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Let K ⊆ Rn be a convex semialgebraic set. The semidefinite 
extension degree sxdeg(K) of K is the smallest number d
such that K is a linear image of an intersection of finitely 
many spectrahedra, each of which is described by a linear 
matrix inequality of size ≤ d. This invariant can be considered 
to be a measure for the intrinsic complexity of semidefinite 
optimization over the set K. For an arbitrary semialgebraic 
set S ⊆ Rn of dimension one, our main result states that the 
closed convex hull K of S satisfies sxdeg(K) ≤ 1 + �n

2 �. This 
bound is best possible in several ways. Before, the result was 
known for n = 2, and also for general n in the case when S is 
a monomial curve.
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Introduction

Semidefinite programming (SDP) is the task of optimizing a linear function over the 
solution set of a linear matrix inequality (LMI)

A0 +
n ∑
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xiAi � 0
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where A0, . . . , An are real symmetric matrices of some size and A � 0 means that A
is positive semidefinite. Under mild conditions, semidefinite programs can be solved in 
polynomial time, up to any prescribed accuracy. Thanks to its enormous expressive 
power, semidefinite programming has numerous applications from a wide range of areas. 
See [1] for detailed background on SDP.

Solution sets of linear matrix inequalities are called spectrahedra. The feasible sets of 
semidefinite programming are therefore spectrahedra and, more generally, linear images 
of spectrahedra (aka spectrahedral shadows). The performance of numerical SDP solvers 
is known to be heavily influenced by the matrix size of the LMI. On the other hand, it is 
often possible in concrete examples to represent a given convex set K by a combination of 
several LMIs of small size d. Practical experience shows that this size d is far more critical 
for the running time than the number of the LMIs. Motivated by these observations, 
Averkov [1] introduced an invariant of convex semialgebraic sets K ⊆ Rn that captures 
this essential bit of the intrinsic complexity of semidefinite optimization over K: The 
semidefinite extension degree of K, denoted sxdeg(K), is the smallest number d such 
that K can be written as a linear image of a finite intersection of spectrahedra, all 
of which are described by LMIs of size ≤ d. So sxdeg(K) ≤ d means that K can be 
represented in the form

K = 
{
x ∈ Rn : ∃ y ∈ Rm A(x, y) � 0

}

for some m, where A(x, y) = A0 +
∑n

i=1 xiAi +
∑m

j=1 yjBj is a symmetric linear matrix 
polynomial of block-diagonal structure with all blocks of size at most d. For example, 
sxdeg(K) ≤ 1 if and only if K is a polyhedron, and sxdeg(K) ≤ 2 if and only if K is 
second-order cone representable. It is this invariant that we are going to study.

Let n ≥ 1, and let S be an arbitrary semialgebraic set in Rn of dimension one. Our 
main result (Theorem 1.3) states that the closed convex hull K of S satisfies sxdeg(K) ≤
1 + �n

2 	. Before, this was known for n = 2 [7], and also for general n in the case where 
S is a curve parametrized by monomials [2]. In the general case, it was known from [5] 
that sxdeg(K) is finite, or in other words, that K is a spectrahedral shadow.

The upper bound in Theorem 1.3 is best possible: If n = 2k is even and K is the 
closed convex hull of the rational normal curve {(t, t2, . . . , tn) : t ∈ R} of degree n, then 
sxdeg(K) = 1+ n

2 , as follows from [1, Cor. 2.3]. In this particular case, K happens to be 
a spectrahedron, and an explicit representation of minimal matrix size k + 1 is given by 
the LMI

⎛
⎜⎜⎝

1 x1 · · · xk

x1 x2 · · · xk+1
...

...
...

xk xk+1 · · · x2k

⎞
⎟⎟⎠ � 0.
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Our theorem cannot be extended to convex hulls of sets of dimension greater than one. 
Indeed, such convex hulls need not be spectrahedral shadows in general. Explicit exam
ples in Rn are currently known for n ≥ 11, and can be found in [6] or in [8, Sect. 8.7].

For monomial curves, the proof of our main result in [2] leads to an explicit semidefinite 
representation of the convex hull. This is not so in the general situation considered here. 
The basic approach is the same as for monomial curves, but the technical details are 
getting considerably more involved in the general case. To establish the upper bound for 
sxdeg(K) we dualize, meaning that, instead of the convex hull K, we study the convex 
cone of linear polynomials that are non-negative on S. The main tool for our proof is an 
algebraic characterization of sxdeg(K) that uses the concept of tensor evaluation. For 
precise details we refer to 2.7 and Theorem 2.8 below.

In the (explicit) case of monomial curves, a key role was played in [2] by Schur poly
nomials and by Jacobi’s bialternant identity. We would like to point out that the same 
is true in the general case considered here. Speaking very loosely, the problem can be lo
calized to some extent. Locally around a given point, Schur polynomials provide a lowest 
degree approximation of the problem. A large part of the effort then consists in showing 
that this approximation dominates the picture in a sufficiently small neighborhood.

The paper is organized as follows. After stating the main result and its dual version 
in Section 1, we apply a number of reduction steps in Section 2. Here we also recall 
the concept of tensor evaluation. Sections 3 and 4 are of preparatory character, dealing 
respectively with Schur polynomials and with extreme rays in cones of non-negative 
polynomials. A very rough general outline of the proof is given in Section 5. Sections 6
and 7 set up the technical machinery needed for the proof proper, while the actual proof 
is given in Section 8.

1. Main result

1.1. Before stating the main theorem we briefly recall a few basic notions from convexity. 
Let C be a convex cone in a finite-dimensional R-vector space V , meaning that C 
= ∅, 
C + C ⊆ C and aC ⊆ C for every real number a ≥ 0. The cone C is said to be pointed 
if C ∩ (−C) = {0}. A convex subset F 
= ∅ of C is a face of C if x, y ∈ C and x+ y ∈ F

imply x, y ∈ F . If 0 
= x ∈ C is such that the half-line F = {ax : a ≥ 0} is a face of 
C then F is called an extreme ray of C. Every closed and pointed convex cone is the 
Minkowski sum of its extreme rays. For every x ∈ C there is a unique smallest face of C, 
denoted Fx, that contains x. We call Fx the supporting face of x (in C). See [8, Sect. 8.1] 
for these facts and for more general background.

Definition 1.2. (See [1]) Let K be a convex semialgebraic set in Rn. The semidefinite 
extension degree sxdeg(K) of K is the smallest integer d ≥ 0 such that K has a repre
sentation
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K = 
{
x ∈ Rn : ∃ y ∈ Rm ∀ ν = 1, . . . , r Aν +

n ∑
i=1 

xiBνi +
m ∑
j=1 

yjCνj � 0
}

with r, m ≥ 1 and with Aν , Bνi, Cνi real symmetric matrices of the same size dν ≤ d, 
for all ν = 1, . . . , r. We put sxdeg(K) = ∞ if there is no such integer d ≥ 0.

If K is an a˙ine space then sxdeg(K) = 0 (this may be considered part of the defini
tion), otherwise sxdeg(K) ≥ 1. It follows directly that sxdeg(K) ≤ 1 if and only if K is 
a polyhedron. Moreover it is not hard to see (e.g. [7, Example 1.5]) that sxdeg(K) ≤ 2
if and only if K is second-order cone representable. The main result of this paper is the 
following:

Theorem 1.3. Let S ⊆ Rn be a semialgebraic set of dimension one, let K ⊆ Rn be the 
closed convex hull of S. Then sxdeg(K) ≤ 1 + �n

2 	.

Here, of course, �n
2 	 denotes the largest integer ≤ n

2 . In particular:

Corollary 1.4. The closed convex hull of any one-dimensional semialgebraic set in R3 is 
second-order cone representable. �

Let S ⊆ Rn be a subset, let K be its closed convex hull and let

PS = {f ∈ R[x]≤1 : f |S ≥ 0},

the set of linear polynomials in x = (x1, . . . , xn) that are non-negative on S. Recall that 
the homogenization Kh of K is the closure of {(t, tu) : u ∈ K, t ≥ 0} in R×Rn [8, Prop. 
8.1.19]. The set PS is a closed convex cone in R[x]≤1, and is linearly isomorphic to the 
dual convex cone of Kh in a natural way [8, Example 8.1.23]. By [7, Cor. 1.9] we have 
sxdeg(K) = sxdeg(PS). So Theorem 1.3 follows from the following theorem:

Theorem 1.5. Let C be an a˙ine algebraic curve over R, let S ⊆ C(R) be a semialgebraic 
set, and let V be a linear subspace of the a˙ine coordinate ring R[C] of C with dim(V ) =
n + 1. Then the closed convex cone

PV,S := {f ∈ V : f |S ≥ 0}

in V satisfies sxdeg(PV,S) ≤ 1 + �n
2 	.

Proof of 1.5 ⇒ 1.3. Assuming Theorem 1.5, let S ⊆ Rn be a semialgebraic set of dimen
sion one. We may assume that S is not contained in an a˙ine hyperplane of Rn. Let C
be the Zariski closure of S and let V ⊆ R[C] be the image of R[x1, . . . , xn]≤1 in R[C]. 
Then dim(V ) = n+1 and PV,S = PS , and so sxdeg(K) = sxdeg(PS) = sxdeg(PV,S). �
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2. First reduction steps

We start by making a couple of first reductions towards a proof of Theorem 1.5. 
On one hand they concern the curve C and the set S. On the other we are going to 
reformulate the task of bounding sxdeg(K) in a way that is more abstract and algebraic, 
but also more manageable.

2.1. The set S can be assumed to be closed. It is enough to cover S by finitely many 
semialgebraic sets Si and to prove the theorem for each of them. Indeed, since PV,S =⋂

i PV,Si
we have sxdeg(PV,S) ≤ maxi sxdeg(PV,Si

) [7, Lemma 1.4(d)]. In this way we 
may assume that the Zariski closure C ⊆ An of S is an irreducible curve, and that S does 
not have any isolated point. We may in fact assume that the curve C is non-singular, 
since otherwise we replace C by its normalization C ′ and S ⊆ C(R) by its preimage in 
C ′(R). Since S does not have isolated points, S is contained in the image of the natural 
map C ′(R) → C(R).

2.2. So let the curve C be irreducible and non-singular. By the previous discussion we as
sume that S is closed in C(R), and is homeomorphic either to a compact non-degenerate 
interval or to a closed half-line. In fact it is enough to consider compact intervals. Indeed, 
assuming that S is homeomorphic to [0,∞[, let C be the non-singular projective model of 
C and let u ∈ C(R)∖C(R) be the point in the closure of S. Choose a point v ∈ C(R)∖S

and let C ′ = C ∖ {v}. Then C ′ is an a˙ine curve, and the subset S′ := S ∪ {u} of C ′(R)
is homeomorphic to [0, 1]. If 0 
= p ∈ R[C ′] is chosen such that p vanishes in all (real 
and nonreal) points of C ∖ C, and if k ≥ 1 is large enough, the subspace V ′ := p2kV of 
the function field R(C) = R(C ′) is contained in R[C ′]. Multiplication by p2k is a vector 
space isomorphism V → V ′ under which the cone PV,S gets identified with the cone 
PV ′,S′ . So it suffices to consider the latter cone.

Summarizing the reduction steps discussed so far, we have:

Lemma 2.3. To prove Theorem 1.5, it suffices to consider the case where the curve C is 
irreducible and non-singular and where the set S ⊆ C(R) is homeomorphic to [0, 1]. �
2.4. Let ξ ∈ C(R) be an R-point. The order of vanishing of a rational function f ∈ R(C)
in the point ξ will be denoted ordξ(f). A local orientation of C(R) at ξ is an equivalence 
class of local uniformizers at ξ (elements u ∈ R[C] with ordξ(u) = 1), where u1 and u2

are said to be equivalent if u1
u2

(ξ) > 0. Let such a local orientation at ξ be given. By a 
closed interval on the positive side of ξ, we mean a compact connected set J ⊆ C(R) with 
ξ ∈ J and |J | > 1 such that u|J ≥ 0 for some local uniformizer u at ξ that represents 
the given orientation. Such J has boundary points ξ and ξ′ 
= ξ, and we’ll simply write 
J = [ξ, ξ′] (tacitly assuming the given local orientation to be understood).
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With this terminology we may reduce the task of proving Theorem 1.5 still a bit 
further:

Lemma 2.5. Let C be an a˙ine curve over R, irreducible and non-singular, and let V ⊆
R[C] be a linear subspace with dim(V ) = n + 1. Suppose that, for every ξ ∈ C(R) and 
every local orientation of C(R) at ξ, some closed interval J ⊆ C(R) on the positive 
side of ξ can be found such that sxdeg(PV,J1) ≤ 1 + �n

2 	 holds for every closed interval 
J1 = [ξ, ξ1] contained in J . Then sxdeg(PV,S) ≤ 1 + �n

2 	 holds for every semialgebraic 
set S ⊆ C(R).

Proof. By Lemma 2.3 we may assume that S is homeomorphic to [0, 1]. Then S is covered 
by finitely many closed intervals Ji = [ξi, ξ′i] as in the statement, and so

sxdeg(PV,S) ≤ max
i 

sxdeg(PV,Ji
) ≤ 1 + �n2 

	

by the remarks in 2.1. �
2.6. Throughout the paper we’ll denote the a˙ine coordinate ring of the curve C by 
A = R[C]. In view of Lemma 2.5, fix a point ξ ∈ C(R) together with one of the two local 
orientations at ξ. To verify the condition in this lemma we may replace the curve C by 
an arbitrary Zariski-open neighborhood of ξ in C. In this way we may assume that there 
exists an element t in A such that the A-module ΩA/R of Kähler differentials is freely 
generated by dt. After replacing t with t−t(ξ), the element t will be a local uniformizer at 
ξ, and after multiplication with −1 if necessary, t will represent the given local orientation 
at ξ. Both ξ and t will be fixed for the rest of the paper. By shrinking C further around ξ
if necessary, we can in addition assume that the maximal ideal mξ = {f ∈ A : f(ξ) = 0}
in A is principal, generated by t.

2.7. The second reduction step is more abstract in nature. First we need to recall some 
facts from [7, Sect. 3] about tensor evaluation. Let X be an a˙ine R-variety and let R ⊇ R

be a real closed field. Write R[X] = R[X]⊗R (tensor product over R) and let f ∈ R[X]. 
If η ∈ X(R) is an R-rational point of X (i.e., a homomorphism η : R[X] → R), let the 
tensor evaluation f⊗(η) (of f at η) be the image of f under the ring homomorphism

R[X] = R[X] ⊗R
η⊗id −−−→ R⊗R.

Note that f(η) ∈ R (the usual evaluation of f at η) is the result of applying the product 
map R⊗R → R to f⊗(η).

For M a semialgebraic subset of X(R), let MR denote the base field extension of M
to R (see [8, Sect. 4.1]). This is the subset of X(R) that is described by the same finite 
system of polynomial inequalities as M . Given θ ∈ R ⊗ R, let rk(θ) (the tensor rank of 
θ) be the minimal number r ≥ 0 such that θ =

∑r
i=1 ai ⊗ bi for suitable ai, bi ∈ R. If θ
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is a sum of squares in R ⊗ R, let sosx(θ) be the smallest integer d ≥ 0 such that there 
is an identity θ =

∑
i θ

2
i with rk(θi) ≤ d for all i. If θ is not a sum of squares we put 

sosx(θ) = ∞. To prove our main theorem we are going to apply the following criterion. 
It is a particular case of [7, Thm. 3.10]:

Theorem 2.8. Let C, V, S and P = PV,S be as in Theorem 1.5, and let E denote the 
set of elements in P that span an extreme ray of P . Let d ≥ 1 be an integer. Then 
sxdeg(P ) ≤ d holds if and only if sosx f⊗(η) ≤ d for every real closed field R ⊇ R, every 
f ∈ ER and every η ∈ SR.

2.9. Summarizing, we have reduced the task of proving Theorem 1.5 to the following. 
Let C be an irreducible and non-singular a˙ine curve over R, let V ⊆ A = R[C] be a 
linear subspace of dimension n + 1 and let a point ξ ∈ C(R) be given, together with 
a local orientation of C(R) at ξ. We need to find a closed interval S ⊆ C(R) on the 
positive side of ξ such that the following holds: Whenever R ⊇ R is real closed, η ∈ SR

is a point and f ∈ VR = V ⊗ R is non-negative on SR and generates an extreme ray in 
(PV,S)R = {g ∈ VR : g|SR

≥ 0}, there is an identity f⊗(η) =
∑

i θ
2
i in R⊗R where each 

θi has the form θi =
∑k

j=1 aij ⊗ bij with k = 1 + �n
2 	 and suitable aij , bij ∈ R.

3. Complements on Schur polynomials

3.1. Let n ≥ 0, let x = (x0, . . . , xn) be a tuple of n+1 variables, and let a = (a0, . . . , an)
be a sequence of non-negative integers that is strictly decreasing, i.e. satisfies a0 > · · · >
an ≥ 0. By σa = σa(x) we denote the polynomial in the variables x that is defined by 
the identity

σa(x0, . . . , xn) ·
∏

0≤i<j≤n

(xi − xj) = det
((

x
aj

i

)
i,j=0,...,d

)
. (1)

The polynomial σa(x) is the Schur polynomial associated with the partition λ = a− δn
where δn = (n, . . . , 1, 0), and identity (1) is known as Jacobi’s bialternant formula (see 
[9, Sect. 7.15]). Standard notation would be sλ(x), rather than σa(x), and would use 
variables x1, . . . , xn instead of x0, . . . , xn. In this paper, however, it is the sequence a of 
length n + 1, rather than the partition λ, that plays the main role. Therefore we prefer 
the alternative notation used here.

3.2. The polynomial σa(x) is symmetric, and its coefficients are non-negative integers 
that allow a combinatorial characterization. Let us briefly recall this. Let Ya denote 
the Young diagram of shape λ = a − δn. So Ya consists of n + 1 rows that contain 
a0 −n, a1 −n+ 1, . . . , an many entries, respectively, and that are aligned to the left. An 
admissible filling T of Ya assigns to each position in Ya an integer from {0, . . . , n}, in 
such a way that the entries are weakly increasing in each row (from left to right) and 
strictly increasing in each column (from top to bottom). If the entry i is assigned to 
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exactly α(i) positions by the filling T , write xT = x
α(0)
0 · · ·xα(n)

n . With this notation one 
has

σa(x) = 
∑
T

xT ,

sum over all admissible fillings T of Ya, see [9, Sect. 7.10].

Lemma 3.3. Let a 
= b be strictly decreasing sequences of non-negative integers, both of 
length n+ 1, and assume that bi ≥ ai for i = 0, . . . , n. Then every monomial of σb(x) is 
properly divisible by some monomial of σa(x).

Proof. It suffices to check this in the case when there is an index k with bk = ak +1 and 
bi = ai for all i 
= k. Given an admissible filling T of Yb, corresponding to a monomial 
xβ of σb(x), we may simply delete the last entry of T in row k. This gives an admissible 
filling of Ya whose corresponding monomial divides xβ. �
Lemma 3.4. Let a = (a0, . . . , an) be a strictly decreasing sequence of non-negative inte
gers, and let b = (b0, . . . , br) be a subsequence of a (i.e., there are 0 ≤ i(0) < · · · < i(r) ≤
n with bν = ai(ν) for ν = 0, . . . , r). Then every monomial of σb(x0, . . . , xr) is divisible 
by a monomial of σa(x0, . . . , xr, 1, . . . , 1).

Proof. It suffices to prove this in the case r = n − 1. Write x = (x0, . . . , xn) and 
x′ = (x0, . . . , xn−1). Let Ya and Yb be the Young diagrams of a and b, respectively, and 
let k ∈ {0, . . . , n} be the index for which ak is missing in b. The bottom n − k rows of 
Ya and of Yb have the same lengths, while the top k rows of Ya are each shorter by one 
than the corresponding rows of Yb. Given an admissible filling T of Yb, corresponding 
to a monomial x′ β of σb(x′), construct an admissible filling of Ya in the following way. 
First delete the last entry in each of the top k rows of T . Then, for i from 0 to n−1, put 
the remaining entries of row i of T into row i of Ya, starting from the left in each row. 
Finally, put the entry n into those boxes of Ya that are still unfilled. The filling of Ya

constructed in this way is admissible and corresponds to a monomial xα of σa(x) which, 
after substitution xn = 1, divides x′ β . �

The following lemma will be needed in Section 6:

Lemma 3.5. Let B be a commutative ring, let p0, . . . , pn ∈ B[[t]] be formal power series 
and let 0 ≤ r ≤ n. Let M be a matrix of size (n + 1) × (n + 1) with coefficients in 
B[[x0, . . . , xr]] whose i-th row is

(
p0(xi), . . . , pn(xi)

)
for i = 0, . . . , r, and whose lower n− r rows have coefficients in B.
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(a) There is a (unique) power series g ∈ B[[x0, . . . , xr]] such that

det(M) = g ·
∏

0≤i<j≤r

(xi − xj).

(b) If the vanishing orders mi = ordt(pi) (i = 0, . . . , n) satisfy m0 > · · · > mn, the 
series g lies in the ideal of B[[x0, . . . , xr]] that is generated by the monomials of 
σm(x0, . . . , xr, 1, . . . , 1), where m = (m0, . . . ,mn).

Proof. The factor g is unique since xi − xj is not a zero divisor in the power series 
ring, for i < j. Assertion (a) is clear since the determinant vanishes after substitution 
xj := xi. Using the Leibniz formula, it suffices for (b) to consider the case where each 
pi is a monomial pi = tai with ai ≥ mi. So assume pi = tai with ai ≥ mi for all i. 
Expanding the determinant by its lower n − r rows, we see that det(M) is a B-linear 
combination (usually infinite) of (r + 1) × (r + 1)-determinants

det

⎛
⎜⎝xb0

0 · · · xbr
0

...
...

xb0
r · · · xbr

r

⎞
⎟⎠ (2)

where b = (b0, . . . , br) is a subsequence of a = (a0, . . . , an). Say bi = aν(i) with 0 ≤
ν(0) < · · · < ν(r) ≤ n, let m′ = (mν(0), . . . ,mν(r)) and let b′ = (b′0, . . . , b′r) be the 
descending permutation of b. We may assume that bi 
= bj for i 
= j, then (2) is equal to 
±σb′(x0, . . . , xr) ·

∏
0≤i<j≤r(xi − xj). It is easily checked that b′i ≥ m′

i = mν(i) holds for 
i = 0, . . . , r. Therefore every monomial in σb′(x0, . . . , xr) is divisible by some monomial 
in σm′(x0, . . . , xr), by Lemma 3.3, and hence by a monomial in σm(x0, . . . , xr, 1, . . . , 1)
(Lemma 3.4). So the proof is complete. �
4. Extreme rays

4.1. Let C be an a˙ine algebraic curve over R that is irreducible and non-singular. As 
before we write A = R[C] for the a˙ine coordinate ring of C. We assume that C(R) 
= ∅, 
so C(R) is topologically a union of finitely many loops (1-spheres) and copies of the a˙ine 
line R. Let V be a linear subspace of A of dimension n + 1 < ∞, with basis p0, . . . , pn. 
For the following fix a compact semialgebraic subset S 
= ∅ of C(R) without isolated 
points. We are going to study the convex cone P = PV,S in V consisting of all f ∈ V

that are non-negative on S. Clearly, the cone P is closed and pointed.

Definition 4.2. Given an element f ∈ V , put

Vf = {g ∈ V : ∀ ξ ∈ S ordξ(g) ≥ ordξ(f)}.

So Vf is the linear space consisting of all g ∈ V with at least the same zeros in S as f , 
taking multiplicities into account.
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Proposition 4.3. Let S 
= ∅ be a compact semialgebraic set in C(R) without isolated 
points, and let 0 
= f ∈ P = PV,S.

(a) Vf = Ff − Ff , the linear span of the supporting face Ff of f in P .
(b) In particular, if f spans an extreme ray of P then Vf = Rf .

Proof. It suffices to prove (a). For this let B be the ring of all rational functions on C that 
have no pole in any point of S. Considering A as a subring of B we have Vf = V ∩ fB. 
The supporting face of f in P is Ff = {p ∈ P : f − p ∈ P}. If p, q ∈ P satisfy f = p+ q, 
then clearly p, q ∈ Vf , showing that Ff ⊆ Vf . To prove that Vf is spanned by Ff , we 
show that there exists an open neighborhood Ω of the origin in Vf such that f +Ω ⊆ Ff . 
Let W = {g ∈ B : fg ∈ Vf}, then the linear map W → Vf , g �→ fg is an isomomorphism. 
Let || · ||S denote the supremum norm on S. Then Ω′ = {g ∈ W : ||g||S < 1} is an open 
neighborhood of the origin in W , and so fΩ′ is a neighborhood of 0 in Vf . Since for every 
g ∈ Ω′ we have f(1 ± g) ∈ P , it follows that f(1 + Ω′) ⊆ Ff , completing the proof. �

As a consequence, note that every extreme ray of P is determined (inside V ) by its 
zeros in S, listed with multiplicities. Since prescribing one zero means one linear condition 
on elements of V , we also conclude:

Corollary 4.4. If f ∈ P spans an extreme ray of P , then f has at least n zeros in S, 
counted with multiplicities. �

We remark that the results of this section remain true verbatim if the ground field is 
an arbitrary real closed field R, instead of the field of real numbers. Of course one has to 
replace ``convex'' by ``R-convex'', the corresponding notion over R (cf. [8, Cor. 1.6.18]).

If f spans an extreme ray of P , we’ll later use Proposition 4.3 to obtain a determinantal 
identity for f , at least in the case where f has exactly n zeros in S. See Proposition 7.8
and Section 8.

5. Outline of the proof

We now give a very coarse outline for the proof of Theorem 1.5 (following the reduc
tions made in 2.9) and for the rest of this paper. Given the point ξ ∈ C(R), the linear 
system V in A = R[C] has a basis p0, . . . , pn such that the sequence m = (m0, . . . ,mn)
of vanishing orders mi = ordξ(pi) is strictly decreasing. If S is a closed interval on the 
positive side of ξ, and if S is sufficiently small, a general extremal member f of (PV,S)R
(for R ⊇ R any real closed field) will have precisely n zeros in SR, and these zeros de
termine f up to scaling. If we fix the number r of different zeros ξ1, . . . , ξr and the tuple 
b = (b1, . . . , br) of their (even) multiplicities, there exists a Nash function (analytic and 
algebraic) G(x0, x1, . . . , xr), defined on a neighborhood of (ξ, . . . , ξ) in C(R)r+1, such 
that f is given as
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f(x) = G(x, ξ1, . . . , ξr) ·
r∏

j=1
(t(x) − t(ξj))bj (3)

in a neighborhood of x = ξ. Writing G as a (convergent) power series in (t0, . . . , tr), the 
lowest degree terms of G are given by a Schur polynomial

σm(t0, t1, . . . , t1, . . . , tr, . . . , tr), (4)

up to a scalar factor. ``Morally'', the tensor evaluation f⊗(η) should be the image of

G(η, ξ1, . . . , ξr) ·
r∏

j=1
(t(η) − t(ξj))bj (5)

under a ring homomorphism R〈x0, . . . , xr〉 → R ⊗ R that maps x0 to t(η) ⊗ 1 and xj

to 1 ⊗ t(ξj) for j = 1, . . . , r. (Here R〈· · · 〉 denotes the ring of algebraic (Nash) power 
series.) The desired sosx-invariant k = 1 + �n

2 	 should then come out from (5) correctly, 
after some further discussion.

When C is a monomial curve, parametrized by a tuple (xm0 , . . . , xmn) of monomials, 
this approach works and was essentially carried out in [2]. In fact, the cofactor G agrees 
with the Schur polynomial (4) in this case. So for monomial curves, there is no need to 
use power series.

In the general case, however, there is one major problem, apart from a number of detail 
questions that have been suppressed: A ring homomorphism R〈x0, . . . , xr〉 → R ⊗ R as 
above simply does not exist. The approach via (Nash) power series is too coarse. Instead 
it is necessary to work in an (n + 1)-fold tensor product A⊗(n+1) over R, to have the 
algebraic dependence between the arguments built into the setup. The backdrop is that 
there won’t be a product decomposition (3) any more. The vanishing ideal in A⊗(n+1) of 
the generalized diagonal is not principal unless the curve is rational, and so one has to 
work with suitable ideal generators and with a corresponding decomposition. Arriving 
at a proper substitute for a product decomposition (5) is a major technical step that will 
be carried out in the next two sections. The actual proof of the main theorem will then 
be given in Section 8.

6. Representing the determinant, I

In this section and the next we are working on a non-singular a˙ine algebraic curve. 
Essentially, the base field won’t play a role, so we just assume that k is a field of char
acteristic zero. Let C be an integral a˙ine curve over k that is non-singular, with a˙ine 
coordinate ring A = k[C]. If ξ ∈ C(k) is a k-rational point, the maximal ideal of A
corresponding to ξ is denoted mξ.

6.1. We consider A ⊗ A = A ⊗k A as an A-algebra via the second tensor component, 
i.e. write a(b ⊗ c) := a ⊗ (bc) for a, b, c ∈ A. Let μ : A ⊗ A → A be the product map, 
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let I = ker(μ). For p ∈ A let δ(p) := p ⊗ 1 − 1 ⊗ p, an element of I. The A-module 
I/I2 is naturally isomorphic to the module ΩA/k of Kähler differentials of A over k, via 
ΩA/k

∼ → I/I2, dp �→ δ(p) + I2 (p ∈ A). Note that I is the vanishing ideal of the diagonal 
ΔC ⊆ C × C, and is an invertible prime ideal of A⊗A.

Lemma 6.2. The ideal I of A⊗A is generated by the elements δ(p) (p ∈ A).

Proof. If α =
∑

i ai⊗bi lies in I then α =
∑

i biδ(ai). This proves the lemma (and shows 
that I is generated by the δ(p) even as an A-submodule of A⊗A). �
Lemma 6.3. For g ∈ A and η ∈ C(k), the following are equivalent:

(i) ordη(g − g(η)) = 1;
(ii) dg generates the sheaf ΩC/k on C, locally at η;
(iii) δ(g) generates the ideal I of A⊗A, locally at (η, η).

Proof. (i) and (ii) are equivalent since the stalk of the sheaf ΩC/k at η is mη/m
2
η, and 

since dg corresponds to the coset of g−g(η) in mη/m
2
η under this isomorphism. Also (iii) 

⇒ (ii) is clear since ΩA/k
∼ = I/I2 via the isomorphism dg �→ δ(g)+I2. Conversely assume 

(ii) that ΩC/k is generated by dg locally at η. Replacing C by a suitable neighborhood 
of η, we may assume that dg generates the A-module ΩA/k. Let M be the maximal ideal 
of A ⊗ A corresponding to (η, η). Then I ⊆ M , and δ(p) ∈ dp 

dg δ(g) + I2 ⊆ 〈δ(g)〉 + MI

holds for every p ∈ A. Since I is generated by the elements δ(p) (p ∈ A), it follows that 
I = 〈δ(g)〉 + MI. So the Nakayama lemma implies I(A⊗A)M = δ(g)(A⊗A)M . �
6.4. Now we need quite a bit of notation. Fix an integer n ≥ 1 and put An = A⊗(n+1) =
A⊗· · ·⊗A, the (n+1)-fold tensor product over k. The tensor components of An will be 
labeled with i = 0, . . . , n. For 0 ≤ i ≤ n let ϕi : A → An be the i-th canonical embedding, 
i.e. ϕi(a) = 1 ⊗ · · · ⊗ a ⊗ · · · ⊗ 1 with a at position i. For 0 ≤ i < j ≤ n and a ∈ A

write δij(a) = ϕi(a) − ϕj(a). Moreover let μij : An → An be the homomorphism that 
multiplies the i-th and the j-th tensor component and puts the result at position i, while 
putting 1 at position j. In other words,

μij(a0 ⊗ · · · ⊗ an) = b0 ⊗ · · · ⊗ bn

where bi = aiaj , bj = 1 and bν = aν for ν ∈ {0, . . . , n}∖ {i, j}. The ideal Iij = ker(μij)
is an invertible prime ideal of An. Let the ideal I in An be defined by

I := 
⋂

0≤i<j≤n

Iij = 
∏

0≤i<j≤n

Iij (6)

Intersection and ideal product coincide since the Iij are pairwise different invertible 
prime ideals, and since the local rings of An are factorial. In particular we see that 
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I is again an invertible ideal of An, which corresponds to the generalized diagonal ⋃
i<j{(x0, . . . , xn) : xi = xj} in Cn+1.

Lemma 6.5. For w ∈ A let δw ∈ An be defined by

δw = 
∏

0≤i<j≤n

δij(w).

Fixing an arbitrary point ξ ∈ C(k), the ideal I of An is generated by all elements δw
where w ∈ A satisfies ordξ(w) = 1.

Proof. It suffices to prove the lemma locally, in a Zariski neighborhood of η = (η0, . . . , ηn)
for any given tuple η ∈ C(k)n+1. Fix η and let (pij)0≤i<j≤n be a family of elements of 
A. Then I is generated by the product 

∏
0≤i<j≤n δij(pij) locally at η, provided that the 

following two conditions hold for each pair i < j of indices:

(1) pij(ηi) 
= pij(ηj) if ηi 
= ηj ;
(2) ordηi

(pij − pij(ηi)) = 1 if ηi = ηj .

This follows by applying Lemma 6.3 to Iij , for each pair i < j. To prove the lemma, it 
therefore suffices to show: Given a finite number ξ0, . . . , ξr of pairwise different points in 
C(k), there exists w ∈ A with w(ξi) 
= w(ξj) for i 
= j, with ordξi(w − w(ξi)) = 1 for 
every i, and with ordξ(w) = 1. Using the Chinese remainder theorem, it is clear that 
this condition is satisfied. �
6.6. From now on we are going to impose some additional assumptions on the curve C. 
Once and for all, we fix a k-point ξ ∈ C(k) on C and let mξ denote the maximal ideal of 
A corresponding to ξ. Moreover we assume that there is an element t ∈ A such that

(A1) mξ = At (the principal ideal generated by t in A),
(A2) the A-module ΩA/k is (freely) generated by dt,

compare 2.6. We’ll also fix t for the rest of the section. If p ∈ A, let p′ = dp
dt ∈ A be 

defined by dp = p′ dt. This is well-defined by (A2).

6.7. Since the ring An is noetherian, Lemma 6.5 implies that there exists a finite subset Λ
of A such that the ideal I is generated by the δw (w ∈ Λ), and such that ordξ(w− t) > 1
(in particular, ordξ(w) = 1 and w′(ξ) = 1) holds for every w ∈ Λ.

We need a few simple observations. The following lemma is easily verified:

Lemma 6.8. Let V be a linear subspace of A with dim(V ) = n + 1. Then the set 
{ordξ(p) : 0 
= p ∈ V } has cardinality n + 1. �
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Given a subspace V ⊆ A of dimension n + 1 we write mξ(V ) = (m0, . . . ,mn) if 
m0 > · · · > mn and there exist elements pi ∈ V with ordξ(pi) = mi (i = 0, . . . , n). Note 
that any such tuple p = (p0, . . . , pn) is a k-basis of V . Given tuples a = (a0, . . . , an), 
b = (b0, . . . , bn) of integers, write a ≥ b if ai ≥ bi for i = 0, . . . , n, and write a > b if 
a ≥ b and a 
= b.

Lemma 6.9. Let q0, . . . , qn be a k-basis of V , write ai = ordξ(qi) (i = 0, . . . , n) and 
assume a0 ≥ · · · ≥ an. Then mξ(V ) ≥ (a0, . . . , an).

Proof. If the ai are pairwise different there is nothing to show. Otherwise let i be the 
largest index with ai = ai+1. There is (unique) c ∈ k∗ with ordξ(qi + cqi+1) > ordξ(qi). 
Put a′i = ordξ(qi + cqi+1) and a′ν = aν for ν 
= i. If (ã0, . . . , ãn) is the weakly descending 
permutation of (a′0, . . . , a′n) then (ã0, . . . , ãn) ≥ (a0, . . . , an) holds. So the lemma follows 
by descending induction on i. �
Lemma 6.10. Let mξ(V ) = (m0, . . . ,mn), and let q = (q0, . . . , qn) be a linearly indepen
dent sequence in A such that ordξ(qi) ≥ mi for i = 0, . . . , n, with strict inequality for at 
least one index i. Then W = span(q) satisfies mξ(W ) > mξ(V ).

Proof. Let ai = ordξ(qi). The assertion is clear from Lemma 6.9 if a = (a0, . . . , an) is 
weakly decreasing. Otherwise there are indices i < j with ai < aj . Swap ai and aj in a, 
then the new sequence a′ = (a′0, . . . , a′n) satisfies the hypothesis in the lemma as well. 
After finitely many steps we have therefore reduced to Lemma 6.9. �
6.11. For the discussion to follow, fix a linear subspace V ⊆ A of dimension n+ 1. Write 
m = mξ(V ) = (m0, . . . ,mn) and let p = (p0, . . . , pn) be a basis of V with ordξ(pi) = mi

(i = 0, . . . , n). Consider the matrix

M = M(p) = 
(
ϕi(pj)

)
0≤i,j≤n

(7)

of size (n + 1) × (n + 1) with entries in An, together with its determinant

F = F (p) = detM(p) ∈ An. (8)

Note that μij(F ) = 0 for any pair of indices 0 ≤ i < j ≤ n, since rows i and j of the 
matrix μij(M) coincide. Therefore F lies in the ideal I =

⋂
i<j Iij . Note also that, up 

to a nonzero scalar factor in k, the determinant F = F (p) depends only on V , and not 
on the choice of the basis p.

6.12. For 0 ≤ i ≤ n write ti = ϕi(t) where t ∈ A is the element fixed in 6.6. Let 
J = 〈t0, . . . , tn〉, the ideal generated by t0, . . . , tn in An. By hypothesis (A1), this is the 
maximal ideal of An corresponding to the point (ξ, . . . , ξ) on the diagonal. From 3.1 recall 
the definition of the Schur polynomial σm(x0, . . . , xn). By J(m) we denote the ideal in 
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An that is generated by those monomials tα = tα0
0 · · · tαn

n that occur in σm(t0, . . . , tn)
with a nonzero coefficient. Our goal in this section is to arrive at a specific identity for 
F = det(M) (Corollary 6.20). The first step is to show:

Proposition 6.13. F = F (p) is contained in the ideal product I · J(m) (taken in the ring 
An).

Proof. It suffices to prove the proposition after extension of the base field. We therefore 
assume that k is algebraically closed (this is just to simplify language and notation). It 
suffices to argue in the local ring of any given tuple η = (η0, . . . , ηn) ∈ C(k)n+1. Let 
Oη = OCn+1,η be the local ring at η and let Ôη be its completion. The ring extension 

Oη ⊆ Ôη is faithfully flat [4, §8]. This implies that aÔη ∩ Oη = a holds for every ideal a
of Oη ([4, §7]). To prove F ∈ IJ(m)Oη, it suffices therefore to show F ∈ IJ(m)Ôη.

After a suitable permutation of the components, we may assume that η0 = · · · = ηr =
ξ (the point on C fixed in 6.6) and ηi 
= ξ for i = r + 1, . . . , n. Locally at η, the ideal I
is generated by ∏

i<j with ηi=ηj

δij(t),

according to Lemma 6.3 (this uses hypothesis (A2) from 6.6). On the other hand, the 
element t ∈ A is a unit in OC,ξ′ for every ξ′ 
= ξ in C(k), by hypothesis (A1) in 6.6. 
Locally at η, this implies that the ideal J(m) is generated by all monomials te00 · · · terr
that occur in σm(t0, . . . , tr, 1, . . . , 1). Proposition 6.13 therefore follows from a repeated 
application of Lemma 3.5: First apply the lemma to rows 0, . . . , r of M = M(p). Thereby 
we extract the factor 

∏
0≤i<j≤r δij(t) and get a cofactor that is contained in J(m). Then 

apply 3.5 successively to the groups of rows whose indices lie in {i : ηi = ω}, for each 
of the remaining components ω of η. This completes the proof of the lemma: If i < j

are indices with i, j > r, the factor δij(t) = ti − tj is not a zero divisor modulo J(m)
since J(m) is generated by monomials in t0, . . . , tr. Therefore δij(t)G ∈ J(m) implies 
G ∈ J(m) for G ∈ O. �

In more explicit terms, Proposition 6.13 states:

Corollary 6.14. Under the assumptions made in 6.11, there exists an identity

F (p) = 
∑
w∈Λ

gwδw (9)

in An with gw ∈ J(m) for every w ∈ Λ. �
Example 6.15. To illustrate the proof of Proposition 6.13 with a concrete example, let 
n = 4 and m = (5, 4, 3, 2, 0). So p = (p0, . . . , p4) is a tuple in A with ordξ(pi) = mi for 
i = 0, . . . , 4. The Schur polynomial is
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σm(x) = x0x1x2x3 + x0x1x2x4 + x0x1x3x4 + x0x2x3x4 + x1x2x3x4,

the fourth elementary symmetric polynomial in x0, . . . , x4. Let ω 
= ξ be a point in C(k). 
By way of example, let us show that F = F (p) lies in IJ(m) locally at η = (ξ, ξ, ξ, ω, ω) ∈
C(k)5. Let u = t−t(ω), a local parameter at ω, let O = OC5,η and let Ô be the completion 

of O. Then Ô is identified with the formal power series ring k[[t0, t1, t2, u3, u4]]. In O, the 
ideal J(m) is generated by t0t1, t0t2, t1t2 since t3, t4 are units at η. Since I is generated 
by δ01(t)δ02(t)δ12(t)δ34(t) at η, we have to show

F ∈ (t0 − t1)(t0 − t2)(t1 − t2)(t3 − t4) · 〈t0, t1, t2〉

in Ô. By Lemma 3.5(b), F is divisible by δ01(t)δ02(t)δ12(t), and the cofactor G is a power 
series, each of whose monomials is divisible by a monomial of σm(t0, t1, t2, 1, 1). In other 
words G ∈ J(m). On the other hand, F is divisible by δ34(u) = t3 − t4 as well (again by 
3.5), say F = (t3 − t4)H. And G ∈ J(m) = 〈t0t1, t0t2, t1t2〉 implies H ∈ J(m) as well, 
which completes what we wanted to prove.

6.16. In a second step we are going to refine identity (9). As before, consider a k-basis 
p = (p0, . . . , pn) of V with ordξ(pi) = mi, where (m0, . . . ,mn) = mξ(V ) = m. To get 
rid of inessential constants we scale the pi in such a way that ordξ(pi − tmi) > mi for 
i = 0, . . . , n. By the normalization made in 6.7, this also implies ordξ(pi − wmi) > mi

(i = 0, . . . , n) for every w ∈ Λ.

Lemma 6.17. Let q = (q0, . . . , qn) be a second tuple in A, and assume that ordξ(qi) ≥ mi

holds for all i, with strict inequality for at least one index i. Then F (q) ∈ JJ(m) · I.

Proof. If q is k-linearly dependent there is nothing to show. Otherwise let W = span(q)
and put a = mξ(W ). By Lemma 6.10 we have a > m and therefore J(a) ⊆ JJ(m) (cf. 
Lemma 3.3). Applying Proposition 6.13 to W and the sequence q gives F (q) ∈ J(a)I ⊆
JJ(m)I, thereby proving the assertion. �
Lemma 6.18. For each w ∈ Λ we may refine (9) to an identity

F (p) = σm(t0, . . . , tn)δw +
∑
v∈Λ

gvδv,

where the gv are elements lying in JJ(m) for every v ∈ Λ.

Proof. Fix w ∈ Λ. Then pi = wmi + qi holds with ordξ(qi) > mi (i = 0, . . . , n), by the 
normalization made in 6.16. By multilinearity of the determinant, this implies

F (p) = F (wm0 , . . . , wmn) +
∑
ν

F (q̃ν0, . . . , q̃νn)
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(sum over 2n+1 − 1 indices ν) where q̃νi ∈
{
wmi , qi

}
, and where for each index ν there 

exists at least one index i with q̃νi = qi. Lemma 6.17 shows that F (q̃ν0, . . . , q̃νn) ∈
JJ(m)I for each ν. This proves the lemma since

F (wm0
0 , . . . , wmn

n ) = σm(w0, . . . , wn) · δ0

(bialternant formula (1)) and since

σm(w0, . . . , wn) ≡ σm(t0, . . . , tn) (mod JJ(m))

by the assumption made in 6.7. �
Proposition 6.19. There is an identity F (p) =

∑
w∈Λ gwδw such that gw lies in 

1 
|Λ|σm(t0, . . . , tn) + JJ(m) for every w ∈ Λ.

Proof. For each w ∈ Λ fix an identity

F (p) = σm(t0, . . . , tn)δw +
∑
v∈Λ

gwvδv

with gwv ∈ JJ(m) for all v ∈ Λ, see Lemma 6.18. Adding all these identities and dividing 
by |Λ| gives an identity as asserted. �

Alternatively we may phrase Proposition 6.19 as follows:

Corollary 6.20. There is an identity

F (p) = 
1 
|Λ|

∑
w∈Λ

∑
α 

tα0
0 · · · tαn

n (1 + gw,α) · δw (10)

where the inner sum is taken over all monomials xα occurring in σm(x), and where 
gw,α ∈ J for all w and α. �
7. Representing the determinant, II

We keep the hypotheses made in 6.6. So C is an irreducible and non-singular a˙ine 
curve over a field k of characteristic 0, and ξ ∈ C(k) is a fixed point. The element 
t ∈ A = k[C] is a local uniformizer at ξ, and the A-module ΩC/k is freely generated 
by dt. For p ∈ A we keep the notation p′ = dp

dt , and write p(i) = d 
dtp

(i−1) (i ≥ 1) for the 
iterated d 

dt -derivatives.
Recall that A⊗A is regarded as an A-module via the second tensor component, and 

that I ⊆ A ⊗ A denotes the kernel of the product map μ : A ⊗ A → A. The ideal I is 
generated by the δ(p) = p ⊗ 1 − 1 ⊗ p (p ∈ A). For r ≥ 1 let Ir denote the r-th ideal 
power of I. Note that αβ ≡ μ(α)β (mod Ir+1) holds for α ∈ A⊗A and β ∈ Ir.
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Lemma 7.1. For f ∈ A and every integer r ≥ 1, the congruence

δ(f) ≡ f ′ · δ(t) + 1 
2!f

′′ · δ(t)2 + · · · + 1 
r!f

(r) · δ(t)r (mod Ir+1) (11)

holds in A⊗A.

Proof. Let Ω = ΩA/k. The isomorphism Ω ∼ → I/I2, df �→ δ(f)+I2 of A-modules induces 
isomorphisms Symd

A(Ω) → Id/Id+1 for all d ≥ 0, since the curve C is smooth ([3] 17.12.4, 
16.9.4). Since Ω is freely generated by dt, this implies that there exist unique elements 
g1, . . . , gr ∈ A such that

δ(f) ≡ g1 · δ(t) + · · · + gr · δ(t)r (mod Ir+1) (12)

holds in A⊗A. Given an arbitrary point η ∈ C(k), consider the homomorphism φη : A⊗
A → A defined by φη(p⊗ q) = p · q(η). Then φη(I) = mη, so applying φη to (12) gives

f − f(η) ≡ g1(η) · (t− t(η)) + · · · + gr(η) · (t− t(η))r (mod mr+1
η ).

Since t− t(η) is a uniformizing element at η (Lemma 6.3) it follows that gi(η) = 1 
i!f

(i)(η)
for i = 1, . . . , r. This proves the lemma. �
Lemma 7.2. For every r ≥ 1 there exists a (unique) well-defined A-linear map D(r) : Ir →
A that satisfies D(r)(Ir+1) = 0 and sends δ(p1) · · · δ(pr) to p′1 · · · p′r, for any p1, . . . , pr ∈
A. This map satisfies D(r)(αβ) = μ(α)D(r)(β) for α ∈ A⊗A and β ∈ Ir.

Proof. The graded A-algebra 
⊕

r≥0 I
r/Ir+1 is the symmetric algebra over the A-module 

I/I2, see the previous proof. Since I/I2 is freely generated by dt = δ(t) + I2, there is 
a unique homomorphism of A-algebras D :

⊕
r≥0 I

r/Ir+1 → A with D(dt) = 1. Let 
D(r) : Ir → A be the induced A-linear map for r ≥ 0, so D(r)(β) = D(β + Ir+1)
for β ∈ Ir. We claim that D(r) has the above properties. For a, b ∈ A one has 
D(r)((a ⊗ b)β) = ab · D(r)(β) by A-linearity, since a ⊗ b ≡ 1 ⊗ ab (mod I). For p ∈ A

we have dp = p′ dt by definition of p′, which means δ(p) ≡ p′δ(t) (mod I). This implies 
D(1)(δ(p)) = p′. Consequently, D(r) maps δ(p1) · · · δ(pr) to p′1 · · · p′r (r ≥ 1) since D is a 
ring homomorphism. �
7.3. In the tensor product An = A⊗(n+1) we may perform the operations D(r) on any 
fixed pair i < j of indices. Recall that Iij denotes the kernel of μij : An → An and is 
generated by the δij(a) (a ∈ A) as an ideal in An. For 0 ≤ i < j ≤ n let

D
(r)
ij : Irij → An

be the additive map that satisfies
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D
(r)
ij

(
α δij(a1) · · · δij(ar)

)
= μij(α) · ϕi(a′1 · · · a′r) (13)

for a1, . . . , ar ∈ A and α ∈ An. The unique existence of a map with these properties 
follows directly from 7.2. For any p ∈ A and any r ≥ 1, note that

D
(r)
ij

(
δij(p) −

r−1 ∑
ν=1

ϕj(p(ν))
ν! δij(t)ν

)
= 

1 
r!ϕi(p(r)), (14)

by Lemma 7.1.

7.4. As in Section 6, let p = (p0, . . . , pn) be a fixed (n + 1)-tuple of elements in A, 
and consider the matrix M = M(p) =

(
ϕi(pj)

)
0≤i,j≤n

over An, see 6.11. If k ≥ 0, write 

p(k) = (p(k)
0 , . . . , p

(k)
n ) for the tuple of k-th d 

dt -derivatives. Fix an integer 1 ≤ b ≤ n+1 and 
a block B of b consecutive numbers in {0, . . . , n}; for simplicity we take B = {0, . . . , b−1}. 
In the following we describe a transformation of the matrix M to a new matrix TBM , 
to which we’ll refer as the Taylor process on B.

Start with the matrix M and let zi(M) = ϕi(p) denote the i-th row of M (i =
0, . . . , n). Replacing z1(M) with z1(M) − z0(M), this new row lies entrywise in I01, so 
we can apply D(1)

01 to it. Leaving the other rows unchanged, this gives the new matrix 
M ′ with rows

ϕ0(p), −ϕ0(p′), ϕ2(p), . . . , ϕn(p).

Since the determinant is multilinear with respect to the rows, the determinant of M ′

satisfies

det(M ′) = D(1)
01 (detM)

by (13). Next replace z2(M ′) = ϕ2(p) with

z2(M ′) − z0(M ′) − δ02(t)z1(M ′) = ϕ2(p) − ϕ0(p) − (t2 − t0)ϕ0(p′).

Entrywise, this row lies in I2
02 and is congruent to 1

2ϕ0(p′′)δ02(t)2 modulo I3
03, both by 

Lemma 7.1. Apply D(2)
02 to this row, to get the new matrix M ′′ with rows

ϕ0(p), −ϕ0(p′), 
1
2ϕ0(p′′), ϕ3(p), . . . , ϕn(p),

whose determinant satisfies

det(M ′′) = D(2)
02 (detM ′) = D(2)

02 ◦ D
(1)
01 (detM). (15)

Keep proceeding in this way, successively working down the rows in the block B. After 
b− 1 steps we have arrived at a matrix TBM = M (b−1) with rows
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ϕ0(p), −ϕ0(p′), . . . , 
(−1)b−1

(b− 1)! ϕ0(p(b−1)), ϕb(p), . . . , ϕn(p) (16)

whose determinant satisfies

det(TBM) = D(b−1)
0,b−1 ◦ · · · ◦ D(1)

01 (detM). (17)

7.5. Fix an identity det(M) =
∑

w∈Λ gwδw for the determinant of M , with gw ∈ J(m)
(Corollary 6.14). How does the Taylor process just described act on the terms of this 
identity? Write DB := D

(b)
0b ◦ · · · ◦ D

(1)
01 for the composite operator (it is defined on ⋂b

j=1 I0j), and let μB = μ0b ◦ · · · ◦ μ01 : An → An denote the ring homomorphism

μB

(
a0 ⊗ · · · ⊗ an

)
= (a0 · · · ab−1) ⊗ 1 ⊗ · · · ⊗ 1︸ ︷︷ ︸

b−1 times

⊗ ab ⊗ · · · ⊗ an.

Then DB(gδw) = μB(g)DB(δw) for g ∈ An and w ∈ A, where

DB(δw) = ϕ0(w′)b(b−1)/2 ·
∏

b≤j≤n

δ0j(w)b ·
∏

b≤i<j≤n

δij(w). (18)

Note that the entries of the matrix TBM = M (b−1) (and its determinant) lie in the 
subring

A⊗ k ⊗ · · · ⊗ k︸ ︷︷ ︸
b−1 times

⊗A⊗ · · · ⊗A︸ ︷︷ ︸
n−b+1 times

of An.

7.6. As a final step we apply the Taylor process 7.4 to several disjoint blocks of rows of 
the matrix M = M(p), as follows. We assume that the rows 0, . . . , n of the matrix have 
been grouped into blocks B0, . . . , Br of consecutive rows, with Bν consisting of bν many 
rows for ν = 0, . . . , r. More formally, let b = (b0, . . . , br) be a tuple of integers bi ≥ 1
with n+ 1 =

∑r
i=0 bi, and let B0 = {0, . . . , b0 − 1}, B1 = {b0, . . . , b0 + b1 − 1} etc, up to 

Br = {n− br + 1, . . . , n}. For each of the blocks B0, . . . , Br perform the Taylor process 
7.4 on the rows of this block. In the end we have arrived at a matrix T = Tb(p) whose 
coefficients lie in the subring

(
A⊗ k ⊗ · · · ⊗ k︸ ︷︷ ︸

(b0−1) times

)
⊗ · · · ⊗

(
A⊗ k ⊗ · · · ⊗ k︸ ︷︷ ︸

(br−1) times

)

of An. Dropping the inessential tensor components we consider T to have coefficients in 
Ar = A⊗(r+1). With this convention, the rows of T are

ϕ0(p), . . . , ϕ0(p(b0−1)), . . . , ϕr(p), . . . , ϕr(p(br−1)) (19)
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up to nonzero scalar factors in k, see 7.4. In order to describe the effect of the multiple 
Taylor process on the determinant, let μ = μb : An → Ar denote the ring homomorphism 
that puts the product of the tensor components in block Bν at position ν, for ν = 0, . . . , r:

μ(a0 ⊗ · · · ⊗ an) = 
( ∏
i∈B0

ai

)
⊗ · · · ⊗

( ∏
i∈Br

ai

)
. (20)

Writing D = DBr
◦ · · · ◦DB0 we have D(gδw) = μ(g)D(δw) for g ∈ An and w ∈ A, where

D(δw) = 
r∏

i=0
ϕi(w′)bi(bi−1)/2 ·

∏
0≤i<j≤r

δij(w)bibj . (21)

If we start with an identity

det(M) = 
1 
|Λ|

∑
w,α 

tα0
0 · · · tαn

n (1 + gw,α) · δw (22)

as in Corollary 6.20, we therefore get

detTb(p) = 
1 
|Λ|

∑
w,α 

t
α(B0)
0 · · · tα(Br)

r · (1 + μ(gw,α)) ·D(δw) (23)

with α(Bν) =
∑

j∈Bν
αj for ν = 0, . . . , r.

In summary, the previous discussion gives the following result:

Theorem 7.7. Let b0, . . . , br ≥ 1 with 
∑r

i=0 bi = n+ 1, and consider the (n+ 1)× (n+ 1)
matrix Tb(p) over Ar with rows

ϕ0(p), . . . , ϕ0(p(b0−1)), . . . , ϕr(p), . . . , ϕr(p(br−1)). (24)

Its determinant detTb(p) can be written

∑
w,α 

(
μ(tα) · (1 + hw,α) ·

∏
0≤i≤r

ϕi(w′)bi(bi−1)/2 ·
∏

0≤i<j≤r

δij(w)bibj
)
, (25)

up to a scaling factor in k∗. Here the hw,α lie in 〈t0, . . . , tr〉, and the sum is over w ∈ Λ

and those multiindices α = (α0, . . . , αn) for which xα occurs in the Schur polynomial 
σm(x0, . . . , xn). �

Given a k-algebra A together with k-homomorphisms ψi : A → A (i = 0, . . . , r), we 
may specialize the matrix Tb(p) over Ar to a matrix over A via

ψ : Ar → A, a0 ⊗ · · · ⊗ ar �→ ψ0(a0) · · ·ψr(ar).
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Several specializations of this sort will play a role in the sequel. We begin with the 
following one:

Proposition 7.8. Let p0, . . . , pn be a basis of the vector space V ⊆ A, let η = (η1, . . . , ηr)
be a tuple of r pairwise different points in C(k), and let b = (b1, . . . , br) be an r-tuple of 
positive integers with 

∑r
i=1 bi = n. The following conditions are equivalent:

(i) The matrix

Zb(p, η) = 

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0 · · · pn
p0(η1) · · · pn(η1)

...
...

p
(b1−1)
0 (η1) · · · p

(b1−1)
n (η1)

...
...

p0(ηr) · · · pn(ηr)
...

...
p
(br−1)
0 (ηr) · · · p

(br−1)
n (ηr)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(26)

(of size (n + 1) × (n + 1) and with coefficients in A) has non-zero determinant;
(ii) the subspace V0 :=

⋂r
i=1{f ∈ V : ordηi

(f) ≥ bi} of V has dimension one.

When (i) and (ii) hold, the regular function detZb(p, η) on C (is non-zero and) lies 
in V0.

Proof. Put Z := Zb(p, η). Regardless of condition (i), the subspace V0 in (ii) has 
dim(V0) ≥ 1 since V0 is described by n linear conditions on f . Let Z0 be the matrix 
that is obtained from Z by deleting the top row. Then Z0 is the matrix of the linear 
map φ : V → kn,

p �→ 
(
p(η1), . . . , p(b1−1)(η1), . . . , p(ηr), . . . , p(br−1)(ηr)

)
with respect to the basis p0, . . . , pn of V . By definition, V0 is the kernel of φ. The 
determinant det(Z) is an element of V which is non-zero if, and only if, at least one 
of the n × n-minors of Z0 does not vanish. This is equivalent to φ being surjective, 
and hence also to condition (ii). To see the last assertion note that, for any k ≥ 0, 
the k-th derivative dk

dtk
det(Z) of det(Z) is obtained by replacing the top row of Z with 

(p(k)
0 , . . . , p

(k)
n ). Therefore, the vanishing order of det(Z) at ηi is at least bi, for every 

i = 1, . . . , r. �
In the next section we are going to specialize the matrix Tb(p) in several other ways, 

to complete the proof of the main theorem.
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8. Proof of the main theorem

8.1. After the extensive preparations in the previous sections we can now give the proof 
of the main theorem. Assume that an a˙ine algebraic curve C over R is given that is non
singular and irreducible, together with an R-linear subspace V of A = R[C] of dimension 
n+1. Moreover let ξ ∈ C(R) be a fixed real point of C, together with a local orientation 
of the curve C(R) at ξ. We assume that t ∈ A represents the given orientation and is 
such that ΩA/R is freely generated by dt, and such that mξ = At (conditions (A1) and 
(A2) from 6.6). We need to prove the following (see 2.5, 2.9):

(∗) There exists a closed interval S = [ξ, ξ′] in C(R) on the positive side of ξ for which 
the following is true: For every real closed field R ⊇ R, every element f ∈ VR = V ⊗R

with f ≥ 0 on SR ⊆ C(R) and every ξ0 ∈ SR, the tensor evaluation (see 2.7) of f at 
ξ0 satisfies

sosx f⊗(ξ0) ≤ 1 + �n2 
	.

It suffices in fact to show this for every f that spans an extreme ray of the cone 
(PV,S)R = {g ∈ VR : g ≥ 0 on SR}.

See 2.4 for the meaning of interval in this context.

8.2. We may assume that ξ is not a base point of V , i.e., that there is p ∈ V with p(ξ) 
= 0. 
Indeed, let e = min{ordξ(p) : p ∈ V }. Then V = teV1 where V1 = {t−ep : p ∈ V } is 
contained in A since mξ = At. Now ξ isn’t a base point of V1 any more, and multiplication 
by te is a linear isomorphism V1 → V that identifies PV1,S with PV,S for every interval 
S ⊆ C(R) on which t is non-negative. So we may replace V with V1.

8.3. As in Sections 6 and 7 let m = mξ(V ), and let p = (p0, . . . , pn) be an R-basis of 
V with ordξ(pi) = mi (i = 0, . . . , n). To find an interval S as in 8.1, form the matrix 
M = M(p) over An = A⊗(n+1) as in 6.11. Let σm(x0, . . . , xn) be the Schur polynomial 
associated with the sequence m = (m0, . . . ,mn), see 3.1, and fix a finite set Λ ⊆ A of 
elements w as in 6.7. The ideal I in An is generated by the δw (w ∈ Λ), and each w ∈ Λ

satisfies ordξ(w) = 1 and dw
dt (ξ) = 1. Then, according to Corollary 6.20, there is an 

identity

detM(p) = 
1 
|Λ|

∑
w,α 

tα0
0 · · · tαn

n (1 + gw,α) · δw (27)

in An as in (10). In particular, the element gw,α lies in J = 〈t0, . . . , tn〉 for every pair 
w,α. (Recall that the sum is over w ∈ Λ and the monomials xα in σm(x).)

From now on fix one such identity (27). Considering the finitely many elements gw,α ∈
J ⊆ An as polynomial functions on Cn+1 = C × · · · ×C, they all vanish in the diagonal 
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point (ξ, . . . , ξ). So there exists an open neighborhood Q of ξ in C(R) with the property 
that 1 + gw,α(η0, . . . , ηn) > 0 for all η0, . . . , ηn ∈ Q and all w,α. Choose the non
degenerate interval S = [ξ, ξ′] in such a way that S contains the positive side of ξ, and 
such that the following hold:

(S0) V has no base point in S,
(S1) S ⊆ Q,
(S2) t ≥ 0 on S,
(S3) w′ = dw

dt ≥ 0 on S (and hence also w ≥ 0 on S), for every w ∈ Λ.

Clearly it is possible to find such an interval S, given that ξ is not a base point of V (see 
8.2). We claim that (∗) in 8.1 is satisfied for such S.

8.4. Let R ⊇ R be a real closed field extension, let f ∈ VR with f ≥ 0 on SR and 
assume that f spans an extreme ray of (PV,S)R. If f(ξ) = 0 we may pass from V to the 
linear system V0 = {p ∈ V : p(ξ) = 0}. Then dim(V ) = n < n + 1 since ξ is not a base 
point of V , and by induction we may assume this case already to be covered. Argueing 
similarly in case f(ξ′) = 0, we may therefore assume that f(ξ) > 0 and f(ξ′) > 0. This 
implies that the number of zeros of f in SR is even, counting with multiplicities. By 
Corollary 4.4, this number is at least n. We claim that it is equal to n (and therefore, 
that n is even). To see this, consider the following lemma:

Lemma 8.5. With S as in 8.3, assume that ξ0, . . . , ξr ∈ SR are pairwise different and 
also different from ξ. Let integers b0, . . . , br ≥ 1 with 

∑r
i=0 bi = n+1 be given. Then the 

determinant of the matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0(ξ0) · · · pn(ξ0)
...

...
p
(b0−1)
0 (ξ0) · · · p

(b0−1)
n (ξ0)

...
...

p0(ξr) · · · pn(ξr)
...

...
p
(br−1)
0 (ξr) · · · p

(br−1)
n (ξr)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(28)

is a nonzero element of R.

Proof. On the interval S, each w ∈ Λ is strictly increasing as a function of t, by hypoth
esis (S3) in (27). So we may label the ξi in such a way that

w(ξ0) > w(ξ1) > · · · > w(ξr)
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for each w ∈ Λ. Consider the matrix Tb(p) over Ar from Theorem 7.7, with parameters 
b = (b0, . . . , br) as given above. The matrix (28) is the image of Tb(p) under the ring 
homomorphism

Ar → R, a0 ⊗ · · · ⊗ ar �→
r∏

i=0
ai(ξi) (29)

Hence the determinant of (28) is the image of the sum (25) under this ring homomor
phism. But from conditions (S0)--(S3) it follows that every factor in a typical summand

μ(tα) · (1 + hw,α) ·
∏
i 
ϕi(w′)bi(bi−1)/2 ·

∏
i<j

δij(w)bibj

of (25) maps to a strictly positive number in R under (29). This proves the lemma. �
Proposition 8.6. f as in 8.4 has precisely n zeros (
= ξ, ξ′) in SR, counting with multi
plicities. In particular, n is even.

Proof. Assume to the contrary that f has at least n+1 zeros in SR (different from ξ, ξ′). 
Then there are ξ0, . . . , ξr ∈ SR, pairwise different, together with integers b0, . . . , br ≥ 1
such that ordξi(f) ≥ bi ≥ 1 for i = 0, . . . , r and 

∑r
i=0 bi = n + 1. By Lemma 8.5, the 

determinant of the matrix (28) is nonzero. Choose an arbitrary element q ∈ A that is 
linearly independent from p0, . . . , pn. Consider the extended tuple p̃ = (q, p0, . . . , pn) and 
form the matrix of size (n + 2) × (n + 2) over A with rows

p̃, p̃(ξ0), . . . , p̃(b0−1)(ξ0), . . . , p̃(ξr), . . . , p̃(br−1)(ξr)

Deletion of row 0 and column 0 in this matrix gives back the matrix (28), whose de
terminant is 
= 0. By Proposition 7.8, therefore, the unique element (up to scaling) in 
VR ⊕ Rq = span(p̃)R with at least the given zeros is this determinant, and it is not 
contained in VR. But by assumption, f ∈ VR is another nonzero element with at least 
these zeros, contradicting uniqueness and thereby proving Proposition 8.6. �
8.7. Let f span an extreme ray in (PV,S)R, with f as in 8.4. As was just proved, n is 
even and f has precisely n zeros in SR. Let these be ξ1, . . . , ξr, pairwise different, with 
respective (even) multiplicities b1, . . . , br ≥ 2, so 

∑r
i=1 bi = n. Write b = (b1, . . . , br) and 

ξ = (ξ1, . . . , ξr) and form the matrix Z = Zb(p, ξ) over AR = A⊗R as in (26), with rows

p, p(ξ1), . . . , p(b1−1)(ξ1), . . . , p(ξr), . . . , p(br−1)(ξr).

The determinant det(Z) is an element of VR with at least the same zeros in SR as 
f . Choose any ξ0 ∈ SR that is not in {ξ, ξ1, . . . , ξr}. Then det(Z), evaluated at ξ0, is 
nonzero by Lemma 8.5, showing in particular that det(Z) is not identically zero. By 
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Proposition 7.8, therefore, f = c ·det(Z) with some nonzero scalar c ∈ R. For calculating 
sosx f⊗(ξ0) with ξ0 ∈ SR, we may assume f = det(Z).

Consider the matrix T = T(1,b)(p) with (1, b) := (1, b1, . . . , br), see (19). So the blocks 
for the Taylor process are

B0 = {0}, B1 = {1, . . . , b1}, B2 = {b1 + 1, . . . , b1 + b2} etc, (30)

and T is the (n + 1) × (n + 1) matrix over Ar with rows

ϕ0(p), ϕ1(p), . . . , ϕ1(p(b1−1)), . . . , ϕr(p), . . . , ϕr(p(br−1)),

up to nonzero scalar factors in R. The matrix Z arises from T by applying the homo
morphism

Ar �→ A⊗R, a0 ⊗ · · · ⊗ ar �→ a0 ⊗
(
a1(ξ1) · · · ar(ξr)

)
. (31)

By definition, the tensor evaluation of f in ξ0 ∈ SR is the image of f = det(Z) ∈ A⊗R

under

A⊗R → R⊗R, q ⊗ a �→ q(ξ0) ⊗ a. (32)

So altogether, f⊗(ξ0) is the image of det(T ) ∈ Ar under the ring homomorphism Ar →
R⊗R,

a0 ⊗ · · · ⊗ an �→ a0(ξ0) ⊗
(
a1(ξ1) · · · ar(ξr)

)
. (33)

8.8. Theorem 7.7 gives an expression (25) for det(T ), from which we get f⊗(ξ0) by 
applying the homomorphism (33) to the summands. Taking a typical summand

μ(tα) · (1 + hw,α) ·
∏

0≤i≤r

ϕi(w′)bi(bi−1)/2 ·
∏

0≤i<j≤r

δij(w)bibj (34)

in (25), let us discuss its image under (33), factor by factor:

• μ(tα) = μ(tα0
0 · · · tαn

n ) is mapped to

t(ξ0)α0 ⊗
(
t(ξ1)α(B1) · · · t(ξr)α(Br)

)
(with B1, . . . , Br as in (30) and α(Bν) =

∑
i∈Bν

αi). By (S2) in 8.3, this is a tensor 
in R⊗R of the form a1 ⊗ a2 with a1, a2 ≥ 0.

• Let O be the convex hull of R in R, a valuation ring of R with residue field R. Let 
moreover ω �→ ω denote the natural residue map O⊗O → R. The factor 1+hw,α in 
(25) is mapped to an element ω ∈ O ⊗O for which ω > 0 in R, by (S1) in 8.3. Such 
ω satisfies sosx(ω) = 1, according to [7, Prop. 3.5].
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• ϕi(w′) is mapped to w′(ξ0)⊗1 (for i = 0) or to 1⊗w′(ξi) (for 1 ≤ i ≤ r), respectively. 
In either case, w′(ξi) ≥ 0 by (S3) in 8.3.

• For 1 ≤ i < j ≤ r, δij(w)bibj is mapped to an element 1⊗ a with a > 0, since bibj is 
even.

• The critical factor is 
∏r

j=1 δ0j(w)bj . Under (33) it is mapped to

r∏
j=1

(
w(ξ0) ⊗ 1 − 1 ⊗ w(ξj)

)bj
. (35)

Since b1, . . . , br are even numbers with 
∑r

j=1 bj = n, this is the square of a product 
of n2 factors, each of the form w(ξ0)⊗1−1⊗ci with ci ∈ R (i = 1, . . . , n2 ). Therefore, 
(35) is equal to (a0 ⊗ b0 + · · · + an/2 ⊗ bn/2)2 with aν , bν ∈ R. In particular, the 
tensor (35) has sosx ≤ 1 + n

2 .

All factors in the preceding list, except for the last, have sosx ≤ 1. Their product therefore 
has sosx ≤ 1 + n

2 , see [7, Lemma 3.4(c)]. Since this holds for every summand w,α, it 
follows that

sosx f⊗(ξ0) ≤ 1 + n

2 
,

which finally completes the proof of the main theorem. �
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