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Zusammenfassung

Diese Arbeit widmet sich der Entwicklung und Analyse von Greedy Rekonstruktionsal-
gorithmen (GR). Mit diesen Verfahren können optimale Steuerungsfunktionen bestimmt
werden, die eine exakte und effiziente Identifikation unbekannter Operatoren in dynami-
schen Systemen ermöglichen. Die Methoden basieren auf einer Zerlegung des Rekonstruk-
tionsprozesses in Offline- und Online-Phasen, sowie auf einem Ansatz für den unbekannten
Operator, der durch eine gegebene Familie an Operatoren definiert ist.

Der erste Teil dieser Arbeit konzentriert sich auf lineare dynamische Systeme. Eine detail-
lierte Analyse zeigt, dass die Verwendung von Steuerungen, die vom GR-Algorithmus be-
rechnet wurden, zu strikter Konvexität des quadratischen Online-Rekonstruktionsproblems
führt. Basierend auf diesen Ergebnissen wird ein neues Greedy-Verfahren (OGR) einge-
führt, welches zusätzlich den Ansatz für den unbekannten Operator optimiert.

Im zweiten Teil werden allgemeinere nichtlineare Systeme betrachtet. Auf Grundlage der Li-
nearisierungen dieser Systeme wird ein weiterer Greedy-Algorithmus (LGR) entwickelt. Es
wird gezeigt, dass die von LGR berechneten Steuerungen lokale Konvergenz des klassischen
Gauss-Newton-Verfahrens, angewandt auf das nichtlineare Online-Rekonstruktionsproblem,
ermöglichen. Dieses Resultat wird auf die Steuerungen ausgeweitet, die vom ursprünglichen
GR-Algorithmus, angewandt auf das nichtlineare System, berechnet werden. Numerische
Experimente an dynamischen Systemen mit linearen und bilinearen Steuerungsstrukturen
bestätigen die Effektivität der Greedy-Algorithmen.

Der dritte Teil der Arbeit befasst sich mit der Rekonstruktion nichttrivialer Wahrscheinlich-
keitsverteilungen von zwei Parametern im Hamiltonian von Kernspinresonanz-Systemen.
Obwohl die zugehörigen Spindynamiken durch ein bilineares System repräsentiert werden,
ist das Online-Rekonstruktionsproblem quadratisch. Eine ausführliche Analyse zeigt, dass
die vom GR-Algorithmus generierten Steuerungen strikte Konvexität dieses Identifikati-
onsproblems garantieren. Diese Ergebnisse werden durch numerische Beispiele bestätigt,
welche die Effizienz des OGR-Algorithmus hervorheben.

Im letzten Teil dieser Arbeit werden die GR-Algorithmen auf allgemeine Approximations-
probleme von Funktionen angewandt. Im Fall von Polynominterpolation zeigt sich, dass der
ursprüngliche GR-Algorithmus genau die Leja-Interpolationspunkte (bzw. entsprechende
Tensorprodukte davon) berechnet. Zudem kann eine Äquivalenz zwischen OGR und der
etablierten empirischen Interpolationsmethode (EIM) bewiesen werden. Abschließend wird
eine neue Klasse von Greedy-Algorithmen eingeführt, mit dem Ziel die kleinste Teilmenge
eines zu approximierenden Datensatzes auszuwählen und gleichzeitig die Struktur des Nä-
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herungsansatzes zu optimieren. Umfangreiche numerische Tests mit neuronalen Netzwerken
belegen die Effizienz der neuen Algorithmen.



Abstract

This thesis is devoted to the development and analysis of greedy reconstruction (GR)
algorithms. These procedures allow the design of optimized control functions that facilitate
the accurate and efficient identification of unknown operators in dynamical systems. The
approach is based on an offline/online decomposition of the reconstruction process, and on
an ansatz for the unknown operator defined by a given family of operators.

The first part of this thesis focuses on linear dynamical systems. A detailed analysis
demonstrates that the controls computed by the GR algorithm make the quadratic online
reconstruction problem strictly convex. Based on these results, an optimized greedy strat-
egy (OGR) is introduced that additionally optimizes the ansatz for the unknown operator.

In the second part, more general nonlinear systems are considered. Based on the lineariza-
tion of these systems, a new greedy algorithm (LGR) is developed. It is shown that the
controls computed by LGR lead to the local convergence of the classical Gauss-Newton
method applied to the nonlinear online reconstruction problem. This result is extended
to the controls obtained by the original GR algorithm applied directly to the nonlinear
system. Numerical experiments on dynamical systems with linear and bilinear control
structures confirm the effectiveness of the greedy algorithms.

The third part of this thesis considers the reconstruction of a non-trivial joint probability
distribution for two Hamiltonian parameters in Nuclear Magnetic Resonance. While the
corresponding spin dynamics can be represented by a bilinear dynamical system, the online
reconstruction problem is fully quadratic. A rigorous analysis proves that the controls
generated by the GR algorithm ensure strict convexity of this reconstruction problem.
These findings are confirmed by numerical experiments that highlight the efficiency of the
OGR algorithm.

In the final part of this work, the GR algorithms are applied to general function approxima-
tion problems. In the case of polynomial interpolation, the original GR algorithm is shown
to compute exactly the (tensor-product) Leja points. Additionally, an equivalence be-
tween OGR and the well-established Empirical Interpolation Method is revealed. Finally,
a new class of greedy algorithms is developed, that aim to select the smallest subset of a
given data set, while simultaneously optimizing the structure of the approximation ansatz,
within a given family of approximation functions. Extensive numerical tests on function
approximation by neural networks demonstrate the efficiency of the new algorithms.
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Chapter 1

Introduction

Reconstruction/identification problems represent one of the main intersections between
theoretical and applied science. The typical idea is to optimize operators or parameters
inside a theoretical model such that its output fits best the data resulting from laboratory
experiments. In general, this is understood as an inverse problem, where both the ansatz
space for the operators and the experimental data are fixed. However, the data used in the
fitting process can often be manipulated, for example when the experiment is affected by
control functions (i.e., input forces such as magnetic fields, lasers or heat sources). If the
controls are not chosen appropriately, the fitting process can result in very poor quality of
the reconstructed operators. Thus, it is essential to identify a set of controls that allows
one to generate good data, permitting the best possible reconstruction. This is a typical
case in the field of Hamiltonian identification [17, 24, 27, 35, 38–41, 69, 72–74], as well as
in engineering contexts such as state space realization [33, 50, 67] and optimal design of
experiments [6, 11, 19]. In some settings, one is also interested in optimizing the structure
of the ansatz space, within a given family of operators. For example, this can involve
finding the smallest neural network able to learn the selected data, or simply reducing the
complexity of the reconstruction problem.

This work is concerned with the development and analysis of so-called greedy reconstruction
(GR) algorithms that are designed to address both of these aspects. More specifically, given
the task to reconstruct an operator B⋆ inside a given model, the goal of our methods is to
construct a set of optimal controls {uuum}m while simultaneously optimizing the structure
of the ansatz set B within a given family of operators in which one searches for B⋆.

This class of algorithms was first introduced in [57] for Hamiltonian identification problems.
The approach divides the reconstruction process into two phases: an offline phase, where
the controls are computed by a GR algorithm, and an online phase, where these controls
are used to generate experimental data. This data is then used in an inverse problem for the
(online) reconstruction of the unknown operator. However, [57] presented only preliminary
numerical results.

We provide a detailed analysis of the strategy defined in [57] for the reconstruction of
control matrices in linear dynamical systems (see [1]) which represents one of the main
novelties of this thesis. Notably, we show that under appropriate observability assump-
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tions, the controls generated by GR make the online reconstruction problem (globally)
uniquely solvable. This analysis leads to the development of two new algorithms: opti-
mized GR (OGR) and linearized GR (LGR). OGR extends the greedy character of GR
to the ansatz space for B⋆. Given a family of operators B, OGR is able to identify and
eliminate redundant elements, thereby optimizing B. Our investigation into OGR also re-
veals a lower bound for the number of control functions required to achieve uniqueness of
solutions for the online reconstruction problem. LGR, on the other hand, builds the foun-
dation of our analysis for bilinear and general nonlinear dynamical systems. Inspired by
classical methods for solving nonlinear problems, such as the Gauss-Newton method (GN),
LGR is formulated using linearizations of the dynamical systems. We demonstrate that
the controls computed by LGR can ensure that GN is locally well-defined and convergent,
thus making the online nonlinear reconstruction problem (locally) solvable. In particular,
we provide a detailed analysis of LGR for two classes of problems: the reconstruction of
a drift matrix in linear systems and the reconstruction of a Hamiltonian matrix in skew-
symmetric bilinear systems, see [2]. Both cases represent truly nonlinear problems, since
the unknown operators act on the states of the systems.

Our investigations into LGR also allow us to obtain a first analysis of the original GR
algorithm applied to nonlinear systems, see [2]. More specifically, we prove that under
appropriate controllability and observability assumptions, the controls generated by GR are
also suitable for LGR, thereby make the online reconstruction problem (locally) solvable.
This is demonstrated in detail for three classes of problems: the previously discussed linear
and bilinear reconstruction problems, as well as the reconstruction of the control matrix in
nonlinear dynamical systems with a linear control structure. Finally, we compare GR and
LGR by direct numerical experiments and by a global convergence analysis in a specific
case. These reveal that GR and LGR perform similarly when operating locally near the
solution. However, GR is superior when applied directly to the original nonlinear system,
especially when only poor information about the solution is available.

To test our algorithms in an applied setting, we adapt GR and OGR to the identification
of probability distributions for parameters in nuclear magnetic resonance (NMR), see [3,
4], which marks the second main novelty of this thesis. In this context, the distributions
that we aim to reconstruct are contained in the observable. We provide a rigorous analysis
showing that the controls generated by the new GR algorithm (called GRPD) make the
online reconstruction problem uniquely solvable. Numerical experiments show that the
optimized version of GRPD (OGRPD) achieves comparable results to GRPD while utilizing
only half the amount of controls, aligning with the theoretical lower bound that we found in
our previous analysis. Notably, both methods are able to outperform a set of randomized
controls, emphasizing their effectiveness.

The third and final novelty of the present thesis is the extension of GR and OGR to
the field of function approximation, specifically focusing on polynomial interpolation and
neural network applications, see [5]. We prove that GR and OGR applied to polynomial
interpolation compute exactly a set of (tensor-product) Leja points. Moreover, we show
that OGR is equivalent to the well-established Empirical Interpolation Method (EIM);
see, e.g,. [10, 14, 20, 45, 58, 59] and references therein. Despite this equivalency, GR
and OGR have one main advantage over EIM: EIM, as well as other greedy algorithms
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commonly used for function approximation (see, e.g., [15]), is limited to linear parameteri-
zations of the ansatz function. In contrast, GR and OGR can be formulated to also handle
nonlinear parameterizations, such as weights and biases of neural networks. This observa-
tion motivates the introduction of a new class of greedy algorithms, called Data Greedy
Reconstruction (DGR) algorithms. These methods assume that a (very) large data set is
already available. The goal of these DGR algorithms is to select the smallest subset of data
while simultaneously optimize the structure of the approximation ansatz, within a given
family of approximation functions. In particular, we develop a combination of OGR and
DGR tailored for neural network applications, called Network OGR (NOGR). We provide
an in-depth discussion on the network structure optimization and illustrate by numerical
tests how our algorithms effectively optimize the depth and number of neurons in a neural
network.

1.1 Outline

Generally speaking, this thesis can be divided into two main parts. The first half (Chapters
3-5) is devoted to the introduction and analysis of the GR algorithms (see [3, 4]). In the
second half (Chapters 6-8), we validate our theoretical results by numerical tests in specific
fields of application.

Chapter 1 – Introduction. In the remaining part of this chapter, we list our own
publications that this thesis is build upon, and fix the notation used throughout this work.

Chapter 2 – Greedy reconstruction algorithms for dynamical systems. In this
chapter, we introduce our GR algorithms for the reconstruction of operators inside ordinary
differential equations (ODEs) that are subject to control functions. We state the general
framework and motivate the development of OGR, LGR and OLGR, where the latter
corresponds to an optimized version of LGR.

Chapter 3 – Reconstruction of matrices in linear systems. In this chapter, we
present our analysis of GR and LGR algorithms for the reconstruction of control and
drift matrices characterizing linear input/output systems. Our analysis reveals that the
performance of GR and LGR strongly depends on the observability and controllability
properties of the underlying system.

Chapter 4 – Reconstruction of matrices in bilinear systems. In this chapter, we
consider the LGR algorithm for the reconstruction of skew-symmetric matrices characteriz-
ing bilinear control systems. The special controllability properties of these systems, related
to Lie algebras, enable us to apply an analysis similar to the one in Chapter 3.
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Chapter 5 – Analysis for general dynamical systems. In this chapter, we present
the first analysis of GR algorithms for nonlinear problems. While LGR is limited to
linearized systems that only capture local characteristics of the original nonlinear system,
we prove that the results obtained for LGR in Chapters 3 and 4 also hold locally for the
standard GR algorithm.

Chapter 6 – Numerical experiments for linear and bilinear systems. Based on
our analysis in Chapters 3 and 4, we compare the performance of GR, OGR, LGR and
OLGR by numerical experiments using linear and bilinear reconstruction problems. Our
results suggest that OGR is the most effective strategy of the four.

Chapter 7 – Reconstruction of parameter distributions in spin systems. In this
chapter, we apply our GR algorithms in the field of Nuclear Magnetic Resonance (NMR)
to reconstruct the joint probability distribution of two inhomogeneous Hamiltonian param-
eters. Once again, the controls computed by the optimized version of our GR algorithm
turn out to be the best possible ones.

Chapter 8 – Greedy reconstruction algorithms for function approximation. In
this chapter, we develop a new class of GR algorithms for function approximation prob-
lems. First, we demonstrate the effectiveness of our algorithms by relating them to well-
established methods in the field of polynomial interpolation. Afterwards, we unite all our
gained knowledge on GR algorithms and introduce NOGR, a novel strategy designed to
simultaneously optimize a training data set and find a minimal neural network structure
able to learn this data.

Chapter 9 – Conclusions and Outlook. In this final chapter, we draw our conclusions
and outline the prospects for future research.

Appendix. The Appendix contains a local convergence result for the Gauss-Newton
method used in Chapters 3 and 4.

1.2 Publications
[1] S. Buchwald, G. Ciaramella, and J. Salomon. “Analysis of a greedy reconstruction

algorithm”. In: SIAM J. Control Optim. 59.6 (2021), pp. 4511–4537.
[2] S. Buchwald, G. Ciaramella, and J. Salomon. “Gauss-Newton oriented greedy al-

gorithms for the reconstruction of operators in nonlinear dynamics”. In: SIAM J.
Control Optim. 62.3 (2024), pp. 1343–1368.

[3] S. Buchwald, G. Ciaramella, J. Salomon, and D. Sugny. “A SPIRED code for the re-
construction of spin distribution”. In: Computer Physics Communications 299 (2024),
p. 109126. doi: https://doi.org/10.1016/j.cpc.2024.109126.

https://doi.org/https://doi.org/10.1016/j.cpc.2024.109126
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[4] S. Buchwald, G. Ciaramella, J. Salomon, and D. Sugny. “Greedy reconstruction algo-
rithm for the identification of spin distribution”. In: Phys. Rev. A 104 (6 Dec. 2021),
p. 063112.

[5] S. Buchwald, G. Ciaramella, and M. Verani. “Greedy reconstruction algorithms for
function approximation”. Submitted, preprint available at https://mox.polimi.
it/reports-and-books/publication-results/?id=1323.

The publications listed above serve as a foundation of this thesis. All authors contributed
equally to the respective work. In particular, the author of the present thesis wrote all
numerical codes and conducted all numerical tests. Moreover, this thesis contains a novel
analysis for the reconstruction of drift matrices in partially observable and controllable
linear systems in Section 3.2.4, and additional numerical experiments for a bilinear recon-
struction problem in Section 6.2.

1.3 Notation

Consider a positive natural number N . We denote by ⟨v,w⟩ := v̄⊤w, for any v,w ∈ CN ,
the usual complex scalar product on CN , and by ∥ · ∥2 the corresponding norm. For any
A ∈ CN×N , ∥A ∥2 is the norm induced by the vector norm ∥ · ∥2, [A]j,k is the j, k (with
j, k ≤ N) entry of A, and the notation A[1:k,1:j] indicates the upper left submatrix of A
of size k × j, namely, [A[1:k,1:j]]ℓ,m := [A]ℓ,m for ℓ = 1, . . . , k and m = 1, . . . , j. Similarly,
A[1:k,j] denotes the column vector in Rk corresponding to the first k elements of the column
j of A. Additionally, im(A) is the image of A, and ker(A) its kernel. We indicate by so(N)
the space of skew-symmetric matrices in RN×N . Moreover, when talking about symmetric
matrices, PD and PSD stand for positive definite and positive semi-definite, respectively.
For a real number x ∈ R we denote by ⌈x⌉ the ceiling function that maps x to the smallest
integer greater than or equal to x.

Dynamical systems. By (A,B,C) we denote the input/output dynamical system

xxx(t) = Cyyy(t), ẏyy(t) = Ayyy(t) +Buuu(t), yyy(0) = yyy0. (1.1)

The controls uuu belong to the admissible set Uad, which is assumed to be a non-empty and
weakly compact subset of L2(0, T ;RM ), M ∈ N. This guarantees well posedness of the
optimal control problems considered in this work. Moreover, we assume that Uad contains
uuu ≡ 0 as an interior point. This hypothesis is used in our analysis in Section 3.2, and
Chapters 4 and 5. For an interval X ⊂ R, the notation ϕ : X ⇒ RN indicates that ϕ is a
set-valued correspondence, i.e. ϕ(x) ⊂ RN is a set for x ∈ X. Finally, BNr (x) ⊂ RN is the
ball with radius r > 0 and center x ∈ RN .

Polynomial interpolation. We denote by x̃j ∈ R and x̃xxj = [x̃j,1, . . . , x̃j,N ]⊤ ∈ RN any
interpolation point, while using x and xxx = [x1, . . . , xN ]⊤ for general points in R and RN ,
respectively. For N,M ∈ N, we let G = G(X,RM ) be a class of functions over some closed
and bounded set X ⊂ RN . In particular, for M = 1 we denote by Pn := Pn(X) the space

https://mox.polimi.it/reports-and-books/publication-results/?id=1323
https://mox.polimi.it/reports-and-books/publication-results/?id=1323
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of polynomials p over X with degree deg(p) ≤ n, meaning that

p : X → R, x 7→ p(x) =
n∑

|ααα|=0

aαααxxx
ααα,

for coefficients aααα ∈ R with ααα ∈ NN , |ααα| =
∑N

i=1 αi, and

xxxααα = xxx(α1,...,αN ) := xα1
1 · · ·x

αN
N .

For a monomial aαααxααα, we call ααα = (α1, . . . , αN ) ∈ NN its component-wise degree.

Neural networks. We denote by FW,b a residual neural network (compare, e.g., [46]) of
depth m, with input size N ∈ N, output size M ∈ N and hidden layers of (the same) width
d ∈ N, represented by weights W = (W [1], . . . ,W [m]) ∈ RN×d × · · · × Rd×M and biases
b = (bbb[1], . . . , bbb[m]) ∈ Rd × · · · × Rd × RM . We call W(ddd) := (RN×d × · · · × Rd×M )× (Rd ×
· · · × Rd × RM ) the joint space of the weight matrices W and the bias vectors b.



Chapter 2

Greedy reconstruction algorithms
for dynamical systems

In this chapter, we introduce the three main classes of GR algorithms for operator recon-
struction in dynamical systems. We begin by formulating the general setting in Section
2.1, which will serve as a reference throughout the following chapters. In Section 2.2, we
state the standard GR algorithm as introduced by Maday and Salomon in [57]. We then
present the OGR algorithm in Section 2.3, developed in [1] with the goal of optimizing
the performance of GR and removing its dependence on the choice and order of the set B.
Finally, in Section 2.4, we discuss the LGR algorithm which was introduced in [2] to prove
local convergence results for nonlinear reconstruction problems.

2.1 General setting

Consider the system of ordinary differential equations (ODE)

ẏyy(t) = f(B⋆, yyy(t),uuu(t)), t ∈ (0, T ],

yyy(0) = yyy0,
(2.1)

where yyy(t) ∈ RN with N ∈ N, yyy0 ∈ RN and uuu ∈ Uad. The operator B⋆ is unknown and
assumed to lie in the linear space spanned by a finite-dimensional set B = {B1, . . . , BK},
K ∈ N, and we write B⋆ =

∑K
j=1 β⋆,jBj =: B(βββ⋆). We assume that f : span(B) × RN ×

RM → RN , (B,yyy,uuu) 7→ f(B,yyy,uuu) is differentiable in B and yyy.

To identify the unknown operator B⋆ one uses a set of control functions {uuum}Km=1 ⊂ Uad

to perform K laboratory experiments and obtain experimental data {φφφdata
⋆ (uuum)}Km=1. For

the purpose of this work, we assume that this data is given by

φφφdata
⋆ (uuum) := Cyyy(B⋆,uuu

m;T ), for m = 1, . . . ,K, (2.2)

where yyy(B⋆,uuu;T ) denotes the solution to (2.1) at time T > 0, corresponding to the operator
B⋆ and a control function uuu. The matrix C ∈ RP×N (P ≤ N) is a given observer matrix.
The measurements are assumed not to be affected by noise.

7
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Using the set {uuum}Km=1 and the data {φφφdata
⋆ (uuum)}Km=1 ⊂ RP , the unknown vector βββ⋆ is

obtained by solving the least-squares problem

min
βββ∈RK

1

2

K∑
m=1

∥φφφ(B(βββ),uuum)−φφφdata
⋆ (uuum)∥22, (2.3)

where
φφφ(B(βββ),uuum) := Cyyy(B(βββ),uuum;T ). (2.4)

Clearly βββ⋆ is a global minimizer for (2.3).

In the presented setting, several variables are used. Let us clarify their roles in plain words:

• The elements of the set B can be arbitrarily chosen as data, but are assumed to be
such that B⋆ ∈ spanB.

• Given a set B, the true unknown of the reconstruction problem (2.3) is βββ⋆ (or equiv-
alently B⋆).

• The control functions {uuum}Km=1 determine the experiments that are performed to
produce the laboratory data {φφφdata

⋆ (uuum)}Km=1, defined in (2.2). This data is necessary
to assemble the (online) reconstruction problem (2.3).

If the control functions {uuum}Km=1 and the data {φφφdata
⋆ (uuum)}Km=1 are given, problem (2.3) is a

standard parameter-identification inverse problem written in a least-squares minimization
form. However, the choice of the control functions {uuum}Km=1 can affect significantly the
properties of problem (2.3) and the corresponding solutions.

2.2 The greedy reconstruction algorithm

To design an optimized set of control functions, in particular with the goal of improving
local convexity properties of (2.3), Maday and Salomon introduced in [57] a numerical
strategy which separates the reconstruction process in offline and online phases. During
the offline phase, a GR algorithm computes a set of optimized control functions {uuum}Km=1

by exploiting only the theoretical model (2.1), without using any laboratory data. In
the online phase, these controls are used experimentally to produce the laboratory data
{φφφdata

⋆ (uuum)}Km=1 and to define the online reconstruction problem (2.3). Thus, the online
phase consists (mathematically) in solving an inverse problem.

The ideal goal of this offline/online framework is to find a good approximation of the
unknown operator, such that the difference at time T between observed experimental data
and numerically computed data is minimized for any control uuu. In other words, one aims
at finding an operator B that solves

min
B∈spanB

max
uuu∈Uad

∥φφφ(B,uuu)−φφφdata
⋆ (uuu)∥22,

or equivalently an βββ that solves

min
βββ∈RK

max
uuu∈Uad

∥φφφ(B(βββ),uuu)−φφφdata
⋆ (uuu)∥22. (2.5)
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Algorithm 1 Greedy Reconstruction Algorithm (GR)
Require: A set of linearly independent operators B = {B1, . . . , BK}.

1: Set k = 1 and find the control uuu1 that solves

max
uuu∈Uad

∥φφφ(0,uuu)−φφφ(B1,uuu)∥22, (2.7)

where φφφ(B,uuu) is defined in (2.4).
2: while k ≤ K − 1 do
3: Fitting step: Find βββk = (βk

j )j=1,...,k ∈ Rk that solves

min
βββ∈Rk

k∑
m=1

∥φφφ(B(k)(βββ),uuum)−φφφ(Bk+1,uuu
m)∥22, (2.8)

where B(k)(βββ) :=
∑k

j=1 βjBj .
4: Splitting step: Find uuuk+1 that solves

max
uuu∈Uad

∥φφφ(B(k)(βββk),uuu)−φφφ(Bk+1,uuu)∥22. (2.9)

5: Update k ← k + 1.
6: end while

Therefore, the goal of the GR algorithm is to generate a set of control functions {uuum}Km=1

such that a computed solution to (2.3) also solves (2.5).

Since the GR algorithm does not have access to any laboratory data, we must assume that
βββ⋆ could be any vector in RK . To ensure that (2.5) has a unique solution βββ = βββ⋆ for any
βββ⋆ ∈ RK , it must hold that

∀β̃ββ, β̂ββ ∈ RK , β̃ββ ̸= β̂ββ, ∃uuu ∈ Uad : φφφ(B(β̃ββ),uuu) ̸= φφφ(B(β̂ββ),uuu).

Thus, the controls {uuum}Km=1 generated by the GR algorithm must attempt to satisfy

∀β̃ββ, β̂ββ ∈ RK , β̃ββ ̸= β̂ββ, ∃m ∈ {1, . . . ,K} : φφφ(B(β̃ββ),uuum) ̸= φφφ(B(β̂ββ),uuum). (2.6)

Following this idea, Maday and Salomon defined the GR algorithm as an iterative procedure
that performs a sweep over the set B = {Bk}Kk=1 and computes a new control uuuk at each
iteration. The full GR algorithm is stated in Algorithm 1. The goal of this strategy is
that, at iteration k ∈ {1, . . . ,K}, the computed controls {uuum}km=1 satisfy

∀β̃ββ, β̂ββ ∈ Rk, β̃ββ ̸= β̂ββ, ∃m ∈ {1, . . . , k} : φφφ(B(k)(β̃ββ),uuum) ̸= φφφ(B(k)(β̂ββ),uuum), (2.10)

where B(k)(βββ) =
∑k

j=1 βjBj . This is achieved by a series of alternating fitting and splitting
steps that mimic the structure of the min-max problem (2.5).

Since the analysis performed in the following chapters focuses on Algorithm 1, let us explain
it in more details. The initialization is performed by solving the optimal control problem
(2.7), which aims to maximize the distance (at time T ) between the observed states of the
two systems {

ẏyy(t) = f(0, yyy(t),uuu(t)),

yyy(0) = yyy0,

{
ẏyy(t) = f(B1, yyy(t),uuu(t)),

yyy(0) = yyy0.
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The numerical solution of this maximization problem provides the first control function uuu1.

Assume now that the control functions uuu1, . . . ,uuuk have been computed. The new control
uuuk+1 is obtained by performing a fitting step (namely solving problem (2.8)) and a splitting
step (namely solving problem (2.9)). In the fitting step, one compares the two systems{

ẏyy(t) = f(
∑k

j=1 βjBj , yyy(t),uuu
m(t)),

yyy(0) = yyy0,

{
ẏyy(t) = f(Bk+1, yyy(t),uuu

m(t)),

yyy(0) = yyy0,

for m ∈ {1, . . . , k}, and looks for an βββ ∈ Rk for which their observed solutions at time
T are as similar as possible (ideally identical and hence indistinguishable). We denote
by βββk = [βk1 , . . . , β

k
k ]

⊤ the vector computed by solving (2.8). This vector is used in the
subsequent splitting step, which consists in solving the optimal control problem (2.9). Here,
we compute a control function uuuk+1 that maximizes the distance (at time T ) between the
solutions of the two systems{

ẏyy(t) = f(
∑k

j=1 β
k
jBj , yyy(t),uuu(t)),

yyy(0) = yyy0,

{
ẏyy(t) = f(Bk+1, yyy(t),uuu(t)),

yyy(0) = yyy0,

where now βββk is a fixed vector of coefficients and the optimization variable is the control
function uuu.

2.3 The optimized greedy reconstruction algorithm

The choice and ordering of the set B = {B1, . . . , BK} significantly influence the control
functions generated by the standard GR Algorithm 1. Indeed, GR will always compute
exactly K control functions, even if the sufficient condition (2.6) for the reconstruction
problem (2.3) to be uniquely solvable is already satisfied by the first k < K controls.

To reduce the dependency on B and to increase efficiency with respect to the number of
computed controls, we introduce the OGR Algorithm 2. This new strategy extends the
greedy nature of the original GR algorithm to the choice of the next element in B. During
each iteration, all remaining elements in B are considered as potential candidates. We then
choose the one that yields the largest function value in the respective splitting step. In
other words, we identify the basis element for which one can split the observation the most
from all previous basis elements. It is important to remark that at each iteration, multiple
fitting-step and splitting-step problems are solved. However, these computations can be
performed in parallel since each individual problem is independent of the other ones.

OGR also introduces two new features related to the two tolerances tolfit and tolsplit,
intended to further increase its efficiency. The first feature can be found in Lines 8-9. At
iteration k, after all fitting step problems have been solved, we check whether there exists
ℓ ∈ {k + 1, . . . ,K} for which the optimal cost function value is different from zero (i.e.,
larger than tolfit). If this is the case, then there exists a control uuum, m ∈ {1, . . . , k̃}, that
already satisfies φφφ(B(k)(βββℓ),uuum) ̸= φφφ(Bℓ,uuu

m;T ). Thus, recalling (2.10), we can add the
element Bℓ to the already selected ones without computing a new control. The second
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Algorithm 2 Optimized Greedy Reconstruction Algorithm (OGR)
Require: A set of operators B = {B1, . . . , BK} for K ∈ N, and two tolerances tolfit, tolsplit > 0.
1: Find uuu1 and ℓ1 that solve the initialization problem

max
ℓ∈{1,...,K}

max
uuu∈Uad

∥φφφ(0,uuu)−φφφ(Bℓ,uuu)∥22. (2.11)

2: Swap B1 and Bℓ1 in B, and set k = 1, k̃ = 1 and fsplit = ∥φφφ(0,uuu1)−φφφ(B1,uuu
1)∥22.

3: while k ≤ K − 1 and fsplit ≥ tolsplit do
4: (Optional: Orthogonalize all elements {Bk+1, . . . , BK} with respect to {B1, . . . , Bk}, remove

any that are linearly dependent and update K accordingly.)
5: for ℓ = k + 1, . . . ,K do
6: Fitting step: Find (βℓ

j)j=1,...,k that solve the problem

min
βββ∈Rk

k̃∑
m=1

∥φφφ(B(k)(βββ),uuum)−φφφ(Bℓ,uuu
m;T )∥22, (2.12)

and set fℓ =
∑k̃

m=1 ∥φφφ(B(k)(βββℓ),uuum)−φφφ(Bℓ,uuu
m)∥22.

7: end for
8: if maxℓ=k+1,...,K fℓ > tolfit then
9: Set ℓk+1 = argmaxℓ=k+1,...,K fℓ.

10: else
11: Splitting step: Find uuuk̃+1 and ℓk+1 that solve the problem

max
ℓ∈{k+1,...,K}

max
uuu∈Uad

∥φφφ(B(k)(βββℓ),uuu)−φφφ(Bℓ,uuu)∥22. (2.13)

12: Update k̃ ← k̃ + 1.
13: end if
14: Swap Bk+1 and Bℓk+1

in B.
15: Update fsplit ← ∥φφφ(B(k)(βββℓk+1),uuuk+1)−φφφ(Bk+1,uuu

k+1)∥22 and k ← k + 1.
16: end while

feature can be found in Line 3. The algorithm terminates if the newly computed control
is not able to split the observations, meaning that the cost function value of the splitting
step is smaller than tolsplit. This implies that the effect of any remaining element in B on
the observations (2.4) is indistinguishable from the already selected ones.

Finally, we note that OGR returns not only an efficient set of controls {uuum}k̃m=1 but also
an optimized (i.e, reordered and possibly reduced) set B.

2.4 Linearized greedy reconstruction algorithms

This class of methods is inspired directly from the numerical process of solving the online
reconstruction problem (2.3). A typical iterative strategy to solve nonlinear problems of
the form (2.3) is the Gauss-Newton method (GN). Its process is initialized by a vector
which we will call βββ◦ ∈ RK . We denote by βββc ∈ RK the GN iterate, and define fm(βββ) :=
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1
2

∑P
i=1([Rm(βββ)]i)

2 = 1
2Rm(βββ)⊤Rm(βββ), where

Rm(βββ) := φφφ(B(βββ),uuum)−φφφdata
⋆ (uuum), for m ∈ {1, . . . ,K}. (2.14)

Thus, the online reconstruction problem (2.3) is equivalent to

min
βββ∈RK

K∑
m=1

fm(βββ). (2.15)

Given an iterate βββc ∈ RK and the Jacobian R′
m(βββc) ∈ RP×K of Rm at βββc, GN finds the

new iterate by solving

min
βββ∈RK

1

2

K∑
m=1

∥R′
m(βββc)(βββ − βββc)−Rm(βββc)∥22, (2.16)

whose first-order necessary optimality condition is

Ŵcβββ =
K∑

m=1

R′
m(βββc)

⊤Rm(βββc), (2.17)

where Ŵc :=
∑K

m=1R
′
m(βββc)

⊤R′
m(βββc) ∈ RK×K is symmetric PSD. Now, we recall the

following convergence result from [51, Thm. 2.4.1] (for a proof see also Appendix A).

Lemma 2.4.1 (local convergence of GN) Let βββ⋆ be a minimizer of (2.15) such that
for all m ∈ {1, . . . ,K} the function Rm is Lipschitz continuously differentiable near βββ⋆ and
Rm(βββ⋆) = 0. If the initialization vector βββ◦ ∈ RK is sufficiently close to βββ⋆, and Ŵc is PD
for all iterates βββc ∈ RK , then GN converges lcoally quadratic to βββ⋆.

Lemma 2.4.1 implies that, given an initialization vector βββ◦ sufficiently close to the solution
βββ⋆, the functions {uuum}Km=1 should be chosen such that the GN matrix

Ŵc =

K∑
m=1

R′
uuum(βββc)

⊤R′
uuum(βββc)

is PD for all βββc ∈ RK in a neighborhood of βββ⋆. Notice that Ŵc being PD is equivalent to
(2.16) being uniquely solvable. Using (2.14) and (2.4), we can write (2.16) more explicitly.
For a direction δβββ ∈ RK , we have

R′
m(βββc)(δβββ) = Cδyyyc(B(δβββ),uuum;T ), (2.18)

where δyyyc(B(δβββ),uuum;T ) denotes the solution at time T to the linearized equation{
δ̇yyyc = ∂yyyf(B(βββc), yyyc,uuu)δyyyc +

∑K
j=1 δβj

(
∂Bf(B(βββc), yyyc,uuu)(Bj)

)
, δyyyc(0) = 0,

ẏyyc = f(B(βββc), yyyc,uuu), yyyc(0) = yyy0,
(2.19)

at uuu = uuum. Hence, problem (2.16) can be written as

min
βββ∈RK

K∑
m=1

∥Cδyyyc(B(βββ − βββc),uuum;T )−Rm(βββc)∥22. (2.20)
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Algorithm 3 Linearized Greedy Reconstruction Algorithm (LGR)
Require: A set of linearly independent operators B = {B1, . . . , BK}.

1: Set k = 1 and find the control uuu1 that solves

max
uuu∈Uad

∥Cδyyy◦(B1,uuu;T )∥22. (2.23)

2: while k ≤ K − 1 do
3: Fitting step: Find (βkj )j=1,...,k that solves

min
βββ∈Rk

k∑
m=1

∥Cδyyy◦(B(k)(βββ),uuum;T )− Cδyyy◦(Bk+1,uuu
m;T )∥22. (2.24)

4: Splitting step: Find uuuk+1 that solves

max
uuu∈Uad

∥Cδyyy◦(B(k)(βββk),uuu;T )− Cδyyy◦(Bk+1,uuu;T )∥22. (2.25)

5: Update k ← k + 1.
6: end while

The vectors Rm(βββc) ∈ RP are independent of βββ and can be considered as fixed data when
solving (2.20).

Now, we recall that the GR algorithm was designed to generate controls {uuum}Km=1 that
make problems of the form (2.20) uniquely solvable. Thus, let us assume to be provided
with a vector βββ◦ sufficiently close to βββ⋆ (recall from Section 2.1 that B⋆ = B(βββ⋆)). Further,
let δyyy◦(B(βββ − βββ◦),uuum;T ) denote the solution at time T to{

δ̇yyy◦ = ∂yyyf(B(βββ◦), yyy◦,uuu)δyyy◦ +
∑K

j=1(βj − β◦,j)
(
∂Bf(B(βββ◦), yyy◦,uuu)(Bj)

)
, δyyy◦(0) = 0,

ẏyy◦ = f(B(βββ◦), yyy◦,uuu), yyy◦(0) = yyy0.
(2.21)

Then, the goal is to generate control functions {uuum}Km=1 such that (2.20) in βββc = βββ◦, that
is

min
βββ∈RK

K∑
m=1

∥Cδyyy◦(B(βββ − βββ◦),uuum;T )−Rm(βββ◦)∥22, (2.22)

is uniquely solvable. In Section 3.2.5, we show that if (2.22) is uniquely solvable, the same
holds for (2.20) at all βββ in a neighborhood of βββ◦. Thus, if βββ◦ is an initialization vector for
GN, then (2.20) is uniquely solvable for all iterates βββc of GN.

The set {uuum}Km=1 is computed by Algorithm 3. Since it is related to the linearized equa-
tions (2.21), we call it Linearized Greedy Reconstruction algorithm (LGR). Notice that
Cδyyy◦(0,uuu;T ) = 0 for any uuu and therefore Cδyyy◦(0,uuu;T )−Cδyyy◦(B1,uuu;T ) = Cδyyy◦(B1,uuu;T ).

Analogously to the idea of OGR in Section 2.3, we can also formulate an optimized ver-
sion of LGR, called OLGR, by replacing φφφ(B,uuu) in Algorithm 2 with the linearization
Cδyyy◦(B,uuu;T ).





Chapter 3

Reconstruction of matrices in
linear systems

In this chapter, we develop the main analysis of the GR algorithms for dynamical systems.
We consider a simple linear input/output system

ẏyy(t) = Ayyy(t) +Buuu(t), t ∈ (0, T ], yyy(0) = yyy0, (3.1)

characterized by a drift matrix A ∈ RN×N , a control matrix B ∈ RN×M , N,M ∈ N+, an
initial condition yyy0 ∈ RN and a control uuu ∈ Uad.

We begin with the reconstruction of the control matrix B in Section 3.1. Since the solution
of (3.1) is linear in B, the corresponding online reconstruction problem (2.3) becomes
quadratic in βββ. This allows us to derive sufficient conditions for the controls generated
by GR to ensure that (2.3) is (globally) strictly convex. These conditions mainly revolve
around the observability properties of the system (3.1). Therefore, we divide our analysis
into fully observable systems, discussed in Section 3.1.2, and partially observable systems,
discussed in Section 3.1.3. We also provide a brief analysis of OGR, revealing a lower
bound on the number of controls required to ensure strict convexity of (2.3).

Afterwards, we discuss the reconstruction of the drift matrix A in Section 3.2. Since A acts
on the state yyy, the corresponding online reconstruction problem (2.3) becomes nonlinear
in βββ. Hence, we apply the linearized approach of LGR, as presented in Section 2.4. We
show that sufficient conditions for local convergence of GN involve both, observability and
controllability properties of the system (3.1). Thus, we again split our analysis into fully
observable and controllable systems, discussed in Section 3.2.3, and partially observable
and controllable systems, discussed in Section 3.2.4.

3.1 Reconstruction of a control matrix

Consider (2.1) with f(B,yyy,uuu) = Ayyy +Buuu, that is,

ẏyy(t) = Ayyy(t) +B⋆uuu(t), t ∈ (0, T ], yyy(0) = yyy0, (3.2)

15
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where A ∈ RN×N is a given matrix for N ∈ N+, yyy0 ∈ RN , and uuu ∈ Uad. The control matrix
B⋆ ∈ RN×M , M ∈ N+, is unknown and assumed to lie in the space spanned by a finite set
of linearly independent matrices B = {B1, . . . , BK} ⊂ RN×M , 1 ≤ K ≤ NM , and we write
B⋆ =

∑K
j=1 β⋆,jBj =: B(βββ⋆).

Now, we apply the strategy introduced in Sections 2.1-2.2, i.e., use the GR Algorithm
1 to generate a set of control functions {uuum}Km=1 ⊂ Uad that are used to generate the
experimental data

φφφdata
⋆ (uuum) = Cyyy(B⋆,uuu

m;T ), m = 1, . . . ,K,

where C ∈ RP×N is the observer matrix (compare (2.2)), and then solve the online recon-
struction problem (2.3).

3.1.1 Matrix-vector formulation of GR

Our analysis begins by proving the following lemma, which gives us an equivalent matrix-
vector formulation of the online reconstruction problem (2.3).

Lemma 3.1.1 (Online reconstruction problem in matrix form) Problem (2.3) for
the linear system (3.2) is equivalent to

min
βββ∈RK

⟨βββ − βββ⋆, Ŵ (βββ − βββ⋆)⟩, (3.3)

where Ŵ ∈ RK×K is defined as

Ŵ :=

K∑
m=1

W (uuum), (3.4)

with W (uuum) ∈ RK×K given by

[W (uuum)]ℓ,j := ⟨γγγℓ(uuum), γγγj(uuu
m)⟩, for ℓ, j = 1, . . . ,K, (3.5)

γγγℓ(uuu
m) :=

∫ T

0
Ce(T−s)ABℓuuu

m(s)ds, for m, ℓ = 1, . . . ,K. (3.6)

Proof. Define J(βββ) :=
∑K

m=1 ∥φφφ(B(βββ),uuum)−φφφdata
⋆ (uuum)∥22 and notice that

φφφ(B(βββ),uuum) = Cyyy(B(βββ),uuum;T ) = CeTAyyy0 +

∫ T

0
Ce(T−s)AB(βββ)uuum(s)ds,

φφφdata
⋆ (uuum) = Cyyy(B⋆,uuu

m;T ) = CeTAyyy0 +

∫ T

0
Ce(T−s)AB(βββ⋆)uuu

m(s)ds.

Recalling that B(βββ) =
∑K

j=1 βjBj , the function J(βββ) can be written as

J(βββ) =

K∑
m=1

∥∥∥∫ T

0
Ce(T−s)A

( K∑
j=1

(βj − β⋆,j)Bℓ

)
uuum(s)ds

∥∥∥2
2

=
K∑

m=1

K∑
ℓ=1

K∑
j=1

(βℓ − β⋆,ℓ)(βj − β⋆,j)⟨γγγℓ(uuum), γγγj(uuu
m)⟩,
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where the vectors γγγℓ(uuum) are defined in (3.6). We can now write

J(βββ) =
K∑
ℓ=1

K∑
j=1

(βℓ − β⋆,ℓ)(βj − β⋆,j)
K∑

m=1

⟨γγγℓ(uuum), γγγj(uuu
m)⟩

=
⟨
βββ − βββ⋆,

K∑
m=1

W (uuum)(βββ − βββ⋆)
⟩
= ⟨βββ − βββ⋆, Ŵ (βββ − βββ⋆)⟩,

and the result follows.

Notice that, for any m = 1, . . . ,K, the matrix W (uuum) defined in (3.5) can be written as
W (uuum) = Γ(uuum)⊤Γ(uuum), where Γ(uuum) = [γγγ1(uuu

m) · · · γγγK(uuum)]. Hence, W (uuum) is sym-
metric and PSD. This guarantees that Ŵ is also symmetric and PSD. Therefore, problem
(3.3) is uniquely solved by βββ = βββ⋆ if and only if Ŵ is PD, meaning that the GR algorithm
actually aims at computing a set of control functions {uuum}Km=1 that makes Ŵ PD. We then
need to study how the positivity of Ŵ evolves during the iteration of the algorithm. To do
so, the first step is to rewrite the problems (2.7), (2.8) and (2.9) also in a matrix form.

Lemma 3.1.2 (GR in matrix form) Consider Algorithm 1. It holds that:

• The initialization problem (2.7) is equivalent to

max
uuu∈Uad

[W (uuu)]1,1. (3.7)

• The fitting-step problem (2.8) is equivalent to

min
βββ∈Rk

⟨βββ, Ŵ (k)
[1:k,1:k]βββ⟩ − 2⟨Ŵ (k)

[1:k,k+1],βββ⟩, (3.8)

where Ŵ (k) =
∑k

m=1W (uuum), and (recalling Section 1.3) Ŵ (k)
[1:k,1:k] ∈ Rk×k denotes the

k × k upper-left block of Ŵ (k) and Ŵ
(k)
[1:k,k+1] ∈ Rk is a vector containing the first k

components of the k + 1-th column of Ŵ (k).

• The discriminatory-step problem (2.9) is equivalent to

max
uuu∈Uad

⟨vvv, [W (uuu)][1:k+1,1:k+1]vvv⟩, (3.9)

where W (uuu) is defined in (3.5) and vvv := [(βββk)⊤, −1]⊤.

Moreover, problems (2.7)/(3.7), (2.8)/(3.8), and (2.9)/(3.9) are well posed.

Proof. The equivalences between (2.7), (2.8), (2.9) and (3.7), (3.8), and (3.9), respectively,
can be proved by similar calculations to the one used in the proof of Lemma 3.1.1. We
omit them for brevity.

Problem (2.8)/(3.8) is a quadratic minimization problem with quadratic function bounded
from below by zero. Hence the existence of a minimizer follows.
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Problems (2.7)/(3.7) and (2.9)/(3.9) are two classical optimal control problems. Since the
admissible set Uad is a weakly compact subset of L2(0, T ;RM ), the existence of a maximizer
follows by standard arguments based on maximizing sequences and weak compactness; see,
e.g., [25] and references therein.

Using the matrix representation given in Lemma 3.1.2, we can now sketch the mathematical
meaning of the iterations of GR. Assume that at the k-th iteration the submatrix Ŵ (k)

[1:k,1:k]

is PD, but Ŵ (k)
[1:k+1,1:k+1] has a non-trivial (one-dimensional) kernel. The GR algorithm first

tries to identify (by solving problem (3.8)) the kernel of Ŵ (k)
[1:k+1,1:k+1], and then attempts

to compute (by solving problem (3.9)) a new control function uuuk+1 such that the matrix
W[1:k+1,1:k+1](uuu

k+1) is positive on the kernel Ŵ (k)
[1:k+1,1:k+1]. If these happen, then the new

updated matrix Ŵ (k+1) = Ŵ (k)+W (uuuk+1) has a PD upper-left block Ŵ (k+1)
[1:k+1,1:k+1]. More-

over, if these two steps hold for any k, then we obtain after the (K − 1)-th iteration the
matrix Ŵ = Ŵ (K) results to be PD. Hence, two questions clearly arise:

1. Does the fitting step of the algorithm always compute the non-trivial kernel of
Ŵ

(k)
[1:k+1,1:k+1] (in case it is truly non trivial)?

2. Does the discriminatory step of the algorithm always compute a control function
uuuk+1 that makes Ŵ (k+1)

[1:k+1,1:k+1] PD?

The first question can be answered with the help of the following technical lemma.

Lemma 3.1.3 (On the kernel of symmetric PSD matrices) Consider a symmetric
PSD matrix G̃ ∈ Rn×n of the form

G̃ =

[
G bbb
bbb⊤ c

]
,

where G ∈ R(n−1)×(n−1) is symmetric and PD, and bbb ∈ Rn−1 and c ∈ R are such that the
kernel of G̃ is non-trivial. Then

ker(G̃) = span

{[
G−1bbb
−1

]}
.

Proof. Since the kernel of G̃ is non-trivial, there exists a non-zero vector uuu =

[
vvv
d

]
∈ Rn\{0}

(with vvv ∈ Rn−1 and d ∈ R) such that G̃uuu = 0. Moreover, since G is PD, the kernel of G̃
must be one-dimensional and equal to the span of {uuu}. Using the structure of uuu, we write
G̃uuu = 0 as {

Gvvv + d bbb = 0,

bbb⊤vvv + dc = 0,

G invertible⇐⇒

{
vvv = −dG−1bbb,

−d bbb⊤G−1bbb+ dc = 0.
(3.10)

Now, suppose that d = 0. This implies that vvv = −dG−1bbb = 0, which in turn implies that
uuu = 0. However, this is a contradiction to the fact that uuu ̸= 0. Hence d ̸= 0. The result
follows by the right equations in (3.10) (divided by −d).
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Recalling the equivalent form (3.8) of the fitting-step problem (2.8), one can clearly see that,
if Ŵ (k)

[1:k,1:k] is PD, then the unique solution to (3.8) is given by βββk = (Ŵ
(k)
[1:k,1:k])

−1Ŵ
(k)
[1:k,k+1].

On the other hand, if we set

G̃ = Ŵ
(k)
[1:k+1,1:k+1], G = Ŵ

(k)
[1:k,1:k], bbb = Ŵ

(k)
[1:k,k+1], c = Ŵ

(k)
[k+1,k+1],

then Lemma 3.1.3 guarantees that the vector vvv := [(βββk)⊤, −1]⊤ spans the kernel of
Ŵ

(k)
[1:k+1,1:k+1], if this is non-trivial. Therefore, we have

ker(Ŵ (k)
[1:k+1,1:k+1]) = span

{[
(Ŵ

(k)
[1:k,1:k])

−1Ŵ
(k)
[1:k,k+1]

−1

]}
= span

{
vvv :=

[
βββk

−1

]}
.

This means that, if Ŵ (k)
[1:k+1,1:k+1] has a rank defect, then the GR algorithm finds this defect

by the fitting step.

The answer to the second question posed above is more complicated. In order to formulate
it properly, we need to recall the definition of observability of an input/output dynamical
system (A,B,C) of the form (1.1) with A ∈ RN×N , B ∈ RN×M , C ∈ RP×N ; see, e.g., [67].

Definition & Lemma 3.1.4 (observable input-output linear systems) The input-
output linear system (1.1) is said to be observable if the initial state yyy(0) = yyy0 can be
uniquely determined from input/output measurements. Equivalently, (1.1) is observable if
and only if the observability matrix

ON (C,A) :=


C
CA

...
CAN−1


has full column rank.

Notice that the matrix B does not affect the observability of system (1.1).

We now analyze the performance of GR in the case of fully observable systems (namely
rank ON (C,A) = N) in Section 3.1.2 and in case of partially observable systems (namely
rank ON (C,A) < N) in Section 3.1.3.

3.1.2 Analysis for fully observable systems

Let us assume that the system is observable, namely that rank ON (C,A) = N . We show
in this section that this is a sufficient condition for the GR algorithm to make the matrix
Ŵ PD. To do so, we first prove the following lemma regarding the splitting step. Notice
that the proof of this result is inspired by classical Kalmann controllability theory; see,
e.g., [31].

Lemma 3.1.5 (Splitting-step problem for fully observable systems) Assume that
the matrices A ∈ RN×N and C ∈ RP×N are such that rank ON (C,A) = N . Let Ŵ (k)

[1:k,1:k]
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be PD, βββk the solution to the fitting-step problem (2.8), and vvv = [(βββk)⊤,−1]⊤. Then any
solution uuuk+1 of the splitting-step problem (2.9) satisfies

⟨vvv,W[1:k+1,1:k+1](uuu
k+1)vvv⟩ =

∥∥∥∫ T

0
Ce(T−s)A

( k∑
j=1

βkjBj −Bk+1

)
uuuk+1(s)ds

∥∥∥2
2
> 0,

for k = 0, 1, . . . ,K − 1.

Proof. Let us define B̃ :=
∑k

j=1 β
k
jBj−Bk+1. Since the matrices B1, . . . , Bk+1 are assumed

to be linearly independent, B̃ is non-zero.

Now, we consider an arbitrary δ ∈ (0, T ) and define a control function ũuu ∈ Uad as

ũuu(s) :=

{
0, 0 ≤ s < δ,

eeei, δ ≤ s ≤ T,

where eeei ∈ RM is the i-th canonical vector for some index 1 ≤ i ≤M . Further, we denote
by b̃bbi the i-th column of B̃. Since B̃ is non-zero, we can choose the index i such that b̃bbi ̸= 0.
Now, we compute

∫ T

0
Ce(T−s)AB̃ũuu(s)ds =

∫ T

δ
Ce(T−s)Ab̃bbids =

∫ T

δ
C
[ ∞∑
j=0

(T − s)jAj

j!

]
b̃bbids

(⋆)
=
[ ∞∑
j=0

∫ T

δ

(T − s)j

j!
ds CAj

]
b̃bbi =

[ ∞∑
j=0

(T − δ)j+1

(j + 1)!
CAj

]
b̃bbi

=

∞∑
j=0

βj(δ)CA
jb̃bbi,

where βj(δ) := (T−δ)j+1

(j+1)! and we used the dominated convergence theorem (see, e.g., [64,
Theorem 1.34]) to interchange integral and infinite sum and obtain the equality (⋆). Since
the observability matrix ON (C,A) has full rank and b̃bbi ̸= 0, there exists an index 0 ≤ j ≤
N − 1 such that CAjb̃bbi ̸= 0. Hence, f(δ) :=

∑∞
j=0 βj(δ)CA

jb̃bbi is an analytic function for
δ ∈ (0, T ) and such that f ̸= 0.1 We also know that (non-constant) analytic functions have
isolated roots; see, e.g., [64, Theorem 10.18]. Therefore we can find a δ ∈ (0, T ) such that∑∞

j=0 βj(δ)CA
jb̃bbi ̸= 0, and obtain the existence of a ũuu ∈ Uad such that

∫ T

0
Ce(T−s)AB̃ũuu(s)ds ̸= 0.

1To see it, recall that βj(δ) =
(T−δ)j+1

(j+1)!
, consider a function g(x) =

∑∞
j=0

xj+1

(j+1)!
γj , and assume that there

exists at least one integer k such that γk ̸= 0. Now, if we pick the minimum integer k̂ such that γk̂ ̸= 0,
we have that g(x) = xk̂+1

(k̂+1)!
γk̂ +

∑∞
j=k̂+1

xj+1

(j+1)!
γj . For x → 0, the first term behaves as O(xk̂+1), while the

second term as O(xk̂+2). Hence, there exists a point y > 0 such that g(y) ̸= 0.
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This implies that

⟨vvv,W[1:k+1,1:k+1](uuu
k+1)vvv⟩ =

∥∥∥∫ T

0
Ce(T−s)A

( k∑
ℓ=1

βkℓBℓ −Bk+1

)
uuuk+1(s)ds

∥∥∥2
2

≥
∥∥∥∫ T

0
Ce(T−s)A

( k∑
ℓ=1

βkℓBℓ −Bk+1

)
ũuu(s)ds

∥∥∥2
2

=
∥∥∥∫ T

0
Ce(T−s)AB̃ũuu(s)ds

∥∥∥2
2
> 0,

where we have used that uuuk+1 is a maximizer for problem (2.9).

Now, we can prove our first main result.

Theorem 3.1.6 (GR for fully observable systems) Assume that the matrices A ∈
RN×N and C ∈ RP×N are such that rank ON (C,A) = N . Let K ∈ {1, . . . ,MN} be
arbitrary and let {uuu1, . . . ,uuuK} ⊂ Uad be a set of controls generated by GR. Then the matrix
Ŵ defined in (3.4) is PD and the online reconstruction problem (2.3) is uniquely solvable
by βββ = βββ⋆.

Proof. By Lemma 3.1.1 it is sufficient to show that the matrix Ŵ corresponding to the
controls uuu1, . . . ,uuuK generated by the algorithm is PD. The proof of this claim proceeds by
induction.

Lemma 3.1.5 guarantees that there exists a uuu1 such that [W (uuu1)]1,1 > 0. Now, we assume
that Ŵ (k)

[1:k,1:k] is PD, and we show that Ŵ (k+1)
[1:k+1,1:k+1] is PD as well.

If Ŵ k
[1:k+1,1:k+1] is PD, then

Ŵ
(k+1)
[1:k+1,1:k+1] = Ŵ k

[1:k+1,1:k+1] +W (uuuk)[1:k+1,1:k+1]

is PD as well, since W (uuuk)[1:k+1,1:k+1] is PSD.

Assume now that the submatrix Ŵ
(k)
[1:k+1,1:k+1] has a non-trivial kernel. Since Ŵ (k)

[1:k,1:k] is
PD (induction hypothesis), problem (3.8) is uniquely solvable with solution βββk. Then,
by Lemma 3.1.3 the (one-dimensional) kernel of Ŵ (k)

[1:k+1,1:k+1] is the span of the vector
vvv = [(βββk)⊤, −1]⊤. Finally, using Lemma 3.1.5 we obtain that the solution uuuk+1 to the
splitting-step problem satisfies

0 < ⟨vvv, [W (uuuk+1)][1:k+1,1:k+1]vvv⟩.

Hence, the matrix [W (uuuk+1)][1:k+1,1:k+1] is PD on the span of vvv. Therefore Ŵ (k+1)
[1:k+1,1:k+1] =

Ŵ
(k)
[1:k+1,1:k+1] + [W (uuuk+1)][1:k+1,1:k+1] is PD.

Remark 3.1.7 (Uniqueness of solution of the min-max problem (2.5)) Under the
assumption that the system is fully observable, the min-max problem (2.5) is also uniquely
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solvable with βββ = βββ⋆. To see this, we first note that (2.5) can be written in terms of W (uuu):

∥Cyyy(B(βββ),uuu;T )− Cyyy(B⋆,uuu;T )∥22 =
∥∥∥∫ T

0
Ce(T−s)A

( K∑
j=1

(βj − β⋆,j)Bj

)
uuu(s)ds

∥∥∥2
2

= ⟨(βββ − βββ⋆),W (uuu)(βββ − βββ⋆)⟩.

Now, similarly as in the proof of Lemma 3.1.5 and using the full observability of the system,
one can show that for any β̂ββ ∈ RNM with β̂ββ ̸= βββ⋆ there exists a control uuu(β̂ββ) such that
⟨(β̂ββ − βββ⋆),W (uuu(β̂ββ))(β̂ββ − βββ⋆)⟩ > 0. Therefore the unique solution to (2.5) is βββ = βββ⋆.

Notice that, Theorem 3.1.6 does not require any particular assumption on the matrices
B1, . . . , BK , which can be arbitrarily chosen with the only constraint to be linearly inde-
pendent. Moreover, the number K ∈ {1, . . . ,MN} can be fixed arbitrarily and the GR
algorithm will compute control functions that permit the exact reconstruction of the coeffi-
cients of the linear combination of the first K components of B⋆ in a basis {B1, . . . , BMN}.
To be more precise, if the unknown B⋆ belongs to the span of K the linearly independent
matrices B1, . . . , BK used by the algorithm, then, using the control functions generated by
the GR algorithm, the unknown B⋆ can be fully reconstructed. If B⋆ lies in the span of
K̃ ∈ {K +1,K +2, . . . ,MN} linearly independent matrices B1, . . . , BK̃

, but only the first
K of these are used by the algorithm (and in the online reconstruction problem), then one
reconstructs exactly the K coefficients corresponding to the first elements B1, . . . , BK . Fur-
thermore, the ordering of the K considered matrices does not affect the result of Theorem
3.1.6.

3.1.3 Analysis for partially observable systems

The observations and results of Section 3.1.2 are no longer true if the system is only
partially observable, that is rankON (C,A) = R < N . In this case, the choice of the linearly
independent matrices B1, . . . , BK and their ordering become crucial for the algorithm. In
particular, we are going to show that the method can recover at most K = RM components
of the unknown vector βββ⋆, if appropriate matrices B1, . . . , BK are chosen. Moreover, we
will see that an inappropriate choice of matrices B1, . . . , BK can lead to completely wrong
results corresponding to an arbitrarily large error.

For our analysis, we begin by choosing a set of K = NM matrices by exploiting the kernel
of the observability matrix. In particular, recalling that rankON (C,A) = R < N , the
rank-nullity theorem allows us to consider a basis {vvvj}Nj=1 ⊂ RN of RN , such that

vvvj /∈ ker ON (C,A), j = 1, . . . ,R, (3.11)
vvvj ∈ ker ON (C,A), j = R+ 1, . . . , N, (3.12)
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where span{vvvj}Nj=R+1 = ker ON (C,A). We now define a basis {BO
k }NM

k=1 of RN×M as

BO
1 = vvv1eee

⊤
1 , B

O
2 = vvv1eee

⊤
2 , · · · , BO

M = vvv1eee
⊤
M ,

BO
M+1 = vvv2eee

⊤
1 , B

O
M+2 = vvv2eee

⊤
2 , · · · , BO

2M = vvv2eee
⊤
M ,

...
...

...
BO

(N−1)M+1 = vvvNeee
⊤
1 , B

O
(N−1)M+2 = vvvNeee

⊤
2 , · · · , BO

NM = vvvNeee
⊤
M ,

(3.13)

where eeeℓ ∈ RM , for ℓ = 1, . . . ,M , are the canonical vectors in RM . Notice that, since the
vectors {vvvj}Nj=1 are linearly independent, the set {BO

k }NM
k=1 is a basis of RN×M .

From a computational point of view, the vectors vvvj can be obtained by a singular value
decomposition (SVD) of the observability matrix ON (C,A) = UΣV ⊤, where the columns
of V form a basis of RN and the last N − R columns of V span the kernel of ON (C,A);
see, e.g., [68, Theorem 5.2]. Therefore, one can set vvvj = V[:,j], j = 1, . . . , N .

Our first result for partially observable systems says that, if the basis {BO
k }NM

k=1 is consid-
ered, then we can reduce the reconstruction of B⋆ =

∑MN
j=1 β⋆,jB

O
j only to the first RM

coefficients β1, . . . , βRM . This is proved in the next lemma, where we use the notation

BR(βββ⋆) :=
RM∑
j=1

β⋆,jB
O
j . (3.14)

Lemma 3.1.8 (reconstruction problem for partially observable systems)
Consider the basis {BO

k }NM
k=1 constructed as in (3.13) (with vectors vvvj, j = 1, . . . , N , as

in (3.11)-(3.12)). The online least-squares problem (2.3) (with K =MN) is equivalent to

min
βββ∈RRM

NM∑
m=1

∥Cyyy(BR(βββ),uuu
m;T )− Cyyy(B⋆,uuu

m;T )∥22.

Proof. Notice that, for any ℓ ∈ {1, 2, . . . , NM} and s ∈ [0, T ], there exist N functions β̃j
such that

Ce(T−s)ABO
ℓ = C

∞∑
j=0

(T − s)j

j!
AjBO

ℓ

(⋆)
= C

[N−1∑
j=0

β̃j(s)A
j
]
BO

ℓ

=
[
β̃0(s)IN , β̃1(s)IN , . . . , β̃N−1(s)IN

]
ON (C,A)BO

ℓ ,

where we have used the Cayley-Hamilton theorem (see, e.g., [48, p.109]) to obtain the
equality (⋆). If ℓ ∈ {RM + 1, . . . , NM}, then BO

ℓ = vvvjeee
⊤
i with j ≥ R + 1, hence vvvj ∈

ker ON (C,A) and therefore
ON (C,A)BO

ℓ = ON (C,A)vvvj︸ ︷︷ ︸
=0

eee⊤i = 0.

Hence, Ce(T−s)ABO
ℓ = 0 for all ℓ ∈ {RM + 1, . . . , NM} and s ∈ [0, T ]. Thus∫ T

0
Ce(T−s)ABO

ℓ uuu(s)ds = 0,
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for any control function uuu ∈ Uad. Now, recalling the definition of J(βββ) from the proof of
Lemma 3.1.1, our claim follows by writing the least-squares problem (2.3) as

J(βββ) =
NM∑
m=1

∥
NM∑
j=1

(βj − β⋆,j)
∫ T

0
Ce(T−s)ABO

j uuu
m(s)ds∥22

=

NM∑
m=1

∥
RM∑
j=1

(βj − β⋆,j)
∫ T

0
Ce(T−s)ABO

j uuu
m(s)ds∥22.

Lemma 3.1.8 implies that the coefficients βRM+1, . . . , βMN do not affect the cost function
to be minimized. Therefore, as shown in Corollary 3.1.11, any vector βββ ∈ RMN of the form

βββ = [β⋆1 , · · · , β⋆RM , βRM+1, · · · , βMN ]⊤

is a global solution to (2.3), for arbitrary βj ∈ R, j = RM + 1, . . . ,MN . This implies
that one uses only the first RM elements of the basis. In fact, as we are going to show
in Lemma 3.1.9 and Theorem 3.1.10, only their corresponding coefficients can be recon-
structed, while no information can be obtained for the remaining ones. It is therefore
natural, for rankON (C,A) = R < N , to use the GR algorithm with only the first RM
basis elements BO

1 , . . . , B
O
RM . In this case, the proof of our main result for the GR algo-

rithm is analogous to the one of Theorem 3.1.6. We first prove a version of Lemma 3.1.5
adapted to partially observable systems.

Lemma 3.1.9 (Splitting-step problem for partially observable systems) Assume
that rankON (C,A) = R < N and that the GR algorithm is run until the k-th iteration,
with k < RM , using the linearly independent matrices BO

1 , . . . , B
O
RM defined in (3.13).

Let Ŵ (k)
[1:k,1:k] be PD, and let βββk be the solution to the fitting-step problem (2.8). Then any

solution uuuk+1 of the splitting-step problem (2.9) satisfies for k = 1, . . .RM − 1

⟨vvv,W[1:k+1,1:k+1](uuu
k+1)vvv⟩ = ∥

∫ T

0
Ce(T−s)A

( k∑
j=1

βkjB
O
j −BO

k+1

)
uuuk+1(s)ds∥22 > 0,

where vvv := [(βββk)⊤, −1]⊤, for k = 0, 1, . . . ,K − 1.

Proof. Notice that, since the matrices BO
1 , . . . , B

O
RM are linearly independent and defined

as in (3.13), we have that ON (C,A)
(∑k

j=1 β
k
jB

O
j −BO

k+1

)
̸= 0.

With this observation, the result can be proved exactly as Lemma 3.1.5.

Using Lemma 3.1.9, we can prove the following main result for GR in case the matrices
BO

1 , . . . , B
O
RM defined in (3.13) are used.

Theorem 3.1.10 (GR for partially observable systems) Let {uuum}RM
m=1 ⊂ Uad be a

family of controls generated by the GR Algorithm 1 with K = RM and using the matrices
BO

1 , . . . , B
O
RM defined in (3.13). Then the least-squares problem

min
βββ∈RRM

RM∑
m=1

∥Cyyy(BR(βββ),uuu
m;T )− Cyyy(B⋆,uuu

m;T )∥22, (3.15)
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where BR(βββ) is defined in (3.14), is uniquely solvable with βj = β⋆,j, j = 1, . . . ,RM .

Proof. The proof is the same as that of Theorem 3.1.6, where one should use Lemma 3.1.9
instead of Lemma 3.1.5.

Theorem 3.1.10 allows us to prove the next corollary, which characterizes the result of the
GR algorithm when more than RM basis elements of (3.13) are used.

Corollary 3.1.11 (More on partially observable systems)
Let {uuum}Km=1 ⊂ Uad, with K > RM , be a family of controls generated by GR, using the
matrices BO

1 , . . . , B
O
K defined in (3.13). Then the set of all global minimum points for the

least-squares problem

min
βββ∈RK

K∑
m=1

∥Cyyy(B(K)(βββ),uuum;T )− Cyyy(B⋆,uuu
m;T )∥22,

is given by {βββ ∈ RK | βj = β⋆,j , j = 1, . . . ,RM}.

Proof. Theorem 3.1.10 (and Theorem 3.1.6) and its proof allow us to obtain that, using the
first RM controls generated by the GR algorithm, the matrix Ŵ (RM) ∈ RK×K has a PD
upper-left submatrix Ŵ

(RM)
[1:RM,1:RM ] and all the other entries [Ŵ (RM)]ℓ,j are zero. Indeed,

recalling the vectors γγγk(uuum) defined in (3.6), for any BO
k with k ≥ RM + 1, we have that

ON (C,A)BO
k = 0 and thus

γγγk(uuu
m) =

∫ T

0
Ce(T−s)ABO

k uuu
m(s)ds = 0,

for any T > 0 and any m = 1, . . . ,RM . Similarly, the matrices W (uuum) for m > RM
have the same structure, namely that their only nonzero components can be the upper-left
submatrices [W (uuum)][1:RM,1:RM ]. Therefore, the matrix Ŵ = Ŵ (K) has a PD upper-left
submatrix Ŵ[1:RM,1:RM ], while all its other entries are zero. Therefore, the result follows
by Lemma 3.1.1.

Remark 3.1.12 (More about the kernel of ON (C,A) and identifiability)
Corollary 3.1.11 guarantees that, if the basis {BO

j }Kj=1 is used with K > RM , then one can
reconstruct exactly RM coefficients, while nothing can be said about the coefficients βj for
j > RM . This is due to the structure of the matrix Ŵ (RM), which has a PD submatrix
Ŵ

(RM)
[1:RM,1:RM ] and is zero elsewhere (as discussed in the proof of Corollary 3.1.11).

Remark 3.1.13 (A priori error estimate) Let βββapprox be the solution to (3.15). Then
we get the a-priori error formula

B⋆ −BR(βββ
approx) =

NM∑
j=RM+1

β⋆,jB
O
j .

Remark 3.1.14 (Min-max problem) Following the same arguments of the proof of
Lemma 3.1.8, one can show that the min-max problem (2.5) is equivalent to

min
βββ∈RRM

max
uuu∈Uad

∥Cyyy(B⋆,uuu;T )− Cyyy(BR(βββ),uuu;T )∥22. (3.16)
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Analogously to Remark 3.1.7, we can conclude that, using the matrices BO
1 , . . . , B

O
RM

defined in (3.13), problem (3.16) is uniquely solvable with βj = β⋆,j, j = 1, . . . ,RM .

The results proved so far for a partially observable system are obtained for the special basis
{Bj}MN

j=1 constructed in (3.13). However, it is natural to ask:

• Is there any basis that permits to reconstruct more than RM coefficients?

• Can one reconstruct at least RM coefficients for any arbitrarily chosen basis?

The answers to both questions are negative. The first one is given by Theorem 3.1.15.

Theorem 3.1.15 (Maximal number of identifiable elements) Let the observability
matrix ON (C,A) be such that rankON (C,A) = R < N . There exists no basis of RN×M

for which one can exactly recover more than RM coefficients.

Proof. Consider the basis B = {BO
k }NM

k=1 ⊂ RN×M constructed as in (3.13) and another
arbitrarily chosen basis B̂ = {B̂k}NM

k=1 ⊂ RN×M . Any element B̂ ∈ B̂ can be written as a
linear combination of the elements of B, that is B̂ =

∑NM
j=1 λjB

O
j , for appropriate λj ∈ R,

j = 1, . . . ,MN . Multiplying B̂ with ON (C,A), we get

ON (C,A)B̂ = ON (C,A)

[NM∑
j=1

λjB
O
j

]
=

NM∑
j=1

λjON (C,A)BO
j =

RM∑
j=1

λjON (C,A)BO
j ,

where we used that ON (C,A)BO
j = 0, for j ∈ {R+ 1, . . . , N}, to obtain the last equality.

Now define the set D = {Dk}NM
k=1 as Dk := ON (C,A)B̂k, k = 1, . . . , NM . Hence, we can

conclude that at most RM elements of D are linearly independent. Recalling the proof of
Lemma 3.1.5 and Remark 3.1.12, this means that for NM−RM elements of B̂ there exists
a linear combination of the other RM elements, such that the observation at final time T
is identical for any control uuu. Therefore one can reconstruct at most RM coefficients for
the basis B̂.

Let us now explain why the answer to the second question is also negative. To do so,
we provide the following examples, which show that a wrong choice of a basis leads to
inconclusive results.

Example 3.1.16 (Wrong bases lead to inconclusive results) Consider a simple
system with

A =

[
1 0
0 1

]
, B⋆ =

[
1 1
1 1

]
, C =

[
1 0
0 0

]
,

and the following basis of R2×2

B̂1 =

[
1 0
0 0

]
, B̂2 =

[
1 0
1 0

]
, B̂3 =

[
0 1
0 0

]
, B̂4 =

[
0 1
0 1

]
.

Notice that in this case the observability condition does not hold, since one can compute
that

R = rankON (C,A) = rank

[
1 0 1 0
0 0 0 0

]⊤
= 1.
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Clearly we have that
B⋆ = 0 ·B1 + 1 ·B2 + 0 ·B3 + 1 ·B4,

and hence βββ⋆ = [0 1 0 1]⊤. We can now compute for an arbitrary control uuu ∈ Uad that

Cyyy(B⋆,uuu;T )−Cyyy(B(βββ),uuu;T ) = C

∫ T

0
e(T−s)AB⋆uuu(s)ds− C

∫ T

0
e(T−s)AB(βββ)uuu(s)ds

=

∫ T

0
Ce(T−s)A

([1 1
1 1

]
−
[
β1 + β2 β3 + β4
β2 β4

])
uuu(s)ds

=

∫ T

0

[
1 0
0 0

] [
eT−s 0
0 eT−s

] [
1− (β1 + β2) 1− (β3 + β4)

1− β2 1− β4

]
uuu(s)ds

=

∫ T

0

[
eT−s(1− (β1 + β2)) eT−s(1− (β3 + β4))

0 0

]
uuu(s)ds,

which is zero for any βββ = [β1 β2 β3 β4]
⊤ ∈ R4 with β1 + β2 = 1 and β3 + β4 = 1 (for any

control uuu). This means that any βββ = [β1 β2 β3 β4] with β1 + β2 = 1 and β3 + β4 = 1 solves
the least-squares problem (2.3), independently on the control functions uuu1, . . . ,uuu4. Since
the online least-square problem has then infinitely many solutions,2 one cannot conclude
anything about the quality of a computed solution, which has the form

B̂approx =

[
1 1
β2 β4

]
,

leading to the error

∥B⋆ −BR(βββ
approx)∥2F = (1− β2)2 + (1− β4)2,

which can be arbitrarily large (here ∥ · ∥F denotes the Frobenius norm). Even if one would
by chance guess the right coefficients (in this case β2 = 1, β4 = 1), there would be no way to
verify them, since their effect is not observable. Notice also that, even if the entries B̂approx

1,1

and B̂approx
1,2 are correct, it is not possible to certify this or to associate these correct entries

to some precise elements of the chosen basis. This example shows that for an arbitrarily
chosen basis, one can not conclude anything about the quality of the computed coefficients
or the difference between B(βββ) and B⋆.

Example 3.1.17 (Good bases lead to certified results) Consider the same system
as in Example 3.1.16, but now let us use the SVD of the observability matrix,

O2(C,A) =


1 0
0 0
1 0
0 0

 =


√
2
2 0 −

√
2
2 0

0 1 0 0√
2
2 0

√
2
2 0

0 0 0 1



√
2 0
0 0
0 0
0 0

[1 0
0 1

]
= UΣV ⊤,

which gives vvv1 =
[
1
0

]
/∈ kerON (C,A), vvv2 =

[
0
1

]
∈ kerON (C,A), leading to the basis

B1 =

[
1 0
0 0

]
, B2 =

[
0 1
0 0

]
, B3 =

[
0 0
1 0

]
, B4 =

[
0 0
0 1

]
,

2Notice that these solutions are also solution to the min-max problem (2.5).
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constructed as in (3.13). In this case, we have βββ⋆ = [1 1 1 1]⊤. Since the GR algorithm
considers only the first two basis elements, one gets the final result

Bapprox =

[
1 1
0 0

]
.

Similarly to Example 3.1.16, the two entries B̂approx
1,1 and B̂approx

1,2 are correct, but now
this is guaranteed by Theorem 3.1.10. Therefore, in this case, the results obtained are
accompanied by precise information on their correctness.

These examples show clearly that without an a priori knowledge about the observability of
the system (and hence about the “quality” of the basis), GR leads to inconclusive results.
This is the main motivation for the optimized version of GR (OGR), which attempts to
identify automatically “good” elements in a given set of matrices.

3.1.4 OGR for linear-quadratic problems

Consider an arbitrary set of linearly independent matrices {Bj}Kj=1 ⊂ RN×M . The idea
of the OGR Algorithm 2 is to choose at every iteration one element Bj which leads to
a control function capable of improving the rank of the matrix Ŵ

(k)
[1:k+1,1:k+1]. For this

purpose, OGR replaces the sweeping process of GR with a more robust and parallel testing
of all the matrices. At each iteration, the element associated with the maximal splitting-
step function value is chosen and removed from the set {Bj}Kj=1, while the corresponding
control function is added to the set of already computed control functions. Therefore, the
dimension of the set {Bj}Kj=1 reduces by one at each iteration and the algorithm is stopped
if either all the K matrices were chosen or as soon none of the remaining ones can be split
by the others.

Notice that a selected element Bk+1 will not be linearly dependent on previously chosen
elements (after multiplication with the observability matrix). This is proven in the next
theorem, which also motivates the stopping criterion used in line 3 of OGR.

Theorem 3.1.18 (Linearly independence of selected basis elements) Assume
that OGR selected already k linearly independent matrices Bj, j = 1, . . . , k. At iteration
k + 1, the new selected matrix Bk+1 is such that ON (C,A)Bk+1 is linearly independent
from the matrices ON (C,A)Bj, j = 1, . . . , k, if and only if

∥Cyyy(B(k)(βββℓk),uuuk+1;T )− Cyyy(Bℓk+1
,uuuk+1;T )∥22 > 0.

Proof. If the matrix ON (C,A)Bk+1 is linearly independent from the matrices ON (C,A)Bj ,
j = 1, . . . , k, then one can show as in the proof of Lemma 3.1.9 that

∥Cyyy(B(k)(βββℓk),uuuk+1;T )− Cyyy(Bℓk+1
,uuuk+1;T )∥22 > 0.

Now, we prove the other implication by contraposition. Assume that there exists a vector
βββ ∈ Rk such that ON (C,A)(

∑k
j=1 βjBj − Bk+1) = 0 holds. This vector βββ is a solution of

the fitting step problem with cost-function value equal to zero. However, the corresponding
cost function of the splitting-step problem (2.13) results to be zero for any control function
uuu. The result follows by contraposition.
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Notice that, if OGR stops when first reaching line 3, then the chosen basis does not allow
one to distinguish the states corresponding to controlled and uncontrolled systems. In this
case, entering in the while loop would be useless since the first splitting step will certainly
fail in producing a large enough splitting value.

Theorem 3.1.18 shows exactly that OGR manages to identify among the elements of the
given set {Bj}Kj=1 the ones that do not lie in the kernel of ON (C,A). For instance, let us
consider again the system of Example 3.1.16, for which we have shown that GR leads to
inconclusive results. If we use instead OGR, this performs two iterations and selects only
two basis elements, one among B̂1 and B̂2 and the other among B̂3 and B̂4. This can be
shown by performing calculations similar to the ones of Example 3.1.16. In particular, in
the initialization step the four matrices produce the same cost function value. Hence, any of
them can be selected by the algorithm. Assume that the element B̂1 is picked (hence ℓ1 = 1)
and consider the first iteration of the algorithm (k = 1). At the fitting step the algorithm
computes a coefficient β21 = 1 for B̂2, and some coefficients β31 and β41 corresponding to
B̂3 and B̂4. Now, β21 = 1 leads to a cost function of the splitting step which is zero for
any control functions, while for β31 and β41 there exists a control function leading to a non-
zero value of the splitting cost. Therefore, the algorithm selects either B̂3 or B̂4. Let us
assume that B̂4 is picked (ℓ2 = 4) and hence the two elements B̂2 and B̂4 are swapped.
In the fitting step of the second iteration (k = 2), the algorithm computes βββ3 = [ 0 , 1 ]⊤

and βββ4 = [ 1 , 0 ]⊤. Both of these two vectors lead to a splitting cost that is zero for
any control. Hence, since the splitting step does not find any positive function value, the
algorithm stops and returns B̂ℓ1 = B̂1 and B̂ℓ2 = B̂4 and the corresponding controls. If one
uses the two selected basis elements and the corresponding control functions in the online
phase, then one obtains the result βββ = [ 1 , 1 ]⊤, which is not the exact solution shown
in Example 3.1.16. This is due to the non-full observability of the system, which implies
that ON (C,A)B̂1 = ON (C,A)B̂2 and ON (C,A)B̂3 = ON (C,A)B̂4. This means that the
observations generated by the elements B̂1 and B̂3 cannot be distinguished by the ones
created by B̂2 and B̂4. The non-full observability of the system cannot be overcome by
any numerical strategy. OGR can nevertheless identify automatically all the observable
degrees of freedom of the considered system.

Let us now demonstrate the efficiency of OGR by direct numerical experiments. We con-
sider an experiment with two randomly chosen N × N full-rank real matrices A and C
with N = 10. The unknown B⋆ is a randomly chosen real N ×N matrix. In this case the
system is fully observable, nevertheless we construct the basis elements to be used in GR
and OGR as in (3.13) (by an SVD of the observability matrix), but we order the elements
randomly. We then run GR and compute the rank of the matrix Ŵ (k) at every iteration
k. This leads to the results shown in Figure 3.1 by the blue curve. The rank increases
monotonically during the iterations and becomes full after about 30 iterations. However,
the curve is not strictly monotonically increasing since the rank does not increase at each
iteration. If we repeat the same experiment (with the same matrices) using OGR, we ob-
tain the red curve in Figure 3.1. This curve is strictly monotonically until Ŵ (k) is full-rank
after 11 iterations. Thus OGR computes much less control functions, meaning that also
fewer laboratory experiments are needed to fully reconstruct the unknown operator B⋆.
This experiment clearly shows the high potential of the OGR algorithm, which is capable
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Figure 3.1: Rank of the matrix Ŵ (k) corresponding to GR (blue curve) and OGR (red
curve) for a fully observable system. Both algorithms make use of a basis
constructed as in (3.13).

to choose among the elements B1, . . . , BK in an optimized fashion.

Looking more closely at the plots in Figure 3.1, it seems that the rank increase of the
matrix Ŵ (k) is related to the dimension of the problem. Indeed, the rank of any matrix
W (uuu) is bounded by the number of rows P in the observer matrix C ∈ RP×N , as we show
in the following proposition.

Proposition 3.1.19 Let Ŵ (k) =
∑k

m=1W (uuum) for k ∈ N, W (uuu) defined as in (3.5)-(3.6),
and an arbitrary set of controls {uuum}km=1 ⊂ Uad. Then

rank Ŵ (k) ≤ kP,

where P is the number of rows in the observer matrix C ∈ RP×N .

Proof. For any uuu we have
W (uuu) = Γ(uuu)⊤Γ(uuu),

where Γ(uuu) = [γ1(uuu) · · · γK(uuu)] ∈ RP×K for γj defined in (3.6). Using standard matrix-
rank properties (compare, e.g., [48, Section 0.4.5]), we obtain rank W (uuu) ≤ rank Γ(uuu) ≤ P
and therefore

rank Ŵ (k) = rank
( k∑

m=1

W (uuum)
)
≤

k∑
m=1

P = kP.

From Proposition 3.1.19 we can also directly derive the following result regarding the
minimum number of iterations needed by GR and OGR.

Proposition 3.1.20 Consider the online reconstruction problem (2.3) for the setting de-
scribed at the beginning of Section 3.1. Let the observer matrix C ∈ RP×N be such that
rank ON (C,A) = R ≤ N , and consider the basis B = {BO

1 , . . . , B
O
RM} with BO

j defined as
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in (3.13). Then GR and OGR need to compute at least ⌈RM
P ⌉ controls in order to make

(2.3) uniquely solvable.

Recall that we considered N =M = P = R = 10 to obtain the results in Figure 3.1. Thus,
OGR is able to reduce the number of iterations almost down to the theoretical minimum
⌈RM

P ⌉ = 10.

Let us conclude this section with another important observation. The improvement pro-
posed in OGR allows one to even enrich the set B = {Bj}Kj=1 used as input in OGR with
other new elements that can be linearly dependent on B1, . . . , BK . In this case, if we de-
note by {Bj}K̃j=1, for K̃ > K, the enriched set, then Theorem 3.1.18 guarantees that OGR
will automatically pick some elements of the enriched set {Bj}K̃j=1, such that ON (C,A)Bj

are linearly independent for all selected Bj . Hence, the corresponding splitting-step cost-
function values will be strictly positive. Thus, OGR is particularly useful in more general
nonlinear reconstruction problems, where an optimal choice of the set B can not be derived
from the underlying system.

3.2 Reconstruction of a drift matrix

3.2.1 Model problem

We consider (2.1) with f(A,yyy,uuu) = Ayyy +Buuu, that is,

ẏyy(t) = A⋆yyy(t) +Buuu(t), t ∈ (0, T ], yyy(0) = 0. (3.17)

The main difference to the setting in Section 3.1 is that we now assume the control matrix
B ∈ RN×M to be given and the drift matrix A⋆ ∈ RN×N to be unknown and to lie
in the space spanned by a set of linearly independent matrices B = {A1, . . . , AK} ⊂
RN×N , 1 ≤ K ≤ N2. We write A⋆ =

∑K
j=1 β⋆,jAj =: A(βββ⋆). As stated in Section

2.1, we want to identify the unknown drift matrix A⋆ by using a set of control functions
{uuum}Km=1 ⊂ Uad in order to perform K laboratory experiments and obtain the experimental
data {φφφdata

⋆ (uuum)}Km=1 ⊂ RP , as defined in (2.2).

Remark 3.2.1 The hypothesis yyy(0) = 0 in (3.17) can be made without loss of generality.
Indeed, if yyy(0) = yyy0 ̸= 0, one can use uuu = 0 (case of uncontrolled system), generate the
data φφφdata

⋆ (0), and then subtract this from all other data {φφφdata
⋆ (uuum)}Km=1 to get back (by

linearity) to the case of system (3.17) with yyy(0) = 0.

Using {uuum}Km=1 and {φφφdata
⋆ (uuum)}Km=1, the unknown vector βββ⋆ is obtained by solving the

online reconstruction problem (2.3), in which φφφ(A(βββ),uuum) = yyy(A(βββ),uuum;T ) now solves
(3.17), with A⋆ replaced by A(βββ). Thus, we use LGR Algorithm 3 to generate {uuum}Km=1

with the goal of making (2.22) uniquely solvable, that means making PD the GN matrix
Ŵ◦, defined in (3.19). In (2.22), δyyy◦(A(δβββ),uuu; t) is now the solution to{

δ̇yyy◦(t) = A(βββ◦)δyyy◦(t) +
∑K

j=1 δβjAjyyy◦(t), t ∈ (0, T ], δyyy◦(0) = 0,

ẏyy◦(t) = A(βββ◦)yyy◦(t) +Buuu(t), t ∈ (0, T ], yyy◦(0) = 0.
(3.18)
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In what follows, we show that the LGR does produce {uuum}Km=1 that make Ŵ◦ PD un-
der appropriate assumptions. In contrast to the setting in Section 3.1, we now require
both observability and controllability of linear systems. Thus, we recall the observability
(see Definition & Lemma 3.1.4) and controllability properties for an input/output system
(A,B,C) of the form (1.1) with A ∈ RN×N , B ∈ RN×M , C ∈ RP×N ; see, e.g., [67, Thm. 3,
Thm. 23].

Definition & Lemma 3.2.2 (controllable input-output linear systems) The linear
system (1.1) is said to be controllable if for any final state yyyf there exists an input sequence
that transfers yyy0 to yyyf . Equivalently, (1.1) is controllable if and only if the controllability
matrix

CN (A,B) :=
[
B AB · · · AN−1B

]
has full rank.

Similar to Section 3.1, our analysis is based on a matrix-vector reformulation of LGR, which
we introduce in Section 3.2.2. Detailed analyses for fully observable and controllable, and
partially observable and controllable are provided in Section 3.2.3 and 3.2.4, respectively.

Notice that, in fact, the analysis we are going to present in the following sections is also
valid in the setting of Section 3.1, and is therefore an extension of the results obtained in
Sections 3.1.1-3.1.4.

3.2.2 Matrix-vector formulation of LGR

Recall the notation from Section 2.4. From (3.18), we have that δyyy◦ is linear in βββ. Thus,
R′

m(βββ◦)(δβββ) = δyyy◦(A(δβββ),uuu
m;T ) =

∑K
j=1 δβjCδyyy◦(Aj ,uuu

m;T ). Hence, R′
m(βββ◦) is a matrix

with columns R′
m(βββ◦)j = Cδyyy◦(Aj ,uuu

m;T ) for j = 1, . . . ,K, and hence

[Ŵ◦]i,j =
K∑

m=1

⟨Cδyyy◦(Ai,uuu
m;T ), Cδyyy◦(Aj ,uuu

m;T )⟩, i, j ∈ {1, . . . ,K}. (3.19)

Now, we can use (3.19) to rewrite the sub-problems of LGR (2.23), (2.24) and (2.25) in a
matrix form in Lemma 3.2.3, similar to Lemma 3.1.2.

Lemma 3.2.3 (LGR in matrix form) Consider Algorithm 3. Then:

• The initialization problem (2.23) is equivalent to

max
uuu∈Uad

[W◦(uuu)]1,1, (3.20)

where [W◦(uuu)]i,j := ⟨Cδyyy◦(Ai,uuu;T ), Cδyyy◦(Aj ,uuu;T )⟩ for i, j ∈ {1, . . . ,K}.

• Let Ŵ (k)
◦ :=

∑k
m=1W◦(uuu

m), the fitting-step problem (2.24) is equivalent to

min
βββ∈Rk

⟨βββ, [Ŵ (k)
◦ ][1:k,1:k]βββ⟩ − 2⟨[Ŵ (k)

◦ ][1:k,k+1],βββ⟩. (3.21)

• Let vvv := [(βββk)⊤, −1]⊤, the splitting-step problem (2.25) is equivalent to

max
uuu∈Uad

⟨vvv, [W◦(uuu)][1:k+1,1:k+1]vvv⟩. (3.22)
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Moreover, problems (2.23)-(3.20), (2.24)-(3.21), and (2.25)-(3.22) are well posed.

Proof. The proof is similar to the one of Lemma 3.1.2. For an arbitrary k ∈ {0, . . . ,K−1}
let vvv ∈ Rk+1 and A(vvv) =

∑k+1
j=1 vvvjAj . We have

∥Cδyyy◦(A(vvv),uuu;T )∥22 = ⟨vvv, [W◦(uuu)][1:k+1,1:k+1]vvv⟩.

Recalling that δyyy◦(A(vvv),uuu;T ) =
∑k+1

j=1 vvvjδyyy◦(Aj ,uuu;T ), we obtain the equivalence between
(3.20), (3.22), and (2.23), (2.25) for suitable k and vvv. For the equivalence between (3.21)
and (2.24), notice that for vvv = [βββ⊤,−1]⊤ ∈ Rk+1 and any W ∈ R(k+1)×(k+1) we have

⟨vvv,Wvvv⟩ = ⟨βββ, [W ][1:k,1:k]βββ⟩ − 2⟨[W ][1:k,k+1],βββ⟩+ [W ]k+1,k+1.

The well-posedness of the three problems follows by standard arguments; see, e.g., the
proof of Lemma 3.1.2.

Recalling the results from Section 3.1.1, the idea of LGR is to iteratively find control
functions {uuum}km=1, k ∈ {1, . . . ,K}, such that the matrix [W◦(uuu)][1:k,1:k] is PD. A sufficient
condition, for LGR to be successful, is that any new control uuuk+1 satisfies

∥Cδyyy◦(A(k)(βββk),uuuk+1;T )− Cδyyy◦(Ak+1,uuu
k+1;T )∥22 > 0.

The existence of such a control depends on the controllability and observability properties
of system (3.18), as shown in Sections 3.2.3 and 3.2.4.

3.2.3 Analysis for fully observable and controllable systems

We define O◦
N := ON (C,A(βββ◦)) and C◦N := CN (A(βββ◦), B) and assume that the system

(A(βββ◦), B, C) is observable and controllable, namely R := rank(O◦
N ) · rank(C◦N ) = N2.

In what follows, we show that this is a sufficient condition for Ŵ◦ to be PD with the
controls generated by the LGR Algorithm 3. First, we need the following result [9, Ch. 3,
Thm. 2.11].

Lemma 3.2.4 (controllability of time-invariant systems) Consider the system ẋxx =
Axxx+Buuu with xxx(0) = 0 and its solution xxx(uuu, t) :=

∫ t
0 e

(t−s)A(βββ◦)Buuu(s)ds. For any finite time
t0 > 0, there exists a control uuu that transfers the state to www in time t0, i.e. xxx(uuu, t0) = www,
if and only if www ∈ im

(
CN (A,B)

)
. Furthermore, an appropriate uuu that will accomplish

this transfer in time t0 is given by uuu(t) = B⊤e(t0−t)A⊤
ννν, for t ∈ [0, t0] and ννν such that

Wc(0, t0)ννν = www, where Wc(0, T ) :=
∫ T
0 eτABB⊤eτA

⊤
dτ .

Now, we prove the following lemma regarding the initialization problem (2.23) and the
splitting step problem (2.25). Notice that the proof of this result is inspired by classical
Kalman controllability theory; see, e.g., [31].

Lemma 3.2.5 (LGR initialization and splitting steps (linear systems)) Assume
that the matrices A(βββ◦) ∈ RN×N , B ∈ RN×M and C ∈ RP×N are such that
rank(O◦

N ) = rank(C◦N ) = N , and let Ã ∈ RN×N \ {0} be arbitrary. Then any solution
ũuu of the problem maxuuu∈Uad

∥Cδyyy◦(Ã,uuu;T )∥22 satisfies

∥Cδyyy◦(Ã, ũuu;T )∥22 > 0,
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where δ̇yyy◦ = A(βββ◦)δyyy◦ + Ãyyy◦, with δyyy◦(0) = 0, and ẏyy◦ = A(βββ◦)yyy◦ +Buuu with yyy◦(0) = 0

Proof. It is sufficient to construct a ũuu ∈ Uad such that Cδyyy◦(Ã, ũuu;T ) ̸= 0. Since Ã ̸= 0,
there exists www ∈ RN \{0} such that Ãwww ̸= 0. Since (A(βββ◦), B, C) is observable, there exists
t̃ > 0 such that Cet̃A(βββ◦)Ãwww ̸= 0. The map f : R → RP , t 7→ CetA(βββ◦)Ãwww is analytic with
derivatives f (i)(t) = CA(βββ◦)

ietA(βββ◦)Ãwww. Since O◦
N has full rank and et̃A(βββ◦)Ãwww ̸= 0, there

exists i ∈ {0, . . . , N} such that f (i)(t̃) = CA(βββ◦)
iet̃A(βββ◦)Ãwww ̸= 0. Hence, f is nonconstant,

and there exists t0 ∈ (0, T ) with Cet0A(βββ◦)Ãwww ̸= 0.

Now, we use that yyy◦(uuu, s) :=
∫ s
0 e

(s−τ)A(βββ◦)Buuu(τ)dτ is the solution at time s of ẏyy◦ =
A(βββ◦)yyy◦+Buuu, with yyy◦(0) = 0. Since C◦N has full rank, we have www ∈ im

(
C◦N
)
. Thus, Lemma

3.2.4 guarantees that ûuu(t) = B⊤e(t0−t)A(βββ◦)⊤ννν, for t ∈ [0, t0] and some ννν ∈ RN , satisfies
yyy◦(ûuu, t0) = www. Clearly, ûuu is analytic in [0, t0] and thereby the same holds for yyy◦(ûuu, s). Note
that, since uuu ≡ 0 is an interior point of Uad, there exists λ > 0 such that λûuu ∈ Uad with
Cet0A(βββ◦)Ãyyy◦(λûuu, t0) = λCet0A(βββ◦)Ãyyy◦(ûuu, t0) ̸= 0. Hence, we can assume without loss of
generality that ûuu ∈ Uad.

In conclusion, we obtain that the map ggg : R→ RP defined as

s 7→ Ce(T−s)A(βββ◦)Ã

∫ s

0
e(s−τ)A(βββ◦)Bûuu(τ)dτ,

is analytic in (0, t0) with ggg(t0) ̸= 0. Thus, ggg is nonzero in an open subinterval of (0, t0).
Hence, there exists t1 ∈ (0, t0) such that

∫ t1
0 ggg(s)ds ̸= 0. By choosing

ũuu(s) :=

{
0, 0 ≤ s < T − t1,
ûuu(s− t1), T − t1 ≤ s ≤ T,

and using that Cδyyy◦(Ã, ũuu;T ) =
∫ T
0 Ce(T−s)A(βββ◦)Ã

∫ s
0 e

(s−τ)A(βββ◦)Bũuu(τ)dτds, we obtain

Cδyyy◦(Ã, ũuu;T ) =

∫ t1

0
Ce(t1−s)A(βββ◦)Ã

∫ s

0
e(s−τ)A(βββ◦)Bûuu(τ)dτds =

∫ t1

0
ggg(s)ds ̸= 0.

Lemma 3.2.5 can be applied to both (2.23) and (2.25), choosing Ã = A1 and Ã =(
A(k)(βββk)−Ak+1

)
, respectively. Now, we can prove the main result of this section.

Theorem 3.2.6 (positive definiteness of the GN matrix Ŵ◦ (linear systems))
Assume that A(βββ◦) ∈ RN×N , B ∈ RN×M and C ∈ RP×N are such that rank(O◦

N ) =
rank(C◦N ) = N . For K ≤ N2, let B = {A1, . . . , AK} ⊂ RN×N be a set of linearly inde-
pendent matrices such that A(βββ◦) ∈ span(B), and let {uuu1, . . . ,uuuK} ⊂ Uad be generated by
Algorithm 3. Then the GN matrix Ŵ◦, defined in (3.19), is PD.

Proof. We proceed by induction. Lemma 3.2.5 guarantees that there exists a uuu1 such
that [W◦(uuu

1)]1,1 = ∥Cδyyy◦(A1,uuu
1;T )∥22 > 0. Now, let us assume that [Ŵ

(k)
◦ ][1:k,1:k] =∑k

m=1[W◦(uuu
m)][1:k,1:k] is PD. By construction, [Ŵ

(k+1)
◦ ][1:k+1,1:k+1] is PSD. Thus, if

[Ŵ
(k)
◦ ][1:k+1,1:k+1] is PD, then

[Ŵ
(k+1)
◦ ][1:k+1,1:k+1] = [Ŵ

(k)
◦ +W◦(uuu

k+1)][1:k+1,1:k+1]
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is PD as well, since [W◦(uuu
k)][1:k+1,1:k+1] is PSD. Assume now that the submatrix

[Ŵ
(k)
◦ ][1:k+1,1:k+1] has a nontrivial kernel. Since [Ŵ

(k)
◦ ][1:k,1:k] is PD (induction hypoth-

esis), problem (2.24) is uniquely solvable with solution βββk. Then, by Lemma 3.1.3 the
(one-dimensional) kernel of [Ŵ (k)

◦ ][1:k+1,1:k+1] is the span of the vector vvv = [(βββk)⊤, −1]⊤.
Using Lemma 3.2.5 we obtain that the solution uuuk+1 to the splitting step problem satisfies

⟨vvv, [W◦(uuu
k+1)][1:k+1,1:k+1]vvv⟩ = ∥Cδyyy◦(A(k)(βββk)−Ak+1,uuu;T )∥22 > 0.

Thus, [W (uuuk+1)][1:k+1,1:k+1] is PD on the span of vvv, and [Ŵ
(k+1)
◦ ][1:k+1,1:k+1] is PD.

Notice that Theorem 3.2.6 does not require any assumption on the matrices A1, . . . , AK .
These can be arbitrarily chosen with the only constraint to be linearly independent. Also
the ordering of these matrices does not affect the result of Theorem 3.2.6. This is, however,
different for partially observable and controllable systems, i.e. for R < N2.

3.2.4 Analysis for partially observable and controllable systems

The results of Section 3.2.3 are no longer true if (A(βββ◦), B, C) is not fully observable and
controllable, that is, rank(O◦

N ) ·rank(C◦N ) < N2. We denote from now on R := RORC with

RO := rank(O◦
N ), RC := rank(C◦N ).

In what follows, the choice of the linearly independent matrices A1, . . . , AK and their
ordering becomes crucial for the algorithm, and we show that one can make the matrix Ŵ◦
PD on anR-dimensional subspace of RK , if A1, . . . , AK are appropriately chosen. We begin
by choosing a set of K = N2 matrices by exploiting the kernel of the Kronecker product
of O◦

n and C◦N . Using [49, Theorem 4.2.15], we obtain rank
(
(C◦N )⊤ ⊗O◦

N

)
= RCRO. Now,

the rank-nullity theorem allows us to consider a basis {vvvj}N
2

j=1 of RN2 such that

vvvj /∈ ker
(
(C◦N )⊤ ⊗O◦

N

)
, j = 1, . . . ,R, (3.23)

vvvj ∈ ker
(
(C◦N )⊤ ⊗O◦

N

)
, j = R+ 1, . . . , N2, (3.24)

with span{vvvj}N
2

j=R+1 = ker
(
(C◦N )⊤ ⊗O◦

N

)
. We introduce the operation

vec(A) :=
[
A[1,1], . . . , A[N,1], A[1,2], . . . , A[N,2], . . . , A[1,N ], . . . , A[N,N ]

]⊤
,

that stacks the columns of a matrix A ∈ RN×N below each other. Using this notation, we
define the matrices AO

1 , . . . , A
O
N2 by rearranging vvv as

vec(AO
j ) = vvvj , j = 1, . . . , N2. (3.25)

Since the vectors {vvvj}N
2

j=1 are linearly independent, the set {AO
j }N

2

j=1 is a basis of RN×N .

From a computational point of view, the vectors vvvj can be obtained by the singular value
decomposition (SVD) of (C◦N )⊤ ⊗ O◦

N = UΣV ⊤, where the columns of V form a basis of
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RN2 . The last N2−R columns of V span the kernel of (C◦N )⊤⊗O◦
N ; see, e.g., [68, Theorem

5.2]. Hence, we set vvvj = [V ][:,j] for j = 1, . . . , N2. Notice that for C◦N = UCΣCV
⊤
C and

O◦
N = UOΣOV

⊤
O , the result from [49, Theorem 4.2.15] says that V = U⊤

C ⊗ VO. Thus, we
can compute V using only the SVD of O◦

n and C◦N , which are also used to get R = RORC ,
and avoid computations with the large matrix (C◦N )⊤ ⊗O◦

N ∈ RN2MP×N2 .

Our first result says that Cδyyy◦(A,uuu;T ) = 0 for any A ∈ span{AO
j }N

2

j=R+1.

Lemma 3.2.7 (reconstructing partially observable and controllable systems)
Consider {AO

j }N
2

j=1 constructed as in (3.25), with vectors vvvj, j = 1, . . . , N2 as in (3.23)-
(3.24). Then Cδyyy◦(A,uuu;T ) = 0 for any A ∈ span{AO

j }N
2

j=R+1 and uuu ∈ Uad, i.e. the last
N2 −R rows and columns of Ŵ◦, defined in (4.6), are zero.

Proof. Notice that, by the Taylor expansion of the exponential matrix and the Cayley-
Hamilton theorem (see, e.g., [49, page 109]), for any i ∈ {1, . . . , N2}, s ∈ [0, T ] and
τ ∈ [0, s], there exist N functions βℓ : [0, T ]× [0, T ]→ R, ℓ = 0, . . . , N − 1, such that

Ce(T−s)A(βββ◦)AO
i e

(s−τ)A(βββ◦)B =

N−1∑
p=0

N−1∑
ℓ=0

βp(T, s)βℓ(s, τ)
(
CA(βββ◦)

p
)
AO

i

(
A(βββ◦)

ℓB
)
.

If i ∈ {R+ 1, . . . , N2}, then vec(AO
i ) = vvvi ∈ ker

(
(C◦N )⊤ ⊗O◦

N

)
and therefore

0 =
(
(C◦N )⊤ ⊗O◦

N

)
vec(AO

i ) = vec
(
O◦

NA
O
i C◦N

)
.

Thus, using the definitions of O◦ and C◦, we get
(
CA(βββ◦)

p
)
AO

i

(
A(βββ◦)

ℓB
)
= 0 for any

ℓ, p ∈ {0, . . . , N − 1}. Hence, (Ce(T−s)A(βββ◦))AO
i (e

sA(βββ◦)B) = 0 for all i ∈ {R + 1, . . . , N2}
and s ∈ [0, T ]. Now, let uuu ∈ Uad be an arbitrary function. Then we have

Cδyyy◦(A
O
i ,uuu;T ) =

∫ T

0
Ce(T−s)A(βββ◦)AO

i

∫ s

0
e(s−τ)A(βββ◦)Buuu(τ)dτds = 0.

Recalling (4.6), we obtain that [W◦(uuu)]i,j = 0 for i, j ≥ N2 −R and the result follows.

Lemma 3.2.7 implies that one can only make the upper-left R×R submatrix of Ŵ◦ PD.
This means that only the first R elements of the basis are of interest. In fact, as we are
going to show in Lemma 3.2.8 and Theorem 3.2.9, it only makes sense to use LGR with
the first R basis elements AO

1 , . . . , A
O
R, and to consider the submatrix [Ŵ◦]1:R,1:R. In this

case, the proof for our main result is similar to the one of Theorem 3.2.6. We first prove a
version of Lemma 3.2.5 adapted to partially observable and controllable systems.

Lemma 3.2.8 (LGR initialization and splitting steps for R < N2) Assume that
the matrices A(βββ◦) ∈ RN×N , B ∈ RN×M and C ∈ RP×N are such that rank(O◦

N ) ·
rank(C◦N ) = R < N2. Let Ã ∈

(
span{AO

j }Rj=1

)
\ {0} for AO

j as in (3.25). Any solution ũuu

to the maximization problem maxuuu∈Uad
∥Cδyyy◦(Ã,uuu;T )∥22 satisfies

∥Cδyyy◦(Ã, ũuu;T )∥22 > 0, (3.26)

where δ̇yyy◦ = A(βββ◦)δyyy◦ + Ãyyy with δyyy◦(0) = 0 and ẏyy = A(βββ◦)yyy +Buuu with yyy(0) = 0.
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Proof. Using the calculations in the proof of Lemma 3.2.7, we have O◦
NA

O
ℓ C◦N ̸= 0, for any

ℓ ∈ {1, . . . ,R}. Since Ã ∈
(

span{AO
j }Rj=1

)
\ {0} and by the construction of the AO

j , we
also obtain O◦

N ÃC◦N ̸= 0. Hence, there exists www ∈ im(C◦N ) such that Ãwww /∈ ker(O◦
N ) and

therefore there exists t̃ > 0 such that Cet̃A(βββ◦)Ãw ̸= 0. With this observation, the result
can be proved analogously to Lemma 5.5.

Following exactly the proof of Theorem 3.2.6, in which Lemma 3.2.8 has to used instead
of Lemma 3.2.5, we can prove our main result.

Theorem 3.2.9 (positive definiteness of the GN matrix Ŵ◦ for R < N2) Let
A(βββ◦) ∈ RN×N , B ∈ RN×M and C ∈ RP×N be such that rank(O◦

N ) · rank(C◦N ) = R < N2.
Let {uuum}Rm=1 ⊂ Uad be generated by the LGR Algorithm 3 with K = R and using the
matrices AO

1 , . . . , A
O
R defined in (3.25). Then [Ŵ◦][1:R,1:R] is PD.

Having proved that Algorithm 3 makes Ŵ◦ PD, the obvious question is whether this is
sufficient for the convergence of GN (Lemma 2.4.1). We answer this question in Section
3.2.5.

3.2.5 Positive definiteness of the GN matrix

To account for both fully and partially observable and controllable cases, we assume for
the rest of Section 3.2 that the basis B = {A1, . . . , AK} satisfies K ≤ R = rank(O◦

N ) ·
rank(C◦N ) ≤ N2 and if R < N2, then Aj ∈ {AO

i }Ri=1 for j = 1, . . . ,K.

To guarantee convergence of GN, we need to show that Ŵ (βββ) :=
∑K

m=1R
′
m(βββ)⊤R′

m(βββ)
(defined in Section 2.4) remains PD in a neighborhood of βββ⋆. In Sections 3.2.3 and 3.2.4,
we proved that the controls generated by Algorithm 3 make Ŵ◦ = Ŵ (βββ◦) PD. Thus, it is
sufficient to prove that Ŵ (βββ) is PD in a neighborhood of βββ◦ containing βββ⋆. To do so, we
write Ŵ (βββ) as

[Ŵ (βββ)]i,j :=
K∑

m=1

⟨γγγi(βββ,uuum), γγγj(βββ,uuu
m)⟩, i, j ∈ {1, . . . ,K}, (3.27)

γγγj(βββ,uuu
m) :=

∫ T

0
Ce(T−s)A(βββ)Ajyyy(A(βββ),uuu

m; s)ds, j ∈ {1, . . . ,K}, (3.28)

and recall the next lemma, which follows from the Bauer-Fike theorem [18].

Lemma 3.2.10 (rank stability) Consider ND,MD ∈ N+ with ND ≥MD, and a matrix
D ∈ RND×MD with rank RD and (positive) singular values σ1, . . . , σRD in descending order.
Then min

D̂∈RND×MD
{∥D̂∥2 | rank(D + D̂) < RD} = σRD .

Using this lemma, we can prove the following approximation result.
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Lemma 3.2.11 (positive definiteness of Ŵ (βββ) (linear systems)) Let Ŵ◦ defined in
(3.19) be PD and let σ◦K > 0 be its smallest singular value. Then, there exists δ := δ(σ◦K) > 0

such that Ŵ (βββ) (in (3.27)) is PD for any βββ ∈ RK with ∥βββ − βββ◦∥2 < δ.

Proof. Our first goal is to show that Ŵ (βββ) is continuous in βββ. From (3.27) and (3.28)
we know that Ŵ (βββ) is the sum over products of

∫ T
0 Ce(T−s)A(βββ)Ajyyy(A(βββ),uuu

m; s)ds, where
yyy(A(βββ),uuum; s) =

∫ s
0 e

(s−τ)A(βββ)Buuum(τ)dτ . Now, recall that A(βββ) =
∑K

j=1 βjAj , mean-
ing that A(βββ) is continuous in βββ. Since the exponential map RN → RN×N ,βββ 7→ esA(βββ)

and the integral map RN×N → RN , X 7→
∫ s
0 XBuuu(τ)dτ are continuous, we obtain that

yyy(A(βββ),uuum; s) is continuous in βββ. Since products of continuous functions are continuous,
we obtain that Ŵ (βββ) is continuous in βββ.

By assumption, Ŵ◦ is PD, and therefore σ◦K > 0. Since Ŵ (βββ) is continuous in βββ, we obtain
that there exists a δ := δ(σ◦K) > 0 such that for any βββ with ∥βββ − βββ◦∥2 < δ(σ◦K) it holds
that ∥Ŵ (βββ) − Ŵ (βββ◦)∥2 < σ◦K . Now, let β̂ββ be such that ∥β̂ββ − βββ◦∥2 < δ(σ◦K) and hence
∥Ŵ (β̂ββ) − Ŵ (βββ◦)∥2 < σ◦K . Setting D = Ŵ (βββ◦) and D̂ = Ŵ (β̂ββ) − Ŵ (βββ◦), Lemma 3.2.10
implies that K = rank(Ŵ (βββ◦)) ≤ rank(Ŵ (β̂ββ)). Because of (3.27), Ŵ (β̂ββ) ∈ RK×K meaning
that rank(Ŵ (β̂ββ)) = K. Since Ŵ (βββ) is PSD by construction, rank(Ŵ (β̂ββ)) = K implies that
Ŵ (β̂ββ) is PD.

Lemma 3.2.11 implies that the positive definiteness of Ŵ (βββ) is locally preserved near βββ◦.
Now, we can prove our main convergence result.

Theorem 3.2.12 (convergence of GN (linear systems)) Let βββ◦ ∈ RK be such that
A(βββ◦) ∈ RN×N , B ∈ RN×M and C ∈ RP×N satisfy rank(O◦

N ) · rank(C◦N ) = R ≤ N2. Let
{uuum}Km=1 ⊂ Uad be a set of controls generated by Algorithm 3. Finally, let σ̂K be the K-th
(smallest) singular value of Ŵ◦ defined in (3.19). Then there exists δ = δ(σ̂K) > 0 such
that if βββ⋆ ∈ RK satisfies ∥βββ⋆ − βββ◦∥2 < δ, then GN method for the problem

min
βββ∈RK

1

2

K∑
m=1

∥Cyyy(A(βββ⋆),uuum;T )− Cyyy(A(βββ),uuum;T )∥22, (3.29)

initialized with βββ◦, converges to βββ⋆.

Proof. Theorem 3.2.6 guarantees that Ŵ◦ is PD. Thus, σ̂K > 0 and by Lemma 3.2.11 there
exists δ = δ(σ̂K) > 0 such that Ŵ (βββ) is PD for βββ ∈ RK with ∥βββ − βββ◦∥2 < δ. Moreover,
we know from Section 2.1 that Ŵ (βββc) is the GN matrix for the iterate βββc ∈ RK of GN
for (2.3). As in the proof of Lemma 3.2.11, one can also show that the functions Rm(βββ),
defined in (2.14), are Lipschitz continuously differentiable in βββ for all m ∈ {1, . . . ,K}.
Hence, if ∥βββ⋆ − βββ◦∥2 < δ, then the result follows by Lemma 2.4.1.

However, the results in this section also imply that if K > R, then the GN matrix Ŵ◦ can
not be full rank. Thus, there is no more guarantee that GN converges to βββ⋆ and the online
reconstruction problem (2.3) can have infinitely many solutions.
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3.2.6 Local uniqueness of solutions

Theorem 3.2.12 says that GN converges to βββ⋆ if an appropriate initialization vector βββ◦ is
used. However, in the linear case corresponding to (3.17) we can specify the local properties
of problem (2.3) around the solution βββ⋆. To this end, we start by rewriting the cost function
in a matrix form.

Lemma 3.2.13 (reconstruction problem in matrix form (linear systems))
Problem (2.3) for the linear system (3.17) is equivalent to

min
βββ∈RK

1

2
⟨βββ − βββ⋆, W̃ (βββ⋆,βββ)(βββ − βββ⋆)⟩, (3.30)

where W̃ (βββ⋆,βββ) ∈ RK×K is defined as3 W̃ (βββ⋆,βββ) :=
∑K

m=1W (βββ⋆,βββ,uuu
m), with

[W (βββ⋆,βββ,uuu
m)]i,j := ⟨γγγi(βββ⋆,βββ,uuum), γγγj(βββ⋆,βββ,uuu

m)⟩, i, j ∈ {1, . . . ,K}, (3.31)

γγγj(βββ⋆,βββ,uuu
m) :=

∫ T

0
Ce(T−s)A(βββ⋆)Ajyyy(A(βββ),uuu

m; s)ds, j ∈ {1, . . . ,K}. (3.32)

Proof. Let J(βββ) := 1
2

∑K
m=1 ∥Cyyy(A(βββ),uuum;T ) − Cyyy(A⋆,uuu

m;T )∥22. For t ∈ [0, T ] and m ∈
{1, . . . ,K} define ∆yyym(t) := yyy(A(βββ),uuum; t)− yyy(A⋆,uuu

m; t). Then we have

d

dt
(∆yyym)(t) = A(βββ)yyy(A(βββ),uuum; t) +Buuum(t)−A(βββ⋆)yyy(A⋆,uuu

m; t)−Buuum(t)

= A(βββ⋆)∆yyym(t) +A(βββ − βββ⋆)yyy(A(βββ),uuum; t),

whose solution at t = T is

∆yyym(T ) =

∫ T

0
e(T−s)A(βββ⋆)

[
A(βββ − βββ⋆)yyy(A(βββ),uuum; s)

]
ds.

Thus, recalling A(βββ) =
∑K

j=1 βjAj , a direct calculation shows that J(βββ) can be written as
J(βββ) = 1

2⟨βββ − βββ⋆, W̃ (βββ⋆,βββ)(βββ − βββ⋆)⟩.

Now, the set of global solutions to (3.30) is Sglobal :=
{
βββ ∈ RK | (βββ−βββ⋆) ∈ ker W̃ (βββ⋆,βββ)

}
.

Since W̃ (βββ⋆,βββ) is symmetric PSD, (3.30) is locally uniquely solvable if and only if W̃ (βββ⋆,βββ)
is PD for βββ close to βββ⋆. Now, Theorem 3.2.12 guarantees that Algorithm 3 computes
{uuum}Km=1 such that Ŵ (βββ⋆) = W̃ (βββ⋆,βββ⋆) is PD, if βββ⋆ is close enough to βββ◦. Similar to
the proof of Lemma 3.2.11, one can prove that W̃ (βββ⋆,βββ) is continuous in βββ. Hence, if
W̃ (βββ⋆,βββ⋆) is PD, then the same holds for W̃ (βββ⋆,βββ), when βββ is close to βββ⋆, which implies
that (3.30) is locally uniquely solvable with βββ = βββ⋆.

3Notice that this notation is related to (3.27) in the sense that W̃ (βββ,βββ) = Ŵ (βββ).





Chapter 4

Reconstruction of matrices in
bilinear systems

In this chapter, we extend the results from Chapter 3, in particular Section 3.2, to skew-
symmetric bilinear systems. We consider (2.1) with a right-hand side f(A,yyy, u) = (A +
uB)yyy, that is,

ẏyy(t) = (A⋆ + u(t)B)yyy(t), t ∈ (0, T ], yyy(0) = yyy0, (4.1)

where B ∈ so(N) is a given skew-symmetric matrix for N ∈ N+, the initial state is
yyy0 ∈ RN \ {0}, and u ∈ Uad ⊂ L2(0, T ;R) (with M = 1; see Section 1.3) is a control
function. The matrix A⋆ ∈ so(N) is unknown and assumed to lie in the space spanned
by a set of linearly independent matrices B = {A1, . . . , AK} ⊂ RN×N , 1 ≤ K ≤ N2, and
we write A⋆ =

∑K
j=1 β⋆,jAj =: A(βββ⋆). Since the matrices A⋆ and B are skew-symmetric,

system (4.1) is norm preserving, i.e. ∥yyy(t)∥2 = ∥yyy0∥2 for all t ∈ [0, T ].1

To identify the true matrix A⋆, one can consider a set of control functions {um}Km=1 ⊂ Uad

and use it experimentally to obtain the data {φφφdata
⋆ (um)}Km=1 ⊂ RP , as defined in (2.2).

The unknown vector βββ⋆ is then obtained by solving the online reconstruction problem (2.3),
in which φφφ(A(βββ), um) = Cyyy(A(βββ), um;T ) now solves (4.1), with A⋆ replaced by A(βββ). We
assume to have an estimate βββ◦ of βββ⋆. We can derive the linearized equation in βββ◦:{

δ̇yyy◦(t) = (A◦ + u(t)B)δyyy◦(t) +
∑K

j=1 δβjAjyyy◦(t), t ∈ (0, T ], δyyy◦(0) = 0,

ẏyy◦(t) = (A◦ + u(t)B)yyy◦(t), t ∈ (0, T ], yyy◦(0) = yyy0,
(4.2)

where A◦ := A(βββ◦). Denoting by δyyy◦(A(δβββ), u; t) the solution of (4.2) at time t ∈ [0, T ],
the GN matrix Ŵ◦ is defined as in (3.19), and LGR is detailed in Algorithm 3.

Let us recall the following definition and result from [25, Corollary 4.11].

Definition & Lemma 4.0.1 (Controllability of skew-sym. bilinear systems)
Consider a system of the form

ẏyy(t) = (A◦ + u(t)B)yyy(t), yyy(0) = yyy0, (4.3)
1To see this, we observe that 1

2
d
dt
∥yyy(t)∥22 = ⟨yyy(t), ẏyy(t)⟩ = ⟨yyy(t), (A⋆ + u(t)B)yyy(t)⟩ = 0.
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where A◦, B ∈ so(N). System (4.3) is said to be controllable if for any final state yyyf

that lies on the sphere of radius ∥yyy0∥2 there exists a control u(t) that transfers yyy0 to yyyf .
Furthermore, if the Lie algebra Lie{A◦, B} ⊂ so(N), generated by the matrices A◦ and
B, has dimension N(N−1)

2 , then there exists a constant t̃ ≥ 0 such that for any T ≥ t̃
controllability of (4.3) holds.

Notice that the Lie algebra Lie{A◦, B} contains exactly the matrices A◦, B and their
iterated commutators

[A◦, B], [[A◦, B], A◦], [[A◦, B], B], . . .

see, e.g., [25, Section 4.1] and references therein, where [A◦, B] := A◦B − BA◦ denotes
the matrix commutator. Since [A◦, B]⊤ = −[A◦, B], we have Lie{A◦, B} ⊂ so(N). Re-
calling that the space of skew-symmetric matrices so(N) has dimension N(N−1)

2 , we obtain
dim(Lie{A◦, B}) ≤ N(N−1)

2 . For further details on Lie algebras, we refer the interested
reader to [25, Appendix A.3] and references therein.

As in Section 3.2, we also need to make some assumptions on the observability of the
linearized equation in (4.2). However, recalling the proof of Lemma 3.2.5, these assumptions
are only required to prove the existence of a control function that guarantees a positive
cost function value in the splitting step. If we assume this function to be constant, at least
on a subinterval of [0, T ], then we get a system of the form

δ̇yyy◦(t) = (A◦ + cB)δyyy◦(t) +A(δβββ)yyy◦(t), (4.4)

for a scalar c ∈ R. In this case, system (4.4) is again a linear system, for which observability
is defined in Definition 3.1.4. Hence, the observability matrix is ON (C,A◦ + cB).

Let us state our assumptions on controllability and observability of (4.3) and (4.4).

Assumption 4.0.2 Let the matrices A◦, B and C be such that

1. The Lie algebra Lie{A◦, B} ⊂ so(N) has dimension N(N−1)
2 and T > 0 is large

enough, such that the controllability result from Lemma 4.0.1 holds.

2. There exists c ∈ R such that ON (C,A◦ + cB) has full rank.

In addition, let Uad ⊂ L2(0, T ;R) be chosen such that the controllability result from Lemma
4.0.1 holds, and such that u ≡ c is an interior point of Uad (for the above c ∈ R).

Remark 4.0.3 The analysis presented in the following sections can be applied to the case
where the matrix A = A⋆ is assumed to be known and B = B(βββ) :=

∑K
j=1 βjBj is unknown

and to be identified. The main differences in the case of the reconstruction of B is that the
state equation is linearized around an initial guess B◦, leading to{

δ̇yyy◦(t) = (A+ u(t)B◦)δyyy◦(t) +
∑K

j=1 δβju(t)Bjyyy◦(t), t ∈ (0, T ], δyyy◦(0) = 0,

ẏyy◦(t) = (A+ u(t)B◦)yyy◦(t), t ∈ (0, T ], yyy◦(0) = yyy0.

Assumption 4.0.2 would be the same, only with A instead of A◦ and B◦ instead of B. Notice
that, in this case, we also cover Schrödinger-type systems of the form

iψ̇ψψ(t) = (H + u(t)µ⋆)ψψψ(t), t ∈ (0, T ], ψψψ(0) = ψψψ0,
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as considered in [57], for Hermitian matrices H,µ⋆ ∈ CN×N . This can be seen by writing
ψψψ = ψψψR + iψψψI , ψψψ0 = ψψψ0

R + iψψψ0
I , H = HR + iHI and µ⋆ = µ⋆,R + iµ⋆,I , to get

ẏyy(t) =

([
HI HR

−HR HI

]
︸ ︷︷ ︸

=:A

+u(t)

[
µ⋆,I µ⋆,R
−µ⋆,R µ⋆,I

]
︸ ︷︷ ︸

:=B⋆

)
yyy(t), (4.5)

for yyy(t) :=
[
ψψψR(t) ψψψI(t)

]⊤ and skew-symmetric matrices A,B⋆ ∈ RN×N (compare also
[25, Section 2.12.2]).

4.1 Analysis for skew-symmetric bilinear systems

We show in this section that Assumption 4.0.2 is a sufficient condition for the GN matrix
Ŵ◦, defined as in (3.19), to be PD if the controls generated by the LGR Algorithm 3 are
used. The idea of the analysis is similar to the one considered in Section 3.2, meaning
that we first have to show the existence of a control that makes the cost function of (2.25)
strictly positive.

Lemma 4.1.1 (GR initialization and splitting steps (bilinear systems)) Let the
matrices A◦, B and C satisfy Assumption 4.0.2. Let Ã ∈ span(B) be an arbitrary matrix.
If T > 0 is sufficiently large, then ∥Cδyyy◦(Ã, ũ;T )∥22 > 0 for any solution ũ to

max
u∈Uad

∥Cδyyy◦(Ã, u;T )∥22, s.t. δ̇yyy◦(t) = (A◦ + u(t)B)δyyy◦(t) + Ãyyy◦(t), δyyy◦(0) = 0,

ẏyy◦(t) = (A◦ + u(t)B)yyy◦(t), yyy◦(0) = yyy0.

Proof. It is sufficient to construct a ûc ∈ Uad such that Cδyyy◦(Ã, ûc;T ) ̸= 0 for T sufficiently
large. Let us define

ûc(s) :=

{
û(s), for 0 ≤ s ≤ t̂,
c, for t̂ < s ≤ T,

where c ∈ R, û ∈ Uad, T > 0 and t̂ ∈ (0, T ) are to be chosen. Since Ã ̸= 0, there
exists vvv ∈ RN \ {0}, ∥vvv∥2 = ∥yyy0∥2 such that Ãvvv ̸= 0. By the first part of Assumption
4.0.2, we know that (4.3) is controllable on the sphere of radius ∥yyy0∥2, meaning that there
exist t̂ > 0 and û ∈ Uad such that yyy◦(Ã, û; t̂) = vvv. Defining Ac := A◦ + cB, we notice
that fvvv(t) := ÃetAcvvv is analytic in t, and since fvvv(0) = Ãvvv ̸= 0, it is not equal to zero
everywhere and therefore has only isolated roots, see, e.g., [64, Thm. 10.18]. Recalling that
exponential matrices are always invertible (see, e.g., [49, Thm. 2.6.38]), we obtain that
there exists t1 > 0 such that e−t1(Ac)Ãe(t1−t̂)Acvvv ̸= 0. By defining www := δyyy◦(Ã, û; t̂) and
ggg(t) :=

∫ t
t̂ e

−s(Ac)Ãe(s−t̂)Acvvvds + e−t̂Acwww, we observe that dggg(t1)
dt = e−t1(Ac)Ãe(t1−t̂)Acvvv ̸= 0.

Since dggg(t)
dt is analytic in t, the same holds for ggg(t),2 and since dggg(t1)

dt ̸= 0 we obtain that
ggg(t) has only isolated roots. Notice that

e−tAcδyyy(Ã, ûc; t) = e−tAc

∫ t

t̂
e(t−s)(Ac)Ãe(s−t̂)Acvvvds+ e(t−t̂)Acwww = ggg(t),

2This follows directly from the fundamental theorem of calculus.
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for t > t̂. Thus, it remains to show that there exists T > t̂ such that CeTAcggg(T ) ̸= 0.
Assumption 4.0.2 guarantees that there exists c ∈ R such that the observability matrix
ON (C,A◦ + cB) has full rank. Hence, for any qqq ∈ RN \ {0} there exists a tqqq > t̂ such that
CetqqqAcqqq ̸= 0. Since t 7→ CetAcqqq is analytic in t, CetqqqAcqqq ̸= 0 implies that it has only isolated
roots. Thus, for t > t̂, t 7→ CetAcggg(t) is the composition of two analytic functions which
both have only isolated roots, and is therefore also analytic with isolated roots. Hence,
there exists T > t̂ such that Cδyyy(Ã, ûc;T ) = CeTAcggg(T ) ̸= 0.

Now, we can prove our main result, whose proof is the same as the one of Theorem 3.2.6,
in which Lemma 4.1.1 has to be used instead of Lemma 3.2.5.

Theorem 4.1.2 (positive definiteness of the GN matrix Ŵ◦ (bilinear systems))
Let βββ◦ ∈ RK be such that the matrices A(βββ◦), B ∈ so(N) and C ∈ RP×N satisfy Assump-
tion 4.0.2. For K ≤ N2, let B = {A1, . . . , AK} ⊂ so(N) be a set of linearly independent
matrices such that A⋆ ∈ span B, and let {u1, . . . , uK} ⊂ Uad be controls generated by
Algorithm 3. Then the GN matrix Ŵ◦, defined in (3.19), is PD.

4.2 Positive definiteness of the GN matrix

As in Section 3.2.5, we show that if the GN matrix in βββ◦ is PD, then the same is true
locally, for all iterates βββc of GN. We start by writing the matrix Ŵ (βββ) as a function of βββ:

[Ŵ (βββ)]i,j :=
K∑

m=1

⟨Cδyyy(βββ,Ai, u
m;T ), Cδyyy(βββ,Aj , u

m;T )⟩, i, j ∈ {1, . . . ,K}, (4.6)

where δyyy(βββ, Â, u;T ) denotes the solution at time T of{
δ̇yyy(t) = (A(βββ) + u(t)B)δyyy(t) + Âyyy(t), δyyy(0) = 0,

ẏyy(t) = (A(βββ) + u(t)B)yyy(t), yyy(0) = yyy0.
(4.7)

Now, we want to prove the same positive definiteness result as in Lemma 3.2.11.

Lemma 4.2.1 (positive definiteness of Ŵ◦ (bilinear systems)) Let Ŵ◦, defined in
(3.19), be PD and denote by σ◦K > 0 the smallest singular value of Ŵ◦. Then, there exists
δ := δ(σ◦K) > 0 such that for any βββ ∈ RK with ∥βββ−βββ◦∥2 < δ, the matrix Ŵ (βββ), defined as
in (4.6), is also PD.

Proof. Recalling the proof of Lemma 3.2.11, it is sufficient to show that the solution
δyyy(βββ, Â, u;T ) of (4.7) is continuous in βββ. By [25, Proposition 3.26],3 we obtain continuity
of the map βββ 7→ yyy(A(βββ), u;T ) and analogously the continuity of βββ 7→ δyyy(βββ, Â, u;T ).

Using the result from Lemma 4.2.1, we can directly prove our main result.

Theorem 4.2.2 (convergence of GN (bilinear systems)) Let βββ◦ ∈ RK be such that
the matrices A(βββ◦), B and C satisfy Assumption 4.0.2, and let {um}Km=1 ⊂ Uad be generated
by Algorithm 3. Denote by σ̂K the smallest singular value of Ŵ◦, defined in (3.19). Then

3This result is a special case of the implicit function theorem; see, e.g., [25, Thm. 3.4].
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there exists δ = δ(σ̂K) > 0 such that, if βββ⋆ ∈ RK satisfies ∥βββ⋆ −βββ◦∥2 ≤ δ, then GN for the
solution of (2.3), initialized with βββ◦, converges to βββ⋆.

Proof. Theorem 4.1.2 implies that Ŵ◦ is PD, namely σ̂K > 0. As in the proof of Lemma
4.2.1, one can show that βββ 7→ Rm(βββ), defined in (2.14), are Lipschitz continuously differ-
entiable in βββ for all m ∈ {1, . . . ,K}. Thus, the result follows by Lemma 4.2.1.

4.3 Local uniqueness of solutions

Let us study the local properties of the online reconstruction problem (2.3) around βββ⋆.
We use the same approach as in the linear case, and start by rewriting problem (2.3) in a
matrix-vector form.

Lemma 4.3.1 (reconstruction problem in matrix form (bilinear systems))
Problem (2.3) the bilinear system (4.1) is equivalent to

min
βββ∈RK

1

2
⟨βββ − βββ⋆, W̃ (βββ⋆,βββ)(βββ − βββ⋆)⟩, (4.8)

where we define W̃ (βββ⋆,βββ) :=
∑K

m=1W (βββ⋆,βββ, u
m) ∈ RK×K ,

[W (βββ⋆,βββ, u
m)]i,j := ⟨Cδyyym(βββ⋆,βββ,Aj ;T ), Cδyyym(βββ⋆,βββ,Ai;T )⟩, (4.9)

for i, j ∈ {1, . . . ,K}, and δyyym(βββ⋆,βββ,A; t) solves{
δ̇yyy(t) = (A(βββ⋆) + um(t)B)δyyy(t) +Ayyy(t), δyyy(0) = 0,

ẏyy(t) = (A(βββ) + um(t)B)yyy(t), yyy(0) = yyy0.
(4.10)

Proof. Let J(βββ) = 1
2

∑K
m=1 ∥Cyyy(A(βββ), um;T ) − Cyyy(A⋆, u

m;T )∥22. For t ∈ [0, T ] and m ∈
{1, . . . ,K} define

∆yyym(t) := yyy(A(βββ), um; t)− yyy(A⋆, u
m; t). (4.11)

Then we have

∆̇yyym(t) = (A(βββ) + um(t)B)yyy(A(βββ), um; t)− (A(βββ⋆) + um(t)B)yyy(A⋆, u
m; t)

= (A(βββ⋆) + um(t)B)∆yyym(t) +A(βββ − βββ⋆)yyy(A(βββ), um; t)

= δ̇yyy(βββ⋆,βββ,A(βββ − βββ⋆), um; t).

From (4.10) we get that δ̇yyym(βββ⋆,βββ, Â; t) and δyyym(βββ⋆,βββ, Â; t) are linear in Â. Thus

J(βββ) =
1

2

K∑
m=1

∥C∆yyym(T )∥22 =
1

2

K∑
m=1

∥Cδyyym(βββ⋆,βββ,A(βββ − βββ⋆);T )∥22

=
1

2

K∑
m=1

K∑
i=1

K∑
j=1

(βi − β⋆,i)(βj − β⋆,j)⟨Cδyyym(βββ⋆,βββ,Ai;T ), Cδyyym(βββ⋆,βββ,Aj ;T )⟩

(4.9)
=

1

2
⟨βββ − βββ⋆, W̃ (βββ⋆,βββ)(βββ − βββ⋆)⟩,

which yields the equivalence of the problems (2.3) and (4.8).
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Notice that the notations in (4.6) and Lemma 4.3.1 are related in the sense that Ŵ (βββ) =

W̃ (βββ,βββ). Now, proceeding as in Section 3.2.6 and defining the set of all global solutions
Sglobal :=

{
βββ ∈ RK | (βββ − βββ⋆) ∈ ker W̃ (βββ⋆,βββ)

}
, we obtain the same local uniqueness of

the solution βββ⋆ to (2.3), meaning that if Ŵ (βββ⋆) = W̃ (βββ⋆,βββ⋆) is PD, the same holds for
W̃ (βββ⋆,βββ) when βββ is close to βββ⋆.



Chapter 5

Analysis for general dynamical
systems

The LGR algorithm analyzed in the previous chapters only considers the linearized system.
Thus it does not have access to the full (nonlinear) dynamics and can only capture the
local characteristics of the considered system. Moreover, as we will show in Chapter 6,
standard GR can outperform LGR when βββ◦ is far from the solution. However, the analysis
of LGR allows us to better understand the local behavior of GR and prove that locally it
is capable to construct control functions that guarantee convergence of GN. This analysis
is carried out in Section 5.1. This is the first analysis of GR algorithms for nonlinear
problems. Afterwards, we discuss in Section 5.1.2 global convergence of GN for a specific
bilinear system.

5.1 A local analysis for nonlinear GR algorithms

This section is concerned with general nonlinear systems of the form

ẏyy(t) = f(A(βββ◦) +A(δβββ⋆), yyy(t),uuu(t)),

φφφdata
⋆ (uuu) = Cyyy(A(βββ◦) +A(δβββ⋆),uuu;T ),

with the goal of reconstructing A(δβββ⋆) = A⋆ − A(βββ◦). Here, the shift of A⋆ is considered
to perform a local analysis near A(βββ◦). The goal is to prove convergence of GN for the
controls generated by the GR Algorithm 4 using a local analogy to the LGR Algorithm
3. Notice that there are a few differences between Algorithms 4 and 3. To derive a local
analogy between them, all operators from the set B = {A1, . . . , AK} are shifted by A(βββ◦).
Additionally, the fitting step problem (5.2) only minimizes over a compact set Kk ⊂ Rk.
However, this is not restrictive since the set Kk can be chosen arbitrarily large.

We recall that, in order to obtain our main results for Algorithm 4, it is sufficient to
prove two points. First, that the fitting step (5.2) identifies the kernel of the submatrix
[Ŵ

(k)
◦ ][1:k+1,1:k+1]. Second, that for the initialization and each splitting step in Algorithm 4

47
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Algorithm 4 Nonlinear Greedy Reconstruction Algorithm
Require: A set of linearly independent operators B = {A1, . . . , AK}, an (initial) operator A(βββ◦) ∈

span B and a family of compact sets Kj ⊂ Rj , j = 1, . . . ,K − 1.
1: Compute the control uuu1 by solving

max
uuu∈Uad

∥Cyyy(A(βββ◦),uuu;T )− Cyyy(A(βββ◦) +A1,uuu;T )∥22. (5.1)

2: while k ≤ K − 1 do
3: Fitting step: Find βββ = (βk

j )j=1,...,k that solves

min
βββ∈Kk

k∑
m=1

∥Cyyy(A(βββ◦) +A(k)(βββ),uuum;T )− Cyyy(A(βββ◦) +Ak+1,uuu
m;T )∥22, (5.2)

where A(k)(βββ) =
∑k

j=1 βjAj .
4: Splitting step: Find uuuk+1 that solves

max
uuu∈Uad

∥Cyyy(A(βββ◦) +A(k)(βββk),uuu;T )− Cyyy(A(βββ◦) +Ak+1,uuu;T )∥22. (5.3)

5: Update k ← k + 1.
6: end while

there exists at least one control for which the corresponding cost function is strictly positive
(making the submatrix [Ŵ

(k+1)
◦ ][1:k+1,1:k+1] PD).

To prove the fitting step result, we need some continuity properties of the argmin opera-
tor. For this purpose, we introduce the following definition of hemi-continuous set-valued
correspondences (see, e.g., [21, Chapter VI,§1]).

Definition 5.1.1 (hemi-continuity) Let X ⊂ R be an open set. A correspondence c :
X ⇒ Rk is called upper hemi-continuous (u.h.c.) if for each x0 ∈ X and each open set
G ⊂ Rk with c(x0) ⊂ G there is a neighborhood U(x0) ⊂ X such that x ∈ U(x0) ⇒
c(x) ⊂ G. The mapping is called lower hemi-continuous (l.h.c.) if for each x0 ∈ X and
each open set G ⊂ Rk with c(x0) ∩ G ̸= ∅ there is a neighborhood U(x0) ⊂ X such that
x ∈ U(x0)⇒ c(x)∩G ̸= ∅. Furthermore, c : X ⇒ Rk is hemi-continuous if it is u.h.c. and
l.h.c.

Using Definition 5.1.1, we can recall the Berge maximum theorem [7, Thm. 17.31].

Lemma 5.1.2 (Berge maximum theorem) Let X ⊂ R be an open interval. Let J :
Rk × X → R be a continuous function and ϕ : X ⇒ Rk be a hemi-continuous, set-
valued correspondence such that ϕ(x) is nonempty and compact for any x ∈ X. Then the
correspondence c : X ⇒ Rk defined by c(x) := argmin

z∈ϕ(x)
J(z;x) is u.h.c.

We will also need the following technical lemma.

Lemma 5.1.3 (limit of set-valued correspondance) Let X ⊂ R be an open interval
with 0 ∈ X, and c : X ⇒ Rk be a u.h.c. correspondence. If c(0) = {0}, then limk→∞ c(xk) =
{0} for any sequence (xk)

∞
k=1 such that limk→∞ xk = 0.

Proof. Consider an arbitrary sequence (xk)
∞
k=1 with limk→∞ xk = 0, and let c(0) = {0}.
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It is sufficient to show that for any u > 0 there exists nu ∈ N such that for all k ≥ nu we
have c(xk) ⊂ Bku(0). Let u > 0 and define Gu := Bku(0). Since c(0) = {0} and c is u.h.c.,
there exists a neighborhood Uu(0) ⊂ R such that c(x) ⊂ Gu for any x ∈ Uu(0). Since
Uu(0) is an open neighborhood of 0, there exists ξu > 0 such that (−ξu, ξu) ⊂ Uu(0). Since
limk→∞ xk = 0, there exists nu such that for all k ≥ nu we have xk ∈ (−ξu, ξu) and hence
c(xk) ⊂ Bku(0).

To use Lemmas 5.1.2 and 5.1.3, we make the following assumptions.

Assumption 5.1.4 Let k ∈ {1, . . . ,K − 1} and define

Jk(βββ;Ak+1) :=
k∑

m=1

∥Cyyy(A(βββ◦) +A(k)(βββ),uuum;T )− Cyyy(A(βββ◦) +Ak+1,uuu
m;T )∥22.

• If ∥Ak+1∥2 is small enough, then there exists a βββk = βββk(Ak+1) that solves (5.2) with
Jk(βββ

k;Ak+1) = 0.

• There exists ν > 0 such that Bkν (0) ⊂ Kk and argmin
βββ∈Bk

ν (0)
Jk(βββ; 0) = {0}.

The first point in Assumption 5.1.4 guarantees that locally near A(βββ◦), for ∥Ak+1∥2 small
enough, one can solve (5.2) making the cost function zero, meaning that one can find a
linear combination of the first k elements for which the final state cannot be distinguished
from the k + 1-th element by any of the k computed controls. On the other hand, if the
minimum function value is strictly positive, then there already exists a control in the set
{uuum}km=1 that discriminates (splits) these two states.

The second point in Assumption 5.1.4 ensures that {0} = argmin{Jk(βββ, 0) | βββ ∈ Bkν (0)}.
If this was not true, then for any ν > 0, the ball Bkν (0) would contain infinitely many
βββ ∈ Rk \ {0} satisfying Jk(βββ, 0) = 0. Hence, for an infinite number of linear combinations
in the set {A1, . . . , Ak}, the corresponding states could not be distinguished by any of the
previously selected controls. This implies that one of the previous splitting steps was not
successful, which contradicts what we assume to reach iteration k.

Now, we can show that the local nonlinear fitting step problem (5.2) is able to identify the
kernel of the submatrix [Ŵ

(k)
◦ ][1:k+1,1:k+1], if it is non-trivial.

Theorem 5.1.5 (nonlinear GR fitting step problems) Let k ∈ {1, . . . ,K} and let βββk
be a solution to (5.2). If ∥Ak+1∥2 is sufficiently small and Assumption 5.1.4 holds, then
βββk solves (2.24) with

∑k
m=1 ∥Cδyyy◦(A(k)(βββk),uuum;T )− Cδyyy◦(Ak+1,uuu

m;T )∥22 = 0.

Proof. LetAk+1 = δkÃk+1, where δk = ∥Ak+1∥2 and ∥Ãk+1∥2 = 1. Now, define Ĵk(βββ, δk) :=
Jk(βββ, δkÃk+1). The first point of Assumption 5.1.4 implies that there is a δ̂k > 0 such that
Ĵk(βββ, δk) = 0 for all |δk| < δ̂k. Thus, Lemma 5.1.2 guarantees that ck : (−δ̂k, δ̂k) ⇒
Rk, ck(δk) = argminβββ∈Kk

Ĵk(βββ; δk) is u.h.c.1 According to the second point of Assump-
tion 5.1.4, ck(0) = 0 is an isolated solution of (5.2). Hence, the upper hemi-continuity of
ck guarantees that for δk → 0 we have βββk → 0 for any corresponding solution βββk = βββk(δk)

1Note that, in this setting, the correspondence ϕ : (−δ̂k, δ̂k) ⇒ Rk mentioned in Lemma 5.1.2 is defined
as ϕ(x) = Kk for any x ∈ (−δ̂k, δ̂k) with Kk compact, and is therefore hemi-continuous.
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of (5.2). Now, let m ∈ {1, . . . , k}. If Ĵk(βββk; δk) = 0, then

Cyyy(A(βββ◦) +A(k)(βββk),uuum;T )− Cyyy(A(βββ◦) + δkÃk+1,uuu
m;T ) = 0. (5.4)

We define g(βββ) := Cyyy(A(βββ),uuum;T ). Since f(A,yyy,uuu) in (2.1) is assumed to be differentiable
with respect to A and yyy, we obtain that the map A 7→ yyy(A,uuu;T ) is differentiable with
respect to A by the implicit function theorem (see, e.g., [30, Thm. 17.13-1]). Hence,
Cyyy(A(βββ),uuu;T ) is also differentiable with respect to βββ. By Taylor’s theorem, we get g(βββ◦+
vvv) = g(βββ◦) + g′(βββ◦)(vvv) +O(∥vvv∥22) for vvv ∈ Rk. Defining β̂ββk and δ̂δδk as β̂ββk := [βββk, 0, · · · , 0]⊤ ∈
Rk and δ̂δδk := [0, · · · , 0, δk]⊤ ∈ Rk, we can rewrite (5.4) as

0 = g(βββ◦ + β̂ββk)− g(βββ◦ + δ̂δδk+1) = g′(βββ◦)(β̂ββk)− g′(βββ◦)(δ̂δδk+1) +O(∥β̂ββk∥22) +O(|δk|2).

Since g′(βββ◦)(β̂ββk) = Cδyyy◦(A
(k)(βββk),uuum;T ) and g′(βββ◦)(δ̂δδk+1) = Cδyyy◦(δkÃk+1,uuu

m;T ),

0 = Cδyyy◦(A
(k)(βββk),uuum;T )− Cδyyy◦(δkÃk+1,uuu

m;T ) +O(∥β̂ββk∥22) +O(|δk|2). (5.5)

Since βββk = βββk(δk) → 0 for δk → 0, we know that all four terms vanish for δk → 0.
However, O(|δk|2) converges faster than Cδyyy◦(δkÃk+1,uuu

m;T ) and O(∥β̂ββk∥22) faster than
Cδyyy◦(A

(k)(βββk),uuum;T ). Hence, (5.5) can only be true for δk → 0 if
Cδyyy◦(A

(k)(βββk),uuum;T ) − Cδyyy◦(δkÃk+1,uuu
m;T ) = 0 for δk small enough, which is equiva-

lent to Cδyyy◦(A(k)(βββk),uuum;T )− Cδyyy◦(Ak+1,uuu
m;T ) = 0 for ∥Ak+1∥2 sufficiently small.

Let us now comment about the assumption on ∥Ak+1∥2. The goal of this section is to prove
a local result around the approximation A(βββ◦). Since the map βββ 7→ A(βββ) is linear, the
terms A(βββ◦) + A(k)(βββk) and A(βββ◦) + Ak+1 are perturbations of A(βββ◦). These are clearly
used in the proof of Theorem 5.1.5. In order to remain close to A(βββ◦), we require that the
basis elements Ak+1 are sufficiently small. However, this is not a restrictive assumption
since it can be interpreted as a simple rescaling of the operators A1, . . . , AK , which are only
required to be linearly independent. Thus, the sufficiently small assumption of ∥Ak+1∥2 has
to be understood in the sense that one has to perturb A(βββ◦) by stepping in direction of the
(linearly independent) element Ak+1. However, the length of the step must be sufficiently
small to remain in a neighborhood of A(βββ◦) (related to the Taylor expansion used in the
proof of Theorem 5.1.5).

Regarding the initialization and splitting-step result, we make now the assumption that
there always exists a control that makes the corresponding cost function value strictly
positive, and discuss specific cases where this assumption holds.

Assumption 5.1.6 Let k ∈ {1, . . . ,K − 1} and βββk ∈ Rk be the solution of (5.2). There
exists a solution uuuk+1 ∈ Uad to (5.3) that simultaneously satisfies

∥Cyyy(A(βββ◦) +A(k)(βββk),uuuk+1;T )− Cyyy(A(βββ◦) +Ak+1,uuu
k+1;T )∥22 > 0, and (5.6)

∥Cδyyy◦(A(k)(βββk),uuuk+1;T )− Cδyyy◦(Ak+1,uuu
k+1;T )∥22 > 0. (5.7)

Let (5.6)-(5.7) also hold for a solution uuu1 ∈ Uad to (5.1) with k = 0 and βββ0 = 0.

In Theorem 5.1.10, we will investigate Assumption 5.1.6 for the two settings considered in
Section 3.2 and Chapter 4. Now, we state a result relating Algorithms 3 and 4.
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Theorem 5.1.7 (positive definiteness of the GN matrix Ŵ◦ (general systems))
Consider the general setting of (2.1) with {A1, . . . , AK} linearly independent such that
∥Ak∥2 is small enough for all k ∈ {1, . . . ,K}. Let {uuum}Km=1 ⊂ Uad be generated by Al-
gorithm 4 such that Assumption 5.1.4 holds for all k ∈ {1, . . . ,K − 1} and uuum satisfies
Assumption 5.1.6 for all m ∈ {1, . . . ,K}. Then Ŵ◦ is PD.

The proof of Theorem 5.1.7 is similar to that of Theorem 3.2.6 and is omitted for brevity.

In the Sections 5.1.1 and 5.1.2 we discuss Assumption 5.1.6 for linear and bilinear systems
and for a general class of nonliner systems, respectively.

5.1.1 Linear and bilinear control systems

In this section, we discuss Assumption 5.1.6 in the settings of Section 3.2 and Chapter 4.
First, we require the following result from [71, p. 1079].

Lemma 5.1.8 (on analytic functions in Banach spaces) Let X,Y denote real Ba-
nach spaces and Br(x) ⊂ X the open ball with center x ∈ X and radius r > 0. For
an open set D ⊂ X, let the functions f, g : D → Y be analytic. If there exist xf , xg ∈ D
such that f(xf ) ̸= 0 and g(xg) ̸= 0, then for any x ∈ D and any r > 0 there exists a
x̃ ∈ Br(x) ⊂ D such that f(x̃) ̸= 0 and g(x̃) ̸= 0.

We also require the following result about the analycity of control-to-state maps, which
follows directly from the implicit function theorem (see, e.g., [71, p. 1081]).

Lemma 5.1.9 (analycity of control-to-state maps) Consider system (2.1) and define
the map c : U × Y → Z as c(uuu,yyy) := [ẏyy − f(A,yyy,uuu), yyy(0) − yyy0], where U is the Hilbert
space of control functions, Y is the (Banach) space, where solutions to (2.1) lie, and Z is
a Banach space. If c is analytic in uuu and yyy, (2.1) has a unique solution yyy = yyy(uuu) ∈ Y
such that c(yyy(uuu),uuu) = 0 for each uuu ∈ Uad ⊂ U and the linearized state equation δ̇yyy =
δyyyf(A,yyy(uuu),uuu)(δyyy) − φ with δyyy(0) = φ0 is uniquely solvable for any [φ,φ0] ∈ Z, then the
control-to-state map L : Uad → Y,uuu 7→ yyy(uuu) is analytic. If the solution space Y is such that
the evaluation map ST : Y → RN , yyy 7→ yyy(T ) is linear and continuous, then also the map
S : Uad → RN ,uuu 7→ (yyy(uuu))(T ) is analytic.

Proof. First, we prove that the control-to-state map L : Uad → Y,uuu 7→ yyy(uuu) is analytic.
This follows directly from the implicit function theorem [71, p. 1081] if we can show that
the map Dyyyc(uuu,yyy) is an isomorphism of Y on Z for any pair (ũuu, ỹyy) ⊂ U × Y such that
ỹyy is the unique solution to (2.1) for ũuu, i.e. c(ũuu, ỹyy) = 0. Since Dyyyc(ũuu, ỹyy)(δyyy) = φ, which
is equivalent to δ̇yyy = δyyyf(A, ỹyy, ũuu)(δyyy) − φ with δyyy(0) = φ0, admits a unique solution
δyyy ∈ Y for any [φ,φ0] ∈ Z, Dyyyc(ũuu, ỹyy) is bijective and hence an isomorphism of Y on
Z. It remains to show that also the map S : Uad → RN ,uuu 7→ (yyy(uuu))(T ) is analytic.
Consider an arbitrary uuu0 ∈ Uad. Since the control-to-state map L is analytic, there exist (by
definition, see, e.g., [71, p. 1078]) ℓ-linear, symmetric and continuous maps aℓ : (Uad)

ℓ →
RN , (uuu1, . . . ,uuuℓ) 7→ aℓ(uuu1, . . . ,uuuℓ) such that yyy(uuu) =

∑∞
ℓ=0 aℓ(uuu−uuu0)ℓ. Now, define the maps

bℓ : (Uad)
ℓ → RN as bℓ(uuu)ℓ := (aℓ(uuu)

ℓ)(T ), meaning that
∑∞

ℓ=0 bℓ(uuu − uuu0)ℓ = (yyy(uuu))(T ).
Since ST : Y → RN , yyy 7→ yyy(T ) is linear and continuous, the maps bℓ are ℓ-linear, symmetric
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and continuous. Thus, the map S : Uad → RN ,uuu 7→ (yyy(uuu))(T ) =
∑∞

ℓ=0 bℓ(uuu−uuu0)ℓ is analytic
by definition.

In our case, we consider U = L2(0, T ;RM ) in the linear setting and U = L2(0, T ;R) in the
bilinear setting, Y = H1(0, T ;RN ) and Z = L2(0, T ;RN )×RN . Then, the assumptions in
Lemma 5.1.9 on the ODE system and its linearization are satisfied for (3.17) and (3.18) in
the linear setting, and for (4.1) and (4.2) in the bilinear setting.2 Notice that all solutions
lie in H1(0, T ;RN ) ⋐ C(0, T ;RN ) (see, e.g., [30]), which implies that the evolution map
ST : H1(0, T ;RN ) → RN , yyy 7→ yyy(T ) is also linear and continuous. Now, we can prove our
main result.

Theorem 5.1.10 (analysis for linear and bilinear systems) Consider the linear set-
ting (3.17) or the bilinear setting (4.1). Assume that the systems are sufficiently observable
and controllable, i.e., fully observable and controllable in the linear case, and satisfying
Assumption 4.0.2 in the bilinear case. If ∥Ak+1∥2 is sufficiently small, then the set of
controls in Uad that satisfy (5.6)-(5.7) in Assumption 5.1.6 is nonempty.

Proof. For brevity, we denote Aβββ := A(βββ◦) + A(k)(βββk), A+ := A(βββ◦) + Ak+1, yyyβββ(uuu; t) :=
yyy(Aβββ,uuu; t) and yyy+(uuu; t) := yyy(A+,uuu; t). We start with the linear setting (3.17) from Section
3.2. First, we derive observability and controllability properties for the systems (A+, B, C)
and (Aβββ, B, C). Denote by σk > 0 the smallest singular value of ON (C,A(βββ◦)). Let k ∈
{1, . . . ,K} and βββk ∈ Rk be the solution of (5.2) for ∥Ak+1∥2 > 0 sufficiently small such that
∥ON (C,A(βββ◦))−ON (C,A+)∥2 < σk. From the proof of Theorem 5.1.5, we obtain that also
βββk can be assumed to be sufficiently small such that ∥ON (C,A(βββ◦))−ON (C,Aβββ)∥2 < σk.
Now, Lemma 3.2.10 guarantees that

rank(ON (C,A+)) = rank(ON (C,Aβββ)) = N.

Using the same argument for the rank of the controllability matrices, we obtain that the
systems (A+, B, C) and (Aβββ, B, C) are fully observable and controllable.

Next, we consider the state of the difference zzz(t) = yyy(A+,uuu; t) − yyy(Aβββ,uuu; t) with żzz =
A+zzz+ (A+−Aβββ)yyy(Aβββ,uuu; t). Since A+ ̸= Aβββ, there exists vvv ∈ RN such that (A+−Aβββ)vvv ̸=
0. Recalling that (Aβββ, B) is controllable, we can find uuut1 for any t1 ∈ (0, T ] such that
yyyβββ(uuut1 ; ) = vvv and therefore (A+ −Aβββ)yyyβββ(uuut1 ; t1) ̸= 0. We define

ũuu(s) :=

{
uuut1(s), for 0 ≤ s < t1,

ccc, for t1 ≤ s ≤ T,

where ccc ∈ RN is chosen later. For t > t1, we have

zzz(t) = e(t−t1)A+zzz(t1) +

∫ t

t1

e(t−s)A+(A+ −Aβββ)yyyβββ(ũuu; s)ds.

Now, we define

z̃zz(t) := e−(t−t1)A+zzz(t) = zzz(t1) +

∫ t

t1

e(t1−s)A+(A+ −Aβββ)yyyβββ(ũuu; s)ds. (5.8)

2Existence and uniqueness of all solutions yyy, δyyy follow by Carathéodory’s existence theorem (see, e.g.,
[67, Thm. 54] and related propositions). For uuu ∈ L2(0, T ;RM ) in the linear and u ∈ L2(0, T ;R) in the
bilinear setting, we obtain ẏyy, δ̇yyy ∈ L2(0, T ;RN ) and thus yyy, δyyy ∈ H1(0, T ;RN ).
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Notice that for s > t1, the terms e(t1−s)A+ and yyyβββ(ũuu; s) = e(s−t1)Aβββvvv+
∫ s
0 e

(s−τ)AβββBcccds are
continuous in s. Since exponential matrices are invertible (see, e.g., [49, pag. 369, 5.6.P43])
and zzz(t1) is independent of t, there exists a t > t1 such that

zzz(t1) +

∫ t

t1

e(t1−s)A+(A+ −Aβββ)yyyβββ(ũuu; s)ds ̸= 0

and thus z̃zz(t) ̸= 0. Using (5.8), we obtain

Czzz(t) = Ce(t−t1)A+z̃zz(t) =

∞∑
j=0

(t− t1)j

j!
CAj

+z̃zz(t). (5.9)

The observability of (A+, B, C) guarantees the existence of i ∈ {0, . . . , N − 1} such that
CAi

+z̃zz(t) ̸= 0. We have (t−t1)i

i! > 0 for t > t1 and all summands in (5.9) converge to zero
at different rates. Hence, there exists t > t1 such that Czzz(t) ̸= 0. Since t1 ∈ (0, T ] was
chosen arbitrarily, we get Czzz(T ) ̸= 0 and thus Cyyyβββ(ũuu;T )− Cyyy+(ũuu;T ) ̸= 0.

Regarding the linearized system (3.18), we have already shown in Lemma 3.2.5 that there
exists an uuu ∈ Uad such that Cδyyy◦(A(k)(βββk),uuu;T )− Cδyyy◦(Ak+1,uuu;T ) ̸= 0.

Finally, the maps S, Sδ : L2(0, T ;RM ) → RN , S(uuu) := Cyyyβββ(uuu;T ) − Cyyy+(uuu;T ), Sδ(uuu) :=
Cδyyy◦(A

(k)(βββk),uuu;T )−Cδyyy◦(Ak+1,uuu;T ) are analytic by Lemma 5.1.9. Using Lemma 5.1.8,
we obtain the existence of an uuu ∈ Uad such that Cyyy(Aβββ,uuu;T ) − Cyyy(A+,uuu;T ) ̸= 0 and
Cδyyy◦(A

(k)(βββk),uuu;T )− Cδyyy◦(Ak+1,uuu;T ) ̸= 0.

Now, let us consider the bilinear setting (4.1) from Chapter 4. First, we derive the ob-
servability and controllability properties for the systems (A+, B, C) and (Aβββ, B, C) from
Assumption 4.0.2. Similar to the prove for the linear setting above, one can show that
Assumption 4.0.2 holds for (A+, B, C) and (Aβββ, B, C) if ∥Ak+1∥2, and thereby also ∥βββk∥2,
is small enough.

Next, we want to show the existence of a control u ∈ L2(0, T ;R) such that Cyyy(Aβββ, u;T ) ̸=
Cyyy(A+, u;T ). We consider the state zzz(t) = yyy(A+, u; t)− yyy(Aβββ, u; t) with

żzz(t) = (A+ + u(t)B)zzz(t) + (A+ −Aβββ)yyy(Aβββ, u; t).

Since A+ ̸= Aβββ and the system (Aβββ, B, C) is controllable for t > 0 large enough, there
exists a control u and a time t1 > 0 such that (A+ −Aβββ)yyy(Aβββ, u; t1) ̸= 0. We define

ũ(s) :=

{
u(s), for 0 ≤ s < t1,

c, for t1 ≤ s ≤ T,
(5.10)

where c ∈ R is to be chosen later. For t > t1, we obtain

zzz(t) = e(t−t1)(A++cB)zzz(t1) +

∫ t

t1

e(t−s)(A++cB)(A+ −Aβββ)yyy(Aβββ, ũ; s)ds. (5.11)

Now, we define

z̃zz(t) := e−(t−t1)(A++cB)zzz(t) = zzz(t1) +

∫ t

t1

e(t1−s)(A++cB)(A+ −Aβββ)yyy(Aβββ, ũ; s)ds. (5.12)
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Notice that, for s > t1, the terms e(t1−s)(A++cB) and yyy(Aβββ, ũ; s) = es(Aβββ+cB)yyy(Aβββ, u; t1) are
continuous in s. Since exponential matrices are invertible and zzz(t1) is independent of t,
there exists a t > t1 such that

zzz(t1) +

∫ t

t1

e(t1−s)(A++cB)(A+ −Aβββ)yyy(Aβββ, ũ; s)ds ̸= 0

and hence z̃zz(t) ̸= 0. Using (5.12), we obtain

Czzz(t) = Ce(t−t1)(A++cB)z̃zz(t) =
∞∑
j=0

(t− t1)j

j!
C(A+ + cB)jz̃zz(t). (5.13)

By the third point in Assumption 4.0.2, there exists a c ∈ R such that ON (C,A+ + cB)
has full rank. This implies the existence of an i ∈ {0, . . . , N − 1} such that

C(A+ + cB)iz̃zz(t) ̸= 0.

Since (t−t1)i

i! > 0 for t > t1, and all terms of the sum in (5.13) converge to zero for t → 0
at different rates for different j, there exists t > t1 such that Czzz(t) ̸= 0. By analycity of
Czzz(t) in T and c, we obtain Cyyy(Aβββ, ũ;T ) ̸= Cyyy(A+, ũ;T ) for T sufficiently large.

Regarding the linearized system (4.2), Lemma 4.1.1 implies that there exists a u ∈ L2(0, T ;R)
such that Cδyyy◦(A(k)(βββk), u;T ) ̸= Cδyyy◦(Ak+1, u;T ).

By Lemma 5.1.9, the maps S, Sδ : L2(0, T ;R) → RN , defined by S(u) := yyy(A, u;T ),
Sδ(u) := δyyy◦(A, u;T ) are analytic. Using Lemma 5.1.8, we obtain the existence of an u ∈
Uad such that Cyyy(Aβββ, u;T ) ̸= Cyyy(A+, u;T ) and Cδyyy◦(A

(k)(βββk), u;T ) ̸= Cδyyy◦(Ak+1, u;T ).

Remark 5.1.11 Notice that we did not prove exactly Assumption 5.1.6 in Theorem 5.1.10,
but only the existence of a general control uuu ∈ Uad that satisfies (5.6)-(5.7). However,
this implies that any solution uuuk+1 to (5.3) always satisfies (5.6). Additionally, we recall
from the proof of Theorem 5.1.10 that the maps S, Sδ : L2(0, T ;RM ) → RN , defined by
S(uuu) := yyy(A,uuu;T ), Sδ(uuu) := δyyy◦(A,uuu;T ) are nonzero. Thus, we obtain by Lemma 5.1.8
that any neighborhood of uuuk+1 can contain only isolated controls not satisfying (5.7), and
infinitely many uuu that do satisfy (5.7). Thus, it is rather unlucky to choose an uuuk+1 not
satisfying (5.7). On the other hand, one can also add inequality (5.7) as a constraint to
(5.3) to ensure that both inequalities are met by uuuk+1.

As a consequence of Theorems 5.1.7, 5.1.10 and Remark 5.1.11, the controls generated by
Algorithm 4 for (3.17) and (4.1) make the GN matrix Ŵ◦, defined in (3.19), PD under
certain assumptions. Thus, the results from Sections 3.2.5 and 4.2 imply that GN for the
reconstruction problems (3.29) and (2.3), initialized with βββ◦, converges to βββ⋆.

5.1.2 A general class of nonlinear systems

Now, we focus on a class of more general nonlinear systems and prove our second main
result, which is analogous to Theorem 5.1.10. These systems (of the form (2.1)) are char-
acterized by a function f of the form f(A,yyy,uuu) = g(yyy) +Auuu, and thus have the form

ẏyy(t) = g(yyy(t)) +A(βββ⋆)uuu(t), t ∈ [0, T ], (5.14)
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where yyy(t) ∈ RN , N ∈ N. We make the following hypotheses.

Assumption 5.1.12 (on the system (5.14)) The initial state is yyy(0) = 0. The function
g is in C1(RN ,RN ) and satisfies g(0) = 0.3 Additionally, g is Lipschitz continuous with
Lipschitz constant L. The approximation of βββ⋆ is given by βββ◦ = 0. The state yyy(T ) can be
fully observed, meaning that the observer matrix is the identity: C = I ∈ RN×N .

Assumption 5.1.12 and A(βββ◦ = 0) = 0 imply that the linearized equation in βββ◦ = 0 is

δ̇yyy◦(t) = g′(yyy◦(t))δyyy◦(t) +A(βββ)uuu(t), δyyy(0) = 0,

ẏyy◦(t) = g(yyy◦(t)), yyy◦(0) = 0.

Using that yyy◦(0) = 0 and g(0) = 0 from Assumption 5.1.12, we get yyy◦(t) = 0 for all
t ∈ [0, T ], and thus

δ̇yyy◦(t) = g′(0)δyyy◦(t) +A(βββ)uuu(t).

Now, we show that there exists a control satisfying inequality (5.6) in Assumption 5.1.6. For
this purpose, we introduce the notation Ã := A(k)(βββk)−Ak+1, yyyβββ(t) := yyy(A(k)(βββk),uuuk+1; t),
yyyk+1(t) := yyy(Ak+1,uuu

k+1; t), and ∆yyy(t) := yyyβββ(t)− yyyk+1(t). Then, ∆yyy(t) satisfies

∆̇yyy(t) = g(yyyβββ(t))− g(yyyk+1(t)) + Ãuuuk+1(t), ∆yyy(0) = 0. (5.15)

By multiplying (5.15) with Ãuuuk+1(t), and using the Lipschitz continuity of g, we get

∥Ãuuuk+1(t)∥22 = ⟨Ãuuuk+1(t), ∆̇yyy(t)⟩+ ⟨Ãuuuk+1(t), g(yyyk+1(t))− g(yyyβββ(t))⟩

≤ ∥Ãuuuk+1(t)∥2
(
∥∆̇yyy(t)∥2 + L∥∆yyy(t)∥2

)
,

where we used Cauchy-Schwarz and triangle inequalities. Thus, we obtain

∥Ãuuuk+1(t)∥2 ≤ ∥∆̇yyy(t)∥2 + L∥∆yyy(t)∥2. (5.16)

Since A(k)(βββk) and Ak+1 are linearly independent, we have that Ã ̸= 0. Thus, there exists
vvv ∈ RM such that Ãvvv ̸= 0. Now, we define the control

uuuvvv,τ (t) :=

{
0, t ∈ [0, τ),

vvv, t ∈ [τ, T ],

for an arbitrary τ ∈ (0, T ). By (5.16) it holds that

∥∆̇yyy(t)∥2 + L∥∆yyy(t)∥2 ≥ ∥Ãuuuvvv,τ (t)∥2 > 0

for all t > τ . Recalling that C = I by Assumption 5.1.12, if ∥∆yyy(T )∥2 > 0, the first
inequality (5.6) is satisfied and we could move to inequality (5.7). Thus, assume that
∥∆yyy(T )∥2 = 0. Then ∥∆̇yyy(T )∥2 ̸= 0 and therefore ∥∆yyy(T − η)∥2 ̸= 0 for some η > 0.
Notice that η is independent of τ . Since ∆yyy(t) = 0 for t ∈ [0, τ), we can simply shift τ
by η, namely considering uuuvvv,τ+η, to obtain ∥∆yyy(T )∥2 > 0. In conclusion, we have found a
control, namely uuuk+1 = uuuvvv,τ+η, satisfying (5.6).

3The first two hypotheses imply that the system with uuu = 0 has an equilibrium point at zero.
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Now, we show that uuuk+1 = uuuvvv,τ+η satisfies (5.7) in Assumption 5.1.6 as well. To do so, let
∆yyyδ(t) := δyyy◦(A

(k)(βββk),uuuk+1; t)− δyyy◦(Ak+1,uuu
k+1; t), which clearly satisfies

∆̇yyyδ(t) = g′(0)∆yyyδ(t) + Ãuuuk+1(t), ∆yyyδ(0) = 0.

Now, since Ãuuuk+1(t) = Ãuuuvvv,τ+η(t) ̸= 0 for t ∈ [τ + η, T ], thus ∆̇yyyδ(τ + η) ̸= 0. Hence, since
t 7→ ∆yyyδ(t) is continuous, there exists an η̃ > 0 such that τ + η̃ ∈ (τ +η, T ] and ∆yyyδ(t) ̸= 0
for all t ∈ (τ + η, τ + η̃]. If ∆yyyδ(T ) ̸= 0 we proved our claim. Thus, we assume that
τ + η̃ < T and ∆yyyδ(T ) = 0. In this case, we can use the fact that τ is arbitrary and choose
it to shift the interval (τ +η, τ + η̃] in order to get that T ∈ (τ +η, τ + η̃]. This implies that
the control uuuk+1 = uuuvvv,τ+η satisfies both inequalities (5.6) and (5.7) in Assumption 5.1.6.

We summarize our findings in the next theorem (analogue of Theorem 5.1.10).

Theorem 5.1.13 (analysis for systems of the form (5.14)) Consider system (5.14)
and let Assumption 5.1.12 hold. Then the set of controls in Uad that satisfy both (5.6) and
(5.7) in Assumption 5.1.6 is nonempty.

Remark 5.1.14 Theorem 5.1.13 is an alternative convergence proof for the linear setting
considered in Section 3.1, where the unknown is the control matrix. However, it does not
cover the setting of Section 3.2, where the unknown is the drift matrix. Moreover, as in
Remark 5.1.11, Theorem 5.1.13 does not exactly prove Assumption 5.1.6, but rather that
there exist controls that simultaneously satisfy (5.6) and (5.7). On the other hand, the map
uuu 7→ ∆yyyδ(T ) = δyyy◦(A

(k)(βββk),uuu;T ) − δyyy◦(Ak+1,uuu;T ) is analytic by Lemma 5.1.9, and the
map t 7→ ∆yyyδ(t) is (at least) continuous. In this case, the control functions uuu that violate
simultaneously (5.6) and (5.7) are isolated points. Therefore, it is theoretically possible but
also very unlikely that the solutions uuuk+1 to the nonlinear splitting step problem (5.3) do
not satisfy (5.7) in Assumption 5.1.6.

5.2 Global convergence in a specific case

In the previous sections, we discussed the performance of the GR algorithm on the local
convergence of GN for the online reconstruction problem. In the context of inverse problems
for nonlinear ODEs, global convergence can generally not be expected, independently of
the method used to generate control functions or data. A sufficient condition for the
global convergence of GN applied to such problems is strict (global) convexity of the online
reconstruction problem (2.3). Thus, if GR can produce controls making the cost of (2.3)
strictly convex, then GN (or other optimization solvers) exhibits global convergence. One
example, where strict convexity can be proven under certain assumptions, is given by
the linear-quadratic setting discussed in Section 3.1. In what follows, we discuss global
convergence (convexity) for a specific case of a bilinear system.

The goal is to reconstruct a matrix A⋆ = β⋆,1A1 + β⋆,2A2 ∈ R2×2 of the system

ẏyy(t) = u(t)A⋆yyy(t), t ∈ [0, T ], yyy(0) = yyy0, (5.17)

where T = 1. Assume that

yyy0 =

[
1
0

]
, βββ⋆ = βββ◦ =

[
0
0

]
, A1 =

[
1 0
0 −1

]
, A2 =

[
0 1
1 0

]
.
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We also assume that we can observe the full state yyy(T ), i.e., C = I ∈ R2×2. We consider
that Uad is a set of constant controls that are bounded in absolute value by 1, i.e., u(t) ≡
u ∈ Uad = [−1, 1]. Thus, the solution to (5.17) can be written explicitly as

yyy(βββ, u; t) = etuA(βββ)yyy0.

Hence, the corresponding online reconstruction problem (2.3) reads as

min
βββ∈R2

J(βββ) :=
2∑

m=1

∥e(um(β1A1+β2A2))yyy0 − eumA⋆yyy0∥22. (5.18)

Since A⋆ is zero, we have euA⋆yyy0 = yyy0. Using the expressions for A1 and A2 and the result
[22, Cor. 2.3], one gets

eu(β1A1+β2A2)yyy0 =
1

∥βββ∥2

[
∥βββ∥2 cosh(∥βββ∥2u) + β1 sinh(∥βββ∥2u)

β2 sinh(∥βββ∥2u)

]
,

for βββ ̸= 0. Thus, by a direct calculation, we can write the cost function J in (5.18) as

J(βββ) =

2∑
m=1

(
cosh(∥βββ∥2um)2 + sinh(∥βββ∥2um)2 − 2 cosh(∥βββ∥2um)

+
2β1 sinh(∥βββ∥2um)

∥βββ∥2
(cosh(∥βββ∥2um)− 1) + 1

)
,

with J(0) := lim
β↘0

J(β) = 0. Assume now that u1 = −1 and u2 = 1. Changing the variable
to x = ∥βββ∥2, and using that sinh(−x) = − sinh(x) and cosh(−x) = cosh(x), we get

J(βββ) = 2 cosh(∥βββ∥2)2 + 2 sinh(∥βββ∥2)2 − 4 cosh(∥βββ∥2) + 2 =: J̃(x = ∥βββ∥2).

Thus, we have
J̃ ′′(x) = 8 cosh(x)2 + 8 sinh(x)2 − 4 cosh(x).

Since cosh(x) ≥ 1 and sinh(x) ≥ 0 for x ≥ 0, it holds that J̃ ′′(x) > 0 for x ≥ 0. Therefore,
J is strictly convex. Hence, a sufficient condition for global convergence of GN is that our
proposed methods select the two controls u1 = −1 and u2 = 1 (or u1 = 1 and u2 = −1).
Notice that, if only one control is used among 1 and −1, then J is not convex.

Let us now study the GR algorithm. The initialization problem is given by

max
u∈[−1,1]

JI(u) := ∥yyy0 − euA1yyy0∥22.

One can show that JI(u) = (exp(u) − 1)2, which attains its unique global maximum
at u = 1. Thus, assuming that the splitting-step solver converges to the unique global
maximizer, GR will choose u1 = 1. Let us now consider the fitting step problem

min
β∈R

JF (β) := ∥eu1βA1yyy0 − eu1A2yyy0∥22.



58 CHAPTER 5. ANALYSIS FOR GENERAL SYSTEMS

Direct calculations show that

JF (β) = e2β − 2 cosh(1)eβ + cosh(1)2 + sinh(1)2,

J ′
F (β) = 2eβ(eβ − cosh(1)).

Clearly, J ′
F (log(cosh(1))) = 0 and J ′

F (β) is negative for β < log(cosh(1)) and positive
for β > log(cosh(1)). Since it is continuous in 0, JF has a global minimum in β1 :=
log(cosh(1)). Now, consider the splitting step:

max
u∈[−1,1]

JS(u) := ∥euβ1A1yyy0 − euA2yyy0∥22. (5.19)

Proceeding as before, one can show that (5.19) has a unique global maximizer given by
u = −1. Thus, assuming again that the splitting step solver converges to the unique global
maximizer, GR will choose u2 = 1.

In conclusion, GR chooses u1 = 1 and u2 = −1, making the online reconstruction problem
(5.18) strictly convex and hence leading to global convergence of GN.

The above example is very instructive. On the one hand, as we are going to see, it can be
used to reveal some properties (and weaknesses) of GR. On the other hand, it is straightfor-
ward to carry out similar calculations to compare GR, LGR and OGR. These calculations
(omitted here for brevity) lead to the following remarks.

The above results about GR for the specific case (5.17) depend heavily on the order of
the basis elements A1 and A2. If one repeats the calculation with the order of A1 and A2

reversed, then the initialization problem has two global maximizers at u = ±1. Indepen-
dently of which of these is chosen, the fitting step has two global minimizers. Each of them
leads to a splitting step problem having two global maximizers located again at u = ±1,
independently of the chosen value in the initialization step. Thus, even if one assumes
that the optimizations solvers used for initialization, fitting and splitting steps converge
to global (maximum/minimum) points, it can happen that the control computed at the
splitting step is equal to the one obtained at the initialization step, making the cost of the
online reconstruction problem not convex. The importance of the ordering of the elements
in B was already discussed in detail in Section 3.1 for the reconstruction of the control
matrix B in case of linear systems. This was exactly the motivation for designing OGR. In
fact, if one repeats the above calculation for OGR, the two controls u = 1 and u = −1 are
always obtained, independently of the ordering of A1 and A2. Finally, for LGR one can
show that, independently of the ordering of A1 and A2, it can happen that the controls
computed at the initialization and splitting steps are equal, leading to a non-convex online
reconstruction problem. The reason is that the linearization process does not allow to fully
capture the dynamics of the system. This is also apparent in the numerical experiments
in the next chapter.



Chapter 6

Numerical experiments for linear
and bilinear systems

We study efficiency and robustness of the GR and OGR algorithms by direct numerical
experiments. In Section 6.1, we consider the reconstruction of a drift matrix. In Section
6.2, we address a Hamiltonian identification problem, as discussed in [57]. In Section
6.3, we focus on a multi-spin reconstruction problem. All fitting-step problems in the
GR algorithms are solved by the standard MATLAB function fminunc that uses a BFGS
(Broyden, Fletcher, Goldfarb, Shanno) descent-direction method (see [28, 37, 43, 65]) with
a cubic line search procedure.1 All splitting-step problems are solved by a projected BFGS
descent-direction method with an Armijo line search (see, e.g., [51, Section 5.5.3]). The
online reconstruction problems are solved by GN.

6.1 Reconstruction of drift matrices

We consider system (3.17) with (full rank) randomly generated matrices A⋆, B, C ∈ R3×3.
The final time is T = 1 and the initial value is yyy0 = [0, 0, 0]⊤. For the set of admissible
controls Uad we use box constraints, i.e.

Uad = {uuu ∈ L2(0, T ;R3) | |uj(t)| ≤ 100 a.e in (0, T ), j = 1, 2, 3}.

First, we study the algorithms for system (3.18). This is obtained by linearizing (3.17)
around two different A◦, which are randomly chosen approximations to A⋆, one with 1%

and the other with 10% relative error, meaning that, e.g., ∥A⋆−A◦∥F
∥A⋆∥F = 0.01 for the one

with 1% error, where ∥ · ∥F is the Frobenius norm. The LGR Algorithm 3 is run for two
different choices for the basis B: the canonical basis of R3×3 and a basis consisting of 9
randomly generated (linearly independent) 3 × 3 matrices. LGR is also compared with
OLGR, which is run with a set of 18 matrices, namely, the 9 canonical basis elements and
the 9 random matrices. The controls generated by the respective algorithms are then used

1Notice that we implicitly assume that the set Kk in the nonlinear GR Algorithm 4 and its optimized
version is chosen large enough such that the BFGS method never reaches the boundary of Kk.
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Figure 6.1: Percentage of runs that converged to A⋆ initialized by randomly chosen vectors
on a sphere with radius r, for controls generated by LGR and OLGR for 1%
(top left) and 10% (bottom left) relative error between A⋆ and A◦, and GR
and OGR with (bottom right) and without the shift by A◦ (top right).

to reconstruct the matrix A⋆ by solving the online least-squares problem (2.3) with GN. To
test the robustness of the control functions, we consider a nine-dimensional sphere centered
in the global minimum A⋆ and with given relative radius r, and repeat the minimization for
1000 initialization vectors randomly chosen on this sphere. We then count the percentage of
times that GN converges to the global solution A⋆ = A(βββ⋆) up to a tolerance of Tol = 0.005

(half of the smallest considered radius), meaning that ∥A⋆−A(βββcomp)∥F
∥A⋆∥F ≤ Tol, where βββcomp

denotes the solution computed by GN. Repeating this experiment for different radii of the
sphere, we obtain the results reported in Figure 6.1. All control sets make GN capable
of reliably reconstructing the global minimum A⋆ up to a relative radius r = 2, which
corresponds to a relative error of 200%. This demonstrates that the choice of the basis is
not crucial for fully observable and controllable systems. However, OLGR is able to reduce
the number of controls down to 3 and still outperforms any set of 9 controls generated by
LGR, while staying reliable up to a relative error of 250%. Thus, OLGR is able to compute
a better basis and to omit unnecessary controls.

Next, we repeat the same experiments for GR and OGR. However, we replace the case
for the approximation A◦ with a relative error of 1% by A◦ = 0. This effectively removes
the shift and makes the algorithm independent of the choice of A◦, which is the version of
the algorithm considered in [57] and [1]. We obtain the results shown in the two panels
on the right in Figure 6.1. The performance of the control sets is similar to the ones for
the linearized system, with an increase in performance for GR with the canonical basis,
without the shift by A◦, and a decrease in performance for GR with the random basis and
an A◦ that has a 10% relative error with respect to A⋆. As in the linearized setting, OGR
is able to reduce the number of controls to 3 and still outperforms any set of 9 controls
generated by LGR.
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Figure 6.2: Percentage of runs that converged to µ⋆ ∈ C3×3 initialized by randomly chosen
vectors on a sphere of radius r, for controls generated by LGR and OLGR for
1% (top left) and 10% (bottom left) relative error between µ⋆ and µ◦, and GR
and OGR with (bottom right) and without the shift by µ◦ (top right).

6.2 Bilinear reconstruction problem

Similar to [57], we consider a Schrödinger-type equation, written as a real system as in
(4.5) with matrices

H = HR =

4 0 0
0 8 0
0 0 16

 ,

µ⋆ =

 −0.3243 −3.4790 + 0.7359i −0.5338 + 1.9254i
−3.4790− 0.7359i −3.8342 −1.1697 + 2.0256i
−0.5338− 1.9254i −1.1697− 2.0256i 1.0551

 .
The final time is T = 10π and the initial state is ψψψ0 = [1, 0, 0]⊤. The observer matrix
is C = [ψψψ1, iψψψ1], which means that the final state is measured against the fixed state
ψψψ1 = 1√

3
[1, 1, 1]⊤. For Uad we use the box constraints |u(t)| ≤ 1. Again, we consider

two bases, each consisting of 9 elements: the canonical and a random one for the space of
Hermitian matrices in C3×3. We then perform the same experiments as in Section 6.1. The
results are reported in Figure 6.2. We observe that the radii, up to which the control sets
make GN capable of reliably reconstructing the global minimum, are much smaller than
for the linear setting in Section 6.1. When the initial relative error between µ◦ = µ(βββ◦)
and µ⋆ = µ(βββ⋆) is very small (1%) then LGR and OLGR have the most stable performance
regarding the choice of the basis, making GN capable of reliably reconstructing the global
minimum µ⋆ up to a relative error of 4 − 5%. However, when the initial relative error is
larger (10%) then only the LGR algorithm for the random basis can keep its performance,
while even OLGR fails at errors of over 1%. The results for OGR, on the other hand, show
the best performance, with and without a shift by µ◦. The controls generated by the GR
algorithms can not match OGR or LGR and OLGR for small initial errors, but are still
more stable with respect to larger initial errors.
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Figure 6.3: Same as Figure 6.1 but for the experiments of Section 6.3.

6.3 Multi-spin (/multi-qubit) reconstruction problem

Let us consider the case of a 3-qubit system. We use the 64-dimensional real representation
of the Liouville master equation (compare, e.g., [25, Section 2.12.1]):

ẏyy(t) =
(
A⋆ + u(t)

6∑
n=1

Bn

)
yyy(t), t ∈ [0, T ], yyy(0) = yyy0,

where A⋆ = 2π
∑3

i=1 ω⋆,iÂi + 2π
∑2

j=1 J⋆,jÃj ∈ R64×64, Bn = 2πB̂n+1
2

for n odd and
Bn = 2πB̃n

2
for n even. Here, the matrices Âi and Ãj correspond to the free evolution

and the coupling of the spins, and the matrices B̂n and B̃n correspond to the controlled
evolution. The goal is to reconstruct A⋆, i.e. the coefficients ω⋆,i, J⋆,j , which we assume to
be equal to 1. Thus, we define the set B = {A1, . . . , A5} as the union of the matrices Âi

and Ãj . Experimentally, we assume that the final state yyy(T ) is measured against a fixed
state yyy1, meaning that is C = (yyy1)⊤. The vector yyy1 consists of zeros except for the second,
fifth and 17th entries which are equal to one, while the initial state yyy0 is equal to one on
the fourth, 13th and 49th entries.2 For Uad we use the box constraints |u(t)| ≤ 4. We
perform the same experiments as in Section 6.1 and 6.2 with the difference that GR and
OGR are run with the same basis B. The results are reported in Figure 6.3. All algorithms
show essentially a similar performance.

2All matrices Âi, Ãj , B̂n and B̃n and the vectors yyy1 and yyy0 are generated from the codes of [29].



Chapter 7

Reconstruction of parameter
distributions in spin systems

In this chapter, we test our greedy algorithms in a well-recognized field of application:
nuclear magnetic resonance (NMR) [42, 53, 55]. To control an ensemble of spin particles,
it is crucial to have a good understanding of the involved Hamiltonian parameters, which
may vary in a given range due to experimental limitations or uncertainties. In such cases,
it is essential to identify the probability distribution of these parameters over the spin
ensemble, i.e., the number of spins having a given value of the parameters. When the
distribution is known or assumed to be of a simple form, such as Gaussian or Lorentzian,
the identification is straightforward. However, it becomes significantly more challenging
when the distribution is of a complex structure (e.g., with multiple peaks) or is completely
unknown. We demonstrate that the control fields generated by our GR algorithms allow
for an accurate reconstruction of the joint distribution of two Hamiltonian parameters,
regardless of distribution’s form.

This chapter is organized as follows. In Section 7.1, we describe the model system, while
the GR algorithms for the setting of NMR are presented in Section 7.2. The analysis of
the standard GR algorithm is provided in Section 7.3. Numerical results are presented in
Section 7.4.

7.1 Model system

Consider a standard control problem in liquid-state NMR, i.e., a spin ensemble subjected
to both inhomogeneous static and radio-frequency magnetic fields [52, 53, 66]. In a given
rotating frame, each isochromat is characterized by a Bloch vector M = [Mx,My,Mz]

⊤,
evolving in time according to the equations

Ṁx = −ωMy + (1 + α)ωyMz,

Ṁy = ωMx − (1 + α)ωxMz,

Ṁz = (1 + α)ωxMy − (1 + α)ωyMx.
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Notice that the components of M satisfy M2
x +M2

y +M2
z = M2

0 , with M0 the equilib-
rium magnetization. Here, ωx and ωy are time-dependent controls corresponding to the
components of the radio-frequency magnetic field along the x- and y- directions. The pa-
rameters ω and α correspond to offset, i.e., to the inhomogeneity of the static magnetic
field applied along the z- direction, and radio-frequency magnetic field inhomogeneities,
respectively [55]. In standard experiments, we have ω

2π ∈ [−20, 20] Hz and α ∈ [−0.2, 0.2].
For the purpose of this work, we assume that the probability densities of ω and α are
unknown. The controls ωx

2π and ωy

2π are expressed in Hz. We consider a typical field am-
plitude ω0 that can be fixed, for instance, to ω0 = 2π × 100 Hz. We introduce normalized
coordinates as

u1 = 2π
ωx

ω0
; u2 = 2π

ωy

ω0
; t′ =

ω0

2π
t; ∆ = 2π

ω

ω0
;yyy =

M
M0

.

In what follows, we omit the prime to simplify the notations. We deduce that the differential
system can be expressed in normalized units as

ẏ1 = −∆y2 + (1 + α)u2y3

ẏ2 = ∆y1 − (1 + α)u1y3

ẏ3 = (1 + α)u1y2 − (1 + α)u2y1

(7.1)

with y21 + y22 + y23 = 1. The initial state of the dynamics for each spin is the thermal
equilibrium point, i.e., yyy0 = [0, 0, 1]⊤. Writing system (7.1) in our usual formulation, we
have

ẏyy(t) =
[
∆A+ (1 + α)(u1(t)B1 + u2(t)B2)

]
yyy(t), t ∈ (0, T ], yyy(0) = yyy0, (7.2)

where

A =

0 −1 0
1 0 0
0 0 0

 , B1 =

0 0 0
0 0 −1
0 1 0

 , B2 =

 0 0 1
0 0 0
−1 0 0

 .
We consider a control time of the order of 100 ms, that corresponds to a normalized time T
of the order of 10. The range of variation of the parameter ∆ is ∆0 + 2π[−0.2, 0.2], where
∆0 is a frequency value that can be used to shift arbitrarily the interval. For the purpose
of this work, we assume that ∆0 ≥ 0.4π, meaning that ∆ ≥ 0.

The goal is to estimate simultaneously the distributions for the parameters ∆ and α by
designing specific controls uuu = [u1, u2]

⊤. We consider an ensemble of N spins whose
dynamics are governed by (7.2). We assume that the control amplitudes u1, u2 belong to the
admissible set Uad = {uuu ∈ R2 | |u1| ≤ um, |u2| ≤ um}, where um is the maximum amplitude
of each component. A simple way to proceed can be described as follows. We consider that
the system of N spins is divided into K∆ groups, and we associate with the ℓ-th subgroup
a certain value ∆ℓ and the corresponding probability P∆

⋆ (ℓ) =
N∆,ℓ

N , ℓ = 1, . . . ,K∆, with∑K∆
ℓ=1 P

∆
⋆ (ℓ) = 1. The probability P∆

⋆ (ℓ) is unknown, which means that the number of
elements N∆,ℓ of each group is to be found. Similarly, for the parameter α, we have
Kα groups with the probabilities Pα

⋆ (ℓ) =
Nα,ℓ

N , ℓ = 1, . . . ,Kα, with
∑Kα

ℓ=1 P
α
⋆ (ℓ) = 1 to

estimate.
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This problem leads to the reconstruction of two independent discrete distributions. How-
ever, this approach has two main drawbacks. First, the two random variables ∆ and α
are assumed to be independent. This is a limitation when trying to reconstruct the two
unknown distributions, since any possible correlation is a priori neglected. Second, the on-
line reconstruction problem is nonlinear, since the product of the two distributions would
appear. For these reasons, rather than considering two independent distributions, we work
directly with the joint distribution, i.e., the system of N spins is divided into K groups
and we associate to each subgroup a pair (∆, α)ℓ and the corresponding joint probability
P⋆(ℓ) = Nℓ

N , ℓ = 1, . . . ,K, with
∑K

ℓ=1 P⋆(ℓ) = 1. Now, the joint probability P⋆(ℓ) is un-
known, namely the number of elements Nℓ affected by the pairs (∆, α)ℓ. This approach
has the advantage of taking into account correlation effects and the online reconstruction
problem remains quadratic. It should be noted that these are acquired at the cost of an in-
crease in the dimension of the unknown object(s), i.e., from two one-dimensional functions
to a two-dimensional function. Finally, we point out that two independent distributions
can also be treated as a specific case of joint distributions.

Since we are dealing with an inverse problem, we need to define what quantities can be
observed in an experimental setting. In NMR, only the first two coordinates of the mag-
netization vector can be directly measured. We do not have accessed directly to the z
component due to the strong constant magnetic field applied along this direction [55]. We
denote by

zzz((∆, α),uuu; t) = [y1(t), y2(t)]
⊤

the projection of the Bloch vector onto the first two coordinates. Here, the dependence on
(∆, α) and uuu has been explicitly mentioned. The corresponding experimental realization
of this controlled dynamic is obtained at t = T and leads to

φφφdata
⋆ (uuu, T ) = [ydata

1 (uuu;T ), ydata
2 (uuu;T )]⊤,

where φφφdata
⋆ (uuu, T ) can be viewed as the average at time T of the experimental measures

of all the spins of the set subjected to the control uuu. The coordinates ydata
1 and ydata

2 are
those of this measured magnetization vector.

The relation between the theoretical description of the dynamical system to the experi-
mental outcome can be expressed as

φφφdata
⋆ (uuu, T ) =

K∑
ℓ=1

P⋆(ℓ)zzz((∆, α)ℓ,uuu;T ). (7.3)

In general, one control protocol is not sufficient to obtain an appropriate reconstruction
of the unknown P⋆, but a set of K̃ control processes with K̃ different control functions
denoted uuum, m = 1, · · · , K̃, needs to be used. On the basis of the experimental outputs, a
straightforward way to determine P⋆ is to solve the minimization problem

min
P∈P

K∑
m=1

∥
K∑
ℓ=1

P (ℓ)zzz((∆, α)ℓ,uuu
m;T )−φφφdata

⋆ (uuum, T )∥22, (7.4)

where ∥ · ∥ denotes the standard Euclidean vector norm, and P is the convex and closed set
of all probability distributions P that satisfy P (ℓ) ≥ 0 for 1 ≤ ℓ ≤ K and

∑K
ℓ=1 P (ℓ) = 1.
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At this point, it is clear that a key ingredient of the accuracy of the reconstruction process
rests on the choice of a set of K̃ controls uuuk. The identification of the number K̃ of control
functions is a difficult task. The theoretical analysis presented in Section 7.3 shows that
the choice K̃ = K is sufficient. GR computes exactly K̃ = K control fields. However, we
will show that OGR is capable of reducing (halving) the number K̃ of control fields while
guaranteeing an accurate reconstruction.

Let us now rewrite (7.4) in the form (2.3). We introduce a set B := {ϕj}Kj=1 of linearly
independent functions ϕj : {1, . . . ,K} → R such that P ⊂ span(Φ), where span denotes
the vector space generated by the functions. We also express P as P (ℓ) =

∑K
j=1 βjϕj(ℓ)

and define

φφφ(ϕ(βββ),uuu; t) :=
K∑
ℓ=1

K∑
j=1

βjϕj(ℓ)zzz((∆, α)ℓ,uuu; t), (7.5)

where the vector βββ = (βj)
K
j=1 is taken in R̂K , a subset of RK , so that P =

∑
j βjϕj is a

probability distribution. Now, the minimization problem (7.4) becomes

min
βββ∈R̂K

K∑
m=1

∥φφφ(ϕ(βββ),uuum;T )−φφφdata
⋆ (uuum, T )∥22. (7.6)

Notice that the main difference to the reconstruction problem (2.3) is that here, the un-
known operator is not contained in the differential equation itself, but is rather part of the
observable. In fact, by writing

ZZZ(uuu;T ) =

zzz((∆, α)1,uuu;T )...
zzz((∆, α)K ,uuu;T )

 ∈ R2K

and
C⋆ =

[
P⋆(1) 0 · · · P⋆(K) 0
0 P⋆(1) · · · 0 P⋆(K)

]
∈ R2×2K (7.7)

we obtain φφφdata
⋆ (uuu, T ) = C⋆ZZZ(uuu;T ).

Finally, we point out that for the specific setting in this chapter, we consider the duration of
each control pulse as a variable to be optimized together with its amplitude. In particular,
we assume that the controls are constant in time, i.e., uuu(t) ≡ uuu ∈ R2, and that we can
freely choose the control time up to a fixed maximum value T . Since the initial state is an
equilibrium point, this is equivalent to turning on the control at a time t ≥ 0. However, to
be consistent with later notation, we rewrite the online reconstruction problem (7.6) as

min
βββ∈R̂K

K∑
m=1

∥φφφ(ϕ(βββ),uuum; tm)−φφφdata
⋆ (uuum, tm)∥22. (7.8)

We show in Section 7.3 that the hypotheses are sufficient for the different examples to iden-
tify the probability distributions. The generality of GR allows one to tackle this situation
in a straightforward manner.
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Algorithm 5 Greedy Reconstruction Algorithm For Parameter Distributions (GRPD)
Require: A set of K linearly independent functions B = {ϕ1, . . . , ϕK}.

1: Compute the control uuu1 and the control time t1 by solving

max
uuu∈Uad

t∈[0,T ]

∥φφφ(ϕ1,uuu, t)∥22. (7.9)

2: while k ≤ K − 1 do
3: Fitting step: Find βββk = (βk

j )j=1,...,k that solves

min
βββ∈Rk

k∑
m=1

∥φφφ(ϕ(k)(βββ),uuum, tm)−φφφ(ϕk+1,uuu
m, tm)∥22, (7.10)

where ϕ(k)(βββ) :=
∑k

j=1 βjϕj .
4: Splitting step: Find uuuk+1 and tk+1 that solves

max
uuu∈Uad

t∈[0,T ]

∥φφφ(ϕ(k)(βββk),uuu, t)−φφφ(ϕk+1,uuu, t)∥22. (7.11)

5: Update k ← k + 1.
6: end while

7.2 Greedy reconstruction algorithms for parameter distri-
butions

We present in this section adapted versions of the GR Algorithm 1 and the OGR Algorithm
2 in order to simultaneously compute controls uuum and corresponding control times tm.

Let us begin by stating the adapted version of GR for the reconstruction of parameter
distributions (GRPD) in Algorithm 5. As we can see, the necessary adaptations are very
straightforward. The initialization and splitting step simply maximize simultaneously over
the control uuu and the control time t. The resulting control-time pairs {(uuum, tm)}km=1

are then used together in the fitting step to compute the vectors φφφ(ϕ(k)(βββ),uuum, tm) and
φφφ(ϕk+1,uuu

m, tm). Notice that the fitting step minimizes over the full space Rk, meaning
that

∑
j βjϕj does not have to be a probability distribution. However, this is a restrictive

condition. On the contrary, it allows the algorithm to find and correct more nontrivial
kernels than might be necessary.

Analogously, one can formulate an adapted version of OGR for the reconstruction of pa-
rameter distributions (OGRPD). However, we omit stating the full algorithm here for
brevity.

7.3 Analysis

In this section, we prove that the controls generated by GRPD and OGRPD make possible
the reconstruction of the unknown probability distributions of the parameters ∆ and α,
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i.e., they make the online reconstruction problem (7.4) uniquely solvable.

We start by recalling that problem (7.4) is equivalent to (7.8). Assuming that P⋆ can
be written as P⋆(ℓ) =

∑K
j=1 β⋆,jϕj(ℓ), we can write equation (7.8) in a compact form as

follows:
min
βββ∈R̂K

⟨βββ − βββ⋆, Ŵ (βββ − βββ⋆)⟩, (7.12)

where Ŵ :=
∑

mW (uuum, tm) is the sum of symmetric and PSD K × K- matrices whose
elements are defined as

[W (uuu, t)]i,j := ⟨γγγi(uuu, t), γγγj(uuu, t)⟩, for i, j = 1, . . . ,K (7.13)

with

γγγj(uuu, t) := φφφ(ϕj ,uuu, ; t) =
∑
ℓ

ϕj(ℓ)zzz((∆, α)ℓ,uuu; t), for j = 1, . . . ,K. (7.14)

Since the set of vectors R̂K is a convex subset of RK , we deduce that the problem is
uniquely solvable if the matrix Ŵ is PD. In the case Ŵ has a non-trivial kernel, infinitely
many solutions may exist which lead to wrong probability distributions different from the
experimental one P⋆. We stress that the non-triviality of the kernel depends completely
on the choice of the controls uuum and the corresponding control times tm.

Using the notation (7.13)-(7.14), we can now also rewrite the sub-problems of GRPD in
terms of the matrix Ŵ . The initialization problem (7.9) can be written as

max
uuu∈Uad
t∈[0,T ]

|[W (uuu, t)]1,1|2. (7.15)

The fitting step problem (7.10) is equivalent to

min
βββ∈Rk
⟨vβββ, [Ŵ

(k)][1:k+1,1:k+1]vβββ⟩, (7.16)

where Ŵ (k) :=
∑k

m=1W (uuum, tm) and vβββ := [βββ⊤,−1]⊤. Finally, the splitting step problem
(7.11) can be written as

max
uuu∈Uad
t∈[0,T ]

⟨vβββk , [W (uuu, t)][1:k+1,1:k+1]vβββk⟩. (7.17)

For a detailed interpretation of these reformulated problems see Section 3.1.1. We summa-
rize the relevant arguments in the following theorem.

Theorem 7.3.1 Let {(uuum, tm)}Km=1 be a set of controls and corresponding control times
generated by GRPD, such that [W (uuu1, t1)]1,1 > 0. Let βββk be the solution to the fitting step
problem (7.16) for k = 1, . . . ,K − 1, such that the vectors vβββk = [(βββk)⊤,−1]⊤ are not in
the kernel of [W (uuuk+1, tk+1)][1:k+1,1:k+1]. Then the matrix Ŵ =

∑
mW (uuum, tm) is PD.
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It remains to show that the splitting step can always find a control such that the vector
vβββk is not in the kernel of [W (uuu, t)][1:k+1,1:k+1]. In fact, it is sufficient to show that for any
k ∈ {1, . . . ,K} there exists a control uuu ∈ Uad and a t ∈ [0, T ] such that

⟨vβββk , [W (uuu, t)][1:k+1,1:k+1]vβββk⟩ > 0.

We show in Theorem 7.3.2 that this is valid in the current context.

Theorem 7.3.2 Let k ∈ {1, . . . ,K − 1}, Ŵ (k)
[1:k,1:k] be PD, βββk the solution to the fitting-

step problem (7.16), and vβββk = [(βββk)⊤,−1]⊤. Then any solution (uuu, t) to the splitting-step
problem (7.17) satisfies

⟨vβββk ,W[1:k+1,1:k+1](uuu, t)vβββk⟩ = ∥φφφ(ϕ(k)(βββk),uuu, t)−φφφ(ϕk+1,uuu, t)∥22 > 0.

Proof. For brevity, we identify α with 1 + α for the remainder of this proof. We start by
writing

φφφ(ϕ(k)(βββk),uuu, t)−φφφ(ϕk+1,uuu, t) =

K∑
ℓ=1

(
k∑

j=1

βkj ϕj(ℓ)− ϕk+1(ℓ)

)
zzz((∆, α)ℓ,uuu; t).

Since the functions {ϕ1, . . . , ϕK} are linearly independent, it holds that

∃ℓ̃ ∈ {1, . . . ,K} : ϕdiff (ℓ̃) :=

k∑
j=1

βkj ϕj(ℓ̃)− ϕk+1(ℓ̃) ̸= 0. (7.18)

Now, consider the control ũuu := [0, b]⊤ and a corresponding control time t̃ ∈ [0, T ], where
both b ∈ R \ {0} and t̃ are to be chosen later. We have

zzz((∆, α),uuu; t) = Cyyy((∆, α),uuu; t),

where yyy((∆, α),uuu; t) is the solution to (7.2) and C =

[
1 0 0
0 1 0

]
. Thus, we obtain

zzz((∆, α)ℓ, ũuu; t̃) = Cet̃(∆ℓA+αℓbB2)yyy0.

Since ∆ℓA + αℓbB2 is skew-symmetric, we can compute its exponential matrix explicitly.
By setting Ã := t̃(∆ℓA + αℓbB2) and xℓ :=

√
∆2

ℓ + α2
ℓb

2, we have eÃ = I3 +
sin(t̃x)

t̃x
Ã +

1−cos(t̃xℓ)

t̃2x2
ℓ

Ã2 (see, e.g., [63]). Since CI3yyy0 = 0 and

Ã2 = t̃2

−∆2
ℓ − αℓb

2 0 0
0 −∆2

ℓ ∆ℓαℓb
0 ∆ℓαℓb −α2

ℓb
2

 ,
we obtain

Cyyy((∆, α)ℓ, ũuu; t̃) = C

(
sin(t̃xℓ)

xℓ

αℓb
0
0

+
1− cos(t̃xℓ)

x2ℓ

 0
∆ℓαℓb
−α2

ℓb
2

) =

 sin(t̃xℓ)
xℓ

αℓb
1−cos(t̃xℓ)

x2
ℓ

∆ℓαℓb

 .
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Thus, we have

φφφ(ϕ(k)(βββk), ũuu, t̃)−φφφ(ϕk+1, ũuu, t̃) = b

K∑
ℓ=1

ϕdiff (ℓ)αℓ

 sin(t̃xℓ)
xℓ

∆ℓ
1−cos(t̃xℓ)

x2
ℓ

 =: F (t̃).

Seeking a contradiction, we now assume that φφφ(ϕ(k)(βββk), ũuu, t̃) − φφφ(ϕk+1, ũuu, t̃) = 0 for all
t̃ ∈ [0, T ] and all b ∈ R \ {0}. Since F is analytic in t̃, we obtain F (k)(t̃) = 0 for all k ∈ N
and all t̃ ∈ [0, T ]. For k odd, we have

F (k)(t̃) = b
K∑
ℓ=1

ϕdiff (ℓ)αℓ(−1
k−1
2 )

[
xk−1
ℓ cos(t̃xℓ)

∆ℓx
k−2
ℓ sin(t̃xℓ))

]
. (7.19)

Since F (k)(T ) = 0 for all k odd and b ̸= 0, the first component of F (k)(T ) in (7.19), for
different k odd, implies that

1 1 · · · 1
x21 x22 · · · x2K
x41 x42 · · · x4K
...

...
...

...
xK̃1 xK̃2 · · · xK̃K


︸ ︷︷ ︸

=:D


ϕdiff (1)α1 cos(Tx1)
ϕdiff (2)α2 cos(Tx2)

...
ϕdiff (K)αK cos(TxK)


︸ ︷︷ ︸

=:ϕϕϕt̃

= 0.

Notice that D is a Vandermonde matrix (see, e.g., [56]). Now, let K̃ = 2(K − 1), meaning
that D ∈ R( K̃

2
+1)×K is a square matrix. Then, the determinant of D is given exactly by

det(D) =
∏

1≤i<j≤K

(x2j − x2i ).

This implies that two rows of D are linearly independent if and only if |xi| ̸= |xj |. Hence,
det(Dx) = det(Dy) ̸= 0 (and therefore ϕϕϕt̃ = 0) if and only if |xi| ̸= |xj | for i ̸= j. Recalling
that xℓ =

√
∆2

ℓ + α2
ℓb

2, |xi| ̸= |xj | is equivalent to ∆2
i +α

2
i b

2 ̸= ∆2
j+α

2
jb

2. For i ̸= j we also
have αi ̸= αj and/or ∆i ̸= ∆j by definition. Since αℓ ∈ [0.8, 1.2] and ∆ℓ ∈ ∆0+2π[−0.2, 0.2]
with ∆0 ≥ 0.4π, we obtain α2

i ̸= α2
j and/or ∆2

i ̸= ∆2
j for i ̸= j. Thus, there exists b ∈ R \ 0

such that ∆2
i + α2

i b
2 ̸= ∆2

j + α2
jb

2 for all i, j ∈ {1, . . . ,K} with i ̸= j. In conclusion, we
have |xi| ̸= |xj | for i ̸= j, which implies that ϕϕϕt̃ = 0 and therefore ϕdiff (ℓ)αℓ cos(t̃xℓ) = 0

for all ℓ ∈ {0, . . . ,K} and all t̃ ∈ [0, T ]. However, we also have ϕdiff (ℓ̃) ̸= 0 by (7.18),
α
ℓ̃
> 0 and x

ℓ̃
> 0. Thus, there exists t̃ ∈ [0, T ] such that ϕdiff (ℓ̃)αℓ̃

cos(t̃x
ℓ̃
) ̸= 0, which is

a contradiction.

Analogously to the proof of Theorem 7.3.2, one can show that any solution (uuu1, t1) to the
initialization problem (7.15) satisfies [W (uuu1, t1)]1,1 > 0. We conclude our analysis by the
following theorem.

Theorem 7.3.3 Let {(uuum, tm)}Km=1 be a set of controls and corresponding control times
generated by GRPD. Then problem (7.8) is uniquely solvable by βββ = βββ⋆.
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Proof. Let βββk be the solution to the fitting step problem (7.16) for k = 1, . . . ,K−1. By The-
orem 7.3.2, the vector vβββk = [(βββk)⊤,−1]⊤ is not in the kernel of [W (uuuk+1, tk+1)][1:k+1,1:k+1]

for all k ∈ {1, . . . ,K − 1}. Thus, we obtain by Theorem 7.3.1 that the matrix Ŵ =∑
mW (uuum, tm) is PD. Hence, problem (7.12) is uniquely solvable by βββ = βββ⋆. By equiva-

lency of problems (7.12) and (7.8), we obtain the result.

Notice that, in the notation above, OGRPD simply reorders rows and columns of the matrix
Ŵ (k) while attempting to find and correct its kernel. In fact, the second improvement (lines
8-9 in OGR Algoithm 2) skips the splitting step only if there exists a row and column of
Ŵ (k) with index ℓk+1 such that, by swapping ϕk+1 and ϕℓk+1

, the matrix Ŵ
(k)
[1:k+1,1:k+1]

is PD. Thus, if tolsplit is sufficiently small, one can also prove convergence of OGRPD
analogously to GRPD.

7.4 Numerical experiments

We test GRPD and OGRPD on two different variations of the setting described in Section
7.1. First, in Section 7.4.1, we consider the special case where the offset ∆ is known, and
only the distribution of the unknown parameter α is reconstructed. Afterwards, in Section
7.4.2, we reconstruct the full joint distributions for the parameters ∆ and α.

All results in this section were produced using the SPIRED code.1

7.4.1 Reconstruction of single parameter distributions

Let us assume that the parameter ∆ is known to be equal to π/10 for all particles. In this
case, we only want to identify the distribution of the parameter α. We choose a maximum
control time of T = 16. We consider two different probability distributions P⋆ for α, a
symmetric double peak (see panel on the left in Figure 7.1) and a non-continuous step
distribution (see panel on the left in Figure 7.2). They are discretized by a uniform grid
of 30 points. Similarly, we discretize the set of linearly independent functions {ϕj}Kj=1 by
setting K = 30 and ϕj = eeej ∈ R30 the j-th canonical vector in R30. Finally, we fix the
tolerances for OGRPD to be tolsplit = 10−14 and tolfit = 10−4.

Now, let us briefly discuss how we solve the sub-steps of the algorithms numerically. The
initialization and splitting step problems are solved by a second-order trust-region method.
For the fitting step, we use the equivalent compact form (7.16). The corresponding first-
order optimality system is given by

[Ŵ (k)][1:k,1:k]βββ = [Ŵ (k)][1:k,k+1]. (7.20)

Since the matrix [Ŵ (k)][1:k,1:k] is symmetric and PD, any solution to (7.20) is a global solu-
tion to (7.16). Hence, we solve the fitting step problem by solving the linear system (7.20)
using a solver based on the SVD. This solver first computes the SVD of [Ŵ (k)][1:k,1:k],

1This code was published as part of [3] in the CPC Library: https://doi.org/10.17632/6fsmzp6srg.1

https://doi.org/10.17632/6fsmzp6srg.1
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i.e., two orthogonal matrices U, V ∈ Rk×k and a diagonal matrix Σ ∈ Rk×k such that
UΣV ⊤ = [Ŵ (k)][1:k,1:k]. To make the method more robust against numerical instabilities,
it then removes all singular values that are smaller than a given tolerance, and the corre-
sponding columns of U and V . Finally, it computes βββ by setting β̃ββ = V ⊤βββ and solving
Σβ̃ββ = U⊤[Ŵ (k)][1:k,k+1].

After running the algorithms, we reconstruct P⋆ by solving problem (7.8). Notice that,
using the notation (7.13)-(7.14), the gradient of the cost function in (7.8) is given by
Ŵβββ −

∑
m Γ(uuum, tm)⊤φφφdata

⋆ (uuum, tm), where the columns of Γ are given by the γγγj(uuum, tm)
defined in (7.14). We can also immediately see that the Hessian of the cost function in
(7.8) is exactly Ŵ , which is guaranteed to be PD by our analysis in Section 7.3. Hence,
the global solution to (7.8) is given by the (unique) solution to

Ŵβββ =
∑
m

Γ(uuum, tm)⊤φφφdata
⋆ (uuum, tm). (7.21)

However, in order to ensure that the coefficients of the computed solution correspond
to a probability distribution (i.e., belong to R̂K), we add the necessary constraints and
solve (7.8) with the second-order interior point algorithm of MATLAB’s fmincon-solver.
Nonetheless, the code includes an option to solve directly (7.21) using an SVD solver.

Now, we run both GRPD and OGRPD on the canonical set B = {ϕj}30j=1 of hat functions.
In contrast to our experiments in Chapter 6, we do not include any additional random
vectors in the canonical set for OGRPD and also do not remove any elements from the set
during OGRPD (but still reorder them). The reason for this is that we experienced for
the problem of this paper that additional random elements do not improve the results and
removing elements from the canonical set does not reduce the number of controls, but is
more likely to make the online reconstruction problem numerically unstable. While GRPD
computes 30 controls, OGRPD only designs 15 by skipping 14 splitting steps. Recalling
from (7.7) that C⋆ ∈ R2×2K , we notice that OGRPD is able to reach the theoretical
minimum number of controls established by Proposition 3.1.19.

We then choose P⋆ as the symmetric double peak distribution in Figure 7.1 (left) or the step
distribution in Figure 7.2 (left) and compute the corresponding experimental realizations
{φφφdata

⋆ (uuum, tm)}K̃m=1 for the two resulting sets of control fields, with K̃ = 30 for GRPD
and K̃ = 15 for OGRPD. Reconstructing P⋆ as described above, we obtain the coefficient
vectors βββrec and thereby the distributions Prec =

∑30
j=1 βrec,jϕj corresponding to GRPD

and OGRPD.

The results are shown in Figures 7.1 and 7.2. The differences P⋆ − Prec corresponding to
the different distributions and control sets are plotted in Figures 7.3 and 7.4. Although
OGRPD uses only half the amount of control functions (and therefore only half the amount
of experimental data) compared to GRPD, both methods successfully reconstruct the two
probability distributions of α.
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Figure 7.1: The plot on the left shows the true symmetric double peak probability dis-
tribution for K = 30 uniform mesh points. The plots in the middle and on
the right contain the reconstructed distributions for the control sets generated
by GRPD (containing 30 control fields) and OGRPD (containing 15 control
fields).

Figure 7.2: Same as Figure 7.1, but for a discontinuous step distribution.

7.4.2 Reconstruction of joint parameter distributions

Now, let us assume that the distributions of both parameters ∆ and α are unknown. We
choose again a maximum control time of 160 ms, which corresponds to a normalized time
T = 16. The shift of the parameter ∆ is set to ∆0 = 4π and the width of its interval
to 4π∆1, with ∆1 = 0.2. We consider two different joint probability distributions P⋆, a
simple Gaussian one (see panel on the left in Figure 7.5) and a step distribution with three
peaks (see panel on the left in Figure 7.7). They are discretized by a uniform mesh of 100
points (10 points in each direction). Similarly, we discretize the set of linearly independent
functions {ϕj}Kj=1 by setting K = 100 and ϕj = eeej ∈ R100 the j-th canonical vector in
R100. As in the previous section, we fix the tolerances for OGRPD to be tolsplit = 10−14

and tolfit = 10−4.

First, we choose P⋆ as the Gaussian distribution. Reconstructing P⋆ as described in Sec-
tion 7.4.1, we obtain the coefficient vectors βββrec and thereby the distributions Prec =∑100

j=1 βrec,jϕj corresponding to GRPD and OGRPD, shown in Figure 7.5. Looking at
the errors with respect to the true distribution P⋆ shown in Figure 7.6, we observe that
OGRPD even outperforms GRPD by one order of magnitude. However, the difference is so
small that it is not visible in the reconstructed distributions. Similar results are obtained
for a step distribution with three peaks in Figure 7.7.

To investigate the dependence of the results on the choice of parameters, we repeat the
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Figure 7.3: Difference between the true double peak probability distribution P⋆ (see left
panel in Figure 7.1) and the distibutions Prec reconstructed using the coontrol
sets generated by GRPD (left) and OGRPD (right). In brackets are the number
of control fields for each set.

Figure 7.4: Same as Figure 7.3, but for the step distribution (see left panel in Figure 7.2).

experiment for different maximum control times, widths of the ∆-interval and K = 400
mesh points. First, we take a look at the number of control fields generated by OGRPD
in Table 7.1. We observe that the number of generated control fields is increasing with
decreasing maximum control time and decreasing width of the ∆-interval. We also observe
that the ratio between the number of GRPD controls (which is equal to the number of mesh
points K) and the number of OGRPD controls is decreasing with an increasing number of
mesh points. To validate this point, we plot the number of controls for both algorithms,
for different total numbers of mesh points in Figure 7.8.

An explanation of this behaviour is given by the condition number of the corresponding
matrices W , defined in (7.13), representing the compact form (7.12) of the online recon-
struction problem. The condition numbers corresponding to GRPD and OGRPD for the
settings in Table 7.1 are shown in Tables 7.2 and 7.3. Based on our theoretical results for
GRPD and OGRPD proving that K̃ = K controls are sufficient, we also add a set of fully
random controls (randomized within the given bounds um and T ) that has the same num-
ber of controls as GRPD (i.e., K̃ = 100 and K̃ = 400, respectively). We observe that the
condition number shows the same correlation with respect to the maximum control time,
width of the ∆-interval and number of mesh points, as the number of OGRPD controls. In
particular, the condition number of OGRPD is below 1e15 for all settings where OGRPD
computed less than 60% of the number of GRPD controls.

Regarding the condition numbers, GRPD and random controls show the same behaviour
as OGRPD. The reason can be found by taking a closer look at the entries of the matrix
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Figure 7.5: The plot on the left shows the true Gaussian probability distribution for K =
100 uniform mesh points. The plots in the middle and on the right contain the
reconstructed distributions for the control sets generated by GRPD (containing
100 control fields) and OGRPD (containing 51 control fields).

Figure 7.6: Same as Figure 7.3, but for the Gaussian distribution (see left panel in Figure
7.5).

W . It can be shown that the difference between two adjacent rows or columns of W is
bounded in norm by um, T and the mesh size for the probability distribution, i.e., αℓ+1−αℓ

and ∆ℓ+1 −∆ℓ. We discuss this result in more detail in Section 7.5. We conclude that, if
the control bound, the maximum control time, or the mesh size (or equivalently the width
of the ∆-interval) is too small, the difference between two adjacent rows/columns of W
can become numerically equal to zero, implying that W has a nontrivial kernel.

In order to investigate the impact of this numerical instability on the reconstructed results,
we consider again the setting of the beginning of this section (i.e., ∆1 = 0.2 and T = 16),
but for K = 400 mesh points. The results for a Gaussian and a step distribution with
three peaks are plotted in Figures 7.9 and 7.10, respectively. We observe that all three
control field sets are able to fully reconstruct the step distribution and, at least partially,
the Gaussian distribution. This is because the admissible set of solutions for the online
reconstruction problem (7.8) is restricted to R̂K . Thus, a bad condition number does not
necessarily imply that it is impossible to (at least partially) reconstruct the true probability
distribution. However, a good condition number guarantees stability of the numerical solver
and improves the accuracy of the results. In this context, notice that if we would sufficiently
increase either the control bound um, or the maximum control time T , both GRPD and
OGRPD would show better condition numbers and be able to perfectly reconstruct also
the Gaussian distribution in Figure 7.9.

We observe also that, if one knows the number of sufficient control functions K̃ = K,
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Figure 7.7: Same as Figure 7.5 but for a step distribution with three peaks. In brackets
are the number of control fields for each set.

K = 100 K = 400

∆1

T
8 16 24 32 8 16 24 32

0.1 70 525252 505050 505050 259 299 276 240
0.2 585858 515151 505050 505050 305 293 223223223 220220220
0.4 565656 505050 505050 505050 326 256 211211211 200200200
0.8 515151 505050 505050 505050 292 210210210 200200200 200200200
1.6 505050 505050 515151 505050 275 205205205 200200200 200200200

Table 7.1: Number of controls computed by OGRPD for a control bound um = 10, and
different numbers of discretization points K, maximum control times T and
widths 4π∆1 of the ∆-interval. Bold numbers indicate that the number of
OGRPD controls is less than 60% of the number of GRPD controls. Notice
that GRPD always generates K controls.

then even completely random control fields can be able to perform similarly to GRPD and
OGRPD controls. However, while OGRPD finds automatically K̃ (reduces the number of
control fields to a sufficient amount), there is no indicator for a sufficient amount of random
controls in general. Additionally, the corresponding condition numbers are in many cases
worse than for GRPD and OGRPD, as seen in Tables 7.2 and 7.3, meaning that they are
more likely to show numerical instabilities. Thus, the recommended strategy is clearly
OGRPD, since it is able to reduce the number of control fields by up to 50% (which, as we
recall from Proposition 3.1.19, is the theoretical minimum), while accurately reconstructing
the probability distributions.

Lastly, we remark that making the tolerance tolfit smaller can generally lead to even
fewer controls being computed by OGRPD. However, this in turn can lead to less accurate
results in the reconstructed solution, meaning the user has to decide for themselves if such
a trade-off is desirable.
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Figure 7.8: Number of controls for GRPD (dashed circles) and OGRPD (solid crosses) for
different total numbers of mesh points. To highlight the ratio between the
amount of controls, we also plot half the amount of GRPD controls (dotted
squares).

GRPD OGRPD random control set

∆1

T
8 16 24 32 8 16 24 32 8 16 24 32

0.1 3e16 5e075e075e07 7e037e037e03 6e036e036e03 3e15 3e083e083e08 7e057e057e05 7e067e067e06 1e18 1e091e091e09 1e061e061e06 3e063e063e06

0.2 7e097e097e09 4e064e064e06 3e033e033e03 1e031e031e03 5e095e095e09 1e081e081e08 1e081e081e08 1e061e061e06 7e127e127e12 1e091e091e09 4e044e044e04 9e039e039e03

0.4 1e111e111e11 5e035e035e03 1e031e031e03 1e031e031e03 2e112e112e11 3e063e063e06 1e071e071e07 1e071e071e07 1e16 7e047e047e04 9e039e039e03 1e031e031e03

0.8 1e061e061e06 2e032e032e03 1e031e031e03 1e031e031e03 3e073e073e07 8e058e058e05 2e052e052e05 2e052e052e05 7e107e107e10 3e033e033e03 2e032e032e03 1e031e031e03

1.6 2e042e042e04 9e029e029e02 1e031e031e03 8e028e028e02 2e062e062e06 4e074e074e07 1e051e051e05 7e077e077e07 5e095e095e09 1e041e041e04 2e032e032e03 1e031e031e03

Table 7.2: Condition number of W for different control sets, maximum control times T and
widths 4π∆1 of the ∆-interval. The total number of mesh points is K = 100 and
the bound on the control is um = 10. Bold numbers indicate that the condition
number is smaller than 1e15.

7.5 Numerical stability

Let us take a closer look on the numerical stability of the matrix Ŵ . Notice that for
constant controls the solution to the dynamical system (7.2) can be written as

yyy((∆, α),uuu; t) = et(∆A+α(u1B1+u2B2))yyy0.

In order to estimate the difference between two solutions, we need the following technical
lemma.

Lemma 7.5.1 Let N ∈ N and X,Y ∈ RN×N . Then

∥eX+Y − eX∥ ≤ ∥Y ∥e∥X∥e∥Y ∥. (7.22)

Proof. For n ∈ N the binomial theorem (see, e.g., [34, Hilfssatz 2.12]) implies that

(X + Y )n −Xn =

n∑
k=1

(
n

k

)
XkY n−k.
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GRPD OGRPD random control set

∆1

T
8 16 24 32 8 16 24 32 8 16 24 32

0.1 2e20 1e19 1e20 2e15 3e19 2e19 9e19 3e15 4e19 2e19 2e19 3e18

0.2 1e19 1e19 1e141e141e14 4e134e134e13 6e19 5e19 2e142e142e14 1e141e141e14 2e19 2e19 6e19 3e18

0.4 8e19 2e19 1e141e141e14 1e041e041e04 5e19 8e18 1e141e141e14 4e074e074e07 6e19 4e19 8e15 2e062e062e06

0.8 3e19 2e132e132e13 1e041e041e04 9e039e039e03 3e19 2e142e142e14 1e071e071e07 5e075e075e07 5e19 4e18 1e081e081e08 1e051e051e05

1.6 6e20 1e101e101e10 2e042e042e04 6e036e036e03 1e20 4e114e114e11 8e078e078e07 2e082e082e08 3e19 6e18 1e081e081e08 2e042e042e04

Table 7.3: Same as Table 7.2 but for a total number of mesh points K = 400.

Figure 7.9: Same as Figure 7.5 but for K = 400 and including the reconstructed distribu-
tion for 400 random control fields.

Thus

∥(X + Y )n −Xn∥ ≤
n∑

k=1

(
n

k

)
∥X∥k∥Y ∥n−k = (∥X∥+ ∥Y ∥)n − ∥X∥n

(⋆)
= (∥X∥+ ∥Y ∥ − ∥X∥)

n−1∑
k=0

(∥X∥+ ∥Y ∥)k∥X∥n−k−1

≤ ∥Y ∥
n−1∑
k=0

(∥X∥+ ∥Y ∥)k(∥X∥+ ∥Y ∥)n−k−1

= n∥Y ∥(∥X∥+ ∥Y ∥)n−1,

where we used

∥X∥n − ∥Y ∥n = (∥X∥ − ∥Y ∥)
n−1∑
k=0

∥X∥k∥Y ∥n−k−1
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Figure 7.10: Same as Figure 7.9 but for a step distribution with three peaks.

to obtain (⋆). Hence, we get

∥eX+Y − eX∥ =
∥∥∥ ∞∑
n=0

(X + Y )n

n!
−

∞∑
n=0

Xn

n!

∥∥∥
≤

∞∑
n=1

∥(X + Y )n −Xn∥
n!

≤
∞∑
n=1

n∥Y ∥(∥X∥+ ∥Y ∥)n−1

n!

= ∥Y ∥
∞∑
n=0

(∥X∥+ ∥Y ∥)n

n!

= ∥Y ∥e∥X∥+∥Y ∥ = ∥Y ∥e∥X∥e∥Y ∥.

Now, consider two parameter pairs (α,∆)ℓ and (α,∆)ℓ+1, and define Dℓ := t(∆ℓA +
αℓ(u1B1 + u2B2)) and Dℓ+1 := t(∆ℓ+1A+ αℓ+1(u1B1 + u2B2)). Notice that
∥Dℓ −Dℓ+1∥2 = ∥t(∆ℓA+ αℓ(u1B1 + u2B2))− t(∆ℓ+1A+ αℓ+1(u1B1 + u2B2))∥2

≤ T
(
|(∆ℓ −∆ℓ+1)|∥A∥2 + |αℓ − αℓ+1|um(∥B1∥2 + ∥B2∥2)

)
︸ ︷︷ ︸

=:Eℓ

,

where we used that t ≤ T , |u1| ≤ um and |u2| ≤ um. Clearly Eℓ → 0 if T → 0, or um → 0,
or ∆ℓ+1 → ∆ℓ and αℓ+1 → αℓ. Setting X = Dℓ+1 and Y = Dℓ −Dℓ+1 in (7.22), we obtain

∥yyy((∆, α)ℓ,uuu; t)− yyy((∆, α)ℓ+1,uuu; t)∥2 = ∥eDℓyyy0 − eDℓ+1yyy0∥2
≤ ∥eDℓ − eDℓ+1∥2 ∥yyy0∥2︸ ︷︷ ︸

=1

≤ ∥Dℓ −Dℓ+1∥2e∥Dℓ∥2e∥Dℓ−Dℓ+1∥2

≤ Eℓe
∥Dℓ∥2eEℓ .

Recalling (7.14), C =

[
1 0 0
0 1 0

]
and that ϕj = eeej in our example, the matrix entries of Ŵ

are given by

Ŵi,j =
∑
m

⟨Cyyy((∆, α)i,uuum; tm), Cyyy((∆, α)j ,uuu
m; tm)⟩, for i, j = 1, . . . ,K.
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Thus, the difference between two rows (or analogously two columns) of Ŵ is given by

[Ŵ ][ℓ,:] − [Ŵ ][ℓ+1,:] =


∑

m

⟨(
Cyyy((∆, α)i,uuu

m; tm)− Cyyy((∆, α)j ,uuum; tm)
)
, Cyyy((∆, α)1,uuu

m; tm)
⟩

...∑
m

⟨(
Cyyy((∆, α)i,uuu

m; tm)− Cyyy((∆, α)j ,uuum; tm)
)
, Cyyy((∆, α)K ,uuu

m; tm)
⟩
.

Since ∥yyy((∆, α),uuu; t)∥2 = 1 for any ∆, α,uuu and t, we get

∥[Ŵ ][i,:] − [Ŵ ][j,:]∥22 ≤ K∥C∥22
∑
m

∥yyy((∆, α)i,uuum; tm)− yyy((∆, α)j ,uuum; tm)∥22.

Hence, we obtain for two adjacent rows (or analogously two adjacent columns)

∥[Ŵ ][ℓ,:] − [Ŵ ][ℓ+1,:]∥2 ≤
√
K∥C∥2ncontrolsEℓe

∥Dℓ∥2eEℓ ,

where ℓ ∈ {1, . . . ,K} and ncontrols ∈ N is the number of controls. Now, recall that Eℓ → 0
if T → 0, or um → 0, or ∆ℓ+1 → ∆ℓ and αℓ+1 → αℓ. Thus, the difference between two
adjacent rows or columns of Ŵ is bounded in norm by um, T and the mesh size for the
probability distribution, i.e., αℓ+1 − αℓ and ∆ℓ+1 −∆ℓ.



Chapter 8

Greedy reconstruction algorithms
for function approximation

In the previous chapters, we focused solely the reconstruction of objects associated with
differential equations. However, the main idea of the GR algorithms is very versatile
and does not inherently require the underlying model to be a differential equation. This
allows us to extend our algorithms to general function approximation problems. In this
context, they address two main aspects: the computation (or selection) of the data and
the optimization of the structure of the approximation ansatz, within a given family of
approximation functions. More specifically, given the task of finding an approximation (a
surrogate) g⋆ of a function f , the goal of our methods is to construct a set of data points
{(x̃xxj , f(x̃xxj))}Kj=1 while optimizing the structure of the ansatz set G, within a given family of
approximation functions, in which one searches for g⋆. Given these two objects, one obtains
g⋆ by computing an element in G that minimizes the distance from f when evaluated at
the points {x̃xxj}Kj=1.

In the first part of this chapter, we consider the well-understood field of polynomial ap-
proximation, where one searches for a set of interpolation nodes that leads to the best
approximation quality (see, e.g., [32, 60]). Here, while the structure of the approximation
ansatz is fixed (a polynomial of a given order), the computation of the data (interpolating
nodes) is a crucial aspect that strongly affects the approximation error. We prove that
GR computes exactly a set of (tensor-product) Leja points (see, e.g, [13, 26, 36, 54] and
references therein). Moreover, we show that OGR (for polynomial interpolation) is equiv-
alent to the well-known Empirical Interpolation Method (EIM); see, e.g,. [10, 14, 20, 45,
58, 59] and references therein. Although the two methods can be equivalent, our greedy
algorithms have one main advantage over EIM: EIM (and also other greedy algorithms
used for function approximation, see, e.g., [15]) is limited to linear parametrizations of the
ansatz function, while GR and OGR can also handle nonlinear parameterizations, such as
weights and biases of neural networks.

In the second part, we introduce a new class of greedy algorithms that we call Data Greedy
Reconstruction (DGR) algorithms. These procedures assume that a (very) large data set
{(x̃xxj , f(x̃xxj))}Jj=1, with J ≫ K, is already available. Their goal is to select the smallest

81
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subset of K elements from {(x̃xxj , f(x̃xxj))}Jj=1 while simultaneously optimizing the structure
of G. In particular, we develop a combination of OGR and DGR tailored for neural network
applications, called Network OGR (NOGR) algorithm. We provide a detailed discussion
about the network structure optimization and illustrate how our algorithms can optimize
the depth and number of neurons of a network.

8.1 Greedy reconstruction algorithms optimal interpolation
points

For a (finite-dimensional) function space G over a compact set X ⊂ RN , the interpolant of
a function f : X → RM for a set of points {x̃xxj}Kj=1 ⊂ X is the element g⋆ ∈ G such that
g⋆(x̃xxj) = f(x̃xxj), j = 1, . . . ,K. A general approach of finding this interpolant is to solve the
least-squares problem

min
g∈G

K∑
j=1

∥f(x̃xxj)− g(x̃xxj)∥22. (8.1)

The overall goal is to find a g⋆ that approximates f well at all other points xxx ∈ X \
{x̃xx1, . . . , x̃xxK}. In other words, the interpolant g⋆ must ideally solve

min
g∈G

max
xxx∈X
∥f(xxx)− g(xxx)∥22.

In that regard, the choice of the points {x̃xxj}Kj=1 plays a crucial role. One reasonable
assumption is that for an increasing number of interpolation points K, the approximation
error max

xxx∈X
∥f(xxx)−g⋆(xxx)∥22 decreases. However, depending on the application, the evaluation

of the function f at a large number of points might be very expensive or create an imbalance
in the approximation properties of the interpolant g⋆ with respect to X. Thus, our goal
is to find an efficient set of points {x̃xxj}Kj=1, i.e., the fewest number of points such that the
approximation error is still reasonably small.

For this purpose, we introduce adapted versions of the GR Algorithm 1 and the OGR
Algorithm 2. In the context of function approximation, they compute the inputs {x̃xxj}Kj=1

to generate the data {f(x̃xxj)}Kj=1 using a set (or basis) B := {g1, . . . , gK} ⊂ G.

In order to handle different function spaces G, we assume that the set B can be parameter-
ized, i.e., there exists K̃ ≤ K, a closed and convex subspace A ⊂ RK̃ , and an isomorphism
g̃ : A → G,βββ 7→ g̃(βββ) := gβββ. In this way, we can identify B = {g1, . . . , gK} with a set
{β̃ββ1, . . . , β̃ββK} ⊂ A such that gk := g

β̃ββk
for k = 1, . . . ,K. Notice that this can be viewed

as an extension of the previous chapters, where we considered the simple parameterization
gβββ =

∑K
k=1 βkgk, for a linear basis B, K̃ = K, A = RK and β̃ββk = eeek the canonical vectors

in RK .

GR and OGR applied to the setting of problem (8.1) is stated in Algorithms 6 and 7.
Both GR and OGR are data-free methods, in the sense that they do not require evaluations
of the function f (outputs). However, there are many applications, especially in the field
of machine learning, where output data are already available. A common issue in these
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Algorithm 6 GR for function approximation
Require: A set of functions B = {g1, . . . , gK} ⊂ G with corresponding parameterizations
{β̃ββ1, . . . , β̃ββK} ⊂ RK̃ with K, K̃ ∈ N with K̃ ≤ K and such that gk = g

β̃ββk
for k = 1, . . . ,K.

1: Set k = 1 and find x̃xx1 that solves
max
xxx∈X
∥g1(xxx)∥22. (8.2)

2: while k ≤ K − 1 do
3: Fitting step: Find an βββk that solves

min
βββ∈span{β̃ββi}k

i=1

k∑
j=1

∥gβββ(x̃xxj)− gk+1(x̃xxj)∥22. (8.3)

4: Splitting step: Find an x̃xxk+1 that solves

max
xxx∈X
∥gβββk(xxx)− gk+1(xxx)∥22. (8.4)

5: Update k ← k + 1.
6: end while

data-driven settings is that the data is imbalanced, which can lead to biased models (see,
e.g., [61, Section 5.3.1]) and thereby a lack of robustness. With the goal of selecting optimal
data points that represent well the whole data set and avoid biased models, we introduce
a data-driven version of GR (DGR) in Algorithm 8. Notice that the termination criterion,
that is ∥gβββk(x̃xxk+1)−ỹyyk+1∥22 < tol, is similar to that of OGR where the evaluation gk+1(x̃xxk+1)
is replaced by the data ỹyyk+1. This ensures that DGR terminates when the function gβββk is
a sufficiently good approximation of the full data set {(xxxj , yyyj)}Jj=1. In general, it is also
possible to modify DGR by using other features of OGR to DGR like, for example, the
automatic selection of the next element gk+1 from B. However, we omit this discussion
here, since the resulting method is very similar to the NOGR strategy introduced in Section
8.3.1.

8.2 GR algorithms for polynomial approximation

In this section, we apply our GR methods to the well-known case of function approximation
by polynomials, i.e., M = 1 and G = Pn(X), and study the corresponding behavior. For
a set of linearly independent polynomials B = {p1, . . . , pK} ⊂ Pn, we consider the simple
linear parameterization pβββ =

∑K
k=1 βkpk for βββ ∈ RK . This implies that, at the k-th GR

iteration, the fitting step is interpolating the new polynomial pk+1 by a linear combination
of the polynomials p1, . . . , pk. GR for polynomial interpolation is detailed in Algorithm
9. Now, we analyze the behavior of this algorithm in Sections 8.2.1 and 8.2.2. Finally, in
Section 8.2.3 we discuss practical implementation aspects.



84 CHAPTER 8. GR ALGORITHMS FOR FUNCTION APPROXIMATION

Algorithm 7 OGR for function approximation
Require: A set of functions B = {g1, . . . , gK} ⊂ G with parameterizations A = {β̃ββ1, . . . , β̃ββK} ⊂ RK̃

with K, K̃ ∈ N, K̃ ≤ K and such that gk = g
β̃ββk

, k = 1, . . . ,K, and a tolerance tol > 0.
1: Find x̃xx1 and ℓ1 that solve

max
ℓ∈{1,...,K}

max
xxx∈X
∥gℓ(xxx)∥22. (8.5)

2: Swap g1 and gℓ1 in B, β̃ββ1 and β̃ββℓ1 in A, and set fsplit = ∥g1(x̃xx1)∥22 and k = 1.
3: while k ≤ K − 1 and fsplit ≥ tol do
4: for ℓ = k + 1, . . . ,K do
5: Fitting step: Find βββℓ that solves

min
βββ∈span{β̃ββi}k

i=1

k∑
j=1

∥gβββ(x̃xxj)− gℓ(x̃xxj)∥22. (8.6)

6: end for
7: Splitting step: Find x̃xxk+1 and ℓk+1 that solve

max
ℓ∈{k+1,...,K}

max
xxx∈X
∥gβββℓ(xxx)− gℓ(xxx)∥22. (8.7)

8: Swap gk+1 and gℓk+1
in B, β̃ββk+1 and β̃ββℓk+1

in A.
9: Update fsplit ← ∥gβββk(x̃xxk+1)− gk+1(x̃xxk+1)∥22 and k ← k + 1.

10: end while

8.2.1 Analysis of GR algorithms

In this section, we investigate the points selected by Algorithm 9 for one-dimensional
and multivariate polynomial interpolation. First, we consider the standard case of one-
dimensional polynomials, since it is well understood and the notation is simple. This allows
us to formulate the main arguments of our analysis in a comprehensible way. Afterwards,
we build the analysis for multivariate polynomials on top of the one-dimensional foundation.

One-dimensional polynomial interpolation

We begin with the one-dimensional setting N = 1 with X ⊂ R a closed interval. We also
consider the standard assumption that the number of selected points matches the degree
of the polynomials in B, i.e., K = n+ 1.

Recall (e.g., from [60, Theorem 8.2]) that for any set of points {x̃j}n+1
j=1 and the polynomial

p⋆ ∈ Pn interpolating an (n+1)-times continuously differentiable function f at these points,
there exists for each x ∈ X a ξ ∈ X such that

|f(x)− p⋆(x)| =
∥f (n+1)(ξ)∥∞

(n+ 1)!

n+1∏
j=1

|x− x̃j |. (8.14)

Thus, to minimize the error |f(x)− p⋆(x)|, the points {x̃j}n+1
j=1 should be chosen such that

they minimize max
x∈X

∏n+1
j=1 |x − x̃j |. One popular set of points that can be derived directly
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Algorithm 8 DGR for function approximation
Require: A set of data points Z := {(xxxj , yyyj)}Jj=1 ⊂ X ×RM with yyyj := f(xxxj) and J ∈ N, a set of

functions B = {g1, . . . , gK} ⊂ G and a tolerance tol > 0.
1: Find (x̃xx1, yyy1) that solves

max
(xxx,yyy)∈Z

∥yyy∥22. (8.8)

2: Update Z ← Z \ (x̃xx1, ỹyy1) and set fsplit = ∥ỹyy1∥22, k = 1.
3: while k ≤ J − 1 and fsplit ≥ tol do
4: Fitting step: Find an βββk that solves

min
βββ∈span{β̃ββi}k

i=1

k∑
j=1

∥gβββ(x̃xxj)− ỹyyj∥22. (8.9)

5: Splitting step: Find (x̃xxk+1, ỹyyk+1) that solves

max
(xxx,yyy)∈Z

∥gβββk(xxx)− yyy∥22. (8.10)

6: Update Z ← Z \ (x̃xxk+1, ỹyyk+1), fsplit ← ∥gβββk(x̃xxk+1)− ỹyyk+1∥22 and k ← k + 1.
7: end while

from this goal, are the so-called Leja points. This class of interpolation points was first
introduced by Edrei [36] and later studied by Leja [54]. Starting from any x̃1 ∈ X the
corresponding Leja sequence (xj)

n+1
j=1 is generated iteratively by the update

x̃k+1 = argmax
x∈X

k∏
j=1

|x− x̃j |, k = 1, . . . , n. (8.15)

The update formula (8.15) has two main advantages. First, the update formula allows one
to incorporate any preexisting set of points {x̃j}kj=1. This property is of particular interest
in applications, where some preliminary data is already available. Second, the computation
of the new point x̃k+1 allows one to evaluate the term max

x∈X

∏k
j=1 |x−x̃j | =

∏k
j=1 |x̃k+1−x̃j |,

which corresponds to the a-priori interpolation error given in (8.14).

As main result of this section, we show that GR computes exactly a sequence of Leja points
if B is a polynomial basis of increasing order.

Theorem 8.2.1 (GR computes the Leja points) Let B = {p1, . . . , pn+1} ⊂ Pn be
such that span{p1, . . . , pk} = Pk−1 for all k = 1, . . . , n. Then the points {x̃j}n+1

j=1 com-
puted by Algorithm 9 form a Leja sequence.

Proof. We begin by constructing the coefficients βββk ∈ Rk that solve the fitting step problem
(8.12) at iteration k. Let us define p̃k(x) := −ak+1

∏k
j=1(x− x̃j), where ak+1 is the leading

coefficient of pk+1 ∈ Pk. Then p̃k+pk+1 is a polynomial in Pk−1. Since {p1, . . . , pk} form a
basis of Pk−1, there exists βββk ∈ Rk such that pβββk = p̃k + pk+1. Thus pβββk(x̃j)− pk+1(x̃j) =

p̃k(x̃j) = 0 for all j = 1, . . . , k, which implies that βββk = argmin
βββ∈Rk

∑k
j=1 |pβββ(x̃j) − pk+1(x̃j)|.

The uniqueness follows by the fact that the points x̃1, . . . , x̃k are distinct (which can be
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Algorithm 9 GR for polynomial interpolation
Require: A set of linearly independent polynomials B = {p1, . . . , pK} ⊂ Pn.
1: Set k = 1 and find x̃xx1 that solves

max
xxx∈X
|p1(xxx)|2. (8.11)

2: while k ≤ K − 1 do
3: Fitting step: Find an βββk that solves

min
βββ∈Rk

k∑
j=1

|pβββ(x̃xxj)− pk+1(x̃xxj)|2, (8.12)

where pβββ(xxx) =
∑k

i=1 βipi(xxx).
4: Splitting step: Find an x̃xxk+1 that solves

max
xxx∈X
|pβββk(xxx)− pk+1(xxx)|2. (8.13)

5: Update k ← k + 1.
6: end while

shown by a simple iterative argument), meaning that the polynomial pβββk and therefore
also βββk are unique.

Now, using the polynomial pβββk constructed above and solving (8.12), we obtain

|pβββk(x)− pk+1(x)|2 = |p̃k(x)|2 = |ak+1|2
k∏

j=1

|x− x̃j |2.

Since ak+1 does not depend on x, the splitting-step problem (8.13) can be written as
max
x∈X

∏k
j=1 |x− x̃j |2, which is equivalent to the Leja update (8.15). Thus, the splitting step

of Algorithm 9 at iteration k computes exactly the point x̃k+1 in the Leja sequence.

Notice that p1 ∈ P0 implies that p1 ≡ c for some c ∈ R. Thus, any x ∈ X is a solution to
the initialization problem (8.11). Together with the result from Theorem 8.2.1, this implies
that one may choose any initial point x̃1 ∈ X and GR will compute the corresponding Leja
sequence {x̃j}n+1

j=1 .

Multivariate polynomial interpolation

Let us turn to the multivariate setting, i.e., N > 1 and X = X1 × · · · × XN with Xi a
closed and bounded subinterval of R for i = 1, . . . , N . As in the one-dimensional case, we
denote by B a basis of Pn = Pn(X). Notice that dim(Pn) =

(
N+n
N

)
(see, e.g., [70, Theorem

2.5]), which implies that GR will compute K =
(
N+n
N

)
points.

To relate the points selected by GR to tensor products of Leja points, we introduce some
additional notation. For an initial point x̃xx1 ∈ X, we denote by {yij}n+1

j=1 ⊂ Xi, yij the Leja
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sequence initialized by x̃1,i for i = 1, . . . , N , i.e., yi1 = x̃1,i and

yij = argmax
x∈Xi

j−1∏
ℓ=1

|x− yiℓ|, i = 1, . . . , N, j = 2, . . . , n+ 1. (8.16)

Now, we define the m-first tensor-product Leja points for m ∈ N as

Ym :=
{
[y1j1 , . . . , y

N
jN
]⊤ | j1, . . . , jN ∈ N+ s.t.

N∑
i=1

ji ≤ N +m
}
, (8.17)

with cardinality #Ym =
(
N+m
N

)
. Let us give an example of Ym.

Example 8.2.2 (on the set Ym) Let N = n = 2, X = [−1, 1]2 and x̃xx1 = [−1,−1]⊤.
Then y11 = y21 = −1, y12 = y22 = argmax

x∈[−1,1]
|x− (−1)| = 1 and

y13 = y23 = argmax
x∈[−1,1]

|x+ 1||x− 1| = 0.

Thus, the two Leja sequences {y1j }3j=1 and {y2j }3j=1 are given by {−1, 1, 0}. Since

Ym = Ym−1 ∪ {[y1j1 , y
2
j2 ]

⊤ | j1, j2 ∈ N+ s.t. j1 + j2 = 2 +m}

for m ≥ 1, we obtain

Y0 = {[y11, y21]⊤} = {[−1,−1]⊤},
Y1 = Y0 ∪ {[y11, y22]⊤, [y12, y21]⊤} = Y0 ∪ {[−1, 1]⊤, [1,−1]⊤},

Y2 = Y1 ∪ {[y11, y23]⊤, [y12, y22]⊤, [y13, y21]⊤} = Y1 ∪ {[−1, 0]⊤, [1, 1]⊤, [0,−1]⊤},
Y3 = Y2 ∪ {[y12, y23]⊤, [y13, y22]⊤} = Y2 ∪ {[1, 0]⊤, [0, 1]⊤},

Y4 = Y3 ∪ {[y13, y23]⊤} = Y3 ∪ {[0, 0]⊤}.

These sets are represented in Figure 8.1. Notice that for m ≥ 5 we have Ym = Y4.

Remark 8.2.3 (on the set Yn and the full tensor product of Leja points) Notice
that the set Yn = Y2 in Example 8.2.2 still contains the full Leja tensor product {y11, y12}⊗
{y21, y22} = {−1, 1}⊗{−1, 1}. However, this is not the case for general n,N ∈ N since a full
Leja tensor product {y11, . . . , y1m} ⊗ · · · ⊗ {yN1 , . . . , yNm} of order m ≤ n contains all points
[y1j1 , . . . , y

N
jN
]⊤ with j1, . . . , jN ∈ {1, . . . ,m}. Thus, in order for the set Yn to contain this

point, we require n to satisfy
∑N

i=1m ≤ N + n, namely that Nm ≤ N + n.

The main result of this section (Theorem 8.2.8) is that the points computed by GR coincide
with Yn. To prove it, two assumptions are needed. To clarify their meanings, we sketch
the idea of the proof of Theorem 8.2.8 in what follows.

The main part of the result is proven by induction on the degree m of the polynomials
in the basis B = {p1, . . . , pK}. For the induction step, we follow the same idea of the
proof for Theorem 8.2.1 and thus require that the basis elements are ordered according to
their polynomial order and the appearing monomials. For this purpose, we introduce the
following assumption on the order of B.
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Figure 8.1: All tensor-product points (gray crosses) corresponding to the two Leja se-
quences {y1j }3j=1 = {y2j }3j=1 = {−1, 1, 0} from Example 8.2.2, and points
xxx = [x1, x2]

⊤ ∈ [−1, 1]2 (red crosses) contained in the sets Y0 (top left), Y1
(top middle), Y2 (top right), Y3 (bottom left) and Y4 (bottom right) as defined
in (8.17).

Assumption 8.2.4 Let m ∈ {0, . . . , n}, k =
(
N+m
N

)
and Km =

(
N+m+1

N

)
. Then the first

k elements p1, . . . , pk in B form a basis of Pm. Additionally, for all ℓ ∈ {k + 1, . . . ,Km}
the polynomial pℓ ∈ B introduces exactly one new monomial with respect to all monomials
appearing in the polynomials p1, . . . , pk. In other words, there exists a (unique) polynomial
p ∈ span(p1, . . . , pk) such that pℓ = adℓ1,...,dℓN

xxx(d
ℓ
1,...,d

ℓ
N ) + p, where adℓ1,...,dℓN ∈ R \ {0} and

(dℓ1, . . . , d
ℓ
N ) denotes the componentwise degree of the new monomial xxx(dℓ1,...,dℓN ) introduced

by pℓ.

Let us clarify Assumption 8.2.4 by the following example.

Example 8.2.5 Let N = n = 2 and consider a basis B = {p1, . . . , pK} with K =
(
N+n
N

)
=

6 such that Assumption 8.2.4 holds. Then p1 must be the constant polynomial, i.e., p1 ≡ a
for some a ∈ R. Now, there are two possible choices for p2:

p2(xxx) = a1x1 + a0 or p2(xxx) = a1x2 + a0,

for a1 ∈ R \ {0}, a0 ∈ R. Let us assume that p2(xxx) = a1x1 + a0. Then

p3(xxx) = b1x2 + b0,
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for b1 ∈ R \ {0}, b0 ∈ R. Now, we have three choices for p4:

p4(xxx) =


a3x

2
1 + a2x2 + a1x1 + a0,

a3x
2
2 + a2x2 + a1x1 + a0,

a3x1x2 + a2x2 + a1x1 + a0,

for a3 ∈ R \ {0}, a2, a1, a0 ∈ R. Depending on the choice of p4, the polynomials p5 and p6
will be of the remaining two forms and thereby introduce the other monomials of degree 2.

Assumption 8.2.4 allows us to uniquely identify the basis elements in B by the compo-
nentwise degree of the monomials introduced by the basis elements. For example, if we
choose p4 = a3x1x2 + a2x2 + a1x1 + a0 in Example 8.2.5, then we can identify p4 by the
componentwise degree (1, 1) that corresponds to the monomial a3x1x2. Let us conclude the
discussion on Assumption 8.2.4 with the following remark, relating the space of polynomials
Pm+1 \ Pm with the set of Leja points Ym+1 \ Ym, for m = 0, . . . , n.

Remark 8.2.6 (on the sets Pm and Ym) Let m ∈ {0, . . . , n}, k =
(
N+m
N

)
and Km =(

N+m+1
N

)
. Then Assumption 8.2.4 implies that the polynomials {pℓ}Km

ℓ=k+1 form a basis of
Pm+1 \ Pm. Thus, the componentwise degrees (dℓ1, . . . , d

ℓ
N ) of the monomials xxx(dℓ1,...,dℓN )

introduced by the polynomials pℓ, for ℓ = k + 1, . . . ,Km, coincide with all possible combi-
nations (d1, . . . , dN ) ∈ NN that satisfy

∑N
i=1 di = m+ 1. Moreover, we can write

Ym+1 \ Ym =
{
[y1j1 , . . . , y

N
jN
]⊤ | j1, . . . , jN ∈ N+ s.t.

N∑
i=1

ji = N +m+ 1
}

=
{
[y1d1+1, . . . , y

N
dN+1]

⊤ | (d1, . . . , dN ) ∈ NN s.t.
N∑
i=1

di = m+ 1
}
.

Hence, there exists a one-to-one relation between the componentwise degrees of the mono-
mials introduced by the polynomials {pℓ}Km

ℓ=k+1 and the Leja points Ym+1 \ Ym.

The next step in the proof of our main result is to show that the splitting-step problem
(8.13) is equivalent to a multivariate version of the Leja update (8.16). However, notice
that maximization problems involving multivariate polynomials in general do not have a
unique solution. Consider, for example, the maximization problem

max
xxx∈X
|p(xxx)|2, p(xxx) =

(
1∏

j=1

(x1−y1j )

)(
0∏

j=1

(x2−y2j )

)
· · ·

(
0∏

j=1

(xN−yNj )

)
= x1−y1j . (8.18)

Then any xxx = [x1, . . . , xN ]⊤ ∈ X with x1 ∈ argmax
x∈X1

|x1−y1j |2 is a solution to (8.18). Notice

that x1 does not has to be unique. Thus, we introduce the following assumption that sets
all components to the next entry of the corresponding Leja sequence.

Assumption 8.2.7 At iteration k ∈ {1, . . . ,K − 1} of Algorithm 9, let (dk+1
1 , . . . , dk+1

N ) ∈
NN be the componentwise degree of the unique monomial that pk+1 ∈ B introduces, according
to the second part of Assumption 8.2.4. If the splitting-step problem (8.13) is given by
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max
xxx∈X
|pβββk(xxx)− pk+1(xxx)|2 with

pβββk(xxx)− pk+1(xxx) = a

( dk+1
1∏
j=1

(x1 − y1j )

)
· · ·

( dk+1
N∏
j=1

(xN − yNj )

)
, (8.19)

for some a ∈ R, then Algorithm 9 selects the point x̃xxk+1 =
[
y1
dk+1
1 +1

, . . . , yN
dk+1
N +1

]⊤.

Notice that, if the polynomial pβββk(xxx)− pk+1(xxx) is given as in (8.19), then

max
xxx∈X
|pβββk(xxx)− pk+1(xxx)|2 = a

(
max
x1∈X1

dk+1
1∏
j=1

|x1 − y1j |2
)
· · ·

(
max

xN∈XN

dk+1
N∏
j=1

|xN − yNj |2
)
. (8.20)

Thus, by the Leja update (8.16),
[
y1
dk+1
1 +1

, . . . , yN
dk+1
N +1

]
is always a solution to (8.20) and

hence to the splitting-step problem (8.13). We can now state our main result.

Theorem 8.2.8 (multivariate GR computes tensor product Leja points) Let
n,N ∈ N, K =

(
N+n
N

)
, B = {pk}Kk=1 a basis of Pn and x̃xx1 ∈ X the solution to (8.11). If

Assumptions 8.2.4 and 8.2.7 hold, then the points computed by Algorithm 9 coincide with
Yn.

Proof. We prove the result by induction on the degree m of the polynomials in B. The
case m = 0 is trivial since Y0 = {[y11, . . . , yN1 ]⊤} = {x̃xx1}. Let us now assume that for
some m ∈ {1, . . . , n} and k =

(
N+m
N

)
the set {x̃xxj}kj=1 coincides with Ym. Then the result

follows if we can show that the set {x̃xxj}Km
j=1 for Km =

(
N+m+1

N

)
coincides with Ym+1. To

do so, recalling Remark 8.2.6, it is sufficient to show that Algorithm 9 computes exactly
the point [y1

dℓ1+1
, . . . , yN

dℓN+1
]⊤ at iteration ℓ ∈ {k + 1, . . . ,Km}. We prove this result by a

second induction argument on the index ℓ.

Let us begin with the base case ℓ = k + 1. By Assumption 8.2.4, we have

pk+1 = adk+1
1 ,...,dk+1

N
xxx(d

k+1
1 ,...,dk+1

N ) + p,

for some p ∈ span{p1, . . . , pK}. Now, we define the polynomial

p̃(xxx) := −adk+1
1 ,...,dk+1

N

( dk+1
1∏
j=1

(x1 − y1j )

)
· · ·

( dk+1
N∏
j=1

(xN − yNj )

)
∈ Pm+1, (8.21)

where yij are the Leja points defined in (8.16). By the definition of the polynomial degree
given in Section 1.3, we can write p̃(xxx) =

∑m
|ααα|=0 aαααxxx

ααα − pk+1(xxx), for some aααα ∈ R. Thus,
since the polynomials {p1, . . . , pK} form a basis of Pm (by Assumption 8.2.4), there exists
a unique βββk ∈ Rk such that

p̃(xxx) = pβββk(xxx)− pk+1(xxx) =
k∑

i=1

βki pi(xxx)− pk+1(xxx), for all xxx ∈ X.
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Recalling (8.17), we have for any yyy ∈ Ym that yyy = [y1j1 , . . . , y
N
jN
]⊤ for some indices

j1, . . . , jN ∈ N+ with
∑N

i=1 ji = N +m. Since
∑N

i=1 d
k+1
i = m + 1, there exists at least

one ji such that 1 ≤ ji ≤ dk+1
i .1 Together with (8.21), this implies that p̃(yyy) = 0 for all

yyy ∈ Ym. Since we assume that the set {x̃xxj}kj=1 coincides with Ym, we obtain p̃(x̃xxj) = 0

for all j ∈ {1, . . . , k}. Thus, βββk is the unique solution to the fitting-step problem (8.12),
and the splitting-step problem (8.13) can be written as max

xxx∈X
|p̃(xxx)|2. By Assumption 8.2.7,

Algorithm 9 will now choose exactly x̃xxk+1 =
[
y1
dk+1
1 +1

, . . . , yN
dk+1
N +1

]⊤
.

Next, consider the induction step ℓ→ ℓ+ 1. Let us denote by {x̃xxj}ℓj=k+1 the set of points
computed by Algorithm 9 from the base case until iteration ℓ. By the induction hypothesis,
we have {x̃xxj}ℓj=k+1 ∈ Ym+1. Now, the induction step ℓ→ ℓ+ 1 follows analogously to the
base case above. We only have to show that the new polynomial

p̃(xxx) := −adℓ+1
1 ,...,dℓ+1

N

( dℓ+1
1∏
j=1

(x1 − y1j )

)
· · ·

( dℓ+1
N∏
j=1

(xN − yNj )

)
∈ Pm+1 (8.22)

satisfies p̃(x̃xxj) = 0 also for all j ∈ {k + 1, . . . , ℓ}. This can be shown by the following
contradiction. Assume that p̃(x̃xxj) ̸= 0 for some j ∈ {k+1, . . . , ℓ}. By the assumption of the
induction step, we have x̃xxj ∈ Ym+1\Ym and x̃xxj = [y1

dj1+1
, . . . , yN

djN+1
]⊤ with

∑N
i=1 d

j
i = m+1.

On the other hand, since pℓ+1 ∈ Pm+1 \ Pm we also have
∑N

i=1 d
ℓ+1
i = m + 1. Thus,

p̃(x̃xxj) ̸= 0 together with (8.22) imply that dji + 1 > dℓ+1
i for all i ∈ {1, . . . , N}. Since∑N

i=1 d
j
i =

∑N
i=1 d

ℓ+1
i , we obtain dji = dℓ+1

i for all i ∈ {1, . . . , N}.2 Since j < ℓ+ 1, this is
a contradiction to the second part of Assumption 8.2.4.

Notice that the full grid of tensor-product Leja points of order n is given by

Y := {y1j }n+1
j=1 × · · · × {y

N
j }n+1

j=1 = {[y1j1 , . . . , y
N
jN
]⊤ | j1, . . . , jN ∈ {1, . . . , n+ 1}}.

Clearly, we have Yn ⊊ Y, meaning that GR applied to a basis B of Pn only computes
a subset of the tensor-product Leja points. However, analogously to Theorem 8.2.8, one
can also show that if we use a basis B that spans the same space as the monomials up to
componentwise degree nN , then GR computes the full tensor product Y.

8.2.2 OGR and equivalence with EIM

As in Section 8.1, we can formulate an OGR for polynomial interpolation problems. The
resulting method is stated in Algorithm 10. This algorithm looks similar to a popular
greedy algorithm introduced in [14]: the empirical interpolation method (EIM). While
EIM is mostly used in the context of reduced-basis applications for parameter-dependent

1This follows by a contradiction argument: assume that all ji > dk+1
i for all i ∈ {1, . . . , N}, then∑N

i=1 ji ≥
∑N

i (dk+1
i + 1) = N +m+ 1, contradicting

∑N
i=1 ji = N +m.

2This follows by a contradiction argument: assume that there exists i ∈ {1, . . . , N} with dji ̸= dℓ+1
i . Then,

since
∑N

i=1 d
j
i =

∑N
i=1 d

ℓ+1
i , there exists î ∈ {1, . . . , N} with dj

î
< dℓ+1

î
. This implies that dj

î
+ 1 ≤ dℓ+1

î
,

which contradicts dji + 1 > dℓ+1
i for all i ∈ {1, . . . , N}.
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Algorithm 10 OGR for polynomial interpolation
Require: A set BOGR = {p1, . . . , pK} ⊂ Pn for K,n,N ∈ N and a tolerance tol > 0.
1: Find x̃xx1 and ℓ1 that solve

max
ℓ∈{1,...,K}

max
xxx∈X
|pℓ(xxx)|2. (8.23)

2: Swap p1 and pℓ1 in BOGR, and set fsplit = |p1(x̃xx1)| and k = 1.
3: while k ≤ K − 1 and fsplit ≥ tol do
4: for ℓ = k + 1, . . . ,K do
5: Fitting step: Find βββℓ that solves

min
βββ∈Rk

k∑
j=1

∣∣∣ k∑
i=1

βipi(x̃xxj)− pℓ(x̃xxj)
∣∣∣2. (8.24)

6: end for
7: Splitting step: Find x̃xxk+1 and ℓk+1 that solve

max
ℓ∈{k+1,...,K}

max
xxx∈X

∣∣∣ k∑
i=1

βℓ
i pi(xxx)− pℓ(xxx)

∣∣∣2. (8.25)

8: Swap pk+1 and pℓk+1
in BOGR, and set pβββk =

∑k
i=1 β

ℓk+1

i pi.
9: Update fsplit ← |pβββk(x̃xxk+1)− pk+1(x̃xxk+1)| and k ← k + 1.

10: end while

PDEs, it has also been studied for polynomial interpolation (see, e.g., [59, Section 3]). The
version of EIM used for the setting of polynomial interpolation (compare [59, Section 2]),
adapted to our notation, is stated in Algorithm 11.

Although the two methods are very similar, OGR has one main advantage over EIM: the
parameterization discussed in Section 8.1. While EIM only considers linear combinations
of the elements in BEIM , OGR can handle also nonlinear parameterizations, for example
a set BOGR of neural networks where the parameterizations are given by the weights and
biases. We will discuss this example in more detail in Section 8.3.

Let us now compare OGR and EIM in more detail. The initializations of OGR (line
1 in Algorithm 10) and EIM (lines 1-2 in Algorithm 11) are obviously equivalent, since
∥p∥L∞(X) = max

xxx∈X
|p(xxx)| for any p ∈ Pn. A similar analogy also holds for the maximization

problems inside the while loops (line 7 in OGR and lines 8-9 in EIM). The difference here is
that, while OGR selects elements pk directly from the set BOGR, EIM generates a new basis
of polynomials {qk}Kmax

k=1 (see also line 10 in EIM). If we neglect this difference between
pi and qi for a moment, we notice that the fitting step (line 5 in OGR) solves the strictly
convex problem (8.24), whose optimality system coincides with the linear system (8.26).
On the other hand, if at iteration k the polynomials {p̂i}ki=1 computed by EIM coincide
with the set {pi}ki=1 selected by OGR, then we also have span{pi}ki=1 = span{qi}ki=1. This
is because q1 is a rescaled version of p̂1 (see line 3 in EIM) and the qk for k ≥ 2 are linear
combinations of p̂1, . . . , p̂k (see line 10 in EIM).

To prove the equivalence of OGR and EIM, we need the following results [59]:
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Algorithm 11 EIM for polynomial interpolation
Require: A set of polynomials BEIM = {p1, . . . , pK} ⊂ Pn for K,n,N ∈ N, and a maximum

number of iterations Kmax ≤ K.
1: Compute p̂1 = argmax

p∈BEIM

∥p∥L∞(X).

2: Compute ỹyy1 = argmax
yyy∈X

|p̂1(yyy)|.

3: Set q1 = p̂1

p̂1(ỹyy1)
and k = 1.

4: while k ≤ Kmax − 1 do
5: for p ∈ BEIM do
6: Find βββ(p) ∈ Rk that solves the interpolation problem

k∑
i=1

[βββ(p)]iqi(ỹyyj) = p(ỹyyj), j = 1, . . . , k. (8.26)

7: end for
8: Compute p̂k+1 = argmax

p∈BEIM

∥p−
∑k

i=1[βββ(p)]iqi∥L∞(X).

9: Compute ỹyyk+1 = argmax
yyy∈X

|p̂k+1(yyy)−
∑k

i=1[βββ(p̂k+1)]iqi(yyy)|.

10: Set qk+1 = rk+1

rk+1(ỹyyk+1)
, where rk+1(yyy) = p̂k+1(yyy)−

∑k
i=1[βββ(p̂k+1)]iqi(yyy).

11: Update k ← k + 1.
12: end while

P1 If Kmax ≤
(
N+n
N

)
then problem (8.26) is uniquely solvable (see [59, Theorem 1]).

P2 For all k ∈ {1, . . . ,Kmax} and all p ∈ span{qi}ki=1 we have p−
∑k

i=1[βββ(p)]iqi = 0
(see [59, Lemma 1]).

Theorem 8.2.9 (Equivalence of OGR and EIM) Assume that BOGR = BEIM =: B.
Let {x̃xxj}KOGR

j=1 , {pi}KOGR
i=1 and {ỹyyj}Kmax

j=1 , {qi}Kmax
i=1 be the points and polynomials selected by

OGR and EIM, respectively. Then for any K̂ ∈ N, K̂ ≤ min{KOGR,Kmax}, it holds that
x̃xxj = ỹyyj for j = 1, . . . , K̂ and span{pi}K̂i=1 = span{qi}K̂i=1.

Proof. Notice that EIM considers all elements of B in each iteration and does not reorder
the set B. Thus, we may assume that the polynomials in the set B are ordered as OGR
selects them, i.e. the {pi}KOGR

i=1 selected by OGR are exactly the first KOGR polynomials
in B.

We now prove the result by induction. Since ∥p∥L∞(X) = max
xxx∈X
|p(xxx)| for any p ∈ Pn, OGR

and EIM choose the same first point x̃xx1 = ỹyy1 and corresponding polynomial pℓ1 = p̂1. By
the definition of q1 in line 3, we obtain span(pℓ1) = span(q1).

Next, we assume that at iteration k ≤ K̂ we have x̃xxj = ỹyyj for j = 1, . . . , k, and p̂i = pi in
EIM for i = 1, . . . , k, implying that span{pi}ki=1 = span{qi}ki=1. From P1 we obtain that
(8.26) has a unique solution βββℓEIM for ℓ = 0, . . . ,K. Since span{pi}ki=1 = span{qi}ki=1, the
optimality system of (8.25) coincides with (8.26). Thus, also (8.25) has a unique solution
βββℓOGR for ℓ = k + 1, . . . ,K with

∑k
i=1[βββ

ℓ
OGR]i+1pi =

∑k
i=1[βββ

ℓ
EIM ]i+1qi. From P2 we know

that pℓ(xxx) −
∑k

i=1 β
ℓ
i+1qi(xxx) = 0 for ℓ = 1, . . . , k. On the other hand, the polynomials
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pk+1, . . . , pK are linearly independent from {pi}ki=1. Thus, the splitting step (8.25) of
OGR is equivalent to the two maximization problems of EIM in lines 8-9, meaning that
we obtain x̃xxk+1 = ỹk+1 and pℓk+1

= p̂k+1. Finally, by the definition of qk+1 we obtain
span{pi}K̂i=1 = span{qi}K̂i=1.

8.2.3 Practical implementation aspects

To solve the initialization problems (8.11) and (8.23), and the splitting-step problems
(8.13) and (8.25) numerically, we consider a strategy used for both the Leja points (see,
e.g., [62]) and EIM (see, e.g., [14, 59]). The idea is to replace the input space X by a
finite approximation (e.g., a grid), which we denote by Xh, compute the value of the cost
function at every xxx ∈ Xh, and select the point x̃xx corresponding to the maximum value.

Notice that the computational effort of this approach grows exponentially with respect to
the dimension of X (increasing with N and n). A possible solution, based on the so-called
Fast Leja points (see [12]), is to adaptively enlarge the discrete set Xh in each iteration.
A similar strategy can also be applied to our GR algorithms. However, the discussion of
these implementation details goes beyond the scope of this work.

8.2.4 Data approximation GR for polynomial interpolation

Following the idea described in Section 8.2.3 and replacing the space X by Xh = {xxxj}Jj=1,
J ∈ N, the evaluations of the polynomials p1, . . . , pK on Xh can be precomputed, resulting
in a discrete set

Z := {(xxxj , pi(xxxj))}i∈{1,...,N},
j∈{1,...,J}

.

In this way, we can provide GR directly with Z, instead of the set of polynomials B. On
the other hand, this approach can also be interpreted as GR trying to approximate the
“data” Z by polynomial functions.

This motivates the application of DGR (Algorithm 8 in Section 8.1) to the setting of
polynomial interpolation. The idea is to consider a data set Z = {(xxxj , f(xxxj))}Jj=1 ⊂ X×R
and find the smallest number of data points J̃ ∈ N, J̃ ≤ J , such that the polynomial
of degree J̃ − 1 interpolating {(x̃xxj , f(x̃xxj))}J̃j=1 also approximates well the remaining data
Z\{(x̃xxj , f(x̃xxj))}J̃j=1. For brevity, let us denote yj := f(xxxj), j = 1, . . . , J . The new version of
DGR is stated in Algorithm 12. Notice that the fitting step in line 4 is no longer formulated
as a least squares problem, since the interpolation of k points by a polynomial of degree
k − 1 is exact.

Let us now test the performance of DGR to interpolate the famous Runge function

f(x) =
1

1 + 25x2
, x ∈ [−1, 1]. (8.29)

We provide DGR with a tolerance tol = 10−10 and a data set {(xj , f(xj))}Jj=1 with equidis-
tant points xj = −1+2 j−1

J−1 , j = 1, . . . , J . To solve the interpolation problem in the fitting
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Algorithm 12 DGR for approximation by polynomials
Require: A data set Z = {(xxxj , yj)}Jj=1 for J ∈ N and a tolerance tol > 0.
1: Find (x̃xx1, ỹ1) that solves

max
(xxx,y)∈Z

|y|2. (8.27)

2: Update Z ← Z \ (x̃xx1, ỹ1) and set fsplit = |ỹ1|, k = 1.
3: while k ≤ J − 1 and fsplit ≥ tol do
4: Fitting step: Find pk ∈ Pk−1 that interpolates {(x̃xxj , ỹj)}kj=1.
5: Splitting step: Find (x̃xxk+1, ỹk+1) that solves

max
(xxx,y)∈Z

|pk(xxx)− y|2. (8.28)

6: Update Z ← Z \ (x̃xxk+1, ỹk+1), fsplit ← |pk(x̃xxk+1)− ỹk+1| and k ← k + 1.
7: end while

step (line 4 of DGR), we use the barycentric Lagrange interpolation (see [23]). To test the
performance of DGR, we evaluate the interpolation error

max
x∈Xh

|f(x)− pk(x)| (8.30)

at each iteration k of DGR on a fine grid Xh ⊂ [−1, 1] of 100000 equidistant points. We
then compare the result to the interpolation error for the same amount of Chebyshev nodes
(compare, e.g., [60, (10.20)]) and Fast Leja points (see [12]). The results for data sets of
sizes J = 100 and J = 1000 are shown in Figure 8.2.

We observe that DGR for a data set of size J = 1000 terminates after k = 124 iterations
(by reaching the required tolerance tol = 10−10) and is able to match the convergence rate
of the Chebyshev nodes and Fast Leja points. If we only provide DGR with J = 100 data
points, it begins to diverge after 40 iterations. However, this is to be expected since the
data {(xj , f(xj))}Jj=1 provided to DGR are produced using equidistant points xj , which
are known to have a divergent interpolation error for the Runge function (compare, e.g.,
[60, Example 8.1]). However, the interpolation error for pure equidistant points in Figure
8.2 already starts to diverge at 10 interpolation points.

Obviously, the computational effort of DGR is larger than that in computing the Chebyshev
nodes or Fast Leja points. Nevertheless, our investigations serve as a proof-of-concept that
this data GR framework can perform well for polynomials, with the advantage that it can
be extended to other frameworks.

8.3 A greedy algorithm for function approximation by resid-
ual neural networks

The advantage of our class of greedy algorithms is that the approximation ansatz does
not have to be linear with respect to the coefficients βββ. This allows us to extend them to
the field of deep learning, where a neural network depends nonlinearly on parameters, like
weights and biases as in the following example.
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Figure 8.2: Interpolation error (8.30) for the Runge function (8.29), using the barycentric
Lagrange interpolation for the points computed by DGR at iteration k for
a data set of size J = 100 (blue crosses) and J = 1000 (orange crosses),
and for Chebyshev nodes (green triangles), Fast Leja points (red circles) and
equidistant points (purple squares) of degree k.

We consider the following class of residual neural networks. For a network FW,b of depth
m with activation function σ and input xxx =: zzz0, we let

zzzi =

{
σ(W [i−1]zzzi−1 + bbb[i−1]) for i ∈ {1,m},
zzzi−1 + σ(W [i−1]zzzi−1 + bbb[i−1]) otherwise.

In other words, the input of each hidden layer is summed directly to its output. That
automatically implies that the widths of all hidden layers are equal. Thus, the architecture
of any such network FW,b is determined by its depth m and the widths of all hidden layers
d.

For inputs (x̃xxj)
J
j=1, the problem of approximating a function f by a neural network can be

formulated as
min

(W,b)∈W(d)
L
(
(FW,b(x̃xxj))

J
j=1, (f(x̃xxj))

J
j=1

)
, (8.31)

where L is a loss function, for example, the mean squared error

L
(
(FW,b(x̃xxj))

J
j=1, (f(x̃xxj))

J
j=1

)
=

1

J

J∑
j=1

∥f(x̃xxj)− FW,b(x̃xxj)∥22. (8.32)

In Section 8.3.1, we formulate a combination of OGR and DGR that is able to simultane-
ously select a minimal network architecture (namely m and d) and an optimal subset of
training data for a given data set. Afterwards, in Section 8.3.3, we test the performance of
our new method, using residual neural networks to learn the Runge function and a spiral
data set.
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Algorithm 13 NOGR for deep neural networks
Require: A set of networks {F 1

Wi,bi
}Ki=1 with depths {mi}Ki=1 and widths {di}Ki=1 for K ∈ N,

maximum network depth mmax and maximum hidden layer width dmax, a set of training data
Z = {(xxxj , yyyj)}Jj=1 for J ∈ N, a maximum number of iterations Kit ≤ J and two tolerances
tolfit, tolsplit > 0.

1: Set L = {1, . . . ,K}.
2: ((x̃xx1, ỹyy1), fsplit, F

1
NOGR) ← splitting_step(L, {F 1

Wℓ,bℓ
}ℓ∈L,Z).

3: Update Z ← Z \ {(x̃xx1, ỹyy1)} and set k = 1.
4: while k ≤ Kit and fsplit ≥ tolsplit do
5: {(F k+1

Wi,bi
}Ki=1, L) ← fitting_step({F k

Wi,bi
}Ki=1, (x̃xxj , ỹyyj)

k
j=1, tolfit)

6: ((x̃xxk+1, ỹyyk+1), fsplit, F
k+1
NOGR) ← splitting_step(L, {F k+1

Wℓ,bℓ
}ℓ∈L,Z).

7: Update Z ← Z \ {(x̃xxk+1, ỹyyk+1)} and k ← k + 1
8: end while
9: return Training points {(x̃xxj , ỹyyj)}kj=1 and the (trained) network FNOGR = F k

NOGR with smallest
validation loss fsplit.

Algorithm 14 splitting_step
Require: A set of indices L, the corresponding networks {FWℓ,bℓ}ℓ∈L, and a set of points Z =

{(xxxj , yyyj)}J̃j=1, with J̃ ∈ N.
1: for ℓ ∈ L do
2: Splitting step: Find (x̂xxℓ, ŷyyℓ) that solve

max
(xxx,yyy)∈Z

L(FWℓ,bℓ(xxx), yyy). (8.33)

3: Set fℓ = L(FWℓ,bℓ(x̂xxℓ), ŷyyℓ).
4: end for
5: Compute ℓ̃ = argmin

ℓ∈L
fℓ.

6: Set (x̃xx, ỹyy) = (x̂xxℓ̃, ŷyyℓ̃), fsplit = fℓ̃, and FNOGR = FW
ℓ̃
,b

ℓ̃
.

7: return The training point (x̃xx, ỹyy) with validation loss fsplit and corresponding network FNOGR.

8.3.1 OGR for minimal neural network structures

In many machine learning applications the training data is already available. However,
the choice of an appropriate/optimal neural network structure for the specific data is often
only based on heuristics, experience, or determined by trial and error. This leaves open
the possibility of choosing a suboptimal network size, which can lead to under/overfitting
(see, e.g., [44, Section 5.2]). Moreover, even if a “good” network structure is found, it is a
common issue that the data is imbalanced, leading to biased models (see, e.g., [61, Section
5.3.1]) and thereby lack of robustness.

To address these issues, we introduce a new method, called Network OGR (NOGR), which
combines the ideas of the OGR Algorithm 7 and the DGR Algorithm 8. The main idea
of this new greedy algorithm is to select simultaneously a subset of optimal training data
points and the smallest network (trained on the selected data) capable of well representing
the non-selected data. NOGR is stated in Algorithm 13, while its splitting and fitting
steps are detailed in Algorithms 14 and 15. For a better overview, we summarize the role
of some variables in Table 8.1.
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Algorithm 15 fitting_step
Require: A set of networks {FWi,bi}Ki=1 with depths {mi}Ki=1 and widths {di}Ki=1 for K ∈ N, a set

of points {(x̃xxj , ỹyyj)}kj=1 for k ∈ N, and tolerances tolfit ∈ R, mmax and dmax.
1: Set K = ∅.
2: while K = ∅ do
3: for ℓ = 1, . . . ,K do
4: Fitting step: Train FWℓ,bℓ on {(x̃xxj , ỹyyj)}kj=1, i.e., find (W̃ℓ, b̃ℓ) that solve

min
(W,b)∈W(dℓ)

L
(
{FW,b(x̃xxj)}kj=1, {ỹyyj}kj=1

)
, (8.34)

and set FWℓ,bℓ = F
W̃ℓ ,̃bℓ

.
5: end for
6: Set K = {ℓ ∈ {1, . . . ,K} | L

(
{FWℓ,bℓ(x̃xxj)}kj=1, {ỹyyj}kj=1

)
< tolfit}.

7: for i ∈ {1, . . . ,K} \ K do
8: Increase mi and/or di (not beyond mmax, dmax), and update FWi,bi accordingly.
9: end for

10: if min
i∈{1,...,K}

(mi, di) = (mmax, dmax) then
11: STOP with message: “Was not able to fit the data, stopping NOGR!”
12: end if
13: end while
14: return A set of trained networks {FWj ,bj}Kj=1 and a set of indices K.

Let us describe the first iteration of NOGR in more detail. First, NOGR applies the
splitting step (Algorithm 14) to the full set of networks {F 1

Wi,bi
}Ki=1. In this step, for each

network a training point (x̂xx, ŷyy) ∈ Z is computed by maximizing the validation error in
(8.33). Among all these training points, the one that corresponds to the network F 1

NOGR

with the smallest validation error fsplit is selected and denoted by (x̃xx1, ỹyy1). Next, NOGR
checks whether the network F 1

NOGR already represents well enough all the training data,
namely the validation error fsplit is below the tolerance tolsplit. If that is not the case,
NOGR continues with the fitting step (Algorithm 15). Here, all networks are trained
on (x̃xx1, ỹyy1). If the training of some networks is unsuccessful, i.e., the final loss of the
corresponding training problems is larger than the tolerance tolfit, then the depths and/or
widths of these networks are increased. The fitting step is repeated until one training was
successful or the maximum network depth mmax and maximum width of the hidden layers
dmax are reached. In the latter case, the process is stopped because none of the admissible
network architecture was able to represent the selected data. Otherwise, if the training
was successful for one or more of the networks, these (trained) networks are registered in
the set L for the next splitting step.

8.3.2 Practical implementation aspects

The main advantage of the particular class of residual neural networks that we introduced
at the beginning of Section 8.3 is that it limits the amount of choices when upgrading the
network. One can either add a new hidden layer with the same width as all the other
hidden layers or increase the width of all existing hidden layers by 1.



8.3. A GREEDY ALGORITHM FOR FUNCTION APPROXIMATION BY RESIDUAL
NEURAL NETWORKS 99

Variable name Description/Role
mmax, dmax Bounds on the depth and hidden layer width of the networks

{FWj ,bj}Kj=1.
tolfit Tolerance used in the fitting step to decide whether the training of a

network was successful or not.
tolsplit Tolerance used to terminate NOGR if the validation error of a

network is sufficiently small.
K Set of indices computed during the fitting step, indicating which

networks were successfully trained.
L Set of indices deciding which networks are considered in the splitting

step. At iterations k ≥ 2 we have L = K.
Z Set of training points not selected by NOGR at a certain iteration.

Table 8.1: Description for some variables used in Algorithms 13, 14, and 15.

Let us explain this upgrade strategy in more detail. We initialize NOGR with a set of
networks {FWi,bi}Ki=1 that have no hidden layers (i.e., mi = di = 0), but different weights
and biases that are randomly chosen in [−1, 1]. In the first architecture update in lines 7-9
of the fitting step (Algorithm 15), we replace all {FWi,bi}i∈{1,...,K}\K with random networks
that have exactly one hidden layer of width 1, i.e., mi = di = 1. For all further updates,
we use the smallest (successfully trained) network as reference size and add either a new
hidden layer, or increase the width of all hidden layers by 1. More precisely, by defining
#FW,b as the total number of weights and biases in the network FW,b, we compute the
index of the smallest (successfully trained) network ℓ̂ as

ℓ̂ =


argmin

ℓ∈K
#FWℓ,bℓ if K ̸= ∅,

argmin
ℓ∈{1,...,K}

#FWℓ,bℓ otherwise.

Then we set (m̃1, d̃1) = (m
ℓ̂
+ 1, d

ℓ̂
) and (m̃2, d̃2) = (m

ℓ̂
, d

ℓ̂
+ 1), and replace the set

{FWi,bi}i∈{1,...,K}\K with random networks such that half of them have depth m̃1 and
hidden layers of width d̃1, and the other half have depth m̃2 and hidden layers of width d̃2.

Remark 8.3.1 NOGR can also be extended to other classes of neural networks. The main
challenge here is to design an appropriate strategy to update the network architecture (lines
7-9 in Algorithm 15). For general feedforward neural networks, for example, the number of
possible incremental upgrades (by one node) grows proportionally to the number of hidden
layers.

8.3.3 Numerical experiments

We test the performance of NOGR, using the residual network structure and upgrade
strategy discussed in Section 8.3.2. For our first test we consider again the Runge function.
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Figure 8.3: Left: Runge function (blue line), inputs (x̃j)
11
j=1 of the data points selected by

NOGR (green crosses), for tolerances tolfit = tolsplit = 10−5, and output of the
network FNOGR on an equidistant gridXh of 100000 points (orange dash-dotted
line). Right: Same as left, but for smaller tolerances tolfit = tolsplit = 10−7.

Afterwards, we apply NOGR to a two-dimensional spiral data set. Our implementations
use PyTorch [8].

An optimal residual network for the Runge function

Our goal is to find the smallest residual network that is able to learn the Runge function
(8.29). Similar to Section 8.2.4, we consider a data set {(xj , f(xj))}Jj=1 for J = 100
equidistant points xj ∈ [−1, 1].

For all networks in this section, we fix input and output size to d0 = dm = 1 and use the
hyperbolic tangent as activation function, i.e., σ(x) = tanh(x). Since we want to learn the
outputs of a function, we consider the mean squared error loss (8.32). We solve the fitting-
step problem (8.34) using a BFGS method with the full gradient to have good convergence
properties. Notice that there is no need to apply any stochastic optimization approach,
since the fitting step at iteration k trains the networks only on the selected training points
{(x̃xxj , ỹyyj)}kj=1.

We run NOGR for a set of K = 100 networks, a maximum network width and depth of 20
and tolfit = tolsplit = 10−5. The algorithm stops after 11 iterations, selecting data points
(x̃j , f(x̃j))

11
j=1 and a network FNOGR of size (1, 1, 1, 1, 1, 1, 1), i.e., 5 hidden layers of width

1, accumulating to 11 trainable parameters. The loss of FNOGR on the full training data
set of 100 points is 5.32 · 10−7, the loss on a fine grid Xh ⊂ [−1, 1] of 100000 equidistant
points is 5.38 · 10−7. The results are plotted in Figures 8.3 and 8.4. For a fixed network
FW,b the interpolation error in Figure 8.4 is defined as

max
x∈Xh

|f(x)− FW,b(x)|. (8.35)

To obtain the plots in Figure 8.4, we train the networks {F k
Wi,bi
}100i=1 used in the NOGR

fitting step in the iterations k = 3, . . . , 11 on the data points {(xj , f(xj))}kj=1, where
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Figure 8.4: Left: Interpolation error (8.35) of F k
NOGR at iteration k ∈ {3, . . . , 11} (or-

ange crosses) for tolerances tolfit = tolsplit = 10−5, compared to the smallest
interpolation error achieved by one of the networks {F k

Wi,bi
}100i=1 trained on k

Chebyshev nodes (green triangles), Fast Leja points (red circles) or equidistant
points (purple squares), respectively. Right: Absolute difference (8.36) for
the final network FNOGR = F 11

NOGR (orange line) evaluated on a fine grid of
100000 points in [−1, 1], compared to the error for the one network from the set
{F 11

Wi,bi
}100i=1 that achieved the smallest interpolation error when trained on 11

Chebyshev nodes (green dash-dotted line), Fast Leja points (red dash-dotted
line) or equidistant points (purple dash-dotted line), respectively.

the inputs xj correspond to k Chebyshev nodes, Fast Leja points or equidistant points,
respectively. We then select, for each iteration and each input set, the network F k

W,b with
the smallest interpolation error (8.35), and plot this error in the left-hand side plot of
Figure 8.4. For the final iteration k = 11, we additionally plot the absolute difference

|f(x)− FW,b(x)|, x ∈ Xh, (8.36)

for the networks F 11
W,b, selected for the different sets of inputs, in the right-hand side plot

of Figure 8.4. We observe that all input sets perform similarly until iteration k = 8.
Afterwards, NOGR outperforms the other input sets by one order of magnitude. One
possible reason is the fact that NOGR places more inputs towards the center of the interval,
where the Runge function exhibits more rapid changes. Indeed, as we can see from the
right-hand side plot in Figure 8.4, the networks corresponding to Chebyshev nodes, Fast
Leja points and equidistant points have the largest error in the center area of the interval.
On the other hand, the error peaks for the network FNOGR seem to be the smallest in the
center. This could also explain why the equidistant points perform better than Chebyshev
and Leja points, which tend to accumulate more points towards the bounds of the interval.
However, we also notice that the points, where the error is dropping very low (i.e., the
intersection points between the smooth network functions FW,b(x) and the Runge function),
do not necessarily coincide with the training points. The reason for this is that there is
no guarantee that a trained network will interpolate the training data exactly, especially
since we are dealing with rather small networks.



102 CHAPTER 8. GR ALGORITHMS FOR FUNCTION APPROXIMATION

Figure 8.5: Same as Figure 8.4, but for smaller tolerances tolfit = tolsplit = 10−7.

To better understand the role of the tolerances in NOGR, we repeat our test with tolfit =
tolsplit = 10−7. As expected, the algorithm requires more iterations (13) and a larger
network FNOGR of size (1, 2, 2, 2, 2, 2, 2, 1) in order to fit the data in accordance with the
smaller tolerances. This means that FNOGR has one more layer than for the larger toler-
ances, and the width of all hidden layers is increased by 1. Although this corresponds to
“only” two upgrades of the network structure, the number of trainable parameters more
than triples to a total of 36. On the other hand, we also obtain a smaller loss on the full
training data set (9.48 · 10−9) and on the fine grid Xh (9.56 · 10−9). The results are plotted
in Figures 8.3 and 8.5. As before, the networks trained on the data selected by NOGR
outperform the ones trained on data corresponding to other input sets.

Optimal learning of a two-dimensional spiral data set

In this numerical experiment, we apply our NOGR to find the smallest residual neural
network that separates two spirals in R2. The data set for this example is adapted from
[47], and consists of 600 input vectors xxx ∈ R2 and corresponding labels yyy ∈ {( 01 ), ( 10 )} ⊂ R2

that indicate whether xxx belongs to the red or blue spiral. We randomly select J = 450 data
points for NOGR and set aside the remaining 150 points to test the performance of NOGR
a posteriori. For all networks in this section, we set input and output size to d0 = dm = 2.
As activation function, we use again the hyperbolic tangent, i.e., σ(x) = tanh(x). Since
we consider a classification problem, we use the cross entropy loss in both sub-problems of
NOGR

L(zzz,yyy) := −
2∑

i=1

log
exp([zzz]i)∑2
j=1 exp([zzz]j)

[yyy]i.

We solve the fitting-step problem (8.34) with a (full gradient) BFGS method.

We run NOGR for a set of K = 100 networks, a maximum network width and depth of 20
and tolfit = tolsplit = 10−7. The algorithm stops after 58 iteration with a network FNOGR

of size (2, 4, 2), i.e., one hidden layer of width 4, accumulating to 20 trainable parameters.
The loss of FNOGR on the full training data set of 450 points is 1.06 · 10−9, the loss on the



8.3. A GREEDY ALGORITHM FOR FUNCTION APPROXIMATION BY RESIDUAL
NEURAL NETWORKS 103

Figure 8.6: Full spiral data set (red and blue curve), inputs {x̃xxj}58j=1 of the data points
selected by NOGR (orange crosses) and decision output of the network FNOGR

for all points on the domain (dark and light gray areas).

Figure 8.7: Spiral training data (red and blue curve), inputs (x̃xxj)
k
j=1 of the data points

selected by NOGR at iterations k = 14, 28, 42 (from left to right) and decision
output of the network F k

NOGR for all points on the domain (dark and light gray
areas).

150 test points is 6.36 · 10−9 with a classification accuracy of 100%. The spiral training
data, the outputs of the trained network FNOGR and the selected data points {(x̃xxj , ỹyyj)}58i=1

are plotted in Figure 8.6. As we can see, the relatively small network FNOGR selected by
NOGR is able to separate the two spirals, while using only ≈ 13% of the training data.
In fact, the interface drawn by FNOGR between the dark and light area is almost the best
possible linear separation for the fewest number of vertices. The placement of {(x̃xxj , ỹyyj)}58j=1

is also very interesting. Many of them seem to be chosen close to vertices and edges of the
separation interface. To better understand the interplay of selecting points and training the
network during NOGR, we show in Figure 8.7 the inputs {x̃xxj}kj=1 of the data points selected
by NOGR and the output of the intermediate network F k

NOGR, at iterations k = 14, 28, 42.





Chapter 9

Conclusions and Outlook

In this thesis, we developed, analyzed and tested greedy reconstruction algorithms. In
particular, we tackled the reconstruction of operators in dynamical systems. Our analysis
for the reconstruction of control operators in linear ODEs revealed the strong dependence
of the performance of the standard GR algorithm on the observability properties of the
system. The OGR algorithm, on the other hand, was able to adjust the basis elements
used to reconstruct the unknown operator, ensuring a precise and efficient reconstruction.

To extend our results to nonlinear problems for the reconstruction of drift operators in
linear and bilinear systems, we considered a linearized approach inspired by GN. We proved
that the controls obtained by LGR lead to local convergence of GN applied to the online
nonlinear identification problem. In addition to observability, this convergence depends
also on the controllability properties of the underlying system. Our results also extended
to the controls obtained by the standard GR algorithm on the original system (without
linearization). Numerical experiments demonstrated the efficiency of our algorithms.

The effectiveness of our algorithms was further validated by an application to spin dy-
namics in NMR, where GR and OGR successfully reconstructed different joint probability
distributions of two Hamiltonian parameters.

Finally, we introduced a new class of GR algorithms designed to improve the data selec-
tion process for general function approximation problems while simultaneously minimizing
the structure of the ansatz within a given family of approximation functions. Theoreti-
cal and numerical studies on polynomial interpoltion and neural network approximations
highlighted the efficiency of our methods.

Overall, our greedy reconstruction algorithms offer significant potential for future research.
A first extension of OGR to partial differential equations in [16], focusing on the reconstruc-
tion of unknown monotone nonlinear operators in semilinear elliptic models, has already
proven to be very effective. The structure optimization features of our NOGR algorithm
also appear highly promising, with a wide range of possible applications, for example min-
imizing the kernel sizes of convolutional neural networks for image classification.
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Appendix A

Local convergence of the
Gauss-Newton method

We provide a detailed proof for the local convergence of GN, inspired by [51, Theorem 2.4.1].

Theorem A.0.1 (local convergence of GN) Let βββ⋆ be a minimizer of (2.15) such that
for all m ∈ {1, . . . ,K} the function Rm is Lipschitz continuously differentiable near βββ⋆.
Then there exist ĉ, δ > 0 such that if βββc ∈ Bδ(βββ⋆), then Ŵc =

∑K
m=1R

′
m(βββc)

⊤R′
m(βββc) is

nonsingular and the error in the GN iteration satisfies

∥βββ+ − βββ⋆∥ ≤ ĉ
(
∥βββc − βββ⋆∥2 + ∥βββc − βββ⋆∥

K∑
m=1

∥Rm(βββ⋆)∥
)
, (A.1)

where βββ+ denotes the next GN iterate:

βββ+ = βββc −
( K∑

m=1

R′
m(βββc)

⊤R′
m(βββc)

)−1( K∑
m=1

R′
m(βββc)

⊤Rm(βββc)
)
. (A.2)

Proof. Let Lm be the Lipschitz constant of R′
m for m = 1, . . . ,K and δ > 0 be sufficiently

small such that the matrix Ŵ (βββ) :=
∑K

m=1R
′
m(βββ)⊤R′

m(βββ) is nonsingular for all βββ ∈ Bδ(βββ⋆).
The existence of such a δ follows by Lemma 5.7. Let βββc ∈ Bδ(βββ⋆) and define eeec := βββc −βββ⋆
and eee+ = βββ+ − βββ⋆. We have

Rm(βββc) = Rm(βββ⋆) +

∫ 1

0
R′

m(βββc + λ(βββ⋆ − βββc))eeecdλ

= Rm(βββ⋆) +R′
m(βββc)eeec +

∫ 1

0

(
R′

m(βββc + λ(βββ⋆ − βββc))−R′
m(βββc)

)
eeecdλ

and hence

∥R′
m(βββc)eeec +Rm(βββ⋆)−Rm(βββc)∥ = ∥

∫ 1

0

(
R′

m(βββc + λ(βββ⋆ − βββc))−R′
m(βββc)

)
eeecdλ∥

≤
∫ 1

0
∥R′

m(βββc + λ(βββ⋆ − βββc))−R′
m(βββc)∥∥eeec∥dλ
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Using the Lipschitz continuity of R′
m with Lipschitz constant Lm, we obtain

∥R′
m(βββc)eeec +Rm(βββ⋆)−Rm(βββc)∥ ≤

∫ 1

0
λLm∥βββc − βββ⋆∥∥eeec∥dλ =

Lm

2
∥eeec∥2. (A.3)

Since βββ⋆ is a minimizer of (2.15), we also have

0 = ∇
( K∑

m=1

1

2
Rm(βββ)⊤Rm(βββ)

)∣∣∣
βββ=βββ⋆

=

K∑
m=1

R′
m(βββ⋆)

⊤Rm(βββ⋆)

and thus

−
K∑

m=1

R′
m(βββc)

⊤Rm(βββ⋆) =
K∑

m=1

⟨R′
m(βββ⋆)−R′

m(βββc), Rm(βββ⋆)⟩. (A.4)

Using (A.2) and
(∑K

m=1R
′
m(βββc)

⊤R′
m(βββc)

)−1(∑K
m=1R

′
m(βββc)

⊤R′
m(βββc)

)
= IK , we obtain

eee+ = eeec −
( K∑

m=1

R′
m(βββc)

⊤R′
m(βββc)

)−1( K∑
m=1

R′
m(βββc)

⊤Rm(βββc)
)

=
( K∑

m=1

R′
m(βββc)

⊤R′
m(βββc)

)−1( K∑
m=1

R′
m(βββc)

⊤(R′
m(βββc)eeec −Rm(βββc)

))
.

In summary, we have

∥eee+∥ =
∥∥∥( K∑

m=1

R′
m(βββc)

⊤R′
m(βββc)

)−1( K∑
m=1

R′
m(βββc)

⊤(R′
m(βββc)eeec −Rm(βββc)

))∥∥∥
≤
∥∥∥( K∑

m=1

R′
m(βββc)

⊤R′
m(βββc)

)−1∥∥∥︸ ︷︷ ︸
=:cβββc

∥∥∥ K∑
m=1

R′
m(βββc)

⊤(R′
m(βββc)eeec −Rm(βββc)

)∥∥∥

= cβββc

∥∥∥ K∑
m=1

R′
m(βββc)

⊤(−Rm(βββ⋆) +R′
m(βββc)eeec +Rm(βββ⋆)−Rm(βββc)

∥∥∥
≤ cβββc

[∥∥∥ K∑
m=1

R′
m(βββc)

⊤Rm(βββ⋆)
∥∥∥+ K∑

m=1

∥R′
m(βββc)∥∥R′

m(βββc)eeec +Rm(βββ⋆)−Rm(βββc)∥

]
(A.3)
≤ cβββc

[∥∥∥ K∑
m=1

R′
m(βββc)

⊤Rm(βββ⋆)
∥∥∥+ K∑

m=1

∥R′
m(βββc)∥

Lm

2
∥eeec∥2

]
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(A.4)
≤ cβββc

[
K∑

m=1

∥⟨R′
m(βββ⋆)−R′

m(βββc), Rm(βββ⋆)⟩∥+
K∑

m=1

∥R′
m(βββc)∥

Lm

2
∥eeec∥2

]

≤ cβββc

K∑
m=1

(
Lm∥βββ⋆ − βββc∥∥Rm(βββ⋆)∥+ ∥R′

m(βββc)∥
Lm

2
∥eeec∥2

)
≤
(

max
m∈{1,...,K}

Lm

)
︸ ︷︷ ︸

=:Lmax

cβββc

K∑
m=1

2∥eeec∥∥Rm(βββ⋆)∥+ ∥R′
m(βββc)∥∥eeec∥2

2

≤ Lmaxcβββc

[
K∑

m=1

2∥eeec∥∥Rm(βββ⋆)∥+ ∥R′
m(βββc)∥∥eeec∥2

2
+ ∥eeec∥2

+
∥R′

m(βββc)∥∥Rm(βββ⋆)∥∥eeec∥
2

]

= Lmaxcβββc

K∑
m=1

2 + ∥R′
m(βββc)∥
2

(
∥eeec∥2 + ∥eeec∥∥Rm(βββ⋆)∥

)
≤ Lmaxcβββc

max
i∈{1,...,K}

(
1 +
∥R′

i(βββc)∥
2

)(
∥eeec∥2 + ∥eeec∥

K∑
m=1

∥Rm(βββ⋆)∥
)

Setting

ĉ = Lmax max
βββ∈Bδ(βββ⋆),
i∈{1,...,K}

cβββ

(
1 +
∥R′

i(βββ)∥
2

)

= Lmax max
βββ∈Bδ(βββ⋆),
i∈{1,...,K}

∥∥∥( K∑
m=1

R′
m(βββ)⊤R′

m(βββ)
)−1∥∥∥(1 + ∥R′

i(βββ)∥
2

)

completes the proof.
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