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1 Introduction

The physics of fluid dynamics presents a rich and fascinating field of study. Although gas and
fluid flows take place all around us at all times, its dynamics presents still many interesting
and unsolved problems. A mathematical description is provided by the Navier-Stokes (NS)
equation

Opv +V - (pvv) = pf™** —~Vp+V -0, (1.1)

which is easily derived by applying Newton’s second law to fluid flows. The material
derivative (left hand side) describes the acceleration of a fluid moving with a velocity v
and is balanced by the sum of forces acting on the fluid, which may come in the form of
external forces f!, pressure gradients Vp, and viscous forces V - a. p is the density of
the fluid, and the stress tensor has been split into an isotropic part —pl and the deviatoric
stress tensor . The NS equation is not closed and does not provide a relation between
the velocity and stress. In constitutive equations, further assumptions on the material
properties of the fluid are made. Isaac Newton assumed the stress to respond linearly to
a velocity gradient x. For an incompressible flow tr & = 0, the Newtonian constitutive
equation reads

o=n(k+kT). (1.2)

In this model, the viscosity 7 is a scalar constant. The dimensionless Reynolds number
Re relates the inertial forces to viscous forces and characterizes the flow. For large Re,
the non-linearity of the NS equation is dominant and we find turbulent flows. Even for a
Newtonian fluid, it becomes very difficult to find numerical solution to the NS equation. For
small Reynolds numbers, contributions of the non-linear term are small. The flow remains
laminar and flow problems can often be solved analytically.

Although a fluid ultimately has a molecular structure, typical flow problems do not
probe this length scale, and the dynamics is sufficiently resolved. For example, molecular
oscillations in water take place at times about 7 ~ 1ps, which is always small compared to
the time scale set by the shear rate of the flow 1/4. The ratio between both time scales
defines the Péclet number Pe = 47 <« 1. The situation is quite different for complex fluids,
such as colloidal suspensions, polymer melts, foams, and gels. In these liquids, a second and
much larger microscopic substructure exists, and the characteristic time scale easily reaches
milliseconds to seconds. Flows with Péclet numbers much larger than one are commonly
encountered, and the linear response approximation made by the Newtonian constitutive
equation breaks down.

Complex fluids are ubiquitous in nature, industry, and everyday life [9,66,95]. Typical
examples are ketchup, wall paint, shampoo, and blood. The properties of these liquids
change dramatically under shear, and therefore depend sensitively on the flow. Complex



1 Introduction

fluids give rise to some fascinating phenomena, such as bouncing jets [54], the tubeless
siphon, elastic recoiling fluids, and the rod-climbing effect [9]. To understand the dynamics,
we need to either take the microscopic structure into account or we have to develop more
adequate constitutive equations. Both approaches have their merits and are followed in
non-linear rheology. In a Molecular Dynamics (MD) simulations, the dynamics of each
colloid [90, 103], polymer [42,89] or even blood cell [61] is simulated. This provides a lot of
control over the microscopic dynamics, but many particles are needed for hydrodynamic
behavior to emerge, making simulations of large and complex flow geometries next to
impossible. In these systems, the details about the microscopic dynamics is less important,
but the flow is governed by the changes in the rheological properties it inflicts on the fluid.
If we can capture the non-linear response of the fluid in a suitable constitutive equation, the
Navier-Stokes equation remains a valid description of the flow. Finding such a constitutive
equation is far from a trivial matter. A common and practical starting point is to identify the
qualitative changes the fluid undergoes first and use them to develop a phenomenological
model for the constitutive equation. One obvious non-linear response of the fluid is a
dramatic change in the effective viscosity, (%), under shear. With increasing shear rates,
4, the viscosity decreases rapidly. Viscosity drops by several order of magnitudes are not
uncommon, and the effect is especially noteworthy for glass-forming liquids, which can be
molten under shear. The opposite effect, an increase in the viscosity called shear-thickening,
is also observed [66], but is less common. In the Newtonian constitutive equation, only shear
stresses arise. However, in complex fluids one find non-vanishing normal stress differences,
Oaa — 038, Which are for example responsible for the liquid to climb up a stirring rod [9].
To account for these additional stresses, the constitutive equations needs to be supply a
tensorial structure. Already J. C. Maxwell noticed some materials to show the properties of
an elastic solid on short times, but for long time to behave like a viscous fluid. Silly putty
is a toy that bounces from walls when thrown, but flows like a liquid when given enough
time. Maxwell developed a simple model of viscoelasticity by coupling a spring to a viscous
damper. The model is a huge success, and we will come back to it later.

When a good quantitative agreement between a computed and the experimentally
observed flow is paramount, e.g. in applied sciences or biorheology, one would measure
the fluid properties and derive a model to match the results closely. Even for blood,
which features some non-trivial microscopic dynamics of the blood cells [61, 82|, the
phenomenological constitutive equations in form of generalized Maxwell models work
well [10]. Channel flow problems of shear-thinning fluids have been studied experimentally
for laminar flows [32,57,88| and also in the turbulent regime [84]. Simple non-linear
constitutive equations are sufficient to describe the steady state flow profiles, which develop
a no-shear central plug in the center and a high shear region near the wall. Although the
transient dynamics of the flow is even richer due to viscoelastic effects, these are usually
only studied under steady shear [11],

Ultimately, one would like to start with the microscopic mechanism and derive a constitu-
tive equation from first principles. Then the features of the model would emerge naturally
and would not have to be inserted by hand. However, this is a formidable task, and in the
case of polymer melts M. Doi and S. F. Edwards [30] managed to derive a constitutive
equation. For dense colloidal suspensions undergoing a glass transition, mode-coupling
theory (MCT) yields a way to a constitutive equation which is determined only by the



microscopic interactions of the particles [16,36]. Yet it is so far not possible to treat this
model even numerically, and it has been simplified to a schematically simplified version [17]
which incorporate the important features of the original one.

Having found a constitutive equation is only half the task. We still need to solve the
Navier-Stokes equation, which is now much more complicated than for a Newtonian fluid.
The Lattice Boltzmann (LB) method presents an elegant way to solve flow problems [31,87].
The model is inherently well-suited for parallel computation and for studying even the most
complex flow problems.

Outline

In this thesis, we will demonstrate how mode-coupling theory can be combined with a
Lattice Boltzmann simulation, and we will study the pressure-driven flow through a straight
channel. In Chap. 2, we derive a modified LB algorithm capable of handling tensorial
and non-Newtonian constitutive equations. In Sec. 2.1 and 2.2, an introduction to the
LB method and appropriate boundary conditions are given. In Sec. 2.3, we show in a
Chapman-Enskog expansion how the algorithm correctly reproduces the Navier-Stokes
dynamics.

Chap. 3 introduces the constitutive equation for colloidal particle suspensions we will
use. We recapitulate the main ideas and mode-coupling approximations going into the
schematic MCT constitutive equation. We then develop a suitable algorithm to solve the
MCT model, which can be implemented into a LB simulation. In Sec. 3.2, we make further
approximations to the model and arrive at a non-linear Maxwell (nlM) constitutive equation,
which is modeled to give the same qualitative features as the schematic MCT model.

In Chap. 4, we apply our modified LLB solver to simulate the flow in a channel with a
driving pressure. We start using the instantaneous non-linear Maxwell model (inlM), which
allows the stress to adjust immediately to a change in the flow, Sec. 4.2. The model does
not show a dependence on the flow history, but shares the same steady state results, which
we present in Sec. 4.2.2. We then discuss the transient flows after the pressure has been
switched on and off again in Sec. 4.2.3 (inlM model) and Sec. 4.3 (nIM model). Finally, we
implement the full schematic MCT constitutive equation in a Lattice Boltzmann simulation
in Sec. 4.4 and compare our findings with previous results.

Chap. 5 gives an outlook to open questions and possible future projects. A conclusion is
provided in English, Chap. 6, and in German, Chap. 7.



2 Lattice Boltzmann

The Lattice Boltzmann (LB) model developed from Lattice Gas Cellular Automata (LGCA)
[34] and became increasingly popular in the last decades. Because of its minimalist approach
it is intrinsically well-suited for parallel computing, and is by now considered a mesoscopic
fluid dynamics solver in its own right. Nevertheless, the history of improvements which
ultimately resulted in the LB scheme is quite rich [87]. The main idea, to develop a highly
simplified Molecular Dynamics simulation, which nonetheless reproduces the Navier-Stokes
equation of a Newtonian fluid in the continuum limit, is the same for both concepts.

In the LGCA model, the fluid particles are encoded on a regular lattice with a set of
discrete velocities pointing to the adjacent cells. On each lattice node, there may only
be one particle for each direction at the same time. The zeroth and first moment of the
particles with respect to the velocity set give the hydrodynamic density and velocity. The
algorithm consists of two distinct parts, a collision step and a streaming step in which
particles hop to the neighboring cell. The particles are only allowed to interact during the
collision step and move otherwise unperturbed along the lattice nodes. Yet a collision may
only occur if the particles can be rearranged in a way that conserves mass and momentum.
There are some drawbacks with the LGCA model. The Reynolds number turns out to be
proportional to the collision rate, and reaching a higher number of collisions in the LGCA
model proves to be challenging. Second, due to the small number of particles and the stark
simplification, the simulation results suffer from high statistical noise and require extensive
averaging. A third problem comes up when going to going to 3 dimensions. Here, a 3
dimensional projection of a 24 speed 4 dimensional lattice is needed to ensure isotropy,
whereas for a 2 dimensional flow, a 6 speed 2D hexagonal lattice proves sufficient. Yet,
the complexity of the collision operator grows exponentially with the number of speeds,
rendering a 3 dimensional simulation very difficult and costly [87].

LB managed to overcome all these challenges, cf. [6] and [47, 73], by introducing particle
densities and by choosing an ensemble-averaged collision operator, in some cases at the
price of losing the H-theorem as a stringent connection to statistical mechanics [87,105].
Often the H-theorem remains valid for small velocities, but thermal LB models are found
to suffer from instabilities [20]. Nevertheless, the LB scheme preserves the local structure of
the LGCA model and benefits greatly from parallelized computing. The simplest collision
operator, the Lattice Bhatnagar-Gross-Krook (LBGK) scheme, involves only one relaxation
time [21,58,80]. If only a single relaxation time is provided, mass, momentum, and heat
transfer will have to take place at the same rate [87], which is valid only for an ideal gas.
Even more, due to the symmetry of the underlying lattice, spurious invariants, so-called
ghost modes, may survive, which in a LB model with multiple relaxation times (MRT)
can be suppressed individually. However, these concerns become relevant when the lattice
resolution is low and only very few lattice points are provided. As we are for now interested
in channel flows and the lattice resolution is high enough, we take advantage of the simplicity
of the model.

10



The LB model proves to be a versatile tool since the algorithm is easily modified
by introducing extra terms. These are usually dubbed body-forces and can be used to
manipulate the continuum dynamics to one’s heart’s content as long as the update scheme
yields the correct hydrodynamic limit in a Chapman-Enskog expansion. Even fundamental
changes like implementing a temperature field [43] or simulating cylindrical polar coordinates
on a rectangular lattice [45] can be achieved. We will rely on such a body-force term to
modify the standard scalar Newtonian constitutive equation to a full tensorial shear-thinning
one. A derivation of this term is presented below.

However, there is no unique way to extend the LB method to non-Newtonian fluids and
the algorithm has been modified in various and very different manners. An overview is
given in [78]. The simplest approach to account for changes in the viscosity was proposed by
Aharanov and Rothman [1]. In an ad hoc extension, they allowed the relaxation time, which
is directly connected to the viscosity of the fluid, to change locally. Although, due to its
scalar nature, the model cannot provide the means to implement a tensorial non-Newtonian
constitutive equation, it is very effective when simulating generalized Newtonian fluids with
shear rate-dependent viscosities. The symmetric shear rate tensor is computed locally from
the second moment [22] and is used to iteratively adjust the relaxation time [39,55,104],
preserving the locality of the algorithm.

In [76,77,79| a different approach is pursued to ensure non-Newtonian behavior. Instead of
modifying the collision step, the equilibrium distribution is supplemented by an extra term
to incorporate visco-elasticity. This method is also used in so called lattice kinetic schemes,
where instead of a collision step the particle densities are replaced by their equilibrium
values [50,106]. Lattice kinetic schemes are closely related to the LB method and correspond
to the LBGK model with the dimensionless relaxation time set to one.

In several hybrid LB models, a differential constitutive equation is solved in parallel and
coupled back to the LB scheme to study complex fluids. For example, the algorithm can be
made to simulate liquid crystals [18,71,72] by introducing an additional tensorial order
parameter for each particle density [23]. A more microscopic oriented approach immerses
colloids [31, 64, 65|, polymers [2|, and binary fluids [86] into a LB fluid with additional
thermal fluctuations. In [24,25| a thixotropic solvent is used. The viscosity of the fluid is
derived using a finite difference scheme with the same discretization as the LB lattice, and
the viscosity is again adjusted locally.

This chapter is structured as follows. We start by briefly presenting a standard Lattice
Boltzmann model suitable for describing the flow of Newtonian fluids to familiarize ourselves
with the basic concepts of this simulation scheme, Sec. 2.1. In Sec. 2.2 we then introduce
suitable boundary conditions to describe pressure-driven channel flows and simple-shear
geometries, which we will also rely on when simulating non-Newtonian fluids. During
the remaining, major part of the chapter, we then introduce a new modification to the
LB algorithm, which allows us to change the underlying dynamics of scalar Newtonian
constitutive equation of the standard model to an arbitrary tensorial non-Newtonian one.
In a multi-time scale Chapman-Enskog expansion, Sec. 2.3, we derive an extra term to the
collision step similar to a body-force. This term can be used to locally adjust the pressure,
momentum, and the stress of the fluid. Our model differs from similar approaches, where
not the non-Newtonian stress is implemented but only the effects of the additional stresses
on the momentum are accounted for [51|. For pressure-driven channel flows, we find the

11



2 Lattice Boltzmann

C1 Cg Cr

Figure 2.1: D2Q9 lattice. The speed of sound in this model
o cg 18 ¢cs = /1/3(6x/0t). The discrete velocities are numbered
as depicted and have the lattice weights a® = 4/9, a* = 1/9

for the nearest neighbors 2,4, 6,8, and a2 = 1/36 for the
cs cy c; hext to nearest neighbors 1,3,5,7.

applied external pressure and the non-Newtonian pressure to cancel in parts. The algorithm
can be made more lean and efficient; in Sec. 2.3.3 the final model is presented. In Sec. 2.3.4,
we give an alternative approach to incorporate non-Newtonian pressure contributions. Last,
the simulation setup and the conversion from lattice to physical units are described, Sec. 2.4.

2.1 The Lattice Boltzmann scheme

The standard Lattice Boltzmann model describes the incompressible, isothermal flow of
a single Newtonian fluid. The charm and versatility of the scheme lie in its simplicity
and makes it inherently well-suited for parallel computing. The actual algorithm can be
described by only a single equation

ni(r + ote;, t + 0t) = n; (r,t) = ni(r,t) + Ai[ni(r, t))]. (2.1a)

Each lattice node r provides a discrete set of mass density distributions n; with velocities
¢;. A LB update then consists of two steps. First the n; are collided locally using a
collision operator A;, which is only a function of densities at the same lattice point r. In
the collision step, the densities are relaxed towards their equilibrium value n;?. Using a
Maxwell-Boltzmann distribution as the equilibrium form restores Galilean invariance and
ensures that in the continuum limit the Navier-Stokes equation of a Newtonian fluid is
recovered. The simplest collision operator, introduced by P. L. Bhatnagar, E. P. Gross, and
M. Krook [8], employs only a single relaxation 7z,

A; = ES (ni(r,t) — nd(r,t)). (2.1b)

TiB

Then the post-collision values n} are streamed to the adjacent lattice cells. The discrete
set of velocities is chosen in such a way that r + dtc; is the position of the i-th neighbor.
The exact number and kind of velocities can be varied so far as they still conserve isotropy
in the large-scale limit. This is often achieved by choosing a suitable set of weights and
an appropriate collision operator. Qian et al. [80] introduced several such models and also
standardized the naming. For example, the D2Q9 model later used is a 2-dimensional square
lattice, in which each lattice node is shared by a set of 9 density distributions with velocities
pointing to the cell itself, the 4 nearest neighbors, and the 4 diagonal next-to-nearest
neighbors, cf. Fig. 2.1.

The streaming step takes place without any interactions between the particle densities
and therefore the LB fluid obeys the equation of state of an ideal gas py = poT. The
flow is isothermal, T" = constant, and to implement pressure gradients, we consider small

12



2.1 The Lattice Boltzmann scheme

variations in the density

p="po+(p—po)ct =po+dpc? (2.2)

where ¢ is the speed of sound and pg is a reference density, which in lattice units is typically
set to unity. As we are primarily interested in pressure differences, we can neglect the
constant term and arrive at the equation of state

p=0c (2:3)

By working in the quasi-incompressible limit, the LB model introduces an error of order
O(Ma?), Ma = u/cs < 1, and restricts its application to sub-sonic flows, where the fluid
velocity u remains small. The speed of sound ¢ is a lattice constant and cannot be set to
arbitrarily large values, which is common in conventional computational fluid dynamics.
However, the speed of sound plays an important conceptual role in the Chapman-Enskog
expansion since it separates the time scale of sound propagation and viscous momentum
diffusion, cf. Sec. 2.3.

In the large scale limit, the algorithm Eq. (2.1) reproduces the Navier-Stokes equation of
a Newtonian fluid with a constant kinematic viscosity

v=c(rs—3) (2.4)

as shown below, Sec. 2.3. Both the relaxation time 75 and the speed of sound ¢y are
constants for a given simulation and therefore yield a fixed kinematic viscosity in lattice
units. The viscosity of the fluid is solely controlled by the chosen discretization in space
and time, cf. Sec. 2.4. The collision operator is ensured to conserve mass and momentum,
so that the mass and momentum densities, p and j, are given by the first two moments of
the density distributions with respect to the velocity set ¢;

p(r,t) = Zni(r,t) (2.5)
j(r,t) = Zni(r,t)ci (2.6)

and are also needed to compute the equilibrium values of the density distribution

Ngal,de 1 (G e)? 5
W) = o [p+ L4 (Mral L T, 2.1)

In principle, we have now everything at hand to simulate a Newtonian fluid, yet one key
element is still missing. Up until now, we have exclusively discussed the dynamics of the
bulk flow only and neglected the question of suitable boundary conditions, which we will
discuss next.

13



2 Lattice Boltzmann

2.2 Boundary Conditions

Concerning boundary nodes, the LB model profits once more massively from its local
structure. Boundaries are easily implemented by replacing the dynamics of a lattice
node, which makes the LB method is especially favorable for studying complex flow
geometries. To implement boundaries which are not aligned to the lattice geometry a
staircase approximation is usually applied.

Boundary conditions can be optimized to increase the precision of the simulation [48,68,91]
and present a study in its own right [46,52,53|. Consequently there exists a huge variety
of specialized methods serving different purposes, which we cannot discuss in total here.
Instead, we briefly present three popular boundary conditions, which we will use to set
up pressure-driven channel and simple shear flows. Please note that although all three
boundary schemes work fine with the modified LB model we will later use, this is certainly
not the general case.

2.2.1 Generalized periodic boundary condition

As the fluid dissipates energy due to its viscosity, we need a constant energy input to drive
the system. For a channel flow, it is common practice to exploit the symmetry of the
system by implementing periodic boundary conditions in flow direction. In a Poiseuille flow
problem, the channel width is constant and a pressure gradient may be replaced with an
effective body-force. A modified periodic boundary condition to incorporate a pressure
difference was first introduced by Zhang and Kwok [108]. This paved the way to simulate
more complex pressure-driven flow problems. Kim and Pitsch [56] proposed a refined
method to conserve momentum rather than the velocity of the fluid, which they named
generalized periodic boundary condition (GPBC). This can even be modified to study a
periodic array of obstacles [41].

The main idea behind the GPBC is to set a target value for the average density of the
inlet and outlet column of the simulation box. Since the equation of state p = c; 2p connects
the pressure to the density, we can thereby keep the pressure fixed at both ends. The
equilibrium function

. v jrei 1[G )’
nit(p,g) = a [p+ z ( 50 a2 (2:8)
S

is only a function of the density and the momentum. We want the post-collision n} leaving
the system at the one end and being reinserted at the other end to have the correct target
density. Therefore, we split the distribution in an equilibrium and a non-equilibrium part
and compute the difference Ap between the average density of the boundary column and
the target value. This density difference is then used to match the density of only the
equilibrium part with the target value, without changing the momentum:

ni (0, 3)n =14 p + Ap, §) + n; ™| (2.9)

out ’

Although the authors only considered stationary flow profiles, we find the boundary condition
to work fine for transient dynamics, too. Although we primarily use the b.c. to study

14



2.3 LB model for tensorial non-Newtonian constitutive equations

Figure 2.2: Solid squares are bounce-back nodes, non-solid squares
fluid nodes. Instead of a collision step, the velocity distributions
n; at a bounce-back node are only reversed and remain otherwise
_ AN XY AN_ unmodified. But only in the following streaming step, the n; are
I sent back to the fluid node they originate from. The bounce-back
rule results in a no-slip wall between the fluid and the solid node
#- - indicated by a dashed line.

Poiseuille flows, one great advantage of this method is that the channel width does not
have to be kept constant.

2.2.2 Bounce-backrule

The bounce-back scheme is the most simple boundary condition to ensure a no-slip wall
and widely used, see for example [87]. The name stems from the way such a node reacts
to incoming density populations n;. Instead of a collision step, all n; are turned around
and send back to the original node in the next streaming step, see Fig. 2.2. The physical
boundary lies not on the lattice grid, but half-way to the last fluid node. Because the
density distributions take a full time step to bounce back, this bounce-back scheme is only
first order accurate in the lattice spacing. By correcting this, second order accuracy is
recovered, but the implementation is more difficult as the wall orientation has to be taken
into account. The bounce-back rule can even be generalized to incorporate boundaries on
length scales smaller than the lattice spacing [91].

The bounce-back rule is especially useful concerning non-trivial flow problems. Even
complex geometries that do not align to the lattice grid are easily set up by using staircase
approximations. However, when non-local quantities are computed, for example a velocity
gradient from a finite difference scheme, one has to bear in mind that the physical boundary
lies in-between the lattice nodes.

2.2.3 Zou/He velocity boundary condition

In a simple shear geometry, instead of using a pressure gradient the system is driven by
a plate moving with a constant velocity. The Zou/He method works quite similar to the
generalized pressure b.c. Again, the non-equilibrium part n;°? is separated off the velocity
distribution n;. The equilibrium part is substituted to match the desired target value,
whereas a simple bounce-back rule is applied to the n;“ [68,109).

The Zou/He scheme can also be used to implement rigid walls. In this case, the target
velocity is simply set to zero. If a high precision is needed, this is favorable to the
bounce-back rule, which yields a small but nonzero slip velocity [46].

2.3 LB model for tensorial non-Newtonian constitutive equations

2.3.1 Chapman-Enskog expansion

A very helpful review about the Lattice Boltzmann model and the emergence of the Navier-
Stokes equation through a Chapman-Enskog expansion is given by B. Diinweg and A. Ladd

15



2 Lattice Boltzmann

in [31]. Concerning the basic LB dynamics, the following discussion relates closely to this
report.

The standard LB algorithm, Eq. (2.1), assumes a Newtonian constitutive equation.
However, adding to the collision step an extra term, comparable to an external body-force,
provides a handhold to make the algorithm reproduce the dynamics of a tensorial non-
Newtonian fluid. We describe a way to directly manipulate the underlying constitutive
equation of the fluid, similar to methods by A. Vikhansky [92,93] and J. Onishi et al. [76].
Introducing a body-force term is a powerful tool, but it affects the LB model quite profoundly
and may lead to a redefinition of the hydrodynamic variables [44]. To understand all the
implications and consequences, we will consider the body-force in its most general form and
allow for changes in density, momentum, and stress. As it turns out, this proves necessary
in case of non-Newtonian pressure contributions.

Again, we consider only a single-component, isothermal, and incompressible fluid and
allow the LB model to approximate the Navier-Stokes equation in the quasi-incompressible
limit, so that the pressure p is still connected linearly to density variation p via the equation
of state

p=odpc? (2.10)

The speed of sound ¢g is a pure lattice constant we need for the multi-time scale expansion

below to distinguish between sound propagation and viscous momentum diffusion. Therefore,

it may take unphysical values as long as the separation between both time scales is assured.
The modified LB algorithm reads

ni(r + ote;, t + 0t) = n; (r,t) = ni(r,t) + Ai[ni(r, t)] + Fi[ni(r,t)], (2.11)

and differs only by the additional body-force term F; from the standard LB scheme.
During the following Chapman-Enskog expansion, we will track the influence of the F; on
hydrodynamic properties. We will then use the term to adjust the stress, momentum, and
pressure of the fluid locally, so that in the continuum limit the Navier-Stokes equation of
an arbitrary non-Newtonian fluid is recovered.

Coarse-graining

The Navier-Stokes equation describes a fluid in the framework of a classical field theory,
whereas the Lattice Boltzmann model acts on single particle densities. To determine the
large-scale dynamics which will emerge from a LB scheme, we need to increase the coarse
graining. In a multi-time scale approach, we introduce the dimensionless scaling parameter
e < 1 to define a convective time scale ¢ describing wave-like phenomena and a second one,
t, to account for moment diffusion,

F=cr, t=ct, t=c. (2.12)

¢ can be identified as the Knudsen number Kn, which gives the ratio between the mean free
path length and the representative length scale of the physical system. The distribution
function n;, the collision operator A;, and the body-force term F; are subjected to the same
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2.3 LB model for tensorial non-Newtonian constitutive equations

expansion:
ni =n® +enlt + 0(e2) (2.13a)
Ay =AY 4 Al 4 27D 4 0P (2.13b)
F=F9 4 eFM 1 2F? 4 0(3). (2.13¢)

Using the coarse-grained variables Eq. (2.12), the LB scheme takes the form
ni (7 + ciedt, t + edt, t + e25t) — ni(7,1,1) = Ai[n(F,1,1)] + F. (2.14)
We expand this in a Taylor series to second order of € and get

Oan;edtciq + aniaét + 8{7%525?5
+%8&85ni525t20mci5 + 8&6;712»52&2@@ + %6?7%&“25? + 0(83) =A; + F;, (2.15)

where 0y is the a-component of 0z and summation over repeated Greek indices is implied.
The index i is reserved for the density velocity distribution n; = n;(%,t,1), where the
argument has been omitted for brevity. In a second step, the series in € of the remaining
variables, Eq. (2.13), are inserted. For the expansion to work, the time scales between
collision, sound propagation, and momentum diffusion have to be separated by a factor
each. Then different orders of € may be treated independently. For the first two orders,
O(g) and O(g!), we find

0=A" 4+ F© (2.16)
1 1 "
(CiaOa + Of) nz(o) =5 (Agl) + Fi(1)> =5 (nl(-l) - nl(-l)) : (2.17)

The second order, O(e?), is given by

1
(ciada + 0p) Y + 9m\® 4+ % (ciads + 0;)* iV = 5 (A§2> T FZ@) : (2.18)

which, with the help of Eq. (2.17), can be put into the more practical form

1 *
= (¢iaOa + 0;) (nz(l) + n§1)> + 85”1(‘0) =

> L (&P + F®). (2.19)

ot

The collision dynamics at order k are defined by distribution functions up to order k£ — 1
and at k = 0 by nz(.o) only. From Eq. (2.16) we can then conclude ngo) to be a collisional
invariant, which we identify with a equilibrium distribution n;?. In order to avoid spurious

eq

invariants, 7, can only be a function of the local values of the conserved hydrodynamic

density p" and momentum j". From

ni(oh, 1) = n” (", 41 (2.20)
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2 Lattice Boltzmann

we can conclude that the density and momentum do not have contributions of € or higher
ph=p" =50, (2.21)

as these would be in contradiction to Eq. (2.16). For the same reason, any change in the
dynamics of the LB model has to enter the Chapman-Enskog expansion at order ¢.

Hydrodynamic invariants

In absence of the body-force term, the standard LB model is recovered. For this, one finds
the density and momentum to be given by the zeroth and first moment of the density
distribution with respect to the set of discrete velocities ¢;, cf. Eq. (2.5). By introducing
the extra term Fj in the collision rule Eq. (2.11), we have modified the dynamics of the
LB scheme in the continuum limit. We intend to make use of this change to implement
a different, non-Newtonian constitutive equation, but we have to be aware that this may
have an unintended effect on other parts of the LB model, too.

To determine the LB dynamics on large time and length scales and to see how the
algorithm can be made to model the Navier-Stokes equation, we need to identify the
conserved hydrodynamic density p" and momentum j". We start by taking the first
moments of Eq. (2.17) and (2.19). For the zeroth moment, we get

O Z ciango) + 852 ngo) = lt Z (Agl) + Fi(1)> (2.22a)
%(‘9@ ZL: Cia (ngl)* + n§1)> + ;8521: (ngl)* + ngl)) + 85 z@: nZ(O)

= oS (AP 4 EP). (2.22b)

The hydrodynamic fields depend on the lattice-scale variables parametrically, cf. Eq. (2.12),
0o = €04 Oy = €07 + 5285, (2.23)

which we can use to put Eq. (2.22) back together. The sum of Eq. (2.22a) times ¢ and
Eq. (2.22b) times &2

€0a Zcm (ngo) + 6711(-1) + <Al(.1) + Fi(1)>)

+ 66;2 <n£0) + engl) + % (Agl) + Fi(1)>> + €29, Z ngo)

DN ™

)

LS (a0 Y 42 (a0 4 £)) (2.2

i

is correct to second order in . Using Eq. (2.23), this becomes a continuity equation at
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2.3 LB model for tensorial non-Newtonian constitutive equations

order O(e?)

O + Byp" = 0+ % S (e(aP+ EV) 422 (AP + FY)) (2.25)

7

of the hydrodynamic density and moment

Pt = Z (ngo) + Enl(l) + g (AEI) + Fi(1)>> , (2.26a)

jo = zl: Cia (nf-o) +entV 4+ % (AED + F}”)) . (2.26b)

The hydrodynamic variables conserved by the modified algorithm differ from the ones of
the standard LB model given by Eq. (2.5). Since nonetheless the moments in Eq. (2.26)
have to be identified with the equilibrium values, cf. Eq. (2.21), higher order terms in ¢
have to cancel out

> (”51) +1a® + Fz-(l))) =0, > (AEZ) + Fi(z)) =0, (2.27a)

3 cia (nﬁ” +1aW 4+ F}”) =0, Y cia (AP + F}z)) = 0. (2.27b)

Having identified the conserved quantities, let us take another, closer look at the zeroth
moment, Eq. (2.22). On the time scale #, Eq. (2.22a), we find a continuity equation for the
density pP and momentum density ;"

Dajlt + Opp" = % > (Al +FY). (2.28)

%

The additional source term on the right side solely affects the density at the first order of ¢,
the same scale where small fluctuations are connected to the pressure by the equation of
state (2.3). On the larger time scale £, Eq. (2.22b) yields the incompressibility relation

d;p" = 0. (2.29)
Putting both equations back together, we again arrive at the continuity equation

Bl + By (ph - ﬁ) —0 (2.30)
where we have defined

di=~3 e (AP + FY). (2.31)

The term 0;p offers a way to modify the density fluctuations of the fluid locally. As
mentioned before, the LB model works in the quasi-incompressible regime, where small
density variations dp around a reference value pg are connected to a change in pressure
by the equation of state p = dpc2, cf. Eq. (2.2). We can therefore employ Eq. (2.31) to

S
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2 Lattice Boltzmann

account for extra pressure contributions by a non-Newtonian constitutive equation The
D-dimensional stress tensor o ﬂ is split into the traceless deviatoric stress tensor * f N and
the pressure —an . We approximate the change in density at time t by

ap(t) = -4 (o35 () — o2 (t—6t)) (2.32)

where O',IYI,I;I (t — 6t) is the trace of the non-Newtonian stress tensor of the previous time step
(t — dt). We thereby ensure that the accumulated change in density of all previous times
0 <t/ <t translates to the right extra pressure at time ¢

: ~rq! 1 ol
> o) = — D% 3. (2.33)

Having dealt with the implementation of non-Newtonian pressure contributions, we turn
our attention to the first moment of Eq. (2.17) and (2.19)

8@ Z Ciaclﬂng()) + 8{2 Cioznz(‘O) = % Z Cia (Agl) + ‘Fz(l)> ) (234&)
: BZCZQCM( (1)« +n(1)> + 8 Zcza( ( (1)« +"%(1)) +8chian§0)
=5 Z Cia (Ai + Fi(2)> - (2.34b)

On the time scale ¢, we find a continuity equation for the momentum density
05 71'(5)—{—@]&—5 ZCW( )+F( )> (2.35a)

and momentum conservation on the ¢ time scale

Lo«
; ( + ) + o =0, (2.35b)

0) _

where we have defined the momentum-fluxes m 0B = >, CiaCigh,; (0) and 77(1[3 => cwcign(l).

Using Eq. (2.23) once more, we reassemble Eq. (2.35) to a single equation in lattice units

8577(3 + 8 ( neq*+7rneq> _|_3tja = fa, (2.36a)
with
1
fo= 53 ciat (A + V). (2.36D)

The first moment f, of the body-force term is often used to implement an effective pressure
gradient or a gravitational force. Z. Guo et al. [44] first pointed out the necessity to correct
the definition of the hydrodynamic current. As we have seen, the same is true for the density,
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2.3 LB model for tensorial non-Newtonian constitutive equations

cf. Eq. (2.26). However, it is common practice to sidestep this problem by constructing the
body-force term with a vanishing zeroth moment. In absence of the source term Eq. (2.31),
mass conservation is ensured by the LB algorithm locally at every order of €. It is even
possible to keep the definition of both density and momentum unaffected if the body-force
is designed to only supply a second moment. However, losing the ability to adjust the
pressure would either restrict the applicability to certain flow problems or the pressure
advection would have to be implemented separately. We will give these problems some
more thoughts later. To keep this discussion as general as possible, we for now carry both
terms along.

Let us return to our original objective to recover from Eq. (2.36) the Navier-Stokes
equation

Orpua + 0g(puqug) = 0gllag + fo©
= —0ap + 03048 + 15, (2.37)

where the pressure p = —% tr IT has been removed from momentum-flux tensor IT to give
the traceless deviatoric stress tensor o in D dimensions. The convective derivative on the
left hand side and the pressure are determined by the density p and velocity u = j/p alone.
These are conserved quantities and therefore have to be identified with the equilibrium
variables in Eq. (2.36a). The equilibrium part of the second moment tensor is responsible
for providing the Euler stress

0
ﬂ'gc}j = 7'(‘((15) = p(salg + phugug. (238)

We will depend on the non-equilibrium part to give the right deviatoric stress

1 n * 1
0as = 5 (ot + o) (2.39)

The right hand side of Eq. (2.36a) paves a way for an external body-force f$* to enter.

Matching the viscous stresses

The equilibrium distribution is constructed from a series expansion of the Maxwell-
Boltzmann equilibrium distribution, thereby curing the lack of Galilean invariance stemming
from the finite number of speeds, cf. [31,87|. The expansion is truncated at second order in
the velocity and is valid only for small Mach numbers. The symmetry of the chosen lattice
dictates additional constraints. For a square lattice, we need to introduce lattice weights
a® to restore isotropy, see Fig. 2.1. The first moments of the equilibrium distribution

2 2
U ) = acip (14 LGy (oG] w 2.40
i =ap (14 22 AL (2.40)

then give the density > . n:? = p, momentum Y, cjon;® = jo = pu, and Euler stress
3 CiaCignt = pc2dap + puais.
To match the non-equilibrium second moment tensors Wg%q in Eq. (2.36) to the viscous
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2 Lattice Boltzmann

stresses, we need to determine them first. We start with the second moment of Eq. (2.17)

0 0 1 1) % 1
D50, + Oy = 5 (77&[3 - ﬂi}) : (2.41)
where
aﬁ'y Z n; Cmclgcw (2.42)

Eq. (2.41) provides only the difference, whereas it is the sum appearing in Eq. (2.36).
The third moment qb 0By = qﬁzqm is directly accessible from the equilibrium distribution
n; 9(p", 7). The only surviving term not vanishing due to lattice symmetry constraints

650, = p"c? (b + wldar + ulbas) (2.43)
then determines the derivative
050" = 2 (8~ Bl + 93" ul + 60505 ul (2.44)
Y aﬂ’y - s ap ﬂ /Bp ua Otﬂ 'Yp u’y . .

Putting the equation of state p = pc? into the Euler stress Eq. (2.38) and differentiating
with respect to ¢ will give us the second term in Eq. (2.41):

8;77((;2 :cgagphéag + 07 <phuh u%)

We use the mass continuity equation (2.28) twice and get

atﬂg)ﬁ) = <_C§5aﬂ + ugug) 05 (p u ) + 5 (c dap — uhug) Z (Agl) + Fz‘(l)>
+ u}/}@gjg + ugﬁgjg.

Next, we insert the momentum continuity equation Eq. (2.35a) and arrive at

3577(()2; = (—03(5&,6 + uﬁu}é) 87p u + — 5 ( 2(5&5 u&u%) Z (Agl) + Fi(1)>

(2

uﬁawr(o) — uh8 Wé,y)

( ) = 1) 1)
+ uﬁdt Zcm ( ) +ul 50 Zcm (A + F; ) (2.45)
Now, the derivative of the Euler stress is known

050 = 20ap" + 05 (phugug) (2.46)
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2.3 LB model for tensorial non-Newtonian constitutive equations

which we can use to write Eq. (2.45) as

6g7rg)ﬁ) =— 25a567p u —c uoﬁﬁp —c u[g@ap
—u g()a pPulh ,+ ul 11]}()A p ‘ul' — /,11'\()n p 'ul;u]'
h
i . (1) (1) Ug (1) (1)
T 5t 2 e (Al £ )+ 5t Z% (AZ £ )
h, h (1) (1)
+ = (c bop — ) Z (A + FM). (2.47)

In compliance with the small Ma-number expansion, we cross out the second line, which is
proportional to u®. Together, Eq. (2.44) and Eq. (2.47) give

0r 7T(0 + &,qbam cgph (85@% + 8~ug> & ( Qéaﬂ uhug> Z (A(»l) + Fi(l))

+u55 ch< 1)+F >+ua5 2025< F(1)>

Eq. (241) 1 W) (1)
= (w37 —=%3). (2.48)

We multiply with € and write in the unscaled variables
Wg%q* — Wg%q = dtpic? (&wlﬁl + Gﬁug)

n (cg(saﬁ - ugug) dup + (ug fotul fg) . (2.49)

Constructing the body-force term

This is as far as one can get without specifying the collision operator A;. A sensible choice
is the single-time Lattice Bhatnagar-Gross-Krook (LBGK) collision operator

ne
nq

Ay = ———, (2.50)

TLB

The collision step will then affect the non-equilibrium part of the second moment by

. 1
Wg%q _ﬂgeﬁq —?Wg%q-F}_a& (2.51)

where

Fop = CiaCipFi (2.52)
%
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2 Lattice Boltzmann

is the second moment of the body force term. We use Eq. (2.49) and Eq. (2.51) to finally
determine the non-equilibrium part of the second moment before and after the collision

wz%q = — TLBétphcg <8au2 + 8gug) + T Fas,

— T <C§5a,6’ — ugug) Op — Tug <u151f5 + ugfﬁ) . (2.53a)
TrZ%q* =(1— 1) 5tphc§ (&w% + agug) + TpFag
+ (1~ 7ip) <C§5a6 - ugu};) O+ (1 — i) (u%fa + UEfﬁ) (2.53b)

In presence of an external force field, we find spurious terms, which we have to cancel by a
careful choice of F,3. As a start, we split the body-force in two parts

Fop = Foi' + Fag, (2.54)

where the second part is used to match the constitutive equation and

ot _ (1 - ) (260 — ultuly) 01+ (oS5 (2:55)

2Tin

takes care of the extra terms in Eq. (2.53). Comparing of Eq. (2.36) and (2.53) with the
Navier-Stokes equation (2.37) yields

1—-2m T vi
p= Twétphcga,yug + %‘F'YIYSC (256&)
21 — 1 — _ .
Gu = TLBT(stphcg (aaug + aﬁug) S (2.56b)

where we have split the traceless part, denoted by an overbar, off the tensor. We recover the
Newtonian constitutive equations if we identify the shear viscosity n and volume viscosity

T
n= 5tphc§ (TLB — %) , Ny = 5t,0hc§ (27 — 1) /D (2.57)

and if we demand the second moment of the body-force to be traceless, F,, = 0. The
traceless part of the non-Newtonian stress contributions then will enter via

oy = —TunFag’- (2.58)

When constructing the body forces, we have to keep in mind that the actual hydrodynamic
density and momentum are modified due to the presence of the same body force. However,
the LBGK collision operator is still the one correct for the original variables. Therefore,
the body-force term itself should provide the necessary correction terms. Recall that the
hydrodynamic variables differ in the first order of € only

n?neq = (n?(l) _ nl(l)) _ %E (Agl) + Fi(l)) . (2.59)
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2.3 LB model for tensorial non-Newtonian constitutive equations

The collision rule in the original variables reads
Jo=Ja+€Y Cia (AE” + Fi(1)> (2.60)
i
and is missing an additional term to be sufficient for the hydrodynamic current
1
hx _h (1) 1) (1) (1)
ja* =Ja — 2TLB zi:ciocs (AZ + -FZ ) + Zi:CiaE (Az + Fz )

=jo + <1—

) 5t fo- (2.61)

2Tim

A comparison of the density yields the same result and the difference can be elevated by
1
27,8

a correction factor (1 — ). Having the first three moments together, we construct the

force term

1 abia ;X + ]:(;/isc
F = aw{ <1 _ ) [atﬁ+ fcz ] + 28 708 (cincis — 260p) } (2.62)

4
2Tip < 2c

and in presence of an external body-force f, and a non-Newtonian stress contribution O'glg ,
we arrive at

) 1 - aCia
F’i = CLCz 1-— (9,5,0 + f 2
2Tin 5

N <1 1 ) CiaCip — C30ap [@ﬁ (0o — ubudl) + (ugfa +ugf5)]

27Tp 263
ahy )
«
 2ckTg (eiatip — ci8op) }7 .
with
. 1 N N
0ub = ~ g (75 (1) = 3/t — o). (2.64)

We are finally in the position to change the dynamics to match a non-Newtonian constitutive
equation. The first line of Eq. (2.63) changes the density by 0;p to take extra pressure
contributions into account and implements an external body-force f,. This leads to a
redefinition of the hydrodynamic variables and a correction term is needed, which is given
by the second line. Only in the last line the stress of the fluid is adjusted by 631[\31. Please
note that although the non-Newtonian stress tensor is traceless, since we have treated
—tro™N/D as an additional pressure, nevertheless the diagonal elements may very well
take finite values. In fact, this is the whole point, as it allows us to change the scalar
Newtonian constitutive equation to a full tensorial non-Newtonian one.
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2 Lattice Boltzmann

Using Eq. (2.39) and Eq. (2.51), we find the total stress to be given by

LB

B 1 e\ 1
_ (1 - 2TLB> (—waﬁ) — 5Tt (2.65)

which yields with the definition of F,g, cf. Eq. (2.54), Eq. (2.55), and Eq. (2.58),

1 neq * n 1 n 1 n
Tap =~ (Wa%q + Wa%q> =5 (275;;1 — T—ﬂa%q + .7:&5>

1 1 1 ) L
o8 = <1 - 27-LB> [_ﬂg%q ) (“lolcfﬂ + “lﬁlfoz> -3 <C§5a5 - uﬂu%) 8tp:| + ﬁggg'
(2.66)

In absence of a body-force term, the Newtonian stress (1 — ﬁ)w“eq of the standard LB
model is recovered. If the body-force has non-vanishing first moments, the redefinition of

the hydrodynamic variables leads to correction terms.

2.3.2 Simulating a non-Newtonian fluid

Let us briefly recapitulate the changes we have applied to the standard LB model. The
algorithm is not modified much, only a body-force term F; has been added to the collision
step

1
ni(r + ote;, t + 6t) = nf(r,t) = ni(r,t) — —n;“Y(r,t) + F; (2.67)
TuB
where 1}l = n; — n;? is the non-equilibrium part of the velocity distribution and 75 the

LBGK relaxation time. The F; are devised to locally modify the pressure, momentum and
stress of the fluid if need be. The dynamics of the fluid are thereby matched to an arbitrary
tensorial constitutive equation, which may depend on the local flow. In presence of an
external force f, and a non-Newtonian stress contribution O'glg the body-force takes the

) 1 ~ aCia
Fi:acl{(l—%_ > [8tp+fc2 }
LB S

N (1 1 > CiaCif — c§5aﬁ [8#3 (C§5a6 _ ugug) + (ugfa +ugfg>]

form

2T 2¢4
~nN
- @ (Ciacip — 025a5) . (2.68a)
2¢iTp s

Here, a“ and ¢ are the lattice weights and the speed of sound of the chosen lattice. ¢;
is the velocity pointing to the ith neighbor. We identify the isotropic part of the normal
stresses, given by the trace of the stress tensor, with a non-Newtonian pressure contribution

—%025 . The equation of state p = pc? connects this extra pressure to a small density
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2.3 LB model for tensorial non-Newtonian constitutive equations

variation we implement by

1
Dc2ot

(o2 (t) — o2 (t — 6t)) (2.68b)

op=—
where 03;5 denotes the trace of the non-Newtonian stress tensor at the present time ¢ and
the previous time step (¢ — 0t), respectively. The remaining traceless part of the stress
tensor is denoted by 621;. The presence of a body-force term also affects the definition of
the hydrodynamic quantities. The density and momentum of the fluid are now given by

,Oh — an + %&gﬁ, (269&)

ot

-h h h

- - 1 llg a Ja 2.69b
Ja = plug E‘cn+2f (2.69Db)

]

whereas the total stress has to be computed by

1 L/n h Lo hoh) g o~ I i~
OaB = <1 — 27’LB> |:—7T2%q — 5 (uafﬁ + uﬁfa) — 5 (CS(SQ/B — “a“ﬁ) atp + ﬁgaﬁ.
(2.69c¢)

Having derived a body-force term to modify the density, and thereby the pressure, the
momentum, and the stress of the fluid, we can change the LB dynamics to model an
arbitrary non-Newtonian fluid. The non-Newtonian stress is evaluated from a constitutive
equation taking the present flow field as an input parameter. The stress may also depend on
the flow history as demonstrated for the integrally formulated models, cf. Chap. 4.3. The
second moment of the body-force term is then used to adjust the shear stress and the normal
stress difference locally. The non-Newtonian pressure contribution enters the LB dynamics
separately in form of a small variation in the density. Each moment of the body-force term
leads to a redefinition of the corresponding hydrodynamic variable. Eq. (2.69) assumes a
single relaxation time 7. In multi-relaxation times algorithms, only one time is connected
to the shear viscosity and the generalization is straight-forward.

In summary, the LB scheme consists of the following steps:

1. evaluate the non-Newtonian stress and pressure contributions,
2. LB collision step including the

3. application of the body-force term F; and GPBC,

4. streaming step.

Please note that the definitions of all hydrodynamic variables are modified in presence of
a body-force term. When measuring the flow field or when computing the equilibrium
distributions for the collision step, the correct quantities are given by Eq. (2.69).
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2.3.3 Simplification for pressure-driven channel flows

The scheme derived above provides a general algorithm, which works fine for all kind of
flow geometries and always is a safe choice. However, due to the high symmetry of the
pressure-driven channel flow we want to study, it proves worthwhile to take a closer look.
By adapting the algorithm specifically to our problem, we can simplify the body-force term
considerably.

Instead of using an effective body-force to implement a linear pressure gradient, we apply
generalized periodic boundary conditions, cf. Sec. 2.2.1, and keep the pressure at both ends
fixed. Obviously, the first moment f, of the body-force term becomes obsolete, but so does
the zeroth moment. To understand this, consider the steady state limit. After the flow
has fully developed, the stress remains constant and d;p vanishes. So, as the ‘dynamics’ of
the flowing steady state is fully accounted for by the second moment alone, the only way
0yp can affect the steady state lies in a constant pressure offset accumulated during the
transient dynamics. Yet the GPBC ensures the pressure at both ends of the simulation
box to remain constant and thereby cancels out any influence of 9;p. We can therefore
construct the body-force term to solely provide a second moment

a‘

Qi

F, = 2% (Ciacip — c26ap) - (2.70)

2¢i T8

Then the stress is simply given by

1 neq 1 —nN
TaB = <1 — 27_LB> (—Waﬁ) + o7 Tog- (2.71)

The density p" = p and momentum density j! = j, remain completely unaffected and are
the same as for the unmodified LB model. For comparison, in Sec. 4.2.2 a simulation using
an effective body-force to implement the pressure gradient is carried out. In this case it is

necessary for the body-force term to include all three moments and the whole algorithm is
put to use.

2.3.4 Separate pressure advection

There is a second way to implement the pressure advection. Again, we construct a body-force
term with only a second moment. But instead of removing the trace of the non-Newtonian
stress, we actually use the full tensor

a‘

F; = aglg (Ciacip — 62(5&5) . (2.72)

B 2¢iT
The problem with this approach is that the LB model has no way to know about the
additional non-Newtonian pressure — tr o™~ /D. Instead, the force exerted by the normal
stresses is absorbed into the bulk viscosity, cf. Eq. (2.56a). We can, however, fix this
shortcoming with a separate method similar to the GPBC, which takes care of the extra
pressure advection.
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2.4 Unit conversion and choice of LB units

The pressure difference between a node at position r and its neighbor at r + dte; is
Ap; = (—tr o™N(r + dte;, t) — tro™ (r, t)) /D. (2.73)
We treat this pressure in the same way as the pressure step in the GPBC, cf. Sec. 2.2.1:

i (p3) = ni(p + ¢ 2 Api, ) +nf " (2.74)
Again, only the density of the equilibrium part of the post collision n; is modified to
account for the non-Newtonian pressure difference between the neighboring nodes, leaving
the non-equilibrium part and the momentum untouched.

Since we only modify the density wariations at order ¢ and we do not change the
momentum j, it is save to neglect the second order term of the equilibrium distribution
Eq. (2.8), and we arrive at the computationally much more efficient update rule

ni(p,3) = ni(p, ) + e Api. (2.75)

At the neighboring node, the n; pointing back will be modified by —Ap;. Therefore, the
overall mass is still conserved, but the simulation allows now small local variations in the
density to account for a change in pressure.

2.4 Unit conversion and choice of LB units

As we have seen in the previous section, the Lattice Boltzmann algorithm is sufficient to
model a system evolving in the way described by the Navier-Stokes equation. However, to
map the simulation onto an actual physical problem, we have to find adequate simulation
parameters and a way to translate the results we obtain within our LB model to real world
physics.

Since we are interested in the solution of the incompressible Navier-Stokes equation, the
flow is characterized by only a single dimensionless, and therefore system independent,
parameter: the Reynolds number Re. Instead of choosing the direct route from the physical
to the discrete LB system, we take an intermediate step by introducing a dimensionless
system! [67]. To make the physical variables dimensionless, we express all quantities in
units of a characteristic length [ and time 3. The transition to the discrete system is
done the same way by choosing a discrete lattice spacing §, and time step J;, cf. Fig. 2.3.
Finding the space step 9, is straightforward, the number of lattice nodes in one dimension
gives us 6, = 1/N.2 However, the choice of ; is more sophisticated, and we have to give it
some more thought.

In principle, the accuracy of the model is limited by two different kinds of errors, lattice
effects and compressibility errors. The LB scheme features second-order accuracy, meaning
the error scales with the square of the lattice resolution € ~ 62. However, the algorithm has

IN.b.: The here defined dimensionless variables are not necessarily the same as the ones used when
discussing flow problems.

2The actual number of nodes used in a simulation may differ, since N + 1 nodes are needed for a lattice of
length 1 and a lattice spacing of 1/N. The boundary conditions and periodicity affect this further. For
clarity reasons and generality, we will neglect these effects in this discussion.
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2 Lattice Boltzmann

physical
system

Figure 2.3: The diagram depicts the parameters translating between the different systems. The
Reynolds number is system-independent.

no means to account for velocities larger than the speed of sound ¢; and is restricted to sub-
sonic lattice velocities g—i < ¢s. Even more, the simulation works in the quasi-incompressible
limit and allows small variations in the density. This is fine for small Ma numbers, typically
smaller than 0.4Ma, as compressibility effects scale with Ma?. But nonetheless an error
EMa ~ % is introduced. It is eligible to keep both errors at the same magnitude, and we
arrive at

5 ~ 03, (2.76)

which gives us a valid choice for the time step.

To put some flesh on the bones, let us walk through the simulation setup of a shear-
thinning fluid in a Poiseuille flow geometry. For the Reynolds number Re = UO—I/ZO, we need
the characteristic velocity ug, length ly, and kinematic viscosity v = 1/p of the flow problem.
7 is the shear viscosity and p the density of the fluid. The characteristic length is found
easily enough, and we define [y as the channel diameter. However, as the viscosity decreases
under shear, we neither have a unique viscosity nor velocity. The fluid forms two high-shear,
low viscosity regions near the walls and a no-shear, high viscosity center. The flow velocity
is decided in the low viscosity regime, and we introduce a shear modulus G' = nyin/to to
define the characteristic velocity

e
to nmin'

() (277)
The dynamics in the center is much slower. We use the high viscosity nmax to make sure
that the time resolution is high enough to resolve the plug. Together, this yields a valid
definition of the Reynolds number

2
Re = “olo _ o/top. (2.78)

v Thmax
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2.4 Unit conversion and choice of LB units

In the dimensionless system, getting the Reynolds number is a trivial task. Since the
characteristic length and time scale equal one by definition, Re is just the inverse kinematic
viscosity vp.

In the discrete Lattice Boltzmann system, the kinematic viscosity is a constant, vz =
TLBB—O.EJ 0t/6

2
, and we use the Reynolds number Re = o to choose the time step

5t - Re VB 53‘ (279)

With the help of dimensional analysis, the unit conversion is easily achieved. For example,
the lattice velocity u.p relates to a velocity u, in the physical system by

dz O 1
up - ULBdup — uLng - ULB??(;’ (280)
P t

0, and d; translate uy g to the dimensionless system, and multiplication with the characteristic
length lp and time ¢ yields u,,.
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3 Constitutive equations

The Navier-Stokes (NS) equation is the central equation in fluid dynamics and provides
a mathematical framework for the description of fluid flows. The non-linear differential
equation is derived by applying mass and momentum conversation laws to an arbitrary
portion of the fluid. Although the NS equation is used to model all kind of problems,; a
mathematical proof that there always exists a global and smooth solution in 3 dimensions
is still not found, cf. Millennium Prize.

For a fluid with a density p and velocity v, the Navier-Stokes equation reads
Oipv +V - (pov) = pf™* —Vp+ V-0 (3.1)

and is very much a statement of Newton’s second law. The material derivative (left hand
side) describes the acceleration of the fluid and is balanced by the sum of forces acting on
the fluid. These may come in the from of external forces fe**, pressure gradients Vp, and
viscous forces by the deviatoric stress tensor o. We have followed the convention to split
the stress tensor into an isotropic part —pl and an anisotropic part o.

The dynamics of the flow is not fully described by Eq. (3.1) alone. Constitutive equations
make further assumptions on the material properties of the fluid to close the NS equation.
For a non-viscous gas, the term V - o vanishes, and we get the Euler equation. In a viscous
liquid, stresses arise from its flow, and the Newtonian constitutive equation simply states a
linear dependence between the stress and the symmetric velocity gradient tensor. For an
incompressible flow tr xk = 0, we can write

oc=nD =n(k+KT). (3.2)

7 is the viscosity and a scalar constant for a Newtonian fluids. This model is only valid
for simple liquids. The microscopic structure of complex fluids, e.g. gels, polymer melts
or colloid solutions, makes the viscosity depend sensitively on the flow and even the flow
history. In dense suspension, polymers are entangled and colloid particles are trapped in
cages by their neighbors. Because the dynamics is very slow, correlations survive and affect
the fluid properties for a long time. Under shear the polymers can align with the flow and
the cages are broken. The accelerated dynamics not only yields a drop in the viscosity of
the fluid, but also reduces the influence of the flow history.

There are two principle ways to approach these fluids. From an engineer’s point of view,
it is best to develop phenomenological models, which can be adjusted to quantitatively
match the viscosity. There exists a wide range of specialized models, which are used to set
up and solve flow problems. These are easily implemented in the Navier-Stokes equation
and useful to specifically compute the flow in a certain geometry. But the relation between
the shear stress and the shear rate has to be determined beforehand, and they cannot
provide any new insight into the physics.
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3.1 Schematic mode-coupling theory

Starting from the opposite end provides its own struggles. Most commonly it is not
possible to derive a constutive equation from first principles. One rare exception is Doi
and Edwards’s model of polymer melts [26-30]. For glass-forming fluids, the details of the
microscopic interactions become less important, and the relaxation of density fluctuations
is governed by a non-linear feedback mechanism. For a colloidal suspension at the glass
transition, the fluctuations become arrested and cannot relax. Each colloid is surrounded
by a cage of other particles it cannot leave unless the cage is broken by an externally
imposed flow. The mode-coupling theory (MCT) and the integration-through-transients
(ITT) formalism [13,16, 36| successfully describes such a system and yields in principle
a constitutive equation. However, the model is too complex to be used except for very
simple flows. Even simplified schematic models are troublesome to solve beyond the steady
state [97].

In the following chapter, we introduce the basic ideas behind the MCT-ITT approach
and how they lead to the schematic MCT (sMCT) model. Further approximations yield a
non-linear generalization of the viscoelastic Maxwell model (nIM), Sec. 3.2. These models
provide a closure to the Navier-Stokes equation, but instead of solving the boundary value
problem numerically, we follow a different approach. Lattice-Boltzmann simulations are
intrinsically well-suited for complex flow geometries, and the modified algorithm derived
in Chap. 2 is able to handle constitutive equations like the sSMCT model and non-linear
Maxwell model. In the sMCT model, the evolution of the correlation function is described
by an integro-differential equation. In Sec. 3.1.1 ff., we present a scheme which keeps track
of the flow history and is able to solve the sMCT constitutive equation in a way that is
compatible with the LB simulation.

3.1 Schematic mode-coupling theory

A complete discussion of mode-coupling theory (MCT) [13,36,40], its application [16,94,97]
on colloid rheology [4, 33, 85, 98|, and the derivation of the schematic model [17] we
implement as a constitutive equation is beyond the scope of this chapter. However, because
the uniqueness of the model lies in its first-principle approach, a brief outline of the main
features and ideas going into schematic model is well in place. For a more detailed discussion,
see for example [12,14].

The Smoluchowski equation presents a suitable starting-point to describe a system of
colloidal particles dispersed in a Newtonian solvent. For high volume fractions near the
glass transition, hydrodynamic interactions are negligible, and we can describe the system
by a probability distribution function ¥ for the position of the particles. The evolution is
dictated by the Smoluchowski operator Q(t):

AU (t)

= = 2. (3.3)

Assuming an equilibrium distribution W, exists and the system has been in equilibrium
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3 Constitutive equations

for t - —o0, Eq. (3.3) is solved by

¢ ~ ftt ds Qf(s)
U(t) = Weq —|—/ dt; Ueq k(t1) : 6 ! (3.4)
— o
with the microscopic stress 6,5 = =, Ff‘r? and the adjoint Smoluchowski operator

01 = 3 [Da (01 o8 40 w0)] -0 (35)

7

The sum runs over all particles 7, and Dy is the single particle diffusion coefficient. The
non-equilibrium average of an arbitrary (not necessarily scalar) function of the particle
coordinates f is given by

t

=)+ |

—0o0

dtl <K‘,(t1) o e (36)

fttl ds QT(s)f>

Here (-) denotes an equilibrium Boltzmann-Gibbs average. In a homogeneous system,
correlation functions obviously have to satisfy translational invariance. However, due to the
affine flow of the solvent, a fluctuation at a certain wave vector k at time ¢’ is correlated to

7ftt, ds k(s)

the advected wave vector k e_ at time t. Thereby, we can identify the deformation

gradient tensor describing the affine motion of the fluid as
t t
Eil(t,t/) — e: S ds k(s) and E(t,tl) _ e—f’f, ds K(S)’ (37)

respectively. Because the infinitesimal deformations do not commute, the exponentials
are time-ordered indicated by the signs. The deformation tensor is the unique solution of
the initial value problem %E(t, t') = k(t)E(t,t'), E(t,t) = 1. Since we are interested in
a constitutive equation, we use Eq. (3.6) to get an expression for the stress tensor. We
assume the system to start from an equilibrated state in the infinite past. Then all stress
contributions are considered by an exact non-equilibrium Green-Kubo relation

t t S f S
o(t) = ‘1// dtq <m(t1) Lo e{tld 2 )6'>. (3.8)

Stress fluctuations decay priorly via slow structural relaxations. In the MCT and integration
through transient (ITT) approach, the average of Eq. (3.8) is factorized by projecting the
dynamics onto density fluctuations before being subjected to further approximations [13].
We arrive at a constitutive equation which relates the stress to a time integral over the
strain history:

a(t) = _/t dt'/dk3 [82’ (ex™ - B(t,t') - ex) ererT | Gr(t,t'). (3.9)

The Finger or left Cauchy-Green deformation tensor

B(t,t") = E(t,t') - ET(t,t'), (3.10)
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3.1 Schematic mode-coupling theory

describes the deformation while respecting the principle of material frame-indifference,
i.e. a pure rotation does not induce any stresses. However, the appearance of B is not
self-evident, and it is a feature of the model to favor the Finger tensor. In phenomenological
constitutive equations, other rotation-independent deformation tensors are frequently used,
for example the Cauchy deformation tensor (E~1)T E~!. e, = k/|k| denote the unit
vectors of fluctuations k the Finger tensor is projected on. The wave vector-dependent
kernel
3 8.8, .

Gr(t,t') = ?j;ﬁ%/m B2, (£, 1) (3.11)
is a function of only the equilibrium static structure factor Sj, its derivative and the
correlator ®. Here, the strain enters a second time as the decay of the correlator is
accelerated by shear, cf. Fig. 3.6a. The fluctuations are affected by the flow field, resulting
in a change of the wave vector. The correlator ®p; ;) measures the overlap of fluctuations
at a wave vector k and time ¢ with previous fluctuations stemming from time ¢ which wave
vectors have been advected and now coincident with k.

Further Zwanzig-Mori like approximations yield an integro-differential equation for the
time evolution of the correlator:

t
9 pu(t.t0) + Tl t0) (¢k<t,to>+ dt'mk@,t',to)jﬂ@k(t',to))=o, (3.12)
to

where T'g(t, to) is the initial decay rate. The approximated memory kernel mg(t,t', ) is a
non-trivial function of three time arguments, the equilibrium static structure factor and
the correlator. The exact form is not relevant to us, however, one finds the memory kernel
to depend quadratically on the correlator and on the accumulated strain between the three
time arguments. Together with Eq. (3.9) and Eq. (3.11), this gives us a microscopically
derived, closed constitutive equation for Brownian particles near the glass transition.

The complexity of this model restricts its application to simple flows [38,97|. Brader
et al. [17] proposed a much simplified schematic model, which nonetheless stays true to
the central aspects of the full microscopic model. Assuming isotropy and disregarding all
angular dependences Eq. (3.9) and Eq. (3.11) become

() = / D [—;/B(t,t’)] Gt 1), (3.13)

—00

G(t,t) = /dk B M g2 (¢ 1), (3.14)
6072 k(t,t')S7 | kD

Next, the dependence on the wave vector is disregarded altogether, and we approximate
Eq. (3.14) with the generalized modulus

G(t,t") = v, %(t,1). (3.15)

vy = G(t,t) measures the strength of the stress fluctuations and determines the initial
height of the shear modulus. The time evolution of the single remaining correlator is then
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3 Constitutive equations

described by the equation of motion

t
9oty +1 (<I>(t,t’) +/ ds m(t, s, ) a@(s,t')) ~0. (3.16a)
8t tl 68

For the memory kernel, the following ansatz is chosen:
m(t,s,t') = h(t,t)h(t,s) [11D(t,s) + 12®(t, )], (3.16Db)
where the h-factors

V2

M) = R RG T (- RGN D)

(3.16¢)

are responsible for the shear-induced decay of the memory. Eq. (3.16¢) is modeled to give
under steady shear the value 1/(1+ (7/7.)?), which is known to be a good approximation to
full MCT-ITT results. I; = tr B and Iy = tr B~ ! are the first two invariants of the Finger
tensor and give a scalar measure for the accumulated strain . By using the invariants of
B material objectivity is ensured. A mixing parameter v between I; and I3 is chosen and
set to 0.5. The cross-over strain parameter 7. is known to be 0.1, and the parameters vy 2
are conventionally set to vo = 2 and v; = 2(v/2 — 1) +¢/(v/2 — 1). The schematic model
then provides the same asymptotic behavior as the full microscopic model and the critical
exponents also match those found for typical colloidal suspensions [40]. The separation
parameter ¢ measures the proximity to the glass transition: in the fluid phase € has negative
values and in the glass € is positive.

The schematic MCT model gives a constitutive equation in three parts. Thanks to the
integral formulation of Eq. (3.13), the stress tensor is not only a function of the present
shear rate but of the complete flow history, and the model features a memory. The Finger
tensor preserves the tensorial character of the model. Its derivative can be written as

—0pB(t,t') = Et,t" k(" ET(t,t") + (E(t, " )c(t')ET(t,1))7, (3.17)

and illustrates the dependence on past shear rates k(¢') and the accumulated strain. The
shear modulus is a quadratic function of the correlator and given by Eq. (3.15). All
wave-vector dependences have been integrated out and are absorbed in a single scalar
value v,. The time-evolution of the single remaining correlator is described by Eq. (3.16).
As the decay of the correlator is accelerated by shear, the generalized modulus exhibits
shear-thinning behavior.

3.1.1 Adaptation to Lattice Boltzmann

On first thought, implementing the schematic model in a Lattice Boltzmann simulation
seems quite straightforward. The schematic MCT model takes the strain rate as an input
value and computes the accumulated strain, correlation, and memory functions to determine
the stress. The modified LB algorithm then uses the non-Newtonian stress to advance
one time step, and we can measure the new strain-rate, cf. Fig. 3.1. Putting both parts
together, we should be able to simulate the time-dependent flow of glass-forming liquids —
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3.1 Schematic mode-coupling theory

m]
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o(t, 1), B(t, t'
a (t,t'), B(t,t")
o
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Figure 3.1: Schematic representation of the schematic mode-coupling model implementation in a
Lattice Boltzmann simulation. A lattice node consists of two parts working together. The computed
strain rate K is measured in the LB frame work and handed to the MCT solver. There, & is added
to the memory and the stress o is computed. The stress is handed to the modified LB model, which
performs a local collision step and streams the density distributions n; to the neighbor cells.

As each cell keeps track of the flow history and correlator, the demand for CPU time and RAM is
high. Therefore, only in a single column in the center of the simulation box the schematic MCT
model is solved for simple channel flows. The stresses are then relayed along the symmetry axis to
the other nodes.

problem solved.

However, life proves to never be quite as simple as that and the devil is in the details. By
coupling the MCT code to the LB simulation, the flow history is fixed to the lattice instead
to a comoving reference system. The difference amounts to a term of the kind (u - d)o [75].
In general, the stress would have to be advected with the fluid, but how this can be achieved
is still open to some discussion, cf. Chap. 5. Luckily, in a straight channel flow and simple
shear geometry, the advection term cancels out due to the symmetry of the system. In
the derivation of the schematic MCT model, all angular and wave-vector dependences are
neglected, yet a laminar channel flow is by no means isotropic. By combining the sMCT
model with a Lattice Boltzmann simulation we implicitly assume that we may make a local
approximation of the flow. A full MCT model should take spacial variations of the flow
into account.

The second difficulty is a more practical but nonetheless serious one. The MCT works near
the glass transition, where the short time dynamics is separated from a second, divergent
time scale. Correlations can survive for very long times if not destroyed by shear. This
relates to the caging effect, and we clearly do not want to give up this essential slowing down
of the dynamics. In previous works [35,60,107|, a constant strain rate was considered. Under
steady shear, the correlator ®(t,t') becomes a function of only the time difference t — ¢/,
which simplifies the model very much. The strain and even the invariants are analytically
accessible for all times, and one would successively increase the time step to adequately
sample both, the short time regime and the long time limit. Since the Lattice Boltzmann
model has to progress linearly in time, and we explicitely want to consider time-dependent
flows, this is not a viable option here. This causes a vast demand of memory increasing
linearly in time and renders a long time simulation effectively impossible. Luckily, there
is a way out. In the next section, we will discuss a purpose-built memory layout on a
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3 Constitutive equations

quasi-logarithmic grid to face this matter.

Prior to this, let us consider adequate variables the algorithm needs to keep track of.
In principle, only the correlator ®(¢,t") and the Finger tensor B(t,t') enter the schematic
MCT model. However, it turns out to be advantageous to treat the memory function
independently from the correlator. Furthermore, from a technical point of view, the Finger
tensor is not the best point to start from, as numerical differentiation might become
problematic. Using Eq. (3.17) and inserting the shear modulus Eq. (3.15), the stress
integral Eq. (3.13) becomes

t

o(t) = ya/ dt'E(t,t")D(t")ET(t,t)®%(t, 1) (3.18)
—00

and is now a function of the strain rate and the deformation tensor, instead. For a discrete

time step dt, g, the time-ordered exponential is approximated by the product

¢ t
ds n(s)} = H exp(KkstLp). (3.19)

s=t’

E(t,t') = exp, [
t/

The strain rate and the strain are the first values we need to track in time. It is, however,
favorable not to save the deformation tensor E but the factors exp(ksdt, s), which will
become clear in the next section.

Eq. (3.16) describes the time evolution of the correlator and needs only slight modifications

gt@(t,t’) +T (CD(t, ') + h(t,t’)/t/ ds M(t, s)gscb(s,t’)> =0, (3.20a)
where
M(t,s) = h(t,s) [ ®(t, s) + 12 @*(t, 5)] . (3.20b)

The first h-factor is independent of the integration variable s and has been separated from
the original memory kernel m(t, s,t’). Therefore, we need to record the correlator ® and the
memory M. Please note that due to the way the correlator enters Eq. (3.20a), ® actually
depends on two times. Whereas in the other variables the time dependence is restricted
to the second argument, the integration runs over the first time variable of the correlator
derivative.

3.1.2 Memory handling

During the simulation, the next time step is set by the LB model. In fact, only the next
time step is fixed, yet there is no need to use a constant discretization to sample all past
times. By successively increasing the discretization of the memory back in time, we can
utilize the advantages offered by a non-constant time step in a linearly processing algorithm.
To do so, we divide our memory in B blocks with C cells each. The discretization step §t
doubles with each block and the top block is chosen to have the smallest time step set by
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3.1 Schematic mode-coupling theory

Figure 3.2: Two dimensional, quasi-logarithmic
memory grid used for the correlator ®. For each
entry (t,s), the time is discretized in ¢ and ¢/
direction with the spacing. With each LB step
a new correlator (purple) has to be added by
successively moving from (¢,¢" = t) downwards to
(t,t’ = 0). The layout of the memory grid ensures
that the most recent flow history is sampled with
the highest precision. For a better visibility, the
maximum number of cells per block is set to only
C = 4. The color saturation indicates the grid
spacing and is taken up again in Fig. 3.3.

the LB model

St = 0t = & Stp_1. (3.21)

This works fine for the strain rate, the memory and especially well for the deformation
tensor. While the simulation is running, the memory will continuously be filled. When a
block is fully occupied, the two oldest entries will be merged and moved to the next block
with a larger time step. The strain rate and memory will be averaged, and we have to
give up some precision. However, since we do not to save E(t,t') itself but its discrete
contributions exp(kdt), we just have to carry out the multiplication and lose no information

whatsoever:
E(t,t/) — el@(t—(stB)(StB.“ en(t—(c—l)(5t3)5t3eR(t—C(StB)(StB “_en(t’)étB_X' (322)
:en6t371

2D memory layout and decimation scheme

Considering the correlation function, the situation is slightly more complicated due to the
way ® enters the integral (3.20), and the full two-times dependence of the problem comes
into light. We have to construct a two dimensional version of the blocked quasi-logarithmic
grid. To avoid nasty interpolation issues, we need to ensure that for each point (¢, s) the
discretization is the same, both in —t and in —¢' direction, cf. Fig. 3.2. As the number
of cells in a block are limited, the necessity of a decimation process to free space again
becomes immediately obvious.

Fig. 3.3 illustrates the main principle of the scheme we apply. Every time the top block
with the smallest time step is completely filled, we check the next blocks for free space.
Moving downwards, the decimation scheme will start at the last filled block in a row. Later
blocks may still be completely filled as long as the next one has some space left. In both
time directions, the last two entries in each block are then mapped onto a single one in
the next block. One can think of many ways how this mapping can be achieved. Yet in
most cases, the outcome depends only slightly on the actual choice of implementation.
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3 Constitutive equations

We achieve the best results when simply keeping the higher value of smaller times and
discarding the other one. The reasoning is that the influence of a too large correlator is
relatively small, but a slightly smaller value may result in a much too fast decay. This is
especially true in the glass, where the correlator will take a constant plateau value for all
times. However, once the correlator drops below this value, it will always decay to zero.
Therefore, it is essential not to choose a too small estimate for ® and we like being save
more than being sorry.

There is one exception to the rule. In theory all diagonal elements ¢t = t' equal one. For
blocks with large time steps, the next element may be much smaller. This does affect the
computation of the time derivative ds®(s,t’) quite heavily and it proves advantageous to
average over the neighboring ®, thereby allowing the diagonal elements to take smaller
values.

3.1.3 Discrete schematic model

Having found a suitable memory we now derive an appropriate discrete formulation of the
constitutive equation. Considering the layout of our memory the integral has to become a
sum running over all entries j in each block b

j=0b-1)C+a, (3.23)

with 0 < b < B and 0 < ¢, < C(b), where C(b) is the number of occupied cells in block b.
May i be the last occupied column of the correlator ® corresponding to the time ¢, then
(3.18) becomes

O, = Vs Z oty [Ejh',jE} + (Ejh',jE})T:| (I)ZZ’]-, with (3.24)
J
E; = H exp(K;/0ty). (3.25)
J'=tyd

Let us take a look at the correlator (3.20) next. For each time step, we have to successively
solve the integro-differential equation starting at the diagonal (¢, = t). Fig. 3.2 shows the
memory layout of the correlator. The purple column represents the new correlator which
is added at time t. We start at the diagonal (¢,#' = t), and the next value one is easily
computed

When going on the algorithm moves down the purple column, subsequently computing the
correlator from the previous ® values in horizontal ¢’ and M values in vertical ¢ direction as
indicated by the arrows. Special care has to be taken of the time derivative of ®. We apply
3-stencil Lagrange polymers to approximate 0;®. If the abscissae are equally spaced, this is
identical to a second order finite difference scheme. However, at t = ' or i = j, respectively,
only backward differentiation is possible, and the discretization is nonuniform at the last
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(a) The same correlator as in Fig. 3.2 is depicted
as it appears in the 2d memory layout. The color
coding is the same as before, a higher saturation
indicates a more coarse grid. White boxes are not
in use. N.b., when computing the derivative of the
correlator along the arrow in horizontal direction,
the stencils are not equally spaced at the rightmost
entry.

(c) Last decimation step. The green striped boxes
in (3.3b) have been moved. Again, the cells to be
decimated are marked in red.

3.1 Schematic mode-coupling theory

(b) Second to last decimation step. The decimation
had to start with the last consecutive filled block
so that new columns may be added. The red lined
cells will be mapped onto the red colored boxes in
the adjoined blocks. Afterwards, the freed space
will be used to move the purple striped boxes down
to the lower left end of the block.

(d) The decimation is complete and a new (purple)
column is computed. Decimation to some degree
will have to be performed every second time step.

Figure 3.3: 2d memory of the correlator and the decimation scheme in action. In Fig. (3.3a) the
last free column has been filled. Before the correlator of the next time step can be computed,
some memory has to be freed. Fig. (3.3b) and (3.3c) show a cartoon of the last two steps of the
decimation progress.

The coarse-grained staircase-like outer structure depicts the memory which is actually allocated by
the simulation, and is the result of a compromise between computation speed and memory demand.
This way, whole columns can be swapped in each block, which proves useful since every other step
the memory will have to be rearranged during a decimation step.
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entry of a block. Eq. (3.20a) becomes

1 /3 1
0 ( P — 2P, + Q‘I’z‘—z,j) +®; 5+ hijMij (1 - ®j5)

T Dot \2
k=j
backwards Lagrange
1 2 D1 —Pp_q; if no block change
+ Shi Z M;, {(8 o 9) )
kg1 (§(I)k+1,j — 20 ; — §(I)k—1,j) ®p_1; € next block
1 3 1
+ hz‘,jMz‘,z‘—1§ (®sj — Pi—aj) + hij M, (2(1)1',]’ —20; 4+ 2@—24) . (3.27)

— v
k=i—1, central Lagrange k=1, backwards Lagrange

This gives us an expression for the next ®; ;, which is only just a function of known values:

(I)i,j = [4(I)i—1,j (F_l + 5tLBhi’jM7;77j) - (I)Z'_QJ‘ (F_l + 5tLBhi,j (Mz‘,i - Mi,z’—l))

— {(q)k+1,j — Dy ;) if no block change

- 5tLBhi,j Mi,k
k:;—l (%¢k+1’j — 2(I)k,j — %(I)kfl’j) q)kfl’j € next block

1
—20tuphi i Mij (1= @) (3.28)
with
N = 3F_1 + 20t + 6tLBhi,j (3Mz,1 + Mi’ifl) .

There is one hidden dependence on ®;; left in the memory function, cf. Eq. (3.20b). For
vy # 0, Eq. (3.28) is a quadratic function in ®; ; we could in principle solve analytically.
However, numerical errors in the computation of the square root may accidentally cause the
correlator to decay. Therefore, we choose a starting value for ®; ; and solve the equation
iteratively. But again, the small time step dt, s plays in our hands: We can start with a
good estimator, ®; ; = %((I)i_l,j + ®; j+1), and it takes the iteration only a few steps to
converge.

Fine-tuning and comparison

The steady state profile of a Poiseuille channel flow is symmetric in flow direction and the
strain rate tensor is zero in all but one component. To test the linear two-time MCT solver,
we consider a constant shear rate x,, = ¥ and zero, else. Since the shear rate has no time
dependence, the correlator and memory become functions of the time difference (¢ — t')
only. The time evolution of the correlator, cf. Eq. (3.16a), is then described by the much
simpler equation

d(t—t')+T <<I>(t —t') + /“/ ds M(t — s)cb(s)) =0. (3.29)
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3.1 Schematic mode-coupling theory
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The constant shear rate allows the use of an exponentially increasing time step which has
been employed before [17]. Fig. 3.4 illustrates the typical features of the glass-forming fluids
and shows the effect of shear on the correlator. We consider correlators in the glass limit
¢ = 0 (blue) and in the fluid phase ¢ = —5 - 10™* (red). The density correlation functions
always share the same initial decay set by I'. For the second decay, there are two different
mechanisms at work. In the fluid phase € < 0, the correlator will always decay to zero with
a stretched exponential (right-most red line) but the time diverges as the fluid approaches
the glass limit ¢ = 0. The blue curve only decays to the plateau value f and remains
there for all times. Since the stress is proportional to the integral over ®, the glass can
sustain stresses even in absence of shear. If an external shear flow is applied, correlations
are destroyed and ® decays on a time scale set by the shear rate. The curves fall on top of
each other as the glass is molten by the shear.

1
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0.6 | i 0.6 |
b 0 s - &
100

0.4 t+ 0.4 t+ no shear
0.2 32— 0.2 32—

2 64— " T a4 64—

96 — steady shear 96 —— steady shear
0 128 ———— ! 0 128 ———
107 10=> 10~* 1073 1072 10°! 10° 107 107 107* 10~* 1072 10~' 10° 10' 107
t—t t—t

Figure 3.5: Correlator under steady shear r,, = 0.1s~! and no shear for a fluid (left), e = —3.5-1072,
and in the glass limit (right), e = 0. The colored lines show the results of the two-time algorithm
for different block sizes B, I' = 500s™!, 7. = 0.1. The dashed line is computed using the 1-time
algorithm.

Obviously, in this special scenario, the linear two-time algorithm is not the best-adopted
algorithm by a long shot making this a hard test to pass. The problems we will run into
give an impression of what artifacts and shortcomings we may encounter and have to keep
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3 Constitutive equations

in mind when interpreting the LB results. As it turns out, the algorithm experiences some
heavy oscillations at the beginning of a new block. These are a result of the Lagrange
interpolation employed to approximate the derivate, c¢f. Runge’s phenomenon, and seriously
affect the stability of the algorithm.

We counter this effect with two means. First, choosing a sufficient large block size gives
the oscillations time to decay. Second, as we expect the correlator to decrease, we will
discard a value at the beginning of a block if it is larger than the previous one, and keep the
first four entries constant. This, of course, requires the block to be large enough. Fig. 3.5
compares the results of the two-time algorithm using a constant time step with the reference
correlator obtained with a one-time algorithm and an increasing time step. We consider
steady shear and no-shear scenarios for € = 0 and € = —3.5 - 1072, which we later use for
the LB simulations. A block size of B = 32 is sufficient for stable results if the correlator
decays to zero fast enough. For a better quantitative agreement, at least B = 64 cells
are needed, cf. Fig. 3.5. In the glass limit € = 0, the correlator decays only to a plateau
value and for long times the two-time algorithm becomes unstable. However, this does not
present a problem as the maximum change in stress the LB simulation can handle sets a
much earlier limit.

3.2 Non-linear Maxwell model

The derivation from first principles makes the schematic MCT model a unique and fascinating
constitutive equation. However, it is not what one would call a sleek model, and the
computational demand is high, both in the number of challenges to overcome before it
can be fitted into a LB code and also in the raw computational power needed. The by far
biggest effort stems from the correlator ®(¢,¢') which has to be computed successively each
time step and is a function of two time arguments.

In continuum mechanics, the Maxwell model is well established for describing visco-
elasticity [9]. A purely viscous damper and an ideal elastic spring are connected in series.
Under strain, the stress response of the system is elastic on short times and will exponentially
relax on a long time scale. We capitalize on this result and discard any dependences on the
correlator to approximate the shear modulus Eq. (3.15) with a simple exponential

G(t, ) = Goge =)/, (3.30)

For a constant relaxation time 7y this is just the Maxwell model and describes the slow
relaxation from the plateau modulus G, as an exponential decay approximating the
stretched exponential seen in Fig. 3.4. There is a second, fast relaxation to this plateau on
a time scale 79 = I'"! which amounts to a Newtonian background viscosity Noo = GooTo WE
will handle separately. The ratio between the initial modulus and the plateau modulus is
proportional to the square of the plateau value f? ~ 1/10, which agrees well with findings
for hard sphere-like systems [37]. The correlator decays faster in presence of shear, see
Fig. 3.4. To mimic the shear induced acceleration of the dynamics, we set

™ =T A+ ——, (3.31)

44



3.2 Non-linear Maxwell model

1 10
. .
L , . s
0.8 10° RN ]
0.6 | _ 3 | : B
el \ - 107 ]
0.4 1 i _
~~~~~ N 10" b e = 3401072 ;
0.2 L\ 1 e=—117-102 —
o 7=10% -
0 I I I CXeon oA N RGN 107 + . T = ‘10(3 """ . I
10731072 107! 10° 10* 10* 10% 10* 10° 10-6 104 .1()72 100 102
t—t o
(a) The correlator and the non-linear (b) Flow curve of the schem. MCT model and the
Maxwell exponential under steady shear non-linear Maxwell model.
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Figure 3.6: Comparison of the non-linear Maxwell and the schematic MCT model with I' = 7, 1—

1s7! and v, = 2Go = 2Pa. The distance to the glass transition € has been chosen to give the
same change in viscosity. The results of the schem. MCT model are obtained using the single-time
algorithm.

where IIp = %D D= %tr D? is the second invariant of the symmetric velocity gradient
tensor D = k + KT and a typical choice for a generalized strain rate in fluid mechanics.
This yields the constitutive equation for the tensorial non-linear Maxwell model (nlM) [96]

t
o(t) = neeD(t) + / dat’ [aat,B(t, t/)] Goge™ 1)/ M) (3.32)
—0o0

Although the model is radically simplified, the first part of the integrand remains unchanged
and it still features the dependence on the accumulated strain and the tensorial structure
of the full model. As we have stayed true to the integral formulation, the model accounts
for memory effects contrary to simple differential constitutive equations commonly used.
Please note, the time argument of 7y is ¢’ rather than ¢, and both parts of the integrand
are in fact subject to the strain history. The model stays true to the (¢,t')-dependence
of the full MCT model as the generalized Maxwell time is a function of 4(¢'), which is
sufficient to capture MCT effects, for example in creep flow and large amplitude oscillatory
shear [85,96].

To illustrate the effect of replacing the correlator with an exponential, we consider a
steady shear flow x;y, = 4. The derivative of the Finger tensor simplifies to ¥, and we
can use the single-time MCT algorithm. Fig. 3.6a shows the evolution of one correlator
in the glass (¢ = 0) and two in the fluid phase (¢ < 0) for different shear rates. The
distance to the glass transition determines a time scale on which correlations have to decay.
In the glass, correlations may survive for all times and the correlator decays to constant
plateau value, but for a fluid correlations will always vanish for long times. If shear is
applied, the correlator can decay on time scale set by the shear rate, even for ¢ = 0. In
the non-linear Maxwell model, the decay from the plateau is replaced with an exponential.
There is a principle difference in the way both models are implemented. For the schem.
MCT model, the initial decay exp(—(t — t')T") introduces a lower bound. The correlations
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3 Constitutive equations

cannot decay faster, which gives rise to a minimum viscosity. In the non-linear Maxwell
model, this viscosity minimum is captured by a constant term outside the integral. We,
therefore, can only compare the shape of the decay from the plateau, but not the position
in time. For both models, we find similar shear-induced decays of the correlator. In the
fluid phase and under no shear, the decay of the non-linear Maxwell model is again an
exponential, exp(—(t — t')/7), while in the schematic MCT model, the correlator relaxes
more slowly. The lack of an initial decay makes the non-linear Maxwell model appear
cruder than it actually is. Fig. 3.6b shows the viscosity as a function of the strain rate for
both models, and both flow curves are quite similar. The agreement is even better closer to
~1in the glass
limit. This shear thinning coefficient does not change for the non-linear Maxwell model,

the glass transition. Both models show a viscosity drop proportional to ¥

yet for the schem. MCT model the slope is less steep in absence of a pronounced plateau in
the correlator. For the dynamics of a fluid, the flow curve is most important. The good
agreement of both models in this quantity, vindicates the approximation and is promising
for the non-linear Maxwell model.

On a side-note: If necessary one can easily lose the tensorial structure of the model and
derive a scalar version of the non-linear Maxwell model,

t

Ty (1) = Noo Dy (1) + / At' sgn(Day (1)) \/TIp (') Gopet =)/ (3.33)

—00

Last, we simplify the non-linear Maxwell model even more and derive a constitutive
equation which only depends on the instantaneous shear rate at time ¢. Taking the time
derivative of Eq. (3.32) yields

&(t) — k(o (t) — o(KT(t) + (u- 3)o(t) = D(t)Gao — o(t)/m(t) (3.34)

The left side of the equation is the upper convected derivative. In symmetric geometries like
a straight channel the advected stress term does not contribute, (u - 8)o(t) = 0. Eq. (3.34)
then has the formal steady state & = 0 solution

o(t) =neD(t) + Y Goona(t)"d(t)" (3.35a)

n>1

with

)= (;) K(E)KT(£) (3.35b)
m=0

For general flow geometries the infinite sum in Eq. (3.35a) is not guaranteed to converge.
Yet for a simple shear flow, ., (t) = 4 and zero else, we find k? = 0 and all terms for
n > 2 to vanish. For an incompressible fluid in an infinite channel, the symmetry of the
geometry prevents the appearance of secondary flows at low Reynolds numbers. In D = 2
dimensions, the strain rate tensor varies only in one transversal flow direction, and we only
need to carry the first two terms of the sum. The instantaneous non-linear Maxwell (inlM)
model used in later simulations refers to Eq. (3.35) with n = 1,2 only. Two non-zero stress
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3.2 Non-linear Maxwell model

elements remain, a shear stress

Tay(t) = 10Y(t) + Goor (t)3(2) (3.36a)
and a normal stress

02z (t) = 2G o (1) *4(1)2. (3.36b)
We then expect from the model a first normal stress difference

Ni(t) = 0pu(t) — oy (t) = 02 (t) = 2Goom (£)?(t)? (3.36¢)

and a change in pressure by

Sp(t) = —% tro(t) = —%am(t) _ —%GOOTM(t)Zf'y(t)Q. (3.364)
The dependence on a time ¢ is meant in the way that at each LB step the non-linear Maxwell
time 7y as a function of the current strain rate k(t) will be calculated anew. Obviously, the
transient flow will differ from the full nIM model as the stress in Eq. (3.35) adjust instantly
to a change in flow. Memory effects are lost, but both models give the same steady state
flow.

The normal stresses first enter the model at second order in compliance with MCT
predictions. If we restrict the model to its first summand, we arrive at the scalar version of
the instantaneous non-linear Maxwell model already proposed in [37]. This model provides
an interesting playground and an important cross-check for the proposed LB algorithm in
Chap. 2 as we can find an analytic solution of the velocity profile for a pressure driven
channel flow, cf. Chap. 4.2.1.

Certainly, due to the long way of ever-accumulating approximations in this chapter,
arriving at this model may give a misleading impression of triviality. However, this model
is much more refined than commonly chosen constitutive equations, such as the power-law
model. The non-linear Maxwell model does provide a physical motivation and reproduces
the most central aspects of MCT. Even from a pure end-user’s point of view, this model
is advantageous to several ad-hoc equations, as it already provides all the necessary time
scales, and presents an upper and lower bound for the viscosity, thereby increasing the
stability of a simulation.

Conclusion

The schematic MCT model is derived from first principles and much more refined than the
Maxwell model. However, because it still incorporates much of the microscopic details, it
is restricted in its range of application. The non-linear Maxwell model presents a good
compromise between usefulness and amount of detail. By approximating the decay of the
correlator with an exponential, the dynamics is freed of an integro-differential equation at
the expense of leaving behind the two-time dependence of the correlator and of loosing the
connection to the microscopic world. Having said that, some calculations are only made
possible by having simplified the model. The price we pay is less steep than it appears at

47



3 Constitutive equations

first as the non-linear Maxwell model is build to mimic the physics of a glassy fluid and
incorporates the most important features of the SMCT qualitatively. Because approximating
the correlator decay with an exponential works best if the correlator has a broad plateau,
the nIM model tends to overstate the glass limit. This is not categorically a bad thing and
even serves our purpose at some points since already moderate relaxation times 7 make the
fluid behave very glass-like.

There exists a multitude of Maxwell-type models and different spring-damper constitutive
equations are commonly applied in biophysics [3,81]. We could consider using distributions
of 7, c¢f. Maxwell-Wiechert or generalized Maxwell model, but this does not change the
qualitative behavior of the model. As these models have more adjustable parameters, they
provide a better quantitative agreement to experiments, but it is the non-linear Maxwell
model that arises naturally out of mode coupling theory.

The instantaneous non-linear Maxwell (inlM) model is certainly a very interesting
constitutive equation as it gives the same steady state results as the non-linear model. The
stress can adjust instantly to a change in flow and the model is similar to other frequently
used non-Newtonian constitutive equations such as the power-law model [10,100,104]. But
different to these models, inlM model inherits the tensorial structure of the schematic MCT
model and normal stresses arise. We will compare the transient and steady state profiles of
all three models in a pressure-driven channel flow. It will be very interesting to see how
much of the information about the microscopic structure of the fluid is actually relevant for
the macroscopic flow.
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4 Channel flow of non-Newtonian fluids:
Lattice Boltzmann simulations

Having derived both various non-Newtonian constitutive equations and a Lattice Boltzmann
algorithm to handle those, we now complete the puzzle and combine the parts to study
pressure-driven channel flow problems. For the simulation, some basic code of the open-
source Palabos!' project was used. In Chap. 3 we have started from first principles and
successively devised more and more simplified constitutive equations. Here, in Sec. 4.2,
we start from the opposite end and begin with the most simple constitutive equation, the
scalar instantaneous non-linear Maxwell model (scalar inlM). The steady state Poiseuille
flow profile is analytically accessible, cf. Sec. 4.2.1, and presents us a powerful tool to check
the accuracy of the simulation. When moving on to the tensorial instantaneous non-linear
Maxwell model (inlM), we find it to reproduce the previous results. This is fine as the
scalar model can be understood as the limiting case of the tensorial one with an additional,
reasonable constraint of an incompressible flow, tr K = 0. The tensorial model is the first
to give rise to non-Newtonian normal stresses, which we find intimately connected to the
problem of pressure advection. We use this opportunity to illustrate the aforementioned
strategies to implement pressure gradients, Sec. 2.3.3, and point out the differences.

Next, we implement in Sec. 4.3 the integral formulated non-linear Maxwell model (nlM),
which depends on the full flow history instead of only the instantaneous shear rate. As
presumed, the steady state profile remains unchanged, yet the transient behavior is very
much affected by new memory effects. The velocity profile now sports over- and undershoots
as the stress evolves on a separate time scale from the flow.

Last, we demonstrate in Sec. 4.4 how to embed the full schematic MCT model in a Lattice
Boltzmann simulation. This paves a way to apply mode coupling theory, if in a simplified
version, to arbitrary time-dependent flow problems for the first time. Using the mesoscopic
LB model as a link between the microscopic, first-principle MCT and a macroscopic
flow geometry opens new fields of application and promises a better understanding of
non-Newtonian effects.

4.1 Simulation setup

We consider a 2-dimensional straight channel in z-direction with a constant width 2H, cf.
Fig. 4.1. The origin is coincidents with the symmetry axis and we choose no-slip boundary
conditions for the walls u(+H) = 0, where u is the velocity component in flow direction.
In the LB simulation, the walls are implemented as bounce-back nodes. We do not want
to study in- and outlet effects of the flow for now, but assume the channel to be infinitely
long and only define a pressure gradient (—Ap/L,0)T to drive the fluid. At the start, t = 0,

!Palabos V1.1r0, www.palabos.org
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L

Figure 4.1: Schematic plot of the flow geome-
try. We consider a 2-dimensional straight chan-
nel with a constant diameter 2H. The fluid is
driven by a pressure drop Ap on a length L in

—_— off -direction, resulting in a constant pressure gradi-
0 x I ent (—Ap/L,0)T. Due to the channel symmetry,
the flow velocity v = (u(y),0)T is only a function
of the distance from the symmetry axis, which
we choose as the x-axis. The walls of the chan-
nel are modeled with no-slip boundary conditions
u(£H) = 0. In a-direction periodic boundaries
are applied. The pressure step is either imple-
mented via generalized periodic b.c., cf. Sec. 2.2.1,
0 I or a constant effective body-force is used.

the fluid is at rest and the pressure is instantly switched on. The simulation uses a periodic
lattice and either an effective body-force to account for the pressure drop, or generalized
periodic boundary conditions (gpbc), cf. Sec. 2.2.1 and citations there. In the latter case,
the simulations are initialized with a pressure gradient. Doing otherwise would cause shock
waves which the LB model describing incompressible fluids at small Ma numbers is unable
to handle. This does not render the simulation unstable, but for very small times the fluid
velocity would show small oscillations.

The LB time step is directly linked to the unmodified Newtonian (reference) viscosity.
The time step becomes smaller for larger viscosities. For all simulations the single non-
dimensional relaxation time 7z = 0.9 is used, which for a Newtonian fluid is found to be
close to the optimum reducing the error in the shear stress [62,63]. The non-Newtonian
stresses given by the constitutive equations depend sensitively on the strain-rate. To ensure
a sufficient precision, we always take the maximum viscosity of the model as the reference
value. The additional body-force term in the LB algorithm then is used to reduce the shear
stress, but takes care of the full normal stress components on its own.

4.2 Instantaneous non-linear Maxwell model without memory

4.2.1 Analytic steady state profile of the scalar model

We consider the scalar non-linear Maxwell model (cf. Eq. (3.35) with n = 1 only) first.
For small Reynolds numbers, the channel flow remains laminar and the fluid velocity
v = (u(y),0)T is only a function of the distance to the symmetry axis y. The Navier-Stokes
equation is simplified significantly and the flow is described by a single partial differential
equation

O (pu(y,t)) = % + 0y (Goo (7'0 + 5 u >8yu(y, t)) . (4.1)
L+ 7| Luly,t)| /e

50



4.2 Instantaneous non-linear Maxwell model without memory

Introducing the ratio h = H/L and the dimensionless units for length d = y/H, time
s =t/79, and pressure p = Ap/G, Eq. (4.1) becomes

@(T%wﬁv:Jf+@<<uwﬁam%2@gv%>%w@g>, (4.2)

LL/7o

where we have defined the Reynolds number Re = and the dimensionless velocity
w(d, s) = u(y,t)5%- Eq. (4.2) has no analytic solution, but can be solved numerically [83].
In the long time limit, the fluid reaches a steady state lgn w(d, s) = ws(d) and the time

S oo

derivative on the left hand side vanishes. We then find the shear stress
h
aw:fgd (4.3)

to decrease linearly along the channel diameter. After integrating once with respect to d,
the remaining terms are just a simple quadratic equation in the shear rate, for which an
analytical solution exists. For d > 0, the strain rate is negative and we get

0 __hp Yo 0+ 1 Y. 0—1 2 e 21

where we have defined the dimensionless shear-thinning parameter § = 7/79. Assuming
no-slip boundary conditions at the wall, ws(£1) = 0, a second integration in d yields the
steady state flow profile?

ws(d) = ws(1) — ws(|d]), (4.5)

with

_ hp e 0+ 12 Ve 0 —1 e 0 —1\? %\ 1
J(d) = 22 B (i _ e _ T g de) =
@s(d) 8 <d hp 6 ) 14 hp 0 d hp 0 + hp) 0

2 2 2

Ve 1 'Yce_l 'Yce_l Ve 1

Je) 2 _Je7 2 _Je7 2 A

+4<hp) 9" (d 0 )*\/(d w0 ) * (hp> 0

The solution knows two limiting cases. In the Newtonian limit, § — 0, the viscosity
1 = ogy/% = const is once again independent of the shear rate 4 and the well-known
parabolic velocity profile of a Poiseuille flow is recovered. Increasing the shear-thinning
parameter 0 allows larger changes in the viscosity, see Fig. 4.2. In the glass limit, § — oo,

a finite yield stress remains even for vanishing shear.

The flow profile, cf. Fig. 4.3, is very much affected by the shear-thinning constitutive
equation. Since the viscosity decreases under shear, it is advantageous for the fluid to form
high-shear regions close to the walls and a no-shear region in the center of the channel.
The formation of a plug flow is a characteristic feature of shear-thinning and yield stress

Zobtained using Mathematica V9.0 from Wolfram Research, Inc.
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3 1 106
10 o 10
0=
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fluids [9,90].

The analytic flow profile gives some valuable insight into the model. If the shear-thinning
parameter becomes large, 6 > 1, a new, critical length g—; emerges. For large 0, the strain
rate takes the asymptotic form

_hp 1 1 d>0
0 21 79 ~
—w(d) = 4 e (4.6)
h c
od —{(d—%p) d<1.

In the channel center, any shear is suppressed by a factor 8!, while the strain rate decreases
linearly with d near the walls. In the actual glass limit, the steady state profile then becomes

hp e 2 e
o) e (47)
w = 2 2 .
h c c c
wl(-1)" - (a-7)"] 121025

This is quite an interesting special case as we find a sharp definition for the plug width.
The velocity profile takes the form of two shifted parabolic half-profiles and is constant in
the center of the channel up to the critical distance. The glass behaves like a comoving,
perfectly solid plug of width 22—; which separates two channels of shear-molten glass. As
the actual width is still a function of the dimensionless pressure p, we arrive at another
interesting consequence: If the applied pressure is below a threshold pyicq = lhc, the plug
fills the complete width of the channel and no flow is found at all. This emergence of a
yield stress has important consequences for the temporal evolution of the flow profile after
the driving pressure is removed.

4.2.2 Stationary profiles of the inIM model

For our simulation, we choose a 2-dimensional channel with a constant width L = 2H =
0.01m. The fluid is described by the tensorial instantaneous non-linear Maxwell model (3.35),
where we set the elastic modulus Go, = 1Pa and the lower viscosity 7). = Goom9 = 1Pa.
The density p = 1360kg/m? of the fluid is comparable to honey. The pressure gradient
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y/H are given.

Ap/L = 1Pa/L is of the same order as the elastic modulus, where we expect to find
interesting flow behavior. For # < 102, a vertical lattice resolution of N = 200 nodes is
used, respectively N = 400 for 6 = 103,

Since the fluid is incompressible and the flow laminar, the shear rate x has only one
non-zero component x;, and the flow profile of the tensorial inIM fluid does not deviate
from the scalar model we solved analytically. Fig. 4.2 shows the rate-dependent shear
viscosity n = o4, /7 and the first normal stress coefficient (0., — 0yy)/5? as a function of the
local shear rate ¥ = Kzy. In the Maxwell model, the slow structural relaxation is captured
by the (large) relaxation time 7 and yields an increase in the viscosity linear in 7 and in the
first normal stress coefficient proportional to 72 in the limit 4 — 0. Under shear, a second,
shear induced relaxation mechanism opens up. As 47 approaches the critical strain -,
the time scale 1/4 assumes control of the non-linear Maxwell time 7y = (7*1 +5/ %)71_
The viscosity 1(%) drops with 41
large shear rates, the influence of 7 becomes negligible and the viscosity approaches the
minimal value 1, = Goom We set. In both limits, for large and no shear, the viscosity of the
non-linear Maxwell model takes constant but different values. Although in both cases the
fluid acts like Newtonian, i.e. independent of the shear rate, large normal stresses appear in
the limit 4 — 0. The channel flow simulations shown in Fig. 4.2 do not cover the full shear

and provides a trivial shear-thinning exponent —1. For

rate spectrum, but by increasing the pressure the low viscosity regime becomes accessible,
too. We find the steady state LB results to trace the theoretical predictions Eq. (3.36) very
well over six orders of magnitude in the shear rate. The quantitative agreement depends on
the structural relaxation time 7. For large values, the viscosity depends very sensitively on
the shear rate and a higher lattice resolution is needed, cf. Fig. 4.2, § = 103.

Fig. 4.3 compares the velocity profiles to the analytic solution of the strictly incompressible
case, Eq. (4.5). For reference, the parabolic Poiseuille flow profile of a Newtonian fluid § — 0,
N(¥) = Moo = GooTo is added (dotted line). As already discussed, for increasing 6 = 7/
the velocity profile forms a plug, trading a wider central low-shear and high-viscosity region
for narrower large-shear and low-viscosity flanks. Already for § = 102, the velocity profile
and the plug width are close to the glass limit § — oo (dashed line), see inset and the plug
[-0.2 : 0.2] there. Again, we find the LB results to agree very well with the analytical
solution. Even for # = 103 the error is less than 1% and can be reduced further by choosing

93



4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

a higher lattice resolution.

KTQ
o

-1 0.5 0 0.5 1 -1 0.5 0 0.5 1
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Figure 4.4: Steady state velocity gradient tensor k for different values of 6. The circles are values
obtained from LB simulations using the tensorial non-linear Maxwell model. For comparison,
the red line shows the analytic solution, Eq. (4.4). The violet dashed lines give the asymptotes,
Eq. (4.6), valid for large 6.

The plug is even better visible in the velocity gradient tensor &, cf. Fig. 4.4. The strain
rate Kgy is the only non-zero component, as we expected from the incompressible solution.
The violet dashed lines show the asymptotic behavior Eq. (4.6) for large 6. The asymptotes
are close to the exact solution Eq. (4.4) (red line) for # = 102,10 and still in surprisingly
good agreement for § = 10'. For § = 1 the strain rate does not deviate much from a linear
Newtonian profile. The LB results reproduce the exact solutions very well, larger 6 values
demand a higher lattice resolution. For # = 103, we find the largest errors near the walls
causing the offset in the velocity profile Fig. 4.3

We turn to the components of the stress tensor o next, see top panels of Fig. 4.5. The
inset shows the expected linear behavior of the shear stress o, in perfect agreement with
Eq. (4.3). The body-force takes only the traceless part of the non-Newtonian stress, and
indeed we find 0, + 0yy = 0. As the non-linear Maxwell model is completely local in space
and time, we can use the incompressible solution of the strain rate, Eq. (4.4), to get an
expression for the normal stress difference N1 = 045 — 04y, Eq. (3.36¢), in a channel flow.
In the glass limit & — oo, the normal stress difference takes a constant value at the borders
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Figure 4.5: Stress tensor elements o, for a pressure-driven channel flow of an inlM fluid. Open
symbols show LB results for § = 1, 10, filled symbols for # = 102, 103. The inset shows the expected
linear behavior of the shear stress. The lines are the analytic calculations from the Maxwell
model, assuming incompressibility, Eq. (4.4) and Eq. (3.36¢). The dashed line gives the asymptotic
behavior, Eq. (4.8). The lower panel shows a projection of the pressure gradient and visualizes
the difference between both ways of implementing a pressure gradient. For the magenta circles an
effective body-force was applied, whereas for the cyan symbols generalized periodic b.c. was used.
The central column is marked with crosses.

and forms a parabola in the channel center

(4.8)

. {ZGOO%Q [d| > e/ (hp)
Txr
Y 2Ga(phd)?  Jd| < ye/ (hp).

The LB results trace the theoretical normal stress profile (red lines) for the first three
values of # very well. Only for § = 10? some small deviations become visible due to the
lattice discretization as seen before. For § = 102 and § = 10% we find the asymptotes from
Eq. (4.8) to work very well. Even for § = 10 the central parabolic profile (dashed lines)
and the constant flanks are still recognizable.

For small Reynolds numbers the flow remains laminar and only the velocity gradient
component gy # 0. By removing the trace, the normal stress difference has been distributed
on both diagonal elements 0,, and oy,. We identify the trace as a negative pressure and
find an non-Newtonian change in the pressure p = —%N’ 1 = 0yy (magenta line). The lower
part of Fig. 4.5 shows the pressure profile using two different approaches. In both cases, we
use our proposed LB scheme, cf. Chap. 2, to construct a body-force term F which modifies

95



4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

the LB algorithm to model a non-Newtonian constitutive equation. The body-force term is
chosen in such a way that the second moment of F with respect to the lattice velocities
gives the non-Newtonian stress contribution, cf. Eq. (2.63).

In a channel of constant diameter, a pressure step between the inlet and outlet results
in a uniform linear pressure gradient. On the level of the Navier-Stokes equation, this
pressure gradient is mathematically identical to an effective external force density f. For
the magenta points, the first moment of F is modeled to give f. As the LB model works in
the nearly-incompressible limit, the non-Newtonian pressure is connected by the equation
of state to a small change in the density. The zeroth moment of F is used to adjust the
density. The LB results are again in very good agreement to the expected pressure profile.
For § = 103 the shape of the curve is still good, but slightly shifted to positive values.
This implementation of the pressure gradient seems to be more sensitive to an insufficient
lattice resolution. The pressure increase in the channel center balances the normal stresses
pointing inwards and meets our expectations. However it is remarkable, that the non-linear
Maxwell model does achieve this change not by a higher pressure in the channel center, but
by a pressure drop in the high-shear regions, which is especially evident for this LB scheme.

In the second case, generalized periodic boundary condition (gpbc) are applied to account
for a pressure jump between the inlet and the outlet of the channel. This implementation is
the method of choice when studying more complex pressure-driven flows where a uniform
pressure gradient is not guaranteed. In the lower panel of Fig. 4.5 the pressure profile is
projected in flow direction. The symmetry of the channel is still conserved in all but the
pressure. As there is now an overall pressure gradient, different positions along the channel
are now offset by a constant value. The central column of the lattice is marked with crosses
and needs to be compared to the magenta one. The relative pressure gradient in y-direction
is the same, but the absolute values are shifted. The gpbc keeps the average pressure at
both channel ends fixed, which ensures that the pressure averaged over each column is also
conserved. The pressure drop is canceled by the boundary condition.

For a Poiseuille flow, both methods give exactly the same simulation results, besides the
aforementioned offset in the pressure profile. All plots displayed here use the generalized
periodic boundary conditions if not stated otherwise. As the effect of the zeroth moment of
the body-force is undone by the b.c. and no first moment is needed, the body-force term
is constructed to only modify the stress to meet the chosen non-Newtonian constitutive
equation.

4.2.3 Transient dynamics of the inlM model

We consider the time evolution of the velocity profiles next. A sudden pressure difference
is applied to a quiescent fluid and switched off again after the flowing steady state profile
has developed. For a Newtonian fluid, the time-dependent Navier-Stokes equation can be
solved analytically [5]. The starting and stopping flow are symmetric and can be mapped
onto each other by a simple variable transformation

w(d, 5)stop = ZDn cos (7[ (n + %) d) exp (_;eﬁQ (n n %)25> 7
n=0

w(d7 8)start = Ws(d) — w(d7 S)stop (4.9&)
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Figure 4.6: Time evolution of the tensorial non-linear Maxwell model after switching the pressure
gradient on (left) and off again (right). The lines are LB results for different 6 and give the fluid
velocity in the channel center. For comparison, the dotted lines show a Newtonian fluid.

with the Fourier coefficients

D, = /1 @(1 — d*)cos (m(n+ 3) d) dd. (4.9b)

1 4
Higher order terms only give small corrections, and the solution essentially amounts to
an exponential approach to the flowing steady state value wg(d) = %h (1 - d2). We use
the zeroth order contribution, n = 0, to define a characteristic time t,, on which the flow
evolves:

ton Re  L?p

— = . 4.10
v m TTn (4.10)

The variables are the same as defined when deriving the steady state solution of the
non-linear Maxwell model in Sec. 4.2.1. The Reynolds number is again given by Re = %27’7).
For a non-Newtonian fluid, the situation is more complicated. An analytical solution
is not available, and the transients are known to be qualitatively different for yield stress
fluids [49, 74]. In Fig. 4.6a the fluid is initially at rest when at ¢ = O7y the pressure is
switched on. The lines give the mid-channel velocity for different values of @, the full profile
is shown in the left panels of Fig. 4.7. Besides the difference in the steady state profile,
the transients do not change qualitatively from a Newtonian fluid (dotted line). For the
solution of the time-dependent Navier-Stokes equation (4.2), nonlinear stress contributions
are small compared to the constant pressure gradient term, and in this model, the stress
can adjust instantaneously to a change in flow. The startup velocities very nearly scale on
top of each other when divided by their steady state value, see inset. One interesting detail
remains: In the inset, the transient of the Newtonian fluid has changed its relative position
to the other curves and is now just below the one of § = 103. The reason behind this lies in

the dimensionless velocity we have chosen. For a channel flow, the time 7 associated with

o7



4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

the low viscosity limit influences the maximum velocity most. In the glass limit 8 — oo, the
fluid behaves like a Newtonian fluid phase in two narrow channels at the walls, separated
by a comoving solid phase in the center. The effect of the reduced channel width scales out
when dividing by the steady-state value. So, interestingly, the startup profile for § = 103 is
actually closer to a Newtonian fluid than for § = 1.

The situation is very different considering the cessation profiles. The non-linearity of the
stress tensor becomes important as the pressure gradient is removed and the time derivative
of the velocity has to be balanced by the derivative of the stress tensor only. Fig. 4.6b
shows the mid-channel velocity after the pressure step has been removed. The velocities
are divided by their flowing steady state values. Although the cessation profile for § =1 is
not symmetric to the startup flow, we find it to decay asymptotically to zero just like the
Newtonian fluid. By increasing 6 the dynamics undergo a qualitative change. Although the
ultimate flow decay is again Newtonian, the cessation profiles for large 6 hint at a finite
stopping time characteristic for yield stress fluids. A minimum pressure drop needs to be
applied to overcome the yield stress of a fluids before a flow can develop. For cessation
flows, the same mechanism makes a flow stop abruptly at finite times instead of vanishing
asymptotically like a Newtonian fluid. R. Huilgol [49] relates this pressure and the least
eigenvalue of the Laplace operator in the channel cross section to derive an upper bound
for the stopping time, which gives a good approximation of the one found numerically [74].
The inlM only provides a yield stress in the glass limit § = co. However, as seen in the
steady-state profiles before, # = 100 essentially reproduces the properties of the glass phase.

Fig. 4.7 gives the full profile at various times for # = 1,10, 100. The startup flows (left
panels) look the same in all three cases and can only be distinguished by the difference in
the plateau. The right panels show the cessation profiles. Whereas for § = 1 the switch-off
profiles resemble the starting flow, already for 8§ = 10 the finite stopping time becomes
obvious. As mentioned above, the time-dependent Navier-Stokes equation does not provide
an analytical solution. However, we have compared the temporal evolution of the profile
with results from numerical partial differential solvers [83] and found them to reproduce
the LB results.
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Figure 4.7: Startup (left) and cessation (right) velocity profiles of a pressure-driven 2D channel flow,
for 6 =1,0 = 10,6 = 100 (top to bottom). The lines are LB results and separated by a constant
time 2 - 10~37 each.
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4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

Figure 4.8: Startup (left) and cessation (right) velocity profiles between two plates, for § =
10°,10%, 102 (top to bottom). The upper plane (y = 1) moves with the velocity 1072L /7y in the
left panels. The lines are LB results and separated by a constant time 4 - 1047 each.
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Simple shear flows

Instead of using a pressure gradient, we now drive the system by moving the upper plate
of the channel with a constant velocity u. Having modified the LB algorithm, we have
to be cautious to choose a suitable boundary condition to account for the moving plate.
We found the velocity boundary condition by Q. Zou and X. He [109] to work well. The
Zou/He method is quite similar to the generalized pressure b.c. and the pressure advection
we know to fit well, cf. Sec. 2.2. Again, the non-equilibrium part f;°? is separated off
the velocity distribution f;. The equilibrium part is substituted to match the desired
target value, whereas a simple bounce-back rule is applied to the f;"*? [68]. The periodic
boundary condition in z-direction and the bounce-back condition for the lower plate remain
unmodified.

Fig. 4.8 shows the startup (left) and cessation (right) velocity profiles after stopping the
plate for u = 1072L /7 and 6 = 1,10, 100. The parameters 79 = 1s, 7. = 0.1, G, = 1Pa,
L =10"%m and p = 1360kg/m? are the same as before. Since the flowing steady state has
the identical linear profile for all 8, it is hard to see a difference in the startup case at all.
The opposite is true for the stopping flow. After stopping the upper plate y = 1, for large 6
a pronounced plug is found again. The plug forms near the stopped plate. As the overall
velocity decreases the velocity profile peels off the linear steady state. The plug becomes
wider and moves slightly moves towards the center.

In the time evolution we find the same finite stopping time already seen in the results
of the pressure-driven channel flow simulations. Instead of an asymptotic decay to zero,
the flow comes to a near-stop at t ~ 0.0037y for 8 = 100. This can be seen even better
in Fig. 4.9 where the time evolution of the velocity at different position in the channel is
shown. At the far end of the stopped wall, the velocity initially stays constant, until the
decaying velocity profile catches on. To illustrate this, in the inset the velocity curves for
0 = 100 are scaled to unity. Since the outer and inner velocity curves are taken at the same
distance to a wall, it is nice to observe how the symmetry of the profile is restored as the
curves meet.
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4.3 Integral non-linear Maxwell model with memory

We now turn our attention to the full integral non-linear Maxwell model (nlM). In the long
time limit, the constitutive equation (3.32)

t
o(t) = neD + / dt’ [;,B(t,t’)] Gooe™ 71 /mult) (4.11)

shares the steady state solution with the instantaneous model considered in the previous
section. So the discussion of the steady state profiles in Sec. 4.2.2 is also valid for this model,
although the transient dynamics is very much different. We have checked the scalar version
of the integral model, cf. Eq. (3.33), to give the same results for the shear stress and velocity
profile, and we will not discuss it here separately. The new constitutive equation increases
the computational demand quite a lot. Since we know the flow to be translational invariant
in flow direction for small Reynolds-numbers, we only keep track of the flow history at
the channel center to compute the non-Newtonian part of the stress tensor. However, to
minimize boundary effects, the LB steps and the computation of hydrodynamic variables
are still carried out for each lattice node individually.

In the instantaneous non-linear Maxwell model the stress tensor o (t) is only a function of
the current velocity gradient tensor x(t) at the same time step ¢. The flow variables do not
affect the dynamics beyond this point. In Eq. (4.11), now the full history (—oo < ' < t)
enters via the derivative of the Finger tensor 0y B(t,t"). The time derivative can be
expressed by the deformation between its time arguments and the rate of strain tensor at
time t', cf. Eq. (3.17). An exponential decay on the time-scale set by 7y is used to account
for the memory loss. The generalized Maxwell time 7\ (t') again is a function of the shear
rate at previous times ¢’ and used to mimic the accelerated decay of memory by shear, cf.
Eq. (3.31).

The transient dynamics are profoundly affected by the new dependence of the stress
on the flow history. Using the same simulation parameters as before, Fig. 4.10 shows the
transient dynamics of the integral non-linear Maxwell model. Two things immediately stand
out: First, the velocity profile is no longer monotone, but shows over- and undershoots,
and second, it takes the fluid much longer to reach the steady state for both, start- and
stopping flows. Indeed, for t/79 < 0.04, a time in which for the inIM model the flow has
nearly reached the steady state, the fluid behaves like a Newtonian. Only then the starting
flow deviates from a Newtonian starting flow and decreases slowly to the steady state flow
profile known from the inlM model, cf. Fig. 4.10a. For the stopping flow, we observe quite
a similar behavior, Fig. 4.10b. The fluid velocity decreases even faster than before (dashed
lines in the inset are inlM results). But instead of stopping, the fluid velocity goes on to
negative values before slowly coming to a rest.

The only difference between the integral formulation Eq. (4.11) of the full non-linear
Maxwell model and the previously used simplified inlM model is the short-time reaction to
a change in the flow profile. For long times, both models yield just the same steady state
results. In the inlM model, the stress immediately adjusts to any change in the flow. The
sole purpose of the generalized Maxwell time 7 is to allow shear-thinning behavior. In the
full model, T[] sets a time scale on which the stress develops. Not only is the response to
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Figure 4.10: Time evolution of the integral non-linear Maxwell model after switching the pressure
gradient on and off again. The lines are LB results for different § and give the fluid velocity in the
channel center. For comparison, the dotted line shows a Newtonian fluid, dashed lines (inset right)
are results for the instantaneous non-linear Maxwell model. The parameters are the same as before,
cf. Sec. 4.2.2.

a change in the flow no longer instantaneous, but also the time scale is modified by the
local shear rate.

It is reasonable to assume that exactly this new transient stress is responsible for the
effects we observe. Both times, for the starting and the stopping flow, the initial response
of the fluid differs distinctively from the instantaneous model. The effect is especially
astonishing for the cessation profile when the fluid starts moving in the opposite direction
of the previous flow. Because the fluid has already stopped before the stress has had
time to relax, the system is left in a peculiar situation. Despite the obvious absence of
motion, the fluid is not at rest in the meaning of a steady state, but the system exhibits
true viscoelastic behavior. The only way the fluid can release the resident stresses is to
start flowing again. Yet since the shear stress works in opposite flow direction, the fluid
starts moving backwards. The velocity and stress transients at quarter channel position in
Fig. 4.13 support this hypothesis. The interplay between the shear stress and the velocity
plays an important role for the transient dynamics, and we will resume the discussion in
more detail in Sec. 4.3.3.

In polymer melts, it is common for the stress to take a finite time to build up [69,99]
and still an on-going research subject [11,59]. This effect clearly has a strong influence on
the startup and cessation dynamics of the channel flow. However, we cannot study the
transient stress by changing the time scale set by the generalized Maxwell time 7\ directly.
The high-shear regions are most important for the dynamics of the flow, but there 7y is
dominated by the shear rate 4. The shear-thinning parameter 6 has only a minor influence
on the transient flow and primarily affects the steady state results. Luckily, there is a way
around. Rather than changing the dynamics of the stress, we can vary the time it takes the
flow to develop. Recall, that the flow of a Newtonian fluid evolves on a time-scale set by
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the channel diameter and the fluid parameters, cf. Eq. (4.9),

ton _Re L%

= = . 4.12
™ w2 7T (4.12)

In fluid mechanics, the time scale for transverse momentum diffusion is typically set by
the inverse viscosity n~!. Information about boundaries and geometric constraints cannot
pass instantly throughout the fluid, and ., is a measure for the time it takes the channel
walls to affect the flow. Quite differently, in glassy systems, the dynamics is governed by
density fluctuations. The longitudinal momentum is dominant, and the typical time scale
is proportional to n instead.

Using the channel diameter L as a parameter, we can tweak the time a Newtonian
flow takes to develop and thereby vary the influence the startup stress can exert on the
transient flow, which is exactly what we will do in the next section. Throughout the
following discussion, we will keep a constant 7 = 1079 = 10s, which is large enough to give
a distinct non-Newtonian plug flow profile. The density p = 1360kg/m3, the shear modulus
G~ = 1Pa and the applied pressure step Ap = 1G, are the same parameters as used in
the previous simulations. N = 100 lattice nodes in transversal flow direction prove to be
sufficient.

4.3.1 Effect of the channel diameter on the transient dynamics

Fig. 4.11 shows the velocity w in the channel center d = y/H = —0.01 after the pressure
is switched on at time ¢/79 = 0. The channel diameter L = 2H is chosen to give a
characteristic time t,, we would associate with a Newtonian fluid and a viscosity n = Gso7o:
t L?
o 7p2 (4.13)
We choose the minimal viscosity of the non-linear Maxwell model because 7y is the relevant
time scale for both, the steady state velocity and the startup flow. Starting with to, = 0.017,
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we find a similar velocity overshoot as previously (¢, = 0.0138s for L = lcm). Since the
height of the overshoot is limited by the maximum velocity ph/4 = 0.125, cf. Eq. (4.9),
and the transient velocity already comes close to this limit, reducing the channel diameter
even further does not yield qualitative different results. However, by increasing the channel
width and thereby t,, it takes the fluid longer to develop a flow. This gives the extra stress,
which distinguishes the non-linear Maxwell model from a Newtonian fluid, more time to
develop, and it inhibits the flow at an earlier stage, before the fluid has reached such an
high overshoot. For larger channel diameter, the overshoot vanishes continuously. At about
ton = 17, we cannot find an overshoot in the velocity altogether. The velocity profile
still exhibits a sharp kink and is clearly different from a Newtonian profile, but otherwise
monotonically rising. By increasing to, further, the kink becomes less pronounced and
happens at an earlier time of the startup flow.

In Fig. 4.12, after reaching the flowing steady state, the driving pressure is suddenly
switched off at ¢t/79 = 0. Again, we find the fluid in the interesting situation that the
velocity and the shear stress decrease at different rates. The fluid velocity drops to zero
before the shear stress can be relieved. This situation is quite similar to the starting
flow, but the undershoot happens every time, no matter what channel diameter we choose.
Taking a closer look, we find the fluid not to relax monotonously to the steady state value as
before, but in fact it experiences oscillations around zero. In the inset of Fig. 4.12 another
interesting fact becomes obvious. Both, the undershoot and the overshoot are subject to
an enveloping curve which sets a limit to the height of the oscillation. But whereas the
largest undershoot occurs for the narrowest channel, the following overshoot is largest for
ton = 0.579. One last remark regarding the symmetry between startup and cessation flow.
For very narrow channels, the velocity profile seems to conserve some of the symmetry
typical for Newtonian fluids. Although the startup profile does only show a single overshoot
and no oscillations, the overshoot does happen at the same time and has the same height
as when the pressure is switched off. So for narrow channels, we find distinct Newtonian
aspects in the transient behavior. Increasing the channel diameter reduces the influence
of the Newtonian solution to a point where the asymmetry becomes glaring. We find
oscillations in the cessation profiles of channels which do not show any overshoots in the
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starting flow.

So far, we have only speculated about the interplay between the shear stress and velocity
transients. During the next few chapters, we will go into a much more detailed discussion
to check our hypotheses. First, to get the whole picture, we will take a look at all the
relevant quantities of the flow: the velocity and the shear stress, the normal stress difference
and the pressure, Sec. 4.3.2. As the previous discussion already suggests, we can identify
two different regimes for different channel widths. To focus on the dynamics we select one
channel, t,, = 0.179 and t,, = 479, for each regime and a third, critical with t,, = 17,
which lies in-between and shows features from both ends. In Sec. 4.3.3 we look at the
interplay between the evolution of the shear stress and the velocity profiles. We make a
short side-trip to the unmodified viscoelastic Maxwell model. This gives us a comparison
case, so we can relate our findings to viscoelasticity, shear-thinning behavior known from
the instantaneous Maxwell model, or an interplay between both. The dynamics of the
normal stress difference and pressure are subject to the other flow transients, but do not
couple back. This allows us to discuss them separately in Sec. 4.3.4.

4.3.2 Transient dynamics of the nIM model

In the previous section, we only looked at the evolution of velocity in the channel center.
To get the whole picture, we have to take the dynamics of the stress tensor o into account.
However, the situation is complicated by the fact that the symmetry of the channel requires
the shear stress 0., and the normal stress difference 0,, — oy, to vanish in the center.
In fact, both take their maximum values at the wall, where no-slip boundary conditions
ensure the velocity to be zero. As a compromise, Fig. 4.13 shows the velocity and the stress
components at quarter channel position. To improve comparability, all values are scaled by
the flowing steady state value. However, the results have to be taken with a grain of salt
because the transient dynamics are not truly independent of the channel position. Since the
stress and velocity values are fixed to zero at specific positions, the height of an overshoot
varies with the position in the channel. Furthermore, the overshoots do not happen at the
same time throughout the channel. This variation in time is small for the velocity and shear
stress, but not so for the normal stresses. This section allows us to get a first impression of
the dynamics, so we can develop an intuition for the startup and stopping flow. Looking at
a wide range of channel diameters helps us to identify qualitative changes in the transients
for varying channel diameters. In the following section, we then discuss the dynamics for
exemplary channels in detail.

The velocity u(t) at d = y/H = —0.51 does not differ much from the velocity in the
channel center, d = —0.01, we have already seen. However, it is noteworthy that the
distinctive features are far less pronounced than previously. This was to be expected since
the boundary condition inhibits any shenanigans in the velocity profile close to the wall. The
kinks are smoothed out and the height of the velocity peak has decreased. For ¢, = 0.579,
the overshoot is gone altogether.

The biggest difference to the instantaneous non-linear Maxwell model is to be found in
the shear stress o,,. Previously, the shear stress immediately adjusted to any changes in
the shear rate, now it takes a finite time to react. We cannot help but observe how the
stress starts to build up with the onset of the flow, yet after an initial delay, the shear
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Figure 4.13: Lines are LB results for the integral generalized Maxwell model and show the evolution
of the velocity (top), shear stress (middle) and normal stress difference (bottom) at d = —0.51 in
time for startup (left) and cessation flow (right). For better comparison, all curves are scaled to the
flowing steady state value. The channel diameter is varied to give different characteristic times
ton/To = Re/m? = 0.01, ..., 8, cf. Eq. (4.10). Grey lines in between colored lines are equally spaced
in ton.
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stress evolves quite similarly to the velocity. We even find corresponding non-monotonous
transients, though on a smaller scale. The overshoots vanish if to, /70 exceeds 1 and are
replaced by kinks even more pronounced than in the velocity profile. Turning our attention
to the stopping profile, we find the shear stress again to behave similarly to the velocity.
Regardless of the channel diameters, the stress takes negative values, too. The amplitude
of the undershoot is nearly constant, whereas the next overshoot vanishes for small channel
diameters. Indeed, comparing the velocity and shear stress in time, the curves suggest an
intricate relationship between both variables. Crossing the abscissa, the stress changes
the direction of action and the velocity should take a local maximum. After the removal
of the pressure gradient, the resident stress is the only quantity driving the system. For
channels t,, > 0.17g, the stress even develops an overshoot and causes the velocity to start
oscillating. We will take up this point again, when we discuss the dynamics of the full
channel. One question remains, why does t,, = 0.017y behave so differently? Note that
for both, the shear stress and the velocity, the curves are more or less equally spaced with
increasing to,. But not so for ¢,, < 0.179. The inset seems to suggest, that the stress
undershoot tries to move to smaller times but has run into a lower bound. By choosing a
minimum viscosity for the Maxwell model we have also imposed an effective minimal time
scale for any dynamics.

The normal stress difference 0., — 0y, is given in the two bottom panels of Fig. 4.13. Just
as much as the velocity and shear stress share a common ground, the normal stress deviates
from their dynamics and shows a strikingly different behavior. Although at first glance
overshoots do appear, and even fairly large ones, these are not restricted to narrow channels.
Quite the opposite, the overshoots become larger with increasing channel diameters and
take their maximum at about o, = 479. For extremely wide channels, t,, = 879, the
overshoot is smaller again, but only slightly so. In the stopping flow, the normal stress
difference does not seem to differ so much from the other flow variables. As the normal
stresses are quadratic in the shear rate, we do not find any undershoots, but nevertheless
the decay happens on similar time scales as for the shear stress and velocity. Only for
narrow channels, t,, < 0.579, the normal stress seems to hit a lower bound, again.

At this point, we can only state that the velocity and shear are closely related, yet how
deep this connection runs we will have to find out. The evolution of the normal stress
difference is also strongly affected by the transient flow, but this exchange goes only one
way. For the low Reynolds numbers considered here no secondary flow emerges, and the
normal stresses do not couple back to the flow.

Rescaling with ¢,

Obviously, the steady state profile develops much faster in a narrow channel than in a wide
one. However, much of the qualitative change in physics is obscured because choosing a
larger channel diameter will always cause the dynamics to slow down. Before we can use
the channel diameter as a parameter to vary the influence the transient stress exerts on
the flow, we have to reduce the purely quantitative effect of the channel diameter on the
transient dynamics. Fig. 4.14a again shows the velocity and stress at d = —0.51 for various
channel diameter, but now the time is given in units of ¢,,. In this scaling, the transient
profiles of the instantaneous non-linear Maxwell model become independent of the channel
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Figure 4.14: Lines are the non-normalized LB results from Fig. 4.13 for startup (left) and cessation
flow (right) at d = —0.51. The time is scaled by ton or /tonTo, respectively. For comparison the
instantaneous non-linear Maxwell model (inlM) is shown (dashed lines). If the time is measured in
units of toy,, the inlM profiles are independent of the channel diameter.
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diameter and form a single master curve (dashed lines). Variations from this curve by the
integral non-linear Maxwell model are a sure sign of memory effects.

Let us consider the starting flow first (left panels). For the velocity, the scaling does work
well if the channel is wide enough, t,, = 27y. Deviations become larger for about t,, = 17,
but the scaling certainly breaks down when overshoots form. Having removed the net
influence of the channel diameter on the startup time, we find that it takes the fluid in fact
several times longer to reach the flowing steady state in the narrow channel, ¢, = 0.17,
than in a wide one. The stress induced slowing down of the fluid clearly happens on a
different time scale.

So it is no surprise that the scaling works less well for the shear stress in a model where
the stress does not adjust instantaneously to a change in the flow. The scaling with tg,
ignores the separate time scale of the shear stress and the interplay between the transient
stress and the starting flow, which is too complex to be condensed into a single number.
Actually, the real surprise is how well the scaling still works. Although the shear stress does
not form a single master curve, the transient stress now develops on similar time scales.
Taking a few steps back (inset), we can clearly distinguish between narrow channels giving
rise to pronounced overshoots and wide channels falling onto a single curve after the initial
startup.

The normal stress grows quadratically with the shear rate. If we scale the time with
VtonTo for the startup profile in Fig. 4.14b, the overshoots happen at the same time for
wide channels. The overshoot decreases and is slightly delayed when going to intermediate
channel diameters. However, decreasing to, to 0.17g, the time scale changes qualitatively.
An overshoot still occurs, see Fig. 4.28, but so much later that it is not resolved in this plot.

Let us regard the stopping profiles next (right panels). For the velocity profile, the scaling
works extremely well. During the initial decay after switching off the pressure, all curves fall
onto each other. In the magnified inset, we can make out some more details. Whereas for
channels with ¢, > 0.57) it appears to be the same decay only stopped at different times,
ton = 0.179 seems to follow its own agenda again. Note how much the differences between
the curves suddenly increase, although the channel diameters are equally spaced between
0.179 and 179. The air of generality continues, by doubling t,, the frequency increases by a
factor of 1.5. This logarithmic relation explains in a way, why t,, = 0.179 seems to follow
its own agenda.

Now that the stress is already fully developed, the initial decay of the shear stress is the
same for all channels, although, unsurprisingly by now, the narrow channel is slightly off.
The agreement to the instantaneous model is striking and even more so the point where the
dynamics become different. Because the instantaneous model cannot go to negative values,
we can see a clear kink in the transient at t,, =~ 179. Meanwhile the integral model remains
on the same dacay channel all the way to the first undershoot. It is remarkable, that
this initial undershoot is nearly constant for all channel diameters and marks a difference
between the first and later oscillations. In the picture of a serial damper-spring Maxwell
model, the spring is loaded by the kinetic energy of the fluid. At this stage, the damper has
only a small influence, which allows a nearly constant amplitude. The spring then releases
the tension in a damped oscillation, and we can clearly observe the exponential decrease of
the amplitude.

For the normal stress difference, the restriction to positive values again imposes an
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asymmetry on the startup and stopping profile. Although undershoots are impossible, the
stopping flow is nevertheless affected by the oscillations. In the inset of Fig. 4.14b we can
clearly observe how the decay is delayed with each oscillation.

Let us recap what we have learned so far. The velocity and the shear stress are closely
related and affect each others dynamics profoundly. It is exactly this coupling that makes
the dynamics exciting and complicated at the same time. For the startup flow, the transient
dynamics of the velocity are strongly influenced by the lower viscosity bound of the Maxwell
fluid giving rise to overshoots and breaking down the scaling with t,,. The shear stress
benefits from higher initial shear rates and can build up a lot faster. However, for the same
reason, it overshoots the target value (dashed line of the instantaneous nonlinear Maxwell
model in Fig. 4.14a), and for t,, < 17y it will even increase beyond the flowing steady state
value, just like the velocity. For very large channel diameters, to, > 479, the flow develops
slowly enough for the shear stress to follow, and the deviation to the starting flow of the
instantaneous Maxwell model are small.

In the stopping flow profiles, the scaling with t,, works best as the shear stress is already
fully developed and the transient stress affects the dynamics less. For narrow channels, the
stopping time is small and the fluid will stop abruptly giving rise to large undershoots in
the velocity. In wide channels, viscous damping at the walls is small and the fluid remains
in motion for a long time, even allowing oscillations. The normal stress is affected by
the transient flow, but does not couple back since the symmetry of the channel prevents
secondary flows for low Reynolds numbers. Overshoots are found in the normal stress
difference for all channel diameters, and the largest for wide channels. The stopping flow is
much slower. Because of the quadratic dependence on the shear rate, the oscillations delay
the decay of the normal stress.

We have shown that by varying the channel diameter, we can change the time scale t,, on
which the flow develops. The evolution of the transient stress is complex and complicated
further by its close relation to the velocity profile. The scaling of the transient profiles
with o, is not without flaws, but works rather well for both, the velocity and the shear
stress. The transient velocity profile becomes time-independent, and only the second time
scale set by the viscoelastic shear stress remains. This allows us to clearly identify two
2 279, the startup velocity profiles can be
scaled on a single master curve identical to the one of the instantaneous non-linear Maxwell
model. The oscillations of the stopping flow change their amplitude and frequency for

different limiting cases. For wide channels, foy

different channel widths, but do not differ on a qualitative level. The time flow evolves
slowly and gives the shear stress enough time to adjust to any changes in the flow. For
very narrow channels, t,, < 0.57g, the small startup time allows the fluid to behave initially
like a low-viscosity Newtonian fluid. This gives rise to overshoots in the velocity and shear
stress during startup. The dynamics of the starting flow is profoundly different from the
instantaneous model, and also the stopping flow distinguishes itself substantially from the
dynamics in wide channels.

When scaling the time with ¢,,, we can in parts eliminate the purely quantitative influence
of the channel diameter on the transient profiles and highlight the qualitative changes.
In the following chapters, we therefore continue plotting the time in units of ¢,,. For
consistency and comparability, we will also apply the scaling to the normal stress difference,
although it should be noted that ¢, is not the natural time the normal stresses develop
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on. So that we can discuss the dynamics throughout the whole channel in time, we choose
three exemplary channel diameters. to, = 0.179 is a narrow channel in which we find clear
overshoots in the velocity and stress. to,, = 479 is at the far end of wide channels, where
the influence of the transient stress is comparably small. ., = 179 is just at the brink of
developing overshoots. The startup profiles are already quite different to the ones shared
by wide channels, but the dynamics are not yet affected by a slow decay to the steady state
as for narrow channels.

4.3.3 Transient dynamics of the velocity and shear stress

We will now discuss the full channel dynamics. The fluid properties depend on space and
time, so visualizing the results is a 3-dimensional problem. We will resort to two different
kind of plots which cut the flow profile along the time axis and transversal to the flow. We
will consider the fluid velocity in flow direction u, the shear stress o, the normal stress
difference 0., — 0yy and the pressure p. The velocity in transversal flow direction is always
zero. In the plots showing the transient dynamics in time, e.g. Fig. 4.15, each line gives
the fluid property at a different lattice node of the upper channel half, —1 < d < 0. The
dynamics of the second channel half is symmetric in d and antisymmetric in case of the
shear stress. For convenience, the central, d = —0.01, and half-to-center, d = —0.51, lines
used in previous sections are colored in red and green. As a guide to the eye, every fifth
line is colored blue. Each simulation was set up with a NV = 100 lattice, so in each plot
there are 50 lines in total. The time is always given in units of ¢,,. To visualize the changes
in the flow profiles in time, the second type of plots consists of two parts, e.g. Fig. 4.16. On
the left hand side, the same time-dependent profiles are shown as before. Vertical colored
lines are used to mark particular times. The right hand side gives the flow profiles of the
fluid at these times using bold lines of the same color. Thin lines are used for profiles at
intermediate times. These are equally spaced in the time interval indicated by a horizontal
line at the top of the left side. Whenever helpful, a 3D plot is also provided.

In Fig. 4.15 and 4.19 the transient dynamics of the velocity and shear stress are given
for three channels with ¢, = 0.179 and ton, = 179, ton = 470, respectively. The first thing
to observe is that the dynamics is not independent of the position in the channels. The
velocity overshoot is largest in the channel center and has to decrease the closer the fluid is
to the wall. Just the other way round, the symmetry of the shear stress requires overshoots
to vanish in the channel center, and we find the largest values next to the wall. Nevertheless,
the time of the overshoot varies for both values only very slightly. In this section, we will
focus on the connection between the velocity and shear stress profiles develop in time and
how they interact with each other. For small Reynolds numbers, no secondary flow develops
and the normal stresses do not couple back. We can therefore discuss the normal stress
difference and the pressure separately in the Sec. 4.3.4.

We have already seen that the transient shear stress has as much influence on the startup
velocity profile as the velocity on the shear stress. To understand the interaction, the
best place to start looking is in the transient dynamics of the narrow channel, t,, = 0.17,
Fig. 4.15. The small diameter allows the velocity profile to evolve much faster than the
shear stress. Recall that in the steady state limit, the shear-thinning non-linear Maxwell
model forms two high-shear, low-viscosity regions at the walls and a no-shear, solid-like
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Figure 4.15: Startup (left) and cessation (right) profile for ¢, = 0.179 of the velocity (top) and
shear stress (bottom). The time is scaled by t,,. Lines are LB results at different positions in the
channel. The red (d = —0.01) and green (d = —0.51) lines are the central and half-to-center lines
shown before. Every fifth line is colored blue. The dashed lines give the steady state value of the
red velocity (top left) and the blue shear stress profile (inset bottom left).

center, which we call a plug flow. At startup, the whole channel is at rest and there is no
shear stress. When the pressure is applied, the starting flow of the fluid is the same as
for a Newtonian fluid with a viscosity G, defined by the lower bound of the non-linear
Maxwell model. Until the extra non-Newtonian stress contributions have had enough time
to develop and can flatten the parabolic velocity profile to a plug flow profile, we cannot
observe any differences to a Newtonian flow. Already at ¢ = 1.2¢,,, the center velocity (red
solid line) exceeds the steady state value of a fully developed flow (dashed line). At this
point, the shear stress is still well below its own steady state value, which allows the fluid
to flow even faster. Because the velocity profile goes to even higher values, the shear stress
is forced to exceed the steady state profile, too. The extra stress forces the velocity to now
decrease to the true steady state and the plug starts to form. In the insets, we can nicely
observe how the stress crossing the steady state value coincides with the maximum velocity.
Interestingly, this happens at exactly ¢t = 3t,, within the numerical resolution.

Let us take a look at the velocity, Fig. 4.16a, and shear stress profiles, Fig. 4.17a, during
the startup flow. For t < 3tg,, the velocity profile maintains a parabolic shape, and the
shear stress has not yet developed the required linear profile (blue curves). At t = 3to,
(green), the shear stress is fully developed, but is forced by the high velocity to increase
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Figure 4.16: Startup flow of the velocity w for three channel diameters, (a)—(c). The intermediate
profiles (right) are plotted for different times indicated by a horizontal line of the same color at the
top (left). Each line of the same color is separated by At. Profiles plotted with bold lines are taken
at times marked by vertical lines.
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Figure 4.18: Time-derivative of the velocity u (solid lines) and scaled shear stress o, (dashed lines)
at half-to-center position d = —0.51 for three channels with t,, /70 = {0.1,1,4} during startup (left)
and cessation flow(right).

further. The overshoot happening in the shear stress is quite different to the one we observe
in the velocity. The flow profile still has a Newtonian parabolic shape when the overshoot
is happening. The shear stress, however, has already taken the correct profile the first time
it crosses the steady state value, and actually stays true to this linear profile throughout
the overshoot. The maximum value is reached at t = 4.55t,, (orange), and the difference
to the steady state profile appears quite small. The slope does not deviate so much, but it
has a huge influence on the flow profile. It is the increased gradient of the shear stress that
gives an additional body force, which makes the fluid slow down and form a plug flow, cf.
the profiles after the overshoot (green) in Fig. 4.16a.

It takes the velocity much longer to decrease to the steady state value than for the initial
startup. In fact, if we measure the time in units of ¢,,, the overshoot makes the fluid need
much more time to reach the steady state than it would take otherwise. The reason for
this lies in the two separate time scales of the velocity and shear stress. While to, as a
funtion of 7y is the natural time scale for the evolution of a velocity profile, the time scale
for the shear stress is set by 7 in the Maxwell model. During the initial low-viscosity flow,
the shear rates are significantly larger than they would otherwise be, and the shear stress
can develop much faster. Only when the fluid has to slow down as a direct response to the
now too large stress, the different time scales become obvious.

Now, we have seen that the velocity takes a maximum value when the shear stresses
crosses its steady state value. To see how close the relation between the shear stress and
the time derivative of the velocity profile is, we compare both quantities in Fig. 4.18. The
shear stress is scaled to give the same starting and steady state values. For very small
times, the dynamics of the shear stress is slightly delayed, which was to be expected. Soon
however, both curves show an excellent agreement, especially regarding the times of roots
and extrema after switching off the pressure (inset right). Even the inflection points of the
velocity are given by the extremes of the shear stress. Small deviations stem from the fact
that we had to pick a single channel position again.
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Figure 4.19: Startup (left) and cessation (right) profile of the velocity and shear stress for
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The startup velocity profiles in the intermediate, to, = 179, and wide channel, ¢, = 47,
do not show any overshoots, but approach the steady state monotonously from below. For
these two channels, the shear stress has significantly more time to develop and reaches
the steady state value at about the same time, Fig. 4.19a, or earlier than the velocity,
Fig. 4.19b. For t,, = 179, the velocity forms the plug very late, see Fig. 4.16b, and a
non-Newtonian flow profile emerges not until ¢ & 2t,,. The full plug completes with the
velocity approaching the steady state. In a wide channel, t,, = 479 Fig. 4.16¢, the plug
forms at a much earlier time, and it is the full non-Newtonian plug flow profile that builds
up. In the shear stress profiles, Fig. 4.17, this difference is far less pronounced, yet we can
still observe that the shear stress of the wide channel builds up in the channel center faster
than outside the plug.

Excursion: Linear Maxwell model

Before we go into any further discussions, let us briefly consider another limiting case of
the non-linear Maxwell model. We can identify shear-thinning effects by comparing the
results to the instantaneous non-linear Maxwell model, which conveniently shares the same
steady state limit. We have seen that the transients of both model are very different, but
we cannot tell without doubt which effects we have found are of a purely viscoelastic origin
and which are a unique feature of our model. We will therefore consider the linear Maxwell
model with a constant Maxwell time 7. The upper convected Maxwell model is well known
in the literature and will take a Newtonian flow profile in the steady state limit, but at the
same time provides the desired viscoelasticity

t
o(t) = neD + / dt’ [83@, t’)] Gogel /T, (4.14)
oo ot
By eliminating the dependence of the Maxwell time on the shear rate we essentially consider
the limit of 7. — 0o, and the normal stress difference in a channel flow takes a parabolic
shape, cf. Eq. (4.8). For the transient velocity profile, there even exists an analytical
solution by Waters and King [101,102|. Instead of defining a lower bound for the viscosity,
the authors introduced an additional retardation time So, which plays the same role. Their
model is identical to the scalar version of Eq. (4.14) for Ss = 1/ton and S1 = Sa (7 + 719).
We use the same three channel diameters with t,, = {0.1,1,4}79 as before, the results
are given in Fig. 4.20, 4.21, and 4.22. Since the steady state flow is no longer accelerated
by shear thinning, the velocity overshoot is much larger than previously. Nevertheless, we
find two different starting profiles. In the narrow channel, the startup flow is qualitatively
similar to the one of the non-linear Maxwell model. Although the small steady state velocity
makes the overshoot appear large, the initial startup has not changed at all. When the shear
stress has build up, the flow slows down monotonously down to the steady state profile.
In the startup profiles for the intermediate, Fig. 4.21, and the wide channel, Fig. 4.22, we
find something new. Unlike the non-linear Maxwell model, the starting flow is no longer
monotonously approaching the steady state, but overshoots appear, and unlike the narrow
channel, the fluid shows oscillation when slowing down to a steady flow. For t,, = 47,
the velocity even dips briefly into negative values. From the analytical solution, we know
the velocity profile to be symmetric for the starting and stopping flow, which the LB
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simulations confirm. The symmetry does not survive for the normal stresses, which depend
quadratically on the shear rate. Oscillations around the steady state contribute differently
during starting and stopping flow.
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Back to topic

We have seen that for the narrow channel the transient dynamics of the linear and the full
non-linear Maxwell model only deviate after the overshoot. In case of the intermediate
and wide channel, the overshoots are lost in the shear-thinning model. However, they
are not gone without leaving a trace. The kinks in the velocity profile where the starting
flow suddenly slows down are nothing else but a resident of the viscoelastic overshoot,
see Fig. 4.23. Because shear-thinning can only affect the flow once the transient stress is
developed far enough, the initial starting flow is the same for both Maxwell models. The
shear-thinning fluid takes advantage of the fast startup and only then takes charge of the
dynamics. The velocity is still well below the steady state value and continues to increase,
but the viscoelastic part is no longer helping.

Let us come back to the non-linear Maxwell model and take a look at the cessation
profiles next, Fig. 4.15 and Fig. 4.19. For all channel diameters, we find undershoots in
both, the velocity and shear stress transients. The velocity decays indeed faster than the
stress, and the resident stress causes a flow reversal. The switch-off profiles for ¢,, = 0.17g
shows a different behavior than the ones in wider channels. The undershoot happens again
at t = 3ton, just like the overshoot during startup. In fact, the transients behave very
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similar in both cases. Because to, is very small, much of the symmetry of a non-shear
thinning fluid is conserved in the narrow channel. After the undershoot, the velocity and
shear stress decay slowly to zero and exhibit no further oscillations, quite differently to the
other two channels.

For t,, = 179 and ty, = 479, the fluid shows a completely new transient behavior when
the driving pressure is removed. During startup any viscoelastic oscillations are fairly well
concealed by the overall flow buildup because the steady state flow profile of a shear-thinning
fluid is so much larger. Yet for the stopping flow, the steady state is the same for any
fluid, and viscoelastic effects can resurface. Indeed, the velocity and stress profiles not only
show a single undershoot, but the same kind of damped oscillations we found earlier for the
linear Maxwell model. In wide channels the viscous damping by the walls is small enough
to allow several oscillations before the residual stress is decayed.

These are actually the same limiting cases known from a damped harmonic oscillator.
Whereas the narrow channel, t,, = 0.17y, shows the characteristics of an overdamped
oscillator, the channels ¢,, = {1,4}79 are in the underdamped regime. This fits very nicely
with the Maxwell model since the model is motivated by a coupled spring-damper system.
The mechanism of the oscillations is the same as before, which we can see in the close
relation between the slope of the velocity and the shear stress, Fig. 4.18. The velocity
decays faster than the stress and the remaining stress makes the fluid move in the opposite
direction. Only now, this happens fast enough to be repeated several times.

If we compare the cessation profile of both Maxwell models, we find the non-linear
Maxwell model to give much smaller undershoots and oscillations. The shear-thinning
property of the fluid affects the flow in two crucial points. First, the initial conditions
upon removing the pressure are very different. The amplitude of the velocity profile is
much larger than for the linear model, and it takes the fluid longer to stop giving the stress
more time to adjust. Second, the overall stress in the fluid is smaller, again thanks to
shear-thinning. Since it is the stress driving the system after the pressure is switched off,
the amplitude of the oscillations is smaller than for the linear Maxwell model. However, the
influence of the different initial conditions wears out fast. After the first undershoot, the
frequency of the flow is about the same for both models. Because the flowing steady state
is different for a shear-thinning fluid, the symmetry between the starting and stopping flow
is lost.

So far we have discussed the flow reversal as if it was a single event in time. However, if
we take a closer look, we find that the flow does not decay as one profile to zero. The fluid
changes direction at different times throughout the channel, starting with the center. The
effect is largest for the narrow channel and considerably smaller for the wide one, see insets
in Fig. 4.15 and Fig. 4.19. For t,, = 179, it does not stop there. The shear stress shows a
similar behavior, and the undershoots are distinctively tilted in time favoring the channel
center at early times. Different to the other two channels, the nonuniform evolution of
the velocity continues past the first undershoot and is still visible when the flow changes
direction a second time.

Fig. 4.24 shows the full velocity profiles during the stopping flow. We can clearly observe
how the plug flow profile breaks down and the channel center runs ahead. For t,, = 17y,
the effect is most pronounced and gives the impression of two profiles decaying side by side.
After the flow has reversed, we find the fluid to behave very differently for each channel.
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Let us start with the easiest one. In the wide channel the profile soon loses much of its
distinct form and is not so much different from an ordinary parabolic flow profile. This is
especially true for the following oscillations and explains why the cessation profile is quite
similar to the one of the linear Maxwell model after the initial undershoot.

The intermediate channel is the most interesting one. The flow decays much faster in the
channel center than at the walls, and the region seems to coincide roughly with previous
plug. This reinforces the impression of two only slightly coupled stopping flows next to
each other. This thought is not so far off as it might seem since in the glass limit the fluid
does form two perfectly Newtonian half-channels separated by a comoving plug. After
reaching the minimal velocity, the profile does not smooth out, but forms an additional
pair of wiggles. The oscillations inside the profile survive for a long time and well beyond
the flow changes directions the second time, see also the 3D plot Fig. 4.25.

The narrow channel is different to the both underdamped cases of the wider channels.
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Again the center slows down fastest, but after the first undershoot, the fluid slows down
very slowly. If we take a very close look, we find that the flow is not perfectly overdamped,
but the velocity profile dips very slightly into positive values again. However, the overall
shape of the profile, one local minimum flanked by two maxima, does not change at all
during the stopping flow.

The shear stress profiles, Fig. 4.27, behave just like one would expect from the velocity
profiles. Thanks to the channel geometry, the point symmetry is conserved. At the edge of
the plug, the shear stress decays slightly faster than in the rest of the channel. It is this
non-monotonic shear profile that causes the flow to form its distinct profile.

If we look back to the linear Maxwell model, we also find a nonuniform decay of the
velocity, but the models differ in one important point. The profile is more or less inverted,
and the fluid in the center of the channel does not run ahead, but actually lags behind.
However, if we remove the retardation time, that is the lower viscosity bound, the velocity
profile changes again and looks very much like the one of the non-linear Maxwell model.
Fig. 4.26 shows the profiles for the intermediate channel, ¢, = 179. Notice not only how
similar the red velocity profile is to the ones we found in Fig. 4.24b, but the amplitude is
also substantially smaller once the lower viscosity bound is removed. These results compare
extremely well to the non-linear Maxwell model. The pressure is switched off after the
flowing steady state is fully developed. Because the generalized Maxwell time 7([7] allows
the fluid to decay on a faster, shear-induced time scale, in the stopping flow the fluid is
more closely related to the linear Maxwell model without a retardation time.
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4.3.4 Transient dynamics of the normal stress difference and pressure

The physics behind the normal stress and pressure transients is much more simple than for
the shear stress and velocity. We consider non-turbulent flows at low Reynolds numbers.
Because the fluid only moves in channel direction and does not form any secondary flows,
the normal stress transients are certainly affected by the way the flow evolves, but the
coupling does not work both ways. Instead the normal stresses pointing to the channel
center are balanced out by a pressure gradient, which decreases towards both walls.

Having said that, let us take a brief look at the linear Maxwell model first, see Fig. 4.20b,
4.21b, and 4.22b. Sure enough, we find the normal stress difference to be affected by the
transient flow profile. Except for the narrow channel, the transients show oscillations, which
are on par with the shear stress. The overshoots vary in their amplitudes, but take place at
almost the same time throughout the channel. The velocity and shear stress are closely
coupled and need to reach their steady states at the same time. There is no such constraint
for the normal stresses, which are free to evolve on their own time scale. This is especially
notable for the narrow channel, which small diameter makes the flow develop about 10
times faster than the normal stress difference. Actually, the normal stress difference reaches
the steady state at about the same time in all three channels, which is obscured by the
scaling with t,,. This also explains, why we do not find any oscillations in the transient
profile of the narrow channel. From the point of view of the normal stresses, the flow has
more or less always been fully developed. For very small times, the startup is accelerated
by the overshoot in the velocity, but beside that the normal stress difference evolves as if
under steady shear.

The normal stress difference does not share the symmetry the linear Maxwell model
shows in the transient dynamics under startup and cessation flow. Because of the quadratic
dependence on the strain rate, the normal stresses distinguishes between a flowing and a
no-flow steady state. Velocity oscillations inhibit the evolution during startup, but delay
the decay in the stopping flow. The dynamics of the pressure gradient mirrors the normal
stress difference. The boundary condition ensures the average pressure in transverse flow
direction to remain constant and provides an overall pressure gradient. Because the lattice
has no node in the perfect center of the channel, the pressure starts with a small but
negative value. The offset between the startup and cessation pressure profiles comes from
switching of the driving pressure and thereby removing this constraint. Shock waves cannot
be described by the LB model, yet the jump happens too fast to show up in the plot and
does not affect the pressure transients beyond this offset.

The transient normal stress profile of the non-linear Maxwell model is much more
complicated, see Fig. 4.28 and Fig. 4.29. We find overshoots, but no oscillations in the
transients of the three channel. The overshoots are relatively small in the narrow channel,
but already well pronounced for t,, = 179 and even larger in the wide channel. The real
difference to the linear Maxwell model, however, is in the transients of each channel. Before,
the overshoots occurred at about the same time throughout the channel, only the amplitude
decreased towards the center. For the non-linear Maxwell model, however, the first and
largest overshoots appear near the walls. Not only become the overshoots more delayed
and smaller the more central the transients are, but at some point they are gone altogether.
In the channel center, about the area of the plug, the normal stress difference approaches
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Figure 4.28: Startup (left) and cessation (right) profile for ¢,, = 0.179 of the normal stress difference
(top) and pressure (bottom). The time is scaled by t,,. Lines are LB results at different positions
in the channel. The red (d = —0.01) and green (d = —0.51) lines are the central and half-to-center
lines shown before. Every fifth line is colored blue.

90



0.03

0.025

0.02

0.015

(O2e — 0yy) /Goo

0.01

0.005

—0.002
—0.004
—0.006

2—0.008

= —0.01
—0.012
—0.014
—0.016

G

4.3 Integral non-linear Maxwell model with memory

0.02 ‘

0.015

0.01

0.005

0.006

0.004

0.002

1-0.002

t/ton t/ton

(a) Normal stress difference (top) and pressure (bottom) for ton = 170.

‘ ‘ 0.02

0.015

0.01

0.005

0.006

0.004

0.002

1-0.002

4 6 8 10 12 14
t/ton t/ton

(b) Normal stress difference (top) and pressure (bottom) for ton = 470.

Figure 4.29: Startup (left) and cessation (right) profile for ¢o, = {1,4}70. The time is scaled by
ton- Lines are LB results at different positions in the channel. The red (d = —0.01) and green
(d = —0.51) lines are the central and half-to-center lines shown before. Every fifth line is colord
blue. Dashed black lines give the steady state profile.



4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

0.02 ‘10 20 40 80 i i i 160 0.02 ; ; ;
== |
3 0.015 1 0.015
@] //_/
P
S 0.0l // 0.01
|
—= 0.005 1 0.005 q
//_/_/ “‘1/ ‘,r"/
"] . \ . r/
0 ‘ ‘ ‘ ol A e 06 08 1
0 20 40 60 80 100 120 140 160 -1 -0.5 0 0.5 1
t/ton y/H
(a) ton = 0.179. At™@&™@ /3 = 0.1 ton, doubling with each new color.
16
0.025 0.025
g 0.02 0.02 b —
©)
~
/_15: 0.015 0.015
&)
|
. 0.01 0.01
8]
L
0.005 0.005
0 & ‘ 0!
0 2 4 6 8 10 12 14 16
t/ton
(b) ton = 170. At™?8™%2 /¢ = 0.1t0n, doubling with each new color.
0.03 5 003 — : : :
0.025 1 0.025
2
G 0.02 M 0.02
=
& 0.015 T ————— 1 0015
|
=
& om 1
0.005 4 0.005
e IS
0 ‘ 0

t/ton

() ton = 4710. At™28™2 /1 = 0.05ton, doubling with each new color.
Figure 4.30: Starting flow of the normal stress difference (0,5, — 0y, ) for three channel diameters,
(a)—(c). The intermediate profiles (right) are plotted for different times indicated by a horizontal

line of the same color at the top (left). Each line of the same color is separated by At. Profiles
plotted with bold lines are taken at times marked by vertical lines.

92



4.3 Integral non-linear Maxwell model with memory

the steady state from below, cf. Fig. 4.30. And this is exactly the point. Before the stresses
have developed, the fluid has no way to find out about the shear-thinning properties of the
non-linear Maxwell model. The normal stress is therefore heading for the quadratic profile
of the linear Maxwell model. When shear-thinning sets in, the normal stress is forced to
decrease to the correct steady state profile. However inside the plug, the non-linear Maxwell
model shares the same parabolic shape, which is why no overshoots occur there. We can
even observe, how the decay near the walls is accelerated by shear.

In Fig. 4.32, the evolution of the normal stress difference is shown in 3D. The floor color
indicates the pressure, which balances the normal stresses working on the fluid. Again,
the pressure gradient only mirrors the normal stress transients. Because the boundary
condition keeps the average pressure fixed at p = —0.01G o, the profiles are fanned out and
more colorful, but give no additional insight, cf. Fig. 4.33.
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The switch-off normal stress transients need to differ from starting flow due to the
quadratic dependence on the shear rate. This already applied for the linear Maxwell model,
but non-linearities make the dynamics much richer. The cessation profiles of the normal
stress differences are truly astounding and show some unique features, see Fig. 4.28 and
Fig. 4.29. All three channels show nonuniform transient dynamics, and the decay time is
very different throughout the channel. Near the wall, the relaxation is a lot faster than close
to the channel center, where some few transients last exceptionally long. Fig. 4.31 gives
the normal stress profiles during cessation. The profiles of the narrow channel, to, = 0.179
demonstrate nicely the different dynamics in the channel. Close to the walls, the shear rate
is high and accelerates the stress relaxation. The normal stress peals off the central steady
state profile, and forms two symmetric maxima near the center. At this point, the fluid has
come to a proximate stand-still, but there are still quite large normal stresses remaining.
With the flow gone, the normal stresses relax slowly via an exponential decay.

The initial reaction after the pressure is switched off is the same for the wide channels.
The normal stresses in the plug relax more slowly than in the high-shear flanks. However,
then the dynamics changes, and the normal stress decay at the very wall slows down. In the
intermediate channel, ¢,, = 179, at t = 2to, (bold green line), the normal stress has taken a
profile which is constant in a large part of the channel except for the two maxima in the
center. The normal stress difference then relaxes quite uniformly to a smaller version of the
two-maxima profile we have already seen in the narrow channel and will decay eventually.
Of course, the oscillations in the stopping flow have to be taken responsible for this change
in the dynamics. Where the overdamped cessation profiles allowed a smooth decay of the
normal stress difference, the dynamics in the wide channels reflects the oscillations the fluid
encounters when the pressure is removed.

The wide channel, to, = 479, displays the most curious behavior. Already at t = 0.25¢t,,
(bold magenta line), the stress decay at the wall slows significantly down and the normal
stress relaxes nearly linearly in time. At the same time the dynamics closer to the center
speed up and give rise to an interesting ramification: At ¢ ~ 0.5toy (bold blue line), the
steady state profile makes an reappearance. In the transient plot, this manifests as a node
where most transients aggregate. Afterwards, the central normal stresses actually stay
ahead until about t = 1.84t,, when the transients cross again. At this point the relaxation
is very far progressed, but in the inset of Fig. 4.31c we can still observe how the decay is
stalled by the oscillations. We find the same two-maxima resident normal stress profile
as in the other two channels. The amplitude is much smaller which makes sense as the
oscillations work both ways. New normal stress is build up, but the decay is also accelerated
by shear.

For the sake of completeness, the pressure profiles are given in Fig. 4.33 and Fid. 4.34.
Since the pressure gradient has to balance the normal stress differences, there is nothing
new to learn, but the dynamics is beautiful nonetheless.

Conclusion

We have discussed the pressure-driven laminar channel flow of the tensorial non-linear
Maxwell model. The new Lattice Boltzmann algorithm allows us to implement tensorial,
non-Newtonian constitutive equation in differential (inlM model, Sec. 4.2) and integral
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form (nIM model, Sec. 4.3). The shear-thinning properties of the model make the fluid
form a stationary plug flow profile. Emerging normal stresses are balanced out by a relative
increase in the pressure in the channel center. We checked the steady state results against
theoretical predictions and found the LB results to be in good agreement. The properties of
the non-linear Maxwell fluid are close to the glass limit already for moderate shear-thinning
parameters. We considered the startup and cessation dynamics of the instantaneous non-
linear Maxwell model next. Because shear-thinning affects the flowing but not the no-flow
steady state, the symmetry between starting and stopping flow known from Newtonian
fluids is lost. The finite stopping-time singularity is reproduced by the LB algorithm.

In its integral formulation, the non-linear Maxwell model opens up for viscoelastic
effects. The stress no longer adjusts to a change in the flow instantaneously, but evolves
on its own shear-dependent time scale. The dynamics of the shear stress and velocity are
extensively affected by each other and give rise to over-shoots and oscillations. We identified
a characteristic time scale to, of the flow and used the channel diameter to vary the influence
of the transient shear stress. In a narrow channel, t,, = 0.179, the dynamics is fast and
the shear-thinning fluid gains more from the initial viscoelastic response upon applying a
pressure gradient. Increasing the channel diameter slows down the development of a flow
and allows the stress to adjust more readily. Differences to the instantaneous non-linear
Maxwell model are restricted to short times and the time-dependent flow scales with ¢,y
2 279. We identified a critical channel diameter,
ton = 179, where the crossover between both regimes takes place. The stopping flow makes
visible what a capital influence the channel width has on the transient dynamics. For a

to form a single master curve for tq,

narrow channel, the primary dynamics is that of an overdamped oscillator, and the flow
decays asymptotically. In a wide channel, the viscous damping of the walls is small, and
the fluid comes to an oscillatory stop.
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Figure 4.32: Startup (left) and cessation (right) transient profile of the normal stress difference.
The floor color indicates high (red) and low (violet) pressure.
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4.4 Schematic MCT model

In the previous section, we have discussed the transient dynamics of the non-linear Maxwell
model. The constitutive equation is motivated from microscopic theory and modeled to
qualitatively reproduce the findings of mode coupling theory (MCT). Although it is a highly
simplified model, we found rich and astounding dynamics we could explain and trace back
to the two main features of the model, viscoelasticity and shear-thinning.

All this is well and good, but ultimately the non-linear Maxwell model is still a phenomeno-
logical model, and we set out to combine the mesoscopic Lattice Boltzmann simulation
with a microscopic schematic MCT model. In Sec. 3.1.3, we have derived a discrete version
of the constitutive equation, which is compatible with our Lattice Boltzmann algorithm.
The implementation of the full schematic MCT (sMCT) model yields a large increase in
computation time and puts a heavy constraint on the number of simulations we can run.
But we can make use of our findings about the non-linear Maxwell model, and we already
know the channel diameter to have an important influence on the fluid dynamics. The
following section is not only a proof of an elegant concept to compute the flow of a colloidal
suspension in a macroscopic system without explicitly touching either the colloidal dynamics
or the Navier-Stokes equation, but we can also find out how good an approximation the
non-linear Maxwell model is and how much of the physics is captured. After all, the model
simplifies the correlator decay rather much and leaves out the dependence on the second
time.

We conduct two simulations with different channel diameters 1.5mm and 4mm but
otherwise identical parameters. We set v, = 20Pa, which translates to a colloidal particle
radius of 58.7nm at room temperature. The density p = 1000kg/m? is the one of water,
and we apply a pressure step p = 0.15v,. We choose the initial decay rate I' = 500s~! and
the distance to the glass transition € = (¢ — ¢¢)/@e = —3.5 - 1072, where ¢ denotes the
(critical) volume fraction of the colloidal suspension. In the fluid phase, € takes negative
values and e is positive in the glass. The critical strain is 7. = 0.1 and the mixing parameter
v = 0.5. This gives a minimal viscosity nmin = 20mPas and an increase by about a factor
10. The parameters are different to the ones we used for the non-linear Maxwell model.
They are specifically chosen to give values that are typical for colloidal solutions and easily
experimentally accessible, but also to have a smaller viscosity, which reduces the simulation
runtime.

This brings us to the parameters of the Lattice Boltzmann algorithm. The lattice has
N = 128 fluid nodes in transversal flow direction, and the LB relaxation time is set to
s = 0.9. The memory of the MCT solver is provided with C = 96 entries per block.
We again make use of the symmetry of the flow and only use the central column of the
lattice to compute the non-Newtonian stress contributions. The LB time step is much
smaller than needed to compute the correlator. For this reason, the stress is computed
anew only every 100 LB steps for the narrow channel (every 10 for the wide channel) and
kept constant in-between. The correlator is still sampled by a time step ot ~ 9.64 - 10~ s
(6t ~ 6.85 - 10~ "s), and we have checked the simulation to give identical results when the
correlator is computed each LB step.
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Figure 4.35: Steady state velocity (left) and strain rate (right) profile of the schematic MCT model.
For comparison a non-linear Maxwell (nlM) fluid is shown. The velocity is scaled by the maximum
value, the strain rate to match at d = +1. The insets give the absolute values. All strain rate
components are shown in the inset, but only s,y # 0.
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T with the single-time algorithm.

4.4.1 Stationary profile

Let us take a look at the flowing steady state profiles first. The results are scaled by the
channel diameter and are identical for both simulation. In Fig. 4.35 (left) the velocity
profiles of a sMCT fluid (red solid line) are shown and compared to a non-linear Maxwell
fluid (dashed blue line) with the same shear-thinning factor, # = 10. Because the fluids
differ in the viscosity and the applied pressure, the absolute velocities are very different.
However, if we scale the velocity profile by its maximum value, we find a truly astonishing
agreement. Both models are very nearly identical and show the same plug flow profile. Only
in the velocity gradient x,, we can make out some small differences. For the sMCT model,
the shear rate is not exactly linear in the high-shear regions but shows some small wiggles
resulting in imperfect parabolic half-profiles in the velocity profile. However, the deviation
is small and quite similar to numerical errors the non-linear Maxwell model experiences for
large shear-thinning parameters § > 102, see Fig. 4.4. In absence of a secondary flow, all
other components of the velocity gradient tensor vanish.

In the sMCT model, the stress is proportional to the integral over the correlator squared,
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4 Channel flow of non-Newtonian fluids: Lattice Boltzmann simulations

Figure 4.37: Stress tensor elements
0.p and pressure p for a pressure-
driven channel flow of the sMCT
model. The pressure gradient is pro-
jected in flow direction. The driving
gradient in flow direction is constant
and gives rise to an offset between
the transversal profile at different po-
sitions in the channel.

cf. Eq. (3.15). Fig. 4.36 gives the correlator at different channel positions. The dashed line
shows the correlator decay if no shear is applied. The smallest velocity gradients are in the
center of the channel, and indeed, we find the central correlator, d = y/H = 1/128, (red)
to only deviate at the very end from the correlator without shear. The next few correlators
are still quite unperturbed by shear, but as soon as we leave the plug behind, we find the
correlator decay to be clearly accelerated by the flow. ® cannot decay arbitrarily fast as I’
sets a lower limit. In the high-shear regions, the correlators are already quite close to this
limit and therefore aggregate.

The components of the stress tensors are shown in Fig. 4.37. The shear stress profile
(inset) decreases linearly in d as we would expect. The slope differs from the non-linear
Maxwell model by a factor of 3, as we chose a different pressure p = 0.151, = 3Pa. Because
the normal stresses are non-linear in both models, we cannot compare the results to the
nlM model as easily. For the sMCT model, too, the normal stresses arise solely from the
Finger tensor, so the principal structure is the same. However, the normal stresses show
completely new profiles and nothing similar to the nIM model, where the normal stress
difference has a parabolic shape in the plug and takes a constant value otherwise. Here,
we do not observe any qualitative differences between the plug and the high-shear regions.
Only if we take a close look, we find the slope in the center slightly smaller, otherwise the
profile is very much linear. The small decrease at the walls is the same we have already
seen in the velocity gradient profile.

The fluid is still quite far away from the glass phase. We have to choose € much closer to
zero for the correlators to form a real plateau. Unfortunately, the much larger shear stress
differences, i.e. changes in the viscosity, would have slowed down the simulation too much.
The non-linear Maxwell model favors the glass limit and tends to exaggerate some effects,
so we already find the transition for quite small . Nevertheless, because the normal stress
difference is balanced by a pressure gradient and the flow is laminar, the velocity profile
remains unaffected.
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4.4 Schematic MCT model

4.4.2 Transient dynamics

We consider the startup and cessation profiles next. Just like before, we apply a sudden
pressure difference between both ends of the channel. After reaching a flowing steady state,
we switch off the pressure and wait for the flow to stop. We again define a characteristic
time

L?p

= —, 4.15
7T277min ( )

tOl’l
which removes the quantitative influence of the channel diameter on the dynamics. The
flow in a narrow channel develops faster (fo, small), which allows us to use the channel
diameter to vary the influence of the transient stress on the evolution of the flow profile.
For the narrow channel the characteristic time is t,, = 0.011s and ., = 0.081s for the
wide channel. Considering that the minimal viscosity has changed by a factor of about
100, these two channels correspond roughly to the narrow and intermediate channel we
discussed for the non-linear Maxwell model.

Fig. 4.38 and Fig. 4.39 show the velocity and shear stress profiles of the starting flow
for both channels. Indeed, we find the same transient dynamics as before. In the narrow
channel, the velocity increases faster than the stress can develop, and an overshoot occurs.
At the time when the stress exceeds its steady state value, to, &~ 0.69, the velocity has a
maximum and slowly decreases to the steady state value. Only then a plug forms in the
velocity profile. In the wide channel, the velocity develops more slowly and gives the stress
enough time to adjust. We can see a clear kink in the transients, where the shear-thinning
sets in and takes control of the dynamics. The non-linear Maxwell model gives rise to
very much the same dynamics, and we can hardly find any differences so far. Even the
time scales compare quite well. For the sMCT model, the overshoots in the velocity profile
happen at different times throughout the channel. We observed this effect in the non-linear
Maxwell model during cessation, but using the full model allows the transients to evolve
more freely already in the starting flow.

The normal stress difference, Fig. 4.40, gives rise to no surprises. In the narrow channel,
the non-monotonous velocity profile is responsible for an overshoot in the normal stresses
at about the same time the overshoot in the shear stress takes place. Because the fluid is
still very much in the fluid phase and there is no qualitative change in the normal stresses,
no overshoots appear in the wide channel.

There is more to learn from the cessation profiles. Fig. 4.38 and Fig. 4.39 show the
velocity and shear stress profiles after the driving pressure has been removed. The principle
of the viscoelastic stopping flow is the same as for the non-linear Maxwell model. Velocity
and shear stress decay on different time scales. Resident stresses make the fluid move again,
and oscillations allow the stress to build up again. As we expect for a shear-thinning fluid,
the center velocity decays fastest. For the correlator, things get interesting when the fluid
turns around. Fig. 4.43 shows the correlator for different time during the stopping flow. As
the shear decreases and accelerates the decay less, all correlators in the channel approach the
no-shear limit (dashed line) again (top right). However, after the fluid passes the minimum,
the fluid retraces its own flow history backwards. There is a high correlation between
the velocity flow before and after the minimum, which shows up as a peak in the now
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Figure 4.38: Startup flow of the velocity u for two channel diameters. The intermediate profiles
(right) are plotted for different times indicated by a horizontal line of the same color at the top
(left). Each line of the same color is separated by At. Profiles printed with bold lines (right) are
taken at times marked by a vertical line (left).
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top (left). Each line of the same color is separated by At. Profiles printed with bold lines (right)
are taken at times marked by a vertical line (left).
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Figure 4.40: Startup flow of the normal stress difference (0., — 0y,) for two channel diameters.
The intermediate profiles (right) are plotted for different times indicated by a horizontal line of the
same color at the top (left). Each line of the same color is separated by At. Profiles printed with
bold lines (right) are taken at times marked by a vertical line (left).
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Figure 4.41: Cessation flow of the velocity u for two channel diameters. The intermediate profiles
(right) are plotted for different times indicated by a horizontal line of the same color at the top
(left). Each line of the same color is separated by At. Profiles printed with bold lines (right) are
taken at times marked by a vertical line (left).
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Figure 4.42: Cessation flow of the shear stress o, for two channel diameters. The intermediate
profiles (right) are plotted for different times indicated by a horizontal line of the same color at the
top (left). Each line of the same color is separated by At. Profiles printed with bold lines (right)
are taken at times marked by a vertical line (left).
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Figure 4.43: Correlator at different channel positions during cessation. The time is indicated by
an orange vertical line in the inset showing the velocity profile. The red (d = —0.008) and green
(d = —0.508) lines are the central and half-to-center lines. Every fifth line is colored blue. The
dashed line gives the correlator under no shear computed with the single-time algorithm.
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non-monotonous correlator (middle left). With each oscillation the process happens anew,
but becomes smaller as the flow decays. When the correlator becomes non-monotonous,
for the first time the sSMCT model is truly different from an exponential decay. This has
important consequences on the transients, and the fluid behaves radically different after
the first undershoot. Unfortunately, at this point the flow has almost come to a stop and
the fluid velocity is very small. At later times (not shown), the numerical solution becomes
unstable as the peak in the correlator can no longer be resolved.

The normal stress difference, Fig. 4.45, shows a similar cessation profile as the non-linear
Maxwell model, and the oscillations slow down the decay. At some times, the normal stress
even increases again, although the sharp kinks in the profile indicate that this may already
be an artifact of the correlator discretization. Since the fluid is not close enough to the
glass limit, we do not find any local long-lasting normal stress differences in the channel
center as we have seen for the non-linear Maxwell model.

Conclusion

We have demonstrated how the schematic MCT constitutive equations can be combined
with a modified Lattice Boltzmann scheme to solve a pressure-driven channel flow. We
found the steady state velocity profile to reproduce nearly exactly the flow of a non-linear
Maxwell fluid. This is even more remarkable if we consider that there exists an analytical
solution for the channel flow profile. We can deduce that the laminar flow velocity is
primarily defined by the change in viscosity.

At least in the starting flow, the agreement continues. We find the same qualitative
behavior as for a non-linear Maxwell fluid. However, the stopping flow profiles exhibits
new and unique features. We could trace the non-trivial flows back to the correlator which
becomes non-monotonous under oscillations as has been observed before [15]. Fig. 4.44
shows the Fourier transform of a typical correlator we found during cessation and confirms
this picture.

The memory kernel of the sMCT model provides one more time dependence one would
not easily guess in empirical constitutive equations. In a glass € > 0, stresses relax only
partially under sudden cessation [4]. The non-linear Maxwell model always decays to zero
and cannot capture these frozen stresses. Using the sMCT model to simulate a fluid closer
to the glass transition or a glass should give rise to even richer phenomena than the nlM
model. However, because the LB method is a fluid dynamics solver, it struggles with high,
yet alone divergent, viscosity changes. Going into the glass phase presents a challenge, but
does not make a simulation impossible in principle. One would need to set an upper time
limit for the transient flow, and weigh the fast increasing computation time against the
needed numerical precision.
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Figure 4.45: Cessation flow of the normal stress difference (045 — 0y, ) for two channel diameters.
The intermediate profiles (right) are plotted for different times indicated by a horizontal line of the
same color at the top (left). Each line of the same color is separated by At. Profiles printed with
bold lines (right) are taken at times marked by a vertical line (left).
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5 Outlook

The studies we have made so far are by no means concluding. We have only considered
simple flow problems, but the interesting dynamics we already found in this proof of concept
are very promising for future studies. There are several possible ways to follow up our
research, and some major points come to mind.

The schematic MCT model does not consider shear gradient terms, which affect the
Poiseuille flow profile and the yield threshold [19,70]. It would be interesting to further
consider the consequences of a higher pressure in the channel center. MD simulations do
not show this increase in pressure [90], but blood cells are known to migrate towards the
channel center [10]. Small concentration gradients become important in a yield stress fluid
and can lead to shear banding |7]. An expansion of the MCT model to account for these
gradient terms, would be an interesting option.

The modified LB method does not advect the non-Newtonain stress contributions.
For laminar channel flows, this does not present a problem, but studying more complex
geometries, like contractions, or going to unstable flows would require the algorithm to
consider the advection term. We already learned how to deal with the trace of the stress
tensor and how to advect the pressure via a term 9;p. (u - @)o has the same units as the
time derivative of the stress tensor, and an implementation should work similarly.

Maybe the most obvious next step is to simulate closer to the glass transition, or even in
the glass phase, and to try to find a change in physics when the second time dependence
of the MCT model becomes relevant. In principle, this is only a problem of finding a
fast enough computer, but one should be able to think of some neat tricks to prevent the
computational demand increase too much. The total simulation time gives an upper limit
of the viscosity, and one would probably try not to sample the whole viscosity range for
each lattice node.
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6 Conclusion

We propose a new way to study the dynamics of glass-forming colloidal suspensions by
successfully combining mode-coupling theory (MCT) with a Lattice Boltzmann (LB) scheme.
The mode-coupling theory provides a constitutive equation which is fully determined by the
microscopic interactions of the system. We use a schematic MCT model, which incorporates
the essential features of the full model, to close the Navier-Stokes (NS) equation. The LB
method presents an elegant and computational efficient way to find a solution for the NS
equation even for complex flow problems. We propose a modified LB algorithm capable of
handling tensorial and integral constitutive equations. Combining a mesoscopic flow solver
with microscopic dynamics offers some significant advantages. We are now able to study
complex flow problems which would be inaccessible when using microscopic approaches
such as Molecular Dynamics simulations.

To test our method, we have studied the pressure-driven Poiseuille flow through a straight
channel. Further approximations to the schematic MCT (sMCT) model yield a shear-
thinning constitutive equation similar to Maxwell’s well-known model of viscoelastic fluids.
We have implemented this non-linear Maxwell (nIM) model in its integral formulation and
in its differential form (inlM), which assumes a fully developed flow. The inIM model adjusts
instantaneously to changes in the flow and is similar to other shear-thinning constitutive
equations often used in LB simulations. Under the reasonable constraint of an incompressible
flow, the steady state channel flow profile of the non-linear Maxwell model can be solved
analytically.

The LB results agree very well with the theoretical predictions. In a channel, the shear-
thinning fluid forms a no-shear plug in the center and high-shear regions near the walls.
Normal stresses working on the plug are balanced by a pressure gradient. The non-linear
Maxwell model shows glass-like dynamics already for moderate large drops in the viscosity.
For cessation flows, this makes the inlM fluid show nearly finite stopping times hinting at a
yield stress, which exists only in the glass limit.

In the nlM model, the stress takes the flow history into account, and viscoelastic effects
enter the transient dynamics. The intriguing interplay between the evolution of the stress
and velocity of the fluid presents an interesting field of study. The velocity can vary more
rapidly than the stress, and overshoots and oscillations appear in the transient profiles.
For the stopping flow, this is especially interesting as resident stresses make the stopped
flow start moving again, but in opposite direction. Comparing with the linear Maxwell
model, we could visualize the shear-thinning setting in. We have identified two different
regimes and a characteristic time scale t,, we can vary by changing the channel diameter.
For narrow channels (small t,,), the starting flow exhibits overshoots in the velocity and
stress. In wide channels, the velocity profile develops monotonously again. Increasing the
channel diameter restores the scaling with t,, on a single master curve, which is the same
for the inIM model.

Comparing the results of the non-linear Maxwell model with the dynamics of the schematic
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mode-coupling model, we find the nIM model to capture the dynamics of the velocity and
shear stress exceptionally well. The steady state profiles are nearly indistinguishable, and
we find the same qualitative change for different channel diameters in the starting flow
of the sMCT model. The cessation dynamics are more complex. The correlator becomes
non-monotonous due to the oscillating flow and affects the stopping flow after the initial
undershoot. The normal stress profiles are different from the ones found for the non-linear
Maxwell model, but the agreement should improve for simulations closer to the glass
transition.

We have shown that the non-linear Maxwell model reproduces the dynamics of the
schematic MCT model extremely well. It incorporates most features of the microscopic
dynamics known from mode-coupling theory in a relatively simple constitutive equation
and presents a good compromise between microscopic details and practicability. We have
demonstrated how to use mode-coupling theory, if in a simplified model, to close the
Navier-Stokes equation and apply it to flow problems. We have compared our results with
theoretical predictions and found them in good agreement. Already in a pressure-driven
channel flow, the dynamics are highly non-trivial and promise even more interesting physics
for more complex flow geometries.
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7 Zusammenfassung

Wir prasentieren eine neue Methode, die Dynamik von glasbildenden kolloidalen Suspensio-
nen zu untersuchen, indem wir erfolgreich die Modenkopplungstheorie (MCT) mit einem
Lattice Boltzmann (LB) Algorithmus verbinden. Die Modenkopplungstheorie liefert eine
Konstituierendengleichung, die vollstdndig von den mikroskopischen Wechselwirkungen des
Systems bestimmt wird. Wir benutzen ein schematisches MCT Modell, das die wesentlichen
Eigenschaften des vollstdndigen Modells aufweist, um die Navier-Stokes (NS) Gleichung
zu schlieften. Die LB Methode ist ein eleganter und effizienter Weg, Losungen der NS
Gleichung zu finden, der sich gut auf komplexe Fliisse anwenden ldsst. Wir zeigen einen
abgewandelten LB Algorithmus, der es erlaubt tensorielle und integrale Konstituierenden-
gleichungen zu integrieren. Die Kombination einer mesoskopischen Flussberechnung mit
einer mikroskopischen Dynamik bietet grofse Vorteile. Wir kénnen so komplexe Fliisse
berechnen, die mit mikroskopischen Zugidngen wie der Molekulardynamik-Simulation nicht
zuganglich wéren.

Um unsere Methode zu testen, untersuchen wir den druckgetriebenen Poiseuille Fluss
durch einen geraden Kanal. Weitere N&herungen am schematischen MCT (sMCT) Modell
liefern eine scherverdiinnende Konstituierendengleichung, die dhnlich zu dem bekannten
Maxwell Modell fiir viskoelastische Fliissigkeiten ist. Wir haben dieses nichtlineare Maxwell
(nIM) Modell in seiner integralen und in seiner differentiellen Form (inlM), welches einen
bereits vollstdndig ausgepragten Fluss voraussetzt, integriert. Das inlM Modell &ndert sich
instantan mit dem Fluss und dhnelt anderen scherverdiinnenden Konstituierendengleichun-
gen, die hdufig in LB Simulationen eingesetzt werden. Unter der verniinftigen Annahme,
dass der Fluss inkompressibel ist, ist der stationdre Fluss fiir das nichtlineare Maxwell
Modell analytisch l6sbar.

Die LB Ergebnisse stimmen sehr gut mit den theoretischen Vorhersagen iiberein. In einem
Kanal formt die scherverdiinnende Fliissigkeit einen scherfreien Propfen in der Mitte und
stark gescherte Regionen an der Wand. Normalspannungen, die auf den Pfropfen wirken,
werden durch einen Druckgradienten ausgeglichen. Das nichtlineare Maxwell Modell zeigt
schon fiir mittelgrofe Anderungen in der Viskositit glasartige Dynamik. Beim Stoppen
des Flusses kommt die inlM Fliissigkeit anndhrend abrupt zu stehen und deutet eine
Fliefsspannung an, die eigentlich erst im Glas auftritt.

Beim nIM Modell beriicksichtigt die Spannung die Vergangenheit des Flusses, und
viskoelastische Effekte beeinflussen die nichtstationdre Dynamik. Es ist interessant, das
Zusammenspiel von der Entwicklung des Spannungs- und des Geschwindigkeitsprofils
zu untersuchen. Die Geschwindigkeit kann sich schneller als die Spannung dndern, und
Uberschwinger und Oszillationen tauchen in den nichtstationdren Profilen auf. Dies ist
besonders fiir den Ausschaltvorgang interessant, weil die verbliebene Spannung den bereits
angehaltenen Fluss wieder in Bewegung setzt, aber in die entgegengesetzte Richtung. Beim
Vergleich mit dem linearen Maxwell Modell konnten wir das Einsetzen der Scherverdiinnung
sichtbar machen. Wir haben zwei unterschiedliche Regime und eine charakteristische Zeit
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ton, die wir durch Andern der Kanalweite variieren konnen, identifiziert. In schmalen
Kanilen (kleines t,,) kommt es zu Uberschwingern in der Geschwindigkeit und in der
Spannung beim Einschalten. In breiten Kanélen sind die Profile monoton. Das Vergrofsern
des Kanalquerschnitts stellt das Skalieren auf eine einzelne Kurve wieder her. Diese Kurve
ist die gleiche wie fiir das inlM Modell.

Der Vergleich des nichtlinearen Maxwell Modells mit dem schematischen Modenkop-
plungsmodells zeigt eine aufergewohnlich gute Ubereinstimmung beider Modelle. Die
stationdren Profile sind fast ununterscheidbar, und das Einschaltverhalten dndert sich
erneut qualitativ mit der Kanalbreite. Der Ausschaltvorgang ist komplexer. Der Korrelator
wird nicht-monoton durch die Oszillationen und beeinflusst das Geschwindigkeitsprofil beim
Anhalten nach dem ersten Unterschwinger. Die Normalspannungsprofile unterscheiden sich,
aber die Ubereinstimmung sollte niher am Glasiibergang besser werden.

Wir haben gezeigt, dass das nichlineare Maxwell Modell die Dynamik des schematischen
MCT Modells extrem gut wiedergibt. Es enthélt die meisten Eigenschaften der mikrosko-
pischen Dynamik, die aus der Modenkopplungstheorie bekannt sind, in einer relativ einfachen
Konstituierendengleichung und bietet einen guten Kompromiss zwischen mikroskopischen
Details und Anwendbarkeit. Wir haben gezeigt, wie die Modenkopplungstheorie, wenn auch
in einer vereinfachten Form, die Navier-Stokes Gleichung schliefen und auf Flussprobleme
angewendet werden kann. Wir haben unsere FErgebnisse mit theoretischen Vorhersagen
verglichen und in guter Uberinstimmungen gefunden. Bereits fiir druckgetriebene Kanalstro-
mung ist die Dynami nicht-trivial und verspricht noch interessantere Physik fiir komplexere
Geometrien.
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