
Skyrmions with Attractive Interactions in an Ultrathin Magnetic Film

Levente Rózsa,1,* András Deák,2,3 Eszter Simon,2 Rocio Yanes,4 László Udvardi,2,3

László Szunyogh,2,3 and Ulrich Nowak4
1Institute for Solid State Physics and Optics, Wigner Research Centre for Physics, Hungarian Academy of Sciences,

P.O. Box 49, H-1525 Budapest, Hungary
2Department of Theoretical Physics, Budapest University of Technology and Economics,

Budafoki út 8, H-1111 Budapest, Hungary
3MTA-BME Condensed Matter Research Group, Budapest University of Technology and Economics,

Budafoki út 8, H-1111 Budapest, Hungary
4Department of Physics, University of Konstanz, D-78457 Konstanz, Germany

We determined the parameters of a classical spin Hamiltonian describing an Fe monolayer on Pd(111)
surface with a Pt1−xIrx alloy overlayer from ab initio calculations. While the ground state of the system is
ferromagnetic for x ¼ 0.00, it becomes a spin spiral state as Ir is intermixed into the overlayer. Although the
Dzyaloshinsky-Moriya interaction is present in the system, we will demonstrate that the frustrated isotropic
exchange interactions play a prominent role in creating the spin spiral state, and these frustrated couplings
lead to an attractive interaction between Skyrmions at short distances. Using spin dynamics simulations, we
show that under these conditions the individual Skyrmions form clusters, and that these clusters remain
stable at finite temperature.

The magnetic Skyrmion corresponds to a configuration
where the directions of the spin magnetic moments at
different lattice sites span the whole sphere [1,2], in contrast
to collinear ferromagnetic or antiferromagnetic systems
and spin spiral states. Several years after the theoretical
prediction [3,4], a lattice of magnetic Skyrmions was first
identified in the chiral magnet MnSi [5]. Since this
discovery, Skyrmions have been detected experimentally
in several other bulk systems; examples include FeGe [6,7],
FeCoSi [8,9], Cu2OSeO3 [10], GaV4S8 [11], and Co-Zn-
Mn alloys [12].
In agreement with the original theoretical description

[4,13], the appearance of Skyrmions in the above systems
was attributed to the Dzyaloshinsky-Moriya interaction
[14,15] present in noncentrosymmetric magnets. This
chiral interaction competes with the ferromagnetic
exchange and easy-axis anisotropy, and may lead to a
planar spin spiral ground state in the system [16,17], which
can in turn transform into a Skyrmion lattice at finite
external magnetic field.
Because frustrated isotropic exchange interactions may

also stabilize a spin spiral phase, Skyrmions could also be
present in such systems at a finite external magnetic field,
even if the Dzyaloshinsky-Moriya interaction is absent
because of symmetry reasons. It was shown in Ref. [18] for
a model Hamiltonian with competing ferromagnetic and
antiferromagnetic interactions on a triangular lattice that, at
least at finite temperature, this is indeed the case. It was
demonstrated later [19–21] that the presence of an easy-
axis on-site anisotropy extends the stability range of the
Skyrmion lattice to zero temperature. If only isotropic

exchange interactions are present, Bloch-type and Néel-
type Skyrmions with different helicities, as well as
Skyrmions and anti-Skyrmions with opposite topological
charges [19], are energetically degenerate. Furthermore, the
magnetization profile of Skyrmions with frustrated
exchange interactions is different from that of Skyrmions
stabilized by the Dzyaloshinsky-Moriya interaction. This
leads to an interaction potential between Skyrmions with
several local energy minima, while the interaction between
Dzyaloshinsky-Moriya Skyrmions is repulsive at all dis-
tances at low temperatures [22].
Magnetic Skyrmions have also been explored in ultrathin

film systems such as a PdFe bilayer [23] or an Fe triple
layer [24] on an Ir(111) surface, and Pt-Co-Ir multilayers
[25]. Because bulk inversion symmetry is broken at the
surface, the Dzyaloshinsky-Moriya interaction is present
in such systems; consequently, the theoretical descriptions
[26–29] so far have been based on the conventional
model [3,4]. On the other hand, several recent publications
[26,30,31] have identified the frustrated isotropic exchange
interactions as the driving mechanism behind the
creation of spin spiral ground states in specific ultrathin
films.
Because their size is in the nanometer regime and they

can be manipulated by relatively weak spin-polarized
currents [32,33], Skyrmions are promising candidates for
future applications in data storage and logic devices
[34–36]. At finite temperature, isolated Skyrmions propa-
gate diffusively on the field-polarized background [37], and
their uncontrolled motion leads to a loss of information in
memory devices. It has been demonstrated in simulations
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[32,38] and experiments [39] that it is possible to control
this diffusive motion by lattice defects.
In this Letter, we have performed ab initio calculations on

a (Pt1−xIrx)Fe bilayer system on Pd(111) surface to deter-
mine the coupling coefficients in a classical Hamiltonian.
We will demonstrate using Landau-Lifshitz-Gilbert [40]
spin dynamics simulations that individual Skyrmions may
be stabilized in the collinear field-polarized state of the
system under experimentally realizable external magnetic
fields. TheDzyaloshinsky-Moriya interaction is responsible
for determining the helicity of Skyrmions, while the frus-
trated exchange interactions modify their shape and lead
to an oscillating Skyrmion-Skyrmion interaction potential.
Our simulations provide evidence that the short-range
attractive interaction pins the Skyrmions next to each other,
and that the Skyrmion clusters formed are resistant against
diffusion processes at finite temperature.
The classical Hamiltonian describing the magnetic

moments in the Fe layer reads

H ¼ 1

2

X
i≠j

SiJ ijSj þ
X
i

SiKSi −
X
i

MSiB; ð1Þ

where the unit vectors Si represent the spins and B denotes
the external magnetic field. The exchange coupling tensors
J ij and the on-site anisotropy tensors K, as well as the
magnetic moment M in Eq. (1), have been determined by
combining the screened Korringa-Kohn-Rostoker method
[41,42] with the relativistic torque method [43]. For the
details of the calculations see the Supplemental Material
[44]. The isotropic exchange interactions Jij ¼ 1

3
TrJ ij

represent scalar Heisenberg couplings between the spins;
the antisymmetric parts of the coupling tensors Dα

ij ¼
1
2
εαβγJ βγ

ij can be identified with the Dzyaloshinsky-Moriya
vectors [27]. In the sign convention of Eq. (1), Jij < 0

describes ferromagnetic coupling between the spins, while
Jij > 0 is antiferromagnetic.
The Jij isotropic exchange interactions are depicted in

Fig. 1(a). By partially replacing Pt with Ir in the non-
magnetic overlayer, the magnitude of the nearest-neighbor
ferromagnetic exchange interaction decreases, though this
does not considerably influence the antiferromagnetic
interactions with the second and third neighbors. This
means that decreasing the average number of valence
electrons in the overlayer drives the system from the
ferromagnetic towards the spin spiral state, in agreement
with the results of Ref. [31] for a similar layered system.
In order to determine the ground state of the system,

we have calculated the energies ESSðqÞ of harmonic spin
spirals with wave vector q, and compared them to the
energy EFM of the ferromagnetic state along the easy out-
of-plane direction. The results are summarized in Fig. 1(b).
For the calculations we have chosen right-handed cycloidal
spin spirals,

Si ¼
q
jqj sin ðqRiÞ þ n cos ðqRiÞ; ð2Þ

where n is the outwards-pointing normal vector of the
bilayer. Because the frustrated isotropic exchange inter-
actions do not influence the rotational plane of the spiral,
the energetically preferred right-handed cycloidal sense
was determined by the Dzyaloshinsky-Moriya interactions,
in agreement with the C3v symmetry of the surface [4].
Because of the anisotropy of the system, ESSðqÞ − EFM
does not converge to zero for harmonic spin spirals as
q → 0, but it approximates well the energy of the anhar-
monic spin spirals at finite wave vectors [30].
Although the ground state of the system is out-of-plane

ferromagnetic for a pure Pt overlayer x ¼ 0.00, the mini-
mum of the spin spiral dispersion relation is below EFM at
the higher Ir concentrations displayed in Fig. 1(b). While
the in-plane components of the Dzyaloshinsky-Moriya
vectors prefer the creation of spin spiral states, they weaken

(a)

(b)

FIG. 1. (a) Calculated isotropic exchange interactions Jij in a
(Pt1−xIrx)Fe bilayer on Pd(111) as a function of the distance d
between the Fe atoms, given in lattice constants of the triangular
lattice a. (b) Energy per spin in the spin spiral state ESSðqÞ=N as a
function of the wave vector along the ½11̄0� direction, relative to
the ferromagnetic state EFM=N. Inset shows a slight anisotropy
favoring the ½11̄0� axis over the ½21̄ 1̄� direction for x ¼ 0.10.

157205-2



with increasing Ir concentration; for numerical values see
the Supplemental Material [44]. This means that in the
system considered here the increasing frustration of the
isotropic exchange interactions, shown in Fig. 1(a), is
responsible for the creation of the spin spiral. For small
wave vectors, the anisotropy of the lattice only has a weak
effect on the directional dependence of ESSðqÞ [21].
However, we note that spirals with wave vectors along
½11̄0� (the nearest neighbors in real space) are slightly
preferred over ones with wave vectors along ½21̄ 1̄� (the
next-nearest neighbors), as shown in the inset of Fig. 1(b).
By applying an external magnetic field perpendicularly

to the surface, the system will eventually transform into a
collinear field-polarized state, possibly going through a
Skyrmion lattice phase for intermediate field values.
We have observed localized noncollinear magnetic field
configurations in the collinear phase by performing spin
dynamics simulations. Because of the Dzyaloshinsky-
Moriya interaction, Skyrmions with topological charge
Q ¼ −1 are energetically the most favorable [1], if the
magnetization of the collinear state is pointing outwards
from the surface. We calculated the interaction energy
between two such Skyrmions from numerical simulations,
as illustrated in Fig. 2. During the simulations, we fixed the
spin at the center of the Skyrmions to be antiparallel to the
magnetization of the collinear state, and found the energy
minimum with this constraint by the numerical solution
of the Landau-Lifshitz-Gilbert equation. For x ≥ 0.05, we
found that the interaction energy oscillates while decaying.
However, only the first local minimum is well visible in
Fig. 2(a) due to the exponential decay [19,20]. The
presence of the local minima is clearly a consequence of
the frustrated isotropic exchange interactions, since the
Dzyaloshinsky-Moriya interaction prefers Skyrmions that
repulse each other at all distances; we found this to be the
case for a pure Pt overlayer (x ¼ 0.00), where the frus-
tration of the interactions is the weakest. Note that the
minimum is deeper for Skyrmions separated along the
½21̄ 1̄� direction compared to the ½11̄0� direction; this means
that the preferred direction of nearest-neighbor bonds
between Skyrmions is perpendicular to the wave vector
minimizing the spin spiral energies in Fig. 1(b).
Figure 2(b) demonstrates that the oscillation in the

interaction energy is accompanied by an oscillation of
the spin components in real space [19,20,61]. In the local
minimum of the interaction potential, the Skyrmions form a
bond with the same sign of the in-plane spin component in
the overlapping regime. On the other hand, the shape of
Skyrmions created by the Dzyaloshinsky-Moriya interac-
tion can be well approximated by two domain walls located
next to each other [62], where the only sign change in the
in-plane spin component is at the center of the Skyrmion.
The frustrated exchange interactions create further local
extrema of the in-plane spin components where the rota-
tional sense of the spins switches from right-handed to

left-handed (helicity reversal [19]), which is energetically
unfavorable from the standpoint of the Dzyaloshinsky-
Moriya interactions. This means that the antiferromagnetic
isotropic exchange interactions with the second and
third neighbors are competing not only with the ferromag-
netic nearest-neighbor interaction, but also with the
Dzyaloshinsky-Moriya interactions, in order to form bonds
between the Skyrmions.
Because the oscillating interaction potential determines

an energetically favorable bond length between the
Skyrmions, it is possible to arrange them into arbitrarily
shaped clusters at zero temperature. One example is
displayed in Fig. 3(a). As shown in Fig. 3(b), the initial
configuration is mostly conserved during simulations
performed at T ¼ 4.7 K, indicating thermal stability. For
comparison, Fig. 3(c) demonstrates how the information
encoded in the original state is lost due to the diffusive
motion and repulsive interaction between Skyrmions with
the system parameters x ¼ 0.00, B ¼ 0.00 T.
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FIG. 2. Attractive interaction between Skyrmions for x ¼ 0.10
and B ¼ 4.22 T. The field-polarized state represents the ground
state for B > 4.18 T [44]. (a) Interaction energy between two
Skyrmions along the ½21̄ 1̄� and ½11̄0� directions. Squares and
circles denote data points; the interpolated lines are guides to the
eye. Inset shows a close-up of the first minimum. (b) Real-space
spin configuration of two isolated Skyrmions (squares, circles)
and two interacting Skyrmions (line), with the centers of the
Skyrmions at the same lattice points in the two cases. Si is
the projection of the vector Si on the ½21̄ 1̄� line connecting the
centers, shown by arrows in the legend. The color bar describes
the orientation of the spins in the legend and in Fig. 3.
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The attractive interaction between Skyrmions at finite
temperature can also be characterized by calculating the
pair correlation function fðrÞ, normalized as

Z
∞

0

fðrÞ2πrdr ¼ 1: ð3Þ

Figure 4 displays the pair correlation function after
thermalization. We considered an initial configuration of
31 Skyrmions in random arrangement on an N¼128×128
lattice, the same size as in Fig. 3; approximately 80
Skyrmions would fit into the same lattice size in a
close-packed configuration with the applied simulation
parameters. Figure 4(a) shows that the distribution is
basically uniform in space outside the strongly repulsive
core for repulsive Skyrmions (x ¼ 0.00, B ¼ 0.00 T),
indicating that the diffusive motion is dominating in this

case. On the other hand, one can clearly identify a preferred
nearest-neighbor distance for attractive Skyrmions
(x ¼ 0.10, B ¼ 4.22 T) around r ≈ 13a, coinciding with
the potential energy minimum in Fig. 2(a). This favors the
formation of clusters, similar to the artificially created one
in Fig. 3(b). The normalization of fðrÞ is ensured by a
decreased number of Skyrmions in the ring between 15a
and 20a. It is shown in Fig. 4(b) that when the temperature
becomes slightly higher (T ≈ 20 K) than the energy barrier
protecting the local minimum in Fig. 2(a) (jEint=kBj ≈ 8 K),
the peak in the distribution function disappears, and the
clusters are destroyed by thermal fluctuations.
To summarize, we have demonstrated that isolated

magnetic Skyrmions may be stabilized in a (Pt1−xIrx)Fe
bilayer on Pd(111). The frustrated isotropic exchange
interactions create an oscillating Skyrmion-Skyrmion inter-
action potential, at the expense of the Dzyaloshinsky-
Moriya interactions which prefer repulsion at all distances.
Because of the attractive interaction, the Skyrmions may be
arranged into clusters. The bonds between the Skyrmions
stabilize their relative positions at finite temperature,
which may be important for future applications in memory
devices.

FIG. 3. (a) Ordered initial configuration of Skyrmions at
T ¼ 0 K, for x ¼ 0.10 and B ¼ 4.22 T. (b),(c) Final configura-
tion after a thermalization of t ¼ 605 ps at T ¼ 4.7 K, for
different coupling parameters: (b) attractive Skyrmions at
x ¼ 0.10 and B ¼ 4.22 T, (c) repulsive Skyrmions at x ¼ 0.00
and B ¼ 0.00 T. The lattice size is N ¼ 128 × 128 atoms.
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FIG. 4. Pair correlation function fðrÞ of Skyrmions after a
thermalization of t ¼ 484 ps. (a) Difference between repulsive
(x ¼ 0.00, B ¼ 0.00 T) and attractive (x ¼ 0.10, B ¼ 4.22 T)
Skyrmions at T ¼ 4.7 K. (b) Temperature dependence of fðrÞ for
x ¼ 0.10 and B ¼ 4.22 T. The system contained 31 Skyrmions
on an N ¼ 128 × 128 atomic lattice.

157205-4



The authors thankBertrandDupé and ElenaVedmedenko
for enlightening discussions. Financial support for this work
was provided by the Deutsche Forschungsgemeinschaft via
Sonderforschungsbereich 767 “Controlled Nanosystems:
Interaction and Interfacing to the Macroscale” and by the
Hungarian Scientific Research Fund under Projects
No. K115575 and No. K115632.

*rozsa.levente@wigner.mta.hu
[1] N. Nagaosa and Y. Tokura, Nat. Nanotechnol. 8, 899

(2013).
[2] A. A. Belavin and A. M. Polyakov, Pis’ma Zh. Eksp. Teor.

Fiz. 22, 503 (1975) [JETP Lett. 22, 245 (1975)].
[3] A. N. Bogdanov and D. A. Yablonskiı̆, Zh. Eksp. Teor. Fiz.

95, 178 (1989) [Sov. Phys. JETP 68, 101 (1989)].
[4] A. Bogdanov and A. Hubert, J. Magn. Magn. Mater. 138,

255 (1994).
[5] S. Mühlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A. Rosch,

A. Neubauer, R. Georgii, and P. Böni, Science 323, 915
(2009).

[6] X. Z. Yu, N. Kanazawa, Y. Onose, K. Kimoto, W. Z. Zhang,
S. Ishiwata, Y. Matsui, and Y. Tokura, Nat. Mater. 10, 106
(2011).

[7] H. Wilhelm, M. Baenitz, M. Schmidt, U. K. Rössler, A. A.
Leonov, and A. N. Bogdanov, Phys. Rev. Lett. 107, 127203
(2011).

[8] W. Münzer, A. Neubauer, T. Adams, S. Mühlbauer, C.
Franz, F. Jonietz, R. Georgii, P. Böni, B. Pedersen, M.
Schmidt, A. Rosch, and C. Pfleiderer, Phys. Rev. B 81,
041203(R) (2010).

[9] X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y.
Matsui, N. Nagaosa, and Y. Tokura, Nature (London) 465,
901 (2010).

[10] T. Adams, A. Chacon, M. Wagner, A. Bauer, G. Brandl, B.
Pedersen, H. Berger, P. Lemmens, and C. Pfleiderer, Phys.
Rev. Lett. 108, 237204 (2012).

[11] I. Kézsmárki, S. Bordács, P. Milde, E. Neuber, L. M. Eng,
J. S. White, H. M. Rønnow, C. D. Dewhurst, M. Mochizuki,
K. Yanai, H. Nakamura, D. Ehlers, V. Tsurkan, and A.
Loidl, Nat. Mater. 14, 1116 (2015).

[12] Y. Tokunaga, X. Z. Yu, J. S. White, H. M. Rønnow, D.
Morikawa, Y. Taguchi, and Y. Tokura, Nat. Commun. 6,
7638 (2015).

[13] A. Bogdanov and A. Hubert, Phys. Status Solidi B 186, 527
(1994).

[14] I. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958).
[15] T. Moriya, Phys. Rev. Lett. 4, 228 (1960).
[16] I. E. Dzyaloshinsky, Zh. Eksp. Teor. Fiz. 47, 992 (1964)

[Sov. Phys. JETP 20, 665 (1965)].
[17] Yu. A. Izyumov, Usp. Fiz. Nauk 144, 439 (1984) [Sov.

Phys. Usp. 27, 845 (1984)].
[18] T. Okubo, S. Chung, and H. Kawamura, Phys. Rev. Lett.

108, 017206 (2012).
[19] A. O. Leonov and M. Mostovoy, Nat. Commun. 6, 8275

(2015).
[20] S.-Z. Lin and S. Hayami, Phys. Rev. B 93, 064430

(2016).

[21] S. Hayami, S.-Z. Lin, and C. D. Batista, Phys. Rev. B 93,
184413 (2016).

[22] U. K. Rössler, A. A. Leonov, and A. N. Bogdanov, J. Phys.
Conf. Ser. 303, 012105 (2011).

[23] N. Romming, C. Hanneken, M. Menzel, J. E. Bickel,
B. Wolter, K. von Bergmann, A. Kubetzka, and R.
Wiesendanger, Science 341, 636 (2013).

[24] P.-J. Hsu, A. Kubetzka, A. Finco, N. Romming, K.
von Bergmann, and R. Wiesendanger, arXiv:1601.02935.

[25] C. Moreau-Luchaire, C. Moutafis, N. Reyren, J. Sampaio,
C. A. F. Vaz, N. Van Horne, K. Bouzehouane, K. Garcia, C.
Deranlot, P. Warnicke, P. Wohlhüter, J.-M. George, M.
Weigand, J. Raabe, V. Cros, and A. Fert, Nat. Nanotechnol.
11, 444 (2016).

[26] B. Dupé, M. Hoffmann, Ch. Paillard, and S. Heinze, Nat.
Commun. 5, 4030 (2014).

[27] E. Simon, K. Palotás, L. Rózsa, L. Udvardi, and L.
Szunyogh, Phys. Rev. B 90, 094410 (2014).

[28] J. Hagemeister, N. Romming, K. von Bergmann, E. Y.
Vedmedenko, and R. Wiesendanger, Nat. Commun. 6,
8455 (2015).

[29] J. Hagemeister, E. Y. Vedmedenko, and R. Wiesendanger,
Phys. Rev. B 94, 104434 (2016).

[30] L. Rózsa, L. Udvardi, L. Szunyogh, and I. A. Szabó, Phys.
Rev. B 91, 144424 (2015).

[31] B. Dupé, G. Bihlmayer, M. Böttcher, S. Blügel, and S.
Heinze, Nat. Commun. 7, 11779 (2016).

[32] J. Iwasaki, M. Mochizuki, and N. Nagaosa, Nat. Commun.
4, 1463 (2013).

[33] F. Jonietz, S. Mühlbauer, C. Pfleiderer, A. Neubauer, W.
Münzer, A. Bauer, T. Adams, R. Georgii, P. Böni, R. A.
Duine, K. Everschor, M. Garst, and A. Rosch, Science 330,
1648 (2010).

[34] A. Fert, V. Cros, and J. Sampaio, Nat. Nanotechnol. 8, 152
(2013).

[35] J. Iwasaki, M. Mochizuki, and N. Nagaosa, Nat. Nano-
technol. 8, 742 (2013).

[36] Y. Zhou and M. Ezawa, Nat. Commun. 5, 4652 (2014).
[37] Ch. Schütte, J. Iwasaki, A. Rosch, and N. Nagaosa, Phys.

Rev. B 90, 174434 (2014).
[38] J. Müller and A. Rosch, Phys. Rev. B 91, 054410 (2015).
[39] S. Woo, K. Litzius, B. Krüger, M.-Y. Im, L. Caretta, K.

Richter, M. Mann, A. Krone, R. M. Reeve, M. Weigand, P.
Agrawal, I. Lemesh, M.-A. Mawass, P. Fischer, M. Kläui,
and G. S. D. Beach, Nat. Mater. 15, 501 (2016).

[40] U. Nowak, in Handbook of Magnetism and Advanced
Magnetic Materials, edited by H. Kronmüller and S. Parkin
(Wiley, New York, 2007), Vol. 2.

[41] L. Szunyogh, B. Újfalussy, P. Weinberger, and J. Kollár,
Phys. Rev. B 49, 2721 (1994).

[42] R. Zeller, P. H. Dederichs, B. Újfalussy, L. Szunyogh, and P.
Weinberger, Phys. Rev. B 52, 8807 (1995).

[43] L. Udvardi, L. Szunyogh, K. Palotás, and P. Weinberger,
Phys. Rev. B 68, 104436 (2003).

[44] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.117.157205, which in-
cludes Refs. [45–60], for the details of the ab initio
calculations and the numerical simulations.

[45] S. H. Vosko, L. Wilk, and M. Nusair, Can. J. Phys. 58, 1200
(1980).

157205-5



[46] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov,
G. E. Scuseria, L. A. Constantin, X. Zhou, and K. Burke,
Phys. Rev. Lett. 100, 136406 (2008).

[47] G. Kresse and J. Furthmüller, Comput. Mater. Sci. 6, 15
(1996).

[48] G. Kresse and J. Furthmüller, Phys. Rev. B 54, 11169
(1996).

[49] J. Hafner, J. Comput. Chem. 29, 2044 (2008).
[50] P. E. Blöchl, Phys. Rev. B 50, 17953 (1994).
[51] G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999).
[52] A. I. Liechtenstein, M. I. Katsnelson, V. P. Antropov, and

V. A. Gubanov, J. Magn. Magn. Mater. 67, 65 (1987).
[53] A. Crépieux and C. Lacroix, J. Magn. Magn. Mater. 182,

341 (1998).
[54] H. Yang, O. Boulle, V. Cros, A. Fert, and M. Chshiev,

arXiv:1603.01847.

[55] J. L. García-Palacios and F. J. Lázaro, Phys. Rev. B 58,
14937 (1998).

[56] J. H. Mentink, M. V. Tretyakov, A. Fasolino, M. I.
Katsnelson, and Th. Rasing, J. Phys. Condens. Matter
22, 176001 (2010).

[57] B. Berg and M. Lüscher, Nucl. Phys. B190, 412 (1981).
[58] L. Rózsa, E. Simon, K. Palotás, L. Udvardi, and L.

Szunyogh, Phys. Rev. B 93, 024417 (2016).
[59] Ch. Schütte and A. Rosch, Phys. Rev. B 90, 174432

(2014).
[60] G. Bradski, Dr. Dobb’s J. Software Tools 25, 120 (2000).
[61] A. O. Leonov, T. L. Monchesky, J. C. Loudon, and A. N.

Bogdanov, J. Phys. Condens. Matter 28, 35LT01 (2016).
[62] N. Romming, A. Kubetzka, Ch. Hanneken, K. von

Bergmann, and R. Wiesendanger, Phys. Rev. Lett. 114,
177203 (2015).

157205-6




