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Abstract

We establish sharp trace and Korn-type inequalities that involve vectorial differential opera-
tors, the focus being on situations where global singular integral estimates are not available.
Starting from a novel approach to sharp Besov boundary traces by Riesz potentials and oscil-
lations that equally applies to p = 1, a case difficult to be handled by harmonic analysis
techniques, we then classify boundary trace- and Korn-type inequalities. For p = 1 and so
despite the failure of the Calderén-Zygmund theory, we prove that sharp trace estimates can
be systematically reduced to full k-th order gradient estimates. Moreover, for 1 < p < oo,
where sharp trace estimates yield Korn-type inequalities on smooth domains, we show for
the basically optimal class of John domains that Korn-type inequalities persist — even though
the reduction to global Calderén-Zygmund estimates by extension operators might not be
possible.

Keywords Trace theorem - Uspenskii’s theorem - L!-estimates - Korn inequality -
C-ellipticity - Riesz potentials - Inverse estimates - NTA domains - John domains -

Weighted inequalities
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1 Introduction
1.1 Calderén-Zygmund and L-estimates

A variety of partial differential equations or problems from the calculus of variations require
to bound the L”-norms of full higher order gradients by those of given differential operators.
To be more precise, let k € N, k > 1 and suppose that A is a homogeneous, k-th order linear,
constant-coefficient differential operator on R” with n > 2 between two finite dimensional
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real vector spaces V and W. Then A has a representation

A=) Agd®, (1.1)
aeNj
ler|=k

where for each o € Njj with || = k, Ay: V — W is a fixed linear map. Following the
foundational work of CALDERON & ZYGMUND [15],if 1 < p < oo, there exists a constant
¢ = c(A, p) > 0 such that there holds

ID*ullpr @y < cllAullLp@ny — forallu € CO(R™; V) (1.2)

if and only if A is elliptic; Eq. 1.2 is also referred to as Korn-type inequality [46]. Here, in
the most general sense, we call A elliptic provided the Fourier symbol

AlE] = Z E*Ay:V —> W  isinjective for any & € R" \ {0}, (1.3)
la|=k

cf. HORMANDER [34] and SPENCER [56]. Due to a celebrated counterexample of ORNSTEIN
[53] — colloquially termed Ornstein’s Non-Inequality — inequality Eq. 1.2 does not persist
for p = 1 in general. Despite the failure of Eq. 1.2 for p = 1, one might still hope to find
conditions on A such that lower order quantities depending on u can be controlled in terms
of [JAull; 1. In the present paper we shall give a resolution of this matter for the boundary
traces in the case of k-th order differential operators and all 1 < p < oo, cf. Theorem 1.1
for p = 1 (and Theorem 4.4 for 1 < p < 00). We then classify this result within situations
where global Calderén-Zygmund estimates are not available, might it be because of p = 1
(Theorem 1.2) or the irregularity of the underlying domains for 1 < p < oo (Theorem 1.3).

1.2 Limiting L'-trace Estimates via Riesz Potentials

The general objective of limiting L' -estimates is to classify those operators A such that well-
known inequalities for the full k-th order gradients hold with D replaced by A, too. Starting
with BOURGAIN & BREZIS [7, 8], the problem of bounding lower order norms against Ll-
norms of differential expressions Au has been intesively studied from various perspectives
in recent years, cf. VAN SCHAFTINGEN et al. [9, 31, 65-67] for a systematic treatment of
Sobolev-type inequalities. By ORNSTEIN’s Non-Inequality [44, 45, 53], none of these results
can be directly inferred from the full k-th order gradient estimates. This equally applies to
trace estimates, dealt with in the first order case by BREIT and the authors [11], which in turn
give rise to Sobolev embeddings on domains, cf. RAITA and the second author [30].

The instrumental condition making boundary trace inequalities work is that of C-ellipticity.
Following [11, 30, 55], we say that A of the form Eq. 1.1 is C-elliptic provided

A[E]: V 41V — W +iW is injective for each & € C" \ {0}. 1.4)

C-ellipticity is a stronger condition than VAN SCHAFTINGEN’s cancellation condition [66].
So for instance the generalisation of GAGLIARDO’s trace inequality,

””‘”Ll(asz) < c(||u||L1(Q) + IIAullLl(Q)) forall u € C®°(Q; V) (1.5)

for first order C-elliptic operators holds if and only if A is C-elliptic, see [11]; here @ C R”
is a bounded smooth domain. Since the trace operator Tryg, : whiQ: v) = L'0Q; V) is
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Sharp Trace and Korn Inequalities for Differential Operators 171

surjective, Eq. 1.5 is optimal. However, if kK > 2, by a result of USPENSKII [63] there exists
¢ =c(n, k, V) > 0 such that for any open halfspace H C R" there holds

lull gt oy < 1D ullpiyy  forall u € C(EL V) (1.6)

with the homogeneous Besov space B’;ql(aH; V(S WE=LL(QH: V)) (cf. Section 4.1 for
the definition), resulting in a surjective’ trace operator. One may thus wonder whether C-
ellipticity is equally necessary and sufficient to yield the corresponding variant of the trace
estimate Eq. 1.6, also see [30, Open Problem 4.8]. As our first result, we answer this by

Theorem 1.1 (Higher order traces I) Let k € N, k > 2. Then the following are equivalent for
a k-th order differential operator A of the form Eq. 1.1:

(a) A is C-elliptic in the sense of Eq. 1.4.
(b) There exists ¢ = c(A) > 0 such that for any open halfspace H there holds

”””B’f]‘(aH) < c||Au||L1(H) forallu € C?o(ﬁ; V). (1.7)

The previous theorem particularly implies that, for open and bounded domains Q with
smooth boundary 92 and C-elliptic A, there exists a surjective boundary trace operator
Tryg: BVA(Q) —» B]f_ll (0€2; V) for functions of bounded A-variation (cf. Theorem 4.7).

This also extends to less regular boundaries, but then requires a more careful definition
of the underlying Besov spaces. However, our main focus in the previous theorem is not a
possibly involved geometry or low regularity of boundaries, but the estimate Eq. 1.7 based
on Riesz potential estimates. More general domains are addressed in Sections 1.3 and 1.4.

Note that a weaker estimate, replacing the B/{ jl-norm in Eq. 1.7 by the W*~!-1_norm has
been obtained by RAITA, VAN SCHAFTINGEN and the second author in [31]; again note that
B! € WA—LT (cf. BREZIS & PONCE [13, Rem. A.L, p. 1238]).

As pointed out by LEONI & TICE [47], the only available approaches to the classical
USPENSKII trace estimate Eq. 1.6 for p = 1 rely on the finite difference characterisation
of Besov spaces; also see MIRONESCU & RUSS [52]. By ORNSTEIN’s Non-Inequality, con-
trolling the requisite finite differences in terms of Au and not D¥u is far from clear, and
so Eq. 1.7 must be approached differently. Toward Theorem 1.1, our line of action instead
is to combine an oscillation characterisation of Besov spaces (cf. Lemma 4.1) and a novel
sharp Riesz potential representation formula for C-elliptic operators (cf. Proposition 3.3).
This approach equally seems to be new in the case | < p < oo and even for A = DF, see
Section 4.4.

By ARONSZAIN [4] and SMITH [55] (also see KALAMAISKA [41, 42]), it is well-known
that for k-th order C-elliptic operators A and 1 < p < oo one has the norm equivalence

”u”Wk-P(Q) x ||u||wk*111)(g) + [AullLr (@), ue Wk’p(Q§ V) (1.8)

for smoothly bounded 2 C R". As asserted in Theorem 4.4, for such domains a corresponding
sharp variant of the trace estimate Eq. 1.7 for 1 < p < oo does not only follow from but is
equivalent to Eq. 1.8, thereby providing a self-contained proof of Eq. 1.8. Here, the respective
trace estimates yield the existence of a suitable extension operator and so allow to reduce
Eq. 1.8 to global singular integral estimates on R". In particular, the sharp trace estimates
obtained by our Riesz potential approach imply Eq. 1.8 and then vice versa by the sharp trace
theorem for W7,

In view of the failure of Calderén-Zygmund estimates on L', inequality Eq. 1.8 cannot
be obtained for p = 1 in general and, if 1 < p < oo, the above approach only allows
to conclude Eq. 1.8 for suitable extension domains. We thus proceed by classifying the
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172 L. Diening and F. Gmeineder

underlying mechanisms that allow to arrive at Theorem 1.1 and the Korn-type estimate
Eq. 1.8 in situations where the above approaches are not necessarily available.

1.3 Reduction to W*--estimates Despite Failure of L'-CZ Theory

Working from Theorem 1.1, C-ellipticity yields the same trace estimates as known from the
full k-th order gradient case. Thus one might wonder whether — despite the failure of the
Calderon-Zygmund estimates for p = 1 — C-ellipticity directly allows to

reduce limiting L!-trace estimates to those available for W*-1. (1.9

As our second main result, Theorem 1.2 below and, more importantly, its proof, this is the case
indeed. It is singled out as its proof seems to be the first instance in the literature which uses
the reduction metaprinciple Eq. 1.9to arrive at limiting L' -estimates for differential operators
in the face of ORNSTEIN’s Non-Inequality. The proof is naturally set up for NTA,,_{-domains
(cf. Section 2 for this terminology), leading to the following

Theorem 1.2 (Higher order traces II) Let k € N> 1. Then the following are equivalent for an
operator A of the form Eq. 1.1:

(a) A is C-elliptic in the sense of Eq. 1.4.
(b) For every open, bounded, NTA, _1-domain Q C R", the space WAL(Q) = {u €
LYQ; V) lu Il @t | Au|l 1 @ < oo} has the same trace space on 9€2 as wWkEL(Q: V).
Here, given a Banach space (27(32), || - [l (9e)) with Z7(0€2) C LIIOC(BQ; V), we say
that W5 1(Q; V) has trace space 2 (9Q2; V) provided there exists a linear and bounded
surjective trace operator Tryq : WhL(Q: V) — 2782 V) (which, by definition, satisfies
Tryqu) = u 2" '-ae.ondQ forallu € C(Q2; V)NWK1(Q; V)). For WA 1(Q), the notion
of trace space is then defined analogously. Complementing Theorem 1.1, Theorem 1.2 does
not specify the trace space of WA L(Q) but rather asserts that it equals that of W&1(Q2; V). If,
for instance, 2 C R” is open and bounded with boundary of class C*, then this especially
implies that the trace space of WAl (R2) is Blfjl(aQ; V). Also note that we could replace
WA by BVA in (b).

Theorem 1.2 is approached by an advancement and strenghtening of a method employed in
the first order case by the authors and BREIT [11]. The underlying key novelty of the proof of
Theorem 1.2 is that for a C-elliptic operator A, the nullspace of A consists of polynomials of a
fixed degree and so, by the equivalence of all norms on finite dimensional spaces, ORNSTEIN’s
Non-Inequality becomes invisible on ker(A). Section 5 is devoted to the implementation of
this strategy.

1.4 Korn’s Inequality Without Global CZ-estimates

Returning to the Korn-type estimate Eq. 1.8 for 1 < p < oo, the approach sketched in
Section 1.2 works by extensions and applying global Calderén-Zygmund estimates on R”.
Following the discussions in [23, 39] for the symmetric gradient case Au = %(Du +Dul),
the natural geometric setup for such inequalities is given by John domains (see Section 2 for
this terminology). However, John domains need not even be extension domains for W*7.
Hence, in this situation, estimate Eq. 1.8 cannot be established by means of global Calder6n-
Zygmund estimates on R”. Interestingly, Eq. 1.8 still persists for John domains and C-elliptic
operators:
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Sharp Trace and Korn Inequalities for Differential Operators 173

Theorem 1.3 (Korn for John) Let 1| < p < 0o and A be a differential operator of the form
Eq. 1.1 with k € Nx>1. Then the following are equivalent:

(a) A is C-elliptic.

(b) For all open and bounded John domains Q2 C R" we have

lullwior gy = lullir) + lAullrg)  forall u € WEP(: V).

Theorem 1.3 is established by a generalisation of a decomposition method introduced by
RUZICKA, SCHUMACHER and the first author [23] to the sharp class of operators for which
the above Korn-type inequalities can hold at all. Theorem 1.3 is in the spirit of Theorem 1.2,
however, note that John domains need not allow for a boundary trace operator; but if they
do, Theorem 1.3 immediately implies the equality of the trace space of WX (Q; V) and
that of the A-Sobolev space WAP(Q) == {u € LP(Q2; V): lullLr @) + 1AullLr(q) < oo}.
Motivated by recent interest in Korn-type inequalities on more general space scales (cf. [10,
16, 23]), Theorem 1.3 is obtained in Section 6 as a special case of an A ,-weighted version,
cf. Theorem 6.10. By RUBIO DE FRANCIA extrapolation, the latter implies a variety of
Korn-type inequalities, so e.g. on Orlicz- or Lorentz spaces; see Section 6.5.

1.5 Organisation of the Paper

Section 2 collects the different notions of domains considered in the main part of the paper.
As a technical novelty, Section 3 provides an improved representation formula a 14 SMITH
and KAAMAIJSKA. This results in a family of Poincaré-type inequalities for John domains and
Riesz potential-type inequalities which should be of independent interest but also display
a crucial ingredient for the sequel. In Section 4, after gathering background facts on Besov
spaces, we establish Theorem 1.1. Sections 5 and 6 are devoted to the proofs of Theorems 1.2
and 1.3, respectively. The appendix, Section 7 gathers the proofs of auxiliary results.

GENERAL NOTATION

By © C R" we understand an open set throughout, and the open ball of radius r centered at
xg is denoted B(xg,r) := {y € R": |xo — y| < r}. For B = B(xp,r) and o > 0, we set
o0 B := B(xg, or). The n-dimensional Lebesgue and (n—1)-dimensional Hausdorff measures
are denoted .#" and 57"~ !, respectively; for brevity, we sometimes use |A| := £"(A) and
d"! .= ds#"~!. Given a finite dimensional real vector space E, we denote the finite positive
Radon measures on 2 by .#(2), the finite E-valued Radon measures on Q by .Z(2; E)
and, for u € .#(2; E), |u|(2) its total variation. Given u € .#(2) and a Borel subset U
of Q with u(U) > 0, we put for a u-integrable map f: Q — E

1
du i= —— du,
][Uf o u(U)/Uf o

and the choice of u will be clear from the context. If © = £", we also use the short-
hand (f)y = f;, fd.2". The space of E-valued polynomials on R" of degree at most
m € Ny is denoted &, (R"; E), and the homogeneous E-valued polynomials of degree
m by 33,?1(]1%"; E); we also set Z_,,(R"; E) = {0} for m € N and Z(R"; E) =
Um€No P (R"; E). The symbol @ (R"; E) denotes the symmetric m-multilinear maps
from R” to E. By ¢, C > 0 we denote generic constants which might change from line to
line and shall only be specified provided their precise value is required. As such, we write
a ~ b if there exist ¢, C > 0 such that ca < b < Ca and both ¢, C do not depend in any
essential way on a and b. We also use X > Y for normed spaces to indicate that X = Y with
equivalence of norms, but no ambiguities will arise from this.
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174 L. Diening and F. Gmeineder

2 Domains

In this section we collect the various geometric assumptions on domains €2 of our functions
that arise throughout the main part of the paper.

We say that Q C R” satisfies the interior corkscrew condition provided there exist R > 0
and M > 2 such that for all x € 9Q2 and all 0 < r < R there exists y € Q such that

;
|x —y| <r and B(y, M) C Q.

Likewise, 2 satisfies the exterior corkscrew condition provided R” \ 2 satisfies the interior
corkskrew condition.

Now suppose that Q satisfies the interior and exterior corkscrew condition with some
M > 2. For x1, xp € 2, we say that a sequence of balls By, ..., By C Q2 is a Harnack chain
from x1 to x of length K € N provided x| € By, x € By andforalll < j < K — 1
there holds B; N B, # ¥ and their radii satisfy M‘lr(Bj) < dist(Bj, 02) < Mr(B;)
forall 1 < j < K. The set 2 is then said to satisfy the interior Harnack chain condition
if, whenever ¢ > 0 and x1,xp € Q2 N B(§, %) (for some £ € Qand 0 < r < R)
satisfy dist(x;, 02) > ¢, j € {l,2}, together with |x; — x2| < 2le for some | € N,
then there exists a Harnack chain By, ..., Bx from x| to x» of length K < MI such that
diam(B;) > % min{dist(x, 0R2), dist(xp, dR2)} forall j =1, ..., K.

Definition 2.1 (NTA and NTA,_;-domains) An open and bounded set @ C R” is non-
tangentially accessible (or NTA for brevity) provided 2 satisfies the interior, the exterior
corkscrew and the interior Harnack chain condition. We refer to R > 0 and M > 1 from
above as the NTA-parameters of Q. Moreover, Q2 is said to have (n — 1)-Ahlfors regular
boundary 02 if there exist R > 0 and L > 1 such that for all x € 92 and 0 < r < R there
holds

1
T = 0N B ) < Lt
If @ C R” is NTA and has (n — 1)-Ahlfors regular boundary, we say that €2 is NTA,,_;.

See [2, 33, 38] for more information on NTA domains. Now let y C R” be a rectifiable path
with endpoints a and b and length |y |. Assuming that y : [0, |y|] — R" is parametrised by
arclength, we define the a-cigar with core y and parameter o > 0 by

cig(y,a) = U B(y(t), émin{t, ly| — t}).

t€[0,]y 1]

Definition 2.2 (John domains) Anopen and bounded set 2 C R” is called an a-John domain,
a > 0, if every pair of distinct points a, b € €2 can be joined by a rectifiable path y such that
cig (y, @) C Q. If the constant « is not important, we just say that 2 is a John domain.

Even though this definition of John domains automatically implies their boundedness, we
will often write open and bounded John domain to highlight the boundedness of such sets
in stating our results below. Introduced by JOHN [40] and named after him by MARTIO &
SARVAS [48], John domains include sets with fractal boundary such as the Koch snowflake
or slit domains. Moreover, they can be decomposed into a suitable set of balls or cubes that
satisfy a certain chain condition. In particular, by [23, Thm. 3.8] every bounded John domain
also satisfies the emanating chain condition in the sense of the following definition.
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Sharp Trace and Korn Inequalities for Differential Operators 175

of)

Wi =W;o

Fig.1 The emanating chain condition for an exemplary non-extension domain Q2 C R2 with slits, illustrating
the key property in 2: In any chain W; o = W;, ..., W; ;, = Wp, any W; ; might be blown up by o7 such that
oo W; 1 contains all W,-A,j, 0<j<l

Definition 2.3 (Emanating chain condition) Let 2 C R” be an open and bounded set and let
o1 > 1,02 > 1. Then we say that 2 satisfies the emanating chain condition with constants o
and oy if there exists a covering W = {W; : i € Ny |} of Q consisting of open balls (or
cubes) such that:

(C1) Wehave oy W C Qforall W € Wand Yy Loyw < 02 1o on R™.

(C2) For every W; € W there exists a chain of W; o, W; 1, ..., Wi, (pairwise different)
from Wsuch that W; o = W;, W; ,,, = Wo,and W; j, C 0o W, , for 0 <y <, < m;.
Moreover, W; ; N W; ;41,0 <1 < m;, contains a ball B; ; such that W; ; U W; ;4| C
02B; ;. The chain W; o, ..., W; ,, is called the chain emanating from W;. The number
m; € Ny is called the length of this chain.

(C3) Theset{i e No: W; N K # (|} is finite for every compact subset K C €.

The family W is called the chain-covering of 2. The ball (or cube) Wy is called the central
ball (or cube), since every chain ends in Wy (Fig 1).

Clearly, all sets satisfying the emanating chain condition are connected. Moreover, if
satisfies the emanating chain condition with o7 > 1 and 07 > 1, we have

diam(R2) < opdiam(Wy), 2.1

since every x € 2 is contained in some W € W that can be connected with Wy by a chain
satisfying (C2) and so W C o> Wy. Moreover, note that whenever an open and bounded set
satisfies the emanating chain condition with o1, 02 > 1, then by [23, Thm. 3.8] it automat-
ically satisfies the emanating chain condition with o1 > 1 and o2 > 1 (for some possibly
different chain covering); this is why we directly restrict ourselves to oy > 1in Definition 2.3.

Remark 2.4 (Choice of overlap balls) By [23, Rem. 3.15], if 2 C R” satisfies the require-
ments of Definition 2.3, the balls B; ; as in (C2) can be chosen to belong to a family & of
balls such that ) pes 1B < 021q as an estimate on R".
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176 L. Diening and F. Gmeineder

Following BOMAN [6] and IWANIEC & NOLDER [37], domains merely satisfying (C1)
and (C2) are referred to as Boman (chain) domains; also see HURRI [35]. By a result due to
BUCKLEY, KOSKELA & LU [14], an open and bounded domain is a Boman chain domain
if and only if it is John; moreover, by [23], any open and bounded John domain satisfies the
emanating chain condition. In total, for open and bounded sets 2 C R” these notions of sets
are connected as follows (see, e.g., [2, Sec. 3.7] and [23, Thm. 3.8]):

NTA, -1 = NTA = John = Emanating Chain Condition = Boman 2.2)

3 The Sharp Representation Theorem and Poincaré-type Inequalities

In this section we derive a new representation formula in terms of Au. From this we conclude
Poincaré-type estimates for balls and John domains which should be of independent interest
but also play a pivotal role in the proofs of Theorems 1.1-1.3.

3.1 The Representation Formula

The natural framework for the results of this and the subsequent sections is given by the
following variants of Sobolev- and BV-spaces adapted to differential operators A of the form
Eq. 1.1: Given 1 < p < oo and an open set 2 C R", we define

WAP(Q) i= {u e LP(Q; V): lullwer ) = lullLr@) + 1AullLr ) < oo},

(3.1)
BVA(Q) = {u e LY(Q: V)1 [ullgyaiq) = lullLiq + [Aul(Q) < oo},

where ||Aullr) < oo or |[Au|(2) < oo have to be interpreted in the sense that the
distributional differential Au can be represented by an L? (2; W)-map or a finite W-valued
Radon measure, respectively. Moreover, we set

WAP(Q) := WAL (Q) N WK 1-P(Q: V)

(in [30] also denoted VA-?) to be endowed with norm ||u||WA4,,(Q) = ||u||wk—|,p(Q) +
| Au|lrr(q); note that WP (Q: V) C VNVA’P(Q). All of these spaces are Banach, and it is
routine to check that C*®°(L2; V) N Wh-p (R2) is dense in WA.p (£2) and, if 0% is sufficiently
regular, we even have density of C®°(Q; V) N WP (£2). For future reference, note that such
density properties cannot be expected for the norm on BVA (cf. AMBROSIO [3, Chpt. 3] et
al. for A = D), and the correct substitute here is the A-strict metric defined by

da(u,v) == llu —vlp1gq) + [[Au|(€2) — [Av|(Q)], u,v € BVA(Q). (3.2)

(Non-)examples of C-elliptic operators are as follows; other relevant instances are gathered
in [66, Sec. 6.4]:

Example 3.1 Foreach k,n € Nand N € N, the k-th order gradients Dk actingonu: R" —
RY are C-elliptic. For n € N and maps u: R" — R”, the symmetric gradient operator
e(u) = %(Du +Du ") is C-elliptic forall n > 1, see [11, Sec. 2.2]. For n > 3, the trace-free
symmetric gradient ePu = e(u) — %div(u)Enxn (with the (n x n)-unit matrix Ej,y,) is
equally C-elliptic; again, see [11, Sec. 2.2]. It is easy to see that the composition of two
C-elliptic operators is again C-elliptic; an example that occurs frequently (so, e.g., in the
regularity theory for elasticity and plasticity, is A = De®, see FUCHS & SEREGIN [28]).
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Sharp Trace and Korn Inequalities for Differential Operators 177

Example 3.2 The trace-free symmetric gradient is not C-elliptic for n = 2. This can be
seen by the fact (following from Proposition 3.3 below) that C-elliptic operators have finite
dimensional nullspace on connected sets. Elements of ker(¢P) in n = 2 have a one-to-
one-correspondence with holomorphic functions on C, hence &P is not C-elliptic, see [11,
Sec. 2.2]. On the other hand, if » > 2 and A is an elliptic operator on R” from V to W,
then the A-Laplacian Ay = A*A is not C-elliptic. Indeed, in this situation A, is elliptic
as an operator on R” from V to V, and hence does not even satisfy VAN SCHAFTINGEN’S
cancellation condition:

[ AslEl(V) =V # {0}

§€RM\{0}

As C-ellipticity implies ellipticity and cancellation (cf. [30, Lem. 3.2], [31, Prop. 3.1]) for
n > 2, the A-Laplacian A, is not C-elliptic.

Towards Proposition 3.3, we need to revise a decomposition as established in the pioneering
works of SMITH [55] and KALAMAJSKA [42], cf. Eq. 3.7 below. Let 2 C R” be a domain
that is star-shaped with respect to an open ball B and satisfies diam(2) < c¢o diam(B). The
averaged Taylor polynomial T2 of order m then is defined as in [49, Chpt. 1.1.10] and [12,
Chpt. 4]: Choose w € C°(B) with fB w(y)dy = 1 and then define for u € LIIOC(Q; V):

—1)lel
TRu(x) == /B w Y e - ) dy. (3.3)
la|<m '

The averaged Taylor polynomial has good approximation properties and commutes in some

sense with derivatives. In particular, we have for u € Wﬁ’cl (2)

ATE u=TE_, | Au. (3.4)

Moreover, if u € C®(Q; V), it follows from [49, Chpt. 1.1.10, Thm. 1] that for all x € Q
there holds

u(x) =TE_ju(x) + Z / Ko p(x,y)0%u(y)dy, where
Q

ol =m (3.5)
m o o
KaB(x,y)=mu/ a)(x—i—tu)t”_ldt.
' a! |x —y|” [x—y| |y_x|

As established in [42], the C-ellipticity in combination with the Hilbert Nullstellensatz [42,
Lem. 4] implies the existence of m € N and a @™ (R"; V)-valued differential operator L. of
order (m — k) such that D" = LA. In brevity, the underlying reason for this is that with A
being C-elliptic, for & € C" \ {0} the only solution v € V 4+ iV of A[§]v = 0 is the null
vector. Writing this system componentwisely, in this situation (also see [31, Prop. 3.2]) the
Hilbert Nullstellensatz yields the existence of such m and L. The constant m is not given
explicitly, but at least ker(A) C 22,,_1 (R"; V); here, ker(A) is the nullspace of A relative to
2'(Q2; V). In particular, the polynomial degree deg 4 (A) of A satisfies

m > deg s (A) :=min{ j € Ny : ker(A) C Z;_1(R"; V) |> }k. (3.6)

For future reference, we note that deg ;, (A) < oo not only follows but is in fact equivalent to
C-ellipticity, cf. [30, Prop. 3.1] and [55]. Now, D™ = LA and integrating by parts (m — k)-
times yields for u € C*°(Q; V)

u(x) =TE u(x) +/ RB(x, yAu(y)dy forall x € Q, (3.7)
Q
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cf. [42, Theorem 4 (v)], where the kernel ﬁg: (Qx Q) \ A — Z(W; V) is smooth off the
diagonal A, satisfies Rg (x, ) = 0 near L2 for each x €  and, with C = C(cp, A) > 0

0P RE(x, )| < C |x — y[F Bl forallx, y € @, x #y, (3.8)

for all o, B € Njj with |a| + |8| < k.

In general, the polynomial ']I‘ﬁ_l u in Eq. 3.7 does not belong to the nullspace of A. As a
simple, yet effective improvement, we now modify this representation formula in such a way
that we can replace Tfl_l by a projection I1 g to ker(A), thereby yielding a quick argument
for Riesz- and Poincaré-type estimates in Sections 3.2 and 4.

Proposition 3.3 (Representation formula) Let 2 C R" be a bounded domain which is star-
shaped with respect to an open ball B C Q2 with diam Q2 < ¢o diam B. Let A be a k-th order
C-elliptic differential operator of the form Eq. 1.1.

Then there exists an integral kernel ﬁg Q2 x QDQ\NA - ZW; V) and a linear
projection Hg - LY(Q; V) — ker(A) such that the following hold:

(K1) ﬁg is smooth off the diagonal, and for x,y € @, x # y and |la| + |8| < k we have
0208 RF (x, y)| < C |x — y[FrleI=IPl

with a constant C = C(A, cp) > 0.
(K2) &B(x, ) is zero near 92 for all x € Q, i.e., spt(RE (x, ) € Q.
(K3) Foranyu € C*(Q; V)

and x € 2 there holds

u(x) = ngu(x)+/ K8 (x, y)Au(y) dy. (3.9)
Q

(K4) Hg: Zi(R"; V) = PR V) Nker(A) for every £ with 0 < £ < deg (A).
Especially, ng only depends on B, A and u, but not on Q or u|g\ p.

Proof Using translation and dilation we can assume without loss of generality that B is the
unit ball B(0, 1).

Let m € Np and ﬁg be such that Eq. 3.7 holds. In particular, we have m > deg 4 (A) and
ker(A) € £, -1 (R"; V). Define Z; := ker(A) N @?(R"; V)fort =0,...,m — 1. We
claim that

m—1
ker(A) = @ Z (3.10)
=0

as a direct sum. For this, let ¢ € ker(A). Then g = Z'[";Ol qe with g, € 9? (R"™; V). Since
0 =Agq = ZZ:o] Agy and Agy € ng_k(R"; W) by the homogeneity of A, we obtain
qe € ker(A) for £ =0, ..., m — 1. This proves the decomposition Eq. 3.10.

For ¢ = 0,...,m — 1, we then choose a linear subspace W, C WZ’ (R™; V) such that
PMR"; V) = 2, @ W;. Then we have

m—1 m—1
PR V) =P 20 & P We = ker(d) + W. (3.11)
=0 =0

Let ¥, ..., ¥y denote a basis of Z2,_;(R"; V) such that for each £ = 0, ....,m — 1,
Yijgs -y Vje—1 is a basis of Z; and ¥, ..., ¥y is a basis of W; here, jo = 1. Now,
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let ¥, ..., ¥, be a dual basis with respect to the L2(B; V)-inner product (-, ~)L2(B), ie.,
(V1. W) 2gp) = 81 forall j,I=1,... M.
Based on Eq. 3.11, we define the projection ITy : &2, 1 (R"; V) — ker(A) by
Jm—1
Malq) =Y (q. )20 V5.

j=1
We define Hg : HATm |5 since 'JT _jisa prOJectlon to Z,_1(R"; V), l'IA is a pro-
jection to ker(A). Moreover, by constructlon, I A Maps 33" (R"; V) onto 3”}’ (R™; V) for
£=0,...,m—1, thus Hg also maps @?(R”; V) onto ﬁf(R”; V) for ¢ = 0, ...,m—1.
This proves (K4). Moreover, for all u € C*°(Q; V) we have

u— ng =u-— l:IA']l',ﬁ_]u
=w—-TE ju)y+(1d—TnTE_ u.

Note that (A-, A-)LZ(B) is an inner product on Was %, (R"; V) = ker(A) & W. Thus, for
each ¥} with j,, < £ < M we find & € W such that

(3.12)

(w, ¢Z>L2(B) (Aw, ASZ>L2(B) forallw e Wand j,, <¢ < M.
If z € ker(A), then (z, W >L2(B) =0=(Az, A.‘Ee)Lz(B) for all j,, <€ < M. Thus,

(. V)2 = (Aq. A& 2 forallg € 2, 1(R", V) and j, <€ <M.  (3.13)

In conclusion,

M
(d = T)TH ju= Y (Th_ju, ¥ 2 V)
J=Jm
" s " (3.14)
= Z<AT5—1”7A§J'>L2(B)W = Z<T2—1—kA”’A§j)L2(B)‘//j'
j=Jjm J=Jm
Hence, by the definition Eq. 3.3 of ']I‘m 1» we obtain for all x €
((1d — TI)TE_ u)(x)
(— 1)‘0‘
= > (0@ (y — %) ¥ () (AE;(») " dyAu(z) dz
B g emt1 & (3.15)

Jm=j=<M

: / Eg(x, 2)Au(z) dz,
B

where Eg is defined in the obvious manner. Recalling Eq. 3.7, put .ﬁg = Rf; + 88 +- Then
by Egs. 3.7, 3.12 and 3.15, 3.9 follows. Note that ﬁA (x, -) is supported on spt(w) € B CQ
and is therefore zero near 9€2. On the other hand, by Eq. 3.7ff. we obtain that ﬁ (x, ) is zero
near d<2. This proves that R (x, -) is zero near €2 and so 2 follows. It remains to establish
the estimates for ﬁg in 1; however, the estimates for ﬁg are much less singular and follow
easily using diam(€2) < codiam(B) and our simplifying assumption 0 € B. The proof is
complete. O
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Remark 3.4 1t is possible to extend (K4) of Proposition 3.3 to all 0 < ¢ < m for any
fixed m > deg, (A). For this one has to start with Eq. 3.7 with a possible enlarged m.
Moreover, if B in Proposition 3.3 is centered at zero or 2 at least contains zero, then it is
possible to construct Hg such ng @é’ R"; V) - 9’? (R*; V) Nker(A) for every £ with
0 < ¢ < degy A, where @? is the linear space of homogeneous polynomials of order £.
Note that not increasing the degree of polynomials when projecting cannot be improved to
the commuting-type relation 3% projye,a)# = Projge ker(a) (0%u) for u € &, (R"; V) for
suitable projections onto ker(A) or 9 ker(A), respectively.

This can be seen by means of the symmetric gradient A = ¢ (cf. Example 3.1)inn =2
dimensions. In this case, the nullspace of A is given by the three-dimensional space of rigid
deformations

ker(A) = {(x, y) > (:scy_:_cb): a,b,ce R} ,
cf. RESHETNYAK [54]. Denote p(x,y) := (O, x)T. Should the commuting relation
0%Projyera)P = PrOjye ker(a) (0% p) hold, then we have 0,projye,a) P (%, y) = (0, T and
9y Projyercay P(x, ¥) = (0, 0)". Thus, PrOjker(a) P (X, ¥) = (b, x + ¢) ' for certain b, ¢ € R,
but since (x, y) — (b, x +¢)T does not belong to ker(A), such a projection PIOjker(a) ONtO
ker(A) cannot exist.

In order to derive bounds for the projctions I1 gu in different function space norms, we will
often make use of inverse estimates for elements in the nullspace of A. If A is C-elliptic, then
ker(A) is a finite dimensional space of V -valued polynomials, and all norms are equivalent
on ker(A). In combination with scaling, this yields that for each 1 < p < oo there exists a
constant ¢ > 0 only depending on A and p such that

1

lgliLeB©,r) < C(][ lg1? dx) " < cllgliLeBo.0)
B(O,r)

1
3 (rlalp][ 017 dx)” < cllgli=s.0)
B(0,r)

|| <k

(3.16)

hold for all ¢ € ker(A) and r > 0. Similarly, forall 1 < p < occandall0 < r' <r < o0,
there exists a constant ¢ > 0 only depending on A, p and 7 such that

(][B(O,r) al” dx)i = C(][B(OJ,) "”pdx)% 3.17)

holds forall ¢ € ker(A).Based on the construction of T1 g from above, we obtain the following
lemma:

Lemma 3.5 (Inverse estimates for projections) Under the assumptions of Proposition 3.3,
the following holds: Forall 1 < p < oo and all u € L'(2; V) we have, with r(B) denoting
the radius of B,

1
p D
<][ 24 dx>’ < |l o = € f e §C<][ ul? dx>”,
Q L*(Q) B B

. (3.18)

1
— r(B)‘“‘P][ 10°T18u|? dx)” 5][ ImBu|dx < C][ |u| dx,
C( Z B A ) B A B

|| <k

with a constant C = C(A, cg) > 1.
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Proof Since IT g =11 AT,JZ, | is a projection to a finite dimensional vector space, this follows
immediately by inverse estimates for polynomials using diam(€2) < co diam(B), translation
and scaling. O

By the support and growth properties of the integral kernel in Proposition 3.3, convolving
u € WAP(Q) or u € BVA(Q) with smooth bumps and passing to the limit yields

Corollary 3.6 Under the assumptions of Proposition 3.3, letu € W*P(Q) for some 1 < p <
00. Then there holds for all |a| < k

0%u = B“ng + f (Bfﬁg)(-, WWAu(y)dy  &Z"-almost everywhere. (3.19)
Q
Moreover, for all £ with O < £ < k we have
DY (u — ng)' <C / |- =y Au(y) | dy  L"-almost everywhere.  (3.20)
Q

Foru € BVA(Q), Egs. 3.19 and 3.20 remain valid upon replacing Au(y) dy by dAu(y) and
[Au(y)|dy by d|Au| (y), respectively.

3.2 Poincaré-type Inequalities

Throughout this section, let A be a k-th order C-elliptic differential operator of the form Eq.
1.1. The present section is devoted to the proof of the following Poincaré-type inequality for
the vast class of John domains, announced in [21, Rem. 2.4], which shall turn out a crucial
tool for the following sections.

Theorem 3.7 (Poincaré for John) Let Q@ C R" be an open and bounded o-John domain or,
equivalently by Eq. 2.2, an open and bounded set satisfying the emanating chain condition
with certain constants o1 and oy and central ball B. Then for all u € WA P () with 1 <
p<ooandl €{0,...,k— 1} there holds

1 1
(f D - ngu)\” dx)p < C diam(Q)*~ (f |Aul? dx> ’ (3.21)
Q Q

1 1
diam(sz)‘f<][ IDfu‘p dx)p <cC <][ | dx)p (3.22)
Q Q

1
4 C diam(Q)F <][ |Aul? dx> "
Q

and

1
where C = C(p, A, o1, 02). For p = 00, one has to exchange (fQ [-|7 dx)? by ess supg,.
For p=1andu e BVA(Q), one replaces |Au(y)| dy by d|Au| (y).

In view of Corollary 3.6, Theorem 3.7 is already available for domains which are star-
shaped with respect to a ball; in particular, if €2 is a ball, we may choose B = 2, giving us
back the Poincaré inequalities from [11, 30]. Moreover, the quantity on the left-hand side of
Eq. 3.21 enjoys a best approximation property, a fact that we shall return to in slightly higher
generality in Section 6.2.

Theorem 3.7 is a direct consequence of the following Riesz-type estimates, improving
Corollary 3.6 to John domains. The proof is slightly inspired by [22, Section 8.2].
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Proposition 3.8 In the situation of Theorem 3.7, forall € € {0, ..., k—1}andallu € WA L(Q)
there holds with a constant C = C(A, o1, 02) > 0

DY (u — l'[gu)’ <C / |- — y| 7" Au(y) [ dy L -almost everywhere.  (3.23)
Q

Foru € BVA(Q), Eq. 3.23 remains valid upon replacing |Au(y)|dy by d|Au| (y).

Proof Let x € Q. Slightly abusing notation, let m € N and let (Wj);”zo be an emanating
chain of balls connecting x with the central ball B such that Wy = B and x € W,, in the sense
of Definition 2.3, and we remark that each oy W; is still contained in €2. For the following
argument, we may assume that x ¢ oy W; for all j € {0, ..., m — 1} as otherwise we may
take the minimal jo with x € o1 W, x ¢ o1 W; for 0 < i < jo and redefine m to be jo; we
will only use that x € o1 W), (and not that x € W,,) in the sequel.

Now consider the chain Wq := Wy, ..., W,,,_1 := W,,,_1 and W,,, := o1 W,,,. [tisthen easy
to see that this chain satisfies the following modification of (C2): Forany 0 < j < j' <m
we have W;» C 010o0W; and each W; N W1y, j € {0, ..., m — 1} contains an open ball B;
with W; UW ;| C 0102B;. As a main consequence of this slightly modified construction,
every y € W;, j € {0,...,m — 1} is at least (o7 — 1)r(W;) distant apart from x, which
follows from x € oW, and x ¢ o1 W; forany 0 < j < m — 1 by the above minimality of
m. On the other hand, since x € o\W;, = W,, C 010oW; for any j € {0, ..., m}, we have
|x —y| < 20102r(W;) for all y € W;. In conclusion, we have

(o1 — Dr(W;) <|x —y| <20100r(W;) foralll <j<m-—1landyeW;. (3.24)

Define HXVj and l'[ij as in Proposition 3.3. Then, since HXV”I Hi’ = Hﬁ‘, ie{j+1,j}

Dl =T )| = [ D' = M w)| + | D' - mu )|
+ mZ_z ( ’Dz(niﬂlu - HXVJ'“u)(x)( + ]D‘(l‘lifu - nXVf*‘u)(x)‘)
j=0
< ‘/Df(u — W) + [ DU — mfn )|
+ mi:z ( ‘D‘HXV-’“ (7 — u)(x)’ + ‘D‘HXV”‘ (u — nﬁfu)(x)‘)
o TER

Then, since x € Wy, C 0102 W forall 0 < j < m — 2, we obtain by inverse estimates

m—2
W, B;
m<y" > DT (I u = )L 0,0,w,40)

j=0ie{j,j+1}
-2
Eq3.16 " -
< CZ Z r(Gﬂ'szj+1) ZX
J=0ie{j.j+1}

W, )
x (r(alazwﬁl)f DO, By — )| dy)

0100W 1)
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Eq3.18, "2

STy > o (f

W .
I, (0 = w) dy)
j=0ie{j,j+1} o102Wjh1

<cZ S Wi e(][‘ |n“§”‘(n§fu—u)|dy)

Jj=01ief{j,j+1}
Eq¢3.17 "2 m=2
< ) D> rWin” (][ u — T, u|dy)— ¢y I,
Jj=0ie{j,j+1} W j=0

where ¢ = ¢(01, 02, A) > Ois aconstant. Since each W, j € {0, ..., m — 2}, is starshaped
with respect to both B; | and B;, we obtain by use of Corollary 3.6 with a constant ¢ =
c(o1, 02, A) > 0 and Fubini’s theorem fori € {j, j + 1}

II; <c Z r(Wj_H)k_K_n/ [Au(z)|dz

ielj, j+1) Wit

< er(Wj) "™ f

Wit

Eq.3.24 en—t

[Au(z)|dz =< c/ lx —z| [Au(z)|dz =:1V;.
Wi

On the other hand, the term I can clearly be bounded against IV ; with j = m — 1, whereas the

term II is estimated along the same lines as III, now using that Wy is starshaped with respect

to By. In consequence, by the uniformly finite overlap of the balls Wy, ..., W,, implied by

(C2), we conclude Eq. 3.23. The proof is hereby complete. O

4 Proof of Theorem 1.1: The Trace Estimate via Riesz Potentials

In this section we establish Theorem 1.1. To this end, we recall in Section 4.1 the scale of
Besov spaces and prove Theorem 1.1 in Sections 4.2—4.4.

4.1 Besov Spaces

For Theorem 1.1, we briefly recall the scale of Besov spaces and provide an instrumental
characterisation by means of oscillations. Besov spaces can be introduced by different means,
and we refer to TRIEBEL [60, 62] for comprehensive overviews. In what follows, let s > 0,
1 <p<oo,1=<gqg <oo Letg e CX(B(0,2)) satisfy 1p0,1) < ¢ < 1p(0,2) and put,
for j € Z, 9;j(§) := ¢(27/&) — p(27/11&). We recall that the Besov space BS, | (R"; V)
consists of all f € .%/(R"; V) such that

> 1
11y 7= (160D Wy + D020 PV W) < 0.

j=1

The homogeneous Besov space ].3;’ ¢ R V) consists of all f € ('] 2)(R"; V) with

Q=

o
1, = (2 250 P Wy ) < 00 (@.1)

j=—00

Note that, whereas Eq. 4.1 does not give rise to a norm on .’ (R"; V') but only on the quotient
(7] 2)(R"; V), it does define a norm on .7 (R"; V). By BERGH & LOFSTROM [5, p. 148]
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we have foralls > Qand 1 < p,g < 00
B (R"; V)~ (LP MBS, )(R"; V). 4.2)

Next, for 1 < p < oo and M € Ny, we define the (p, M)-oscillation of a measurable map
f:R" - Vatxg € R" by

osc?,’[ f(xp,r) :=inf [<][

B(xo,r)

1

|f(x) = (x)]P dx)E: 7 e Py R V)}.

The next lemma is certainly clear to the experts, but we have been unable to find a precise
reference; see, however, DORRONSORO [24] for a related result. In our arguments below, we
will merely require inequality * <’ in Eq. 4.3, and a quick argument for this is sketched in the
Appendix, Section 7.2.

Lemma4.1 Let 1 < p,q < ooands > 0. If M € N satisfies M > |s], then for all
1 < u < p we have the equivalence of norms

1

o0 dr 7
”f”B;q(R”) ~ </o I oscfl” fe, t)”Z”(R")tlqu) " fesR"V), (4.3)

where the constants implicit in '~ only depend onn, M, s, p,q,u and V.

Let @ C R"” be open and bounded with C*°-boundary 92 and outer unit normal
v = (vi, ..., vy). By definition, there exists N € N and open balls Wy, ..., Wy with
0Q2 C U?’zl W; such that the following holds for all j =1, ..., N: We have 0Q N W; # @,
and there exists F) e C®(W;;R") with FU): W; — R”" injective and having open,
bounded image, F)(3QNW;) C {x € R": x, =0} and FY)(QNW;) Cc R"~! x (0, c0)
is open, simply connected and satisfies det(VF)) % 0 on W j- Let Wy € €2 be open and
bounded with C*°-boundary d W such that Q@ C U;V:O W and (y) ;VZO be a partition of unity
subject to (Wj)j-vzo. Following TRIEBEL [60, Chpt. 3.2.2, Def. 2], fors > 0,1 < p, g < oo,
we define the Besov norm

N
1 £l 00 = DN HED T CODlgy @y, feTOLV). (@A)
j=1

In view of a convenient characterisation of trace spaces for smooth domains, we follow the
slightly more general approach of MAZ’ YA, MITREA & SHAPOSHNIKOVA [50] and define
formeN,1<p<oocand0 <s < 1

) (B3, , (392 V)™
B (90 V) = (0% 0la@)wmn—1 - v € Co@®n V)] P s
where M := #{a € Nj: la| = m — 1}. By [50, Prop. 7.7], (f*)jajzm—1 belongs to
BZL_H'S (882; V) if and only if

f%e B‘;’P(BQ; V) forall || <m—1, and “6)

;O — vd;) f4 = v fere — e fere forall ja| <m —2, j,k e(l,..,n}. '
The natural compatibility condition Eq.4.6, on the tangential derivatives is a higher order
variant of the Whitney array compatibility conditions considered by ADOLFSSON & PIPHER
[1]. As in [1, Def. 1.3 ff.]zvthe equations of Eq.4.6, are understood in the sense of being
fulfilled by any extension f* of f¢, for which the left-hand side of Eq.4.6; is well-defined,
toa neighbourllood of d€2; since the operator v;d; — vxd; is a tangential derivative on 0€2,
(v O — vid;) f* will be independent of the particular extension and hence is well-defined.
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Lemma 4.2 ([50,Prop.7.3]) Let 2 C R" be an open and bounded domain with C*°-boundary
0Q. Let 1 < p < 0o, m € N and define tr,,—1,9q on WP (Q; V) by

- 1sef = (T ) gy f € WP V), @.7)

where Tryq: WP (Q; V) — B},T[,l/p(aﬂ; V) is the trace operator on WP (2; V) as usual.
Then

tm_190: WP(Q; V) — By P00 v) (4.8)

is a well-defined, linear, bounded operator which is onto. Moreover, there exists a bounded,
linear right-inverse L : B’;"l/”(asz; V) = W"™P(Q; V) of tryy—1,9q in the sense that, when-
everf = (fa|<m-1 € B’;‘“/P(asz; V), then

Trag(@*(LF)) = f*  forall |o| <m — 1. 4.9)

4.2 Geometric Setup and Potential Estimates

In this and the following subsection, we suppose that A is a C-elliptic differential operator
of the form Eq. 1.1. Moreover, we shall tacitly work with the particular halfspace H :=
R*~! x (0, 00), but our arguments are easily seen to generalise to any halfspace of R”.

We start by fixing notation: For some given 7 € R"~! and > 0 we denote

Ko ={0 ) eR":0<y, <1, [y =217 <92} (4.10)

the single-sided cone emanating from (z’, 0) in direction e, of height 7 and base radius 3¢.
To distinguish between n- and (n — 1)-dimensional balls, we put for x’ € R"~!, x € R” and
r>0

B,(x,r):= B(x,r) and B,_1(x',r) :=dHN B((x',0),r).
Adopting this notation, let us note that in this situation there holds
By((x".1),5) CKyo  forally' e R"! with |x — y/| < 1. 4.11)

In fact, let (¢/, &,) € B, ((x', 1), %) so that, firstly, %t <& < %t and hence %t <3&,.Asa
consequence,

3
8" =y I <& =¥+ X =] < St = 3&,

and so Eq. 4.11 follows. This situation is depicted in Fig.2. Combining this setup with
Proposition 3.3, we arrive at the following potential estimates on cones:

Lemma 4.3 (Conical Riesz potential estimate) There exists ¢ = c(A) > 0 with the following
property: If x' eﬁ]R"_1 and t > 0, then for every y' € R"~! with |x' — y'| < t there holds
forallu e C*°(H; V) and all « € Njj with |a| < k — 1

B,,((x/,t),%)

1(@%u)(y', 0) — (31, w)(y', 0)|
Auls 4.12)
50/ / |/M(Z,Zn)| 4 2.
Ky (12 =Y+ |za )t
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R” \ H OH H
Bp_1(z',1) . B

—
€n

Fig. 2 Not-to-scale construction of the the umbra shadow estimate underlying the proof of Theorem 1.1. To
control the oscillation of u(-, 0), the Riesz potential estimate from Lemma 4.3 is applied to shifted cones
emanating from points in the red area, where all cones are star-shaped with respect to a joint ball B

Proof Let x', y' and ¢ be as in the lemma. By Eq. 4.11, B, ((x’, 1), 5) C Ky 5 and clearly
K 5 is star-shaped with respect to B, ((x’, 1), %). Thui we may apply Proposition 3.3 to
Q =Ky o and B = B, ((x', 1), %). Note that ng = HA']I’fl_lu is independent of y’" and
the diameters of K,/ 5, and B, ((x’, 1), %) are uniformly comparable. Hence Eq. 4.12 follows
from (K1) and (K3) via

| @sho 0. omue o
K

y'2t

[Au(, z,)|
= C/ ’ ’ . n+la|—k d(Z/’ Zn)-
Ky (Y =21+ lzal)

The proof is complete. O

4.3 The Trace Estimate for Smooth Maps

After the preparations of the preceding subsection, we can now proceed to show that C-
ellipticity suffices for the trace estimate of Theorem 1.1 (b). We provide a slightly stronger
variant that is also applicable to the 1 < p < oo-scenario of Theorem 4.4 below. More
precisely, let 1 < p < oo and let A be a C-elliptic differential operator of the form Eq. 1.1
with k > 2. Moreover, let u € C2° (H; V).

We distinguish between the cases |o| < k — 2 and || = k — 1, referred to as first and
second case in the sequel. In the first case, we will establish that for each 1 < p < oo there
exists a constant ¢ = c(A, p) > 0 such that we have

100 . Ol g1 ) < lAullLrg. (4.13)

whereas in the second case we will only strive for such a bound provided 1 < p < oo.
In particular, for the special choice p = 1, we will thereby obtain the sufficiency of
C-ellipticity for Eq. 1.7.

Proof of Eq. 4.13 in the single cases. For the first case, let |¢| <k —2and 1 < p < oo.
Since A is C-elliptic, we may choose m := deg (A) € N (cf. Eq. 3.6) so that 3* ker(A) C
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P 1(R"; VY(C £, (R"; V)) and, withs :=k — |a| — 1/p > 0,
m>deg,(A)—1>k—la|—1=k—|a|—1/p] = |s].

Let x’ € dH and 7 > 0 be arbitrary. Since p and m are fixed, we put for a 7"~ !-locally
integrable map v: 0H — V

1
OSCI;?,BHU(X/J) ::inf{(ﬁ ( )|U—ﬂ|pd"71y)p; neg’m(R";V)} 4.14)
n—1(X",1

In this situation, Lemma 4.1 implies with U*(x”) := (8%u)(x’, 0)

mn o, p
oA 14 Y I osch.om U7 C- DliLr oy dr. (4.15)
By em < Jy k=laDp

To bound the right-hand side, we use Lemma 4.3, 9% ker(A) C £, (R"; V) and Holder’s
inequality to obtain

B, B
"’scgaHUa(X’,t)l”f][ U () — aem 0Dy oy gty
’ By (x'.1)
x Au(, T p
<C][ / f emyicse e DL g1 g | @y
Ba1('.0) oH (|2 — y'| 4 )kt

SC][ - 1/ LD o
Bu_1(x',1) 0

|Au(Z', )P n—1_s n—1s
x </8H 1{\2/*)’/\<3T} (Iz/ — y'| + r)p(n—k+|ot\) d < ) drd Y-

(4.16)

Let us note that the very first of the previous chain of inequalities is where the C-ellipticity
enters as otherwise the nullspace does not consist of polynomials of a fixed maximal degree.
In combination with Eq. 4.15, we thus obtain

S 2t
||Ua||1-7k—|ot|—1/p JR.S C/ / ][ P! / (n=Dp=1
Bp.p (0H) 0 OHJ B, (1) 0

[Au(z', )7 n—1_s n—1_/ n—1_s dr
* (/ M =y130) G =y gyt ¢ ) dard Ty e G

<C/ //f RS VI
oH JoH

Lie—y<3glAu@, O net s an—t1 s 4t
x (/{;H (2 —y'| + .L.)p(n—k+|a|) "z ) drd™ yd™ x tk=la|=Dp+n — ()
Now, if 1(j;_y|<37y = 1, then 7 < |2/ — y'| + © < 47. Therefore,
00 2t . .
(%) < C/O /M /aH /BH/O t "Iy ey Ly n X
[Au(', T)|7 n—1_s qn—1_7 n—1_s dr
ooty 974 T ATy I e
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[e'9) 2t
C/ / / / lZ _\/|<3t
0 oH JoH

[Au(', 0)|? n—1_s qn—1_1 dr
a7 Y e

b 2 Au(Z, T dr
C/ / / | (1(+|a| )11> drd" ' e
o Jom TP t P
dr

oo oo dT 1
p n—
/0 /AH/O Loan @I, DI Sy 72 Gy

Oo OQ:|102 O Au, )7 & d"ty &
o S Jo 0,21 tk=1—la)p+1 p(+la|—k)

*° dr , dr
pan—1,/
C/O /dH / (1= |a|>p+1)|A”(Z’r)| & o

k—\a|<—1>0 e I
< < [Au(z', 0[P d"" Z'dz
0 OH

= CIIAMIpr(H)-

ﬁ

ﬁ

IA

For the second case, the reader will notice that this argument requires refinement for || =
k — 1 since in this case, the penultimate estimation cannot be accomplished. Hence let
1 < p < oo and |e| = k — 1; in this case, the reader will notice that we may even allow for
k = 1. Defining osc'l'f g 1N the analogous manner as inEq. 4.14, we imitate Eq. 4.16 to find

by changing variables 7/ = x’ — &’ and ’ = x’ — y’ in the third step

2t
, Cc
loscllan U (', Dl < /0 /BH faH L —y <ty L1z —y' <37} X

[Au(z’, )] Nt a1
X —(Iz/ v d*7y'd" 7 dr

2t
prm 1/ / lAu(’, 7)) / Ljjxr—y <y Lz —y' | <37} X

dn—ly/) dn—lz/ dT

(|Z -y | + 1)t

2t
c
= ,H/ / |A”(X’—5'7T)|1{\s’|57t}</ Lt <0y L —g'1<37) X
0 oH oH

") @ dr = ),

X 1
(I =&+
where we have used that if |€'| > 7¢, then |1/| < ¢ yields
T2t ’ / ’ ’
3t < 6t=Tt—t<[E'| =0 <& —n|
and so Ly <y Ly —g/|<3¢) = Lyjyi<ty Ly -/ <37y L{je’|<71)- Since we have

/ dn-1lg - " 1(B,_1(0, 37) _
<c
B, 10.37) (18] +7)"1 771

as a bound for the very inner integral in (:x), we thus conclude

2t
C _
|05} g U (D] = (o) = - /0 /d A = &)1 &8 dr.
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Integrating the previous inequality with respect to x’ € dH, we choose 0 < § < p — 1 to
find by Holder’s inequality and a change of variables

P
I 050'111,3]141 Ue(, t)”LP(aH)

c o 1 & ’ / 1gr ! 1.7
< — — TP Lyen<anlAu(x’" — &, )|d" "¢ dz| d" 'x
tp(n=1) /aH / . /mﬂl (=70
ct(P=D=D 2 dr o\ p-l
= L))
p(i=1D) /aH -
o 4.17)
x f 7 / LjemlAu(’ — €, 0P "' dr) d"
0 9H -
(p—D(n—1) 2t
t
< St (2 [ jauE o @ de)
pn=1) 0 9H
1-8 o B
<ct?PT /(; | Au(, f)“fp(aH) dr.
Working from Eq. 4.17, we then obtain
o0 2t
- dz
1O g117p gy = cfo ! “/0 AU, DI g AT
N C/o </ ,W)’(SHA”(" r)||]’j,,(aH) dr
2
= C”A“”iﬂ(]}ﬂ)'
This completes the proof. O
Let us note that for p = 1 and |«| = 0, the above proof works and is bound to work for

k > 2 only. Indeed, for k = 1, L! (0H; V)-trace estimates are optimal [11, 29]. However,
BY | (9H) — F{ ,(0H) = H' (9H) ¢ L' (9H), 4.18)

with the'homogeneous Hardy space H', cf. TRIEBEL [60, Chpt. 5.2.4], so that maps with
a finite B(l),1 (0H)-norm need to have integral zero (cf. [52, Prop. 5.8]). Also note that the
oscillation characterisation in the zero order case does not hold, cf. [62, Chpt. 3.5.1].

4.4 Proof of Theorem 1.1 and its Counterpartfor1 < p < co

In this section we prove Theorem 1.1 and state and prove its counterpart for | < p < oo,
Theorem 4.4 below, where stronger statements are available.

Proof of Theorem 1‘.1 Implication (a).:>(b) has been established in Section 4.3. On the
other hand, since B]f]l(aH; V) < WK-LIGH: V) for any open halfspace H, (b) yields
the inequality | D*~'ull 1yp, < cllAullpi g, for all u € CX(H; V). By RAITA, VAN

SCHAFTINGEN and the second author [31, Thm. 5.2], this already implies that A is C-elliptic,
and the proof is complete. O

The rest of the section is devoted to a self-contained proof of the following theorem in the
spirit of [4, 42, 55], where our main focus now is on the equivalence of sharp trace estimates
and Korn-type inequalities for smooth domains. Here, sharp trace estimates give access to
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global Calder6n-Zygmund estimates, which is fundamentally different from the non-smooth
context of John domains as discussed in Section 6.

Theorem 4.4 (Higher order traces, | < p < 00) Letk € N,k > landlet1 < p < 0. Then
the following are equivalent for a k-th order differential operator A of the form Eq. 1.1:

(a) A is C-elliptic.
(b) There exists a constant ¢ = c¢(p, A) > 0 such that for any open halfspace H and all
a € Nj with |a| < k — 1 there holds

||8°‘u||l~3 <cllAullLrqy  forallu € CP(H; V). (4.19)

k—|ot|—
]”la\ |/p(aH)

(c) Forevery open and bounded domain Q2 with boundary of class C*°, there exists a constant
c =c(p, A, Q) > 0such that for all @ € Njj with || < k — 1 there holds

13wl re7p gy < i gy + NAullLr) forall u € C¥( V). (420)

(d) For every open and bounded domain Q with boundary of class C*® and all 1 < p < 00,
there exists a constant ¢ = c¢(p, A, Q) > 0 such that

k
Z IV7ullir @) < c(lullyi-1pgy + 1AullLr)  forallu e C¥(Q; V), (4.21)
j=0

In particular; if any of (a)~(d) holds, then we have (with WP and WAP as in Section 3.1)
for any open and bounded domain with smooth boundary 92

WEP(Q; V) ~ WAP(Q) ~ WAP(Q). (4.22)

It will be clear from the proof that some implications also persist for less regular domains (so,
e.g., (a)=(c) would also follow for domains satisfying a cone condition by a slight variation
of the arguments of Section 4.3), but we stick to smooth domains for ease of exposition. For
the proof of Theorem 4.4, we require two preparatory lemmas:

Lemma 4.5 (Peetre-Tartar lemma, [59, Lem. 11.1]) Let (E;, || - l|g,), i € {1,2, 3}, be three
Banach spaces, A: E1 — E» a linear and bounded operator and B: E1 — E3 be a linear
and compact operator. If x +— ||Ax||g, + ||Bx||g; is a norm on Ey that is equivalent to
Il - l£,, then dim(ker(A)) < oo.

Lemma 4.6 (Traces and GauB3-Green) Suppose that assertion (c) of Theorem 4.4 holds. Then
forevery 1 < p < oo and every open and bounded domain Q@ C R" with boundary of class
C® there exists a linear and bounded boundary trace operator

~ . k—
Uy a0 WHPQ) 3 u > (i 500) 4y € B P v) (4.23)

such that, in particular, trkAfl’m(u) = ((0°u)19Q)|a|<k—1 holds for all u € C®(Q; V) and
SO tr/é—l,asz = trx—1,9Q ON WEP(Q; V) with tri—1.9q as in Lemma 4.2.

Fort € {0, ...,k — 1}, put trﬁg’f(u) = (trﬁm(u))m:g. For eachl € {1, ..., n} and each
s € {1, ..., k} there exist continuous bilinear forms ,%’;%S: OF S (R, VIXOTTLR": W) > R
such that for all u € WA’p(Q) and all ¢ € C®(Q; W) we have the GauB-Green identity
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(with v = (v, ..., V) denoting the outer unit normal to 92)

/Au~¢dx:(—1)k/u-A*¢dx
Q

P [t (0. v

=1 s=1

(4.24)

where A* = Z|a\=k AJ 3% is the formal L%-adjoint of A.

Proof Since Q has C*-boundary, an argument similar to that in, e.g., [26, Chpt. 5.3.3,
Thm. 5.3] yields that for every u € WA-P(Q) there exists (uj) C C*(L2; V) such that

Ilu _MJ'HWA,p(Q) — 0as j — oo. Leta € Nj satisfy |o| < k — 1. By Eq. 4.20, ((3%u;)|sg)

is Cauchy in B’;T;“"I/P(asz; V) and therefore converges to some u® =: trﬁm(u) €
B;:la‘_l/ P(3Q; V), which is clearly independent of the approximating sequence and here-
after well-defined. To conclude Eq. 4.23, we note that {#“: |¢| < k — 1} matches the
Besov-Whitney array condition Eq.4.65 52" '-a.e. on 8; indeed, for any |a| < k — 2 and
alli,l € {1, ..., n} we have

v du® — vdiu® — (T — vu®)|Lr pe)
< Nidu® — v diu®) — (v ;0% ; — v19;0%u ) llLr 30
+ ot — ;3% U e o) + T — vd* iu | e

v 0% — v d%uj — (0% u; — v iuj) lLreg) = 1 + ... +1V;.

=0

Since (v;9; — v;0;) is a tangential differential operator on the smooth boundary 9€2, we have
with the full tangential gradient V; along 92

(%) .
L = IVe@® = 8%uplree) < cllu® = 8%ullgita-ip g — 0. j— oo,

ask—|a|—1/p>2— l > 1 by our assumption on « and p. Up to localisation and flattening,
the inequality () is a consequence of the embedding Bk Ial Vrrn=1y < F})’Z(Rn_l) ~
wlhr(rr— 1). Namely, if | < p < 2, we have that

2-1/p>1

k—|o|—1 1 k=lal=2 o 1. P=<2 95 4 _ _
Bp,]‘)“‘ /p(]Rl’l l) FaN Bp,p/p(Rn l) g Fp,z/p(Rn l) F})’Z(Rn l)7

and if p > 2, we may choose ¢ > 0 so small such that 1 <2 — % — ¢ and obtain
k—=la|>2 2 1/p— 1o P22 2 1/p— _
e, quz /p 8(Rn l) = prz /p E(Rn l)

2—1/p—e>1
—

k—|a|—1/p _
BD.D‘ =1/ (Rn 1)
Flllz(]Rn_l),

from where the underlying inequality follows by virtue of F]17 Ry ~whr@r—1,

The terms II;, III; vanish in the limit by construction, and IV; = 0 for all j € N; thus,
Eq. 4.23 follows. Equatlon 4.24 follows for maps u and ¢ which are smooth up to 92 by
repeated use of the usual GauB3-Green theorem, and then inherits to u € WA-P (£2) by means
of smooth approximation. O
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Proof of Theorem 4.4 Let 1 < p < oo. Implication (a)=(b) has already been proved in
Section 4.3. For implication (b)=-(c), we assume that €2 is connected, open and bounded
with C*°-boundary; if it is not connected, we apply the following to each of the finitely many
connected components of Q. Let u € C*®(Q; V). Adopting the notation from Eq. 4.4, for
Jj €{l,..., N}, (c) and Eq. 4.2 yield for any o € Njj with || < k — 1 and all 8 € Njj for the

compactly supported, smooth map I; g := ((aﬂwj)u)(p(j)*l(_, 0))

q.4.2
”aalj’ﬁ||B/I<)Tp\a\—l/p(Rn71) < C”aalj,ﬁ”Lp(]Rnfl) + C”aalj,ﬁ||]'3’l‘,fl,‘“"'/p(R"*1)
@ Q 5 (!
<clo Ij,ﬂ||l'31;}*p\&\*l/ﬁ(Rn—l) < clA@ Y ju)(F DL @),

where H = R"~! x (0, 0o) and c also depends on diam(spt(v/;)). Thus, by the Leibniz rule
and the properties of ¥; and F 25

||3°‘Ij,ﬂIIBIL—Aa\—l/p(Rn_l) =< cllullwi-1p gy + Il AullLr ) (4.25)

where ¢ = c(a, B, ¥}, F), p, A, Q) > 0. Based on Eq. 4.25 and again by the Leibniz rule,
we conclude inductively for suitable choices of B and by the properties of v ;, F' 2

-1
Iy a%u)(FY9 (., O gttt/ ury < c(llullyyioro gy + IAuliLe @)

and (c) follows.

Ad (c)=(d). Let B C R" be an open ball with 2 € B. Because of (c), we may consider
the bounded, linear operator trkAfl,m: WA’P(Q) — B’;‘”P(asz; V) from Lemma 4.6. We
subsequently pick the bounded and linear operator £: B’;,_l/ 7B\ Q) V) - wk-r (B \

Q: V) from Leana 4.2 and fix some p € C°(R"; [0, 1]) with 1o < p < 1p. Then we
define for u € WAP(Q)

u in Q,
Eu = A I —
pﬂ(ﬂasztrk_l dQ(u)) in R" \ €,
' (4.26)
i Au in Q,
A(pL(Lyatry | yo @) inR"\ Q.
By construction of &, the GauB3-Green formula Eq. 4.24 then implies
/ v-gdx = (=D Su-A'@dx  forall ¢ € C°(R"; W). (4.27)
n R"

Thus, the distributional expression A&u satisfies Adu = v € LIIOC(R"; W). Moreover,
by the usual GauB-Green formula and Lemma 4.6, we see by similar means that &u €
W{‘O_Cl'l (R"; V). Recalling Lemma 4.2 and employing the Leibniz formula, we then have

that

A
”(g)u”\T\/Ap(Rn\ﬁ) = C”gullwkv/’(Rﬂ\ﬁ) =< C()O)”L(ﬂaﬂtrk_l,ag(u))||Wk~/’(3\§)

Lem. 4.2 A
< c(p,k, p, R, B)||trk—1»39(u)”B],‘,_I/”(BQ)

Eq.4.23
< c(p,k, p, A,Q,B)HMHWAW(Q)-
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Hence, &u € WA’p(R”) together with I€ullwar@ey = cllullgar ) for all u € WA’I’(Q)
with ¢ > 0 solely depending on A, p and 2; note that B and hereafter p can be chosen in a
way such that they only depend on 2.

Now note that, if (c) holds, then the differential operator A is necessarily elliptic in the
sense of Eq. 1.3. This can be seen by a modification of a standard construction (see, e.g., [66]
or [19]): If it were not elliptic, we would find § € R"\{0} andv € V\{0} suchthat A[§]v = 0.
For any & € C*°(R) and any open and bounded set 2 C R”, the function uj (x) := h(x - &)v
belongs to WK—1-7(Q; V) and satisfies both 8%y, (x) = h(¥D (x - £)E%v and Auj, = 0. We
extend {£} to an orthonormal basis {£, 12, ..., i, } and choose an open and bounded set 2 C R”
with smooth boundary such that I' := (0, 1)§ x (0, 1)n2 x ... x (0, )n,—1 x {0} C IR
and Q C (=2,2)¢ x (=2,2)n2 X ... x (=2, 2)1,. Choose a sequence (h;) C C*((-2,2))
such that sup; ||hj||wk—l,p((72.2)) < oo but lim;_, ||h§k_l)||Lq((o,1)) = oo forg > p. Let
a € Nj with |a] = k — 1 be such that £* # 0. By construction and Fubini’s theorem,
sup; i, ||WA_1;(Q) < oo but, with a constant ¢ = c(n, &, o, v) > 0, we have for g > p

1
f 0%up, 9 d" z/ 18%up, |9 d"x =cf |h§"*”(r)|q dr — oo. (4.28)
Q2 ’ r ’ 0

Now, if 1 < p < n, choose g = p(" 1) andlet ¢ > p be arbitrary provided p > n. Since (c)

implies that (Bauh laq) is bounded in B1 ]/ P(3Q; V) and so, by embedding theorems for
Besov spaces, in L" (092; V), Eq.4.28 ylelds a contradiction. Therefore, A must be elliptic.

Now, Eq. 4.27ff. and an argument as in [31, Lem. 6.1] or [19, Prop. 4.1] allow to conclude
(d): Let & € N satisfy |a| = k. Consider for ¢y € C°(R"; W) the Fourier multiplication
operators ¥ > @, (), where

O, (P)(x) == FUEYA [EJALED TATEIY (©)](x),  x e R". (4.29)

Then we have @, (Ap) = 3% for ¢ € C°(R"; V). Since A is elliptic, A[§]: V — W is
injective and hence A*[£]A[§]: V — V is bijective for any & € R" \ {0}. Thus, Eq.4.29 is
well-defined. The Fourier multiplier

R™\ {0} 3 & > m2 (&) := £% (A*[E]A[E]) T A¥[E] € L(W; V) (4.30)

is of class C*°(R" \ {0}; .£(W; V)), homogeneous of degree zero, and so [25, Thm. 4.13]
yields that @, extends to a bounded operator @, : L?(R"; W) — L?(R"; V). Thus,

Nl @y < €Uyt + 175 EullLo ey

< ||gu||wk—l.p(Rn) +C||A(§M||L17(Rn) 4.31)

Eq.4.271t.
< C||£”||WA~1>(]R'1) < C”””WAP(Q)

for all u € WAP($2) with some constant ¢ = c(A, P, p,2) > 0. This is (d).

Now, if (d) holds, we apply Lemma 4.5 to E; = = WEP(Q: V), Ex = LP(S W),
Ez; = W<LP(Q:v), A = A and B being the compact embedding WEP(Q; V) —
Wk=L.P(Q; V). The equ1valence of the W*-7- and WA-P-norms implied by (d) now yields
dim(ker(A)) < oo by virtue of Lemma 4.5, and by Eq. 3.6ft., this implies that A is C-elliptic.
Hence (a) follows, and so all of (a)—(d) are equivalent.

Lastly, by equivalence of (a) and (d), Eq. 4.22 follows if we can establish WAP(Q) <>
WAP (2) provided any of the mutually equivalent conditions (a)—(d) holds. We thus assume
that A is C-elliptic and assume without loss of generality that €2 is an open, connected and
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bounded domain with C*°-boundary. Since every such domain is John, the Poincaré-type
inequality Eq. 3.22 now yields W47 (Q) — WP (Q), and the proof is complete. O

By Theorem 4.4 and Lemma 4.6, we obtain the following theorem for 1 < p < oo; for
p = land BVA, C® N BVAinBVA is only dense in BVA for the A-strict metric and not the
norm topology, and so the underlying approximation must be approached differently. For the
reader’s convenience, the precise argument (hinging on a multiplicative inequality) is given
in the Appendix, Section 7.1.

Theorem 4.7 (Trace operator) Let 2 C R" be open and bounded with boundary 9$2 of class
C®°. Then, for any k-th order C-elliptic differential operator A of the form Eq. 1.1 and
1 < p < oo, there exists a bounded and linear trace operator

k—1
Tryn: WP (Q) — By, /P(09; V)
which is onto. Moreover, for p = 1, there exists a linear trace operator
Tra: BVA(Q) — B0 V)

which is onto and continuous for the A-strict metric defined by Eq. 3.2.

5 Proof of Theorem 1.2: The Trace Estimate via Reduction to W-! (Q; V)

Let p = 1. In comparison with the previous section, we now establish the novel reduction
principle Eq. 1.9 which leads to the trace estimates underlying Theorem 1.2. This manifests
the metaprinciple of C-ellipticity helping to overcome ORNSTEIN’s Non-Inequality by passing
to inverse estimates for polynomials as in Eq. 3.16ff.. Throughout this section, we hereafter
suppose that A is a C-elliptic differential operator of the form Eq. 1.1 with k > 2.

5.1 Geometric Setup

Throughout this section, we suppose that & C R” is an open and bounded NTA,,_; domain,
cf. Definition 2.1. To arrive at the conclusion of Theorem 1.2, we borrow and adapt some
technology from the precursor [11] to the present paper. Given j € Z, pick a countable
covering (B} ;);en of R" by balls, each having diameter diam(B; ;) = 2r(B; ;) and satisfying
each of the following properties:
(Cl) Forall j € Z,i e N,27/=% < 2r(B; ;) < 27773,

. 7
(C2) Foreach j € Z,J;cy g Bji = R",
(C3) There exists ¢ > 0 such that Sup ez, D oieN 1, <c.

In the sequel, we let 2; = {x € Q: dist(x, 9Q) < 27/}. Since Q is a non-tangentially
accessible domain and thereby satisfies the interior corkscrew as well as the Harnack chain
condition, we may record the following further properties, see [11]:
(C4) There exists an index jo € Z such that for any ball B;; with j > jo, i € N and
B;; N Q; # (), there exists a reflected ball B?,i C Q satisfying
diam(B; ;) ~ diam(Bg’i) ~ dist(Bj{i, 9Q), dist(Bj, B}i) < diam(B; ;).

Here, the constants implicit in "~ or ’<” are independent of j and i.
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(C5) With jjp asin (C4),if B; ; C Q and B;; N Q; # {J for some j > jo, then there exists
a chain of balls By, ..., B, C Q with y € N independent of j, i such that

(2) By = B ;, B, = B,
(b) Z"(Bﬂ N Bﬂ—H) ~ fn(Bﬁ) ~ f”(Bﬁ_H) ~ fn(Bj,,‘) for all ,3 € {1, O 1},
(c) diam(Bg) ~ diam(B; ;) forall B € {1, ..., ¥ }.

Here, the constants implicit in > are independent of j, i and B. In this situation, we
define the chain set ch(B; ;, Bjjj.,l.) = UZ:I Bg.
(C6) If jo is asin (C4) and j,! € Z are such that j,I > jo and |j — | < 1, then for all
balls B;; and By, with B ; N By ,n # ¥, Bj i N # 0, By, N Q2 # ¥ there exists
a chain of balls By, ..., B, C Q with y independent of j, I, m, i such that
(a) By = Bg’i,]E%y =B/,
(b) Z"Bp NBpgy1) = L"(Bg) ~ diam(B; ;) forall g € {1, ...,y — 1},
(c) dist(Bg, 92) ~ diam(Bg) ~ diam(B; ;) forall B € {1, ..., y}.

Here, the constants implicitin ’~’ are independent of j, i and 8, and we define similarly
as above the respective chain set ch(Bg’i, Bﬁm) = UE:I Bg.

Working from (C4)—(C6), we further obtain the existence of an iy € N>, such that for all
J > jo there holds with a universal constant ¢ > 0

Z lpe =clo; (\@j1ie
m: J.m
Bj.anj#Q’

Z Z 11ctl(lse_;,,,,z;ﬁ y = cla; i\

JLi
m. i 5.1
BjmNS2j#D Bj11,iNBjm#D ( )

Bjy1,iNSQj4 170
Z ﬂch(B,,m,Bf._m) = el i\@jip -
m:
Bj mN(2j\2j12)#0
For Eq.5.13, note that if B; , N (2; \ Q;42) # ¥, then we have B; ,, C Q\ Q43 by
construction. Given u € WA-1(Q) and j > jo,i € N, we introduce the shorthand notation
B
I ju = HAI"M, 5.2)
ft

B,
with the projection IT,”*" from Proposition 3.3. The proof of the next lemma is accomplished
by an argument similar to that underlying Proposition 3.8 and is therefore omitted.

Lemma 5.1 There exists a constant ¢ > 0 that only depends on A and the NTA-parameters
of Q such that the following hold for all j > jo and all u € WA1(Q):

(a) Forall Bj; with Bj; N Q; # () and all o € Njj there holds

18T iullLoocs; ) < cdiam(Bj,i)_W']éjH |u| dx.
Jii
(b) Whenever Bj ,, N (2; \ Qj12) # ¥, then Bj ,, C Q and we have, for all a € Njj with
lo] <k —1,

10%(u = T i) 1 g,y < € diam(By )< 1! / |Auldx.
s ch(Bj . B )

Jj.m
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(c) Chain control: Whenever Bj ,, N Q2 # W, Bj11,i N Qjy1 #Band Bjy1; N Bj,u #0,
then we have for all a € Njj with |a| < k — 1

# #
ch(Bjy;:Bj )

][ 8% (T j41,u — T1; yu)| dx < cdiam(Bj,m)k—lal][ |Au|dx.
BjJTl

5.2 Proof of Theorem 1.2

In view of the requisite trace estimates, we now introduce a suitable approximation 7'ju of
a given function u € WA-1(Q). For each J € Z, pick the covering (B; ;); from Section 5.1
and let (p; ;); be a smooth partition of unity subject to (B} ;); such that, with a universal
constant ¢ > 0,

Z diam(B; )N[8%p; i~ <c¢ foralli €N, j € Z. (5.3)

loe|<k
Moreover, let p; € C>(Q; [0, 1]) be such that lo,, < pj < 1lg; and
18%pj ooy < 2/ foralla € NJ, o] < k. (5.4)
We then define the replacement sequence (Tju) j> j, with jo € Z as in (C4) from above by
1 2
Tiu := Tj( u+ Tj( i = (I —pj)u+ pj ij,,'l'lj,,-u (5.5
ieN

in ©. Note that, as a locally finite sum and by construction, Tj(z) u € C®(Q; V). Thus, in
passing from u to T;u we essentially leave the map u unchanged away from d€2 while close
to 9€2, we replace it by its projections onto ker(A) on balls nearby, see Fig. 3. The proof of
Theorem 1.2 crucially hinges on the decomposition

Tigiu = Tju = (pj = pjr1) ) pjm(u = T1j pit)
meN
o501 Y pjmpjrri (T — T ) =: 1 u] + I [u],

i,meN

(5.6)

which is implied by » ", pj » = 1 for all j. In comparison with the precursor [11], the key
observation is now given by Proposition 5.2 below: The terms I ;[u] will have trace zero along
02 and II;[u] uniformly belongs to Wk 1(Q; V). For the reduction argument underlying the
proof of Theorem 1.2, it will then suffice to apply the trace estimate for W1 to II jlul,
cf. Corollary 5.3.

Proposition 5.2 Letu € WA’I(Q) and define Tju, 1j[u] and 11;[u] for j > jo by Egs. 5.5 or
5.6, respectively, and let io be as in Eq. 5.1. Then the following holds:

(a) There exists ¢ > 0 such that ||1; [M]“WA,I(Q) < c“Au”Ll(Qj—io\QjHO)'
(b) There exists ¢ > 0 such that ||1I; [I/l]”wk.l(Q) < C”AMHLl(Qj—iO\QjJriO)'
(c) We have Tju — u with respect to the WAL norm.

(d) There exists (uj) C C>®(Q; V) such that uj — u with respect to the WAL norm.

(e) Ifu € C(2; V) NWAL(Q), then Tju — u uniformly in Q.

In both (a) and (b), the constant ¢ > 0 is independent of u.
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U ST ) 2)
— =T A
. Tiu=T; u+T;"u
273
Fig. 3 Construction of 7; and idea of the (trace) estimates of Proposition 5.2 and Corollary 5.3. With the
dashed balls indicating the covering (B ;);, the approximation 7;ju given by Eq. 5.5 splits into two parts: At

a distance at least 2~/ from 92 (i.e., in the red area), T';u leaves u unchanged, whereas close to d<2 (i.e., on
Q= {dist(-, Q) < 277}y represented by the grey area), T;u essentially replaces u by its projections onto
the nullspace of A on the reflected balls Bg ;

Proof Let u € WA-1(Q). Ad (a). For j > jo, denote Z; the set of all indices m € N such
that (0; — pj+1)pjm # 0. Since spt(p; — pj+1) C ; \ Qji2, m € I; implies that
Bj N (2 \Qj12) # . For such indices, we may use Lemma 5.1 (b). In consequence, we
can even estimate the W2 1(€)-norm of I;[u] by

k—1
Il = (D2 DD ) = ps0smltt = i) L1 )

mEIj =0

- ( D 1AW = pjrD)pjm(u — H,-,mu))lan@))
mEIj

k-1
*)
= c( Z Z Z 1% ((0; — pj+1)pjm) L@ 13F (u — nj,mM)HLI(Bjym))

meZ; =0 |a|+|B]=¢

c( Yo D 8%y = pjrpim) @ 197 = T i)l i g,

meZ; la|+|Bl=k
[Bl=k—1

+ 2 ey = pj+0PsmAUILi g )
mEIj
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Lem. 5.1(b) , Eq% 53,54

(Z Z Z ilerly—jk— \m)”Au”L s, 5 )))

meZ; 1=0 la|+|Bl=t s

( Do D A, ! (ch(By B ) T D lAully (B, m))

meZ; \OtH“\m k meZ;
[Bl<k—1
=c Z [l Al L(ch(Bjn.B%,))
meZ;

= clAuluig; ey,

Here we used at () that, if we expand A (pv) for sufficiently regular functions ¢ : 2 — Rand
v: Q — V by the Leibniz rule, then the only summand that involves k-th order derivatives
of v is of the form ¢ Av. Hence, (b) follows.

Ad (a). Let j’" be the set of all indicesi € Nsuchthat p;10;jmpej+1,i # 0. Then, by (C3),
#J s umformlyboundedm; andm.Ifi € 7/, then Q1N B # 0, Qj11NBjr1i # 9
and BjwNBjy1; #9. Assuch, Eq.5.15 is ava11able for such indices. Let |8| < k. Since
ker(A) is a finite dimensional space by the C-ellipticity of A, we may invoke the inverse
estimates E£¢q.3.18; on elements of the nullspace of A to obtain for all j > jy, m € N and

iej’j’.’:

197 (M j it = Ty 1 g,y < IDPH i = Tt s,
< C diam(B;j )" P! diam(Bj,m)‘ﬁl][ IDVPI(TTj 41 ju — T1; u)| dx
Bj m

< C diam(B; )" PIx

k
x (Zdiam(Bj,m)‘f][ |D*(Tj 4150 — n,-,mu)ldx)
=0 Jm
Eg3.18, n—lf|
< ~ Cdiam(B; ) [T1jyq,iu — I jpul|dx
Jj.m
Lem. 5.1 (¢) . _
= Cdiam(By) P IAUL g e LB
Jj+

Jj.m

< C27 /P Ay By

i
(ch(B; Jj+Li* T jm

As J}' is non-empty only if m € Kj :={l € N: Qj,1 N Bj; # {J}, we obtain by Eq. 5.3,
Eq. 5.4 and the preceding inequality

Iyt gy < ¢ 3 ZZ > (10" Cppmp i) lie %

mek; ieJ) =0 lal+|l=t

X 0P (M1 = T i)l s,,))

k
oJlaly—j k=181

=c Z ZZ Z 2 ”Au”Ll(ch(BjHJ,Bj_m))

mek; ie " =0 lal +Il= |
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k
(e—k)j
=c Z Z 22 ”A””L‘(ch(BL?H_,.,B}m))

mek; ieJ} =0
<
sc ) D ”Au”Ll(ch(B?Hi,B?m))
. 4 ! ’
mek; ieJ}
9.5.1»
= C”AMHLI(Q]HO\QHI'O)

This establishes (b).

Ad (c). By construction of the sets €2, ijl ]lQ./.ﬂ.O\QjHO < c(io)]lQH0 forall/ € N.
Since || - | 4.1 always can be dominated by ||- [|y«.1, we obtain by (a) and (b) for all U'>1>jy
by virtue of a telescope sum argument

oo
1Ty — Tl gy < D 1 Tjne = Tjullyyn gy < clldulpig,, ) — 0
Jj=l

asl,l’ — o0o.Thus (Tju) is Cauchy in wal (£2) and thus converges to some v € wal (£2).On
the other hand, since spt(u — Tju) C €2; holds by construction, we have ||u — Tju IIWA.I(w) — 0
for any open w € Q2 as /| — 00, and so v = u. Therefore, Tju — u in WA’I(Q) as j — oo,
which is (¢).

Ad (d). We recall the decomposition Eq. 5.5. Since Tj(z)u is a locally finite sum of C*°-
maps, Tj(z)u € C®(Q; V). Moreover, since Tj(l)u € WA1(Q) is compactly supported in €2,
standard mollification yields some v; € C2°($; V) such that || Tj(l)u —0jllyai (g < +- Put
uj =vj+ Tj(z)u sothatu; € C®(Q; V), and then (c) implies |u — I/lj”WA,l(Q) — 0 as
Jj — oo.

To see (e), let ¢ > 0. By uniform continuity of u, we find 6 > 0 such that |[x — y| < §
implies |u(x) — u(y)| < &. Let B;; be such that B;; N Q; # #. By (C4) and assuming
that j > jo, there exists a constant C > 0 independent of j and i such that |[x — y| < C27/
holds forall x € B;; and y € Bﬁ’i;
well. We thus find Jy > jo such that for all j > Jgy there holds c2~/ < §. Thus, invoking
Lemma 5.1(a) and because of (u)Bgi =11, ;(u)

moreover, we may assume that diam(B? )< 277 as

#
B;;’

lojpji(w—TI1; iu) Lo < llu— (M)BEiHL‘X’(Bj‘,ﬂQj) + T (u — (M)Blt.i)||L°°(Bjy,-mQj)

< s ][ |u<x)—u(y>|oly+c][n = @) s 1dy
X€EB; iNQ; B];.,' B./.)‘. Jii
< (1+c)e.

Sinceu — Tju =Y _; pjp;,i(u —I1; ;u) and the B; ;’s have mutual uniformly finite overlap
(in i for each fixed j), we thus obtain Tju — u in L°°(€2; V) and hence (e) follows. The
proof is complete. O

For the following, let (Z°(9S2; V); |l - 2 (ax)) be a Banach space with Z°(02; V) C

Llloc(BQ; V) such that W5 1(; V) has trace space 2°(0€2; V) (cf. Theorem 1.2 ff. for this
terminology); we denote Tryq : WELQ V) > 2702 V) the underlying trace operator.
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200 L. Diening and F. Gmeineder

Corollary 5.3 There  exists a constant ¢ = ¢(2,A) > 0 such that the following holds:
Whenever u € C*°(2; V) and jo € Z is as in (C4), then there holds

[o¢]
D Traq(Tj1u) — Tra(Tjw)|l 2 ooy < cllAullyiq,- (5.7)
J=Jo

Proof Let u € C®(Q; V) and j > jo. Then Eq. 5.6 implies that Tiviu — Tju is a
locally finite sum of C*(Q; V)-maps and so is of class C*°(Q; V), too. Since spt(;[u]) C
{x € Q: dist(x,dQ) > 27/72} because of spt(p; — pj+1) C R \ 42, we have
Trye(I;[u]) = 0. Since WK1(Q; V) has trace space 2 (0€2; V), there exists a constant
¢ > 0'such that || Trao(v)[| 2 @) < cllvllyk g, for all v € WEI(Q; V). Now, by Eq. 5.6
and Proposition 5.2 (b), this entails

o0 o0
D I Traq(Tjiu) — Traq(Tjw) | 2@y = Y, | Traol;[ul)ll 2 (o)
J=Jjo J=Jjo
o0
< I ullye g
j=io CRY)
Prop. 52 (b)
=Y Al ey
J=Jo

= C”Au”L'(Qjo—io)’

where in the ultimate step we used that the sets &2;_;; \ ©2;;, only have a uniformly finite
mutual overlap. This is Eq. 5.7, and the proof is complete. O

Before we proceed, we briefly pause to comment on the preceding proof in

Remark 5.4 Based on Proposition 5.2 (b), in the second line of Eq. 5.8 we have employed full
k-th order gradient L'-estimates to obtain the requisite 2 (32; V)-estimates for the traces
of Tji1u — Tju. We wish to emphasize that a similar strategy does not yield any uniform
L'-bounds on the sequence (D* (Tj+1u—Tju));, and so this is in line with ORNSTEIN’s Non-
Inequality. Indeed, even foru € C*°(Q; V) the term I j[ulinEq. 5.6, for which Proposition 5.2
only provides WA 1- but not W*!-bounds, might have diverging WX!-norm as j — oo:
Precisely by ORNSTEIN’s Non-Inequality, when D¥ acts on u in the term I jlulin Eq. 5.6, one
has limsup;_, o 1L [s]llyy.1 @ =X in general. By the inverse estimates on polynomials of
a fixed degree, this obstruction becomes invisible for II;[u], and only II ;[«] matters for the
requisite trace estimate Eq. 5.7.

Towards the proof of Theorem 1.2, let us note that it is only the sufficiency part that requires
proof; similarly as for Theorem 1.1, the necessity part can be established by localising the
construction in [31, Proof of Theorem 5.2]. Indeed, if A is not C-elliptic, the aforementioned
construction leads to some smoothly bounded €2 C R” and a W-!-bounded sequence (u i) C
C>(Q; V) for which (D¥~'u;) is unbounded in L' (32; ©F~!(R"; V)). Since WX 1(Q; V)
has trace space Blf_ll 082; V), WAl (£2) cannot have the same trace space as WEL(Q). It thus
suffices to give the
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Proof of the sufficiency part of Theorem 1.2 Let A be a C-elliptic operator and let u €
C>®(2; V) be given. Since u € C®(R2; V), Lemma 5.2 (e) implies by a telescope sum
argument

o0
Tryqm) — Tryo(Tjyu) = Z Tryq(Tjy1u) — Tryq(Tju) (5.9)
J=Jo

everywhere on 9€2. We may control the right-hand side by Corollary 5.3, and so we only need
to bound Tryq(T'j,u). Based on the decomposition Eq. 5.5, we recall that for u € C*(2; V)
there holds || TraQ(T/E)I) u) |l 2 (32) = 0, and so we proceed by proving that the function Tj(oz)u
belongs to wk.1 (2; V) together with the requisite estimates. Since Tj(oz)u e C®(Q; V), it

. . . . 2
possesses classical traces and so it suffices to give an estimate of the W*!-norm of Tj(0 u.

Qjo+1-ig \ Ljg+1+4g
/_/R

S~ H—/
Qjo—io \ Ljo+io
Qjo+2—io \ Ljo+2+ig
Fig. 4 Idea of the trace estimate of Theorem 1.2. In the telescope sum Eq. 5.9, the trace of u € C®(Q; V)
is decomposed into a contribution from Tjyu and a sum over TryQ(Tj+1u — Tju) = Tryq(l;[u]). By

construction, IT;[u] is determined by the projections of u onto ker(A) on reflected balls contained in the strips
Qi \ 2j+i,; the latter have uniformly finite mutual overlap and yield the entire £ when united
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Denoting L j, the set of indices i € N such that Qj, N Bj, ; # ¢,

k
2
1T ulgray e D D 1@ (0jopio.) @ TLjg i)l 1

t=0lal+IBl=tieL},

Eqs‘5.53,5‘462k: Sy il

=0 lal+IBI=t ieL ),

. 2—jo(n—|ﬂl)2—./'o|ﬁ\][ P e 1O

Bjy.i
Eq.3.18;, Lem. 5.1(a)
<

k
< Y 2htymion 3" ][ . luldx

(=0 ielyy” Vo
Eq.5.11 K
= a2 ||u”Ll(Qj0—io\Qjo+io)’
where we additionally used the uniform finite overlap property of the B; ;’s. Since, by assump-
tion, W5 1(Q; V) has trace space 2 (02; V), we consequently obtain (see Fig. 4)

5 .
I Traq(Tjg)ll 2 o) = Il Trag (T w2 oy < 22K ullp1 - (5.11)

Combining Egs. 5.9, 5.11 and 5.7, we then obtain
| Trae ()l 2 o) < chOkllullLl(Q) + c||Au||L1(Q) forall u € C®(Q; V). (5.12)

If u € WAL(Q), we invoke Lemma 5.2 (d) to find (uj) C C>®(Q: V) such that uj —> uin
WAL(Q). As in the proof of Lemma 4.6 and since (27 (9€2), || - | 2~ (9x2)) is assumed Banach,
we may define as a limit in .27 (9€2; V)

Tro() = lim Traq(u)), (5.13)
J—>00

being independent of the approximating sequence (u;) C C*(Q; V). It is then straightfor-
ward to verify that ﬂag ;WA () - 27 (092; V) is bounded and linear. Clearly ﬂag and
Tryq coincide on W5 1(Q; V), and since Tryq: WEI(Q; V) — 27(8Q: V) is surjective,
’ﬁ‘ag: WALQ) - 27(8K; V) is onto, too. The proof is complete. O

We conclude this section with the following

Remark 5.5 (Homogeneous trace inequalities) To connect with the results of Section 4, let
2 = H be an open halfspace and recall that WK1(H; V) has trace space B]ffll (0H; V). Given

u € CX(H; V), we define Tju asin Eq. 5.5. Note that in this particular geometric situation,
the number jp as it appears in (C4) can be chosen to be arbitrarily negative. Proposition 5.2
directly inherits to the homogeneous situation and hence one obtains Eq. 5.7 with jy = —oo0.
As a substitute of Eq. 5.10 we then obtain

s .
1T 2k ) < 2%l (5.14)

Jo—io \S2jg+ig) "
Since u € C° (H; V), the term on the right-hand side of Eq. 5.14 will vanish as jo — —oo.
Based on the USPENSKI estimate Eq. 1.6, an analogous argument as that for Eq. 5.12 then

: . 00 (T
equally yields ||u||B1f]|(aH) < c||Au||L1(H) forallu € C°(H; V).
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6 Proof of Theorem 1.3: Korn Without Global Singular Integral
Estimates

We finally turn to the Korn-type inequality of Theorem 1.3 for John domains, which form
the canonical class of domains for such inequalities. Since such domains in general need
not be extension domains for W7, the global Calderén-Zygmund estimates from the proof
of Theorem 4.4 cannot be utilised and a local argument is required. In Section 6.1, which
should be of independent interest, we provide a generalisation of a decomposition for maps
on John domains by RUZICKA, SCHUMACHER and the first author [23], the latter being only
applicable to maps with zero mean. Building on a best approximation result and an inequality
of FEFFERMAN- STEIN-type (Sections 6.2 and 6.3), we obtain even more general Korn-type
inequalities by means of extrapolation (so, for instance, inequalities involving Orlicz or
Lorentz norms) once Korn-type inequalities are provided for weighted Lebesgue spaces, see
Sections 6.4 and 6.5. Hence, even though Theorem 1.3 is only stated for the usual L”-spaces,
we directly deal with the weighted setting throughout.

6.1 Weights and a Decomposition Theorem for John Domains
As usual, a weight w : R" — R (so an .#"-measurable function with 0 < w < oco £"-

almost everywhere) is said to be a A,-Muckenhoupt weight with 1 < g < oo, in short
w € Ay, if

1 q-1
[wla, = sup][ wdx<][ w a1 dx) < 00, ifl <g < oo,
0 JO (@]

[w]a, := sup [][ w dx sup
(@)

0 xeQ w(x

(6.1)

]<m, ifg=1.

The class Ao is defined by Ao, = Uq>1 A, and endowed with [w]4,, = limp%oo[w]Ap.

Now let 2 C R” be open and bounded. For w € A, LY (2; V) is defined in the obvious
manner. For a finite dimensional real vector space E, a subspace N' C £2,,(R"; E) and a
space X(2; E) C LY(Q: E), we define

XN(Q;E)::{feX(Q;E): /f-ndx:O forallne/\/}. (6.2)
Q

Ifwe Ay withl <g <oocand f € L?,(Q; E), then Holder’s inequality and Eq. 6.1 imply
that f € LY(Q; E). In particular, for such weights w, LZ} N(Q; E) is well-defined. We can
now state the decomposition theorem that shall later be applied to A’ = V¥ ker(A); as usual,
M denotes the Hardy-Littlewood maximal operator.

Theorem 6.1 (Decomposition theorem) Let Q2 C R” be an open and bounded John domain
or, equivalently, an open and bounded domain satisfying the emanating chain condition with
certain constants o1, op and chain-covering VW = { W; : i € Ny | J. Then there exists a family
of linear operators T; : CZON(Q; E) —> CfMWU E), i € Ny, such that forall 1 < q < oo
and all w € Ay the following holds:

(a) Foreachi € Ngandall f € qu A/(Q; E) there holds

ITi f| < c(o2, N) 1w, M(Lqf) Z"-almost everywhere. (6.3)
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(b) Foreachi € Ny the operator T; maps qu /\/(Q; E) boundedly to qu /\/(W,-; E).
(c) The family {T; f: i € No} is a decomposition of f in qu N{Q; E), ie.,

f=Y Tif inL! \AQE) (6.4)

ieNp
forall f e LZ} J\/(Q; E). The convergence is unconditional.
(d) The mapping [ +— (IIY}fIIqu(Wi)),-from qu /\[(Q; E) to 11(Ny) is bounded and
1
1 q
; ”f”sz(Q) = <Z ”Tif”zqw(Wi)> =c ”f”]_,g;(Q) (6~5)
ieNp

with a constant ¢ = c(o1, 02, q, [w]Aq,N) > 0.

(e) If f eCzo/\/(Q; E), then{i € Ng : T; f # 0|} is finite.

Proof The proof is an adaptation of the proof of [23, Thm. 4.2] by RUZICKA, SCHUMACHER
and the first author, and so we confine ourselves to the points that need refinement in the
setting considered here.

The idea in [23], where A is the set of constants, is that each f is first decomposed into
local functions S; f := &; f by means of a partition of unity &; subject to the covering W =
{W;: i € Np}. Then each S; f is corrected in [23] such that it has vanishing integral.
To compensate this change, the corrections are transported along the chains to the central
ball Wy. In the much more general setting as considered here we have to correct the S; f’s by
local projections to N and transport those corrections along the chains to the central ball Wj.
Throughout, we tacitly suppose f to be extended to R” by zero.

Adopting the notation of Definition 2.3, we may suppose that the balls B; ; as in (C2)
belong to a family 2 such that ) "p_, 1p < o21g; see Remark 2.4. For B € # we find,
by translating and scaling a fixed non-negative n € C(B(0, 1)) with |, BoO.1) " dx =1,
a non-negative function ng € C°(B) with fB npdx = 1 and |ng| < ¢/Z"(B), where
¢ = c(n) > 0. Setting n; ; := np, ,, we may record that

nig € CO(Wi ) NCZ (Wi 141),

1 } (6.6)

Il = min { L Wi) L (Win)

forall i,/ > 0 with 0 < [ < m; — 1. Equally, we pick a non-negative no € C2°(Wp)
with fWo nodx = 1 and |no| < ¢/.L"(Wp); since every chain ends in W; ,,, = Wy, we put
Ni,m; = no foralli > 0.

Now define an operator IT; ; : LI(GZW/-J; E) — Nby

/ nj (X f)mdx :/ fmdx forallm e N. (6.7
W;

i Wi

Inserting 7 = I1;; f, inverse estimates for polynomials as in Egs. 3.16, 3.17, and using that
all n; ;’s are translated and scaled versions of some 7, we obtain

1
2 2
Il o < e [ i f i)
oW
1

<e( L, 7 mre)

1 1

> 2
SCIIHj,zfllﬁooijyl)(/aw fl1dx)*,
2

i
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Wj2 = Wj2,0
le - le,O

= Vij,mj2

Wi = Wj17ljl = ng,l

J2

Fig.5 Construction of the decomposition blocks 7;, cf. Eq. 6.9. In Eq. 6.9, one sums over all chains W; o =
Wj s ijm . = W that contain W;; here, two such chains and the location of the relevant balls that matter
in the definition of 7; are depicted

which implies

1Lt f Lo, < © / | fldx. ©638)

oaW;i

of [23] and, adopting the notation of Definition 2.3, set for f € Li} N(Q; E)

Ti f = (Si f —ni,01;,0(8: f))
+ Z Z (=110 1=1(Sj ) — mjaT;.0(S; f)). (6.9)

J=01:0<l=<m;j:
J#i W;i=W;

In the ultimate double sum, j effectively ranges over all numbers for which the chain Wj ,; =
Wo, ..., Wj o = W; from (C2) connects W; with W, where, in addition, W; ; = W; for some
0 <! < mj asserts that W; must be contained in this chain (see Fig. 5).If j #iand0 <[ <
m j are such that W; ; = W;, then Eq. 6.6 implies that spt(n; ;1) Uspt(n; ;) C W;; = W;.
We hence obtain spt(7; ) C W; and, by Eq. 6.6, n; ;1 +n;; < clw,/Z"(W;). Also note
that the second sum over 0 < [ < m; such that W; ; = W; contains only one summand.
We begin by proving that 7; f is well-defined. Similarly to [23], we define the majorant

U= Y (et [T 1(S5. 0]+ nju 0] T5.85.0). (6.10)
J=01:0<l<m;:
J# W;i=W;

Next, if W; 0 = W;, ..., Wim; = Wo is a chain with W; ; = W; for some 0 <[ < m , then
we have by Eq. 6.6, B; ;1 C oo W; ;1 C OZZWJ',[, Bj; C W;; C 0oWj; and the uniform
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206 L. Diening and F. Gmeineder

comparability £ (B ;—1) >~ £" (B} ) ~ £"(W; ) the pointwise estimate

Ui<c ( )Z D (M1 (S Pllies; ) + 1T 0(S; Pllies; )
i j=01:0<i<m;:
J#i W= W,
Eq.6.8 1w,

= Cf”(W,')Z Z ”ij”Ll(szsz,l)

Jj=01:0<l<m;:
J# W 1=W;

< e i § S
RRCZIA =0 557w
J=
J#

< CllW,-][ 1f1dx
o W;

where we used in the ultimate step that the W;’s have uniformly finite overlap, cf. (C1)
and, by (C2), there holds spt(S; f) C W; C oo W;. Since f € LIOC(Q; E), the sumin 7; f
converges absolutely .#" and so T; f is well-defined .#"*-a.e.. The term S; f — n; oI1; o(S; f)
can be estimated analogously, and so (a) follows.

Since M is bounded on LY (R"), we obtain that 7; maps LL(Q; E) — L& (W;; E)
boundedly. In combination with (a) and recalling that LL,(W;; E) < LY (W;; E), we obtain
by Lebesgue’s theorem on dominated convergence that the sum defining 7; f also converges
inL! (W;; E). For the full statement of (a), let f € qu N{Q; E) and consider some j # i
such that W; is contained in the chain connecting Wj’ and Wy, so W; = W;; for some
0 <! <mj. By (C2), we then have W; C oo W; ;-1 N o2 W, ;. Therefore, spt(S; f) C W;
yields for all 7 € N

/ ij-rrdx:/ S;f-mdx. (6.11)
Wi Wi

The support properties of the S; f’sand the n; ;’s, the definition of IT; ; and Eq. 6.11 imply that
each summand in the definition of 7; has integral zero when being tested against any 7 € N.
Since the sum defining 7; f converges in LY (Q; E), we conclude (b). We now establish that
=% eN, 1i f holds pointwisely .#"-a.e. for f € LY N{Q E); working from here, the
proof evolves exactly as in [23]. By pointwise absolute convergence of » T, f £"-ae.,
we may change the order of summation in the following to find

Z T, f = Z Sif — Z ni,0I1;,0(Si )

ieNp ieNp ieNp

+3°0 5 (T ma (S5 ) = 0TS )
J=01:0<l<m;ieNg\{j}
i=Wijl

O Ssif= S mioliolSif) + 3 (1500087 ) = 1, m, (S7£))

ieNg

ieNp ieNp Jj=0
=Y Sif =) Mjm Wjm (S5 )
iENQ jZO
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i =10 Z Sif_rloznj’mj(sjf)

ieNp j=0
= f =10 Y Mw(S;f)
j=0
:f_nOHWof:fa

since [Tw, := Il »; is independent of j and we have Iy, f = 0Oas f € LZ} N(Q; E). For
() note that, for fixed j > 0and 0 <[ < m;, Zi#, Wi=W;, 1 =1, cf. [23, Eq. (4.18)ff.].
Working from here, the rest of the proof is exactly as in [23]].' We thus omit the details. O

Remark 6.2 (Unbounded domains) Theorem 6.1 also holds for unbounded John domains and
unbounded domains satisfying the emanating chain condition. The proof requires no change.
We refer to the modified definitions for unbounded domains to [23].

6.2 A Best Approximation Property

For our objectives in Section 6.3 and 6.4, we require the following best approximation
property of the projections underlying Theorem 3.7:

Proposition 6.3 (Best approximation property) Let A be a k-th order C-elliptic operator of
the form Eq. 1.1. Let Q C R" be an open and bounded domain satisfying the emanating
chain condition with constants o1, o2 and central ball B. Moreover, let 1 < p < o0 and
w € Ap. Then forall £ € {0, ..., k} and all u € WEP (2 V) we have

‘D (u—l'IAu)‘ wdx <C inf ‘D (u—q)‘ wdx | .

Q geker(A) \Jq

where C = C(A, o3, p, [w]a,) > 0.

Proof We start by noting that, if B C € is an open ball with diam(2) < c¢odiam(B),

then for any m € Np there exists a constant ¢; = ¢y (co, m, n, V) > 0 such that for all
€ Z,(R"; V)andall £ € Ny with £ < m + 1 there holds

(][Q |D ' |Pw dX)% = (sup lDe”“(é)”(g));

< c1r(B)_Z][ Iﬂldx( w(€) )% (6.12)
B B ZLM(Q)

1 1
=< Cl[w];{pi’(B)_Z (][ |7 [P w dx) P
B

where the ultimate line follows by Holder’s inequality and because w is doubling.

Now let £ € {0, ..., k} and let ¢ € ker(A) be arbitrary, so that ng = q. Moreover, let
q1 € P—1 C ker(A) be arbitrary. Then ngl = g1 and therefore Dt ngl = 0. Now,
D (u — ng) = D —g) — D¢ Hg(u — g — q1), inverse estimates for polynomials (cf.
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208 L. Diening and F. Gmeineder

Eq. 3.16) in conjunction with diam(€2) < cg(o2) diam(B) (cf. Eq. 2.1) and Eq. 6.12 imply

1

<][Q ‘D‘q(u — ng)‘p wd)c)E

1 1
sc(f )D‘(u—q)’pwdx)’ +C(][ 'D‘ng(u—q—ql)‘pwdx>p
Q Q
£q.6.12 , p 5 , L 5
< c<][ ’D (u—q)’ wdx> + C diam(Q) <][ |u—q—q1|Pwdx>
Q B

Now we may fix g1 € Z¢_1(R"; V) such that the standard A ,-weighted Poincaré inequality
for balls (see [32, Chpt. 1.4]) yields

. » 5 , P g
diam(Q) —g—qlPwdx) <cC ‘D (u—q)‘ wdx ).
B B

This, the previous estimate and diam(2) < c¢g(02) diam(B) prove the claim. O

Remark 6.4 (Weighted stability estimate) For future reference, let us note that in the situation
of Proposition 6.3 we have the estimate

(][Q |ng|pwdx)% < C(]{2 |u|pwdx)% (6.13)

for all u € L1(Q; V), where C = C(A, o, p,lwla,) > 0. This is the weighted substitute
of Lemma 3.5, and can be seen as follows: We replace 7 in Eq. 6.12 by ng and repeat the
first two lines of the estimation in Eq. 6.12 with £ = 0. We then use Eq. 3.18 to estimate

][ |l'[§u|dx < C(A)J[ luldx < c(co,n,A)][ |u| dx.
B B Q

We then may argue as in Eq. 6.12 to deduce Eq. 6.13.

6.3 An Inequality of Fefferman-Stein-type

In this section we derive an inequality which allows to control the information of a function by
its N-sharp maximal operator. This serves as an instrumental tool in the proof of Theorem 1.3
in Section 6.4, but should be of independent interest.

We require the following restricted variant of maximal operators: Given an open subset
Q c R", o > 1 and, for some finite dimensional real vector space E, a subspace N C
Py (R"; E) forsomem € Nand 1 < p < 0o, we put

1
sup ][ [f1Pdy)”, ifxeQ
Mres,Q,a,pf(x) = an:(rQCQ( 0] ) (6.14)

0 otherwise

1
sup inf (][ |f_ﬂ|pdy)p’ freQ
Mt Q,a,p,,/\/f(x) = gax:o0ceneN Vg

(6.15)
res,
0 otherwise

for [ € Lﬁ)c(Q; E) and non-degenerate cubes Q. For brevity, we also set M5 0.0 1=

2 . gl
Mres,Q,a,l and Mres,Q,o,N T Mres,Q,a,l,./\/"
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The main result of this section is a generalisation of [23, Theorem 5.23] for A'= R and
its unweighted version [36, Lemma 4]. We present the proof later in this section.

Theorem 6.5 (of Fefferman-Stein-type) Letr 2 C R" be an open and bounded domain
satisfying the emanating chain condition with constants o1 > 1,02 > 1 and central ball B.

Let1 < g < oo, we Agand f € L (E) If M:_ o \of € LE(Q), then
f e LL(Q; E) and

(6.16)

: #
— <
;2/{/,”]0 I “L‘?U(Q) =c HMreS,Q,Gl ,Nf L) :

The constant ¢ depends only on o1, 03, N, q, and [w] .

For a cube Q (or ball) we define 1'1/% as the LZ(Q; E)-orthogonal projection to A. It follows
easily by inverse estimates as in Eq. 3.16 that H/Q\[is L! (Q; E)-stable, i.e.,

][ ‘H/Qvf‘dx < cl][ | £]dx, (6.17)
0 0
and, similarly to Proposition 6.3, has the approximation property
|f —Hyefldx < C2 inf][|f—q|dx. (6.18)
][Q N® qeNJo

We need the following version of the Calder6n-Zygmund decomposition by IWANIEC:

Lemma 6.6 ([36, Lemma 3]) Let Qo C R”" be an open cube and let | € LY(Qo; E). For
everya > (|fDo, = JCQo | f|dx there exist pairwise disjoint cubes Q‘; C Qo indexed by
Jj € N such that

(a) a < fQD; |fldx < 2"q,

(b) Ifa > B = (lfo, then each cube Q‘}‘ is contained in an element of { Qf : jeN|)
(c) |f| < a ZL"-almost everywhere on Qg \ Uj Q‘}‘,

(d) U; Q% C {Moes.00.1f > |] foralla = (| £y,

(e) { Mies,00,1f > 5" |CHU; 505 foralla = (1) g,-

We start with a version of Theorem 6.5 for the case where €2 is just a cube.

Lemma 6.7 Let Qg C R” be an open cube, 1 < g < 00, w € Ao, and let f € L](Qo; E).

If/\/l:e& ooa N € LL(Qo), then Myes.0.1f € L% (Q0) and there holds

q q
f IMres,Qo,lf!qwdecf ME i de+Cw(Qo)<][ |f|dx>,
Qo Qo TERT Qo

where ¢ = c(n, N, q, [w]a,,) > 0.
Proof Since w € A, there exists a constant ¢o > 0, only depending on [w]4,,, such that

w(5Q) < cow(Q) for any cube Q C R”, see [58, V 1.6, p. 196]. By the usual inverse
estimates and Eq. 6.17, there exists C = C(V, n) > 0 such that, for any open cube Q C R”,

TS f i (o) < C 14 (6.19)
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210 L. Diening and F. Gmeineder

Then we fix a number m € N such that C2"7" < % We claim that for every € > 0 there
exists § = 8(e, n, m, N, [w]a,,) > O such that

w({ Mies. 091 f > 5" )} < cow((Mi | aef > 8a )

+ coe w({ Mres,Qo,lf >2""a D}

(6.20)

forall f € L'(Qo; E) andallo > 2"(1f1) g,- To prove the claim, lete > 0. Asa > 27"« >
(1D gy> we may pick (Q;‘)jeN as in Lemma 6.6. Toward Eq. 6.20 we note that, because of
Lemma 6.6 (e) and the fact that w(5Q) < cow(Q) holds for all cubes Q, it suffices to show
that

Y w@D = w( M \f > 8 D)+ ew({ Miesgo1 f > 27" D). (6:21)
J

By Lemma 6.6 (b), every Q‘J’f is contained in some Q, Q € {Qizfm“: i € N}. Then

0 0 Eq.6.19 ][ Lemma 6.6 (a) nem Eq.6.19ff.
I dx < ||TT 00 < C d < c2 —.
][m| feflar < Imgsiumi 'S ef 1710 @ S

J
Thus, by (a) of Lemma 6.6 we obtain for all j € N
o

o
7[ If—HQfldxz][ Ifldx—][ néfldx>a— =~ = -.
0° N- 0 Q?‘ /\/" )

J

Multiplying the previous inequality by ‘ Q‘]’.‘
2 0
> les == | |7 - ngesax
@ Jo
0fce

Since w € Ao, there exists an €3 > 0 such that if £ C Q with || < €2 |Q], then w(€) <
ew(Q), see [58, V 1.7, p. 196]; here, €, only depends on € and the A,-constant of w but
is independent of Q and £. With C; as in Eq. 6.18, we define 6 := z—ézsz and then consider
two cases:

o If §, ‘f - nJQ\/f‘dx < e then Ygucg ‘Q‘;‘ < &0l By our choice of e,

ZQ‘;‘CQ w(Q‘}‘) < e w(Q), where we have used that the Q‘}‘, j € N, are pairwise disjoint.

and summing over all Q‘]’.‘ C Q, we obtain

oIf f, ‘f - H/Qvf‘ dx > §eo, then we have, with Cs asin Eq. 6.18, M \f(x) >

2‘%262 = S« for all points x € Q. In particular, Q C {/\/tfeS 0 le > da | } and
Yo w@) = w(Q) =w(@N (M, \f >daD).
05co
Combining both alternatives, we obtain
Yo w@) S w@N M, o wf > 8 D)) +ew(Q). (6.22)
05cQ

By Lemma 6.6 (b) and since o > 2" (| f|) g, summing Eq. 6.22 over the pairwise disjoint

cubes Q € { Qizim"‘ : i € N |}, all cubes from { Q‘}‘ : j € N |} are counted exactly once in
the overall sum. We thus obtain Eq. 6.21 and hereby Eq. 6.20. Once Eq. 6.20 is established,
we may exactly follow the layer cake argument of IWANIEC [36, Lemma 4] to conclude. O
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Corollary 6.8 Let Qo C R" be an open cube, 1 < q < 0o, w € Ay, and f € L}\/(Qo; E). If
M:es,Qo,l,Nf € LY(Qo; E), then f € LY (Qo; E) and

i
||f||L‘u’)(Qo) =c Mres,Qo,l,Nf

L%(Q0)

where the constant ¢ only depends on N, q and [w] Ay

Proof Let f € L N(Qo, E) so that né f = 0. In conjunction with Lemma 6.7 and Eq. 6.18,
this yields

||f||Lq(Q ) = ”Mres’Qo']f”g?u(Qo)

! —l—cw(Q)][ |7 =] ax !
L4 (o) 0 N

g q
L%(Qo) e / |[|](Mre§ 0o, le)(y) wdy

f
=c HMres,QU,l,Nf

=¢ HMres 0o, 1Nf

<c

i
- HMres,Qo,l,./\/’f

L%(Qo)

and the proof is complete. O

Before we come to the proof of Theorem 6.5, the underlying duality argument requires

Lemma6.9 Let @ C R" be as in Theorem 6.5. Let 1 < q < oo and w € Ay. Then
CSON—(Q; E) is dense in LZ} N(Q; E) for the norm topology.

Proof Let g € C2°(B) with g > 0 and fB nodx = 1. Similarly as in Eq. 6.7 we define a
linear operator Il : LY E) —> Nby

/UO(Hof)de:][ fédx forall& € V.
B Q

By inverse estimates on A and Holder’s inequality we obtain || ITo f|l1.o(q) < cfQ | fldx.
This and w € A, imply IInOHOfIILq @ =¢ ||f||Lq - Now let f € L? N(SZ E) so that,
in particular, ITo f = 0. Then we find (g;) C C°(K2; E) such that 8j— fin LI(Q: E),
cf. MILLER [51, Lem. 2.1]. Put l'[o |2|T1p and define f; := g; —nollpg; € CSO/\/(Q E).
Since Iy f = 0 we have f; = g; — nollo(g; — f). Since g; — f in L% (Q; E) it follows
with H nollo(g; — f) HLZ,(Q) <c ng — fHLZ{,(Q) that f — f; — Oin LL(Q; E), as desired.

O

Proof of Theorem 6.5Let1 < g < 0o, w € Ay, and f € L] (Q; E) with /\/lrﬁeS am N/ €

1
L%(). Since w € A,, we have w' := w7 € Ay

Leth € CSOA/(Q; E). By Theorem 6.1 we may then decompose /4 into the sum of func-
tions Tih € CX%\AW;: E) C L‘; , Wit E) such that

€L
7

q
(ZII; J ,)> =clhll e g - (6.23)

i>0 "/
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Moreover, by Theorem 6.1 (e), only finitely many summands of & = } ., 7;/ are non-zero.
Since f € Llloc(Q; E)and h € C?ON—(Q; E), (f,h):= fQ fhdx is well-defined, and for all

i €N, & € Nwe have /W,- &ET;h dx = 0. Therefore, with l'ly\/} as in Eq. 6.171f.,

(foh) =Y (f Tih) =Y (f = T\+f, Tih),

i i
where we also used that f € Ll(Wi; E), since o1 > 1 and consequently W, e W; C Q.
We estimate with Corollary 6.8 in the second step

ROIED D) Vo) I 1T

’
LY, (W) LY, (Wi

h]

| T; '
Ly L (W)

=c ZHMreGW lN
(6.24)

€1

1
q 5( q >q/
T:h||?,
L%(9>> Xi:”’ ”L‘Iw/(wn

h /
L9(Q) I ”L‘L, ()

<c (Z HIlWiM;es,sz,m,Nf

=c HMresQ(rl ./\/f

forall h € COOA[(Q E), where we have used in the last step ZWEW 1syw < 02 1 and Eq.
6.23. Therefore, invoking the smooth approximation from Lemma 6.9,

sp (f.h) < CHMres oo N (6.25)
heLq QE)

il | !

L@

By an analogous argument to that of Proposition 6.3 and because I1 ﬁ/is L7 -stable,
inf ||f - 7T||L‘f Q = <cllf - H'/\/f”L‘i (Q)

=c sup (= TRef, h=TIRh) + (f = RS, TTRh)

heL”,(Q E) o
h <1 -
A1 s
~ Eq.6.25 i
=c ,Sup (f. 1) = ¢ HMres Q,01, Nf L2 (Q) '
hel! \AQ:E) "
”h”qu//(Q)il
This completes the proof. O

6.4 Korn-type inequalities and the proof of Theorem 1.3

We now turn to Theorem 6.10 below, a special case of which is Theorem 1.3. Different from
Theorem 4.4, where the focus was on the equivalence of trace and Korn-type inequalities
on smooth domains, and previous contributions (cf. KALAMAJSKA [41, 42]), the previous
sections now allow us to cover the natural yet vast class of John domains which, in turn,
might be very irregular:
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Theorem 6.10 (Weighted Korn inequality) Ler Q C R" be an open and bounded domain
that satisfies the emanating chain condition with constants o1 > 1 and oy > 1 and central
ball B. Moreover, letk € N, 1 < p < oo and w € A,. Then for any k-th order C-elliptic
operator A of the form Eq. 1.1 there exists a constant ¢ = c(o1, 02, p, [w]Ap, A) > 0 such
that

ID*(u = TRl 1 gy < clAullp ), 626
1D ullp ) < c(diam(Q) Flull r ) + 1Aull r o))

hold for allu € WALE(Q) := {v e LE(Q; V): Av e LE(Q; W)).

Proof Since w € A, by the open-endedness property of the Muckenhoupt classes 18], there
exists ¢ = e(n, p, [wla,) > 0 such that w € A,_,, too. We then pick 1 < g < p such that
p—¢< g < p and record in advance that w € Ap/,. With o1 > 1 as in the theorem, let
QO C Q2 be an open cube such that 01 9 C . Choose a cut-off function p € C2°(L; [0, 1])
such that 1gp < p < 14,0 and |Vip| < c(oy — 1)7e(Q)~! for all I € {0, ..., k}. Then
@:=pu— HX Q) (with l'['fA‘ Q being as in Proposition 3.3) is compactly supported in R”".
Since A in particular is elliptic, the Fourier multiplier argument underlying Eq. 4.29ff. yields
the existence of a constant ¢ = c¢(g, A) > 0 such that

1D glls @) < cllAglls - (6.27)
Moreover, note that H%HX‘ 9y = I'IX‘ 24 on Q and therefore, using the LY-stability of the

projections Hg in the second and the Poincaré-type inequalities from Theorem 3.7 in the
fourth step,

1 1
(£ M7 % —nfurax)” = (f Mg - 07w dx)°
0 0
1
§c< |u—anlQu|‘1dx)‘1 (6.28)
0

1321
_m91Q,,q q Ea k
gc(]{lgm VAR dx) <7 o) (]£.Q

where ¢ = c(o1, ¢, A) > 0. Now, using the Poincaré-type inequalities from Theorem 3.7,

1
|Au|? dx) .,

1

1 1
(][ 1Dk (u — 112w dx)q < c(][ 1Dk (p(u — 15 Quy) 4 dx)q
o 010
1
+c<][ D119 Qu — 11%u)) dx)q
0

Eq.6.27 1 1
"2 c(][ Ao — 17 Q)4 dx)" + (][ 1Dk Qu — 19u) dx)q
010 o

< c(iE(Q)’ (][

|D* - T Cu e dx)") + c<][

1
[Au|? dx) !
010

10
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k 1
+et(@) Y e (][ |D' (7 Cu — 112wy dx)q
1=0 0

£gs3213.18 1 1
R c(][ [Aul? dx)’ +c£(Q)*k(][ N7 %u - nul? dx )’
010 o

1

Eq.g.ZS c(][ Aul? dx)a,
o1Q

where again ¢ = ¢(o1, ¢, A) > 0. We define N := DF ker(A). Then, using that Dkl'[gu eN
for any open cube Q,

M MDA w) < cMies 01, (Au). (6.29)

res,$2,01,9,

Recall that B denotes the central ball of 2, cf. Definition 2.3. We now invoke the best
approximation property from Proposition 6.3 with respect to the weight w and £ = k in the first
and the Fefferman-Stein-type inequality from Theorem 6.5 with f = D¥u, N'= D* ker(A)
in the second step to obtain

Proposition 6.3

k kB ; k
1D u — D*TZully » o c;g/fvllD u—1llr g

L DAl
res,Q,ol,q,N( LI ()
Eq.6.29 (6.30)

=< C”Mres,Q,l,q(Au)”Lﬁ(Q)
1/q

< Au|?

< ¢l Mres,,1,1(|Aul )”L{LM(Q)

l<g<p
=< C||Au||L5(Q)»

where we used that Mg 01,1 L,’f/q () — Li/q (R2) is bounded provided 1 < p/q < o©
and w € A /,. Tracking the dependencies of the constants in Eq. 6.30, we obtain Eq.6.261.
To obtain Eq.6.26,, the weighted inverse and stability estimates (Eq. 6.12 ff.) yield

m. 6.4 . —k
< cdiam(€) Ffull g o).

X _ Re
ID* TS ullp ) < cdiam(Q) TS ullLp g

where ¢ = c(n, p, [wla,, 01,02, A) > 0. Combining this inequality with Egs. 6.30, 6.26
follows and the proof is complete. O

Proof of Theorem 1.3 For a C-elliptic k-th order operator, Theorems 6.10 and 3.7 immedi-
ately imply Theorem 1.3, direction (a)=-(b), by taking w = 1. For direction (b)=-(a) of
Theorem 1.3 it suffices to note that Theorem 4.4 remains valid when only requiring (d) to
hold for all connected, open and bounded domains 2 C R”"; since every such domain is
John, we thereby obtain (b)=-(a) in Theorem 1.3. ]

Remark 6.11 (Korn for unbounded John domains) Theorem 6.10 also persists for unbounded
John domains which are defined in analogy with Definition 2.2. Indeed, by a result due to
VAISALA [64, Thm. 4.6], if @ C R” is a-John, then there exists a sequence of relatively
compact ca-John domains ; C Q with ; / Q. Since any open and bounded John
domain satisfies the emanating chain condition, we obtain by Eq. 6.26

||Dku||L5J(Qj) < C(diam(Q)) *[lull r g + lAull p ) forallu e WALE(Q)
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forany 1 < p < ooand w € A, with C = C(ca, p, [w]Ap,A) > 0. Sending j — o0 in
the preceding inequality then yields the Korn inequality

ID*ull p o) < CllAull p g, forallu e WLE(Q).

6.5 Korn-type Inequalities for Other Space Scales

Theorem 6.10 easily allows for variants of Korn-type inequalities by means of extrapolation.
For this, we recall a far-reaching variant of the RUBIO DE FRANCIA-extrapolation theorem
due to CRUZ- URIBE, MARTELL & PEREZ [20] that requires the following terminology:
Given a Banach function space (X, || - ||x) on R" with respect to £", we call (X, || - ||x)
rearrangement invariant provided for each f € X the norm || f||x exclusively depends on
its distribution function d¢(A) := Z"({x € R": |f(x)| > A}). Defining for f € Xits
decreasing rearrangement f*:[0,00) — R by f*(¢) := inf{A > 0: dy(A) < t}, there
exists a unique rearrangement invariant Banach function space X, | - I) on [0, co) with
respect to 2! such that f € X precisely if f* € X. In this situation, defining for 0 < ¢ < 0o
the dilation operator D;: X 5 g — g(-/t) € X and denoting || D; |z its operator norm, the
lower and upper Boyd indices of X are given by

log(r) . log(r)

= lim and ¢gx :=1
t—c0 log (|| Dy [Ix)

im ———— (6.31)
™0 log([I Dr )

DX -
respectively.

On the other hand, a differentiable function ¢ : R>9 — Rx( with right-continuous, non-
decreasing derivative ¢ such that ¢’(0) = 0 and ¢'(¢) > 0 for z > 0 is called an N-function.
If there exists ¢; > 0 such that ¢(27) < c1¢(¢) holds for all r > 0, we say that ¢ satisfies the
A»-condition; in this situation, the infimum over all such possible constants ¢ is denoted
Ao (@). If the convex conjugate of ¢, @(r) := sup,. (st — @(s)), satisfies the A,-condition,
we say that ¢ satisfies the V;-condition and put V;(¢) := Az (9).

Lemma 6.12 ([20, Thm.4.10,4.15],[23,Prop.6.1]) Let | < pg < ocoandlet F C LIIOC(R”) X
LllOc (R™) be a family of pairs of non-negative functions not identically zero, such that for any
w € Ap, there exists c = c(po, [w]ApO) > 0 with

/ f)Pw(x)dx < c/ g)Pw(x)dx forall (f,g) € F, (6.32)
]Rn R"

the inequality tacitly implying finiteness of the left-hand side. Then the following hold:

(a) If X, || - IIx) is a rearrangement invariant function space whose lower and upper Boyd
indices px, gx satisfy 1 < px < gx < 00, then there holds
Iflx =cliglx  forall(f.g) € F. (6.33)

(b) For any N-function ¢: R>og — R with Ax(@), Va(p) < oo there exists a constant
C = C(Ax(p), Va(®), po) > 0 such that there holds

f o(f)dx < C/ o(cg)dx  forall (f,g) € F. (6.34)
R" R”

By virtue of Theorem 6.10, Lemma 6.12 implies a whole family of Korn-type inequalities
for C-elliptic differential operators on John domains, out of which we point out two:
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216 L. Diening and F. Gmeineder

Corollary 6.13 (Korn for Lorentz) Let Q C R” be an open and bounded domain that satisfies
the emanating chain condition with constants o1 > 1 and oo > 1 and central ball B. Let
1 < p<oo | <gq < oo Then for any C-elliptic operator A of order k there exists a
constant ¢ = c(o1, 02, p, q, A) > 0 such that for all u € WA LP4(Q) there holds

1D (u = TTFw) Lrag) < cllAullrag,

. ' I (6.35)
D ullLra(@) < cdiam(2)™"|lullLra @) + cllAullLra(e)-

Proof For pg := %(p + 1), put
F = {AeLpt_nibiy <D — )|, LolAu): ue WH(Q), j € N)

so that F meets the requirements of Lemma 6.12 by virtue of Theorem 6.10. The Lorentz
space L”9(R") is rearrangement invariant and by our assumptions on (p, ¢), px = gx =
p € (1, 00) (cf. [20, p. 70]). Therefore, Eq. 6.33 and Fatou’s lemma yield Eq. 6.35 for all
u e WA"’O(Q). Since WAL (Q) ¢ WAP(Q) as 1 < po < p and Q is bounded, this
implies Eq.6.35; for all u € W LP-9(R2), and Eq.6.35, follows by inverse estimates. O

Remark 6.14 (L°°-estimates) If 2 C R” is as in Corollary 6.13 and moreover is such that
the embedding W' L™-1(2; V) < C(; V) holds (cf. [17, 43, 57]), then Corollary 6.13
immediately yields the stronger embedding W2 L"1(Q) < C(Q; V) for any first order
C-elliptic differential operator A.

In an analogous way as for Corollary 6.13, we obtain the following

Corollary 6.15 (Korn for Orlicz) Let Q@ C R" and A be as in Corollary 6.13 and let
¢: R>g — Rxo be an N-function that satisfies the A,- and Vy-conditions. Then there
exists ¢ = c(o1, 02, Ao (@), Va(p), A) > 0 such that for all u € WA LY (Q) there holds

/¢(|Dk<u— n2u)) dx scf ¢(|Aul) dx,
§ @ (6.36)

/ o(IDku]) dx < cdiam(Q)"<p(diam(Q)—’<][ |u|dx) +c/ o(|Aul) dx.
Q Q Q

Remark 6.16 In Theorem 6.10 and Corollaries 6.13, 6.15, the main focus is on functions that
do not vanish close to 92, as otherwise the weaker ellipticity allows the use of global singular
integral estimates (cf. [19, 41]). We also wish to point out that, whereas E¢s.6.26;, 6.35; and
Eq.6.36, are in fact equivalent to the C-ellipticity of A, this is not the case for inequalities
Egs.6.261,6.351 and Eq.6.361, cf. FUCHS [27]. This can be seen by the operator ePinn=2
dimensions, cf. Example 3.2, and the classical Cauchy-Pompeiu-formula.

Appendix
A-strict Continuity of the Trace Operator on BV"

The approximation argument underlying the proof of Lemma 4.6 to conclude the existence
of a continuous linear trace operator Tryq : WA P (Q) — B];,T[JI /p (0€2; V) cannot be applied
to BVA (). This is due to the non-density of C®(2; V) N BVA(Q) in BVA(Q) for the
norm topology. In the well-known case of BV (€2) (cf. AMBROSIO et al. [3]), this issue is
resolved by passing to the strict metric. The suitable substitute here is the A-strict metric,
see Section 3.1, but now we have to keep track of the intermediate derivatives as well. To
this end, we require a multiplicative inequality as follows:
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Lemma 7.1 (Intermediate derivatives) Let k > 1 and let A be a k-th order C-elliptic differ-
ential operator of the form Eq. 1.1. Then there exists a constant ¢ = c(A) > 0 such that for
alll € {1, ..., k — 1} there holds

Au ||

HUMWM<ﬂN (7.1)

LY (R L'(R)

for all u € WSV (R™) with compact support.

Proof The proofis an adaptation of an argument to be found, e.g.,in MAZ’ YA [49, Thm. 1.4.7].
Let u € C(R"; V) \ {0} be supported in B(xg, Ro) and [/ € {1, ...,k — 1} be given. Let
x € spt(u), so that because of u € C®°(R"; V), ||”||L1(B(x,R)) > O forall R > 0. Fixrg > 0.
There are two options: If ||u||L1(B(x’r0)) < r(])‘||Au||L1(B(x’r0)), then we have
lAully f
rel < (M)k’ (7.2)
el (8o

and define r, = ry in this case. Then, by virtue of the Poincaré inequality from Theorem 3.7,

l B 322
IDull i grryy = Ml ey + s NAUIL (perr,) 7.3)

l

q.7.2
f
< C”””L LBGxr ))”AMHL L(B(x. +Cr() ||A”||L LB (x,r)):

It ||u||L1(B(X ) = ré‘ ||Au||L1(B(x,rO)), we then find r, > rp such that ”u”Ll(B(x,rx)) =
rfllAulIL I(B(x.ry)- This follows from u being compactly supported and the fact that
llu| LY(B(x.R)) will eventually be constant for large values of R. Fix this r,, so that

.3.22
/ q
ID il pieryy = dwhw MMLW - (74)
Adding Eqs 7.3 and 7.4, in each of the cases there holds
i k—1 1-¢
1Dl (B, = €Cg  IAUIL gy F 1l ey ”A“”L By )

Now, % := (B(x, rx))xespt(u) 1S @ covering of spt(u) by open balls such that r, < C < oo
and because spt(u) is compact, the sequence of radii of any sequence of mutually disjoint
balls in % tends to zero. By the Besicovitch-type covering lemma in the form as given
in MAZ YA [49, Chpt. 1.2.1, Thm. 1], there exists a sequence of balls B,, € % such that
spt(u) C U, B, the balls § B,, are mutually disjoint and | J g B C |, 4Bm. Moreover,
there exists a constant N = N(n) € N such that every point belongs to at most N balls
contained in 4. We then conclude by Eq. 7.5 that

/
10wl gy < Z 1D ulli s,

< CZ (ro_ Aull i (g, + “””L 1By )”AMHL (B ))

< ert Al gy + cllull 75, 4w,

L! (R” | LRy’

where ¢ = c¢(n,A) > 0. Now it suffices to send 9 \( O to conclude Eq. 7.1 for u €
C2°(R"; V); the general case of compactly supported u € WAT(R") follows by smooth
approximation. The proof is complete. O
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We now turn to the remaining part of the

Proof of Theorem 4.7 We start by noting that the existence of a norm-continuous trace operator
Tryo: WAL(Q) — B (BQ V) follows by smooth approximation along the same lines as
forthe case 1 < p < oo (cf. Theorem 4.4, direction ’(a)=(b)=>(c)’ and Lemma 4.6, now
using Theorem 1.1), the reason being the density of WA-1(Q) N C®(; V) in WA-1(Q) for
the norm topology on w1 (§2); also note that WA 1(Q) = WAJ(Q) by Theorem 3.7.

By Theorem 3.7, BVA(Q) = WK1 1(Q:; V)NBVA(Q). To define an A-strictly continuous
trace operator by means of smooth approximation, the localisation argument below requires
du,uj) = |luj — M“Wk—l,l(Q) + [ [Au;|(2) — [Aul(2)] — 0 whenever dp(u,uj) =
llu; — u||L1(Q) + ||Au;[(2) + |Au|(R)] — 0 as j — oo. The Poincaré inequality of
Theorem 3.7 does not directly allow for this conclusion. Also note that, if we define a trace
operator as the continuous extension for the metric d as above, then it is not clear that this trace
operator will be continuous for d4. It is here where we require the multiplicative inequality
of Lemma 7.1.

Letu € BVA(Q) = WA11(Q; V) NBVA(Q) and choose (1) € C®(Q2; V) NBVA(Q)
such that dy (uj, u) — 0 as j — oo. We then have L := = sup; flujllye. l)_ < o0. Since A
is C-elliptic, the Jones-type extension operator E from [30, Sec. 4.1] maps E: WALQ) —
WA L(R") boundedly; clearly, we may assume that all maps Eu are compactly supported in
a fixed ball B(0, R). This operator moreover satisfies || Eu||L ® = < cllull; @) Thus, for all
Lel0,.., k—1},

1D (uj — um) 1 gy < ID*(Euj — um»nLl(W

q.7.1 - ¢
< By — w3 IAE G = )
(7.6)
= C”uj um”Ll(Q) ”“/ um”WA Q)
¢ é
§ch||u, um”L ) -0

as j,m — oo, and so with d as defined above, d(u;,u) — oo. We pick a sequence
(p1) € C>®(Q; [0, 1]) such that p; = l ina f-nelghbourhood of 9 and p; = 0in Q\ Q’ :
{x € Q: dist(x, 0Q2) > %}. We may then assume that Vel < el for some ¢ > 0 and
all £ € {1, ...,k}. Foreach I € N, we find a set €; with spt(p;) C ; C Q; and of smooth
boundary such that |[Au|(3€2;) = 0. Denoting Tryq the trace operator on WAl (€2) that is
already our disposal, we then estimate

| Trag @) = Trag ) lgt-1agy < A — )Ly + 1AG0; @ = ) L1 ()

sc( X 100y~ wn)llLig))
ee|+|BI=k,
[Bl<k—1
+ cllpr(Auj — Aum)HLl(Q) =1 jm + 1y jm.

For an arbitrary € N, Eq. 7.6 implies that I; ; ,, — 0 as j, m — oo. Therefore, sending
Jj,m — oo first and then letting [ — oo,

lim 1 Trsa()) = Trag o 1 gy < clAul (@) = 0
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as | — oo; note that |Au| is a finite Radon measure and (), €; = @. Hence (Tryq(u;)) is

Cauchy in B/f _11 (0€2; V), too. Working from here, the claimed existence of a trace operator
with the requisite properties is routine, and the proof thus is complete. O

Oscillation Characterisation of B",’ q

To the best of our knowledge, the oscillation chracterisation of Besov spaces is only available
in the inhomogeneous situation, cf. TRIEBEL [62, Chpt. 3.5]. For completeness, we briefly
explain how to arrive at the part of Lemma 4.1 that is required for Section 4.3.

Let M > |s] and choose 2N > M. Let k € C2°(R") be such that spt(k) C B(0, 1) and
consider, for f € .(R"), the means

k(z, f)(x) 3=/ k(y)f(x +ty)dy, t>0, x e R".
RVI

Given some k* € C°(R") with spt(k®) c B(0, 1) and K0(0) # 0, we putk := ANk, where
AN stands for the N-fold application of the Laplacian. We now define ¢ := k. It is not too
difficult to verify that ¢ satisfies nonsubstantial modifications of [61, (62),(78),(79)] (also
see [62, Proof of Thm. 2.4.6]) and so, by a combination of [61, Rem. 17, Rem. 18],

N 00 B dt 1
1£15, gy = /0 177 0 F £ oy 257 ) (7.7)

is an equivalent norm on B;’ q (R™). By definition of ¢, we have

~ - q dt \g
113, ey = (| IKC Py ) (78)

Since 2N > M, we have for any m € 2 (R") that ANz = 0 and so, integrating by parts
and Jensen’s inequality imply

1
ke, e < [ OIS = m +nldy < el NAO(f 1 =iy’

(x,1)

and infimising the very right hand side over 7 € %7/ (R") yields

k(t, ()] < e(r)osey fx, 1) (7.9)

Combining Eqs 7.9 with 7.7 and 7.8 consequently yields the existence of a constant ¢ =
c(n,N,s,p,q, ko) > 0 such that

1

o0 dr
IIfIIBAI\;’q(Rn) < c(/(; I oscfy f, t)”z”(R”)tlTvq)q forall f € Z(R").

The statement for B;, ¢(R"; V) then follows by componentwise application.
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