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Fkdswhu 4

Lqwurgxfwlrq

Frpprqo| wkh sxusrvh ri hfrqrphwulfv lv wr lqyhvwljdwh d/ shukdsv hfrqrplfdo/ uh0

odwlrqvkls ehwzhhq vrph h{sodqdwru| yduldeohv dqg vrph ghshqghqw yduldeohv iru d

fhuwdlq srsxodwlrq1 Zhuh erwk wkh h{sodqdwru| dqg wkh ghshqghqw yduldeohv nqrzq

iru doo srsxodwlrq phpehuv/ wklv dqdo|vlv zrxog eh wulyldo zlwk doo frqfhlydeoh lq0

irupdwlrq dw kdqg1 Xvxdoo| rqo| d +vpdoo, vxejurxs ri wklv srsxodwlrq/ wkh vdpsoh/

lv revhuyhg ru lqwhuylhzhg dqg hvwlpdwlrq ri wkh uhodwlrqvkls iru wkh zkroh srsxod0

wlrq pxvw uhvwulfw lwvhoi wr wklv dydlodeoh lqirupdwlrq1 Wzr glvwlqfw w|shv ri vdpsohv

fdq eh glvwlqjxlvkhg= udqgrp +ru uhsuhvhqwdwlyh, vdpsohv dqg qrq0udqgrp vdpsohv1

Udqgrp vdpsohv duh gudzq frpsohwho| udqgrpo| iurp wkh srsxodwlrq dqg wkxv duh

uhsuhvhqwdwlyh iru wkh zkroh srsxodwlrq/ dv hyhu| srsxodwlrq phpehu kdv wkh vdph

suredelolw| wr eh zlwklq wkh vdpsoh1 Doo rwkhu vdpsohv/ zkhuh wkh suredelolw| wr

eh lqfoxghg lq wkh vdpsoh ydulhv dprqj wkh srsxodwlrq phpehuv/ duh dffruglqjo|

qrq0udqgrp vdpsohv1 Frpprqo| wklv yduldwlrq ru xqhyhqqhvv lv ri xqnqrzq irup1

Dw d �uvw jodqfh rqo| udqgrp vdpsohv dsshdu wr eh phdqlqjixo iru h{wudsrodwlrq wr

wkh hqwluh srsxodwlrq/ vlqfh qrq0udqgrp vdpsohv gr qrw pluuru wkh wuxh srsxodwlrq

phpehuv* frpsrvlwlrq/ wkrxjk wuxo| udqgrp vdpsohv pd| iuhtxhqwo| eh gl!fxow ru

qrw dw doo wr rewdlq1

Iru lqvwdqfh/ zkhq frpsdulqj pdoh dqg ihpdoh zdjh vwuxfwxuhv iru fhuwdlq djh

jurxsv/ doprvw udqgrp vdpsohv frxog eh gudzq iurp wkh pdoh srsxodwlrq/ li doprvw

doo phq zrun1 Wklv lv riwhq lqfrqfhlydeoh iru ihpdohv/ vlqfh qrw doo zrphq zrun dqg

zdjh gdwd rq qrq0zrunlqj zrphq duh xqnqrzq ru xquholdeoh1 Ru/ zkhq hydoxdwlqj

wkh txdolw| ri hgxfdwlrq/ fduh pxvw eh wdnhq wr dffrxqw iru wkh +dw ohdvw sduwo|, vhoi0

vhohfwlrq ri wkh vwxghqwv dqg lw pxvw eh uhfrjql}hg wkdw wkh vwxghqwv ri wkh frpshwlqj

hgxfdwlrqdo lqvwlwxwlrqv duh dv jurxsv lqkhuhqwo|/ shukdsv lqylvleo|/ gl�huhqw1 Vdpsoh

vhohfwlrq ri dq| qrq0udqgrp irup dozd|v ohdgv wr wkhvh lqkhuhqwo| gl�huhqw jurxsv/

erwk iru vhoi0vhohfwlrq/ h1j1 xqlrq2qrq0xqlrq phpehuvkls dqg iru vdpsohv zkr duh

vhohfwhg e| dq| rwkhu dxwkrulw|/ olnh wkh surjudp dgplqlvwudwru ri pdqsrzhu wudlqlqj

surjudpv1
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Rqh wrro wr frsh zlwk qrq0udqgrp vdpsohv/ zkhuh wkh lq0vdpsoh suredelolw| lv

xqnqrzq/ duh vhohfwlylw| prghov/ dovr nqrzq dv vdpsoh vhohfwlrq prghov1 Vhohfwlylw|

prghov dozd|v frqvlvw ri wzr sduwv1 Rqh lv wkh vwuxfwxudo sduw/ hperg|lqj wkh

ghvluhg srsxodwlrq uhodwlrqvklsv1 Wkh vhfrqg/ wkh vhohfwlrq sduw/ wdnhv dffrxqw ri

wkh qrq0uhsuhvhqwdwlyh qdwxuh ri wkh suhvhqw qrq0udqgrp vdpsoh/ wr prgho h{solflwo|

wkh surfhvv ri revhuydwlrqv hqwhulqj lqwr wkh vdpsoh dqg wr ghwhuplqh wkh lq0vdpsoh

suredelolwlhv iru doo srsxodwlrq phpehuv1 Wklv frpsrxqg doorzv wr fruuhfw wkh

qrq0udqgrpqhvv ri wkh suhvhqw vdpsoh dqg wr |lhog uhsuhvhqwdwlyh hvwlpdwhv iru wkh

srsxodwlrq uhodwlrqvklsv1

Frqvlghu/ iru lqvwdqfh/ dq dqdo|vlv ri wkh vwuxfwxudo zdjh ghwhuplqdqwv iru wkh

srsxodwlrq ri zrunhuv wkdw duh vhohfwhg hlwkhu lqwr wkh djulfxowxuh/ pdqxidfwxulqj

ru vhuylfh vhfwru1 Dffruglqjo| wkh zkroh srsxodwlrq lv sduwlwlrqhg lqwr wkuhh vhoi0

vhohfwhg vxesrsxodwlrqv/ iurp zklfk udqgrp vdpsohv fdq eh gudzq1 Wkhvh vxesrs0

xodwlrqv duh vhoi0vhohfwhg vlqfh wkh zrunhuv wkhpvhoyhv ghflgh +ru dw ohdvw lq xhqfh,

wkh vhfwru lq zklfk wkh| zrun/ zlwk rwkhu zrugv lqwr zklfk vhfwru wkh| vhohfw lqwr1

Khqfh d udqgrp vdpsoh gudzq iurp wkh vxesrsxodwlrq ri djulfxowxudo zrunhuv zrxog

qrw eh uhsuhvhqwdwlyh qhlwkhu iru wkh hqwluh srsxodwlrq qru iru wkh vxesrsxodwlrqv

pdqxidfwxulqj zrunhuv/ vhuylfh zrunhuv1 Wkh wulfn| sduw ri wkh hvwlpdwlrq ri wkh

vwuxfwxudo uhodwlrqvklsv dulvhv wkurxjk wkh frpsrvlwlrq ri wkh suhvhqw gdwdvhw/ zklfk

lv d frqmxqfwlrq ri vrph/ lq rxu fdvh wkuhh/ udqgrp sduw0vdpsohv/ hdfk uhsuhvhqwd0

wlyh iru d fhuwdlq vxesrsxodwlrq/ exw dv d frpsrxqg qhlwkhu uhsuhvhqwdwlyh iru dq|

vxesrsxodwlrq qru iru wkh zkroh srsxodwlrq dw doo1

Wkhvh vwuxfwxudo zdjh uhodwlrqvklsv duh qrw wr eh frqixvhg zlwk d phuh wdeohdx

ri vhsdudwh dqg xqfrqqhfwhg zdjh htxdwlrqv/ zlwk rqh zdjh htxdwlrq iru djulfxo0

wxudo zrunhuv/ wkdw lv ydolg rqo| iru srsxodwlrq phpehuv zkr dfwxdoo| zrun lq wkh

djulfxowxudo vhfwru/ rqh iru pdqxidfwxulqj dqg rqh iru vhuylfh zrunhuv1 Wkrvh frxog

hdvlo| eh hvwlpdwhg iurp wkh udqgrp sduw0vdpsohv iru hdfk vxesrsxodwlrq1 Wkrvh

zdjh htxdwlrqv/ hdfk frqglwlrqhg rq wkh fruuhvsrqglqj vhohfwlrq/ zrxog dssuryh rqo|

iru wkh fruuhvsrqglqj vxesrsxodwlrqv dqg wkdw dssurdfk zloo eh eulh | eurdfkhg dv

wkh wzr0sduw prgho lq wkh fkdswhu Sdudphwulf Hvwlpdwlrq1 Wkh vwuxfwxudo zdjh

dssurdfk ri wkh vhohfwlylw| prgho vwulyhv pxfk ixuwkhu/ vlqfh lwv* uhodwlrqvklsv duh

ydolg dqg uhsuhvhqwdwlyh iru wkh hqwluh srsxodwlrq1 Iru dq| lqglylgxdo gudzq udq0

grpo| iurp wkh srsxodwlrq lw*v vhfwrudo mre fkrlfh lv looxplqdwhg dqg lw*v hduqlqj

survshfwv lq hdfk vhfwru1 Wkhvh zdjh uhodwlrqvklsv lqkhuhqwo| surylgh srwhqwldo +ru

vkdgrz, rxwfrphv iru doo srsxodwlrq phpehuv iru doo wkuhh vhfwruv/ dowkrxjk hyhq lq

dq �lq�qlwh� vdpsoh/ frqwdlqlqj doo lqirupdwlrq iurp doo srsxodwlrq phpehuv/ rqo|

rqh wklug ri doo srwhqwldo zdjhv fdq eh revhuyhg/ vlqfh hdfk phpehu lv vhohfwhg lqwr

h{dfwo| rqh ri wkh wkuhh vhfwruv1 Khqfh wkh vhfwru fkrvhq vkrxog eh dwwulexwhg dv dq

dgglwlrqdo lqglylgxdo*v fkdudfwhulvwlf dqg hyhq zlwk doo rwkhu fkdudfwhulvwlfv htxdo

dq lqglylgxdo zrunlqj lq pdqxidfwxulqj lv wr glvwlqjxlvk iurp vrphrqh zrunlqj lq
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wkh vhuylfh vhfwru1

Dvvxplqj iru d prphqw wkdw wkh vwuxfwxudo uhodwlrqvklsv kdyh ehhq hvwlpdwhg

douhdg|/ wkhq srwhqwldo zdjhv frxog eh suhglfwhg1 Wkhvh duh zdjhv wkdw dq lqglylg0

xdo/ vhohfwhg lqwr d fhuwdlq vhfwru/ zrxog h{shfw wr hduq lq wkh erwk rwkhu vhfwruv/

li wklv lqglylgxdo zrxog ghflgh wr vzlwfk wkh vhfwru1 E| wklv/ lw frxog eh hydoxdwhg

krz pxfk hduqlqj orvv4 dq lqglylgxdo zrxog vx�hu/ zrxog lw eh irufhg wr zrun lq dq

rwkhu vhfwru/ zklfk/ iru lqvwdqfh/ frxog rffxu li wkh djulfxowxudo vhfwru ehfrphv holp0

lqdwhg e| pdunhw irufhv/ surylghg wkdw qr rwkhu jhqhudo0htxloleulxp h�hfwv/ vfduflw|

h�hfwv hwf1 kdyh fkdqjhg wkh vwuxfwxudo uhodwlrqvklsv1 Zlwk wkhvh srwhqwldo zdjhv dw

kdqg vwuxfwxudo gl�huhqfhv ru wuhdwphqw h�hfwv fdq eh hydoxdwhg1 Wkh hydoxdwlrq ri

lqglylgxdo fdxvdo wuhdwphqw h�hfwv/ wkdw lv wkh rxwfrph gl�huhqfh ehwzhhq wkh wzr

k|srwkhwlfdo vwdjhv= wkh rxwfrph dfklhyhg/ li wkh lqglylgxdo zrxog kdyh sduwlflsdwhg

dqg wkh rxwfrph dfklhyhg/ li wkh vdph lqglylgxdo zrxog qrw kdyh sduwlflsdwhg/ lv

ri kljk uhohydqfh lq folqlfdo wuldov/ phglflqh dqg doo vrfldo surjudpv/ olnh pdqsrzhu

wudlqlqj1 Lw lv riwhq prghoohg e| d vhohfwlylw| prgho zlwk wzr vhfwruv +lq vhfwru rqh

wkh sduwlflsdqwv/ lq wkh rwkhu vhfwru wkh qrq0sduwlflsdqwv,1 Wklv gl�huhqfh lv fdoohg

wkh/ e| gh�qlwlrq xqrevhuydeoh/ fdxvdo h�hfw ri d wuhdwphqw/ vlqfh wkh sduwlflsd0

wlrq lq wuhdwphqw vkliwv wkh lqglylgxdo lqwr wkh rwkhu fdwhjru| dqg fdxvhv e| wklv d

gl�huhqw rxwfrph/ zlwk doo rwkhu fkdudfwhulvwlfv/ sdudphwhuv hwf1 xqfkdqjhg1

Wklv prwlydwlrq h{srvhg vrph ri wkh rssruwxqlwlhv ri vhohfwlylw| prghov/ wkrxjk

wkh gl!fxowlhv zlwk wkhlu hvwlpdwlrq vkrxog qrw eh ryhuvhhq1 Frqvlghulqj wkh wzr

sduw vwuxfwxuh/ wkh vhohfwlrq sduw prghov wkh vhfwrudo fkrlfh ri dq| lqglylgxdo e|

dvvljqlqj wkh lqglylgxdo wr wkh fkrvhq vhfwru rq wkh edvlv ri wklv lqglylgxdo*v fkdu0

dfwhulvwlfv1 Rqfh wkh lqglylgxdo*v vhohfwlrq lv dffrpsolvkhg/ wkh vwuxfwxudo sduw h{0

sodlqv wkh rxwfrphv iru wklv lqglylgxdo1 E| lqfoxglqj doo lqglylgxdo fkdudfwhulvwlfv

lq erwk sduwv wkh vhohfwlrq phfkdqlvp dqg wkh fruuhvsrqglqj zdjhv zhuh frpsohwho|

ghwhuplqhg/ surylghg wuxh uhodwlrqvklsv h{lvw dw doo1 Exw riwhq/ qrw doo lqglylgxdov*

fkdudfwhulvwlfv duh revhuyhg dqg dovr udqgrp/ xqrevhuydeoh lq xhqfhv pd| glvwxue

wkh orqjhg iru vwulfw ghwhuplqlvwlf uhodwlrqvklsv1 Wklv lv xvxdoo| wdnhq lqwr frqvlg0

hudwlrq e| dqqrxqflqj vwrfkdvwlfdo srsxodwlrq uhodwlrqvklsv dqg wkh lqwurgxfwlrq ri

vwrfkdvwlfdo huuru whupv fdswxulqj wkhvh erwk h�hfwv1 Wkurxjk wkhvh huuru whupv/

dsshdulqj lq erwk wkh vhohfwlrq dqg wkh vwuxfwxudo sduw/ dulvhv wkh surwdjrql}lqj

hvwlpdwlrq sureohp/ vlqfh vljqdov ehwzhhq wkh vhohfwlrq dqg wkh vwuxfwxudo sduwv

pd| eh fkdqqhoohg xqqrwlfhg yld d olqn ehwzhhq wkh huuru whupv/ lqwurgxflqj dq

xqrevhuyhg vhohfwlylw| eldv1 Wr ghprqvwudwlqj d vwulnlqj h{dpsoh/ dvvxph wkdw/ lq

d wzr0vhfwru0vhwwlqj +hpsor|hg2xqhpsor|hg, zkhuh wkh zdjhv iru wkh hpsor|hg dqg

wkh hpsor|phqw sduwlflsdwlrq duh dqdo|}hg/ wkh erwk huuru whupv h{foxvlyho| uhs0

uhvhqw wkh lpsdfw ri dq xqrevhuyhg lqglylgxdov* fkdudfwhulvwlf odehoohg prwlydwlrq

rq wkh hpsor|phqw sduwlflsdwlrq dqg wkh zdjh/ uhvshfwlyho|1 Li kljkhu prwlydwlrq

4D jdlq vhhpv riwhq xqolnho| vlqfh wkh lqglylgxdov kdyh vhoi0vhohfwhg wkhlu rssruwxqh vhfwru1
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ohdgv wr kljkhu zdjhv dqg dovr wr dq lqfuhdvhg zloolqjqhvv wr zrun/ erwk huuru whupv

zrxog eh srvlwlyho| fruuhodwhg dqg wkh revhuyhg zdjhv ri wkh zrunlqj vxesrsxod0

wlrq zrxog eh kljkhu wkdq h{shfwhg e| wkhlu revhuyhg fkdudfwhulvwlfv wkurxjk wkh

grxeoh h�hfw ri wkh xqrevhuyhg prwlydwlrq dqg zrxog eh wrr kljk wr uhsuhvhqw wkh

hqwluh srsxodwlrq/ doo rwkhu fkdudfwhulvwlfv wkh vdph1 Lq olnh pdqqhu/ iru d qhjdwlyh

fruuhodwlrq ehwzhhq wkh vhohfwlrq huuru dqg wkh vwuxfwxudo huuru wkh revhuyhg vdpsoh

zrxog xqghuvwdwh wkh wuxh srsxodwlrq uhodwlrqvkls1 Wklv vhohfwlylw| eldv fdqqrw eh

dwwulexwhg wr dq| revhuyhg fkdudfwhulvwlfv dqg ghpdqgv d sduwlfxodu wuhdwphqw ri

wkh huuru whupv1

Wkh hduo| dssurdfkhv lq wkh 4<:3v/ uhjduglqj wklv huuru whup fkdqqho/ dlphg

wr prgho wklv olqn e| sdudphwulfdoo| vshfli|lqj wkh mrlqw huuru glvwulexwlrq xs wr

d �qlwh dprxqw ri frh!flhqwv1 Uhjxoduo| wkh elyduldwh qrupdo glvwulexwlrq kdv

ehhq lpsrvhg zlwk wkh xqnqrzq fryduldqfh uh hfwlqj wkh vhohfwlylw| olqn +Khfn0

pdq/ 4<:7/^4:` dqg 4<:9/^4;`,1 Lq wkh 4<;3v wkh frqmhfwxuh hphujhg/ dovr iruhvhhq

e| Khfnpdq/ wkdw wklv glvwulexwlrqdo uhvwulfwlrq zlwk wkh rqo|  h{lelolw| ehlqj wkh

huuru whup fruuhodwlrq 5 d��c �o/ pljkw eh wrr vwulfw wr ixoo| frpsuhkhqg wkh huuru

whupv* olqn dqg holplqdwh wkh vhohfwlylw| eldv/ zklfk kdv wkhq ehhq xqghuolqhg e|

vhyhudo vwxglhv/ h1j1 Dudepd}du dqg Vfkplgw +4<;5/^7`/ Jrogehujhu +4<;6/^48`, dqg

Vfkdijdqv +4<<:/^79`,,1 Wklv dzduhqhvv ixhohg wkh ghyhorsphqw ri vhplsdudphwulf

whfkqltxhv wr hvwlpdwlqj vhohfwlylw| prghov/ wkdw ohdyh vxevwdqwldoo| pruh iuhhgrp

wr wkh irup ri wklv huuru whup olqn/ khqfh dfklhylqj wkh holplqdwlrq ri wkh vhohfwlylw|

eldv xqghu pruh jhqhudo dvvxpswlrqv1 Sdudphwulf prghoolqj surfhhgv e| ixoo| vshf0

li|lqj hyhu| xqnqrzq ixqfwlrq dqg huuru whup glvwulexwlrq wr d sdudphwulf idplo|

zlwk d �qlwh dprxqw ri xqnqrzq sdudphwhuv/ h1j1 lqwhufhsw dqg vorsh frh!flhqwv iru

d olqhdu ixqfwlrqdo vshfl�fdwlrq ru phdq dqg vwdqgdug ghyldwlrq iru qrupdo glvwul0

exwlrq idplo|1 Ixoo| qrqsdudphwulf prghov ghsuhfldwh vxfk duelwudu| dvvxpswlrqv

dqg duh vdwlv�hg zlwk vprrwkqhvv dqg uhjxodulw| frqglwlrqv rq wkh ixqfwlrqv dqg

ghqvlwlhv1 Vhplsdudphwulf prghov duh d kdoi0euhhg ri erwk vlqfh wkh| vshfli| sduwv

ri wkh prgho sdudphwulfdoo| exw ohdyh rwkhuv xqvshfl�hg1 Lq vhplsdudphwulf vhohf0

wlylw| prghoolqj wkh uhjuhvvru ixqfwlrqv duh frpprqo| vshfl�hg dqg wkh huuru whup

ghqvlwlhv ohiw qrqsdudphwulf/ wkrxjk wklv sdwwhuq lv qrw frjhqw1

Lq wklv vslulw lw lv dq remhfwlyh ri wklv zrun wr surylgh d wkrurxjk wkhruhwlfdo

looxplqdwlrq ri wkh surshuwlhv ri glfkrwrprxv +@ 5 vhfwru, vhohfwlylw| prghov/ exw

lw*v dlpv duh vwulnlqj ixuwkhu/ dv lw lqwhqgv wr gholyhu d sudfwlfdo jxlgh ri krz wr

dsso| vhplsdudphwulf hvwlpdwlrq lq wkhvh glfkrwrprxv vhohfwlylw| prghov1 Wr wklv

hqg wkh pdlq uhvxowv ri wkh prvw vxevwdqwldo whfkqltxhv duh suhvhqwhg lq frqmxqfwlrq

zlwk doo wkh uhohydqw irupxodh uhtxluhg wr sxw wkhvh hvwlpdwruv wr xvh1

Dwwhqwlrq zloo eh jlyhq wr glfkrwrprxv prghov/ dv wkhvh duh wkh prvw zlgho|

dssolhg/ kdyh uhfhlyhg e| idu wkh prvw ri vflhqwl�f uh hfwlrq dqg doorz wr eh fryhuhg

zlwkrxw udpl�fdwlrq lqwr gl�huhqw vshfl�fdwlrqv ri vhohfwlylw| prghov vxfk dv rughuhg
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dqg xqrughuhg vhohfwlrq prghov hwf1 Lq dgglwlrq/ dv wkh vl}h ri wklv wkhvlv lv uhvwulfwhg/

eurdfklqj dovr pruh jhqhudo vhohfwlylw| prghov zrxog lqyroyh d uhgxfwlrq ri wkh vsdfh

ghyrwhg wr wkh suhvhqwdwlrq ri wkh glfkrwrprxv prghov/ wkhq uxqqlqj gdqjhu wr plvv

wkh deryh rxwolqhg remhfwlyhv ri d wkrurxjk dqg frpsuhkhqvlyh h{srvlwlrq ri wkh

glfkrwrprxv prgho1 Wkh lqfolqhg uhdghu zlwk ixuwkhu dpelwlrqv eh uhihuuhg wr wkh

ryhuylhz duwlfoh ri Yhood +4<<;/^83`,1

Wklv wudgh r� zdv lq olnh pdqqhu vhwwohg lq idyrxu wr sudfwlfdo hqgv/ zkhq ohdylqj

rxw wkhruhwlfdo glvfxvvlrqv/ surshuwlhv dqg surriv ri txhvwlrqdeoh hvvhqwldolw|1 Qhy0

huwkhohvv/ d pruh jhqhudo prgho zloo eh vnhwfkhg lq wkh vxffhhglqj fkdswhu Prgho

Iudphzrun/ wkrxjk diwhuzdugv wkh vfrsh ri frqwhpsodwlrq zloo eh uhvwulfwhg wr vh0

ohfwlylw| prghov zlwk vhohfwlrq lqwr hlwkhu rqh ri wzr fdwhjrulhv1

Wr wklv hqg wkh wkhvlv lv rujdql}hg dv iroorzv= Fkdswhu wzr lqwurgxfhv wkh iru0

pdo iudphzrun xvhg dqg uhvwulfwv wkh glvfxvvlrq wr vhohfwlylw| prghov zlwk rqo| wzr

vhfwruv1 Fkdswhu wkuhh fryhuv wkhq wkh wkhruhwlfdo qhhgv wr lghqwli| wkh vwuxfwxudo

uhodwlrqvklsv lq lq�qlwh vdpsohv1 Fkdswhu irxu vnhwfkhv eulh | wkh sdudphwulf hvwl0

pdwlrq whfkqltxhv dqg wkh wzr0sduw prgho/ wkdw pd| vxlw dv dq dowhuqdwlyh li wkh

vhohfwlylw| prgho glvdssuryhv wkh lghqwl�fdwlrq uhtxluhphqwv1 Fkdswhu �yh ghvfulehv

lq ghwdlo wkh pruh surplvlqj dydlodeoh vhplsdudphwulf hvwlpdwruv iru wkh vhohfwlylw|

prgho1 Lq Fkdswhu vl{ wkh dv|pswrwlf dqg �qlwh vdpsoh surshuwlhv ri wkhvh vhplsdud0

phwulf hvwlpdwruv duh rxwolqhg/ zkloh Fkdswhu vhyhq looxvwudwhv krz wkhvh hvwlpdwruv

duh dssolhg lq sudfwlfdo zrun1 Fkdswhu hljkw suhvhqwv vrph �qdo frqfoxvlrqv1



Fkdswhu 5

Prgho Iudphzrun

Wkh gl!fxowlhv dulvlqj iurp vhohfwlylw| zkhq lqyhvwljdwlqj vwuxfwxudo srsxodwlrq uh0

odwlrqvklsv dqg phwkrgv wr ryhufrph wkhvh vkrxog qrz eh dqdo|}hg zlwklq d irupdo

vhwwlqj iru vhohfwlylw| prghov zlwk furvv0vhfwlrqdo gdwd1

Dvvxph wkh h{lvwhqfh ri a glvwlqfw dqg h{foxglqj fdwhjrulhv lqwr zklfk hdfk

lqglylgxdo zloo eh vhohfwhg lqwr h{dfwo| rqh1 Wklv frxog eh/ iru lqvwdqfh/ xqlrq0

phpehuvkls/ qrq0phpehuvkls +a ' 2, ru gl�huhqw mre vhfwruv olnh djulfxowxuh/ pdq0

xidfwxulqj dqg vhuylfhv +a ' �,/ zkhuh dozd|v lw lv wr hqvxuh wkdw doo lqglylgxdov �w

lqwr h{dfwo| rqh1 Ixuwkhupruh dvvxplqj wkdw iru hdfk fdwhjru| d xqltxh srsxodwlrq

uhodwlrqvkls ehwzhhq vrph h{sodqdwru| yduldeohv dqg d frqwlqxrxv rxwfrph yduldeoh

h{lvwv/ wkh v|vwhp ri srsxodwlrq uhodwlrqvklsv fdq eh vnhwfkhg dv=

t W
�� ' s�Ef�� n 0�� zlwk .d0��mf�o ' f +514,

t W
�2 ' s2Ef�� n 0�2 zlwk .d0�2mf�o ' f

111
111

111
111

t W
�a ' saEf�� n 0�a zlwk .d0�a mf�o ' f�

Wkh ixqfwlrqv s�c ��c sa uhsuhvhqw wkh xqnqrzq srsxodwlrq uhodwlrqvkls iru hdfk fdwh0

jru|/ ghwhuplqlqj wkh fruuhvsrqglqj frqwlqxrxv rxwfrph yduldeohv t W
��c ��c t

W
�a wkurxjk

wkh revhuyhg h{sodqdwru| uhjuhvvruv f� ri glphqvlrq ?Rc zklfk iru frqyhqlhqfh duh

gh�qhg dv wkh frqmxqfwlrq ri doo uhohydqw h{sodqdwru| yduldeohv iru doo fdwhjrulhv1

Zlwklq hdfk srsxodwlrq uhodwlrqvkls �/ khqfhiruwk fdoohg vwuxfwxudo htxdwlrq/ d

phdq0}hur rqh0glphqvlrqdo udqgrp huuru whup 0�� lv dgghg wr fdwfk iru xqrevhuyhg

dqg xqrevhuydeoh lqglylgxdo fkdudfwhulvwlfv dqg wr dffrxqw iru phdvxuhphqw huuruv

ru rwkhu lq xhqfhv zklfk duh qrw sduw ri wkh srsxodwlrq uhodwlrqvkls1 Wkh frqwlqxrxv

ghshqghqw yduldeohv t W
��c ��c t

W
�a duh hdupdunhg e| d

W dv srwhqwldo ru odwhqw rxwfrphv/

lqdvpxfk dv rqo| h{dfwo| rqh ri wkhvh rxwfrphv lv revhuyhg dv t�c ghshqglqj rq

zklfk fdwhjru| wkh lqglylgxdo � kdv ehhq vhohfwhg lqwr1 Wkh| uhsuhvhqw odwhqw rxw0

frphv dv wkh rxwfrph t W
�� zrxog eh revhuyhg li wkh lqglylgxdo zrxog eh lq fdwhjru|

�/ exw rwkhuzlvh ghqrwh xqrevhuyhg k|srwkhwlfdo h{shfwdwlrqv1 Lq frqwudvw wr wkh
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iroorzlqj fkdswhu Lghqwl�fdwlrq/ khuh doo fkdudfwhulvwlfv/ srwhqwldo rxwfrphv t W
�� dqg

rwkhu revhuyhg ihdwxuhv duh qrq0vwrfkdvwlfdo uhdol}dwlrqv ri wkh xqghuo|lqj surfhvv

dqg rqo| wkh huuru whupv duh udqgrp yduldeohv1

Gh�qlqj iru hdfk lqglylgxdo � d glvfuhwh yduldeoh _� 5 i�c ��c aj dv vhohfwlrq lqgl0

fdwru/ wkhq iru dq lqglylgxdo vhohfwhg lqwr fdwhjru| �/ khqfh _� ' �c rqo| wkh rxwfrph

t� ' t W
�� zrxog eh revhuyhg1 Pruh jhqhudoo|/ doo wkh dfwxdoo| revhuyhg rxwfrphv t�

duh jlyhq e|=

t� '
a[
�'�

t W
�� � �E_� ' ��c � ' ����c +515,

zlwk �E�� ehlqj wkh elqdu| lqglfdwru ixqfwlrq dqg � wkh vdpsoh vl}h1 t�c � ' ���� lv

wkh vdpsoh ri revhuyhg fkdudfwhulvwlfv1

Khuh dulvhv wkh vhohfwlylw| sureohp dv d plvvlqj gdwd sureohp/ vlqfh wkh wuxh

srsxodwlrq uhodwlrqvklsv s�E�� duh ri lqwhuhvw/ exw rqo| olplwhg revhuydwlrqv rq wkhlu

rxwfrphv duh dydlodeoh1 Wr uhvwulfwlqj wkh vfrsh wr wkhvh dydlodeoh revhuydwlrqv t� wkh

prgho vkrxog eh wudqviruphg e| wdnlqj h{shfwdwlrqv frqglwlrqdo rq revhuydelolw|1

.dt W
��mf�c _� ' �o ' s�Ef�� n .d0��mf�c _� ' �o +516,

.dt W
�2mf�c _� ' 2o ' s2Ef�� n .d0�2mf�c _� ' 2o

111
111

111
111

.dt W
�a mf�c _� ' a o ' saEf�� n .d0�a mf�c _� ' a o�

Qrz/ hdvlo| fdq eh vhhq wkdw hvwlpdwlqj wkh vwuxfwxudo htxdwlrqv e| ROV4 lv olnho|

wr eh lqfrqvlvwhqw e| rplwwlqj wkh uhjuhvvruv .d0��mf�c _� ' �o 5/ zklfk duh jhqhudoo|

qrw }hur/ hyhq wkrxjk .d0��mf�o ' f1 Gh�qlqj d frqwlqxrxv vhohfwlrq fruuhfwlrq whup

b�� � .d0��mf�c _� ' �o iru hdfk vwuxfwxudo htxdwlrq � 5 i�c ��c aj/ wklv whup wdnhv

dffrxqw ri wkh qrq0}hur dyhudjh huuru whup iru wkh vxevdpsoh ri doo lqglylgxdov vh0

ohfwhg lqwr wkh vdph fdwhjru| �1 Zlwk wklv xqnqrzq +qrq0olqhdu, vhohfwlrq fruuhfwlrq

whup wkh ruljlqdo prgho fdq eh dxjphqwhg e| wklv ehiruhkdqg rplwwhg dgglwlrqdo

uhjuhvvru wr=

t W
�� ' s�Ef�� n b�� n 1�� zlwk .d1��mf�c _� ' �o ' f +517,

t W
�2 ' s2Ef�� n b�2 n 1�2 zlwk .d1�2mf�c _� ' 2o ' f

111
111

111
111

t W
�a ' saEf�� n b�a n 1�a zlwk .d1�a mf�c _� ' a o ' fc

zlwk 1�� ' 0�� � b�� dqg .d1��mf�c _� ' �o ' .d0�� � b��mf�c _� ' �o ' .d0�� �
.d0��mf�c _� ' �omf�c _� ' �o ' f1

4Ruglqdu| Ohdvw Vtxduhv/ h1j1 e| vshfli|lqj im+[l, @ [ 3

l�1
5Lqfrqvlvwhqf| rffxuv li wkh rplwwhg uhjuhvvru lv qrq0ruwkrjrqdo wr im1
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Wr frpsohwh wklv prgho d vhohfwlrq phfkdqlvp ghwhuplqlqj wkh vhohfwlrq vwdwxv

ri hdfk lqglylgxdo kdv wr eh vxssohphqwhg1 Ohw wkh vhohfwlrq htxdwlrq

_� ' )E~�c ��� zlwk _� _�rSoe|e 5 i�c ��c aj +518,

ehlqj d  h{leoh uhsuhvhqwdwlrq ri wkh vhohfwlrq surfhvv/ zlwk ~� vhohfwlrq uhjuhvvruv

ri glphqvlrq ?^/ shukdsv lghqwlfdo zlwk f�/ �� dq xqlyduldwh xqrevhuyhg huuru whup

dqg )E�� d vhohfwlrq ixqfwlrq pdsslqj lq ehkdoi ri erwk dujxphqwv lqwr wkh glvfuhwh

vsdfh �c ��c a 1 Lw lv dvvxphg wkdw wkh glvfuhwh lqglfdwru _� dqg wkh yduldeohv ~� duh

wkh rqo| lqirupdwlrq dydlodeoh derxw wkh vhohfwlrq surfhvv1 Frqvhtxhqwo| qr pruh

ghwdlov derxw wkh lqwhqvlw| ri fkrlfh/ lqglylgxdo xqfhuwdlqw| ru grxewv ehwzhhq wzr

fdwhjrulhv hwf1 fdq eh h{wudfwhg iurp wkh gdwdvhw1 Zlwk wklv vhohfwlrq phfkdqlvp

frpsohphqw wkh vhohfwlylw| prgho orrnv surplvlqj dv wkh huuru whupv 1�� duh phdq0

}hur frqglwlrqdo rq revhuydelolw| dqg wkh xqnqrzq vhohfwlrq fruuhfwlrq whupv b��
kdyh ehhq vrphkrz frqqhfwhg zlwk wkh vhohfwlrq surfhgxuh1

t W
�� ' s�Ef�� n b�E~�� n 1�� +519,

t W
�2 ' s2Ef�� n b2E~�� n 1�2

111
111

t W
�a ' saEf�� n baE~�� n 1�a

_� ' )E~�c ��� 5 i�c ��c aj

t� '
a[
�'�

t W
�� � �E_� ' ��

zlwk Et�c _�cf�c ~�� revhuyhg iru hdfk lqglylgxdo � ' ���� 1

D pdlq gudzedfn zlwk vshfli|lqj dqg hvwlpdwlqj wklv jhqhudo prgho zlwk pxo0

wlsoh fdwhjrulhv lv qrw zlwk wkh qxpehu ri vwuxfwxudo htxdwlrqv/ wkdw frxog doo eh

hvwlpdwhg vhsdudwho|/ exw zlwk wkh vshfl�fdwlrq ri wkh vhohfwlrq htxdwlrq/ ehfrplqj

pruh reylrxv vrrq1 Khqfhiruwk lq wkh uhpdlqghu ri wklv zrun dwwhqwlrq zloo eh uh0

vwulfwhg wr wkh kdqgolqj ri glfkrwrprxv vhohfwlylw| prghov/ wkdw duh prghov zlwk mxvw

wzr gl�huhqw fdwhjrulhv wr eh vhohfwhg lqwr/ olnh sduwlflsdqwv dqg qrq0sduwlflsdqwv/

xqlrq0phpehuv dqg qrq0phpehuv1 Ehvlghv lw*v kljk srsxodulw| lq sudfwlfdo zrun/ wkh

vhohfwlrq surfhgxuh fdq hdvlo| dqg txlwh jhqhudoo| eh lpsohphqwhg e| d wkuhvkrog0

furvvlqj phfkdqlvp=

_� ' �E~ �
�� � �� : � � 5 ifc �j� +51:,

D frqwlqxrxv/ rqh0glphqvlrqdo lqgh{ ydoxh ~ �
�� � �� lv frpsxwhg iurp wkh vhohfwlrq

yduldeohv ~� dqg frpsduhg zlwk dq xqnqrzq wkuhvkrog1 Ehlqj wkh lqgh{ ydoxh deryh

wklv wkuhvkrog wkh lqglylgxdo lv vhohfwhg lqwr fdwhjru| rqh/ rwkhuzlvh lqwr wkh rwkhu

fdwhjru|1 Dowkrxjk wkh wkuhvkrog � 6 ehlqj xqnqrzq/ wkh suredelolw| ehlqj lq jurxs

rqh lqfuhdvhv prqrwrqrxvo| zlwk wklv lqgh{ ydoxh dqg ylfh yhuvd1
6Wkh wkuhvkrog � lv qrq0lghqwl�hg/ vlqfh lw lv xqglvwlqjxlvkdeoh iurp dq lqwhufhsw �r ri ] 3

l�1
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Lq wkh fdvh ri wkuhh ru pruh gl�huhqw fdwhjrulhv vxfk d vlpsoh wkuhvkrog0furvvlqj

phfkdqlvp fdqqrw eh lpsohphqwhg rq d jhqhudo edvlv1 Qrz wkh vhohfwlrq surfhgxuh

kdv wr eh vfuxwlql}hg zlwk fduh/ zklfk frxog eh iru lqvwdqfh d pxowlqrpldo fkrlfh rq

edvlv ri lqglylgxdo xwlolw| pd{lpl}dwlrq e| frpsdulqj doo srwhqwldo rxwfrphv t W
�� dqg

fkrrvlqj wkh prvw vxlwhg1 Lq wklv vhwwlqj wkh gl�huhqw fdwhjrulhv zrxog eh xqrughuhg

dqg wkh vhohfwlrq htxdwlrq frxog eh _� ' @h} 4@ 
�

dt W
��o/ li rxwfrph pd{lpl}dwlrq lv

lpsolhg e| wkh lqglylgxdo suhihuhqfhv1 Rq wkh rwkhu kdqg/ wkh v|vwhp ri gl�huhqw

fdwhjrulhv pd| hqwdlo d �{hg rughu ri suhihuhqfh ru dvvljqphqw/ zklfk frxog wkhq eh

prghoohg e| pxowlsoh wkuhvkrogv1 Khqfh gl�huhqw vhohfwlrq surfhgxuhv zrxog uhtxluh

gl�huhqw prghoolqj ri wkh vhohfwlrq htxdwlrq/ zklfk zrxog exuvw wkh iudph ri wklv

zrun1

Frqfhqwudwlqj rq glfkrwrprxv vhohfwlylw| prghov/ vrphwlphv fdoohg vzlwfklqj

uhjuhvvlrq prghov/ lq vhohfwlrq fruuhfwlrq irup=7

t W
�� ' s�Ef�� n b�E~�� n 1�� +51;,

t W
�f ' sfEf�� n bfE~�� n 1�f

_� ' )E~�c ��� 5 ifc �j
t� ' _� � t W

�� n E�� _�� � t W
�f

zlwk Et�c _�cf�c ~�� revhuyhg iru doo lqglylgxdov1

Iru phdqv ehlqj h{sodlqhg lq wkh fkdswhu Lghqwl�fdwlrq/ dq lqgh{ ixqfwlrq w G

?^ �$ ? lv riwhq lqwurgxfhg wr uhsodfh ~� e| wE~�� lq erwk wkh vwuxfwxudo htxdwlrqv

dqg wkh vhohfwlrq htxdwlrq=

t W
�� ' s�Ef�� n b�EwE~��� n 1�� +51<,

t W
�f ' sfEf�� n bfEwE~��� n 1�f

_� ' )EwE~��c ����

Wklv vlqjoh lqgh{ ixqfwlrq fdq eh dq| frqwlqxrxv dqg gl�huhqwldeoh ixqfwlrq pdsslqj

iurp ?^ wr ?0vsdfh1 Iru frqyhqlhqfh wE~�� ' ~ �
�� lv wkh xvxdo fkrlfh zlwk � dq

xqnqrzq frh!flhqw yhfwru ri glphqvlrq ^� Wklv prgl�fdwlrq/ wrjhwkhu zlwk wkh

dvvxpswlrq wkdw wklv vlqjoh lqgh{ irup ri wkh vhohfwlylw| prgho uhsuhvhqwv wkh wuxh

prgho/ |lhogv d frqvlghudeoh uhgxfwlrq ri wkh glphqvlrqdolw| ri wkh lghqwl�fdwlrq

lvvxh dqg lpsuryhg hvwlpdwru surshuwlhv1

Wzr shfxoldu yduldqwv ri wklv glfkrwrprxv vhohfwlylw| prgho duh wr eh phqwlrqhg1

Wkh �uvw/ wkh fhqvruhg vhohfwlylw| prgho/ zklfk zloo eh wuhdwhg dv wkh edvh0olqh

Vhfrqgo| wkh glvfuhwh fkrlfh frh!flhqwv duh lghqwl�hg rqo| xs wr d vfdoh sdudphwhu �> wkh xqnqrzq
vwdqgdug ghyldwlrq1 Dffruglqjo|/ wkh wkuhvkrog lv frpprqo| vhw wr }hur/ � � 3> h{fhsw zkhq dq
lqwhufhsw �

3
lv suhfoxghg1

7Wr frqirup zlwk wkh olwhudwxuh erwk fdwhjrulhv zloo khqfhiruwk eh ghqrwhg e| wkh elqdu| qxp0
ehuv 3 dqg 41
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prgho khqfhiruzdug/ rffxuv zkhq wkh srwhqwldo rxwfrphv t W
� ri rqh fdwhjru| duh

qrw dw doo revhuyhg zlwklq wkh vdpsoh1 Wklv rffxuv li wkh rxwfrphv ri lqglylgxdov

zkr duh vhohfwhg lqwr wklv fdwhjru| duh xqnqrzq/ xqrevhuyhg ru qrw wuxo| uhfrughg/

shukdsv gxh wr xqrevhuydelolw| ri vd| qhjdwlyh ydoxhv ru dv d frqvhtxhqfh ri wkh zd|

wkh gdwdvhw kdv ehhq hvwdeolvkhg1 Iru lqvwdqfh/ zkhq lqyhvwljdwlqj vwuxfwxudo zdjh

htxdwlrqv frpprqo| zdjhv duh rqo| revhuyhg iru wkh fdwhjru| ri r!fldoo| hpsor|hg

zrunhuv/ zkloh zdjhv iru qrq0zrunhuv duh qrw uhfrughg/ wkrxjk wkh| pd| eh zrunlqj

lq qrq0uhjlvwhuhg mrev dqg klgh lqirupdwlrq rq hduqlqjv1 Reylrxvo| wkh vwuxfwxudo

uhodwlrqvkls ri wkh fhqvruhg fdwhjru| fdqqrw eh lghqwl�hg/ exw wkh vhohfwlrq htxdwlrq

dqg wkh rwkhu fdwhjru|*v vwuxfwxudo htxdwlrq duh xqd�hfwhg e| fhqvrulqj dv vwloo doo

wkh uhohydqw fkdudfwhulvwlfv E_�c f�c ~�� duh uhfrughg iru doo lqglylgxdov1

Wkh vhfrqg yduldqw duh wuxqfdwhg vhohfwlylw| prghov/ zkhuh rqh fdwhjru| lv frp0

sohwho| plvvlqj lq wkh gdwdvhw lq vxfk d zd| wkdw qhlwkhu t W
� qruf� ru ~� duh dydlodeoh

iru lqglylgxdov vhohfwhg lqwr wklv fdwhjru|1 Riwhq lw pd| eh wkdw hyhq wkh qxpehu ri

wkrvh p|vwhulrxv lqglylgxdov vhohfwhg lqwr wklv fdwhjru| lv xqnqrzq1 Lq frqwudvw wr

wkh fhqvruhg prgho wkh frpsohwh devhqfh ri lqirupdwlrq rq d fhuwdlq fdwhjru| grhv

qrw rqo| surklelw wkh lghqwl�fdwlrq ri wklv fdwhjru|*v vwuxfwxudo uhodwlrqvkls/ exw

zruvhqv ixuwkhupruh wkh hvwlpdwlrq ri wkh vhohfwlrq htxdwlrq dqg wkh rwkhu vwuxf0

wxudo htxdwlrq frqvlghudeo|/ vlqfh qr gdwd rq wkh qxpehu ri qrq0sduwlflsdqwv qru

rq wkhlu fkdudfwhulvwlfv ~� lv lq uhdfk1 Dv wuxqfdwhg prghov kdyh qrw uhfhlyhg pxfk

dwwhqwlrq lq wkh uhvhdufk olwhudwxuh dqg dv wkhlu hvwlpdwhv pd| eh suhww| lpsuhflvh/

wkh| zloo qrw eh lqyhvwljdwhg ixuwkhu1 Wkh lqfolqhg uhdghu eh uhihuuhg wr wkh hvwlpd0

wru ri Lfklpxud dqg Ohh +4<<4/^55`,/ zklfk lv vxlwhg iru wuxqfdwhg elqdu| vhohfwlylw|

prghov1

Dq dgmdfhqw yduldqw prghoolqj vhohfwlylw| lv d 50fdwhjru| prgho zlwk Wrelw w|sh

vhohfwlrq phfkdqlvp zkhuh pruh lqirupdwlrq rq wkh vhohfwlrq surfhvv lv dydlodeoh

iurp wkh gdwdvhw wkurxjk d frqwlqxrxvo| revhuyhg sduwlflsdwlrq lqglfdwru1 Dowkrxjk

wkh vhohfwlrq zloo �qdoo| glvwlqjxlvk rqo| ehwzhhq sduwlflsdqwv dqg qrq0sduwlflsdqwv/

wkh ghjuhh ru lqwhqvlw| zlwk zklfk wklv fruuhvsrqglqj jurxs zdv fkrvhq lv lqglfdwhg1

H{hpsoli|lqj wklv e| vshfli|lqj wkh vhohfwlrq htxdwlrq ri wkh vwdqgdug glfkrwrprxv

vhohfwlylw| prgho dv

_� ' �E~ �
�� � �� : f�c +5143,

zlwk wkh vhohfwlrq pdsslqj ixqfwlrq )E�� ' �E� : �� dqg wkh xqlghqwl�hg wkuhvkrog

� vhw wr }hur1 Lq wkh qrq0Wrelw w|sh prgho rqo| Et�c _�c f�c ~�� duh revhuyhg1 Rq wkh

rwkhu kdqg/ lq wkh Wrelw w|sh prgho

�� ' ~ �
�� � �� +5144,

_� ' �E�� : f�c

dgglwlrqdoo| wkh ydoxh �� fdq eh revhuyhg/ lqwhusuhwdeoh dv dq lqglfdwru ri wkh lqgl0

ylgxdo lqwhqvlw| ru vxuhqhvv ri wkh vhohfwlrq ghflvlrq1 Dq �� forvh wr }hur vxjjhvwv
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lqgl�huhqfh/ xqvxuhqhvv ru grxewv/ zkhuhdv �� odujh h{klelwlqj fohdu0fxw/ grxewohvv

suhihuhqfhv zlwkrxw dpeljxlw|1 Zlwk frqwlqxrxv lqirupdwlrq rq �� dydlodeoh pruh

suhflvh hvwlpdwlrq ri wkh vhohfwlrq surfhvv lv frqfhlydeoh1 Dqrwkhu ydoxdeoh dgydq0

wdjh ri wklv Wrelw0w|sh prgho lv wkdw lw*v lghqwl�fdwlrq grhv qrw klqjh rq h{foxvlrq

uhvwulfwlrqv lq frqwudvw wr wkh vwdqgdug vhohfwlylw| prgho/ vhh Ohh +4<<7/^5:`,1

D sudfwlfdo dssolfdwlrq ri d fhqvruhg Wrelw w|sh vhohfwlrq prgho lv wkh dqdo|vlv

ri zdjh ghwhuplqdqwv zkhuh iru wkh hpsor|hg lqglylgxdov +fdwhjru| 4, qrw rqo| wkhlu

fruuhvsrqglqj zdjh lv revhuyhg exw dgglwlrqdoo| wkh qxpehu ri krxuv zrunhg ��/

zklfk lv }hur e| gh�qlwlrq iru wkh qrq0hpsor|hg1 Qhyhuwkhohvv/ wkh rffxuuhqfh ri

wkhvh Wrelw w|sh vhohfwlylw| prghov dsshduv wr eh udwkhu dq h{fhswlrq lq wkh olwhudwxuh

dqg zloo qrw eh h{dplqhg khqfhiruzdug1 Frqvxow Ohh iru dq hvwlpdwru dqg ixuwkhu

ghwdlov1



Fkdswhu 6

Lghqwl�fdwlrq

Ehiruh vhwwlqj iruwk zlwk hvwlpdwlqj wkh vhohfwlylw| prgho lw vkrxog eh fodul�hg dw �uvw

zkdw lv ri lqwhuhvw dqg vhfrqg zkdw dw doo fdq eh lghqwl�hg1 Wkh whup lghqwl�fdwlrq

lv jhqhudoo| uhihuuhg wr lq d wkhruhwlfdo frqfhsw ri hvwlpdwlrq lq lq�qlwh +dv|pswrwlf,

vdpsohv zklfk lv wkh ehvw fdvh vfhqdulr zkhuh doo frqfhlydeoh lqirupdwlrq wkurxjk

revhuydwlrqv lv dydlodeoh1 Wkh h{suhvvlrq lghqwl�fdwlrq li riwhq dovr dssolhg lq d pxfk

orrvhu vhqvh dv wkh h{dfwlwxgh ru suhflvlrq zlwk zklfk d frh!flhqw lv hvwlpdwhg lq

�qlwh vdpsohv/ khqfh lv uhodwhg wr wkh h!flhqf| ri dq hvwlpdwru1

Ehiruh dqqrxqflqj wkh remhfwv ri lqwhuhvw/ wkh edvh0olqh glfkrwrprxv prgho lq

vhohfwlrq fruuhfwlrq irup vkrxog eh uhfrqvlghuhg1 Zlwk uhvshfw wr wkh lqwhusuhwd0

wlrq ri wkh prgho wklv fkdswhu Lghqwl�fdwlrq/ lq frqwudvw wr wkh suhylrxv dqg wkh

iroorzlqj fkdswhuv/ ghsduwv iurp txlwh d gl�huhqw srlqw ri ylhz1 Qrw dq dydlodeoh

gdwdvhw iurp zklfk wkh wuxh surfhvv kdv wr eh lqyhvwljdwhg lv wkh vwduwlqj srlqw> exw

udwkhu e| ruljlqdwlqj iurp wkh wuxh xqghuo|lqj uhodwlrqvklsv dqg e| dqdo|}lqj wkh

zd| ri krz revhuydwlrqv frph lqwr h{lvwhqfh wkh lghqwl�deoh sduwv ri wkh prgho duh

ghwhuplqhg/ zklfk frxog wkhq eh hvwlpdwhg iurp d surshu vdpsoh1 Wr vwuhvv wklv

gl�huhqw dssurdfk wkh dssolhg qrwdwlrq zloo eh vzlwfkhg iurp wkh vdpsoh gdwd uhs0

uhvhqwdwlrq zlwk Et�c _�c f�c ~�� dfwxdoo| revhuyhg qrq0vwrfkdvwlfdo uhdol}dwlrqv wr wkh

uhsuhvhqwdwlrq ri wkh wuxh surfhvv zlwk Etc _cfc ~� udqgrp yduldeohv1 Wkh iruphu

qrwdwlrq zloo eh dgrswhg djdlq lq wkh iroorzlqj fkdswhuv/ zkhuh hvwlpdwlrq iurp d

jlyhq vdpsoh lv wkh irfxv1 Frqvhtxhqwo| wkh prgho orrnv=

t W
� ' s�Ef� n 0� +614,

t W
f ' sfEf� n 0f

_ ' )E~c �� 5 ifc �j

zlwk wkh +krprvnhgdvwlflw|, dvvxpswlrq wkdw wkh glvwulexwlrq ri E0�c 0fc �� lv lqgh0

shqghqw ri Efc~�/ khqfhiruzdug odehoohg= ^LD` Lqghshqghqfh ri wkh huuru whupv

dqg wkh uhjuhvvruv/ Srzhoo +4<<7/^75`/ s157:9,1

Frqvlghulqj qrz wkh remhfwv ri lqwhuhvw1 Prvw uhvhdufkhuv ghyrwh wkhlu dwwhqwlrq
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hqwluho| wr wkh hvwlpdwlrq ri wkh vwuxfwxudo uhodwlrqvklsv/ wkh ixqfwlrqv s�Ef�c sfEf�/

wkrxjk rwkhu ihdwxuhv ri wklv prgho pd| eh ri lqwhuhvw dv zhoo/ olnh wkh vhohfwlrq

phfkdqlvp/ lqglylgxdo sduwlflsdwlrq suredelolwlhv/ huuru whup glvwulexwlrqv hwf1

Wr ghdo qrz zlwk wkh gl!fxowlhv zlwk lghqwli|lqj wkh vhohfwlylw| prgho/ Pdqvnl

+4<<6/^65`, hoxflgdwhv wkh vhohfwlrq sureohp lq ghwdlo1 Zkdw lv dw wkh khduw ri lq0

whuhvw lv wkh uhodwlrqvkls ehwzhhq vrph h{rjhqrxv lqglylgxdo fkdudfwhulvwlfv Efc~�

dqg wkh srwhqwldo rxwfrph yduldeohv Et W
� c t

W
f �/ zklfk fdq eh uhsuhvhqwhg e| wkh frq0

glwlrqdo suredelolw| ghqvlwlhv RoEt W
� mfc~� dqg RoEt W

f mfc~�1 Wkhvh suredelolwlhv fdq
eh uhzulwwhq wr

RoEt W
� mfc~� ' RoEt W

� mfc~c _ ' ��RoE_ ' �mfc~� n RoEt W
� mfc~c _ ' f�RoE_ ' fmfc~�

RoEt W
f mfc~� ' RoEt W

f mfc~c _ ' ��RoE_ ' �mfc~� n RoEt W
f mfc~c _ ' f�RoE_ ' fmfc~��

Qrz wkh vhohfwlrq sureohp ehfrphv dssduhqw/ dv rqo| RoE_ ' �mfc~�c RoE_ '

fmfc~�c RoEt W
� mfc~c _ ' �� dqg RoEt W

f mfc~c _ ' f� fdq eh lghqwl�hg vlqfh gdwd

rq wkhvh ydoxhv duh dydlodeoh lq lq�qlwh vdpsohv/ zkloh RoEt W
� mfc~c _ ' f� dqg

RoEt W
f mfc~c _ ' �� fdq e| gh�qlwlrq qhyhu eh revhuyhg1 Dv d frqvhtxhqfh/ zlwk0

rxw ixuwkhu dvvxpswlrqv vwdqgdug phwkrgv duh xqdeoh wr lghqwli| RoEt W
� mfc~� ru

RoEt W
f mfc~� ehfdxvh qhfhvvdu| revhuydwlrqv duh lqkhuhqwo| plvvlqj1

Wr frsh zlwk wklv vhohfwlrq sureohp/ hduo| vxjjhvwlrqv zhuh wr dvvxph lqgh0

shqghqfh ri Et W
� c t

W
f � dqg _ frqglwlrqdo rq Efc~�/ fdoohg ljqrudeoh qrquhvsrqvh e|

vwdwlvwlfldqv1 Wklv phdqv wkdw wkh vhohfwlrq lqglfdwru grhv qrw hqwdlo dq| xqrevhuyhg

lqirupdwlrq derxw wkh vwuxfwxudo rxwfrph ru pruh h{hpsodu| wkdw d zrunhu zkr kdv

fkrvhq wr vhohfw lqwr wkh pdqxidfwxulqj vhfwru zrxog hduq wkh vdph zdjh lq wkh vhu0

ylfh vhfwru dv dq rwkhu zrunhu zkr fkrvh yroxqwdulo| wkh vhuylfh vhfwru/ doo revhuydeoh

fkdudfwhulvwlfv htxdo1 Wklv glvuhjdugv doo xqrevhuydeoh lq xhqfhv olnh prwlydwlrq dqg

rssruwxqh vhohfwlrq dqg lpsolhv wkh xqlpsruwdqfh ri vhohfwlrq rq wkh vwuxfwxudo uhod0

wlrqvklsv/ vlqfh RoEt W
� mfc~c _ ' �� ' RoEt W

� mfc~c _ ' f� ' RoEt W
� mfc~� dqg dqdorj

iru t W
f 1 Wklv dvvxpswlrq lv htxlydohqw wr lqghshqghqfh ri E0�c 0f� dqg � frqglwlrqdo

rq Efc~�4/ vhh Pdqvnl +4<<6/^65`/ s1:<,1 Wklv qdlyh dvvxpswlrq fdq rqo| eh mxvwl�hg

li wkh vhohfwlrq surfhvv lv fkdudfwhul}hg e| dq dvvljqphqw ghshqglqj hlwkhu hqwluho|

rq revhuyhg fkdudfwhulvwlfv ru e| d udqgrp vhohfwlrq/ vxfk wkdw erwk vxevdpsohv

duh uhsuhvhqwdwlyh ri wkh zkroh srsxodwlrq lq doo uhvshfwv lqfoxglqj wkh xqrevhuydeoh

fkdudfwhulvwlfv1 Lq wkh pruh frpprq fdvh wkdw vrph xqrevhuydeoh fkdudfwhulvwlfv

jxlgh wkh vhohfwlrq/ h1j1 zkhq lqglylgxdov vhoi0vhohfw wkhpvhoyhv ru duh dvvljqhg e|

vrphrqh hovh wr wkhvh fdwhjrulhv/ wkh wzr vxejurxsv zloo eh lqkhuhqwo| gl�huhqw1

Wkrxjk wkhvh gl�huhqfhv pxvw qrw qhfhvvdulo| eh uhyhdohg e| wkh revhuydeoh fkdu0

dfwhulvwlfv exw udwkhu frxog eh hqwdlohg lqylvleo| lq wkh xqrevhuydeoh huuru whupv1

4Wklv dvvxpswlrq vkrxog qrw eh frqixvhg zlwk wkh ^LD` lqghshqghqfh dvvxpswlrq ri +%4> %3> x,
dqg +[>],=
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Khfnpdq +4<<3/^4<`, surrihg wkdw wklv qdlyh dvvxpswlrq lv qrw hvvhqwldo iru lghqwl0

�fdwlrq1 Lq klv qrqsdudphwulf Lghqwl�fdwlrq Wkhruhp kh vkrzv wkdw wkh glvwulexwlrqv

80�c�E��c 80fc�E�� dqg wkh ixqfwlrqv s�Ef�c sfEf� dqg � duh qrqsdudphwulfdoo| lghqwl0

�hg iurp wkh revhuydeoh glvwulexwlrqv 8 Et W
� mfc~c _ ' ��c 8 Et W

f mfc~c _ ' f� dqg wkh

glvwulexwlrq ri _ wkurxjk RoE_ ' �m~�� \hw wkh ixoo mrlqw glvwulexwlrq 80�c0fc�E�� lv qrw1
Klv wkhruhp uhvwv rq wkh lqghshqghqfh dvvxpswlrq ri huuruv dqg uhjuhvvruv ^LD` dqg

d ixuwkhu frqglwlrq suhfoxglqj wkdw doo wkh lqirupdwlrq hqwdlohg lq ~ lv frpsohwho|

fryhuhg e| f/ zklfk zrxog eh wkh fdvh li ~ zhuh d vxevhw ri f1 Khqfh dw ohdvw

rqh yduldeoh pxvw eh frqwdlqhg lq ~ wkdw lq xhqfhv wkh vhohfwlrq dqg bE��/ exw lv
qrw lqfoxghg lq f dqg grhv qrw hqwhu lqwr wkh rxwfrph htxdwlrq yld wkh vwuxfwxudo

uhodwlrqvkls s 1 Wklv h{foxvlrq uhvwulfwlrq ri dw ohdvw rqh yduldeoh zloo dovr eh vhhq dv

fuxfldo iru vhplsdudphwulf lghqwl�fdwlrq/ dv lw doorzv wr lvrodwh s�Ef�c sfEf� iurp

vhohfwlrq lq xhqfhv gxh wr ~1 Khfnpdq ixuwkhu qrwhv/ wkdw wkh frqwlqxlw| ri wkh

glvwulexwlrq ri ~ dqg wkh frqwlqxlw| ri wkh lqgh{ wE~� ' ~ �� ryhu wkh zkroh ?0olqh
lv fuxfldo1

Vlqfh wkh lghqwl�fdwlrq ri wkh zkroh frqglwlrqdo suredelolw| glvwulexwlrq ri t W
� /

t W
f uhtxluhv xvxdoo| wrr pxfk lqirupdwlrq wr eh hvwlpdwhg iurp vdpsohv ri uhdvrqdeoh

vl}h/ wkh irfxv kdv ehhq olplwhg wr wkh frqvlghudwlrq ri wkhlu frqglwlrqdo �uvw prphqwv

.dt W
� mfc~o/ .dt W

f mfc~o/ wkdw fdq dovr eh ghfrpsrvhg lqwr

.dt W
� mfc~o ' .dt W

� mfc~c _ ' �o � RoE_ ' �mfc~� n .dt W
� mfc~c _ ' fo � RoE_ ' fmfc~�

.dt W
f mfc~o ' .dt W

f mfc~c _ ' �o � RoE_ ' �mfc~� n .dt W
f mfc~c _ ' fo � RoE_ ' fmfc~�c

Zlwk rqo| .dt W
� mfc~c _ ' �o/ .dt W

f mfc~c _ ' fo dqg wkh vhohfwlrq suredelolwlhv

revhuydeoh/ exw qrw .dt W
� mfc~c _ ' fo dqg .dt W

f mfc~c _ ' �oc wkhvh prphqwv duh

qrw lghqwl�hg1 Lqvhuwlqj wkh vhohfwlrq fruuhfwlrq whup b�E~� ' .d0�m~c _ ' �o/ iru

� ' fc �5/ lqwurgxfhg lq wkh suhylrxv fkdswhu dqg gh�qlqj wkh h{shfwhg vwuxfwxudo

rxwfrph iru wkh udqgrp yduldeoh dv 7s�Ef� ' .ds�Ef�oc iru � ' fc �c ixuwkhu 7f '

.dfo/ wkhq vrph ri wkhvh prphqwv fdq eh h{suhvvhg dv=

.dt W
� mfc~o ' 7s�Ef�

.dt W
� mfc~c _ ' �o ' 7s�Ef� n b�E~�

.dt W
f mfc~o ' 7sfEf�

.dt W
f mfc~c _ ' fo ' 7sfEf� n bfE~��

+615,

Rqfh pruh lw ehfrphv reylrxv/ wkdw vwdqgdug ROV whfkqltxhv duh lqfdsdeoh wr

lghqwli| 7s�Ef�/ vlqfh 7s�Ef� n b�E~� lv revhuyhg rqo| lq frqmxqfwlrq/ h{fhsw zkhq

wkh rplwwhg uhjuhvvru b�E~� lv ruwkrjrqdo wr 7s�Ef�> .d 7s�Ef� � b�E~�o ' f/ zklfk lq

sudfwlfdo pdwwhuv fdq kdugo| hyhu eh mxvwl�hg16

5Qrwlfh wkdw �+], lv qrw d udqgrp yduldeoh1
6Khqfhiruzdug wkh h{srvlwlrq zloo fhqwhu hqwluho| rq wkh vwuxfwxudo htxdwlrq iru fdwhjru| rqh

+g @ 4, wr dyrlg whglrxv uhshwlwlrqv iru wkh vhfrqg fdwhjru|/ wkdw vkrxog eh wuhdwhg dqdorjrxvo|1
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Wkh fhqwudo ihdwxuhv ri wkh lghqwl�fdwlrq lvvxh fdq qrz hdvlo| eh vhhq iurp wkh

uhsuhvhqwdwlrq

.dt W
� mfc~c _ ' �o ' 7s�Ef� n b�E~�� +616,

41 Wr lghqwli| 7s�Ef� xs wr dq lqwhufhsw/ 7s�Ef� pxvw eh glvwlqjxlvkdeoh iurp

b�E~�1 Wklv uhtxluhv wkh devhqfh ri pxowlfroolqhdulw| ehwzhhq 7s�E�� dqg b�E��1

51 Lghqwl�fdwlrq ri dq lqwhufhsw ri 7s�Ef�/ zklfk lv fuxfldo iru frpsdulvrq zlwk

rwkhu fdwhjrulhv/ uhtxluhv wr whoo dsduw wkh lqwhufhsw ri 7s�Ef� iurp dq lqwhufhsw

ri b�E~�1

Wzr yduldqwv kdyh ehhq hpsor|hg wr vroyh wkh �uvw lvvxh e| hqvxulqj devhqfh ri

froolqhdulw|1 Wkh sdudphwulf yduldqw vshfl�hv wkh ixqfwlrq 7s�Ef� dqg wkh elyduldwh

huuru ghqvlwlhv xs wr d �qlwh qxpehu ri xqnqrzq sdudphwhuv/ dw rqfh lpso|lqj d

vshfl�fdwlrq iru wkh ixqfwlrq b�E~� ' .d0�m~c _ ' �o1 Iru wkh frpprq fkrlfh ri

s�Ef� ' f �q� dqg b�E~� wkh lqyhuvh Ploo*v udwlr +lpsolhg e| d elyduldwh qrupdolw|

ri wkh huuru whupv,/ 7s�Ef� lv olqhdu dqg b�E~� qrq0olqhdu/ glvplvvlqj froolqhdulw|

uhjdugohvv ri wkh ryhuods ri f dqg ~/ h1j1 f ' ~ lv doorzhg1 Khuh wkh qrq0olqhdulw|

ri b�E~� lv frpsohwho| vx!flhqw wr lghqwli| 7s�Ef�1

Wkh vhfrqg yduldqw lv wkh vhplsdudphwulf prgho zlwk 7s�Ef� sdudphwulfdoo| vshf0

l�hg/ exw wkh huuru whup glvwulexwlrq dqg b�E~� xqvshfl�hg1 Khuh lghqwlw| ri f dqg

~/ wkdw lv f ' ~/ zklfk zrxog eh wkh qdwxudo fkrlfh iru pdq| hfrqrplfdo dssolfd0

wlrqv/ fdqqrw eh shuplwwhg/ vlqfh froolqhdulw| ehwzhhq 7s�Ef� dqg b�E~� pd| rffxu dv

wkh ixqfwlrq b�E�� lv frpsohwho| xqvshfl�hg1 Iru lqvwdqfh lq d vhplsdudphwulf prgho
zlwk s�Ef� ' f �q olqhdu/ qrwklqj surklelwv wkh vhohfwlrq fruuhfwlrq whup b�E�� wr eh
olqhdu dv zhoo1 Lq wklv fdvh lq htxdwlrq +616, 7f �q dqg b�Ef� duh lpsrvvleoh wr whoo

dsduw1 Wr eh pruh suhflvh Lghqwl�fdwlrq idlov li wkh yduldeohv lq ~ duh d vxevhw ri f/

vhh Srzhoo +4<;</^74`/ s19i,1 Wkhq iru d olqhdu vwuxfwxudo uhodwlrqvkls s�Ef� ' f �q

dqg d wuxh vhohfwlrq fruuhfwlrq whup wkdw iroorzv wkh irup b�E~� ' b�E~
���/ lw frxog

rffxu wkdw d olqhdu frpelqdwlrq f �k h{lvwv zlwk lw*v frqglwlrqdo h{shfwdwlrq rqo|

ghshqglqj rq wkh dujxphqw ~ �� ri wkh fruuhfwlrq whup= .df �km~o ' @E~ ���1 Li ~ lv

d vxevhw ri f wkhq frqglwlrqlqj rq ~ lv htxlydohqw wr frqglwlrqlqj rq wkh vxevhw ri

f

.df �km~o ' .df �kmr�Kre|Ef�o ' .df �ko ' 7f �k�

Htxdwlrq +616, frxog eh zulwwhq dv

.dt W
� mfc~c _ ' �o ' 7f �q n b�E~

��� ' 7f �q n .df �km~o� .df �km~o n b�E~
���

' 7f �q n 7f �k n d�@E~ ��� n b�E~
���o ~iru ~ d vxevhw ri f�

' 7f �Eq n k� n bWE~ ����

Vlqfh b� lv qrw vshfl�hg lw fdqqrw eh glvwlqjxlvkhg zkhwkhu b�E~ ��� ru bWE~ ��� lv

wkh wuxh vhohfwlrq fruuhfwlrq whup dqg q lv qrw lghqwl�hg1
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Lghqwl�fdwlrq ri d vhplsdudphwulf prgho lv wkhq rqo| frqfhlydeoh li dq h{foxvlrq

uhvwulfwlrq fdq eh lqyrnhg1 Wkdw lv/ dw ohdvw rqh +frqwlqxrxv, yduldeoh h{lvwv/ wkdw

lq xhqfhv wkh vhohfwlrq surfhvv vljql�fdqwo| exw kdv qr h�hfw rq wkh srwhqwldo rxw0

frphv t W
� / t

W
f / zlwk rwkhu zrugv ~ frqwdlqv dw ohdvw rqh yduldeoh wkdw lv qrw lqfoxghg

lq f1 Qrz/ wkh lq xhqfh ri d yduldwlrq lq wkh h{foxghg yduldeoh+v, rq b�E~� dqg wkh

xqd�hfwhgqhvv ri 7s�Ef� qdlo grzq wkh vhohfwlrq fruuhfwlrq whup b�E�� dqg doorz lw wr

eh wrog dsduw iurp wkh xqfkdqjhg 7s�Ef�1 Krzhyhu/ wklv uhtxluhv vx!flhqw rvfloodwlrq

lq wkh h{foxghg yduldeoh+v, wr wudfn wkh gl�huhqw uhdfwlrq1

Wkh iuhtxhqw fkrlfh lq hfrqrplfdo dssolfdwlrqv lv f dv d vxevhw ri ~1 Vlqfh

lw riwhq lv frqmhfwxuhg wkdw wkh vhohfwlrq surfhvv )E�� ghshqgv/ ehvlghv vrph rwkhu
yduldeohv ~ �/ dovr rq wkh srwhqwldo rxwfrphv t W

� / t
W
f / khqfh ) ' )Et W

� c t
W
f c ~

�c ��1

Lqvhuwlqj t W
� ' s�Ef�/ t W

f ' sfEf� uhyhdov wkdw doo yduldeohv lq f pxvw dovr eh

lqfoxghg lq ~ wr mxvwli| wkh uhgxfhg irup ) ' )E~c ��1 Zkhwkhu f qrz lv d surshu

vxevhw ri ~ ru lghqwlfdo f ' ~ ghshqgv rq sulru lqirupdwlrq derxw wkh vhohfwlrq

phfkdqlvp dqg wkh vwuxfwxudo uhodwlrqvklsv ru ehkdylrxudo wkhru|1 Iurp hfrqrplfdo

wkhru| lw lv vhogrp wr mxvwli|/ hvshfldoo| zkhq lqglylgxdov vhohfw wkhpvhoyhv/ wkdw

dq| yduldeoh lq ~ lq xhqflqj wkh vhohfwlrq dvvljqphqw vkrxog kdyh qr h�hfw rq wkh

+srwhqwldo, vwuxfwxudo rxwfrphv dqg fdq eh glvplvvhg iurpf1 Lghqwl�fdwlrq lq vhpl0

sdudphwulf prghov/ krzhyhu/ uhtxluhv dq h{foxvlrq uhvwulfwlrq wr dyrlg froolqhdulw|/

wkxv f vkrxog eh d surshu vxevhw ri ~ iru lghqwl�fdwlrq*v vdnh1 Dq h{dpsoh iru dq

h{foxvlrq uhvwulfwlrq wkdw lv riwhq hpsor|hg lq wkh dqdo|vlv ri zdjh vwuxfwxuh dqg

oderxu pdunhw sduwlflsdwlrq ri zrphq lv wkh kxvedqg*v lqfrph1 Lw lv frqmhfwxuhg

wkdw wkh kxvedqg*v lqfrph lq xhqfhv wkh zrpdq*v ghflvlrq zkhwkhu wr orrn iru d

sd|hg mre ru vwd| dw krph/ frpplw khuvhoi wr d fkdulw| hwf1/ wkrxjk lw lv dvvxphg

wkdw wkh zrpdq*v sd| li vkh ghflghg wr zrun dqg irxqg d mre lv frpsohwho| lqgh0

shqghqw ri wkh kxvedqg*v lqfrph1 Txlwh riwhq remhfwlrqv wr sduwlfxodu h{foxvlrq

dvvxpswlrqv fdq eh udlvhg/ iru lqvwdqfh uhshufxvvlrqv li wkh zrpdq*v sd| d�hfwv dovr

wkh kxvedqg*v lqfrph1

Wkh vhfrqg lghqwl�fdwlrq lvvxh kdv ehhq wkh lqwhufhsw ri s�Ef�1 Iru wkh sdud0

phwulf prgho wkh lqwhufhswv ri s�Ef� dqg b�E~� duh hdvlo| glvwlqjxlvkhg gxh wr wkh

lpsolhg vshfl�fdwlrq ri b�E��1
Lq wkh vhplsdudphwulf fdvh lghqwl�fdwlrq lv ohvv vwudljkwiruzdug dv b�E~� pd|

frqwdlq dq lqwhufhsw dv zhoo1 Khuh wkh vhohfwlrq surfhgxuh vkrxog eh vfuxwlql}hg

wr �qg fhuwdlq ydoxhv 5 lq wkh vxssruw ri ~ iru zklfk wkh surshqvlw| vfruh/ wkdw

lv v|qrq|prxv wr wkh vhohfwlrq suredelolw| wr fdwhjru| 4/ lv rqh= RoE_ ' �m~ '

5� ' .d_m~ ' 5o ' �1 Iru revhuydwlrqv zlwk fkdudfwhulvwlf0ydoxhv 5 wkh vhohfwlrq

fruuhfwlrq whup lv }hur/ b�E~ ' 5� ' f/ vlqfh frqglwlrqlqj rq Efc 5� ru rq Efc 5c _ '

�� pdnhv qr gl�huhqfh/ dv ~ ' 5 lpsolhv _ ' �1 Doo lqglylgxdov zlwk fkdudfwhulvwlfv

5 zloo vhohfw frjhqw dqg xqdpeljxrxvo| lqwr fdwhjru| 4 dqg wkh h{shfwhg ydoxh ri

t W
� uhgxfhv wr .dt W

� mfc~ ' 5c _ ' �o ' 7s�Ef� n b�E5� ' 7s�Ef�/ zklfk hqwdlov wkh
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lvrodwhg lqwhufhsw ri s�Ef�1 Iru d vlqjoh0lqgh{ vshfl�fdwlrq ri wkh vhohfwlrq surfhvv/

wkh lqgh{ wE~� pxvw jr wr lq�qlw|/ li wkh vxssruw ri wkh huuru whup � lv xqerxqghg/

iru vrph ~ ' 5 wr dwwdlq vhohfwlrq suredelolwlhv ri rqh/ lpso|lqj b�EwE5�� ' f1

Khqfh d iurp deryh xqerxqghg vxssruw ri wkh lqgh{ lv uhtxluhg wr lghqwli| wkh

lqwhufhsw dqg vx!flhqw suredelolw| pdvv lq wkh xsshu wdlo ri wkh lqgh{ glvwulexwlrq

lv qhhghg iru hvwlpdwlrq1 Wkh gdwdvhw pxvw surylgh vx!flhqw yduldwlrq lq ~� dqg d

ghfhqw qxpehu ri revhuydwlrqv zlwk yhu| odujh lqgh{ ydoxhv whqglqj wr lq�qlw|1 Wklv

vwudwhj| kdv ehhq odehoohg �lghqwl�fdwlrq dw lq�qlw|� e| Fkdpehuodlq +4<;9/^9`,1

Rwkhu surfhgxuhv kdyh ehhq vxjjhvwhg wr lghqwli| wkh lqwhufhsw olnh Jdoodqw2Q|fknd

+4<;:/^46`, ru Fkhq +4<<9/^;`,/ wkrxjk wkrvh uhtxluh vwulfwhu dvvxpswlrqv1

Vlqjoh Lqgh{ Uhvwulfwlrq ^VLU`
Dv kdv ehhq phqwlrqhg/ zkhq prghoolqj vhohfwlylw| wkh wkuhh dssurdfkhv sdud0

phwulf/ vhplsdudphwulf dqg qrqsdudphwulf duh wr glvwlqjxlvk1 Sdudphwulf prghov

vshfli| doo ixqfwlrqv dqg huuru ghqvlwlhv xs wr d �qlwh dprxqw ri frh!flhqwv dqg ghq0

vlw| qxlvdqfh sdudphwhuv/ wkdw fdq wkhq eh hvwlpdwhg e| Pd{lpxp Olnholkrrg ru

uhodwhg phwkrgv/ zkhuhdv qrqsdudphwulf prghov ohdyh erwk s�Ef� dqg b�E~� frp0

sohwho| xqghwhuplqhg1 Vhplsdudphwulf prghov lq frqwudvw vshfli| rqo| sduwv/ xvxdoo|

wkh ixqfwlrq s�Ef� dqg wkh vhohfwlrq phfkdqlvp zkloh ohdylqj wkh huuru whup glvwule0

xwlrqv dqg khqfh b�E~� xquhvwulfwhg1 Dq lpsruwdqw fodvv zlwklq wkh vhplsdudphwulf

vhohfwlylw| prghov/ uhod{lqj wkh vwurqj lqghshqghqfh ri huuruv dqg h{sodqdwru| ydul0

deohv dvvxpswlrq ^LD`/ duh wkh vr0fdoohg lqgh{ prghov/ vhh Pdqvnl +4<;</^64`/ s1689

dqg 4<<6/^65`/ s1;4,1

Wkh vlqjoh lqgh{ dvvxpswlrq rq wkh huuru whup vljql�hv wkdw wkh huuru whup

ghqvlw| s0�ghshqgv rq wkh uhjuhvvruv fc~ rqo| yld dq lqgh{ ixqfwlrq wE~�/ ri

orzhu glphqvlrq wkdq ~/ exw lv rwkhuzlvh lqghshqghqw ri wkh uhjuhvvruv f dqg ~=

s0��fc~c_'� ' s0��wE~�c_'�1 Wklv dovr lpsolhv

b�E~� ' .d0�mfc~c _ ' �o ' .d0�mwE~�c _ ' �o ' b�EwE~�� ^VLU`1 +617,

Lw lv dvvxphg wkdw wkh lpsdfw ri wkh vhohfwlrq yduldeohv ~ ri ?^ rq wkh huuru whup 0�

fdq eh wuxo| uhsuhvhqwhg e| d ixqfwlrq wE~� G ?^ $ ?^�

zlwk ^� 	 ^1 Wkh suhydlolqj

fkrlfh lv ^� ' �1 Wklv uhtxluhv wkdw doo wkh lq xhqfh ri ~ rq wkh huuru whupv lq wkh

vwuxfwxudo htxdwlrqv hqwhuv rqo| wkurxjk wklv lqgh{/ khqfh wkh frpsohwh lqirupdwlrq

derxw d surshu vxevsdfh ri ?^ fduulhv doo wkh uhohydqw lqirupdwlrq hqwdlohg lq ~ ri

?^1 w zrunv olnh dq djjuhjdwru/ wudqvihuulqj doo glvwlqfw vhohfwlrq yduldeohv wr wkh

vdph xqlw ri phdvxuhphqw dqg shuplwv frpsdulvrq ri wkhlu lpsdfwv1 Wkh lqgh{

uhvwulfwlrq rq wkh huuruv ^VLU` uhsodfhv wkh vwurqjhu dvvxpswlrq ri lqghshqghqfh ri

wkh huuruv dqg wkh uhjuhvvruv ^LD` dqg zlwk wkh vdph lqgh{ uhvwulfwlrq w lpsrvhg

rq wkh vwuxfwxudo huuru whupv 0�c 0f dqg rq wkh vhohfwlrq huuru � wkh prgho lq vlqjoh
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lqgh{ irup orrnv=

t W
� ' s�Ef� n b�EwE~�� n 1� +618,

t W
f ' sfEf� n bfEwE~�� n 1f

_ ' )EwE~�c ���

Wkh prwlydwlrq iru wkh vlqjoh lqgh{ dvvxpswlrq ehfrphv dssduhqw iurp Pdqvnl

+4<<6/^65`/ s1;4,1 Frqvlghu wkh sdluv ri uhdol}dwlrqv Ef ' %�c ~ ' 5�� dqg Ef '

%2c ~ ' 52� zlwk %�c 5�c %2c 52 vr idu duelwudu| qxpehuv1 Wkhq wkh h{shfwhg rxwfrphv

ri t W
� duh

.dt W
� m%�c 5�o ' s�E%��

.dt W
� m%�c 5�c _ ' �o ' s�E%�� n b�EwE5���

.dt W
� m%2c 52o ' s�E%2�

.dt W
� m%2c 52c _ ' �o ' s�E%2� n b�EwE52��

+619,

Qrz dvvxph wkdw E%�c 5��c E%2c 52� duh fkrvhq vxfk wkdw iru erwk sdluv _ ' � dqg

wE5�� ' wE52�/ exw %� 9' %2/ lpso|lqj wkh lghqwlw| ri erwk vhohfwlrq fruuhfwlrq whupv

b�EwE5��� ' b�EwE52��� Vxewudfwlqj erwk revhuydeoh h{shfwdwlrqv iurp hdfk rwkhu

|lhogv=

.dt W
� m%�c 5�c _ ' �o� .dt W

� m%2c 52c _ ' �o ' s�E%��� s�E%2� n ib�EwE5���� b�EwE52��j
+61:,

' s�E%��� s�E%2� ' .dt W
� m%�c 5�o� .dt W

� m%2c 52o�
Wkxv/ e| wdnlqj gl�huhqfhv ri glvwlqfw revhuydwlrqv exw zlwk wkh vdph lqgh{ ydoxh

wE5�� ' wE52�/ wkh vhohfwlrq eldv ydqlvkhv dqg wkh vwuxfwxudo ixqfwlrq uhpdlqv/ zklfk

lv lghqwl�hg e| .dt W
� mfc~c _ ' �o xs wr wkh lqwhufhsw/ wkdw jhwv orvw wkurxjk gli0

ihuhqflqj1 Wkh ydoxh ri wklv �qglqj ghshqgv rq wkh vl}h ri wkh vhw iE%�c 5��c E%2c 52�
mwE5�� ' wE52�c %� 9' %2j/ fruuhvsrqglqj wr wkh olnholkrrg wr rewdlq dolnh lqgh{ ydoxhv
iru glvwlqfw %�c %2/ zklfk lwvhoi ghshqgv rq wkh glphqvlrq ri wkh lqgh{ ixqfwlrq wE��1
Iru wkh +xvxdoo|, frqwlqxrxv grpdlq ri wE�� wkh suredelolw| ri �qglqj glvwlqfw uhdo0

l}dwlrqv 5�c 52 ri ~ zlwk wE5�� ' wE52� lv }hur1 Krzhyhu/ jlyhq wkh vhohfwlrq fruuhfwlrq

ixqfwlrq b�EwE~�� lv zhoo0ehkdyhg dqg vprrwk/ forvh lqglfhv wE5�� � wE52� fruuhvsrqg

wr forvh vhohfwlrq fruuhfwlrq whupv b�EwE5��� � b�EwE52��/ lqwurgxflqj rqo| dq duel0

wudulo| vpdoo qhjohfwhg huuru db�EwE5����b�EwE52��o lqwr deryh frqfhswlrq/ frqwuroohg

e| wkh forvhqhvv gh�qlwlrq ri wkh lqglfhv1 Wkh vpdoohu wkh vsdfh lqwr zklfk wE~�

pdsv wkh yhfwru ~ iurp ?^/ wkh ghqvhu wkh revhuydwlrqv jhw lq frpsdulvrq wr wkh

yhfwru f ri ?R0vsdfh dqg wkh pruh srvvlelolwlhv dulvh wr �qg sdluv ri uhdol}dwlrqv

ri Efc~� zlwk glvwlqfw % exw wkh vdph +ru yhu| forvh, lqgh{ wE5�1 Wklv krogv dovr

iru wkh frpprq vshfl�fdwlrq zlwk f ehlqj d vxeyhfwru ri ~/ dv orqj dv wkh grpdlq

ri w kdv d orzhu glphqvlrq wkdq f> _�4Ew� 	 R1 Wkh suhydlolqj lqgh{ fkrlfh lv

w G ?^ $ ?�/ pdsslqj rqwr wkh uhdo olqh wr pdnh wkh revhuydwlrqv vx!flhqwo| ghqvh1
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Wklv rqh0glphqvlrqdo lqgh{ lv lq vhplsdudphwulf vhwwlqjv kdelwxdoo| sdudphwulfdoo|

vshfl�hg dv wE~� ' ~ ��1 Wkrxjk wklv lv qrw hvvhqwldo/ vlqfh d qrqsdudphwulf lq0

gh{ olnh wkh surshqvlw| vfruh .d_m~oc h1j1 lq Dkq2Srzhoo/ Urelqvrq vx!fhv1 Dw

wkh rqh h{wuhph/ w G ?^ $ ?f frxog eh fkrvhq/ dvvljqlqj hyhu| revhuydwlrq wkh

vdph wE5�1 Wklv dvvxpswlrq zrxog jhqhudwh dexqgdqw revhuydwlrqv zlwk lghqwlfdo

wE5� dqg b�EwE5�� iru lghqwl�fdwlrq/ exw vhhpv lpsodxvleoh vlqfh wkh lpsolfdwlrq ri

d frqvwdqw b uhjdugohvv ri Efc~� lv lqdghtxdwh iru d vhohfwlylw| prgho1 Lq wkh rwkhu

h{wuhph/ wkh qr0lqgh{ dvvxpswlrq w G ?^ $ ?^/ wE~� ' ~/ wrjhwkhu zlwk f ehlqj

d vxeyhfwru ri ~ khosv qrwklqj wr lghqwl�fdwlrq ri s�E��/ dv htxdolw| ri wkh lqglfhv

wE5�� ' wE52� lpsolhv dw rqfh 5� ' 52 / %� ' %21

Dowkrxjk d vlqjoh lqgh{ dvvxpswlrq ^VLU` lv qrw hvvhqwldo iru lghqwl�fdwlrq/ lw

lpsuryhv wkh dffxudf| ri hvwlpdwlrq frqvlghudeo|1 Wkhvh lqgh{ prghov ixuwkhu doorz

wr dffrxqw iru qrq llg huuru whupv/ dv orqj dv khwhurvnhgdvwlflw| ri xqnqrzq irup

ghshqgv rqo| rq wkh vlqjoh lqgh{1 Wklv uhod{hv wkh vwurqj krprvnhgdvwlflw| dvvxps0

wlrq ^LD` ri lqghshqghqfh ri wkh huuru whup glvwulexwlrq s0�c0fc�E�� ri wkh h{rjhqrxv
yduldeohv fc~e| shuplwwlqj frqglwlrqdo khwhurvnhgdvwlflw|1 7

Ehvlghv wkhvh suhuhtxlvlwhv iru lghqwl�fdwlrq/ doo hvwlpdwruv lpsrvh dgglwlrqdo

hvwlpdwru0vshfl�f lghqwli|lqj frqglwlrqv wr dwwdlq fhuwdlq hvwlpdwruv* surshuwlhv1

Frpprq wr doo vhplsdudphwulf dqg qrqsdudphwulf hvwlpdwruv lv wkhlu qhhg iru dp0

soh vprrwkqhvv ri wkh ixqfwlrqv s�E��c b�E��/ wkh lqgh{ wE~�/ wkh surshqvlw| vfruh

.d_m~o dqg ri wkh ghqvlwlhv ri wkh uhjuhvvruv dqg wkh huuru whupv1 Vprrwkqhvv/ lq0

foxglqj frqwlqxrxv gl�huhqwldelolw| xs wr d fhuwdlq rughu/ lv dq hvvhqwldo lqjuhglhqw ri

qrqsdudphwulf dojrulwkpv vlqfh wkhvh surfhhg e| h{wudsrodwlqj iurp revhuyhg gdwd

srlqwv wr wkhlu orfdo qhljkerxukrrg1 Qrqsdudphwulf uhjuhvvlrq phwkrgv duh xvhg

wr hvwlpdwh wkh xqvshfl�hg sduwv ri wkh vhplsdudphwulf prgho/ olnh b�E~�1 Wkh|

frpsxwh hvwlpdwhv e| dyhudjlqj ryhu wkrvh revhuyhg ghshqghqw yduldeohv zkrvh h{0

sodqdwru| yduldeohv olh zlwklq d qhljkerxukrrg ri wkh srlqw ri lqwhuhvw/ khuhe| lp0

solflwo| dvvxplqj wkdw dq revhuyhg gdwdsrlqw hqwdlov lqirupdwlrq derxw lw*v dgmdfhqw

qhljkerxukrrg dqg wkdw wkh ghshqghqw yduldeohv ri revhuydwlrqv/ zkrvh h{sodqd0

wru| yduldeohv duh forvh/ kdyh vlplodu ydoxhv1 Iru d glvfrqwlqxrxv ixqfwlrq/ krzhyhu/
7Iru[ ehlqj d vxevhw ri ]> wkh lpsrvlwlrq ri dq h{foxvlrq uhvwulfwlrq fdq dovr eh lqwhusuhwhg dv d

sduwlfxodu uhvwulfwlrq rq i4+�,/ vhh Srzhoo +4<<7/^75`/ s157;5,1 Srzhoo ghfrpsrvhv wkh yduldeohv ri ]
lqwr wkh vxeyhfwruv[4 dqg [5/ zlwk[4 frqwdlqlqj wkh frpprq yduldeohv zlwk[ dqg[5 fdswxulqj
wkh h{foxghg yduldeohv dqg kh gh�qhv �5 = ?t $ ?s/ �5+], @ [4 dv dq lqgh{ uhsuhvhqwdwlrq ri wkh
h{foxvlrq dvvxpswlrq=

\ �

4 @ i4+�5+],, . �4+], . �4=

Qhyhuwkhohvv/ h{foxvlrq uhvwulfwlrq dqg wkh vlqjoh0lqgh{ uhvwulfwlrq ^VLU` vkrxog qrw eh frqixvhg/
vlqfh wkh h{foxvlrq uhvwulfwlrq lv dq dvvxpswlrq rq wkh vwuxfwxudo uhodwlrqvkls i4+�,/ hvvhqwldo iru
vhplsdudphwulf lghqwl�fdwlrq/ zkloh wkh lqgh{ uhvwulfwlrq lv dq dvvxpswlrq rq wkh huuru whup
H^%4m[>]> g @ 4` @ H^%4m�+],> g @ 4`/ zklfk lv d uhod{dwlrq ri wkh ^LD` lqghshqghqfh dvvxps0
wlrq H^%4m[>]> g @ 4` @ H^%4mg @ 4`1
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wklv dvvxpswlrq grhv qr orqjhu krog/ dv revhuydwlrqv wkdw duh yhu| forvh lq wkhlu

h{sodqdwru| yduldeohv pd| kdyh yhu| glvwdqw ghshqghqw rxwfrphv1 Ehvlghv wkhvh

vprrwkqhvv frqglwlrqv/ wkh h{lvwhqfh ri d vx!flhqw qxpehu ri �qlwh prphqwv ri wkh

udqgrp yduldeohv fc~ dqg wkh huuru glvwulexwlrqv ri 0c � lv riwhq lpsrvhg1

Frqfoxglqj wklv fkdswhu zlwk d eulhi vxppdu| ri wkh frqglwlrqv iru vhplsdudphw0

ulf lghqwl�fdwlrq/ wzr edvlf lqjuhglhqwv vwdqg rxw1 Rqh lv wkh h{foxvlrq uhvwulfwlrq rq

wkh vwuxfwxudo uhodwlrqvkls s� wr suhyhqw pxowlfroolqhdulw|/ wkh rwkhu lv dq dvvxpswlrq

rq wkh huuru whupv suhyhqwlqj khwhurvnhgdvwlflw| hlwkhu e| wkh ^LD` lqghshqghqfh dv0

vxpswlrq ri huuruv dqg uhjuhvvruv .d0�mfc~c _ ' �o ' .d0�m_ ' �o ru e| wkh zhdnhu

^VLU` vlqjoh0lqgh{ dvvxpswlrq .d0�mfc~c _ ' �o ' .d0�mwE~�c _ ' �o/ doorzlqj khw0

hurvnhgdvwlflw| frqglwlrqdo rq wkh lqgh{/ vhh Srzhoo +4<<7/^75`/ s1583:,1 Wkhq wkh

w|slfdo vhohfwlylw| prgho orrnv=

t W
� ' s�Ew2E~�� n b�EwE~�� n 1� +61;,

t W
f ' sfEw2E~�� n bfEwE~�� n 1f

_ ' )EwE~�c ��

zlwk w2E~� ' f wkh h{foxvlrq frqglwlrq dqg wE~� G ?^ $ ? wkh vlqjoh lqgh{1
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Sdudphwulf Hvwlpdwlrq

Wr ixoo| xqghuvwdqg wkh prwlydwlrq/ dgydqwdjhv dqg gudzedfnv ri vhplsdudphwulf

hvwlpdwlrq wkh sdudphwulf dssurdfk wr lqyhvwljdwlqj vhohfwlylw| pxvw eh suhvhqwhg

lq dgydqfh dv d ehqfkpdun fdvh/ wkdw kdv grplqdwhg wkh prghoolqj ri vhohfwlylw|

xqwlo wkh hduo| 4<;3v1 Uhwxuqlqj edfn wr wkh vdpsoh gdwd qrwdwlrq iru wkh edvh0olqh

glfkrwrprxv fhqvruhg vhohfwlylw| prgho/ wkh vwuxfwxudo uhodwlrqvkls sEf�� vkdoo eh

hvwlpdwhg iurp d jlyhq vdpsoh Et�c _�cf�c ~�� ri vl}h � / zkhuh wkh gdwd kdv ehhq

vruwhg vxfk wkdw wkh �uvw �c ��c ? lqglylgxdov duh sduwlflsdqwv +fdwhjru| _� ' �/ t�
revhuyhg,/ zkloh wkh uhpdlqlqj E? n ��c ��c � revhuydwlrqv duh fhqvruhg +_� ' f/ t�
xqrevhuyhg/ exwf�c ~� vwloo revhuyhg,1 Wkh sdudphwulf zd| surfhhgv e| vshfli|lqj doo

ixqfwlrqv dqg huuru glvwulexwlrqv wr �qlwh glphqvlrqdo idplolhv/ vxfk wkdw rqo| d �qlwh

dprxqw ri frh!flhqwv dqg ghqvlw| qxlvdqfh sdudphwhuv uhpdlqv wr eh hvwlpdwhg1 D

frqyhqlhqw fkrlfh lv sE�� dqg wE�� olqhdu/ )E�� wkh elqdu| wkuhvkrog furvvlqj lqglfdwru
dqg d elyduldwh qrupdo glvwulexwlrq iru wkh huuru whupv/ lpso|lqj lqghshqghqfh ri

wkh huuruv dqg uhjuhvvruv ^LD` =4

t� ' f �
�q n 0� +714,

_� ' �E~ �
�� n �� : f�

E0�c ��� � �

3
C3c

3
C j20 j0�

j0� �

4
D
4
D c

zlwk t� rqo| revhuyhg iru _� ' �1 Khuh j2� lv vhw wr rqh dv lw lv qrw lghqwl�hg lq wkh

elqdu| uhvsrqvh prgho1 Wkh prgho fdq hdvlo| eh uhzulwwhq wr

t� ' f �
�q n j0�bE~

�
��� n 1� +715,

_� ' �E~ �
�� n �� : f�c

zkhuh bE�� lv wkh lqyhuvh Ploo*v udwlr/ lpsolhg e| wkh elyduldwh qrupdolw| ri E0�c ���=

bE�� ' �E��
xE�� � +716,

4Iru hdvh ri h{srvlwlrq \ �

4l lv uhsodfhg e| \l khqfhiruwk1
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�E��/ xE�� duh wkh xqlyduldwh ghqvlw| dqg glvwulexwlrq ixqfwlrq/ uhvshfwlyho|/ ri wkh

vwdqgdug qrupdo glvwulexwlrq �Efc ��1 Wkh prgho lv ixoo| lghqwl�hg wkurxjk wkh

qrq0olqhdulw| ri bE�� dqg grhv qrw uhtxluh dq| h{foxvlrq uhvwulfwlrq wr suhyhqw pxo0

wlfroolqhdulw|1

Khfnpdq +4<:7/^4:` dqg 4<:9/^4;`, vxjjhvwhg wzr srsxodu hvwlpdwruv/ dq h!flhqw

Pd{lpxp Olnholkrrg edvhg hvwlpdwru dqg wkh lqh!flhqw exw vlpsoh Khfnpdq wzr0

vwhs/ zklfk kdyh ehhq zlgho| dssolhg lq hpslulfdo zrun1 Wkh PO hvwlpdwru fdq

uhdglo| eh dssolhg e| pd{lpl}lqj wkh orj olnholkrrg ixqfwlrq= *?uEqc �c j0�c j20� '

�

�

�[
�'�

5
97_� � *?

"]
3~�

�
�

�0�Et� �f �
�qc ��_� n E�� _�� � *?

"]
3"

"]
3~�

�
�

�0�E0c ��_�_0

6
:8

zlwk �0� wkh ghqvlw| ixqfwlrq ri wkh elyduldwh qrupdo/ vhh Yhood +4<<;/^83`/ s1463,1

Wkh PO dssurdfk uhdfkhv wkh Fudphu Udr erxqg/ surgxflqj h!flhqw hvwlpdwhv
	qc 	�c 	j0�c 	j

2
01

Ehvlghv PO Khfnpdq sursrvhg d vlpsoh wzr vwhs phwkrg zkhuh lq wkh �uvw vwhs

wkh elqdu| vhohfwlrq htxdwlrq lv hvwlpdwhg e| Surelw ryhu wkh ixoo vdpsoh ���� wr

rewdlq hvwlpdwhv ri 	�1 Wkhq 	b� '
�E~�

�
	��

xE~�

�
	��

fdq eh fdofxodwhg iru hdfk revhuydwlrq

zlwk _� ' � +vxevdpsoh ���?, dqg lqvhuwhg lqwr wkh vwuxfwxudo htxdwlrq iru b dv wkh

dgglwlrqdo uhjuhvvru=

t� ' f �
�q n j0�	b� n 1

�

�� +717,

Qrz 	q dqg 	j0� fdq eh hvwlpdwhg e| ROV/ zlwk d vljql�fdqw frh!flhqw hvwlpdwh 	j0�
lqglfdwlqj wkdw vhohfwlylw| zdv lqkhuhqw1

Wkh sdudphwulf hvwlpdwruv kdyh wkh dsshdolqj surshuw|/ ehvlghv ehlqj uhdg|

dqg txlfn wr lpsohphqw/ wkdw wkh| duh pruh h!flhqw wkdq wkhlu vhplsdudphwulf

frxqwhusduwv/ surgxflqj pruh dffxudwh hvwlpdwhv dv orqj dv wkh prgho lv fruuhfwo|

vshfl�hg1 Rq wkh rwkhu kdqg sdudphwulf hvwlpdwhv kdyh ehhq vkrzq wr eh srvvleo|

vhulrxvo| lqfrqvlvwhqw li wkh sdudphwulf irup dvvxpswlrqv hlwkhu rq wkh ixqfwlrqv

sE�� dqg wE�� ru rq wkh mrlqw huuru glvwulexwlrq duh lqfruuhfw1 Dowkrxjk vshfl�fdwlrq

whvwv jlyh vrph klqw derxw wkh fuhglelolw| ri wkh fkrvhq vshfl�fdwlrq/ wkhlu srzhu

pd| eh olplwhg dqg wkh vhdufk iru d surshu vshfl�fdwlrq iru wkh ixqfwlrqv dqg wkh

huuruv xqwlo wkh prgho lv fruuhfwo| vshfl�hg pd| eh whglrxv1 Vhyhudo vwxglhv whvwl�hg

wkh vhqvlwlylw| ri wkh sdudphwulf whfkqltxhv wr khwhurvnhgdvwlflw| dqg qrq0qrupdolw|

ri wkh mrlqw huuru glvwulexwlrq/ h1j1 Dudepd}du dqg Vfkplgw +4<;5/^7`/ Jrogehujhu

+4<;6/^48`, dqg Vfkdijdqv +4<<:/^79`,1

Wzr ixuwkhu vwxglhv +Ohxqj dqg \x/ 4<<9/^5;` dqg Qdzdwd 4<<6/^69`, fdxwlrq

djdlqvw wkh xvh ri sdudphwulf hvwlpdwlrq/ hvshfldoo| wkh Khfnpdq wzr0vwhs/ wrr suh0

flslwdwhg iurp txlwh dqrwkhu srlqw ri ylhz1 Erwk vwxglhv uhyhdo vxevwdqwldo zhdn0

qhvvhv ri wkh Khfnpdq wzr0vwhs hvwlpdwru wkdw kdv ohg wr srru shuirupdqfh lq vrph

Prqwh Fduor vwxglhv1 Wkh| dwwulexwh wkhvh zhdn uhvxowv wr d glvdgydqwdjhrxv sh0

fxoldulw| ri wkh lqyhuvh Ploo*v udwlr1 Dowkrxjk wkh lqyhuvh Ploo*v udwlr lv lq wkhru| d
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qrq0olqhdu ixqfwlrq/ lw fdq eh dssur{lpdwhg h{wuhpho| zhoo e| d olqhdu ixqfwlrq ryhu

d zlgh udqjh ri lw*v vxssruw/ zklfk lv h{srvhg e| wzr sorwv +Ohxqj dqg \x/ s149

dqg Qdzdwd/ s1545,1 Wkhvh erwk judskv h{klelw wkh doprvw olqhdulw| ri bE�� ' �Eu�
xEu�

ryhu wkh pdlq erg| ri lw*v vxssruw1 D forvhu revhuydwlrq ri wkh fruuhodwlrq ehwzhhq

bE~ �
��� dqg ~

�
�� uhyhdohg kljk froolqhdulw| zlwk d fruuhodwlrq frh!flhqw yhu| forvh wr

rqh iru pdq| gl�huhqw lqgh{ udqjhv1 Iru wkh xvxdo sdudphwulf vshfl�fdwlrq f� ' ~�

zlwkrxw h{foxvlrq uhvwulfwlrqv/ wkh uhtxluhg qrq0olqhdulw| ri bE~ �
��� frqvwlwxwhv wr

wkh rqo| lghqwli|lqj hohphqw iru wkh vwuxfwxudo htxdwlrq1 Zlwk wkhvh �qglqjv lw lv

xqvxusulvlqj wkdw lghqwl�fdwlrq iru wkh Khfnpdq wzr0vwhs pd| eh yhu| zhdn gxh

wr qhdu froolqhdulw|/ li wkh lqgh{ ydoxhv ~ �
�� ydu| rqo| ryhu d vpdoo udqjh zlwklq wkh

vdpsoh/ ohdglqj wr yhu| lpsuhflvh frh!flhqw hvwlpdwhv zlwk odujh yduldqfhv dqg orz

vljql�fdqfh ohyhov1 Ixuwkhupruh Ohxqj dqg \x +s1546, frqmhfwxuh rq edvlv ri wkhlu

uhvxowv wkdw dovr wkh PO hvwlpdwru vhhpv wr eh �lpsdluhg e| froolqhdulw|� wkurxjk

d qhdu0olqhdu vhohfwlrq fruuhfwlrq whup b/ wkrxjk ohvv vhyhuh wkdq iru wkh Khfnpdq

wzr0vwhs1

Li lqvx!flhqw yduldwlrq ri wkh lqgh{ ~ �
�� zlwklq wkh gdwdvhw pdnhv wkh Khfnpdq

wzr0vwhs hvwlpdwhv lpsuhflvh dqg xquholdeoh/ ydulrxv vroxwlrqv duh dw kdqg1 Iluvw/ wkh

Pd{lpxp Olnholkrrg dssurdfk vhhpv wr eh pxfk ohvv d�hfwhg e| pxowlfroolqhdulw|1

Dq rwkhu zd|/ mxvwl�deo| h{foxglqj rqh +ru pruh, yduldeohv iurp f� khosv wr vhsd0

udwh f �
�q iurp ~ �

��1 D �qdo dowhuqdwlyh zrxog eh wr uhmhfw wkh vhohfwlylw| prgho dqg

surfhhg/ iru lqvwdqfh/ zlwk wkh �wzr0sduw� prgho ghvfulehg lq Ohxqj dqg \x/ zkhuh

lqvwhdg ri wkh xqfrqglwlrqdo vwuxfwxudo uhodwlrqvkls t� ' f �
�q n 0� zlwk .d0�mf�o ' f

wkh frqglwlrqdo htxdwlrq t��_�'� ' f �
�qS n #� zlwk .d#�mf�c _� ' �o ' f lv hvwlpdwhg1

Wkh wzr sduw prgho fdq uhdglo| eh hvwlpdwhg e| vwdqgdug whfkqltxhv +Surelw/ ROV,/

vlqfh wkh vhohfwlrq htxdwlrq dqg wkh frqglwlrqdo rxwfrph htxdwlrq duh glvfrqqhfwhg

e| gh�qlwlrq dqg fdq eh hvwlpdwhg frpsohwho| vhsdudwho|/ lq frqwudvw wr wkh vhohf0

wlylw| prgho zkhuh vhohfwlylw| olqnv erwk sduwv1 Wkh frqglwlrqdo rxwfrph ixqfwlrq/

hperglhg lq wkh frh!flhqwv qS/ krzhyhu kdv d gl�huhqw lqwhusuhwdwlrq wkdq q/ vlqfh

lw h{sodlqv d uhodwlrqvkls iru rqo| d vxesrsxodwlrq/ wkh jurxs ri sduwlflsdqwv dqg

grhv qrw uhsuhvhqw srwhqwldo rxwfrphv iru wkh zkroh srsxodwlrq1 Khqfh wkh wzr0

sduw prgho lv ohvv lqirupdwlyh dqg lqfdsdeoh wr suhglfw wkh ixoo udqjh ri srwhqwldo

rxwfrphv/ exw lw lv hvwlpdeoh zlwkrxw gl!fxowlhv1

Wkhvh erwk vwxglhv uhyhdo wkdw rqh ri wkh dgydqwdjhv ri wkh sdudphwulf dssurdfk/

wkh qrq0uholdqfh rq h{foxvlrq uhvwulfwlrqv/ wkdw duh e| hfrqrplf wkhru| riwhq kdug

wr mxvwli|/ pd| eh ri iudjloh ydoxh1



Fkdswhu 8

Vhplsdudphwulf Hvwlpdwlrq

Uhfdoolqj wkh fhqvruhg glfkrwrprxv vhohfwlylw| prgho lq wkh vhohfwlrq fruuhfwlrq

uhsuhvhqwdwlrq zlwk vlqjoh lqgh{

_� ' )EwE~��c ��� �$ pdsslqj lqwr ifc �j +814,

t� ' sEf�� n bEwE~��� n 1�c

zlwk wkh srwhqwldo rxwfrph t� rqo| revhuyhg iru lqglylgxdov zlwk _ ' �1 Wkh ixqf0

wlrqv ri lqwhuhvw sc bc ) duh xqnqrzq/ zlwk sE�� uhsuhvhqwlqj wkh vwuxfwxudo uhodwlrq0
vkls/ bE�� wkh vhohfwlrq fruuhfwlrq whup/ )E�� pdsslqj wkh vhohfwlrq sdudphwhuv lqwr

wkh glvfuhwh vsdfh ifc �j dqg wE�� v|perol}lqj d vshfl�hg lqgh{ ixqfwlrq wr uhgxfh

wkh glphqvlrqdolw| ri wkh vhohfwlrq sdudphwhuv1

Wkh ixoo| sdudphwulf dssurdfk/ |hw suhvhqwhg lq wkh suhfhglqj fkdswhu/ doorzv wr

lghqwli| wkh uhodwlrqvkls ehwzhhq wkh h{sodqdwru| yduldeohv f� dqg wkh ghshqghqw

yduldeoh t� wkurxjk ixoo| vshfli|lqj erwk wkh ixqfwlrqv sc bc ) dqg wkh glvwulexwlrqv ri

1� dqg �� wr �qlwh glphqvlrqdo idplolhv/ vxfk wkdw wkh ehiruhkdqg xqnqrzq ixqfwlrqv

dqg glvwulexwlrqv duh ghwhuplqhg xs wr d �qlwh dprxqw ri frh!flhqwv dqg ghqvlw|

qxlvdqfh sdudphwhuv/ zklfk duh wkh remhfw ri hvwlpdwlrq1 Zkloh wkhvh sdudphwulf

prghov kdyh �qh surshuwlhv zkhq pluurulqj h{dfwo| wkh wuxh prgho vxfk dv
s
?0

frqvlvwhqf|4 dqg h!flhqf|/ wkh| lqfrusrudwh vhulrxv gudzedfnv zkhq plvvshfl�hg1

Wkhlu glvdgydqwdjhv udqjh iurp lqfrqvlvwhqf| ri wkh frh!flhqw hvwlpdwhv/ zkhq plv0

vshfl�hg hlwkhu lq wkh ixqfwlrqdo irupv ru lq wkh xqrevhuydeoh huuru glvwulexwlrqv/ wr

wkh zhdn lghqwli|lqj srzhu ri wkh lqyhuvh Ploo*v udwlr gxh wr lw*v qhdu olqhdulw|1

Wklv lqgxfhg wkh hphujhqfh ri qrqsdudphwulf phwkrgv zklfk sxuvxh wkh hv0

wlpdwlrq ri wkh vwdwlvwlfdo uhodwlrqvkls ehwzhhq wkh h{sodqdwru| yduldeohv dqg wkh

ghshqghqw yduldeoh+v, xqghu rqo| yhu| jhqhudo vprrwkqhvv dqg prphqw dvvxps0

wlrqv/ zlwkrxw vshfli|lqj dq| ghqvlw| ixqfwlrq ru dq| ixqfwlrq ri wkh prgho1 Iudqno|

vshdnlqj/ wkh| shuplw wr dwwdlq frqvlvwhqf| lq pruh frpsuhkhqvlyh prghov/ zkloh

4Phdqlqj d frqyhujhqfh ri wkh frh!flhqw hvwlpdwhv wrzdugv wkh wuxh ydoxhv dw d udwh ri Q�
4

5 /
zlwk Q ehlqj wkh uhohydqw vdpsoh vl}h1
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vdful�flqj h!flhqf| lq frpsdulvrq wr wkh sdudphwulf hvwlpdwlrq1 Dowkrxjk ghyho0

rshg wr frxqwhu wkh sdudphwulf surfhgxuh*v  dzv wkhvh vwudwhjlhv kdyh wkhlu zhdn0

qhvvhv lq wkhlu rzq1 Qrqsdudphwulf hvwlpdwhv duh frpprqo| ohvv suhflvh/ hperg| d

frqyhujhqfh udwh vorzhu wkdq �3 �

2 / uhsuhvhqw phuho| d vwdwlvwlfdo uhodwlrqvkls wkdw

pd| eh kdug wr lqwhusuhw zkhq lw*v vkdsh grhv qrw frqirup wr hfrqrplf wkhru| dqg

suhfoxgh suhglfwlrq rxwvlgh wkh vxssruw ri wkh h{sodqdwru| yduldeohv lq wkh xqghu0

o|lqj gdwdvhw1 Frqvxow Srzhoo +4<<7/^75`, iru dq h{whqvlyh lqwurgxfwlrq lq vhplsdud0

phwulf hvwlpdwlrq/ khdghg e| d eulhi frpsdulvrq ri sdudphwulf/ vhplsdudphwulf dqg

qrqsdudphwulf dssurdfkhv1

Dv d pl{wxuh ehwzhhq wkhvh erwk  dqnv wkh vhplsdudphwulf dssurdfk vhhnv wr

frpelqh vrph dgydqwdjhv ri erwk wkh ixoo| sdudphwulf dqg wkh frpsohwho| qrqsdud0

phwulf rqhv/ e| sdudphwulfdoo| vshfli|lqj rqo| sduwv ri wkh prgho/ zkloh dsso|lqj

qrqsdudphwulf hvwlpdwlrq lvvxhv wr wkh uhpdlqghu sduwv1 Lq wkh vhohfwlrq fruuhfwlrq

irup ri wkh prgho +htxdwlrqv 814, wkh vhplsdudphwulf dssurdfk uhjxoduo| surfhhgv

e| vshfli|lqj wkh ixqfwlrqv sE��c )E�� dqg wE��c zkloh ohdylqj wkh vhohfwlrq fruuhfwlrq

ixqfwlrq bE�� dqg wkh huuruv* ghqvlwlhv jhqhulf1 Lw kdv lqkhulwhg vrph uhzdugv dv zhoo
dv  dzv ri erwk  dqnv1 Lw doorzv frqvlvwhqw hvwlpdwhv xqghu zhdnhu uhvwulfwlrqv/

uhgxflqj wkh urrp iru plvvshfl�fdwlrq1 Dowkrxjk lw*v sdudphwulf sduwv duh vwloo vhq0

vlwlyh wr huurqhrxv vshfl�fdwlrq/ lw*v suh0�{hg vkdsh lv xvxdoo| hdvlhu wr lqwhusuhw1 Lq

dgglwlrq lw*v hvwlpdwruv xvxdoo| dfklhyh d frqyhujhqfh udwh ri �3 �

2 / wkrxjk wkh| duh

qrw dv h!flhqw dv wkh hvwlpdwhv ri d wuxo| vshfl�hg sdudphwulf prgho1

Lq frqwudvw wr wkh sdudphwulf dssurdfk/ wkh wzr vwhs hvwlpdwlrq vwudwhjlhv duh

fohduo| suhydlolqj zlwklq wkh vhplsdudphwulf frqwh{w1

Iru wkh fhqvruhg vhohfwlrq prgho wkhvh whfkqltxhv surfhhg e| lqlwldoo| vshfli|lqj

wkh sdudphwulf sduwv ri wkh prgho dqg e| rughulqj wkh zkroh vdpsoh ri � revhuyd0

wlrqv vxfk wkdw wkh �uvw �c ��c ? revhuydwlrqv uhsuhvhqw sduwlflsdqwv zlwk _� ' � dqg t�
revhuyhg/ zkhuhdv wkh uhpdlqlqj E?n��c ��c � revhuydwlrqv duh wkh qrq0sduwlflsdqwv

zlwk _� ' f dqg t� xqrevhuyhg1

� Wkhq/ e| xvlqj d vwhs rqh hvwlpdwru ryhu wkh ixoo vdpsoh ri ���� revhuydwlrqv/

wkh frh!flhqwv 	� ri wkh vhohfwlrq htxdwlrq duh frpsxwhg1

� Rqfh hvwlpdwhv ri � kdyh ehhq h{wudfwhg/ h{hfxwlrq ri d vwhs wzr hvwlpdwru ryhu

wkh sduwlflsdwlrq vxevdpsoh ri wkh ���? revhuydwlrqv vxssolhv wkh 	q0hvwlpdwhv

ri wkh vwuxfwxudo htxdwlrq1

� Dv zloo eh vhhq ehorz pdq| vwhs wzr hvwlpdwruv duh deoh wr lghqwli| rqo| wkh

vorsh frh!flhqwv ri wkh vwuxfwxudo htxdwlrq1 Wkhuhiruh dq dgglwlrqdo lqwhufhsw

hvwlpdwru kdv wr eh dssolhg wr wkh sduwlflsdwlrq vxevdpsoh +���?, li dq hvwlpdwh
	qf ri wkh vwuxfwxudo htxdwlrq*v lqwhufhsw lv uhtxhvwhg +vwhs 5e,1
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Dv wkh vwhs rqh dqg vwhs wzr hvwlpdwruv duh lq prvw fdvhv vhsdudwh exloglqj0

eorfnv/ wkh| pd| eh frpelqhg lq pdq| zd|v1 Krzhyhu/ dv wkh surshuwlhv ri wkh

ghvluhg 	q0hvwlpdwhv ri wkh vwuxfwxudo htxdwlrq ghshqg rq wkh dwwulexwhv ri erwk

hvwlpdwruv dqg wkhlu frqmxqfwlrq/ d vhqvlwlyh frpelqdwlrq vkrxog eh fkrvhq1

Qrz vrph ri wkh pruh surplvlqj hvwlpdwruv ri erwk wkh vhohfwlrq dqg wkh vwuxf0

wxudo htxdwlrqv duh looxvwudwhg lq ghwdlo1 Dowkrxjk d sohqw| ri wkh uhvhdufk olwhudwxuh

zloo eh vxuidfhg/ wkh hpskdvl}h kdv ehhq odlg rq d wkrurxjk h{klelwlrq ri mxvw wkh

sulqflsdo hvwlpdwruv ri vhohfwlylw| prghov/ udwkhu wkdq rq dq h{srvxuh ri hyhu| hvwl0

pdwlrq phwkrg suhvhqwhg lq wkh uhfhqw |hduv1 Iru dq ryhuylhz duwlfoh lq wkdw vhqvh

wkh vxuyh| ri Yhood +4<<;/^83`, eh rqfh pruh uhfrpphqghg1

Iru wkh hdvh ri h{srvlwlrq doo hvwlpdwlrq whfkqltxhv zloo eh hoxflgdwhg zlwklq

wkh vdph prgho/ wkh vhohfwlrq fruuhfwlrq irup zlwk dq lqgh{ ixqfwlrq sdudphwhul}hg

e| d olqhdu lqgh{ wE��/ wkh lqglfdwru ixqfwlrq dv wkh vhohfwlrq pdsslqj ixqfwlrq

)E�� ' �E� : f� dqg d sdudphwulf olqhdu vwuxfwxudo ixqfwlrq sE��1 Zlwk bE�� dqg wkh

glvwulexwlrqv ri 1� dqg �� ohiw xqvshfl�hg/ wkh prgho orrnv=

_� ' �E~ �
�� : ��� iru � ' ����

t� ' f �
�q n bE~ �

��� n 1� iru � ' ���?
+815,

Wkh +xqfhqvruhg, vhohfwlrq prgho zlwk wzr revhuyhg fdwhjrulhv zrxog eh wuhdwhg

vlploduo|/ zlwk wkh vdpsoh rughuhg lqwr wkh fruuhvsrqglqj vxevdpsohv ri lqglylgxdov

zlwk _� ' � dqg _� ' f=

_� ' �E~ �
�� : ��� jhqhudwlqj wkh wzr vxevdpsohv

t�� ' f �
�q� n b�E~

�
��� n 1�� � ' �c ��c ?

t�f ' f �
�qf n bfE~

�
��� n 1�f � ' E?n ��c ��c � 1

+816,

Wkh vwhs rqh hvwlpdwru frpsxwhv wkhq lq olnh pdqqhu wkh 	�0frh!flhqwv ri wkh fkrlfh

htxdwlrq ryhu wkh zkroh vdpsoh ���� / zkhuhdv wkh vxffhhglqj vwhs wzr hvwlpdwru

hvwlpdwhv vhsdudwho| erwk vwuxfwxudo htxdwlrqv ryhu wkh glvmrlqw vxevdpsohv �c ��c ?

dqg E?n��c ��c � / uhvshfwlyho|/ wr rewdlq 	q� dqg 	qf� H!flhqf| jdlqv wkurxjk vlpxowd0

qhrxv hvwlpdwlrq ri erwk rxwfrph htxdwlrqv t�� dqg t�f pljkw eh dwwdlqdeoh/ exw duh

xqolnho| wr eh vxevwdqwldo ehfdxvh ri wkh douhdg| vhjuhjdwhg hvwlpdwlrq surfhgxuh1

Dv phqwlrqhg lq wkh fkdswhu Lghqwl�fdwlrq/ prvw hvwlpdwruv uho| rq wkh vlqjoh

lqgh{ dvvxpswlrq/ wkdw pdnhv wkh revhuydwlrqv/ orrvho| vshdnlqj/ pruh ghqvh/ e|

pdsslqj wkh uhohydqw fkrlfh fkdudfwhulvwlfv ~� iurp ?^0vsdfh rqwr wkh uhdo olqh/

wE�� G ?^ �$ ?1 Wklv frqwudfwlrq pdnhv wkh vhohfwlrq uhjuhvvruv pxfk pruh frp0

sdudeoh dqg uhgxfhv wkh glphqvlrqdolw| frqvlghudeo| zkhq surfhhglqj ixuwkhu iurp

wkh vhohfwlrq htxdwlrq wr wkh vwuxfwxudo htxdwlrq1 Zlwklq wklv vhwwlqj wkh olqhdu

vlqjoh lqgh{ ixqfwlrq wE~�c �� ' ~ �
�� kdv ehhq vshfl�hg wr frqirup zlwk prvw ri
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wkh olwhudwxuh1 Eh dzduh wkdw prvw vhplsdudphwulf hvwlpdwruv gr qrw jhqhudoo| uh0

txluh olqhdulw| ri wkh lqgh{ wE�� dqg sE��/ wkrxjk vrph ri wkhp kdyh wr eh prgl�hg

vrphzkdw zkhq hpsor|lqj lq qrqolqhdu vshfl�fdwlrqv1

Ehiruh uhdglqj dkhdg wkh uhdghu xqidploldu zlwk qrqsdudphwulf Nhuqho uhjuhv0

vlrq whfkqltxhv lv dgylvhg wr zrun wkurxjk wkh dsshqgl{ Lqwurgxfwlrq lq Nhuqho

Uhjuhvvlrq dw �uvw1

814 Vhpl0qrqsdudphwulf dssurdfk= Jdoodqw2Q|fknd

Ehiruh frplqj wr wkh suhydlolqj wzr vwhs hvwlpdwruv/ wkh lqwhuhvwlqj wkrxjk uduho|

dssolhg rqh vwhs dssurdfk ri Jdoodqw dqg Q|fknd +4<;:/^46`,/ e| pdq| dxwkruv

uhihuuhg wr dv vhpl0qrqsdudphwulf/ vkrxog eh eulh | frqwudvwhg1 Exloglqj rq wkh

lghdv ri Ohh +4<;5/^59`, Jdoodqw dqg Q|fknd dssur{lpdwh wkh mrlqw ghqvlw| ri E0�c ���

e| d sro|qrpldo ri jurzlqj rughu1 Rq edvlv ri wkh ^LD` lqghshqghqfh ri huuruv dqg

uhjuhvvruv dvvxpswlrq5 wkh elyduldwh huuru whup ghqvlw| s0c� lv dssur{lpdwhg e|

sW0c� '

3
C g[
�c�'f

k�� � 0���
4
D�0�� +817,

zlwk �0/ �� xqlyduldwh qrupdo ghqvlwlhv dqg wkh xqnqrzq frh!flhqwv k��1 Wkh fr0

h!flhqwv k�� pxvw hqvxuh wkdw sW0c�
6 lv d surshu ghqvlw| ixqfwlrq/ lqwhjudwlqj xs wr

rqh dqg qrqqhjdwlyh1 Wklv  h{leoh dssur{lpdwlrq frphv duelwudulo| forvh wr pdq|

qrq0qrupdo huuru whup glvwulexwlrqv iru d odujh hqrxjk qxpehu ri dssur{lpdwlqj

whupv Eg n ��2/ dv orqj dv lw*v wdlov duh qrw wklfnhu wkdq wkrvh ri wkh |0glvwulexwlrq1

Glvwulexwlrqv zlwk idwwhu wdlov fdqqrw eh kdqgohg e| wklv vhulhv/ vhh Jhu�q +4<<9/^47`/

s1656,1 Zlwk wklv vshfl�fdwlrq dqg iru d vhohfwhg g wkh vhohfwlylw| prgho fdq eh

hvwlpdwhg e| Pd{lpxp Olnholkrrg olnh d sdudphwulf prgho1 Zkdw glvwlqjxlvkhv

Jdoodqw2Q|fknd dv vhplsdudphwulf lv wkdw g jurzv wr lq�qlw| dv wkh vdpsoh vl}h lq0

fuhdvhv/ dssurdfklqj dq lq�qlwh qxpehu ri xqnqrzq ghqvlw| sdudphwhuv1 Wr dfklhyh

frqvlvwhqf| g pxvw jurz dw d idvw hqrxjk udwh1 Wkurxjk wklv vshfl�fdwlrq wkh hvwl0

pdwru lv deoh wr hvwlpdwh E	�c 	qc 	qf� dw rqfh/ wkrxjk lw kdv wkh pdmru gudzedfn wkdw

lw*v dv|pswrwlf glvwulexwlrq kdv qrw ehhq ghulyhg vr idu1 Iru d �qlwh g ehiruhkdqg

suh0vhohfwhg e| wkh hfrqrphwulfldq wklv dssurdfk erlov grzq wr d ixoo| sdudphwulf

prgho/
s
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo li pluurulqj wkh wuxh huuru glvwul0

exwlrq/ wkrxjk jhqhudoo| dv|pswrwlfdoo| eldvhg1 \hw iru g xquhvwulfwhg/ jurzlqj

5Wkh ^LD` dvvxpswlrq fdq eh uhod{hg wr lqfoxgh khwhurvnhgdvwlflw| dv Phohqehuj dqg ydq Vrhvw
+4<<6/^66`/ s148i, ghprqvwudwh1

6Dowkrxjk dsshdulqj vr/ wklv vhulhv grhv qrw qhvw wkh sdudphwulf dssurdfk zlwk elyduldwh qru0
pdolw| iru �%x 9@ 3 vlqfh wkh surgxfw ri wzr xqlyduldwh qrupdo ghqvlwlhv !%!x lv wkh urrw ri wkh
dssur{lpdwlrq/ zklfk lv hdvlhu wr kdqgoh iru wkh frpsxwdwlrq ri wkh olnholkrrg wkdq wkh elyduldwh
qrupdo ghqvlw| !%x/ vhh Phohqehuj dqg ydq Vrhvw +4<<6/^66`/ s146,1
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zlwk wkh vdpsoh vl}h dqg wr eh ghwhuplqhg e| wkh hvwlpdwru lwvhoi wkh dv|pswrwlf

glvwulexwlrq lv xqnqrzq1 Lq sudfwlfdo zrun Jdoodqw2Q|fknd*v lghd lv xvxdoo| dssolhg

lq irup ri vhyhudo qhvwhg sdudphwulf vshfl�fdwlrqv zlwk gl�huhqw g rxw ri zklfk

wkh prvw dsshdolqj lv �qdoo| vhohfwhg/ vhh Phohqehuj dqg ydq Vrhvw +4<<6/^66`, ru

Jdeohu/ Odlvqh| dqg Ohfkqhu +4<<6/^45`,1

815 Vwhs 40Hvwlpdwlrq ri Vhohfwlrq Htxdwlrq

Wkh �uvw vwhs wr hvwlpdwlqj wkh vhohfwlylw| prgho lv wr dqdo|}h wkh vhohfwlrq dvvljq0

phqw phfkdqlvp/ wkurxjk zklfk qrq0udqgrp vdpsohv hphujh dqg lqwurgxfh wkh

vhohfwlylw| eldv lqwr wkh vwuxfwxudo htxdwlrqv1 Wklv frqqhfwlrq ehwzhhq vrph h{0

sodqdwru| yduldeohv dqg wkh glvfuhwh vhohfwlrq dvvljqphqw wr rqh ri d �qlwh qxpehu

ri fdwhjrulhv/ khuh wzr/ lv hpeudfhg e| wkh elqdu| vhohfwlrq htxdwlrq ryhu wkh ixoo

vdpsoh ����

_� ' � E~ �
�� : ���$ ifc �jc +818,

dqg lw lv zhoo h{soruhg lq wkh glvfuhwh fkrlfh olwhudwxuh zlwk d ydulhw| ri glvwlqfw

whfkqltxhv vxjjhvwhg wr hvwlpdwh wkh fkrlfh frh!flhqwv � 7 dqg wkh surshqvlw| vfruh

RoE_� ' �m~�� ' .d_�m~�o1 Wkh| gl�hu e| wkh dvvxpswlrqv rq wkh huuru whup �� dqg

lw*v frqglwlrqdo glvwulexwlrq ixqfwlrq 8��~ 1

Lq lwv prvw jhqhudo irup wkh surshqvlw| vfruh frxog eh hvwlpdwhg qrqsdudphwul0

fdoo| e| d pxowlyduldwh Nhuqho dv

	.d_�m~�o '

�
�

�S
�'�

_� � �� �g
�
~�3~�

�

�
�
�

�S
�'�

�
�
�g

�
~�3~�

�

� +819,

xqghu rqo| yhu| zhdn vprrwkqhvv dvvxpswlrqv rq 8��~1 \hw dv h{shfwhg wklv hvwl0

pdwru*v jhqhudolw| grhv qrw frph dorqj zlwkrxw vkruwfrplqjv1 Wkh qrqsdudphwulf

hvwlpdwhv duh vxvfhswleoh wr wkh fxuvh ri glphqvlrqdolw| vlqfh wkh vhohfwlrq htxdwlrq

lv olnho| wr frqwdlq pdq| uhjuhvvruv ~�/ ohdglqj wr kljk lqdffxudf| wkdw lv sduwlfxoduo|

vhulrxv lqdvpxfk dv wkh vxffhhglqj hvwlpdwlrq vwhsv jurxqg rq wkhvh rxwfrphv1 Eh0

vlghv wkh orz suhflvlrq/ wkh qrqsdudphwulf dssurdfk lv rqo| deoh wr lghqwli| .d_�m~�o

exw qrw � dqg 8��~ / zklfk frqwdlq xvhixo lqirupdwlrq derxw wkh vhohfwlrq surfhvv/

vhh Jhu�q +4<<9/^47`/ s1655,1 Wkh odwwhu glvdgydqwdjh/ krzhyhu/ pd| eh dffhswdeoh

li qrw wkh vhohfwlrq surfhvv e| lwvhoi lv ri lqwhuhvw exw rqo| lw*v lpsdfw rq wkh vwuxf0

wxudo htxdwlrq1 Wkhq wkh surshqvlw| vfruh lv vx!flhqw iru wkh lghqwl�fdwlrq ri wkh

vwuxfwxudo uhodwlrqvklsv/ dv wkh hvwlpdwruv Dkq2Srzhoo dqg Urelqvrq dvvhuw rq edvlv

ri qrqsdudphwulf hvwlpdwhv ri wkh vhohfwlrq htxdwlrq1
7Uhfdoo wkdw � lv lghqwl�hg rqo| xs wr vfdoh vlqfh rqo| wkh vljq ri ] 3

l��xl lv revhuyhg/ vxfk wkdw
dq lqwhufhsw lq � fdqqrw eh glvwlqjxlvkhg iurp dq xqnqrzq wkuhvkrog � / zklfk frqvhtxhqwo| lv vhw
wr }hur1
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Lq wkh rwkhu h{wuhph/ 8��~ fdq eh sdudphwulfdoo| vshfl�hg xs wr d �qlwh dprxqw

ri sdudphwhuv1 Wkhq wkh vhohfwlrq surfhvv erlov grzq/ iru lqvwdqfh/ wr wkh Surelw

ru Orjlw prgho ghshqglqj rq wkh dfwxdo vshfl�fdwlrq1 Wklv sdudphwulf dvvxpswlrqv

rq 8��~ duh wr d odujh h{whqw duelwudu| dqg rqo| olplwhgo| yhul�deoh dqg pdnh wkh

hvwlpdwhv surqh wr lqfrqvlvwhqf| li lqdghtxdwho| lpsrvhg1

Vwloo vshfli|lqj 8��~ exw e| d  h{leoh vhulhv dssur{lpdwlrq zlwk wkh qxpehu

ri ghqvlw| sdudphwhuv dssurdfklqj lq�qlw| lv wkh vxemhfw ri Jdoodqw2Q|fknd/ khuh

h{hpsodu| dssolhg rq wkh elqdu| fkrlfh prgho1 Iru d �{hg qxpehu ri dssur{lpdwlqj

whupv wklv fruuhvsrqgv wr d ixoo| sdudphwulfdoo| vshfl�hg vhohfwlrq htxdwlrq1

D pdq| ri dowhuqdwlyh hvwlpdwruv kdyh ehhq ghyhorshg wkdw ohdyh wkh frqglwlrqdo

glvwulexwlrq 8��~ xqvshfl�hg dqg lghqwli| wkh vhohfwlrq htxdwlrq yld vrph dgglwlrqdo

frqglwlrqv rq ��1 Zlwk uhvshfw wr wkhvh frqglwlrqv Krurzlw} +4<<6/^54`/ s183, glv0

wlqjxlvkhv wzr fodvvhv1 Rqh fodvv ri hvwlpdwruv kdv dv frpprq ihdwxuh wkh vlqjoh

lqgh{ dvvxpswlrq rq �� ^VLU`/ vljqli|lqj wkdw wkh glvwulexwlrq 8��~ ghshqgv rqo|

rq dq +rqh0glphqvlrqdo, lqgh{/ xvxdoo| ~ �
��/ wkxv 8��~ ' 8��~��1 Wklv glphqvlrq

uhgxfwlrq dyrlgv wkh fxuvh ri glphqvlrqdolw| dqg wkh surshqvlw| vfruh fdq eh uhzulw0

whq dv .d_�m~�o ' .d_�m~ �
��o ' RoE_� ' �m~ �

��� ' 8��~��E~
�
���1 Khuhlq ehorqj wkh

Nohlq2Vsdg| +4<<6/^57`,/ Lfklpxud +4<<6/^56`,/ Srzhoo2Vwrfn2Vwrnhu +4<;</^76`, dqg

vrph pruh1 Pdq| dfklhyh d frqyhujhqfh udwh ri �3 �

2 / exw wkhlu vlqjoh0lqgh{ uhvwulf0

wlrq iruelgv khwhurvnhgdvwlflw| ri xqnqrzq irup h{fhsw li lw ghshqgv hqwluho| rq wkh

lqgh{ ~ �
��1

Wkh vhfrqg fodvv/ doorzlqj dq| irup ri khwhurvnhgdvwlflw|/ khqfh odehoohg �duel0

wudulo| khwhurvnhgdvwlf prghov� e| Krurzlw}/ frqwdlqv hvwlpdwruv wkdw lpsrvh phuho|

wkh zhdn }hur0phgldq dvvxpswlrq rq wkh huuru glvwulexwlrq 6e_�@?E�m~� ' f/ lq0

foxglqj wkh P0Vfruh ri Pdqvnl +4<:8/^5<` dqg 4<;8/^63`, dqg wkh vprrwkhg P0Vfruh

ri Krurzlw} +4<<5/^53`,1 Dowkrxjk wklv fodvv dsshduv lqwhuhvwlqj gxh wr lwv wrohudqfh

djdlqvw khwhurvnhgdvwlflw|/ lw zloo eh glvuhjdughg khqfhiruwk vlqfh lw*v hvwlpdwruv idoo

vkruw ri
s
?0frqyhujhqfh1 Wklv frqyhujhqfh udwh lv uhtxhvwhg wr dyrlg dq h!flhqf|

orvv lq wkh vxevhtxhqw hvwlpdwlrq vwhsv/ ehfdxvh wkh surshuwlhv ri dq| vwhs wzr hvwl0

pdwru ghwhulrudwh zlwk wkh zhdnqhvvhv ri wkh �uvw vwhs1 Pdqvnl*v P0Vfruh frqyhujhv

dw d udwh ri �3�

� zkloh wkh hvwlpdwru ri Krurzlw} dwwdlqv d udwh vrphzkhuh ehwzhhq

�3 2

D dqg �3 �

2 1

Wkh duwlfoh ri Jhu�q +4<<9/^47`, surylghv dq h{hpsoli|lqj frpsdulvrq ri vrph

fruuhvsrqglqj hvwlpdwruv1 Gxh wr vfduflw| ri vsdfh rqo| wkh Nohlq2Vsdg| hvwlpdwru

lv suhvhqwhg khuh/ zklfk lv vhplsdudphwulfdoo| h!flhqw1

81514 Nohlq2Vsdg| 4<<6

Nohlq2Vsdg| +4<<6/^57`, sursrvhg dq hvwlpdwru ri wkh vhohfwlrq htxdwlrq _� ' )EwE~��c ���

wkdw lv vhplsdudphwulf e| vshfli|lqj wkh lqgh{ ixqfwlrq wE�� exw ohdylqj wkh glvwul0
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exwlrq ri wkh huuru whup �� xquhvwulfwhg1 Zlwk )E�� wkh xvxdo wkuhvkrog furvvlqj

lqglfdwru ixqfwlrq dqg wkh xqlghqwl�hg wkuhvkrog vhw wr }hur wkh vhohfwlrq htxdwlrq

orrnv

_� ' � EwE~�c �� : ��� � +81:,

Gxh wr wkh vlqjoh lqgh{ uhvwulfwlrq khwhurvnhgdvwlflw| ri xqnqrzq irup fdq rqo|

eh dffrxqwhg iru li lw ghshqgv hqwluho| rq wkh dvvxphg lqgh{ wE~��/ iru lqvwdqfh

wE~�� ' ~ �
��1 Nohlq dqg Vsdg|*v hvwlpdwlrq surfhgxuh lv prwlydwhg rq wkh sdudphwulf

PO dssurdfk zkhuh wkh frh!flhqwv � duh hvwlpdwhg e| pd{lpl}lqj wkh olnholkrrg

4@ 
�

uE�� '
�[
�'�

_� � *? RoE_� ' �mw�� n E�� _�� � *?E�� RoE_� ' �mw��� +81;,

'
�[
�'�

_� � *? RoE~ �
�� : ��m~ �

��� n E�� _�� � *?E�� RoE~ �
�� : ��m~ �

����1

Dv lq frqwudvw wr wkh ixoo| sdudphwulf dssurdfk wkh ghqvlw| ri wkh huuru whup ��

dqg wkxv wkh suredelolw| ixqfwlrq lv xqvshfl�hg/ d txdvl olnholkrrg ixqfwlrq zlwk

dq hvwlpdwhg huuru whup ghqvlw| lv frqvwuxfwhg/ wkdw lv d vprrwk ixqfwlrq ri � dqg

dssur{lpdwhv wkh sdudphwulf olnholkrrg1 Pd{lpl}lqj wklv txdvl olnholkrrg |lhogv

	�g,e�?*7R@_+ yld
8

4@ 
�

^�@r�uE�� '
�[
�'�

_� �*?
k
	RoE_� ' �m~��

2
l
nE��_���*?

k
E�� 	RoE_� ' �m~���

2
l
� +81<,

Qrwlfh wkdw wkh suredelolwlhv lq htxdwlrq +81<, duh vtxduhg/ vlqfh wkh suredelolw|

hvwlpdwhv pljkw eh qhjdwlyh li d eldv0uhgxflqj/ kljkhu rughu Nhuqho lv hpsor|hg

iru wkhlu hvwlpdwlrq1 Wkh suredelolw| ixqfwlrq RoE_� ' �m~�� ' RoE_� ' �m~ �
��� '

RoE~ �
�� : ��m~ �

��� fdq eh uhzulwwhq e| Ed|hv wkhruhp dv

RoE~ �
�� : ��m~ �

��� '
RoE~ �

�� : ��� � }w�_'�E~ �
��m~ �

�� : ���

}wE~ �
���

c +8143,

zkhuh }w lv wkh ghqvlw| ixqfwlrq ri wkh lqgh{ ~ �� dqg }w�_'� wkh ghqvlw| ri wkh lqgh{

frqglwlrqdo rq wkh vhohfwlrq vwdwxv _� ' �1 Wklv lv htxlydohqw wr

RoE_� ' �m~�� '
RoE_� ' �� � }w�_'�E~ �

��m_� ' ��

}wE~ �
���

� +8144,

Zlwk wkh ghqvlwlhv }w dqg }w�_'� qrqsdudphwulfdoo| hvwlpdeoh e| xqlyduldwh Nhuqhov

dqg RoE_� ' �� uhsodfhg e| lw*v vdpsoh dyhudjh wkh txdvl olnholkrrg ixqfwlrq fdq eh

frpsxwhg iru dq| frh!flhqw yhfwru �1 Wkh yhfwru � wkdw pd{lpl}hv htxdwlrq +81<, lv

wkh Nohlq2Vsdg| hvwlpdwh 	�g,e�?*7R@_+1 Wr frpsxwlqj wkh suredelolw| ghqvlw| ixqf0

wlrqv Nohlq dqg Vsdg| lqvhuw vwdqgdug qrqsdudphwulf ghqvlw| hvwlpdwlrq dojrulwkpv

8Lq wkh ruljlqdo duwlfoh d wulpplqj ixqfwlrq kdg ehhq lqfoxghg/ wkrxjk Prqwh Fduor uhvxowv ri
Nohlq dqg Vsdg| lqglfdwh wkdw qhjohfwlqj wulpplqj kdv olwwoh h�hfw1
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wr dftxluh

	RoE_� ' �m~�� '
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� +8145,

dqg uhfrpphqg hlwkhu d kljkhu rughu Nhuqho ru dq dgdswlyh orfdo vprrwklqj Nhu0

qho1 +Frqvxow Vloyhupdq +4<;9/^7<`, iru dq lqwxlwlyh lqwurgxfwlrq lq ghqvlw| hvwlpd0

wlrq,1 Wr dfklhyh ghvluhg dv|pswrwlfdo surshuwlhv wkh wuxh suredelolw| glvwulexwlrq

RoE~ �
�� : ��m~ �

��� pxvw eh frqwlqxrxvo| gl�huhqwldeoh zlwk erxqghg ghulydwlyhv1

Ixuwkhupruh vpdoo hvwlpdwhg ghqvlwlhv wkdw pd| shuwxue wkh rxwfrphv vkrxog eh

dgmxvwhg ru wulpphg/ wkrxjk dv dgplwwhg lq wkhlu Prqwh Fduor vwxg| +s1739, wkh

hvwlpdwru shuirupv suhww| zhoo zlwkrxw lw1 Wkhq wkh hvwlpdwru lv frqvlvwhqw/ dv|ps0

wrwlfdoo| qrupdo dqg vhplsdudphwulfdoo| h!flhqw/
s
?E	�g,e�?*7R@_+ � ��

_�$ �Efc Tg,e�?*7R@_+�1 +8146,

Li wkh hvwlpdwhg suredelolw| ixqfwlrq lv lqvhuwhg lqwr htxdwlrq +81<, wkh txdvl olnhol0

krrg ehkdyhv olnh d olnholkrrg ixqfwlrq1 Khqfh wkh yduldqfh pdwul{ fdq eh hvwlpdwhg

lq olnh pdqqhu dv lq wkh sdudphwulf fdvh/ iru lqvwdqfh/ dv wkh rxwhu surgxfw ri wkh

judglhqw ru e| wkh Khvvldq pdwul{1 Dovr olnholkrrg udwlr whvwv fdq eh shuiruphg1

816 Vwhs 50Hvwlpdwlrq ri Vwuxfwxudo Htxdwlrq

Wkh remhfwlyh ri wklv vhfwlrq zloo eh wr suhvhqw d udqjh ri zhoo0ehkdyhg vhplsdud0

phwulf hvwlpdwruv ri wkh frh!flhqwv q iru d vlqjoh vwuxfwxudo htxdwlrq=

t ' f �q n bE~ ��� n 1 zlwk .d1mfc~c _ ' �o ' fc +8147,

iru wkh wulsoh Etcfc~� ri udqgrp yduldeohv zlwk vxssruw E? � ?R � ?^�1 Wklv

fruuhvsrqgv wr wkh hvwlpdwlrq ri d fhqvruhg vhohfwlrq prgho zlwk wkh vdpsoh gdwd

uhsuhvhqwdwlrq t� ' f �
�q n bE~ �

��� n 1�/ vhpl0sdudphwhul}hg e| d olqhdu vlqjoh lqgh{

+wE~ �
��� ' ~ �

��, dqg d olqhdu ixqfwlrqdo uhodwlrqvkls ehwzhhq f� dqg t�/ zkloh bE��
dqg 1� kdyh ehhq uhwdlqhg xqvshfl�hg1

Lq wkh vhfwlrqv 816 dqg 817 vrph ri wkhvh phwkrgv iru hvwlpdwlqj wkh vwuxfwxudo

htxdwlrq zlwk uhjdug wr vhohfwlylw| duh lqwurgxfhg/ zklfk sduw lqwr wzr glvwlqfw

glylvlrqv=

� Wkh whfkqltxhv lq vhfwlrq 816/ vxjjhvwhg e| Srzhoo/ Qhzh|/ Dkq2Srzhoo dqg

Urelqvrq/ fhqwhu rq wkh hvwlpdwlrq ri wkh vorsh sdudphwhuv ri q/ zkloh wkh|

duh xqdeoh wr lghqwli| wkh lqwhufhsw ri q/ ghqrwhg qf khuhdiwhu1 Wklv lv gxh

wr wkh yluwxdo lqglvwlqjxlvkdelolw| ri dq lqwhufhsw qf iurp dq lqwhufhsw ri wkh

xqvshfl�hg ixqfwlrq bE��/ hdvlo| eh vhhq e| wkh iroorzlqj wudqvirupdwlrq=

t� ' qf nf �
�q n bE~ �

��� n 1� ' f �
�q n �bE~ �

��� n 1�c +8148,
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zlwk �bE�� ' bE��nqf� Dv hlwkhu bE�� dqg �bE�� duh ydolg zlwklq wklv frqwh{w/ vsh0
fldo whfkqltxhv duh uhtxluhg wr hvwlpdwh qf� Khqfhiruwk/ wklv vhfwlrq lv ghyrwhg

wr wkh hvwlpdwlrq ri wkh vorsh sdudphwhuv dqg q dqg 	q zloo eh wuhdwhg dv qrw

frqwdlqlqj dq lqwhufhsw1 Dq dssolfdwlrq ri wkhvh phwkrgv vkrxog eh h{huflvhg

h{foxglqj dq lqwhufhsw zlwklq q� Rqo| wkh hvwlpdwru ri Fkhq lv gxh wr dq dggl0

wlrqdo v|pphwu| frqglwlrq deoh wr lghqwli| q dqg qf dqg vkrxog eh shuiruphg

lqfoxglqj dq lqwhufhsw1

� Wkh vxffhhglqj vhfwlrq 817 zloo wkhq eh ghyrwhg wr wkh hvwlpdwlrq ri qf h{0

foxvlyho|/ zlwk phwkrgv ghvljqhg e| Dqguhzv dqg Vfkdijdqv dqg Khfnpdq/

zklfk uhtxluh suholplqdu| hvwlpdwruv ri 	q dqg 	�1

Gxh wr wklv glvwlqfwlrq wkh zkroh hvwlpdwlrq surfhvv euhdnv lqwr wkuhh vwhsv li

lghqwl�fdwlrq ri erwk wkh vorsh frh!flhqwv q dqg wkh lqwhufhsw qf lv uhtxhvwhg1

Wkh exqfk ri hvwlpdwruv ri wkh vorsh frh!flhqwv q fdq ixuwkhupruh eh eurnhq

grzq lqwr wzr pdlq eudqfkhv zlwk uhvshfw wr wkhlu lghqwl�fdwlrq vwudwhjlhv1 Zkloh

rqh fdps ri hvwlpdwruv +Qhzh|/ Ohh/ Frvvohww, vhhnv wr lghqwli| q wkurxjk uhsodflqj

wkh vhohfwlrq eldv bE�� e| dq lq�qlwh vhulhv dssur{lpdwlrq/ wkh vhfrqg jurxs +Srz0

hoo/ Urelqvrq/ Fkhq, uholhv rq wkh lghd ri gl�huhqflqj rxw wkh vhohfwlrq eldv bE�� e|
ydulrxv Nhuqho phwkrgv1 Lq dq| fdvh lw vkrxog eh nhsw lq plqg wkdw doo wkh rqjr0

lqj fdofxodwlrqv duh shuiruphg rq wkh vxevdpsoh ri sduwlflsdqwv +_� ' �, zlwk q

revhuydwlrqv1

81614 Srzhoo 4<;<

Srzhoo +4<;</^74`, prwlydwhg klv hvwlpdwru ri wkh vorsh frh!flhqwv q rq wkh lghd/

wkdw xqghu wkh vlqjoh lqgh{ dvvxpswlrq lqglylgxdov zlwk lghqwlfdo lqglfhv vkrxog

kdyh lghqwlfdo fruuhfwlrq whupv b/ dv wkhlu b duh dvvxphg wr ghshqg hqwluho| rq wkhlu

lqglfhv ~ ���

Lghdoo|/ jlyhq wzr lqglylgxdov l dqg m zlwk ~ �
�� ' ~ �

��/ wkhlu h{shfwhg rxwfrphv t�
dqg t� frxog eh frpsduhg glvuhjduglqj wkhlu vhohfwlylw| eldv/ vlqfh wkhlu frqglwlrqdo

rxwfrph gl�huhqfh t� � t�

t� � t� ' Ef �
�q n bE~ �

��� n 1��� Ef �
�q n bE~ �

��� n 1�� +8149,

zrxog vlpsoli| zlwk ~ �
�� ' ~ �

�� , bE~ �
��� ' bE~ �

��� wr=
9

t� � t� ' Ef� �f��
�q n E1� � 1�� ,

.dt� � t�m~�c ~�o ' Ef� �f��
�q�

+814:,

9H^�lm]l> ]m ` dqg lq dqdorj| H^�mm]l> ]m ` duh }hur/ vlqfh udqgrp vdpsolqj kdv ehhq dvvxphg
vljqli|lqj wkdw wkh huuru whup �l lv lqghshqghqw ri wkh rwkhu lqglylgxdov lq wkh vdpsoh/ khqfh
H^�lm]l> ]m ` @ H^�lm]l` zklfk lv }hur dv rqo| sduwlflsdqwv +gl @ 4, duh frqwhpsodwhg1



FKDSWHU 81 VHPLSDUDPHWULF HVWLPDWLRQ 69

Frqvhtxhqwo|/ e| gl�huhqflqj rxw wkh vhohfwlylw| eldv whupv q lv lghqwl�hg dqg fdq

eh hvwlpdwhg e| lqvwuxphqwdo yduldeohv:1

Sxuvxlqj wklv lqvsludwlrq/ lq dq lqlwldo vwhs wkh hqwluh sduwlflsdwlrq vxevdpsoh

zrxog eh vxeglylghg lqwr jurxsv ri lqglylgxdov zlwk lghqwlfdo lqglfhv1 Wklv lv iro0

orzhg e| wkh frqvwuxfwlrq ri dq lqvwuxphqwdo yduldeoh yhfwru `� 5 ?R iru hdfk

lqglylgxdo l rxw ri wkhlu ~� 5 ?^ yduldeohv/ vxfk wkdw `� lv ri vdph glphqvlrq dv

f�1 Ilqdoo| iru hdfk jurxs frqwdlqlqj pruh wkdq rqh hqwu| lqvwuxphqwdo yduldeoh

uhjuhvvlrq ri Et� � t�� rq Ef� � f�� zlwk E`� �`�� dv wkh lqvwuxphqw zrxog eh

shuiruphg iru doo sdluv l/m zlwklq wkh vdph jurxs/ |lhoglqj frqvlvwhqw hvwlpdwhv ri q

dv iru doo lqfoxghg sdluv wkhlu uhvshfwlyh vhohfwlylw| eldvhv bE~ �
��� ' bE~ �

��� fdqfho

rxw1 Krzhyhu/ wkh ghslfwhg dojrulwkp fdqqrw eh lpsohphqwhg gluhfwo| vlqfh sdluv

ri lqglylgxdov zlwk pdwfklqj lqglfhv fdqqrw eh ghwhfwhg iurp wkh gdwd1 Rq wkh

rqh kdqg/ wkh lqgh{ kdv ehhq uhtxluhg dv frqwlqxrxvo| glvwulexwhg +vhh Lghqwl�fd0

wlrq dvvxpswlrqv, dv d vxssrvhg ghpdqg iru
s
?0frqvlvwhqw vwhs rqh hvwlpdwlrq ri

wkh vhohfwlrq htxdwlrq1 Dffruglqjo| wkh rffxuuhqfh ri sdluv zlwk htxdo lqglfhv lv ri

suredelolw| }hur1 Lq dgglwlrq/ dv � lv xqnqrzq dqg kdv wr eh dssur{lpdwhg e| 	�

iurp wkh vdpsoh hyhq wuxo| h{lvwlqj sdluv l/m zlwk ~ �
�� ' ~ �

�� zrxog suredeo| qrw eh

glvfryhuhg/ dv zhoo dv lq uhyhuvh pdqqhu wkh htxdolw| ri dq| ~ �
�	� dqg ~ �

�	� grhv qrw

vxuho| lpso| wkh htxdolw| ri ~ �
�� ' ~ �

��1

Qhyhuwkhohvv/ xqghu fhuwdlq vprrwkqhvv frqglwlrqv rq wkh ixqfwlrq bE��/ rqh fdq
frqmhfwxuh wkdw wkh whup EbE~ �

����bE~ �
���� vkrxog ydqlvk dv ~

�
�	� dqg ~

�
�	� frph forvh/

surylghg 	� ehlqj d frqvlvwhqw hvwlpdwh ri �1 Khqfh revhuydwlrqv � zlwk hvwlpdwhg

lqglfhv zlwklq d qhdu qhljkerxukrrg ri ~ �
�	� vkrxog doorz d jxhvv ri q dv wkhlu eldv

gl�huhqfhv bE~ �
���� bE~ �

���/ ehlqj olnho| forvh wr }hur/ glvwxue olwwoh1

Dv wkh frqfhsw ri forvhqhvv ri wzr hvwlpdwhg lqglfhv ~ �
�	� dqg ~ �

�	� uholhv rq wkh

vxssolhg gdwd/ lw vhhpv dssursuldwh hpsor|lqj wkh Nhuqho zhljkwlqj phwkrg fryhulqj

wkh zkroh vdpsoh ri sduwlflsdqwv ri vl}h q1 Wkh frpsxwdwlrq surfhhgv e| lqfoxglqj doo�
?
2

�
sdluv ri lqglylgxdov dqg dyhudjlqj q ryhu wkrvh sdluv zkrvh lqglfhv duh uhdvrqdeo|

forvh/ zkloh dvfulelqj }hur ru olwwoh zhljkw wr revhuydwlrqv wkdw ghsduw frqvlghudeo|1

Wkh Nhuqho ixqfwlrq/ zkrvh vwdwlvwlfdo surshuwlhv dqg ehkdylrxu dv d zhljkwlqj ghylfh

duh zhoo h{soruhg/ dvvljqv dq dyhudjlqj zhljkw 	��� wr hyhu| sdlu l/m dffruglqj wr wkhlu

lqglfhv* glvwdqfh phdvxuhg dv ~ �
�	� � ~ �

�	�/ wkdw ghfuhdvhv v|pphwulfdoo| zlwk kljkhu

ghyldwlrq1
:LY hvwlpdwlrq lqvwhdg ri ROV lv qhffhvvdu| vlqfh wkh uhjuhvvru +�l � �m, lv xqdydlodeoh1
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Wkhvh zhljkwv 	��� fdofxodwhg/ 	q fdq eh hvwlpdwhg e| d zhljkwhg lqvwuxphqwdo

yduldeoh hvwlpdwru pdnlqj xvh ri wkh hduolhu gh�qhg lqvwuxphqwv `�=

	q�J�e,, '

5
7#?

2

$3� ?[
�'�

?[
�'�n�

	��� � E`� �`��Ef� �f��
�
6
83� +814;,

�
5
7#?

2

$3� ?[
�'�

?[
�'�n�

	��� � E`� �`��Et� � t��

6
8 �

Wklv h{suhvvlrq/ vwulnlqjo| vlplodu wr wkh xvxdo LY hvwlpdwru E` �f�3�E` �t �/ wdnhv

yld wkh frpsxwhg zhljkwv dffrxqw ri rqo| wkrvh sdluv wkdw duh qrw wrr glvwdqw

dsduw dqg xszhljkwv forvhu revhuydwlrqv zlwk vxssrvhgo| pruh vlplodu vhohfwlylw|

eldv whupv/ bE~ �
���� bE~ �

��� � f1

Iru wkh frpsxwdwlrq ri wkh zhljkwv 	��� d v|pphwulf/ wzlfh gl�huhqwldeoh Nhuqho

ri e|� rughu; dqg erxqghg vxssruw kdv ehhq sursrvhg/ zlwk d vxlwdeoh fkrlfh ri wkh

edqgzlgwk sdudphwhu � zklfk frqyhujhv wr }hur exw qrw wrr udslg dv wkh vdpsoh

vl}h q jurzv wr lq�qlw|/ wkdw ?�H $ f/ zkhuhdv ?�S $ 41 Iru sudfwlfdo sxusrvhv

wkh edqgzlgwk fkrlfh pd| eh jxlghg e| jhqhudol}hg furvv0ydolgdwlrq/ vhh Fudyhq dqg

Zdked +4<:</^44`,/ zlwk wkh vhohfwlrq ri wkh Nhuqho ixqfwlrq frqiruplqj zlwk wkh

phqwlrqhg surshuwlhv1 Wkh zhljkwv 	��� duh fdofxodwhg dv

	��� '
�

�
g

#
~ �
�	� � ~ �

�	�

�

$
� +814<,

Srzhoo suryhv wkdw wkh 	q�J�e,, hvwlpdwru lv
s
?0frqvlvwhqw dqg dv|pswrwlfdoo|

qrupdo xqghu dq dssursuldwho| fkrvhq Nhuqho dqg vrph rwkhu vxevhtxhqw frqglwlrqv1

Wkhvh uhvxowv pdlqo| uhvw rq wkh vlqjoh lqgh{ dvvxpswlrq/ frqwlqxrxv glvwulexwlrq ri

wkh lqgh{ ~ �
�� zlwk frqwlqxrxv exw erxqghg ghqvlw| ixqfwlrq/ dv zhoo dv dq h{foxvlrq

uhvwulfwlrq dqg vprrwkqhvv frqglwlrqv rq wkh ixqfwlrq bE��1 Wkhq/ surylghg d
s
?0

frqvlvwhqw vwhs rqh 	�0hvwlpdwh kdv ehhq jhqhudwhg wkh hvwlpdwh ri q frqyhujhv dv=

s
?E	q�J�e,, � q�

_�$ �Efc T�J�e,,�� +8153,

Lq dgglwlrq d sdwk wr hvwlpdwlqj wkh dv|pswrwlf fryduldqfh pdwul{ lv dffrpprgdwhg/

zklfk doorzv iru dv|pswrwlf lqihuhqfh rq edvlv ri wkh qrupdo glvwulexwlrq1 Krzhyhu/

dv wkh irupxodh lv d elw ohqjwk|/ wkh ghulydwlrq lv wudqvihuuhg wr wkh dsshqgl{1

81615 Qhzh| Vhulhv 4<;;

Qhzh| +4<;;/^6:`, sursrvhv lq klv duwlfoh wzr vlqjoh0lqgh{ hvwlpdwruv ri wkh vorsh

frh!flhqwv q ri wkh vwuxfwxudo htxdwlrq rq wkh prwlydwlrq ri vhulhv dssur{lpdwlrq
;Uhfdoo wkdw wklv eldv0uhgxflqj Nhuqho lpsolhv qhjdwlyh Nhuqho zhljkwv iru vrph dujxphqwv dqg

wkdw dffruglqjo| wklv Nhuqho ixqfwlrq fdqqrw eh d ghqvlw|1 +Frqvxow wkh dsshqgl{ Nhuqho Uhjuhvvlrq
iru ixuwkhu uhdglqjv1,
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wr wkh vhohfwlrq fruuhfwlrq whup b�1 Wkh lghd ri uhsodflqj wkh xqnqrzq ixqfwlrq bE��
e| d vxp ri nqrzq edvlf ixqfwlrqv R& zlwk xqnqrzq frh!flhqwv #&/

bE�� �
g[
&'�

#& � R&E��/ +8154,

zlwk wkh qxpehu ri whupv g jurzlqj wr lq�qlw| dv wkh vdpsoh vl}h lqfuhdvhv/ kdv eh0

iruhkdqg ehhq hpsor|hg e| Ohh +4<;5/^59`, dqg Frvvohww +4<<4/^43`,1 Ohh ixuwkhupruh

lq xhqfhg zlwk klv duwlfoh pdq| vxevhtxhqw ghyhorsphqwv lq wkh �hog ri vhplsdud0

phwulf hvwlpdwlrq ri vhohfwlylw| prghov/ olnh wkh dssur{lpdwlrq ri wkh elyduldwh huuru

whup ghqvlw| odwhu rq sxuvxhg e| Jdoodqw dqg Q|fknd +4<;:/^46`,1 Frvvohww dssur{0

lpdwhg bE�� zlwk gxpp| yduldeohv +vwhs ixqfwlrq, e| fodvvli|lqj doo lqglylgxdov lqwr

fhuwdlq jurxsv ghshqglqj rq lqwr zklfk lqwhuydo wkhlu lqgh{ idoov/ zlwk wkh lqwhuydov

dqg qxpehu ri jurxsv ehlqj d e|0surgxfw ri klv vwhs rqh hvwlpdwru1 Exloglqj rq

wkhlu zrun/ Qhzh| ghyhorshg d vlplodu vhulhv hvwlpdwru 	q7eo�er dqg dovr dq hvwlpd0

wru �qC�� edvhg rq wkh jhqhudol}hg phwkrg ri prphqwv/ zklfk lv h!flhqw lq wkh

vhplsdudphwulf vhqvh dqg zloo eh suhvhqwhg odwhu rq1 Iru wkh vhulhv hvwlpdwru Qhzh|

zrunhg rxw frqglwlrqv rq wkh edvlf ixqfwlrqv wr dwwdlq ghvluhg hvwlpdwru*v surshuwlhv1

Wkh vhulhv hvwlpdwru 	q7eo�er dlpv wr uhsodfh bE~
�
��� e| d frqvlvwhqw dssur{lpdwlrq

zlwk vxlwdeoh ixqfwlrqv
S
#& � R&E��c zkhuh #& duh wkh xqnqrzq frh!flhqwv dqg R&E��

wkh nqrzq vprrwk edvlf ixqfwlrqv ghshqglqj rqo| rq wkh lqgh{1 Jlyhq dq| frqvlvwhqw

vwhs rqh hvwlpdwh ri � wkh lqgh{ ydoxhv ~ �
�	� fdq eh fdofxodwhg dqg dovr wkh ydoxh ri

wkh vhulhv dssur{lpdwlrq
S
#& � 	R&�1 Dvvxplqj wkdw wkh lq�qlwh vhulhv

"S
&'�

#& � R&E~ �
���

uhqghuv bE~ �
��� h{dfwo| wkh vwuxfwxudo htxdwlrq t� ' f �

�q n bE~ �
��� n 1� fdq eh

uhzulwwhq dv=

t� ' f �
�qn

g[
&'�

#& � R&E~ �
��� n 1�� zlwk 1�� '

;?
=

"[
&'gn�

#& � R&E~ �
��� n 1�

<@
> � +8155,

Lqvhuwlqj wkh hvwlpdwhg ydoxhv 	R&� iru R&E~ �
���c wkh xqnqrzq frh!flhqwv qc # fdq wkhq

eh hvwlpdwhg e| ROV1

Lw uhpdlqv wkh fkrlfh ri vxlwdeoh edvlf ixqfwlrqv R&E��c olnh

R&E~
�
��� '

%
�E~ �

���

xE~ �
���

&
� E~ �

���
&3�c +8156,

zklfk kdv ehhq vxjjhvwhg e| Ohh +4<;5/^59`,/ ru Qhzh|*v dgylfh=

R&E~
�
��� ' d� E~ �

���o
& +8157,

zlwk �E�� d prqrwrqlf dqg erxqghg ixqfwlrq zlwklq d��c �o/ iru lqvwdqfh �E~ �
��� '

2xE~ �
��� � �1 Qhzh| suhvxphv wkdw xqlirupo| erxqghg ixqfwlrqv/ olnh wkh odwwhu

2xE����/ duh suredeo| pruh urexvw wr rxwolhuv wkdq ixqfwlrqv wkdw jurz xqerxqghg/
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dv wkh rqh vxjjhvwhg e| Ohh/ dqg kh dohuwv ri pl{hg vhulhv1 Khqfh/ kh vxjjhvwv wkh

xvh ri prqrwrqlf erxqghg ixqfwlrqv/ wkrxjk wkh vhulhv ri Ohh kdv wkh qlfh surshuw|

ri qhvwlqj wkh sdudphwulf Khfnpdq wzr0vwhs1 Iru frqvlvwhqf| g pxvw jurz wr

lq�qlw| zlwk lqfuhdvlqj vdpsoh vl}h1 Pruh lpsruwdqw pd| eh wkh uljkw fkrlfh ri

wkh sdudphwhu g/ wkh qxpehu ri whupv lqfoxghg/ zklfk pd| eh jxlghg e| furvv0

ydolgdwlrq wr fkrrvh g wr plqlpl}h �T Eg� +irupxodh vhh dsshqgl{,1 Qhzh| suryhv

klv vhulhv hvwlpdwru ehlqj
s
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo/

s
?E	q7eo�er � q�

_�$ �Efc T�e�e+ 7eo�er� +8158,

xqghu wkh iroorzlqj frqglwlrqv1 Wkh frpsxwdwlrq ri wkh hvwlpdwhg yduldqfh pdwul{
	T7eo�er zloo eh surylghg lq wkh dsshqgl{1

Dv xvxdo wklv hvwlpdwru/ frqvwuxfwhg rq wkh vlqjoh lqgh{ dvvxpswlrq/ uhtxluhv

h{foxvlrq uhvwulfwlrqv/ wrjhwkhu zlwk frqwlqxrxv glvwulexwlrq ri wkh lqgh{ dqg d pdq|

wlphv frqwlqxrxvo| gl�huhqwldeoh elyduldwh huuru whup ghqvlw|1 Ixuwkhupruh vrph

suhuhtxlvlwhv rq wkh fkrvhq edvlf ixqfwlrqv vkrxog eh qrwlfhg1 Vhwwlqj iruwk zlwk wkh

prqrwrqlf ixqfwlrqv R&E~ �
��� ' d�E~ �

���o
& erxqghg zlwklq d��c �o/ wkh ixqfwlrq �E��

pxvw eh wzlfh frqwlqxrxvo| gl�huhqwldeoh zlwk erxqghg ghulydwlyhv rq wkh vxssruw

ri wkh lqgh{1 Lq dgglwlrq � E�� vkrxog eh erxqghg dv zhoo1 Ehvlghv vrph rwkhu

frqglwlrqv/ wkhvh hqvxuh d ydqlvklqj dv|pswrwlf eldv dqg dv|pswrwlf qrupdolw|1

81616 Qhzh| JPP 4<;;

D vhfrqg vhplsdudphwulf hvwlpdwru kdv ehhq sursrvhg e| Qhzh| +4<;;/^6:`, zklfk

edvhv rq wkh jhqhudol}hg phwkrg ri prphqwv dqg pdnhv d pruh wkrurxjk xvh ri wkh

dydlodeoh lqirupdwlrq lpsolhg e| wkh vlqjoh0lqgh{ dvvxpswlrq ^VLU`1 Dv wkh hvwlpdwru

ehfrphv txlwh whfkqlfdo lq lw*v ghulydwlrq/ lw*v rshudwlrqdol}dwlrq lv edqqhg wr wkh

dsshqgl{ dqg rqo| wkh xqghuo|lqj prwlydwlrq lv vnhwfkhg khuh1

Dv Qhzh| uhpdunv/ klv vlqjoh0lqgh{ vhulhv hvwlpdwru 	q7eo�er pdnhv rqo| xvh ri

wkh lpsolfdwlrq wkdw wkh frqglwlrqdo h{shfwdwlrq ri 0� lv d ixqfwlrq ri wkh lqgh{ ~ �
��

rqo|=

.d0�mf�c ~�c _� ' �o ' bE~ �
���� +8159,

Krzhyhu wkh vlqjoh lqgh{ dvvxpswlrq hqwdlov pruh lqirupdwlrq/ dv lw ghfoduhv wkdw

wkh zkroh glvwulexwlrq ri 0�/ qrw rqo| lw*v �uvw prphqw/ ghshqgv rqo| rq wkh lqgh{/

s0�~ ' s0�~��1 Wklv phdqv wkdw wkh frqglwlrqdo h{shfwdwlrq ri dq| +nqrzq, ixqfwlrq

6 ri 0� lv ghwhuplqhg e| wkh lqgh{ ~ �
�� dorqh=

.d6E0��mf�c ~�c _� ' �o ' 6�E~ �
���c +815:,

zlwk6�E~ �
��� wkh xqnqrzq frqglwlrqdo h{shfwdwlrq ixqfwlrq fruuhvsrqglqj wr6E0��1

Ru/ sxw gl�huhqwo|/ wkdw wkh uhvlgxdo 6E0�� � 6�E~ �
��� kdv frqglwlrqdo h{shfwdwlrq
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}hur/

.d6E0���6�E~ �
��� mf�c ~�c _� ' �o ' f� +815;,

Wklv htxdwlrq +815;, ixuwkhu lpsolhv wkdw wkh uhvlgxdo E6E0���6�E~ �
���� lv ruwkrjrqdo

wr ~� dqg f� dqg wkdw dq| ixqfwlrq @ ri ~� lv xqfruuhodwhg zlwk wklv uhvlgxdo lq wkh

sduwlflsdwlrq vxevdpsoh<=

.d@E~�� � i6E0���6�E~ �
���jo ' f� +815<,

Lqvhuwlqj 0� ' t��f �
�q/ wkh htxdwlrq .d@E~�� � i6Et��f �

�q��6�E~ �
���jo ' f frxog

eh xvhg wr frqvwuxfw d phwkrg ri prphqw hvwlpdwru/ zhuh � dqg wkh ixqfwlrq 6�E��
nqrzq1 Uhsodflqj wkhq � dqg 6�E~ �

��� zlwk frqvlvwhqw suholplqdu| hvwlpdwhv 	� dqg

d vhulhv dssur{lpdwlrq6�E~ �
�	�� '

gS
�'�

#� �R�E~ �
�	�� zlwk xqnqrzq frh!flhqwv #�c ��c #�/

uhvshfwlyho|/ wr rewdlq=

.d@E~�� � i6Et� �f �
�q��

g[
�'�

#�R�E~
�
�	��jo ' f� +8163,

Qrz d jhqhudo phwkrg ri prphqw hvwlpdwru fdq eh hvwdeolvkhg iru fkrvhq qc #�c ��c #�
e| lw*v vdpsoh prphqw

	}�Eqc #�c ��c #�� '
�

?

?[
�'�

%
@E~�� � i6Et� �f �

�q��
g[
�'�

#�R�E~
�
�	��j

&
c +8164,

zklfk vkrxog eh }hur li qc #�c ��c #� zhuh wkh wuxh frh!flhqw ydoxhv1 	}� lqglfdwhv gh0

sduwxuhv iurp ruwkrjrqdolw| iru d sduwlfxodu fkrlfh ri qc #�c ��c #�1 Khqfh wkh vtxduhg

ghsduwxuhv duh dq lqglfdwru ri krz jrrg wkh fkrvhq frh!flhqwv �w wkh vlqjoh0lqgh{

vhohfwlylw| prgho1 Wkh q hvwlpdwhv duh rewdlqhg e| plqlpl}lqj wkhvh vtxduhg gh0

sduwxuhv ryhu doo dgplvvleoh ydoxhv ri qc #�c ��c #�=

4�?
qc#�c��c#�

	}2�� +8165,

Wklv hvwlpdwru ehfrphv pruh h!flhqw wkh pruh �vxssrvhgo| xqfruuhodwhg� ixqf0

wlrqv @E~�� dqg wkh pruh prphqw ixqfwlrqv 6E0�� duh lqfoxghg/ iru zklfk wkh frhi0

�flhqwv q kdyh wr eh dgmxvwhg vxfk wkdw doo wkhvh ixqfwlrqv duh sdluzlvh ruwkrjrqdo1

Wkh vlqjoh0ydoxh ixqfwlrq @E~�� lv uhsodfhg e| d froxpq yhfwru �E~�� ri ixqfwlrqv

<Lq wklv uhvshfw wkh suhvhqwdwlrq ri Qhzh| +4<;;/^6:`, dqg lw*v uhsurgxfwlrq lq Phohqehuj dqg
ydq Vrhvw +4<<6/^66`/ s156�, duh lqfrqvlvwhqw uhihuulqj wr wkh hpsor|hg vdpsoh1 Qhzh| shuirupv
wkh hvwlpdwru ryhu wkh zkroh vdpsoh ri vl}h Q / zkloh Phohqehuj dqg ydq Vrhvw dsso| lw wr wkh
sduwlflsdwlrq vxevdpsoh1 L iroorz Phohqehuj dqg ydq Vrhvw*v h{srvlwlrq e| edvlqj wkh rqjrlqj
fdofxodwlrqv rq wkh sduwlflsdwlrq vxevdpsoh ri q revhuydwlrqv1
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ri ~� dqg glphqvlrq o dqg d vhulhv ri prphqw ixqfwlrqv 6�E0��c ��c 6aE0�� lv lqwur0

gxfhg zlwk wkhlu fruuhvsrqglqj frqglwlrqdo h{shfwdwlrqv 6�
�E~

�
���c ��c 6

�
aE~

�
���1 Urz0

lqj wkh prphqw ixqfwlrq uhvlgxdov 6�E0���6�
�E~

�
���c � ' ���a lqwr d froxpq yhfwru

-E0�c ~
�
��� ri vl}h a / htxdwlrq +815<, fdq eh h{whqghg wr

.d-E0�c ~
�
���
 �E~��o ' fEauof��� +8166,

Wklv htxdwlrq vljql�hv wkdw iru wkh uljkw fkrlfh ri wkh frh!flhqwv q doo a prphqw

uhvlgxdov vkrxog eh ruwkrjrqdo wr doo hohphqwv ri wkh yhfwru �E~��1 Rqfh pruh/ wkh

xqnqrzq frh!flhqwv � dqg wkh ixqfwlrqv 6�
�E�� duh wr eh uhsodfhg e| 	� dqg vhulhv

dssur{lpdwlrqv 6�
�E~

�
�	�� '

gS
�'�

#�� � R�E~ �
�	��1 Gh�qlqj 	R� dv wkh froxpq yhfwru ri

wkh dssur{lpdwlqj ixqfwlrqv ER�E~ �
�	��c ��c RgE~

�
�	���

� dqg # dv wkh xqnqrzq Ea � g�

frh!flhqw pdwul{ # ' EE#��c #�2c ��c #�g�
�c E#2�c #22c ��c #2g�

�c ��c E#a�c #a2c ��c #ag�
��� wkh

prphqw uhvlgxdo yhfwru fdq eh dssur{lpdwhg e|

	-E0�c ~
�
�	�� '

5
9997
6�Et� �f �

�q�
111

6aEt� �f �
�q�

6
:::8� # � 	R�� +8167,

Wkhq wkh JPP hvwlpdwru lv irxqghg rq wkh htxdwlrq

}Eqc #� ' .d 	-E0�c ~
�
�	��
 	�E~��o ' fc +8168,

zlwk lw*v vdpsoh prphqw

	}Eqc #� '
�

?

?[
�'�

	-E0�c ~
�
�	��
 	�E~�� +8169,

lqglfdwlqj iru sduwlfxodu ydoxhv ri qc # wkh ghyldwlrq iurp }hur fruuhodwlrq wkdw zrxog

eh dwwdlqhg e| wkh wuxh ydoxhv ri q dqg #1 Wkh JPP hvwlpdwru surfhhgv e| fkrrvlqj

ydoxhv qc # wkdw plqlpl}h wkh vtxduhg ghyldwlrqv

4�?
qc#

	}� 	̀ 	}/ +816:,

zlwk 	̀ d udqgrp qruplqj pdwul{1

Wr hdvh wkh frpsxwdwlrqdo exughq Qhzh| prgl�hv wklv surfhgxuh vrphzkdw e|

h{wudfwlqj wkh sdudphwhuv # rxw ri wkh prphqw uhvlgxdo yhfwru 	- vxfk wkdw rqo| wkh

frh!flhqwv q kdyh wr eh hvwlpdwhg1 Ixuwkhupruh kh ghulyhv d irup iru wkh JPP

hvwlpdwru �qC�� wkdw lv edvhg rq klv vhulhv hvwlpdwru 	q7eo�er dxjphqwhg olqhduo| e|

dq dgglwlrqdo whup1 Lw mxvw uhpdlqv wkh fkrlfh ri 6�E0��/ 	�E~�� dqg 	̀ rq zklfk

wkh hvwlpdwhv ghshqg1 Qhzh| dlpv wr dwwdlq wkh vhplsdudphwulf h!flhqf| erxqg

wkurxjk d vpduw fkrlfh ri 6�c 	� dqg 	̀ 1 	̀ lv fkrvhq dv dq hvwlpdwh ri wkh lqyhuvh

dv|pswrwlf yduldqfh pdwul{ ri 	}Eq�1 Wkh yhfwru ri �vxssrvhgo| xqfruuhodwhg� ixqf0

wlrqv 	�E~��/ iru zklfk q zloo eh dgmxvwhg vxfk wkdw wkhvh ixqfwlrqv duh xqfruuhodwhg

zlwk wkh prphqw uhvlgxdov 	-E0�c ~
�
�	��/ lv frqvwuxfwhg dv

	�E~�� ' @E~ �
�	��
 ~�c +816;,



FKDSWHU 81 VHPLSDUDPHWULF HVWLPDWLRQ 75

zlwk @E�� d froxpq yhfwru ri sduwlfxodu ixqfwlrqv ri wkh lqgh{= @E~ �
��� ' E@�E~

�
���c ��c @uE~

�
����

�1

Wr dfklhyh wkh h!flhqf| erxqg wkh ixqfwlrqv 6�E0�� dqg @,E~
�
��� pxvw eh erxqghg

dqg wkuhh wlphv gl�huhqwldeoh zlwk erxqghg ghulydwlyhv1 Qhzh| vxjjhvwv 6�E0�� '

6fE0��
� dqg @,E~

�
��� ' @fE~

�
���

,3� zlwk wkh urrw ixqfwlrq/ iru lqvwdqfh/ 6fE�� '

@fE�� ' 2xE��� �/ vhh Qhzh| +s158,1

Xqghu doo wkhvh frqglwlrqv wkh JPP hvwlpdwru �qC�� lv h!flhqw/ surylghg wkdw

wkh suholplqdu| vwhs rqh hvwlpdwru 	� kdv ehhq h!flhqw lq vhplsdudphwulf vhqvh/ olnh

Nohlq2Vsdg|1 s
?E�qC�� � q�

_�$ �Efc T�e�e+ C��� +816<,

Wkh irupxodh wr lpsohphqw wkh �qC�� hvwlpdwru rq edvlv ri wkh suholplqdu| Qhzh|

vhulhv hvwlpdwhv 	q7eo�er dqg lw*v yduldqfh pdwul{ duh jlyhq lq wkh dsshqgl{1

81617 Dkq2Srzhoo 4<<6

Wkh Dkq2Srzhoo +4<<6/^4`, hvwlpdwru glvwlqjxlvkhv lwvhoi iurp wkh ehiruhkdqg suh0

vhqwhg sxuh vlqjoh0lqgh{ hvwlpdwruv e| uhwdlqlqj wkh vlqjoh0lqgh{ dvvxpswlrq rqo|

kdoizd|1 Wkh w|slfdo vlqjoh0lqgh{ hvwlpdwru vshfl�hv wkh vdph sdudphwulf irup lq0

gh{ ixqfwlrq wE~� G ?^ $ ? erwk iru wkh vhohfwlrq htxdwlrq dqg iru wkh vwuxfwxudo

htxdwlrq/ vxfk wkdw wkh vhohfwlrq pdsslqj ixqfwlrq )E�� dqg wkh vhohfwlrq fruuhfwlrq
whup bE�� kdyh vxssruw ?1 Rq wkh rwkhu kdqg wkh Dkq2Srzhoo hvwlpdwru lpsrvhv

rqo| d vlqjoh lqgh{ frqglwlrq iru wkh vwuxfwxudo htxdwlrq/ wkdw bE�� kdv vxssruw ?
zlwk wkh surshqvlw| vfruh Rod_� ' �m~�o ' .d_�m~�o ehlqj wkh lqgh{1 Dqg grhv qrw

vshfli| dq lqgh{ uhvwulfwlrq wE�� iru wkh vhohfwlrq htxdwlrq/ exw udwkhu hvwlpdwhv wkh

sduwlflsdwlrq suredelolw| qrqsdudphwulfdoo|/ zklfk lv xvhg dv wkh lqgh{ lq wkh vhfrqg

vwhs1 E| ohwwlqj wkh vhohfwlrq ixqfwlrq )E~�� G ?^ $ ifc �j ehlqj doprvw dq| vprrwk
ixqfwlrq pdsslqj gluhfwo| iurp ?^ wr wkh elqdu| vsdfh lqvwhdg ri suhvshfli|lqj dq

lqgh{*v ixqfwlrqdo vkdsh dkhdg/ wkh Dkq2Srzhoo hvwlpdwru lv pruh jhqhudo wkdq wkh

ehiruhkdqg suhvhqwhg1

Zkloh wkh vhohfwlrq htxdwlrq lv hvwlpdwhg e| Nhuqho phwkrgv wr ghulyh wkh sdu0

wlflsdwlrq suredelolw| Rod_� ' �m~�o/ wkh vhfrqg vwhs lv yhu| vlplodu wr wkh Srzhoo

hvwlpdwru1 Khuh lqglylgxdov zlwk vlplodu sduwlflsdwlrq suredelolwlhv duh suhvxphg

wr kdyh vlplodu vhohfwlrq fruuhfwlrq whupv b vlqfh b ' bE.d_m~o� lv dvvxphg dv d

ixqfwlrq ghshqglqj rqo| rq wkh surshqvlw| vfruh lqgh{/ uhsodflqj wkh vlplodulw| ri

lqglfhv ~ �� lq Srzhoo 4<;< dulvhq wkurxjk wkh sdudphwulf vlqjoh0lqgh{ dvvxpswlrq

Rod_ ' �m~o ' 8�E~
���� Wkh qhz hohphqw eurxjkw lq e| Dkq dqg Srzhoo lv wkh  h{l0

elolw| lq wkh vhohfwlrq phfkdqlvp wkdw shuplwv dffrxqwlqj iru xqnqrzq khwhurvnhgdv0

wlflw| lq wkh vhohfwlrq htxdwlrq ri dq| irup/ zkloh wkh hvwlpdwlrq ri wkh vwuxfwxudo

htxdwlrq uhwdlqv wkh w|slfdo vlqjoh lqgh{ lpsolfdwlrq wkdw doo khwhurvnhgdvwlflw| pxvw

hqwhu wkurxjk wkh lqgh{/ zlwk rwkhu zrugv jhqhudo khwhurvnhgdvwlflw| ghshqglqj rq

wkh uhjuhvvruv ~� ri wkh vhohfwlrq htxdwlrq lv surklelwhg lq wkh vwuxfwxudo uhodwlrqvkls1
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Wkhlu edvh0olqh prgho frqvlvwv ri dq xqvshfl�hg elqdu| fkrlfh vhohfwlrq htxdwlrq

wr eh hvwlpdwhg qrqsdudphwulfdoo| dqg d vwuxfwxudo htxdwlrq ri vlqjoh lqgh{ irup=

_� ' )E~�c ���$ ifc �j iru � ' ����

t� ' f �
�q n bEw�� n 1�c iru � ' ���?c

+8173,

zlwk w� 5 ? uhsuhvhqwlqj wkh vlqjoh lqgh{1 Zlwk uhjdug wr wkh elqdu| fkrlfh vhw0

wlqj wkh sduwlflsdwlrq suredelolw| wE~�� ' .d_�m~�o 5 dfc �o lv vhohfwhg dv lqgh{ dqg

lqvhuwhg lq wkh vwuxfwxudo htxdwlrq=

t� ' f �
�q n bE.d_�m~�o� n 1� � +8174,

Wkh vwhs rqh hvwlpdwlrq/ surgxflqj wkh ghvluhg surshqvlw| vfruh lqgh{ 	w�c sur0

fhhgv e| qrqsdudphwulf Nhuqho zhljkwlqj zlwklq d qhljkerxukrrg ri wkh fkrlfh fkdu0

dfwhulvwlfv ~� +vhh dsshqgl{ Nhuqho Uhjuhvvlrq,1 Wdnh qrwlfh wkdw wklv vwhs fryhuv

wkh ixoo vdpsoh ���� 1

	w� ' 	.d_�m~�o '

5
7 �

�

�[
�'�

_� �g��

6
8
5
7 �

�

�[
�'�

g��

6
8
3�

+8175,

zlwk wkh zhljkwv g�� rewdlqhg e| d pxowlyduldwh Nhuqho gE��=

g�� '
�

�
g
�
~� � ~�

�

�
1 +8176,

Jlyhq wkhvh hvwlpdwhv 	w� ' 	.d_�m~�o wkh vwuxfwxudo htxdwlrq t� ' f �
�qnbE	w��n 1�

lv hvwlpdwhg lq wkh vhfrqg vwhs/ qrz ryhu wkh sduwlflsdwlrq vxevdpsoh ���?/ iroorzlqj

h{dfwo| wkh Srzhoo hvwlpdwru zlwk 	w� dv lqgh{ lqvwhdg ri ~ �
�	�1

Dowkrxjk wklv hvwlpdwru lv reylrxvo| ohvv h!flhqw wkdq wkh Srzhoo hvwlpdwru

wkurxjk lw*v xvh ri qrqsdudphwulf whfkqltxhv/ lw vwloo fdq dfklhyh xqghu vwurqjhu

frqglwlrqv
s
?0frqvlvwhqf| dqg dv|pswrwlf qrupdolw|/ dyrlglqj d zruvhqlqj lqh!0

flhqf| zlwk jurzlqj vdpsoh vl}h=

s
?E	q��?*�J�e,, � q�

_�$ �Efc T��?*�J�e,,� +8177,

+Dq hvwlpdwru iru wkh dv|pswrwlf fryduldqfh pdwul{ hqforvhg lq wkh dsshqgl{,1 Wklv

uhvxow uhtxluhv dw �uvw doo wkh frqglwlrqv lpsrvhg rq wkh Srzhoo hvwlpdwru soxv vhy0

hudo pruh wr hqvxuh d xqlirup frqyhujhqfh ri wkh vwhs rqh Nhuqho hvwlpdwru dqg dq

dv|pswrwlf eldv ri rughu ehorz
s
?1 Wkh dgglwlrqdo dvvxpswlrqv ri Dkq dqg Srzhoo

++61;,11+6144,, ghpdqg yhu| kljk vprrwkqhvv surshuwlhv ri wkh ghqvlwlhv ri wkh lqgh{

wc wkh vhohfwlrq fruuhfwlrq irup bEw�� dqg rwkhu frqvwuxfwlrqv dqg d Nhuqho ri yhu|

kljk rughu/ zlwk doo wkhvh ghpdqgv lqfuhdvlqj udslgo| zlwk wkh dprxqw ri frqwlqxrxv

yduldeohv lq ~�1 Ohw 6 ghqrwh wkh qxpehu ri frqwlqxrxv vhohfwlrq yduldeohv lq ~�/

wkdq wkh Nhuqho ixqfwlrq pxvw eh ri rughu kljkhu wkdq S � 6 dqg jxdudqwhh xql0

irup frqyhujhqfh wr uhgxfh wkh dv|pswrwlf eldv lqwurgxfhg e| Nhuqho hvwlpdwlrq1
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Ixuwkhupruh vrph surgxfwv ri w�c b�c e|S1 zlwk wkh frqglwlrqdo ghqvlwlhv ri wkhvh frq0

wlqxrxv uhjuhvvruv pxvw eh pruh wkdq �2 � 6 wlphv gl�huhqwldeoh1 Wkhvh uhpdunv

dohuw wkdw zkhq hpsor|lqj wklv hvwlpdwru wkh dprxqw dqg wkh ghjuhh ri phdvxud0

elolw| +gxpp|/lqwhjhu/frqwlqxrxv, ri wkh uhjuhvvruv vkrxog eh kdqgohg zlwk fduh wr

dyrlg wkh fxuvh ri glphqvlrqdolw|/ dv wkh dffxudf| dqg frqvlvwhqf| ri wkh hvwlpdwhv

lv olnho| wr eh vhqvlwlyh wr wklv fkrlfh1

Iru wkh vwhs rqh hvwlpdwlrq Dkq dqg Srzhoo sursrvh wkh pxowlyduldwh Nhuqho=

gE5� '
S6n�[
�'�

S� � �^E5� �^E�� � �Efc k� � ��c +8178,

�^E5� ehlqj wkh t0yduldwh qrupdo ghqvlw|/ D dq duelwudu| ^�^ srvlwlyh gh�qlwh pdwul{/
k� duelwudu|/ srvlwlyh vfdoduv dqg S� eh fkrvhq vxfk wkdw

S6n�S
�'�

S� � k,� ' � iru , ' f

' f iru , ' �c ��c S6�
+8179,

81618 Urelqvrq 4<;;

Lq frqwudvw wr doo ehiruhkdqg hoxflgdwhg hvwlpdwruv Urelqvrq*v +4<<;/^78`, vwudwhj|

dlpv wr hvwlpdwh wkh vhohfwlylw| prgho zlwkrxw lqyrnlqj dq| lqgh{ uhvwulfwlrq ^VLU`

rq wkh huuru whupv=

t� ' f �
�q n bE~�� n 1�� +817:,

Dowkrxjk dsshdulqj pruh jhqhudo wkdq wkh vlqjoh0lqgh{ hvwlpdwruv klv hvwlpdwru

krzhyhu uholhv rq wkh vwurqjhu ^LD` lqghshqghqfh ri wkh huuruv dqg uhjuhvvruv dvvxps0

wlrq +vhh klv Wkhruhp= +lll,/ s1<6<,1 Rqh srvvleoh uhod{dwlrq ri wkh lqghshqghqfh

dvvxpswlrq e| lqwurgxflqj dq lqgh{ uhvwulfwlrq lqwr Urelqvrq*v hvwlpdwru kdv ehhq

vxjjhvwhg e| Srzhoo +4<;</^74`, dqg zrxog jhqhudwh dq hvwlpdwru htxlydohqw wr Srz0

hoo*v1 Wkrxjk rwkhu dssurdfkhv wr uhod{lqj wkh lqghshqghqfh dvvxpswlrq frxog eh

lpdjlqdeoh dv zhoo1 Urelqvrq*v lghd lv wr vxewudfw wkh vwdwlvwlfdo h{shfwdwlrqv ri wkh

vwuxfwxudo htxdwlrq +817:, iurp wkh revhuyhg ydoxhv iru hdfk lqglylgxdo wr holplqdwh

wkh vhohfwlrq fruuhfwlrq eldv bE~��1 Wdnlqj h{shfwdwlrqv iurp htxdwlrq +817:,=

.dt�m~�o ' .df�m~�o
�q n .dbE~��m~�o n .d1�m~�o +817;,

' .df�m~�o
�q n bE~�� n f +817<,

, Et� � .dt�m~�o� ' Ef� �.df�m~�o�
�q n 1

�

��

Lqvhuwlqj hvwlpdwhv ri wkh frqglwlrqdo h{shfwdwlrqv 	.dt�m~�o dqg 	.df�m~�o/ wkdw

fdq eh hvwlpdwhg qrqsdudphwulfdoo| vlploduo| wr wkh surshqvlw| vfruh 	.d_�m~�o/ doorzv

ROV hvwlpdwlrq ri wkh htxdwlrq

Et� � 	.dt�m~�o� ' Ef� � 	.df�m~�o�
�q n 1

�

� +8183,
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ryhu wkh sduwlflsdwlrq vdpsoh ���? wr |lhog 	q

	q-JK�?rJ? '

%
�

?

?[
�'�

Ef� � 	.df�m~�o� � Ef� � 	.df�m~�o�
�
&3�

+8184,

�
%
�

?

?[
�'�

Ef� � 	.df�m~�o� � Et� � 	.dt�m~�o�
�
&
�

Lq dq lqlwldo vwhs d qrqsdudphwulf ghqvlw| hvwlpdwh ri wkh frqglwlrqlqj vhohfwlrq

yduldeohv 	s5E~�� lv suhsduhg/ wkhq wkh frqglwlrqdo phdqv duh hvwlpdwhg1 Wdnh qrwlfh

wkdw lq frqwudvw wr wkh Nhuqho hvwlpdwlrq ri wkh surshqvlw| vfruh/ zklfk lv hvwlpdwhg

pdnlqj xvh ri wkh ixoo vdpsoh ���� / vhh Dkq2Srzhoo/ khuh erwk .dt�m~�o dqg .df�m~�o

duh h{wudfwhg iurp wkh sduwlflsdwlrq vxevdpsoh ���?/ ehfdxvh t� lv xqgh�qhg iru qrq0

sduwlflsdqwv dqg erwk phdqv kdyh wr eh r�vsulqjv ri wkh vdph +vxe,vdpsoh1

	s5E~�� '
�

?�^

?[
�'�

g
�
~� � ~�

�

�
c zlwk ^ ' _�4E~��1 +8185,

	.df�m~�o '

�
?�^

?S
�'�

f� �g
�
~�3~�

�

�
	s5E~��

c zlwk 	.dt�m~�o dqdorj/ +8186,

pdnlqj xvh ri d pxowlyduldwh Nhuqho g
�
~�3~�

�

�
zlwk edqgzlgwk �/ wkdw zhljkv wkh

glvwdqfh ri wkh wzr yhfwruv ~�/ ~�1 Qrwh wkdw revhuydwlrqv zlwk vpdoo hvwlpdwhg

ghqvlwlhv ehorz d fhuwdlq wkuhvkrog
��� 	s5E~��

��� � K 43 vkrxog eh ghohwhg iurp wkh vdpsoh

dqg wkh deryh hvwlpdwhv dgmxvwhg1 Wr dwwdlq ghvluhg surshuwlhv kh vxjjhvwv d sdu0

wlfxodu kljkhu rughu pxowlyduldwh Nhuqho wr uhgxfh wkh eldv dw d idvw hqrxjk udwh/ d

pxowlsolfdwlyh Qdgdud|d0Zdwvrq Nhuqho gE5� G ?^ $ ? wkdw lv frqvwuxfwhg dv wkh

surgxfw ri wkh xqlyduldwh Nhuqho zhljkwv ri doo hohphqwv ri dq ^0glphqvlrqdo yhfwruG

gE5� '
\̂
_'�

&E5_�c +8187,

zlwk 5_ wkh g*wk hohphqw ri wkh yhfwru 5 dqg dq erxqghg xqlyduldwh Nhuqho &E5_� G

? $ ?1 Iru wkh qrqsdudphwulf hvwlpdwhv wkh Nhuqho g
�
~�3~�

�

�
zhljkv wkh glvwdqfh

ri wkh wzr yhfwruv ~�c ~� 5 ?^ e| pxowlso|lqj doo wkh xqlyduldwh Nhuqho zhljkwv ri

wkh sdluzlvh gl�huhqfhv E~�_�~�_� iru doo hohphqwv _ ' �c ��c ^ ri wkhvh erwk yhfwruv1

Urelqvrq suryhv klv hvwlpdwru ehlqj
s
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo/

zlwk dq hvwlpdwru ri 	T-JK�?rJ? lq wkh dsshqgl{/

s
?E	q-JK�?rJ? � q�

_�$ �Efc T-JK�?rJ?�c +8188,

xqghu wkh lqghshqghqfh ri huuruv dqg uhjuhvvruv ^LD` dvvxpswlrq/ vprrwkqhvv dqg

�qlwh prphqw uhtxluhphqwv dqg d eldv0uhgxflqj vxlwdeoh fkrlfh ri wkh xqlyduldwh

43Wkh ghqvlw| hvwlpdwh ai}+]l, frxog eh qhjdwlyh iru vrph ]l gxh wr wkh xvh ri d kljkhu rughu
Nhuqho1
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Nhuqho ixqfwlrq &E�� zklfk vkrxog eh ri rughu ^ � �/ zkhuh ^ lv wkh qxpehu ri

vhohfwlrq yduldeohv1

Lq klv rxworrn derxw khwhurvnhgdvwlflw| Urelqvrq dfnqrzohgjhv wkh uljrxu ri wkh

lqghshqghqfh dvvxpswlrq ^LD` dqg vxjjhvwv uhod{dwlrq wr doorz iru khwhurvnhgdvwlflw|

ri 0� frqglwlrqdo rqf�c ~�/ wkrxjk kh grhv qrw vhw iruwk wklv wkrxjkw pxfk ixuwkhu1 Li

klv hvwlpdwlrq vwudwhj| frxog eh h{whqghg wr hpeudfh frqglwlrqdo khwhurvnhgdvwlflw|

rq f�c ~� dqg vwloo uhwdlqlqj uhdvrqdeoh hvwlpdwru surshuwlhv/ wklv zrxog jhqhudwh d

frpshwlwlyh dqg pruh jhqhudo hvwlpdwru wkdq wkh vlqjoh0lqgh{ hvwlpdwruv/ zklfk shu0

plw rqo| khwhurvnhgdvwlflw| frqglwlrqdo rq wkh lqgh{1 Rwkhuzlvh Urelqvrq*v lghd fdq

eh dxjphqwhg e| dq lqgh{ dvvxpswlrq ^VLU` wr uhod{ wkh lqghshqghqfh dvvxpswlrq

^LD`/ zklfk |lhogv dq hvwlpdwru vlplodu wr Srzhoo*v1

81619 Fkhq 4<<9

Dv wkh ruljlqdo sdshu Fkhq +4<<9/^;`, kdv qrw ehhq dffhvvleoh wkh iroorzlqj ydjxh

ghvfulswlrqv duh wdnhq iurp Pruhwwl +4<<:/^68`,1 Lq frqwudvw wr wkh rwkhu vwhs

wzr hvwlpdwruv Fkhq*v lv deoh wr hvwlpdwh erwk wkh vorsh frh!flhqwv dqg wkh lq0

whufhsw ri wkh vwuxfwxudo htxdwlrq dw wkh vdph wlph e| lpsrvlqj dgglwlrqdo wr

wkh xvxdo phdq0}hur dvvxpswlrq rq wkh huuruv wkh frqglwlrq wkdw wkh huuru whupv

duh mrlqwo| glvwulexwhg v|pphwulfdoo| durxqg }hur1 Wkh hvwlpdwru lv prwlydwhg rq

Srzhoo*v +4<;</^74`, gl�huhqflqj vfkhph wr holplqdwh wkh vhohfwlrq fruuhfwlrq whup1

Wkhuh/ sdluv ri lqglylgxdov �c � duh wudfnhg wkdw kdyh lghqwlfdo +ru dw ohdvw forvh,

lqglfhv ~ �
�� ' ~ �

��/ lpso|lqj lghqwlfdo sduwlflsdwlrq suredelolwlhv Rod_� ' �m~�o '

Rod~ �
�� : ��m~ �

��o ' 8�E~
�
��� ' Rod_� ' �m~�o dqg lghqwlfdo vhohfwlrq eldv whupv

b� ' .d0�m~ �
��c _� ' �o ' .d0�m~ �

��c ~
�
�� : ��o ' b�1 Zlwk wkh dgglwlrqdo v|pphwu|

frqglwlrq sdluv �c � zlwk v|pphwulf lqglfhv ~ �
�� ' �~ �

�� zloo kdyh lghqwlfdo eldv whupv

b� ' b� exw gl�huhqw surshqvlw| vfruhv Rod_� ' �m~�o 9' Rod_� ' �m~�o1 Wkurxjk wklv

gl�huhqflqj vfkhph Fkhq lv qrz deoh wr ghohwh wkh vhohfwlrq eldv zlwkrxw vlpxowdqh0

rxvo| holplqdwlqj doo lqirupdwlrq derxw wkh lqwhufhsw1 Lq doo rwkhu uhjdugv vlplodu wr

Srzhoo Fkhq hvwlpdwhv q dqg qf dovr zlwk
s
?0frqvlvwhqf| dqg dv|pswrwlf qrupdolw|1

817 Vwhs 5e0Hvwlpdwlrq ri wkh Lqwhufhsw

Wkh lqwhufhsw qf ri wkh vwuxfwxudo htxdwlrq lv frpprqo| ri olwwoh lqwhuhvw lq fhqvruhg

vhohfwlylw| prghov/ dv lw*v devroxwh ydoxh ehlqj zlwkrxw dq| frpsdqlrq wr frpsduh

zlwk1 Khuh wkh hvwlpdwlrq ri wkh vorsh frh!flhqwv 	q lv lq prvw fdvhv doo wkdw lv

ghvluhg1 Lq vhohfwlylw| prghov zkhuh wkh rxwfrphv ri pruh wkdq rqh fdwhjru| duh

revhuyhg/ krzhyhu/ wkh lghqwl�fdwlrq ri wkh lqwhufhsw lv fuxfldo iru suhglfwlqj lqgl0

ylgxdo frxqwhuidfwxdo rxwfrphv e| vlpxodwlqj wkh k|srwkhwlfdo +srwhqwldo, rxwfrph

h{shfwhg zhuh wklv lqglylgxdo vhohfwhg lqwr dq rwkhu fdwhjru|1 Wkhvh frxqwhuidfwxdo
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rxwfrphv duh lqglvshqvdeoh iru phdvxulqj vwuxfwxudo gl�huhqwldov ehwzhhq fdwhjrulhv

iru fhuwdlq lqglylgxdov ru jurxsv ri lqglylgxdov/ wkdw duh uhtxhvwhg iru txdqwli|lqj

fdxvdo h�hfwv44 lq hydoxdwlrq/ iru lqvwdqfh ri pdqsrzhu wudlqlqj surjudpv/ ru iru

phdvxulqj wkh h�hfw ri xqlrqlvp rq zdjhv hwf1

Wkh hvwlpdwlrq ri wkh lqwhufhswv kdv orqj ehhq qhjohfwhg1 Ehvlghv Jdoodqw dqg

Q|fknd +4<;:/^46`, zkr hvwlpdwh erwk wkh vorsh frh!flhqwv dqg wkh lqwhufhsw vl0

pxowdqhrxv qrqsdudphwulfdoo| dqg uhiudlqlqj iurp Fkhq +4<<9/^;`,/ wkh rqo| ixuwkhu

hvwlpdwruv deoh wr frsh zlwk wkh lqwhufhsw qf kdyh ehhq Khfnpdq +4<<3/^4<`, dqg

Dqguhzv2Vfkdijdqv +4<<9/^5`,1

81714 Khfnpdq 4<<3

Khfnpdq prwlydwhg klv vwudwhj| rq wkh lghd wkdw wkh sduwlflsdwlrq suredelolw| lq0

fuhdvhv prqrwrqrxvo| zlwk wkh lqgh{ ydoxh wE~�� ' ~ �
��1 Khqfh iru d vxejurxs ri

lqglylgxdov zlwk yhu| kljk lqglfhv ~ �
�� wkhlu sduwlflsdwlrq suredelolw| frphv forvh

wr rqh1 Zrxog vrph lqglylgxdov dfklhyh d suredelolw| ri h{dfwo| rqh wkh qdwxuh ri

vhohfwlylw| zrxog ydqlvk iru wklv vxejurxs/ dv wkhlu fkrlfh ru vhohfwlrq dvvljqphqw

lv ghwhuplqlvwlfdoo| �{hg e| wkhlu revhuyhg fkdudfwhulvwlfv dqg wkhuh lv qr qhhg wr

prgho vhohfwlylw| vwhpplqj irup xqrevhuydeoh fkdudfwhulvwlfv1 Iru wkhvh revhuyd0

wlrqv 0� zrxog eh phdq0}hur uhjdugohvv ri lq xhqfhv wkurxjk wkh vhohfwlrq htxdwlrq

huuru �� dqg wkhlu vhohfwlrq fruuhfwlrq whup b� eh }hur> b� ' .d0�mf�c ~�c _� ' �o '

.d0�mf�c ~�o ' f/ vlqfh ~� lpsolhv _� ' �1 Iru wklv iudfwlrq ri wkh gdwdvhw wkh lq0

whufhsw qf lv lghqwl�hg dv lw fdq eh glvwlqjxlvkhg iurp dq lqwhufhsw lq bE��/ vlqfh
bE�� � f iru wkhvh revhuydwlrqv1 Khfnpdq vxjjhvwhg wr hvwlpdwh lqlwldoo| wkh vhohf0

wlrq htxdwlrq frh!flhqwv 	� +vwhs rqh, ryhu wkh ixoo vdpsoh ri vl}h � wr frpsxwh wkh

lqglfhv ~ �
�	�1 Wkhq dq| vwhs wzr hvwlpdwru zlwk dsshdolqj surshuwlhv lv shuiruphg

rq wkh sduwlflsdwlrq vxevdpsoh ri vl}h ? wr |lhog vorsh frh!flhqw hvwlpdwhv 	q ri

wkh vwuxfwxudo htxdwlrq1 E| ixuwkhu wulpplqj wkh sduwlflsdwlrq vxevdpsoh vxfk wkdw

rqo| revhuydwlrqv zlwk wkhlu lqgh{ vxusdvvlqj d fhuwdlq wkuhvkrog/ ~ �
�	� : K/ hqwhu

lqwr wkh hvwlpdwlrq ri wkh lqwhufhsw +vwhs 5e,/ lw lv frqmhfwxuhg wkdw iru d wkuhvkrog

K vx!flhqwo| kljk doo wkhvh uhpdlqlqj revhuydwlrqv kdyh d sduwlflsdwlrq suredelolw|

forvh wr rqh/ lpso|lqj d vhohfwlrq fruuhfwlrq whup b urxjko| }hur1 Iru K jurzlqj wr

lq�qlw| zlwk lqfuhdvlqj vdpsoh vl}h/ rqo| d ghfuhdvlqjo| vpdoo iudfwlrq ri wkh gdwdvhw

zlwk lqglfhv ~ �
�	� dssurdfklqj lq�qlw| lv hpsor|hg wr frpsxwh wkh lqwhufhsw 	qf1

Wklv h{srvhv wkh pdlq glvdgydqwdjh ri Khfnpdq*v dqg dovr Dqguhzv2Vfkdijdqv*v

dssurdfk/ lq frqwudvw wr Jdoodqw2Q|fknd zkr dssur{lpdwh wkh elyduldwh huuru whup

ghqvlw|/ dv lghqwl�fdwlrq klqjhv rq vx!flhqw glvwulexwlrq pdvv lq wkh xsshu wdlo ri

wkh lqgh{ ~ �
�� zklfk pxvw eh xqerxqghg iurp deryh/ dqg wkh hvwlpdwlrq riwhq uhvwv

44Wkh fdxvdo h�hfw lv wkh rxwfrph gl�huhqfh dwwulexwhg wr d vzlwfk ri wkh lqglylgxdo*v fdwhjru|/
li wkh wuhdwphqw ru surjudp lv wkh fdxvh ri wklv vzlwfk1
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rq mxvw d kdqgixo ri revhuydwlrqv vxusdvvlqj wkh jurzlqj wkuhvkrog K zklfk pd|

eh kdug wr glvwlqjxlvk iurp xquhdvrqdeoh rxwolhuv1 Wkhruhwlfdoo| lghqwl�fdwlrq lv

rqo| dfklhyhg iru revhuydwlrqv zlwk lq�qlwh lqglfhv zkrvh sduwlflsdwlrq suredelolw|

lv wkhq h{dfwo| rqh1 Wklv lghd kdv ehhq vxevxphg dv �lghqwl�fdwlrq dw lq�qlw|� e|

Fkdpehuodlq +4<;9/^9`,1

Ryhu wkh uhpdlqlqj iudfwlrq ri wkh sduwlflsdwlrq vxevdpsoh vxusdvvlqj wkh wkuhvk0

rog K wkh lqwhufhsw hvwlpdwh 	qf lv fdofxodwhg dv=

	q
MeS&6@?

f '

?S
�'�

Et� �f �
�
	q� � �E~ �

�	� : K�

?S
�'�

�E~ �
�	� : K�

� +8189,

Wkh vhplsdudphwulf Khfnpdq lqwhufhsw hvwlpdwru 	q
MeS&6@?

f xqghu wkh ^LD` lqghshq0

ghqfh dvvxpswlrq ri huuruv dqg uhjuhvvruv kdv ehhq suryhq wr eh frqvlvwhqw dqg

dv|pswrwlfdoo| qrupdo e| Vfkdijdqv dqg ]lqgh0Zdovk +4<<;/^7;`,/ flwhg diwhu Vfkdi0

jdqv +4<<;/^7:`,1

81715 Dqguhzv2Vfkdijdqv 4<<9

Dqguhzv dqg Vfkdijdqv +4<<9/^5` dqg 4<<:/^6`, h{whqghg Khfnpdq*v lghd e| uhsodf0

lqj wkh wulpplqj wkuhvkrog wkurxjk d zhljkwlqj ixqfwlrq wkdw jlyhv revhuydwlrqv

zlwk kljkhu lqglfhv lqfuhdvlqj zhljkw wr dfklhyh ghvluhg hvwlpdwru surshuwlhv1 Wkhlu

hvwlpdwru zlwk rE�� d zhljkwlqj ixqfwlrq dqg K� d vprrwklqj sdudphwhu lv

	q
�?_oe�r*7S�@s}@?r

f '

?S
�'�

Et� �f �
�
	q� � rE~ �

�	� � K��

?S
�'�

rE~ �
�	� � K��

� +818:,

Dsshdulqj dv d phuh prgl�fdwlrq ri Khfnpdq*v/ lw lv pruh  h{leoh dqg ehwwhu h{0

soruhg dqg lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo
s
?.drE~ �

�� � K��o

iT @od0�o � .dr2E~ �
�� � K��oj �

2

E	q
�?_oe�r*7S�@s}@?r

f � qf�
_�$ �Efc �� +818;,

xqghu wkh iroorzlqj frqglwlrqv1 Dqguhzv dqg Vfkdijdqv lqlwldoo| lpsrvh wkh ^LD`

lqghshqghqfh ri huuruv dqg uhjuhvvruv dvvxpswlrq/ wkrxjk d uhod{dwlrq lv lqwurgxfhg

odwhu rq1 Wkh| ghpdqg
s
?0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo suholplqdu| hv0

wlpdwruv E	�c 	q� dqg uhtxluh wkdw wkh lqgh{ ~ �
�� lv xqerxqghg iurp deryh dqg kdv

vx!flhqw glvwulexwlrq pdvv lq wkh xsshu wdlo1 Wkh edqgzlgwk sdudphwhu K� pxvw

whqg wr lq�qlw| zlwk jurzlqj vdpsoh vl}h wr jxdudqwhh wkdw d ghfuhdvlqj iudfwlrq ri

revhuydwlrqv zlwk wkhlu lqglfhv dssurdfklqj lq�qlw| lv hpsor|hg wr irup wkh lqwhufhsw

hvwlpdwh 	qf1 Orzhu dqg xsshu erxqgv iru wkh frqyhujhqfh udwh ri K� duh lpsrvhg1

Ixuwkhupruh wkh zhljkwlqj ixqfwlrq rE�� pxvw ixo�o fhuwdlq surshuwlhv/ zklfk duh=
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rE�� G ? $ dfc �o lv qrqghfuhdvlqj/ wkuhh wlphv gl�huhqwldeoh dqg rE%� ' f iru % � f

dqg rE%� ' � iru % � S iru vrph S : f1 D vxlwdeoh fkrlfh zrxog eh

rE%� '

;AA?
AA=

�� i T
�
� %

K�3%
�

f 	 % 	 K�

f % � f

� % � K�

�������� � +818<,

Lq frqwudvw wr rwkhu vhplsdudphwulf vwhs rqh dqg vwhs wzr hvwlpdwruv
s
? frqyhu0

jhqfh lv xvxdoo| qrw dfklhyhg/ zklfk lv xqvxusulvlqj vlqfh zlwk lqfuhdvlqj vdpsoh vl}h

wkh edqgzlgwk sdudphwhu K� pxvw dovr lqfuhdvh/ wulpplqj ri pruh dqg pruh revhuyd0

wlrqv wkdw wkh qxpehu ri uhpdlqlqj revhuydwlrqv jurzv vorzhu wkdq wkh vdpsoh vl}h

?1 Krzhyhu ?3
�

� frqyhujhqfh/ |hw hyhq
s
?0frqyhujhqfh/ fdq eh dwwdlqhg/ surylghg

wkdw wkh glvwulexwlrq ri wkh lqgh{ ~ �
�� kdv d vx!flhqwo| wklfn xsshu wdlo frpsduhg

wr wkh xsshu wdlo ri wkh glvwulexwlrqv ri 0� dqg ��1 Li wkh lqgh{ ~ �
��c 0� dqg �� kdyh

Zhlexoo glvwulexwhg xsshu wdlov ri wkh vdph wklfnqhvv wkh hvwlpdwru frqyhujhv zlwk

?3
�

� 1 Iru wkh lqgh{*v xsshu wdlo wklfnhu wkdq wkh huuruv* hyhq ?3
�

2 lv dfklhyhg/ vhh

Dqguhzv dqg Vfkdijdqv +4<<:/^6`/ s15/;,1 Zruwk qrwlqj lv dovr wkdw dv|pswrwlf qru0

pdolw| lv qrw dwwdlqhg zkhq wkh lqgh{*v xsshu wdlo lv wklqqhu wkdq wkh huuruv*1 Wkhvh

uhpdunv hpskdvl}h rqfh pruh wkh lpsruwdqfh ri d frqwlqxrxv dqg zlghvsuhdg glv0

wulexwlrq ri wkh lqgh{ ~ �
�� zlwk dexqgdqw wdlo revhuydwlrqv iru wkh erwk suhvhqwhg

lqwhufhsw hvwlpdwruv/ zklfk pd| eh h{fhswlrqdo lq sudfwlfdo zrun1 Wkh hvwlpdwru ri

Jdoodqw dqg Q|fknd/ wkdw grhv qrw irxqg lwvhoi rq wkh sklorvrsk| ri lghqwl�fdwlrq

dw lq�qlw|/ zrxog eh d kljko| frpshwlwlyh ulydo li lw*v dv|pswrwlf glvwulexwlrq frxog

eh hvwdeolvkhg1

D uhod{dwlrq ri wkh ^LD` lqghshqghqfh ri huuruv dqg uhjuhvvruv dvvxpswlrq wr

wkh ^VLU` lqgh{ dvvxpswlrq eurdghqv wkh vfrsh ri wklv hvwlpdwru dqg uhtxluhv rqo|

voljkwo| vwurqjhu frqglwlrqv1 Iru wklv h{whqvlrq doo ehiruhkdqg suhvhqwhg uhvxowv krog

dqg dq hvwlpdwru ri wkh yduldqfh ri wkh lqwhufhsw hvwlpdwh 	T @od	qfo lv hqforvhg lq

wkh dsshqgl{1 Dqguhzv dqg Vfkdijdqv* �qglqj wkdw wkh mrlqw dv|pswrwlf yduldqfh0

fryduldqfh pdwul{ ri E	�c 	qc 	qf� lv eorfngldjrqdo vlpsol�hv vxevwdqwldoo| wkh lpsoh0

phqwdwlrq ri k|srwkhvlv whvwlqj hwf1/ vlqfh wkh lqwhufhsw*v yduldqfh lv xqfrqqhfwhg

zlwk wkh yduldqfhv ri erwk rwkhu suholplqdu| hvwlpdwruv E	�c 	q�1

D zhdnqhvv ri erwk suhvhqwhg hvwlpdwruv lv wkh devhqfh ri d irupdo uxoh ri krz

wr vhohfw d surshu ydoxh iru wkh wulpplqj ru edqgzlgwk sdudphwhu K/ K�/ uhvshfwlyho|1

Vlqfh wkh hvwlpdwruv* uhvxowv pd| eh vhqvlwlyh wr wklv fkrlfh wkh vhplsdudphwulf hvwl0

pdwhv frxog wkhq dsshdu duelwudu| lq wklv oljkw1 Vfkdijdqv +4<<:/^79` dqg 4<<;/^7:`,

looxplqdwhv wklv frqqhfwlrq lq ghwdlo lq khu Prqwh Fduor vwxglhv dqg vrph ri khu

uhvxowv duh eurxjkw xs ehorz lq wkh fkdswhu Surshuwlhv1
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Surshuwlhv ri wkhvh Hvwlpdwruv

Wklv fkdswhu zloo surylgh d eulhi exw frpsuhkhqvlyh dvvhvvphqw ri wkh hvwlpdwruv*

surshuwlhv1 Dw �uvw lw vkrxog eh frqvlghuhg zkdw duh ghvluhg surshuwlhv ri dq hvwl0

pdwru dqg zkdw duh vhulrxv gh�flhqflhv1 Dv Srzhoo +4<<7/^75`/ s15793, uhpdunv/ wkdw

�qlwh vdpsoh surshuwlhv ri vhplsdudphwulf hvwlpdwruv duh gl!fxow wr ghulyh gxh wr

wkh jhqhudolw| ri wkh lpsrvhg huuru whup uhvwulfwlrqv/ wkxv doprvw doo uhvxowv uhvw rq

dv|pswrwlf wkhru| iru lq�qlwh vdpsohv/ zklfk pd| ru pd| qrw eh d jrrg jxlgh wr

�qlwh vdpsoh ehkdylrxu1 Rqo| h{whqvlyh Prqwh Fduor vwxglhv fdq vkhg d oljkw lq wklv

uhvshfw1

Frqvlvwhqf|/ h!flhqf| dqg d nqrzq dv|pswrwlf glvwulexwlrq ri wkh frh!flhqw

hvwlpdwhv duh frpprqo| uhjdughg dv wkh prvw lpsruwdqw dvvhwv ri dq hvwlpdwru/ zkloh

rwkhu ihdwxuhv olnh vpdoo vdpsoh ehkdylrxu/ hdvh ri lpsohphqwdwlrq ru frpsxwdwlrqdo

h�ruw wr hvwlpdwlqj wkh frh!flhqwv duh lq dgglwlrq kljko| dssuhfldwhg1 Ixuwkhupruh

d frqvlvwhqw zd| wr frpsxwh wkh hvwlpdwhv* yduldqfh pdwul{ lv h{shfwhg1

Frqvlvwhqf|= Frqvlvwhqf| kdv ehhq xvxdoo| ghpdqghg dv wkh plqlpxp frqgl0

wlrq ri dq hvwlpdwru zruwkzkloh wr eh h{dplqhg1 Qhyhuwkhohvv lw pd| eh txhvwlrq0

deoh zkhwkhu dq h!flhqw exw voljkwo| lqfrqvlvwhqw sdudphwulf hvwlpdwru vkrxog doo

wkh wlph eh glvplvvhg lq idyrxu ri dq lqh!flhqw exw frqvlvwhqw qrqsdudphwulf rqh1

xqeldvhgqhvv hyhq lq vpdoo vdpsohv zrxog eh dq dvvhw/ exw lv xvxdoo| qrw dfklhyhg

e| vhplsdudphwulf hvwlpdwruv1 Gxh wr wkhlu uholdqfh rq qrqsdudphwulf dojrulwkpv

vpdoo vdpsohv lvvxhv duh kdug wr ghdo zlwk1 Wr hydgh wkh dv|pswrwlf eldv/ kdelw0

xdoo| lqwurgxfhg e| wkhvh qrqsdudphwulf wrrov/ wkhvh hvwlpdwruv riwhq pdnh xvh ri

eldv0uhgxflqj kljkhu rughu Nhuqhov1

Lqihuhqfh= Ehvlghv hvwlpdwlqj frh!flhqw ydoxhv wkh suhflvlrq ri wkhvh hvwlpdwhv/

wkh fuhglelolw| ru zlwk rwkhu zrugv wkh udqjh lq zklfk wkh wuxh ydoxhv duh olnho| wr

eh/ lv dqrwkhu lpsruwdqw fkdudfwhulvwlf ri dq hvwlpdwru1 Iru lqihuhqfh rq wkh hvwl0

pdwhv wkhlu glvwulexwlrq kdv wr eh nqrzq1 Lq frqwudvw wr wkh olqhdu uhjuhvvlrq prgho

zkhuh vpdoo vdpsoh glvwulexwlrqv rq wkh edvlv ri wkh w0glvwulexwlrq duh hvwdeolvkhg

iru qrupdo huuru whupv/ wkh wkhru| ri vhplsdudphwulf hvwlpdwlrq frqfhqwudwhv lq
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wklv uhvshfw rq dv|pswrwlf uhvxowv vroho|/ wkdw pd| dssur{lpdwh wkh vpdoo vdpsoh

ehkdylrxu1 Wkrxjk/ h{whqvlyh Prqwh Fduor vwxglhv duh qhhghg wr surgxfh uholdeoh

jxlgholqhv iru vpdoo vdpsohv1 Wkh lqlwldo vwhs iru lqihuhqfh lv wr �qg rxw wkh dv|ps0

wrwlf glvwulexwlrq ri d vwdelol}hg wudqvirupdwlrq ri wkh hvwlpdwhv1 Wklv uhvxowv lq dq

hvwdeolvkphqw ri wkh hvwlpdwru*v frqyhujhqfh udwh dqg lw*v dv|pswrwlf glvwulexwlrq1

Wkh udwh ri frqyhujhqfh h{srvhv wkh vshhg dw zklfk wkh hvwlpdwru*v yduldqfh vkulqnv

wr }hur dv wkh vdpsoh vl}h lqfuhdvhv dqg jlyhv vrph foxh derxw wkh hvwlpdwru*v dffx0

udf| lq �qlwh vdpsohv1 D udwh ri �3 �

2 +riwhq uhihuuhg wr dv
s
?0frqvlvwhqf|, lv wkh

ehqfkpdun dfklhyhg e| sdudphwulf hvwlpdwruv dqg wkh pruh surplvlqj vhplsdud0

phwulf rqhv/ vljqli|lqj wkdw d txdguxsolqj ri wkh vdpsoh vl}h kdoiv wkh hvwlpdwhv*

yduldqfh1 Pdq| vhplsdudphwulf hvwlpdwruv dqg wkh qrqsdudphwulf whfkqltxhv gr

qrw dfklhyh wklv udwh dqg frqyhujh vorzhu wrzdugv wkhlu wuxh ydoxhv/ uhvxowlqj lq

ohvv suhflvh hvwlpdwhv jlyhq wkh vdph vdpsoh vl}h1 Ehvlghv wklv frqyhujhqfh udwh wkh

hvwlpdwru*v dv|pswrwlf glvwulexwlrq lv ri lqwhuhvw1 Vrph vhplsdudphwulf hvwlpdwruv

kdyh ehhq suryhq dv dv|pswrwlfdoo| qrupdoo| glvwulexwhg durxqg wkh wuxh frh!flhqw

ydoxhv zlwk dq dv|pswrwlf yduldqfh0fryduldqfh pdwul{1 Lq frqwudvw/ wkh glvwulexwlrq

ri wkh sdudphwulf hvwlpdwruv ghshqgv rq wkhlu vshfl�fdwlrq ri wkh elyduldwh huuru

whup ghqvlw|/ kdelwxdoo| elyduldwh qrupdo1 Iru h{hfxwlqj lqihuhqfh lq sudfwlfdo zrun

d frqvlvwhqw hvwlpdwru ri wkh hvwlpdwhv* dv|pswrwlf yduldqfh pdwul{ lv uhtxhvwhg/

rq zklfk lqihuhqfh pxvw eh edvhg vlqfh surshu vpdoo vdpsoh wkhru| kdv qrw ehhq

hvwdeolvkhg iru wkh vhplsdudphwulf fdvh dqg �qlwh0vdpsoh yduldqfh hvwlpdwruv duh

odfnlqj1 Wr ghwhuplqh h!flhqf| ehwzhhq wkhvh hvwlpdwruv dqg uhodwh lw wr d wkhruhw0

lfdo h!flhqf| erxqg wkh dv|pswrwlf yduldqfh pdwulfhv ri hvwlpdwruv zlwk wkh vdph

frqyhujhqfh udwh duh frpsduhg1

Wudgh0r�= Frqvlvwhqf| djdlqvw H!flhqf|= Txlwh riwhq d wudgh0r� ehwzhhq frq0

vlvwhqf| dqg h!flhqf|/ vwurqjhu dvvxpswlrqv |lhog pruh h!flhqw hvwlpdwhv li wkh

dvvxpswlrqv duh wuxh iru wkh frvw ri lqfrqvlvwhqf| li wkh| duh qrw/ surklelwv dq xq0

dpeljxrxv dvvhvvphqw ri wkh vxshulrulw| ri rqh hvwlpdwru deryh dq rwkhu1 \hw zkhq

frpsdulqj hvwlpdwruv zlwk wkh vdph vhw ri dvvxpswlrqv wkh prvw h!flhqw lv wr suhihu1

H!flhqf| erxqgv= Wkhruhwlfdo h!flhqf| erxqgv uhsuhvhqw wkh orzhvw yduldqfh

frqfhlydeoh zlwklq d fhuwdlq fodvv ri hvwlpdwruv/ wkrxjk qrw dozd|v dfklhyhg e| dq|

nqrzq hvwlpdwru1 Iru wkh sdudphwulf prghov wkh Fudphu0Udr lv wkh fruuhvsrqglqj

h!flhqf| erxqg wkdw lv dwwdlqhg e| Pd{lpxp Olnholkrrg1 Fkdpehuodlq +4<;9/^9`,

hvwdeolvkhg wkh h!flhqf| erxqg iru wkh fodvv ri vhplsdudphwulf prghov zkhuh wkh

vlqjoh lqgh{ uhvwulfwlrq ^VLU` lv lpsohphqwhg erwk lq wkh vwuxfwxudo htxdwlrq dqg

lq wkh vhohfwlrq htxdwlrq e| d olqhdu lqgh{ ixqfwlrq wE~��1 Wkh JPP hvwlpdwru

ri Qhzh| dfklhyhv wklv erxqg dqg lv frqvhtxhqwo| wkh prvw h!flhqw zlwklq wkh

vhplsdudphwulf vlqjoh0lqgh{ fodvv1 Hvwlpdwruv wkdw lpsrvh ohvv vwuxfwxuh rq wkh

vhohfwlrq surfhvv e| qrw dvvxplqj dq lqgh{ uhvwulfwlrq rq wkh vhohfwlrq htxdwlrq

dqg xwlol}lqj d qrqsdudphwulf lqgh{ iru wkh vwuxfwxudo htxdwlrq fdqqrw dwwdlq wklv
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erxqg1 Vxfk d qrqsdudphwulf lqgh{ frxog eh wkh surshqvlw| vfruh wE~�� ' .d_�m~�o/

hpsor|hg lq Dkq2Srzhoo1 Qhzh| dqg Srzhoo +4<<6/^73`, ghulyhg h!flhqf| erxqgv iru

wkh vhohfwlylw| prgho zlwk qrqsdudphwulf lqgh{ iru gl�huhqw lghqwli|lqj frqglwlrqv rq

wkh huuru whupv/ rqfh iru lqghshqghqfh ri wkh huuruv E0�c ��� iurp wkh uhjuhvvruv dqg

rqfh iru wkh zhdnhu phdq0lqghshqghqfh ri huuruv dqg uhjuhvvruv .dE0�c ���m~�o ' f1

Wkh| dovr whvwli| wkdw vr idu qhlwkhu Dkq2Srzhoo qru dq| rwkhu nqrzq hvwlpdwru

dfklhyhv wklv erxqg1

Dvvxpswlrqv dqg rwkhu ihdwxuhv= Olqnhg zlwk dq hvwlpdwru*v surshuwlhv duh reyl0

rxvo| lw*v lqkhuhqw dvvxpswlrqv/ uhjduglqj wr prgho vshfl�fdwlrq/ frqglwlrqv rq wkh

uhjuhvvruv +olnh h{foxvlrq uhvwulfwlrq, dqg vr iruwk1 Orrvho| vshdnlqj/ dq hvwlpdwru

fdq hdvlo| dftxluh pruh suhflvh dqg h!flhqw uhvxowv wkh pruh dvvxpswlrqv lw lqyrnhv1

Lq wklv uhvshfw doo wkh suhvhqwhg vhplsdudphwulf hvwlpdwruv vwdqg udwkhu rq wkh vdph

irrwlqj1 Wkh| doo ghpdqg h{foxvlrq uhvwulfwlrq/ vlplodu vprrwkqhvv frqglwlrqv dqg

uho| +ru fdq eh prgl�hg wr, rq wkh vlqjoh0lqgh{ dvvxpswlrq1 Rqo| wkh hvwlpdwru ri

Fkhq vwdqgv rxw/ zklfk uhtxluhv dgglwlrqdoo| d v|pphwu| frqglwlrq rq wkh mrlqw huuru

whup glvwulexwlrq1 Wkh Dkq2Srzhoo hvwlpdwru/ iru ehlqj yhu| jhqhurxv wr wkh vhohf0

wlrq phfkdqlvp/ ghpdqgv lq uhwxuq udwkhu khiw| vprrwkqhvv frqglwlrqv wr frxqwhu

wkh fxuvh ri glphqvlrqdolw| dqg vwloo dfklhyh
s
?0frqyhujhqfh udwh1 Rwkhu txdolwlhv ri

dq hvwlpdwru duh wkh frpsxwhu wlph frqvxphg iru lw*v h{hfxwlrq dqg wkh vlpsolflw|

ri lw*v xvh1 Hvwlpdwruv zlwk d forvhg irup uhsuhvhqwdwlrq duh dgydqwdjhrxv vlqfh

wkh| duh vwudljkwiruzdug wr surjudp dqg fdofxodwh wkhlu hvwlpdwhv gluhfwo| lqvwhdg

ri vhdufklqj iru d joredo pd{lpxp olnh wkh Pd{lpxp Olnholkrrg yduldqwv/ dyrlg0

lqj frqyhujhqfh sureohpv dqg riwhq wkh qhhg iru vwduwlqj ydoxhv1 D vkruwfrplqj

frpprq wr doo vhplsdudphwulf hvwlpdwruv duh wkhlu qhhg iru edqgzlgwk ru vprrwk0

lqj sdudphwhuv/ zklfk kdyh wr eh fkrvhq odvwo| e| wkh hfrqrphwulfldq lwvhoi dv qr

lqidooleoh dxwrpdwlf uxoh lv dydlodeoh1 Wklv pdnhv wkh hvwlpdwhv ghshqghqw rq wkh

hfrqrphwulfldq*v h{shulhqfh/ ohvv frpsdudeoh dqg shukdsv hyhq vrphzkdw duelwudu|1

Qrz lq rughu ri wkhlu suhvhqwdwlrq vrph vhplsdudphwulf hvwlpdwruv* surshuwlhv

duh rxwolqhg=

Wkh vhpl0qrqsdudphwulf PO hvwlpdwru Jdoodqw2Q|fknd/ dssur{lpdwlqj wkh el0

yduldwh ghqvlw|/ lv wkh rqo| rqh0vwhs hvwlpdwru eurxjkw xs dqg lv fdsdeoh wr lghqwli|

ehvlghv � dqg wkh vorsh sdudphwhuv q dovr wkh lqwhufhsw qf zlwkrxw uho|lqj rq vsduvh

dqg shukdsv xquholdeoh wdlo revhuydwlrqv ri wkh lqgh{/ zklfk duh wkh edvhphqw ri wkh

�lghqwl�fdwlrq dw lq�qlw|� sklorvrsk|1 Lw lv lpsohphqwhg yld PO dqg fdq kdqgoh

prvw qrq0qrupdo glvwulexwlrqv wkurxjk vx!flhqw dssur{lpdwlqj whupv1 \hw lw lv

xqdeoh wr frsh zlwk glvwulexwlrqv zlwk yhu| idw wdlov +wklfnhu wkdq |0glvwulexwlrq,1

Wkh hvwlpdwru lpsrvhv wkh lqghshqghqfh ri huuruv dqg uhjuhvvruv dvvxpswlrq ^LD`/

wkrxjk fdq eh dxjphqwhg wr doorz iru khwhurvnhgdvwlflw| dv vnhwfkhg lq Phohqehuj
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dqg ydq Vrhvw +4<<6/^66`/ s148,1 Lw*v pdmru gudzedfn lv wkdw lw*v dv|pswrwlf glvwulex0

wlrq lv xqnqrzq/ surklelwlqj surshu lqihuhqfh1 \hw iru d ehiruhkdqg duelwudulo| �{hg

qxpehu ri dssur{lpdwlqj whupvg wklv dssurdfk fruuhvsrqgv wr wkh ixoo| sdudphwulf

fdvh zlwk vwdqgdug huuruv uhdglo| frpsxwhg dqg doo lw*v rwkhu dgydqwdjhv dqg  dzv1

Phohqehuj dqg ydq Vrhvw ixuwkhu phqwlrq wkdw wkh frpsxwdwlrqdo exughq jurzv zlwk

ge/ wkdw vlqfh wkh olnholkrrg ixqfwlrq lv qrq0frqfdyh srwhqwldo frqyhujhqfh sureohpv

wr wkh joredo pd{lpxp pd| rffxu dqg wkdw wkh hvwlpdwru lv qrw vhplsdudphwulfdoo|

h!flhqw1

Iru wkh vhsdudwh hvwlpdwlrq ri wkh vhohfwlrq htxdwlrq rqo| wkh Nohlq2Vsdg| kdv

ehhq looxvwudwhg h{hpsodu|1 Wklv vlqjoh0lqgh{ hvwlpdwru lv
s
?0frqvlvwhqw/ dv|ps0

wrwlfdoo| qrupdo dqg dwwdlqv wkh vhplsdudphwulf h!flhqf| erxqg1 Dv d +txdvl, PO

hvwlpdwru/ lq wkh vdph zd| dv iru PO/ qr forvhg irup uhsuhvhqwdwlrq lv dydlodeoh1

Wkh Nohlq2Vsdg| kdv ehhq txlwh srsxodu zlwk pdq| uhvhdufkhuv dqg dsshduv wr

frpsruw zhoo lq dssolhg zrun/ vhh Phohqehuj dqg ydq Vrhvw +4<<6/^66`, ru Odqrw dqg

Zdonhu +4<<;/^58`,1

D ydulhw| ri vwhs wzr hvwlpdwruv iru wkh vwuxfwxudo htxdwlrq*v vorsh frh!flhqwv

q kdyh ehhq suhvhqwhg1 Doprvw doo ri wkhp duh
s
?0frqvlvwhqw dqg dv|pswrwlfdoo|

qrupdo li qrw lqglfdwhg rwkhuzlvh1 Iru doo d forvhg irup uhsuhvhqwdwlrq h{lvwv1

Wkh vlqjoh0lqgh{ hvwlpdwru ri Srzhoo vlghvwhsv wkh hvwlpdwlrq ri wkh vhohfwlrq

fruuhfwlrq whup b e| holplqdwlqj lw wkurxjk sdluzlvh gl�huhqflqj1 Wkh frqvwuxfwlrq

ri wkh hvwlpdwru vwlpxodwhv wkh frqmhfwxuh wkdw iru d surshu ehkdylrxu lq vpdoo

vdpsohv wkh lqglfhv ri wkh lqglylgxdov lq wkh sduwlflsdwlrq vxevdpsoh pxvw eh ghqvh

ru uhdvrqdeo| forvh wr hdfk rwkhu1 Wklv vhhpv lpsruwdqw vlqfh wkh lghd ri fdqfhoolqj

rxw wkh vhohfwlrq fruuhfwlrq whup zrunv h{dfwo| rqo| iru lghqwlfdo lqglfhv dqg ehfrphv

lqfuhdvlqjo| iudjloh iru glvwdqw lqglylgxdov1 Li wkh revhuydwlrqv duh lvrodwhg dqg zlgho|

vsuhdg wkh Nhuqho dojrulwkp kdv wr shuirup ryhu d zlghu qhljkerxukrrg wr uhdfk d

vx!flhqw dprxqw ri lqglylgxdov dqg wkh dvvxpswlrq ri lghqwlfdo fruuhfwlrq whupv b

iru doo wkhvh lqglylgxdov ehfrphv ohvv fuhgleoh1 Wkxv L vxssrvh wkdw wklv hvwlpdwru

zrunv ehwwhu lq vhwwlqjv zlwk wkh wuxh glvwulexwlrq ri wkh lqgh{ frqfhqwudwhg durxqg

lw*v phdq dqg olwwoh pdvv lq lw*v wdlov14

Wkh Qhzh| vhulhv hvwlpdwru lv dovr d vlqjoh0lqgh{ hvwlpdwru dssur{lpdwlqj wkh

vhohfwlrq fruuhfwlrq whup e| d sro|qrpldo rq edvlv ri suholplqdu| vwhs rqh hvwlpdwhv

	� dqg shuiruplqj wkh vhfrqg vwhs zlwk ROV1 Wkh hvwlpdwru lv vwudljkwiruzdug dqg

hdvlo| lpsohphqwhg vlqfh wkh frh!flhqwv q duh hvwlpdwhg e| ROV dqg txlfno| frp0

sxwhg hvwlpdwhv ri wkh yduldqfh pdwul{ duh dydlodeoh/ vhh Phohqehuj dqg ydq Vrhvw

+4<<6/ ^66`,1 Zkhq fkrrvlqj srzhuv ri wkh lqyhuvh Ploo*v udwlr dv edvlv ixqfwlrqv wklv

vhulhv hvwlpdwru qhvwv wkh sdudphwulf elyduldwh qrupdo fdvh1

4Qrwh wkdw vxfk d glvwulexwlrq lv wkh rssrvlwh wr wkh uhtxluhphqwv ri wkh sxuh lqwhufhsw hvwl0
pdwruv Dqguhzv2Vfkdijdqv dqg Khfnpdq/ wkdw vrolflwdwh dexqgdqw glvwulexwlrq pdvv lq wkh xsshu
wdlo ri wkh lqgh{ glvwulexwlrq1
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Wkh Qhzh| JPP lpsrvhv dovr wkh vlqjoh0lqgh{ dvvxpswlrq wkrxjk xwlol}hv wkh

hqwdlohg lqirupdwlrq pruh wkrurxjko| wr dwwdlq wkh vhplsdudphwulf h!flhqf| erxqg1

Wklv JPP lv wkh rqo| vhplsdudphwulfdoo| h!flhqw vwhs wzr hvwlpdwru suhvhqwhg1

Krzhyhu lw lv pruh frpsolfdwhg wr frpsxwh dqg uhtxluhv Qhzh|*v vhulhv hvwlpd0

wru iru suholplqdu| hvwlpdwhv/ |hw wkurxjk lw*v forvhg irup lw lv vwudljkwiruzdug wr

lpsohphqw1

Dkq2Srzhoo lv d prgl�fdwlrq ri wkh Srzhoo hvwlpdwru zlwk orrvhqhg vlqjoh lq0

gh{ uhvwulfwlrq wkdw lv lpsrvhg rqo| kdoizd|1 Wkh qrqsdudphwulf lqgh{ doldv wkh

surshqvlw| vfruh .d_�m~�o lv lqyrnhg rqo| lq wkh vwuxfwxudo htxdwlrq/ zkloh lw lv

hvwlpdwhg qrqsdudphwulfdoo| lq wkh vwhs rqh hvwlpdwlrq ri wkh vhohfwlrq htxdwlrq1

Wklv surfhhglqj ohdyhv vxevwdqwldoo| pruh  h{lelolw| dqg urexvwqhvv wr wkh vhohfwlrq

phfkdqlvp/ exw pd| ghwhulrudwh wkh hvwlpdwru*v surshuwlhv1
s
?0frqvlvwhqf| fdq eh

dwwdlqhg/ wkrxjk wkh fruuhvsrqglqj uhtxluhphqwv duh idluo| ghpdqglqj dqg ehfrph

lqfuhdvlqjo| vhyhuh zlwk wkh qxpehu ri yduldeohv lq ~�1 Dgglwlrqdoo| d Nhuqho ri yhu|

kljk rughu kdv wr eh dssolhg1 Khqfh wkh qrqsdudphwulf hvwlpdwlrq ri wkh surshq0

vlw| vfruh lv ohvv h!flhqw wkdq Nohlq2Vsdg| dqg ehfrphv lqfuhdvlqjo| lqdffxudwh iru

kljk0glphqvlrqdo ~�1 Ehvlghv wklv/ wkh xvh ri wkh kljkhu rughu/ eldv0uhgxflqj Nhuqho

pd| surgxfh sx}}olqj sduwlflsdwlrq suredelolw| hvwlpdwhv iru vrph lqglylgxdov wkdw

duh ehorz }hur ru odujhu wkdq rqh1 Ixuwkhupruh Phohqehuj dqg ydq Vrhvw +4<<6/^66`/

s158, uhpdun wkdw wkh fdofxodwlrq ri wklv hvwlpdwru*v yduldqfh pdwul{ pd| wdnh xs d

orw ri frpsxwhu wlph1

Urelqvrq e|sdvvhv dq| lqgh{ uhvwulfwlrq dqg hvwlpdwhv wkh frqglwlrqdo �uvw pr0

phqwv ri _�c t�c f� qrqsdudphwulfdoo| e| pxowlyduldwh Nhuqho phwkrgv1 Lqvwhdg ri wkh

vlqjoh lqgh{ dvvxpswlrq/ krzhyhu/ kh lpsrvhv wkh vwurqjhu lqghshqghqfh dvvxps0

wlrq1 Gxh wr lw*v dpsoh xvh ri qrqsdudphwulf whfkqltxhv wklv hvwlpdwru lv hvshfldoo|

vxvfhswleoh wr wkh fxuvh ri glphqvlrqdolw|1

Wkh vlqjoh0lqgh{ hvwlpdwru ri Fkhq lv deoh wr lghqwli| erwk wkh vorsh frh!flhqwv

q dqg wkh lqwhufhsw qf mrlqwo| zlwk
s
?0frqyhujhqfh/ ulydolqj wkh sxuh lqwhufhsw hvwl0

pdwruv ri Dqguhzv2Vfkdijdqv dqg Khfnpdq wkdw riwhq idoo vkruw ri
s
?0frqvlvwhqf|1

Wr dfklhylqj wklv wkh hvwlpdwru kdv wljkwhqhg xs wkh phdq0}hur frqglwlrq rq wkh

huuruv wr wkh dvvxpswlrq wkdw wkh huuru whupv duh glvwulexwhg v|pphwulfdoo| durxqg

wkh ruljlq1 H{fhsw iru wkh uhgxfhg jhqhudolw| wkurxjk wklv vwulfwhu dvvxpswlrq wklv

hvwlpdwru lv lq rwkhu uhvshfwv vlplodu wr Srzhoo1

Wzr sxuh lqwhufhsw hvwlpdwruv kdyh ehhq looxplqdwhg/ erwk uho|lqj rq wkh �lghq0

wl�fdwlrq dw lq�qlw|�0sklorvrsk|1 Fkduolhu/ Phohqehuj dqg ydq Vrhvw +4<<:/^:`/ s1;

Irrwqrwh, uhpdun wkdw d iuxlwixo dssolfdwlrq ri wkhvh hvwlpdwruv uhtxluhv d jrrg pdq|

revhuydwlrqv lq wkh vdpsoh zlwk sduwlflsdwlrq suredelolwlhv forvh wr rqh1 Rwkhuzlvh

wkh dssurdfkhv ri Fkhq ru Jdoodqw2Q|fknd pljkw eh pruh surplvlqj1

Erwk lqwhufhsw hvwlpdwruv kdyh ehhq vkrzq wr eh frqvlvwhqw/ dv|pswrwlfdoo| qru0

pdo dqg dv|pswrwlfdoo| lqghshqghqw ri wkh suhylrxv hvwlpdwlrq vwdjhv/ wkrxjk erwk
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idoo xvxdoo| vkruw ri
s
?0frqvlvwhqf|1 Wkhlu frqyhujhqfh udwh lpsuryhv zlwk wklfnhu

xsshu wdlov ri wkh lqgh{ ~ �
�� dqg zlwk wklqqhu xsshu wdlov ri wkh huuruv 0�c ��1 Xqghu

fhuwdlq frqglwlrqv Dqguhzv2Vfkdijdqv fdq wkhq dfklhyh
s
?0udwh1 Wzr Prqwh Fduor

vwxglhv e| Vfkdijdqv +4<<:/^79`/ 4<<;/^7:`, kdyh surylghg xvhixo lqvljkwv lqwr wkh ohvv

h{soruhg �qlwh vdpsoh surshuwlhv1 Wkh erwk vhplsdudphwulf hvwlpdwruv 	q
MeS&6@?

f dqg
	q
�?_oe�r*7S�@s}@?r

f duh frpsduhg wr wkh sdudphwulf Khfnpdq wzr0vwhs dqg uhyhdo dv

d pdmru gudzedfn ri wkh vhplsdudphwulf dssurdfk wkh devhqfh ri d uxoh0ri0wkxpe

wr ghwhuplqh d surshu ydoxh iru wkh edqgzlgwk sdudphwhu wkdw lv hvvhqwldo wr erwk

hvwlpdwruv1 Lq frqwudvw wr erwk suhylrxv vwhsv +	� dqg 	q hvwlpdwlrq, zkhuh jhqhudo0

l}hg furvv0ydolgdwlrq ru wkh sursrvdov ri Srzhoo dqg Vwrnhu +4<<9/^77`, duh d ydoxdeoh

jxlgh/ wklv wdvn uhpdlqv vwloo xqdgguhvvhg iru wkh vhplsdudphwulf hvwlpdwlrq ri wkh

lqwhufhsw qf1 Khqfh Vfkdijdqv frpsduhv wkhvh hvwlpdwruv ryhu d odujh udqjh ri srv0

vleoh edqgzlgwk sdudphwhu ydoxhv dqg frqvhtxhqwo| frphv xs zlwk udwkhu ydjxh

uhvxowv1 Qr h{solflw frpsdulvrq ehwzhhq wkh erwk vhplsdudphwulf hvwlpdwruv kdv

ehhq sxuvxhg/ wkrxjk L zrxog fdxwlrxvo| frqmhfwxuh iurp khu judskv dqg lqglfd0

wlrqv wkdw lq whupv ri Urrw Phdq Vtxduhg Huuru phdvxuh wkh Dqguhzv2Vfkdijdqv

hvwlpdwru riwhq shuirupv ehwwhu wkdq wkh vhplsdudphwulf Khfnpdq hvwlpdwru wkdq

ylfh yhuvd/ vhh Vfkdijdqv* judskv 4/5/6/7/9 +4<<;/^7:`,1



Fkdswhu :

Dssolfdwlrq ri wkhvh Hvwlpdwruv

Diwhu kdylqj ohduqhg pxfk derxw vhplsdudphwulf hvwlpdwruv dqg wkhlu surshuwlhv lw

uhpdlqv wr eh glvfxvvhg krz wr surfhhg zkhq hpsor|lqj wkhp lq sudfwlfdo pdwwhuv1

Dw �uvw vrph jhqhudo uhpdunv derxw prgho vshfl�fdwlrq dqg wkh fkrlfh ri fryduldwhv

zloo eh jlyhq1 Khuhdiwhu vrph dgylfh wr dq dssursuldwh fkrlfh ri wkh hvwlpdwlrq fkdlq

E	�c 	qc 	qf� lv dgghg1 D eulhi ghprqvwudwlrq ri d uhfhqw uhvhdufk dssolfdwlrq rq zdjh

vwuxfwxuhv wr looxvwudwh wkhvh hvwlpdwlrq vwhsv zloo frpsohwh wklv fkdswhu1 Lw vkrxog

eh qrwhg wkdw dowkrxjk pdq| vhplsdudphwulf vhohfwlylw| hvwlpdwruv kdyh douhdg|

ehhq ghyhorshg lq wkh odwh 4<;3v dssolfdwlrqv duh vwloo uduh1

Prgho Vshfl�fdwlrq=

Lqlwldoo|/ ehiruh frpphqflqj zlwk frqfuhwh vshfl�fdwlrqv/ lw vkrxog eh txhvwlrqhg

li wkh vhohfwlylw| prgho lv wkh prvw dssursuldwh prgho ru zhwkhu dq rwkhu/ h1j1 wkh

wzr0sduw prgho/ vkrxog eh suhihuuhg ru dgglwlrqdoo| h{soruhg1 Wkh vshfl�fdwlrq dv

d vhohfwlylw| prgho uhtxluhv iru lghqwl�fdwlrq sodxvleoh h{foxvlrq uhvwulfwlrqv zkhq

dsso|lqj vhplsdudphwulf phwkrgv/ zklfk iuhtxhqwo| pd| eh kdug wr mxvwli| dv Ph0

ohqehuj dqg ydq Vrhvw +4<<9/^67`, grfxphqw zkhq prghoolqj ydfdwlrq sduwlflsdwlrq

^vhohfwlrq sduw` dqg ydfdwlrq h{shqglwxuhv ^vwuxfwxudo sduw`/ vlqfh lq hfrqrplfdo ds0

solfdwlrqv doo hfrqrplfdo/ ghprjudsklfdo/ uhjlrqdo dqg rwkhu yduldeohv duh riwhq olnho|

wr d�hfw erwk wkh fkrlfh ghflvlrq dqg wkh rxwfrphv ri wkh vwuxfwxudo htxdwlrqv1

Wkhuhiruh wkh| uhmhfw wkh vhohfwlylw| prgho dqg surfhhg zlwk wkh wzr0sduw prgho

eurdfkhg lq fkdswhu Sdudphwulf Hvwlpdwlrq1 Wklv wzr0sduw prgho lv xqd�hfwhg e|

vhohfwlylw| dqg fdq eh hvwlpdwhg hdvlo| e| ROV/ wkrxjk lw*v frh!flhqwv kdyh d gl�hu0

hqw phdqlqj wkdq lq wkh vhohfwlylw| prgho1 Vlqfh wkrvh q0frh!flhqwv pluuru mxvw wkh

frqglwlrqdo rxwfrph uhodwlrqvkls iru wkh vxesrsxodwlrq ri ydfdwlrqhuv zkloh lq wkh

vhohfwlylw| prgho wkh rxwfrph htxdwlrq uh hfwv wkh wuxh srwhqwldo rxwfrph vwuxfwxuh

iru wkh hqwluh srsxodwlrq/ xvdeoh iru vwuxfwxudo dqdo|vlv dqg iru li0wkhq vlpxodwlrqv1

Dv wkh| uhpdun +s19:, wkh dssursuldwh prgho ghshqgv udwkhu rq wkh remhfw ri lq0

whuhvw1 Li prghoolqj srwhqwldo rxwfrphv lv phdqlqjixo dv lq wkh fdvh ri odwhqw zdjhv/

wkdw uh hfw wkh zdjh dq xqhpsor|hg shuvrq zrxog hduq jlyhq vkh �qgv d mre/ ru li
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vhohfwlylw| pxvw eh prghoohg iru vwuxfwxudo dqdo|vlv ru hydoxdwlqj wuhdwphqw h�hfwv

wkh vhohfwlylw| prgho lv dghtxdwh/ surylghg h{foxvlrq uhvwulfwlrqv fdq eh mxvwl�deo|

lpsrvhg1 Rq wkh rwkhu kdqg/ lq wkh ydfdwlrq h{dpsoh srwhqwldo ydfdwlrq h{shqgl0

wxuh iru d idplo| wkdw grhv qrw sduwlflsdwh lq ydfdwlrq grhv qrw pdnh vhqvh/ vlqfh

wkh idplo| kdv ghflghg wr vshqg qrwklqj e| wkhlu rzq ghflvlrq qrw wr sduwlflsdwh lq

ydfdwlrq1 Wkhq wkh wzr0sduw prgho lv pruh dsshdolqj1

Wkh frqfuhwh vhplsdudphwulf prgho vshfl�fdwlrq ghshqgv odujho| rq wkh dydlo0

deoh gdwdvhw/ zkhwkhu rxwfrphv duh fhqvruhg ru hyhq wuxqfdwhg/ rq wkh qxpehu ri

fdwhjrulhv dqg vr iruwk1 Wkh prvw surplvlqj dssurdfk zrxog eh wr vshfli| d vwduwlqj

prgho dqg yhuli| lwv dssursuldwhqhvv e| whvwv rq wkh hvwlpdwlrq uhvxowv1 Wkh xvxdo

zd| lv wkh vshfl�fdwlrq ri d krprvnhgdvwlf dqg olqhdu/ vlqjoh0lqgh{ vhohfwlylw| prgho/

zkhuh erwk wkh vwuxfwxudo uhodwlrqvkls dqg wkh lqgh{ ixqfwlrq duh d olqhdu frpelqd0

wlrq ri qrw rqo| wkh lpsruwdqw lqglylgxdo fkdudfwhulvwlfv exw fdq dovr lqfoxgh vtxduhv

ru srzhuv ri vrph yduldeohv dqg furvv0whupv1 Wklv shuplwv uhdg| hvwlpdwlrq dv vwdq0

gdug olqhdu phwkrgv duh dssolhg dqg ohdyhv dovr vx!flhqw  h{lelolw| iru wkh vkdsh ri

wkh uhodwlrqvkls ehwzhhq h{sodqdwru| dqg wkh ghshqghqw yduldeohv wkurxjk wkh lq0

foxvlrq ri lqwhudfwlrq0whupv1 Kdylqj rewdlqhg hvwlpdwhv iru wklv prgho vshfl�fdwlrq

whvwv olnh wkh vfruh whvwv ri Fkhvkhu dqg Lulvk +4<;:/^<`, vkrxog eh fduulhg rxw wr yhuli|

krprvnhgdvwlflw| ru wkh vlqjoh lqgh{ dvvxpswlrq/ zklfk doorzv iru khwhurvnhgdvwlf0

lw| ghshqglqj rqo| rq wkh lqgh{ ~ �
��1 Li wkhvh whvwv gr qrw vxssruw wkh vwdqgdug

vshfl�fdwlrq d uhdg| uhphg| lv riwhq wr prgli| wkh frpsrvlwlrq ri wkh fryduldwhv1

Li wklv grhv qrw eulqj uholhi wkh wzr zhdnqhvvhv ri wkh vhplsdudphwulf dssurdfk=

wkh uhvwulfwlyhqhvv djdlqvw khwhurvnhgdvwlflw| dqg wkh sdudphwulf vshfl�fdwlrq ri s

dqg w vkrxog eh wdfnohg/ hlwkhu e| hpeudflqj khwhurvnhgdvwlflw| +Dkq2Srzhoo/ Jdo0

odqw2Q|fknd/ qrqsdudphwulf prghov, ru wu|lqj rwkhu wkdq olqhdu irupv iru s dqg w1

Iru h{dpsoh Dkq2Srzhoo khosv wr glvwlqjxlvk zkhwkhu wkh gl!fxowlhv olh zlwk wkh

vhohfwlrq ru wkh vwuxfwxudo sduw1

H{foxvlrq Uhvwulfwlrq=

Iru lghqwli|lqj q dqg bE�� lq wkh vwuxfwxudo htxdwlrq devhqfh ri pxowlfroolqhdulw|
ehwzhhq f� dqg b� pxvw eh hqvxuhg1 Pxowlfroolqhdulw| grhv qrw rffxu zkhq wkh

fruuhfwlrq ixqfwlrq bE�� lv vx!flhqwo| qrqolqhdu ryhu wkh vxssruw ri wkh h{sodqdwru|
yduldeohv lq wkh dydlodeoh gdwdvhw1 Wklv krzhyhu fdq jhqhudoo| qrw eh jxdudqwhhg

iru wkh vhplsdudphwulf hvwlpdwruv/ vlqfh wkh| ohdyh wkh ixqfwlrq bE�� frpsohwho|

xqvshfl�hg dqg qrwklqj surklelwv bE�� iurp ehlqj froolqhdu zlwk f�1 Hyhq iru wkh

ixoo| sdudphwulf dssurdfk lghqwl�fdwlrq pd| eh zhdn gxh wr wkh doprvw olqhdulw| ri

wkh lqyhuvh Ploo*v udwlr ryhu d frqvlghudeoh sdudphwhu vsdfh uhvxowlqj lq lpsuhflvh

hvwlpdwhv/ vhh fkdswhu Sdudphwulf Hvwlpdwlrq1

D vhfrqg zd| wr suhfoxgh pxowlfroolqhdulw| ehwzhhq bE�� dqgf� lv wkh dvvxpswlrq

ri dq h{foxvlrq uhvwulfwlrq/ jxdudqwhhlqj wkdw wkh uhjuhvvru vhwv f� dqg ~� gr qrw

frpsohwho| ryhuods1 Dv wkh vhohfwlrq htxdwlrq lv fxvwrpdulo| prghoohg lq d uhgxfhg
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irup uhsuhvhqwdwlrq ri d ghhshu ehkdylrxudo frqfhswlrq ohdqlqj rq wkh vwuxfwxudo

rxwfrph uhodwlrqvklsv doo wkh yduldeohv lq f� kdyh wr eh lqfoxghg lq wkh vhohfwlrq

htxdwlrq uhjuhvvruv ~�1 Rq wkh frqwudu|/ yduldeohv wkdw duh frqwdlqhg lq ~� pd| eh

h{foxghg iurp wkh vwuxfwxudo htxdwlrq uhjuhvvruv f� li wkh| duh xqlpsruwdqw iru wkh

vwuxfwxudo uhodwlrqvkls/ zkloh hvvhqwldo iru wkh vhohfwlrq ghflvlrq1 Wkhvh h{foxvlrqv

uhvwulfwlrqv wkhruhwlfdoo| vhfxuh lghqwl�fdwlrq/ wkrxjk sudfwlfdo h{shulhqfh dgylvhv

wkdw vrph fduh vkrxog eh wdnhq zkhq vhohfwlqj glvplvvdeoh yduldeohv1

Dw �uvw/ lw vkrxog eh gh�qlwho| vxuh wkdw wkh h{foxghg yduldeohv kdyh qr lq x0

hqfh rq wkh rxwfrph htxdwlrq/ zlwk rwkhu zrugv wkdw wkhvh rplwwhg yduldeohv zrxog

kdyh d }hur frh!flhqw lq wkh wuxh prgho1 Li qr vxfk fryduldwhv fdq eh irxqg wkdw

sodxvleo|/ e| hfrqrplfdo ru ehkdylrxudo wkhru|/ gr qrw hqwhu lq wkh vwuxfwxudo htxd0

wlrq exw gr frqfhuq lq wkh vhohfwlrq htxdwlrq wkh vhplsdudphwulf vshfl�fdwlrq ri wkh

vhohfwlylw| prgho vhhpv lqdghtxdwh dqg hlwkhu sdudphwulf PO/ zklfk grhv qrw uh0

txluh dq h{foxvlrq uhvwulfwlrq ru dq rwkhu prgho vkrxog eh fkrvhq1 Ixuwkhupruh/ wkh

lghqwli|lqj h�hfw ri h{foxvlrq uhvwulfwlrqv lqfuhdvhv frqvlghudeo| zlwk wkh qxpehu ri

fryduldwhv h{foxghg iurp wkh vwuxfwxudo htxdwlrq/ zlwk wkhlu ghjuhh ri phdvxudelo0

lw| +elqdu|/lqwhjhu/frqwlqxrxv, dqg zlwk wkhlu vl}h ri vxssruw zlwklq wkh xqghuo|lqj

gdwdvhw1 Lq dssolhg zrun vhogrpo| pruh wkdq rqh h{foxvlrq uhvwulfwlrq fdq eh mxvwl0

�hg/ |hw/ wkh uhprydo ri mxvw rqh gxpp| yduldeoh pd| khos olwwoh dv lw*v vxssruw ri

dw prvw wzr gl�huhqw ydoxhv ohdyhv pxfk urrp iru froolqhdulw| zlwklq hdfk ri wkh wzr

uhvxowlqj vxevdpsohv1 Dw ohdvw rqh frqwlqxrxv yduldeoh h{foxghg zlwk dpsoh yduld0

wlrq zlwklq wkh vdpsoh kdv ehhq sursrvhg e| pdq| sudfwlwlrqhuv/ xqolnh iru lqvwdqfh

d frqwlqxrxv yduldeoh xqhpsor|phqw wkdw pd| wdnh rqo| d yhu| olplwhg qxpehu ri

gl�huhqw ydoxhv zlwklq rqh furvv0vhfwlrq1 Vrph h{dpsohv qrz=

Odqrw dqg Zdonhu +4<<;/^58`, h{foxgh lq wkhlu 50fdwhjru| dqdo|vlv ri wkh h�hfw ri

xqlrq phpehuvkls ^vhohfwlrq` rq zdjhv ^vwuxfwxuh` wkh uhjuhvvruv �xqhduqhg0lqfrph�

dqg qxpehu dqg djh ri fkloguhq iurp wkh vwuxfwxudo zdjh htxdwlrq1 Wkh| fodlp

wkdw wkhvh fkdudfwhulvwlfv gr qrw lq xhqfh wkh pdunhw zdjh/ exw frqmhfwxuh wkdw

wkh ghflvlrq wr mrlq d xqlrq pd| ghshqg rq wkhvh dv xqlrq vxssolhg vhuylfhv/ olnh

lqvxudqfh ru vhfxulw| pd| pdwwhu gl�huhqw1

Pruhwwl +4<<:/^68`, lqyhvwljdwhv wkh zdjh gl�huhqwldo ^vwuxfwxuh` ehwzhhq vhdvrqdo

dqg shupdqhqw mrev ^vhohfwlrq` lq djulfxowxuh dqg dvvxphv wkdw wkh xqhpsor|phqw

udwh/ zklfk ydulhv gxh wr srrohg furvv0vhfwlrqv dqg wkh �xqhpsor|phqw lqvxudqfh

gxpp|� kdyh qr h�hfw rq wkh zdjh exw rq wkh mre0suhihuhqfhv ri wkh lqglylgxdov1

Phohqehuj dqg ydq Vrhvw +4<<6/^66`, h{dplqh zdjhv ^vwuxfwxuh` dqg oderxu sdu0

wlflsdwlrq ^vhohfwlrq` ri zrphq dqg h{foxgh �rwkhu idplo| lqfrph� dv xqfrqqhfwhg

zlwk wkh zdjh exw fuxfldo iru wkh ghflvlrq zkhwkhu wr zrun dw doo1

Qhzh|/ Srzhoo dqg Zdonhu +4<<3/^6<`, dqdo|}h wkh oderxu vxsso| ri zrphq lq d

fhqvruhg vhohfwlylw| prgho zlwk oderxu sduwlflsdwlrq dv wkh vhohfwlrq sduw dqg wkh

dqqxdo zrunlqj krxuv dv wkh vwuxfwxudo htxdwlrq1 H{foxghg iurp wkh vwuxfwxudo sduw
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zhuh wkh yduldeohv �|hduv ri oderxu irufh h{shulhqfh� dqg vrph rwkhu1

Fkduolhu/ Phohqehuj dqg ydq Vrhvw +4<<:/^:`, h{foxgh wkh qrq0frqwlqxrxv yduldeoh

�krxvhkrog*v khdg*v hgxfdwlrq ohyho� zkhq lqvshfwlqj wkh ghwhuplqdqwv ri krxvlqj

h{shqglwxuh ^vwuxfwxuh` iru wkh wzr jurxsv rzqhuv dqg uhqwhuv ^vhohfwlrq`/ vlqfh wkh|

frqmhfwxuh wkdw wklv fkdudfwhulvwlf lqvsluhv wkh fkrlfh ehwzhhq rzqlqj ru uhqwlqj exw

vkrxog qrw frqfhuq wkh dprxqw ri vshqglqj1

Lq frqwudvw/ Phohqehuj dqg ydq Vrhvw +4<<9/^67`, uhmhfw wkh lpsrvlwlrq ri dq|

h{foxvlrq uhvwulfwlrq dqg wkhuhzlwk wkh vhohfwlylw| prgho zkhq prghoolqj erwk wkh

fkrlfh zkhwkhu wr jr rq ydfdwlrq dqg wkh h{shqglwxuh rq ydfdwlrq ^vwuxfwxuh`/ vlqfh

qr uhjuhvvru kdv ehhq irxqg wkdw sodxvleo| e| hfrqrplf wkhru| zrxog kdyh dq lpsruw

rq rqo| rqh ri wkhvh ghflvlrqv dqg qrw rq wkh rwkhu1

Vlqjoh Lqgh{ Dvvxpswlrq=

Wkh vlqjoh lqgh{ dvvxpswlrq lv fuxfldo iru pdq| vhplsdudphwulf hvwlpdwruv dqg

lv voljkwo| zhdnhu wkdq wkh ^LD` frqglwlrq ri lqghshqghqfh ehwzhhq wkh huuruv E0�c ���

dqg wkh h{sodqdwru| yduldeohv Ef�c ~��/ dv lw doorzv iru frqglwlrqdo khwhurvnhgdvwlflw|1

Wkh VLU*v phulw lv wkh glphqvlrq uhgxfwlrq wkdw lw eulqjv wr wkh hvwlpdwlrq surfhvv1

Wkh hvwlpdwlrq ri wkh vhohfwlrq htxdwlrq vlpsol�hv frqvlghudeo| zlwk wkh lqgh{

dvvxpswlrq1 Wkh ixqfwlrqdo irup ri wkh vhohfwlrq phfkdqlvp ehfrphv frpsohwho|

suh0vshfl�hg xs wr phuho| ^ xqnqrzq frh!flhqwv dqg rqo| wkh glvwulexwlrq ri wkh

vhohfwlrq huuru �� vwd|v ydjxh1 Zlwk d olqhdu lqgh{ wkh gl�huhqw vhohfwlrq yduldeohv

ehfrph �sursruwlrqdo� dqg frpsdudeoh vlqfh wkhlu lpsdfw rq wkh lqgh{ dqg rq

wkh vhohfwlrq phfkdqlvp lv qrz phdvxuhg lq wkh vdph xqlw ri phdvxuhphqw/ wkh

lqgh{ xqlw/ hdvlqj wkh hvwlpdwlrq dqg wkh hvwlpdwhv* lqwhusuhwdwlrq1 Wklv phdqv iru

h{dpsoh wkdw iru frh!flhqwv
�
f��
f�2

�
iru wkh vhohfwlrq yduldeohv yhfwru

�
�
�

�
/ � kdv wzlfh

dv pxfk lq xhqfh rq wkh vhohfwlrq dvvljqphqw wkdq � dqg wkdw wklv uhodwlrqvkls

vwd|v wkh vdph zlwk sursruwlrqdo yduldwlrq ri � dqg �1

Wkh vhfrqg vwhs hvwlpdwlrq ri wkh vwuxfwxudo htxdwlrq jdlqv dovr hqruprxvo|

iurp wkh lqgh{ uhvwulfwlrq vlqfh wkh xqvshfl�hg vhohfwlrq fruuhfwlrq whup bE~��/ wkdw

frxog eh doprvw dq| ixqfwlrq ri ~�/ qr orqjhu ghshqgv rq ~� ri glphqvlrq ^ exw

hqwluho| rq wkh rqh0glphqvlrqdo lqgh{ ~ �
��/ hvfdslqj wkh fxuvh ri glphqvlrqdolw|1

Rq wkhruhwlfdo jurxqgv d frqwlqxrxv vxssruw ri wkh lqgh{ glvwulexwlrq lv uhtxluhg1

Qhyhuwkhohvv/ wkh vlqjoh lqgh{ frqglwlrq pd| eh wrr vwulfw/ iru lqvwdqfh/ wr hpeudfh

khwhurvnhgdvwlflw| wkdw fdqqrw eh h{sodlqhg frpsohwho| dv d ixqfwlrq ri wkh lqgh{1

Li khwhurvnhgdvwlflw| whvwv/ vhh Fkhvkhu dqg Lulvk +4<;:/^<`, uhmhfw wkh vlqjoh lqgh{

prgho pruh jhqhudo hvwlpdwruv fdq eh hpsor|hg/ wkrxjk wkh| orvh txlfno| h!flhqf|

+Dkq2Srzhoo/ Jdoodqw2Q|fknd zlwk khwhurvnhgdvwlflw|/ pxowlyduldwh Nhuqho uhjuhv0

vlrq ru rwkhu qrqsdudphwulf whfkqltxhv,1
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Fkrlfh ri Uhjuhvvruv=

Wkh vhohfwlrq ri wkh yduldeohv wr lqfoxgh lq wkh erwk htxdwlrqv jrhv kdqg lq kdqg

zlwk wkh prgho dvvxpswlrqv pdgh dqg wkh fkrlfh ri wkh vhplsdudphwulf hvwlpdwru1

Doo uhohydqw fkdudfwhulvwlfv vkrxog eh lqfoxghg/ vtxduhv dqg furvv0whupv pd| eh

dgghg wr hqulfk wkh olqhdu vshfl�fdwlrq1 Iru wkh vlqjoh0lqgh{ dvvxpswlrq dw ohdvw rqh

ri wkh vljql�fdqw uhjuhvvruv lq wkh vhohfwlrq htxdwlrq vkrxog eh revhuyhg frqwlqxrxvo|

wr hqvxuh frqwlqxrxv glvwulexwlrq ri wkh lqgh{ dqg dw ohdvw rqh frqwlqxrxv uhjuhvvru

vkrxog eh irxqg wkdw lv vljql�fdqw lq wkh vhohfwlrq htxdwlrq dqg fdq mxvwl�deo| eh

h{foxghg iurp wkh vwuxfwxudo htxdwlrq1 Iru hvwlpdwruv wkdw gr qrw lpsrvh wkh lqgh{

uhvwulfwlrq rq wkh vhohfwlrq sduw/ olnh Dkq2Srzhoo ru Urelqvrq/ krzhyhu/ wkh qxpehu

ri uhjuhvvruv dqg wkhlu ghjuhh ri phdvxudelolw| +elqdu|/lqwhjhu/frqwlqxrxv, vkrxog

eh nhsw vpdoo/ vlqfh wkhlu qrqsdudphwulf phwkrgv* frqyhujhqfh udwhv ghwhulrudwh

vxevwdqwldoo| zlwk kljkhu glphqvlrqdo uhjuhvvru yhfwruv dqg wkhuhzlwk wkh dffxudf|

ri wkhlu hvwlpdwhv1

Gxdo Vwudwhj|=

Zkhq lw frphv wr wkh ghflvlrq zkhwkhu wr surfhhg zlwk d sdudphwulf ru vhplsdud0

phwulf vshfl�fdwlrq lw vkrxog eh uhfroohfwhg wkdw wkh sdudphwulf surfhgxuhv/ olnh wkh

Khfnpdq wzr0vwhs ru Pd{lpxp Olnholkrrg/ duh hdvlo| lpsohphqwhg/ txlfno| frp0

sxwhg dqg duh pruh h!flhqw wkdq vhplsdudphwulf whfkqltxhv1 Dffruglqjo| wkhvh

hvwlpdwhv duh uhjxoduo| pruh suhflvh/ wkh lqwhufhsw lv lghqwl�hg dw rqfh zlwk wkh

vorsh frh!flhqwv dqg suhglfwlrq rxwvlgh wkh vxssruw ri wkh h{sodqdwru| yduldeohv ri

wkh gdwdvhw lv srvvleoh1 Ixuwkhupruh hyhq wkh pruh vxvfhswleoh Khfnpdq wzr0vwhs

dsshduv lq lw*v erwk vwhsv wr eh frqvlghudeo| urexvw wr plvvshfl�fdwlrq ri wkh glvwul0

exwlrq lq pdq| vwxglhv/ h1j1 Qhzh|/ Srzhoo dqg Zdonhu +4<<3/^6<`,1 Wkrxjk rwkhu

lqyhvwljdwlrqv/ olnh Nohlq2Vsdg| +4<<6/^57`, ru Vfkdijdqv +4<<;/^7:`,/ whvwl�hg d vxe0

vwdqwldo lqfrqvlvwhqf| zkhq wkh glvwulexwlrq ri wkh huuru whupv ghsduwhg vhulrxvo|

iurp wkh elyduldwh qrupdo1

Rq wklv �qglqj/ pdq| uhvhdufkhuv suhihu d �gxdo vwudwhj|� wr fkhfn wklv wudgh0

r� e| dqdo|}lqj erwk wkh sdudphwulf dqg vhplsdudphwulf hvwlpdwlrq uhvxowv ri wkh

vdph prgho vshfl�fdwlrq4 dqg vhohfw iru hdfk vwhs wkh pruh dsshdolqj hvwlpdwhv1

Kdelwxdoo| wkh gxdo vwudwhj| rshqv zlwk wkh sdudphwulf Surelw +Khfnpdq*v wzr0vwhs

�uvw vwhs, dqg d vhplsdudphwulf vwhs rqh hvwlpdwru/ olnh Nohlq2Vsdg|/ ri wkh vhohfwlrq

htxdwlrq1 Wkh uhvxowv ri wkh vhplsdudphwulf hvwlpdwru duh xvhg dv d ehqfkpdun iru

wkh uholdelolw| ri wkh sdudphwulf hvwlpdwhv vlqfh erwk hvwlpdwhv vkrxog eh lghqwlfdo lq

wkh fdvh wkdw wkh sdudphwulf vshfl�fdwlrq pluuruv wkh wuxh prgho zkhq frqvhtxhqwo|

erwk dssurdfkhv duh frqvlvwhqw1

Lq wklv vslulw fdvxdo revhuydwlrq dqg glvwdqfh whvwv ehwzhhq 	�re6�dqg 	�R@o@h1j1 e|

4Gl�hulqj rqo| zlwk uhjdug wr wkh huuru whupv* glvwulexwlrqdo dvvxpswlrqv1
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�20whvwv xqghu wkh qxoo0k|srwkhvlv ri htxdolw| ri erwk frh!flhqw hvwlpdwhv5 phdvxuh

wkh forvhqhvv ehwzhhq erwk uhvxowv dqg jlyh vrph klqw derxw d vhulrxv plvvshfl�fd0

wlrq ri wkh sdudphwulf prgho1 Jlyhq wkdw wkh htxdolw|0k|srwkhvlv lv qrw uhmhfwhg lw

lv uhfrpphqghg wr jr dkhdg zlwk wkh sdudphwulf frh!flhqw hvwlpdwhv dv sdudphwulf

prghov fdq eh hvwlpdwhg pruh h!flhqwo| wkdq vhplsdudphwulf rqhv1 Rq wkh rwkhu

kdqg/ li wkh qxoo lv uhmhfwhg/ zklfk vhhpv wr rffxu udwkhu uduho|/ lw lv wr surfhhg zlwk

wkh vhplsdudphwulf uhvxowv 	�re6�vlqfh wkh sdudphwulf hvwlpdwhv pd| eh lqfrqvlvwhqw1

Wkh vdph surfhgxuh vkrxog eh dssolhg iru wkh vhfrqg vwhs/ zkhuh wkh sdudphwulf

Khfnpdq*v vhfrqg vwhs ROV lv mxgjhg e| d vhplsdudphwulf vwhs wzr hvwlpdwru ri

wkh vwuxfwxudo htxdwlrq1 Li htxdolw|0whvwv ri wkh vorshv gr qrw uhmhfw wkh sdudphwulf

hvwlpdwhv 	q
R@o@

dqg 	q
R@o@

f vkrxog eh pdlqwdlqhg dv �qdo uhvxowv1 Rwkhuzlvh uhpdlq

zlwk 	q
re6�

dqg hvwlpdwh ixuwkhu wkh lqwhufhsw 	q
re6�

f lq d �qdo vwhs1

Dv d uhvxow/ wkh gxdo vwudwhj| fdq eh vxppdul}hg dv phdvxulqj lq hdfk vhsdudwh

hvwlpdwlrq vwhs wkh fuhglelolw| ri wkh pruh h!flhqw sdudphwulf uhvxowv dqg frqwlqxlqj

zlwk wkhvh sdudphwulf hvwlpdwhv li qr hylghqfh iru lqfrqvlvwhqf| kdv ehhq ghwhfwhg/

rwkhuzlvh zlwk wkh vhplsdudphwulf rqhv1

Fkrlfh ri wkh vhplsdudphwulf hvwlpdwru=

Dowkrxjk surshu Prqwh Fduor vwxglhv derxw wkh hvwlpdwruv* �qlwh vdpsoh eh0

kdylrxu duh uduho| dydlodeoh vrph jxlgholqhv fdq eh h{wudfwhg iurp wkhlu dv|pswrwlf

surshuwlhv dqg sudfwlflqj uhvhdufkhuv* frpphqwv eurxjkw xs lq wkh fkdswhu Surshu0

wlhv1

Iru wkh hvwlpdwlrq ri wkh vhohfwlrq htxdwlrq pdq| glvfuhwh fkrlfh hvwlpdwruv

kdyh ehhq vxjjhvwhg ryhu wkh wlph1 Wkh Nohlq2Vsdg| kdv ehhq suhww| srsxodu zlwk

sudfwlfdo phq dqg dsshdov dv zhoo lq �qlwh vdpsohv dv lq dv|pswrwlf wkhru|=
s
?0

frqvlvwhqw/ vhplsdudphwulf h!flhqw dqg qrupdoo| glvwulexwhg1

Wkh idyrxulwh fdqglgdwh iru wkh hvwlpdwlrq ri wkh vorsh frh!flhqwv q duh wkh

erwk dojrulwkpv ri Qhzh|1 Dw �uvw klv vhulhv hvwlpdwru zklfk lv vwudljkwiruzdug wr

lpsohphqw dqg frpsxwdwlrqdoo| olwwoh ghpdqglqj vkrxog eh frpsxwhg wr dftxluh

d �uvw jolpsvh dw wkh hvwlpdwhv1 Li wkhq pruh suhflvh uhvxowv duh ghpdqghg wkh

vhplsdudphwulfdoo| h!flhqw JPP fdq eh shuiruphg rq wrs ri wkhvh lqlwldo rxwfrphv1

Wklv lv d juhdw dgydqwdjh ryhu wkh rwkhu hvwlpdwruv wkdw duh ohvv h!flhqw dqg gr qrw

kdyh wklv xsjudglqj ghylfh dw wkhlu glvsrvdo1 Jdoodqw2Q|fknd pljkw eh lqwhuhvwlqj

5D "50whvw ri htxdolw| ri wzr frh!flhqw yhfwruv a�4 @ a�5 zlwk wkh whvw vwdwlvwlf fdofxodwhg dv
+a�4 � a�5,

3^ aY +a�4 � a�5,`
�4+a�4 � a�5, kdv ehhq h{hfxwhg e| Qhzh|/ Srzhoo dqg Zdonhu +4<<3/^6<`, lq

wkhlu dqdo|vlv ri ihpdoh oderu vxsso| lq erwk hvwlpdwlrq vwhsv rq wkh fruuhvsrqglqj sdudphwulf dqg
vhplsdudphwulf hvwlpdwhv +a�> a�,1 Htxdolw| ri a�sdudzlwk a�vhpl dqg a�

sdud
zlwk a�

vhpl
zdv qrw uhmhfwhg

dqg wkh sdudphwulf hvwlpdwhv dsshduhg frqvlvwhqw1 Eh dzduh wkdw � glg qrw lqfoxgh dq lqwhufhsw
vlqfh �3 zdv qrw lghqwl�hg e| wkh dssolhg vhplsdudphwulf phwkrgv1 Iru wkh "

50whvw/ reylrxvo|/ erwk
yhfwruv vkrxog kdyh ehhq wudqvihuuhg wr wkh vdph qruplqj/ h1j1 wkh �uvw hohphqw*v frh!flhqw vhw
wr rqh/ li wkh sdudphwulf dqg vhplsdudphwulf hvwlpdwruv frph xs zlwk gl�huhqw qruplqj ghidxowv/
olnh a�5x @ 4 lq wkh Surelw dqg a�

4
@ 4 iru Nohlq2Vsdg|1
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hlwkhu/ wkrxjk lw*v dv|pswrwlf glvwulexwlrq lv xqnqrzq1

Wkh Dkq2Srzhoo lv dq dowhuqdwlyh li pruh  h{lelolw| iru wkh vhohfwlrq phfkdqlvp

lv lqglfdwhg1 Li whvwv rq khwhurvnhgdvwlflw| uhmhfw wkh vlqjoh lqgh{ dvvxpswlrq wkh

Dkq2Srzhoo fdq eh xvhg dv d ehqfkpdun iru wkh Qhzh| dqg wkh sdudphwulf hvwlpd0

wruv wr ghwhfw zkhwkhu khwhurvnhgdvwlflw| lv vhyhuh hlwkhu rqo| lq wkh vhohfwlrq ru wkh

vwuxfwxudo sduw ru frqwdplqdwlqj erwk1 Krzhyhu wkh fxuvh ri glphqvlrqdolw| pdnhv

Dkq2Srzhoo lqihdvleoh lq dssolfdwlrqv zlwk pdq| uhjuhvvruv1

Wkh Fkhq hvwlpdwru lv dq dsshdolqj ulydo wr Dqguhzv2Vfkdijdqv dqgJdoodqw2Q|fknd

zkhq lw frphv wr wkh hvwlpdwlrq ri wkh lqwhufhsw qf/ surylghg wkdw lw*v dgglwlrqdo

v|pphwu| dvvxpswlrq vhhpv wuxvwzruwk| e| lw*v vorsh frh!flhqw hvwlpdwhv 	q lq olqh

zlwk d pruh jhqhudo vhplsdudphwulf vorsh frh!flhqw hvwlpdwru/ h1j1 Qhzh|1

Hvwlpdwlqj wkh lqwhufhsw=

Li dq hvwlpdwh ri wkh lqwhufhsw lv uhtxluhg wkh pruh jhqhudo phwkrgv duh wkrvh

sursrvhg e| Khfnpdq dqg Dqguhzv2Vfkdijdqv1 Krzhyhu/ dv wkhvh hvwlpdwruv uho|

rq vx!flhqw dqg wuxvwdeoh revhuydwlrqv lq wkh wdlov ri wkh lqgh{ glvwulexwlrq dqg

pdnh xvh ri rqo| d vpdoo sruwlrq ri wkh gdwd wkh hvwlpdwru ri Fkhq pd| eh frq0

vlghuhg wr ryhufrph wkhvh zhdnqhvvhv1 Fkhq*v dgglwlrqdo frqglwlrq wkdw wkh mrlqw

glvwulexwlrq ri wkh huuru whupv lv v|pphwulf durxqg wkh ruljlq doorzv wkh hvwlpd0

wlrq ri erwk wkh vorsh sdudphwhuv dqg wkh lqwhufhsw dw wkh vdph wlph1 Wklv h{wud

uhtxluhphqw pdnhv wklv hvwlpdwru ohvv jhqhudo frpsduhg zlwk wkh rwkhu hvwlpdwruv/

|hw lw eulgjhv wkh hvwlpdwlrq ri wkh vorshv dqg ri wkh lqwhufhsw1 P| sursrvdo iru

vhohfwlqj wkh dghtxdwh lqwhufhsw hvwlpdwru h{sorlwv wklv olqn e| lqlwldoo| hpsor|lqj

wkh Fkhq hvwlpdwru dffrpsdqlhg e| d pruh jhqhudo vhplsdudphwulf vwhs wzr vorsh0

hvwlpdwru dqg h{dplqlqj zkhwkhu erwk vhwv ri vorsh frh!flhqw hvwlpdwhv duh dolnh e|

whvwlqj iru htxdolw| ri wkh vorshv ri 	q
��e?

dqg 	q
J|�eo

re6� xvlqj d �
20whvw1 Li doo 	q

��e?
vorsh

hvwlpdwhv duh forvh wr wkh vorsh hvwlpdwhv ri wkh pruh jhqhudo hvwlpdwru dqg wkh

htxdolw| k|srwkhvlv kdv qrw ehhq uhmhfwhg wkh h{wud v|pphwu| dvvxpswlrq ri wkh

Fkhq hvwlpdwru vhhpv wr eh xqglvwxuelqj dqg frqvhtxhqwo| dovr wkh hvwlpdwhg lqwhu0

fhsw 	q
��e?

f frqylqflqj1 Rwkhuzlvh iru htxdolw| 	q
��e?

' 	q
J|�eo

re6� uhmhfwhg/ wkh hvwlpdwlrq

ri qf vkrxog surfhhg zlwk wkh lqwhufhsw hvwlpdwru ri Dqguhzv2Vfkdijdqv1

Fkrlfh ri vprrwklqj sdudphwhuv=

Wkh qhhg wr vhohfw pdqxdoo| dssursuldwh ydoxhv iru wkh vprrwkqhvv sdudphwhuv

lv d vhulrxv gh�flhqf| ri doo vhplsdudphwulf dqg qrqsdudphwulf whfkqltxhv lqdvpxfk

dv hvwlpdwlrq uhvxowv pd| eh vhqvlwlyh wr wkh fkrlfh ri wkhvh qxlvdqfh sdudphwhuv/

dqg wkh pruh ri wkhvh kdyh wr eh fkrvhq wkh zruvh lw jhwv lq sudfwlfdo pdwwhuv1

Wkhvh vprrwklqj sdudphwhuv pd| eh wkh edqgzlgwk +zlqgrz zlgwk, fkrlfh iru

Nhuqho dojrulwkpv/ wkh qxpehu ri whupv lqfoxghg lq d vhulhv dssur{lpdwlrq wr wkh el0

yduldwh ghqvlw| +Jdoodqw2Q|fknd, ru wr wkh vhohfwlrq fruuhfwlrq whup bE�� +Qhzh| dqg
rwkhuv, ru wkh qxpehu ri prphqwv lqfoxghg lq Qhzh|*v JPP1 Iru wkh hvwlpdwlrq ri
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wkh vhohfwlrq htxdwlrq/ frpprqo| e| Nhuqho uhjuhvvlrq/ jhqhudol}hg furvv0ydolgdwlrq

lqwurgxfhg e| Fudyhq dqg Zdked +4<:</^44`, lv vwudljkwiruzdug wr dffrpsolvk dqg

surgxfhv jrrg vxjjhvwlrqv iru wkh edqgzlgwk �?� Li wkh hvwlpdwlrq ri wkh vwuxfwxudo

htxdwlrq lv shuiruphg rq wkh edvlv ri Nhuqho phwkrgv furvv0ydolgdwlrq krzhyhu grhv

qrw dozd|v dgylvh wkh rswlpdo Nhuqho edqgzlgwk +Pruhwwl/ 4<<:/^68`/ s149, dqg Srz0

hoo dqg Vwrnhu +4<<9/^77`, vxjjhvw dowhuqdwlyh zd|v iru ghwhuplqlqj wkh vprrwkqhvv

sdudphwhuv1 Wkh dssursuldwh qxpehu ri whupv lq vhulhv dssur{lpdwlrq lv kdelwxdoo|

ghwhuplqhg e| hvwlpdwlqj qhvwhg prghov gl�hulqj rqo| e| wkh dprxqw ri dssur{lpdw0

lqj whupv dqg vhohfwlqj wkh prvw dsshdolqj prgho rq wkh edvlv ri vljql�fdqfh ohyhov

ri wkh dssur{lpdwlqj whupv/ olnholkrrg udwlrv ru rwkhu jrrgqhvv0ri0�w fulwhulrqv1

Krzhyhu wkhvh jxlghv gr qrw dozd|v ohdg dxwrpdwlfdoo| wr wkh uljkw fkrlfh dqg

frqvhtxhqwo| d orz qxpehu ri vprrwkqhvv sdudphwhuv +dw ehvw qrqh, lv dq dssuhfl0

dwhg txdolw| ri d vhplsdudphwulf hvwlpdwru lq sudfwlfdo whupv1 Sduwlfxoduo| gl!fxow

lv wkh fkrlfh ri wkh edqgzlgwk sdudphwhu iru wkh hvwlpdwlrq ri wkh lqwhufhsw 	qf lq

Khfnpdq +4<<3/^4<`, dqg Dqguhzv2Vfkdijdqv +4<<9/^5`,1 Qr irupdo phwkrg kdv ehhq

ghyhorshg wr vhohfw wkh wulpplqj erxqg1 Wr kdyh d urxjk jxlgh wr fkrvh wklv sdud0

phwhu iru d suhvhqw gdwdvhw Vfkdijdqv +4<<:/^79`/ s163i ru 4<<;/^7:`/ s145i, vnhwfkhv

d wudfn krz prgho suhwhvwlqj pd| khos/ wkrxjk qr uxoh0ri0wkxpe kdv ehhq ghulyhg

dqg ixuwkhu uhvhdufk lv qhfhvvdu| wr fohdu xs wklv lqfhuwlwxpeuh1 Dq h{dplqdwlrq ri

khu judskv uhyhdov d fuxgh orzhu erxqg iru wklv edqgzlgwk sdudphwhu fruuhvsrqglqj

wr dssur{lpdwho| 83( fhqvrulqj/ phdqlqj wkdw wkh wulpplqj sdudphwhu K� vkrxog eh

fkrvhq vx!flhqwo| kljk wkdw dw ohdvw 83( ri wkh ? revhuydwlrqv ri wkh sduwlflsdwlrq

vxevdpsoh duh wulpphg ri iru wkh lqwhufhsw hvwlpdwlrq1

Dq h{hpsoli|lqj looxvwudwlrq ri rqh uhfhqw uhvhdufk vwxg| zkhuh vrph ri wkhvh

hvwlpdwruv kdyh ehhq sxw wr xvh doorzv wr dftxluh dq lqvljkw lqwr wkh sudfwlfdo ydoxh

ri wkhvh whfkqltxhv zlwk uhjdug wr hpslulfdo zrun1 Wkh lqfolqhg uhdghu pd| ixuwkhu

frqvxow wkh vwxglhv phqwlrqhg zlwk wkh h{foxvlrq uhvwulfwlrq h{dpsohv1

Lq wkhlu vwxg| Odqrw dqg Zdonhu +4<<;/^58`, vhhn wr txdqwli| wkh h�hfw ri xqlrq

phpehuvkls rq zdjhv rq wkh edvlv ri durxqg 53/333 revhuydwlrqv ri pdqxdo zrun0

huv1 Wkh| dsso| erwk sdudphwulf dqg vhplsdudphwulf hvwlpdwruv zlwklq d vhohf0

wlylw| prgho dqg dgglwlrqdoo| ROV lq d olqhdu uhjuhvvlrq prgho vlpso| uhjuhvvlqj

wkh zdjhv rq wkh h{sodqdwru| yduldeohv lq erwk vhfwruv � ' f �q n 0/ glvuhjduglqj

srwhqwldo hqgrjhqhlw| ri wkh xqlrq phpehuvkls vwdwxv dqg qhjohfwlqj vhohfwlylw| fru0

uhfwlrq1 Wkhlu vhohfwlylw| prgho lv fkdudfwhul}hg e| d fkrlfh htxdwlrq ghwhuplqlqj

xqlrq phpehuvkls vwdwxv dqg wzr zdjh htxdwlrqv/ rqh iru xqlrq phpehuv dqg rqh

iru qrq0phpehuv/ zlwk wkh h{foxghg yduldeohv �Xqhduqhg Lqfrph� dqg wkh qxpehu

dqg djh ri fkloguhq iru wkh vhplsdudphwulf hvwlpdwruv1 Wkh sdudphwulf Khfnpdq

wzr0vwhs dqg wkh vhplsdudphwulf hvwlpdwlrq fkdlq Nohlq2Vsdg|/ Qhzh| Vhulhv dqg



FKDSWHU :1 DSSOLFDWLRQ RI WKHVH HVWLPDWRUV 97

Dqguhzv2Vfkdijdqv kdyh ehhq shuiruphg dqg frpsduhg zlwk hdfk rwkhu dqg zlwk

wkh vhohfwlylw| glvuhjduglqj ROV hvwlpdwru1 Rq wkhvh uhvxowv wkh| frqfoxghg wkdw

wkh sdudphwulf vhohfwlylw| vshfl�fdwlrq lv urexvw vlqfh uhfrughg hvwlpdwhv kdyh ehhq

yhu| vlplodu dfurvv doo phwkrgv edvhg rq wkh vhohfwlylw| prgho1 Wkh erwk ROV vlqjoh

htxdwlrq uhjuhvvlrqv gl�hu iurp wkh uhvxowv ri wkh vhohfwlylw| prgho dv zdv douhdg|

h{shfwhg gxh wr wkh vljql�fdqfh ri wkh vhohfwlrq fruuhfwlrq whupv b�?�J?/ b?J?3�?�J?1

Lqwhuhvwlqjo|/ vl}hdeoh ghyldwlrqv ehwzhhq wkh vhohfwlylw| prgho dqg wkh ROV olqhdu

uhjuhvvlrq prgho rffxuuhg rqo| iru wkh hvwlpdwhv ri wkh erwk lqwhufhswv zkloh wkh

vorsh hvwlpdwhv kdyh ehhq uhpdundeo| vwdeoh dprqj erwk prghov1 Wklv gl�huhqfh

lq wkh hvwlpdwhg lqwhufhswv lv wkh ruljlq ri pxfk kljkhu zdjh gl�huhqwldov ehwzhhq

xqlrq phpehuv dqg qrq0phpehuv +durxqg 58(, lq wkh vhohfwlylw| prgho wkdq lq wkh

vhohfwlylw|0qhjohfwlqj ROV zdjh htxdwlrq uhjuhvvlrqv +gl�huhqwldo derxw 43(,1 Wklv

h{hpsol�hv wkh ydoxh ri lghqwli|lqj wkh lqwhufhsw zkhq frpsdulqj gl�huhqw fdwhjrulhv

dqg wkh lpsruwdqfh ri doorzlqj iru hqgrjhqrxv xqlrq phpehuvkls zkhuh zrunhuv vh0

ohfw lqwr wkhlu fdwhjrulhv rq wkh edvlv ri h{shfwhg zdjhv1 Odqrw dqg Zdonhu vkrz

dovr wkh fuxfldolw| ri d frqwlqxrxv h{foxghg yduldeoh e| dowhulqj wkh h{foxvlrq uh0

vwulfwlrqv/ dqg wkh| ixuwkhupruh uhshdw wkh vdph dqdo|vlv rq 43( vxevdpsohv ri wkh

lpsuhvvlqj ruljlq vdpsoh ri 53/333 revhuydwlrqv1 Wkhlu vlplodu hvwlpdwlrq uhvxowv

srlqw lq idyrxu ri wkh vpdoo vdpsoh surshuwlhv ri wkh vhplsdudphwulf dssurdfk1



Fkdswhu ;

Frqfoxvlrqv

Diwhu kdylqj lqwurgxfhg wkh vhohfwlylw| prgho dv d phdqv wr fdswxuh vwuxfwxudo srs0

xodwlrq uhodwlrqvklsv lq dq hqylurqphqw zkhuh qr uhsuhvhqwdwlyh vdpsohv duh ihdvleoh/

wkh vhplsdudphwulf dssurdfk kdv ehhq frqwudvwhg djdlqvw wkh sdudphwulf dqg qrq0

sdudphwulf sklorvrsk|1 Wkh glfkrwrprxv vhohfwlylw| prgho wrjhwkhu zlwk lw*v fhq0

vruhg yduldqw zdv yhvwhg zlwk d irupdo prgho lq fkdswhu wzr dqg gholplwhg djdlqvw

prghov zlwk pruh wkdq wzr fdwhjrulhv/ wuxqfdwhg dqg Wrelw0w|sh vhohfwlylw| prghov1

Fkdswhu wkuhh odlg wkh jurxqgzrun iru vhplsdudphwulf hvwlpdwlrq e| wdfnolqj wkh

lghqwl�fdwlrq lvvxhv ri zkdw fdq eh lghqwl�hg lq dv|pswrwlf vdpsohv xqghu zklfk

dvvxpswlrqv1 Wkh h{foxvlrq uhvwulfwlrq dqg wkh vlqjoh lqgh{ uhvwulfwlrq zhuh lqwur0

gxfhg1 Fkdswhu irxu vnhwfkhg eulh | wkh sdudphwulf dowhuqdwlyh dqg h{srvhg dovr

d ohvvhu nqrzq vkruwfrplqj ri wkh lqyhuvh Ploo*v udwlr1 Vhplsdudphwulf hvwlpdwlrq

iurp �qlwh vdpsohv zdv wkh irfxv ri fkdswhu �yh1 D ydulhw| ri wkh prvw surplvlqj

vhplsdudphwulf hvwlpdwruv iru wkh gl�huhqw hvwlpdwlrq vwhsv kdv ehhq looxplqdwhg1

Fkdswhu vl{ vxppdul}hg wkh dydlodeoh surshuwlhv ri wkhvh hvwlpdwruv dqg fkdswhu

vhyhq h{solfdwhg vrph uhohydqw lvvxhv wr eh frqvlghuhg zkhq sxwwlqj wkhvh hvwlpd0

wruv wr xvh/ wrjhwkhu zlwk d uhfrpphqgdwlrq zklfk hvwlpdwru wr dsso|1

Lw uhpdlqv d �qdo dvvhvvphqw ri wkh ydoxh ri wkh vhplsdudphwulf dssurdfk zlwklq

wkh vhohfwlylw| prgho frqwh{w lq frpsdulvrq wr wkh sdudphwulf surfhgxuhv1 Dowkrxjk

rq wkhruhwlfdo jurxqgv wkh sdudphwulf dssurdfk kdv fhuwdlq gh�flhqflhv/ lq sudfwlfdo

pdwwhuv lw vhhpv wr eh frqvlghudeo| urexvw dqg wr zrun yhu| zhoo lq prvw ri wkh

fdvhv1 Lq d uhfhqw duwlfoh Qhzh| +4<<:/^6;`, vkrzv wkdw hyhq lq vslwh ri plvvshfl0

�hg/ lqfrqvlvwhqw vwhs rqh hvwlpdwhv wkh vwhs wzr hvwlpdwhv fdq vwloo eh frqvlvwhqw/

flwhg diwhu Yhood +4<<;/^83`/ s1474,= �Wklv lv dq lpsruwdqw uhvxow dv lw doorzv wkh

hvwlpdwlrq ri wkh �uvw vwhs wr eh frqgxfwhg xqghu vrph pdlqwdlqhg glvwulexwlrqdo

dvvxpswlrq dqg wkh vhfrqg vwhs hvwlpdwhv uhpdlq frqvlvwhqw hyhq li wklv dvvxpswlrq

lv ylrodwhg1� Qhyhuwkhohvv/ vhulrxv lqfrqvlvwhqf| fdq rffxu li wkh huuru whupv duh

jurvvo| plvvshfl�hg1 Vshfl�fdwlrq whvwv pd| yhuli| wkh ydolglw| ri wkh dvvxphg vshf0

l�fdwlrq exw gr qrw surylgh dq| uhphg| li wkh sduwlfxodu vshfl�fdwlrq lv uhmhfwhg1
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Khuh wkh vhplsdudphwulf dssurdfk euhdfkhv lq dqg gholyhuv dowhuqdwlyh/ pruh jhq0

hudo wkrxjk ohvv h!flhqw/ hvwlpdwhv dv d uhihuhqfh wr xqyhlo d vhyhuh lqfrqvlvwhqf|

ri wkh sdudphwulf hvwlpdwhv1 Wkxv wkh gxdo vwudwhj| lv uhfrpphqghg/ zkhuh wkh

vhplsdudphwulf hvwlpdwruv lv dwwulexwhg wkh surwdjrql}lqj uroh lq vhohfwlqj wkh pruh

dghtxdwh hvwlpdwhv1

Lw lv wr uhpdun wkdw vr idu qr vrsklvwlfdwhg Prqwh Fduor vwxglhv kdyh ehhq h{h0

fxwhg/ surshuo| frpsdulqj sdudphwulf dqg vhplsdudphwulf hvwlpdwruv* ehkdylrxu lq

�qlwh vdpsohv1 Pruh uhvhdufk lq wklv uhvshfw lv dssuhfldwhg dqg dzdlwhg wr shuplw

d fduhixo dvvhvvphqw ri erwk ulydolqj dssurdfkhv dqg wr ghyhors jxlgholqhv zklfk

hvwlpdwruv wr dsso| xqghu zklfk flufxpvwdqfhv1

Ghvslwh wklv fdxwlrq wr dsso|lqj vhplsdudphwulf phwkrgv iru yhuli|lqj wkh sdud0

phwulf uhvxowv vwloo dqg doo lw vkrxog eh nhsw lq plqg wkdw wkh ydolglw| ri vhpl0

sdudphwulf whfkqltxhv vwloo ghshqgv rq wkh fruuhfw vshfl�fdwlrq ri wkhlu sdudphwulf

sduwv/ dv wkh| duh vwloo vhpl 0 sdudphwulf prghov lq frqwudvw wr wkh qrqsdudphwulf

hqylurqphqw1 Dorqj zlwk wkh phqwlrqhg pdunhg urexvwqhvv ri wkh sdudphwulf ds0

surdfkhv wklv uhpdun dohuwv wkdw d vrxqg vshfl�fdwlrq ri wkh ixqfwlrqdo irupv lv ri

kljkhu zhljkw wkdq wkh kdqgolqj ri wkh huuru whupv/ dv Qhzh|/ Srzhoo dqg Zdonhu

+4<<3/^6<`, forvh wkhlu duwlfoh zlwk wkh zrugv=

�Wkh uhvxowv uhsruwhg khuh fdq eh ylhzhg dv ixuwkhu hylghqfh wkdw vshf0

l�fdwlrq ri wkh uhjuhvvlrq ixqfwlrq dqg vhw ri lqvwuxphqwdo yduldeohv ds0

shduv wr eh pruh lpsruwdqw wkdq vshfl�fdwlrq ri wkh huuru glvwulexwlrq

iru wkhvh gdwd1�



Fkdswhu <

Dsshqgl{ 0 Lqwurgxfwlrq lq Nhuqho
Uhjuhvvlrq

Vlqfh qrqsdudphwulf uhjuhvvlrq e| Nhuqho dqg uhodwhg phwkrgv lv d ydvw �hog rqo|

vrph h{fhuswv fdq eh gudiwhg khuh dqg fdqqrw uhsodfh wkhlu wkrurxjk vwxg|1 Iru wklv

frqvxow wkh duwlfoh ri Elhuhqv +4<;:/^8`, ru wkh wh{werrnv iurp Kçugoh +4<<4/^49`,1

Iru d yhu| looxvwudwlyh dqg lqwxlwlyh lqwurgxfwlrq lq qrqsdudphwulf ghqvlw| hvwlpd0

wlrq wkh errn ri Vloyhupdq +4<;9/^7<`, eh kljko| uhfrpphqghg1 Wkh pdlq glvwlqfwlrq

ehwzhhq wkh qrqsdudphwulf dqg wkh sdudphwulf sklorvrsk| uhihuulqj wr wkh lqyhvwl0

jdwlrq ri d uhodwlrqvkls ehwzhhq vrph revhuyhg yduldeohv lv wkdw wkh qrqsdudphwulf

dssurdfk hvwlpdwhv wklv uhodwlrqvkls/ zkhuhdv wkh sdudphwulf dssurdfk dvvxphv lw1

Sdudphwulf irup vshfl�fdwlrq irufhv vrph h{whuqdo vwuxfwxuh rq wkh gdwd wkdw pd|

eoxu wkh wuxh uhodwlrqvkls ehwzhhq ghshqghqw dqg h{sodqdwru| yduldeohv dqg ohdgv wr

k|srfulwlfdoo| lqqrfhqw dqg jrrg0orrnlqj hvwlpdwlrq uhvxowv wkdw phuho| uhsurgxfh

wkh duelwudu| h{whuqdo vwuxfwxuh soxjjhg lq e| wkh hfrqrphwulfldq1 Wr lw*v dgyrfd0

wlrq lw pxvw eh vdlg wkdw vpduwo| fkrvhq sdudphwulf vshfl�fdwlrqv/ krzhyhu/ kdyh

ehhq vkrzq wr eh idluo| urexvw dqg rqo| qhjoljleo| lqfrqvlvwhqw zlwklq d frqvlghudeoh

udqjh ri plvvshfl�fdwlrq1 Khqfh iru dssolhg zrun qrqsdudphwulf uhjuhvvlrq udwkhu

ixqfwlrqv dv d wrro wr yhuli| wkh dssursuldwhqhvv ri d sduwlfxodu sdudphwulf vshf0

l�fdwlrq dqg khosv rwkhuzlvh wr vhohfw d vxlwdeoh sdudphwulf vshfl�fdwlrq1 Lq wklv

uhvshfw qrqsdudphwulf uhjuhvvlrq lv pruh khosixo dqg lqirupdwlyh wkdq vshfl�fdwlrq

whvwv/ vlqfh vshfl�fdwlrq whvwv phuho| uhmhfw ru gr qrw d fhuwdlq vshfl�fdwlrq zkloh

qrqsdudphwulf uhjuhvvlrq ixuwkhu lqglfdwhv krz wkh wuxh uhodwlrqvkls suredeo| orrnv

olnh1

Qrqsdudphwulf uhjuhvvlrq lv wkh hvwlpdwlrq ri wkh wuxh uhodwlrqvkls ehwzhhq d

udqgrp ghshqghqw yduldeoh t dqg d udqgrp h{sodqdwru| yhfwru f rq wkh edvlv ri

d vdpsoh iEt�cf��j�'���? dqg wkh uhjuhvvlrq htxdwlrq .dt�mf�o ' }Ef�� ,
t� ' }Ef�� n 0�c +<14,

.d0�mf�o ' f/ zkhuh qhlwkhu wkh ixqfwlrq }E�� qru wkh glvwulexwlrq ri wkh huuru whup
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0� duh dq|krz vshfl�hg1

Qrqsdudphwulf uhjuhvvlrq lv dovr fdoohg qrqsdudphwulf vprrwklqj vlqfh lw ruljl0

qdwhv iurp wkh sxuh gdwd srlqwv Et�c f�� dqg lqvwhdg ri frqqhfwlqj doo srlqwv e| d

}lj}dj fxuyh lw frqvwuxfwv d vprrwk fxuyh �ehwzhhq� wkhvh gdwd srlqwv wr hpskd0

vl}h wkh xqghuo|lqj sdwwhuq1 Khuh douhdg| dsshduv wkh wudgh0r� ehwzhhq yduldelolw|

dqg eldv wkdw zloo dffrpsdq| doo dvshfwv ri qrqsdudphwulf phwkrgv1 D vprrwkhg

fxuyh wkdw lv yhu| �gho wr wkh dydlodeoh gdwdvhw e| vwd|lqj forvh wr wkh }lj}dj irup

kdv d vpdoo eldv dv lw grhv qrw ghsduw pxfk iurp wkh revhuyhg srlqwv/ wkdw vrph0

krz hperg| wkh wuxh uhodwlrqvkls1 Dovr lw grhv qrw  dwwhq shdnv dqg wurxjkv wrr

pxfk1 Krzhyhu lw kdv d kljk yduldelolw| gxh wr lw*v }lj}dj vkdsh/ zklfk pd| eh

kdug wr lqwhusuhw dqg shukdsv eoxuv d vlpsoh wuxh uhodwlrqvkls1 Rq wkh rwkhu vlgh

ryhuvprrwkhg fxuyhv kdyh d orz yduldelolw| exw pd| kdyh orvw wrr pxfk �qh vwuxf0

wxuh wr uhsurgxfh wkh wuxh uhodwlrqvkls/ uhvxowlqj lq d kljkhu dv|pswrwlf eldv1 Wr

vprrwklqj vxfk d fxuyh lqwr wkh fkdrv ri d vfdwwhu sorw vhyhudo orfdo dyhudjlqj whfk0

qltxhv= Nhuqho vprrwklqj/ dgdswlyh Nhuqho/ qhduhvw qhljkerxuv dqg vr iruwk/ kdyh

ehhq ghyhorshg1 Khuh rqo| Nhuqho vprrwklqj zloo eh fryhuhg1 Krz wkh vprrwkhg

fxuyh 	}Ef� �qdoo| orrnv olnh ghshqgv wkhq rq wkh Nhuqho ixqfwlrq dqg wkh fkrlfh ri

d vprrwklqj sdudphwhu1

Ehjlqqlqj zlwk xqlyduldwh f�/ wkh vprrwklqj prwlydwlrq uhvwv rq wkh dvvxpswlrq

wkdw wkh revhuyhg gdwd srlqwv Et�c f�� uhsuhvhqw wkh wuxh uhodwlrqvkls*v prvw olnho|

rxwfrph t� iru d fhuwdlq f� dqg wkdw wkh wuxh uhodwlrqvkls lwvhoi lv vprrwk/ wkdw lv

wkh ghshqghqw yduldeoh t lv frqvwdqw lq dq| lq�qlwho| vpdoo qhljkerxukrrg ri f1

Wkhq lw vkrxog eh ydolg wr vhohfw d sdlu Et�c f�� dqg wr surmhfw t� iurp wklv f� lqwr

d forvh qhljkerxukrrg durxqg f�/ zlwk wklv surmhfwlrq ehfrplqj ohvv fuhgleoh wkh

iduwkhu wkh surmhfwlrq lv dsduw iurp f�1 Vxfk d surmhfwlrq lqwr wkhlu fruuhvsrqglqj

qhljkerxukrrgv fdq eh grqh iru doo wkh revhuydwlrqv lq wkh vdpsoh1 Qrz/ iru dq|

�srlqw� % lq wkh vxssruw ri wkh h{sodqdwru| yduldeoh f doo wkhvh orfdo surmhfwlrqv

ri t vkrxog eh dgghg li wkh| uhdfk wkxv idu wr dwwdlq wkh srlqw %1 Wr frpsxwh

dq dyhudjh iru wkh ghshqghqw yduldeoh 	+m%/ fruuhvsrqglqj wr %/ wklv vxp kdv wr eh

glylghg e| wkh qxpehu ri surmhfwlrqv wkdw kdyh ehhq vxpphg xs1 E| uhshdwlqj wklv

surfhgxuh iru doo ydoxhv % lq wkh vxssruw rif wkh hvwlpdwhg frqglwlrqdo dyhudjh 	t mf
lv hvwdeolvkhg/ uhsuhvhqwlqj wkh qrqsdudphwulf uhjuhvvlrq hvwlpdwh 	.dt mfo ' 	}Ef�1

Wkh rxwolqhg surfhhglqj zrxog fruuhvsrqg wr d Nhuqho uhjuhvvlrq zlwk d erxqghg

xqlirup Nhuqho/ vlpso| wulpplqj surmhfwlrqv wkdw duh wrr idu dsduw1 Krzhyhu wkh

ghwhulrudwlrq ri wkh surmhfwlrqv* fuhglelolw| zlwk wkh glvwdqfh wr lw*v vrxufh kdv qrw

ehhq wdnhq lqwr surshu frqvlghudwlrq1 Wklv fdq eh vroyhg e| dgmxvwlqj wkh surmhf0

wlrqv* zhljkwv lq wkh frpsxwdwlrq ri d zhljkwhg dyhudjh ri wkh qhdue| surmhfwlrqv/

wkdw duh grzqzhljkwhg wkh iduwkhu wkhlu ruljlq lv dsduw1 Frqwulexwlqj wkhvh zhljkwv

wr hyhu| surmhfwlrq iru wkh fdofxodwlrq ri wkh zhljkwhg dyhudjh lv wkh wdvn ri wkh

Nhuqho ixqfwlrq1
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Wkh Nhuqho ixqfwlrqgE�� lv d v|pphwulf/ frqwlqxrxv dqg erxqghg ixqfwlrq wkdw

lqwhjudwhv xs wr rqh/ riwhq d ghqvlw| ixqfwlrq1 Lw*v vkdsh uh hfwv wkh dvvljqphqw

ri wkh dyhudjlqj zhljkwv dffruglqj wr wkh surmhfwlrqv* glvwdqfh1 Zlwk wklv Nhuqho

zhljkwlqj ixqfwlrq wkh frpprq Qdgdud|d0Zdwvrq uhjuhvvlrq hvwlpdwru orrnv=
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zkhuh iru dq| ydoxh % ri wkh h{sodqdwru| yduldeoh wkh qxphudwru vxpv xs wkh sur0

mhfwlrqv t� zhljkwhg zlwk uhjdug wr wkhlu glvwdqfh m%�f�m e| wkh Nhuqho ixqfwlrq

gE�� dqg wkh ghqrplqdwru glylghv wkh zhljkwhg vxp ri surmhfwlrqv e| wkh vxp ri

wkh zhljkwv wr rewdlq wkh zhljkwhg dyhudjh1 Qrwh wkdw wkh ghqrplqdwru e| lwvhoi

uhsuhvhqwv wkh ghqvlw| hvwlpdwh ri wkh h{sodqdwru| yduldeoh f1 Wkh edqgzlgwk

+zlqgrz zlgwk, sdudphwhu � sod|v d fuxfldo uroh lq qrqsdudphwulf uhjuhvvlrq dv lw

gh�qhv wkh vl}h ri wkh forvh qhljkerxukrrg iru wkh Nhuqho ixqfwlrq1 Iru � vpdoo

wklv qhljkerxukrrg lv vpdoo/ rqo| d ihz surmhfwlrqv hqwhu lqwr wkh uhdfk ri % dqg

wkh uhjuhvvlrq fxuyh uhwdlqv lw*v }lj}dj vkdsh/ suhvhuylqj wkh �qh0vwuxfwxuh exw dovr

h{klelwlqj pxfk udqgrp qrlvh1 Iru � yhu| odujh wkh Nhuqho grzqzhljkwv ru wulpv

rqo| d ihz glvwdqw surmhfwlrqv vxfk wkdw wkh �qh vwuxfwxuh zloo eh ryhuvkdgrzhg e|

d juhdw pdq| surmhfwlrqv ri txlwh glvwdqw revhuydwlrqv14

Ilqglqj wkh vprrwk fxuyh wkdw �wv ehvw wkh suhvhqw gdwd kdv ehhq wkh remhfwlyh

ri h{whqvlyh vwdwlvwlfdo uhvhdufk dqg ghshqgv odujho| rq wkh edqgzlgwk sdudphwhu �

dqg wr d ohvvhu h{whqw rq wkh fkrlfh ri wkh Nhuqho ixqfwlrq gE��1

Nhuqho ixqfwlrq=

Ehjlqqlqj zlwk wkh Nhuqho ixqfwlrq iru d xqlyduldwh h{sodqdwru| yduldeoh f1 Iru

dq| v|pphwulf ixqfwlrq g wr vxlw dv d Nhuqho lw vkrxog eh erxqghg dqg lqwhjudwh

wr rqh= "U
3"

mgE��m _� 	4
"U
3"

gE��_� ' �

gE��� ' gE���

+<16,

Wkh xvxdo fkrlfh iru g lv d ghqvlw| ixqfwlrq zklfk vdwlv�hv deryh frqglwlrqv dqg

lv qrq0qhjdwlyh doo ryhu lw*v vxssruw1 Wklv qrq0qhjdwlylw| lv sduwlfxoduo| dsshdolqj

vlqfh lw gholyhuv dozd|v qrq0qhjdwlyh Nhuqho zhljkwv dqg lv hvshfldoo| xvhixo iru qrq0

sdudphwulf ghqvlw| hvwlpdwlrq/ dv d zhljkwhg dyhudjh ri ghqvlwlhv uhpdlqv d surshu

4Dgdswlyh Nhuqhov duh d vpduw wrro zkhuh wkh edqgzlgwk k lv qrw krog frqvwdqw ryhu wkh zkroh
vxssruw ri [ exw dgmxvwhg wr wkh ghqvlw| ri revhuydwlrqv lq lw*v qhljkerxukrrg/ vlplodu wr wkh
n0qhduhvw qhljkerxuv whfkqltxh1 Lq duhdv zkhuh revhuydwlrqv duh vsduvh wkh dyhudjlqj zlqgrz lv
hqodujhqhg wr vprrwk wkh udqgrp qrlvh zkloh lw lv vkruwhqhg lq ghqvh duhdv wr qrw ryhuvprrwk doo
wkh �qh vwuxfwxuh1



FKDSWHU <1 DSSHQGL[ 0 LQWURGXFWLRQ LQ NHUQHO UHJUHVVLRQ ly

ghqvlw| ixqfwlrq1 Wr lpsuryh dv|pswrwlf surshuwlhv ri wklv qrqsdudphwulf hvwlpdwru

h{whqvlyh xvh ri kljkhu0rughu Nhuqhov kdv ehhq pdgh1 Nhuqhov ri rughu kljkhu wkdq

5 uhgxfh wkh dv|pswrwlf eldv dqg lpsuryh wkh frqyhujhqfh udwh/ wkrxjk wkhuhzlwk

frphv dq lqfuhdvh ri wkh dv|pswrwlf yduldqfh1 D Nhuqho ixqfwlrq lv ri rughu 6 li lw*v

�uvw 6� � prphqwv duh }hur1 Pruh vshfl�f/ li gE�� vdwlv�hv=
"U
3"

mgE��m _� 	4
"U
3"

m�m6 � mgE��m _� 	4
"U
3"

gE��_� ' �
"U
3"

�6 �gE��_� 9' f

"U
3"

�� �gE��_� ' f iru � ' �c ��c 6� �

+<17,

wkh Nhuqho ixqfwlrq lv vdlg wr eh ri rughu 61

Wkh iuhtxhqw ghqvlw| ixqfwlrq Nhuqho lv ri rughu 5/ vlqfh lw lqwhjudwhv wr rqh/ kdv

phdq }hur +�uvw prphqw, exw d srvlwlyh yduldqfh +vhfrqg prphqw,1 Dv iru qrqsdud0

phwulf uhjuhvvlrq frpprqo| v|pphwulf Nhuqhov duh hpsor|hg/ wkdw jlyh surmhfwlrqv

iurp wkh ohiw wkh vdph zhljkw dv surmhfwlrqv iurp wkh uljkw/ rqo| Nhuqho ixqfwlrqv ri

rughu 6 ' 2c ec Sc Hc �� ixo�o wklv txdolw|1 Dovr lw vkrxog eh nhsw lq plqg wkdw Nhuqho

ixqfwlrqv ri rughu kljkhu wkdq 5 dozd|v jhqhudwh qhjdwlyh Nhuqho zhljkwv iru vrph

duhdv/ xvxdoo| wkh  dqnv/ ri lw*v vxssruw wr phhw deryh fulwhuld1 Wklv lv sduwlfx0

oduo| glvwxuelqj iru wkh hvwlpdwlrq ri ghqvlwlhv ru suredelolwlhv/ olnh wkh sduwlflsdwlrq

suredelolw| ri wkh vhohfwlrq htxdwlrq/ wkdw pd| ohdg wr hvwlpdwhg suredelolwlhv ehorz

}hur ru odujhu wkdq rqh1

Rswlpdo/ lq dq dv|pswrwlf vhqvh/ Nhuqhov kdyh ehhq hvwdeolvkhg iru gl�huhqw 6/

olnh wkh Hsdqhfkqlnry iru 6 ' 2/ wkrxjk wkh xvh ri dq rwkhu Nhuqho/ zklfk pd|

eh hdvlhu wr kdqgoh ru frpsxwh/ lqyroyhv zlwk lw xvxdoo| rqo| d plqru h!flhqf|

orvv1 Vrph hyhq Nhuqho ixqfwlrqv duh suhvhqwhg h{hpsodu|1 Rgg Nhuqhov ri rughu

6 ' �c Dc .c �� duh dv|pphwulf dqg xvhixo iru wkh hvwlpdwlrq ri rgg ghulydwlyhv/ wkrxjk

qrw frqwhpsodwhg khuh1 Ohw _ ghqrwh wkh glphqvlrq ri wkh h{sodqdwru| yhfwru f1

Xqlyduldwh +_ ' �, Nhuqhov ri rughu 6 ' 21 +Ghqvlw| Nhuqhov/ zlwk qrq0qhjdwlyh

grpdlq,=

Hsdqhfkqlnry gE�� ' �
e
I
D
E�� �

D
�2� � �Em�m � sD�

Jdxvvldq gE�� ' �I
2Z
e3

�

2
�2

Txduwlf gE�� ' �D
�S
E�� �2�2 � �Em�m � ���

+<18,

Xqlyduldwh +_ ' �, Nhuqhov ri rughu 6 ' e1 +Qrq0ghqvlw| Nhuqhov/ zlwk wkhlu

grpdlq lqfoxglqj qhjdwlyh Nhuqho zhljkwv,=

gE�� '
�D

�2
E�� �f�2 n .�e� � �Em�m � �� +<19,

gE�� '
2�

Se
E�� D

#
�

D

$2

n .

#
�

D

$e

� �

#
�

D

$S

� � �Em�m � D�
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Dovr wkh mdfnnqlih hvwlpdwru �}Ef� wkdw lv wkh zhljkwhg dyhudjh ri wzr rughu05 Nhu0

qhov zlwk gl�huhqw edqgzlgwkv/ jhqhudwhv Nhuqhov ri rughu ri dw ohdvw 7/ vhh Srzhoo

+4<;</^74`,=

gE�� '
@2

@2 � �
�
�
&E��� @ � &E�

@
�
�

iru dq| srvlwlyh @ 9' � dqg xqlyduldwh Nhuqho &E��
+<1:,

Pxowlyduldwh +_ : �, Nhuqhov fdq eh frqvwuxfwhg dv wkh surgxfw ri xqlyduldwh

Nhuqhov1 Iru d yhfwru L ' E��c ��c �_�
� wkh pxowlyduldwh surgxfw Nhuqho g iru dq|

xqlyduldwh Nhuqho &E�� ehfrphv=

gEL� '
_\

�'�

&E���� +<1;,

Dqrwkhu pxowlyduldwh Nhuqho lv wkh pxowlyduldwh vwdqgdug qrupdo ghqvlw| +rughu6 '

2,=

gEL� '
�s
2Z

_ i T
�
��

2
L �L

�
� +<1<,

Elhuhqv +s1445/458, suhvhqwhg d phwkrg wr frqvwuxfw d Nhuqho ri duelwudu| gl0

phqvlrq _ dqg duelwudu| rughu 6 � e dv=

gEL� '
6*2[
�'�

w� i T
k
��

2
L � 	T 3�L*j2�

l
s
2Z

_ � mj�m_
t
_i| 	T

+<143,

zlwk 	T hvwlpdwhg dv wkh vdpsoh yduldqfh dqg w�c j� fkrvhq wr ixo�o wkh prphqw

frqglwlrqv=
	T ' �

?

?S
�'�

Ef� � 7f�Ef� � 7f��

6*2S
�'�

w� ' �

6*2S
�'�

w�j
2,
� ' f iru , ' �c 2c ��c 632

2

+<144,

Edqgzlgwk sdudphwhu=

Wr dwwdlq dv|pswrwlfdoo| xqeldvhg +@frqvlvwhqw, uhjuhvvlrq uhvxowv wkh lqwurgxfhg

vprrwklqj eldv pxvw frqyhujh wr }hur/ wkrxjk wkh dv|pswrwlf eldv +ri wkh vwdelol}hg

wudqvirupdwlrq jhqhudoo| grhv qrw,1 Vlqfh wklv eldv ghshqgv rq wkh ghjuhh ri vprrwk0

lqj dqg lv orzhu iru vkruw0vljkwhg orfdo dyhudjlqj wkdw uhwdlqv d pruh }lj}dj irup ri

wkh vprrwkhg uhjuhvvlrq fxuyh wkdq iru idu0vljkwhg dyhudjlqj wkdw plvvhv doo wkh �qh

vwuxfwxuh wkurxjk ryhuvprrwklqj/ wkh zlqgrz zlgwk pxvw vkruwhq rqfh vx!flhqw

revhuydwlrqv* surmhfwlrqv duh zlwklq uhdfk1 Khqfh � pxvw whqg wr }hur wkh ghqvhu

wkh revhuydwlrqv jhw/ wkrxjk rqo| wkdw idvw wkdw dozd|v d vx!flhqw dprxqw ri revhu0

ydwlrqv duh lq lw*v qhljkerxukrrg wr dyrlg vsxulrxv uhjuhvvlrq shdnv wkurxjk vlqjoh



FKDSWHU <1 DSSHQGL[ 0 LQWURGXFWLRQ LQ NHUQHO UHJUHVVLRQ yl

rxwolhuv wkdw jdlq wrr pxfk zhljkw1 Dv d frqvhtxhqfh wkh edqgzlgwk � vkrxog eh d

ixqfwlrq ri wkh vdpsoh vl}h ? dqg iru frqvlvwhqf| ri wkh uhjuhvvlrq pxvw vdwlvi|=

*�4
?<" � ' f *�4

?<" ?�_ '4c +<145,

zlwk _ wkh glphqvlrq ri wkh h{sodqdwru| yhfwru f/ iru xqlyduldwh f khuh o ' �1

Wr dfklhyh dv|pswrwlf qrupdolw| dqg wkhq ixuwkhupruh wkh pd{lpxp udwh ri

frqyhujhqfh wkh edqgzlgwk kdv wr vxlw fhuwdlq sursruwlrqv wr wkh vdpsoh vl}h ?1

Zlwk wklv rswlpdo edqgzlgwk �JR| ' �JR|E?� dv d ixqfwlrq ri wkh vdpsoh vl}h wkh

vwdelol}hg wudqvirupdwlrq ri wkh qrqsdudphwulf hvwlpdwh 	}Ef� dwwdlqv= +Elhuhqv/

s143<,

?
2

_ne E	}E%�� }E%��
_�$ �E�c T � +<146,

zlwk � wkh dv|pswrwlf eldv dqg T wkh dv|pswrwlf yduldqfh1 Khqfh wkh qrqsdudphw0

ulf hvwlpdwh lv eldvhg dqg lw*v eldv frqyhujhv wr }hur dw d udwh 2
_ne

1 Dovr wkh �fxuvh ri

glphqvlrqdolw|� ehfrphv dssduhqw vlqfh wkh frqyhujhqfh udwh ghwhulrudwhv zlwk wkh

glphqvlrq _ ri wkh h{sodqdwru| yhfwru f1

Wkh frqyhujhqfh udwh fdq eh lpsuryhg dqg wkh eldv uhgxfhg e| slfnlqj d Nhuqho

ri kljkhu rughu/ 6 ' 2c ec Sc ��1 Zlwk Elhuhqv +s1445, wkh frqyhujhqfh udwh zloo eh

6

26n _
� +<147,

Khqfh wkh frqyhujhqfh frphv forvhu wr
s
?0udwh zlwk wkh rughu 6 ri wkh Nhuqho ds0

solhg/ dw wkh vdph wlph wkh dv|pswrwlf yduldqfh lqfuhdvhv zlwk d kljkhu rughu Nhuqho1

Elhuhqv ixuwkhu fryhuv wkh fdvh wkdw doo yduldeohv lq wkh h{sodqdwru| yhfwru f duh

glvfuhwh ru lqwhjhu/ zklfk kdsshqv txlwh riwhq lq plfurhfrqrphwulfdo dssolfdwlrqv1

Surylghg wkh rswlpdo edqgzlgwk kdv ehhq fkrvhq wkh dssursuldwh Nhuqho hvwlpdwru

zloo eh dv|pswrwlfdoo| xqeldvhg/ dv|pswrwlfdoo| qrupdo dqg frqyhujhv hyhq zlwks
?0udwh/ vhh Elhuhqv +s144:,1

Doo wkhvh uhvxowv klqjh rq wkh rswlpdo fkrlfh ri wkh edqgzlgwk sdudphwhu �/ wkdw

lv ri pxfk kljkhu lpsruwdqfh wkdq wkh Nhuqho fkrlfh1 Lq sudfwlfdo zrun krzhyhu wklv

dv|pswrwlf wkhru| khosv olwwoh wr ghwhuplqh wkh rswlpdo edqgzlgwk �JR|1 Orzhu dqg

xsshu erxqgv iru wkh sdwk ri wkh rswlpdo edqgzlgwk zlwk vdpsoh vl}h ? duh xvhohvv

li rqo| rqh vdpsoh lv suhvhqw1 Khqfh dxwrpdwlf edqgzlgwk0vhohfwlrq dojrulwkpv iru

d jlyhq �qlwh vdpsoh kdyh ehhq orqjhg iru/ zlwk wkh jhqhudol}hg furvv0ydolgdwlrq wkh

prvw zhoo0nqrzq fdqglgdwh/ glvfxvvhg lq Kçugoh +4<<4/^49`, ru Fudyhq dqg Zdked

+4<:</^44`,1 Furvv0ydolgdwlrq/ qlfnqdphg dv ohdyh0rqh0rxw phwkrg/ irxqgv lwvhoi rq

wkh prwlydwlrq wkdw slfnlqj d gdwd srlqw Et�cf�� rxw ri wkh vdpsoh dqg ghohwlqj wklv

gdwd srlqw whpsrudulo| iurp wkh vdpsoh/ d uhjuhvvlrq hvwlpdwh fdq eh fdofxodwhg iurp

wkh uhpdlqlqj vdpsoh iEt�c f��j� �'�c�'���? ri vdpsoh vl}h ?��/ wkdw lv wkh zkroh vdpsoh
zlwkrxw wklv revhuydwlrq Et�c f��/ iru dq| duelwudulo| fkrvhq edqgzlgwk �1 Wklv

uhjuhvvlrq hvwlpdwh 	}�Ef� fdq qrz eh xvhg wr suhglfw 	t� ' 	}�Ef�� dqg frpsduhg
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zlwk t� dqg wkh jrrgqhvv ri suhglfwlrq ghshqgv rq wkh fkrvhq edqgzlgwk1 Wklv

suhglfwlrq fdq lwhudwlyho| eh frpsxwhg iru doo revhuydwlrqv t�/ � ' ���? rq edvlv ri

wkhlu fruuhvsrqglqj ohdyh0rqh0rxw ?� � vxevdpsohv1 Wkhuhe| iru hyhu| revhuydwlrq

Et�c f�� t� lwvhoi lv suhglfwhg e| pdnlqj xvh ri doo rwkhu revhuydwlrqv h{fhsw wklv

revhuydwlrq lwvhoi1 Wkh prwlydwlrq lv wkdw iru d surshuo| fkrvhq edqgzlgwk hlwkhu

sduw ri wkh vdpsoh vkrxog eh deoh wr suhglfw wkh rwkhu vlqfh erwk duh uhdol}dwlrqv

ri wkh vdph xqghuo|lqj surfhvv1 Rqfh doo suhglfwlrqv 	t� kdyh ehhq vxssolhg wkh

ryhudoo jrrgqhvv ri suhglfwlrq ri t lv phdvxuhg iru wkh zkroh vdpsoh dqg wkh zkroh

surfhgxuh uhshdwhg ryhu d julg ri gl�huhqw edqgzlgwkv �1 Dv gdwd0gulyhq rswlpdo

edqgzlgwk zloo eh slfnhg wkdw � wkdw gholyhuhg wkh ehvw suhglfwlrq1

Iroorzlqj Kçugoh/ wkh edqgzlgwk lv fkrvhq wr plqlpl}h d phdq vtxduhg huuru

fulwhulrq/ wkdw lv wkh vxp �7. ' K�@r2 n �@o�@?Se/ dssur{lpdwhg e| wkh dyhudjh

vtxduhg suhglfwlrq huuru1 Eh iEt�cf��j�'���? wkh vdpsoh/ wkh uhjuhvvlrq ixqfwlrq fdq

eh hvwlpdwhg dv wkh ohdyh0rqh0rxw uhjuhvvlrq hvwlpdwh 	}�Ef(�� iru dq| � 5 i�c ��c ?j
dqg dq| srvlwlyh edqgzlgwk � iurp wkh uhvw vdpsoh iEt�c f��j� �'�c�'���? dv=

	}�E%( �� '

�
?3�

?S
� �'�

t� � �� �g
�
%3f�

�

�
�

?3�
?S
� �'�

�
�
�g

�
%3f�

�

� � +<148,

t� fdq eh suhglfwhg iurp wklv ohdyh0rqh0rxw uhjuhvvlrq hvwlpdwh dv 	t� ' 	}�Ef�(��1

Wklv suhglfwlrq zloo eh shuiruphg lwhudwlyho| iru doo � ' ���? ohdyh0rqh0rxw uhjuhvvlrq

hvwlpdwhv 	}�Ef( �� dqg wkh dyhudjh vtxduhg suhglfwlrq huuru eh fdofxodwhg/ dgmxvwhg

e| d qrq0qhjdwlyh zhljkwlqj ixqfwlrq �E%�/ iru lqvwdqfh �E%� ' �
����%� �

2

��� 	 f�e
�
/

wkdw wulpv ru grzqzhljkwv revhuydwlrqv zklfk duh forvh wr wkh pdujlq ri wkh vxssruw

ri f zlwklq wkh vdpsoh15 Wkh uhvxow lv wkh furvv0ydolgdwlrq vwdwlvwlf iru d sduwlfxodu

edqgzlgwk �1 Plqlpl}lqj wklv dgmxvwhg dyhudjh vtxduhg suhglfwlrq huuru ryhu doo

dgplvvleoh edqgzlgwk sdudphwhu ydoxhv/ frpprqo| h{hfxwhg e| d julg vhdufk zlwk

xqlglvwdqw julg srlqwv ryhu d vxlwdeoh udqjh iru �/ |lhogv wkh furvv0ydolgdwhg rswl0

pdo edqgzlgwk ��T wkdw frqyhujhv/ wkrxjk vorzo|/ wr wkh dv|pswrwlfdoo| rswlpdo

edqgzlgwk �JR|/ +Kçugoh/ s148:�,=

4�?
�

�T E�� '
�

?

?[
�'�

Et� � 	}�Ef�( ���
2 � �Ef��� +<149,

Dowkrxjk wklv dxwrpdwlf edqgzlgwk0vhohfwlrq dojrulwkp gholyhuv lq prvw fdvhv jrrg

uhvxowv d vxevhtxhqw ylvxdo lqvshfwlrq ri wkh uhvxowlqj uhjuhvvlrq fxuyh zlwk ��T lv

vwurqjo| dgylvhg1 Rwkhu edqgzlgwk0vhohfwlrq surfhgxuhv duh fryhuhg lq Kçugoh1

5Wklv lv uhfrpphqghg vlqfh wkh Nhuqho dyhudjlqj surfhgxuh ehfrphv dv|pphwulf dw wkh erxqg0
du| ri wkh vxssruw ri [ zlwklq wkh vdpsoh zkhuh revhuydwlrqv duh plvvlqj hlwkhu wr wkh ohiw ru
wr wkh uljkw1 Dowkrxjk dgdswdwlrqv h{lvw wkdw wdnh wklv ydfxxp lqwr frqvlghudwlrq wkh uhjuhvvlrq
hvwlpdwh lv ohvv uholdeoh lq wkhvh iurqwlhu duhdv1
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Pxowlyduldwh qrqsdudphwulf uhjuhvvlrq=

Iru wkh pxowlyduldwh fdvh/ _�4Ef� : �/ wkh edvlf lghdv vwd| wkh vdph/ mxvw pdn0

lqj xvh ri d pxowlyduldwh Nhuqho1 Wkh orfdo dyhudjlqj surfhgxuh surfhhgv qrz ryhu d

pxowlglphqvlrqdo qhljkerxukrrg dqg wkh qhljkerxukrrg vl}h lv gh�qhg e| gl�huhqw

edqgzlgwk sdudphwhuv iru hdfk glphqvlrq1 +Wkrxjk pdq| dojrulwkpv ljqruh wklv,1

Exw vzliwo| wkh fxuvh ri glphqvlrqdolw| d�hfwv wkh hvwlpdwh vlqfh zlwk kljkhu glphq0

vlrq d jlyhq qxpehu ri revhuydwlrqv ehfrphv txlfno| vsduvh dqg lvrodwhg zlwklq wkh

hqruprxvo| hqodujhqhg vsdfh1 Krz idvw revhuydwlrqv ehfrph uduh dqg krz wkh vdp0

soh vl}h pxvw jurz zlwk kljkhu glphqvlrq wr uhfryhu wkh vdph dffxudf| looxvwudwhv

Vloyhupdq +s1<5�, iru wkh uhodwhg �hog ri qrqsdudphwulf ghqvlw| hvwlpdwlrq1 Iru wkh

xqlyduldwh fdvh dqg f vwdqgdug qrupdoo| glvwulexwhg qhduo| <3( ri wkh glvwulexwlrq

pdvv olhv zlwklq d udqjh ri d���Sc ��So durxqg wkh ruljlq zkhuhdv wklv �jxuh lv rqo|

4( iru f ri glphqvlrq 43 zlwk doo wkh uhvw vfdwwhuhg lq wkh wdlov1 Wr dfklhyh wkh

vdph dffxudf| dv iru wkh xqlyduldwh qrqsdudphwulf ghqvlw| hvwlpdwlrq wkh vdpsoh

pxvw eh derxw 88 wlphv odujhu iru f ri glphqvlrq 7 dqg derxw 543/333 wlphv odujhu

iru _�4Ef� ' �f1 Wkhvh �jxuhv xqdpeljxrxvo| xqyhlo wkdw surshu qrqsdudphwulf

dssolfdwlrqv duh frqghpqhg wr orz glphqvlrqdo vhwwlqjv1



Fkdswhu 43

Dsshqgl{ 0 Yduldqfh Pdwulfhv

Srzhoo 4<;<
Wkh dv|pswrwlf fryduldqfh pdwul{ T�J�e,, ri Srzhoo*v vwhs wzr hvwlpdwru fdq eh

frpsxwhg dv iroorzv=

	T�J�e,, ' 	�3�
`f

k
	��� � 	�`~

	��� � 	���
	��
`~ n 	�`~

	���
	��
`~

l
	�3�
`f/ +4314,

zkhuh wkh 	��� / 	��� whupv ghqrwh wkh vdpsoh yduldqfhv ri wkh vhulhv 	� � dqg 	�� uhvshf0

wlyho|/ dqg 	��� wkh vdpsoh fryduldqfh ehwzhhq wkhvh erwk vhulhv=

	��� '
�

?

?[
�'�

	� �	��c +4315,

zlwk 	�� c 	��� dqdorj1 Zkhuhdv wkh vhulhv 	� � fdq eh frqvwuxfwhg iurp wklv hvwlpdwru/

wkh vhulhv 	�� uholhv rq wkh suholplqdu| hvwlpdwru 	� zklfk lv vxssrvhg wr frqirup wr

dq dv|pswrwlfdoo| olqhdu uhsuhvhqwdwlrq

	� ' � n
�

?

?[
�'�

�E_�c ~�c �� n JRE?
3 �

2 � +4316,

+vhh Srzhoo +4<;</^74`, Fruroodu| 814/ s157,/ dv gr prvw ri wkh
s
?0frqvlvwhqw glvfuhwh

fkrlfh hvwlpdwruv/ iru lqvwdqfh wkh hvwlpdwru ri Srzhoo/ Vwrfn dqg Vwrnhu +4<;</^76`,1

Jlyhq vxfk d vhulhv 	�� lv dydlodeoh/ wkhuhzlwk wkh uhpdlqlqj sduwv duh frpsxwhg

vwudljkw dkhdg dv=

	� � '
2

?� �

?[
�'�c� �'�

�

�
g

#
E~� � ~��

�	�
�

$
E`� �`��E	�� � 	���/ +4317,

	�`f '

#
?

2

$3� ?[
�'�

?[
�'�n�

	���? � E`� �`��Ef� �f��/ +4318,

	�`~ '

#
?

2

$3� ?[
�'�

?[
�'�n�

	���? � E	�� � 	���E`� �`��E~� � ~��/ +4319,
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	���? '
�

�2
gE��

#
E~� � ~��

�	�

�

$
/ 	�� ' t� �f �

�
	q +431:,

zlwk gE�� ghqrwlqj wkh Nhuqho ixqfwlrqv �|� ghulydwlyh1

Qhzh| Vhulhv 4<;;
Gh�qh

	�� ' Ef �

�c 	R��c 	R2�c ��c 	Rg��
� +431;,

	̀ ' E 	��c 	�2c ��c 	�?�
�

	X ' E	q
�

c 	#�c 	#2c ��c 	#g�
��

Zlwk wklv gh�qlwlrqv wkh fkrlfh ri g lv jxlghg e| furvv0ydolgdwlrq dqg g vkrxog

eh fkrvhq wr plqlpl}h �T Eg�=

4�?
g

�T Eg� '
?S
�'�

�
E�32	B��u	e�

�3	B�

�2
	B� ' 	��

�E
	̀ � 	̀ �3� 	��

	e� ' t� � 	��

�
	X�

+431<,

Dovr wkh dv|pswrwlf yduldqfh pdwul{ ri Qhzh|*v vhulhv hvwlpdwru lv hvwlpdwhg dv=

	T�e�e+ 7eo�er ' dURc fo

#
	̀ � 	̀

?

$3�

�

#
	̀ � 	̀

?

$3�

dURc fo
� +43143,

� '
�

?

?[
�'�

	�� 	�
�

� � Et� � 	��

�
	X�2 n 	M 	T d	�o 	M �

	M '
�

?

?[
�'�

	�� �

5
99997
_

#
gS
&'�

	#& � R&E~ �

�	��

$

_E~ �

���

6
::::8 �
%
_E~ �

�	��

_��

&
c

zkhuh UR lv wkh lghqwlw| pdwul{ ri glphqvlrq R dqg 	T d	�o lv wkh frqvlvwhqw yduldqfh

hvwlpdwh ri wkh dssolhg vwhs rqh hvwlpdwru 	�1 Qhzh| uhpdunv wkdw wklv yduldqfh 	T d	qo

lv d vxp ri wzr frpsrqhqwv/ wkh �Zklwh0khwhurvnhgdvwlflw| fruuhfwhg fryduldqfh

pdwul{� dqg d whup lqkhulwhg irup wkh hvwlpdwlrq ri �1 Khuh fdq eh vhhq wkdw

wkh dffxudf| ri wkh vhulhv hvwlpdwru uholhv rq wkh suhflvlrq ri wkh vhohfwlrq htxdwlrq

hvwlpdwlrq1
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Qhzh| JPP 4<;;
Wkh �qC�� ri Qhzh| lv frpsxwhg dv iroorzv1 Uhfdoo wkdw 	R�E~ �

�	�� kdv ehhq gh�qhg

dv wkh vhulhv dssur{lpdwlrq lq froxpq yhfwru irup

	R� ' ER�E~
�

�	��c ��c RgE~
�

�	���
�� +43144,

Ohw 	R ' E	R�c ��c 	R?�
� eh wkh ? � & pdwul{ lqfoxglqj doo wkh sduwlflsdwlrq vxevdpsoh

revhuydwlrqv/ 6E0�� eh wkh froxpq yhfwru ri doo wkh a prphqw ixqfwlrqv

6E0�� ' E6�E0��c ��c 6aE0���
� +43145,

dqg 	@� wkh froxpq yhfwru ri wkh �vxssrvhgo| xqfruuhodwhg� ixqfwlrqv

	@� ' E@�E~
�

�	��c ��c @uE~
�

�	���
�� +43146,

Lw vkrxog eh uhphpehuhg wkdw h!flhqf| klqjhv rq d vxlwdeoh fkrlfh ri wkh ixqfwlrqv

6�E0�� dqg @,E~
�

�	��/ zklfk kdyh ehhq uhfrpphqghg wr iroorz wkh irup 6�E0�� '

6fE0��
� dqg @,E~

�

�	�� ' @fE~
�

�	��
,3� zlwk wkh urrw ixqfwlrqv/ iru lqvwdqfh/ 6fE�� '

@fE�� ' 2xE��� �1

Wkh hvwlpdwru �qC�� edvhv rq wkh Qhzh| vhulhv hvwlpdwru 	q7eo�er/ wkdw kdv wr eh

shuiruphg ehiruhkdqg wr rewdlq lqlwldo vwduwlqj ydoxhv1 Wkhq wkh iroorzlqj h{suhv0

vlrqv kdyh wr eh frpsxwhg=

	~�g '

%
	R��E	R

�	R�3�
?[
�'�

	R�~
�

�

&
�

+43147,

	6� ' 6Et� �f �

�
	q� +43148,

	6�g '

%
	R��E	R

�	R�3�
?[
�'�

	R� 	6
�

�

&
�

+43149,

	6�q ' �
%
_6Et� �f �

�
	q�

_Et� �f �

�
	q�

&
�f �

� +4314:,

	6�qg '

5
7	R��E	R�	R�3�

?[
�'�

	R�

#
_6Et� �f �

�
	q�

_Et� �f �

�
	q�

$�
6
8
�

�f �

� +4314;,

	}� ' E 	6� � 	6�g�
 	@� 
 E~� � 	~�g� +4314<,

	M '
�

?

?[
�'�

+#
_	R�E~

�

�	��

_E~ �

���

$
�

E	R�	R�3�
?[
�'�

	R� 	6
�

�

,�


 	@� 
 E~� � 	~�g� +43153,

	l '
�

?

?[
�'�

	}�	}
�

� n
	M 	T E	�� 	M � +43154,

	C '
�

?

?[
�'�

E 	6�q � 	6�qg�
 	@� 
 E~� � 	~�g� +43155,

Wkh hvwlpdwru �qC�� lv gh�qhg dv

�qC�� ' 	q7eo�er � E 	C� 	l3� 	C�3� � 	C� 	l3� �

?

?[
�'�

	}� +43156,
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zlwk lw*v yduldqfh TC�� hvwlpdwhg dv

	TC�� ' E 	C� 	l3� 	C�3� +43157,

Dkq2Srzhoo 4<<6
Wr qrw frqixvlqj wkh �uvw dqg wkh vhfrqg vwhs wkh hvwlpdwlrq surfhvv lv eulh |

uhfdoohg1 Vlqfh wkh yduldqfh ghshqgv rq wkh phujhu ri erwk hvwlpdwlrq vwhsv wkh

dv|pswrwlf yduldqfh hvwlpdwh lv frpsxwhg ryhu wkh ixoo vdpsoh ���� 1 Wr frqirup

zlwk wkh Srzhoo hvwlpdwru/ wkdw shuirupv ryhu wkh sduwlflsdwlrq vxevdpsoh ���?/ wkh

zhljkwv 	��� lq wkh vwuxfwxudo htxdwlrq hvwlpdwlrq zloo eh vhw wr }hur iru doo qrq0

sduwlflsdqwv +_� ' f,1

Lq wkh �uvw vwhs wkh vhohfwlrq htxdwlrq lv hvwlpdwhg ryhu wkh ixoo vdpsoh ���� wr

rewdlq wkh surshqvlw| vfruh 	w� ' 	.d_�m~�o e| d pxowlyduldwh Nhuqho g�E�� lpso|lqj
Nhuqho zhljkwv g��=

g�� '
�

��
g�

�
~� � ~�

��

�
+43158,

	wE~�� '

�
�

�S
�'�

_� �g��

�
�

�S
�'�

g��

� +43159,

Wkhvh hvwlpdwhg surshqvlw| vfruhv fdq eh rxwvlgh wkhlu orjlfdo udqjh dfc �o gxh wr wkh

xvh ri d kljkhu0rughu Nhuqho1

Lq wkh vhfrqg vwhs/ edvlqj rq Srzhoo 4<;</ wkh vwuxfwxudo htxdwlrqv duh sdluzlvh

frpsduhg=

t� � t� ' Ef� �f��
�q n

k
bE	w��� bE	w��

l
n E1� � 1�� +4315:,

Iru revhuydwlrqv zlwk forvh lqglfhv 	w�c 	w� wkhlu vhohfwlrq fruuhfwlrq whupv fdqfho rxw

dqg q lv hvwlpdwhg e| lqvwuxphqwdo yduldeoh uhjuhvvlrq zlwk `� ' ` E~�� dv lqvwux0

phqwv1 Sdluzlvh Nhuqho zhljkwv 	���/ zklfk duh rqo| qrq0}hur li erwk � dqg � duh

sduwlflsdqwv +_ ' �, dqg ghshqg wkhq rq wkh lqglfhv* glvwdqfh iurp hdfk rwkhu/ duh

rewdlqhg e| dq xqlyduldwh Nhuqho &2E�� dv=

	��� '
�

�2
&2

#
	w� � 	w�
�2

$
� _� � _�� +4315;,

Qrz q lv hvwlpdwhg e| wkh hvwlpdwru ri Srzhoo1 Wkrxjk irupdoo| ryhu wkh ixoo

vdpsoh ���� / h�hfwlyho| rqo| wkh sduwlflsdwlrq vxevdpsoh ���? lv xvhg vlqfh iru doo

qrq0sduwlflsdqwv wkhlu pxowlsolfdwlyh Nhuqho zhljkwv 	��� duh }hur1

	q ' 	73�
`f � 	7`t +4315<,
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	7`f '

#
�

2

$
3� �[

�'�

�[
�'�n�

	��� � E`� �`��Ef� �f��
� +43163,

	7`t '

#
�

2

$
3� �[

�'�

�[
�'�n�

	��� � E`� �`��Et� � t���

Zlwk doo wklv jurxqgzrun suhsduhg wkh dv|pswrwlf yduldqfh ri Dkq2Srzhoo fdq eh

fdofxodwhg ryhu wkh ixoo vdpsoh ���� =

	T��?*�J�e,, '
�

e
E 	7`f�

3� � 	̀ � EE 	7`f�
3���c +43164,

zkhuh wkh pdwul{ 	7`f pdwul{ vwhpv iurp wkh vwhs wzr Srzhoo hvwlpdwru q/ htxdwlrq

+43163,1 Wkh pdwul{ 	̀ lv frpsxwhg=

	̀ '
�

2�

�[
�'�

k
	�� n 	l�	e�

l k
	�� n 	l�	e�

l
�

+43165,

	�� '
�

� � �

�[
�'�

	��� � E	�� � 	��� � E`� �`��c +43166,

zkhuh 	e� dqg 	�� duh wkh uhvlgxdov ri wkh vwhs rqh dqg vwhs wzr hvwlpdwlrq/ uhvshfwlyho|=

	e� ' _� � 	w� +43167,

	�� ' t� �f �

�q�

Ixuwkhupruh

	l� '
�

� � �

�[
�'�

�[
,'�

k�, +43168,

k�, '
�
�

�2

�2
&�

2

#
	w� � 	w�
�2

$
� _� � _,

�g�, � E	�� � 	�,� � E`� �`,� �
%
�[
_'�

g�_

&3�
�

&�

2 lv wkh �uvw ghulydwlyh ri wkh xqlyduldwh Nhuqho &2 wkdw kdv ehhq hpsor|hg lq wkh

vwhs wzr hvwlpdwlrq dqg g�, duh wkh Nhuqho zhljkwv ri wkh vwhs rqh1

Urelqvrq 4<;;

	T-JK�?rJ? ' 	j2 � 73�
f3 	f

+43169,

73�
f3

	f
'

%
�

?

?[
�'�

Ef� � 	.df�m~�o� � Ef� � 	.df�m~�o�
�

&
3�

+4316:,

	j2 ' 7t3
	t3Ef3

	f��	q +4316;,

'
�

?

?[
�'�

�
t� � 	.dt�m~�o� Ef� � 	.df�m~�o�

�	q
�2
�



FKDSWHU 431 DSSHQGL[ 0 YDULDQFH PDWULFHV {ly

Dqguhzv2Vfkdijdqv 4<<9 +lqwhufhsw hvwlpdwru,

Wkh yduldqfh ri wkh lqwhufhsw hvwlpdwh iru wkh ^VLU` vlqjoh lqgh{ dvvxpswlrq lv

frpsxwhg dv

	T�?_oe�r*7S�@s}@?r '

	T0 � �?
?S
�'�

r2E~ �

�	� � K���
�
?

?S
�'�

rE~ �

�	� � K��
�2 c +4316<,

zlwk

	T0 '

?S
�'�

Et� � 	qf �f �

�
	q�2 � r2E~ �

�	� � K��

?S
�'�

r2E~ �

�	� � K��
� +43173,



Eleolrjudsk|

^4` Dkq/ K1/ dqg Mdphv Srzhoo +4<<6,/ �Vhplsdudphwulf Hvwlpdwlrq ri Fhqvruhg Vh0
ohfwlrq Prghov zlwk d Qrqsdudphwulf Vhohfwlrq Phfkdqlvp�/ Mrxuqdo ri Hfrqr0
phwulfv/ 8;/ 605<1

^5` Dqguhzv/ Grqdog/ dqg Pdufld Vfkdijdqv +4<<9,/ �Vhplsdudphwulf Hvwlpdwlrq
ri d Vdpsoh Vhohfwlrq Prgho�/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu/ Qr1 444</
\doh Xqlyhuvlw|1

^6` ��� +4<<:,/ �Vhplsdudphwulf Hvwlpdwlrq ri wkh Lqwhufhsw ri d Vdpsoh Vhohf0
wlrq Prgho�/ Iruwkfrplqj/ Uhylhz ri Hfrqrplf Vwxglhv +4<<;,1

^7` Dudepd}du/ D1/ dqg S1 Vfkplgw +4<;5,/ �Dq Lqyhvwljdwlrq ri wkh Urexvwqhvv ri
wkh Wrelw Hvwlpdwru wr Qrq0Qrupdolw|�/ Hfrqrphwulfd/ 83/ 4388043961

^8` Elhuhqv/ Khupdq M1 +4<;:,/ �Nhuqho Hvwlpdwruv ri Uhjuhvvlrq Ixqfwlrqv�/ lq
Dgydqfhv lq Hfrqrphwulfv= Iliwk Zruog Frqjuhvv/ Yro1 4/ <<0477/ hg1 Wuxpdq
I1 Ehzoh|/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^9` Fkdpehuodlq/ J1 +4<;9,/ �Dv|pswrwlf H!flhqf| lq Vhplsdudphwulf Prghov
zlwk Fhqvrulqj�/ Mrxuqdo ri Hfrqrphwulfv/ 65/ 4;<054;1

^:` Fkduolhu/ H1/ E1 Phohqehuj/ dqg D1 ydq Vrhvw +4<<:,/ �Dq Dqdo|vlv ri Krxvlqj
H{shqglwxuh Xvlqj Vhplsdudphwulf Furvv0Vhfwlrq Prghov�/ xqsxeolvkhg sdshu/
Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/ Wloexuj Xqlyhuvlw|1

^;` Fkhq/ V1 +4<<9,/ �Glvwulexwlrq0iuhh Hvwlpdwlrq ri wkh Udqgrp Frh!flhqw
Gxpp| Hqgrjhqrxv Yduldeoh Prgho�/ xqsxeolvkhg sdshu/ Krqj Nrqj Xql0
yhuvlw| ri Vflhqfh dqg Whfkqrorj|1

^<` Fkhvkhu/ D1/ dqg P1 Lulvk +4<;:,/ �Uhvlgxdo Dqdo|vlv lq wkh Jurxshg dqg Fhq0
vruhg Qrupdo Olqhdu Prgho�/ Mrxuqdo ri Hfrqrphwulfv/ 67/ 660941

^43` Frvvohww/ Vwhskhq U1 +4<<4,/ �Vhplsdudphwulf Hvwlpdwlrq ri d Uhjuhvvlrq Prgho
zlwk Vdpsoh Vhohfwlylw|�/ lq Qrqsdudphwulf dqg Vhplsdudphwulf Hvwlpdwlrq
Phwkrgv lq Hfrqrphwulfv dqg Vwdwlvwlfv/ hgv1 Zlooldp D1 Eduqhww/ Mdphv Srzhoo/
dqg Jhrujh Wdxfkhq/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

{y
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^44` Fudyhq/ S1/ J1 dqg Zdked +4<:<,/ �Vprrwklqj Qrlv| Gdwd zlwk Vsolqh Ixqf0
wlrqv= Hvwlpdwlqj wkh Fruuhfw Ghjuhh ri Vprrwklqj e| wkh Phwkrg ri Jhqhudo0
l}hg Furvv0Ydolgdwlrq�/ Qxphulfdo Pdwkhpdwlfv/ 64/ 6::07361

^45` Jdeohu/ V1/ I1 Odlvqh|/ dqg P1 Ohfkqhu +4<<6,/ �Vhplqrqsdudphwulf Hvwlpdwlrq
ri Elqdu|0Fkrlfh Prghov zlwk dq Dssolfdwlrq wr Oderu0Irufh Sduwlflsdwlrq�/
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 44/ 940;31

^46` Jdoodqw/ Urqdog/ dqg Grxjodv Q|fknd +4<;:,/ �Vhpl0Qrqsdudphwulf Pd{lpxp
Olnholkrrg Hvwlpdwlrq�/ Hfrqrphwulfd/ 88/ 69606<31

^47` Jhu�q/ Plfkdho +4<<9,/ �Sdudphwulf dqg Vhpl0Sdudphwulf Hvwlpdwlrq ri wkh
Elqdu| Uhvsrqvh Prgho ri Oderxu Pdunhw Sduwlflsdwlrq�/ Mrxuqdo ri Dssolhg
Hfrqrphwulfv/ 44/ 654066<1

^48` Jrogehujhu/ D1V1 +4<;6,/ �Deqrupdo Vhohfwlrq Eldv�/ lq Vwxglhv lq Hfrqrphw0
ulfv/ Wlph Vhulhv dqg Pxowlyduldwh Vwdwlvwlfv/ hgv1 V1 Nduolq/ W1 Dphpl|d/ dqg
O1D1 Jrrgpdq/ Qhz \run= Zloh|1

^49` Kçugoh/ Z1 +4<<4,/ Dssolhg Qrqsdudphwulf Uhjuhvvlrq1 Fdpeulgjh= Fdpeulgjh
Xqlyhuvlw| Suhvv1

^4:` Khfnpdq/ Mdphv +4<:7,/ �Vkdgrz Sulfhv/ Pdunhw Zdjhv dqg Oderu Vxsso|�/
Hfrqrphwulfd/ 75/ 9:<09<71

^4;` ��� +4<:9,/ �Wkh Frpprq Vwuxfwxuh ri Vwdwlvwlfdo Prghov ri Wuxqfdwlrq/
Vdpsoh Vhohfwlrq/ dqg Olplwhg Ghshqghqw Yduldeohv/ dqg d Vlpsoh Hvwlpdwru
iru vxfk Prghov�/ Dqqdov ri Hfrqrplf dqg Vrfldo Phdvxuhphqw/ 8/ 7:807<51

^4<` ��� +4<<3,/ �Ydulhwlhv ri Vhohfwlrq Eldv�/ Dphulfdq Hfrqrplf Uhylhz/ Sd0
shuv dqg Surfhhglqjv/ ;3/ 646064;1

^53` Krurzlw}/ Mrho O1 +4<<5,/ �D Vprrwkhg Pd{lpxp Vfruh Hvwlpdwru iru wkh
Elqdu| Uhvsrqvh Prgho�/ Hfrqrphwulfd/ 93/ 83808641

^54` ��� +4<<6,/ �Vhplsdudphwulf Hvwlpdwlrq ri d Zrun0Wuls Prgh Fkrlfh Prg0
ho�/ Mrxuqdo ri Hfrqrphwulfv/ 8;/ 7<0:31

^55` Lfklpxud/ Klghklnr/ dqg Oxqj0Ihl Ohh +4<<4,/ �Vhplsdudphwulf Ohdvw Vtxduhv
Hvwlpdwlrq ri Pxowlsoh Lqgh{ Prghov= Vlqjoh Htxdwlrq Hvwlpdwlrq�/ lq Qrq0
sdudphwulf dqg Vhplsdudphwulf Hvwlpdwlrq Phwkrgv lq Hfrqrphwulfv dqg Vwd0
wlvwlfv/ hgv1 Zlooldp D1 Eduqhww/ Mdphv Srzhoo/ dqg Jhrujh Wdxfkhq/ Fdp0
eulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^56` Lfklpxud/ Klghklnr +4<<6,/ �Vhplsdudphwulf Ohdvw Vtxduhv +VOV, dqgZhljkwhg
VOV Hvwlpdwlrq ri Vlqjoh Lqgh{ Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 8;/ :404531
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^57` Nohlq/ Urjhu/ dqg Ulfkdug Vsdg| +4<<6,/ �Dq H!flhqw Vhplsdudphwulf Hvwl0
pdwru ri wkh Elqdu| Uhvsrqvh Prgho�/ Hfrqrphwulfd/ 94/ 6;:07561

^58` Odqrw/ Jdxwklhu/ dqg Ldq Zdonhu +4<<;,/ �Wkh Xqlrq2Qrq0Xqlrq Zdjh Gl�hu0
hqwldo= Dq Dssolfdwlrq ri Vhpl0sdudphwulf Phwkrgv�/ Mrxuqdo ri Hfrqrphwulfv/
;7/ 65:067<1

^59` Ohh/ Oxqj0Ihl +4<;5,/ �Vrph Dssurdfkhv wr wkh Fruuhfwlrq ri Vhohfwlylw| Eldv�/
Uhylhz ri Hfrqrplf Vwxglhv/ 7</ 68806:51

^5:` ��� +4<<7,/ �Vhplsdudphwulf Wzr0Vwdjh Hvwlpdwlrq ri Vdpsoh Vhohfwlrq
Prghov Vxemhfw wr Wrelw0W|sh Vhohfwlrq Uxohv�/ Mrxuqdo ri Hfrqrphwulfv/
94+5,/ 63806771

^5;` Ohxqj/ Vlx0Idl/ dqg Vklkwl \x +4<<9,/ �Rq wkh Fkrlfh ehwzhhq Vdpsoh Vhohfwlrq
dqg Wzr0Sduw Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ :5/ 43:045;1

^5<` Pdqvnl/ Fkduohv +4<:8,/ �Pd{lpxp Vfruh Hvwlpdwlrq ri wkh Vwrfkdvwlf Xwlolw|
Prgho ri Fkrlfh�/ Mrxuqdo ri Hfrqrphwulfv/ 6/ 538055;1

^63` ��� +4<;8,/ �Vhplsdudphwulf Dqdo|vlv ri Glvfuhwh Uhvsrqvh= Dv|pswrwlf
Surshuwlhv ri wkh Pd{lpxp Vfruh Hvwlpdwru�/ Mrxuqdo ri Hfrqrphwulfv/ 5:/
64606671

^64` ��� +4<;<,/ �Dqdwrp| ri wkh Vhohfwlrq Sureohp�/ Mrxuqdo ri Kxpdq Uh0
vrxufhv/ 57+6,/ 67606931

^65` ��� +4<<6,/ �Wkh Vhohfwlrq Sureohp lq Hfrqrphwulfv dqg Vwdwlvwlfv�/ lq
Kdqgerrn ri Vwdwlvwlfv/ Yro1 44/ hgv1 J1V1 Pdggdod/ F1U1 Udr/ dqg K1G1 Ylqrg/
Hovhylhu Vflhqfh Sxeolvkhuv1

^66` Phohqehuj/ Ehuwudqg/ dqg Duwkxu ydq Vrhvw +4<<6,/ �Vhpl0Sdudphwulf Hvwlpd0
wlrq ri wkh Vdpsoh Vhohfwlrq Prgho�/ Wloexuj Xqlyhuvlw|/ FhqwHU iru Hfrqrplf
Uhvhdufk/ Glvfxvvlrq Sdshu Qr1 <6671

^67` ��� +4<<9,/ �Sdudphwulf dqg Vhpl0sdudphwulf Prghoolqj ri Ydfdwlrq H{0
shqglwxuhv�/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 44+4,/ 8<0:91

^68` Pruhwwl/ Hqulfr +4<<:,/ �Gr Zdjhv Frpshqvdwh iru Ulvn ri Xqhpsor|phqwB
Sdudphwulf dqg Vhplsdudphwulf Hylghqfh iurp Vhdvrqdo Mrev�/ xqsxeolvkhg
sdshu/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld dw Ehunho|1

^69` Qdzdwd/ N1 +4<<6,/ �DQrwh rq wkh Hvwlpdwlrq ri Prghov zlwk Vdpsoh Vhohfwlrq0
Eldvhv�/ Hfrqrplfv Ohwwhuv/ 75/ 480571

^6:` Qhzh|/ Zklwqh| +4<;;,/ �Wzr Vwhs Vhulhv Hvwlpdwlrq ri Vdpsoh Vhohfwlrq Prg0
hov�/ xqsxeolvkhg sdshu/ Sulqfhwrq Xqlyhuvlw|1
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^6;` ��� +4<<:,/ �Frqvlvwhqf| ri Wzr0Vwhs Vdpsoh Vhohfwlrq Hvwlpdwru Ghvslwh
Plvvshfl�fdwlrq ri Glvwulexwlrq�/ xqsxeolvkhg sdshu1

^6<` Qhzh|/ Zklwqh|/ dqg Mdphv Srzhoo/ Mdphv Zdonhu +4<<3,/ �Vhplsdudphwulf
Hvwlpdwlrq ri Vhohfwlrq Prghov= Vrph Hpslulfdo Uhvxowv�/ Dphulfdq Hfrqrplf
Uhylhz/ Sdshuv dqg Surfhhglqjv/ ;3+5,/ 657065;1

^73` Qhzh|/ Zklwqh|/ dqg Mdphv Srzhoo +4<<6,/ �H!flhqf| Erxqgv iru vrph Vhpl0
sdudphwulf Vhohfwlrq Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 8;+425,/ 49<04;71

^74` Srzhoo/ Mdphv +4<;<,/ �Vhplsdudphwulf Hvwlpdwlrq ri Fhqvruhg Vhohfwlrq Prg0
hov�/ Ghsduwphqw ri Hfrqrplfv/ xqsxeolvkhg sdshu/ Xqlyhuvlw| ri Zlvfrqvlq0
Pdglvrq1

^75` ��� +4<<7,/ �Hvwlpdwlrq ri Vhplsdudphwulf Prghov�/ lq Kdqgerrn ri Hfrqr0
phwulfv/ Yro1 7/ 577705856/ hgv1 U1I1 Hqjoh/ dqg G1O1 PfIdgghq/ Dpvwhugdp=
Qruwk0Kroodqg1

^76` Srzhoo/ Mdphv/ M1K1 Vwrfn/ dqg W1P1 Vwrnhu +4<;<,/ �Vhplsdudphwulf Hvwlpd0
wlrq ri Lqgh{ Frh!flhqwv�/ Hfrqrphwulfd/ 8:/ 4736047631

^77` Srzhoo/ Mdphv/ dqg W1P1 Vwrnhu +4<<9,/ �Rswlpdo Edqgzlgwk Fkrlfh iru
Ghqvlw|0Zhljkwhg Dyhudjhv�/ Mrxuqdo ri Hfrqrphwulfv/ :8/ 5<406491

^78` Urelqvrq/ Shwhu +4<;;,/ �Urrw0Q0Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq�/
Hfrqrphwulfd/ 89/ <640<871

^79` Vfkdijdqv/ Pdufld +4<<:,/ �Vhplsdudphwulf Hvwlpdwlrq ri d Vdpsoh Vhohfwlrq
Prgho= D Vlpxodwlrq Vwxg|�/ Vwlfhug Glvfxvvlrq Sdshu/ Qr1 HP2<:2659/ Orq0
grq Vfkrro ri Hfrqrplfv1

^7:` ��� +4<<;,/ �D Prqwh Fduor Vwxg| ri wkh Vhplsdudphwulf Hvwlpdwlrq ri
wkh Lqwhufhsw ri d Vdpsoh Vhohfwlrq Prgho�/ xqsxeolvkhg sdshu/ Ghsduwphqw ri
Hfrqrplfv/ Orqgrq Vfkrro ri Hfrqrplfv1

^7;` Vfkdijdqv/ Pdufld/ dqg Y1 ]lqgh0Zdovk +4<<;,/ �Rq Lqwhufhsw Hvwlpdwlrq lq
wkh Vdpsoh Vhohfwlrq Prgho�/ xqsxeolvkhg sdshu/ Ghsduwphqw ri Hfrqrplfv/
Orqgrq Vfkrro ri Hfrqrplfv1

^7<` Vloyhupdq/ E1Z1 +4<;9,/ Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|vlv1
Orqgrq= Fkdspdq dqg Kdoo1

^83` Yhood/ Iudqflv +4<<;,/ �Hvwlpdwlqj Prghov zlwk Vdpsoh Vhohfwlrq Eldv= D Vxu0
yh|�/ Mrxuqdo ri Kxpdq Uhvrxufhv/ 66+4,/ 45:049<1
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