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Abstract

This work establishes the existence and regularity of random pullback attractors for parabolic
partial differential equations with rough nonlinear multiplicative noise under natural assump-
tions on the coefficients. To this aim, we combine tools from rough path theory and random
dynamical systems. An application is given by partial differential equations with rough bound-
ary noise, for which flow transformations are not available.

Keywords Rough partial differential equations - Singular Gronwall inequality - Random
pullback attractors - Rough boundary noise
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1 Introduction

We investigate the asymptotic behavior of the semilinear parabolic evolution rough partial
differential equation (RPDE) given by

dyr = (Ay; + F(y)) dt + G(y;) dX;, (1.1)
y(0) = yo € E, '

where E is a separable Banach space, A : D(A) C E — E is the generator of an expo-
nentially stable analytic semigroup, F', G are nonlinear terms and X is a y-Holder Gaussian
rough path for y € (%, %]. Under suitable assumptions on the coefficients, we prove the
existence and regularity of a pullback attractor, which is a compact random set of the phase
space describing the long-time behavior of (1.1). There are several major technical difficul-
ties one encounters, when trying to investigate the existence of invariant sets for stochastic
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partial differential equations (SPDEs). A first conceptual difficulty is to employ the concept
of random dynamical systems (RDS) [2] for SPDE:s. It is well-known that an Itd-type SDE
generates an RDS under natural assumptions on the coefficients [2, 30]. However, the gener-
ation of an RDS from an It6-type SPDE has been a long-standing open problem, mostly since
Kolmogorov’s theorem breaks down for random fields parametrized by infinite-dimensional
Hilbert spaces. As a consequence, it is not trivial, to obtain a RDS from a general SPDE.
This problem was fully solved only under very restrictive assumptions on the structure of
the noise driving the SPDE. For instance, if one deals with purely additive noise or linear
multiplicative Stratonovich noise, there are standard flow transformations which reduce the
SPDE to a PDE with random non-autonomous coefficients. Since this random PDE can be
solved pathwise, it is straightforward to obtain an RDS. However, for nonlinear multiplicative
noise, this technique is no longer applicable. In the rough path setting, these issues do not
occur, due to the fact that the solution exists pathwise, without transforming the SPDE into a
random PDE. Provided that the noise forms a rough path cocycle, the generation of a random
dynamical system from rough differential equations was established in [3]. For RPDE:s this
aspect was considered in [5, 25, 26, 28], where a major difficulty is the global existence of
the solution.

There are numerous results on the existence of attractors for stochastic partial differential
equations, starting with the famous works by Crauel and Flandoli [7] and Schmalfuss [11,
36]. These are applicable to equations driven by additive [20] or linear multiplicative noise
[19] and use flow transformations. However, there are very few works [4, 15, 31] which
use a pathwise solution theory to study attractors for SPDEs. Moreover, all these techniques
lead to certain restrictions on the diffusion coefficient G [31] or on the noise [15]. In [31]
the growth bound of the Lipschitz continuous nonlinear term G is assumed to be smaller
than one, whereas in [15] the trace of the infinite-dimensional fractional Brownian motion
is assumed to be small. The techniques in [4, 15, 31] rely on stopping times which directly
control the size of the noise on a certain time interval and are required to be on average
smaller than one, leading to the restrictions mentioned above.

Our approach is based on the integrable solution bounds for rough partial differential
equations recently obtained in [34]. This technique uses Greedy times [6, 13] instead of
stopping times, which are defined in terms of a control, see Definition 2.13. Their number
N;./(w) on a time interval [s, ] has much better integrability properties than the p-variation
(or Holder) norm of the given rough path. Modifying the sewing lemma in order to incorporate
the control instead of the Holder norm of the solution, the authors in [34] derived an integrable
bound on the solution of (1.1) on a time interval [s, 7] in terms of N; ;(w) and a polynomial
expression containing the Holder norms of the driving rough path. Such bounds already
turned out to be useful for the stability and for the existence of invariant manifolds for rough
differential equations [35] improving the assumptions on the coefficients made in [32]. In
our case, this method improves the restriction on the smallness of the growth bound of the
coefficient G required for the existence of the attractor in [31]. Another major advantage of
this method is that it directly allows us to investigate the regularity of the random attractor.
This is natural for parabolic SPDEs perturbed by additive or linear multiplicative noise. For
instance, in [8, Sect. 3.1] a stochastic reaction-diffusion equation with Dirichlet boundary
conditions on a domain O, driven by finite-dimensional additive noise was considered on the
phase space L?(©). It was shown that its random attractor is contained in a ball of H(} (0)
with random radius. To the best of our knowledge, there are no results on the regularity of
attractors for rough PDEs as (1.1) considered here. All the available results regarding the
regularity of random attractors, such as [8, 39] and the references specified therein, use flow
transformations. We also believe that these tools can be further used to obtain a bound on the
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box dimension of the attractor or to prove the existence of exponential attractors [29] which
automatically entails a bound on their box dimension. We leave these aspects for a future
work.

This manuscript is structured as follows. Section 2 collects basic results from rough path
theory and random dynamical systems. Section3 contains the main results (Lemma 3.4,
Theorem 3.5, Corollary 3.7) on the existence and regularity of a random pullback attractor
for (1.1). Analogously to [28, 31, 32, 35] we discretize (1.1) and use the integrable bounds
derived in [34] to estimate the controlled rough path norm of the solution on a time interval
of length one. Thereafter, we establish the existence of a random absorbing set for (1.1) using
a version of the singular Gronwall-Henry inequality [23]. This is necessary due to the fact
that the nonlinear term F is allowed to lose spatial regularity and leads to an a-priori estimate
which contains the derivative of the Mittag—Leffler function. This is a generalization of the
exponential function and therefore has a similar asymptotic behavior [23, 38]. This fact is
crucial for our aims, since we are interested in the long-time behavior of (1.1). The arguments
in the computation of the absorbing set based on the singular Gronwall inequality and rough
path estimates are new and of independent interest.

The existence of an absorbing set together with a compactness argument for parabolic
PDEs yield the existence of an attractor for (1.1). In Sect.4 we provide examples for the
coefficients of (1.1) which satisfy the conditions imposed for the absorbing set in Sect.3. A
main application which fits into our framework is given by parabolic PDEs with rough
boundary noise. The well-posedness and generation of a random dynamical system in this
case was investigated in [33]. In this work we go a step further and establish the existence
of random pullback attractors. To our best knowledge, this is the first result in this direction
for this type of equations. Even if the noise is additive or linear multiplicative, since it is
acting on the boundary, it is not possible to transform such equations into PDEs with random
coefficients.

2 Preliminaries

In this section, we collect some basic results on rough paths [12, 14] and rough convolu-
tions for semilinear parabolic problems [21] as well as concepts from the theory of random
dynamical systems. Furthermore, we provide the assumptions on the coefficients of (1.1) and
the construction of a sequence of greedy time steps required in order to establish integrable
bounds for the rough integral [34].

2.1 Rough Path Theory

We denote by C*([0, T]; E) the «-Holder continuous paths with values in some Banach space
E, and write [ -], g for the Holder seminorm as well as ||| o £ for the supremums norm. In the
case of E := R, we write [-], or [-] [0,7] to emphasize the time dependence. When the time
interval is clear from the context, we use the abbreviation CY (E) to point out the interplay
between space and time regularity. Furthermore, let be Ay = {(s,t) € J x J : s < t}
for a compact interval J C R. Then, the noise is a d-dimensional y-Holder rough path
X = (X, X), for y € (1/3,1/2] with Xo = 0. Here we assume without loss of generality
that d = 1, since the generalization to d > 1 can be made componentwise. More precisely,
we have
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X eC’([0,T];R) and X e C¥(Apr;; R®R)
and the connection between X and X is given by Chen’s relation
X‘v,t - X.v,u - Xu,t - Xs,u ® Xu,t,

for s < u < t, where we write X , := X, — X, for any path. Let us further introduce an
appropriate metric on the space of rough paths.

Definition 2.1 Let X = (X, X) and X = (X, X) be two y-Hélder rough paths and T > 0.
We introduce the y-Holder rough path (inhomogeneous) metric

d, ;X% = sup [Xs,0 — Xs.,¢] n 1Xs,r — X/
e s.0en, 1t —slY snea, lt—s>

and set p,, 7 (X) :=d, j(X, 0).

A subclass of Holder rough paths, are those resulting from the closure of smooth functions
with respect to the introduced rough path metric.

Definition 2.2 Wecall X = (X, X) a geometric y-Holder rough path if there exists a sequence
(X" pen C C*([0, T]; R) such that X" := (X", X"), where X" is the canonical lift of X"

t
X", ::/ X", ®dx”, @2.1)
S

converges in the rough path topology to X, i.e. dy, j0,71(X", X) — 0 forn — oo.

Remark 2.3 The convergence dy, [0,71(X;, X) — 0 for n — oo in the definition above is
equivalent to

[Xn — Xl 01—~ 0 and  [X, =Xy Ay = O,

for n — oo. But this means that X € C%¥ ([0, T]; R) and X € C%-2¥ (A, 71; R®R), where
€7 is the closure of smooth paths with respect to the Holder norm. Therefore, we have the
continuity of Ao 71 — R, (s, 1) = [X], [, as well as for the Holder norm of X, see for
example [14, Theorem 5.33].

Let us now specify the necessary assumptions on the linear part of (1.1). We refer to Sect.4
for concrete examples.

Assumption 2.4 (1) The operator A : D(A) C E — FE is densely defined, generates a
compact analytic semigroup (S;);¢[0,00) and has bounded imaginary powers.
(2) The semigroup is exponentially stable, which means that there exist constants A4, C4 > 0

such that [|S; || o(gy < Cae™4" for every t > 0.

These conditions ensure that the fractional powers of A exist. So define E, := D(A%)
endowed with the norm ||-||, := [|A%:||[g for « > 0 and also E_, as the closure of E with
respect to the norm ||-||_, = ||A“"~H - We obtain a family of separable Banach spaces
(Eq, lI'llg)acr Which are continuously embedded, i.e. E, < Eg for @ < B and satisfy

E@p-w9t+a = [Ea, Egls (2.2)

fora < B and 8 € (0, 1), where [-, -]y denotes the complex interpolation, see for example
[1, Theorem V.1.5.4]. In particular, this implies the interpolation inequality

el S 8o g2z, (2.3)
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for o < ap < a3z and x € Eg;. Therefore (Eq, ||Ill¢)ack is an example of a monotone
family of interpolation spaces as introduced in [21, Definition 2.1]. Further, the compactness
of the semigroup ensures that the embeddings Eg — E, for B > « are compact.

The main advantage of this approach is that we can view the semigroup (S;)s¢[0,00) g€n-
erated by A as a linear mapping on these interpolation spaces and obtain a trade-off between
spatial and time regularity. In particular, regarding the assumed exponential stability, we
have that S; € L(E,) and for every A4 € (0, XA), o € R, o € [0, 1] there exists a constant
C_s(Ayg) = C_s > 0 such that

ISixlg+o < Coge 417 |xlly 24

fort > 0, see [40, Theorem 7.7.2 iii)]. Throughout the manuscript we fix A4 < XA

Keeping this in mind, we now introduce the definition of a controlled rough path tailored to
the parabolic structure of the PDE we consider, in the spirit of [21]. This is convenient for our
aims, since the semigroup will not be incorporated in the definition of the controlled rough
path as in [18] or alternative approaches [22, 24] which iterate the stochastic convolution into
itself.

Definition 2.5 We call a pair (y, y) a controlled rough path for some fixed « € Rif (y, y’) €
C(Ey) x (C(Eg—y) N CY(Ey—2y)) and the remainder

(s, 1) € Ajo,1] = R:vv,r = Vst T y;Xs,t

belongs to C¥(Eq—y) N C 2y (Eq—2y). The component y’ is often referred to as Gubinelli

derivative of y. The space of controlled rough paths is denoted by Di’fa and endowed with
the norm || - || DY given by
X«

[y ¥l = Wl + 1Y Moo by + V', ), + (R, + (R Dy, -

The first index in the notation above always indicates the time regularity, and the second
one stands for the space regularity. For simplicity, we often write [|y|loo,a := [V |loo, £, and
[ lya—2y == L’ 1y.Ey sy and analogously for the remainder. In order to emphasize the time

horizon, we write D?’a ([0, T]) instead of Diya.
Given this setting of controlled rough paths, one can introduce the rough convolution as
follows.

Theorem 2.6 ([21, Theorem 4.5]). Let (y, ') € D?ﬁa ([s, t]), then the limit

t

/St—r)’r dX, = |713i\§0 Z St—uYuXup + St—uy;Xu,vy
s [u,v]eP

exists as an element in E,, where P denotes a partition of [s,t]. For 0 < B < 3y the
following estimate

1
/St—ryr er_St—S(ySXs,t - y;XS,t)
s a=2y+p
= Ciopisn® |3, Y | i) € =777 2.5)

holds true, where C; := Cy(a, y, B) > 0.

@ Springer



2956 Journal of Dynamics and Differential Equations (2025) 37:2951-2979

Remark 2.7 Using (2.5) we obtain that
t t
/St—ryr dX, = /St—r)’r dX; — S5 (Vs X5 — ¥ K1)
s a=2y+p s a=2y+p

+ || St—s(ys X0 — y;Xs,t)”a,Zyﬂg
< Crpy1s.1X) |

¥ Y | gy €= YT NSl oEa, Buaye 1 oo = )Y [XTy

F 1Si=s 1 2By Ea-ayep) 1Y loo.amy (t = )7 [X]oy
< Crpys.nX) | t—s5)%F,

Y, y/“D?Za([”])
(2.6)

for a constant which we denote for convenience again by Cj.

We now specify which type of nonlinearities we consider.

Assumption 2.8 (1) There exists a constant o € [0, 1) such that the drift term F : E, —
Eq_op is Lipschitz continuous, with constant c r > 0, which in particular implies a
linear growth condition 1F) lag—op < NFO)llg—op + GF lx|l,. We further set Cr :=
max{[| F(0)llq—s, » CF}-

(2) There exists a og € [0, y) such that for any 9 € {0, y, 2y} the diffusion term G :
Eq_y — Eq_y_o; is bounded and three times Fréchet differentiable with bounded

derivatives, which means that ”DiG”L(E@- Ey oy < OO fori = 1,2,3and 9 €
a—9> Fa—v—oG

{0, y,2y}. We further set Cg :=  sup max |D'G o . .
D€{0,y.2y} i=1,2,3 ” ”‘C(Eu—z?'E”*ﬁ*UG)

Remark 2.9 In[34]the assumptionon G is stated forall¥ € [0, 2y ]insteadof ¥ € {0, y, 2y}.

Due to the fact that in our setting the scale of Banach spaces satisfies the interpolation

condition (2.2), we obtain the boundedness of D' G : Ef’i g = Ea—v_og forall ¥ € [0, 2y]

by a standard interpolation argument.

Under these conditions, it is known that (1.1) has for every yp € E, a unique global mild
solution which is a controlled rough path (y, y’) € D?{a([o, T1]) such that

t

t
3 = Siyo + / S F(y) dr + / 511G () dX,. @7
0 0

forr > 0 and y' = G(y), see [26, Theorem 3.8]. One major ingredient was there, that the
Gubinelli derivative satisfies y’ = G(y). Using this identity one can establish an estimate
without quadratic terms as in [21, Lemma 4.7].

Lemma 2.10 ( [26, Lemma 3.6]). Let Assumption 2.8 be satisfied and (y, G(y)) €
D?Za ([s, t]) be a controlled rough path. Then we have (G(y), (G(y))') € D?ZOHUG ([s, tD
with (G(y;)) = DG(y;) o G(y;) and the estimate

[60)- GOW lpr, . o = Coprsn®OU+ 1. CWpzr o) @)
So far we assumed that X is a deterministic path. Since, the main objective is to prove
the existence of a random attractor for (1.1), we work from now on in a stochastic setting.
Therefore, we fix a probability space (£2, F, IP) and recall the notion of a metric dynamical
system and rough path cocycles.
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Definition 2.11 The quadrupel (2, F, P, (6;);cr), Where 6; : Q — Qis measure-preserving,
is called a metric dynamical system if

(i) 6o = Idg,
(i) (¢, w) — Gwis B(R) ® F — F measurable,
(iii) O;45 =6, 00, forall t,s € R.

We call it an ergodic metric dynamical system if for any A € F, which is (6;);cgr invariant,
we have P(A) € {0, 1}.

Definition 2.12 ([3, Definition 2]). We call a pair
X=(X,X): Q- Cl.(R;R) x CiY.(Ap; R®R)

a (y-Holder) rough path cocycle if X|[o,7](w) is a y-Holder rough path for every T > 0 and
o € 2 and the cocycle property X s4/(w) = X;(0sw) as well as X ;1 (0) = X ;(0sw)
holds true for every s € R, ¢ € [0, c0) and w € Q.

In order to study the asymptotic behavior of (1.1), we have to estimate the norm of the
solution y on large time intervals, where the main challenge is to control the y-Holder norm
of the noise. For this purpose, we introduce a sequence of greedy time steps according to
[34] and a continuous control. The number of Greedy time steps within an interval has better
integrability properties than the Holder norms of the noise.

Definition 2.13 Letn € [0, y), x > 0,1 = [a, b] C R, and X(w) := (X (o), X(w)), w € Q,
be a y-Holder rough path cocycle.
(i) We define fora <s <t <b
Wi (@) = WX(w),y,n(S, 1)

[P

1 1 I
= SU.p Z(KI“F] _Kj) y=n <|X(w)Kj,Kj+] |V—U + |X(w)l(j,l(j+| |2(y—n))
PCls.t] =0

where the supremum is taken over all partitions P = {s = kg < k] < ... < k,, = t}
of [s, t].

(ii) We define the sequence of greedy times (7, (@)),eN, through 7o (w) := a and recursively
forn € Ny

Tt (©) = T 00 = 5up {7 € (7 (@), b1 | WI (@) < x )
(iii) Let
Ngp(w):=N(U,n, x, X(w)) :=inf{n > 0 | rnl(a)) = b},
be the number of greedy time steps in the interval /.

For a better readability, we omit in the following the dependencies of (7, (®w))neny, Na,b (@)
and Wy ,(w) on y, n, x and I, whenever this dependence is clear from the context.
The following properties are direct consequences of the previous definition.

Lemma2.14 Letn €[0,y), x > 0,1 =[a,b] CR, w € QandX := (X, X) bea y-Holder
rough path cocycle.
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(i) W is a continuous control, this means that for s < u <t the following subadditive
property is satisfied

Ws,u(a)) + Wu,t(w) S Ws,t(w)-

(ii) Fors <t we have the bounds
1
Ny () < Ws(@)x v +1,
1 1
Wy (@) = (t =) ([X(w)]y o T XK@y )

(iit) Wehave [X (6;®)]y (5,1 = [X(@)]y [s+r,e+r) and [X(6; w)]zy Mgy = K@)y Ay iin
forr € R. Inparticular, the same holds for Wy ;(0,®) = Wiy, t+r (w) and Ny ; (6, 0) =
Nytr t4r(0).

Proof (i) The proof is similar to [14, Proposition 1.15]. We use the abbreviation

d(s.1) = (t — ) 77 <|X<w>s,,}ﬁ 4 }X<w)s,,|ﬁ)

fors <t.LetP; C [s,u] and P, C [u, t] be two partitions of the respective intervals.
Then we obtain

doodti)+ Y dsiisivn) < W),
[ti tiv11€Py [si.si+11€P2

showing the subadditivity of W; ;. To prove the continuity, we show that Wy , is left and
right continuous. To this aim, we define

Wt 7 (w) = hl,llifzn\0 Wsthy,ih, (@),

where the limit exists due to the monotonicity of W ; and the fact that
Wi+ - (@) < Wi () < Wi 1+ (0).

We choose small positive numbers k1, hy, h3, hs and partitions Py, P of [s +hy, u —h;]
respectively [u + h3,t — ha]. Then we obtain similar as above

W&‘+h1,u7h2 (0)) + Wu+h3,t7h4 (a)) = Wv+h1,t7h4 (Cl)),

which shows that W+ ,- (@) is subadditive, since X (w) and X(w) are continuous. Fur-
thermore, we have d(s, t) < W+ ;- (w), and therefore

Yoo dtitig) =) Wi, (@) < W),

[t tix11CP [t tiv11CP

for an arbitrary partition P of [s, ¢]. Taking the supremum over all partitions P of [s, t]
entails W; ;(w) = Wi+ ;- (w). A similar computation shows that Wy ;(w) = Wi~ ;+(w),
which proves the the continuity of the control.

(i1) Due to the subadditivity of W; ;(w) we get

Ny.i(@0)=2 '

__1 __1 __1
Nor@) =1 Y Weo (@) 77 < Wogy o @) 77 < W @)y 77,
j=0
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which leads to the first estimate. For the second inequality, we note that

[Pl
Z(KJ-H - K/) <|X(w)Kj Kj+]|V T+ |X(w)Kj Kj+|| A= "))

[P

= Z(KI+] - K/) (|X(w)/(j K,+1| T+ |X(CU)K] Kjtl |2(V n))

[P | X (@) i | 7 |X(@)i; 1 | e
= Z:(KJH —Kj) <W> + (W)

IP| 1
< 2 =) (WO + BT, )

j=0
<@—s) ([X(w)]y ot [X(w)]f;ygli ,J)

yielding the second estimate, since the right-hand side is independent of the choice of
the partition.
(iii) Follows directly due to the cocycle property of the rough path cocycle X(w). O
Theorem 2.15 ([34, Theorem 2.13]). There exists a constant M > 1 and x € (0,1), n €
(G, y) witheMyv—1 < % such that the following statements are true.

~ 1
(i) Fors <tsuchthatt —s <1,t —s < (4M) '"mlor2rl =: d and any fixed v € Q the
solution (y, y") of (1.1) satisfies the inequality

sup [lyrlly = sup v, ¥ |2
rels. © 7 0=n=N (sl X @)1 | ” DYy, (Tn-Tnt1])
< eN(ls,tJ,n,x,X(w))M ”ys ”a (2.9)
N Us,tln . X(@)M+M _
+ M _ 1 P(X(@)]y 15,1 [X(@)]ay, A )

where P(x,y) :=14+x+y +x(x%+ y).
(ii) For arbitrary intervals with 1 > t — s > d and any fixed € Q, the solution (y, y') of
(1.1) satisfies for a deterministic constant M > 0 and N := [d~'(t — 5)] the estimate

~ S\ N+
19V L o = N (MN @0+ X @, o e @)y,

X(w), o
eNsi(@M+M _

+ MﬁNx,t(w)(l + [X(w)]y,[s,t])TP([X((U)]%[S,I] X))oy A
N

3 (MN @1 + X @), gy @) (2.10)
k=1

Proof The inequality (2.9) is proved in [34, Theorem 2.13 1)]. For the second inequality, note
that for a partition () ,}CVZO of [s, ¢] there exists a deterministic constant M > 0 such that

|21

@2.11)

2 ) = M1+ [X(w)]y,[5,11)

X (). X(a))(x (UN/38Y)]
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compare [34, (2.32)]. If we choose the sequence of greedy times as (rk),}:/;'(’)(w) defined in
Definition 2.13, (2.11) leads to

e S PH@ L5, D sl + pa(@, 5, 1)), 2.12)
X(w),a
where t — s < d and

Pr@, [5, 1]) = MN; 1 @) (1 + [X@)],, 15, eVst @H,

eNst @M+M _ 4
p2(@.Is.11) = MNs 1 @1+ [X @)y f5.0) 5 PUX @)y 5.1 K@)y, a,,)-
e

To extend the statement for arbitrary 1 — s > d, we define iteratively /o = s and  :=
min{d + t;_1,t}fork =1,...,N = [d_l(t —5)]. Then t4+1 — tx < d, and we can use
(2.12) to obtain iterative

< pr(@, [t 1)) |y ||, + p2(@, [k, 1)

X(w) o [Ttk 1]) —

< pi(o, [%, + pa(w, [t, tes1])

oz DYoo (1. 161)

< pi(@, [t, tk+1]) (Pl(w, 1. D) | yos ||, + P2(@. k-1, 4D) + pa(@, [k, 1)

k k n
<[l . aa) sl + D p2(@. (w1 D | | Pr(@, lnsts tensr1])

=0 n=0 =1

< pr@. 5. DV 1yslly + pa(o. | P, [

MZz

=0

since p1(@, [k, ie+1]) < pi(w, [s,1]) and analogously pa (@, [t, tk+1]) < p2(@, [s, 1]), for
k < N — 1. Together with (2.11), this provides (2.10). O

For a better readability, we define

B, [5.1) = MN; (@)1 + [X@) (5. @1 Py, 15, 11) i= NP(w, [s, DV,

- oNs(@)M+M _
Py, [s. 1) := MN Ny @)(1+ X @)y ) =57 ——— P(X @y 5.1 [X(@)ay,ap,.,)
oM _

P, 1s, DV -
P, [s,t]) — 1

With those abbreviations, the bound for the solution (y, y) of (1.1) becomes
1952 sy = sl Pr@s [ 1) + Pa(@, [ 21). (2.13)

Remark 2.16 (i) We do not highlight the dependence of N on the length of the interval [s, ],
since we will later use these estimates only for 1ntervals of length one. In this case, we

have N = [d~17, where we recall that d = (4M) - maxf"F < 1.

(ii) To our aims, the dependence of the constants in (2.10) on the nonlinear terms F and G
is crucial since these influence the long-time behavior of (1.1). One can observe that M
has the form M = max{Cy, Cr, Cg}M, where M does depend on 7, y and 6, as well
ason F and A 4. Modifying the sewing lemma [21, Theorem 4.1] in order to incorporate
the control W; ;(w) instead of the Holder norm of the corresponding rough path leads to
this constant.
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The main reason why we use the solution estimate (2.10) is its integrability, in contrast to
the non-integrable bound derived in [26] and used in [28] to construct random invariant
manifolds. In our case, this bound allows us to quantify the random radius of the absorbing
set for (1.1), as specified in Definition 2.24, capturing its long-time behavior. To this aim the
following condition on the noise is necessary, which was verified for the rough path lift of
the fractional Brownian motion with Hurst parameter H € (}—1, %) in [34, Proposition 2.9].

Assumption 2.17 Let X be a Gaussian process defined on an abstract Wiener space with
associated Cameron-Martin space H and y’ > 0 satisfies y + y’ — 2 > 1. Assume that
X can be enhanced to a geometric y-Holder rough cocycle X := (X, X) as well as the
%-variation norm for every & € H is finite, i.e.

IP|
1
sup Z |th+1 — h,(j v < 00,
PCls,t] =0
where the supremum is taken over all partitions P = {s = kg < ... < k, < t} of [s, ].

Then it is known that & can be enhanced to a rough path h := (h, [h dh). Further assume

Wa,y (0, 1) S AN

Lemma 2.18 ([34, Theorem 2.13iii)]). Under the assumptions of Theorem 2.15 and Assump-

tion 2.17 the bound of ||y, y/”Dzy @s.4] in (2.10) is integrable. In particular, we have
X.,a ’

Nyt O+ [XOlys.)e O € ()~ LP(Q) which leads to

Pi(, L, 11), PaC, [s,1]) € [ LP(Q).

p=1

Remark 2.19 Note, that the assumptions on the diffusion coefficient G in (1.1) are more
restrictive compared to [21, 26].

In this setting G must be bounded as in [25]. The boundedness of G is used in [34] to
modify the sewing lemma in order to incorporate the control W instead of the Holder norms
of the rough path. It should be possible to replace the boundedness of G by the assumptions
in [26] or by the boundedness of DG(-) o G(-) : E4—y — Eq_2y o as specified in [34,
Remark 2.14]. This aspect will be investigated in a forthcoming work.

2.2 Random Dynamics
Since our goal is to investigate the long-time behavior of the solution to (1.1) we first introduce
some basic concepts from the theory of random dynamical systems [2].

Definition 2.20 A continuous random dynamical system on a separable Banach space E over
a metric dynamical system (2, F, P, (6;);cr) is a mapping

¢:[0,00) x QX E — E,(t,w,x) — ¢(t,w, x),
which is (B([0, o0)) ® F ® B(E), B(E))-measurable and satisfies

(i) ¢(0, w,-) = Idg for every w € L,
1) ¢t +s,w,x) =¢(t, 0w, dp(s,w,x)) forallw € 2,t,5s € [0,00) and x € E,
(iii) the map ¢ (¢, w,-) : E — E is for every t € [0, 00) and w € 2 continuous.
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Condition ii) is referred to as the (perfect) cocycle property. Provided that the driving noise
forms arough path cocycle, we refer to [3, 5, 25, 26] for the generation of a random dynamical
system from a rough (partial) differential equation.

Theorem 2.21 ([26, Theorem 3.12]). Under the Assumptions 2.4 and 2.8, the solution oper-
ator of (1.1) with yo € E, driven by a rough path cocycle generates a continuous random
dynamical system on E,.

Definition 2.22 (i) A family of non-empty closed sets B := {B(w)}weq in E is called a
random set if

— inf — R

wr> ot Ix —ylg

is arandom variable for all x € E. Itis called further a bounded, or compact, random set
if the sets B(w) are all bounded, respectively compact, for all w € €.

(i) A random variable Y : 2 — [0, c0) is called tempered with respect to (6;);cRr if

lim e Py ©,w) =0,

t—=+o0
forall 8 > 0and w € Q. If B := {B(w)}peq is a bounded random set and w +>
sup |lx||g is tempered, then B is called a tempered set.

xeB(O_;w)

Note that the temperedness defined in Definition 2.22 is equivalent to a subexponential growth
condition, i.e.

log™ (Y (B,0)

 lim T 0. (2.14)
In the following we denote by & the universe of tempered sets in E .

Definition 2.23 A randomset A := {A(w)}weq € Z is called arandom pullback Z-attractor
for the random dynamical system ¢ if

(i) A(w) is compact for every w € €2,
(i1) A is ¢-invariant, that means for every + > 0 and w € Q2 we have

¢(t5 , A(w)) - A(Qlw)v
(iii) A pullback attracts every tempered random set B = {B(w)},eq, that means

ll_lglo d(¢(t,0_w, B(_;w)), A(w)) =0,

where d(A1, Az) := sup inf ||x — y||g for A1, Ap C E is the Hausdorff semimetric.
xeA| YEA2

Since it may be difficult to verify the attracting property, there exists a sufficient condition
which ensures this, provided that there exists an absorbing set for the random dynamical
system as specified below.

Definition 2.24 A random set B = {B(w)}weq € Z is called random pullback Z-absorbing
if for every D = {D(w)}peq € Z and w € Q there exists an absorbing time 7p(w) > 0
such that

¢, 010, D(0—w)) C B(w),

forallt > Tp(w).
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A suitable way to prove the existence of such an absorbing set, is to show the existence of a
positive tempered random variable R, such that for any yo(0_;w) € D(6_;w) with D(w) € &
and w € Q2 the estimate
limsup | (7, O—;, yo(O—1))lly < R(w)
1—00
holds. Then the open ball B(w) := B(0, R(w) + ), for some constant § > 0, is a random
pullback Z-absorbing set.

Theorem 2.25 ([11, Theorem 3.5]). Assume the existence of a compact set B :=
{B(®w)}peq € 2 which is random pullback 2-absorbing. Then the continuous random
dynamical system ¢ has an unique random pullback P-attractor A := {A(w)}weq given
by

A) = Je¢. 010 BO_,w)).

s>01=s

2.3 Gronwall Lemmata and the Mittag-Leffler Function
Due to Assumption 2.8 we need the following version of Gronwall’s inequality in order to
derive an a-priori estimate of the solution of (1.1) in Ey.

Theorem 2.26 (Singular Gronwall-Henry inequality [23, Lemma 7.1.1]). Let T € (0, o0]

and v, h € Ly ([0, T); [0, 00)) be non-negative functions satisfying

t
v(t) < h(t)+M/ (t — @) dr,
0

fort € (0,T)and M, B > 0. Then one has

1 ! -1
v(t) < h(t) + (C(BM)F /0 h(r)Ej (¢ = )T (BM)P ) dr, (2.15)

Zﬁk

rupTo he

where, I'(z) := fooo e "r*= 1 dr is the Gamma function and Eg (z) = Z/tio
Mittag—Leffler function.

This inequality is a generalization of the classical Gronwall lemma, which is a special case
of the previous statement for 8 = 1 since E} 1(z) = €. In order to prove the existence of a
random absorbing set later on, the asymptotic behavior of the derivative of the Mittag—Leffler
function is crucial. Since the Mittag—Leffler function is generalization of the exponential
function, its asymptotic behavior is similar to the classical exponential function [23, 38].

Lemma 2.27 For B € (0, 1), there exist a constant Mg > 0, such that for z > 1 large enough
we have

Ej,(2) < Mpe™. (2.16)
Proof Due to [38, (94.19)] there exist two polynomials P and Q such that
Eg g(z) < P(z) + Q(2)¢",

for z > 1. Since we can bound every polynomial by e, if z is large enough, this leads to

Egp(z) < Mge™,
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where Mg depends on the coefficients of P and Q. This further means that

1
Jim ;log Egpg(ut) = u,

for all u, B > 0. A similar statement holds also for the derivative of the Mittag—Leffler’s
function. In order to obtain this, note that

, 0 kB O kB— 1 & Z(k=Dp+p
B @)=Y — " L
p1@) kgr(kﬂﬂ) ;I‘(kﬂ) ZI;F (k—DB+B)
B
: < ZZﬁilEﬁ,ﬂ(Z).

:?g F(kp + B)

Therefore, the asymptotic behavior of E ;/3,1 is the same as the one of Eg g, where the constant
Mg can be varied. ]

Due to the fact, that the noise X = (X, X) is only locally Hélder continuous, we need
to discretize the rough integral to obtain infinitely many integrals over finite time. These
techniques were used for example in [9, 17, 28]. Therefore, we also need a discrete version
of a Gronwall inequality.

Lemma 2.28 (Discrete Gronwall inequality [9, Lemma 3.12]). Let (1,)neny (bi)ken, and
(ck)en, be non-negative sequences and a > 0, satisfying

n—1

Un <a+Zbkuk+ZCk,

forall n € N. Then we have

n—1 n—1

u, < max{a, ug}l_[(l-l-b )+ o ] A+b).

j=0 k=0  j=k+1

foralln € N.

3 Random Attractor

Before we show the existence of a random attractor, let us first collect some integral estimates
we need later. Recall, that X (w) = (X (w), X(w)) is a geometric rough path cocycle satisfying
Assumption 2.17. From now on, let (y, y') € DY
driven by X(w).

X(w).a DC the unique global solution of (1.1)
Lemma3.1 Lett > 0. Then we have

1)
< CC1 Y e M= py(o, [1,1+ 1)),
a =0

t
< C_4,Cr / e (4 — )T Iy, |l dr 4 Ca,
o 0

t
H/O St—r G (yr) dX;(w)

t
H/ St—r F(yr) dr
0
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where we introduced the expressions
Cy :=max{C;Cy, Cy},
Cy = C_oy CEAT'T (1 = ap),
Py(o, [, 1+ 1]) == X(w))?(1 .y .
3(0) [ + ]) py,[l,H—l]( (w)) ( + ||y y ||,D§()fa([lsl+1]))

Proof Regarding Assumption 2.4 2), (2.6) and (2.8) we get

t
H/o Si—rG(yr) dX, (@)

lt]—1
<

=0

o

1+1
/I Si-G(y,) dX, (@)

t
+ H / Si-G(y) dX, ()
o 2]

o
lt]—1

1+1
S Cyq Y el H f Si+1-rG(yr) dX, (@)
1
=0

o

t
+ H/ Si—rG(yr) dX;(w)
L]

lr]—1
—da(t—1-1
<CiCa g oy X @) GO GOV gy sy
+ Crpy i nX@) [ GO, (GO [l p2r ) @ = LD
X(w),a—aG ’

L]

<CCrYy e 0 (X @) (1 + Iy, G(y)llpg(y(w).a([l,,m) )
=0

o

which shows the first inequality. The second integral can be estimated regarding the Lipschitz
continuity of F : Ey — Eq_o,

t
H / Si—r F(y,) dr
0

t
< CoyCr / e (= 1) (1 [y ) dr
o 0
t
< CoyCr / e (¢ = 1) |y, |, dr
0
t
+ C,gFCF/‘ e halt=r) (r — r)—oF dr,
0

where the last term can be bounded by 1% 711’(1 — oF), which can be seen by a simple
substitution and the definition of the Gamma function. O

We further derive an a-priori estimate of the path component of the solution based on the
singular Gronwall inequality stated in Theorem 2.26.

Lemma 3.2 We let n € Ny and define

~ ~ M_
Clzcle“max{L, lzaF},

~ ~ LM;_ ~ ~ M-
Cr=0(C, <L+#>, CA:CAmax{L, 12(71:}7
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1 ~
where L :=2(C_y,CFT'(1 —0F))™F, L := E1_g, 1 (to5) + 1, A :=As — Land o > 0
such that to% is large enough for (2.16) to hold. Then we get fort > to andt € [n,n + 1]
the estimate

n
Iyelle € < Callyolly + C2e™ + C1Cg Y M Py(w, [, 1+ 11). 3.1)
=0

Proof First assume ¢ € [n,n + 1). Due to (2.7) we can estimate the path component y, of
the solution by

+

o

yelle = I1Seyolle + (3.2)

t t
/0 S F(y,) dr /0 S G () dX, (@)

o

We now multiply (3.2) by ¢*4” and get together with (2.4) and Lemma 3.1

n
Iyelle 4" < Callyolly + C2e™ + C6C1 Y ™D Py(o, [1,1 4 11)
=0

t
4y Cr / (t = )P |yl dr,
0

which fits in the setting of the singular Gronwall-Henry lemma. In conclusion, we now apply
Theorem 2.26 to v(r) := ||y, ||, €*4” and obtain

n
Iyl €47 < Ca llyolly + C2e*4" + CoC1 Y AUV Py, 11,14 1))

1=0
L A . Aa(l+1 L
+ 5/0 Calyollg + Cae™A™ + CGC) ;)e APy, L1+ 1) | B, <(t _,)5) dr,

(3.3)

with L := 2(C_,,CrI'(1 —oF)) ﬁ Further, due to the time-continuity of y, the previous
estimate also holds for # = n 4 1. Now we have to bound the derivative of the Mittag—Leffler
function. Since the estimate (2.16) is only valid for large values, we consider 7y > 0 such
that IO% is large enough for (2.16) to hold and introduce

Lr)
h(r) = Ca lyolly + C2e™" + CC1 Y AV Py(o, 11,1+ 1),
=0

Since ¢t > fp, we can split the integral as follows and use that % is increasing

t , L =1y , L
/0 h(”)El—ap,l ((t — r)5> dr :A h(r)El—oF,l ((l — F)E) dr

! L
-l-/ h(r)ELoF’l ((t — r)5> dr
t—to

t—1o 0] L

< Ml—ffr‘/o h(r)e "L dr —}-/0 h(t — r)E/lng.l (rz) dr
t ) L

< MH,F/O h(rye ="k dr+h(t)/0 E| 41 <r5) dr

! 2FE_ oL
=M / h(rye" "% dr + h(r)%(h)'
0
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We set L := Ei_g,.1 (fo) + 1 and multiply (3.3) by e~ to get

n
Iyellg e™ < L (cA Iyollg e  + Coe*' + CC1 Y e et Al pygor, 11,1+ 1]))
=0

17
LM_ ¢
+ 12 or [ (CA Iyolle + C2e*4" +CCy Y AT Py, 11,1+ 1])) e L ar,
0
=0

where we need to evaluate the integrals in the second line. The only non-trivial term is the
third one. By Fubini’s theorem we obtain

t lr] n

t

> D Py, (1L 1+ 1) dr <Y Mt Py (114 1) | e M dr
3 3

0 =0 = !
n _ _—L@t-D

1

= Mt Py(w, 1,14 11) (eL) .
=0

Putting all these estimates together, this leads to
-~ Mi_g, B ~ LMi_g,
lyelle € < Calyolla (Le Ha =2 L’)) +C (Le“ L T GO 1))

1 ~ M_
+C6C1Y Mt Py(w, (1.1 4 1]) (Le*“’*“ + %(1 - e*“’*”))

=0
LM, "
< Callyolly + Coe™ (L + - e—“>) +C1Cg Y M Py, 11+ 1)
=0
n
< Callyolly + Cae™ +C1CG Y e Py, 11,1+ 11),
1=0

with & = ja — Land &y = Creramax [I, 252} & = ¢ (T+ 252 . 8y =
C 4 max {Z, %} m}

The right-hand side of (3.1) still depends on the solution y, via P3(w, [I, [+ 1]). However,
combining the discrete Gronwall lemma with (2.13), it is possible to get an estimate where
the right-hand side is independent of the solution. First, recall that

P, 11411 = oy s X@)* A+ 3.3 [ 52 407

and that the controlled rough path norm of the solution (y, y’) = (v, G(y)) can be estimated
due to Theorem 2.15 by

|

v o ey < Willa Pr@, (114 1D + Pat@, (114 1D

for l € Ny.
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Lemma 3.3 Let n € Ny such that n > to. Then we get the estimate

n—1 n—1
Iyulle < Callyollge™™ [JC + Hitw, L j + 1)+ Y e " P Hy(w, [k, k+ 11)
j=0 k=0
n—1
<[] a4+ Hi, 1, j+ 1),
Jj=k+1

where we define

Hi(o, [1,1 + 11) := C1Cgpy 1141 X (@) Pi(w, [1,1 + 1),

Hy(o, [1,1 + 1]) := max{Cae*, C1Cc}(1 + py 1.1+11X(@)>(1 + Pr(w, [, 1 4 11))).
(3.4)

Proof We apply Lemma 3.2 for # = n and obtain
n—1
Iynllq € < Callyollg + Coe™ + C1CG Y e Pa(o, [1,14 11)
1=0
n—1
= Ca lyolly + C2e™ + C1Cq Z eMﬂy,[z,1+1](X(w))2(1 + . Y’HDQ( ) )
1=0 e
n—1
<Calyolly + C2e™ +C1C6 Y e py 114 11X (@) (1 + Py, [1, 1+ 11)
1=0
n—1
+C1C6 Y e py 11411 X @) 11l Py (e, [1.1+ 1)
1=0
n—1
= = = Al 2
< Callyollg+max{Cpe”, C1Cg} Ze A +py, 1 X)) “(1+ Pa(w, [1, 1+1])))
1=0
n—1
+C1Cg Z e“/Oy,[z,lJrl](X(w))2 lyillg Pr(ew, [1, 1+ 1]).
=0

With this we can now use the discrete Gronwall Lemma 2.28 for u,, := ||y, |l, €™ to obtain

n—1

Iyalle € < Callyolle [ ] (14 CiCopy.1j.j+1X(@)* Pr(@, [, j + 1D)
j=0
n—1

+ Y _max{Cae”, CiCale™ (1 + py a1 (X(@))* (1 + Pa(w, [k, k + 11)))
k=0

n—1
gax [] (14 CiCepy.1j.4n1X@)*Pi(w, [, j + 1D).
j=k+1

since C4q > 1. ]

The last ingredient required for the existence of an absorbing set is based on ergodic
properties of the noise. Since X is Gaussian all moments of X and X exists and in particular
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all moments of the respective Holder seminorms. Regarding the ergodicity of the metric
dynamical system (6;);cr, Birkhoff’s ergodic theorem leads to

, I v
timsup — 3 [X@-j0)]! =B [IXI ] = K,

n—oo N~
J=1

, I ¢ ¢
lim sup — Z [X(G*fw)]y,A[,m] =E [[X]g%AH,IJ] =Ky,

n—oo N

(3.5)

j=1

for g > 1. We further set K; := K, + KK, and prove our main result. For a better compre-

~ ~ I ~
hension we recall that N = | (4M) !-maxloF .2y} —‘, where M depends on F', G as discussed in

Remark 2.16, 51 = CjeM max {Z, MIEJF } and define

C(N) = max(2(1 + W), 240+D 3§ p1+7).

Note that N determines the highest order moment of (X, X) that we must control. Since the
noise was assumed to be Gaussian, the concrete value of N is not important.

Lemma 3.4 Let Assumptions 2.4, 2.8 and 2.17 be satisfied and further assume that
1
A —2(C_6,CrI'(1 —of))'=oF > (K, + 1), (3.6)

where q and c are given by

AL+ A)
=

¢ := C(N)max{M, C,Cg}, (3.7)

Then the random dynamical system ¢ associated to (1.1), possesses a random pullback
P-absorbing set B(w).

Proof We fix D(w) € 2 and estimate ¢ (¢, O—,w, yo(6—;w)) for yo(w) € D(w). To this aim
we combine Lemma 3.3 and (2.13) to obtain for g < t € [n,n + 1]

lp. -1, yo(O—10)lg < Iy (O—10)llq P1(O—rw, [n,n+ 1]) + Po(6—w, [n,n + 1])
n—1
< Callyo(O—1@)lly PO, [n,n +1De™ " [] (1 + H (0—1o, ], j + 1)
Jj=0
n—1
+ P00 [nn+1D) Y e Hy 00, [k k+ 1))
k=0
n—1
x [] G+ H 6 0.1, j+1D)+ PO, [n.n+ 1)).
Jj=k+1

Due to Lemma 2.14 iii) we have P;(0;w,[s,t]) = Pi(w,[s + t,t + t]) as well as
H;(6:w,[s,t]) = Hi(w,[s + t,t + t]) fori = 1,2 and t € R. Applying this to the
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previous estimate, we obtain

o, 0w, yo(O—rw))lly

n

Ca lyo(0—1@)lly Pi(@, [=1, 1De™" sup [](1 + Hi(0-jo, [—&, 1 —¢])
e€l0,1] %~
j=1

+ Pi(w,[—1,1]) sup Ze_Ang(O_kw, [—e, 1 —¢)])

8€[O$]]k:1
k—1
X H(l + Hi(0-jo,[—¢, 1 —¢€]) + P(o, [-1, 1]).
j=1

For the first term one can use the fact that yg is tempered, and therefore e ™7 || yo (6;w) ||, — O
fort — oo and k > 0. To compute this «, we note that log(1 + ae®) < a+ b, which leads to

log(1 + Hy(w, [5,1])) < Ny (@)M(1 + N)
+ C1CGN py 15,00 X(@)* (M Ny (@) (1 + [X (@)],, x0T

Using Lemma 2.14 and (a + b)? < 27~ !(a” 4 b”) we can bound the noise terms by

Py 5.1 X (@) 2Ny 1 (@) (1 4 [X (@)1, 15 )Y

~ 4(1+N) 2(1+N)
sfmm<wwm&mumw@wm+wwmg7[M@@A”

Therefore we obtain

rlllog( sup H(1+H1(6_]a)[ e 1— a])))

e€(0, ]J

< sup 7log (]‘[(1+H1(9_,w[ e, l—s])))

e€[0,11 1 j=1

<M1+ N) sup fZNfel M)

e€l0,1] 1
+24(1+N)NM1+NC1CG
I ¢ ) 5 4<y1+ﬁ> 2014
e > ([X(w)]y,[_g,l_g] +HX@y Ay FX@L 2 g + K@) A
el =1

~ SO ~ __1 1 &
<M+ N+ M1A+Nx" 77 sup nZ([X(w)]y[ ol 8]+[X(w)]22;/yA") o~ ]>
£€[0,11 7 5 &l—e
J

+ 24(1+N)ﬁM1+N51 Co

1 4(14+N) 2(1+N)

. 2 2 y=n Y=

. sesEil)pl] ; Z ([X(w)]}’«[—s,l—s] + [X(w)]zVaAl—s‘l—SJ + [X(w)]yv[*gvlfg] + [X(w)by*A[&lf]) ’
s j=1
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Using the ergodic properties of the noise (3.5) the limit superior can be bounded by

1 n
limsup —log [ sup [](1+ Hi(0-jw. [~ 1 —e])

n—oo N se[O,l]jzl

~ ~ ~ ~ 1
<MA+N)+MA+N)x7 (K1 +K_1 )

ﬁ -
+ 24(1+ﬁ)ﬁM1+}\751CG (Kz + K48 + Kz(HF/)) <cK; +ec,
y—n y—n
1
with ¢ and ¢ defined in (3.7), where we used that y ¥=7 < 1. Therefore, the right-hand side

of (3.6) depends only on ¢ and on a specific moment of the Gaussian rough path X(w) of
order g. Furthermore, there exists for any § > 0 some ng € Ny such that for all n > ng

n
sup [0+ Hi(0—jo, [—e, 1 —e]) < elKaterom, (3.8)
86[0,1]]-:1

Due to (3.6) we have that A — cK, —c —§ > 0 for some small § > 0. Then the temperedness
of yo, meaning that e’ ||y (6;w)|l, — 0 for r — oo and k > 0, leads to

lp(t. 0. yo@—w)ll, < 1+ Pil@. [=1,1]) sup Y e Hy@_yo, e, 1~ e])

e€l0,1] =
k—1
x [T+ Hi@-jo.[e.1 = D) + P2, [-1. 1))
j=1

It remains to show that the expression on the right-hand side is a tempered random variable.
First, note that P> (-, [—1, 1]) is integrable due to Lemma 2.18. In particular, due to the special
structure of P, it is easy to show that also log(P> (-, [—1, 1])) € LY(2) and therefore

, log(P2(brw, [—1, 1]))
im sup =
t—00 4

due to [2, Theorem 4.1.3 1)]. In conclusion (2.14) is fulfilled, and P> (-, [—1, 1]) is tempered.
The same argument can be used to show that also H> (-, [—¢, 1 — ¢]) is tempered, so for every
8 > 0 there exists a ng € Ng such that for k > no we get the bound

0,

Hy (0w, [—¢, 1 —¢]) < &%,

Together with (3.8) this leads to

[e%s) k—1
r) = sup Yy e MH O o, [—e, 1 —e) [[(1 + Hi(0-jo.[-&. 1 - e])
e€l0,11 ;2 i=1

no—1

o0
< Z e~ AmeKgme=dk 4 qyp Z e Hy (0o, [—e, 1 —€])

k=no e€l0.1] ;4
k—1

X H(l + Hi(0-jw,[—¢&, 1 —¢])) < o0,
j=1

due to (3.6), so the series is well-defined. In order to show the measurability, we recall that
since X is a geometric rough path, the Holder norms are continuous with respect to the
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time interval, according to Remark 2.3. Therefore, ¢ — H;(w,[—&,1 —¢]) fori = 1,2
is continuous. In conclusion, the supremum can be taken over [0, 1] N Q instead of [0, 1]
entailing the measurability. Now, the temperedness of r follows by similar arguments as
in [9, Proposition 3.5]. For this we need the continuity of the Holder seminorms [X],, 5.1
and [X]ay, A, as obtained in 2.3 and that H;, defined in (3.4), satisfies H; (0:w, [s,t]) =
H;(w,[s +1,t+t]) fori = 1,2 and t € R. Further, we have

log(Py (O, [-1, 1Dr(61»)) _ Jim sup log(P (0w, [—1, 1]))

lim sup
[t| =00 || [t|—o0 |£]
1 0,
+ lim sup 70g(r( ) =0,
[t|—o00 |]

and therefore the temperedness of Py(-, [—1, 1])7(-) by [2, Theorem 4.1.3 i)]. With the
temperedness of P,(-, [—1, 1]), also R(w) := 1 + Pi(w, [—1, ID)r(w) + P2(w,[—1, 1]) is

tempered. B B
In conclusion, B(w) := B(0, R(w) + §), for some small § > 0 is a random absorbing set for
¢ in E,. O

Theorem 3.5 Under the Assumptions 2.4, 2.8, 2.17 and (3.6) the random dynamical system
¢ associated to (1.1), possesses a random pullback Z-attractor A(w).

Proof Since Lemma 3.4 ensures the existence of an absorbing set B(w) € Z in E,, we need
a compactness argument such that Theorem 2.25 provides a global attractor A(w). Therefore
we define

K(@) =T, 01,0, BO_1,0) * C B(w).

where 71 > Tp and T3 is the absorbing time of B(w). We omit here the w-dependence of
the absorbing times. The fact that K (w) is indeed absorbing is a direct consequence of the
cocycle property and the fact that B(w) is an absorbing set. The proof of the compactness of
K () follows from the compact embedding Ey g — E, forO < 8 < min{l —of, y —og}.
Let yo € B(0—r,w) and observe that

l¢(T1, 0-1,0, ¥0) 5 =< 157504

T
+ H/ Sti—r F(¢(r,0_1,0, yo)) dr
0

a+p

T
+ H/ ST]*VG(¢(’.7 07T1w5 yO)) Xm‘(ale CL))
0

a+p

The first term can be bounded by using the fact that yo € B(6—1,0) = B(0, R(O—1, ») + )
and (2.4)

IS7i30l 5 < Cope T P liyolly < Cope ™ NP (RO-110) +5) < 0.
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Since F' has linear growth, we can estimate the drift term by

T
H/ St—r F(¢(r,0_1,0, y0)) dr
0 a+p

a—of

T
<Cpop fo LTy B [ F g, 500, dr
T
< CrC oy /‘ 1 e,}\A(Tﬁr)(Tl _ r)*ﬂ*al-‘ (1 + ||¢(r, 0_1,0, y0) ”a) dr
0

0
<CrCp o f (=) P (14 | pr + 1, 0_pyw,30)]),) dr.
-7

Since B(w) is an absorbing set, with absorbing time Tp = Tp(w) < T}, we have
¢(T1, 0—1yw, yo) C B(w).
Now we use the cocycle property
¢ +r—r,0_rw, y0) =¢(T1 +r,0_1,6_,0, yo) C B(w),
and replace w by 6, w to obtain
¢(T1 41, 0-1,0, yo) C B(6,0).

Therefore, we get

T
H fo Sty F@(r.0_1,0, y0)) dr

a+p
0
< ch_ﬂ_(,F/ M (=) TP (14 R(O,w) +8) dr,
-7
where the integral is bounded due to the temperedness of R and 8 < 1 — oF. For the rough
integral we combine (2.6), (2.8) and (2.10) to get

T
H/O ST1—rG(p(r, 0_7y0, y0)) dXr (07, 0)

a+p
< C1CGpy 10,1, (XO_7,0))2T; PH7 770
x (L4 lyollg P1(0—y@, [0, T1]) + P2(6_1, 0, [0, T1]))
< C1CG 0y, 10,11 XO-7,0)2T; P 770 (1 4+ (RO_7,0) + 8) P (9_7,0. [0, T 1)
+ P (0-1,0. [0, T1])),
which is finite due to 8 4+ oG < y. This shows that
|#(T1. 61,0, yo) Haﬂg < o0,

for arbitrary yo € B(6_7,w), which leads to K (w) € Ey4g. Therefore, K (w) is a compact
absorbing set in E,. O

Remark 3.6 (i) Condition (3.6) means that an attractor of (1.1) exists if the nonlinearities
are sufficiently small in comparison to the spectral bound of the operator A. However
this criterion is more flexible than the one derived in [31], where it is assumed that
max{Lg, [G(O)|l¢—0, IDG(0)G(0)|l¢—y—s} < 1. Here L incorporates the Lipschitz
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constants of G, DG and D2G. In contrast, our technique also offers the possibility of
taking Cg > 1 by selecting a sufficiently large A 4. A similar condition to (3.6) was
obtained in [9] for Young differential equations. We note that we have to control higher
moments of the noise term X, which is possible since X is assumed to be a Gaussian
rough path.

(ii) If the noise is additive, the existence of a random dynamical system can be established,
transforming the SPDE into a random PDE using the stationary Ornstein-Uhlenbeck
process. In this case, the condition for the existence of the attractor (3.6) simplifies to

1
A4 > 2(C_op CrT(1 — o)) o7 ,
which is consistent with other results for additive noise and the assumption F : E, — E,

(consequently or = 0), compare [29, Assumption 2].

Going back to our setting, a major advantage of this method is that it directly allows us to
investigate the regularity of the random attractor.

Corollary 3.7 Under the Assumptions 2.4, 2.8 and 2.17 let 0 < B < min{l — of, y — oG}
and assume further

1
A —2(Cop—gCrT'(1 —op = B))7FF > cg(K,; + 1),
with PCvl,,g = max{Cy, C_f;CI}e“ min {Z, W] and

cpg = C(ﬁ) max{M, Gl,ﬂcG}.
Then the random pullback 7-attractor A obtained in Theorem 3.5 also belongs to Eq .

Proof Let yo(w) € D(w) where D(w) C 2 is a tempered set in E, as in Lemma 3.4. We
need to estimate ¢ (¢, 0_;w, yo(6—;w)) in the E4 4 g-norm, similar as in Lemma 3.4. The only
estimates, that we need to change, are the ones in Lemma 3.3. Based on the computations in
Lemma 3.1 we observe that for 0 < 8 < min{l —oF, y —og} we can improve the estimates
for the integral terms, exploiting the smoothing property (2.4)

1)
< CoC1 Y e =D py(o, [1,1+ 1)),

t
H/ Si—rG(yr) dX; (@)
0 a+p 1=0

t
< C_op—pCF / e (¢ — 1) r By, |l dr 4 Cag,
0

(3.9)

t
H/ St—r F(yr) dr
0

a+p

for all + > 0 and Crp5 := C,UF,ﬁCpAZF'HS_IF(I — o — p). Further, we get
1S:yo(@)llatp < C_ﬁe“tt_ﬂ [lyo(w)|l, and combining this with (3.9) one obtains simi-
lar as in Lemma 3.4 an absorbing set. The compactness is shown in the same way as in
Theorem 3.5. O

4 Applications

We provide examples for the nonlinear term G and indicate how the condition (3.6) on the
existence of random attractors can be verified in concrete applications. Since the conditions
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on F are less restrictive than those on G, we can consider in both examples a global Lipschitz
nonlinearity F. Due to the specific form of the condition (3.6), the resulting constant Cr can
be compensated by terms depending on A or G. Therefore, we focus on G and A.

4.1 PDEs with Multiplicative Rough Boundary Noise

As in [33], we let © C R? be a bounded domain with C*-boundary and consider the
semilinear parabolic evolution equation with multiplicative rough boundary noise in E :=
L?(0), for 1 < p < oo, given by

%y =Ay in O,
Cy=G(y) X ondo, (4.1)
y(0) = yo.

Similar problems were treated in [37], where the boundary noise is a Brownian motion and
in [10], where additive fractional noise was considered. Here X is a y-Holder rough path
cocycle which satisfies Assumption 2.17 with y € (%, %], for example, the rough path lift of
a fractional Brownian motion. Furthermore, A is a formal second order differential operator
in divergence form with Neumann boundary conditions C given by

d d
Au = Z 8,» (a,'jaj) U— Aall, Cu = Z v,-yaa,-jaju,
ij=1 i,j=1
where the coefficients a;; : O — R are smooth, A4 > 0 a constant, (g; j)f j=1 is symmetric

and uniform elliptic, meaning that there exists some constant k > 0 such that for all £ € R
and x € O we have

d

D aijEE = kg

i,j=1

LetA : D(A) C E — E bethe E-realization of (A, C) with D(A) := {u € H>P(O) : Cu =
0} and (Eq)qcr the respective fractional power scale. Since we consider a boundary value
problem, we need also a second scale for the boundary data Ea = H*?(90). Further, we
introduce the Neumann operator N, which is the solution operator to

Au =01in O,
Cu=gondO,

and satisfies N € LI(Ea; E.) for some ¢ < % + ﬁ. In [33] it was shown one can transform
(4.1) to a semilinear problem without boundary noise. This reads as

dy =Aydt +A_p_2, NG(y) dX;, 42)
y(0) = yo € Ey, '
where 0 := 1 —¢cand A g 2, € L(E|1—g—2y; E_9—2,) is an extrapolation operator, see

[1, Chapter V]. Note, that in [33] the equivalence of (4.1) and (4.2) was proved for A_4_,
instead of A_g_5,. Since A_g_, C A_g_7,, we work now with A_g_»,,. This is due to the
factthat A_y_,, NG does not satisfy Assumption 2.8, since A_g_,, NG (y) is not well-defined
forye E_; 2.
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Remark 4.1 For abetter comprehension, we recall here that extrapolation operators are neces-
sary since Ny does not belong to D(A). Due to this reason, we need an extension of A called
extrapolation operator A_,, for a suitable choice of . This means that A_, Ny is well-defined.

Theorem4.2 Let L4 > 0 be large enough such that (3.6) holds. We further assume that
there exists a o > 0 + 1 + % such that for any v € {0, y, 2y} the diffusion term G :

E_og_y — E_g_pyo is bounded and three times continuously Fréchet differentiable with
bounded derivatives and that the derivative of

DF(:)o A_gNG():B_g—y = B_g_yi0

is bounded, A has a compact resolvent and the principaipart, ie. A= Z;{j:] 0; (a,-j f)j) is
dissipative and there exists a constant ag > 0 such that A — ay is surjective. Then there exists
a random dynamical system for (4.2)on E_g which possesses a global random Z-attractor.

Proof As in [33] it can be shown that A_y_>, NG(y) satisfies the assumptions stated in
Remark 2.19 with o = 0. Consequently, there exists a global-in-time solution which gen-
erates a random dynamical system [33, Theorem 3.20, 4.3] on E_g.

Itis known that the operator A satisfies Assumption 2.4 i). Due to the maximal dissipativity
assumption, Lumer-Phillips Theorem yields the existence of an analytic semigroup (S,) >0
of contractions for the principal part A. Then the semi group generated by Aisgivenby S, =

—hat’g S; and is therefore exponential stable with parameter A 4, since (S,) />0 1s contractive.
The compactness of the semigroup, follows from the fact that A has a compact resolvent, [1,
V.1.2.1]. The existence of the global attractor is then ensured by Theorem 3.5. O

For the sake of completeness, we conclude with an example in the Young regime, i.e. y €

(5. 1).

Example 4.3 1f the noise X € C7 is Holder continuous with parameter Y > %, we can use
the Young integral instead of the rough one. The Young integral can be defined for a path
y € €:=C(By) NCY(By—3) as

t

S dX, = 1 S Xous

/S t—rYr r |P1\IEO Z t—uYulvu
[u,vleP

whereas (2.6) reads as
t
f St—ryr dXr = Si—sysXt.s SlyllelX15e — )%,
' a=y+p

for B < 2% In order to solve (1.1), the nonlinear term G needs to be only two times Fréchet
differentiable. The existence theory of random attractors developed in this work carries over
to the Young case as well, modifying (3.6) accordingly. More precisely, the constant ¢ differs
and K, = K.

As a particular application of Theorem 3.5 we obtain a random pullback Z-attractor
for (4.1) with Dirichlet boundary noise instead of Neumann. The global well-posedness
of (4.1) with Dirichlet boundary noise in the Young regime was established in [33, Theorem
3.24].
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4.2 Parabolic PDEs with Multiplicative Rough Noise

Example 4.4 We consider the parabolic PDE on E := L”(O) for 1 < p < oo given by

dy = Ay dt + G(y) dX;, 4.3)
y(0) = yo € Eq,

where A is a second order operator in £ which fulfills Assumption 2.4 with 14 > 0. For
example, A := Ap — A4g where Ap denotes the Dirichlet-Laplacian and A4 > 0. The
corresponding scale is then given by

2p

HPP ), L <p<1,p#5t

HY¥P(0), 0<p <3
B=
2p 2p

We define for some « € R, 0 < y and ¢ € {0, y, 2y} the mapping
G: Ea_ﬂ — Ea_ﬁ_g, u— (—AD)UM.

Theorem 4.5 Let A4 be large enough such that (3.6) is satisfied. Then there exists a random
dynamical system ¢ on E,, for (4.3) that possesses a random pullback Z-attractor.

Proof 1In this case G is alinear bounded operator, therefore the Assumptions 2.8 2) is satisfied,
compare [26, Example 4.1]. The existence of the random pullback attractor follows from
Theorem 3.5. ]

Example 4.6 We consider a nonlinear integral operator G, similar to [24, Sect. 7] and [16,
Sect. 7]. Here we treat the evolution equation on E := L?(O), for p > 3, given by

[dy = Ay dr + G(y) dX,, )

y(0) = yo € Eq,

where A = Ap — A4 with L4 > 0 as in the previous example. We further choose @ > 3y
which leads to Ey—p_o <> L (0O). We introduce the operator G as

G:Ey p—> Eypo,u> / g(, u(x)) dx.
O

for © € {0, ¥, 2y}. The kernel g : © x R — R is assumed to be bounded and three times

continuously differentiable with bounded derivates such that sup H DIQ‘ g(,x) ”OH 9o <C<
xeR

oofork =0,1,2,3 and glsoxr = 0.

Theorem 4.7 Let A4 be large enough such that (3.6) is satisfied. Then there exists a random
dynamical system ¢ for (4.4) on E, that possesses a random pullback @-attractor.

Proof Similar as in [27, XVIL3], it is easy to see, that G is well-defined and three times
Fréchet differentiable with

(DG )(h) = /O Dag(e. () (x) dx.
[D*Gw)](h1, hy) = /O D3g(-, u(x)hy (x)ha(x) dx,

[D3Gw)](hy, ha, h3) = /O D3g (-, u(x))h1 (x)ha(x)h3(x) dx.
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Due to the boundedness assumption on g and the embedding Ey_y_, < L?(O), all these
derivatives are bounded operators from E;@fﬂ to E_y fork=1,2,3and 9 € {0, y, 2y}.
Furthermore, since g is bounded, also G is bounded. This means that the Assumption 2.8
2) is satisfied. In conclusion the existence of a global attractor for (4.4) follows from Theo-
rem 3.5. O

Remark 4.8 Note that in Example 4.4 and 4.6 we do not impose as in [31] that
max{Lg, |[G(0)|l¢—0, IDG(0)G(0)|l¢4—y—s} < 1, where Lg incorporates the Lipschitz
constants of G, DG and D2G.
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