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Abstract
This work establishes the existence and regularity of random pullback attractors for parabolic
partial differential equations with rough nonlinear multiplicative noise under natural assump-
tions on the coefficients. To this aim, we combine tools from rough path theory and random
dynamical systems.Anapplication is givenbypartial differential equationswith roughbound-
ary noise, for which flow transformations are not available.
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1 Introduction

We investigate the asymptotic behavior of the semilinear parabolic evolution rough partial
differential equation (RPDE) given by{

dyt = (Ayt + F(yt )) dt + G(yt ) dXt ,

y(0) = y0 ∈ E,
(1.1)

where E is a separable Banach space, A : D(A) ⊂ E → E is the generator of an expo-
nentially stable analytic semigroup, F, G are nonlinear terms and X is a γ -Hölder Gaussian
rough path for γ ∈ ( 13 ,

1
2 ]. Under suitable assumptions on the coefficients, we prove the

existence and regularity of a pullback attractor, which is a compact random set of the phase
space describing the long-time behavior of (1.1). There are several major technical difficul-
ties one encounters, when trying to investigate the existence of invariant sets for stochastic
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partial differential equations (SPDEs). A first conceptual difficulty is to employ the concept
of random dynamical systems (RDS) [2] for SPDEs. It is well-known that an Itô-type SDE
generates an RDS under natural assumptions on the coefficients [2, 30]. However, the gener-
ation of an RDS from an Itô-type SPDE has been a long-standing open problem, mostly since
Kolmogorov’s theorem breaks down for random fields parametrized by infinite-dimensional
Hilbert spaces. As a consequence, it is not trivial, to obtain a RDS from a general SPDE.
This problem was fully solved only under very restrictive assumptions on the structure of
the noise driving the SPDE. For instance, if one deals with purely additive noise or linear
multiplicative Stratonovich noise, there are standard flow transformations which reduce the
SPDE to a PDE with random non-autonomous coefficients. Since this random PDE can be
solved pathwise, it is straightforward to obtain an RDS. However, for nonlinearmultiplicative
noise, this technique is no longer applicable. In the rough path setting, these issues do not
occur, due to the fact that the solution exists pathwise, without transforming the SPDE into a
random PDE. Provided that the noise forms a rough path cocycle, the generation of a random
dynamical system from rough differential equations was established in [3]. For RPDEs this
aspect was considered in [5, 25, 26, 28], where a major difficulty is the global existence of
the solution.

There are numerous results on the existence of attractors for stochastic partial differential
equations, starting with the famous works by Crauel and Flandoli [7] and Schmalfuss [11,
36]. These are applicable to equations driven by additive [20] or linear multiplicative noise
[19] and use flow transformations. However, there are very few works [4, 15, 31] which
use a pathwise solution theory to study attractors for SPDEs. Moreover, all these techniques
lead to certain restrictions on the diffusion coefficient G [31] or on the noise [15]. In [31]
the growth bound of the Lipschitz continuous nonlinear term G is assumed to be smaller
than one, whereas in [15] the trace of the infinite-dimensional fractional Brownian motion
is assumed to be small. The techniques in [4, 15, 31] rely on stopping times which directly
control the size of the noise on a certain time interval and are required to be on average
smaller than one, leading to the restrictions mentioned above.

Our approach is based on the integrable solution bounds for rough partial differential
equations recently obtained in [34]. This technique uses Greedy times [6, 13] instead of
stopping times, which are defined in terms of a control, see Definition 2.13. Their number
Ns,t (ω) on a time interval [s, t] has much better integrability properties than the p-variation
(orHölder) normof the given rough path.Modifying the sewing lemma in order to incorporate
the control instead of theHölder norm of the solution, the authors in [34] derived an integrable
bound on the solution of (1.1) on a time interval [s, t] in terms of Ns,t (ω) and a polynomial
expression containing the Hölder norms of the driving rough path. Such bounds already
turned out to be useful for the stability and for the existence of invariant manifolds for rough
differential equations [35] improving the assumptions on the coefficients made in [32]. In
our case, this method improves the restriction on the smallness of the growth bound of the
coefficient G required for the existence of the attractor in [31]. Another major advantage of
this method is that it directly allows us to investigate the regularity of the random attractor.
This is natural for parabolic SPDEs perturbed by additive or linear multiplicative noise. For
instance, in [8, Sect. 3.1] a stochastic reaction-diffusion equation with Dirichlet boundary
conditions on a domainO, driven by finite-dimensional additive noise was considered on the
phase space L2(O). It was shown that its random attractor is contained in a ball of H1

0 (O)

with random radius. To the best of our knowledge, there are no results on the regularity of
attractors for rough PDEs as (1.1) considered here. All the available results regarding the
regularity of random attractors, such as [8, 39] and the references specified therein, use flow
transformations. We also believe that these tools can be further used to obtain a bound on the
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box dimension of the attractor or to prove the existence of exponential attractors [29] which
automatically entails a bound on their box dimension. We leave these aspects for a future
work.

This manuscript is structured as follows. Section2 collects basic results from rough path
theory and random dynamical systems. Section3 contains the main results (Lemma 3.4,
Theorem 3.5, Corollary 3.7) on the existence and regularity of a random pullback attractor
for (1.1). Analogously to [28, 31, 32, 35] we discretize (1.1) and use the integrable bounds
derived in [34] to estimate the controlled rough path norm of the solution on a time interval
of length one. Thereafter, we establish the existence of a random absorbing set for (1.1) using
a version of the singular Gronwall–Henry inequality [23]. This is necessary due to the fact
that the nonlinear term F is allowed to lose spatial regularity and leads to an a-priori estimate
which contains the derivative of the Mittag–Leffler function. This is a generalization of the
exponential function and therefore has a similar asymptotic behavior [23, 38]. This fact is
crucial for our aims, since we are interested in the long-time behavior of (1.1). The arguments
in the computation of the absorbing set based on the singular Gronwall inequality and rough
path estimates are new and of independent interest.

The existence of an absorbing set together with a compactness argument for parabolic
PDEs yield the existence of an attractor for (1.1). In Sect. 4 we provide examples for the
coefficients of (1.1) which satisfy the conditions imposed for the absorbing set in Sect. 3. A
main application which fits into our framework is given by parabolic PDEs with rough
boundary noise. The well-posedness and generation of a random dynamical system in this
case was investigated in [33]. In this work we go a step further and establish the existence
of random pullback attractors. To our best knowledge, this is the first result in this direction
for this type of equations. Even if the noise is additive or linear multiplicative, since it is
acting on the boundary, it is not possible to transform such equations into PDEs with random
coefficients.

2 Preliminaries

In this section, we collect some basic results on rough paths [12, 14] and rough convolu-
tions for semilinear parabolic problems [21] as well as concepts from the theory of random
dynamical systems. Furthermore, we provide the assumptions on the coefficients of (1.1) and
the construction of a sequence of greedy time steps required in order to establish integrable
bounds for the rough integral [34].

2.1 Rough Path Theory

Wedenote byCα([0, T ]; E) theα-Hölder continuous pathswith values in someBanach space
E , andwrite [·]α,E for theHölder seminorm aswell as ‖·‖∞,E for the supremums norm. In the
case of E := R, we write [·]α or [·]α,[0,T ] to emphasize the time dependence. When the time
interval is clear from the context, we use the abbreviation Cγ (E) to point out the interplay
between space and time regularity. Furthermore, let be �J := {(s, t) ∈ J × J : s ≤ t}
for a compact interval J ⊂ R. Then, the noise is a d-dimensional γ -Hölder rough path
X := (X ,X), for γ ∈ (1/3, 1/2] with X0 = 0. Here we assume without loss of generality
that d = 1, since the generalization to d > 1 can be made componentwise. More precisely,
we have
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X ∈ Cγ ([0, T ];R) and X ∈ C2γ (�[0,T ];R ⊗ R)

and the connection between X and X is given by Chen’s relation

Xs,t − Xs,u − Xu,t = Xs,u ⊗ Xu,t ,

for s ≤ u ≤ t , where we write Xs,u := Xu − Xs for any path. Let us further introduce an
appropriate metric on the space of rough paths.

Definition 2.1 Let X = (X ,X) and X̃ = (X̃ , X̃) be two γ -Hölder rough paths and T > 0.
We introduce the γ -Hölder rough path (inhomogeneous) metric

dγ,J (X, X̃) := sup
(s,t)∈�J

|Xs,t − X̃s,t |
|t − s|γ + sup

(s,t)∈�J

|Xs,t − X̃s,t |
|t − s|2γ ,

and set ργ,J (X) := dγ,J (X, 0).

A subclass of Hölder rough paths, are those resulting from the closure of smooth functions
with respect to the introduced rough path metric.

Definition 2.2 WecallX = (X ,X) a geometricγ -Hölder roughpath if there exists a sequence
(Xn)n∈N ⊂ C∞([0, T ];R) such that Xn := (Xn,Xn), where Xn is the canonical lift of Xn

X
n
s,t :=

∫ t

s
Xn

s,r ⊗ dXn
r , (2.1)

converges in the rough path topology to X, i.e. dγ,[0,T ](Xn,X) → 0 for n → ∞.

Remark 2.3 The convergence dγ,[0,T ](Xn,X) → 0 for n → ∞ in the definition above is
equivalent to

[Xn − X ]γ,[0,T ] → 0 and [Xn − X]2γ,�[0,T ] → 0,

for n → ∞. But this means that X ∈ C0,γ ([0, T ];R) andX ∈ C0,2γ (�[0,T ];R⊗R), where
C0,γ is the closure of smooth paths with respect to the Hölder norm. Therefore, we have the
continuity of �[0,T ] → R, (s, t) 	→ [X ]γ,[s,t] as well as for the Hölder norm of X, see for
example [14, Theorem 5.33].

Let us now specify the necessary assumptions on the linear part of (1.1). We refer to Sect. 4
for concrete examples.

Assumption 2.4 (1) The operator A : D(A) ⊂ E → E is densely defined, generates a
compact analytic semigroup (St )t∈[0,∞) and has bounded imaginary powers.

(2) The semigroup is exponentially stable,whichmeans that there exist constants λ̃A, CA > 0
such that ‖St‖L(E) ≤ CAe−λ̃At for every t ≥ 0.

These conditions ensure that the fractional powers of A exist. So define Eα := D(Aα)

endowed with the norm ‖·‖α := ‖Aα·‖E for α > 0 and also E−α as the closure of E with
respect to the norm ‖·‖−α = ∥∥A−α·∥∥E . We obtain a family of separable Banach spaces
(Eα, ‖·‖α)α∈R which are continuously embedded, i.e. Eα ↪→ Eβ for α ≤ β and satisfy

E(β−α)θ+α = [Eα, Eβ ]θ (2.2)

for α ≤ β and θ ∈ (0, 1), where [·, ·]θ denotes the complex interpolation, see for example
[1, Theorem V.1.5.4]. In particular, this implies the interpolation inequality

‖x‖α3−α1
α2

� ‖x‖α3−α2
α1

‖x‖α2−α1
α3

, (2.3)
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for α1 ≤ α2 ≤ α3 and x ∈ Eα3 . Therefore (Eα, ‖·‖α)α∈R is an example of a monotone
family of interpolation spaces as introduced in [21, Definition 2.1]. Further, the compactness
of the semigroup ensures that the embeddings Eβ ↪→ Eα for β > α are compact.

The main advantage of this approach is that we can view the semigroup (St )t∈[0,∞) gen-
erated by A as a linear mapping on these interpolation spaces and obtain a trade-off between
spatial and time regularity. In particular, regarding the assumed exponential stability, we
have that St ∈ L(Eα) and for every λA ∈ (0, λ̃A), α ∈ R, σ ∈ [0, 1] there exists a constant
C−σ (λA) = C−σ > 0 such that

‖St x‖α+σ ≤ C−σ e−λAt t−σ ‖x‖α , (2.4)

for t ≥ 0, see [40, Theorem 7.7.2 iii)]. Throughout the manuscript we fix λA < λ̃A.
Keeping this inmind, we now introduce the definition of a controlled rough path tailored to

the parabolic structure of the PDEwe consider, in the spirit of [21]. This is convenient for our
aims, since the semigroup will not be incorporated in the definition of the controlled rough
path as in [18] or alternative approaches [22, 24] which iterate the stochastic convolution into
itself.

Definition 2.5 We call a pair (y, y′) a controlled rough path for some fixed α ∈ R if (y, y′) ∈
C(Eα) × (C(Eα−γ ) ∩ Cγ (Eα−2γ )) and the remainder

(s, t) ∈ �[0,T ] 	→ Ry
s,t := ys,t − y′

s Xs,t

belongs to Cγ (Eα−γ ) ∩ C2γ (Eα−2γ ). The component y′ is often referred to as Gubinelli

derivative of y. The space of controlled rough paths is denoted by D2γ
X ,α and endowed with

the norm ‖ · ‖D2γ
X ,α

given by

∥∥y, y′∥∥
D2γ

X ,α

:= ‖y‖∞,Eα
+ ‖y′‖∞,Eα−γ + [y′]

γ,Eα−2γ
+ [Ry]

γ,Eα−γ
+ [Ry]

2γ,Eα−2γ
.

The first index in the notation above always indicates the time regularity, and the second
one stands for the space regularity. For simplicity, we often write ‖y‖∞,α := ‖y‖∞,Eα and
[y′]γ,α−2γ := [y′]γ,Eα−2γ and analogously for the remainder. In order to emphasize the time

horizon, we write D2γ
X ,α([0, T ]) instead of D2γ

X ,α .
Given this setting of controlled rough paths, one can introduce the rough convolution as

follows.

Theorem 2.6 ([21, Theorem 4.5]). Let (y, y′) ∈ D2γ
X ,α([s, t]), then the limit

t∫
s

St−r yr dXr := lim|P|→0

∑
[u,v]∈P

St−u yu Xu,v + St−u y′
uXu,v,

exists as an element in Eα , where P denotes a partition of [s, t]. For 0 ≤ β < 3γ the
following estimate ∥∥∥∥∥∥

t∫
s

St−r yr dXr−St−s(ys Xs,t − y′
sXs,t )

∥∥∥∥∥∥
α−2γ+β

≤ CI ργ,[s,t](X)
∥∥y, y′∥∥

D2γ
X ,α([s,t]) (t − s)3γ−β (2.5)

holds true, where CI := CI (α, γ, β) > 0.
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Remark 2.7 Using (2.5) we obtain that∥∥∥∥∥∥
t∫

s

St−r yr dXr

∥∥∥∥∥∥
α−2γ+β

≤
∥∥∥∥∥∥

t∫
s

St−r yr dXr − St−s(ys Xs,t − y′
sXs,t )

∥∥∥∥∥∥
α−2γ+β

+ ∥∥St−s(ys Xs,t − y′
sXs,t )

∥∥
α−2γ+β

≤ CI ργ,[s,t](X)
∥∥y, y′∥∥

D2γ
X ,α([s,t]) (t − s)3γ−β + ‖St−s‖L(Eα,Eα−2γ+β )‖y‖∞,α(t − s)γ [X ]γ

+ ‖St−s‖L(Eα−γ ,Eα−2γ+β )‖y′‖∞,α−γ (t − s)2γ [X]2γ
≤ CI ργ,[s,t](X)

∥∥y, y′∥∥
D2γ

X ,α([s,t]) (t − s)3γ−β,

(2.6)

for a constant which we denote for convenience again by CI .

We now specify which type of nonlinearities we consider.

Assumption 2.8 (1) There exists a constant σF ∈ [0, 1) such that the drift term F : Eα →
Eα−σF is Lipschitz continuous, with constant C̃F > 0, which in particular implies a
linear growth condition ‖F(x)‖α−σF

≤ ‖F(0)‖α−σF
+ C̃F ‖x‖α . We further set CF :=

max{‖F(0)‖α−σF
, C̃F }.

(2) There exists a σG ∈ [0, γ ) such that for any ϑ ∈ {0, γ, 2γ } the diffusion term G :
Eα−ϑ → Eα−ϑ−σG is bounded and three times Fréchet differentiable with bounded
derivatives, which means that

∥∥Di G
∥∥L(E⊗i

α−ϑ ;Eα−ϑ−σG )
< ∞ for i = 1, 2, 3 and ϑ ∈

{0, γ, 2γ }. We further set CG := sup
ϑ∈{0,γ,2γ }

max
i=1,2,3

∥∥Di G
∥∥L(E⊗i

α−ϑ ;Eα−ϑ−σG )
.

Remark 2.9 In [34] the assumption onG is stated for allϑ ∈ [0, 2γ ] instead ofϑ ∈ {0, γ, 2γ }.
Due to the fact that in our setting the scale of Banach spaces satisfies the interpolation
condition (2.2), we obtain the boundedness of Di G : E⊗i

α−ϑ → Eα−ϑ−σG for all ϑ ∈ [0, 2γ ]
by a standard interpolation argument.

Under these conditions, it is known that (1.1) has for every y0 ∈ Eα a unique global mild
solution which is a controlled rough path (y, y′) ∈ D2γ

X ,α([0, T ]) such that

yt = St y0 +
∫ t

0
St−r F(yr ) dr +

∫ t

0
St−r G(yr ) dXr , (2.7)

for t ≥ 0 and y′ = G(y), see [26, Theorem 3.8]. One major ingredient was there, that the
Gubinelli derivative satisfies y′ = G(y). Using this identity one can establish an estimate
without quadratic terms as in [21, Lemma 4.7].

Lemma 2.10 ( [26, Lemma 3.6]). Let Assumption 2.8 be satisfied and (y, G(y)) ∈
D2γ

X ,α([s, t]) be a controlled rough path. Then we have (G(y), (G(y))′) ∈ D2γ
X ,α−σG

([s, t])
with (G(yt ))

′ = DG(yt ) ◦ G(yt ) and the estimate∥∥G(y), (G(y))′
∥∥
D2γ

X ,α−σG
([s,t]) ≤ CGργ,[s,t](X)(1 + ‖y, G(y)‖D2γ

X ,α([s,t])). (2.8)

So far we assumed that X is a deterministic path. Since, the main objective is to prove
the existence of a random attractor for (1.1), we work from now on in a stochastic setting.
Therefore, we fix a probability space (
,F,P) and recall the notion of a metric dynamical
system and rough path cocycles.
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Definition 2.11 Thequadrupel (
,F,P, (θt )t∈R),where θt : 
 → 
 ismeasure-preserving,
is called a metric dynamical system if

(i) θ0 = Id
,
(ii) (t, ω) 	→ θtω is B(R) ⊗ F − F measurable,
(iii) θt+s = θt ◦ θs for all t, s ∈ R.

We call it an ergodic metric dynamical system if for any A ∈ F , which is (θt )t∈R invariant,
we have P(A) ∈ {0, 1}.
Definition 2.12 ([3, Definition 2]). We call a pair

X = (X ,X) : 
 → Cγ
loc(R;R) × C2γ

loc(�R;R ⊗ R)

a (γ -Hölder) rough path cocycle if X|[0,T ](ω) is a γ -Hölder rough path for every T > 0 and
ω ∈ 
 and the cocycle property Xs,s+t (ω) = Xt (θsω) as well as Xs,s+t (ω) = X0,t (θsω)

holds true for every s ∈ R, t ∈ [0,∞) and ω ∈ 
.

In order to study the asymptotic behavior of (1.1), we have to estimate the norm of the
solution y on large time intervals, where the main challenge is to control the γ -Hölder norm
of the noise. For this purpose, we introduce a sequence of greedy time steps according to
[34] and a continuous control. The number of Greedy time steps within an interval has better
integrability properties than the Hölder norms of the noise.

Definition 2.13 Let η ∈ [0, γ ), χ > 0, I = [a, b] ⊂ R, andX(ω) := (X(ω),X(ω)), ω ∈ 
,
be a γ -Hölder rough path cocycle.

(i) We define for a ≤ s ≤ t ≤ b

Ws,t (ω) := WX(ω),γ,η(s, t)

:= sup
P⊂[s,t]

⎧⎨
⎩

|P|∑
j=0

(κ j+1 − κ j )
− η

γ−η

(∣∣X(ω)κ j ,κ j+1

∣∣ 1
γ−η + ∣∣X(ω)κ j ,κ j+1

∣∣ 1
2(γ−η)

)⎫⎬
⎭ ,

where the supremum is taken over all partitions P = {s = κ0 < κ1 < . . . < κn = t}
of [s, t].

(ii) Wedefine the sequence of greedy times (τn(ω))n∈N0 through τ0(ω) := a and recursively
for n ∈ N0

τn+1(ω) := τ I
n+1,η,ω(χ) := sup

{
τ ∈ [τn(ω), b] | W γ−η

τn(ω),τ (ω) ≤ χ
}

.

(iii) Let

Na,b(ω) := N (I , η, χ,X(ω)) := inf{n > 0 | τ I
n (ω) = b},

be the number of greedy time steps in the interval I .

For a better readability, we omit in the following the dependencies of (τn(ω))n∈N0 , Na,b(ω)

and Ws,t (ω) on γ, η, χ and I , whenever this dependence is clear from the context.
The following properties are direct consequences of the previous definition.

Lemma 2.14 Let η ∈ [0, γ ), χ > 0, I = [a, b] ⊂ R, ω ∈ 
 andX := (X ,X) be a γ -Hölder
rough path cocycle.
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(i) W is a continuous control, this means that for s ≤ u ≤ t the following subadditive
property is satisfied

Ws,u(ω) + Wu,t (ω) ≤ Ws,t (ω).

(ii) For s ≤ t we have the bounds

Ns,t (ω) ≤ Ws,t (ω)χ
− 1

γ−η + 1,

Ws,t (ω) ≤ (t − s)

(
[X(ω)]

1
γ−η

γ,[s,t] + [X(ω)]
1

2(γ−η)

2γ,�[s,t]

)
.

(iii) We have [X(θrω)]γ,[s,t] = [X(ω)]γ,[s+r ,t+r ] and [X(θrω)]2γ,�[s,t] = [X(ω)]2γ,�[s+r,t+r]
for r ∈ R. In particular, the same holds for Ws,t (θrω) = Ws+r ,t+r (ω) and Ns,t (θrω) =
Ns+r ,t+r (ω).

Proof (i) The proof is similar to [14, Proposition 1.15]. We use the abbreviation

d(s, t) := (t − s)−
η

γ−η

(∣∣X(ω)s,t
∣∣ 1

γ−η + ∣∣X(ω)s,t
∣∣ 1
2(γ−η)

)

for s ≤ t . Let P1 ⊂ [s, u] and P2 ⊂ [u, t] be two partitions of the respective intervals.
Then we obtain ∑

[ti ,ti+1]∈P1

d(ti , ti+1) +
∑

[si ,si+1]∈P2

d(si , si+1) ≤ Ws,t (ω),

showing the subadditivity of Ws,t . To prove the continuity, we show that Ws,t is left and
right continuous. To this aim, we define

Ws±,t∓(ω) := lim
h1,h2↘0

Ws±h1,t∓h2(ω),

where the limit exists due to the monotonicity of Ws,t and the fact that

Ws+,t−(ω) ≤ Ws,t (ω) ≤ Ws−,t+(ω).

We choose small positive numbers h1, h2, h3, h4 and partitionsP1,P2 of [s +h1, u−h2]
respectively [u + h3, t − h4]. Then we obtain similar as above

Ws+h1,u−h2(ω) + Wu+h3,t−h4(ω) ≤ Ws+h1,t−h4(ω),

which shows that Ws+,t−(ω) is subadditive, since X(ω) and X(ω) are continuous. Fur-
thermore, we have d(s, t) ≤ Ws+,t−(ω), and therefore∑

[ti ,ti+1]⊂P
d(ti , ti+1) ≤

∑
[ti ,ti+1]⊂P

Wti ,ti+1(ω) ≤ Ws,t (ω),

for an arbitrary partition P of [s, t]. Taking the supremum over all partitions P of [s, t]
entails Ws,t (ω) = Ws+,t−(ω). A similar computation shows that Ws,t (ω) = Ws−,t+(ω),
which proves the the continuity of the control.

(ii) Due to the subadditivity of Ws,t (ω) we get

Ns,t (ω) − 1 ≤
Ns,t (ω)−2∑

j=0

Wτ j ,τ j+1(ω)χ
− 1

γ−η ≤ Ws,τNs,t (ω)−1(ω)χ
− 1

γ−η ≤ Ws,t (ω)χ
− 1

γ−η ,
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which leads to the first estimate. For the second inequality, we note that

|P|∑
j=0

(κ j+1 − κ j )
− η

γ−η

(∣∣X(ω)κ j ,κ j+1

∣∣ 1
γ−η + ∣∣X(ω)κ j ,κ j+1

∣∣ 1
2(γ−η)

)

=
|P|∑
j=0

(κ j+1 − κ j )
1− γ

γ−η

(∣∣X(ω)κ j ,κ j+1

∣∣ 1
γ−η + ∣∣X(ω)κ j ,κ j+1

∣∣ 1
2(γ−η)

)

≤
|P|∑
j=0

(κ j+1 − κ j )

⎛
⎝(∣∣X(ω)κ j ,κ j+1

∣∣
(κ j+1 − κ j )γ

) 1
γ−η

+
( ∣∣X(ω)κ j ,κ j+1

∣∣
(κ j+1 − κ j )2γ

) 1
2(γ−η)

⎞
⎠

≤
|P|∑
j=0

(κ j+1 − κ j )

(
[X(ω)]

1
γ−η

γ,[κ j ,κ j+1] + [X(ω)]
1

2(γ−η)

2γ,�[κ j ,κ j+1]

)

≤ (t − s)

(
[X(ω)]

1
γ−η

γ,[s,t] + [X(ω)]
1

2(γ−η)

2γ,�[s,t]

)
,

yielding the second estimate, since the right-hand side is independent of the choice of
the partition.

(iii) Follows directly due to the cocycle property of the rough path cocycle X(ω). ��
Theorem 2.15 ([34, Theorem 2.13]). There exists a constant M̃ > 1 and χ ∈ (0, 1), η ∈
(σG , γ ) with eM̃χγ−η ≤ 1

2 such that the following statements are true.

(i) For s ≤ t such that t − s ≤ 1, t − s ≤ (4M̃)
− 1

1−max{σF ,2γ } =: d and any fixed ω ∈ 
 the
solution (y, y′) of (1.1) satisfies the inequality

sup
r∈[s,t]

‖yr‖α ≤ sup
0≤n≤N ([s,t],η,χ,X(ω))−1

∥∥y, y′∥∥
D2γ

X(ω),α
([τn ,τn+1])

≤ eN ([s,t],η,χ,X(ω))M̃ ‖ys‖α

+ eN ([s,t],η,χ,X(ω))M̃+M̃ − 1

eM̃ − 1
P([X(ω)]γ,[s,t] , [X(ω)]2γ,�[s,t]),

(2.9)

where P(x, y) := 1 + x + y + x(x2 + y).

(ii) For arbitrary intervals with 1 ≥ t − s > d and any fixed ω ∈ 
, the solution (y, y′) of
(1.1) satisfies for a deterministic constant M > 0 and Ñ := �d−1(t − s)� the estimate

∥∥y, y′∥∥
D2γ

X(ω),α
([s,t]) ≤ Ñ

(
M Ns,t (ω)(1 + [X(ω)]γ,[s,t])eNs,t (ω)M̃

)Ñ+1 ‖ys‖α

+ M Ñ Ns,t (ω)(1 + [X(ω)]γ,[s,t])
eNs,t (ω)M̃+M̃ − 1

eM̃ − 1
P([X(ω)]γ,[s,t] , [X(ω)]2γ,�[s,t])

×
Ñ∑

k=1

(
M Ns,t (ω)(1 + [X(ω)]γ,[s,t])eNs,t (ω)M̃

)k
. (2.10)

Proof The inequality (2.9) is proved in [34, Theorem 2.13 i)]. For the second inequality, note
that for a partition (tk)Ñ

k=0 of [s, t] there exists a deterministic constant M > 0 such that

∥∥y, y′∥∥
D2γ

X(ω),α
([s,t]) ≤ M(1 + [X(ω)]γ,[s,t])

Ñ−1∑
k=0

∥∥y, y′∥∥
D2γ

X(ω),α
([tk ,tk+1]) (2.11)
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compare [34, (2.32)]. If we choose the sequence of greedy times as (τk)
Ns,t (ω)

k=0 defined in
Definition 2.13, (2.11) leads to∥∥y, y′∥∥

D2γ
X(ω),α

([s,t]) ≤ p1(ω, [s, t]) ‖ys‖α + p2(ω, [s, t]), (2.12)

where t − s ≤ d and

p1(ω, [s, t]) := M Ns,t (ω)(1 + [X(ω)]γ,[s,t])eNs,t (ω)M̃ ,

p2(ω, [s, t]) := M Ns,t (ω)(1 + [X(ω)]γ,[s,t])
eNs,t (ω)M̃+M̃ − 1

eM̃ − 1
P([X(ω)]γ,[s,t] , [X(ω)]2γ,�[s,t] ).

To extend the statement for arbitrary t − s > d, we define iteratively t0 = s and tk :=
min{d + tk−1, t} for k = 1, . . . , Ñ = �d−1(t − s)�. Then tk+1 − tk ≤ d, and we can use
(2.12) to obtain iterative

∥∥y, y′∥∥
D2γ

X(ω),α
([tk ,tk+1]) ≤ p1(ω, [tk, tk+1])

∥∥ytk

∥∥
α

+ p2(ω, [tk, tk+1])
≤ p1(ω, [tk, tk+1])

∥∥y, y′∥∥
D2γ

X(ω),α
([tk−1,tk ]) + p2(ω, [tk, tk+1])

≤ p1(ω, [tk, tk+1])
(

p1(ω, [tk−1, tk])
∥∥ytk−1

∥∥
α

+ p2(ω, [tk−1, tk])
)+ p2(ω, [tk, tk+1])

≤
k∏

l=0

p1(ω, [tl , tl+1]) ‖ys‖α +
k∑

n=0

p2(ω, [tk−n, tk−n+1])
n∏

l=1

p1(ω, [tk−n+l , tk−n+l+1])

≤ p1(ω, [s, t])Ñ ‖ys‖α + p2(ω, [s, t])
Ñ−1∑
l=0

p1(ω, [s, t])l ,

since p1(ω, [tk, tk+1]) ≤ p1(ω, [s, t]) and analogously p2(ω, [tk, tk+1]) ≤ p2(ω, [s, t]), for
k < Ñ − 1. Together with (2.11), this provides (2.10). ��

For a better readability, we define

P̃(ω, [s, t]) := M Ns,t (ω)(1 + [X(ω)]γ,[s,t])eNs,t (ω)M̃ , P1(ω, [s, t]) := Ñ P̃(ω, [s, t])Ñ+1,

P2(ω, [s, t]) := M Ñ Ns,t (ω)(1 + [X(ω)]γ,[s,t])
eNs,t (ω)M̃+M̃ − 1

eM̃ − 1
P([X(ω)]γ,[s,t] , [X(ω)]2γ,�[s,t] )

× P̃(ω, [s, t])Ñ − 1

P̃(ω, [s, t]) − 1
.

With those abbreviations, the bound for the solution (y, y′) of (1.1) becomes∥∥y, y′∥∥
D2γ

X(ω),α
([s,t]) ≤ ‖ys‖α P1(ω, [s, t]) + P2(ω, [s, t]). (2.13)

Remark 2.16 (i) We do not highlight the dependence of Ñ on the length of the interval [s, t],
since we will later use these estimates only for intervals of length one. In this case, we

have Ñ = �d−1�, where we recall that d = (4M̃)
− 1

1−max{σF ,2γ } < 1.
(ii) To our aims, the dependence of the constants in (2.10) on the nonlinear terms F and G

is crucial since these influence the long-time behavior of (1.1). One can observe that M̃
has the form M̃ = max{CA, CF , CG}M , where M does depend on η, γ and σG , as well
as on F and λA. Modifying the sewing lemma [21, Theorem 4.1] in order to incorporate
the control Ws,t (ω) instead of the Hölder norm of the corresponding rough path leads to
this constant.
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The main reason why we use the solution estimate (2.10) is its integrability, in contrast to
the non-integrable bound derived in [26] and used in [28] to construct random invariant
manifolds. In our case, this bound allows us to quantify the random radius of the absorbing
set for (1.1), as specified in Definition 2.24, capturing its long-time behavior. To this aim the
following condition on the noise is necessary, which was verified for the rough path lift of
the fractional Brownian motion with Hurst parameter H ∈ ( 14 , 1

2

)
in [34, Proposition 2.9].

Assumption 2.17 Let X be a Gaussian process defined on an abstract Wiener space with
associated Cameron-Martin space H and γ ′ > 0 satisfies γ + γ ′ − 2η > 1. Assume that
X can be enhanced to a geometric γ -Hölder rough cocycle X := (X ,X) as well as the
1
γ ′ -variation norm for every h ∈ H is finite, i.e.

sup
P⊂[s,t]

⎧⎨
⎩

|P|∑
j=0

∣∣hκ j+1 − hκ j

∣∣ 1γ ′

⎫⎬
⎭ < ∞,

where the supremum is taken over all partitions P = {s = κ0 < . . . < κn < t} of [s, t].
Then it is known that h can be enhanced to a rough path h := (h,

∫
h dh
)
. Further assume

Wh,γ ′,η(0, 1) � ‖h‖
1

γ ′−η

H .

Lemma 2.18 ([34, Theorem 2.13 iii)]).Under the assumptions of Theorem 2.15 and Assump-
tion 2.17 the bound of

∥∥y, y′∥∥
D2γ

X ,α([s,t]) in (2.10) is integrable. In particular, we have

Ns,t (·)(1 + [X(·)]γ,[s,t])eNs,t (·)M̃ ∈⋂p≥1 L p(
) which leads to

P1(·, [s, t]), P2(·, [s, t]) ∈
⋂
p≥1

L p(
).

Remark 2.19 Note, that the assumptions on the diffusion coefficient G in (1.1) are more
restrictive compared to [21, 26].

In this setting G must be bounded as in [25]. The boundedness of G is used in [34] to
modify the sewing lemma in order to incorporate the control W instead of the Hölder norms
of the rough path. It should be possible to replace the boundedness of G by the assumptions
in [26] or by the boundedness of DG(·) ◦ G(·) : Eα−γ → Eα−2γ−σG as specified in [34,
Remark 2.14]. This aspect will be investigated in a forthcoming work.

2.2 RandomDynamics

Since our goal is to investigate the long-time behavior of the solution to (1.1)wefirst introduce
some basic concepts from the theory of random dynamical systems [2].

Definition 2.20 A continuous random dynamical system on a separable Banach space E over
a metric dynamical system (
,F,P, (θt )t∈R) is a mapping

φ : [0,∞) × 
 × E → E, (t, ω, x) 	→ φ(t, ω, x),

which is (B([0,∞)) ⊗ F ⊗ B(E),B(E))-measurable and satisfies

(i) φ(0, ω, ·) = IdE for every ω ∈ 
,
(ii) φ(t + s, ω, x) = φ(t, θsω, φ(s, ω, x)) for all ω ∈ 
, t, s ∈ [0,∞) and x ∈ E ,
(iii) the map φ(t, ω, ·) : E → E is for every t ∈ [0,∞) and ω ∈ 
 continuous.
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Condition ii) is referred to as the (perfect) cocycle property. Provided that the driving noise
forms a rough path cocycle, we refer to [3, 5, 25, 26] for the generation of a randomdynamical
system from a rough (partial) differential equation.

Theorem 2.21 ([26, Theorem 3.12]). Under the Assumptions 2.4 and 2.8, the solution oper-
ator of (1.1) with y0 ∈ Eα driven by a rough path cocycle generates a continuous random
dynamical system on Eα .

Definition 2.22 (i) A family of non-empty closed sets B := {B(ω)}ω∈
 in E is called a
random set if

ω 	→ inf
y∈B(ω)

‖x − y‖E ,

is a random variable for all x ∈ E . It is called further a bounded, or compact, random set
if the sets B(ω) are all bounded, respectively compact, for all ω ∈ 
.

(ii) A random variable Y : 
 → [0,∞) is called tempered with respect to (θt )t∈R if

lim
t→±∞ e−β|t |Y (θtω) = 0,

for all β > 0 and ω ∈ 
. If B := {B(ω)}ω∈
 is a bounded random set and ω 	→
sup

x∈B(θ−t ω)

‖x‖E is tempered, then B is called a tempered set.

Note that the temperedness defined inDefinition 2.22 is equivalent to a subexponential growth
condition, i.e.

lim
t→±∞

log+(Y (θtω))

|t | = 0. (2.14)

In the following we denote by D the universe of tempered sets in Eα .

Definition 2.23 A random setA := {A(ω)}ω∈
 ∈ D is called a random pullbackD-attractor
for the random dynamical system φ if

(i) A(ω) is compact for every ω ∈ 
,
(ii) A is φ-invariant, that means for every t ≥ 0 and ω ∈ 
 we have

φ(t, ω,A(ω)) = A(θtω),

(iii) A pullback attracts every tempered random set B = {B(ω)}ω∈
, that means

lim
t→∞ d(φ(t, θ−tω, B(θ−tω)),A(ω)) = 0,

where d(A1, A2) := sup
x∈A1

inf
y∈A2

‖x − y‖E for A1, A2 ⊂ E is the Hausdorff semimetric.

Since it may be difficult to verify the attracting property, there exists a sufficient condition
which ensures this, provided that there exists an absorbing set for the random dynamical
system as specified below.

Definition 2.24 A random set B = {B(ω)}ω∈
 ∈ D is called random pullback D-absorbing
if for every D = {D(ω)}ω∈
 ∈ D and ω ∈ 
 there exists an absorbing time TD(ω) > 0
such that

φ(t, θ−tω, D(θ−tω)) ⊂ B(ω),

for all t ≥ TD(ω).
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A suitable way to prove the existence of such an absorbing set, is to show the existence of a
positive tempered random variable R, such that for any y0(θ−tω) ∈ D(θ−tω)with D(ω) ∈ D
and ω ∈ 
 the estimate

lim sup
t→∞

‖φ(t, θ−tω, y0(θ−tω))‖α ≤ R(ω)

holds. Then the open ball B(ω) := B(0, R(ω) + δ), for some constant δ > 0, is a random
pullback D-absorbing set.

Theorem 2.25 ([11, Theorem 3.5]). Assume the existence of a compact set B :=
{B(ω)}ω∈
 ∈ D which is random pullback D-absorbing. Then the continuous random
dynamical system φ has an unique random pullback D-attractor A := {A(ω)}ω∈
 given
by

A(ω) :=
⋂
s≥0

⋃
t≥s

φ(t, θ−tω, B(θ−tω)).

2.3 Gronwall Lemmata and theMittag–Leffler Function

Due to Assumption 2.8 we need the following version of Gronwall’s inequality in order to
derive an a-priori estimate of the solution of (1.1) in Eα .

Theorem 2.26 (Singular Gronwall–Henry inequality [23, Lemma 7.1.1]). Let T ∈ (0,∞]
and v, h ∈ L∞

loc([0, T ); [0,∞)) be non-negative functions satisfying

v(t) ≤ h(t) + M
∫ t

0
(t − r)β−1v(r) dr ,

for t ∈ (0, T ) and M, β > 0. Then one has

v(t) ≤ h(t) + (�(β)M)β
−1
∫ t

0
h(r)E ′

β,1((t − r)(�(β)M)β
−1

) dr , (2.15)

where, �(z) := ∫∞
0 e−r r z−1 dr is the Gamma function and Eβ,c(z) := ∑∞

k=0
zβk

�(kβ+c) the
Mittag–Leffler function.

This inequality is a generalization of the classical Gronwall lemma, which is a special case
of the previous statement for β = 1 since E1,1(z) = ez . In order to prove the existence of a
random absorbing set later on, the asymptotic behavior of the derivative of theMittag–Leffler
function is crucial. Since the Mittag–Leffler function is generalization of the exponential
function, its asymptotic behavior is similar to the classical exponential function [23, 38].

Lemma 2.27 For β ∈ (0, 1), there exist a constant Mβ > 0, such that for z > 1 large enough
we have

E ′
β,1(z) ≤ Mβe2z . (2.16)

Proof Due to [38, (94.19)] there exist two polynomials P and Q such that

Eβ,β(z) ≤ P(z) + Q(z)ez,

for z > 1. Since we can bound every polynomial by ez , if z is large enough, this leads to

Eβ,β(z) ≤ Mβe2z,
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where Mβ depends on the coefficients of P and Q. This further means that

lim
t→∞

1

t
log Eβ,β(μt) = μ,

for all μ, β > 0. A similar statement holds also for the derivative of the Mittag–Leffler’s
function. In order to obtain this, note that

E ′
β,1(z) =

∞∑
k=1

kβ

�(kβ + 1)
zkβ−1 =

∞∑
k=1

zkβ−1

�(kβ)
= 1

z

∞∑
k=1

z(k−1)β+β

�((k − 1)β + β)

= zβ

z

∞∑
k=0

zkβ

�(kβ + β)
= zβ−1Eβ,β(z).

Therefore, the asymptotic behavior of E ′
β,1 is the same as the one of Eβ,β , where the constant

Mβ can be varied. ��

Due to the fact, that the noise X = (X ,X) is only locally Hólder continuous, we need
to discretize the rough integral to obtain infinitely many integrals over finite time. These
techniques were used for example in [9, 17, 28]. Therefore, we also need a discrete version
of a Gronwall inequality.

Lemma 2.28 (Discrete Gronwall inequality [9, Lemma 3.12]). Let (un)n∈N0 , (bk)k∈N0 and
(ck)∈N0 be non-negative sequences and a ≥ 0, satisfying

un ≤ a +
n−1∑
k=0

bkuk +
n−1∑
k=0

ck,

for all n ∈ N. Then we have

un ≤ max{a, u0}
n−1∏
j=0

(1 + b j ) +
n−1∑
k=0

ck

n−1∏
j=k+1

(1 + b j ),

for all n ∈ N.

3 RandomAttractor

Before we show the existence of a random attractor, let us first collect some integral estimates
we need later. Recall, thatX(ω) = (X(ω),X(ω)) is a geometric rough path cocycle satisfying
Assumption 2.17. From now on, let (y, y′) ∈ D2γ

X(ω),α be the unique global solution of (1.1)
driven by X(ω).

Lemma 3.1 Let t ≥ 0. Then we have

∥∥∥∥
∫ t

0
St−r G(yr ) dXr (ω)

∥∥∥∥
α

≤ CGC1

�t�∑
l=0

e−λA(t−l−1) P3(ω, [l, l + 1]),
∥∥∥∥
∫ t

0
St−r F(yr ) dr

∥∥∥∥
α

≤ C−σF CF

∫ t

0
e−λA(t−r)(t − r)−σF ‖yr‖α dr + C2,
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where we introduced the expressions

C1 := max{CI CA, CI },
C2 := C−σF CFλ

σF −1
A �(1 − σF ),

P3(ω, [l, l + 1]) := ργ,[l,l+1](X(ω))2
(
1 + ∥∥y, y′∥∥

D2γ
X ,α([l,l+1])

)
.

Proof Regarding Assumption 2.4 2), (2.6) and (2.8) we get∥∥∥∥
∫ t

0
St−r G(yr ) dXr (ω)

∥∥∥∥
α

≤
�t�−1∑
l=0

∥∥∥∥
∫ l+1

l
St−r G(yr ) dXr (ω)

∥∥∥∥
α

+
∥∥∥∥
∫ t

�t�
St−r G(yr ) dXr (ω)

∥∥∥∥
α

≤ CA

�t�−1∑
l=0

e−λA(t−l−1)
∥∥∥∥
∫ l+1

l
Sl+1−r G(yr ) dXr (ω)

∥∥∥∥
α

+
∥∥∥∥
∫ t

�t�
St−r G(yr ) dXr (ω)

∥∥∥∥
α

≤ CI CA

�t�−1∑
l=0

e−λA(t−l−1)ργ,[l,l+1](X(ω))
∥∥G(y), (G(y))′

∥∥
D2γ

X(ω),α−σG
([l,l+1])

+ CI ργ,[�t�,t](X(ω))
∥∥G(y), (G(y))′

∥∥
D2γ

X(ω),α−σG
([�t�,t]) (t − �t�)γ−σG

≤ CGC1

�t�∑
l=0

e−λA(t−l−1)ργ,[l,l+1](X(ω))2
(
1 + ‖y, G(y)‖D2γ

X(ω),α
([l,l+1])

)
,

which shows the first inequality. The second integral can be estimated regarding the Lipschitz
continuity of F : Eα → Eα−σF∥∥∥∥

∫ t

0
St−r F(yr ) dr

∥∥∥∥
α

≤ C−σF CF

∫ t

0
e−λA(t−r)(t − r)−σF (1 + ‖yr‖α) dr

≤ C−σF CF

∫ t

0
e−λA(t−r)(t − r)−σF ‖yr‖α dr

+ C−σF CF

∫ t

0
e−λA(t−r)(t − r)−σF dr ,

where the last term can be bounded by λ
σF −1
A �(1 − σF ), which can be seen by a simple

substitution and the definition of the Gamma function. ��
We further derive an a-priori estimate of the path component of the solution based on the

singular Gronwall inequality stated in Theorem 2.26.

Lemma 3.2 We let n ∈ N0 and define

C̃1 = C1eλA max

{
L̃,

M1−σF

2

}
,

C̃2 = C2

(
L̃ + L M1−σF

2λ

)
, C̃A = CA max

{
L̃,

M1−σF

2

}
,
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where L := 2(C−σF CF�(1 − σF ))
1

1−σF , L̃ := E1−σF ,1
(
t0

L
2

)+ 1, λ := λA − L and t0 > 0
such that t0

L
2 is large enough for (2.16) to hold. Then we get for t > t0 and t ∈ [n, n + 1]

the estimate

‖yt‖α eλt ≤ C̃A ‖y0‖α + C̃2eλt + C̃1CG

n∑
l=0

eλl P3(ω, [l, l + 1]). (3.1)

Proof First assume t ∈ [n, n + 1). Due to (2.7) we can estimate the path component yt of
the solution by

‖yt‖α ≤ ‖St y0‖α +
∥∥∥∥
∫ t

0
St−r F(yr ) dr

∥∥∥∥
α

+
∥∥∥∥
∫ t

0
St−r G(yr ) dXr (ω)

∥∥∥∥
α

. (3.2)

We now multiply (3.2) by eλAt and get together with (2.4) and Lemma 3.1

‖yt‖α eλAt ≤ CA ‖y0‖α + C2eλAt + CGC1

n∑
l=0

eλA(l+1) P3(ω, [l, l + 1])

+ C−σF CF

∫ t

0
(t − r)−σF eλAr ‖yr‖α dr ,

which fits in the setting of the singular Gronwall–Henry lemma. In conclusion, we now apply
Theorem 2.26 to v(r) := ‖yr‖α eλAr and obtain

‖yt ‖α eλAt ≤ CA ‖y0‖α + C2eλAt + CGC1

n∑
l=0

eλA(l+1) P3(ω, [l, l + 1])

+ L

2

∫ t

0

⎛
⎝CA ‖y0‖α + C2eλAr + CGC1

�r�∑
l=0

eλA(l+1) P3(ω, [l, l + 1])
⎞
⎠ E ′

1−σF ,1

(
(t − r)

L

2

)
dr ,

(3.3)

with L := 2(C−σF CF�(1− σF ))
1

1−σF . Further, due to the time-continuity of y, the previous
estimate also holds for t = n +1. Now we have to bound the derivative of the Mittag–Leffler
function. Since the estimate (2.16) is only valid for large values, we consider t0 > 0 such
that t0

L
2 is large enough for (2.16) to hold and introduce

h(r) := CA ‖y0‖α + C2eλAr + CGC1

�r�∑
l=0

eλA(l+1) P3(ω, [l, l + 1]).

Since t > t0, we can split the integral as follows and use that h is increasing∫ t

0
h(r)E ′

1−σF ,1

(
(t − r)

L

2

)
dr =

∫ t−t0

0
h(r)E ′

1−σF ,1

(
(t − r)

L

2

)
dr

+
∫ t

t−t0
h(r)E ′

1−σF ,1

(
(t − r)

L

2

)
dr

≤ M1−σF

∫ t−t0

0
h(r)e(t−r)L dr +

∫ t0

0
h(t − r)E ′

1−σF ,1

(
r

L

2

)
dr

≤ M1−σF

∫ t

0
h(r)e(t−r)L dr + h(t)

∫ t0

0
E ′
1−σF ,1

(
r

L

2

)
dr

= M1−σF

∫ t

0
h(r)e(t−r)L dr + h(t)

2E1−σF ,1
(
t0

L
2

)
L

.
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We set L̃ := E1−σF ,1
(
t0

L
2

)+ 1 and multiply (3.3) by e−Lt to get

‖yt ‖α eλt ≤ L̃

⎛
⎝CA ‖y0‖α e−Lt + C2eλt + CGC1

n∑
l=0

e−Lt eλA(l+1) P3(ω, [l, l + 1])
⎞
⎠

+ L M1−σF

2

∫ t

0

⎛
⎝CA ‖y0‖α + C2eλAr + CGC1

�r�∑
l=0

eλA(l+1) P3(ω, [l, l + 1])
⎞
⎠ e−Lr dr ,

where we need to evaluate the integrals in the second line. The only non-trivial term is the
third one. By Fubini’s theorem we obtain

∫ t

0

�r�∑
l=0

eλA(l+1) P3(ω, [l, l + 1])e−Lr dr ≤
n∑

l=0

eλl eλA P3(ω, [l, l + 1])
∫ t

l
e−L(r−l) dr

=
n∑

l=0

eλl eλA P3(ω, [l, l + 1])
(
1 − e−L(t−l)

L

)
.

Putting all these estimates together, this leads to

‖yt‖α eλt ≤ CA ‖y0‖α

(
L̃e−Lt + M1−σF

2
(1 − e−Lt )

)
+ C2

(
L̃eλt + L M1−σF

2λ
(eλt − 1)

)

+ CGC1

n∑
l=0

eλl eλA P3(ω, [l, l + 1])
(

L̃e−L(t−l) + M1−σF

2
(1 − e−L(t−l))

)

≤ C̃A ‖y0‖α + C2eλt
(

L̃ + L M1−σF

2λ
(1 − e−λt )

)
+ C̃1CG

n∑
l=0

eλl P3(ω, [l, l + 1])

≤ C̃A ‖y0‖α + C̃2eλt + C̃1CG

n∑
l=0

eλl P3(ω, [l, l + 1]),

with λ = λA − L and C̃1 = C1eλA max
{

L̃,
M1−σF

2

}
, C̃2 = C2

(
L̃ + L M1−σF

2λ

)
, C̃A =

CA max
{

L̃,
M1−σF

2

}
. ��

The right-hand side of (3.1) still depends on the solution y, via P3(ω, [l, l +1]). However,
combining the discrete Gronwall lemma with (2.13), it is possible to get an estimate where
the right-hand side is independent of the solution. First, recall that

P3(ω, [l, l + 1]) = ργ,[l,l+1](X(ω))2(1 + ∥∥y, y′∥∥
D2γ

X ,α([l,l+1])),

and that the controlled rough path norm of the solution (y, y′) = (y, G(y)) can be estimated
due to Theorem 2.15 by

∥∥y, y′∥∥
D2γ

X(ω),α
([l,l+1]) ≤ ‖yl‖α P1(ω, [l, l + 1]) + P2(ω, [l, l + 1])

for l ∈ N0.
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Lemma 3.3 Let n ∈ N0 such that n > t0. Then we get the estimate

‖yn‖α ≤ C̃A ‖y0‖α e−λn
n−1∏
j=0

(1 + H1(ω, [ j, j + 1])) +
n−1∑
k=0

e−λ(n−k) H2(ω, [k, k + 1])

×
n−1∏

j=k+1

(1 + H1(ω, [ j, j + 1])),

where we define

H1(ω, [l, l + 1]) := C̃1CGργ,[l,l+1](X(ω))2P1(ω, [l, l + 1]),
H2(ω, [l, l + 1]) := max{C̃Aeλ, C̃1CG}(1 + ργ,[l,l+1](X(ω))2(1 + P2(ω, [l, l + 1]))).

(3.4)

Proof We apply Lemma 3.2 for t = n and obtain

‖yn‖α eλn ≤ C̃A ‖y0‖α + C̃2eλn + C̃1CG

n−1∑
l=0

eλl P3(ω, [l, l + 1])

= C̃A ‖y0‖α + C̃2eλn + C̃1CG

n−1∑
l=0

eλlργ,[l,l+1](X(ω))2(1 + ∥∥y, y′∥∥
D2γ

X(ω),α

)

≤C̃A ‖y0‖α + C̃2eλn + C̃1CG

n−1∑
l=0

eλlργ,[l,l+1](X(ω))2(1 + P2(ω, [l, l + 1]))

+ C̃1CG

n−1∑
l=0

eλlργ,[l,l+1](X(ω))2 ‖yl‖α P1(ω, [l, l + 1])

≤ C̃A ‖y0‖α+max{C̃Aeλ, C̃1CG }
n−1∑
l=0

eλl (1+ργ,[l,l+1](X(ω))2(1+P2(ω, [l, l+1])))

+ C̃1CG

n−1∑
l=0

eλlργ,[l,l+1](X(ω))2 ‖yl‖α P1(ω, [l, l + 1]).

With this we can now use the discrete Gronwall Lemma 2.28 for un := ‖yn‖α eλn to obtain

‖yn‖α eλn ≤ C̃A ‖y0‖α

n−1∏
j=0

(
1 + C̃1CGργ,[ j, j+1](X(ω))2P1(ω, [ j, j + 1]))

+
n−1∑
k=0

max{C̃Aeλ, C̃1CG}eλk(1 + ργ,[k,k+1](X(ω))2(1 + P2(ω, [k, k + 1])))

q ×
n−1∏

j=k+1

(
1 + C̃1CGργ,[ j, j+1](X(ω))2P1(ω, [ j, j + 1])) .

since C̃A > 1. ��
The last ingredient required for the existence of an absorbing set is based on ergodic

properties of the noise. Since X is Gaussian all moments of X and X exists and in particular
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all moments of the respective Hölder seminorms. Regarding the ergodicity of the metric
dynamical system (θt )t∈R, Birkhoff’s ergodic theorem leads to

lim sup
n→∞

1

n

n∑
j=1

[
X(θ− jω)

]q
γ,[−1,1] = E

[
[X ]qγ,[−1,1]

]
=: Kq

lim sup
n→∞

1

n

n∑
j=1

[
X(θ− jω)

]q
γ,�[−1,1] = E

[
[X]q2γ,�[−1,1]

]
=: Kq ,

(3.5)

for q ≥ 1. We further set Kq := Kq + Kq and prove our main result. For a better compre-

hension we recall that Ñ =
⌈
(4M̃)

1
1−max{σF ,2γ }

⌉
, where M̃ depends on F, G as discussed in

Remark 2.16, C̃1 = C1eλA max
{

L̃,
M1−σF

2

}
and define

C(Ñ ) := max{2(1 + Ñ ), 24(1+Ñ )3Ñ M1+Ñ }.

Note that Ñ determines the highest order moment of (X ,X) that we must control. Since the
noise was assumed to be Gaussian, the concrete value of Ñ is not important.

Lemma 3.4 Let Assumptions 2.4, 2.8 and 2.17 be satisfied and further assume that

λA − 2(C−σF CF�(1 − σF ))
1

1−σF > c(Kq + 1), (3.6)

where q and c are given by

c := C(Ñ )max{M̃, C̃1CG}, q := 4(1 + Ñ )

γ − η
. (3.7)

Then the random dynamical system φ associated to (1.1), possesses a random pullback
D-absorbing set B(ω).

Proof We fix D(ω) ∈ D and estimate φ(t, θ−tω, y0(θ−tω)) for y0(ω) ∈ D(ω). To this aim
we combine Lemma 3.3 and (2.13) to obtain for t0 < t ∈ [n, n + 1]

‖φ(t, θ−t ω, y0(θ−t ω))‖α ≤ ‖yn(θ−t ω)‖α P1(θ−t ω, [n, n + 1]) + P2(θ−t ω, [n, n + 1])

≤ C̃A ‖y0(θ−t ω)‖α P1(θ−t ω, [n, n + 1])e−λn
n−1∏
j=0

(1 + H1(θ−t ω, [ j, j + 1]))

+ P1(θ−t ω, [n, n + 1])
n−1∑
k=0

e−λ(n−k) H2(θ−t ω, [k, k + 1])

×
n−1∏

j=k+1

(1 + H1(θ−t ω, [ j, j + 1])) + P2(θ−t ω, [n, n + 1]).

Due to Lemma 2.14 iii) we have Pi (θτω, [s, t]) = Pi (ω, [s + τ, t + τ ]) as well as
Hi (θτω, [s, t]) = Hi (ω, [s + τ, t + τ ]) for i = 1, 2 and τ ∈ R. Applying this to the
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previous estimate, we obtain

‖φ(t, θ−tω, y0(θ−tω))‖α

≤ C̃A ‖y0(θ−tω)‖α P1(ω, [−1, 1])e−λn sup
ε∈[0,1]

n∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε]))

+ P1(ω, [−1, 1]) sup
ε∈[0,1]

∞∑
k=1

e−λk H2(θ−kω, [−ε, 1 − ε])

×
k−1∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε])) + P2(ω, [−1, 1]).

For the first term one can use the fact that y0 is tempered, and therefore e−κt ‖y0(θtω)‖α → 0
for t → ∞ and κ > 0. To compute this κ , we note that log(1+ aeb) ≤ a + b, which leads to

log(1 + H1(ω, [s, t])) ≤ Ns,t (ω)M̃(1 + Ñ )

+ C̃1CG Ñργ,[s,t](X(ω))2(M Ns,t (ω)(1 + [X(ω)]γ,[s,t]))1+Ñ .

Using Lemma 2.14 and (a + b)p ≤ 2p−1(a p + bp) we can bound the noise terms by

ργ,[s,t](X(ω))2Ns,t (ω)1+Ñ (1 + [X(ω)]γ,[s,t]))1+Ñ

≤ 24(1+Ñ )

(
[X(ω)]2γ,[s,t] + [X(ω)]22γ,�[s,t] + [X(ω)]

4(1+Ñ )
γ−η

γ,[s,t] + [X(ω)]
2(1+Ñ )

γ−η

2γ,�[s,t]

)

Therefore we obtain

1

n
log

⎛
⎝ sup

ε∈[0,1]

n∏
j=1

(1 + H1(θ− j ω, [−ε, 1 − ε]))
⎞
⎠

≤ sup
ε∈[0,1]

1

n
log

⎛
⎝ n∏

j=1

(1 + H1(θ− j ω, [−ε, 1 − ε]))
⎞
⎠

≤ M̃(1 + Ñ ) sup
ε∈[0,1]

1

n

n∑
j=1

N−ε,1−ε(θ− j ω)

+ 24(1+Ñ ) Ñ M1+Ñ C̃1CG

× sup
ε∈[0,1]

1

n

n∑
j=1

(
[X(ω)]2γ,[−ε,1−ε] + [X(ω)]22γ,�[−ε,1−ε] + [X(ω)]

4(1+Ñ )
γ−η

γ,[−ε,1−ε] + [X(ω)]
2(1+Ñ )

γ−η

2γ,�[−ε,1−ε]

)

≤ M̃(1 + Ñ ) + M̃(1 + Ñ )χ
− 1

γ−η sup
ε∈[0,1]

1

n

n∑
j=1

(
[X(ω)]

1
γ−η

γ,[−ε,1−ε] + [X(ω)]
1

2(γ−η)

2γ,�[−ε,1−ε]

)

+ 24(1+Ñ ) Ñ M1+Ñ C̃1CG

× sup
ε∈[0,1]

1

n

n∑
j=1

(
[X(ω)]2γ,[−ε,1−ε] + [X(ω)]22γ,�[−ε,1−ε] + [X(ω)]

4(1+Ñ )
γ−η

γ,[−ε,1−ε] + [X(ω)]
2(1+Ñ )

γ−η

2γ,�[−ε,1−ε]

)
.
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Using the ergodic properties of the noise (3.5) the limit superior can be bounded by

lim sup
n→∞

1

n
log

⎛
⎝ sup

ε∈[0,1]

n∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε]))
⎞
⎠

≤ M̃(1 + Ñ ) + M̃(1 + Ñ )χ
1

γ−η (K 1
γ−η

+ K 1
2(γ−η)

)

+ 24(1+Ñ ) Ñ M1+Ñ C̃1CG

(
K2 + K 4(1+Ñ )

γ−η

+ K 2(1+Ñ )
γ−η

)
≤ cKq + c,

with c and q defined in (3.7), where we used that χ
1

γ−η < 1. Therefore, the right-hand side
of (3.6) depends only on c and on a specific moment of the Gaussian rough path X(ω) of
order q. Furthermore, there exists for any δ > 0 some n0 ∈ N0 such that for all n ≥ n0

sup
ε∈[0,1]

n∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε])) ≤ e(cKq+c+δ)n . (3.8)

Due to (3.6) we have that λ− cKq − c − δ > 0 for some small δ > 0. Then the temperedness
of y0, meaning that e−κt ‖y0(θtω)‖α → 0 for t → ∞ and κ > 0, leads to

‖φ(t, θ−tω, y0(θ−tω))‖α ≤ 1 + P1(ω, [−1, 1]) sup
ε∈[0,1]

∞∑
k=1

e−λk H2(θ−kω, [−ε, 1 − ε])

×
k−1∏
j=1

(1 + H1(θ− jω, [ε, 1 − ε])) + P2(ω, [−1, 1]).

It remains to show that the expression on the right-hand side is a tempered random variable.
First, note that P2(·, [−1, 1]) is integrable due to Lemma 2.18. In particular, due to the special
structure of P2 it is easy to show that also log(P2(·, [−1, 1])) ∈ L1(
) and therefore

lim sup
t→∞

log(P2(θtω, [−1, 1]))
t

= 0,

due to [2, Theorem 4.1.3 i)]. In conclusion (2.14) is fulfilled, and P2(·, [−1, 1]) is tempered.
The same argument can be used to show that also H2(·, [−ε, 1−ε]) is tempered, so for every
δ > 0 there exists a n0 ∈ N0 such that for k ≥ n0 we get the bound

H2(θ−kω, [−ε, 1 − ε]) ≤ eδk .

Together with (3.8) this leads to

r(ω) := sup
ε∈[0,1]

∞∑
k=1

e−λk H2(θ−kω, [−ε, 1 − ε])
k−1∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε]))

≤
∞∑

k=n0

e−(λ−cKq−c−δ)k + sup
ε∈[0,1]

n0−1∑
k=1

e−λk H2(θ−kω, [−ε, 1 − ε])

×
k−1∏
j=1

(1 + H1(θ− jω, [−ε, 1 − ε])) < ∞,

due to (3.6), so the series is well-defined. In order to show the measurability, we recall that
since X is a geometric rough path, the Hölder norms are continuous with respect to the
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time interval, according to Remark 2.3. Therefore, ε 	→ Hi (ω, [−ε, 1 − ε]) for i = 1, 2
is continuous. In conclusion, the supremum can be taken over [0, 1] ∩ Q instead of [0, 1]
entailing the measurability. Now, the temperedness of r follows by similar arguments as
in [9, Proposition 3.5]. For this we need the continuity of the Hölder seminorms [X ]γ,[s,t]
and [X]2γ,�[s,t] as obtained in 2.3 and that Hi , defined in (3.4), satisfies Hi (θτω, [s, t]) =
Hi (ω, [s + τ, t + τ ]) for i = 1, 2 and τ ∈ R. Further, we have

lim sup
|t |→∞

log(P1(θtω, [−1, 1])r(θtω))

|t | ≤ lim sup
|t |→∞

log(P1(θtω, [−1, 1]))
|t |

+ lim sup
|t |→∞

log(r(θtω))

|t | = 0,

and therefore the temperedness of P1(·, [−1, 1])r(·) by [2, Theorem 4.1.3 i)]. With the
temperedness of P2(·, [−1, 1]), also R(ω) := 1 + P1(ω, [−1, 1])r(ω) + P2(ω, [−1, 1]) is
tempered.
In conclusion, B(ω) := B(0, R(ω) + δ), for some small δ > 0 is a random absorbing set for
φ in Eα . ��

Theorem 3.5 Under the Assumptions 2.4, 2.8, 2.17 and (3.6) the random dynamical system
φ associated to (1.1), possesses a random pullback D-attractor A(ω).

Proof Since Lemma 3.4 ensures the existence of an absorbing set B(ω) ∈ D in Eα , we need
a compactness argument such that Theorem 2.25 provides a global attractorA(ω). Therefore
we define

K (ω) := φ(T1, θ−T1ω, B(θ−T1ω))
Eα ⊂ B(ω),

where T1 ≥ TB and TB is the absorbing time of B(ω). We omit here the ω-dependence of
the absorbing times. The fact that K (ω) is indeed absorbing is a direct consequence of the
cocycle property and the fact that B(ω) is an absorbing set. The proof of the compactness of
K (ω) follows from the compact embedding Eα+β ↪→ Eα for 0 < β < min{1−σF , γ −σG}.
Let y0 ∈ B(θ−T1ω) and observe that

∥∥φ(T1, θ−T1ω, y0)
∥∥

α+β
≤ ∥∥ST1 y0

∥∥
α+β

+
∥∥∥∥
∫ T1

0
ST1−r F(φ(r , θ−T1ω, y0)) dr

∥∥∥∥
α+β

+
∥∥∥∥
∫ T1

0
ST1−r G(φ(r , θ−T1ω, y0)) dXr (θ−T1ω)

∥∥∥∥
α+β

.

The first term can be bounded by using the fact that y0 ∈ B(θ−T1ω) = B(0, R(θ−T1ω) + δ)

and (2.4)

∥∥ST1 y0
∥∥

α+β
≤ C−βe−λAT1T −β

1 ‖y0‖α ≤ C−βe−λAT1T −β
1 (R(θ−T1ω) + δ) < ∞.
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Since F has linear growth, we can estimate the drift term by∥∥∥∥
∫ T1

0
ST1−r F(φ(r , θ−T1ω, y0)) dr

∥∥∥∥
α+β

≤ C−β−σF

∫ T1

0
e−λA(T1−r)(T1 − r)−β−σF

∥∥F(φ(r , θ−T1ω, y0))
∥∥

α−σF
dr

≤ CF C−β−σF

∫ T1

0
e−λA(T1−r)(T1 − r)−β−σF

(
1 + ∥∥φ(r , θ−T1ω, y0)

∥∥
α

)
dr

≤ CF C−β−σF

∫ 0

−T1
eλAr (−r)−β−σF

(
1 + ∥∥φ(r + T1, θ−T1ω, y0)

∥∥
α

)
dr .

Since B(ω) is an absorbing set, with absorbing time TB = TB(ω) ≤ T1, we have

φ(T1, θ−T1ω, y0) ⊂ B(ω).

Now we use the cocycle property

φ(T1 + r − r , θ−T1ω, y0) = φ(T1 + r , θ−T1θ−rω, y0) ⊂ B(ω),

and replace ω by θrω to obtain

φ(T1 + r , θ−T1ω, y0) ⊂ B(θrω).

Therefore, we get∥∥∥∥
∫ T1

0
ST1−r F(φ(r , θ−T1ω, y0)) dr

∥∥∥∥
α+β

≤ CF C−β−σF

∫ 0

−T1
eλAr (−r)−β−σF

(
1 + R(θrω) + δ

)
dr ,

where the integral is bounded due to the temperedness of R and β < 1 − σF . For the rough
integral we combine (2.6), (2.8) and (2.10) to get∥∥∥∥∥

∫ T1

0
ST1−r G(φ(r , θ−T1ω, y0)) dXr (θ−T1ω)

∥∥∥∥∥
α+β

≤ CI CGργ,[0,T1](X(θ−T1ω))2T −β+γ−σG
1

× (1 + ‖y0‖α P1(θ−T1ω, [0, T1]) + P2(θ−T1ω, [0, T1])
)

≤ CI CGργ,[0,T1](X(θ−T1ω))2T −β+γ−σG
1 (1 + (R(θ−T1ω) + δ)P1(θ−T1ω, [0, T1])

+ P2(θ−T1ω, [0, T1])),
which is finite due to β + σG < γ . This shows that∥∥φ(T1, θ−T1ω, y0)

∥∥
α+β

≤ ∞,

for arbitrary y0 ∈ B(θ−T1ω), which leads to K (ω) ∈ Eα+β . Therefore, K (ω) is a compact
absorbing set in Eα . ��
Remark 3.6 (i) Condition (3.6) means that an attractor of (1.1) exists if the nonlinearities

are sufficiently small in comparison to the spectral bound of the operator A. However
this criterion is more flexible than the one derived in [31], where it is assumed that
max{LG , ‖G(0)‖α−σ , ‖DG(0)G(0)‖α−γ−σ } < 1. Here LG incorporates the Lipschitz
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constants of G, DG and D2G. In contrast, our technique also offers the possibility of
taking CG > 1 by selecting a sufficiently large λA. A similar condition to (3.6) was
obtained in [9] for Young differential equations. We note that we have to control higher
moments of the noise term X, which is possible since X is assumed to be a Gaussian
rough path.

(ii) If the noise is additive, the existence of a random dynamical system can be established,
transforming the SPDE into a random PDE using the stationary Ornstein-Uhlenbeck
process. In this case, the condition for the existence of the attractor (3.6) simplifies to

λA > 2(C−σF CF�(1 − σF ))
1

1−σF ,

which is consistent with other results for additive noise and the assumption F : Eα → Eα

(consequently σF = 0), compare [29, Assumption 2].

Going back to our setting, a major advantage of this method is that it directly allows us to
investigate the regularity of the random attractor.

Corollary 3.7 Under the Assumptions 2.4, 2.8 and 2.17 let 0 < β < min{1 − σF , γ − σG}
and assume further

λA − 2(C−σF −βCF�(1 − σF − β))
1

1−σF −β > cβ(Kq + 1),

with C̃1,β = max{CI , C−βCI }eλA min
{

L̃,
M1−σF −β

2

}
and

cβ := C(Ñ )max{M̃, C̃1,βCG}.
Then the random pullback D-attractor A obtained in Theorem 3.5 also belongs to Eα+β .

Proof Let y0(ω) ∈ D(ω) where D(ω) ⊂ D is a tempered set in Eα as in Lemma 3.4. We
need to estimate φ(t, θ−tω, y0(θ−tω)) in the Eα+β -norm, similar as in Lemma 3.4. The only
estimates, that we need to change, are the ones in Lemma 3.3. Based on the computations in
Lemma 3.1 we observe that for 0 < β < min{1−σF , γ −σG}we can improve the estimates
for the integral terms, exploiting the smoothing property (2.4)

∥∥∥∥
∫ t

0
St−r G(yr ) dXr (ω)

∥∥∥∥
α+β

≤ CGC1

�t�∑
l=0

e−λA(t−l−1) P3(ω, [l, l + 1]),
∥∥∥∥
∫ t

0
St−r F(yr ) dr

∥∥∥∥
α+β

≤ C−σF −βCF

∫ t

0
e−λA(t−r)(t − r)−σF −β ‖yr‖α dr + C2,β ,

(3.9)

for all t ≥ 0 and C2,β := C−σF −βCFλ
σF +β−1
A �(1 − σF − β). Further, we get

‖St y0(ω)‖α+β ≤ C−βeλAt t−β ‖y0(ω)‖α and combining this with (3.9) one obtains simi-
lar as in Lemma 3.4 an absorbing set. The compactness is shown in the same way as in
Theorem 3.5. ��

4 Applications

We provide examples for the nonlinear term G and indicate how the condition (3.6) on the
existence of random attractors can be verified in concrete applications. Since the conditions
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on F are less restrictive than those on G, we can consider in both examples a global Lipschitz
nonlinearity F . Due to the specific form of the condition (3.6), the resulting constant CF can
be compensated by terms depending on A or G. Therefore, we focus on G and A.

4.1 PDEs with Multiplicative Rough Boundary Noise

As in [33], we let O ⊂ R
d be a bounded domain with C∞-boundary and consider the

semilinear parabolic evolution equation with multiplicative rough boundary noise in E :=
L p(O), for 1 < p < ∞, given by⎧⎪⎨

⎪⎩
∂
∂t y = Ay in O,

Cy = G(y) d
dt X on ∂O,

y(0) = y0.

(4.1)

Similar problems were treated in [37], where the boundary noise is a Brownian motion and
in [10], where additive fractional noise was considered. Here X is a γ -Hölder rough path
cocycle which satisfies Assumption 2.17 with γ ∈ ( 13 ,

1
2 ], for example, the rough path lift of

a fractional Brownian motion. Furthermore,A is a formal second order differential operator
in divergence form with Neumann boundary conditions C given by

Au :=
d∑

i, j=1

∂i
(
ai j∂ j

)
u − λAu, Cu :=

d∑
i, j=1

νiγ∂ai j∂ j u,

where the coefficients ai j : O → R are smooth, λA > 0 a constant, (ai j )
d
i, j=1 is symmetric

and uniform elliptic, meaning that there exists some constant k > 0 such that for all ξ ∈ R
d

and x ∈ O we have

d∑
i, j=1

ai j (x)ξiξ j ≥ k |ξ |2 .

Let A : D(A) ⊂ E → E be the E-realization of (A, C)with D(A) := {u ∈ H2,p(O) : Cu =
0} and (Eα)α∈R the respective fractional power scale. Since we consider a boundary value
problem, we need also a second scale for the boundary data Ẽα := Hα,p(∂O). Further, we
introduce the Neumann operator N , which is the solution operator to

Au = 0 in O,

Cu = g on ∂O,

and satisfies N ∈ L(Ẽα; Eε) for some ε < 1
2 + 1

2p . In [33] it was shown one can transform
(4.1) to a semilinear problem without boundary noise. This reads as{

dy = Ay dt + A−θ−2γ N G(y) dXt ,

y(0) = y0 ∈ E−θ ,
(4.2)

where θ := 1 − ε and A−θ−2γ ∈ L(E1−θ−2γ ; E−θ−2γ ) is an extrapolation operator, see
[1, Chapter V]. Note, that in [33] the equivalence of (4.1) and (4.2) was proved for A−θ−γ

instead of A−θ−2γ . Since A−θ−γ ⊂ A−θ−2γ , we work now with A−θ−2γ . This is due to the
fact that A−θ−γ N G does not satisfy Assumption 2.8, since A−θ−γ N G(y) is not well-defined
for y ∈ E−η−2γ .
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Remark 4.1 For a better comprehension, we recall here that extrapolation operators are neces-
sary since N y does not belong to D(A). Due to this reason, we need an extension of A called
extrapolation operator A−ι, for a suitable choice of ι. This means that A−ιN y is well-defined.

Theorem 4.2 Let λA > 0 be large enough such that (3.6) holds. We further assume that
there exists a σ > θ + 1 + 1

p such that for any ϑ ∈ {0, γ, 2γ } the diffusion term G :
E−θ−ϑ → Ẽ−θ−ϑ+σ is bounded and three times continuously Fréchet differentiable with
bounded derivatives and that the derivative of

DF(·) ◦ A−σ N G(·) : B−θ−γ → B̃−θ−γ+σ

is bounded, A has a compact resolvent and the principal part, i.e. Ã :=∑d
i, j=1 ∂i

(
ai j∂ j

)
is

dissipative and there exists a constant a0 > 0 such that Ã−a0 is surjective. Then there exists
a random dynamical system for (4.2)on E−θ which possesses a global random D-attractor.

Proof As in [33] it can be shown that A−θ−2γ N G(y) satisfies the assumptions stated in
Remark 2.19 with σG = 0. Consequently, there exists a global-in-time solution which gen-
erates a random dynamical system [33, Theorem 3.20, 4.3] on E−θ .

It is known that the operator A satisfiesAssumption 2.4 i). Due to themaximal dissipativity
assumption, Lumer-Phillips Theorem yields the existence of an analytic semigroup (S̃t )t≥0

of contractions for the principal part Ã. Then the semigroup generated by A is given by St =
e−λAt S̃t and is therefore exponential stable with parameter λA, since (S̃t )t≥0 is contractive.
The compactness of the semigroup, follows from the fact that A has a compact resolvent, [1,
V.1.2.1]. The existence of the global attractor is then ensured by Theorem 3.5. ��

For the sake of completeness, we conclude with an example in the Young regime, i.e. γ ∈
( 12 , 1).

Example 4.3 If the noise X ∈ C γ̃ is Hölder continuous with parameter γ̃ > 1
2 , we can use

the Young integral instead of the rough one. The Young integral can be defined for a path
y ∈ C := C(Bα) ∩ C γ̃ (Bα−γ̃ ) as∫ t

s
St−r yr dXr = lim|P|→0

∑
[u,v]∈P

St−u yu Xv,u,

whereas (2.6) reads as∥∥∥∥∥∥
t∫

s

St−r yr dXr − St−s ys Xt,s

∥∥∥∥∥∥
α−γ̃+β

� ‖y‖C[X ]γ̃ (t − s)2γ̃−β,

for β < 2γ̃ . In order to solve (1.1), the nonlinear term G needs to be only two times Fréchet
differentiable. The existence theory of random attractors developed in this work carries over
to the Young case as well, modifying (3.6) accordingly. More precisely, the constant c differs
and Kq = Kq .

As a particular application of Theorem 3.5 we obtain a random pullback D-attractor
for (4.1) with Dirichlet boundary noise instead of Neumann. The global well-posedness
of (4.1) with Dirichlet boundary noise in the Young regime was established in [33, Theorem
3.24].
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4.2 Parabolic PDEs with Multiplicative Rough Noise

Example 4.4 We consider the parabolic PDE on E := L p(O) for 1 < p < ∞ given by{
dy = Ay dt + G(y) dXt ,

y(0) = y0 ∈ Eα,
(4.3)

where A is a second order operator in E which fulfills Assumption 2.4 with λA > 0. For
example, A := �D − λA where �D denotes the Dirichlet-Laplacian and λA > 0. The
corresponding scale is then given by

Eβ :=
{

H2β,p(O), 0 ≤ β < 1
2p

H2β,p
0 (O), 1

2p < β ≤ 1, β �= p+1
2p .

We define for some α ∈ R, σ < γ and ϑ ∈ {0, γ, 2γ } the mapping

G : Eα−ϑ → Eα−ϑ−σ , u 	→ (−�D)σ u.

Theorem 4.5 Let λA be large enough such that (3.6) is satisfied. Then there exists a random
dynamical system φ on Eα for (4.3) that possesses a random pullback D-attractor.

Proof In this caseG is a linear bounded operator, therefore theAssumptions 2.8 2) is satisfied,
compare [26, Example 4.1]. The existence of the random pullback attractor follows from
Theorem 3.5. ��
Example 4.6 We consider a nonlinear integral operator G, similar to [24, Sect. 7] and [16,
Sect. 7]. Here we treat the evolution equation on E := L p(O), for p ≥ 3, given by{

dy = Ay dt + G(y) dXt ,

y(0) = y0 ∈ Eα,
(4.4)

where A = �D − λA with λA > 0 as in the previous example. We further choose α > 3γ
which leads to Eα−ϑ−σ ↪→ L p(O). We introduce the operator G as

G : Eα−ϑ → Eα−ϑ−σ , u 	→
∫
O

g(·, u(x)) dx .

for ϑ ∈ {0, γ, 2γ }. The kernel g : O × R → R is assumed to be bounded and three times
continuously differentiable with bounded derivates such that sup

x∈R

∥∥Dk
2g(·, x)

∥∥
α−ϑ−σ

≤ C <

∞ for k = 0, 1, 2, 3 and g|∂O×R = 0.

Theorem 4.7 Let λA be large enough such that (3.6) is satisfied. Then there exists a random
dynamical system φ for (4.4) on Eα that possesses a random pullback D-attractor.

Proof Similar as in [27, XVII.3], it is easy to see, that G is well-defined and three times
Fréchet differentiable with

[DG(u)](h1) =
∫
O

D2g(·, u(x))h1(x) dx,

[D2G(u)](h1, h2) =
∫
O

D2
2g(·, u(x))h1(x)h2(x) dx,

[D3G(u)](h1, h2, h3) =
∫
O

D3
2g(·, u(x))h1(x)h2(x)h3(x) dx .
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Due to the boundedness assumption on g and the embedding Eα−ϑ−σ ↪→ L p(O), all these
derivatives are bounded operators from E⊗k

α−ϑ to E−ϑ for k = 1, 2, 3 and ϑ ∈ {0, γ, 2γ }.
Furthermore, since g is bounded, also G is bounded. This means that the Assumption 2.8

2) is satisfied. In conclusion the existence of a global attractor for (4.4) follows from Theo-
rem 3.5. ��

Remark 4.8 Note that in Example 4.4 and 4.6 we do not impose as in [31] that
max{LG , ‖G(0)‖α−σ , ‖DG(0)G(0)‖α−γ−σ } < 1, where LG incorporates the Lipschitz
constants of G, DG and D2G.
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