate for all t € J, we would require the regularity
In(c) € C(J; W5+871/p(9)) N WW(J; L,(2)) with additional compatibility conditions
(cf. Assumption 6.2 (vi)). In the fixed point scheme, this reqularity cannot be provided by
an element c € W;’Q(J x 1), in general.
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Figure 7.3: Nonlinearity for U = ¢ = 1 and different values of «.

(ii) Similarly, in the case of a weak solution, the boundary condition u; = 2In(c) leads to
a regularity problem: in order to fulfill the Assumption 3.27, we require that there exists
w € HY(Q) N Lo () with Vw € Loo(Q) and w = 21In(c) on I'. A natural space for a weak
solution ¢ to the parabolic equation is C([0,T); H'(Q)) N CB/2([0,T); C3(Q)) (c¢f. [WXZ06],
p.13) such that this regularity for In(c) is not contained in the equations without further
reqularity advisements.

(iii) A Dirichlet boundary condition for uy which satisfies the conditions of Assumption 6.2 (iv)
and (vi) and is independent of the unknown functions can still be treated of course.

Remark 7.3
Assume that I, = 0 for k € {n,2n}. In this case, we have conservation of mass for a strong
solution (u1, ¢2,c). To see this, we consider the corresponding weak form of the elliptic equations:

(7.13a) / k(c)Vu Vo de = [ N(pa —u1,c)p de (¢ € HH(Q)),
Q Q

(7.13b) / oV$V de = — [ N(gpo—ui,c)p de (v € HH(Q)).
/ Ql

We test (7.13b) with ¢ := 1 to obtain that [, N(¢2 —u1,c) dz = 0 in this situation. This yields

d

/cdmz/V-(DVc) dx — | N(¢2 —ui,c) de =0,

hence, fQ c dx is constant.

7.2.2 Solvability results

In contrast to the equations we considered in Chapter 6, the second equation is only imposed
in ; and Q3. Here, we briefly discuss why this does not affect the existence results we proved
for the case that the equation for ¢o is imposed on all of ). In order to obtain strong solutions,
we will again impose additional homogeneous canonical transmission conditions for u; and ¢ on
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the interfaces X;. -
Given ¢ € CP(J;CY(Q)) with c(t,z) > £ and lelles F.crm@y < K, we fix t € [0,7] and first
seek a solution of the nonlinear elliptic system

(V- (k(c)Vu1) = N(p2—u —Uc(t,-) iny, (i=1,23),
-V (O'IV(ZSQ) = —N(¢2 — Uy — U, C(t, )) in Qi, (Z E 1,3),
o,uy = 0 on 0f),
7.14 .
(714) [w] = ] = 0 on %, (j=1,2),
oo = 0 on Q1 \ T, and 994 \ Ty,
L o0y = I on Ty, k€ {n,2n}.

We henceforth assume that the functions I, : (0,7") x I'y, — R, which occur as inhomogeneous

Neumann boundary values for ¢, belong to the space C(J; W;Jrs_l/p(l“k)) for k € {n,2n} and
satisfy the compatibility conditions indicated in Theorem 2.26. In the following, we will use the
notation v € WZ(€) if and only if vlg, € W2(€;) for i = 1,3. In order to have uniqueness, we
seek the solution in the space W72, () x W2(€').

Consider the linearized, decoupled equations

up — V- (k(e)Vu1) = 6(N(z2—21 —U,c(t,")) +21) inQy, (1=1,2,3),

(7.15a) ou = 0 on 01},
[[ul]] = [[8nu1]] =0 on Ej, (j = 1,2),
ug — V- (oVug) = —0(N(z2—21 —U,c(t,")) —2z) in€Qy, (i=1,3),
(7.15b) Opuz = 0 on 0\ T'y, and 993 \ Ty,
Oyug = 5{7’“ onI'y, k€ {n,2n}.

with 6 € [0,1] and (21, 22) € X, := W2, (Q) x W2(). In this situation, Theorem 2.30 applies
and yields a unique solution u; € W§+S(Q) and ug € Wg“(Q’ ) and again the operator

1
T:00,1] x Xo — X, (0,21,22) — <u1 - ]Q‘/ uq d:c,uz>
Q

is well-defined. The proofs of the continuity properties (cf. the Lemmas 4.7 and 4.10), the
compactness (Lemma 4.13) as well as the a priori boundedness for z € X, with T'(6,2) = 2
(Lemma 4.12) easily carry over to the present situation. We can again apply the Leray-Schauder
principle (Theorem A.9) and have the following

Theorem 7.4 B -
Assume that 1 <n <3, p>n, 0<s< %, and s <y < 1. Let K > 0 and c € C(J;C'T7(Q))
with ||cllog.crev@y < K and ct,z) = +. Assume that k(c(t,-)) € CY(Q) fori = 1,2,3,

Iy € C(J; WI,HS_l/p(Fk)) for k € {n,2n}, and U € CV() for i = 1,3. Then the following

assertions hold true:

(i) For every t € J, the nmonlinear coupled elliptic system (7.14) admits a unique solution
(u1(t,-), ¢2(t,-)) € WrES(Q) x WIT5(Q'). Furthermore, there exists a positive constant M =

M (n,pa 5,0, K, K, 0, HIk;Ho(j;W;Jrsfl/p(Fk)), HU”CW(Q—))} which is independent of t, such that
(7.16) [ur(t, M2+sp0 + [02(E )24 spr < M.
(i) Let 0 < §< s andr >~y + %. Then the mapping
L Wy () = W () x W), et ) = (un(t, ), éalt,))

is continuous and bounded.




7.2. Local solvability of the model equations 137

(iii) The operator
S:Eg = (Wy2(J x Q)x = C(J;Wat3(Q) x C(J; W), ¢ (w1, ¢2)

18 continuous and compact. Furthermore, this operator is bounded as well, i.e., there exists
a positive constant Ko = Ko(M), such that the estimate

latllgawz+sqy + 192l cgwe+s @y < Ko

holds for all (uy, ¢2) = S(v) with v € E.

Proof. The proofs carry over literally from Theorem 4.14 and from the Lemmas 6.6 and 6.8,
respectively. The argumentation applied there never uses that u; and uo are defined on the same
domain. At the points where we choose convergent subsequences for us in function spaces on
), we can now first choose a converging subsequence in 1 for ¢ and of this bounded sequence,
we can choose another subsequence which then also converges on {23. Regarding the proof of
uniqueness, we can copy the one given in Lemma 3.6 with the only change that the nonlinearity
is now integrated over ¥, since the integral over {23 vanishes by (7.13). Note that Lemma 7.1 (i)
implies that N satisfies the estimate 3.1 in € which is essential for the proof of uniqueness. [

The next step is to prove that
N : ]EK — Lp(‘]v Lp(Q)),’U = N(d)Q - ’LL],'U),

with (u1, ¢2) := S(v) defines a continuous and compact mapping which satisfies an estimate of
the form
IN@)L, 0,0 < CTHY? (v e Ek).

This can be proved analogously to Corollary 6.9. In fact, N : Ex — C(J;C(£);)) is continuous
and compact for ¢ = 1,2, 3. Finally, we consider the linearized parabolic equation

Oic—V - (DVe) = N(¢p2—ui,c) in (0,7) x Q,

(7.17) e = 0 on (0,7T) x 09,
' [e] =[0c] = O on (0,7) x %;, (1 =1,2),
c(0,z) = co(x) in Q.

with a strictly positive initial value cg € W;f/ P(Q). According to Theorem 5.33, this equation
admits a unique solution ¢ € VVp1 2((0,T) x Q) which satisfies the estimate

lellwa gz, @) + el wz@) < C (leolla—2ppa + IN@)L,:L.@)) -

The whole procedure which we sketched above then defines a continuous and compact operator
Z : Ex — E and by choosing the constant K > 0 and the time interval J = (0,T") appropriately
(cf. the procedure on p. 127), we obtain a continuous and compact mapping from Ex into itself.
Schauder’s fixed point theorem (Theorem A.8 (ii)) then yields

Theorem 7.5
Let1§n§3,76(0,1),p>n+3+% cmd0<s<l%. Letcoewp%f/p(ﬂ) with co(x) > Cy >

1+s—1/p

0 and assume that I, € C(J; WpHs_l/p(Fk)) NW, 2 (J;Ly(I'k)) satisfies the compatibility
conditions
;e = 0;0ilk =0 on J x ([xNT;) (k€ {n,2n}).
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Then there exists a constant K > 0 and a time Ty > 0 such that the elliptic-parabolic system

-V - (ki(e)Vuy) =  N(p2 —ui,c) inJxQ;, (i=1,2,3),
-V (UZV¢2) = —N((bg — ul,c) m J X QZ‘, (Z = 1,3),
8tC—V'(DiVC) = N(¢2—U1,C) Z"I’LJXQi, (i:1,2,3),
dyur = 0 on J x 012,
(7.18) ocOypo = I on J x Ty, ke {n,2n},
Oy = 0 on J X ((091 \Fn) U (393 \ an)),
o,c = 0 on J x 02,
c(0,z) = co(x) (x € Q).

admits a solution in the time interval J = (0,Ty) with the following regularity:
(u1, 62, ¢) € O(J: Wy () x C(WF(Q) x W, (] x Q).

Corollary 7.6
Under the assumptions of Theorem 7.5 there exists a local solution

(61, 2,0) € Ly(J; Wy (@) N C(T: W2/ (Q) x C(T W(@) < Exc
to the model equations (7.11) on the time inteval J = (0,Tp).

Proof. Let (uy, ¢2,¢) € C(J; W2,(Q)) x C(J; W2 (') x Ex denote a solution to (7.18). Then
In(c) € Wy (J; Lp(2)) N Ly(J; W7 (K2)), by direct computations (note that ¢ € C(J; CB(Q)) by
embedding and [% < ¢(t,x) < K; for a constant K7 > 0, hence one can consider an appropriate
cutoff of z — In(x) to have chain and product rules available). We define

¢1:= w1 +21n(c) € O(T; W, (Q) + Wy (J; Lp(Q) N Ly (J; W, (Q) = C(T; W */7(Q))

and then (¢1, g2, ¢) solves (7.11) (when all physical constants are set to 1). O

7.2.3 Applicability of monotone methods

As we have seen in Lemma 7.1, the nonlinear function N from (7.13) possesses a monotonicity
with respect to the potentials ¢; and ¢5. For elliptic and parabolic systems with a monotone
structure, the so called monotone method (or the method of upper and lower solutions) has
been applied successfully to several systems of reaction-diffusion equations in view of classical
or Holder continuous solutions. To the author’s knowledge, a monotone method for an elliptic-
parabolic system of the present structure has not been developed yet, but let us outline the
approach for an elliptic system of general form and the difficulties which arise if we try to
transfer this method to the concrete system (7.14). We follow the depiction of [Pao92], Sections
3.1, 8.1, and 8.4.

In a bounded domain with C?®-boundary consider a nonlinear system of the form

—L1u1 = fl(x,ul,u2) in Q,
—Lous = fo(w,ur,uz) inQ,
(7.19) al% + w1 = M on 0f),
042% + Boug = hy on 0,
where . .
L= af(@)d;00u+ Y 0 (2)9; d Bu= a2 4 B (i=1,2)
U= ajy (2)0;0ku ;(2)05u  an iw= i+ (i=1,2).
k=1 j=1
We assume that L; has coefficients agik), bg-i) € C%(Q) and is elliptic, i.e. 5T(a§.§3)jk5 > C|¢|? for

¢ € R™. For the boundary operators B; we assume that o;, 3; € C1*(99Q) with a; = 0 and
Bi >0ora; >0and B >0, as well as h; € CH(99).
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The nonlinear functions (fi, f2) are assumed to be Holder continuous and quasimonotone non-
decreasing, i.e. for i = 1,2 and fixed u;, the function f; is monotonically nondecreasing in u; for
j #i. If f; is differentiable with respect to u; and wug, this property is equivalent to 9y, f1 > 0
and 0y, fo > 0. Evidently, the functions
fl(ulau2) — C—aea(ug—ul—an(c)—U) N C2—ae—(1—a)(uz—u1—2ln(c)—U)

and fo(ui,ue) = —f1(u1,us) satisfy these conditions for a € (0,1) and Hoélder continuous,
bounded functions U and ¢ with ¢(x) > Cp > 0. The following considerations can be modified
for the cases when (f, f2) are quasimonotone nonincreasing or mixed quasimonotone, but here
we exclusively consider the nondecreasing case.

Definition 7.7
A pair (u,u) of ordered upper and lower solutions to (7.19) is a pair of functions uw = (uy,u2)
and @ = (Gy,12) € C(Q) N C3%(Q), which satisfies w; > U;, Bit; > h; > Byt; on 09, and

Liuy + fi(x, a1, u2)
Loty + fo(x,uy, u2)

(7.20) 0 < Lyt + fi(w,d1,42) in €,

' 0 < Loty + fo(x,uy,02) in 2.

For the subsequent considerations we assume that (u,a) is a pair of ordered upper and lower
solutions and that f = (f1, f2) satisfies the conditions

(7.21a) —ci(x)(ug —v1) < fi(z,ur,uz) — fi(x, vy, us)

<
(7.21b)  —ca(w)(u2 — v2) < fa(z,u1,u2) — fa(z,u1,v2) <

for all (uy,us2), (vi,v2) € (u,4) = {(u1,u2) € C(Q) : u; < u; < 4y, i = 1,2} with bounded,
nonnegative functions ¢; and C;. Note that then f;(x,u1,u2) + ¢;(x)u; is nondecreasing with
respect to w1 and ue. Acting on this assumption and given a pair of ordered upper and lower

solutions, we can construct sequences (ugk),ugk)>, (ugk),ugk)> of solutions to the linearized

problems
_Lzu( ) + ciu (k) = fz(xa ugk_1)7ugk_1)) + Ci(x)u('k_l) in 2, (Z =1, 2)>
Bju, = h; on 0f2,
where we use the initial functions (ggo),ué0)> := (G1,u2) for the sequence (ggk),ggk)) and
(Ugo) , ﬂgo)) (uy, ug) for the sequence (ug ),*( )) . An existence theorem for the linear equation

(7.22) can be found in [Pao92], Lemma 3.2.1. Using a variant of the maximum principle (cf.
[Pa092], Lemma 3.1.4), we can prove the following monotone property for the sequences:

k1) o (k1)
— K]

ul® < uf <a® inQ (i=1,2 keNy).

Hence, the pointwise limits (u;,u,) and (41, u2) exist and the following theorem can be proved:

Theorem 7.8

The sequences ( gk , U (k) ) (ul ,ugk)) converge monotonically to their limits (uy,uy) and
(u1,7) € C*%(Q) N C(Q) and each pair is a solution to (7.19). Furthermore, any solution
(v1,v2) € C*¥(Q) N (u,a) of (7.19) satisfies

w <v;<u; mQ (i=1,2).

If additionally one of the conditions Oy, fi > 0 or Oy, fo > 0 is satisfied, then there is a unique
solution to (7.19) and (uy,uy) = (U1, Us).

Proof. See [Pao92], Theorems 3.2.1, 8.4.1, and 8.6.1. O
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Based on the pointwise convergence, the argumentation in the proof uses a priori estimates for
the linear elliptic problems in W7(€2), the embedding W7} (Q) — C1*(Q2), and eventually the
Schauder-estimates to obtain a bounded sequence in C%%(§)). The latter possesses a subse-
quence, which converges in C?(£2) and necessarily to the pointwise limit. In this argumentation
as well as in the classical solvability theorem, which was required to construct the sequences,
there lies the main gap between the applicability of the monotone method to the concrete situa-
tion, we face with the system (7.14): neither the domain, nor the coefficients or the nonlinearity
considered as functions on the whole domain 2, possess the required smoothness. Beyond that,
for the present problem, the task of finding ordered upper and lower solutions such that the
inequalities (7.21a)-(7.21b) are satisfied, is by no means easy.

The method extends to equations and systems with nonlinear boundary conditions (cf. [Pa092],
Chapters 4 and 9) which - under appropriate simplifications - could be a possible approach for
the model (7.25) which will be introduced in the subsequent section. By means of integration
by parts, the concept of upper and lower solutions can also be generalized for weak solutions
in the spaces W, (€2), we refer to the article [Sch07] and the references therein. However, the
results stated for this situation again impose growth conditions on the nonlinear functions which
cannot be met by a nonlinearity with exponential growth.

7.3 A battery model with nonlinear boundary conditions

In this section, we briefly discuss a lithium-ion battery model which has been developed more
recently. The model shares some similarities with the equations we considered in the preceding
section, such as the rectangular geometry and the structural properties of the nonlinearity which
now occurs as a nonlinear interface condition on the electrode surfaces. The following equations
for species and charge transport have been developed by O. Iliev, A. Latz, and J. Zausch at
the Fraunhofer ITWM in 2010, see the research report [[LZ10]. In contrast to the preceding
section, only two different regions are distinguished: the liquid electrolyte region (£21) and the
solid active particles (22). We do not further specify the geometry, but examples can be found
in the article [LZ10]. Two unknown functions describe the concentration ¢ of lithium-ions and
the effective potential ¢ and by the subscripts ¢ = 1,2, we will indicate in which domain the
respective quantity is considered. The flux of the positive ions is given by

RT#?
(7.23a) Ny, = "a(;ﬁ*levc 7o K(e)VIn(e) in Oy,
(7.23b) Nyy = —DyVe in Q.

The transport terms in the flux expression for the liquid part can be regarded as electromigration
in the electric field £ = —V¢, diffusion, and migration due to a gradient in the chemical
potential. In the solid part, however, the ion transport is assumed to be dominated by diffusion.
The expressions for the charge transport take the form

RTt,
F

(7.24) J1 = —r(c)Vep — k(c)VIn(c) in Qy, and Jjo=—0V¢ in Q.

Inserting the fluxes in the equations dic + V - N = 0 for mass balance and 0 = 0,q = —V - j
for the charge balance (0;q = 0 due to the assumption of charge neutrality) will then lead to a
coupled system for ¢ and c. Regarding interface conditions across the surface Y, which separates
)y and €29, one imposes the continuity of the fluxes:

Ny -v=Ny v and Ji-v=7Jys-v on(0,T)x3,

where v denotes the normal on ¥ pointing from the solid into the liquid phase.
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In addition, the value of the fluxes is connected to a reaction rate on the surface ¥ via the
relations jj - v = i12 and Ny -v = 42 for k = 1,2. The reaction rate again exhibits the
Butler-Volmer form:

1— —(1—a
i1 = k(cica)® (1 _ ﬁ) “ (eRTwz b1-U) _ e—lRTW(asHsrU)) on (0,T) x %

The boundary conditions on the external parts 9€; \ ¥ are similar to the model we discussed
in the preceding section, i.e., non-flux conditions are imposed for the concentration ¢ on all of
00, \ T and the potential ¢ is normalized with a Dirichlet condition on one part I' and non-flux
conditions are imposed on the remaining parts of 9. We can summarize the model equations
as follows:

= V- (m(e) V(e + T Ine ))) 0 inJxO,
-V ( ) =0 in J x QQ,
Oy — V- (” = t*VqﬁH—Dchl—i- F2 /1 (c1)V In(eq ) 0 in J x Q,
8t02 — (DQVCQ) =0 in J x QQ,
(7.25) ct(0,2) = cop in Q,
Ny, v = 0 on J x 09 \ &,
Jji-v = 0 on J x 0\ X,
Jorv = 0 onJxo\(T'UX),
¢2 =0 on J X F,
N1+-V:N2+-l/:i172, Ji-v=7J9-v = 412 ondJx.

Similarly as in the preceding section, it is convenient to set all physical constants to 1, to
substitute u; := ¢1+ RT t* In(cp), and to rewrite the boundary conditions as Neumann boundary
conditions for the unknown functions. Additionally, we assume that the transference number ¢,
is a constant in each part which allows to substitute the first into the third equation. We then
obtain a system of the form

;

- V- ( (Cl)VU1) =0 n J x Ql,
V- (oVee) = 0 in J x o,
8tc1 (D1Vcl) =0 in J x Ql,
8,502 — (DQVCQ) =0 in J x QQ,
ck(0,2) = cor() in €2,
(7.26) Dyoy,e, = 0 on J x 0 \ X,
k(c1)Opu1 = 0 on J x 00\ 3,
00,2 = 0 on J x 00\ (I'U ),
P2 = 0 onJ x T,
k(c1)0yu1 + D10yc1 = DaOyca = —N(¢p2 —ui,c1,c2) on J X 3,
k(c1)Opur = 00,2 = —N(d2 —ui,c1,c2) on J x X,

with the nonlinearity
N —u,c1, ) = (ere2)” (1 - Ly—a (eatzmutin(en—0) _ e=(1-a)(éa—urlnten)-0))
? ’ : C2 max :

Despite the structural similarities to the system (7.18), the theoretical treatment of the equations
with nonlinear boundary conditions is much more delicate. To the author’s knowledge, no
analytical results for the above system have been derived yet. If we ask for the existence of a
weak solution to the elliptic equations for fixed ¢; and co, a fixed point argument in the space
X 1= Loo(2) N Lo(X) seems to be an equivalent approach to the one we presented in Chapter
3. In fact, under appropriate assumptions on the geometry and the coefficients, a corresponding
solution operator 7" : [0, 1]x X — X to the linearized equations can be constructed and continuity
as well as compactness can be proved analogously to the Lemmas 3.12 and 3.13. However, it is
not clear how to prove an a priori bound for elements x € X with 7'(0, z) = x (cf. Lemma 3.17).
Here, we briefly prove uniqueness for the nonlinear elliptic system.
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Definition 7.9
Let ¢; € C([0,T);C7(Q;)) with ¢;i(t,x) > Cy > 0 and U € C([0,T);C7(Q)). Assume that
k€ C7(]0,00)) with k(0) =0 and k(c) >0 for ¢ > 0. Fiz a time t € [0,T]. By a weak solution

to the elliptic equations

( — V- (k(c1)Vu1) = 0 in Q1,
V. (0Ver) = 0 in Q.
(7.27) k(c1)Our = 0 on 0\ X,
' o0y = 0 on 0\ (T'U %),
p2 = 0 onT,
k(c1)0yur = 00,¢a = —N(p2 —uy,c1,c2) on X,
we mean a pair (u1, ¢2) € H' () x HLN(Q) which satisfies
(7.28a) / k(c1)Vui Ve de = / N(po —ui,c1,c2)p dS (o € HY()),
o )
(7.28b) / oVpoVy de = —/ N(¢pa —ui,c1,e0)p dS (¢ € H%(Qg))
Qo %

Note that this definition includes that the above integral expressions are well-defined.

The sign of the nonlinearity in the equation for u; changes here, because —v is the outer normal
for Ql.

Lemma 7.10
There is at most one weak solution (u1,¢2) € HY() x HE(Qq) to the elliptic system (7.27).

Proof. Given two weak solutions (u1, ¢2) and (v1,12), take the difference of the equations for
u1 and vy and for ¢o and 9, respectively, and set ¢ := u; — vy as well as ¥ := ¢o — 9. The
sum of the resulting equations then reads

| reV = w) dot [ ol - )l do
Q1

Qo

= —/E(N(¢2—u1,61,02) — N(¢p2 —v1,c1,¢2)) ((¢2 — u1) — (Y2 —v1)) dS.

Analogously to Lemma 7.1, we can prove that (N(a,c1,c2) — N(b,c1,c2))(a—b) > Co(a—1b)? for
fixed x € ¥ and a,b € R. Together with the ellipticity (x(c1) > k1 > 0 and o > 0), we obtain

IV (ur = v1) 5 2.0, + 1V (02 = ¥2)[§ 2,0, < —Cll(ur = v1) = (¢2 = ¥2)I[5 2.5

hence, there are constants C7, Co, such that u1 — vy = C7 and ¢ — Y9 = Co almost everywhere.
The condition ¢o — 12 € Hi(Q2) then yields Co = 0, thus ||(u1 —v1) — (¢2 — 1/12)”%1272 = 0 yields
u1 — vy = 0 almost everywhere on X which implies C; = 0 as well. O

A first step towards the theoretical treatment of nonlinear boundary conditions of the structure
indicated in (7.27) has been achieved by Y. S. Bhat and S. Moskow, see [BM06]. The authors
consider a potential-equation on a cylindrical domain {2 when the nonlinear boundary condition
is imposed on a part I' of the lateral boundary:

Au = 0 in €,
(7.29) _ou () (V) _ ~(1-at)@)-V®)) on T,
-5 =0 on 0N\ T

Existence and uniqueness in H'(£2) are proved via minimization techniques for the energy func-
tional

E(v) :_/Q\wy? dac—i—/FF(x,v) do(z),
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where F' denotes a primitive for the nonlinear boundary term and satisfies %F (z,v) >C > 0.
A second-order Taylor series expansion then yields

2
F(z,v+w)+ F(z,v —w) — 2F (z,v) = E) F(x,&)w® > Cw?
and from this the crucial estimate for the energy functional
Ew+w)+ E(v—w) —2E(v / |Vwl|? da:—i—C/w do(z >C||w|]129

follows from a variant of the Poincaré-Friedrichs inequality.







Appendix A

Appendix

A.1 Notation and function spaces

We write R} := {z € R" : 2;,, > 0}. For 1 < p < oo and § € (0,1), we denote by (-,-)g, and
[-,-]o the real and the complex interpolation functors, respectively. For an introduction to the
theory of interpolation of Banach spaces, we refer to Chapter 1 of [Tri95]. The space of bounded
linear operators between two Banach spaces X and Y is denoted by L(X,Y) and we abbreviate

d
L(X) := L(X,X). We use the notations X <% Y and X <» Y for a continuous, dense and a
continuous, compact embedding of X into Y, respectively. For a linear and closed operator A,
we denote its domain, spectrum, and resolvent set by D(A), o(A), and p(A), respectively. For

two nonnegative quantities A and B, we write A = B if and only if there are positive constants
Cl and C2 such that ClA < B < CQA

We now briefly introduce the function spaces under consideration. For scalar valued function
spaces, we refer to the textbooks of H. Triebel ([Tri95], see also the paper [Tri02]) and P. Grisvard
([Gri85]), and for the case of vector valued function spaces to the papers of H. Amann ([Ama00],
[Ama09], and [Ama97]). For the remainder of this section, let (X, | - || x) denote a Banach space
of class HT, see the Definition 5.6, and 2 C R™ be a domain. Further smoothness assumptions
on {2 will be made precise when they are required.

Spaces of continuous functions.

Let B(2; X) and BC(£2; X) denote the spaces of bounded and bounded, continuous mappings
from Q into X. For k € N we denote by C*(2; X) and C*(2; X) the spaces of X-valued, k-times
continuously differentiable functions on Q and €, respectively. Further, BUC*(Q; X) denotes
the space of the X-valued, k-times bounded, uniformly continuously differentiable functions on
Q with its canonical norm | - | @)

For non-integer s = [s] 4 § with integer part [s] € Ng and § € (0, 1), we define the Banach spaces
of bounded, uniformly Hélder continuous functions BUC*(Q; X) on 2 of order s by

BUCS(Q; X) = {u € BUCH(Q; X) : [0l gt ) < 001 0] = [s]} :
where the seminorm [ - ] (g, xy is defined for ¢ € (0,1) by

p @) —u@)lx

z,yeN |‘T - y|t

[U]Ct(Q;X) =

We denote the norm on BUC®(€2; X) by

lulles @ix) = lulow@x) + D, 10Ul gs-wax) -
|| <[s]

Replacing © by Q we define the space BUC*®(); X) of bounded, uniformly Holder continuous
functions on Q of order s. For these spaces we will often use the notation C*<(Q; X) when
[s] = k € Ng and s —[s] = a € (0,1). The space of locally Holder continuous functions C*(€2; X)
is defined as the subspace of functions u € C¥1(€; X), such that for every x € Q there exists a
neighbourhood V' C Q with x € V' and u|,, € BUC*(V; X).
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Analogously, we define the space of locally Holder continuous functions C*(Q; X) on Q. Note
that if 2 is bounded, there holds BUC*(Q; X) = C*(Q; X) for s > 0. In addition, we set

C® (0 X) = ﬂ CH(Q; X) and CX(Q;X) := {u € C°(% X) : supp(u) C Q compact} .
keNp

By Z(R"; X) we denote the Schwartz space of X-valued, smooth, rapidly decreasing functions
and we define .7(R’; X) as the space of all u € C*°(R’; X') such that

sup [|(1+ |2[2)¥/20%u(z)||x < oo (o € N§, k€ Np).
T€ 1

The space of tempered distributions will be denoted by ./(R™; X) := L((R™; X),C). Simi-
larly, we set /(R%; X) := L(/(R}; X),C).
L,-spaces and Sobolev spaces of integer order.

For 1 < p < oo, we define the X-valued L,-space on {2 by
L, X) = {u :Q — X : u strongly measurable, ||u||]8pQ = / u(z) |5 dz < oo} .
. Q

For p = 0o, one defines Lo (€2; X) with the usual modification. For m € Ny and 1 < p < o0, we
define the Sobolev space of order m on 2 by

W X) == {u € Lp( X) : 0% € Lp( X), |a| <mj,

where the derivative 9%u is to be understood in the sense of distributions. Endowed with the

canonical norm
1/p

lullmpo = Z \\8%\\’5,,,,9 )

|a|<m

W, (Q; X) is a Banach space. In the scalar case X = R or X = C, we will write L,(f2) and
W (82) instead of Ly,(€2; C) and W*(€2; C). For the following definitions, we restrict ourselves
to the cases that (2 denotes either R", R}, an open k-corner Kj' := R™ % x (0, 00)*, or a bounded
Lipschitz-domain. For these classes of domains, standard interpolation properties hold for the
L,-Sobolev spaces.

Sobolev spaces of non-integer order.

Using real and complex interpolation, we define the following scales of X-valued function spaces:
for 1 < p < oo and s > 0 the Bessel-potential space

Hp (9 X) = {Lp(Q;X),Wf]“(Q;X)} :

for 1 < p,q < co and s > 0 the Besov space

B;q(Q;X) = (LP(Q;X),WIESHl(Q;X))i 7

and for 1 < p < oo and s > 0 the Slobodeckii space

By (4 X), ifs¢N,

Wi(Q; X) = )
W (Q; X), ifs=meN.

Commonly, these spaces are first defined on the whole space R™ using the Fourier-transform

in case of the Bessel-potential spaces (see [Tri95], Section 2.3.2) and by a Paley-Littlewood

decomposition in case of the Besov spaces (see [Tri95], Section 2.3.2), respectively.
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The corresponding spaces on domains are then obtained by restriction. However, for the domains
Q under consideration, these approaches lead to the same spaces with equivalent norms because
of the corresponding interpolation properties (cf. [Tri02], Theorem 2.13 and [Ama09], Theorem
4.4.1). We do not make the norms on H3(2) and Bj, () explicit here, but note that H¥(Q; X) =
WI',“(Q; X) for k € N. For the Slobodeckii spaces, there is a more direct characterization by an
equivalent norm (see e.g. [Ama00], Section 2): For s = [s] + § and 1 < p < oo, we define the
expressions

1
) = )1 .
o= ([ [0 i dy)” and = (Bl X 0%

|ar|=[s]

1
p

Then W7 (€2; X) is characterized as W, (Q2; X) = {u € WIES](Q; X) : |u

abbreviate the closure of the X-valued, smooth functions with compact support in W, (£2; X):

50,0 < oo}. We further

17S(0). o ATo AW (X))
Wy X) = Ce (s X) 7 )

For the case s = m € N we will write W', (2; X) and H,)(€2; X) for the closure of C2°($2; X)
in W;”(Q; X) and H;”(Q; X), respectively. These spaces generalize the notion that a function
vanishes on the boundary of a domain 2. We conclude this section with a summary of useful
embedding and interpolation results.

Theorem A.1
Let 1 < p,q < oo and Q denote either R", R}, K}, or a bounded Lipschitz-domain.

(i) Let s <t, p<gq, ands—%gt—%. Then W;(Q;X) — W3(Q; X).

(it) If s — 3 =t >0, then Wj(; X) — CH(; X).

If the above inequalities hold strictly, 2 is bounded, and X is finite-dimensional, then the em-
beddings are compact.

(iii) Assume in addition that 0 < so < s1, 6 € (0,1), and set sg := (1 — 0)so + 0s1. Then
(HSU(Q'X) Hsl(Q X)) op = By () X), [HSO(Q'X) Hsl(Q X)] op = Hye () X),
(BSO (Q; X), BpL (8 X)) op = B, (9; X), [BSO (Q; X), BpL (8 X)] op = Be,(9; X),
where sop = 0 has to be excluded in case of the Besov spaces.

Proof. We refer to [Ama00] and [Ama09] for the cases R", R’ , and K. The case of a bounded
Lipschitz-domain is considered in [Tri02], Sections 2.3 and 2.5. O

A.2 Traces

Whereas for smooth functions the trace on a hyperplane or on the boundary of a domain is
simply the restriction of the function, this notion needs to be extended to Sobolev functions in
terms of a trace operator. The following theorem summarizes known results for the scalar case
X = C in this context.

Theorem A.2
Let 1 <p<oo,s=][s]+5€ (%,oo), and assume that s — % ¢ Np.
(i) The mapping
U (’yo,nu, 70,000, . . . ,’yo,n@[f}u)
which is defined for v € C°(R") by (Yonu)(x1,...,Tn-1) = u(z1,...,25n-1,0), extends to
a continuous linear operator from Wy (R™) to Hg‘io W;fj*l/p(Rn_l). This trace operator is

surjective and has a continuous right inverse which is independent of p. The same assertion
holds true when R™ is replaced by R .
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(ii) Let k € Ny and Q C R™ be a bounded domain with a C*'-boundary T. Assume additionally
that % < s < k+1. Then the mapping u (’ypu, Yoyl . .. ,vpa,[,s]u> which is defined
for u € C*L(Q) by yru := ulp, where 0, denotes the derivative in direction of the outward

normal vector v, extends to a continuous linear operator from W, () to Hgio Ws_j_l/p(F).
This mapping is surjective and has a continuous right inverse which is independent of p.

Proof. This is a summary of [Gri85], Theorems 1.5.1.1-1.5.1.3. O

An analogous trace theorem is available for the space W;(£2) when s > 1/p and (2 is a bounded
C*a_domain with k+a > r, see [Sch11], Theorem 3.4. Besides the cases of the half space and a
bounded domain with sufficiently smooth boundary, we are interested in the cases of rectangular
domains which have a piecewise smooth boundary apart from corner points and wedges. Here,
for s > 2/p, the trace of an element from W, (€2) which is defined on a surface I'; also possesses
a trace on the edge which is formed by I'; and an adjacent surface I'y,. This results in the fact
that the trace operator

oy e W@~ I (RS W)

U — (’yg,lu, 70718”11,, <570, 181/1 U, Y0,2U, - - - ,7072n8,72n )
where v; denotes the outward normal vector for the surface I';, is no longer surjective, unless
compatibility conditions on the edges and corner points are satisfied. Roughly speaking, normal
and tangential derivatives of the boundary values have to match each other. However, the
continuity of the mapping ~vsq is preserved in the polygonal or polyhedral case, see Corollary

4.3 in [BDMO3]. For the special situation of a rectangular domain, we cite the following trace
theorem:

Theorem A.3 ([BDMO03], Corollary 6.11)

Let 1 <p<oo,r>1/p, and m € N such that 0 <m —1<r —1/p. Assume that r—2/p ¢ Ny.
Then a tuple G = (G*,...,G®) with GI = (gg, . ,gf,%l) and glj € W;fl*l/p(ljj) (j=1,...,6)
18 given as a trace

G = (70,1, 70,1014, - - -, Y0107 U, Y0,2U, - - -, 0,605 ")
of an element u € W () if and only if for all 1 <1 < 12 and for all integers 0 < n < 2m — 2
with n <1 —2/p it holds that
8" k ( ) = 8’“ ](+) onl;, NIy (0<k,n—Fk<m-—1),
where ny, denotes the outward normal of the surfaces I'i, which form the edge I. In this case
an estimate of the form

m—1

6
7,p,82 < C Z ||gi”r7k71/p,p,l—‘j
7=1 k=0

(A2) Ju

1s satisfied.

Analogous results have been proved for intervals (n = 1), rectangles (n = 2), and more general
polyhedra (n = 3), see [BDMO03], Theorem 3.6, Corollary 5.9, and Theorem 6.5.

Example A.4

For the particular case of a parazial three-dimensional cube we have siz surfaces I';, where we
either prescribe a Dirichlet or a Neumann boundary condition. We wish to find an element
w e Wg(Q), which corrects all inhomogeneous Dirichlet boundary values géj) € ngl/p(ljj) to 0
and leaves the Neumann boundary values unchanged, i.e.,

ow ow 1 2) 6
<’70,1wa70,18]/7 cee 770,61'0770,68”) = (gé )7 0,9(() 707 cee 796 )7 0) .
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Here, we have set g(j) = 0 in case of a Neumann condition on I';. Due to [BDMO03], Corollary
6.11 (with r =2, m =2, and p > 2) such an element ezists if and only if the conditions

l .
10595 = oug8) onT;NTy (0<j,1<6),
040095 = 0 onT;NT; (0<j,1<6),
are satisfied on the twelve edges of Q). In this case the estimate (A.2) reads

6
lwllzp0 < C Y 195 o1 /pprr;-
j=1

A.3 Calculus inequalities

Theorem A.5 (Gagliardo-Nirenberg estimates)

(1) Let m € N and 1 <p,q,r < co. Further, let § € Nj with0 < || <m—1, 0 := Bl ¢

and ) . "
,7@_’_ < m>+(1_9)
r n p n q

be valid. Then for all u € Wi (R"™) N Ly(R™) the following estimate holds:

I:O’ 1))

0
(A.3) ||D’37~‘”0,7"JMr < Cllully, ,pR”” Hoan~

and 0 := - (l — %), there holds

In particular, for p <r < nfﬁm »

(A.4) lullopre < Cllullpy p e lullgpien < Cllullmpre  (u € W' (R™).

(i) Let 0 <0 < 1,1 <pg<o0,1<p,r< oo, and0<50,81,t<m+lwithsosésl Further,
assume that so =0 forpg=1,0 >0 for s =0, and 0 < 1 for s; =0. If+ <=0 1 & 4ng

T — Po p1
t—n<(1—0)<80—n>+9<81—n>,
r Po P

then for all uw € W,0(R"™) N Wy1(R™), the following estimate is satisfied:
(A5) HthTRn < CHu”so,po R"HuHSl,pl,R"

(iii) Let Q be a Lipschitz domain with minimally smooth boundary. Then the assertions of (i)
and (ii) remain valid for 1 < p < oco.

Proof. (i) is stated in [Zei90], Appendix 54(i) (p. 1033). (ii) is proved in [Ama84], Proposition
4.1, even in the case for a uniformly regular domain with a C™!-boundary. Especially this
includes the case of bounded C™!-domains and the half space R . (iii) For a domain © with
minimally smooth boundary 92, we use the universal extension operator constructed in [Ste70],
Theorem 3.5:

E W5 (Q) = Wy (R") (s>0,1<p<o0).

For an even more general extension operator, including the cases 0 < p < 1 and p = o0, see
[Ry99], Theorem 4.1 or [Tri02], Theorem 2.11. Then we can again follow the proof of Proposition
4.1 in [Ama84]: Using the continuity of the restriction and extension operator, we find for all
u € W0 (Q) N Wyi(Q):

tpre < ClBull 7 gall Bull?, 5, mr < Clully p allulll, 5, 0

Note that the embedding W;(Q) < W/(€2) for s—2 >t — 7> which is now required to prove the
estimate in full generality, remains valid in the case that 2 is a Lipschitz domain (see [Tri02],
Section 2.3). O
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Lemma A.6 (Interpolation inequalities)
Let 1 < p < 0.

(i) Let Q be R™ or a subset of R™ which admits the continuation property and assume that
0 <r < s <t. Then there exists a constant C = C (8, p,r,s,t) such that for all u € W;,(Q)
and € > 0 the following inequality is satisfied:

(A.6) [ullspa < elluflepa + Ce™ = [ullrpa.

(ii) Replacing e by p?~* with 0 = 5= in (A.6), it holds
(A7) P Nulsp < lullop + Collullpe  (ue WHR), p>1).

(iii) Let 1 < p < o0, 0 <09 < 1/p < o1, and let Q be R, R", or a bounded C*-domain with
k+ o >max(1,01). Set 0 := 22=% qnd let p > 1. Then for all u € W (Q), there holds

01—00

—0
(A.8) P Inoullopon < C (lullopa + pllullop.e) -

Proof. (i) is stated in [Gri85], Theorem 1.4.3.3 and (ii) is an immediate consequence. For (iii) in
the case Q2 = R™ or 2 = R, note that by [Tri95], Theorems 2.9.3 (c) and 4.7.1 (c), respectively,

we have the continuity of o : B, L/p () — L,(09). For the remaining case of a C¥*-domain, we
refer to Theorem 3.4 in [Schll]. By the choice of 0, we find

BYP(Q) = (WEo(9), W ())a.1,

and since real interpolation is exact, we deduce

1-6
P lhoullopoe < C (pHUH«m,p,Q) Pl po-
An application of Young’s inequality with p := ;=5 and ¢ := 9 finishes the proof. ]

Lemma A.7 (Poincaré inequalities)
Let 1 <p < oo and 2 CR™ be a bounded domain.

(i) For u € W;},O(Q) the following inequality is satisfied with a constant C > 0 which depends
on ), p, and n:

(A.9) [ullop.0 < ClVullopa

This inequality remains valid if Q0 is only bounded in one direction or if € is bounded and
u belongs to HE(QQ), i.e., u vanishes on a subset T C 9Q with A,—1(I') > 0.

(i) If in addition Q2 is a bounded Lipschitz-domain, then the inequality

u—<|§12|/gudx>

is satisfied for u € WI}(Q) with a constant C' > 0 which depends on 2, p, and n.

(A.10) < ClVullope

0,p,©2

Proof. The assertions can be found in [GT77] (p. 164). For the addendum that the inequality
remains valid, if u € WplI(Q), one can closely follow the idea of the proof of (ii): Suppose there is
a sequence (ug)gen C WP{F(Q) such that [|ug|lop.0 = 1 and || Vug|lopo < 1. Then uy is bounded
in I/V1 r(2) and the latter space is reflexive for 1 < p < co. Hence, there exists a subsequence

kl and NS VV1 (), such that wuy, — v weakly in W, () for [ — oc. In particular, Vug, — Vv
Weakly in L (Q) Since ||Vug, |lop,0 — 0, we have Vo = 0. On the other hand, Rellich’s Theorem
yields that uy, — v strongly in L,(€2) and this implies ||v]jop 0 = 1. But Vv = 0 yields that v
is constant on {2 and then v € Wpl’F(Q) implies v = 0, a contradiction. O
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A.4 Fixed point theorems

Theorem A.8 (Schauder fixed point theorem)
Let X be a Banach space.

(i) Let S C X be a nonempty, compact, convex set and let T : S — S be a continuous mapping
of S into itself. Then T has a fized point x € S.

(i) Let S C X be a nonempty, conver, closed set and let T : S — S be a continuous mapping
of S into itself. In addition, assume that the image T(S) is precompact, i.e., for every
sequence (x)gen in the bounded set S, the sequence (T'(zk))ken C S possesses a convergent
subsequence. Then T has a fixed point x € S.

Proof. See [GT77], Theorem 11.1 and Corollary 11.2. O

Theorem A.9 (Leray-Schauder principle)
Let X be a Banach space, a,b € R with a < b, and T : [a,b] x X — X a mapping with the
following properties:

(i) T(6,x) is defined for all § € [a,b] and x € X.

(i) For any fized 6 € [a,b], T(0,-) : X — X is continuous, i.e., for any xo € X and any € > 0,
there exists a § > 0 such that for all x € X with ||x —xo||lx < : || T(d,2)—T (5, x0)|x <e.

(#ii) For x in bounded sets of X, T(-,x) : [a,b] — X is uniformly continuous in the following
sense: for any bounded set Xg C X and for any € > 0, there exists n > 0 such that if
x € Xo, 01,02 € [a,b] with |01 — da2| < n, there holds | T(61,2z) — T(d2,2)|x < e.

(iv) For any fized § € la,b], the mapping T'(6,-) : X — X is compact, i.e., if (Tn)nen S a
bounded sequence in X, then (T(0,xn))nen possesses a convergent subsequence.

(v) There exists a constant M > 0 such that every possible solution x € X of T'(6,x) = x for
some § € [a,b] satisfies ||z||x < M.

(vi) The equation T'(a,x) = = has a unique solution in X .

Then there exists a solution v € X of the equation T'(b,x) = x.

Proof. See [Fri84], Theorem 3 (p. 189). O

A.5 Holder continuity of weak solutions

The question on sufficient conditions for the coefficients and data in the weak formulation of an
elliptic equation such that the solution exists and is Hélder continuous have been studied rather
extensively. We briefly present the necessary definitions and results which will be applied in this
thesis.

Definition A.10
Let H be a real Hilbert space. A bilinear form B : H x H — R is called

(i) continuous if there exists A > 0 such that |B(u,v)| < Al||lu||g||v||g for all u,v € H.
(ii) coercive if there exists X > 0 such that B(u,u) > M|ul|% for allu € H.

The main tool to prove the existence of a weak solution is the following theorem.
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Theorem A.11 (Lax-Milgram)

Let B : Hx H — R be a bounded, coercive bilinear form on a Hilbert space H. Then for
every bounded linear functional F' : H — R, there exists a unique element v € H such that
B(u,v) = F(v) holds for all v € H. In addition, there is a constant C > 0 such that the
estimate

lullg < CIF|Lar)
1$ satisfied.

Proof. See [GT77], Theorem 5.8 (p. 83). O

A.5.1 Neumann boundary conditions

Regarding the boundedness and Holder continuity of weak solutions, we first restrict ourselves
to elliptic equations of second order in divergence form with Neumann boundary conditions on
a Lipschitz domain €:

—div(A(z,u, Vu)) + a(z,u,Vu) = f(z) inQ,
(A-11) { A(z,u,Vu)-v(z) = g(z) on 9.

Here, A: QxR xR" - R" and a : Q2 x R x R" — R are measurable functions and the vector
v(z) denotes the outer normal at a point z € 9 which exists almost everywhere for the class
of Lipschitz domains. Note that an inhomogeneity f : {2 — R may also be included into a. We
call a function u € Wiloc(Q) a weak solution to (A.11) if for all ¢ € C*(Q)

(A.12) / Az, u, Vu)Vy dz —|—/ a(x,u, Vu)p dr = / 2)p dS(z / feo dx.
Q Q a9

This definition can be justified by means of integration by parts. Note that the definition im-
plicitly includes the existence of the occurring integrals in (A.12). In applications this existence
can often be ensured by imposing somewhat stronger assumptions than only u € W11,10c<Q)- We
call (A.12) the weak form of the equations (A.11). We now state the assumptions on A and a
that will be sufficient for the Hoélder continuity.

Assumption A.12

Letm € (1,00) and A : QxR XR"™ — R" as well as a : QX RxR™ — R be measurable functions.
Assume that there exist constants ¥ and p as well as functions ¥y (1 < k < 7) such that the
following inequalities hold for almost all x € Q, all u € R, and all p € R":

(A.13b) Az, u,p)| < plpl™ " 4 s (@) |ul™ T+ a(2),
(A.13¢c) la(z,u,p)| < s(@)[p|™ " + o) ul™ T+ ().

For the functions vy, assume the following integrability conditions:
1,2, 06,97 € L (Q), 3,94 € L x (Q), and 5 € Lni(Q)
for some e >0, if m < N. In the case m < N, we may relax these conditions to
Y1, 2,96, 97 € L1(Q), Y394 € L (Q), and 5 € Lin(Q2).

Boundedness and Holder continuity in the interior of 2 under the assumptions stated above is
known since a rather long period of time.
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Theorem A.13 (Interior Holder continuity)
Let Q C R™ be open, Q' C Q be relatively compact in Q, and assume that Assumption A.12 is
satisfied. Then there exist a € (0,1) and C > 0 (independent of 12,14 and 1¥7) such that every

weak solution u € WL (Q) of (A.11) (with f = g = 0) belongs to Co’a(ﬁ/) with

1 1
ltl ooy < C (Ielloma + (lall + I2l) 7 + all )

Here, the norms of ¥s,4, and Y7 are taken in the spaces given in Assumption A.12.
Proof. This is a survey of the main results from [Ser64], Sections 1, 4, and 5. O

This result on Holder continuity was recently improved by R. Nittka in [Nit10]: Under the same
assumptions on the data and coefficients one obtains the Holder continuity up to the boundary
of ). This assertion was proved using localization and reflection methods along the boundary,
similar to those applied in Chapter 2.

Theorem A.14
Let Q C R™ be a bounded Lipschitz domain and let Assumption A.12 be satisfied.

(i) Let 1 < q < oo with g > ::L;fl ifm < N. Then there exist « € (0,1) and C > 0 (independent
of 12,4, and 1b7) such that every weak solution u € WL (Q) of

—div(A(z,u, Vu)) + a(z,u,Vu) = 0 in £,
A(z,u,Vu) -v(z) = g(z) on0Q,

with g € L1(09) belongs to C**(Q) and

1 1
(A1) Julleoe < C (lullome + (lallogan + Il + el 7T + ]
where the norms of ¥a,14, and Y7 are taken in the spaces given in Assumption A.12.

(ii) Let ¢ > 0 and assume f € L n (Q), g € L o1 (00) if m < N, or f € L1(R) and
mte m—1te
g € Li1(09) if m > N. Then there exist a € (0,1) and C > 0 such that every weak solution
u € WL(Q) of the Neumann problem

—div(A(z,u, Vu)) + a(z,u,Vu) = f in Q,
A(z,u,Vu)-v(z) = g(z) on 09,

belongs to C%(Q) and

_1
(A.15) lell o < € (lulloma+ (71 + Il 7T +1).
where the norms of f and g have to be taken in the aforementioned spaces.

Proof. Partially, the result is contained in [Nit11], Proposition 3.6. For details and generaliza-
tions, we refer to the PhD-Thesis [Nit10], Theorem 3.1.5 for part (i) and Corollary 3.1.6 for part
(ii). O
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A.5.2 Dirichlet and mixed boundary conditions

For the important cases of the Holder continuity of the solution to a linear equation with Dirichlet
or mixed boundary conditions, we cite the following definition from [Dro00]

Definition A.15

Let Q0 C R™ be a bounded Lipschitz domain such that the boundary 02 admits a splitting of the
form 0Q = Tp UT'y with \,—1(Cp NTxN) =0 and \y—1(I'p) > 0. The boundary OS2 is called
reqular if the following condition is satisfied: For every xg € 0L, there is an open neighbourhood
Uy = Up(xo) and a mapping Jo : Uy — B := B(0,1) C R™, which is Lipschitz continuous and
biyjective with Lipschitz continuous inverse JO_1 : B — Uy (i.e., Jy is a so-called bi-Lipschitz
mapping) such that exactly one of the following cases holds:

(1) UyNT'n =UyN o, and Jy satisfies

(A.16) Jo(UpN Q) =By :=BNRY, and Joy(UyNIN) = B,—1 :={z € B:x, =0},

(2) UyNTn =0, and Jy satisfies (A.16),

(3) Jo(UpN Q) = Byy :={z € B0,1) : x, > 0, z,—1 > 0} and the different types of
boundary conditions are 'well-separated’, i.e., Jo(UypNTp) = {x € dB4+4+ : x, = 0} and
J()(U() N FN) = {ZE‘ €0Byy: xp1 = 0}.

Roughly speaking, the condition that J€) is regular means that the different types of boundary
conditions are well-separated. Note that we allow I'p = 9Q and I'y = () and in this case,
the geometric condition becomes redundant. The previous definition somewhat strengthens
the definition of a regular set given by K. Groger (see Definition 2 in [Gré89]) which plays
an important role in the theory for weak solutions to boundary value problems with mixed
boundary conditions. See also [Dro00] and [GMO00], where these conditions are used to prove
regularity results for weak solutions of problems with different types of boundary conditions.
We will consider a linear equation of the following structure:

—div(A(z)Vu) + div(uv) +bu = L in €,
(A.17) u = gp only,
A(z)Vu(z) -v(z) + Au(z) = gy on Iy,

where the assumptions on the occurring coefficients, the functional L, and the data will be made
precise in Theorem A.17 below.

Definition A.16
Let ug € HY(Q) with vaquo = gp on Q. Then an element u € H () is called a weak solution
to (A17) ifw:=u—1up € H%D and w satisfies

/A(x)Vng0+/ Awe dS—/va<p dz:+/ wpvy dS+/ bwy dx
Q n Q n Q

= (L, @) () 11 @) 1 (9ns P ((ar/200)), HL2(00)) — /QA(JU)VUOVW dx —/ Augp dS

n

—l—/ upvVe dm—/ U pUY dS—/buogo dx (pe€ H%D(Q))
Q n Q
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The theorem on the Holder continuity of weak solutions now reads as follows:

Theorem A.17
Let p > n, % + % =1, and consider the linear equation with mized boundary conditions (A.17)
under the following assumptions:

(i) Q C R™ is a bounded Lipschitz domain with a regular boundary 0S) in the sense of Definition
A.15 such that 02 =Tp UT N, \po1(TpNTy) =0, and Ap—1(I'p) > 0.

(i1) A € Loo(Q;R™™) and there exists aa > 0 such that €T A(x)€ > aal€|? for almost all x €
and all £ € R™.

(iii) v : Q — R™ is Lipschitz continuous, b € L%(Q), and % div(v)(z) 4+ b(z) > 0 for almost

every x € ).
(iv) X\ € Lin-1, (') and 3vv+ X >0 a.e. on Iy.

!/

(v) L€ (WHQ), gp € Wy 7(09), and gy € (W, "(00))

Then, there exists a unique weak solution u € W, () to (A.17) in the sense of Definition A.16
and there exists a Holder exponent r € (0,1 — 7, depending only on Q, aa, |[|AllL(ogrnxn),

and p such that v € C%*(Q). Furthermore, the norm ||u||Co,,<(§) is bounded by a constant which

depends on Q, I'p, aa, [|AllL(rrxn), P, the Lipschitz constant of v, and the norms of all data
and coefficients, taken in the aforementioned spaces.

Proof. See [Dro00], Theorem 2.1. O

A.6 Fredholm theory

Definition A.18
Let XY be K-Banach spaces and T € L(X,Y) be a continuous, linear operator.

(i) Denote by N(T) := {x € X : Tx = 0} the kernel of T. Obviously, N(T) is a closed linear
subspace of X.

(ii) Denote by R(T) =T(X) :={Tz :x € X} the range of T, a linear subspace of Y.

(iii) Let U be a linear subspace of Y. Define the corank of U in'Y by codim(U) := dim(Y/U),
where Y/U denotes the quotient space.

(iv) T is called a Fredholm operator if dim(N(T')) and codim(R(T)) are finite numbers. The
set of all linear Fredholm operators T : X —'Y is denoted by F(X,Y).

(v) If T € F(X,Y) is a Fredholm operator, the number ind(T) := codim(U) — codim(R(T)) is
called the index of T'.

(vi) The linear operator T is called compact if for any bounded set M C X, T(M) C Y is
precompact, i.e., T(M) is compact. Equivalently, for any bounded sequence (zp)neny C X

the image sequence (T'xyp)neny C Y contains a convergent subsequence. The set of all compact
linear operators T : X —'Y s denoted by K(X,Y).
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Lemma A.19 (Properties of Fredholm operators)
Let T € F(X,Y) be a Fredholm operator. Then the following assertions hold true:

(1) If ind(T) = 0 and N(T') = {0}, then for all y € Y, the equation Tz =y admits a unique
solution x € X.

(i) R(T) is closed.

(i1i) Let C € K(X,Y) be a compact linear operator. Then T + C is also a Fredholm operator
of index ind(T + C) = ind(T"). Hence, the Fredholm property and the index are invariant
under compact perturbations.

(iv) Let S € L(X,Y) be a continuous linear operator with ||S|| < &, where € > 0 may depend on
T. Then T + S is a Fredholm operator of index ind(T 4+ S) = ind(T'), too. Hence, F(X,Y)
is an open subset of L(X,Y).

(v) Let T € K(X,Y). Then for all A € K, the operator I — XT is a Fredholm operator of index
0.

(vi) LetT € L(X,Y) be an isomorphism and C € K(X,Y). Then T+ C is a Fredholm operator
of indez 0, too.

(vii) Let Z be another Banach space and T € F(X,Y) as well as S € F(Y,Z) be Fredholm
operators. Then ST € F (X, Z) with index ind(ST) = ind(S) + ind(T").

Proof. This is a summary of results of the Chapters 5.4, 5.5, and 5.8 of the textbook [Zei95]. [



Deutsche Zusammenfassung

Ziel der vorliegenden Dissertation ist die Bereitstellung vielseitig einsetzbarer Resultate zur

Behandlung elliptisch-parabolischer Systeme, wie sie beispielsweise in Lithium-Ionen Batterie-

modellen auftreten. Haufig weisen derartige Modellgleichungen die Struktur eines gekoppelten

elliptisch-parabolischen Systems der allgemeinen Form

(1) { ~V-(kV¢+AVe) = F  in (0,T) x Q,
% V- (aVe+pBVe) = G in(0,T)xQ,

in einem Gebiet 2 C R™ auf, wobei zusétzlich nichtlineare Randbedingungen auftreten kénnen.
In (1) kénnen sowohl die Koeffizienten als auch die Funktionen F und G von den gesuchten
Groflen ¢ und ¢ abhéngen, was zu einer nichtlinearen Kopplung der Gleichungen fiihrt.

Beziiglich der Geometrie des Gebiets {2 werden zwei anwendungsorientierte Situationen betrach-
tet: einerseits der Fall eines beschrinkten C!'-Gebiets, welches durch geschlossenen C11-
Flachen ¥; in M + 1 Teilgebiete aufgeteilt ist. Andererseits werden entsprechende Resultate
fiir eine achsparalleles rechteckformiges Gebiet, das durch parallele Flachen ¥; in mehrere recht-
eckige Teilgebiete unterteilt ist, erzielt. Die notwendigen Ergebnisse zu linearen Gleichungen im
C11-Gebiet sind durch die Behandlung eines entsprechenden Modellproblems im Halbraum R%
zuganglich. Im Fall des rechteckigen Gebiets wird hingegen eine sogenannte k-Ecke der Form
Ky = R™* x (0,00)* mit 1 < k < n der Ausgangspunkt fiir die Modellproblembetrachtungen
sein.

Hauptgegenstand dieser Arbeit wird die folgende Variante des Systems (1) mit einer parabo-
lischen und zwei elliptischen Gleichungen sowie linearen Randbedingungen sein

=V (k1(u3)Vur) = F(ug —up,uz) in (0,7) x Q,
(2) —V - (ko(u3)Vua) = —F(ug —wui,ug) in (0,7) x Q,
% —-V- (HgVUg) = G(ul, uz, U3) in (O, T) x €.

Die nichtlineare Kopplung zwischen den Gleichungen wird hier im Wesentlichen durch zwei
nichtlineare Funktionen F : Rx(0,00)xQ — Rund G : R?x(0, 00) xQ — R hervorgerufen, an die
sehr allgemeine Anforderungen gestellt werden. Fiir eine prazise Formulierung der Annahmen sei
hier auf Assumption 6.2 verwiesen. Die Anwendungen in Kapitel 7 zeigen, dass die geforderten
Eigenschaften nicht notwendigerweise polynomiale Wachstumsbedingungen an F und G zur
Folge haben, wie sie hdufig in der Theorie semi- oder quasilinearer elliptischer Gleichungen
auftreten. Ein Beispiel fiir derartige 'growth-conditions’ findet sich in Kapitel 8 von [GT77].

Die wesentlichen mathematischen Herausforderungen bei der Betrachtung des Systems (2) lassen
sich folgendermaflen zusammenfassen:

e Wir betrachten ein nichtlinear gekoppeltes elliptisch-parabolisches System bei dem die
Kopplung sowohl iiber nichtlineare Funktionen auf der rechten Seite der Gleichungen als
auch uber die Koeffizienten vermittelt wird und somit insgesamt quasilinear ist.

e Die nichtlinearen Funktionen erfiillen im Allgemeinen keine milden Wachstumsbedingungen.
Im Gegenteil: Beziiglich der einzelnen Variablen konnen sogar exponentielles Wachstum
oder singuldres Verhalten (z.B. fiir ug — 0) auftreten. Bekannte Resultate aus der Theorie
quasilinearer elliptischer Gleichungen werden aufgrund dessen nicht direkt anwendbar sein.
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e Fiir die Koeffizienten k; in (2) wird nur eine C17-Regularitiat von ki und kg beziiglich ¢
sowie von k3 beziiglich x in jedem Teilgebiet 2; angenommen. Dies fiihrt zu mdglichen
Unstetigkeiten an den Grenzflachen ¥;. Eine wesentliche Annahme in der L,-Theorie el-
liptischer und parameter-elliptischer Gleichungen ist jedoch die Stetigkeit der Koeffizienten
des Hauptteils des Operators (cf. [AV63] or [ADF97]). Folglich kénnen die Ergebnisse aus
der L,-Theorie ebenfalls nicht sofort auf ganz (2 verwendet werden.

e Ein weiteres Problem aufgrund der geringeren Glattheit des Randes tritt im Fall der
rechteckigen Geometrie von €2 auf. In diesem Fall kénnen die Form und die Ordnung
der Randbedingungen von Fléche zu Flache variieren.

Trotz der oben geschilderten Schwierigkeiten wird das Hauptergebnis, Theorem 6.10, die Exis-
tenz einer zeitlich lokalen Losung des Systems (2) in den L,-Sobolevraumen

(u1, uz,us) € C([0,T]; Wy () x C([0,T]; W () x W,*((0,T) x Q)

unter natiirlichen Voraussetzungen an die Daten sein. Die grundlegende Idee, um analytische
Aussagen tiber das System (2) zu beweisen, ist, die Gleichungen zu entkoppeln und zu lin-
earisieren sowie die Hintereinanderausfithrung zweier Fixpunktargumente. Genauer gesagt wird
zunachst das semilineare elliptische System

(3) { —V - (k1(us(t,x))Vui(z)) = F((u2 —u1)(x),us(t,z),z) in Q,
=V (k2(us(t, ) Vua(z)) = —F((uz —ui)(@),us(t, ), ) in

flir eine feste Zeit ¢ und mit einer fest gewahlten Funktion us getrennt von der parabolischen
Gleichung gelost werden. Dies wird in Kapitel 4 iiber die Linearisierung des Systems (3) und
einer Anwendung Leray-Schauder Prinzips (Theorem 4.14) geschehen. In Kapitel 6 wird die
Zeitabhangigkeit von u; und ugy sowie die parabolische Gleichung unter Benutzung des Schaud-
erschen Fixpunktsatzes wieder hinzugefiigt. Um die Wg—Regularitéit in den Ortsvariablen zu
garantieren, werden dabei zuséatzliche Transmissionsbedingungen der Form

Oy = 0%u; auf ¥ (k=0,1)

auf jeder der Flichen ¥, fiir u; € W7 (Q;) gefordert.

Eine Anwendung elliptisch-parabolischer Systeme der Struktur (2) ist das Lithium-Ionen Bat-
teriemodell von Newman et. al. (siche [DFN93], [DFN94] und [DNT94]). Der Einfachheit halber
sei hier das Gebiet @ C R" als ein Intervall (n = 1), als ein achsparalleles Rechteck (n = 2)
oder als ein Quader (n = 3) angenommen, und € sei durch zwei (n — 1)-dimensionale Flachen
> in die Elektroden §2; und 3 sowie den Separator o aufgeteilt. Die gesuchten Grofien sind
die elektrischen Potentiale u; in der fliisssigen Phase (in ganz 2), us in den festen Elektroden 24
und 23 sowie die Elektrolytkonzentration c. Die Modellgleichungen lauten nun

—V - (ki(e) (Vo1 — 2V In(c))) = j(d2 — ¢1,¢) inJxQ, (i=1,2,3),
-V - (0iVp2) = —jlpa—b1,¢) inJxQ;, (i=1,3),

8tc—V- (DZVC) = j(¢2—¢1,6) in J x Ql‘, (i: 1,2,3),

(4) 0,1 — ZR%T%&,C = 0 auf J x 09,
o0y = 1T auf J x Ty, k € {n,2n},
Oypa = 0 auf J x ((021\I'y,) U (0923\T'2y,)),
oc = 0 auf J x 09,
\ c(0,z) = co(x) (x € Q).

Der Strom I wird iiber die beiden parallelen Auflenflichen I',, und I'9, ab- bzw. zugefiihrt.
Auf den verbleibenden Teilen des Randes werden Isolations- bzw. Non-flux-Randbedingungen
gefordert.
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Die Nichtlinearitat j ist hierbei durch einen Butler-Volmer Term der Form

(5) j(p2 — ¢p1,¢) = kc® [eXp( "(¢2— ¢1 —U)) —exp (_(1};7;)1:(¢2 — 1 — U))] in Q; and Q3

mit o € (0, 1) gegeben und beschreibt den Fluss von Ladung bzw. von Lithiumionen durch die
Flachen ¥;. Die effektiven Leitfahigkeiten r; : [0, 00) — [0, 00) und der effektive Diffusionskoef-
fizient D hangen hier nur in jedem Teilgebiet €2; hinreichend glatt von ¢ bzw. von x ab.

Zur Behandlung des logarithmischen Terms in der ersten Gleichung bietet sich eine Substitution
der Funktion ¢1 durch u; := ¢ — QR%T In(c) an. Infolgedessen dndert sich die Nichtlinearitét j
zu
aF , . . —(Q-—oF g — .
(6)  N(os—,c) = 4 € Cefr @) —c2maemmiomn=t) - in 04U Qg
0, in Q.

Diese Funktion verhalt sich singular, wenn die Konzentration ¢ gegen 0 geht und beziiglich der
Potentialdifferenz zeigt sie exponentielles Wachstum. Nach dieser Substitution weist das System
(4) weitgehend die gleiche Struktur wie das allgemeinere elliptisch-parabolische System (2) auf.
Bei der Betrachtung der Gleichungen (4) in zwei oder drei Dimensionen werden ferner alle oben
aufgezahlten mathematischen Problemstellungen kombiniert.

Die vorliegende Dissertation ist folgendermafien gegliedert:

Kapitel 1 behandelt parameter-elliptische Systeme der Form

(7) { A=Az, D)u = f in ©,
Bj(xz,D)u = g; auf 092, j=1,...,m,

in den Grundriumen L,(€), W, (€2) und W;(€) mit s < %. Das erste Hauptresultat zur Sekto-
rialitdt der Realisierung Ag s des Halbraum-Modellproblems (7) im Grundraum Wy an) (R%),
welcher zusatzliche Kompatibilitatsbedingungen enthélt, wird durch Theorem 1.33 fir allge-
meines s erzielt. Weiterfithrende Resultate zu inhomogenen Randbedingungen finden sich in
Theorem 1.39 im Fall s = 1, bezichungsweise in Korollar 1.44 fiir den Fall 0 < s < %. Uber
Storungsresultate sowie ein Lokalisierungsverfahren werden die Ergebnisse fiir das Modellpro-
blem anschlieBend auf den Fall eines beschrinkten C™!-Gebiets und Operatoren mit variablen
Koeffizienten verallgemeinert. Das zentrale Ergebnis zu parameter-elliptischen Systemen in
W3 (Q) mit s < % ist schlieBlich Theorem 1.49.

In Kapitel 2 werden die Resultate aus dem ersten Kapitel auf den Fall eines rechteckigen Gebiets
Q tibertragen. Ferner wird die Gleichung (7) nun mit zusétzlichen Transmissionsbedingungen auf
einer Flache, die das Gebiet aufteilt, betrachtet. Die Klasse der betrachteten Differentialopera-
toren wird hierzu auf Operatoren mit geradem Hauptteil (siehe Definition 2.1) eingeschrénkt und
ebenso werden tiberwiegend Randbedingungen von geradem oder ungeradem Typ (siehe Defini-
tion 2.2) betrachtet. Theorem 2.12 behandelt das zugehorige Modellproblem in einer aufgeteil-
ten k-Ecke Ky, mit Transmissionsbedingungen. Uber ein angepasstes Lokalisierungsverfahren
wird die Wohlgestellthelt eines parameter-elliptischen Randwertproblems in einem rechteckigen
Gebiet Q mit zusétzlichen Transmissionsbedingungen im Grundraum W (Q) erhalten. Dieses
Hauptresultat ist in Korollar 2.26 zu finden.

In Kapitel 3 wird die Existenz und Eindeutigkeit einer schwachen Losung zu einem nichtline-
aren elliptischen System der Form (3) in einem Lipschitzgebiet bewiesen. An die Nichtlinearitét
wird hierzu lediglich die oben genannte Forderung (i) gestellt. Die Gleichungen (3) mit homo-
genen Neumann Randbedingungen und der speziellen Nichtlinearitét (6) ist bereits in [WXZ06]
betrachtet worden. Durch eine Anwendung des Leray-Schauder Prinzips in (Ls(£2))? werden
die dort erzielten Resultate durch Theorem 3.18 verallgemeinert. Des Weiteren werden auch in-
homogene Neumann Randbedingungen in Korollar 3.20 behandelt. Unter geringfiigig stérkeren
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Bedingungen an das Gebiet konnen mit Theorem 3.34 schlieffilich auch analoge Wohlgestellt-
heitsresultate fiir Dirichlet Randbedingungen sowie gemischte Randbedingungen erzielt werden.

Kapitel 4 betrachtet das System (3) in L, () fiir den Fall eines rechteckigen Gebiets €2, welches
durch parallele Flachen ¥; in Teilgebiete unterteilt ist. Mit den Forderungen (i)-(iii) an die Nicht-
linearitit F sowie der Annahme einer stiickweisen C17-Regularitit der Koeffizienten wird hier
die eindeutige Losbarkeit in (W7 (€2))? bewiesen. Um mogliche Unstetigkeiten der Koeffizien-
ten zu berticksichtigen, werden auf den Flachen ¥; zuséatzliche kanonische Transmissionsbedin-
gungen der Ordnung zwei gestellt und ein allgemeines Ergebnis aus Kapitel 2 zur Losung der
linearisierten Gleichungen benutzt. Unter Verwendung der im vorigen Kapitel gezeigten L.o-
Schranken kann wiederum mit dem Leray-Schauder Prinzip das Hauptresultat des Kapitels, die
eindeutige Losbarkeit des Systems (3) in WPQ(Q), bewiesen werden.

Im Mittelpunkt von Kapitel 5 stehen parabolische Gleichungen mit Transmissionsbedingun-
gen fiir den Fall, dass zwei C?"™-Gebiete 2; und Qs durch die C?™-Fliche 02y gegeneinander
abgegrenzt sind sowie fiir den Fall eines rechteckigen Gebiets, welches durch eine Flache in zwei
Teilgebiete unterteilt wird. Zun#chst wird der Begriff der R-Beschranktheit einer Operator-
familie definiert und zwei vektorwertige Versionen des Satzes von Michlin iiber Fouriermulti-
plikatoren (Theorem 5.10) vorgestellt. Ferner werden die funktionalanalytischen Begriffe der
R-Sektorialitdt und der maximalen Regularitéit eines Operators eingefithrt sowie der Satz von
Weis (Theorem 5.18), der eine wesentliche Verbindung zwischen den beiden Begriffen aufzeigt. In
Theorem 5.28 wird die Eigenschaft der R-Sektorialitat fiir die Realisierung eines parabolischen
Transmissionsproblems in Ly((0,7"); Ly(£21)) x Lp((0,T); Ly(22)) bewiesen, was insbesondere
dessen eindeutige Losbarkeit beinhaltet. Fiir den Fall eines rechteckigen Gebiets findet sich ein
analoges Resultat in Theorem 5.33.

Kapitel 6 verbindet schliefflich die Ergebnisse iiber das nichtlineare elliptische System aus Kapi-
tel 4 sowie die Resultate zu linearen parabolischen Gleichungen mit Transmissionsbedingungen
aus Kapitel 5. Mit Theorem 6.10 wird die zeitlich lokale Existenz einer Losung des elliptisch-
parabolischen Systems (2) mit sz—Regularitét beziiglich der Raumvariablen gezeigt.

Das 7. Kapitel beginnt mit den wesentlichen Ideen der Herleitung des Batteriemodells (4). Im
Anschluss daran werden die allgemeinen Ergebnisse aus Kapitel 6 auf die konkrete Situation
angewendet, um die Existenz einer lokalen Losung

(61, ¢2,¢) € C([0,T); W()) x C([0, T]; W2()) x W, 7((0,T) x Q)

zu erhalten. Das Hauptergebnis dieses Abschnitts ist Theorem 7.5. Insbesondere stellt hier-
bei die Nichtlinearitéit (6) ein anwendungsorientiertes Beispiel mit den oben genannten Eigen-
schaften (i)-(iii) dar. Den Abschluss bildet eine kurze Diskussion eines Batteriemodells mit
nichtlinearen Randbedingungen.

Konstanz, April 2013 Tim Seger
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