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ABSTRACT

We use a degenerated Ising model to describe nucleation and crystallization from solution in a confined two-component system. The
free energy is calculated using metadynamics simulation with coordination numbers as the reaction coordinates. We deploy nudged
elastic band simulation to determine the minimum energy path and give properties of the crystallization path. In this confined sys-
tem, depletion effects, which could also be caused by slow material transport in the solution, prevent the post-critical cluster from
further growth, and the crystalline state would only be stable at larger cluster sizes. Fluctuation of the higher coupling strength
of the crystalline state enables further growth until the crystalline cluster is in equilibrium with the solvent, and this way, a sec-
ond barrier is crossed. From the parameters and setup, we find necessary conditions for the occurrence of two-step nucleation in
our system. These findings can be adapted to real systems as biomineralization, colloidal crystallization, and the solidification of
metals.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0073043

I. INTRODUCTION

Nanoparticles are increasingly used in modern application;
therefore, the understanding of crystallization is of ever increasing
importance to control the growth of these particles.' In particu-
lar, the interest in two-step nucleation has spiked in recent years.
This phenomenon gives a vastly different nucleation behavior com-
pared to the classical nucleation theory.”” It has been proposed that
between the solvated and the crystal states, the system goes into
an intermediate state. In this state, an amorphous cluster starts to
form. Inside this cluster, the solute particles start to crystallize.” This
phenomenon is not only common in polymer® and protein® crystal-
lization but is also analyzed in colloidal systems.” Particularly, drug
research profits from the understanding of two-step nucleation, as
the amorphous state is of special interest to design stable amorphous
drugs.’

The difference between other studies and ours is that we focus
on small confined systems where depletion has an influence on the
crystallization properties. Such a system was, for example, analyzed

in an experiment in confined micellar systems,'’ but results also
apply in cases of slow solute transport.'" The chosen interactions
were motivated by the crystallization behavior of calcium carbonate,
as shown in Refs. 11 and 12.

To realize depletion effects, the number of particles ought to
be fixed in our system; thus, computations are required in a canon-
ical ensemble. To achieve this, we use the method shown in Ref. 13
to allow only for changes in our system, which keep the number of
particles to N or N + 1 particles.

We base this work on a past study'* of the free energy of crystal-
lization. With a lattice gas, we calculate a phase diagram of two-step
nucleation of a confined system.

First, we present our model and explain the simulation details
necessary to calculate the free energy landscape. This free energy
landscape can then be analyzed for two-step nucleation, where
we used three different methods to analyze the behavior of the
system.

We then check if three metastable states are present in the two-
dimensional landscape. With the depth of these states, we can deploy
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transition state theory to get the most likely region for two-step
nucleation.

To achieve the crystallization path, we use nudged elastic band
simulation'® on the free energy surface to calculate the minimum
energy path (MEP).

Finally, we calculate the one-dimensional free energy for
the coordination number. We show that the one-dimensional
description of the nucleation process is insufficient, as shown in
Ref. 16.

Il. MODEL AND SIMULATION

In this work, a degenerated Ising model is used to describe the
crystallization of a small confined system. A simple cubic lattice with
a periodic boundary and a size of 32 x 32 x 32 spins is used for the
calculations.

All energies are normalized to the interaction energy J, and
temperatures are given in the dimensionless unit kgT/J.

First, we explain the motivation for the chosen interaction
parameters and then briefly describe the algorithm used to calcu-
late the free energy of the system. Finally, we present the details and
results of the simulation procedure.

A. Hamiltonian and choice of interaction

The system is build out of two materials: the solute particles and
the solvent. Each particle also has a different spin, which describes
the state; the particles can be in a crystalline or an amorphous state,
resulting in four states per lattice site and a 4 x 4 interaction matrix
shown in Eq. (2).

1. Hamiltonian

To account for the different entropy of the crystalline and
amorphous states, the entropic weight is added as in Ref. 7. We
used an entropic weight of § = 8. We found two-step nucleation with
entropic weights from 6 tol12 with no further parameter changes.
Therefore, the exact value should have no significant impact on the
qualitative properties.

The system is described by the Hamiltonian,

0; = crystal

1
H= 721‘71101 - EZ

<ij> i

+kgT In 6,
@

—kgT In 8, o0; = amorphous,

containing an interaction matrix Js,q, for the nearest neighbors and
the entropic weights § depending on the state of each particle.

2. Choice of the interaction matrix

Since we are not interested in the crystallization properties
of the solvent, all interactions of them are set to one. Note the
equivalence to the Pott’s model."

For the solute particles, we have a weak interaction of 0.5 ] for
different spins, with J being the unit of energy. We stabilize the crys-
talline state by setting a strong interaction of 2.0 J. In addition, we
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stabilize the amorphous cluster with a weak coupling of 1.0 J. This
results in the interaction matrix,

c. a s s
crystal 2] 0.5] 0 O

Joig; = amorphous 0.5] 1] 0 0 . (2)
solvent 0 0 1] 17
solvent 0 0 1] 17

In the resulting system, we have a surface tension, as there are
no interactions between the solute and solvent particles. The crys-
talline state is, in principle, energetically most favorable, if all
neighbors are also crystalline. For high temperatures, the entropic
weight makes the amorphous state energetically more favorable,
especially if not all neighbors are from the same type. This makes
it more likely to have amorphous particles at the interface to the
solvent.

The additional stabilization for both particles that are in the
amorphous state establishes the qualitative connection to materi-
als such as calcium carbonate. According to Ref. 17, in a cluster
of amorphous calcium carbonate, there are energetically favored
alignments that differ from the alignment in the crystalline states.
This energetic favorization is captured by the parameters by setting
]amorphA—amorph =1 ] > ]amorph—cryst. =05 ] This way, for the ISing'
like model running within a cluster, a surface tension is induced
separating the amorphous state from the crystalline state by a bar-
rier in the free energy. This barrier was also studied using molecular
dynamics.'®

B. Calculation of the free energy

We utilize a simple spin flip Monte Carlo simulation where all
four spins are changed with the same probability. To get a deple-
tion effect, we need to have a fixed number of particles in our system
and, therefore, need to calculate in the canonical ensemble. This is
realized by allowing only spin changes that keep the number of sol-
vated particles to N and N + 1, as has been shown in Ref. 13. This
algorithm is chosen to keep the MC-scheme as close as possible to
grand-canonical studies, e.g., Ref. 14.

To calculate the free energy, the metadynamics algorithm
was deployed.'” This is used to accelerate the calculation of rare
events.

At first, reaction coordinates (RCs) 7 are chosen to describe
the behavior of interest. The phase space of the RC's is then sam-
pled by a basic Metropolis Monte Carlo algorithm.”” However, in
addition to the energy of the Hamiltonian, a bias Fy;,s(7) is added
individually for each point 7 of the RC space. After each Monte
Carlo step, where the RC could change, the bias is increased by
OH at the new position, if the step has been accepted, or previ-
ous position if the step has been rejected by the Metropolis Monte
Carlo criteria. This algorithm can be visualized by slowly filling
up the free energy potential until all states have the same energy
(and same probability). In this case, the free energy is the negative
bias,

F(#i) » —Fpigs(11). 3)
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This algorithm increases the speed because compared to Metropo-
lis Monte Carlo, rare events (e.g., magnetization-change in the Ising
model at low temperature) happen more often.

The metadynamics algorithm is typically used with a contin-
ual phase space, and the bias is added with a Gaussian distribution.
Since we are using a lattice model with discrete reaction coordi-
nates, we can use an individual bias-value for all possible reaction
coordinates.

C. Simulation details

We choose two reaction coordinates (RCs) to describe the
nucleation. One RC is the number of interactions of the solute parti-
cles ngo1ute and the other is the number of crystal-crystal interaction
Naystal. With the first RC, the solvated state can be obtained. The
second RC allows us to distinguish between the amorphous and
crystal states.

These RCs were motivated by Ref. 17 as they can be directly
measured in experiment. Furthermore, a global parameter does need
much less computational overhead compared to cluster based RCs,
which is an additional benefit of the chosen reaction coordinates.
Interpreting global reaction coordinates might lead to an overlap-
ping of the free energy of single cluster growth and multiple clusters.
In Appendix A, we show that the choice of the local reaction (cluster
size and degree of crystallization) leads to comparable results. For a
larger simulation domain with the same concentrations of the solute
particles, the effect of multiple clusters should be considered more
important.

In our simulation program, we used the number of interactions
in the whole system and not the average per particle as usual. That
way, we could keep the integer nature of the reaction coordinate. In
the plots, the crystal-crystal interactions are transformed into a crys-
tallization degree y = ﬁ (as in Ref. 21) to improve the visibility of
the data.

To accelerate the calculation, first, a rough estimate of the bias
is calculated with a high §H = 0.01 J. The bias is then refined with
6H = 0.001 J and finally with §H = 0.0001 J. The simulation is fin-
ished if the bias was sufficiently filled and the system has roughly an
even distribution in the phase space for the last 10 000 steps.

Ill. TWO-STEP NUCLEATION

An example for the obtained two-dimensional free energy sur-
face for 850 solute particles at a temperature of 1.212 is given in
Fig. 1(a). Three (meta)stable states can be seen. On the top (y ~ 0.8),
the crystalline state can be identified, and on the bottom of the image
(x ~0) are the two different states with amorphous particles. One
has just a small amount of coupled solute particles. This state will be
further called the solvated state, as the particles are not coupled and
are mainly surrounded by the solvent. In the other state, the particles
are in an amorphous cluster. This is further called the amorphous
state.

In Fig. 1(b), we show the corresponding one-dimensional free
energy. We identify three (meta)stable states. A metastable solvated
state with a coordination number of 0.9 and the stable crystalline
state with a coordination number of 2.9 can be identified. Between
these two states another metastable state can be seen. This free
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FIG. 1. Calculated free energy for 850 solute particles at a temperature of 1.212.
(@) The two-dimensional free energy surface with the two reaction coordinates,
crystallization degree and coordination number. The three different minima for
the solvated (bottom left), crystalline (top), and intermediate (bottom right) states
are shown. (b) The calculated one-dimensional coordination number for the two-
dimensional free energy surface, as will be discussed in Sec. Il B. Both plots
show that two-step nucleation can be expected for this system. At the bottom,
three example configurations at interesting points are given. The blue particles
are solute particles in a crystalline state and the gray particles are of amorphous
type. In (c), the amorphous cluster starts to form, and inside this cluster, a crystal
starts to from (d), which then starts to grow further until it completely crystallizes
in (e).

energy distribution corresponds to the descriptions of two-step
nucleation, e.g., in proteins.”

In Ref. 14, it was shown for a lattice gas model that for an
increased cluster size, the crystalline state is more favorable than
the amorphous state. This can be seen in our calculated free energy
[Figs. 1(a) and 1(b)]. In general, larger clusters develop a larger
coordination number. The higher coordination number can lead
to a stronger contribution if crystallization takes place. On the
other hand, for a fixed cluster size, a fluctuation toward a higher
coordination number could also enable crystallization.

As presented in Ref. 23, a spontaneous fluctuation causes the
solute particles to form an amorphous cluster. This cluster is shown
in Fig. 1(c) as well as the barrier, which the system must cross in the
one-dimensional energy.

The post-critical cluster then cannot grow any further’ due
to depletion effects, but as crystallization induces a sudden drop in
chemical potentials between the cluster and the solution, ' **1%#>2¢
the cluster can further grow if crystallization took place until it finally
stops growing again due to depletion [Figs. 1(d) and 1(e)]. We sum-
marize the concept of this two-step nucleation scenario again. The
cluster nucleates in the amorphous state because the crystalline state
is only more stable for larger clusters. Before reaching the size with
stability of the crystalline state, depletion effects counteract further
growth. By a double fluctuation of the size and/or growth of a crystal
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nucleus within the cluster, crystallization takes place, and the sudden
drop in the chemical potential enables further growth. The addi-
tional binding energy of the cluster then allows the cluster to further
grow [Fig. 1(e)].

Depletion effects can arise not only from confinement but also
from slow transport as it can be the case, for example, if entropy
drives chain-like growth and the chains are less mobile than solvated
molecules.'!

In the following part, we analyze the free energy surface for dif-
ferent temperatures and densities and give a phase diagram where
two-step nucleation is present.

First, we can look for the existence of the three different min-
ima in the free energy landscape and the relative depth of them with
transition state theory.”” In the next step, we analyze the minimum
energy path (MEP) from the solvated state to the crystal, as this gives
us the most likely crystallization path the system uses.

As another option to choose the reaction coordinates, one can
omit the crystallization degree and only use the coordination num-
ber as a reaction coordinate. The resulting one-dimensional free
energy surface can also be analyzed for the occurrence of the three
minima.

A. Two-dimensional free energy landscape

For the possibility of two-step nucleation, the solvated, amor-
phous, and crystalline states must be metastable. We can investigate
for what temperature and number of solute particles this is the
case. For two-step nucleation, the crystallization path from the sol-
vated state must also go through the amorphous state. To analyze
this behavior, we use nudged elastic band simulation on the already
calculated energy surface.

1. Minima in the free energy

First, we extract the depth of all the existing minima. To com-
pare them between each other, the deepest peak is mapped to 100%.
The difference between the other peaks and this peak is mapped
from 0%, if the peak is higher than 100 units, to 100%, if it has the
same height.

In Fig. 2, the calculated relative depths for the different states
are displayed individually and combined to an RGB plot.

The resulting phase diagram in Fig. 2 shows that for high
temperatures, only the solvated state is stable. If the temperature
decreases, a transition to a crystal dominated state can be seen.
For high concentrations, an amorphous phase develops between the
crystalline and solvated states.

For two-step nucleation, obviously, all the three states must
exist. Hence, the concentration of the solute particles must be
smaller than ~1200. Most likely, two-step nucleation should occur
in the whitish region where all the three states have a similar
probability.

2. Minimum energy path

If we analyze only the depth of the minima, we cannot make
predictions of the crystallization path. For example, in Fig. 1, the
barrier between the solvated state and the crystalline state is roughly
equal. However, the minimum energy path from the solvated state
to the crystalline state runs directly through the intermediate state.
To determine if two-step nucleation happens, in the previously

ARTICLE scitation.org/journalljcp

solvated

crystalline

amorphous

=
W

=
[N}

temperature

=
S

1.0

500 1000 500 1000 500 1000
num. of solute part. num. of solute part. num. of solute part.

—— solv-cryst.
cryst.-amorph.
solv.-amorph.

v a RS

=
w

solvated phase -

temperature
=
N

=
HS

crystalline phase

400 600 800 1000 1200 1400
num. of solute part.

400 600 800 1000 1200 1400
num. of solute part.

FIG. 2. Color map for the depth of the three different minima. Each of the three min-
ima is mapped to one RGB-color. The intensity of the color is given by the relative
depth of the minima. The deepest minima result in 100% of the color. For the other
peaks, the intensity decreases with the difference in the depth until the difference
exceeds 60 J and no color is plotted. In (), the different states, red—solvated,
green—amorphous, and blue—crystal, are shown. The lines indicate the case
when two states have the same depth. To determine the exact position, a lin-
ear fit around the intersection is used. In the left figure of (b), the three color-plots
are added. In the whitish region, all three minima have a similar probability. This
region should be favorable for two-step nucleation. On the right, the phase dia-
gram with the calculated coexistence points is given. In addition, the region with a
direct crystallization path is marked hatched (see Sec. Il A 2).

supposed regions, the minimum energy path (MEP) from the sol-
vated to the crystalline state is calculated. If the minimum energy
path runs through the amorphous state, two step nucleation is
present.

a. Calculation of the minimum energy path. To calculate the
minimum energy path in the free energy landscape, the nudged elas-
tic band (NEB) method is used. The calculation is based on the
improvements of the classical NEB from Ref. 15. The parameters
for the NEB simulation are 400 beads, and a spring constant of
0.001 J/RC change. As there may be some small bumps caused by
uncertainties in the potential, the free energy is smoothed with a
Gaussian filter with a standard deviation of ¢ = 5 before calculating
the MEP.

b. Analyzing the minimum energy path. As displayed in Fig. 3,
there are two different cases for the MEP. The MEP can proceed
directly from the solvated to the crystalline state or it crosses the
barrier between the solvated and intermediate states. This barrier
crossing is also observed in the energy of the MEP.

We now calculate the MEP for all cases with three minima
and further identify the region where the MEP goes directly to the
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FIG. 3. Two examples for different minimum energy paths. The minimum energy
path can go directly from the solvated state to the crystalline state (c) or can go
over the amorphous intermediate state (a). The resulting energy of the MEP is
shown in (b) and (d). For case (c), three minima are present, but the MEP shows
that, nevertheless, two-step nucleation should not exist in this case.

solvated state. As shown in Fig. 4, this is the case when both
the solvated and crystalline states are much more favorable to the
amorphous state.

To further classify the cases with two-step nucleation, we
extract the barrier height in the MEP and plot the minimum height
of the two. With this information, we see that at the edge of the
two-step nucleation region, one of the barrier decreases until it van-
ishes, and no two-step nucleation is present. This happens because
as demonstrated in the previous analysis, the probability of one state
decreases.

We further demonstrate that the region with two pronounced
barriers is at the same place where all three states have the same
probability. However, that is not the case for the other way around
as some of the regions with similar probability of all three states
are in the region where no two-step nucleation occurs (hatched
region).

B. Coordination number

The two-dimensional free energy landscape can be reduced to
only the coordination number as a reaction coordinate. We then can
calculate the probability of each position,

—F(xy)

play) ece o, ()

and add it up for all points with the same coordination number and
get the free energy with
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FIG. 4. By analyzing the MEPs, we can draw a phase diagram for the different
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nucleation occurs. At the edge, the probability of one state decreases. This can be
seen in comparison to Fig. 2 and in the diminishing of one barrier, as the minimum
height of the two barrier decreases.

F(x) = —ksT In p(x,y). (5)
y

In this one-dimensional free energy, the three metastable states can
also be identified. In Fig. 5, the number of minima is shown.

It is visible that for the minima in the one-dimensional case,
the amorphous and crystalline states must have the same proba-
bility. That is due to the two states having a similar coordination
number and one, in case they have different depths, could override
the other one. If we use only this RC, we miss cases with two-step
nucleation.
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FIG. 5. (Left column) (a)—(f) Free energy as a function of the coordination number.
(Right column) Number of minima in the 1d free energy with the one-dimensional
potential for different prominent points. One can see that for the one-dimensional
case, the probability of the crystalline and amorphous states must be roughly the
same. This is the case as the coordination number for this two states is more
similar compared to the solvated state. Therefore, e.g., a deep crystalline minimum
may “dominate” over the amorphous state.

J. Chem. Phys. 156, 124504 (2022); doi: 10.1063/5.0073043
© Author(s) 2022

156, 124504-5


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

C. Comparison

We can now compare the different analysis methods. The
minima in the two-dimensional free energy landscape give a good
indication for two-step nucleation. What is more, the assumption
that all three minima must have a similar probability yields mostly
identical regions as calculated by the minimum energy path. We see
some discrepancies for low concentrations.

Comparing the two, we see that if the amorphous state is less
probable than the solvated state, the minimum energy path does not
give two-step properties. Two distinct barriers are present if the min-
ima have the same probability. This can be seen as the barrier height
follows the blue line for high concentration (>650 solute particles)
(see Fig. 4).

For two-step nucleation, the three states should have roughly
the same probability, as this gives two pronounced barriers on the
crystallization path. Usually, preferring the crystalline state as the
stable state, we can further limit the possible parameters.

The one-dimensional free energy surface does not yield proper
generalized results.

As the position of the three minima overlaps with different dis-
tances and, therefore, has a wrong emphasis of their relation, the
solvated state has a low impact. If there are three minima in the one-
dimensional case, there is, as confirmed by the MEP, actual two-step
nucleation. However, no proper predictions can be made, and a lot
of different cases is not detected.

IV. CONCLUSION

As shown in Ref. 14, for a lattice gas, clusters in a crystalline
state become more favorable than the amorphous state if the cluster-
size increases. Another argument presented in Ref. 23 is a sponta-
neous fluctuation, which causes the starting amorphous nucleus to
form. For spontaneous crystallization, the material transport from
the solvent to the cluster ought to be slow. In our simulation, this
is realized by not allowing particles to get inside the simulation box,
representing the calculations in the canonical ensemble. This causes
a saturation that prevents the cluster to grow further.”* When the
amorphous cluster cannot grow, the crystallization produces further
binding energy, which then allows the cluster to grow further as a
crystal.

Of course, taking the limit of zero diffusion toward the simu-
lation box is a hard limit and, in general, a simplification except for
the case of really confined systems.'” However, as in real systems,
the diffusion speed can have an impact on the dynamics, and it is
still worth considering the very slow diffusion case. For open lat-
tice systems, the amorphous state could generally grow infinitely”®
if the fluctuation toward the crystalline state is driven by a slow
process, which would be the contrary hard limit. Thus, one impor-
tant result of this study is that the speed of the different dynamics
(diffusion and crystallization) can impact the two-step nucleation
process.

With the different analyses of the calculated free energy surface,
we can provide a phase diagram for the cases where two-step nucle-
ation occurs. In our model, the one-dimensional free energy did not
work for predicting two-step nucleation. We strongly advice to use
multidimensional reaction coordinates or to calculate the most likely
crystallization path to see if two-step nucleation exists.
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The two-dimensional free energy landscape gives a good pre-
diction for two-step nucleation. The only problem is that it cannot
properly predict the crystallization path. However, in our system,
the crystallization path only skips the intermediate state if the
amorphous state has a small probability.

Our calculated crystallization paths are comparable to exper-
imental studies of colloidal systems.”” We think that our phase
diagram should be applicable to all materials with similar proper-
ties as our designed interactions, for example, calcium carbonate, as
we motivated our interactions on the properties of CaCOs.

Our phase diagram also shows similarities to the calculated
phase diagram from Ref. 30 with some small differences as we do
not distinguish between the different amorphous states. Hence, we
are confident that our results of the lattice gas are qualitatively appli-
cable to a broad class of systems, and maybe even different physical
effects, e.g., the solidification of metals.
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APPENDIX: COMPARISON OF DIFFERENT REACTION
COORDINATES

In this section, we want to show how different reaction coordi-
nates have an influence on the free energy surface. This is carried out
to show that the global reaction coordinates capture the behavior of
the system.

To calculate the new free energy surfaces for the different RCs,
we use the weighted histogram method.”"”* We use the already cal-
culated bias to drive a Monte Carlo simulation. We then calculate
further the histogram with the weight obtained by the probability
change caused by the bias,

w(F) = exp(in;:;F) ) (A1)

This allows us to efficiently calculate the free energy for different
kinds of reaction coordinates. It is also needed as the metadynamics
algorithm allows only one point in the RC space, which prevents the
summation of all clusters individually. To use local reaction coor-
dinates, we need to separate the particles in clusters. Clusters are
defined here as particles that form a connected component. We can
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FIG. 6. Comparison between the global interaction count used in this paper and
the local cluster size. The global RC has an increased amorphous interaction count
as small solvated clusters are counted additionally. In addition, the free energy of
small clusters (§ 5) is underestimated.*®

compare the free energy of the global reaction coordinates used in
this paper to the correctly added histogram of all clusters in the
system.

In the global case, all interactions of the solvated particles that
form small clusters are counted together. For the case of a lot of small
solvated clusters, this effect adds amorphous connections to the
coordination number and results in a shift of the free energy toward
a higher amorphous interaction count. If there is a big cluster, the
effective concentration decreases, and this effect is reduced.

Another difference in the global RC is the underestimation of
the free energy of small clusters ($ 5). This happens as in the global
case, only one of multiple clusters is counted. For increasing the clus-
ter size, this effect diminishes as more than one big cluster are not
stable in our system.”” Both effects are shown in Fig. 6.
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