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Abstract—With the surge of data-driven analysis techniques,
there is a rising demand for enhancing the exploration of large
high-dimensional data by enabling interactions for the joint analy-
sis of features (i.e., dimensions). Such a dual analysis of the feature
space and data space is characterized by three components, 1) a
view visualizing feature summaries, 2) a view that visualizes the
data records, and 3) a bidirectional linking of both plots triggered
by human interaction in one of both visualizations, e.g., Linking
& Brushing. Dual analysis approaches span many domains, e.g.,
medicine, crime analysis, and biology. The proposed solutions en-
capsulate various techniques, such as feature selection or statistical
analysis. However, each approach establishes a new definition of
dual analysis. To address this gap, we systematically reviewed
published dual analysis methods to investigate and formalize the
key elements, such as the techniques used to visualize the feature
space and data space, as well as the interaction between both spaces.
From the information elicited during our review, we propose a
unified theoretical framework for dual analysis, encompassing all
existing approaches extending the field. We apply our proposed
formalization describing the interactions between each component
and relate them to the addressed tasks. Additionally, we categorize
the existing approaches using our framework and derive future
research directions to advance dual analysis by including state-of-
the-art visual analysis techniques to improve data exploration.

Index Terms—Visual analytics, dual analysis, feature space, data
space, feature exploration, mixed data, high-dimensional data.

I. INTRODUCTION

O
NE of the major challenges faced by data analysts when
exploring and analyzing collected data is the detection

of interesting patterns and relationships among data items and
features (i.e., dimensions). This is due to multiple reasons.
First, the sheer size of the datasets, and second, the complexity

This work was supported in part by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) under Grant 251654672 – TRR 161
(Project A03), in part by the Federal Ministry of Education and the Research of
Germany (BMBF) through PEGASUS under the Program “Forschung für die
zivile Sicherheit 20182023” and its announcement “Zivile Sicherheit - Schutz
vor organisierter Kriminalität II,” and in part by ETH AI Center. Recommended
for acceptance by W. Chen. (Corresponding author: Frederik L. Dennig.)

Frederik L. Dennig, Matthias Miller, and Daniel A. Keim are with the
University of Konstanz, 78464 Konstanz, Germany (e-mail: frederik.dennig@
uni-konstanz.de; matthias.miller@uni-konstanz.de; keim@uni-konstanz.de).

Mennatallah El-Assady is with AI Center, ETH Zürich, 8092 Zürich, Switzer-
land (e-mail: melassady@ai.ethz.ch).

Fig. 1. Dual analysis leverages the interactions on the feature space and data
space by linking the visualizations of both spaces. Both spaces are tightly
coupled, allowing for joint analysis with an immediate response.

of patterns that analysts are facing during the investigation.
A popular way to explore large high-dimensional datasets is
dual analysis. Dual analysis is a technique first introduced by
Turkay et al. [1] for the analysis of DNA microarrays. This first
instantiation enabled users to perform correlation exploration
and hypothesis generation utilizing interactive visual analy-
sis. Turkay et al.’s approach employed three key components:
1) A view visualizing summaries of features, i.e., Scatterplots of
summary statistics, 2) a view that visualizes the data points, here,
a projection based on Principal Component Analysis (PCA) [2],
and 3) a bidirectional linkage of both visualizations, in this
case, through Linking & Brushing. With those three compo-
nents, dual analysis allows for simultaneous visual investiga-
tion and manipulation of features and data items (Fig. 1). In
recent years, approaches solved problems in other domains,
such as medicine [3], [4], [5], [6], [7], [8], crime analysis [9],
[10], [11], [12], and finance [12], [13], [14]. Other approaches
exchanged the visualizations for feature and data space, e.g.,
Parallel Coordinate Plots (PCPs) [15], and also used different
interaction techniques on these visualizations, such as Drag &
Drop interactions [16], [17] or subspace selection [7], [9], [10],
[13], [14], [18], which necessitates adaptation of the linkage
between features and data space. Implementations using the dual
analysis paradigm are mainly geared toward specific use cases,
while only some are designed for multiple domains.

The strength of dual analysis is that the link between the
feature and data space visualization allows for an immediate
response, which in turn allows for a fast hypothesis genera-
tion and validation, ultimately enhancing the knowledge gen-
eration process [19]. The visualization of feature and data
space symmetrically leverages the preference of humans for
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symmetry [20]. Since the available approaches are domain-
specific, tackling a specific problem, transferring these ap-
proaches to solve new problems in other domains is non-trivial.
Additionally, many previous works popularized dual analysis for
multivariate data analysis, where the data items and attributes are
simultaneously shown in two adjacent and symmetric views [1],
[17], [21], e.g., two Scatterplots using the same dimensionality
reduction technique and interaction for feature and data space.
These approaches only focus on detecting similarities among
data items and features, or analyzing the impact of a feature
on the topology of the dataset. Approaches that do not employ
a symmetric design are more flexible. However, the linkage
of both visualizations is less straightforward, since both views
have other benefits and limitations. Additionally, the number of
conceivable combinations is vast. Thus, we provide a formal
model that can help structure the development of new dual
analysis approaches. Generally, dual analysis approaches lack
the capabilities of visual analytics frameworks that employ more
sophisticated techniques. For example, machine learning tools,
such as interesting subspace recommendation [22] and feature
selection algorithms [23], [24], layout enrichment for Scatter-
plots [25], analytical provenance [26], and guidance mecha-
nisms [27]. We argue that the introduction of those techniques
into the dual analysis framework to explore, reduce, and trans-
form the data will improve its usefulness since these techniques
already improve other visual analytics frameworks. However,
the addition of those algorithms is challenging since dual anal-
ysis depends on a meaningful interplay between the feature and
data space visualizations. Thus, interfaces enabling the integra-
tion of machine-learning techniques need to be well-defined. A
comprehensive overview of existing dual analysis approaches is
missing in the current literature. Thus, we performed a system-
atic literature review to get a comprehensive and well-grounded
understanding of the area. We present seven scenarios describing
ways of applying the dual analysis approaches in addition to
their fundamental properties, goals, and use cases, including
which techniques have been used to create meaningful feature
and data space visualizations and interactions. One challenge
faced for future applications is that the state of the feature and
data space view need to stay coherent, even with more complex
and sophisticated algorithms and interactions. Thus, our FS/DS
model presents a unified framework incorporating previously
disjunct approaches for dual analysis. Our key contributions
include the following:
r A systematic literature review describing fundamental

properties, goals, and use cases of existing dual analysis
approaches.

r A theoretical model for dual analysis describing the key
components, yielding a formal description of the design
space for dual analysis approaches.

r Validation of our formal framework through descriptive

and generative use.
Our contributions enable researchers and developers to in-

clude additional analytical capabilities, such as machine learning
algorithms and visualization techniques. Finally, we discuss
the limitations of our work and present promising research
directions.

II. RELATED WORK

This work is related to previous publications in several ways:
It is concerned with general theoretical models for visual analyt-
ics, specifically proposing one for dual analysis, and it is related
to interaction and task taxonomies. Thus, we will cover how they
relate to dual analysis and what they are lacking regarding dual
analysis interactions. We will briefly describe how our proposed
framework will address these shortcomings.

A. Theoretical Models in Visual Analytics

Before proposing a formal and theoretical framework for dual
analysis, we relate to formal and theoretical models in Visual
Analytics (VA) and information visualization.

Jarke J. van Wijk [29] proposed a formal model for visual-
ization, which models visualization as a function of data and
its specification. The specification can be changed by the user
based on the knowledge gained after the perception of the
visualization through an exploration process. These interactions
are represented as processes or functions (i.e., visualization,
perception, and exploration), while the data, the visualization,
and its specification are denoted as parameters for the processes.
This model was adapted by Green et al. [28], [30] adding
interaction between the perception and exploration, as well as
the exploration and the users’ knowledge. This update highlights
that perception directly impacts exploration, and knowledge is
also gained through exploration and interaction.

Another high-level model for general VA approaches was
published by Keim et al. [31]. It describes the visual analytics
process as characterized via interactions between data, visual-
izations, models about data, and the user to discover knowledge.
It defines VA as a combination of automatic and visual analysis
techniques with a tight coupling through human interactions,
with the primary goal of gaining new insights from data. Thus,
the first step in the model is to transform the data to derive
different representations for subsequent exploration through
automatic or visual analysis. This model makes a clear dis-
tinction between automatic and visual analysis and keeps them
separated. Also, all transformations are framed as preprocessing.
The model describes automated analysis as data mining methods
that are used to create models of the data. With these models, the
analyst can evaluate and refine the model by interacting with the
data through visualization. Visualizations can also allow analysts
to parameterize automatic methods. Model visualizations are
described as tools for the evaluation of the model itself and the
validation of the generated findings. The interplay of automatic
and visual techniques is a hallmark of VA. Thus, this model
allows for the continuous refinement and adaption of hypotheses.

An extension of this model is the Knowledge Generation
Model by Sacha et al. [19]. It takes the model by Keim et al. and
extends it with three loops, namely exploration, verification, and
knowledge generation. This model places these three loops in the
domain of the users, while the model by Keim et al. represents the
computation domain. The exploration loop is described with two
steps: Action and finding. The verification loop with hypothesis
and insight. Most importantly, it describes these steps as nested,
e.g., a finding can lead to new insights, which can help create a
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new hypothesis, which can be tested through an action using a
VA approach. Finally, through the exploration and verification
of the action, the user can gain new knowledge about the data by
verifying the explored hypothesis through multiple perspectives
and insights. Thus, the model by Sacha et al. focuses on the user
rather than the algorithmic or computer side.

Our work contributes a theoretical and formal framework for
the dual analysis of feature and data space. One of the benefits
of formalization is the systematization of core operations on the
data while describing what tasks are achievable or not with which
techniques, such as visualization and interaction techniques.
Thus, it provides a more detailed model by focusing on specific
properties of dual analysis and is designed explicitly to abstract
key properties. Yet, it remains at a high level such that we present
our contribution in a way that corresponds to these existing
models focusing on the core operations.

B. Interaction Techniques and Taxonomies

Dual analysis approaches leverage interaction techniques to
enhance opportunities to extract relevant information from the
visual representation of the feature and data space. Various
taxonomies and generic frameworks explore the design space
of visual interaction.

Yi et al. [32] present a framework and taxonomy for infor-
mation visualization interaction techniques, which categorizes
lower-level interactions into seven groups, namely 1) Select:
mark something as interesting, 2) Explore: show something else,
3) Reconfigure: show a different arrangement, 4) Encode: show
a different representation, 5) Abstract/Elaborate: show more
or less detail, 6) Filter: show something conditionally, and 7)
Connect: show related items. These categories are focused on the
user intent rather than the users’ low-level actions. For instance,
Lekschas et al. [33] introduced the technique “Interactive Piling”
to facilitate the visual organization, exploration, and comparison
of numerous small multiple using the pile metaphor to provide
visual aggregations.

The taxonomy by Brehmer and Munzner [34] extends the
ideas by Yi et al. [32]. It describes a multi-level typology for
information visualization tasks. The authors specifically differ-
entiate the ends (i.e., user intent) from the means (i.e., user
action), with the primary goal of describing why and how a task
is performed. Additionally, Brehmer and Munzner address the
inputs and outputs of a given task to create a comprehensive
taxonomy. It allows for the expression of complex tasks as
sequences of simple, interdependent tasks. All intents, inter-
actions, inputs, and outputs are described in an abstract rather
than a domain-specific way, allowing for an application of the
taxonomy to a large set of VA systems. Nonato and Aupetit [25]
applied the taxonomy by Brehmer and Munzner [34] to dimen-
sionality reduction, formalizing tasks specific for dimensionality
reduction.

Landesberger et al. [35] present a new taxonomy for user
interaction in VA applications by comparing existing interaction
taxonomies. This approach covers three high-level areas, i.e.,
visualization, reasoning, and data processing. Each area consists
of two subcategories, i.e., of data changes and changes in the

respective representation. In this taxonomy, changes in the data
impact the visualized dataset, and changes in visualizations refer
to different forms of interaction. Changes in the dataset are
categorized into two subcategories. The first reflects changes
that impact the data selection, such as filtering, while the second
comprises changes that affect the dataset, such as editing or an-
notation. The visualization changes are subdivided into changes
in the visualization parameters and changes in visualization type
or scheme, as described by Bertini et al. [36].

Endert et al. [37] specifically focus on the semantic inter-
action, introducing a visual analytics prototype called FORCE-
SPIRE designed to support diverse forms of semantic interac-
tion. They propose a new design space for interaction in visual
analytics, enabling analysts to interact with a visual metaphor
leveraging interactions derived from the analytic process, such
as searching, repositioning, or highlighting.

Dimara and Perin [38] published a paper about the general
concept of interaction for data visualization providing a clear
definition that helps to improve understanding of the opportu-
nities that interaction opens to users. Their evaluation identified
several crucial factors, such as the computer being a mediator
between humans and data, the visualization should invite users
to construct a mental model of data concepts, and there can be
different intents of why visualization is used at play. Thus, they
argue that interaction allows for iterative steps to approach an
analysis goal by supporting user intentions while maintaining a
high level of flexibility in an application.

Our framework for dual analysis covers interaction in its
design by linking them to common analysis scenarios, which
internally are connected to a step in the data processing pipeline.
Thus, it provides a detailed description of possible interactions
linking them to the underlying components facilitating dual
analysis.

III. LITERATURE SURVEY

At the outset of this literature review, we present our definition
of dual analysis that we use throughout this work.

Defintion of Dual Analysis: Dual analysis facilitates the joint
visual analysis of feature and data space through 1) a view
visualizing the features (i.e., feature space), 2) a view that
shows data points (i.e., data space), and 3) a mechanism to link
both views in a bidirectional way, meaning that the interaction
with one visualization, e.g., the features space, changes the
other visualization, i.e., the data space (see Fig. 1). The linkage
mechanism can be symmetric, but this is not a requirement.

To present an overview of dual analysis approaches, we
performed a systematic literature review. The general process
is described in Fig. 2. First, we manually identified a small
subset of four publications [1], [13], [17], [21] from the TVCG
and Eurographics journals, which we use as landmark papers.
From these publications, we found other relevant publications
based on a forward- and backward search following the citations
(see Section III-B). Then, we performed a detailed qualita-
tive analysis of the selected papers, extracting and refining
dual analysis characteristics, yielding a set of keywords (see
Section III-C). Finally, to ensure our understanding of dual
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Fig. 2. Paper selection process: 1) Landmark papers 2) Forward and backward
search 3) Automated keyword-based filtering, 4) Paper filtering, and 5) Sample
validation. The numbers in the arrows describe the number of papers retained
after each step.

analysis is comprehensive, we executed a keyword-based search
for publications that were not found by following the citation of
the landmarks forwards and backward (see Section III-B). In
general, we follow a methodology described by Snyder [39] as
a systematic review to create a theoretical model or framework.

A. Landmark Papers

Before making a contribution towards the topic of dual anal-
ysis, i.e., a formal model of the dual analysis paradigm, we
started with a few landmark papers that were foundational for
this technique (see papers marked with ∗ in Table I), for the
primary goal of identifying existing dual analysis approaches
implemented by the VA and visualization community. These
publications are: The first approach by Turkay et al. [1]. IF ,
F I -Tables [21], SIRUS [17], and the Dimensions Projection
Matrix/Tree [13]. We chose these publications since they are
referenced by other publications in Table I and were published
in journals with high visibility, more specifically, TVCG and
CGF. We also verified later whether they are referenced by other
publications in Table I. Turkay et al.’s publications [1], [3], [8],
[14], [40], [41] can be viewed as fundamental to dual analysis,
as they introduced the concept and established the foundation
for this approach.

B. Forward and Backward Search

We initiated a forward and backward search of reviewed
publications to provide an extensive overview of the existing
dual analysis approaches. We reviewed literature citing one
of the landmark papers, as well as literature that is cited by
landmark papers. This process yields 15 papers (see Fig. 2) from
the IEEE, Eurographics, ACM digital libraries, as well as from
Elsevier and other literature (i.e., Information Visualization, and
The Visual Computer). However, since we also found dual anal-
ysis approaches outside the citations of and from the landmark
papers, we decided to extend our search range by performing an
automated keyword-based search.

C. Automated Keyword-Based Filtering

From the set of papers that resulted from the forward and
backward search, we created a list of relevant keywords by
extracting key terms in the papers referencing dual analysis or
its components. We combined and cross-referenced the terms to
ensure that we did not overlook any relevant terms in the field. We
selected the keywords: Dual analysis, dual-analysis, dual visual

Fig. 3. The top 25 concepts we extracted from the 197 automatically selected
papers (see Section III-C). Five colors contextualize each concept: Interaction,

Dimensionality reduction (DR), Visualization, Statistics, Analysis space.

analysis, dual-visual analysis, dual views, dual space, dual pro-

jections, dual Scatterplots, feature space, dimension space, di-

mensions space, data space, item space, and items space.
We used these keywords for our subsequent automated
search.

To gain an overview of approaches incorporating dual analysis
and also related approaches, we scanned all the available litera-
ture (see Fig. 2). We utilized a plain text scanner to accomplish
this task, which extracted the plain text from each publication
and verified the presence of a given keyword within the paper.
The program also generates a frequency count with which sin-
gle or multiple keywords appear, which provides us with an
indication of their relevance. We adjusted our chosen keywords
to guarantee that they included all approaches that could be
considered dual analysis without any accidental exclusions. We
verified that all publications of the previous step also appeared
in the result of the automatic keyword-based filtering. This fully
automatic scanning resulted in 197 papers (see Fig. 2). We
encountered a limitation where the final list of keywords also
yielded matches with numerous publications that did not pertain
to a dual analysis approach. However, we continued to screen
this resulting set of publications.

Additionally, from these papers, we extracted core concepts to
gain an overview of the used visualizations, techniques, and in-
teractions by stemming all text from all the previously extracted
plain text using CoreNLP. Fig. 3 shows the top 25 concepts (i.e.,
word stems) we extracted from the 197 publications. It shows the
number of occurrences on the x-axis. We grouped the concepts
into five thematically related groups. This overview helped us
create our categorizations and formal framework by highlighting
essential topics, such as subspace analysis.
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D. Paper Coding

We checked the resulting 197 papers manually using the fol-
lowing criteria. Since this is a rather large set to prune, we had to
define clear exclusion criteria. First, we checked the paper type.
We excluded theory and evaluation papers and papers covering
unrelated or tangential areas, such as rendering techniques or
physical flow visualizations. Through this filtering, we focus on
application or technique papers that analyze high-dimensional
data in a domain-specific context. Meaning that these techniques
can be applied in very distinct domains.

Second, we checked whether the paper addresses the core
components of dual analysis, i.e., a view visualizing summaries
of features, a view that visualizes the data records, and linkage
of both plots, e.g., through Linking & Brushing. For example,
the IXVC pipeline [42] presents an interesting technique for ex-
plaining the link between clusters present in lower-dimensional
space and the original high-dimensional space with a decision
tree missing a dedicated view for the feature space. Based on
this, we obtained a candidate set of 34 relevant papers, which
we subsequently surveyed in detail.

We open-coded the relevant aspects of the components de-
scribed in each paper, orienting ourselves along the three key
components and their interactions. For each paper, we extracted
a brief description of the feature space visualization, data space
visualization, feature space transformation, data space transfor-
mation, interactions between feature and data space, user tasks,
and application domains. Additionally, we iteratively refined the
criteria and definition for dual analysis approaches. The general
model (see Fig. 1) and the three key components of dual analysis
served as initial criteria to encode which parts are affected by
the analysts’ feedback.

However, we had to adapt and refine the definition several
times. During our study, we discarded several aspects we ini-
tially deemed interesting. For example, we classified whether an
expert or novice uses a system. Most systems are geared toward
domain experts. Thus, we removed this categorization from the
review and our model. As a result, we arrived at seven scenarios
for dual analysis or, encoding “how the dual analysis approaches
can be interacted with” (see Section IV-B). We include the
used visualizations, the underlying transformations, and the
interaction with the components. We describe transformations in
the context of lossy and lossless operations describing whether
the information is lost during the transformation step.

E. Sample Validation

In this final step, we targeted a more fine-grained analysis
of edge cases and removed 11 samples, in this case, pub-
lications that did not match our definition of dual analysis
in Section III. The general reason for their removal was the
lack of a bidirectional linkage, which is an integral part of our
definition of dual analysis. The technique by Zhang et al. [43]
presents a feature space visualization but is not linking it with the
data space. The approach by Wei et al. [44] allows interaction
with a view representing cluster prototypes of particle trajec-
tory. However, there is no second interactive view described.
Approaches enabling users to design a transfer function for

Fig. 4. Similarity-based projection of the 23 papers in Table I. The similarity
is defined by one-hot encoding the columns of Table I, excluding name, year, and
domain using the Manhattan distance to create an MDS projection. We weight
the scenarios three times higher, yielding a scenario-based grouping. Glyphs are
colored according to their scenarios (see Section IV-B) and grouped showing
the relation between them.

volume rendering frequently visualize the features space [45],
[46]. However, there is no description of direct interaction
with the feature or data space visualization. We also exclude
approaches that show dimensionality-reduced views of the data
alongside other representations [47], [48], [49], [50], since both
views constitute a data space visualization. Our final set consists
of 23 relevant publications, which we present in Table I. We
transformed the table into a set of feature vectors to present
similarities (see Fig. 4). We cleaned the encoding and grouped
the identified approaches into high-level scenarios (see Sec-
tion IV-B). Finally, we applied our formalization to the ap-
proaches to see whether we could describe each with our model,
which we provide in the supplementary material, available
online.

IV. EXISTING DUAL ANALYSIS APPROACHES

This section covers all dual analysis approaches, which we
selected following the definition and criteria we described in
Section III. All approaches are listed in Table I, categorizing
each approach according to the key components. Thus, each
approach is characterized by a feature space visualization and a
feature space transformation. Symmetrically, the data space has
a visualization and associated data space transformation. The
feature and data space transformations are categorized into lossy
and lossless representations to reflect that some transformations,
such as multidimensional projections, are inherently lossy and
cannot be inverted [25]. We proposed seven descriptive scenarios
in Section IV-B to categorize different tasks for dual analysis
structure along the three questions Why, What, and How pro-
posed by Brehmer and Munzner [34]. Our descriptive scenarios
describe goals and tasks addressed by dual analysis approaches
similar to those described by Sacha et al.’s literature review on
visual interaction for dimensionality reduction [55]. We also list
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TABLE I
WE PRESENT 23 APPROACHES FOR DUAL ANALYSIS. WE SHOW THE FEATURE AND DATA SPACE VISUALIZATIONS: SCATTERPLOT, PARALLEL

COORDINATE PLOT, SMALL MULTIPLES, GEOGRAPHICAL MAP, DATA TABLE, STAR COORDINATES, LINE GRAPH, DIMENSION

GRAPH, HISTOGRAM, PIXEL VISUALIZATION. WE ALSO SHOW THE FEATURE AND DATA SPACE TRANSFORMATIONS GROUPED INTO LOSSY AND

LOSSLESS TRANSFORMATIONS: MULTIDIMENSIONAL SCALING, T-DISTRIBUTED STOCHASTIC NEIGHBOR EMBEDDING, PRINCIPAL COMPONENT

ANALYSIS, INTERACTIVE DOCUMENT MAP, RADVIZ, , A TECHNIQUE EMBEDDING DATA USING STAR COORDINATES, FACTOR

ANALYSIS OF MIXED DATA, ARITHMETICAL MEAN AND STANDARD DEVIATION, THE DIFFERENCES RELATIVE TO THEM , AND FOR

CLUSTERING, WHICH ARE LOSSY METHODS. LOSSLESS METHODS ARE: WHERE NO TRANSFORMATION IS APPLIED, WHERE THE ORDER OF ENTITIES IN

A VIEW IS CHANGED. WHERE THE ACTIVE ENTITIES ARE SELECTED MANUALLY. A NUMBER SHOWS THE NUMBER OF DISTINCT MEASURES OR

METHODS. WE DESCRIBE ALL VISUALIZATIONS AND TRANSFORMATIONS ON SECTION IV-A. AN APPROACH ADDRESSES ONE OR MULTIPLE SCENARIOS:

FEATURE SELECTION, FEATURE AGGREGATION AND WEIGHTING, STATISTICAL ANALYSIS, SUBSPACE CLUSTER ANALYSIS, SIMILARITY SEARCH,

DATA AGGREGATION AND WEIGHTING, AND DATA SELECTION. WE DESCRIBE EACH SCENARIO IN SECTION IV-B. FINALLY, WE SHOW THE APPLICATION

OR EVALUATION DOMAIN OF A GIVEN APPROACH: MEDICINE, BIOLOGY, GENOMICS, CRIME ANALYSIS, SOCIAL DOMAIN, NUTRITION,
FINANCIAL, PHYSICS AND CHEMISTRY, ENGINEERING, SPORTS, AND MUSICOLOGY

the evaluation and application domain to give an overview of
the addressed areas.

A. Visualizations and Transformations

We categorize all dual analysis approaches by their individual
representations of feature space and data space (see Table I).
These representations are formed by a visualization type and a
transformation method. However, these techniques do not need
to be identical for both spaces.

Feature Space Visualizations: By far, the most common tech-
nique to visualize the feature space is Scatterplots , which
are used in ten approaches for representing the feature space [1],
[3], [4], [7], [8], [10], [13], [17], [41], [52]. Most approaches
encode information by using the visual variables color and
size [56] in their glyph representations. However, this encoding

is limited. The glyphs visualize only one or two attributes,
e.g., feature weight, relevance, and category. The position of
a glyph often describes the result of a DR method, particularly
MDS [57], while some approaches encode statistical properties
of the features. Scatterplots are most often used in a symmetric
configuration, where the data space is also visualized with a
scatterplot.

Small multiples are also used more than one time [9],
[11], [40]. The features are visualized with a heatmap (i.e., fea-
ture thumbnail), where the color of a pixel represents the feature
values of data items. An alternative is line charts representing
the feature values. The small multiples are ordered by feature
weight and feature relevance.

Other visualizations and representation techniques are also
used. Parallel Coordinate Plots [15] visualize data by
plotting a polyline crossing parallel coordinate axis [6], [18].
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Zanabria et al. [51] use Star Coordinates [58] to visualize
features. Corput et al. [21] use a Data Table to show
the feature and data space. Line Graphs visualize the
data by connecting individual points in a plot [16]. A Graph

visualizes a network with a node link-diagram. Itoh et
al. [5] visualize dimensions and their relations using a graph.
Histograms [14], [53] are used to display statistical analysis
results [14] and results of features selection. Miller et al. [54]
use a Pixel visualization [59] to display feature values in a
matrix configuration.

Feature Space Transformations: We distinguish between
lossy and lossless transformations. In contrast to lossless trans-
formations, lossy transformations aggregate and reduce that
data such that original values are lost. The most common lossy
methods used are dimensionality reduction (DR) techniques.
Seven approaches [4], [10], [13], [17], [18], [41] use the Multi-

dimensional Scaling technique [57], or derivatives thereof,
to create a 2-dimensional projection of the feature space. The
well-known combination of visualizing the result of DR with
Scatterplots is used six times as described for feature space
visualizations. The main purpose of dimensionality reduction
in dual analysis is to create a two-dimensional representation of
the data that can be displayed in a single scatterplot. MDS offers
projections where high-dimensional distances are projected into
lower-dimensional spaces while trying to preserve global dis-
tance relations [60]. For the feature space, this is often a measure
of correlation [17], [18]. A particular case is WMDS, which
allows the weighting of individual features and the estimation of
the weight of features according to their position in the reduced
space [17]. RadViz [61] offers an alternative approach
through a radial layout that presents features as points, i.e.,
dimensional anchors, which are distributed equally around the
perimeter of a circle [52]. The data items are placed according
to the influence of each dimensional anchor. For the feature
space, the distance is defined as the correlation between pairs of
features.

The second most common lossy method is the usage of
statistical measures, which represent feature summaries as on
the axes of a scatterplot. Values are the mean and standard

deviation [1] of all values of a feature. The approaches
by Garrison et al. [6] and Müller et al. [7] deal with mixed data
and, thus, employ statistical measures for categorical data, like
factor analysis for mixed data [62] and the coefficient

of unalikeability and a definition for standard deviation thereof
[7]. Three approaches use more than five values, i.e., mean,

median, standard deviation, variance, skewness, and kurtosis

in Table I shows the number of measures) [3], [8], [18]. The
approach by Sariano-Vargas et al. [12] uses clustering to
transform the feature space by aggregating features using the
K-means or X-means algorithm, which are also lossy after the
aggregation of clusters into prototypes, i.e., centroids.

We also found lossless ways of structuring the feature space,
such as domain-specific orderings to order features based
on a summary in a row or column [9], [16], [21], [40], [51], [53],
[54]. No reduction or change to the data is marked as identity

[11], e.g., for a Data Table and Parallel Coordinate

Plot all feature values of a data item are displayed. One

approach allows for manual selection of the visualized
features [41], which reflects the user’s selection interaction
directly.

Data Space Visualizations: Similar to the feature space visu-
alization, the most used technique to visualize the data space are
Scatterplots . A total of 17 publications use Scatterplots for
the data space and combine them with dimensionality reduction
(DR) techniques [1], [3], [4], [9], [10], [11], [12], [13], [14], [16],
[17], [18], [21], [51], [52], [53], [54]. Another way of visualizing
the data space is Parallel Coordinates Plots , which are
only used in four approaches to represent the data space [5], [9],
[18]. PCPs are used as an auxiliary view to show the dataset.
The approach by Itho et al. [5] uses PCPs to select subspaces
manually. Three approaches by Turkay at al. use a glyph and
geographical Map [14], [40], [41] combination, which
deal with social and census data. In the case of Corput et al. [21],
a Data Table is used.

Data Space Transformations: We categorize all data space
transformations into lossy and lossless transformations. All 15
approaches that use Scatterplots to visualize the data space also
employ lossy dimensionallity reduction techniques. Principal

Component Analysis [2] is used six approaches [1], [9],
[10], [11], [14], [18]. Six approaches [3], [10], [13], [16],
[17], [54] use Multidimensional Scaling [57]. The t-

distributed Stochastic Neighbor Embedding [63] is em-
ployed twice [4], [10], including the approach by Jentner et al.
which allows the user to choose between , , and

denoted by . Another approach for dimensionality
reduction is RadViz [61], which we already described
as a feature space transformation. It is used by Artur and
Minghim [52] to create a symmetric dual analysis approach for
aggregating features and data items. The [51] embeds data
values relative to star coordinate axes offering an alternative to
RadViz.

Another lossy way of transforming the data space is the use
of statistical measures. The approach by Turkay et al. (4) [8]
uses statistical methods to transform the data space by using
the difference to the mean and standard deviation of a data
point . This application of statistics is possible because
features are homogeneous, like frequency for the genes, words in
a text document, or intensity of pixels in an image. The approach
by Miller et al. [54] applies a DBSCAN clustering [64] on the
projected data items using a lossy operation on top of the already
lossy projection.

Similarly to the feature space transformations, the data space
can be transformed using lossless methods. The data table and
parallel coordinate plots often show all data items. We this
represent by the identity . In this case, it is combined with
a geographical Map or RadViz . It is also possible
to select the visualized data items, i.e., manually select or
to order them in rows or columns.

B. Analysis Scenarios

In this section, we describe the seven scenarios addressed
with dual analysis that we found during our literature review.
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Fig. 5. In our framework for dual analysis, the dataset D, is interpreted as a matrix. The matrix can then be transformed by a selection step, where the data can
be reduced. Second, the result of this step is used for an aggregation step, which can be used to create representatives. Third and lastly, feature and data space
are visualized using distinct but linked visualizations. All three steps take the result of the previous step as input. Scenarios are linked with the different steps
of the pipeline by supplying parameterizations to the given operation selI (7), aggI (8), visI (9), for data space operations, and selF (1), aggF (2), visF (3).
Analyst can interact with the visualizations, affecting the previous step and allowing for an immediate response, typical for dual analysis approaches, as described in
Section V-D.

We also assigned each publication in the area of dual analysis
to one or more of the identified scenarios (see Table I). These
scenarios are also linked to our formal framework (see Fig. 5),
where each scenario is addressed by a specific component of the
dual analysis workflow. We structured each description along
the three main questions, i.e., Why, What, and How by Brehmer
and Munzner [34].

Feature Selection: The purpose of this scenario is the
selection of features for identifying and comparing a set of
features relevant to the analyst. In contrast to other scenarios, it
is concerned with the original feature values. The primary mech-
anism for this scenario is to modify the set of active features.
The main interaction method is a straightforward selection of
the desired features, e.g., through a Lasso Selector. The selected
features are then available for further analysis. This scenario
never occurs alone since it would only correspond to changes
in the data space visualization. A common partner is Data

Selection [4], [5], [9], [52].
We find this scenario for many different visualization types, as

for dual analysis in general, Scatterplots are most prevalent. One
example is the approach by Jentner et al. [10], where specific
features can be selected from a feature space dimensionality
reduction-based scatterplot.

Feature Aggregation and Weighting: The goal of this
scenario is to create different feature summaries. For this pur-
pose, features are aggregated, meaning that a prototype repre-
sents groups. Additionally, a feature or feature prototype can
be weighted to emphasize or deemphasize it. There are multiple
ways dual analysis approaches create feature aggregations. Most
dual analysis approaches make use of dimensionality reduction
techniques for the visualization of feature space. For example,

Turkay et al. (2) [3] use multidimensional scaling. However,
some dual analysis systems allow users to create new features
with the primary goal of reducing the number of features of
the dataset. This is realized by either combing existing features
into a new feature or replacing the original dimensions [18].
This is achieved via the summation of the weighted values or by
removing variables that are highly correlated to a representative
dimension. In both cases, dual analysis allows for observing
the relations of the new features relative to the original dimen-
sions [3]. Dual analysis also supports the creation and validation
of classifiers [4]. Generally, dual analysis approaches allow for
the creation and subsequent validation of the created features in
an iterative loop.

As a secondary way, features can be weighted to give a
specific emphasis. The approach by Dowling et al. [17] does
this by adjusting the weights of the WMDS for the feature
projection. This scenario can require a definition of similar-
ity or dissimilarity for dimensions. The most common way
is to define the similarity of features based on a statistical
measure (e.g., correlation) [10]. Alternatively, the dimension
is condensed to a single numeric statistical value where the
difference is meaningful, such as skewness. These measures
are adapted to represent distance relations, which can subse-
quently be used by dimensionality reduction methods to create
scatterplot visualizations through projection techniques. Com-
monly, Drag & Drop interactions change the underlying feature
weights [17]. With these interactions, the user can add emphasis
to a specific dimension and reduce the impact of dimensions
considered less significant. They allow users to observe the
effect on the data space, e.g., a change in the general data space
patterns.
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Statistical Analysis: This scenario is focused on dif-
ferent types of statistical analysis. Generally, it allows users to
analyze groups of features and data items statistically. For a
feature-focused analysis, we found that correlation exploration
is the most common type of statistical analysis among all dual
analysis approaches. One such approach is the system by Turkay
et al. (1) [1]. It has a focus on describing features by their
statistical properties, such as the mean and standard deviation.
Dual analysis also addresses data-focused statistical analysis,
meaning the analysis of data item groups. One such example
is the approach by Müller et al. [7], which analyzes variance
and attribute variability. In general, this type of analysis focuses
on the variance of a subpopulation of the data, with the goal
of finding subsets in the data that have either a low variance
(i.e., clusters) or high variance (i.e., because of outliers) in
their attribute values. The statistical values are used in the
feature and data space visualizations, either as a determinant
of position (e.g., in a scatterplot) [1], or as a dimension in
a PCP.

In terms of interaction, statistical analysis is facilitated by
selecting features in the feature space to modify the set of
features relevant to the data items in the data space. Similarly,
the set of data items is determined through selection by the
user determining which values are taken into account for the
summary statistics of features.

Similarity Search: The goal of this scenario is to find sim-
ilar features of data items while allowing to change the definition
of similarity through parameterization or redefining of similarity
functions. A prime example is the approach by Corput et al. [21],
which allows for the order-based analysis of features and data
items. Generally, dual analysis facilitates similarity search by
ordering features and data items or representing dissimilarity
as the distance between features or data items [16]. This idea
applies to the feature and data space symmetrically.

For this scenario, the selection interaction is most common,
either selecting an individual feature or item or a group of
both. Through this selection, the definition of similarity is
parametrized, yielding updated feature and data space visu-
alizations. More specifically, we find a rerendering of tables,
parallel coordinate plots, and Scatterplots with updated distance
relations.

Subspace Cluster Analysis: One main interest of ana-
lysts is the detection of subspace structures, e.g., clusters. A
subspace cluster is a group of similar data items concerning
the subspace dimensions (i.e., features). There are two types
of subspaces, axis-parallel subspaces, defined as true subsets
of the original data dimensions. In contrast, arbitrarily oriented
subspaces are created by freely transforming the data into lower
dimensional space, for example, using a dimensionality reduc-
tion technique [65]. In this case, the new dimensions are harder
to interpret since they can result from a complex transformation
(i.e., non-linear projection techniques). Dual analysis supports
the interactive user-driven analysis of axis-parallel subspaces
and arbitrarily oriented subspaces of linear and non-linear sub-
spaces. For example, the approach by Yuan et al. [13] is purely
concerned with the manual analysis of axis-parallel subspaces

and subspace clusters. This approach uses MDS to project the
analyzed subspaces into 2-dimensional representations, while
subspaces are created by selection on the scatter plot or toggled
specifically. The approach by Jentner et al. [10] allows for
exploring subspace clusters, specifically enabling analysts to
understand cluster characteristics, develop alternative cluster-
ings and verify cluster robustness. Turkay et al. (4) [8] visualize
statistical properties and enable analysts to select clusters (i.e.,
groups of data points) and observe their distribution in other
subspaces.

In all approaches, selecting subspaces in the feature space
visualization plays a key role. The selection of groups and
clusters in the data space visualization is less often addressed
but needs to be equally covered [13].

Data Aggregation and Weighting: Another straightfor-
ward scenario is data aggregation and weighting. This scenario
describes the data space variant of scenario Feature Ag-

gregation and Weighting. This scenario aims to create synthetic
and representative group summaries or prototypes of the found
groups. Additionally, it is concerned with weighting data items
to emphasize or deemphasize them, e.g., for outlier detection
and removal.

Since this scenario is linked to scenario , the interactions
associated with it are identical. Primarily, selection is used to
interactively determine groups of data items to aggregate, while
the weighting of data items can also be established through Drag
& Drop.

Data Selection: A basic but essential scenario that is ad-
dressed by dual analysis is data selection [4], [9], [40]. This sce-
nario aims to select data items for further analysis. This scenario
describes the data space counterpart of scenario Feature

Selection. This scenario addresses the unconstrained selection
of data, as opposed to finding groups and clusters of data items,
addressed by Data Aggregation and Weighting.

Approaches address this scenario through selection interac-
tion, such as Lasso Selection, in the data space. The only data
manipulation process we found in the set of works is labeling
data items with a classification algorithm [4]. This technique
focuses on the design of classification systems allowing for
the observation of feature and data space in dedicated views
while allowing for the inspection of different machine learning
techniques and their impact on the classification result.

To provide an overview over we also created a similarity-
based projection of the 23 papers in Table I (see Fig. 4). We trans-
formed the entries of Table I into binary vectors with one-hot
encoding the columns and excluded name, year, and domain. We
used MDS with the Manhattan distance to create an embedding
of the approaches. The glyphs representing each approach are
colored according to their scenarios. We can observe the highest
overlap between Feature Selection and Data Selection,
as well as Feature Selection and Data Aggregation and

Weighting, due to many approaches allowing for the selection
of features. Scenario Subspace Cluster Analysis always
appears with Statistical Analysis, except for the approach
by Yuan et al. [13]. Also, Similarity Search appears to
be aspected by the fact that all these approaches use different
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visualizations for feature and data space compared to the other
approaches, mostly using Scatterplots.

C. Application and Evaluation Domains

Dual analysis has found application in many domains, most
notably in Medicine ( ), where we found seven approaches [3],
[4], [5], [6], [7], [8], [52], ranging from the analysis of cell ab-
normalities (e.g., benign or malignant tumor cells) to the results
of magnetic resonance imaging (MRI) scans. Next is Biology

( ) [4], [14], [16], [17], [18], [53] and Genomics ( ) [1], [8],
where we found seven approaches combined. Crime Analysis

( ) with five approaches [9], [10], [11], [12], [17], focuses
largely on the analysis of police reports by transforming the
data into a high-dimensional feature space. Dual analysis is also
applied in the Social Domain, ( ) [21], [40], [41] analyzing dif-
ferent aspects of society, such as the comparison of households
in different geographic regions. Three publications address the
analysis of Nutrition ( ) [9], [11], [13], by analyzing the nutri-
tional contents of food items. Two papers deal with problems in
Finance ( ) [12], [14]. Physics and Chemistry ( ) [12], [13],
Engineering ( ) [5], Sports [51] ( ), and Musicology ( ) [54]
are each addressed once.

V. THEORY AND FORMALIZATION

Our formalization encompasses all previous work (see
Table I) and offers opportunities for future research directions
by revealing new and interesting combinations of methods and
analysis scenarios. It serves as a guide for the implementation of
dual analysis approaches by formally defining the components
and their interactions. Most existing approaches do not include
any data manipulations but instead, transform the feature and
data space views to reveal patterns through the changed per-
spective.

Our data model is based on the interpretation of the dataset
as one large matrix D ∈ R

r×f where r ∈ N is the number of
data records (i.e., rows), and f ∈ N the number of attributes
or features (i.e., columns). This provides a clear distinction
between feature and data space and is representative of the two
views present in all dual analysis approaches by taking either
a column-focused or row-focused perspective. All processing
steps that produce additional information (e.g., user interactions
or results of a clustering algorithm) can be stored in a data matrix
D as a new column or row. New features, e.g., aggregated and
weighted features, are stored as a new column. Symmetrically,
a new row is added if synthetic data is created, e.g., a cluster
prototype of K-means. Thus, newly created data will also be
present in all processing steps of the pipeline. To differentiate
functions and operands of the feature and data space, we use the
subscript F for the feature space and I for the data space, as this
naming is also used by Corput et al. [21]. When referring to a
count unrelated to the original dataset matrix, we use n,m ∈ N.
In the following, M ∈ R

m×n denotes a matrix with n rows and
m columns, describing a subselection and aggregation of rows
and columns of the dataset matrix D. The matrix M is D if no
selection step exists. Additionally, we use [[1..n]] ⊂ N to denote

sets of index numbers relative to n, where n is defined in the
local context as the number of rows of columns of a matrix.

A. Feature and Data Types

Dual analysis has been applied to quantitative and qualitative
variables, i.e., mixed data [6], [7]. Thus, our formalization has
to describe data analysis for all common features and data types,
e.g., numeric and categorical data [66]. To represent each type,
the values of column f of the matrixD denoted byD∗,f ∈ R

r are
restricted by one of the following definitions to reflect specific
properties of feature and data types allowing for the expression
of all feature and data types as numeric values.

Binary Value: These features are defined by the value set
{0, 1}, reflecting two categories or a binary label. This type is
either present in the original dataset or is created through one-hot
encoding. This allows for limited analysis with algorithms for
numeric data [67].

Discrete Values: This data type describes a simple count as
values in N

0. Ordinal data dimensions can be converted into this
data type by considering their ranked order [67]. This data type
is common in social science [14], [41].

Numeric Values: This feature type can be divided into two
subcategories. First, bipolar, which is defined as [−x, x] for
x ∈ R

+. Second, continuous is simply defined as R (interval
and ratio).

Categorical Values: This data type can also be represented in
two ways. First, nominal, which describes a label, and ordinal,
describing a label with an order. Statistical measures designed
for nominal and ordinal data were used in dual analysis [6], [7].

B. Feature Space

The feature space is a representation of feature or dimensions,
i.e., columns of a data table. Features or attributes require
different transformations and representations, e.g., showing the
distribution of a feature instead of a single value. Even though
the formalization of the feature space is symmetric to the data
space, the purpose and effect are different by focusing on the
columns of the dataset matrix D.

Feature Selection: Many dual analysis approaches allow
users to select a subset of features for subsequent analysis. We
describe this step in (1).

selF : (M,F ) → R
r×|F |, (1)

where M is the dataset matrix D and F is defined as the set
of selected features concerning the rows of M . The parameter
F is supplied through interactions of the scenarios Feature

Selection, Statistical Analysis, Subspace Cluster Anal-

ysis.
Feature Aggregation: This step aggregates feature items

to representatives. Additionally, it allows for the application of
an ordering through the definition of the grouping. The aggrega-
tion of features supports dimensionality reduction based on the
existing features and the calculation of summary statistics.M is
the result of the selection step selF . To aggregate features, the
groups of features are expressed in the tuples of ψF with each
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e ∈ ψF a set of column indices, i.e., features. As for the data
space, all existing approaches constrain this step, such thatψF is
a partition of the of column indices of M . To aggregate groups,
we denote the aggregation function with θF , which reduces a
matrix using selected columns defined by e ∈ ψF by aggregating
these columns and reducing the number of rows tod values using
dimensionality reduction. Now, ψF defines which features to
aggregate, and θF defines the aggregation and reduction which
we formalize in (2).

aggF : (M,ψF , θF ) → R
d×|ψF |

where M ∈ R
m×n, ψF a partition of [[1..n]]

with e ∈ ψF a set of column indices of M ,

and θF : R
m×|e| → R

d with e ∈ ψF and d ∈ N. (2)

These sets in ψF can be created with a clustering algorithm.
For example, k-Means can be used to perform a clustering
based on the columns of M . The resulting clusters describe a
partitioning of the column indices ofM and can be used as ψF .
Subsequently, the centroids of each cluster could be calculated
by defining θF as a function that averages all rows of a matrix.
To reduce the dimensionality to two dimensions (i.e., d = 2),
MDS is could be used. However, through the application of
aggF , the original data values are lost. Thus, approaches with
an aggregation step are lossy. If a similarity or distance measure
is required, e.g., for projection, this is modeled by θF .

Techniques combine features by summation and weight-
ing [17], [18]. The parameters ψF and θF are supplied through
interactions of the scenarios Feature Aggregation and

Weighting and Similarity Search.
Feature Visualization. The feature space is visualized

using any method that matches the task, as shown in (3). For
example, to detect large groups of features in Subspace

Analysis Yuan et al. [13] use Scatterplots, while for a more
fine-grained analysis of relatedness between a few features
Garrison et al. use [6] parallel coordinate plots. To describe the
visualization of the feature space, we define visF in (3).

visF :M → FS. (3)

The most frequently used method for visualizing feature space is
Scatterplots. Therefore, we describe the scatterplot as a combi-
nation of a glyph drawing function glyphF and a function posF
determining the glyph’s position in the plot. For a scatterplot,
we have (4).

glyphF : R
m → GF . (4)

One example of GF is a pixel-based visualization [12]. The
position of the glyph is determined in (5).

posF : R
m → (x, y) ∈ R

2, (5)

posF usually works by selecting two value form the input vector
as x,y-coordinates. Subsequently, we can define the appearance
and position for glyphs ρi in the feature space scatterplot in (6),
which gives a complete definition of the feature space scatterplot.

visF := ∀i ∈ [[1..n]].

ρi = (glyphF (M∗,i), posF (M∗,i)) with M ∈ R
m×n. (6)

Most approaches that use a scatterplot to visualize the feature
space relying on a dimensionality reduction method utilize MDS
or variations thereof (see Table I). However, not just dimension-
ality reduction techniques can be used to determine a position
of a feature in the feature space scatterplot. The position of a
feature is also determined by statistical properties, such as mean,
standard deviation, variance, and skewness, by using them to
create scatterplot axes. We do not assign specific scenarios since,
for all dual analysis approaches, the visualization type of the
feature space does not change during the analysis.

C. Data Space

The data space represents data items, i.e., rows of a data
table D. It focuses on the analysis of individual data items
or aggregations thereof. We define the following functions to
formalize the processing and relation of steps to create a data
space visualization.

Data Selection: Many dual analysis approaches reduce
the dataset to a subset of data items. We formalize this mechanic
with (7), yielding a reduced data set or, ultimately, a smaller
matrix by reducing the number of rows.

selI : (M, I) → R
|I|×f , (7)

where M is the dataset matrix D and I is defined as the set of
selected data items concerning the rows of M . The mechanism
for determining the subset of row indices I can be implemented
in different ways. A common technique is Linking & Brush-
ing [68]. However, other methods are possible, such as the
selection of data items based on class labels, cluster affiliation,
filtering, sampling [69], [70] or grouping instances [33], [71].
The parameter I is supplied through interactions of the scenarios

Statistical Analysis, Subspace Cluster Analysis, and
Data Selection.

Data Aggregation and Weighting: This step aggregates
data items to representatives and allows for the application of an
ordering through the definition of the grouping ψI (see (8)). ψI
is defined as a tuple of sets with e ∈ ψI describing row indices
of the matrix M that are aggregated. θI aggregates a selection
of rows defined by e ∈ ψI and reduces the dimensionality by
reducing the number of columns to d columns. We formalize
these functions and operands in (8).

aggI : (M,ψI , θI) → R
|ψI |×d

where M ∈ R
m×n, ψI a partition of [[1..m]]

with e ∈ ψI a set of row indices of M ,

and θI : R
|e|×n → R

d with e ∈ ψI and d ∈ N. (8)

For example, to calculate the centroids of clusters, we can apply
K-means on the full dataset. K-means is an example algorithm
generating ψI yielding a partition of the row indices of M
with e ∈ ψI corresponding to the data instances assigned to
each cluster. The function θI can be a method to calculate the
centroid of a set. By applying aggI , information is lost, meaning
the original data values are not recoverable. In cases where a
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similarity or distance measure is used, e.g., for MDS, we express
it as a property or parameter of θI . Thus, this prototype can
represent the dataset or a synthetic data item. Most commonly,
ψI is a partition of the row indices of M . However, by defining
the groups without this constraint, this function can also show the
underlying data “as is” after the selection step in the context of
their prototype. The parameters ψI and θI are supplied through
interactions of the scenarios Similarity Search and Data

Aggregation.
Data Visualization: Scatterplots are the prevailing data

visualization technique in dual analysis. This step involves
creating a visual display of data items or aggregations. This is
commonly accomplished by utilizing a scatterplot to display a
simple glyph, which is then positioned on the screen. Thus, we
give it a specific focus in our formalization. However, we also
generally address visualizations like parallel coordinate plots
and small multiples.

Generally, the visualization DS, is generated from a dataset
described as a matrix M . Thus, we define this overarching
function in (9).

visI :M → DS. (9)

When we deal with Scatterplots, we can further specify the
generation of the data space visualization by defining how a
glyph of the scatterplot will be drawn. Data glyphs can show
more information than a simple glyph [72]. We define a glyph of
a scatterplot as a glyph since we do not want to apply unnecessary
restrictions on the design of the data point representation in (10).

glyphI : R
n → GI . (10)

Second, we also define a function to determine the position of
the glyph in the scatterplot in (11).

posI : R
n → (x, y) ∈ R

2. (11)

Thus, with these two functions, we can cover the scatterplot-
based visualization of the data space in (12), such that the future
system can make use of glyphs designed for the given task. The
following equation describes the application of these functions
to the matrix M by generating a glyph ρi for each row and
determining the position on the plot.

visI := ∀i ∈ [[1..n]].
ρi = (glyphI(Mi,∗, posI(Mi,∗)) with M ∈ R

m×n.
(12)

To determine a position (see (11)), many approaches employ
projection techniques, i.e., dimensionality reduction to two
dimensions. We found the following set of commonly used
methods in our literature research. They all fit the requirements
for (11). We found that PCA [2], MDS [57], t-SNE [63], or
IDMAP [73] are commonly used as a function to determine
the position. We refrain from assigning a particular scenario
because all dual analysis methods employ a single visualization
type for the data space, which remains unchanged throughout
the analysis.

D. Feature and Data Space Interaction

During our review, we identified Selection, Drag & Drop,
and Focus+Context as interaction paradigms of existing dual
analysis approaches. We will describe how they facilitate dual
analysis by explaining their impact on the feature and data space.

Selection: The most common technique is the selection of data
items or features. In general, selection is a common interaction
technique [66], [74]. Even techniques that allow for other ways
of interaction support this method. Other approaches allow for
selecting groups in the feature or data space. Generally, the
selection is an interaction component of the feature or data
space visualization. Dual analysis approaches realize it through
a rectangle or lasso selection on the visualization in Scatterplots
or axis selection and brushing on parallel coordinate plots [7].
The interaction of feature and data space constitutes a form of
Linking & Brushing [1], [13] since selection is used to update
feature and data space according to the selection on one view.
In our framework, selection parameterizes the selF and selI
functions through their parametersF and I . We refer to selection
on one space by the scenarios Feature Selection and
Data Selection. If both parameters are used simultaneously, we
enter the realm of Statistical Analysis and Subspace

Cluster Analysis.
Since selection is a very general technique for interaction with

dual analysis systems, it also applies to Feature Aggregation

and Weighting, as well as, Data Aggregation and Weighting

scenarios. For both scenarios, it determines which features or
data items to aggregate. This is expressed by the tuples ψF
and ψI , which hold the selected groups for each space and
aggregate them, as formalized by aggF and aggI . Thus, we can
see that selection is the most applied interaction method in dual
analysis.

Drag & Drop: The Drag & Drop interaction is an instance of a
direct semantic manipulation [37]. The user modifies the visual-
spatial mapping by rearranging elements in the visualization.
Drag & Drop is coupled with the weighting of features and data
items [16], [17]. Approaches utilizing this interaction modify the
underlying definition of similarity. In our framework, we express
the similarity of features and data items in the θF and θI of
aggF and aggI by parameterizing the dimensionality reduction.
Similarly, it can parameterize the ordering implicit in the tuples
ψF and ψI . We refer to the interaction on a single space with
the scenarios Feature Aggregation and Weighting and
Data Aggregation and Weighting. If both spaces are used to
parameterize aggF and aggI simultaneously, users do a
Similarity Search [21] reflecting the different goals.

Focus+Context: Another concept in the dual analysis is Fo-
cus+Context [75]. The analyst can interact with visualization
via panning and zooming, allowing for navigation through the
visualization. In dual analysis, feature and data space are visu-
alized, and Focus+Context is applicable to both visualizations.
The main point is to show a selected region in higher detail
(Focus), while preserving the global point of view in a reduced
form (Context). Focus+Context predominantly involves a single
view, and it does not alter the state of a dual analysis system
beyond this scope. Turkay et al. [1] state a modified definition of
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Fig. 6. We describe four approaches in Section VI-A to demonstrate that our dual analysis framework applies to existing approaches. We show the application
of our model for the systems of Dowling et al. [17], Yuan et al. [13], Fernstad et al. [18], and Rauber et al. [4] as a representative set.

Focus+Context, which describes a subset of dual analysis fully
covered by our selection interactions definition (see above). We
state the difference here for the sake of completeness.

VI. EVALUATION

To evaluate our approach, we apply an evaluation strategy
inspired by Sacha et al. [55]. We apply our model to existing
approaches to show that it offers a consistent method to under-
stand and categorize these systems and analyze their usefulness
for the given scenarios (i.e., descriptive use). The presented
approaches were either landmark papers or resulted from our
literature search and thus also used in the creation process of
the model. However, we found the selected four approaches [4],
[13], [17], [18] to be representative of the set of papers described
in Table I covering all components of the pipeline. Additionally,
we show and discuss gaps that our model revealed that are not
addressed in the current research literature (i.e., generative use).

A. Descriptive Use – Examples

In this section, we describe four representative approaches
shown in Fig. 6

Dowling et al. The system by Dowling et al. [17] addresses
the need for feature and data exploration based on similarity to
understand the impact of specific domains on the similarity of
data items, as well as the impact of data items on the similarity
of features.

Their publication discusses the technique in terms of feature
importance. Thus, we assigned Feature Aggregation and

Weighting as a suitable scenario. Likewise, the paper describes
the analysis of data items in terms of finding similar data items
after selecting features as less or more important. Here, we also
categorize the approach as Similarity Search. This approach
does not support analyzing feature or data subsets, except the

dataset is pre-processed. Our model expresses this with the
identity for selF and selI , since there is no feature or data
selection.

A feature and data space Scatterplot are created using
WMDS, which allows weighting dimensions of the projected
data but also allows the estimation of the weight once the
user alters the scatterplot through drag and drop. The Drag
& Drop interactions of the users modify the position of the
data and features on their respective Scatterplots to modify the
perceived similarity to match the user’s mental model. This map-
ping of difference in the perceived distances are realized using
WMDS.

The reduction of the vectors describing features and data items
to two values is established by the aggregation functions θI and
θF , respectively, which can accommodate dimensionality reduc-
tion methods, such as WMDS. The key interaction technique is
dragging and dropping of points of feature and data items in
the respective Scatterplots which parameterizes the functions θI
and θF .

Yuan et al. [13] present an approach for the interactive explo-
ration of subspaces to detect subspace clusters. More generally,
the goal of this approach is the detection of interesting structures
in subsets of the data. Thus, we assigned the scenario
Subspace Cluster Analysis. This scenario deals with feature and
data item subset selection in a coordinated way. Our framework
can express this with selF and selI , which select feature and
data item subsets.

Feature and data space visualizations are visualized using
projections with Scatterplots . In the case of the

feature space, this can be multiple views, which are determined
interactively by the user through selection on the data space
visualization. Distances for features are defined using the Pear-
son correlation, and distances between data items are calculated
using the euclidean distance. In our model, we express both
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dimensionality reduction methods through θI and θF defining
each dimensionality reduction. These steps remain static dur-
ing the analysis process., i.e., they do not have user-steered
parameters.

The selection interaction of this approach is realized with
a Lasso Selector on the feature and data space projection. A
selection on both views directly parametrizes the selection ex-
pressed by F for selF and I for selI . This approach allows
for creating multiple features and data space visualizations,
enabling the comparison of different spaces.

Fernstad et al.: The approach by Fernstad et al. [18] addresses
the need for statistical analysis of features and subgroups of
data items. Thus, we assign the scenarios Statistical Anal-

ysis and Data Aggregation. The approach is focused on
dimensionality reduction using “quality measures,” which are
five statistical measures such as variance and skewness denoted
by . The feature space visualization is a parallel coordinate
plot showing these five values plus two measures derived from
Pearson correlation.

All measures remain static throughout the analysis. We ex-
press them in our model through θF , which, in this case, com-
prises all five statistical measures. The approach by Fernstad et
al. [18] is one approach that offers two data space visualization
to address both scenarios. All views are linked views. The data
space is visualized with a scatterplot . The approach covers
the selection of specific data items, which parametrizes the
selection function selI using I .

For the scatterplot visualization, the data items’ dimension-
ality is further reduced using Principal Component Analysis

, denoted as the aggregation function θI . Alongside the
scatterplot, another Parallel Coordinate Plot shows the
selected data items without further reduction. The selections on
each visualization provide parameters for our selection function,
i.e., selF and selI .

Rauber et al.: The approach by Rauber et al. [4] focuses on
the design of classification systems using projections. In this
case, the components related to dual analysis are embedded in a
larger system, where not all parts feedback into the dual analysis
components. The approach supports the interactive selection of
features, thus enabling Feature Selection. Additionally, it
allows the selection of data items to be used in the classification
process. Thus, we also assign scenario Data Selection.

Feature and data space are both visualized using Scatter-
plots . However, they differ in the transformation to de-
termine the x and y-coordinates for each view. The feature
space uses Multidimensional Scaling using the Pearson
correlation as distance measure. We map this property to our
framework with the function θF of aggrF . The data space uses t-

distributed Stochastic Neighborhood Embedding . We ex-
press this within our framework by using the two functions θI of
aggrI . Both functions are not further parameterized since no
user interaction influences them. However, the feature and data
item selection is part of our approach. The selection of features
is expressed using parameter F of selF and I of selI for data
items. The selection interaction on both views of the user directly
determines these two parameters.

B. Generative Use – Opportunities

In this section, we highlight and describe future research
opportunities which extend components of our proposed
framework. We deliberately designed our formalization to en-
compass these improvements to dual analysis.

Glyph Design and Adaptation: In our review, we found
that most approaches use straightforward Scatterplots, where
a dot visually encodes two data item properties through color
and size. Thus, the next logical step, supported by our for-
malization, is the integration of glyphs into the Scatterplots
of the feature and data space visualizations. This allows for
the representation of more properties of the data [72]. These
glyphs can also be adaptive to the data types of the analyzed
dataset. This improvement is derived from our definition of
feature and data space visualizations, i.e, FS and DS, (see
Fig. 5), which we already extend by defining specific functions
for glyph-based visualizations glyphI and glyphF (see (10)
and (4)).

Scatterplot Layout Enrichment: Our formalization revealed
that the visualization of feature and data space remains straight-
forward, i.e., primarily based on MDS or PCA projections.
The remaining task is to expand visualizations using methods
encoding manifold properties in the plot [25]. Since dual analysis
approaches make extensive use of dimensionality reduction and
scatterplot visualizations, even manipulating parameters of the
dimensionality reduction [16], [17], we see a clear need for
additional visual feedback. An example of this idea is uPCA [76]
and uMDS [77], where uncertainty is visualized. We can adapt
how the feature and data space are visualized to integrate such
a technique. We propose this in the context of the visualization
steps visI and visF (see (9) and (3)).

Subspace Detection Algorithms: Four approaches we found
during our review mainly address the analysis of subspaces and
subspace clusters [8], [13], [14], [41]. However, all techniques
provide a purely interactive and user-driven way of subspace
cluster analysis. Our formalization allows for an integration
of machine learning algorithms for the detection of relevant
subspace [65]. In particular, SURFING [22], SUBCLU [78], and
RIS [79]. They detect potentially interesting subspaces based
on data distribution density. These algorithms can be integrated
as parameterizations for the steps of our pipeline to support
the realization of scenario Subspace Cluster Analysis (see
Fig. 5). For example, SURFING can be integrated to facilitate
the detection of interesting subspaces by suggesting a selection
of features represented by parameter F of selF in our frame-
work. Similarly, subspace clusters can be detected beforehand
determining parameters F of selF and I of selI , while dual
analysis allows for the exploration of the involved features and
data items.

Analytical Provenance: The representation of the dataset as
a matrix (i.e., SF , SI , AF , and AI in Fig. 5) at each step of
the dual analysis pipeline allows for a nuanced tracking of the
analysis state. Steinparz et al. [80] and Hinterreiter et al. [26]
systematized the comparison of matrices for analytical prove-
nance allowing for the comparison and visualizations of different
analysis paths. Thus, we support the integration of tracking
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analysis states by formalizing the matrix representations at every
step of our framework.

User Guidance: We also found that no approach involves user
guidance. Similarly to analytical provenance, our formalization
allows for integrating guidance methods since each step’s data
selection and layout is well-defined. The next logical step is to
contrast each stage of the pipeline (see Fig. 5) with guidance
scenarios to find interesting ways to help analysts in their analy-
sis tasks through guidance [27]. Practical guidance frameworks
such as Lotse by Sperrle et al. [81] require clearly defined
data sources and conditions for their guidance strategies, which
our framework enables. For example, suggesting the feature
selectionF of selF , based on what the user has already observed.

VII. LIMITATIONS AND DISCUSSION

During our work, we found that the space of dual analysis
approaches is vast. We identified two papers providing model
sketches for their dual analysis approaches. When comparing
them to our framework, we find that both allow for only a subset
of scenarios and interactions, i.e., the dual analysis approach by
Corput et al. [21] focuses on ordering data table entries according
to relevance or similarity metrics of features and data items. This
only covers the scenarios Similarity Search and Data

Aggregation and Weighting. The approach by Turkay at al. [1]
focuses on Statistical Analysis through linking and brushing.

In both publications, the theory behind each approach states
the specifics of the approach, i.e., which metrics are used; a
generalization allowing for creating a dual analysis toolbox is
missing. Although both approaches describe a model of dual
analysis, both publications describe dual analysis differently
and only converge if generalized to an abstract definition of
dual analysis (see Fig. 1). Hence, both publications do not
propose a generalized framework. In our work, we provide a
formalized framework that offers well-defined interfaces for
each described component used in the dual analysis, which
covers 23 approaches and thus unifying frameworks of dual
analysis.

Our work comes with limitations resulting from the approach
we adopted. To keep the study focused on dual analysis, we
had to define dual analysis in Section V, limiting the literature
analysis to a representative set of examples, explicitly excluding
other approaches, such as VA dashboards. We aimed to identify
papers that contribute a dual analysis approach for a given
analysis problem, offering interactions beyond filtering. We
primarily aimed at results with practical relevance, transparency,
and reproducibility.

We thoroughly described our method and decision-making
process. Thus, we are confident that we analyzed a representative
set of publications and that our framework and formalization
contribute to future research. It would be interesting to eval-
uate the stability of our results in the future by performing
an expanded “cross-validation” study that would add papers
published in the future. We initially started our analysis with
landmark publications from all domains and had to limit the
number of papers to keep the work manageable. Our literature

analysis identified several contributions that offer valuable in-
teractions to explore datasets and validate hypotheses with dual
analysis.

We had long discussions about which interactions to include
as scenarios, but we finally decided on the seven descriptive
scenarios, which cover all 23 approaches listed in Table I. Other
aspects may be included in the interactive dual analysis, which
can be integrated into many VA frameworks in general. An
interesting opportunity, for example, is visualization quality
measures, which was a primary concern when we began this
study [82]. The framework by Bertini et al. [83], later extended
by Behrisch et al. [84], describes an enriched VA pipeline with
quality-metric-driven automation. Quality can be measured at
each analysis step (i.e., upon a view update) while the analyst
steers the process. Quality metrics can aid user interactions
with automatic configurations or recommendations at each step.
However, quality metrics do not interact with the underlying
data, selection, or aggregation but rather the visualizations them-
selves and can be seen as an add-on to our proposed formal
framework.

We also described machine learning algorithms for dimen-
sionality reduction and relevant subspace detection. Yet, incor-
porating other machine learning techniques, e.g., for classifica-
tion, might be a worthwhile pursuit as well [4], [85]. Still, as we
established the framework, we focused exclusively on analysis
scenarios with dual analysis and its three key components with
a bidirectional linking of feature and data space.

In future work, we want to implement a framework based on
the presented model we derived from existing literature. As a
general finding, we can state that all dual analysis approaches,
indeed, fit into a generalized model, which can be used to
categorize existing analysis systems and show other possibil-
ities for combining different components. We also found that
even a specific analysis approach, in this case, dual analysis, is
challenging to define. First, to find relevant literature amid all
visual analytics approaches. Second, to arrange, condense, and
organize the different approaches into a coherent and compre-
hensive overview.

VIII. CONCLUSION AND FUTURE WORK

Enabling users to explore and analyze the data and feature
space of a dataset while maintaining the ability for the user
to apply their knowledge about the data, task, and domain
provide a great benefit. To achieve this, a comprehensive link
between the two spaces needs to be established, which often
depends on domain specificities. In this study, we systematically
analyzed the visual analytics literature to identify and categorize
approaches using dual analysis, i.e., the simultaneous analysis
of feature and data space.

We presented our findings through seven descriptive scenar-
ios, which we contextualize with a formalized dual analysis
framework. Our analysis revealed several ways that dual analysis
can be enriched by incorporating other techniques, such as
layout-enrichment of the 2-dimensional projections and sugges-
tions for interesting subspaces. We presented how current VA
systems and points support existing strategies for future research
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directions. We hope our contributions help other researchers
investigate, design, and evaluate dual analysis approaches. In
future work, we plan to develop a system capable of inferring and
adapting its settings in a larger design space than current systems
for dual analysis. We aim to leverage existing techniques from
related domains, such as machine learning and human-computer
interaction, to improve dual analysis for more efficient and
effective data analysis.
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