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Nonlinear damped Timoshenko systems with
second sound — global existence and
exponential stability

Salim A. Messaoudi? Michael Pokojovy! Belkacem Said-Houari?

Abstract

In this paper, we consider nonlinear thermoelastic systems of Timo-
shenko type in a one-dimensional bounded domain. The system has two
dissipative mechanisms being present in the equation for transverse dis-
placement and rotation angle — a frictional damping and a dissipation
through hyperbolic heat conduction modelled by Cattaneo’s law, respec-
tively. The global existence of small, smooth solutions and the exponential
stability in linear and nonlinear cases are established.

AMS-Classification: 35B37, 35155, 74D05, 93D15, 93D20
Keywords: Timoshenko systems, thermoelasticity, second sound, exponential
decay, nonlinearity, global existence

1 Introduction

In [1], a simple model describing the transverse vibration of a beam was de-
veloped. This is given by a system of two coupled hyperbolic equations of the
form

pug = (K(uz —¢))e 1in (0,00) x (0,L), (1)
Iy = (Elgy)s + K(uz — ) in (0,00) x (0, L),

where ¢ denotes the time variable and « the space variable along a beam of length
L in its equilibrium configuration. The unknown functions v and ¢ depending
on (t,z) € (0,00) x (0, L) model the transverse displacement of the beam and
the rotation angle of its filament, respectively. The coefficients p, I,, E, I and
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K represent the density (i.e. the mass per unit length), the polar momentum
of inertia of a cross section, Young’s modulus of elasticity, the momentum of
inertia of a cross section, and the shear modulus, respectively.

Kim and Renardy considered (1) in [2] together with two boundary controls
of the form

Ko(t, L) — Ku,(t,L) = aw(t,L) in (0,00),
EI@x(tvL) = _ﬁ‘pt(tvL) in (0700)

and used the multiplier techniques to establish an exponential decay result for
the natural energy of (1). They also provided some numerical estimates to the
eigenvalues of the operator associated with the system (1). An analogous result
was also established by Feng et al. in [3], where a stabilization of vibrations
in a Timoshenko system was studied. Rapos et al. studied in [4] the following
system

plutt_K(uz_@)z'i'ut =0 in (0,00) X (OvL)v
p2 — bz + K(uw - (P) +9:=0 in (Oa OO) X (07 L)> (2)
u(t,0) =u(t,L) = ¢(t,0) = (¢, L) =0 in (0,00)

and proved that the energy associated with (2) decays exponentially. This result
is similar to that one by Taylor [5], but as they mentioned, the originality of
their work lies in the method based on the semigroup theory developed by Liu
and Zheng [6].

Soufyane and Wehbe considered in [7] the system

pus = (K — 9)a 0 (0,00) x (0, ),
Ip@tt = (EISDz)z + K(uz - 90) - b(igt in (07 OO) X (Oa L)a (3)
u(t,0) = u(t,L) = p(t,0) = p(t,L) =0 in (0,00),

where b is a positive continuous function satisfying
b($) >by>0 in [ao,al] - [07L]

In fact, they proved that the uniform stability of (3) holds if and only if the
wave speeds are equal, i.e.

K EI

p I’
otherwise, only the asympotic stability has been proved. This result improves
previous ones by Soufyane [8] and Shi and Feng [9] who proved an exponential
decay of the solution of (1) together with two locally distributed feedbacks.

Recently, Rivera and Racke [10] obtained a similar result in a work where

the damping function b = b(x) is allowed to change its sign. Also, Rivera and
Racke [11] treated a nonlinear Timoshenko-type system of the form

p1¢te — 01(Pa, ¥)z = 0,
poie — X(Vz)z + 02(0g, ) + dipy =0



in a one-dimensional bounded domain. The dissipation is produced here through
a frictional damping which is only present in the equation for the rotation angle.
The authors gave an alternative proof for a necessary and sufficient condition for
exponential stability in the linear case and then proved a polynomial stability
in general. Moreover, they investigated the global existence of small smooth
solutions and exponential stability in the nonlinear case.

Xu and Yung [12] studied a system of Timoshenko beams with pointwise
feedback controls, looked for the information about the eigenvalues and eigen-
functions of the system, and used this information to examine the stability of
the system.

Ammar-Khodja et al. [13] considered a linear Timoshenko-type system with
a memory term of the form

prow — K(ps +1)s =0, (4)
t
p2Ve — bigy + / g(t - s)wwx(s)d‘s + K(‘Pw + ¢) =0
0

in (0,00) x (0, L), together with homogeneous boundary conditions. They ap-
plied the multiplier techniques and proved that the system is uniformly stable
if and only if the wave speeds are equal, i.e. pﬁl = p%, and g decays uni-
formly. Precisely, they proved an exponential decay if g decays exponentially
and polynomial decay if g decays polynomially. They also required some techni-
cal conditions on both ¢’ and ¢ to obtain their result. The feedback of memory
type has also been studied by Santos [14]. He considered a Timoshenko system
and showed that the presense of two feedbacks of memory type at a subset of
the bounary stabilizes the system uniformly. He also obtained the energy decay
rate which is exactly the decay rate of the relaxation functions.

Shi and Feng [15] investigated a nonuniform Timoshenko beam and showed
that the vibration of the beam decays exponentially under some locally dis-
tributed controls. To achieve their goal, the authors used the frequency multi-
plier method.

For Timoshenko systems of classical thermoelasticity, Rivera and Racke [10]

considered, in (0,00) x (0, L), the following system

P1Ptt — U(gplﬁwﬁ)ab = Oa
pSet - ’iex:r + A/wt:r = 01

where the functions ¢, v, and 6 depend on (¢,z) and model the transverse
displacement of the beam, the rotation angle of the filament, and the tem-
perature difference, respectively. Under appropriate conditions on o, p;, b, k,
v they proved several exponential decay results for the linearized system and
non-exponential stability result for the case of different wave speeds.

In the above system, the heat flux is given by the Fourier’s law. As a result,
we obtain a physical discrepancy of infinite heat propagation speed. That is,
any thermal disturbance at a single point has an instantaneous effect everywhere



in the medium. Experiments showed that heat conduction in some dielectric
crystals at low temperatures is free of this paradox. Moreover, the disturbances
being almost entirely thermal, propagate at a finite speed. This phenomenon in
dielectric crystals is called second sound.

To overcome this physical paradox, many theories have been developed. One
of which suggests that we should replace the Fourier’s law

q+rK0,=0
by so called Cattaneo’s law
Tq +q+ kO, = 0.

Few results concerning existence, blow-up, and asymptotic behavior of smooth
as well as weak solutions in thermoelasticity with second sound have been es-
tablished over the past two decades. Tarabek [17] treated problems related to
the following one-dimensional system

Ut — a’(u17 97 q)uCECE + b(qu’7 07 q)al’ = al(uxa e)qqmv
9t +g(uz797q)Qr + d(umaaaQ)utm = 042(Um;9)qfh7 (6)
T(uz, 0)g + q + k(ug,0)0, = 0

in both bounded and unbounded situations and established global existence
results for small initial data. He also showed that these “classical” solutions
tend to equilibrium as ¢ tends to infinity. However, no decay rate has been
discussed. Racke [18] discussed lately (6) and established exponential decay
results for several linear and nonlinear initial boundary value problems. In
particular, he studied the system (6) for a rigidly clamped medium with the
temperature held constant on the boundary, i.e.

u(t,0) = u(t,1) = 0(t,0) = 0(t,1) =0 in (0, 00),

and showed for sufficiently small initial data and a; = ag = 0 that the classical
solution decays exponentially to an equilibrium state. Messaoudi and Said-
Houari [19] extended the decay result of [18] for o; and ap that are not neces-
sarily zero.

Concerning the multi-dimensional case (n = 2, 3), Racke [20] established an
existence result for the following n-dimensional problem

Uy — pAu — (p+A)Vdiv u+ 4V =0, (t,z) € (0,00) x Q,

0: +vdiv ¢+ ddivu, =0, (¢t,z) € (0,00) X £,

Tq+q+rVO =0, (tx)e€ (0,00)xQ, (7)
u(0,x) = up(x), ue(0,2) = ui(x), 6(0,z) = bp(z), ¢(0,2) = go(x), x €
u(t,z) =0(t,x) =0, (t,x) € (0,00) x O,

where Q is a bounded domain of R™ with a smooth boundary 9. u = u(t,z) €
R™ is the displacement vector, § = 6(¢,x) is the temperature difference, ¢ =



q(t,z) € R™ is the heat flux, and p, A, 8, v, 0, T, k are positive constants, where
1, a are Lamé moduli and 7 is the relaxation time being a small parameter
compared to the others. In particular, if 7 = 0, the system (7) reduces to
the system of thermoelasticity, in which the heat flux is given by Fourier’s law
instead of Cattaneo’s law. He also proved, under condition V x Vu =V xVq =
0, an exponential decay result for (7). This result is easily extended to the
radially symetric solutions, as they satisfy the above condition.
Messaoudi [21] investigated the following problem

ugr — pAu — (p+ N)Vdivu + V0 = [ulP~2u, (t,2) € (0,00) x Q,

Oy +ydivg+ ddivu, =0, (t,z) € (0,00) x Q,

T +q+kVO=0, (t,x)€ (0,00) xQ, (8)
u(0,x) = up(x), ue(0,2) = uy(x), 6(0,z) = bp(z), ¢(0,2) = go(x), x €N
u(t,z) =0(t,x) =0, (tx) € (0,00) x N

for p > 2, where a nonlinear source term is competing with the damping caused
by the heat conduction and established a local existence result. He also showed
that solutions with negative initial energy blow up in finite time. The blow-up
result was then improved by Messaoudi and Said-Houari [22] to accommodate
certain solutions with positive initial energy.

In the present work, we are concerned with

p1ow — 0(Pzy)x + ppe =0, (t,x) € (0,00) x (0, L),

Pt — bbza + k(pz + 1) + B0, =0, (t,x) € (0,00) x (0, L),

p3fi +Vqx + 0z =0, (t,2) € (0,00) x (0, L), (9)
Togt +q+ Kb, =0, (t,x) € (0,00) x (0,L),

where ¢ = (¢, ) is the displacement vector, ¥ = ¥ (t, ) is the rotation angle
of the filament, § = 6(t, z) is the temperature difference, ¢ = ¢(t, x) is the heat
flux vector, p1, p2, p3, b, k, v, §, K, u, 7o are positive constants. The nonlinear
function o is assumed to be sufficiently smooth and satisfy

04,(0,0) = 04(0,0) =k

and
Op,pn (0, 0) = U@m¢(070) = Oyyp = 0.

This system models the transverse vibration of a beam subject to the heat con-
duction given by Cattaneo’s law instead of the usual Fourier’s one. We should
note here that dissipative effects of heat conduction induced by Cattaneo’s law
are usualy weaker than those induced by Fourier’s law (an opposite effect was
observed though in [23]). This justifies the presence of the extra damping term
in the first equation of (9). In fact if 4 = 0, Fernandez Sare and Racke [24]
have proved recently that (9) is no longer exponentially stable even in the case
of equal propagation speed (p1/p2 = k/b). Moreover, they showed that this
“unexpected” phenomenon (the loss of exponential stability) takes place even in



the presence of a viscoelastic damping in the second equation of (9). If p > 0,
but § = 0, one can also prove with the aid of semigroup theory (cf. [16], Section
4) that the system is not exponential stable independent of the relation between
coefficients. Our aim is to show that the presence of frictional damping pe; in
the first equation of (9) will drive the system to stability in an exponential rate
independent of the wave speeds in linear and nonlinear cases.

The structure of the paper is as follows. In section 2, we discuss the well-
posedness and exponential stability of the linearized problem for ¢ =¥ =¢ =10
on the boundary. In section 3, we establish the same result for o, =9 =q¢ =0
on the boundary. In section 4, we study the nonlinear system subject to the
boundary conditions ¢, = ¥ = ¢ = 0, show the global unique solvability and
exponential stability for small initial data.

2 Linear exponential stability — ¢ =9 =¢=0

For the sake of technical convenience, by scaling the system (9), we transform
it to an equivalent form

p1®1t — 0(Pa, ¥)e + ppr =0,  (t,x) € (0,00) x (0,L),
prtt - bwrr + k(‘ﬂx + 7?) + 79.% = 0, (ta $) € (Oa OO) X (07 L)7
P30t + Ko + Y =0, (t,2) € (0,00) x (0, L), (10)
T0Gt + 0q + kb, =0, (t, l‘) € (07 OO) X (07 L)7
with some other constants and the nonlinear function o still satisfying (possibly

for a new k)
0,5, (0,0) = 0(0,0) = k (11)

and
Tpuip2(0,0) = 04,4(0,0) = oy = 0. (12)
In this section, we consider the linearization of (10) given by
prove — k(e + ) + ppe =0, (t,2) € (0,00) x (0, L),
P2t = aw + k(pa +00) + 902 =0, (¢, ) € (0,00) x (0, L),
P30t + Kge + 7P1a =0, (t,2) € (0,00) x (0, L), (13)
Toqt + 0q + kb, =0, (t,z) € (0,00) x (0, L),

completed by the following boundary and initial conditions

o(t,0) = @(t, L) = (t,0) = ¢(t, L) = q(t,0) = q(t,L) = 0 in (0,00),  (14)
©(0,-) = w0, t(0,) = @1,9(0, ) = o, ¥4(0,-) = 1,

0(0,-) = 6, 4(0,-) = go. (15)
We present a brief discussion of the well-posedness, and the semigroup for-

mulation of (13)—(15). For this purpose, we set V := (p, 1,1, 0,q)" and
observe that V satisfies
{ V., = AV

Vo) =1p (16)



where Vy := (0, ¢1, %0, %1,00,90)" and A is the differential operator

0 1 0 0 0 0
kg2 £ £.9, 0 0 0
P1 P1 P1
A 0 0 0 1 0 0
— k b 92 k
—20, 0 op- 0 ~ L, 0
0 0 0 —29, 0 £,
P3 P2
0 0 0 0 —£y, -2

o
The energy space
M = Hy((0,L)) x L*((0, L)) x Hy ((0, L)) x L*((0, L)) x L*((0, L)) x L*((0, L))
is a Hilbert space with respect to the inner product
ViW)w = oo (VLW 20,0y + 020V W) 20,2
(VI W) paqo,ny) + B(Ve + V2 W + W) L2 (o.ny)
+p3(V2, W) L2((0.y) + oV, W°)
for all VW € ‘H. The domain of A is then
D(A)={V e H|V"',V? e H?*((0,L)) N H}((0,L)),V>V* e Hy((0, L))
Vo, V8 e Hi((0,L)), V. € Hy((0,L))}.
It is easy to show according to [18] the validness of
Lemma 1 The operator A has the following properties:
1. D(A) =M and A is closed;
2. A is dissipative;
3. D(A) = D(A*).
Now, by the virtue of the Hille-Yosida theorem, we have the following result.

Theorem 1 A generates a Co-semigroup of contractions {e“t}>0. If Vo €
D(A), the unique solution V € C1([0,00),H) N C°([0,0), D(A)) to (16) is
given by V(t) = e'Vy. If Vo € D(A™) for n € N, then V € C°([0,00), D(A™)).

Our next aim is to obtain an exponential stability result for the energy
functional E(t) = E(t; ¢, 1,0, q) given by

1 L
E(t;¢,1,0,q) = 5 / (P19} + parby + bUZ + k(pz +¥)* + p30° + 10¢°)da.
0

We formulate and prove the following theorem.



Theorem 2 Let (¢,%,0,q) be the unique solution to (13)-(15). Then, there
exist two positive constants C and «, independent of t and the initial data, such
that

E(t;p,1,0,q) < CE( $0,1,0, )¢ for all t > 0,

where O(t,z) = 0(t,z) — + fo o (s

Proof: To show the exponential stability of the energy functional, we use
the Lyapunov’s method, i.e. we construct a Lyapunov functional £ satisfying

BLE(t) < L(t) < BE(t), t>0

for positive constants 01, G2 and
[, < 2aL(t t>

for some a > 0. This will be achieved by a careful choice of multiplicators.
Multiplying in L?((0, L)) the first equation in (13) by ¢, the second by ,
the third by 6 and the fourth by ¢ and partially integrating, we obtain

d L L
—E(t) = —u/ ordx — (5/ ¢*dx. (17)

As in [16], let w be a solution to
Weg =Yg, w(0)=w(L)=0

and let .
-
I = / (pzwtzb + prpqw — qu> d
0 K

Then, we obtain taking into account the second equation in (13)

L

d L
— [ p2thypdz = 02/ (V7 + Yu) da
dt Jo 0

L L L L
= pg/ Yida + b/ Yoatpda — k/ (2 + ) pda — 'y/ O,1pda.
0 0 0 0
Further, we get using the first and the fourth equations in (13)

a4t L
X prpywdr = p1 / (prew + prwy) do
0 0

L L L L
= —k/ gm/)xdx—i-k/ de—u/ <pfwdx—|—p1/ prwpde,

0

d L
— —LTOw dz / Yrqdr + — / Y(0q + kb,)

5
:_% ¢tqu+% wqu+7 dex
0

0



By using the above inequalities, we find

711_,)2/ wtdx—b/ Yide —k /w2dx+k/ widx

L L o ’}/(5 L
- u/ prwdz + p1 / prwidr — 7/ Yrgde + — / Ygdz.
0 0 K Jo K Jo

Observing
L L L
/ w2dr < / Yide < c/ Yide, (18)
0 0 0
with the Poincaré constant ¢ = % > 0, we conclude using the Young’s inequality
11 < pg/ 2 x—b/ zpzdx—k/ ) da:+k/ P2dx
1 1
+ g/ <61w + @t) dx + —/ (e:lwt + got) dx
0
o [* 2 2 gl 2 2
+ — 611/1t—|-—q dm+—/ 1y —|——q dx
2k Jo €1 2k Jo
€1 5 O7c Lo, €1
<—|b— 2 (per+ 28 vz + o+ 5 (pre+ 12 %dx
2 K 0 2

1 g 1 (70 | Oy >
+T&(M+p1)/o d$+21<+ﬁ)/0 q-dx. (19)

for some 1 > 0.
Next, we consider the functional Is given by

L
Iy = pl/ prpda.
0

It easily follows that

d L L
—I, =p / preodz + pr / prde
dt 0 0

L L L
= / k(pz + ) spda — u/ prpdz + py / ppda
0 0 0

L L L L
——k [ ok [ dupdo—n [ gpdatpn [ din,
0 0 0 0

which can be estimated by
d L ko[t 1
—1I, < —k:/ oida + f/ g9 + —v2 | dx
dt 0 2 0 €2
u [F 1 L
+ 7/ (62@2 + s@?) dz + p1 / pida
2 0 2 0



L L
k
<—(k=2+ ))/ ¢3dz+—/ Y2da
0 2e2 Jo
L
+ ( +p1) / pida (20)
2 2 0
for some g5 > 0.

Next we consider a functional I3 defined by
I3 = Nljl + IQ

for some N7 > 0 and, combining (19) and (20), arrive at

d €1 ovye
dtlgg—[N1<b—2( —i—)) 262}/ Y2da

EaC €1
—(k—%(km)/ G2z + N [pa 2 (pre+ 1)) /wtdx
0
1 H g 2
+ | Nig—(p+p)+ |5 +m / prd
€1 2e9 0
1 5 o
PN — <W+7>/ Pda. (21)
2e1 \ Kk K 0

At this point, we introduce

L
O(t,z) = 0(t,x) — %/0 0o (x)dx

One can easily verify that (gp,w,g_,q) satisfies system (13). Moreover, one
can apply the Poincaré inequality to 6

L L
/ 6% (t,z)dx < c/ 02(t, z)dx
0 0

since fo O(t,z)dz = 0 for all ¢ > 0. Until the end of this chapter, we shall work
with 6 but denote it with 6.

In order to obtain a negative term of fOL Y?dz, we introduce, as in [16], the
following functional

(t) 1= paps | " ( / o, y)dy> dolt, 2)d

and find

Ky + Wmdy> p2prdx

p39dy) (g — Koz + ) —40,)dx

10



L L L
——ps [ wRda — por / ghud — bps / 01y da
0 0 0

L L P L
+ k:pg/ Opdx — l-cpg/ (/ 9dy> dx + 7,03/ 6%dx.
0 0 0 0

This can be estimated as follows

1 b L
fI4 <-— wz/ Pide + 25 (64%2 + €4q2) dz + % eys
0

1 kp 1 kps [*
+ —0%dx + s / (521902 + ,92> da + P2 ehp*dx
£ 2 0 €4 2

4 0

1 T 2 L
+ (/ 9dy> dx + ’ypg/ 6%dx
€4 \Jo 0

L / L
=[—7p2+€4gw]/ Y2 + (W’(b—i—kc))/ Y2z
0
Ik L
+%/ goidx—k( (b+k+kc)/ 62dzx
0
L
P2k 2
e d 22
o ), T4 (22)

for arbitrary positive £4 and &).
Finally, we set

L x
55(0) = —rupa [ attn) ([ oty as
0 0
and observe

d L T L T
515@) = —P3/ Toqs </ de) dzr — To/ q (/ Ps9tdy> dz
0 0 0 0
L x
= —pg/ (—=6q — Kby) (/ 9dy> dx
0 0
L x
— 70 / q < / —KQz — ’ﬂbmdy) dx
0 0
L x L x
:p35/ q(/ 0dy> dl’+pgli/ 0, (/ 9dy> dx
0 0 0 0
L T L T
+ 7’0/’@/ q </ qzdy> dz + 7’07/ q (/ wmdy> dz
0 0 0 0
L x 2 L
= pié (65 </ 02dy> + 1q2> dz — pglﬁ:/ 6%dx
2 Jo 0 €5 0

L L
T 1

+ To"‘/ e A e
0 2 Jo €5

11



e5padc L €l L
< <p3/£+ 5’;3 >/ 92d1’+%0’y/ Wiz
0 0

L
P30 ToY 2
d 23
+(7'0/£ 5es 2€5>/0 q°dx (23)

for positive €5 and ef
For N, Ny, N5 > 0, we can define an auxiliary functional F(¢) by

f(t) =NFE + 13 + N4I4 + N5_[5.
From (21), (22) and (23), we have then

L
arw <o [ ww-c, [ da-c [
0

L
- Cg/ 02dx — C%/ ?dx — Cq/ ¢*dz, (24)
0 0 0
where
_ _e e\ k
Cd,m = _Nl (b B <,u + o >> 2&‘ N4 pg(b-l-kc)] y

[ € €
Co, = (k: - éc(k + u)) - N424kp3c} ,

[ E4p2k € T el
Cy, = | Na (702— ap2 )—Nl (P2+*1(P10+%)>—N5 2 07}’

2 2 2

i 5
Co = | N (pgfﬁ— 55”23 C) Ny ('ypg—l— 3,(b+k+kc)ﬂ :
L €4

2
Cp, = |Np— le(lﬂrpl (+m>}

[ L (7o | Oy p2k p3d | ToY
C,=|N-N 7o NP P30 oV |
4 L 121(:% T K 424 5 TOH+255+25/5

Choosing €1, €9, €4, €5 sufficiently small, then N7 and N4 sufficiently large,
¢y sufficiently small, Ny sufficiently large, ef sufficiently small and finally N
sufficiently large, we can assure that
20k < 2k < 27 < 2K
— € —, € —, € —
pec2 +ove’ 2 T elk+p) PR TP s
k

)

Ni(p2+ 5 (pic+22))

g1 <

Ny >

N4 > Yp2 — 54225 )
_ &1 2 Sye €

en [P0 (1) 2t s
N4p3(b+ kC) N4I€p30

12



2 (b+k+ kc))
55/)36(: ?

N5 >

N, (
p3k —

2 2V (1 = S) Vs a3 (pre+ 22))

Ns7oy
Nigk (ut o) + (£ + 1)
lj/ )

N > max{

1 o 1
N— (22 +NPQH+N5 ok 4+ 222 4 00
K 2e5  2ey
Having fixed the constants as above, we find that all the terms on the right-
hand side of (24) are negative.

Now, we have to estimate 7 (t) versus —doE(t) for a d» > 0. By letting
C := 1 min{Cy,,C,, }, we conclude from (24) that

L L L
< [ wido-c [ e (Co.-0) [ s
0 0 0

_Q j‘L P2dx

_th/ wtdx—ce/ 9d$—0¢t/ gotda:—C/

c 2
< - mm{C,C}/O( +1/J)dl‘*(0w770/ Yrdx

3 (pat+1hp)?

—C¢t/ wtdx—Cg/ szx—C%/ ?dx — C’/

<, / plda - Cy, / W2da - (Cy, - C) / V2o
C,
—mm{ }/ (0w + ) dx—Cg/ 92da:—C/

< dl/ (62 + 02 + 02 + (pu + )% + 67 + ¢P)do, (25)
0
with
. min {C’
di :==min< Cy,,Cy,, (Cy, —C), # ,Co,Cyq ¢ (26)
For dy := 2d, we can therefore estimate

max{p1,pz2,b,k,p3,70}’

SF) < (1)

13



Finally, we consider the functional H(t) := I3 + N4I4 + NsI5 and show for
this
|H(t)| < CE(t), C>0.

By using the trivial relation
L L L
/ pidx < 20/ (g +10)*dx + 202/ Y2da
0 0 0

. . . 2 .
with the Poincaré constant ¢ = % we arive at

|H(t)| = [N1ly + Iz + Nyly + NsIs| < Ni|I1| + [I2| + Ny|Ng| + Ns|I5]

L
/ prpdx
0

+ N57op3

L
-
=N / (pzdw + prpyw — MWJ) dz
0 K

L x
/ </ 0(t,a:)dy> Y (t, x)dx
0 0
L L L 2 L
<N @/ ’lﬂfdl‘-ﬁ-%/ widx+p—1/ gp?dx+£/ P2da
2 Jo 2 Jo 2 Jo 2 Jo
L L L L
—I—M/ widx+ﬂ/ ¢?dx +& / @fdx—i—/ pidx
N L L N L L
+ P2p3ite c/ 92d33—|—/ ’(/)tQCL’L‘ + Tops / qu:v—i—c/ 6%dz
2 0 0 2 0 0

L L L
<Cyp, | @ +Cy, / Yida + Cy, / Yada
0 0 0

+p1

+ Nyp2ps

L L L
+ C%er / (2 +1)2dz + Cy / 0%dz + C, / ¢*dz, (27)
0 0 0

where the constants are determined as follows

. 1 N 1
Cp, = 3 (Nip1+p1), Cy, = 5 (N1p2 + p2p3Ny),
N 1 Nimpe
Cy, = 3 <N1p20+ Nipic + 1TTO + 2p102> ,
R N 1 A 1 / NivyT
Coppiy = p1¢, Cy 1= 3 (Nap2psc + Nspstoc) , Cy := 3 ( I/Z 0 +N5P370) .

According to (27) we have |H(t)| < CE(t) for

max {C’¢t,é¢t,é¢$70¢x+wv C’Gv éq}

C = :
min {p17p27b7 kap377-0}

Taking finally N > max{N, C'} and defining a Lyapunov functional
L(t):= NE+ H(t) = NE + Is + NyI, + N5, (28)
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we obtain, on the one hand,
ALE(t) < L(T) < B2E(t) (29)

for p; := N-C> 0, B := N+C> 0, on the other hand, we know that

%g(t) < —dyB(t) < —%ﬁ(t)

By using the Gronwall’s lemma, we conclude for a := 2(% that
L(t) < e2t0).
Eventually, (29) yields
E(t) < Ce™?* E(0)

with C := % O
1

3 Linear exponential stability — ¢, =¥ =¢=0
The second set of boundary conditions we are going to study in this paper is
Pa(t,0) = o (t, L) = ¥(t,0) = o(t, L) = q(t,0) = q(t, L) = 0 in (0,00). (30)

Here, we consider the initial boundary value problem (13), (15), (30). We will
present a semigroup formulation of this problem, show the exponential stability
of the associated semigroup and make estimates on higher energies. This will
enable us to prove global existence and exponential stability also in nonlinear
settings.

Let

L
L2((0,L)) = {u e L*((0,L)) | /0 u(z)dz = 0},

L
H}((0,L)) ={ue H'((0,L))] / u(z)dz = 0}.
0
We introduce a Hilbert space
H = HY(0, L)) x L2((0, L)) x H3((0, L)) x L2((0, L)) x L2((0, L)) x L*((0, L))
equipped with the inner product

VW= pr(VE WY Lag0,0y) + p2(VE W) L2 (0.0
+ (V2 , W) r2(0,)) + k(V, + V2, Wa + W2 12((0,1))
+ p3(V2, W r2(0,0)) + 10(VE, WO 12((0,1.))-

15



Let the operator A be formally defined as in section 2 with the domain

D(A) — {V S H ‘ Vl € Hz((07L))7 Vzl € H(%((O7L))7V2 € Hi((O,L)),
V3 e H?((0,1)),V* € Hy((0, L)),
Ve H((0,1)),V® € Hy((0, L))}

Setting V := (@, ¢¢, ¥, 14,0, q)!, we observe that V satisfies
Vi =AV
{ V(o) =Vp (81

where Vg := (@0, ¢1,%0, %1, 00, 90)"
By assuring that A satisfies the conditions of the Hille-Yosida theorem, we
can easily get

Theorem 3 A generates a Cy-semigroup of contractions {eAt}tZO. If vy €
D(A), the the unique solution V € C*([0,00), H) N C°([0,00), D(A)) to (81) is
given by V(t) = eA'Vy. If Vo € D(A™) for n € N, then V € C°([0,00), D(A™)).

Moreover, we can show that the Lyapunov functional (28) constructed in
section 2 is also a Lyapunov functional for (31). Observing for the energy E(t)
of the unique solution (¢,, 6, q) that

1
E(t) = 5IVIE

holds independent of ¢, we obtain the exponential stability of the associated
semigroup {e”};>o.

Theorem 4 The semigroup {eAt}tZO assoctated with A is exponential stable,
1.€.

e >0 VE>0 YVoeH: [e™™Volln < cre™ | Vol (32)

Similar to [16], we observe that if Vi € D(A), we can estimate AV (¢) in the
same way as V(t) is estimated in (32), implying in its turn using the structure
of A that (V,}, V2, V3, V4 V5 V5) can be estimated in the norm of H, hence,

one can estimate ((¢z)q, (cpt)x, (1/)z)m» (V1) 02, q2)t in L2((0, L))C.
We define for s € N the Hilbert space
He:= (H* x H7' x H* x H*" ' x H*7' x H*71)((0, L))

with natural norm Sobolev norm for its component. Using the consideration
above, we can therefore estimate

IV (®)ll2, < esllVollre,e™". (33)

cs denotes here a positive constant, being independent of V, and ¢.
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4 Nonlinear exponential stability
In this section, we study the nonlinear system

P10t — 0(Pa,)e + ppr =0,  (t,x) € (0,00) x (0, L),

P2ttt — 0us + k(px + ) + 98, =0, (¢, ) € (0,00) x (0, L),

P30t + Ky + Vb =0, (t,2) € (0,00) x (0, L), (34)
Togt +0q + kO, =0, (t,x) € (0,00) x (0, L),

completed by the boundary

‘P(t’ 0) = <p(t, L) = ’(/J(t,O) =Y(t, L) = q(t,O) = q(t, L) =0in (Ov 0), (35)

and the initial conditions

QO(Oa ) = $o, (,Df,(o, ) = $1, 1/1(07 ) = "/)Oa 1/%(07 ) = ¢17
0(07 ) = HOa q(07 ) = qo- (36)
As before, the constants p1, p2, p3, b, k, 7, 0, Kk, 1, 7o are assumed to be
positive. The nonlinear function o is assumed to be sufficiently smooth and to

satisfy
00,(0,0) = 04(0,0) =k (37)

and
Tp,0.(0,0) = 04,4(0,0) = gy =0. (38)
To obtain a local well-posedness result, we have first to consider a corre-
sponding non-homogeneous linear system
p1¢st — G (b, T)ze — 0 (t, 2)1he + ey =0 in (0,00) x (0, L),
pate — bas + k(s + 1) +90, =0 in (0,00) x (0, L),
030t + K@z + Y =0 in (0,00) x (0, L), (39)
Togt + ¢+ k0, =0 in (0,00) x (0, L)

together with the boundary conditions (35) and initial conditions (36).
The solvability of this system is established in the following theorem.

Theorem 5 We assume for some T > 0 that
5,5 € C1([0,1) x [0, L)),
&tt; &txa 6—xw7 Ov—tty 6tz7 Ov—:vr S LOO([07 T]7 L2((0> L)))
Let 6 > s > 0. The initial data may satisfy

o € H?((0,L)) N Hy((0,L)), ¢10 € Hy((0,L)),
Yo € H*((0,L)) N Hy((0,L)), € H*((0,L)) N Hg((0,L)),
0o € H*((0,L)), qo € H*((0,L)) N Hy((0,L)).
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Under the above conditions, the initial boundary problem (39), (35), (36),
posesses a unique classical solution (¢,v,0,q) such that

.1 € C*([0,T] x [0, L)), 0,9 € C'([0,T] x [0, L]),
9%p, 0% € L>([0,T],L*((0,1))), 1< lal <3,
9%0,0% € L>([0, T, L*((0,L))), 0< o] <2

with 0% = 971022 for a = (ay, ) € NZ.

Proof: We present here a similar proof to that one of Slemrod in [25].
Using Faedo-Galerkin method, we construct a sequence that converges to a
solution of (39), (35), (36). By using then a special a priori estimate, one
obtains corresponding regularity of the solution.

Letting \; i7r/L ci(x) := /2/Lcos \jz, s;(x) := \/2/Lsin \;x, i € N, we
define (¢, ()wm() m(t), am (t)) by

Pm(t) = Z Pim(t)ei(z),  Ym(t) = Z Wim (t)si(),
1=0 =0
em(t) = ZGim(t)Cz(x)v QWL( ) = Zle(t)Sl(ﬂf),
where
L L
#nl0) = [ oo(@o)n, 8,0) = [ er@sa
L ) L
0) = /0 Yo(x)s;(x)dz, V;n(0) = ; P1(x)e;(x)da,

L L
@im(O)z/O Oo(z)c;(x)dx, Qim(()):/o qo(x)s;(x)dz.

Multiplying the equations in (39) in L2((0,L)) by ¢;, s;, ¢; and s;, respec-
tively, we observe that the functions P, Vim, Oim, Qim satisfy a system of
ordinary differential equations

plq)]m Zq)zm )‘2 t .13)01( ) Cj(l‘)>

+ ZA Vim (G (t, z)ei(z), ¢j(z)) — M(i)jm(t)

psW jun () = = bW (AT + k(D5 (DN — U (1) +705m (1) A5, (40)
P3®jm(t) ”ern(t)/\J V\I/Jm( )/\jv
T0Qjm(t) = = Qjm(t) + KOjm(t);

18



for 0 < j <m and

L
(£9) = )10y = | F@lgo)da.
0
This system is always solvable and possesses a unique solution
((I)jnu \I]jrm @jm7 Qjm)

with (ﬁjma \Ifjm S Cz([O,T]) and ejm,Qjm € Cl([O,T])
We define a total energy & by

5(t) = E(t§ %77/1,9#1) =+ E(tﬂptﬂ/)t,‘gtv%) + E(t§ ‘Ptt,%tﬁtt,(ht)
+E(t§§0wiwa9$7%c) +E(t; ththwvetzaqm)v

where
1 L
E(t; $ms Yy s Gm) = 5 / (P17 + 602 + parbi + b2 + p30® + 10¢%) (¢, z)dx.
0

By multiplying in L2((0, L)) the equations in (40) by @, ¥im, ©jm, Qim,
then differentiating them once and twice with respect to ¢, multiplying them with
Dimy Vim, Ojmy Qjm and @ jim, Ujm, Ojm, Qjm, respectively, and summing up
over j =1,...,m, we obtain an energy equality of the form

d
ag(t; Cms Vs Oy Gm) = Fn (0%, 8042111’ 8’819, 8ﬁ2q)
for 0 <fa12| <3,0<|Br2] <2.

Following the approach of Slemrod and obtaining higher order = derivatives
from differential equations, we can integrate the above equality with respect to
t and estimate

t t
| Fodr <€ [ € omtm b an)ar
0 0

Gronwall’s inequality yields then £(t) < C£(0)e“* < C for a generic constant
C > 0.

It follows that the sequence {(©m,¥Ym,0m,dm)}m has a convergent subse-
quence. By the virtue of usual Sobolev embedding theorems, we get necessary
regularity of the solution.

The solution is unique since our a priori estimate can be shown also for
(¢,1,0,q) assuring the continuous dependence of the solution on the initial
data. By usual continuation arguments, the solution can be smoothly continued
to a maximal open interval [0, 7). O

Having proved the local linear existence theorem, we can obtain a local
existence also in the nonlinear situation.
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Theorem 6 Consider the initial boundary value problem (34)—(36). Let 0 =
o(r,s) € C3(R x R) satisfy
0<ro<o,<r1 <00 (rg,r1 >0), (41)
0<|os| <sop<o0 (so>0). (42)
Let the initial data comply with
o € HA(0,L)) N HA((0,1)), 1.0 € H(0, 1),
Yo € H*((0,L)) N Hg((0,L)), € H*((0,L)) N Hg((0,L)),
6o € H*((0,L)), a0 € H*((0,L)) N Hy((0,L)).
The problem (34)—(36) has then a unique classical solution (p,1,0,q) with
.9 € C([0,T) x [0, L)),
0,9 € C'([0,T) x [0, L]),

defined on a maximal existence interval [0,T), T < oo such that for all ty €
[0,7)

holds.

Proof: The proof of the local existence is by now standard. For positive
M, T, we define the space X(M,T) to be a set of all functions (¢, ), 6, q) such
that they satisfy

©(0,:) =¢o, ¥(0,) =10, 0(0,-) =00, q(0,-)=qo,

ee(0,:) = @1, ¢e(0,-) =41 in (0, L), (43)
pa(t,0) = @u(t, L) = (t,0) = ¢(t, L) = q(t,0) = q(t,L) =0 in (0,00) (44)
and their generalized derivatives fulfil
9%p, 0% € L=([0,T],L*((0,L))), 1<|al <3,
9%0,0%q € L>([0,T],L*((0,L))), 0<|a<2

0<t<T

3 2
sup (Z [(0%9)* + (0*v)?] Z [(0%0)* )2]) dz < M?.

Let (¢,%,0,q T). Consider the linear initial boundary value prob-
lem
P191t — Or(Pas V) Pz — TP )0 + piipr = 0,
p2thre = bae + k(pa + 1) +790. =0,
p30t + Kqz + Yhre = 0, (45)
Togt + 0q + kb, =0
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together with initial conditions (36) and boundary conditions (35).
We set

&(t,x) - 0”[‘(¢I7,¢))7

(Ll‘) = 05(@$?¢)7

and observe that 6, & and the initial data satisfy the assumptions of the local
existence and uniqueness Theorem 5. Therefore, this linear problem possesses
a unique solution.

We define an operator S mapping (@,,0,7) € X(M,T) to the solution of
(45), i.e. S(¢,%,0,q) = (¢,,0,q).

With standard techniques, we can show that S maps the space X (M, T) into
itself if M is sufficiently big and T sufficiently small. Following the approach of
Slemrod, we show that S is a contraction for sufficiently small T. As X(M,T)
is a closed subset of the metric space

Y = {(¢,9,0,9) | @1, 9, e, 90,0, € L=([0,T], L*((0, L))}

equipped with a distance function

Q¢

L
p <(¢>¢»9>Q)7 (@ﬂ;a éa (j)) ‘= sup /O [((Pt - @t)Q + (‘pa: - @I)2 + ("/Jt - "Et)2

0<t<T
+(the — ¥2)? + (6 — 0)* + (¢ — 7)* |du,

the Banach mapping theorem is applicable to S and yields a unique solution in
X (M, T) having the asserted regularity. O

To be able to handle the nonlinear problem globally, we need a local existence
theorem with higher regularity. This one can be proved in the same way as
Theorem 6.

Theorem 7 Consider the initial boundary value problem (34)—(86). Let 0 =
o(r,s) € CHR x R) satisfy

0<rg<o,<ri<oo (rg,r1>0),
0<|os| <sg<oo (so>0).

Let the assumptions of Theorem 6 be satisfied. Moreover, let us assume
Yo, zxx, wO,xxx:m P1,xzx) ’(/Jl,awiy 90,mw:va q0,xzx € L2((07 L))
and

826290(07 ')7 5t2¢(0» ) € HQ((Ov L))v 8262901(07 ')v 8?1#(0, ) € H(}((Ov L))
8t0(0a ')aatQ(Ov ) € HQ((Ov L))v an(Oa ) € Hé((O,L))

Then, (34)—(36) possesses a unique classical solution (p,,0,q) satisfying

p,1 € C*([0,T) x [0, L]),
6,q € C*([0,T) x [0, L]),
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being defined in a mazimal existence interval [0,T), T < oo such that for all
to € [O,T)

9%p, 0% € L=([0,t0], L*((0, L)), 1< |a| <4,

9%0,0%q € L>=([0,t0], L*((0,L))), 0<|a| <3

holds. Moreover, this interval coincides with that one from Theorem 6.

Remark 1 Our conjecture is that in analogy to thermoelastic equations one
can prove a more general existence theorem by getting bigger reqularity of the
solution under the same regularity assumptions as in Theorem 6 for initial data

(cf. [26]).
This technique dates back to Kato and is based on a general notion of a
CD-system coming from the semigroup theory.

For the proof of global solvability and exponential stability, we rewrite the
problem (34)—(36) as a nonlinear evolution problem.

Letting V' = (o, ¢¢,1,%,0,q)" and defining a linear differential operator
A: D(A) CH — H in the same manner as in section 3, we obtain

{ Vi = AV + F(V,V,)

V(0) =V (46)

with a nonlinear mapping F' being defined by

F(‘/u Vz) = (07 Oy, (SDZL’? w>$0:1::1: - k‘pzz + O'w((an 1/))%, 0,0,0, O)t
= (Ov Op, (Vrlv Vd)vrlx - kvxlx + C’w(Va}’ Vd)V13 - kVﬁ, 0,0,0, O)t'

Taking into account that F(V,V,)(¢,-) € D(A) for V € Hs, it follows from
the Duhamel’s principle that

V(t) = eV + /t ARV, V) (1)dr (47)
0

The existence of a global solution as well as its exponential decay can be
proved as in [16] using a similar technique as for nonlinear Cauchy problems in
[27].

We assume that the initial data are small in the Hy-norm, i.e.

Vollr, <.
Moreover, let us assume the boundness of Vj in the Hs-norm, i.e. let

Vollrs <v

hold for a v > 1.
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Due to the smoothness of the solution, there exist two intervals [0,7°] und

[0, 7] such that

IV (E)l#, <6, Vte[0,TY,
V()3 <v, Vtel0,TY.

Let d > 1 be a constant to be fixed later on. We define two positive numbers
T\, und TY, as the biggest interval length such that the local solution satisfies

IV (#)llr, <2¢16, Vte[0,Ty]
and

VOl < dv, VEE[0,Thy,
respectively, fulfiling

[ Vol|,,, < ellVlne

e,

for the constant ¢; > 0 defined as in (33).

Under these conditions, we obtain the following estimate for high energy.

Lemma 2 There exist positive constants ca,c3 independent of Vo and T such
that the local solution from Theorem 7 satisfies for t € [0,T4,] the inequality

V()3 < C2||VOH313653¢EIJ V()35 dr
, <

Proof: As our nonlinearity coincides with that considered for nonlinear
Timoshenko systems with classical heat conduction and the estimates for the
linear terms produced by our two new dissipations can be done in the same

manner, we can repeat the proof from [16] literally.
Using Lemma 2 and equality (47), we can write

F(V,Vy)(r) € D(A) C Ha, T2>0,

we can estimate for ||V (¢)]|#,

t
VOl < [4Vall, + [ e P0 V0], ar

t
< 16 [Valls + &1 / e | F(V, V,) [y, dr
0

by estimating the nonlinearity F' as in the lemma below.

Lemma 3 There exists a positive constant ¢ such that the inequality
IE(W, Wa)ll#, < W3, W 24,

holds for all W € Hs with |W||x, < C < co.
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Further, we can show the following weighted a priori estimate.

Lemma 4 Let

Ma(t) = sup (V{7 )

be defined for t € [0,T1,].
There exist then My > 0 and § > 0 such that
Mg(t) < MO < o0

holds if ||[Vollns < v and ||[Volln, <9,
Moreover, M does not depend on Ty, and Vp.

Proof: We assume that |V||%, is bounded. Using Lemma 3 and the estimate
(48), we have

t
IV (®)llr, < cre™ Vol + C/o eIV EIV () 134, dr.

With the aid of Lemma 2, there results

IV (&) ll#, <cillVollr,e™

t T 1/2
b [ e IV Valle™ VOB Az (19)
0

Under assumption [|Vp||#, < 6 for some § > 0 to be determined later on, we
obtain for ¢ € [0, min{79,, T} }]

m’ m

¢ 1/2 t
V()3 < c1de™ " + 6" /20 W Io ”V(T)Hmdf/ e‘a(t_T)HV(T)H?{de
0
< Clée_o‘t + Cél/zyec dv f[]t e—m/zeﬂfﬂl\v(f)HL/;de

t
x / T (0T [V (1) ) 2dr

t
< Cl(se_at n 661/2yect€7at/2\/d7y\/M(t)Mz(t)3/2 / e—(a—T)e—SaT/?)dT
0

t
0

whence one can easily deduce

t
Mg(t) S615+051/2V60\/$\/M2(t)M2(t)3/2 sup eat/ efa(tfr)€73ar/2d7_
0

0<t<o0o

after multiplication with e®’.
From
2 6—5(17’/2 et

t
sup eat/ e~ (t=me=307/2qr — qup —Z s—o Sc< oo
0<t<oo 0 0<t<oco O =
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it follows that

My(t) < 16+ 0(51/2V]\/12(t)3/26(:\/d7\/ Ma(t),

We define a function
f(x):=c10 + 5V 2y 2eVINE _ o

We compute f(0) = ¢10 and f/(0) = —1. According to the fundamental
theorem of calculus, we know

= f(0 C dé =16 S dé.
fla) = 10+ [ r©ae =i+ [ e
For sufficiently small z, we get f’(£) < —3. This means that

x.

| =

flz) <10 —

If we choose now a § < d; = 57—, we obtain f(z) < 0. Because f is
continuous and f(0) > 0 as well as f(x) < 0 holds, f must possess a zero in
interval [0,z]. Let My be the smallest zero of f in [0, z]. The latter must exist
as f~1({0}) N[0, 2] is compact.

We fix a d2 < 61 to be so small that for M2(0) = |Vol|n, < d2

Ms(t) < My

is fulfiled. Tt is possible due to the continuity of Ma(¢).
Thus, Ms(t) is bounded by a My for all ¢ € [0, min{TY,, T4, }].
If T, > T3, the claim of the theorem holds for § < §> und My(d;) < oo.
Otherwise, we have T}, < T,;. We observe that for sufficiently small §3 > 0

f(2¢10) = cvci’mecmmdz —16<0

is valid for § < d3.
We choose now an appropriately small d3 to fulfil the above inequality.
Hence,
IV (#)llry < Ma(t) < Mo < 2¢16

for 6 < min{ds,ds}.
This contradicts to the maximality of T%,. That is why 7%, > T3, must be
valid, i.e. the claim holds for § < min{ds,d3} and My(d1) < oco. O
This enables us finally to formulate and prove the theorem on global existence

and exponential stability.

Theorem 8 Let the assumptions of Theorem 7 be fulfiled. Moreover, let
L L L
/ wo(z)dz = / 1(z)de = / f(z)dz = 0.
Jo Jo 0
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Let v > 1 be arbitrary but fired. We can then find an appropriate § > 0 such
that if |Volln, < 0 and ||Vi|ln, < v hold there exists a unique global solution

(p,0,0,q) to (84)—(36) satisfying

p,1 € C*([0,00) x [0, L]),
0,q € C*(]0,00) x [0, L]).

There exists besides a constant Co(Vp) > 0 such that for all t > 0
IV ()7, < Coe™*"
with o > 0 from Theorem 4 is valid.

Proof: Theorem 7 guarantees the existence of a local solution with the
regularity

@, € C*([0,T] x [0, L)),
6,q € C*([0,T] x [0, L]).

Lemmata 2 and 4 suggest that

1/2

IV ()|l < CIIVoneW‘T”f5 IV ()liys2dr

< |Vl e Mo < ce||Vollpy, t< Ty <T,

where ¢ > 0 and § are chosen sufficiently small in order ¢v/dvMy < 1 is fulfiled.
We put d := ce and find

V(s < dlVollr, <dv, ¢ <Ty <T.

For Ti; < T, we become a contradition to the maximality of 74,. Thus,
TI%/I = T must hold.
If 0 <t <T, there results from (49) that

t T
V(t <allVo et +e e—u(t—‘r) Vir 2 Vo ecx/@jo HV(r)H;_‘/szrdT
VOl < e[Vl 0 2, [Vollws
t
< c|[Vollrs + ¢ / IV ()2, eV =@ dr
0
t
< clValles + eV O 1) [V () s
0

whence we conclude
V)l < K[Vollr, (50)

using the Gronwall’s lemma for

K = cMyetVMot+Mo)
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We choose ¢’ such that 0 < §' < % and obtain

V(D) < K|[Volln, < K& < 4.

Therefore, there exists a continuation of V onto [T,T + T1(d1)]. With (50)
there follows
V(T + T1(0)) 1, < K|[Volloe, <6,

i.e. we can smoothly continue the solution onto [T+ T1(d1),T + 271 (d1)].
Here, we applied (50) to the solution of the initial boundary value problem
with the initial value Wy := V(T'). This is allowed since |[Wpl||n, < ¢ and
IWo||#, < ¢ < oo holds according to Lemma, 2.
Hence, we can succesively obtain a global solution V' = (i, ¢, ¥, 14,0, q)*
with
o, € C%([0,00) x [0, L),
6,q € C*([0,00) x [0, L]).

In particular, we can conlude
Ma(t) < My < oo,

for all ¢t € [0, 00), since
IV(8)lln, < K <6,
Finally, it follows
IV (#)ll3, < Moe™ "
0
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