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ABSTRACT

The thesis investigates a one-dimensional, hyperbolic evolution equation contain-
ing one structural variable, with a particular focus on a model of erythropoiesis
developed by Fiirtinger et al. in 2012. Three different discretization techniques
which all result in so-called high-fidility or detailed solutions are introduced and
discussed. The methods used include Finite Differences and a polynomial rep-
resentation of the structural variable. Viewed from the perspective of Optimal
control, the model takes the form of a Parametrized Partial Differential Equation
(P2DE) where both the control and other data values are treated as parameters of
the equation. This places the problem into a multi-query context, making model
order reduction (MOR) techniques conceivable. Reduced basis (RB) strategies
are employed to reduce the dimension of the utilized discretization spaces with
a Galerkin projection. The reduced space is generated by applying a Greedy al-
gorithm with methods including both the addition of single snapshots as well as
Proper Orthogonal Decomposition (POD). In order to assess the error between
the detailed and the reduced solution, two a-posteriori estimators are introduced
and analyzed. Algorithmically, an offline/online decomposition scheme is used to
enable efficient computations of both the reduced solutions and the estimators.
Lastly, numerical experiments are presented to evaluate the feasibility of model
order reduction techniques for the problem at hand.
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INTRODUCTION &

OUTLINE

In recent years, Model Order Reduction (MOR) techniques have emerged as a
powerful tool in the context of multi-query computations of Differential Equa-
tions. The model usually takes the form of a Parametrized Partial Differential
Equation (P2DE), which is a PDE depending on a parameter v € %, where
9% C R?is a set containing all admissible parameters. Many real world problems
can be described by using a P2DE, including parameter identification, design op-
timization or — as in our case — optimal control with PDE constraints. Likewise,
the parameter v can represent a variety of things, e.g. a material constant, geo-
metric properties of the domain, a control value or a combination of the above. It
is usually necessary to repeatedly solve the P2DE numerically for many different
values of v, thereby creating a demand for efficient treatment in terms of compu-
tation time. For parabolic and hyperbolic equations, the numerical solutions can
be described by a trajectory {y% (v)}X, C Xy where Xy is an N-dimensional
Hilbert space and k& € {0,..., K} is the time variable corresponding to a time
grid tp < ... < txg. These solutions are called detailed or high-fidelity solutions.
Typically, MOR is achieved using Reduced-Basis (RB) methods wherein Xy is
replaced by a reduced basis space Xy C Xy of significantly lower dimension H.
X is chosen in such a way that it represents the detailed solutions under vari-
ations of the parameter v. Using a Galerkin projection of the discretized P?DE
from Xy to Xpg, a reduced solution {y’f{(u)}szo C Xp is computed along with an
a-posteriori error estimator. In order to compute both of these in a efficient way,
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an offline/online decomposition is usually employed, splitting the computations
into offfine values which are parameter-independent, and online values that are
parameter-dependent. Whereas the former only need to be calculated once, the
latter have to be updated for every variation of v.

The following will outline and briefly summarize the remaining chapters of the
thesis:

Chapter 2 will introduce the most important concepts that are used later on.
The first section will present the most common components of constrained opti-
mization theory, including the Lagrange function along with necessary conditions
of first and second order. In the next section, we take a look at the Singular Value
Decomposition (SVD) of a real matrix and its applications, mostly as far as oper-
ator norms are concerned. These are used in the next section to show how Proper
Orthogonal Decomposition (POD) vectors are computed. POD is introduced as
the problem of approximating several data vectors by only a few orthonormal
vectors, and is formulated by two equivalent constrained optimization problems.
The necessary conditions described in the first section are used to prove that the
solution can, indeed, be obtained by a SVD of the data matrix. Furthermore,
it is shown that the singular values of this matrix can be used to estimate the
error of the approximation. In the fourth and last section, we establish that the
Legendre polynomials are a family of orthogonal functions in L?(—1,1). Finally,
a recursion formula is derived which will be used later on for the discretization of
the upcoming P?DE.

Chapter 3 will explain the phenomenon of erythropoiesis through the introduc-
tion of the P2DE for this thesis and the demonstration of the underlying biological
model. The P2DE represents a population of CFU-E cells under the influence of
external administration of the hormone Erythropoietin (EPO). By controlling the
amount of injected EPO and formulating a desired state of a constant cell pop-
ulation, an optimal control problem is introduced which develops the context for
the subsequent utilization of MOR.

Chapter 4 will focus on discretizing the P2DE in three different ways, thus result-
ing in the detailed solutions identified above. For the first two ways, a polynomial
space is introduced to perform a semidiscretization, turning the PDE into an

Ordinary Differential Equation (ODE) in the very same way as it was done in [7].
Afterwards, two different single-step methods are used for the time discretization:
A Y-method interpolating between an explicit and an implicit Euler scheme as well
as the classical Runge-Kutta method (RK4). For the third discretization option,
a Finite Difference (FD) scheme is employed using a Forward Euler method for
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the structural variable and again a ¥-method for the time discretization.

Chapter 5 will describe the generation of a reduced basis that spans a low-
dimensional subspace of the discretized solution space. This is done by using an
iterative method called a Greedy search, which looks for parameters of the P2DE
that are badly represented by the current basis and have to be better incorpo-
rated by additional basis vectors. Two major strategies are presented, namely the
Single-Time strategy (which adds one single snapshot to the current basis) and the
POD strategy (which compresses the information of an entire solution trajectory
into a few vectors). Having found a suitable basis, it is shown how the recursion
by which the detailed solutions are determined is projected onto the reduced space
by a Galerkin projection. Furthermore, two different error estimators are derived
that are used to assess the error between the reduced and detailed solution without
actually having to compute the latter. Lastly, the offline/online decomposition is
introduced for both the reduced solution and the error estimators.

In Chapter 6, experimental results are presented that analyze various aspects
of the introduced methods. After the definition of general framework conditions
for the problem at hand, a first analysis focuses on the performance of the three
discretization techniques which lead to the detailed solutions. This is mainly done
in order to identify good parameter choices, which is necessary to obtain suit-
able working conditions for the reduced basis algorithms. In the second section,
MOR results are presented, including the qualitative and quantitative analysis
of the error estimators as well as the generated reduced spaces. For the latter,
comparisons are made regarding the impact of different RB strategies within the
Greedy algorithm on the quality of the built space. Furthermore, the domain %
of admissible parameters is examined as to which parameters were preferred more
often than others during the search. Lastly, the computation times for the detailed
solvers, the reduced solvers and the Greedy algorithm are investigated and com-
pared, thereby assessing the question whether the application of MOR techniques
is reasonable for the problem at hand.

Finally, Chapter 7 summarizes the results of the thesis and presents an outlook
to further possible studies for the subject matter.






BASICS

2.1 Constrained Optimization \

In this section, we consider the following equality-constrained optimization prob-
lem:
min J(z s.t. e(z) =0 2.1
min J(2) (@) 2.1)

where J : RM — R is called the cost function and e : RM — R’ the constraint
function. ¢ is the number of constraints. We define the Lagrange function

L:RM xR SR, Lz,p):=Jx) + ple(z)
and further introduce the feasible set ¥ := {x € RM : ¢(x) = 0}.

Definition 2.1 (Solutions and regular points)
Let z* € F be a feasible point.

a) x* is called a global solution of (2.1) if J(z*) < J(z) holds true for all
reF.

b) z* is called a local solution of (2.1) if there is a neighbourhood U ¢ RM
of * such that J(z*) < J(x) holds true for all z € F N U.

¢) z* is called a regular point of (2.1) if the gradients Ve;j(z*), ..., Veg(z*) €
RM are linearly independent.

Theorem 2.2 (First order necessary condition)
Assume that J € CY(RM) and e € CY(RM,RY). Let 2* € F be a local solution as
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well as a regular point of (2.1). Then there exists a unique Lagrange multiplier
pw* € R satisfying

l
0=V,L(z* 1*) = VJ(2*) + Y i Vei(a")
i=1
Proof. See for example the proof of Theorem 12.1 in [17]. O
Theorem 2.3 (Second order necessary condition)
Assume that J € C2(RM) and e € C?>(RM,RY). Let 2* € F be a local solution as

well as a regular point of (2.1) with according Lagrange multiplier z* € RY. Then

the matrix
¢
Ve L(z*, 1) = V2 (2*) + ZusQei(:r*)
i=1

is positive semidefinite on ker ¢/(z*), meaning v’V L(z*, u*)v > 0 holds true for
all v € kere/(z*). Here, € (z*) € RM denotes the Jacobi matrix of e which is

given by (€/'(z*))im = Oy, ei(z*) for m=1,... . M,i=1,... L.

Proof. See for example the proof of Theorem 12.5 in [17]. O

2.2 Singular Value Decomposition \

Theorem 2.4 (Spectral Theorem)
Let A € RV*N be a symmetric matrix with eigenvalues Aq,..., Ay € R. Then an

RNXN

orthogonal matrix U € exists such that

UTAU = diag(\1, ..., Av)

Proof. See for example [0, Section 5.6]. O

Apart from this spectral decomposition which exists for symmetric quadratic ma-
trices, there is another decomposition which exists for any matrix and is called the
Singular Value Decomposition (SVD):

Theorem 2.5 (Singular Value Decomposition)
Let Y € RM*N be a an arbitrary real-valued matrix. Then there are orthogonal
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matrices V € RMXM 7 ¢ RVXN a5 well as a diagonal matrix D = diag(oy, ...,04) €
R4 guch that

D
VYU = < 0 8>::Z€RMXN

The values o1 > ... > g4 > 0 are called the singular values of Y. If we write
the matrices using column vectors, i.e. V = [v!,...,oM] as well as U = [ul!, ..., u'V]
then these vectors are eigenvectors to YY1 € RM*M regpectively YTV € RVXN,

The corresponding eigenvalues are \; = o2 for i = 1,....,d and \; = 0 for i > d.

7

Furthermore, we have

Yol =o0f, YT = o fori=1,...,d (2.2)

Proof. Tt is obvious that YTY € R¥*V is a symmetrical matrix, meaning that by
Theorem 2.4, there exists an orthogonal matrix U € R¥*V satisfying UTYTYU =
diag(A1, ..., Ay) where A1, ..., Ay € R are the eigenvalues of Y7Y . Since Y7V is in
addition positive semidefinite, all eigenvalues are nonnegative and we can assume
without loss of generality that Ay > ... > Ay > 0 as well as A\gy1 = ... = Ay =0
where d is the rank of YTV

We will now split the orthogonal matrix into U = [Up,Us] with U; € RN*X4
Uy € RV*(N=d) " This means that the i-th column in Uy is an eigenvector of
YTY to the eigenvalue )\; > 0 whereas each column in Uj is an eigenvector to 0.
Furthermore, let us define the matrix D := diag(o7, ..., 0q) € R¥*? with o; = V/\;.
Inserting this into the spectral decomposition UTYTYU = diag(\1, ..., Ax) from

[re

Based on that, we introduce the matrix V; := YU, D! € RMxd and observe that

above yields

Ut
Uy

ulyryu, UlyTyu,

YTY (U, Us] =
01, U2l UIYTYu, UrYTYU,

vivi =D 'UuiyTyu,p7' = D'D?*D7 ! = 1,

where 1; € R¥? denotes the d-dimensional unit matrix. This in turn means that
V1 consists of pairwise orthonormal columns, allowing it to be upgraded to an
orthogonal matrix V € RMxM

have by definition V{' YU; = D which ultimately results in

which we write as V' = [V1, V3]. Furthermore, we

D 0
0 0

D 0
0 0

Ul

v
Uy

U =, V) =WDUl =Y
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This shows all claims in the theorem except (2.2). To prove this, we use the de-
compositions Y = VIUT and YT = USTVT. These can be reshaped by utilizing
the orthogonality of V and U to look like YU = V¥ as well as YTV = UX.
Looking only at the first d columns of these matrix equalities yields Yu’ = o0’
and YTv! = gyu’ for i = 1, ..., d which had to be shown. O

Corollary 2.6
Let Y € RY*N be a square matrix. Then its spectral norm |||, = max||q||,=1 || Y2,

is given by its largest singular value.

Proof. Tt follows from Theorem 2.5 that a SVD of Y exists, meaning VIYU =
¥ with orthogonal matrices V,U € RV*N and a diagonal matrix ¥ € RV*N
containing the singular values on its diagonal. It was also shown in the proof of
2.5 that we can write UTYTYU = 2. For an arbitrary z € RY with ||z, = 1,
this yields:

d
IYaly ="y TYe = USSP YTy =y 752y = 3" o?y? < oF [yl = o
=y i=1

Note that, because of the orthogonality of U, we have ||y||, = ||z||, = 1. This
shows ||Y||, < 01. We now choose x := Ue; where e; denotes the first unit vector

in RY. This results in ||z||, = ||e1]] = 1 because of the orthogonality of U as well
as ||Ya:|\§ = 02, meaning that in fact ||Y||, = oy holds true. O

Corollary 2.7
Let W € RNXN be a symmetric, positive definite matrix which induces the
weighted inner product (z,y)w = 27 Wy on RV,

€ RVXN gatistying

a) There is a symmetric and positive definite matrix Wiz
(W22 =W,

b) For any given matrix Y € RV*N the operator norm with respect to the
weighted inner product is given by the largest singular value of WY/2y W —1/2,

where W—1/2 ¢ RVXN denotes the inverse of W1/2.

Proof.  a) By Theorem 2.4, there exists a spectral decomposition W = VI Sy V
with the eigenvalue matrix Xy = diag(wi,...,wy). Since W is positive
definite, all eigenvalues are positive and the diagonal square root matrix
2%2 = diag(wi/z, ...,w]lf) exists. We define W1/2 := VZI%QVT and imme-
diately observe (W1/2)2 = W as well as the fact that W/2 is symmetric and

positive definite.
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b) Using the result of a), we observe for any = € RV:
IVall? = 2TYTWYz = 2T (W27 T (W2Y )z = HW1/2Y$H2
As a result, we have for every x € RY with ||z[|;;, = 1:
Yally = || 2y w=2wi2)| < |jwt/2yw=12||

Here we have made use of the fact that ||[W'/2z||s = ||z|lw = 1. Also note
that W1/2 is regular because it is positive definite by a). The property above
shows ||Y||w < [[WY2YW~=1/2||5. To prove the other inequality, we choose
T € RY with ||Z||2 = 1 as well as

w2y w123 = max ||w2yw 2| < ||lwtywr2]|
2 |zll2=t 2 2
This is possible because V=1 := {x € RV : ||z|]2 = 1} is a compact set

and the mapping z — ||[WY2YW~122|| is continuous from RN to R as a

—-1/2

composition of continuous functions. By setting z := W T, we obtain

x|l =1 as well as
Wt = ] -]

So in fact, ||Y||w > [|[WY2YW~1/2||; holds true as well. All in all, we have
Y |lw = |[WY2YW~1/2||5, which is identical to the largest singular value
of W2y W—1/2 by Corollary 2.6.

2.3 Proper Orthogonal Decomposition \

One important area of application for SVD is the so-called POD. Before dealing
with this subject, we need to say some words about the notation in this section.

Throughout the following pages, we work with variables that contain all the in-
formation of several vectors. For example, some vectors z',...,z¢ € RM will be

pooled in a vector

T
. 1 1 4 ¢ (1. L NT ML
x = (xl,...,xM,...,xl,...,xM) = (z;..;2")" €R
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We will further work with matrices of according dimensions, for example a matrix
X e RIM#0x(N*p) ig £ he understood as a block matrix of the following shape:

Xt xbe
X — S , X0 e RMXN  (G=1,...,0,j=1,...,p)
D LD €4

Finally, we will be working with the euclidian inner product on RM, meaning that

for 2,y € RM | we write (z,y) := 27y.

2.3.1 Proper Orthogonal Decomposition

e RM*N whose column

Suppose we are given a data matrix Y = [y',...,y"]
vectors are supposed to be approximated by a low-dimensional subspace ¥, ¢ RM.
If U, is spanned by an orthonormal system {1!,...,1*} € R then the projection
of a data vector y™ onto ¥’ is given by Zle(y”, 1Y)t An ideal subspace would

then be given as a solution to the following constrained minimization problem:

N ¢ Ik
min " — ")yt
Pl pteRM n§1 Y Z;(y v 2 (Pg)

s.t. (1/JZ,¢3) = (5@‘ fori,j=1,...,¢

For orthonormality reasons, (P%) is equivalent to

N ¢
n \2 R
wl,-TﬁéRM ngl zgl(y ’w ) (P£>
st (Whl) =8 fori,j=1,..,0

Formulation of the cost and constraint functions

If we formulate the problem (ﬁf) as a minimization problem like in Section 2.1,

we obtain the following cost function:

(y™,")?

N
TR SR, @)=
=1

l
n=1 1=

There are a total of £? constraints which we can model by a constraint function
mapping to R®*¢. This function can be given by
e:RM*Z%RZ*Za el(dj) = (wl7wj)_52] (Zvj = 1776)

J

10
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Obviously, J as well as e are differentiable functions. The derivatives are of interest
80 the results of section 2.1 can be used.

Derivatives of the cost and constraint functions

For optimization purposes, we have to consider first and second derivatives of J
and e. Starting with .J, we get a gradient function V.J : RM*¢ — RM" with the
k-th block entry (k=1,...,¢):

N
(VIW)* = V(@) = =2 (y", v")y"
n=1

N M

==2) > Yty = —2YY Tyt

n=1m=1

A second derivation yields a Hessian block matrix which reads

—2vY”T
VQJW) = . c R(]\/I*E)X(M*Z)
—2vy”

Next, we have to consider the gradients of e: For 4,5 = 1,...,¢, we get Ve§ :
RM* _ RM*L with the k-th block entry

W ifk=i=j

Pt ifkAi k=
W itk=idik#j
0 ifk#Aik#j

(Vei()" = Vel (w) =

= St + S’

Again, a second derivation yields a Hessian Matrix V2e§- (¢) € RIM#OX (M) wyith

i k,r
(V2€j(1l))) = (Oikdjr + 0ji0ir) Lns

where 1,7 € RM*M Jenotes the unit matrix.
Last of all, it is necessary to know the Jacobi matrix /(1)) € ROx(M+) By
definition of this matrix, we have the block structure

8w1 el () ... 8¢e€1 ()
¢ () = P :
Dyprel () 1 Ogeet(y)

11
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So the (i, j)-th block takes the shape
) 0,1€4 (1) [(veiw)’]
(€' ()™ = Oyae’ () = : = :
Dyaes(1) {(Veé(@b))j}
51" [¢1]T + (Slj [wl]T

8ij (41" + d0; [97]"

Lemma 2.8
For every 1) € RM*¢ we have the kernel representation:

ker (¢/(14)) = {x e RM* . (28, 99) + (27, 9") = 0 for 4, j = 1, e} (2.3)

Proof. Let x = (x';..;2%)T € RM* be given arbitrarily. Then the i-th block of
e (Y)x € R# is

i]ij

[w1]" ! * [w]" !

We]T 2 + [wz’]T 2t

We immediately observe that the entire vector vanishes if and only if x satisfies
the condition of the right-hand set in (2.3). O

First-order necessary condition

Now the time has come to consider the necessary condition of first order for (ﬁé).
By Theorem 2.2, we are looking for so-called critical points which are feasible

%L

vectors ¢ € ¥ along with Lagrange multipliers p € R™" satisfying

y4 J4
0=VJ@W)+> > uiVei(y)

i=1 j=1

12



Basics

Looking at the k-th block, this transforms into the condition

Y4
0==2YYTop* + 3 (i + )’ (2.4)
i=1

Multiplying with [¢/*]T from the left yields
WMTY YTk =k for k=1,...,¢

which is an additional property that holds true if the first-order necessary condition
holds true. It will be used later on.

Second-order necessary condition

For the necessary condition of second order which was introduced in Theorem
2.3, we take a critical point ¢ € F with Lagrange multiplier 1 € R*¢ and a
kernel element z € ker(e/(1))). This means that we have (2¢,17) + (z7,4%) = 0 for
i,j =1,...,0. First of all, we compute Vy, L(¢, p)x € RM*t. The k-th block is

l ¢
(Vg L, z)* = (V2T )e)" + 373 il (Ve (y)a)*
i=1 j=1
l
=3 (V2I@) 2 +

¢
1 1=

L ¢

S Y (V)

T 1j5=1 r=1

¢
= 2vyTazk 4 Z(u,’f + pg)z"
r=1

So the second-order condition implies

~

l
TV L ) = =2 Y Y ok 437 (i 4 i) (¥, ) 2 0

k=1 k,or=1
or, equivalently
¢ l k r
Z[xk]Tnyxk < Z Por ;L/% (¥, ") (2.5)
k=1 kor=1

In a next step, we will use the fact that the orthonormal family {%*, ..., wé} CRM
spans a subspace, meaning that vectors from RM can be split into a component

within this subspace as well as an orthogonal component. In particular, we write
the k-th block of the kernel element as z¥ = Ze,l(xk,wi)ﬂ)i + 2F where 2F ¢

1=

13
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{1, ..., *}L. Inserting this into the inequality (2.5) yields the left-hand side

4
> @k )@ )Y Y Ty
k:,i7j—1
+2 Z KTy y Ty +Z MTyyT *
kyi=1

By using the first-order neccessary condition (2.4) for ¢, this term transforms

into
i ok, gy e iy
k,i,j,r=1 2
¢
192 Z Mz + Mr wr + Z TYYTZk
k,i,r=1

Now, since z* and 9" are orthogonal and 7 and " are orthonormal, the term

simplifies to

¢ ¢

ki “z*‘“y BTy Tk
Z(x,d))( —f—z YY'z
ki j=1 k=1

Finally, we use the kernel property (2.3) of x, meaning (2*,1") = — (2, *) as well
as (z¥,47) = — (a7, 1*) which yields

L J i ¢
, , )
> ()@, 9 L+ ST YT
ky,j=1 k=1

The right-hand side of (2.5) transforms to

¢ k—|— r . ’u +}u . .
Z Hy : Ky (ﬂ?k,¢z)( ¢] wz w] Z r k k wz)(wzjzr)

kyi,j,r=1 k,ir=1

Sk py, + ok
+ Z r 5 k( 1/}1 z k T 7 ’l")
k,i,r=1 k=1

Using again the orthonormality properties, this simplifies to

¢ k T
S0 HE R Gk g ) + Z“’f“"”zz)

kyi,r=1 k,or=1
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Inserting these representations of the right- and left-hand side of (2.5) finally yields
the equivalent second-order necessary condition

4 4 T+ k
Z[zk]TYYTzk < Z %(zk,zr) (2.6)
k=1 kor=1

Let us now choose the kernel element more specifically: We fixate k € {1,...,¢}
and choose ¥ = 2 with z € {o!,...,}t ||z|]| = 1 and 2" = 0 for i # k.
We observe by the kernel representation (2.3) that x is indeed part of the kernel
because of (2%,47) = 0 for all 4, j = 1, ...,£. The second-order condition (2.6) then
takes the shape 2z7YY 7Tz < ,u,i. Since k and z have been chosen arbitrarily and
,u,],j = [YF]TYY T4 by the first-order necessary condition, this means

AYvyTy < [WMTYYTyF forany k=1,...,0,z € {', .. 03 |2 =1

The only way that this can hold true is if 1, ..., 1’ span the same subspace as the
eigenvectors to the ¢ largest eigenvalues of YY7.

Solutions and error considerations

Theorem 2.9 (Proper Orthogonal Decomposition 1)
Let VTYU = X be a SVD of Y as in Theorem 2.5. Then a global solution of (P?)
and (PY) is given by v!, ..., v, the first £ columns of V.

Proof. Since the feasible set is compact and the objective function is continuous,
it is obvious that a global solution !, ...,9* € RM exists. We have already es-
tablished in the last subsections that any local solution of (PY) (and therefore
also 1!, ...,9") has to span the same subspace as the eigenvectors to the ¢ largest
eigenvalues of YY7T because of the first- and second-order necessary conditions.
If we take a close look at (P’), it becomes clear that only the spanned space
span{y!, ...} is relevant for the solution, meaning that if we take another or-
thonormal set ¢!, ..., ! € RM with span{@fbvl, vy QZE} = span{¢", ..., ¢}, the value
of the cost function will be identical. This in turn means that we can directly
choose 4!, ..., 1" as orthonormal eigenvectors to the ¢ largest eigenvalues of YYT.
Recalling that these eigenvectors are given by the columns of V', we have almost
found a solution.

The only problem remaining is that the largest eigenvalues of YY7 may not be
unique. Therefore, let us denominate the eigenvalues of YY7 as

)\12...2/\q_1>/\q:...:)\g:...:)\r>/\,,+12...2)\m20
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We have shown that a global solution to (P?) is given by a certain combination
ol vt vl v% where g, ..., ig € {g, ..., 7}, because these are all the possible
choices for ¢ orthonormal eigenvectors to the ¢ largest eigenvalues of YY7. In
particular, we choose v!, ..

(P yields

.,v* and observe that insertion into the goal function of

N ¢ N
DD W= > ()
n=1 i=1 =1 n=1
¢ N
(O
Y u
= Z Z (Z Ymn ZYnkUk) U
i=1 m=1 \n=1
J2Y )4 l
=3 > Y o)l =D (YY) =Y
i=1 m=1 i=1 i=1

This value would obviously be identical if any other choice of eigenvectors had
been made above, meaning that all of these combinations present a global solution

to (]33). In particular, v', ..., v% is indeed a global solution. O

Remark 2.10
Looking at the premises of Theorem 2.2 and Theorem 2.3, it has to be stated here
that we did not check whether critical points ¥ € ¥ are also regular points. In
fact, one realises that this cannot be the case for £ > 1 since the constraints eé (¥)
and e/ (1) are identical for ¢ # j. This obvious redundance in constraints leads to
gradients {Ve ()} i j—1 which will of course always be linear dependent, thus not
allowing any regular points. It would be possible to rectify this by only admitting
those constraint functions eé» where ¢ > 7, which would result in every feasible
point ¢ € ¥ automatically being regular. However, this would deteriorate the
already complicated notation, leading to the replacement of the constraint space
R by R x R x ... x R?2 x R. Therefore, we will forego these steps here and

instead focus on further analysis of POD for more general cases.!

Corollary 2.11 (Error term)
Let again VTYU = ¥ be a SVD of Y with and let v!, ..., v be the solution to (P*)
consisting of the first ¢ columns of V. Then the insertion into the goal functions

!Further findings on POD can for example be found in [21, Chapter 2].
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yields the following approximation error:

N ‘ Tk d
€= Z y" - Z(y",vl)vl = Z A
n=1 i=1 i=l+1

where )\; = 07 is the square of the i-th singular value of Y.

1

Proof. Since v',...,v™ form an orthonormal basis of RM | we immediately get

N M M d
=2 2, 0= B A= N
n—=1 i=( i=1
The last equality follows exactly like in the proof of Theorem 2.9. O

2.3.2 POD with a weighted inner product on RM

In addition to the matrix Y = [y',...,4"] € RM*¥ et us now assume that we have
a symmetrical, positive definite matrix W € RM*M inducing a more general inner
product (-, )y on RM by (z,4)w := 27 Wy. This inner product now replaces the
previously euclidian product which will still be denoted by (-, -) in this subsection.
The corresponding problems to (P¢) and (P') are given by

N ¢ 2
min n o__ n’ iW %
wl,...,wfeRMgl Y ;(y W W (Py)

st (WL )w =08, fori,j=1,..,¢

as well as
max (y™, ") ~
Pl pfteRM 21— W (PVZV>

st (WL 9)w =d;; fori,j=1,..,0

Corollary 2.12 (Proper Orthogonal Decomposition 2)
If we consider the matrix Y := W2y = [5,...,gV] € RM™*N with a SVD
VTYU = %, the solution to (Pf,) and (]351,) is given by W—1/2g!, . W~—1/2%¢
1

where !, ...,9¢ denote the first £ columns of V. Inserting this solution into (P§,)

yields the approximation error

N ¢ 2 M
=D | = 2w = 3
n=1 =1 %1% 1=0+1

with \; = &2, where &1, ..., 54 are the descending singular values of Y.
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Proof. The equivalency of the two problems (P,) and (ﬁfv) can be shown the
very same way as in Theorem 2.9. We can further observe that the condition
(Y%, ¢ )\w = &;; is identical to (W24t W20y = dij. Inserting an arbitrary
feasible vector family ¢!, ..., 9! into the goal function of (ﬁﬁ,) yields

N ¢ N ¢ N ¢
ZZ(?J"’W)%V _ ZZ(WUQyn W1/21/}z Z Z (y W1/2 )
n=1 i=1 nl;l zzl N n=1 i=1 .

< ZZ T —z Z Z <yn7 W—1/262)W
n=1 i=1 n=1 i=1

The inequality is exactly the claim of Theorem 2.9, applied to the matrix Y. Since
{o',...,9%} is orthonormal with respect to (-,-), the set {W =125 ... W1/}
is orthonormal with respect to (-, )y and therefore a global solution to (]Slfv) and
(Ph).

Inserting this solution into the goal function of (P§,) yields

2

N ¢
XV _ Z Y — Z(yn7 W71/261)WW71/2,DZ

n=1 i=1 w
N ¢ 2

— —-1/2 | sn —1/2 —n 1/2 =i =i
5 v - 3 (), o
n=1 =1 1574
N ‘ Ik Mo

=2 |2 = 3 N
n=1 i=1 =041

The last equality follows from Corollary 2.11, applied to Y. O

Lemma 2.13
The solution 9%, ...,9* € RM to (P§;) and (185[,) can be obtained by either one of
the two following ways:

a) Solve the symmetric M x M eigenvalue problem W12y yTwl/25 = \o. For
the ¢ highest eigenvalues Aq, ..., Ay and corresponding orthonormal eigenvec-
tors o', ..., 00 € RM set o' := W15 (i =1,...,0).

b) Solve the symmetric N x N eigenvalue problem Y7WY#@ = Au. For the
L highest eigenvalues Ap, ...., \p and corresponding orthonormal eigenvectors
at, .., at € RN set ¢ := (\) VY@ (i =1,...,0).

Proof. If we consider the matrix Y from 2.12 and observe that YY7T = W1/2yyTw1/2
as well as YTY = YTWY , then a) is a direct result of computlng the SVD of Y.

We can directly deduce b) from this if we use the fact 5;0° = Ya' and \; = &2

18
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from Theorem 2.5:

= W25 = 5\;1/2W—1/2Yai _ 5\;1/2}/17‘

2.3.3 POD with a weighted norm on R¥

In addition to a data matrix Y € RM*N and a symmetric, positive definite weight
matrix W € RM>M et ay, ...,y > 0 be given weights which induce a norm |||,
on RY by ||z]|, = (ZnN L anz2)1/2. Then the problems corresponding to (P,
and (]35‘,) are given by

N ¢ Ik
min dooan ||yt = D W YHwy'
¢17---aw£ERM n=1 " =1 ’ w (Pé[/a)

st. (WL =08y fori,j=1,..,¢

as well as

1/)17""170@6[&1\/1 n=1i=1

st (W) w =0;; fori,j=1,..,¢0

(Piya)

Corollary 2.14 (Proper Orthogonal Decomposition 3)
If we define D := diag(a, ..., ay) € RV*N and consider the matrix Y := W1/2y D1/2
= (7%, ..., 7"] € RMXN with a SVD VYU = ¥, the solution to (Pg[,,a) and (]35[,0[)
is given by ¢ = W~1/2¢" (i = 1,...,¢) where o', ..., 3¢ denote the first £ columns
of V. Inserting this solution into (PVKV, .) vields the approximation error

N ¢ 2 Mo
e = an ||y = Y || = DA (27)
n=1 i=1 W i=l+1

Proof. Again, the equivalency of the problems follows directly from orthonormality
arguments. We consider the goal function of (ﬁgv .) and observe

N N /
Zzany wz ZZ 1/2n z

n=1 i=1 n=1 i=1
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Furthermore, 0“11/ 2y” is the n-th column of Y D¥2 so the problem coincides with

(va) respectively (ﬁf‘,) if one replaces the matrix Y by Y D'/2. This immediately
yields the claim. O

Lemma 2.15
The solution ', ..., 9" € RM to (P‘f[,ﬂ) and (]35[/&) can be obtained by either one

of the two following ways:

a) Solve the symmetric M x M eigenvalue problem W12y DYTw1/25 = Ao.
For the £ highest eigenvalues A, ..., Ay and corresponding orthonormal eigen-
vectors o', ..., 0 € RM  set ot := W—1/250 (i = 1,...,0).

b) Solve the symmetric N x N eigenvalue problem DYV2yTWwy DY/24 = \u. For
the ¢ highest eigenvalues \i, ..., Ay and corresponding orthonormal eigenvec-
tors @', ..., a" € RN, set ¢ := (\)~V2YDV2@ (i = 1,...,0).

Proof. Compare Lemma 2.13 and replace the matrix Y with Y D/2. O

2.4 Legendre polynomials \

Throughout this thesis, we work with the Hilbert space
b
L*(a,b) := {f : (a,b) — R, f is measurable with / |f|2dz < oo}
a

where (a,b) C Ris a bounded interval. The inner product is given by (f, ) r2(a0) =
f; fgdx for f g € L?(a,b). Furthermore, we consider for N € Ny the polynomial

space
IIx(a,b) :={p: (a,b) = R, pis a polynomial with degp < N}

It is obvious that Iy (a,b) is a subspace of L?(a,b) with dimIly(a,b) = N + 1.
Therefore, it can be represented by a basis {Lo, ..., Ly} C IIx(a,b). The choice
of this basis is important and there are many choices preferable to the mononical
basis L,(x) = z™. For example, since Il (a,b) is a Hilbert space with the induced
inner product (-, -) 12(ab); an orthogonal basis would be desirable for the purposes
of simplicity and stability. We restrict ourselves to the case (a,b) = (—1,1) here
and introduce one of the most common orthogonal polynomial systems.

Theorem 2.16 (Legendre polynomials)
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Let the Legendre polynomials Ly, ..., Ly € IIx(—1,1) be recursively defined by

Lo(z) =1 (z € (-1,1))
Li(z) == (x € (—1,1)) (2.8)
nL,(x) =2n—1)axL,—1(z) — (n—1)Lp—2(x) (n>2,2 € (-1,1))

Then {Log, ..., Ly} is a basis of IInx(—1,1) which is orthogonal with respect to the
inner product (-,-)z2(—1,1) and satisfies ||Lp[|;2(_y 1) = (n + %)_1/2.

Proof. See for example chapter 22 in [1]. O

Lemma 2.17 (Properties of Legendre Polynomials)
Let Lo, ...,Ly € lIy(—1,1) be the first N Legendre polynomials.
a) Itis L,(—1) = (—=1)" as well as L,(1) =1 for n =0, ..., N.
b) For n =1,..., N, the following identity holds true:
(1—a2?) L, (z) = —nxL,(z) + nL,_1(z) (z € (—1,1)) (2.9)

¢) Forn=1,..., N, we have

d

(2n+1)La(z) = - [Lat1(2) = La-1(2)] - (¢ € (=1,1)) (2.10)

d) The derivatives can be expressed by the polynomials in the following way

forn=1,...,N:
k=1
Z (47 +3) Lojyr1(x) ifn =2k
L) = {7
> (45 4 1) Loj(x) ifn =2+ 1 (2.11)
7=0

=2n—1)Lyp—1(x) + (2n —5)Lp_3(x) + ...
Proof.  a) See for example [1, Chapter 22].
b) Can also be found in [1, Chapter 22].
¢) For n =1, the equality can be directly computed:

4 (o) = Lo(w)] = 4 |57

T - 1} =3z = 3Ly (x)

For n > 2, we utilize (2.9) and observe:

(1= 25 s (&) = Lo (0)
=—(n+1)zLpti(z)+ (n+1)Ly(z) + (n — 1)aLp—1(z) — (n — 1)Ly—2(x)
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)

From (2.8), we can further deduce that

w=—z[2n+ DaL,(x) —nL,—1(z)]+ (n+ 1)Ly(x) + (n — 1)xLy—1(x)
—(n = 1)Lna(2)
=—2?(2n+ 1) Lo(z) + (2n — DaLy_1(z) + (n + 1)Ly (x) — (n — 1) Lp_a(2)
= — 2%(2n + 1)Ly, (x) + nLy(x) 4+ (n + 1)L, (2)
=(1—2%)(2n + 1)L, (x)

By repeatedly applying (2.10), we obtain

Ly(z) = (2n — 1) Ly—1(z) + L, _o(x)
=(2n —1)Ly—1(x) + (2n — 5)Ly—3(x) + L, _,(x)

This process can be repeated until the remaining residual term is given by
Li(z) oder L)(x), depending on whether n is even or odd. In the even
case, i.e. n = 2k, we have Lj(z) = 0 and what remains is a sum over the

polynomials of odd degrees:

k-1
L(z) =) (2(2) +1) + 1)Ly (x Z 45+ 3)Lojy1(x)
7=0

e
—

.
Il
o

In the odd case, i.e. n = 2k + 1, the opposite is the case: A sum over the
polynomials of even order and a residual term of L) (z) =1 = Lo(x):

M-

k
Ly(x) = ) (2(2)) + 1)Laj(z) + Lo(z Z 45 + 1) Loj(x)
7=0

<
Il
-
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MODEL & EQUATION

3.1 Model _

Throughout this thesis, we will consider a population of CFU-E cells under the
influence of the externally administered hormone EPO which affects cell death.
CFU-E cells are a stage of the erythroid lineage as can be seen in Figure 3.1.
The model is based on the one presented in [7] and is assuming a constant cell
reproduction as well as a cell death dependent on the current EPO concentration.
In contrast to [7] where all cell stages are simulated simultaneously by a coupled
system of Partial Differential Equation (PDE)s, the CFU-E population here is
considered independent from other cell stages.

The equation governing the CFU-E cell population is presented in the form of a
linear, hyperbolic P2DE of first order containing initial and boundary conditions:

yr(t,x) + yx(t,x) = k(t,u, p)y(t,x) for (¢t,x) € (0,T) x (x,X)
y(t,x) =g for t € (0,7) (3.1)
y(O, X) = yO(X) for x € (Xv i)

First of all, the variables ¢ and x denote time and the maturity attribute of the
population which both vary within bounded intervals (0,7") and (x,X). Therefore,
we may think of cells at x = x as ones that have have just entered the blood
stream or have just been transformed from a previous cell stage. Furthermore,
y(t,x) is a density with respect to the attribute x, so for any ¢ € [0, 7], the total
cell population at that time is given by ff y(t,x)dx.
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O Multipotent Stem Cell

BFU-E
Progenitor Cells

CFU-E

o Proerythroblast

Basophile erythroblasts

(e) Precursor Cells (o)
o Polychromatic erythroblasts

(*) ° Qrthochromatophilic
erythroblasts

0 ® o (») Bonemarrow reticulocytes

Feripheral blood reticulocytes

Ery:mrocﬁ:tes
o o o

Mature erythrocytes

Figure 3.1: The erythroid lineage influenced by EPO concentration and iron
availability.

Second, the variables u und p are to be treated as parameters affecting the right-
hand side k of the equation, so of course the solution y(t,x) will also depend on
u and p. However, this dependency will be omitted in the notation for simplicity
purposes.

Third, the value g € R represents a constant boundary condition for the cell
population, meaning that a constant inlet of fresh cells is assumed. The function

Yo : (x,X) — R represents an initial population at ¢ = 0.

Parameter Range

We distinguish between two different kinds of parameters affecting (3.1): First of
all, the parameter y varies within a general boxed set 9 = [, 1] C R3 where the
interval definition is to be understood componentwise. This parameter allows for
general variations in the exact form of the term x on the right-hand side of the
PDE.

Second, the parameter u is taken from another boxed set Uyq = [0, 1]™ C R™. Tt
represents a control parameter which is varied in order to achieve a desired optimal
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state of the solution. In practice, u; stands for the relative amount of a hormone
injected into the blood stream at a certain time ¢} which in turn will affect the
cell population.

Hormone and controls

The amount of the above hormone is described by E(t) = > ", uixi(t)/TBV,
where x1,...xm : [0,7] — R are bounded shape functions and 7BV > 0 stands
for the total blood volume of the subject. If 0 = t] < ... <t;;, < T are the specific
injection times, the shape functions take the following form:

Xi(t) = X" e M e (1) (t€[0,T),i=1,...,m)

Here, 1 is the characteristic function, i.e. for any A C [0, 7], we have 14(t) = 1 if
t€ Aand 14(t) =0if t ¢ A. The constant A > 0 is the degredation rate which
depends on the half-life 77 /5 > 0 of the hormone by A = In(2)/T} /5. Furthermore,
X" > 0 stands for the maximal dosis which can be injected, meaning that in
fact u; - x™** will be administered at the time ¢;.

Proliferation and Apoptosis

The right-hand side of the PDE contains the function x which may depend on (¢, x)
and is affected by the parameters u and p. Basically, k can be viewed as a term
controlling proliferation (i.e. cell reproduction) and apoptosis (i.e. cell death). In
our case, it does not depend on x and takes the form k(t,u,pu) = 5 — a(t,u,p),
where 5 > 0 denotes the constant proliferation rate and «(¢, u, ) > 0 the apoptosis
rate. The second term is affected by time and the parameters in the following
way:

Oé:((),T)XUadX@—)R
H1 _ H1
L+exp(ueB(t) — p3) 1+ exp (757 doimy wixi(t) — p3)

alt,u, p) =

3.2 Formulation as a Cauchy problem \

Following the approach used in [7], we will formulate (3.1) as a Cauchy problem,
since this will be useful for some of the upcoming discretization techniques. The
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general Hilbert space is chosen as L? := L?(x,X) along with an operator o (¢, u, )
L? D D(A(t,u, ) — L? for every t € (0,T), u € Upg, j1 € 9:
D(dA(t,u,p))) = {v € L? : v absolutely continuous on [x,X],
v(x) =0, k(t,u, p)v — v € LQ}
At = k(t,u, p)v — '
The system (3.1) cannot be formulated as a Cauchy problem directly due to the
boundary condition at x = x. Instead, a series of Cauchy problems is introduced
whose solutions are meant to approximate the desired population density function.

For this purpose, a sequence (d,)neny C L? of functions approximating the 6-
distribution at x = x is required, which is chosen as

o () = —2n2(x—§—%), forxe[g,z—i—%]
" B 0, otherwise

Using these functions, the n-th approximating Cauchy problem is introduced as

Un(t) = d(t, u, p)yn(t) + gon for t € (0,T)

yn(0) =10 3.2)

For the simplified case of time-independent x = x(u, 1) and zero-boundary value
g = 0, it was argued in [7] that the problem (3.2) has a unique mild solution
yn : (0,T) — L2. Furthermore, for every t € (0,7, the series (yn(t))neny C L? is
a convergent sequence in L?. The limit function defined by
y:(0,7) x (x,%X) = R, y(t,-):= lim yy(t)
n—oo

is a weak solution to (3.1). In Chapter 4, a similar method will be employed for the
discretization of (3.1). This is done by replacing L? with a polynomial subspace
of finite dimension and substituting finite-dimensional operators oy (¢, u, 1) to
replace o (t,u, ). Using these operators, a Cauchy problem of finite dimension
will take the place of (3.2) to approximate the population density function y.

3.3 Optimal control context \

From a practical point of view, EPO is administered at the time instants ¢7, ..., ¢,
because this leads to an increase in cell population. By doing so, one wishes to
approximate a desired time-dependent population y4 : (0,7) — R that would
be beneficial for the patient’s health. Furthermore, each control value u € Uygq
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represents the relative amounts of the hormone being injected. This is formally
mirrored by the fact that the variable u is contained in the right-hand side of the
P2DE (3.1) and thereby affects its solution .

The problem of how much EPO has to be administered in order to achieve the de-
sired population can be expressed by an Optimal control problem. Let us therefore
assume that the system (3.1) admits a unique solution

yeY :=HY0,T;L* nL*0,T,H")

with the Sobolev space H' := H'(x,X) of functions f € L? which have a general
weak derivative f' € L?. Accordingly, the Sobolev space H'(0,T; L?) is meant to
be understood as the space of functions ¢ : (0,T) — L? having a weak derivative
7 : (0,T) — L? with both these mappings being quadratically integrable, e.g.
fOT |[7(t)]|32 dt < oc. For a closer analysis of these spaces, we refer to [3].

Under the assumption that every control u € U,q4 leads to a unique solution y € Y,
we can define a control-to-state operator S(-, u) : Uyg — Y, where S(u,p) € Y is
the solution of (3.1) using the control u and the parameter pu. The problem for
a fixated p € 9 is now to find u € Uyy such that S(u,pu) comes as close to the
desired state yq as possible. We assume y4 € L?(0,T; L?) and can formulate a
suitable minimization problem by

min J(y,u) s.t. u € U, ¥y = S(u, ) (P,)

where J : Y x Uyg — [0,00) is a cost function. For example, it could be given
by

T m
TG0 = [ 150 - w@ladt + 5> o= wP (G € Yiue V)
0 i=1

Here, u € U,y is a nominal control and o1, ..., oy, € [0, 00) are regulization parame-
ters. For the solution of (P,), iterative strategies like a projected gradient descent
method or a projected BFGS method are employed which require the solution of
the state equation (3.1) in every iteration. This multi-query demand may be met
by MOR techniques such as those introduced in Chapter 5.
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DISCRETIZATION

Before one can look toward MOR techniques or the optimal control context of the
P2DE (3.1), discretization methods have to be dervied which are used to solve the
equation for a single parameter pair (u,u) € Uyg X 9. The methods presented
here all share a common outline: In a first step, a semidiscretization is done by
replacing the space L? = L?(x,X) with a finite-dimensional subspace X, turning
the PDE into an ODE. Afterwards, single-step methods are employed on a time
grid 0 = tj < ... < txg = T to solve this. The solutions then take the form of
discrete trajectories {yX (u, u)}5 , C Xy and will later be referred to as detailed
or high-fidelity solutions.

4.1 Discretization using a polynomial subspace ¥

4.1.1 Semidiscretization

The general idea of any spatial discretization is always to substitute the infinite-
dimensional space L? containing the maturity variable x with a finite-dimensional

subspace X C L2. For the polynomial method, Xy will be chosen as
Xy =1y(x,X) = {¢ € L? : ¢ is a polynomial with deg < N}

Of course, this means Xy C C*°(x,X) as well as dim Xy = N + 1. Trivially, Xy
is a Hilbert space with the induced inner product (-, ).

Following [7], every step which was done in Section 3.2 using the space L? will
now have to be repeated for Xy accordingly. First of all, we define an element
dn € Xy approximating the § distribution by the demand (dn, %)z = ¥(0) for
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all ¢y € X . Note that such a §y exists and is unique by the Riesz theorem since
¥ +— (0) is linear from Xy to R. Now, approximating operators Ay (t,u, u) €
L(Xy) are defined for every ¢t € (0,T), u € Uyg and p € 9, approximating the
original operators o (t,u, i) in L? which were defined in Section 3.2:

wN(tvuv MW = ’i(t>u7:u)¢ - 1/)/ - ¢(0)5N (¢ € XN)

The last term in this definition occurs due to the fact that in general, ¥(0) # 0
for ¢» € Xy, as opposed to the elements of D(#A (¢, u,n)). The Cauchy problem
approximating (3.2) is then given by

yn(t) = dn(t,u, n)yn(t) + gon fort e (0,T)

yn(0) = Pnyo 4.1

Here, Py : L? — Xy denotes the orthogonal projection in L? onto Xy.

In the case of g = 0, it was shown in [16] that (yn(t))nven is convergent in L?
uniformly for ¢ in bounded intervals. The limit function y : [0,7] x [x,X] — R
with y(t,-) = limy_,00 yn(t) then solves (3.1).

4.1.2 Basis choice and representations

For implementation purposes, a basis {eg, ...,en} of Xn will have to be chosen.
Since orthogonality is always preferable to achieve stability, the first thing that
comes to mind are the Legendre polynomials (Ly)nen, € L2(—1,1) which have
been introduced in Section 2.4. Rescaling [x,X] to [—1, 1], we define

en(x) = w 2L, (—1 + 2w M (x — 5)) (x € [x,X])

where w := X — x is length of the maturity range [x,X] for the variable x. In
Figure 4.1, plots of the basis functions can be seen for the particular interval
[x,X] = [0,5]. The next lemma proves some properties of these functions, including
their orthogonality with respect to the inner product in L?:

Lemma 4.1 (Properties of e,,)
For every N € Ny, the series (en),]yzo C X satisfies

a) (en,em)r2 = (2n+1)" 5, for n,m =0,..., N.
b) en(x) = w 2(=1)" and €,(X) = w /2 for n =0,...,N.
c) span {eg,...,en} = Xy

Proof.  a) Let n,m € {0, ..., N}. Using the fact that the Legendre polynomials

30



Discretization

Polynomial basis functions ¢, of Xy
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Figure 4.1: Plots of some basis polynomials e, : [0,5] = R

are pairwise orthogonal with |[Ln||p2_y 1) = (n + 2)71/2 by Theorem 2.16
a), one can see that

(ényem)z = w ! /x Ln(—=1 42w (x = X)) Lin(—1 4 2w (x — x))dx

! 1 1
=w ;/0 Ly(§)Lin(§)dE = 3 (n + 5)’15% =20+ 1) Yum

b) It was shown in Lemma 2.17a) that the Legendre polynomials satisfy L, (—1)
(=)™ and L, (1) =1 for n =0, ..., N. Inserting this into the definition of e,,

yields the proposition.
c¢) Follows directly from the fact that deg e,, =n for n =0, ..., N.

Now that a basis is chosen, every vector from Xy and every operator from L(Xy)
that has been used until now will have to be represented by a coordinate vec-
tor or matrix with respect to this basis. Formally, this can be expressed by an
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isomorphism @ : RN*! — X which in this case takes the form

Y 1 (Y, en)p2 N N+1
Pz = E Zn€n, (I)NQ[):<7 ) (ZER + ,QJJEXN)
n=0

2
Hn n=0

where 6, := |lea]|;2 = (2n + 1)"Y2. If we endow RV*! with the norm ||z||, :=
(Zg 00222)1/2 and denote the resulting space with ]RéVH, & becomes addition-
ally isometric. Using this isomorphism, many operations on X will prove easily
computable by simple basis representations:

Lemma 4.2 (Inner Product and Derivation) a) We denote the weight
matrix of the basis by W := diag (63,...6%) € RWVFDXINF+D " Then the
inner product takes the following representation for all ¢,y € Xy

N

()2 = (DR') W2(@3'D) = D (@3 )n(@F' D)

n=0

b) Let 0x € L(Xn) be the derivative operator. Then Ox allows for a basis
representation Oy = @NBN<I>]_V1 with the matrix

02 0 2
0 6 0
By = w32 0 10 . 4N-—10 c RINHFX(N+1)
0o . 0
AN — 2
0

Proof.  a) Direct Computation shows:

_ N N
(@Z}ﬂl))L? = (Z N ﬂ) n€n, Z N w mem>
n=0 L2

m=0
N
= Y (@) (@R D) m(ens €m) 12
n,m=0

N
=) (O ) (PN )2 = (D' 0)TW (R )
n=0

b) First of all, we have to show that dx € L(Xx) holds true: For every element
1 € Xn, v is a polynomial with deg1) < N, meaning that ¢’ is a polynomial
with degvy’ < N — 1, in particular ¢/ € Xy. So Ox is a linear operator
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mapping from Xy to Xx. Since Xy is of finite dimension, this immediately
ensures the continuity of Ox, resulting in dx € L(Xx). Now we can define
By = &'0x®y : RV — RVFL As a composition of linear operators,
By itself is linear and can therefore be represented by a matrix which we
also denote with By € RWTDXWN+1) " If we express By by its columns, it
takes the form By = (®y'e), ..., 5 €ly). In addition, the basis functions
are defined as e, (x) = w /2L, (=1 + 2w (x — x)) and the derivative of L,
satisfies the recursion formula (2.11), which results in

e =w 3 [(4n—1)+2en1 4+ (“A(n—3)+2en_s3+..] (n=1,..,N)

Now the basis representations @Nle’n are clearly visible, resulting in the

matrix By from the claim.

O

Now all pieces are assembled to obtain basis representations of & 5 and 0 which

are the key components of the discretized problem (4.1). Let Ay (t, u, ) € RINFDX(N+1)
be the basis representation of oy (t,u,pn), i.e. An(t,u,u) = PyAN(t,u, M)CD]_VI.
This takes the form

An(t,u, p) = k(t,u,u) Iy — By — 'y (te(0,7),u € Upg,pp €9D)

where 1 denotes the unity matrix in RV*! and I'yy is the basis representation for
the mapping ¢ — (0)dy . Similarly, let yx € RVT! be the basis representation
of the vector y, i.e. oy = ®yyn. If we can identify vn and 'y, then the solution
yn of (4.1) can be obtained by solving the following problem in RV*1:

on(t) = An(t,u, p)on(t) +gyn fort € (0,T)

- (4.2)
en(0) = oy Pyyo

Setting yn (t) := ®npn(t) yields the solution of (4.1). Now all that is left to do is
getting to vy and I'y:
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Lemma 4.3 (yy and I'y)
vy and 'y take the following representations:

T
N = w*1/2(1, 23,5, (—1)N@N + 1)) c RN+

1 -1 ... 1-(=D¥
_ 3. (=N
Iy — 12 53 35 53 (( SN e RAVFDX(N+1)

Proof. We can write dy = ®nyn. For every ¢ € Xy, for example ) = ®yp with
@ € RN+ 6y satisfies (6x,1) 2 = ¥(x). Using Lemma 4.2a) along with Lemma
4.1b) this is equivalent to

N
Z(VN)nlbne?L = w2 (o — @1+ w2 — 3+ ...)

n=0

Since this equality has to hold for every ¢ € RN*! we get (yn)n02 = (—1)"w™1/?
and hence the proposed shape of yy.
For I'y, we first observe that as a basis representation, it takes the form

Iy = (4 (eo(x)0n), ., D3 (en (x)0N)) = (e0(X) N, --r €N (X)7N)

- W_I/Q (/yNa —YN;YN, )

Along with the above shape of «y, this yields the proposition. O

At this point, the semidiscretization is complete. What remains to be done is the
time integration of the resulting ODE (4.1) respectively (4.2).

4.1.3 Time Discretization

To solve the ODE (4.1) respectively (4.2), a time grid 0 = ¢y < ... < tg = T,
is introduced which we assume to be equidistant for simplicity of notation, i.e.
tr = kAt where At > 0 is a time step size. We will examine two discretization
methods in the following sections, both of which will result in a discrete system of

the following kind:

%?(u,u)y?\,ﬂ = LK (u, Wy + Atk (u,p) for k=0,...,K -1

(4.3)
¥ = Pnyo

34



Discretization

Here, {£¥ B (u, ) kK:_Ol C L(Xy) is a series of implicit and explicit operators and
{2k (u, )}t € X are inhomogeneities. Let Sfﬁ/E(u,,u) = <I>]_V1.?ii?/E(u, w) ey €
RWAHDXNHD a5 well as 2% (u, u) = @328 (u, 1) € RV*! denote the basis repre-

sentations in RV*! then the basis representation form of (4.3) is given by

o@}“(u, )it = Q%(u,u)gplfv + A2 (u, ) for k=0,...,K —1

: (14)
90(])\[ = (I)NleyO

This notation is strongly influenced by [10], where it is called a parametrized
evolution scheme and it is assumed that ¥ (u, u) respectively .Szlf(u, i) are positive
definite operators. The latter is often the case for parabolic equations but does
not hold true here.

A J-method

We introduce a parameter ¥ € [0, 1] interpolating between a time-explicit (¢ = 0)
and time-implicit (¢ = 1) method. Abbreviating y%, ~ yn(t) for k = 0, ..., K, the
ODE in (4.1) is replaced by

AL gk

NTtN = 9" (u, )yt + (1= 0) R (u, w)yy + gon

Reforming this yields the system (4.3) with the operators
LY (u,p) =1 = IAEAN (u, ), Lp(u, p) = 14 (1 — D) Atsd § (u, )

and the inhomogeneity z]k\,(u, 1) = gon. Note that in this case, 1 is not be under-
stood as a simple scalar but as the implied scalar multiplication in Xy, i.e. the
identity mapping 1 : Xy — Xy, ¥ — 1 -1 = 9. The basis representation form
(4.4) is then reached with the operators

L (u, ) = 1= OALAR (u, ), Lh(u, ) = 1+ (1 — 0) ALAK (u, pr)

as well as 2]"{,(u, 1) = gyn- Again, 1 denotes the scalar multiplication operator,

this time in RN+,
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The classical Runge-Kutta method

The classical Runge-Kutta method is a one-step method of fourth order and has
the following tableau:

— NN O

o O O Nl
W= O N

W= =

1
6
This means that the solution at the next time step is computed by

k+1 k k k k
BF BY B B

Yn —Yv _Pr  Pr B3 Pa (4.5)
At 6 3 3 6

where BY, ..., BX are the weights which depend on the right-hand side of (4.1). We

will in the following omit the (u, p)-argument for reasons of clarity and abbreviate
1
Qi]’i;” = AN (tk + %) The weights then take the shape

B = dfyk + gon
k+1 At
B = <yN n Bf) + g
At At
94’”2@4]\, ok + st (yﬁ“v + 295N> + gon

k+l At
By = st} (yz’% v 235) +oon

At? 1 A 1 A

E+l At
T <y1’i,+2g(5N> 1 gon

b= gkt (y]’“v + AtB;’f) + gon

k+i k41 A
4 Sﬁzli/HﬂNﬂwNﬂdJ@y?\f“‘

t2 gjk;-&-lgjk+2gd ( 5€V+A2tg(5N>

k+2

At
+ Atsd i (yfv + 296N> + &ﬂ]’“v“ (y?v + Atg5N) + gon

Inserting these weights into (4.5) yields the form (4.3) where the operators are
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given by & }“ =1 and

At kL At [ gyl k+l  ktl ket
Lh=1+" <sz¢1"fv+4gz<lN+2 +sz<l]’“v+1> + 5 (WN+2&¢]]‘{[+524N+2Q¢N+2 +sz¢]’“v+1sz¢N+2>
At?

12

A

<&¢k+2ﬂk+2dN+dk+1gjk+2&¢k+2> tﬂk+1ggk+2dk+2w]v

The inhomogeneities on the other hand are

At k+1 At? gl
o= oo G (i)« G (iRl )
A3 1ol
ek sy gon

The basis representations in (4.4) take the shape .@}“ =1and

At 1 A 1 1 1
Ph=1+=" <A +aalte 4 Aﬂ“v“> + Tt <A 2Ak AR AN A’;V+1Afv+2>
At?

1 1 1 1 Att
+ T3 (A@*?A??Aﬁv + A’;“A’]“VﬂAfVﬂ) O kst gb45 545 gk

Last of all, we have

At kL At [kl kil ki
=1+ - <2AN+2 +A’;;,+1> + 5 <AN+2AN+2 +A§“V+1AN+2)

A 1
t Ak+1A A§V+2:|97N

4.2 Discretization using Finite Differences (FD) \

As is typical for a FD method, a spatial grid x = x¢ < ... < x, = X is introduced
to turn the PDE (3.1) into an ODE. Assuming that an equidistant grid is used,
ie. x; = xo+iAx with a step size Ax > 0, the spatial derivatives yx(x) at the grid
point x = x; can be approximated by a forward Euler discretization as follows:

Y (t, %) ~ y(t’x”li_ y(t,xi) (te (0,T),i=0,..,N, — 1)
X
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Utilizing this representation, the PDE (3.1) is replaced by the following ODE

system:

ye(t, x;) + LX) TVEX) oy gy (E ;) for t € (0,T),
andi=0,....,N, —1
y(t,x0) =g for t € (0,7)
y(0,%;) = yo(xs) fori=0,..., N,

(4.6)

For the time discretization, another ¥-method is introduced like in Section 4.1.3:
Let ¢ € [0,1] again be the parameter interpolating between the fully explicit
(¥ = 0) and fully implicit (¢ = 1) time discretization. Furthermore, we abbreviate
yF = y(tg,x;) for i = 0,..., N, and k = 0, ..., K. Applying the §-method results in
the following discrete system for ¢ =1,..., N, and £ =0,..., K — 1:

k+1

k k41 k1
Yi1 "Y1 _ g KL, )yt — Yi — —Yi
At i Az

Note that in comparison to the system (4.6), the index i has been shifted to i — 1.
We introduce for k = 0,..., K the vector y* € RN+ with y¥ = (y’f,...,yﬁ“\,z)T.
Furthermore, let By, € RY=XNe he given by

We then observe that we can write (ylg, . y]’i,z_l)T = Bnyk +gey where e; € RN=
denotes the first unit vector. This is due to the fact that ylg = g always holds true
because of the boundary condition at x = x. Using this, (4.7) can be vectorized

as follows:

At
<1 — At (u, u)) (Bn,y* ™ + ger) + 19E(yk’url — By, y* ™ — ger)

= (14 A1 = D), ) (B + ger) — (1= D)0 (1 — Bay — gen)
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This can be written in the following form which is of the same shape as (4.3) or
(4.4):

LE(u, )yt = LE(u, p)y* + AtF(u,p) for k=0,.., K —1

yo =To

(4.8)

Here, 19 € R¥= is the discretized initial condition, meaning 79; = yo(x;) for
1 =1,..., N;. The implicit and explicit operators are given by

1 At

L, p) = [1— A9 [ £ (u, — )| B 9=

b = [1- 80 (4w + 5 )| B+ 05

i) = [+ 8000 - 0) (W + )] B~ -0 2

and the inhomogeneities look like this:

1
Haa) = (55 + (0= D) + 06 ) ) g
We can finally give some thought to the space in which (4.8) is to be understood. Of
course, the vectors all come from R™ yet it is not obvious what the inner product
should look like. First of all, a vector y = (y1,...,yn,) € R+ can be understood
as a discretization of a function 7 : [x,X] — R. If we postulate § € L?(x,X), then
the norm ||y|| should somehow approximate the norm |[y][ 2, ). Seeing as y only
contains information at the grid points x; for i = 1,..., N, the natural way to
approximate the integral is using the trapezoidal rule:

% Ny—1

x Az S Az

~12 ~2 2 2 2
Hy||L2(§7§) :/ [y|"dx ~ R4 + Az Z Yi + 5 UN,

X i=2

Introducing the symmetric, positive definite weight matrix
A A
W .= diag (;, Az, ..., Az, ;) e RN=xNe

now allows us to formulate an inner product on R™* which can be written as

(y, 2)w = yT Wa.
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THE RB-METHOD

The results of the discretization methods from Chapter 4 all share common charac-
teristics: Working from a finite-dimensional Hilbert space X with inner product
(,), a sequence {y% (u, ,u)}fzo C Xy is created where y (u, p) represents in some
way the discrete solution at the time ¢;. Notice that in this chapter, the (u, p)-
dependency of the solution will always be expressed by writing % (u, ). This
series will from now on be referred to as the detailed solution. As was previ-
ously demonstrated, it allows for a recursive representation that can be expressed
as

LY (u, p)yn™ (u, 1) = LY (w, )y (u, p) + AtzF(u, p), k=0, K1
o, p) = n°

(5.1)

If N and K are large numbers, computing the detailed solution for different pa-
rameters (u, ) € Uyqg X 9 can be very expensive. It is for such reasons that
RB methods have been established that all share the same basic idea: A low-
dimensional subspace Xy C Xy of dimension H < N called the RB-space is
created after which the recursion (5.1) is projected from Xy to X, resulting in
a so-called reduced solution {y’ﬁl(u,u)}fzo C Xpy. Because of H < N, these
computations will be much less expensive. The problem that now has to be con-
sidered is the generation of this suitable space X7, which has to fulfill two general

requirements:

1. The loss of information between the detailed and the reduced solution has
to be acceptable.
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2. The time invested in the generation of the RB-space should be much less
than what is saved through its utility.

This chapter focusses on two questions: First, for a given RB-space Xy C Xy,
how exactly is the N-dimensional system (5.1) projected onto Xpz? And second,
how can a suitable RB-space be generated in the first place?

Throughout the following pages, we follow the approach laid out by Haasdonk and
Ohlberger in [10], which adopts what they call a parametrized evolution scheme
based primarily on a representation for the detailed solution of the type (5.1).

5.1 Model Order Reduction ~N\_

In this section we assume that a RB-space Xy C Xy has been generated. We can
further assume that an orthonormal basis Vg = {¢1,...,¥g} is available which
spans Xp. Given this situation, we have to establish how to project the system
(5.1) onto X g as well as how the arising error can be estimated without having to
compute the detailed solution. Lastly, it would be desirable to establish efficient
computation strategies of both the reduced solution and the error estimator.

5.1.1 A Galerkin Ansatz

Since Xy is a Hilbert space with inner product (-, -), projecting (5.1) onto Xy is a
very straightforward Galerkin ansatz: The reduced solution {yf (u, u)}H, C Xy
has to fulfill the following recursion:

i’?(u,u)y’ﬁ;“(u,u),%) =
LY (u, )y (u, ) + Atz (u, ), wh)
(y%(uﬁi)v%) = (7707¢h) (h: 17"'7H)

Furthermore, y# (u, ;1) can be expressed by the basis Wy, for example

H
Y (i) = af(u, ), k=0,.... K —1,(u,p1) € Usg x 9
h=1

with the coordinate trajectory {a®(u, )}, C RH. Inserting this into the system
aboves yields the following reduced system in R*:

LY (u, p)a* L (u, p) = LE(u, p)a® (u, p) + Atb*(u, p), k=0,....,K —1

0 u, M) = CO (52)

a

—~
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where the abbreviations are as follows:

[L};/E(Uvﬂ)}hé = <$lf/E(U, MW%%) , hot=1,. ,H
b];:L(u7 M) = <Zk(u7 u)’wh) b h - 17 "'7H
¢h = (1" ¢n), h=1,. .. H

5.1.2 Error estimate

After having computed a reduced solution {y% (u, u)} , C X whose RB repre-
sentation is given by (5.2), the next objective is of course to assess the error to the
detailed solution {y%(u, “)}szo C Xy given by (5.1). For efficiency purposes, this
generally has to be done without actually computing the detailed solution. After
all, the very reason why a RB method is used is in order to mostly prevent these
costly computations.

Following again Haasdonk and Ohlberger in [10], we define for £ = 0, ..., K and
a fixed pair (u,p) € Uyqg x 9 the error difference between the two solutions as
ek (u, 1) =y (u, 1) — y& (u, ) € Xn. Our objective is to obtain an error es-
timator A¥ (u, ) > 0 which is computable without the detailed solution and is
a rigorous error bound, meaning that we have He’fi(u, 1 < AX (u, p) for all

k=0,.. K.

M x

Theorem 5.1
Let (u,pu) € Ugg X 9 be a given control-parameter pair. Furthermore, let the
operators in (5.1) be uniformly bounded in time, meaning that there are constants
Cr(u, u), Cg(u, p) > 0 such that

|(ttwm) || et b, < Coten) E=0k)

(Xn)

L(XnN)

We define the residual lei(u, u) € Xy for k=0,...,K —1by

LY (u, )y (u, ) — L5 (u, )yl (u,
R’;{—H(U,M) — I( ) H ( )At E( ) H( )—zk(u,u)

If the RB space satisfies the inital condition n° € Xp, then a rigorous error
estimate as mentioned above is given by the following canonical estimator

k—1
AR (u, 1) = At Z Cg(u, ,u)kil*jC?_j(u, n) HRj;l(u, ,u)HX (5.3)
=0

N
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Proof. See Proposition 4.2 in [10]. O

Two things have to mentioned here. First of all, the error estimator A%, (u,p)
depends on the operator bounds Cr(u, ) and Cg(u, ) as well as on the residual
NOr'ms ||R}{(u, 11)||- The latter depend only on the reduced solution {y% (u, )},
so the computation of the detailed solution is in fact not necessary. Second, in the
case Cg(u,p), Cr(u, u) < 1, the error estimator can be altered to the simplified
error estimator

Ayl = 1Y [ Cn] i (5.4)
j=0

In Section 6.1.4, there is a brief overview concerning the occurring operator norms.
However, we will already mention here that the general case will be Cr = 1 and
Cr > 1 but Cr = 1. This will still allow for the uage of the estimator in (5.4). It
has to be stated, however, that we cannot ensure that ||ef; (u, M)HXN < ﬁ’%(u, 1)
really holds true in all cases. In order to do so, we will have to use the estimator
Ak (u, i) given by (5.3) with fitting values for Cp, Oy, although this may well lead
to the estimates getting out of hand, especially for finer time grids because of the
exponential dependence on k. A comparison between the A’}_I and A’fg is presented
in Section 6.2.1.

5.1.3 Affine Parameter Dependency

By observing all possible shapes of the operators .%}“/E(u, u) € L(Xy) along with
the vectors z¥(u,u) € Xy, we observe that the variables k, u and p only oc-
cur in scalar corollary functions. This means that there are time-, control- and
parameter-independent operators respectively vectors such that &£ f / g(u, ) and
2¥(u, ) are always contained in their linear span. In mathematical notation, we
have operators @}/E, ,9’3%’5 € L(Xy) and vectors o', ..., 097 € Xy such that
forall k=0,..,. K —1,u € Uyg and p € 9, we get

Qr/E Q=
Lyl p) =Y ol (@ uwP] ) =) 0d(th u et (5.5)
q=1 q=1

We have made use of coefficient functions o} o [0,T] X Ugg x 9 — R which
contain all time-, control- and parameter-dependencies.
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Efficient computation of the reduced solution

Using the knowledge of these shapes renders a similar parameter-dependence for
the matrices and vectors which were introduced in Section 5.1.1 for the computa-
tion of the reduced solution:

Qr/E Q-
Lfp(u ) = Y of p(tu, )Pl bi(u, ) =D o2(t",u, p)p”
g=1 q=1

where we have set

[PIq/E} e (97’1(1/3%271/%) , ph = (0% n) (ht=1,...H)

For implementation purposes, this can be further simplified. First of all, we can as-
sume without loss of generality that the Hilbert space is given by RV= with N, € Ny
and that the inner product is given by (¢, %) = @I W@ where W € RN=XNe g
a symmetric, positive definite matrix. For the FD-method from Section 4.2, this
is already the case with W = Ax diag(1,2,...,2,1)/2. In case of the polynomial
method introduced in Section 4.1, we can work with the basis representation for-
mulation (4.4) which uses the space RV* with N, := N+1 and the matrix W = I'2,
as was shown in Lemma 4.2a).

We define the RB matrix ¥y = [/, ...,%y] € RV+*H and can conclude

T T
PIq/E:\IJ W@’?/E\Il pl = W' W1

Efficient computation of the error estimator

In order to make feasible use of the estimator Ay and Ay from (5.3) respectively
(5.4), the residual norms ||R%; (u, p1)|| have to be computed in an efficient way. Fol-

lowing again Haasdonk and Ohlberger in [10], we can transform the norm utilizing
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the inner product (-,-) in Xy

R o) = (R o), B )

N

A1t2 (<25 (s ™ (s ), 25, )™ (1))
+ Ath <§£E(u )y (w, ), L (u, 1)yl (u, )) -
- é (<2 ol (1. Ly

= g (2F i . )
+ Ait (<28 )i, ), 2 (%u)) + (2 (1), 2 (s 1))

As it was already done in the section above for the computation of the reduced
solution, we are now interested in containing the parameter-control-dependency
in scalar coefficient functions. Using the decompositions in (5.5), we observe for

the first term above:

(<28 )™ (), 25 s )l ()
Qr

= Y o w o (@) (PR ) P Y )
7,q'=1
QI H /

= 3 ol u o (¢ u ) Y al T (u, p)al T (u, ) (9’}1%,9’}’ w)
q,q'=1 hf=1

For every pair (q,q') € {1,...,Qr}?, we now define the matrix
! H H ! !
Kif e RN KY ] = (2009 vr)
so that the equality above becomes

(<25 syl (s ), L5 )™ (1))
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In the same way, the following matrices are defined:

K ¢ RHXH, _K%}M (Pgun280e) . ad =1,..Qr
K99 ¢ RHXH, ;K}%}M = (PfenPEwn), a=1,.0Qrd =1,...Qr
K?q/ € RY, =K?q/}h = (@?wh,gq/) , q=1,..,Q1,¢d =1,....Qg
K%q/ € RY, _K?qu}h = (@gwh, qu) , q=1,...Qp,¢d =1,...,Q,
K ¢ R, K = (Qq,gq/> , .¢d=1,..,Q,

Let it again be noted that in case Xy = RY> and a weighted scalar product
(0, ) = ¢T W, these matrices and vectors take the forms

K =" (2" wolv, K9 =0T (2" W, K9 =09 W

where U = [t1, ..., ] € RN+ ig 3 matrix containing all RB vectors and X,Y €
{I, E'}. Finally, the residual norm looks like this:

IR ], = 5m S5 (ot (1) [ ) K 0P )|

7q’ 1
A Z o (t*, s ) (1, ) [, 1) K ()|
¢,q9'=1
Qr Qg
AtQ Z Z U[ y Uy [ UE( kvua /’L) |:ak+l(u7 M)TK}I%'ak<u7M):|
q=1¢'=1
QI z / ,
Z > ot o (t*, u, ) [ak“(u,u)TK}”}
q 1g'=1
QE Qz , ,
Z > ot o (t*, u, ) [ak(u,u)TK%q}
q 1¢'=1
Qz / !
+ 3 ot ot (¢, ) [ K2
q,q'=1

Now all pieces are assembled to perform the RB method and compute the error
estimator A’}{ and - if we know the boundary values C7 and Cg - also A’f{. One
only needs to know the exact values of o/ 1/E/2 91‘1 /B and p?. Since these are funda-
mentally different for each discretization technique which has been introduced in
chapter 4, we will look at each method individually and identify those variables:
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The polynomial ¥-method

For this method, we will work with the basis representations which were introduced
in Section 4.1.3:
L¥u, p) =1 — IALARF (u, 1)
= (1 — ALK (L u, u)) 1y +9At(By +Ty)
Lh(u,p) =1+ (1 — 0)ALAR (u, p)
- (1 + (1 - 9)At(tF, u, M)) Iy — (1 —9)At(By +Ty)

Zh(u, 1) = gn
Inserting this into the definitions above yields QI =2 Qp =2 and Q, = 1.

Furthermore, @I/E 1y, @I/E = By + Ty and o' = gyy. The scalar coefficient

functions read
or(tF u, ) =1 — IAtk(tFH u, p) o (tF u, u) = 9At

O-lE(tk7u>:u) =1+ (1 - ﬂ)At’%(tka U, :u)’ UQE(tkvua /‘L) = _(1 - ﬂ)At
o (tF u p) =1

The polynomial RK4 method

As it was done for the polynomial ¥-method above, we will work with the basis
representations which were identified in Section 4.1.3. For simplicity reasons, the
dependency on (u, ) will be omitted in the notation.

=1

At?
6

3 1 1 1 1
+ Ait (A;CV+2 AI;V+2 AI]CV + A?V+1A]]€V+2A]]€V+2> At Ak+1Ak+2Ak+2Ak

1 1 1 1
Zh—14+5 (A + a4 +A’j\,“) <A 2Ak AR AN +A§V+1Afv+2>

12
1 2 1 1
o 3 () 3 (0 )
A

t3 k+1
Ak+1A AN z]g%f

It has been shown that we can write Ay(¢,u,p) = k(t,u,p) — By — I'y. In-
serting this into the representations above yields after lengthy, straightforward
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computations:
P =1
PE = oL (t*) + 0% (tF)(By +Tn) + ... + 05 (t") (B + Ty
2 = or(t")gn + o2(t")(By + Twn)gyw + .05 (t*)(By + T'n)* 97w

The occuring coeflicient functions are quite complicated and can be found in the
appendix, Section 8.1. To summarize, we get Q7 = 1, Qg = 5 and @), = 4. The
constant operators take the shape

Pl=1pn
Pl =(By+TIn)"! forg=1,..,5
o= (By +Tn)" " gyn forg=1,..,4

The FD method

The representations for the FD method have already been established in Section
4.2, we have Q; = 2, Qg = 2 and @), = 1. The operators take the shape @}/E =
1y, @12/}3 = By as well as p! = ge;. Last of all, the coefficient functions look like
this:

At
op (t*,u, p) = 79@
2k k41 1 14k At
O—I(t7u7:u'>:1_At19 K’(t 7U7M)+E O—E(tauvu) :_(l_ﬁ)ﬂ
1
bt u ) =14 AL~ ) (0 + )

5.2 Basis generation \

Now that it has been established how a RB method is being performed and ef-
ficiently computed if a RB space is already known, the question remains how to
generate said space. We will accomplish this by using a so-called Greedy algo-
rithm. The idea is to start with an initial basis W, = {¢1,....,¥m,} C Xy of
length Hjy. After this, the basis is iteratively enhanced by adding one or several
new basis vectors in each iteration. The process is repeated until a maximal num-

ber of basis functions is reached or a given error tolerance is satisfied.

In each iteration, the quality of the current reduced solutions (which is governed
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by the current reduced basis) has to be assessed with respect to the entire control-
parameter domain Uyg X 9. As is usually the case for Greedy algorithms, this is
achieved by choosing a select and rather small subset Usrqin X Dirain C Ugg X D,
followed by computing the reduced solution along with error estimators for all
these control-parameter pairs. The chosen elements are referred to as training
parameters and they also play a major role in the generation of the next basis
vectors: Among all possible combinations (u, 1) € Ugrain X Dirain, the algorithm
looks for the 'worst’ pair (u*, u*) which is the one where there is the highest esti-
mated discrepancy between the detailed and the reduced solution. This is where
the algorithm gets its name since it greedily picks the weakest member of the
herd. The detailed solution to this control-parameter tuple is then computed and
used to generate the next basis elements with the intention of improving the basis

quality in this area of the control-parameter domain.

Algorithm 1: Greedy Search for the generation of an RB space

1: Compute an initial basis Wy, of length Hy.

2: Set H := Hp as well as Vg := Vp,.

3: Compute all offline values for W.

4: for all (u, ) € Uprain X Dirain do

5. Compute all online values for Uy at (u, ).

6:  Compute the reduced solution {y% (u, pu)} .

7. Compute the error estimator A’I“_I(u, p) for k=0,..., K.

8: end for

9: Choose a pair (u*, 1*) € Upain X Dirain Which 'maximizes’ the error
estimator trajectory {AR (u, u)}E .

10: Compute the detailed solution {y& (u*, u*)}X_ for this pair.

11: Use the the detailed solution above to generate new basis elements
Y415 Y10 € XN,

12: Set W yp:= VU{yy1,...,Yu e} and obtain the new basis by using the
Gram-Schmidt process on Wy, to get an orthonormal system Wy ,.

13: Set H := H + ¢ and repeat the steps 3-13 until a termination condition
is satisfied.

The most basic outline of the Greedy search is depicted in Algorithm 1. We have
purposefully used rather vague formulations in lines 9 and 11, which will be exam-
ined more thoroughly in the following sections. Section 5.2.1 will focus on line 9
in more detail, thereby explaining how exactly the 'worst’ control-parameter pair
can be identified. Section 5.2.2 will present various methods for the realization of
line 11 by introducing strategies that can be alternatively utilized, depending on
how exactly the detailed solution is used to generate new basis vectors. Further-
more, we will elaborate on numerical alternatives of Algorithm 1, which are used
to rectify several shortcomings that have occurred during our simulations.
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5.2.1 Line 9: The worst control-parameter pair

Suppose we are presented with either the canonical error estimator A’fq or the
simplified error estimator ﬁ’f{(u, w) given by (5.3) respectively (5.4). The ques-
tion is how to identify a tuple (u*, u*) € Urain X Dirain with the 'worst error’
between detailed and reduced solution. Following [10], this is done by choosing
(u*, 1w*, k*) € Uprain X Dirain % {0, ..., K} with

AR (¥, 1) = max max AF (u,
H ( IU/ ) (unu‘)eUt'rain X@train k:0’~~~: H( /’L)
Furthermore, in our cases we are always presented with an estimator which is
monotonically increasing over time, therefore the above discrete optimization prob-
lem can be simplified by setting k* = K and only having to maximize over

Utrain X @train-

5.2.2 Line 11: Enhancement strategies

In line 11, we are given a detailed solution {y% (u*, u*)}H< , C Xn and have to use
it in order to create new basis vectors Vg1, ..., ¥+¢ which better represent this
trajectory than the existing basis Wg. There are two different strategies available
to us here, each of which will be examined in the experiments.

The Single-Time strategy (ST)

This strategy focuses on the so-called ’worst-error snapshot’, meaning that it
looks for a single time index k* € {0,..., K} so that the corresponding snapshot
yfv* (u*, 1*) is the one which is worst incorporated in the current basis Wy. This
vector is then simply added to the basis by defining ¢pyy1 = yk (u*, u*). We
follow the approach used in [8] as well as [10]:

We have to consider that all discretization techniques presented in chapter 4
are single-step strategies in time. This means that the error ek (u*, u*) at a
given time instant k consists both of the single-step error and the propagated
error. The single-step error stems from computing y% (u*, u*) from y];{_l(u*, )
whereas the propagated error is the sum of errors resulting from the computation
of yz_l(u*, w*) from y% (u*, u*). On the one hand, this means that the error terms
e’f{(u*, w*) will generally increase over time, as is the case for the error estimators
A'}{(u*,y,*) and E’}{ On the other hand, we are limited to a single snapshot in
this strategy which means that we have to neglect the propagated error and focus
on the single-step error. The latter is best assessed by considering the increments
AR (ur, ) — Alﬁfl(u*, ). A large increment from k — 1 to k is taken as evidence
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that the snapshot y]’i[(u*,,u*) is badly represented by the basis Wy. Turning to
the strategy, this means that

k* := arg max (A]f{(u*, w) — A];fl(U*’H*))
k=1,...K

will be the time index for the worst-error snapshot.

However, it can happen that a set (u*,u*, k*) ist chosen which has already oc-
curred in previous iterations. This means that there is no new information added
to the basis and can in some cases lead to the stagnation of the algorithm. A
simple way to add some flexibility is to monitor these reocurrences and allow the
Greedy search to fall back on the second or third worst parameter set in these
cases, thereby ensuring that only new vectors are added to the basis.

In a more general formulation, the algorithm will look for the M worst control-
parameter sets (M € N) respectively the M worst snapshots and use the worst
one available that has not been used yet. If all of the M worst parameter sets have
been used before, this will lead to an abort. The implementation for this variation
ist depicted in detail in Algorithm 5.1. Whenever the flex M variation is used, we
shall refer to the strategy not only as ST, but as ST-flexM.

The POD Strategy (PODg)

In contrast to the ST-strategy above, whose main characteristic is that an entire
solution trajectory {y& (u*, u*)}H< , C Xy is computed and only a single snapshot
yf“\; (u*, p*) is used to generate the next basis element, the focus for the POD
strategy is to compress the data contained in this trajectory into a few vectors
as efficiently as possible. Therefore, it is first taken account for the fact that
a part of this trajectory is already contained in the current reduced space Xp:
Let P : Xy — Xpg be the orthogonal projection onto Xy and P : Xy — Xf]
the projection onto its orthogonal space. Then every z € Xy allows for the
decomposition z = Pz + Pz, see for example Theorem V.3.4 in [22]|. This means
that the orthogonal projection P, can be obtained by computing

H

Pz =2z—Piz=2z— Z(Z, Yn)¥n

h=1

If - like in our case — Xy is given by R™V* and the scalar product can be expressed
by the positive definite weight matrix W & RNe*Ne  then this can be further
simplified to Poz = (1 — U H\IIEW)Z As it was done before, the reduced basis has
been assembled in a matrix ¥y € RN We also summarize the solution in a
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C := Utrain X Dirain, © := 1, C:=0C x {to, .., tx}

Choose worst control-
parameter set
(u*,p*) € C,

set j = 1

l

Choose worst
time t* so thatN
(u*, p*,t") € C

1 = 1+ 1
Vos C = C\{(u", 1", 1)},
J=7+1
Yes

{ Is i < M? }N—O[ Ts j < M? }YL

No

Abort

Has (u*, pu*,t*)
occurred in pre-
vious iterations?

No

Use (u”, ", t*)

Algorithm 5.1: The flexM variation for the ST strategy
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similar way, meaning that we define

Vo= [yQ(ut, 1),y (uf, )] € RN XD

This allows for a computation of the orthogonal component matrix by
V= [yl .y =1 - ve'w)y

The columns of Y+, which are exactly the projections of the snapshots onto the
orthogonal space X7, now represent all the information contained in the solution
which is right now not represented by the basis Wy. The problem that poses
itself is to find some - let us say ¢ - vectors that best represent this data. If
we denote these vectors by ¢!, ..., ¢’ and further demand that they have to be
orthonormal, the error term between one snapshot and its approximation can for
k =0,..., K be expressed by ||yﬁ — Zle (yﬁ“_, gpi) ¢*||. Adding up these defects
using a trapezoidal rule on the time grid results in an error term for the whole
trajectory. By formulating the objective as a minimization problem, this leads
to

2

¢ .
vh = 2 W9

=1

n 3
min Qg
9017"'750['€X'N kJZO
st (@' ¢?) =108 fori,j=1,...¢

(5.7)

where we have made use of the notation ag = ag = %, ap=At(k=1,...,K-1).
Since Xy is given by R+ and the inner product is described by a positive definite
weight matrix W € RMe>*Ne  this is just a reformulation of the POD problem
(Plfv,a) presented in Section 2.3.3. As it was shown in Lemma 2.15, the solution to
this problem can be obtained by one of two eigenvalue decompositions: Introducing

the matrix D := diag (g, ..., ax) € REFDXEFD “one has the possibilities:

a) Compute the orthonormalized eigenvectors o', ...,7° € RN+ to the ¢ largest
eigenvalues of the matrix W1/2Y, DYTW1/2 ¢ RNe*Ne and set ¢ := W~ 1/2¢
fori=1,..., ¢4

b) Compute the orthonormalized eigenvectors @', ..., u* € RE+! to the £ highest
eigenvalues A1, ..., ¢ of the matrix DY2YT WY, D¥/? ¢ RUEFX K+ " then
set ¢! := ;\;%YLDI/QTH fori=1,.... ¢

The question which of the two possibilities should be used depends on the numbers
N, and K: For K > N,, a) is obviously the better choice since only an N, x N,
eigenvalue problem has to be solved. If N, > K, b) is the better option. In
any way, once ¢!, ..., have been computed, we have also found the next ¢ basis
elements by defining ¥y ; := ¢ fori =1,...,£.
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The question remains how the number ¢ is chosen. Here we consider the ap-

proximation error

K ¢ 2 en X
ei=Y ar || =Y Wl =Y ot
k=0 =1 i=0+1

where o1,...,0y, are descending singular values of the matrix W2y, D12 ¢
RN=x(K+1) - Obviously, the quality of approximation is tied to the magnitude of
the remaining singular values. Motivated by this, the following quotient term is

defined

I Ny
gy = (Z O‘?) / (Z J?) for{=1,..,N,
i=1 i=1

This quotient is monotonically increasing with £ and has an upper bound of 1
which is reached at least for £ = N,. We will therefore use & as an indicator for
the approximation quality and accept £ if £, > ﬁ holds true for a predetermined
control factor q € (0,100), meaning that ¢% of the information from the detailed

solution is contained in the vectors o', ..., ¢’
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EXPERIMENTS

In the previous chapters, we have presented different approaches for solving and
then dimensionally reducing the equation (3.1). More specifically, variations have

occurred for the following points:

e Discretization techniques:

> The polynomial method (compare Section 4.1) with a #-method for
time-discretization (PolTheta)

> The polynomial method with the classical Runge-Kutta method for
time-discretization (PolRK4)

> The FD method (compare Section 4.2) (FD)
o Strategies for the enhancement of the RB space (compare Section 5.2.2):
> The Single-Time strategy (ST)

> The Single-Time strategy with enhanced flexibility for the choice of the
worst-error parameters (ST-flex M)

> The POD strategy with a control factor {5 € (0,1) (PODq)

This abundance in options will make it necessary to name the different variations.
In order to do so, labels have already been used to uniquely identify each option.
These labels are now stringed together using a hyphen. For example, a method
where the Polynomial theta method has been used for discretization and the RB
space was generated by the ST strategy using a flexibility of M = 3 will be labeled
PolTheta-ST-flex3.
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We will present various experiments which are aimed at comparing the perfor-
mances of different options. For this, we will use fixed values for the parameters
occurring in Chapter 3:

First of all, the variable ranges are chosen as (x,X) = (0,5) as well as (0,7) =
(0,3). The initial condition is set to the constant value of the boundary condition,
ie. yo(x) = g for all x € (x,X). Furthermore, this boundary value is given by
g = 6-10%"8. Concerning the parameters p € 9 C R3, we will vary only the
parameter pg, more precisely po € [2,3] and leave the other parameters fixed at
u1 = 1.5, ug = 0.3. Technically, this would mean % = {1.5} x [2,3] x {0.3}.
However, since pj and pg will always stay fixed, we simply define 9 := [2,3],
understand out parameter only as ps and hope that we are forgiven this minor
inconsistency in notation.

The injection times are on the first and third day, so we have ¢] = 0 as well as
3 = 2. This also means that the admissible control set is given by U,y = [0, 1]
and the total set of control and parameter values is three-dimensional, where each
value can effectively be expressed by the choice of (u1,ug, 2). Lastly, the rest of
the model-related values are given by TBV = 5000, Xmaz = 2 - 10°, Ty = % and
8 =0.6.

Using the above values, the behavior of the various strategies can be analyzed.
In a first section, we will present some results on the detailed solutions. This is
done mainly to establish good choices for the discretization parameters to be used
in the second section, where various RB strategies are examined.

6.1 Behavior of the detailed solutions ~\_

For every discretization technique above, i.e. PolTheta, PolRK4 and FD, good
values have to be determined for the number V; of time grid points, the dimension
N, of the space X and the parameter 9 in case of PolTheta and FD. As a model
case, the parameter values are set to (u1,uz, u2) = (0.5,0.5,2.5).

6.1.1 The PolTheta method

For the polynomial discretizations, the space dimension is given by N, = N + 1,
where N € Ny is the maximum degree of the polynomials. One has to bear in
mind that a rescaling of the Legendre polynomials Lg,...Ly : [-1,1] — R has
been used as a basis of the polynomial space Il (x,%). With an increasing degree
N, these functions tend to oscillate more and more between —1 and 1, a property
that is transferred to the basis functions ey, ...,en : [x,X] — R of Xy as can be
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a) Detailed solution using PolTheta b Detailed solution using PolTheta
and ¥ = 1, At = 0.03, N = 55 )

and ¥ = 0.6, At = 0.03, N =55

x10

Population y(t,x)

»--¥-population y{t,x)
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by, 2 18 Ma’a ; \5\\:\ : s
'71‘1,* 1 \\6\,(0’//6_5 1 T‘\me‘ I'/g,* 1 “‘\6\/0//6'/5/ 1 T'\me‘
Detailed solution using PolTheta Detailed solution using PolTheta
and U =1, At =0.1, N =55 g and 0 = 1, At = 0.03, N — 65
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Figure 6.1: Detailed solutions using the PolTheta method and (ui,ue,p2) =
(0.5,0.5,2.5)

observed in Figure 4.1. As a result, it is only natural that instability effects occur
if the number N is set too high. For example, we can observe in Figure 6.1a) a
working set of discretizaton values given by 4 = 1, At = 0.03 and N = 55. By
only increasing the polynomial degree to N = 65, we can see unwanted oscilla-
tions in Figure 6.1d), occurring at x = x and x = X. This effect can be corrected
by alternating At in a way that coarser time grids allow for higher polynomial
degrees. If we limit ourselves to At < 0.03 - which in turn means a total number
of at least 101 time grid points is used - oscillations occur for N > 58, meaning
that the dimension of Xy is limited by N, < 58. This will later on also limit the
dimension H of the reduced space Xy for RB methods, seeing as reducing a space
with N, = 58 dimensions to H = 30 will be less effective than a reduction from
N, = 1000 to H = 50, as will be the case for the FD method.

In addition, we can see exemplarily in Figure 6.1b) that a reduction of ¥ causes
further stability issues throughout the entire maturity interval [x,X]. This obser-
vation is quite common for hyperbolic equations in combination with a ¥-method,
see for example [19, Chapter 3]. In our case, we will simply set ¢ = 1 which almost
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guarantees stability as long as the above-mentioned maximal polynomial degree is
not exceeded.

6.1.2 The PolRK4 method

a) Detailed solution using PolRK4 b) Detailed solution using PolRK4
and At =0.01, N =55

and At =0.03, N =35
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c) Detailed solution using PolRK4 d) Detailed solution using PolRK4

and At =0.01,N =45 and At =0.03,N =45
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»
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Figure 6.2: Detailed solutions using the PolRK4 method and (u,ug,u) =
(0.5,0.5,2.5)

First of all, we observe a very similar natural limit to the polynomial degrees as for
the PolTheta method, which lies at N < 40 for At = 0.03. In this case however,
instabilities can be remedied by increasing the number of time grid point as can
be observed by comparing Figure 6.2 ¢) and d). However, we always observe os-
cillations occurring around x = x, indepent of At or N. This can be explained by
the fact that the time discretization in the PolRK4 method is done by the classical
Runge-Kutta method. Being a purely explicit method, this technique offers poor
stability but usually makes up for it by its high accuracy, which explains the fact
that a finer time grid yields better results (as opposed to the PolTheta method).
In this case however, it seems to be overstrained - a fact which is even fortified
by observing Figure 6.2c): Even for the rather high step size At = 0.01, we can
detect minor fluctuations in the solution for more advanced times ¢ ~ T and in
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maturity regions close to x = x. Figure 6.2b) finally shows that even for very fine
time grids, a polynomial degree higher than N = 50 does not yield good results.
In summary, we can conclude that the PolIRK4 method is not suitable for the prob-
lem at hand. It will therefore not be tested for its performance with RB methods
since the stability issues discussed above will make it impossible to distinguish be-
tween errors in the reduced solution and prior fluctuations in the detailed solution
itself.

6.1.3 The FD method

Detailed solution using FD
and ¥ =1, At =0.03, Ax = 0.02

) Detailed solution using FD
and ¢ = 0.82, At = 0.03, Az = 0.02

Population y(t,x)
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c) Detailed solution using FD d) Detailed solution using FD
and ¢ = 0.8, At = 0.04, Az = 0.02

and ¥ = 1, At = 0.03, Az = 0.031
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Figure 6.3: Detailed solutions using the FD method and (uj,ue,p2) =
(0.5,0.5,2.5)

In Figure 6.3 a) and c), we observe stable solutions using the FD method as
opposed to b) and d), where fluctuations and spikes occur. Moreover, we can
observe that the variable ¥ can not be responsible for stability by its own, since
¥ is lower in ¢) than in b), yet ¢) obviously presents a more stable solution. Also,
¥ = 1 does not seem to guarantee stability as can be observed in d). As it turns
out, another value besides ¥ has to be considered which is the quotient %. In
order to test this hypothesis, simulations were run for 15 different settings of
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Figure 6.4: Threshold values 9(At, Azx) for At = 0.03,0.04,0.05 and correspond-
ingly Az = %7 ZTAt7 3§t7 %N,At.

(At, Az). For each of these, there seems to be a threshold value 9(At, Az) so that
stability is reached exactly for ¥ > ¢¥(At, Az). As can be seen in Figure 6.4, these
values are all located along a straight with inclination 0.5 and y-axis intercept of
0.5. This means that a stability condition appears to given by

In particular, this means that stability can only be achieved for Ax < At. A
stability result such as this which depends on the quotient Ax/At is typical for
time-dependent problems, compare for example |5, Chapter 5.7.1] for a parabolical

case.

6.1.4 Operator norms
Since all detailed solutions are computed by an iteration of the type (5.1) and the

error estimators given by (5.3) and (5.4) depend on the operator norms of £5(u, )
and ¥ g(u, 1), we will analyze the magnitude of those norms. This will be done
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Figure 6.5: Operator norms ||(£%(u, 1)) over time for the FD method (left)
and the PolTheta method (right), both for three different parameter.
Each plot contains nine different operator norm trajectories for uy, us €
{0,0.5,1}.

for the PolTheta method and the FD method only, since PolRK4 has already
shown to produce poor solutions due to stability issues. Also, as a consequence
of the above observations, ¢ = 1 will be chosen for the remaining discretizations,
meaning that we will have fully implicit discretizations in time. This results in
%% (u, ) = 1, so only the implicit operators are of interest. For these, the error
estimator A (u, u) requires a boundary Cj(u, 1) > 0 satisfying

—1
H(sg}f(uju)) < Cr(u,p)  forall (u,p) € Usg X D

The operator norms can be computed following Corollary 2.7b), which is done for
the parameter values uy € {2,2.5,3} and controls ug,us € {0,0.5,1}, the results
of which can be seen in Figure 6.5.

First of all, the dependency on ps is almost neglectable, but the control u has
an impact, especially at the injection times ¢ = 0 and t; = 2. However, a
suitable upper bound C7 for all control-parameter sets still appears to be given
by Cr = 1.02, with perhaps the exception of (u1,u2) = (0,0). This observations
makes room for two possible strategies concerning the error estimator. First, one
could use the values Cr(u, ) = 1.02 and Cg(u,pu) = 1 for all (u,pu) € Usg X D
along with the estimator A’[“{ given by (5.3), thereby obtaining a rigorous error
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estimator that is in fact an upper bound for the true errors. Alternatively, seeing
as 1.02 = 1, the simplified error estimator E’}{ given by (5.4) could be used and
checked for performance. However, let it again be noted that this version would not
necessarily be rigorous, meaning that the true error could theoretically exceed the
estimator. As can be seen in Figure 6.6, this was the case in some simulations.

6.2 Behavior of reduced solutions ~N\_

In addition to the values defined at the beginning of this chapter, we will have
to assign training sets Upgin C Uaqg and Dipgin C 9 whenever a reduced basis is
generated. To keep things simple, these will always be chosen by an equidistant
discretization of U,y and 9 with 3 grid points along each dimension, leading to a
training set Ugrqin X Dirain containing a total of 33 = 27 control-parameter values.
For reviewing the impact of the RB method on the solutions, a second and finer
equidistant discretization Upine X D fine C Ugqg X D is introduced with 7 grid points
along each dimension, leading to a grid containing 73 = 343 elements.
Furthermore, concerning discretization values, we carefully consider the findings
from Section 6.1 and choose to perform RB strategies only for the PolTheta and
the FD method, since we consider the PolRK4 method too instable to guarantee
adequate results. For the PolTheta method, we choose a polynomial degree of
N = 58, a time step size of At = 0.03 and ¥ = 1, i.e. an implicit Euler method.
For the FD method, the discretization values are set to Ax = 0.02, At = 0.03 and
9 =1.

6.2.1 Performance of the error estimators |

At the end of Section 6.1.4, two possible strategies have emerged for the use of
an error estimator concerning both the PolTheta and the FD discretization. One
is to use the simplified estimator ﬁ’;{ presented in (5.4), the other one was called
the canonical estimator A%, and is given by (5.3) with the values Cy(u, u) = 1.02,
Cg(u,p) =1 for all (u, p) € Ugg x 9. Both these methods have to be compared to
the true error. A first overview over the three trajectories over time can be seen
in Figure 6.6 where a reduced basis of length H = 10 and three configurations for
the values (u1,ug, p2) have been used to visualize the behavior over time. Seeing
as the increments in the error estimators are used in the ST strategy to determine
the next basis element, the time ¢; has been plottet against the error increment
A’}_I — A’;{_l. As a first impression, both estimators appear to mimic the behavior
of the true error trajectory, even though there are at times large differences.

Not much more can be said about which method performs better, so there is need
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Figure 6.6: Trajectories of the simplified error estimator, the canonical error esti-
mator and the true error for the FD method (left) and the PolTheta
method (right), both for a reduced basis of length H = 10.

for further analysis: In order to do so, we will use the grid Ugine X D pine C Ugg XD
introduced at the beginning of this section. For each pair (u, i) € Utine X D fine,
the medium accuracy over time of the estimators is rated by computing

K 9 1/2
3 an | (A ) = A () [l o 10) = oy () |
Eu,p) = | = % ;
2 o |y (s 12) =y (u, )|
(6.1)

with the weights ag, ..., ax of the trapezoidal time rule. Of course, a smaller value
for £g(u, p) indicates a higher accuracy of the estimator. Taking the mean over all
(u, i) € Utine X D fine results in an accuracy indicator g > 0 which only depends
on the reduced space Xp. By iteratively generating such a space using Algorithm 1
and computing £g in the process, we obtain a graphical representation that can be
seen in Figure 6.7. This result illustrates that the simplified error estimator does
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and the PolTheta method (right)
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indeed perform more accurately than the canonical one, at least for the PolTheta
method. For the FD method, we recognize a shift in accuracy depending on the
number H of basis functions. However, the values of the canonical estimator for
larger values of H still exceed those of the simplified estimator for lesser H-values,
making the latter the better choice.

To underline this hypothesis, a performance test is done to measure the general
quality of the respective RB spaces. This is done by computing a series of reduced
spaces X3 C Xy C ... C Xpg,,,, following Algorithm 1. For each space Xp,
the reduced solutions {yfﬁl(u, M)}szo are computed for all (u, ;) € Ufine X D fine-
Additionally, the detailed solution {y%; (u, p) HE, is computed for (u, 1) € Ufine X
D fine. We can then calculate the true error ¥ (u,p) = ||y& (u, 1) — v (u, p)||
for every time instant k£ = 0, ..., K. Similarily to the accuracy indicator &g (u, p)
defined in (6.1), we obtain a relative error eg(u, ) > 0 for the entire trajectory
by

K 1/2
> e ||yl (1) =y (s )| |
e (u,p) = | =2 = (6.2)
S ot

Again, ag, ..., ax are the weights stemming from the trapezoidal rule on the time
grid. Finally, taking ey := maxyevy,,, maxucg,,,. e (u, ) gives us an error in-
dicator depending only on the space Xy. Doing this utilizing both the simplified
and the canonical estimator will present a feedback to their eligibilities.

The results can be seen in Figure 6.8. For the ST method, it is possible that a
snapshot gets chosen which has already been used in a previous iteration (a so-
called double-pick). These are indicated with red circles. We see a lot of these
when the canonical estimator is used, which therefore performs a lot worse than
the simplified estimator. The reason for this is that the canonical estimator largely
favors late time instances for the choice of snapshots whereas the simplified version
does not have this tendency, as can be seen in Figure 6.9. This can be explained
by the exponential dependence on the time in definition (5.3), leading to larger
values for higher values of k. As a result, the algorithm stagnates and fails to
incorporate solution properties at earlier times into the reduced basis. For the
POD method on the other hand, there does not seem to be any difference between
the two estimators.

To sum up, the simplified estimators is clearly the overall better choice. Therefore,
it will be used for the rest of the experiments.
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Figure 6.8: Comparison of error estimator performance for the FD method (left)
and PolTheta method (right), both with the ST-flex2 strategy (top)
and POD99 stratgey (bottom). Red circles indicate double-picks in
the ST strategy

6.2.2 Choice of worst-error parameters during the Greedy search

During Algorithm 1, the set (u*, u3) € Uprain X Dirain with the highest error es-
timator is determined. It is essential to know which parameters are chosen more
frequently than others because this knowledge leads the way to more efficient
choices for the training grids Ugrqin and Dirqin. The current equidistant grid is
three-dimensional and is contained in the boxed set [0,1]% x [2,3]. A visual rep-
resentation can be seen in Figures 6.10 and 6.11 where the centers of the circles
represent the exact values of (uj,ug, u2) and the radii are scaled to the number of
occurences this particular control-parameter set had during the Greedy algorithm.
A circle with twice the radius indicates that the corresponding control-parameter
set has been chosen twice as often.

We observe that corner values, especially (u1,ug, u2) = (1,1,3) are strongly fa-
vored by all strategies and for all discretization methods. Moreover, all of the
chosen sets contain the value u3 = 1 or uy = 1/2. For the FD discretization, we
can additionally see a strong favoring of values with pus = 3. As a consequence, one
can reflect on the question whether an equidistant threedimensional grid spanning
the entire domain of training parameters is really the best way to go for generat-
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Figure 6.9: Times of chosen snapshots for the simplified and the canonical estima-
tor, both for the FD method (left) and the PolTheta method (right)
and the ST-flex2 strategy.

ing a reduced space. For example, one could imagine grids containing only values
with u; € [1/2,1]. In addition, seeing as corner values appear to be preferable to
the algorithms, grids do not have to be equidistant along each axis. They could
rather be grouped closer towards corners and further apart towards the middle of
the cube.

However, the fact that some parameters were chosen time and time again whereas
others were not chosen at all does not necessarily mean that the quality of the
computed space is poor. It might well be that the data information added from
the corner points also provides sufficient representation for other parameter values.
Further analysis would be required here to see if more carefully chosen training
grids provided better and/or faster Greedy algorithms.

6.2.3 Analysis of the flex-M variation

In this section, the impact of the flex-M variation which adds flexibility to the
choice of worst-error parameters for the ST method (compare Algorithm 5.1) is
analysed. In order to do so, the performance of these strategies has to be measured
in some way. We choose the maximum-error value €y depending on the dimension
H of the reduced space which has been established in Section 6.2.1, more exactly
in (6.2). Again, this value represents an indicator as to how effectively the error
between detailed and reduced solution has decreased over the iterations of the
Greedy algorithm with respect to a very fine grid on the control-parameter space.

In Figure 6.12, one can see these max-error curves in comparison for the PolTheta
and the FD method, both with the standard and the flex2 variations. For the FD
method, the added flexibility obviously offers a large improvement by avoiding a
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Figure 6.10: lllustration of the parameter choices for a POD80 method with FD
discretization (left) and PolTheta discretization (right).

total stagnation after the third iteration, after which the standard variation insists
on picking the same snapshot to the same parameters again and again. This is
remedied by the flex2 option which contains no double-picks at all and produces
a series of reduced solutions with an error curve that is consistently decreasing
linearly on a logarithmic scale.

For the PolTheta method, the flex2 variation does perform slightly better than
than the standard strategy by avoiding one double-pick at H = 7. In the whole
however, both variations work quite well, so the choice of flex2 remains optional
here, in contrast to the ST method.

To sum up, the flexM variation can keep the algorithm from stagnating because
of an endless choice of the same snapshot.

6.2.4 Analysis of the impact of ¢ on the POD¢ method

As it was mentioned at the end of Section 5.2.2, the factor ¢ € [0, 100] in the PODg
strategy sets a lower limit to the percentage of information within the detailed tra-
jectory {yk (u*,p*)}E ) which is supposed to be contained in the reduced basis
vectors Y41, ..., YH1e. Since a larger percentage of information requires addi-
tional POD vectors, this means that an increase of ¢ also means an increase in the
number ¢ of basis functions which are added within each iteration. By choosing a

very large ¢, this may lead to a certain control-parameter set (u, i) € Ugrain X Dirain
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Figure 6.11: Nlustration of the parameter choices for a ST-flex2 method with FD
discretization (left) and PolTheta discretization (right).

being very well represented by the reduced basis Uy while other sets are not ac-
counted for at all. In simpler words, it is possible that the algorithm spends to
much effort on the first chosen sets, thereby neglecting other ones. We will there-
fore analyse the effect the factor ¢ has on the algortihm by choosing different values
for it, namely ¢ = 80, 90, 99.

The results can be seen in Figure 6.13 and are quite surprising at first: Neither
in the FD nor in the PolTheta method, the number ¢ seems to have any larger
impact. This can be explained by contemplating some POD properties for a sim-
plified example.

Let us therefore assume that we find ourselves in the first iteration of Algorithm 1
(with a PODgq strategy for the basis enhancement phase, of course). This means
that ¢ new basis vectors are generated as a solution of the minimization problem
(5.7). Now suppose that we have two different settings for ¢: The larger one will
produce two new orthonormal basis vectors ¢!, p? € X whereas the smaller one
will only generate one new vector ' € Xy, after which it will find itself in a sec-
ond iteration. Now, if the same control-parameter pair (u*, u*) € Uprain X Dirain
is chosen for this iteration (which actually happens a lot for the problem at hand,
compare Figures 6.10 and 6.11) and there is again only one new basis vector
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@? € Xy generated which is in turn a solution to the problem

K
min 5 anlyh - (5.
P?EXN k=0

st ||@?]] =1

where yg, ,yf € Xy are the projections of the solution vectors 4%, ...,4% onto
{Z'}+. Note that the above problem is equivalent to

. K o112
Jin kZ:)O ar |[vF — (vF, %) 2|

s.t. (', %%) =0 and Hc,ZQH =1

By comparing the generation processes of ¢!, ©? and @', $?, it is perhaps not too
surprising that ! = @' and p? = %2 holds true. In fact, this was shown in [21]. Tn
very simple words, ¢! and ¢? are chosen as the two vectors that together present
the best two-dimensional approximation of the datal. Similarily, @! is chosen
as the best one-dimensional approximation of the data and $? as the best one-

Ddata’ is a short term for the solution trajectory {y% (u*,u*)}i_y C Xn in this case.
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dimensional approximation of the 'remaining’ data.

This in a nutshell is the reason why the error lines for various settings of ¢ overlap
so much: For lower values of ¢, a very similar basis is created than with larger
values, only the generation is split up into more iterations. Seeing as every iteration
requires some computations in Algorithm 1, it would seem that choosing ¢ = 99

is the most feasible setting for our purposes at the time.

6.2.5 Performance of the ST vs. the PODq strategy

For each discretization technique, there are two basis generation strategies avail-
able: The ST method which adds one single snapshot in each iteration and the
PODg method which adds POD approximation vectors until ¢% of the solution
trajectory is represented. A comparison for these two strategies can bee seen in
Figure 6.14, for which a flex2 variation was used for the ST strategy and ¢ = 99
was chosen for the PODq method, both as a result of the analysis provided in

Sections 6.2.3 and 6.2.4.
For the FD discretization, it is perceivable that the PODg method performs sig-
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nifically better, seeing as its maximum error continually falls below the maximum
error of the ST strategy. Also, the PODg line is monotonically decreasing whereas
the ST line is sometimes momentarily increasing. This is due to the fact that by
design, the PODg strategy for basis enhancement only adds vectors ¥ g1, ..., Ve
that are still contained in the space orthogonal to the one spanned by the current
basis Wy, ensuring that the next basis Uy, does indeed contain more informa-
tion of the data. Furthermore, the added basis elements are chosen as vectors of
maximum variance, thereby actively enhancing the current space Xy by most of
the information that is not yet contained in it. The ST method on the other hand
has a more empirical nature: It is not assured that the added information is not
already contained in Xg. This does sometimes lead to the fact that the addition
of a new snapshot slightly worsens the maximum error of the reduced solution.

A similar trend can be observed for the PolTheta method with the minor difference
that the ST method does keep up much better during the first 10 basis functions.
For H > 10, the PODq method gains further advantage, making it the altogether
superior method as far as accuracy is concerned. The other important factor is
feasibility which will be examined in Section 6.2.6.

6.2.6 Computation times I: Reduced vs detailed solution

If we reconsider the motivations for Reduced Basis methods introduced at the
beginning of Chapter 5, the main objective was to reduce the computation time
needed for the detailed solution while maintaining enough accuracy as possible.
As far as accuracy is concerned, the last sections proved that both the ST and the
PODg strategy deliver on accuracy if the number H of basis functions is set high
enough, with the PODg method performing slightly better. In order to examine
the feasibility issue, we can see in Figure 6.15 the computation times for both the
detailed and the reduced solutions.

First of all, one can see that for the FD method, the computation time for the
reduced solution exceeds the detailed computation time for H > 20. This appears
to be rather strange at first, seeing as the lower-dimensional system takes in fact
more time to calculate the solution than the high-fidelity system. This can be
explained by examining the two recursions by which the solutions are computed,
namely (4.8) for the detailed solution and (5.2) for the reduced solution. Looking
at the occurring implicit operators &£ If(u, ) for the high-dimensional system, we
have a linear combination of the matrices 1y,, By, € R¥+*Nz. These matrices
are therefore quite sparse, seeing as only the main diagonal and the first lower
diagonal are occupied. On the other hand, the reduced implicit operators L’I“ (u, @)
of the reduced-order system are generally full matrices. Given the speed advantage
when solving a sparse linear equation system as opposed to a nonsparse one, this
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Figure 6.15: Computation times for the detailed and reduced solutions, both for
the FD (top) and the PolTheta method (bottom).

explains the fact the MOR actually makes the problem more costly to solve: The
FD discretization technique applied here is simply too efficient to begin with. This
is mostly due to two reasons: First, the P2DE (3.1) is a very simple one, seeing
as it is one-dimensional, has only two input arguments and is linear as well as of
first order. Second, the chosen discretization options within the FD method are
both of first order (forward-Euler for the variable x and backward-Euler for the
variable t) and therefore very fast. Turning to discretization techniques of higher
order would necessarily require more computation time than is the case right now.
Turning to the PolTheta method, we observe that there is actual speed gained
for the solution computation when applying the MOR technique. In contrast to
the FD method, the implicit operators S/é}“ are full matrices, they are created by
adding up multiples of the matrices 1y, By,I'n € ROVEDX(N+D) " the latter of
which is a matrix with no zeros in it. It is therefore quite natural that solving the
lower-dimensional model should take less time.
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Figure 6.16: Computation times of the Greedy algorithm for the FD and the Pol-
Theta discretization, both for the ST-flex2 and the POD99 strategy

6.2.7 Computation times lI: Basis generation

One has to consider that by applying a RB strategy, the speed gained by a faster
computation of solutions has to be put in contrast to the time it takes to actually
construct the reduced space by using the Greedy search. In Figure 6.16, we can
see these generation times depending on the dimension H of the reduced space.
As could be expected, the POD99 strategy is much faster in both cases. This is
due to the fact that it adds not one, but several new basis vectors in each iteration,
thereby saving a lot of computation time. However, one has to counsider that this
gained speed comes at the prize of having to solve an eigenvalue problem of the size
N x N respectively N, X N, in each iteration. Seeing as both values are rather
low for the system at hand with N; = 100 and N, = 250, this did not present
a problem here. Nevertheless, when considering the application of the methods
used here to higher-dimensional cases, these eigenvalue computations will get more
costly, thereby slowing down the PODq method.
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Figure 6.17: Computation time of the detailed solution versus the total running
time of the reduced-order technique, both for the FD and the Pol-
Theta discretization.

6.2.8 Computation times Ill: Total time

In Figure 6.17 is shown a final computation time comparison between the detailed
solution and the reduced-order technique. The latter is composed of the running
time of the Greedy search plus the computation time for the reduced solution.
As was to be expected after Section 6.2.6, we can see that MOR isn’t a sensible
option for the FD discretization, neither with the ST nor with the POD strategy.
Reasons for this have already been given in Section 6.2.6.

Moreover, we now observe that even for the PolTheta discretization, the speed
which is gained by reduced-order modelling is nearly neglectable. Even with the
faster POD99 strategy, choosing a reduced space of dimension H = 20 only saves
about half the time it would have taken to solve the entire high-fidelity system.
When considering that this little gained speed comes with a relative error of about
ey ~ 1075 (compare Figure 6.13), we have to conclude that MOR techniques
are not worthwhile for the problem at hand. Again, the reason for this lies in
the simplicity of both the underlying P2DE and the used discretization methods,
which results in very fast detailed solvers that really do not require reduced-order
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modeling to be effective.
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CONCLUSION AND

OUTLOOK

In this thesis, we have investigated the application of MOR techniques to a model
for erythropoesis that simulates the population of CFU-E cells under the influence
of external EPO administration. The model was provided by the Renal Research
Institute in New York and modified to facilitate the implementation of the RB
strategies. It consists of a linear, hyperbolic P2DE of first order along with initial
and boundary conditions.

In a first step, two discretization methods were introduced to obtain the detailed
solution, including a FD method and a polynomial-based variant as it was applied
in [7]. Thereupon, a reduced-order model was derived that is able to provide a low-
dimensional projection of these and other discretizations. The developed methods
include the generation of a reduced approximation space generated through the use
of a Greedy algorithm, which iteratively builds a reduced basis. This can be done
using a POD-based or a snapshot-based strategy. Additionally, an a-posteriori
estimator was derived to assess the magnitude of the approximation error.

Both Greedy strategies were observed to generate qualitatively and quantitatively
suitable reduced spaces that are able to approximate detailed solutions for the en-
tire parameter domain. In a direct comparison, however, the POD strategy proved
not only to be much faster, but it also led to the construction of a slightly better
space than the snapshot-based strategy.
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Concerning efficiency, the experiments showed that the application of reduced-
order strategies even increased the simulation time of the FD method. For the
polynomial-based discretization on the other hand, running time was decreased,
but not significantly enough to justify the approximation error. All in all, it can be
said that an application of MOR techniques for the present model is not practical.
The reason for this lies in the simplicity of the equation, which makes high-fidelity
solvers already sufficiently fast.

With the above observation in mind, however, applying the MOR methods in-
troduced in this thesis to more complex cell population models is a very promising
next step. One can easily consider variations of this kind of population equation
that contain more detail, for example, when two or more types of cells are consid-
ered and a coupled system of P?DEs arises (as is the case in [7]). Additionally, it is
possible to consider cell attributes other than only the maturity x, thus turning to
three or more dimensions in the input arguments. All these complications would
necessarily lead to discrete systems of much higher dimensions, thereby making
numerical solvers slower than is the case right now. At this point, it is not hard
to imagine that by using RB methods, computation speed might be reduced to a
very small percentage of the detailed solvers while still maintaining an acceptable
error. Furthermore, the qualitative results presented in this thesis suggest a high
aptitude of the model for MOR techniques, which would likely still be the case
for more complex variations. Additional work has to be done here, both for the
application of the introduced RB methods to the higher-dimensional models and

the realization of numerical experiments.

Moreover, the experiments have suggested, based on evidence from the analy-
sis how often certain parameters were chosen during the algorithm, that training
grids used to represent the parameter domain during the Greedy search could be
constructed more efficiently. Various alternatives to the equidistant grids used
right now quickly come to mind and would have to be tested for the quality of the
resulting reduced spaces.

Lastly, it has to be mentioned that the RB strategies introduced in this thesis
are based on the same reduced space over the entire time domain. There exist
approaches, for example in [1], that partition this domain and use dedicated re-
duced spaces for each time subinterval. This is meant and has shown to speed up
the online computation time, while at the same time ensuring a manageable ap-
proximation error. For the problem at hand, this approach might be particularly
of interest because of the discrete EPO administration times affecting the popula-
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tion in the present model, thereby leading to the detailed solutions showing a very
different behavior before and after an injection time. It is not hard to imagine
that dedicated reduced spaces for each time interval are better suited to represent
this behavior individually than one global space having to incorporate both. As a
result, we might see reduced spaces that approximate the detailed solutions bet-
ter whilst using fewer dimensions, which would in turn lead to decreased online

simulation times.

Summing up, the application of the MOR techniques introduced here to simi-
lar models with higher dimensions appears to be the logical next step. We have
seen evidence that these methods could significantly increase solver efficiency, all
the while maintaining an acceptable error tolerance.
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APPENDIX

8.1 Coefficient functions in the RK4 method ™S

With the abbreviations «* := k(tF,u, p), k¥71/2 == Kk(t* + &L, u, p) and £FH1 =

r(t**1 u, 1), the coefficient functions read:

oh(th) = 1+ & (kM 4 drkH1/2 4 k)

ATtQ (Kk+1/€k+1/2 4+ ght1l/2k+1/2 ﬁk+1/2ﬁk)
%3 (Hk+1ﬁk+1/zﬁk+1/2 + ,{k+1/2,€k+l/2ﬁk)
ATf (I{k+1ﬁk+1/2ﬁk+1/25k)

+ 4+ +

2
oL (tF) = —At-— —Ag (KP4 4rkt1/2 4 k")
3
AL (htlght1/2 4 oht1/20h+1/2 4 oht1/2 kY
4
AL (bt gkt 12,k 1/2 9kl b1 /2,0 o1 /2,012 k)

) = B A (6 a1 )
+ %4 (2Hk+1/ik+1/2_~_Hk+1/€k+/€k+l/2ﬁk+1/2_~_2/€k+1/2/€k)

op(t*) = =55 = 5F (W 4+ 26M 2 4 )
otk =4
E 24
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GHEF) = L4 AL (nFH 4 260412)
+ %2 (ﬁk+lﬁk+1/2 +ﬁk+1/2ﬁk+1/2) + ATf (ﬁk+lﬁk+1/2ﬁk+1/2)

U2(tk) _ _% _ %2 (,{k+1 + 3Hk+1/2)
ATZ"’ (2Hk+1mk+1/2 + Hk+1/2ﬁk+1/2)

od(t*) = S + 37 (M +26412)

A3
oi(th) =-5¢

8.2 Acronyms \

EPO Erythropoietin ... ... .o o e 2
FD Finite Difference .. ... ..o 2
MOR Model Order Reduction........ ... e 1
ODE Ordinary Differential Equation ........... .. ... . . . 2
PDE Partial Differential Equation........... ... ... . .. . i i 23
P2DE Parametrized Partial Differential Equation.............................. 1
POD Proper Orthogonal Decomposition ............. ... ... i ... 2
RB Reduced-Basis ... ... e 1
SVD Singular Value Decomposition ..., 2

86



1]

BIBLIOGRAPHY

M. Abramowitz, Handbook of mathematical functions with formu-
las, graphs and mathematical tables. Dover Publ., 1972

W. Arendt, K. Urban, Partielle Differentialgleichungen. Spektrum
Akademischer Verlag, 2010

R. Denk, Fouriertransformationen und SobolevrAdume. Lecture
Notes, University of Constance, 2012

M. Dihlmann, M. Drohnmann, B. Haasdonk, Model reduction of
parametrized evolution problems using the reduced basis method
with adaptive time partitioning. ESAIM: Mathematical Modelling
and Numerical Analysis, 2011

G. Dzuik, Theorie und Numerik Partieller Differentialgleichungen.
De Gruyter, 2010

G. Fischer, Lineare Algebra. Vieweg+Teubner, 2008

D. Fiirtinger, F. Kappel, S. Thijssen, N. Levin & P. Kotanko, A
model of erythropoiesis in adults with sufficient iron availability.
Journal of Mathematical Biology, 66:1209-1240, 2012

M.A. Grepl, A.T. Patera, A posteriori error bounds for reduced-
basis approrimations of parametrized parabolic partial differential
equations. ESAIM: Mathematical Modelling and Numerical Anal-
ysis 39:157-181, 2005

M. Gubisch, S. Volkwein, Proper Orthogonal Decom-
position  for  Linear-Quadratic  Optimal  Control.  nbn-
resolving.de/urn:nbn:de:bsz:352-250378, 2013

87



Bibliography

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]

[21]

[22]

B. Haasdonk, M. Ohlberger, Reduced basis method for finite volume
approzimations of parametrized linear evolution equations. ESAIM:
Mathematical Modelling and Numerical Analysis 42:277-302 2008

M. Hermann, Numerische Mathematik. Oldenbourg, 2011

M. Hinze, S. Volkwein, Error estimates for abstract linear-quadratic
optimal control problems using proper orthogonal decomposition.
Comput. Optim. Appl. 39:319-347, 2008

P. Holmes, J.L. Lumley, G. Berkooz, C.W. Rowley, Turbulence Co-
herent Structures, Dynamical Systems and Symmetry. Cambridge
University Press, 2012

K. Ito, F. Kappel, Evolution equations and approzimations. World
Scientific, Singapore, 2002

K. Tto, S.S. Ravindran, A reduced basis method for control prob-
lems governed by PDEs, in Control and Estimation of Distributed
Parameter Systems. Proceedings of the Internation Conference in
Vorau, 126:153-168, BirkhAduser-Verlag, 1996

F. Kappel, K. Zhang, Approximation of linear age-structured pop-
ulation models using Legendre polynomials. J. Math. Anal. Appl.
180:518-549, 1993

J. Nocedal, 5. Wright, Numerical Optimization. Springer, 2006

A.T. Patera, G. Rozza, Reduced Basis Approzimation and a Poste-
riori Error Estimation for Parametrized Partial Differential Equa-
tzons, MIT, 2006.

J. Schropp, Numerik Partieller Differentialgleichungen I1. Lecture
Notes, University of Constance, 2012

S. Volkwein, Numerische Verfahren der restringierten Opti-

mierung. Lecture Notes, University of Constance, 2009.

S. Volkwein, Proper Orthogonal Decomposition: Theory and
Reduced-Order Modelling. Lecture Notes, University of Konstanz,
2012

D. Werner, Funktionalanalysis. Springer, 2007

88



	Introduction & Outline
	Basics
	Constrained Optimization
	Singular Value Decomposition
	Proper Orthogonal Decomposition
	Proper Orthogonal Decomposition
	POD with a weighted inner product on RM
	POD with a weighted norm on RN

	Legendre polynomials

	Model & Equation
	Model
	Formulation as a Cauchy problem
	Optimal control context

	Discretization
	Discretization using a polynomial subspace
	Semidiscretization
	Basis choice and representations
	Time Discretization

	Discretization using Finite Differences (FD)

	The RB-Method
	Model Order Reduction
	A Galerkin Ansatz
	Error estimate
	Affine Parameter Dependency

	Basis generation
	Line 9: The worst control-parameter pair
	Line 11: Enhancement strategies


	Experiments
	Behavior of the detailed solutions
	The PolTheta method
	The PolRK4 method
	The FD method
	Operator norms

	Behavior of reduced solutions
	Performance of the error estimators I
	Choice of worst-error parameters during the Greedy search
	Analysis of the flex-M variation
	Analysis of the impact of q on the PODq method
	Performance of the ST vs. the PODq strategy
	Computation times I: Reduced vs detailed solution
	Computation times II: Basis generation
	Computation times III: Total time


	Conclusion and Outlook
	Appendix
	Coefficient functions in the RK4 method
	Acronyms




