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Chapter 5

Coherent Control of Momentum

The linear momentum transfer of photon via absorption and stimulated emission
provides a way of imparting momentum to a particle. Combinations of laser pumping
techniques, with suitable timing, frequency detuning, polarization, intensity and direction
can be used to control the translational momentum and kinetic energy of the molecules.
By coherently controlling the momentum and kinetic energy of molecules, the c.m. entropy
can also be changed at the expense of changing the internal entropy.

We derive the general expression for the rate of a mean system variable which
linearly depends on the dissipation. This gives expressions for the rate of mean kinetic
energy, the rate of mean internal energy, and the mean force. The rates of mean center
of mass kinetic energy and the mean force are also related to the momentum probability
density and its rate. We show that the momentum probability density and the external
entropy can change even if there is no dissipation.

The Doppler shift and recoil shift frequencies provide a way for selectively trans-
ferring the population with a narrow momentum class of using lasers in the so-called Raman
velocity selection scheme [313]. A gas of molecules can also be coherently accelerated or
decelerated during coherent population transfer. This can be achieved using the STIRAP
scheme [285] with the inclusion of the momentum state. We use the density matrix equa-
tions including the center of mass momentum states and spontaneous emissions from the
excited state of a three-level A system to study the mechanical effects of velocity selection
and STIRAP processes. The expression for predicting the selected momentum width as a
function of Rabi frequencies, detunings and pulse length is derived. We describe a deceler-
ation method using repeated STIRAP processes. The rate of momentum transfer, which is
the light force are shown to be very large by using short pulses. In the final Section, we use
the Wigner function to study the quasi phase space evolution of a spatially narrow pulse
of molecules in a harmonic potential trap. The momentum squeezing is obtained after a
quarter trap period. This is extended for repeated squeezing.
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5.1 Equation of Motion (Rate of Mean Operator)

The expectation value of an operator is defined as (O) = Tr{p(t)O} = 3 (n|p(t)O|n)

(
where |n) are the time independent basis. By using g; = Zlh[f[ , p(1)], we obtain

d - 0 1 .+ -
2H0) = (5:0) + ([0, ) (5.1)

where the trace is over the system and reservoir time independent basis which as <O> =
TTSR{ﬁ(t)O}

If Og is the system operator and the state of the system is governed by the master
equation %f = F[H,+ Vs, ps(t)] + Lpg(t), with Lpg(t) as the dissipative Liouvillean, we
have

d - 0 - 1,4 =~ R
—(0 = (=0 —{(|O0s,Vx Trs{OsLpg(t 5.2
71\Os)s = (5,0s)s + =([0s,Vstl)s + Trs{OsLps(t)} (5.2)
where the trace is over the system (Og)g = Trg{ps(t)Os}.
Alternatively, if the trace in Eq. 5.1 is over the reservoir as well (Og) = Trgr{ps(t)Os},

we replace H= I:IO + VSL -+ Vs r and Eq. 5.1 becomes

d, - 2]

£(0s) = (5:05) + == {[Os, o) + = (Os.Vorl) + = TrsnlplOs Verl) (53

By comparing Eqs. 5.1 and 5.3, with (Og) = (Og)s and [Og,H,] = 0, we find that
OsLps(t) = LTrp{p[Os,Vsr]}. Tt we replace p(t) = pg(t) ® pg, the last term in Eq.
5.3 is zero in the case of thermal reservoir since TTR{,?)RVSR} = 0, which implies that
Trs{OsLpg(t)} is zero too and the evolution of the mean operator is independent of the

dissipative effect. However, this is not true because p(t) # pg(t) ® pr the dissipative term
Tre{OgLpg(t)} gives a finite contribution.

5.1.1 Rate of Internal Energy

The rate of the mean internal energy operator is

d, . 1 ~3 o Yri T ;g
E<Hl> = Z-_hTTS{pS(t)[HDVSL]} + Trs{H1Lpg(t)} (5.4a)
= i / BPY " i apwar(Tha — Tar) + D / hwa(aP|Lpg(t)|aP)d® P(5.4b)

L,a,b a

where Hr = 1" wala)(al, mpa(P, 1) = (b, P|p%(t)|a, P+7iky)e (2 =wab)t and wey = wq —wy,.

We have used the facts that the internal operator is diagonal in both the momentum basis

and internal state basis (aP|H;|bP’) = fiw8.48(P — P').
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As an example, we consider a two level system with the internal energy operator
H; = hwoSTS™ + FwyS™S™T | the rate of internal energy can be evaluated as

a

1 _ Fiw, / d® P{iU(mge (P, 1) — ey (P, 1)) — T (4 1) poo (P, 1) 4+ Tipy, (P—Tky, 1)}
(5.5a)

dt

At steady state, we can show that <H 1) = 0 (as expected) by inserting the standard
results [151], generalized to include the center of mass momentum dependence and the

mean thermal photon number at resonant 7 = (e —1)~1 as

Qrf(P,t)

i{mge(P,t) —7eo(P. O}t = 5 Koy a0m) (5.6)
_ f®y (> +4?%
Pee(Pat)st = 2 {1 (2ﬁ+ 1)(72 4 A2 + 292)} (5-7)
_ PPk, t) (v* +4?)
Pog(P—Pikes )t = 2 1+ (2r+1)(y% + A2 + 292)} (58)

where ff(P,t)d3P: land y =T(m+ %)

5.1.2 Rate of Kinetic Energy

The time derivative of the kinetic energy operator is related to the force operator
F=4P=_VV=-VVs—VVsp as

d . d P2 1 o o o oo ik . .
X cm—a(m)—W{P-F—I—F-P}_W{V-(VV)—I—(VV)-V} (5.9)

The time derivative of the mean kinetic energy is

d - 1 poyon A P
E< em) = h2MTTs{Ps( )(PQVSL—VSLPQ)}+TTS{2M£P5( )} (5.10)

In the case of unitary evolution, only the first term on the right hand side of Eq.
5.10 contributes. For two level system, we replace the Eq. 8.94 of Appendix IV, and obtain

L) = [or g . o
XL (P)(7ge(P, 1) + 75 (P, 1)) — X1 (P)(mge” (P, 1) 4 7eg (P 1))}
where the Rontgen correction term is x(P) = q:%:_,o Co{er, w”UJL(P) + EquwL(P)} and the
rotating wave parameters and the anti-rotating parameters are defined respectively as
Teg(Pyt) = pog(P,P—Rik)eArrt | g0 w(P ) = p (P—Tik, P)e 1Pt (5.12)
A = AL—P'kL Pk 5LﬁaL—P'kL ) (5.13)

M " 2M M ' 2M
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From Eq. 8.37 of Appendix II, ezq and K/Eq have the same exponential phase
factors. Thus, in rotating wave approximation (RWA), we can rewrite Eq. 5.11 as

B 2
Sitttem) =i | #ry oLl TSy (P)(rgel(Pt) — meg(P1) (5.14)
Thus, the mean kinetic energy can change, depending on the real parameter, the ’ab-
sorption’ v(P,t) = i(nge(P,t) — meq(P,t)). For continuous laser pumping in the ab-
sence of dissipation, we use Eq. 8.105 to obtain the solutions for 7y and %(ﬁcm) =
Pge(P,0) 3L sinQLtfd:}P(hP% + %) Here, v oscillates around zero value, so on av-
erage there is no change in the kinetic energy. The oscillation rate and amplitude can be
very large if high intensity laser is used. The Doppler shift is dependent on the direction
of the wavevector ky, , so it is possible to rectify the kinetic rate so that %(Irfcm) # 0 by
reversing the direction of ky during every period of 7/ so that P - kg sin€Q ¢ is always
positive. This shows that coherent control without dissipation can change the kinetic energy
of a system.

5.1.3 Mean Momentum and Mean Force

From Eq. 5.2 and 5.18, the rate of mean momentum or mean force can also be
expressed as

d A .
P =L (B) = (V¥ + Trs(PLps(0) (515)
where we have used [13,‘75 L = [—ihV,VS L] = —ihVVsy.. Tt should be noted that the second

term has often been neglected in the analysis of light force in the existing laser cooling
theories [168], [166], [169].The first and second terms on right-hand-side of Eq. 5.15 can be
expanded as

(Vi) = Trs(ps¥Ver) = [ Yo PlosVVesla, PIEP (5.0

Tre{PLpg(t)} = /PZ<Q,P|£ﬁS|a,P>d3P (5.17)

5.1.4 Relationships with f(P.t)

The mean momentum and the rate of mean momentum (or mean forced) can be
written as

P) = Trg(f),EJS(t)):/d3PZ<P,a|l3ﬁs(t)|P,a):/f(P,t)Pd3P (5.18)

(P) = /@Pcﬁp (5.19)

d
F = —
dt
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where f(P,t) = > (P,a|p(t)|P,a) is the momentum probability distribution, with (P’,a|p(t)|P, o) =

(83
Taal(t)6(P —P').
Similarly, the mean kinetic energy and its rate are related to the probability density
and first derivative as

(Hom) = <2PA? :ﬁ / f(PHP EP (5.20)
%(ﬁcm> = ﬁ/df(ds’t)PQd:*’P (5.21)

We can combine Eqgs. 5.15, 5.16 and 5.17 to obtain

df (P,t) P R .
= 5 D (e PlpsVVs|a, P) + ) (o, PlLpgla, P) (5.22)
(84 (84
Equation 5.22 shows that w is finite and that the momentum distribution can change
even if there is no dissipation. From Eqs. 4.32,4.33 it is clear that the external c.m. entropy

can change in a non-dissipative process.

5.1.5 Rate of Phase Operator

82 52 ) o

The phase space operator is defined as R - P =h2( xop, T aYa;Py + ozap;

> R; P; and the time derivative is
d

E(f{-ﬁ):f{-ﬁrv-f’ (5.23)

N .- 4R
WhereF—dtP and Vv = dtR'

When the Hamiltonian is of the form H = 2;3_]‘24 + V(f{) as in the dipole approxi-

mation Hamiltonian, it is clear that ¥ = —VV(R) and ¥ :% Ele)
d & & PPN .
E(R -P)=-R-VV +2H,, (5.24)

However, in the minimal coupling Hamiltonian, H= 215_]\2 + V(f{, 13) and the equations are
more complicated FF = —VV (R, P) and ¥ :% +VeV(R,P) so %(f{- P)= —RVV4+2K+
VpV-P. This shows another reason in favor of using the dipole Hamiltonian. For a bounded
potential, the mean (f{ f’) must be time independent [224]. This gives the quantum virial

theorem,

<R‘V‘7>5t = 2<Hcm>st (525)
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=%  Spontaneous emission

Figure 5.1: Schematic of a three-level A scheme with two-sided laser couplings and sponta-
neous emissions, used for Raman velocity selection and STIRAP deceleration.

5.2 Bloch Equations for Three-Level A System

In Ref. [1], we have proposed a laser cooling scheme for molecules which use the
lasers for coherent population and momentum transfers in a three-level A (Raman) scheme,
namely to achieve velocity selection and deceleration. This requires efficient and complete
population transfer from one state to another without populating the excited state, in order
to avoid spontaneous decay to unwanted levels that will reduce the transfer efficiency.

The Schrédinger equation is preferable for simplicity in the analysis when the
laser pulse duration is much shorter than the decay rate of the excited state and in the
large detuning regime. For small detuning and long pulses, the spontaneous decay must
be considered using a full master equation. It also enables the light forces to be evaluated
though the coherences of the density matrix elements.

In the following, we present the density matrix theory which leads to the theory
of Raman velocity selection and deceleration with repeated STTRAP technique. The gen-
eralized Bloch equations for 3-level A system (see Fig. 5.1) including the c.m. momentum
and spontaneous emissions is derived from the master equation in Chapter 111, Eq. 3.37
in the weak field limit of Eq. 3.85. We consider the case where the two decaying channels
do not interfere (no spontaneously generated coherences). Thus, we obtain the dissipative
parts for the Bloch equations from Eqs. 3.154 by setting the terms with I'y o2 and 'y »1 to
zero. The same results are obtained within the timescale ¢ >> 1/(w,1 — wy2) such that the

+iwo12t

terms with e average to zero. Thus, we obtain the full Bloch equations are:
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%ﬂ'ee(Pvt) = iQa(t){ﬂae(P7t) - Wea(P7t)} + in(t){Wbe(P7t) - 7'reb(l?vt)} (526)
_Ftotﬂ'ee<P7t) + Faﬁaﬂ'aa(P + hkm t) + Fbﬁbﬂbba-) + hkbv t)

%ﬂ'aa(P,t) = —iQu(t){7ae(Pyt) — Tea(Pyt)} + Ta(la + 1)7ee(P — Bka,t) — Daltamaa(P,1)

d . — —

Eﬂ'bb(P,t) = —ZQb(t){’ﬂ'be(P,t) — Web(P,t)} + Fb(nb + 1)7Tee(P — hkb,t) — anb’ﬂ'bb(P,t)

Crea(Pt) = (iBpa— ) mea(Pt) + i (t) (FaalPit) — Tee(P.1)) + 0 (D) ma(P1)

Lrae(Pt) = (=iBp = T2l Pot) = iQ0(maa(P L) — 7ee(P0) — i (P1)

%web(P,t) _ (iﬁpb—%)web(P,t)+z’Qb(t)(7rbb(P,t) o (PA)) + (1) 7 (P 1)

d % r . .
Eﬂ'be(Pat) = (—’ZApb — #)W{,e(P,t) — ZQb(’inb(P,t) — Wee(P,t)) — ZQa’ﬂ'ba(P,t)

d A ~ 1 . .
Eﬂ'ab(Pvt) = —{’Z(Apa - Apb) + §(Faﬁa + Fbﬁb)}’ﬂ'ab(P,t) — ZQb’ﬂ'ae(P,t) + ’ZQaﬂeb(P,t)
d A ~ 1 . .

Eﬂ'ba(Pvt) = {Z(APG - APb) - §(Faﬁa + Fbﬁb)}ﬁba(PJ) + ZQbﬁea(Pvt) - ZQaﬂbe(Pvt)

where the following density matrix elements are defined by averaging over the other two

momentum dimensions:

7T€€(P7t) = <P7 6|ﬁ(t)|P7 €> = pee(P7 t) (527)
qu(Pyt) = <P - h_'km gq|ﬁ(t)|P - hk97gq> = pqq(P - hkqv t) (528)
7T'eq(]-:)7 t) = <P7 6|ﬁ(t)|P - th7 gq) = peq(P7 P- hkm t)eiiAPqt (529)
Teq(Pit) = (P —Tky, gy|p(t)|P — kg, g, ) dpa'te iAPat (5.30)

hE.
Tee(P — hkyt) = / » d*p Ny(p')mee(P — Bk, + D). (5.31)
Ciot = Ta(fa+1)+Tp(mp+1) (5.32)
FLa,b = Fa,b(2ﬁa,b + 1) + Fb,a<ﬁb,a + 1) (533)

where pg, (P, P/ t) = (P,a|p(t)|P',b), with ¢,d € a,b and Ap, = Ay — wpy + wrq is
the effective detuning, A, = ksc — wey is the laser detuning, we, = +(E. — E,) is the

internal energy levels spacing, wpq = % is the Doppler frequency, wrq = Z—fé is the recoil
frequency, I'y = C’gF with I' the free-space spontaneous emission rate, and Q, = CydF, the
Rabi frequencies.

For the purpose of graphical computation, it is useful to define the density matrix

elements 74, (P,t) along a particular momentum dimension P by averaging over the other
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two (transverse) momentum dimensions P through the definitions

melPt) = [ [(PLPelpOIPL PP = pe(P.
muPO) = [ [(PL =By gl OIPL, P = By g Py = (P = )
Teq(Pt) = //(Pl, P,e|p(t)|PL, P — Tiky, gg) 2Py €' = p (P, P — hkg, t)e™"

ﬂq/q(Pat) = //<PJ_, P — hkq/,gq/|ﬁ(t)|PJ_, P— hkq’gq>d2plei(wq—wq;)t

= ., (P — Rk, P — bk, t)eiwa=wg)t 5.34
pqq q' qs

5.2.1 Analytical Solutions

Using the P(t) = P(t,)el (%) 4 fg A(t —1)el7dr as the formal solution of 4 P =
LP + A, we integrate Egs. 5.26 for i = 0. We use the identity [ a(t — x)ePdr =
—+[a(t) + d‘;gt) £+ df;gt) Az + di;gt)xlg...] and keep the terms up to 4y and after lengthy

calculations we have the excited-ground coherences

BaTea = Wea(Pao)eDat - Dia{lga(t)fg(t) (Taa — Tee) + in(t)fab(t)Wba}

—%{mgme (2T + Ty) oo + Qa( 200 — 7ap) — Xy( B — Ay) 70}

(5.35)
* 1 . * N *
BaTae = 7rtLE(PaO)GDat - ﬁ{_ZQa(t)fg (t)(waa - "766) - ZQb(t)fg (t)”ab}
1 . x ~
_,D*2 {292’7{-6& - ZQa(2Fa + Fb)ﬂ'ee + QaQb(27Teb - 7Tbe) - Qb(Aa - Ab)ﬂ'ab}
(5.36)

1 . .

Bymer = mep(P,0)eM — E{Zﬂb(t)ff(f)(ﬁbb — Tee) +1Q(t) o (1) Tap }
_%{2957@6 + i (2T + To)Tee + Q270 — Tea) — Qu(Dy — Ag)Tap}
b
(5.37)
. 1. . X . o

Bimhe = wbe(P,O)eDbt - ﬁ{—zﬂb(t)fé’ () (mop — Tee) — 12 () f7 (U) Tpa b

b

__Dl*z (20270 — 12T + Ta)Tee + 20 (27ea — Tae) — QB — Ad)7oe}
b
(5.38)



104

and the ground-ground coherence

K27Tab(P70)eiiKt (Qaweb - Qbﬂ-ae)(Aa - Ab) Qan(Qﬁee — Taa — 7Tbb)

T K (2 ) K2+ (02 + ) K2+ (02 +03)
—inﬂae(ab + DZ) —|— ’iQaﬂeb(aa —|— Db)
> (5.39)
K2+ (92 + Q)
2 2
with the definitions f%7(t) = (1 + 1), 8s(t) = 5y 2252 5, = (1 — Tl
Da,b = (Z‘Aa,b — %) and K = (Apa — Apb) — i%(Faﬁa + Fbﬁb).

Large Detuning Condition

The above results are valid only when the detuning is sufficiently large to allow
for the expansions in orders of % and the neglect of terms higher than %. If the detuning
is sufficiently large,

Qa,b
Daypl

- T,
<lorQ%, <<AZ, + (%)2 (5.40)

we can even neglect all terms with 517 in the ground-excited coherences. The conditions
also give (,; — 1 and Eqs. 5.35-5.38 become

7Tcacz(]:)7t) = 7Tea(F)vO)e'Dut - ,Dia{iﬂa(t)fg(t)(ﬂ'aa - 7Tee) + Z.Qb(t)ftl;(t)ﬂ'ba}

Tae(Pt) = mae(P,0)elst — %{—iﬂa(t) () (Mg — Tee) — 1% () f2* () Tap}

a

Ten(Pit) = ma(P,0)e™" — Dib{in(t)fg(t)(’”bb — Tee) +120(t) f3' () Tan}

7rbe(Pat) = Wbe(P70)6DZt - DL;{_'in(t)fl?*(t)(ﬂbb - 7Tee) - 'iQa(t)flg*(t)ﬂba} (5'41)

Slow Pulse Evolution

For pulses, the time evolution of the Rabi frequencies can be represented by the

—(t—ta,p0)? /o2

Gaussian pulse-shape, Q.5 = Qg r0€ «b which give the well-defined widths g

and have 9,,(t) = _Aiano) Uib. If the pulse evolves sufficiently slow such that the

Ta,b

pulse duration is much lar;g;er than the inverse of frequency detuning,

8, 4
|'D,b ~ Fb <<1 (542)

we can set f:’: (t) ~ 1 in Egs. 5.41. Assuming that there are no coherences initially, we
obtain
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rea(Prl) = —Dia{ma(t)(m—wee)+i9b(t)ﬂba}
maelPt) = =5 A=1u(0) (e = ) = 10 (B)7an}
ma(Pt) =~ (O = 7o) + ()7}
moe(Pit) = _DL;; i () (T — o) — Q% ()0} (5.43)

Now, we can eliminate the excited coherences meq(P,t), mep(P,t) and their conjugates in
Egs. 5.26 using Eqs. 5.43. This gives the effective two-level equations

d 1 1

ﬁﬂ'm(P,t) = —iQa{ﬁ{iQa(wm — Tee) + 1 map} + D—{iQa(ﬂ'aa — Tee) + 1 mpa } } (5.44)
d . 1 . . 1 . .

ﬂ-bb(P t) = —ZQb{—*{ZQb(’ﬂ'bb — 7Tee) —|— ’ZQa’ﬂ'ba} + —{ZQb(’ﬂ'bb — 7Tee) —|— ZQaﬂ-ab}}

dt D Dy

d o~ ~ 1

%Wab(Pyt) = —i(Ag — Ap)map t35 {QbQ (Taa — Tee) + Lpman} + —{QaQb(Wbb — Tee) + Qomap}
d R ~

aﬂ'ba(Pyt) = Z(Aa - Ab)ﬂ'ba + D_{Qan(ﬂ'aa 7Tee) + Qbﬂ'ba} + {Q Qb('frbb - 7766) + 0?2 7Tba}

a b

Detuned out of Linewidth

For the detuning greater than the transverse linewidth

= r

Byp > et (5.45)
we can replace ﬁ ~ iAl b(l + ;Z“’bb) in Egs. 5.44. By defining the real parameters:
U = gy + Ty (dispersion), v = —i(7wqp — Tpe) (absorption) and w = 7waq — 7y (inVETSion),

first introduced by Feynman, Vernon and Hellwarth [223] for a two level system, Eqs. 5.44
can be rewritten as

%U = Acppv— (F;Zgg F;gijg)u — 0 Q{ FAEG (Taa — Tee) + FA2 (7hp — Tee (P.46)
gy = 4%&25 F;g%)g Yo Acput Qbﬂa%m ) — Aibmb el )pAT)
G = 5k~ gl gy L s ) + “A”gg (v — el A9)
% o= _(%‘é + gzg)g Qu— Ru— FE‘? ‘ (Taa — Tee) — F%?g(wbb — Tee) (5.49)
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where

_ _ Q2 Q2
Agpp = Ag— A+ K — A_ the Stark-shifted two-photon detuning  (5.50)

b a
Qepp = Qan{ — —I— — } the effective Rabi frequency (5.51)

1

R = 00— L 5.52
Py (5:5)

Elimination of Excited State

1

The excited state population can be expressed up to second order in 77— using the
tot

first of Eqgs. 5.26

1
Tee(Pit) = wee(P,O)efpmt + m{iga{ﬂ-ae — Tea} + (% {Tpe — Tep } }
1 N FLa FLa

—@{iﬂa(al — 1A, — 2 )Tae — 1824(0a + iAg — 5 )Tea}
1 Fib . 1b

Y {i%(0y — 1Ay — T)Wbe — i (O + 100 — —=)Ter }
tot

~72 {QQ%M + 2027, — 2(02 4+ Q) e — 20001 (Tpa + Tap) } (5.53)
tot

By using the following relations,

1 1 1
Meq + Tae = (,D_; - ,Da)ZQ ( )(Waa Wee) + lQb( )(,D* ab — ,D_awba) (554)
i(Fae = Tea) = —(m= + =) () (Taa — Tee) — D) (=Tt + ——0)  (5.55)
UWTge — Tea = DZ Da a Taa Tee b D* Tab Da Tha .
1 1 1 1 Cig | Tis
e e (e — ) (—fa g L 5.56
b io, R TR Gar T Ay (5.56)

we find that the terms with L in 7. (Eq. 5.53) are at most in the order of ?—Z Thus, we

can neglect the terms with in Eq. 5.53 if the Rabi frequency is lower than the linewidth,

2
Ftot

Qup <T (5.57)

By using Egs. 5.54 and 5.55, Eq. 5.53 reduces to

Q.0 1 1 1 1
_ ~ —Tott _ _ b — il
7Tee(l + (Ta Tb)) Wee(P,O)G + TaTaa — ToTbb T {Wab(,Da + Db) + 7Tba(,D + D* )}

(5.58)
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: o : . : .
where 745 = FI,t“;b K‘F The low intensity or large detuning condition of Eq. 5.40 also allows
° a,b

us to neglect 744. Fi’nally, we use Eq. 5.56 to rewrite Eq. 5.58 as

Q.0 1 1 r r
—Tost _ 2%a3%b 0 + 21 _ la L1y
T (&, 30 A T (5.59)

Tee ™~ Tee(P,0)e

If the one-photon detuning A, is much greater than the two-photon detuning Ay, — A,

we can set A%, — AL ~ 0. The coefficient for v in Eq. 5.59 is in the order ~ % .

@ a,b

Thus, the condition of Eq. 5.40 gives mee(P,0) ~ meo(P,0)e~Ttet? If the excited state is
initially unpopulated, it will be essentially unpopulated at later times when the conditions
Qqp < Aa,b, Qup <I'< Aa,b are met. Thus, we can write mq, + 7y, =~ f,and Eqs. 5.46-5.49
become

d L1 T,02 X Qe Uig | Ty Qe Ui Ty

it = Tap taxp e Rar s T G s (e

d ~ [0 T,02

v = —Beppu—( 252b+ A2 Jo+ Rf + Qeprw (5.60)
a b

d Iy [ 1,02 T,0F D102 D02

i’ = (Gap oA = Q= (G - o W - (at oA v

if _ _(Fia n Ly )0yt — R — (Fmﬂg L 1.0 D

2A2 T 2A? onr T am T (Gar m oA v

For symmetric system where I' |, =", , Egs. 5.60 reduce to

d Fl x FL FL

EUJ = —7X+u + Aefo — 7d+Qanf - Tdeanw

d - r

7V = —Aeffu—%X+U+Rf+Qeffw

d I r, r,

Ew = —Td,QaQbu—Qeffv— 771'7]0— 771'4_?1]

d _ r r, r,

Ef = -3 d; QQu — Rv — 5 wif — 5 MW (5.61)

o2 2 2 02 .
where we define xy, = <% & %%,Wi = % + 35, de = % + Klg Equations 5.61 are grossly
a b a b a b

dependent on the decay rate I'; .
Near two-photon detuning
— — 2 2
For close to two-photon detuning A, ~ Ay we have x . ~ 7wt r~ % + %, R —
_ 2 2
0,Acrr — Q“AQ” Qefr — Qbﬂa%. The required condition to neglect the terms which
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contain '} in Egs. 5.61 is ['| << A% which is the previously imposed condition Eq.
a,b
5.45. So, Egs. 5.61 reduce to

%u = Agpsv
d _
2V = TBesrut Rf 4 Qeppuw
%w = —Qgpsv
if = —Rv (5.62)
dt

Bloch vector equation

In general, §2,(¢) are time dependent while A(P) is momentum dependent, so
Qer5 and A, tf depend on both P and ; and the Bloch vector equations cannot be solved
analytically by Laplace transform. For close to two-photon detuning R = Qan{Aia — Alb} —
0 and Eqgs. 5.62 can be written in the well-known Bloch vector equation

d
2s-Txs 5.63
di 8 (5:63)

where S = (u,v,w) is the Bloch vector, and T = (—$s,0, —A.f;) is the 'angular momen-
tum’ associated to the precession of the Bloch vector. Equation 5.63 gives simple geometrical
picture in analogy to the two-level system. Complete inversion can occur under either one
of the two circumstances:

a)First, tan® = (Qeff/ﬁeff) = %ﬁ%‘g changes adiabatically from Aeff/Qeff —
+oo at t =0 to Agpp/Qsp — —00 at t — co. Here, adiabaticity means that 20 << |T)|
which gives

AT dQp s e (2, + A%,
ST at AT N

(5.64)

This principle was first noted by Oreg, Hioe and Eberly [263] and later coined the name
STIRAP (Stimulated Raman Adiabatic Passage) [285] where it was found that complete
inversion can also occur when the detuning is small (close to one-photon resonance).

b)Second, is the m-pulse condition. When A, = A, and Q, = €2, we have zero
effective detuning, A.ry = 0 with R = 0 and Q.;; = 20%(t)/A . The T vector remains
orthogonal to w-axis and does not change direction. For complete inversion, the Bloch
vector S would need to rotate by 7w around T. From Eq. 5.62 the inversion satisfies the
differential equation

d?w _dsdw

2
W = %E — Qeffw (565)
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where s = 1In ).y, dt = Q;M which has the general solution

err At
F202(¢
w(t) = w(0) cos( ( )dt N (5.66)
o A
It is clear that complete inversion occurs when fOT %dt’ = 7, in agreement with the

geometrical picture of Eq. 5.63. These conditions are the basis for Raman velocity selection.

5.2.2 Exact Solutions for Continuous Wave Lasers
For continuous wave laser we can assume a time independent Rabi frequencies

Qqp, and Eq. 5.62 can be solved exactly by Laplace transform

(1—cos At) A Aefoeff(l—COSAt) AeffR(l—COSAt)

u 1— - Alrs v fo sin At v v Up
v —=etf gin At cos At % sin At % sin At R

= A —COSs . 2 - A CcOos
w Aefoeff(21 At) _ Qfo sin At 1 — Qeff(l QCOS 1) effR(l At) w,

A —COs . —COs 2 CcOos
f AeffR(j‘ At) _EgnAt - QeffR(; A | _R i - At) fo
(5.67)

where Aeff, Q.r5 and R are defined by Eqgs. 5.50-5.52 and

A=A+ RP4 Q% (5.68)

If we use the initial conditions u,(P) = v,(P) = 0, w,(P) = f,(P) = maa(P,0) we find

o
w(Pt) = o, e Ab;___bmz? (1 — cos At) (5.60)
v(Pt) = w02§(’ﬁ sin At (5.70)
w(Pt) = w, <1 2229;?2(A +A1b)(1—cosAt)> (5.71)
P = w, <1_%¥(A—G_Aib)(1_cos,4t)) (5.72)

Equations 5.71 and 5.72 give the results of Ref. [314] (Eq. 21) at two-photon resonance:

1 29292
Taa(Pyt) = Taa(P,0) (1 B Av 2 (1 — cos At)> (5.73)
40202 1
Pt) = P,0 a — At 5.74
7Tbb( ? ) 7Taa( )A AbA2 n 2 ( 7 )

These equations will be used for deriving the relationship between pulse duration,

Rabi frequency and selected momentum width.
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5.3 Analytical Light Force for A System

The evaluation of the light force acting on the particles is useful as it shows how
the kinetic effect of light can be used to reduce the kinetic energy of the particles and also
gives the order of magnitude for deceleration.

By taking the spatial gradient the interaction potential, Eq. 5.108 gives

VVEL(RE) = =7 Y {VQ(R,t) +ikeQ(Rt) Hle) (gl7rge 29" + |g) (€|}’ (5.75)
g=a,b

and tracing over the internal and radiation states with projection onto |P)(P|, we have
the light force density F(P,t) = —(|P)(P|VV{;) on a particle with momentum P at
time ¢ which can be decomposed into the gradient force F(P,t)grqq and the reactive force
F(P, t)reac

F(P,t) = 1Y (V(R,1) +ikeQ(R,1)p, (P t)e 2@ tce.  (5.76)

g=a,b

F(P,0)gras = 1Y VQ{7ge(P,t) +7eg(P, 1)} (5.77)
g=a,b

F(P,O)rcac = h Y keQqi{mge(P,t) — meg(P, 1)} (5.78)
g=a,b

where 7g.(P, 1) = p (P — ik, P, t)e APt and Pge(P — kg, P 1) = (P —Tikg, 94| p(t)|P, ).
The variable R in €, has been assumed as a c-number instead of an operator. If it is
quantized, it gives additional kinetic effect to the particle interaction. Equation 5.76 follows
from Eq. 5.2 with the dissipative part being neglected for velocity selection and STIRAP
processes.

The gradient force F(P,t)4rqq is proportional to the spatial gradient of the Rabi
frequencies and the dispersion u parameter. The Rabi frequency €}, contains the position
dependence through two parameters; the electric field and the polarization (in the case
of more than one laser) as shown in Appendix I (Eq. 8.13). This is also shown in Ref.
[58]. The spatial gradient in the polarization gives the polarization gradient force behind
the polarization gradient cooling. The electric field gradient gives the so-called dipole force
used for trapping of atoms in the large detuning regime [93]. Although it has a shallow trap
depth (around mK ), the dipole trap can provide a large trapping force and has been used
to increase the density of the trapped atoms [102]. The dipole potential can be varied for
evaporative cooling and has been used to obtain the all-optical BEC [13]. Laser deflections
of atomic beam [84], channeling [82] and dispersion [79] of atoms through a standing wave
and the optical Stern-Gerlach effect [81] are also due to the dipole force. The superpositions
of laser fields create the optical lattice which has periodic variations of light intensity, has
been used for coherent acceleration of BEC [214] and for cooling towards BEC[213].

The reactive force F(P,t),cq. is proportional to the absorption parameter v. For

discrete momentum points, the light force on a particle with momentum P can be computed
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as F(P,t) = f(P,t)A3P where A3P is the discretized volume of each momentum point.
Thus, the momentum averaged force is obtain by integration F(¢ f f(P,t)d>P.

The time and momentum dependent dipole force, Eq. 5.76 can be computed
analytically from Eqgs. 5.43 for |Aa p| >> == L“ ® and 7ee == 0

20, Q 292 Qg

F(P,t)grag = hVQ{—= a(wm 7ree)——AZu}+hVQb{——A:(7rbb—7ree)——Abu}
V2 V2 OV OV
~ _h(~—"a P,t) — h(—2 A P.t 5.79
(Aa+Ab)f( ) — (Aa+Ab Ju(P, 1) (5.79)

Similarly, the analytical reactive force is

F(P, 6)rea = M (0 (1)u(P, 1) (22— X2 (5.80)
Aa Ab

Equation 5.80 shows that there is a finite force from the reactive part even for

spatially homogeneous lasers. It provides the deceleration/acceleration force as the result of

recoil due to photon absorption/emission. The force is largest when both lasers are counter

propagating and smallest when the are co-propagating. For time independent (continuous

wave) laser fields, we can replace v(P,t) with the analytical expression of Eq. 5.70 for
homogeneous fields, and obtain

29292 sin At (Xe k, k; )
A, A A, Ab

F(P, {)reac = hw(P, 0) (5.81)

From Eq. 5.81, the time-averaged force is zero. However, if the direction of
ko  kp
(A~ &
prov1d1ng continuous deceleration using repeated processes of STTRAP (discussed in Section

5.6.4).

=) is reversed every period of 7/A the force would be rectified. This is the basis for

5.4 Pure Internal State for Population Transfer

We show a method to prepare the population in a single internal state. The
population in a single state will be used as the initial state for the population transfer
techniques in the laser cooling scheme described in Chapter 6. At around 1K, the level
J = 1 is highly occupied. It is possible to filtered out the gas in a single rotational level
but occupies several magnetic substates. We can use " and ¢~ polarized lasers to pump
the populations in states M = £1 to M = 0 (Fig. 5.2a). If both lasers are switched
on simultaneously, the results are shown by the simulated results from four-states Bloch
equations (Fig. 5.2b), the creation of partial dark state causes only half instead of all of
the total population being transferred to state M = 0. The dark state does not absorb
the laser photon and cannot be excited but remain in the dark state. It is due to the

quantum interference and closely related to the electromagnetic induced transparency (EIT)
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[105], [107] and lasing without inversion (LWTI) [106]. When ¢" and o~ are switched on
alternatingly instead of simultaneously, all populations are essentially pumped into M = 0
as shown in Fig. 5.2c.

5.5 Raman Velocity Selection

In this section, we use the above results to describe the optimal conditions required
to perform a narrow velocity selection from a gas initially in a single quantum state. We
designate laser a as the pump laser and laser b as the Stokes laser, so we wish to transfer

the population initially in state |a) to |b).

5.5.1 Two-photon Raman Resonance

For selected momentum P = P,s which satisfies the two-photon Raman resonance
condition

Aa(Pys) = Ay(Pys) = Ay (5.82)
Eqgs. 5.69-5.72 become
w(Post) = TaaPos 0)%%%9& (1= cos Aut)
v(Pys,t) = Waa(Pus,O)%gggsinAwt
w(Pys,t) = Taa(Pus, 0) (1 - (%)2 (1 —cos AM))
f(Pos,t) = Taa(Pos, 0) (5.83)

where A2, = 5{%5 (Q2 + QZ)Q. The two-photon Raman resonance condition gives the general

formula

(ko — kp)c + Lia (kg cos 0 + ky cos Oy) + 5o (kg + ki) (ka — kb) = weq — wep (5.84)

where P, is the magnitude of the resonant (or velocity selected) momentum, 6, ; are the
angles between lasers a,b and the momentum direction of the particle momentum and weq b
are the energy separations between states |a) and |b) and the excited state |e).

The two photon detuning for arbitrary momentum P can be written as

Ao(P) — Ay(P) = (Pys—P) - (ko — ky)/ M (5.85)

where we have used Ay —wp,,q +wra — Ay +wp,,p —wrp = 0, the Raman resonance for Pys.
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Figure 5.2: Pumping from three degenerate states to a single state in a rotational level.
a)Diagram of the four-state pumping scheme. Time evolution of populations for b) simul-
taneous pumping and c)alternative pumping with ¢ and ¢~ polarized lasers.
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For co-propagating lasers(0, = 0;)

Wea — Web

P’US
c— Lo cos 0 + B (ka + ky) = P—

(5.86)
We ”proof by contradiction” that Raman resonance cannot occur if the Stokes and pump
wavevectors are parallel and the two Raman ground levels are degenerate (symmetric A
scheme), weq = wep. In this case, Eq. 5.86 becomes cosf = 2P (ka + k) + 5= Me -5 1
which contradicts with —1 < cos@ < 1 since the momentum is typically nonrelatlvistic,
P,s << Mec. If the Raman states are nondegenerate, weq 7 wep, the Raman condition may
occur if only if —1 < {cosf = 2P (ko + kp) + Ps(c — (“(’;a—‘”eb))} < 1. This is possible if
Wea,b = Cka,c and 2p_vs (ka + kb) < Pus.

The momentum recoil is along the pump laser direction during absorption but
opposite to the Stoke laser direction during stimulated emission. Therefore, co-propagating
Raman lasers do not impart appreciable net momentum to a particle.

For counter-propagating lasers(6, = 180° + 6,)

(ko — kp)c — L2 (kg + k) cos O + 5z (ko + k) (ko — kb) = Wea — Wep (5.87)

By fixing the frequency of one of the lasers, say w, = kqc, any velocity class
P,s can be selected by tuning w, = kyc to resonance using (for example) a dye(tunable)
laser. Thus, we need to solve for wy in the quadratic Eq. 5.87 which is numerically ill-
conditioned due to the small recoil term. We can solve for w; as following. We fix kg,and
set 8, = 0, and wish to solve for k; in Ak%—I—Bkb—FC’:OWithA— 2M,B (c+ ljcj;)
and C = —{ko(c — §) — (Wea — wep) + %k%} Since ak? is much smaller than the others,
we obtain good approximation with series expansion

ka(c — %) - (wea WEb) + 2Mk2 C2A 20_3A2 (588)
( + P’us)

We will use Eq. 5.88 for the simulations of the Raman velocity selection. The first term
corresponds to neglecting the quadratic recoil term 2h k2 which leads to a linear equation.
Here, the counter-propagating lasers provide fi(kq+k;) of momentum to the particle. Decel-
eration (net reduction in momentum) requires that the mean momentum P, of the narrow

distribution is antiparallel to the pump wavevector but parallel to the Stokes wavevector:
Py -k, = Pyskycosbp <0 and Py, -kg = Pyskgcosfg >0 (5.89)

while the reverse holds for acceleration.
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Figure 5.3: Plot of cosAt versus r = €2, /€2, shows that » = 1 is the only physical value for
complete inversion.

5.5.2 Zero effective detuning ), = Q,

Here, we wish to derive the values of Rabi frequencies which give optimum transfer

efficiency. Let € = rQ), and we can rewrite Eqgs. 5.83 as

1—17?
u(vaa t) = Waa(va, O)WQT (1 — COS Avst)
(Poot) = man(Pos, 0)—2— sin Aot
UV Lys, = Taa\lvs, 1+ 2 SN Ayg
2r o
w(va, t) - Waa(PUS7 0) <1 - (m) (1 — COs Avst)>
f(vaa t) = Waa(vaa 0) (590)

Complete inversion of the velocity selected population occur when w(Pys,t) =
—Taa(Pys, 0) . From the third of Eq. 5.90, we can plot

11,

cos Ayst = 525" (5.91)
The plot of cos Ayst versus r is shown in Fig. 5.3. Since —1 < cos Ayst < 1, it is clear that
complete transfer (inversion) efficiency of velocity selected population from state |a) to |b)

can only be achieved when r = 1 which means when the effective detuning is zero:

Qo= (5.92)

This condition corresponds to A, = 202 u(Pys,t) = 0,v(Pys, t) = Taa(Pys, 0) sin Ayt and
w(Pys, t) = —aa(Pys, 0) cos Ayst.
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5.5.3 Effective m-pulse (Rabi Frequency-Pulse Duration Relationship)

The required pulse duration 7T for complete inversion is obtained from Eq. 5.66

t

204/
when cos( fo 2QT(t)dz‘/') = —1 for arbitrary time dependent Rabi frequency. This gives

w@n—1) = A ’ ﬁg dt (5.93)

where n > 1, with n = 1,n = 2, ... correspond to the 7, 37, ... pulse conditions respectively
for complete population transfer. For time independent Rabi frequency, complete inversion
occur when cos A(Pys)T = —1 in the third of Eq. 5.90, sin 3 A(Pys)7 = %1 in Eq. 5.74 or
from Eq. 5.93 which give

202

7T(2n—1):7'm

(5.94)
The Blackman pulse shape can provide a more efficient velocity selection profile
than the square pulse [313]. The corresponding Rabi frequency is

Q(t) = Qolacosw(2t/T — 1) + beos 2m(2t /T — 1) + ] (5.95)

where 7 is the pulse duration with the coefficients (a, b, ¢) = (0.5,0.08,0.42).
From Eq. 5.93, we have the relation of the peak intensity Q2 with the pulse

duration 7 and detuning Ay

Q2 = (2n—1)|Aulr/{r(a® +b* +2c%)} =~ 5.1569|A,| /7 (5.96)
|Ays|m(2n — 1)
(a2 + b2 +2c2)Q2

(5.97)

where (a? + b2 + 2¢2) = 0. 609 2.
For Gaussian pulse shape, Q(t) = Qoe’(t’tO)Q/ "2, we find the peak intensity is

QZ = |Av5|\/§/0' ~ 6267|AU5|/T (598)

where we have approximated the duration as 7 = 5o following an estimation from Fig. 4.1.

5.5.4 Selected Momentum Width-Square Pulse Duration Relationship

Similarly, we can find the momentum Py 5 at the HWHM (half width at half max-
imum population) around the selected momentum P, by solving 7y ( Pos,t) = %wbb(PU sy t)-
From Eq. 5.74, we get
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1 a1
sin 514(_]30.5)7' Yy sin §A(_Pv5)7' (5.99)
A(Pos)A(Pos) A(Pys)A(Pys)
If the detuning A, is much greater than the Doppler width of the velocity selected population
k- (Pos—Pys)/M, it is a good approximation to set A(FPos) = A(P,s) in the denominator
of Eq. 5.99. From Egs. 5.68-5.51 and Eq. 5.82, we find D(P,;) = R(P,s) = 0 and

A(Pys) = B(Pys) = 2% By using sin 1 A(Pys)7 = +1, Qq = @y and Eq. 5.94 7 = 7‘2593‘

we have

inl A(R 2
M _ Y2 o (5.100)
5 A(Pos)T s

Now, by using Ay(Pos) — Ap(Pos) = (Pos — Pos) (ke + k) /M from Eq. 5.85, we have

APos) = \/ (o= Tool(he £ )y (2o (5.100)

Numerical estimate of Eq. 5.100 gives A(FPy5)7 = 4.02 and by using Eq. 5.101, we obtain
the FWHM (full width at half maximum) momentum width as

2v/6.3M SM
AP, =2|Fys — Pys| = ~2 5.102
Pos = ool = 0 00) ™ 7l + 1) (5102

Replacing 7 from Eq. 5.94 into Eq. 5.102 gives

1092M

AP, = —
7T|Avs|<ka + ka)

(5.103)

The correctness of Egs. 5.102 and 5.94 have been verified through the simulations
with density matrix equations (Eq. 5.26) as shown in Fig. 5.5. The existence of side
lobes in the selected population 7,4 shows the inefficiency of using square pulse for velocity
selection. Ideally, it is preferable to have the selected population profile to be as close as
possible to a rectangular shape.

The relationship between momentum width and pulse duration for Blackman pulse
is the same as Eq. 5.102 except for the numerical factor, which is found via numerical
analysis as

T M

AP, =2
T(ka + kb)

(5.104)

The validity of Eq. 5.104 is seen from Fig. 5.4, where the momentum widths from the
velocity selection simulation are numerically measured for different input values of AP,
with the corresponding 71 calculated from Eq. 5.104.
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Figure 5.4: Momentum width measured from simulation results versus input momentum

width using AP, = %

By replacing Eq. 5.97 into Eq. 5.104, we have

02M
|Avs|(ka + kp)
By comparing Eq. 5.105 and FEq. 5.103 or Eq. 5.104 with Eq. 5.102, it is clear
the Blackman pulse provides a narrower selected momentum width for the same values of
Q,, |Ays| and 7.

Based on the Raman 7-pulse condition (Eq. 5.96), we have simulated the transient

APy, =4.26 (5.105)

and momentum dynamics the velocity selection process using the density matrix equations
(Egs. 5.26) for Blackman pulse, as shown in Fig. 5.6. The profile of the Blackman pulse
(Fig. 5.6a) gives a single peak profile(Fig. 5.6b) of the velocity selected population without
any side lobes. Thus, the Blackman pulse provides a efficient velocity selection than the
square pulse (see Fig. 5.5). An interesting feature is observed from the 3-D graphics of
Fig. 5.6c and 5.6d. Initially, the selected population has a wider profile than the width
at subsequent time when the pulse goes to zero. There seems to be an ’over-transfer’ in
the population and the subsequent ’bouncing-back’ in the population is manifested in the
negative force region in Fig. 5.6. The parameters used for the velocity selection simulations
are based on the OH molecular levels (discussed in Chapter 6):

Velocity Selection Parameters with Blackman pulses
Weq = 6.1637 x 101557 1(I'y = 4.2 x 10°571)
Wep = 5.4917 x 105~ 1(T', = 3 x 10557 1)
wp1 = 6.1636 x 1051 (pump frequency)
ws1 = 5.4916 x 1015571 (Stokes frequency)
Qopt = Qog1 = 3.4 x 108s~! (pump and Stokes Rabi frequencies
7 = 4.45us (pulse duration)
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Figure 5.5: Momentum distributions of the velocity selected population and the residual
population using square Raman m-pulses.

The transient evolution and the momentum distribution of the reactive force in
Fig. 5.6 agrees very well with F,.,. from analytical expression Eq. 5.78. The force shows
a maximum deceleration of up to 3000ms~! during the maximum laser field for peak Rabi
frequency.

5.6 Deceleration by Repeated STIRAP

Various techniques of population transfer have been devised. The most famous
one is STIRAP [265]. The technological successes in the generation of ultrashort pulses
provides advanced frequency chirped lasers for population [266] and optimally controlled
pulse-shape have spurred new techniques to control the internal states of molecules [276],
[274] via wavepacket engineering with the pulses. The close entanglement between the
internal and external degrees provides the momentum transfer during the Raman transi-
tions. The kinetic effect from STIRAP has been used to deflect atomic beam to generate
an atom interferometer [283] and to provide an output coupling mechanism for atom laser
scheme[262].

Tt has been shown using the Schrédinger equation that for one-photon resonant
with a short lived decaying intermediate state, the diabatic (non-adiabatic) coupling leads
to the low transfer efficiency [269]. This may be discouraging for application of STIRAP to
molecule where the one-photon detuning should be much smaller than the adjacent levels

spacing. However, the rotational levels separation is sufficiently large, typically 101051,
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Figure 5.6: Dynamics of Raman velocity selection process: a) time evolution of Blackman
pulse, b) momentum distributions of population density in initial 74 (P), final (targeted)
mpp(P) and the excited states me.(P), and momentum-transient distributions of ¢) initial
state maq( P, 1), d) final state mp,(P,1).
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Figure 5.7: Transient and momentum distribution of the reactive force during the process
of velocity selection.

This enables the detuning of up to 10%s~! which is larger than the typical linewidth of the
intermediate state.

Population transfer in the case of finite two-photon detuning is more realistic due
to Doppler shift when the population has finite momentum width. This has been studied
using Schrédinger equation [270]. Population transfer through intermediate continuum in
a A scheme has also been shown to be inefficient [277]. Studies have also been extended to
multilevels system using density matrix approach both algebraically [272] and numerically
[271]. There are also works which emphasize on efficiency and non adiabatic mechanism
[268].

Despite the many works on STIRAP, the center of mass effect was not considered
in most of them except for the application in atom interferometry by Ref. [69]. In the
case when repeated cycles of STIRAP are required, the transfer efficiency of each cycle
becomes important [284]. There has been much theoretical studies of three-level STIRAP
[267] using Schrodinger equation, and simulation with density matrix equations [289] but
without considering the center of mass momentum distribution. We wish to use the coherent
momentum transfer from the laser photons to decelerate the molecules without affecting
the momentum distribution. Thus, we avoid using the optical pumping which involves
spontaneous emission process [290]. Periodically switched standing wave lasers at far-off
resonance have been used to accelerate ultracold atoms with high efficiency [291]. In the
following, we shall develop the theory of STIRAP for A scheme including the center of
mass momentum as the external quantum states, in addition to the internal states using
the Schrodinger equation.
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5.6.1 Schrodinger equation

If we neglect the incoherent effect from the radiation-molecule interaction, we have
the free Hamiltonian

H,= Z %|P> (P|+hw,e|e) (e|+hwog|a) (a|+Tuw | b) (b] (5.106)
P

and the coherent laser interaction

Vsr(t) = —hq(Je)(ale’eRm0e 4 |q) (e]e™keRwat))
1S (Je) (bl Hr) - [p) e R )) (5.107)

In interaction picture, we have

ViL(t) = —hOu(eNalmae O + fayiel et
—hy(|e) (Blape A0 4 [b) (el pettet) (5.108)

where 782;(R, 1) = degEy(R,t) and dey = ||d||Cy is the reduced dipole matrix times the
transition coefficient and A, = wy, — woy With ¢ € a,b. For state vector |W¢(P,t)) =

> {co(P—hkg,t) |a, P—hky) + cp(P—hks,t) |2, P—hky) + c.(P,t) |e, P)} we have
P

ca(P—HKka,t) 0 0 Qqetbart ca(P—Tka,t)
4 o (P—Tikp,t) | =i 0 0 Oy etopt cp(P—hkp, 1)
ce(Pt) Qge~"BaPt () o—ilbpt 0 ce(Pt)

where Agp = A, — wgp + wyr with ¢ € a,b, and wyp denotes the Doppler shift and wg,

the recoil shift. By unitary transformation to eliminate A,p and the inclusion of damping
from the excited state ', we get

o [ Ca(P—Tka) —App 0 Q Co(P—Tka,t)
= | GP-hkp) | =i 0 —Aw O Cy(P—hkp,t) (5.109)
C.(P,) Q QT C.(Pt)

where Cy(P—Tkg,t) = cq(P—hkq,t)e*iAth and C.(P,t) = c.(P,t). For large detuning, Eq.

5.109 has been solved by reducing it to a two-level equation in Ref. [314]. When two-photon
resonance AapT = Abpr = APT is satisfied for the populations with the momentum P,., Eq.
5.109 can be transformed into

d a 0 O Q. a
T b | =+ 0 0 973 b (5.110)
c Q. Q, Ap+il c
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where a = C e'APt = Ca, b= Cyet®Pt = ¢ and ¢ = C,etAPt = ¢, AP

Unitary transformation of Eq. 5.110 gives the new basis vectors |¥)

|¥1) = sin@singla) + cosfsing|b) 4+ cos¢le) (5.111)
|¥e) = —sinfcosp|a) — cosbcosp|b) + sinyple) (5.112)
|¥3) = cosfla) —sinb|d) (5.113)

and the corresponding eigenvalues or light shifts

B = %D +% D2 1 402 (5.114)
1 1
By = ED — §\/D2 + 492 (5.115)
By = 0 (5.116)
with
. Qq .
tanf = — and tan2¢ = 2Q/D (5.117)

O,

where D = A +iI" and Q2 = Qg + Q%. The eigenvalues and eigenvectors have been solved
for the case [' = 0 in Ref. [267]. For A, I’ << Q, the complex eigenvalues Eqgs. 5.114-
5.116 can be written in real and imaginary parts as Fy = %A + %\/)_( + ZF(% + %), Ey =

%A — %\/Y + ZF(% — %) and F3 = 0 where X = (AQ -T2y 492) . The imaginary part
which is proportional to the damping rate I' gives the exponentially decaying function to

the dressed states populations.

5.6.2 Complete Population Transfer in STIRAP

For the purpose of population transfer, we start with all the populations in state
|a) and wish to transfer it completely to |b). From Eq. 5.113, it is clear that this can
be achieved if the populations remain in the state |¥3) as the mixing angle evolves from
0(t;) = 0 at initial time ¢; to O(ty) = /2 at final time ¢y = ¢; + 7. Here, Qg = €, is from
the pump laser while £, = Qg is from the Stokes laser. This gives the boundary conditions
for the pulses evolutions as

Qlty) |

tan 0(;) = (L) ~ Qs(ly)

T Qs(t)

The relevent state vector for is the adiabatic state or dark state

— 0 and tan6(ty)

(5.118)

Ws(ts)) = |a) — [s(ty)) = —[b)

which has zero light shift, Fi3 = 0.
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The diabatic (non adiabatic) states are

|W1(t;)) = singlb) 4+ cosple) — |W1(tf)) = sinp|a) + cos ¢le) (5.119)
|Wo(t;)) = —cose|b) +sinple) — |Wa(ty)) = —cospla) + single) (5.120)

which contain the untargeted state |e). Any population in state |e) will have a finite prob-
ability of loss through spontaneous decay. In order to maximize the transfer efficiency, the
state |e) should be a long living state (narrow linewidth) and the evolution during the popu-
lation transfer should be made slow enough so that the populations remain in the adiabatic
state and minimize populating in the diabatic states.

The adiabatic condition [264] occurs when the rate of change of the adiabatic
state projected onto the diabatic states is small compared to the eigenvalues splitting,

(LI19)] = Sing << HVETT I — &) or

(%QS — def;—ts) << B/(1 +12) (5.121)
where t = -z ++/1 + 22 and z = A/2Q.

When the Stokes and the pump pulses have the same time dependence, the pulses
overlap and they can be related by a constant r, as €}, = r{2g. Hence, the left-hand-side
of Eq. 5.121 vanishes and the adiabatic condition is fulfilled even any magnitude of Rabi
frequency. This corresponds to a constant € (from Eq. 5.117. For resonant case A = 0 or

Q>> A, we can set z — 0 or t — 1 and Eq. 5.121 becomes

Q) dQ
(/s Qths) << V20° (5.122)

This adiabatic criteria is valid for continuous wave (CW) lasers. For real pulse, there is a
slight modification due to phase fluctuation of the laser [287].

5.6.3 Simulation of STIRAP Dynamics

We also want to study how the population transfer dynamics and efficiency are
affected by the decaying intermediate state, the impossibility of having exactly zero two-
photon detuning due to finite Doppler width of the gas. It is also interesting to compute
the transient light force from STIRAP. All these can be done appropriately by numerically
solving the density matrix equations 5.26. In this section we present simulation results of
the population transfer by STIRAP by numerically solving the density matrix equations
5.26 with quantization of the center of mass momentum.

For Gaussian pulse where the Stokes pulse precedes the pump pulse (counter-

intuitive order), we can write

Q(t) = Qoe™ /% and Qg(t) = Qgoe” 75175 (5.123)
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where 75 the peak time of Stokes pulse,7, = 75 + 74 the peak time of pump pulse and
T4 = (0p + 05)VIn2 is the time delay between the Stokes and pump pulses. The duration
for the STIRAP process can be estimated as (see Figure 4.1)

7= (25+VIn2)(op + 0g) = 3.33(0p + 05)- (5.124)

If we let the starting time and ending time of population transfer as ¢; = 7¢ and 5y = 7,
respectively, Eq. 5.118 can be written as

Qpoe™ 14/ Qo
tan 0(t;) = %p — 0 and tanf(ty) = Q—pe’:"ZQ/‘TZé — 00 (5.125)
So So

The transfer efficiency can be estimated from Eq. 5.125

Qoo (2 2
€= {2 s(tp))]? = sin*{tan ™ (5275 )

(5.126)

Equation 5.126 shows that we can maximize the transfer efficiency by using large
pump pulse area ~ Qp,0p. For o, = o0g we have tanf(;) = 0.062 — 0 and tanf(ty) =
16 — oo, with the transfer efficiency ¢ = 0.99611.

For identical pulses (o, = og) the adiabatic condition Eq. 5.122 gives the more
exact criteria than the well-known one QT >> 1 [265]

24/21n2 (Q2 +Q2)%/?
<<
o QpQS

(5.127)

Based on the above theory, we simulate the STIRAP dynamics including the center
of mass momentum using the density matrix equations (Eqgs. 5.26) as shown in Figs. 5.8.
The entire populations with a broad momentum distribution can be efficiently transferred
(Fig. 5.8b) from an initial state |a) (Fig. 5.8c) to the final state |b)(Fig. 5.8d) using the

overlapping Gaussian pulses with unequal Rabi frequencies (Fig. 5.8a).

STIRAP Parameters with Gaussian pulses

Weq = 6.1637 x 105! = w,(pump frequency)
wep = 4.8518 x 10571 = wg(Stokes frequency)
Qg = 4.8846 x 10%s~!(Stokes Rabi frequency)
2, = 6.1057 x 109~ !(pump Rabi frequency)

7 =>5x 10785 (STIRAP duration)

5.6.4 Repeated Reversal of STIRAP

The molecules initially in an internal state (say |g+)) can be given repeated mo-
mentum kicks for continuous deceleration (or acceleration) by employing repeated STTIRAP
processes. Although the system entropy Sg is invariant throughout this unitary process, the

translational kinetic energy of the molecules can be substantially decreased (or increased).
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Figure 5.8: Dynamics of STIRAP a) time evolutions of the pulses (preceding Stokes pulse
has lower peak), b) transient evolutions of the populations in initial state 744 () and final
state Taq(t); and momentum-transient distributions in ¢) 7 (P,t) and d) my,(P,1).
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Figure 5.9: The transient and momentum distributions of the reactive light force for a)
co-propagating pulses, b) counter-propagating pulses.

The reactive optical light force is responsible for the change in the kinetic energy and we
have derived it in the previous Section. The force is simulated by using the numerical so-
lutions of the Bloch equations (Eqs. 5.26) with the force equations, Eqs. 5.15-5.16 1. The
results show a larger force for counter-propagating lasers(Fig 5.9b) corresponding to a large
deceleration of 10°ms™2.

Each cycle in the deceleration process is composed of two STIRAP processes. The
first STIRAP uses a pair of counter-propagating pulses to transfer the population from
state |g4, P + hkiy) to |g—, P — hk;_), thus reducing the momentum of the population
by Ay = A(k1— + k14). By reversing the directions and the counter-intuitive ordering of
the pulses as shown in Fig. 5.10, the population in |g_, P — hks_) is transferred back to
|g+, P — hiki— — A), giving another momentum transfer of Ay = A(ko— + k24) as shown in
Fig 5.11.Generally, the n — th pair of pulses (n > 1) is defined as following. The o pulse
couples states |gy, P, — (—1)"ahkn) and |e, P,) has the wavevector and the Rabi frequency

with Gaussian profile

ko = (=1)"azk,, (5.128)
Q4 (¢) Qioe 7% With by, = 2n— 1)7/2 — (=1)"Atp, /2 (5.129)

The o~ pulse couples states |e, P,) and |g_, P, + (—1)"afik_) has the wavevector and the

Rabi frequency

koo = —(—1)"ask_ (5.130)
Q. = Qe @) witht, = (2n—1)7/2+ (-1)"Atp_/2  (5.131)

We use a symmetric momentum distribution, so Eq. 5.17 vanishes.
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Figure 5.10: Two pairs of STIRAP pulses with opposite ordering. The directions of the
second pair of pulses are reversed from the first one.

Figure 5.11: Momentum transfer during one cycle of STIRAP deceleration which is com-
posed of two reversed STIRAP processes.
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where {P,} is the momentum family of the coupled states, o1 are the temporal standard
deviations, Atps = 0+2v/In2 is the FWHM (full width at half maximum), 7 = 2(Atp, +
Atp ) = (04 + 0_)4/In2 is the period for each pair of the overlapping pulses, gy =
(04 +0_)VIn2 is the pulses delay as shown in Fig. 4.1.

The parameter o = sgn(F,) ensures that P, is always parallel to the Stokes
wavevector (stimulated emission) so as to reduce the momentum by A(k,— + k4 ) where
Py = Pooy — al(kn_ + kg_1)-) and P, = By — afi(kyy + k(p—1),4) for even and odd

n

n respectively. The momentum reduces from P; to Py — Y ah(k;— + ki3) during the n-
i—=1
th cycle. If the Rabi frequency is much greater than the Doppler width k+ AP/M of the

population, we can fix the laser frequencies to be the same for every cycle, k,+ = ki. In
each cycle, the molecules are decelerated by i(ky + k_) of recoil momentum by the Stokes
and pump photons.

The results from the analysis of the velocity selection and STIRAP processes are
important and they are used in the proposed laser cooling schemes for molecules (in Ref.
[1] and Chapter 6) which incorporates the STIRAP technique for decelerating the velocity
selected molecules.

5.7 Momentum Squeezing

Unconfined gas at high temperature undergoes rapid expansion and lost into free
space. In order to cool the gas, we need a a trap with sufficiently large depth and lifetime.
Due to the practical limitation of the trap depth, the most energetic molecules can never
be trapped. Besides, existing traps for molecules are often leaky, with short lifetime [65]
compared to the magnetic-optical trap for atoms. It would be most convenient if the kinetic
energy of the molecules can be substantially reduced fast enough before they spread out
in space. Ammann and Christensen [15] have used a pulsed potential to rotate the phase
space of an expanding gas. They called it delta-kick cooling although there is no dissipative
mechanism involved in their scheme. Optimization of this cooling concept using harmonic
potential has been proposed and demonstrated in one dimension by Myrskog et. al. [16].
Although these techniques involve purely unitary or coherent process which simply reduce
the kinetic energy but do not change the phase space since there is no incoherent dissipative
mechanism involved, yet they are called ’cooling’ schemes.

We present the evolution of the quasi-phase space Wigner function and derive the
conditions leading to either momentum squeezing [317] or momentum bunching, depending
on the trap frequency and initial conditions. We start with a pulse of molecules with a nar-
row spatial extend but with a large momentum width. We let it expand in the center of the
harmonic potential for a quarter of the trap oscillation period, after which the phase space
of the molecules has been rotated to a narrow momentum width but spatially extended.
The momentum squeezing effect can only occur under certain conditions, which we will

derived. We use the conditions to progressive squeeze the momentum width by alternating
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the trapping frequency.

5.7.1 Wigner Function in Harmonic Potential

We consider a molecular gas with a Gaussian distribution in one-dimensional spa-
tial and momentum spaces, with a momentum (spatial) width op, (0,,) and mean momen-
tum (position) p (z). The initial quasi phase space (QPS) distribution of the molecules is
described by the Wigner function

W,(z,p) = W(z,p,t =0)=¢ @ P*/750e (=2)/0% (5.132)

The choice of a Gaussian distribution implies that the molecules are in thermal equilibrium,
at least along the z axis. This enables rather convenient analytical calculations to illustrate
the basic concept of momentum squeezing. We discuss its practical realization in the end
of this section.

We consider a molecular gas in one dimensional harmonic trap potential V(z) =
%M w?2?, which is turned on at time ¢t = 0, where M is the mass of a molecule and w
is the trap frequency. From the Hamiltonian H = % + V(2), we have the well-known
classical differential equation for the Wigner function which describes the time evolution of
the molecules in position and momentum spaces,

2] p 0 2]

—W(z,pt) = ———W(z,pt) + Mw?z—W (z,p,t 5.133

at (Z7p7) Maz (Z7p7)+ wzap (Z,p,) ( )
with the characteristic equations: % = %, % = —Muw?2.

The formal solution of the Wigner distribution is
W(z,pit) = e W5 M35y (o p) (5.134)

By defining ¢ = Mwx and replacing p = C'sin ¢, and g = C'cos ¢, Eq. 5.133 transforms into

0 5]
—W(pt) = w—W(o.t 5.135
with the formal solution
W (it) = € FW,(6) = Wo( + wi) (5.136)

where ¢ = tan™! Z—; is the phase space angle and C' = /p? + ¢2.
For the initial condition of Eq. 5.132, the Wigner function evolves as

W(z, P, t) — ef(pcos wtt+zMw Sinwt*ﬁ)Q/U%(,e*(*me sin wt+z coswt—2)2 /o2,

e Pl It PPl (5.137)
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where the time dependent widths are

sinwt

. coswt o 9 _1
oot) = A2+ (o)) (5.139
. Mwsin wt coswt o 1
o:(t) = {(—— )%+ ( ~ )%}z (5.139)
po E2e)
Mw 1 1
. = in2wt(— — ———)} 2 5.140
O-P {Sll’l w (0'%0 MWO'%O)} 2 ( )

and the parameters which depend on the initial mean position zZ and momentum p are

Fpr = e—ﬁr"/a;‘;oe—fQ/Uzoep/apez/az (5.141)
2pcoswt  2zsinwt. . 2pMwsinwt  2zZcoswt
@ = {22 - ) and a, = {222 SE T (5.142)
Ts0 wog, 5o 020

The QPS volume of Eq. 5.137 can be shown to be a constant [ [ W (z,p, t)dzdp =
To,0, and f f W2(z,p,t)dzdp = %mrpaz during the time evolution in the harmonic poten-
tial. The Wigner function satisfies the normalization condition f f Wi (z, p,t)dzdp = 1, thus

Wi(z,pit) = = 01 UPW(Z, p,t). The quantum mechanical property of the Wigner function is

manifested by the inequality [ [ W?2(z,p,t)dzdp < (2rh) ! [221]. From these, we have the
minimum phase space relation

o,0p > h (5.143)

as the result of the quantum mechanical nature of the Wigner function.
The Renyi entropy [113] Sg = Tr{p?} which measures the purity of an ensemble

is unchanged since

h
Tr{p*} = 2%5//W3(z,p,t)dzdp = <1. (5.144)

0,0p

The time evolutions of the average kinetic energy and potential energy of the molecules can
be computed from the following,

K1) = / / %Wn(z,p,t)dzdp (5.145)

w0 = [ [XE W paiea (5.1

From Eq.5.136, we see that the Wigner function maintains its shape while it rotates
in the phase space with angular velocity w = d¢/dt. Thus, a Wigner function with a large
initial momentum width can be reduced at the expense of increasing its spatial width by
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Figure 5.12: Momentum squeezing effect. Wigner function for a)initial narrow spatial width
and large momentum width and b)final large spatial width and narrow momentum width.

performing a rotation of A¢ = wt = 90° which corresponds to duration ¢y = g-. At this
time, the potential is switched off and from Eq. 5.137, the Wigner function becomes

W (z,p, t) = e CMO=D/onoe (5i5 12" /% (5.147)
with the respective momentum and spatial widths

opr = op(ty) = 00Mw (5.148)
o = 0,(tf) = 0po/Mw (5.149)

while the mean momentum and position are respectively
pr = —zMw (5.150)
zr = p/Mw (5.151)
Thus, after 90° rotation in phase space, the QPS volume of the gas is unchanged o, 0,; =
5.7.2 Conditions for Momentum Squeezing/Bunching
We define a parameter
X = Opp/Opo = Mwo,o/0p, (5.152)

which gives the momentum squeezing condition when x < 1 (0,0/0po < 1/Mw) and mo-
mentum bunching when x > 1(0,,/0p, > 1/Mw).

In principle, we can obtain arbitrarily narrow momentum but with large spatial
width within the condition Eq. 5.143. However, in practice final spatial width o, max > 0, ¢
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must be within the typical dimension of the trap size to ensure that the molecules do not
traverse beyond the harmonic trapping potential. Besides, there is a minimum initial spatial
width from effusive source of the gas. For an initial velocity width of Au, = op,/M, we

have the practical momentum squeezing conditions

WO 4o < AUy < WO 5 max (5.153)

If the squeezing condition of Eq. 5.153 is satisfied, a small initial position spread
020 leads to small final momentum spread opf. Substantial kinetic energy has been trans-
formed to the potential energy. We can show that at time ¢y, the average kinetic energy,
Eq. 5.145 is minimal while the potential energy, Eq. 5.146 is maximal. When the harmonic
potential is switched off at this time, the potential energy is reduced to zero and we end
up with the molecules with a lower kinetic energy. This can be understood since the faster
molecule traverses a longer distance and converts more of its kinetic energy to potential
energy than the slower one.

The momentum squeezing effect in the Wigner function from the initial distribu-
tion (Eq. 5.132) to final distribution (Eq. 5.147) with narrow momentum width is simulated
in Fig. 5.12. Although the QPS volume and the entropy of the molecules are conserved
in this unitary dynamics [109], the average kinetic energy is reduced at the expense of
increasing the average potential energy. Since the Wigner function evolves continuously
immediately before and after time Z; so does the density operator; and the entropy is

unchanged by the sudden turn off of the potential.

5.7.3 Practical Considerations

We assume that the molecules can be prepared in a trapping state where they
experience a harmonic potential, and in an untrapped state where they do not ’'see’ the
potential. Figure 5.13 shows two methods for obtaining the initial distribution with a
narrow spatial width. Buffer gas cooled molecules trapped in a magnetic field can be used
as precursor. But, it is practically hard to switch the magnetic field in a timely and rapid
manner. So, we do not alter the trapping field but instead uses lasers to switch the molecules
between trapping and untrapping states (Fig. 5.13a). Spatially focused and overlapping
STIRAP laser beams can be used to rapidly ’switching on’ a spatially narrow pulse of
molecules (width ¢,, = 0.1mm) by transferring the population into a trapping state of
the harmonic potential. After time 7, we transfer the molecules back to the untrapping
state with another laser, with broader width. The dimension of the trapping potential
sets the upper bound for the final spatial width of the momentum squeezed molecules as

Oymax = 10cm. From inequality Eq. 5.153, we obtain the practical range for the trapping
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Figure 5.13: Methods of producing a spatially squeezed initial ensemble of molecular gas.

a)using STIRAP b) using guides for molecules.
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10ms ' __
500s—1 =
opf/M = 5cms~!. The momentum squeezing concept discussed above can be extended to

frequency 10%s7! < w < 10°s 1. If we use w = 50051, we have O, = 20mm and

2 and 3 dimensions. A second method of producing narrow pulse of molecules is by using

a magnetic guide [119] or hollow beam fiber [120] to release a pulse of molecules as shown
in Fig. 5.13b.

5.7.4 Repeated Squeezing

We can repeat the squeezing process for another quarter period using a new trap
frequency we with Eqs. 5.147 as the initial conditions,

W (z,p,t) = e CMe 2V /opoe (SI5+2)"/0% (5.154)

Thus, the second squeezing process gives with the respective momentum and spa-
tial widths opp0 = 0, Mwy = Opowa/w, 0,50 = Opf/Mwy = 0,0w/wy. We proceed with
the third squeezing process using the trap frequency w3 and obtain o,r3 = 0,9 Mws =
OroMwsw/we, 0,53 = opra/Mws = opows/(Mwsw). The fourth squeezing process gives
Opfa = 0, 3Mwy = opowaws/(waw) and 0,54 = opp3/Mwy = 0,0w3w/waws, and so on.

Generally, for n > 0 we can write

Opf(ent1) = UzoMHW(%H)/Hw(zi) (5.155)
=0 =0
Opf@2nt2) = UPOHW(2i+2)/HW(2¢+1) (5.156)
=0 =0

If we let all frequencies of the even processes the same as w(g;2) = Weven and all frequencies
of the odd processes the same as w(;11) = Woaa We have

Tp(2n+2) = Opo(Weven/Wodd)" (5.157)

Provided that we instantaneously change between a large trap frequency w,q4q and
a low trap frequency weyen < Wweoqq for a large number of cycles n — oo, we obtain very
narrow momentum width oy ¢2,492) — 0. On the other hand, we can achieve vary narrow
spatial compression of a large volume of gas by using weyen > wodd- In the end of spatial
compression, we obtain a dense hot gas with very large momentum width. By thermalizing
the hot gas with buffer gas, entropy can be removed from the hot gas and we have a cold
gas with thermal temperature around 0.05K.
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Chapter 6

Laser Cooling Schemes for
Molecules

In this Chapter, we briefly discuss a few preliminary laser cooling schemes for
molecules which are possible in principle. We do not elaborate on these schemes because
of the difficulties of realizing these schemes from practical point of views. Following this,
we elaborate on a more practical laser cooling scheme for molecules using the concepts of
velocity selection, deceleration and spontaneous emission. The detailed theories of sponta-
neous emissions which been presented in Chapter 3, and the Raman velocity selection and
STIRAP deceleration presented in Chapter 5 are applied to represent these concepts. The
detailed scheme and laser parameters depend on the internal structures of the molecule.
We apply the knowledge of molecular physics for diatomic molecules presented in Chapter
2 to estimate the cooling parameters for real hydroxyl (OH) molecules.

6.1 Preliminary Laser Cooling Schemes

In using laser for cooling the translational motion of molecules, we rely on three
aspects: 1) linear momentum transfer between photons and molecules, 2) repetition of
momentum reduction process 3) irreversibility. This is mediated by the absorption and
emission processes where momentum and energy are conserved. The most probable and
strongest radiative processes are through the dipole coupling.

From previous chapters, some important conclusions related to molecule-radiation
processes should be emphasized. The presence of the additional rotational and vibrational
motions in molecules lead to the more closely spaced rotational and vibrational energy levels
in addition to the electronic levels present only in atoms. Thus, the molecule-radiation
processes involve photons with lower frequencies (in infrared and microwave regime) in
addition to the optical frequencies. The levels are not evenly spaced, so the dipole transitions
involve many different frequencies of photons. That means, repeated laser pumping would

require multi-frequency lasers.
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Moreover, spontaneous emissions from an excited electronic state or fluorescence
will distribute the populations to many rotational and vibrational levels. Spontaneous emis-
sions from vibrational and rotational transitions are much slower than optical spontaneous
emission. From Chapter 4, we found that the cooling rate is measured by the entropy
production rate which is proportional to the spontaneous emission rate while the kinetic
energy removal rate which is proportional to the light force. This means that rotational
transitions within a vibronic state is too slow to be practically applicable, although it forms
a closed two level system. In the following, we consider a few ’primitive’ cooling schemes

for heteronuclear diatomics.

6.1.1 Scheme 1-Electronic-Vibrational Transitions

In this scheme, we choose the ground states in the ground electronic state |g,) =
|X,{v=0,1,2,.., N},J = 1) coupled to a single excited state in an excited electronic state
le) = |A,v" = 0,J" = 0) by a number N of lasers to form a set of closed optical pumping
cycles, where N depends on the Franck-Condon branching factors of a chosen molecule
(see Fig. 6.1a). For some molecules where the internuclear distances at the minimum of
the two electronic potentials almost coincide, only a few vibrational levels are occupied by
spontaneous emissions (fluorescence) from |e). If the minimums are widely separated, the
fluorescence may populate a large number of vibrational levels.

Since only one rotational level with J = 1 is occupied within each vibrational level,
we only need N lasers with different frequencies given by

vy = vax — We(1 — x0) + W — 2B, + 20, (v + %) (6.1)

If we choose |X) = |X) and |II) = |A), the ground electronic state has A = 0,
with J > (© = |0 + X|) and excited electronic state has A’ = 1, with J' > (¥ = |1 + X|)
via selection rule AA = 1. From angular momentum selection rule (AJ = +1),we use an
excited state with J' = 0 which decays spontaneously via dipole transition only to J = 1,
(corresponding to P(1) line), this requires that ¥ = —1, .S > 1 (since —S < ¥ < S). Thus,
the state with S = 0 is unapplicable. We can use 3’5“20,1’2,3“ and 3’51_[0’1,2’3__&5 the ground
and excited states respectively.

Taking into account the possible transitions to magnetic sublevels with the selec-
tion rules AM; = 0,41 actually we need a total of 3N lasers, with ¢*,0~ and linearly
polarized for each frequency. The downward transitions via optical spontaneous emissions
(fluorescence) populate three magnetic substates only | >, v,J =1, M = 0,£1) and a num-
ber of N vibrational states. Thus, the cooling scheme involves a total number of 3N + 1
molecular states.

For heteronuclear diatomic molecules, the loss of populations to other states by
vibrational-rotation spontaneous emissions may occur. This can be prevented since the
Rabi frequencies of the optical pumping is typically 107s~ ! —10%s~ !, much larger than the
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Figure 6.1: Preliminary laser cooling scheme 1 uses many optical lasers to pump the popu-
lations to the ground vibrational state in an excited electronic state.

infrared decay rate 102s~! — 10%s~!. For efficient Doppler cooling, low laser intensity is
used. This also ensures that the laser of a particular frequency excites only the designated
transition and avoid multiphoton processes [192]. The frequencies of the lasers are not
exactly equally spaced due to the anharmonicity of the vibrational levels.

There are two challenges for this scheme. First, the requirement for many lasers
poses a major practical difficulty. Only for molecules where the minimum potential curve of
the electronic states almost coincide, it is possible to have a few vibrational states involved
for cooling. Second, the cooling process requires thousands of repeated pumping cycle
and the efficiency will drop even if a very small fraction of the populations fall into states
which are not pumped up by laser. Thus, the cooling scheme requires precise data of the
Franck-Condon population distribution. This scheme is similar to the proposal in Ref. [59].
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6.1.2 Scheme 2-Vibrational-Rotational Transitions

We consider the pumping cycle between the three ground states [g0, +) = |13, v =
0,J = 1,M = 0,41) and one excited state |'¥,v = 1,J = 0, M = 0) within the ground
electronic state. The four rovibrational states form a closed pumping cycle. Three infrared
lasers with o¢t, 0~ and linear polarizations couple the ground states to the excited state
(see Fig. 6.2). The direction of the linear polarized laser is orthogonal to the ¢t and o~
polarized lasers. However, parallel 0™ — o~ and antiparallel o0t — o~ give different kinetic
effects on the momentum distributions. For antiparallel ot —o~ polarized lasers, half of the
population form the dark trapping state of |NC') while the other half in the superposition
of state |C) is pumped to |g0), which would be repumped back to |g+) and |g—) by the
linearly polarized laser.

Alternatively, with a magnetic field the degeneracy in the ground level is lifted
and we have four levels A system. Here, we can couple |go) to |e) using a linear polarized
laser, and couple |go) < |g1) and |go) < |g—1) using ot — o~ polarized masers to form a
closed pumping cycle, similar to the scheme of Ref. [97]. The main practical difficulty of
this scheme is the long cooling time due to the slow infrared spontaneous decay rate and
more cooling cycles are required. The magnitude of the momentum transfer from infrared
photon is about 10—>50 times smaller than optical photon during absorption. So, the scheme
requires 10— 50 times more number of pumping cycles to effectively reduce the momentum of
the molecules compared to using optical lasers. Besides, the infrared spontaneous emissions
rate is typically 10* times slower than optical decay rate.

The scheme can be modified to provide larger momentum transfer if we use optical
transitions. The direct one-photon rovibrational transitions can be replaced by the A scheme
via an excited electronic state. Thus, larger momentum transfers from the two-photon
optical transitions can be achieved. The chosen excited electronic states are restricted by
the dipole selection rules given in Section 2.6.1.



140

M=_1 M=0 ......... M=+1 A
Ml MM it
—_— v=1,J=4M=0)
o . lin X
lin v=ag=1)
o] V==
A L N —7
=.] =0----... M=+1 G+
— VAO-AM=D) M=l M0 Me

| A,v=6=QM=0)or — — — X ~ — ~
| A,v=6g=1,M=+1)

v=1,=aM=0)
o
lin X
2 xv-eg-n —4
M= -1 M=0---.... M=+1 /().-l-'
M=- M=0--..... M=+1

Lt al

Figure 6.2: Preliminary cooling scheme 2 uses infrared vibrational-rotational transitions.
a)i three degenerate ground states are coupled to a single excited state with three IR lasers
with different polarizations and a single frequency. a)ii degeneracy is lifted and the levels
are coupled by a single linearly polarized IR laser and two circularly polarized masers. b)i
and b)ii are the corresponding modified schemes which provide larger momentum trans-
fer. Optical two-photon transitions replace the one-photon infrared transitions. Only one

additional Stokes laser is required.
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6.2 Laser Cooling of Molecules by Zero Velocity Selection

We present a general laser cooling scheme using simple well-known techniques.
The scheme overcomes the problem of closed pumping cycle and repeated spontaneous
emissions. In Section 6.2.1, we outline the cooling idea, the steps and laser techniques. The
initial setup and preparation of the precursor molecules for laser cooling are discussed in
Section 6.2.2. The first cooling step (zero velocity selection) is elaborated in Section 6.2.3.
We apply the optimum conditions for the zero velocity selection to estimate the operational
parameters and cooling performance using real OH molecules. The spectroscopic data
for OH molecule is available in quite detailed [178]. Similarly, the second step, STIRAP
deceleration process is elaborated in Section 6.2.4 along with operational parameters (in
S.I. units) and numerical estimates. The details of the accumulation process (third step)
are presented in Section 6.2.5. We also estimate the overall cooling time and spatial drift,
which may be of practical interests. The results of simulations with OH molecules using
the density matrix equations are discussed. Finally, we present the modelling of the cooling
process with analytical density matrix equations and compute the time evolutions of the
internal and center of mass entropies.

6.2.1 New Laser Cooling Concept

Let us first describe the general idea (Fig. 6.3) behind the cooling concept, which
need not necessarily use lasers. It is the repetition of a cooling cycle, each composed of
three steps: zero welocity selection, deceleration and accumulation. In the first step, a
narrow velocity width with zero mean velocity is selected from a translationally hot gas
of molecules in a state |g;) and coherently transferred to a decaying state |d). In order
to repeatedly extract the narrow zero velocity population from |g;) we need to fill up the
population around the zero velocity after each zero velocity selection step. This is the
purpose of the second step (deceleration). It can be done either by thermalization process,
or momentum deceleration whereby the remaining population reservoir in |g;) is translated
in momentum space by an mount AP, roughly equal to the selected momentum width,
AP,s. This creates a finite population around zero momentum for the next cycle of zero
velocity selection. Finally (third step), in order to repeatedly accumulate the narrow velocity
populations, we need an irreversible process.

We shall demonstrate the applicability of the cooling concept by using simple laser
pumping techniques on a levels scheme in OH molecules. Each cooling cycle is composed
of a sequence of the three steps:1)zero velocity selection with Raman w-pulses [313], [314],
2) deceleration with STIRAP [265], and 3) accumulation by single optical spontaneous
emission, as shown in Fig. 6.4. Although the laser techniques of this cooling scheme are
similar to our previous work [1], there are two major differences in the way populations are
selected, decelerated and accumulated. First, the velocity selection is performed around zero
velocity instead of non-zero velocity. Second, we decelerate the initial (hot) population of
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Figure 6.3: Idea of the new cooling concept based on zero velocity selection, deceleration
and accumulation. The schematic shows the expected momentum distribution in the first
two cycles of the cooling process.

gas instead of the narrow velocity selected population, by using only two STIRAP processes.
Thus, the cooling time in each cycle is considerably shortened by the reduced number of
STIRAP processes compared to the previous scheme. In our previous work, the velocity
selection is not around zero velocity. Therefore, extensive deceleration is required to bring
the mean momentum to zero in each cooling cycle by using many (hundreds) of STIRAP
pulses. Thus, the present scheme has the advantage from the practical point of view. In
this scheme, we also include the real numerical data of OH for the simulations.

6.2.2 Initial Setup

Before discussing each cooling step in details, we elaborate on the preparation of
the initial precursor molecules in a proposed setup. We assume that a gas of molecules
effused out slowly from a source has finite population around zero momentum, as shown
in Fig. 6.6. The molecules occupy essentially a single molecular level |g;) (but possibly in
different magnetic substates). The initial density operator which includes the internal and

the external center of mass (c.m.) states is written as

Prot(0) = p1(0) ® porn(0) = |gs) (gil ® D W(P)|P)(P| (6.2)
P
where W(P) = \/7%0‘ exp{—(P — AP;)?/o?} is the Gaussian momentum distribution, and

AP, = 2v/In20; = +/2MkgT; 1is defined as the momentum width at half maximum with
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velocity selection, STIRAP deceleration and irreversible accumulation steps.

effective axial translational temperature T;. The Stark deceleration of supersonic molecular
beam [67] and buffer gas thermalization [64] techniques have produced cold molecules at
about 0.05K with density of 10”molecules/cm?®. These molecules are essentially in a single
vibrational and rotational level in the ground electronic state, but may be in several mag-
netic quantum states. They can serve as the precursors for further cooling to temperature
of uK or below using this laser cooling scheme.

Here, we use OH molecules as an example to study and demonstrate the feasibility
of the laser cooling scheme. The necessary energy levels and states are shown in Fig.6.5. At
close to thermal equilibrium temperature of T; = 1K , only the states | X213 s2,n=0,J =
%, Q= :I:%7 Mj;= :I:%, :I:%) are appreciably populated [121], which can be designated as |g;).

In the absence of trapping, the molecules undergo free spatial expansion beyond
the laser interaction region and the entropy increases indefinitely as kg In(V/V},) [293], where
V, = Az, is the initial gas volume. The phase-space density would hardly increase even if the
momentum width is reduced by laser cooling. Trapping is required to fix the spatial density
as we reduce the momentum width. But the molecules in |Q = :I:%7 M;= :F%, :F%> are low
field seekers while those in [ = +£2, M, = +3, +32) are high field seekers [121]. Electro-
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Figure 6.6: Proposed setup apparatus for the laser cooling scheme with initial momentum
distribution, the Stark barrel for two dimensional trapping and the directions of the cooling
lasers.

dynamic trap [310] can trap both low field and high field seekers simultaneously. Here, we
are concerned with the trapping of the low field seekers only. We use the Stark barrel [312]
which provides two-dimensional trapping for the molecules with transverse(radial) kinetic
energy < 1K in an essentially homogeneous field area A (Fig. 6.6). The axial momentum
component of the molecules is reduced by the laser cooling process. There is no potential
barrier or trapping potential along the axial direction to avoid any change in the axial mo-
mentum distribution during the laser cooling process. The fastest molecules are decelerated
to zero axial velocity in the end of cooling, have maximum drift distance, zmax. Thus, the
length L of the barrel should be larger than zy,, and we define L = z, + zpayx-

6.2.3 Step 1: Zero Velocity Selection

Raman velocity selective m-pulses technique is used to transfer a fraction of pop-
ulation with a narrow momentum width AP,s, around zero momentum family (Fig. 6.4)
from the "hot reservoir’ state |g;, fikp1) to an empty state |gys, —fikg1) via the intermediate
excited electronic state |e,s, 0) in a three-level A system. The pump and Stokes lasers are
counter-propagating, with wavevectors kp; and kg1, and the corresponding Rabi frequencies
Q1 and (2g; respectively. Complete population transfer of the narrow momentum width
AP, around P, occurs when 3 conditions are satisfied:

e Raman resonance
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e Large one photon detuning

e 7-pulse consition.

The theory of velocity selection has been presented in previous chapter. We use
the results for the foregoing analysis.

The effective temperature associated with the velocity selected width Aw,s =
AP,,/M is defined as T,, = M(Av,,)?/2kp. For the gas with distribution of Eq. 6.2, with

initial velocity width Aw;, we define the maximum velocity as umax = 2Av; = 21/2kgT;/M .
The total number of velocity selection cycles (which is the number of cooling cycles) can be
predicted as

. Umax Av; | Ays|(kp1 + ks1) [2kBT;
Neye = = = 3 (6.3)
2Av,s Ay, 0.6092 x 8%, M
If the pulse duration for each cycle is the same, we obtain the total time for velocity

selection step in the cooling process

7| Ays|2(kp1 + ks1) [ 2kpT;
Nuyer1 = N 6.4
veT 0.37 x 8QL M (6.4)

In practice, it is desirable to have fast velocity selection process which requires

short pulse duration and higher power lasers. However, shorter pulse duration leads to
wider selected width and higher T,s. An arbitrarily narrow velocity width corresponds to
small Rabi frequency (Eq. 5.105), large number of cooling cycles (Eq. 6.3) and long total
cooling time (Eq. 6.4). For optimal cooling, we should minimize the product of the cooling

time Ngy.71and the effective temperature T, which can be regarded as the 'merit’ for

1 1
Neyem1Tys = —MkgT,—— 6.5
yeT1 " V2P (kp1 + ks1) (6.5)

The result Eq. 6.5 shows that levels scheme with large transition frequency enables

velocity selection

the use of high frequency (optical or near UV) lasers are best suited for the velocity selection
step.

Zero Velocity Selection Parameters for OH

The levels spacing between two lowest rovibrational states (|[v = 0,J = 1/2) and
|v = 0,J = 3/2)) in the excited electronic state |A%Y; 5) (Fig 6.5) is about 10135~ 1. If we
apply a negative detuning of A = —101s7! relative to the level |[v = 0,J = 3/2), it is a
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hundred times closer to |v = 0,J = 1/2) than |v = 0,J = 3/2). Thus, the velocity selection
scheme can well be described by a three level A system since the lower level, [v = 0,J = 1/2)
can be disregarded. The detuning is much larger than the typical Rabi frequency and the
linewidth of the level, so the excited states are not populated during velocity selection.

The transition coefficients for transitions (J = 3/2, M = £1/2 « J =3/2,M =
+1/2) is oy = 7= while for transitions (J = 3/2, M = +3/2 & J = 3/2,M = +3/2) is
Qz/g = % Even though the coefficients are different, the m-pulse concept can still be applied
to transfer the entire velocity selected populations from the four substates in |g;) to |gus)
because the ratio of the coeflicients is an odd integer az/o /oy /2 = 9. Since the laser pulse
duration 71, the dipole moment d and laser fields Fs(t) are the same for both substates.
From the definition of Rabi frequency €; = dF;C;, where C; is related to the transition
coefficient by a; = C;C} and Eq. 5.97, we have % = g—; = 9 which gives the complete
population transfer for both substates for n; o = 1 (corresponds to the mpulse) and ng/, = 5
(corresponds to 5 pulse) with 71 = |Ays|7/(0.6092:d* E2).

This enables velocity selection from the four ground states |g;) = | X2l [ U =
0,J =3/2,M = +1/2,+3/2) to be performed concurrently to |gys) = [X*II3/9,v = 1,J =
3/2,M = £1/2,43/2) which are essentially empty, via the intermediate excited states
levs) = |A%Ey 9,0 = 0,J = 3/2, M = £1/2,+3/2), with the transition angular frequencies
(in S.I unit of s 1) we,, 4 = 6.1637 x 10%s 1w, .. = 5.4917 x 101%s 1[177]. We need
only two linearly polarized lasers, the pump and the Stokes to couple parallel transitions
states. Suppose we fix the pump laser frequency at wpy = 6.1636 x 105~ 1(corresponds
to Ap = Wyl — We,,,g; = —101s™1), the Raman resonance condition (Eq. 5.88) gives the
Stokes frequency wg; = 5.4916 x 1015571,

We select the momentum width of AP,y = A(kp1+ks1) which corresponds to veloc-
ity width Avys = AP,s/M = 14.5¢ms ™! and effective temperature T,5 = %M(Avvs)Q/kB a2
21p K. From Eq. 5.105, the required Rabi frequency is €,,1 = Q,91 = 3.4 X 10851, which
satisfies the condition A >> Q,1, (I’ = 1.5 x 108s71) that avoids populating the excited
state. From Eq. 5.104, we obtain the required pulse duration 79 = 4.45us. If we start

from the temperature T; = 1K with velocity width Av; =~ 31ms™ 'and maximum velocity

1

of Umax = 62ms -+, we need about N.y. = 215 cycles. The total velocity selection time

required is £y = Ny.71 = 1ms.

6.2.4 Step 2: Deceleration by STIRAP

This step is intended to create a finite population around zero momentum for
the next cycle of zero velocity selection. In principle, non-optical deceleration technique
can be applied [67]. However, STIRAP process is simple and provides rapid removal of
kinetic energy with high deceleration/acceleration up to 10°ms~2. It has been demonstrated

experimentally to be highly efficient for molecules, like Nag [285], NO [287] and SO [286].

The remaining "hot’ population in |g;) is transferred to the empty state |ggec)
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through an excited state |ege.), and back to |g;). This corresponds to only two STIRAP
processes. Each STIRAP process is accompanied by the photon momentum transfer of
R(kq+ kp) along the pump laser direction [282]. The momentum transfers can be tailored to
decelerate the remaining population in |g;) by roughly equal the selected momentum width
AP, 2 AP,s. Although closed optical pumping cycle for dissipation is not possible in
molecules, this step shows that it is possible to have a closed pumping cycle for a coherent
process, particularly for removing the kinetic energy.

The STIRAP uses a pair of counter-propagating laser pulses, with frequencies w,
and wy, resonantly coupled to the transitions |g;) <> |€gec) and |ggec) < |€dec) TESPeECtively.
Complete population transfer from |g;) to another state |gg..) via an excited state |ege.) can
be achieved with three conditions:

e First, the Stokes pulse (with wavevector kgo = kp) overlaps in time with the pump
pulse (kpa = kp) but always reaches the molecules before the pump pulse (counter-
intuitive order). For the typical Gaussian pulse shape, the time dependent Rabi
frequencies can be represented by

Qs2 = 9820 exp{—(t - 2.50’5)2/(7%}
Qe = Qo exp{—(t — (2.50, + T))Z/cr;} (6.6)

where Qp9, = %Epo<gi|ci|edec ), Qg2 = %ESC,(edeckﬂgdec) are the pump and Stokes Rabi
frequency amplitudes for STIRAP pulses and o, s are the pulses standard deviations and
T= \/E(ap + os) is the temporal separation of the peaks which gives overlap at the half
maxima of both pulses.

e The second condition is that the laser frequencies are tuned to resonant.

e Third, is the adiabatic criteria[281], Q2,272 >> 1 which requires that the Rabi frequen-
cies vary sufficiently slow, where Qup = /Q2, + Q%, and 73 = (2.54+VIn2)(0s+0p)
is the interaction duration.

The second STIRAP process is applied by reversing the directions and counter-
intuitive order of the laser pulses. The population in |gg..) is transferred back to |g;) while
giving another h(k, + k) of momentum transfer. Here, kgo = k; and kpa = kq. Thus,
the two STIRAP processes constitute 2 inversions which effectively transfer the population
back to |g;) and provide the total momentum transfer of Age. = 2h(kq + kp) to the entire
reservoir population (see Fig. 6.4).

STIRAP Deceleration Parameters for OH

In order to maximize the cooling efficiency, the momentum transfer from the STI-

RAP deceleration step APy, = 2h(ky + kp) (see Fig. 6.4) should be as close as possible
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to 2AP,s. This ensures that a maximum population is transferred to |g,s) in each veloc-
ity selection step while leaving a minimum residual of population in |g;) after the cooling
process.

From previous section, APys = fi(kp1 + ks1) and we should choose the state |ggec)
and |egec) such that (kq + k) = (kp1 + ks1). For convenience, we let |egec) = |eys) so that
ko & kpi(see Fig.6.5) and we require ky = kgq. This is fulfilled by choosing the states at a
higher vibrational level as |gacc) = | X*I13/9, ngec = 2, J = 3/2, M = £1/2,+3/2). Since the
states |ggec) and |gys) are different, the deceleration step and accumulation step (pumping
up |gus) to |d)) can proceed simultaneously. For STIRAP with one-photon resonance,
this gives wq = wey..gi = 6.1637 x 1015571 and wy, = we,,, g,.. = 4.8518 x 1015571,
The Rabi frequency of the pulse can be large and contributes to the finite spectral width
Aw == 2,9 due to the light shift, but this should be much smaller than rotational level
spacing 2mcB, ~ 1012571 to minimize off-resonant coupling with nearby rotational levels
which may lead to imperfect transfer efficiency. Since only fwo STIRAP processes are
required for step 2, even the transfer efficiency of 99% for each STIRAP process is sufficiently
good.

Simulations of the STIRAP process using density matrix equations including spon-
taneous emissions but without center of mass momentum have been done in Ref. [289]. In
our simulations of the STTRAP deceleration step, we have included both the spontaneous
emissions from state |ege.) and the quantization of the center of mass momentum. We ob-
tain perfect transfer efficiency using a moderate peak Rabi frequency (2p9, = {259, = 109571
with the interaction time to 2 10~7s which corresponds to 2,979 =~ 150. The duration for
step 2 is 279 = 0.2us, which is close to the lifetime, I' = 0.69us of the excited state but
about 20 times shorter than each velocity selection cycle. The total STIRAP time for step
2 from all cycles is tg = 279Ny, = 0.043ms, which is negligible compared to the time taken
for step 1.

6.2.5 Step 3: Accumulation by Single Spontaneous Emission

In this step, the irreversible process is achieved via single optical spontaneous
emission. The narrow width population with zero mean momentum in |g,s) is transferred
to a decaying (metastable) state |d) = |A?Yy,9,n = 0,J = 1/2, M = £1/2) by alternating
switching between the ot polarized and o polarized lasers of the same frequency wg =
4.8413 x 1015571, We use an excited electronic state which has much shorter natural decay
lifetime than infrared transitions within the ground electronic states. The two pumping
lasers must not be switched on simultaneously to avoid the creation of dark state population
that will not be pumped up to |d). The transition coefficient for (J = 3/2, M = +3/2) <
(J =1/2, M = £1/2) transitions is oy = § and for (J = 3/2,M = £1/2) & (J =1/2,M =
F1/2) transitions is ag = % . Even though the coefficients are different, the 7w-pulse concept
is applicable because the ratio of the coefficients is an odd integer (see arguments for Step

2). We can rapidly transfer the population from |g,s) to |d) by using the m-pulse with
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Rabi frequency €23 >> I'. Hence, we set the pulse duration as 73 = 0.1/I" which gives
Q3 = 107[. Subsequent optical spontaneous decays (fluorescence) populate a number of
rotational and vibrational states within the ground electronic states | X211 /2) and | X235, /2)>
designated as the accumulation states {|acc)}. The decaying molecules are translationally
cold and decoupled from the lasers. No repeated spontaneous emissions are required for
these molecules. The irreversibility of spontaneous emission enables repeated accumulation
of the molecules with narrow and zero mean momentum in a number of {|acc)} states in the
end of each cooling cycle. It is this unique feature which makes translational laser cooling
of molecules possible.

We set the sufficient duration for this step as 50! =2 3.5us. The total accumula-
tion time is about t3 = NCyC5F_1 = 0.75ms. The spontaneous emissions lead to a momentum
spread in the order of one photon recoil momentum, but this is negligible compared to the
overall reduction of the initial momentum width. The actual momentum shift and variance
are dependent on the laser intensity and the Franck-Condon branching factors. We take

the final velocity width to be Avy &2 Avys + (Akspe/M ) = 22cms 1,

6.2.6 Cooling Results and Parameters

In this section, we present the simulation results for the laser cooling process,
estimate the total cooling time, spatial drift and the extend of cooling through effective
temperature and spatial density.

We have simulated the cooling process by numerically integrating the density ma-
trix elements equations Eqs. 5.26 which include both the spontaneous emissions (without
recoil) from state |eg..) and the quantization of the center of mass momentum. We have
used real parameters of OH molecules, the Blackman pulse for velocity selection step and
the Gaussian pulse for STTRAP deceleration. The populations distributions are shown in
Fig. 6.7 for the first three cooling cycles. After the cooling process, there is a residual
population in |g;) (Fig. 6.8) due to the imperfect velocity selection profile. This may be
overcomed by alternating the cooling cycles between zero velocity selection and finite veloc-
ity selection. The second velocity selection is at momentum family Age./2 = A(kq + k) /2
to clear up the residual population. Here, the velocity selection states in Fig (6.4) become
|Gis Ndec/2 + Bkp1), |€vsy Adee/2) and |gys, Adee/2 — kg1 = 0). The pumping laser to state
|d, P ~ 0) is now made orthogonal to the cooling direction so as to impart no further
momentum transfer.

The STIRAP deceleration (step 2) may proceed simultaneously with the sponta-
neous emission (step 3). Since the duration for STIRAP deceleration is usually shorter than
the spontaneous emission lifetime, the sufficient duration for each cooling cycle is sum of the
required durations for step 1 (velocity selection) and step 3 (the pumping and spontaneous
emission), which is ¢py. = 71 + 50! a2 4.5us + 3.5us = 8us. The total cooling time from
Neye = 215 cooling cycles is
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Figure 6.7: Populations of the states |g;) (——), |gvs) (-—+—++-) and |d) (-0-0—0-) for
OH molecules after the first three cooling cycles of zero velocity selection, double STI-
RAP deceleration and m-pulse pumping in the accumulation step. The population p,, has
been recoil-shifted by the pumping pulse to zero mean momentum. The wide momentum
distribution of py; corresponds to the initial effective temperature of T; = 1K.

AUZ'
Avyg

ttot - tcychyC - (Tl + 5F_1) ~ 1.8m5. (6.7)

The initial effective temperature of T; = 1K corresponds to Av; 2 31ms ™1, tumayx =~
62ms~'and de Broglie wavelength A; = h/(M Av;) = 0.75nm. Using simple kinematics, we
have the deceleration of the fastest molecules a = umax /ttor = 36800m.s—2 and the maximum
drift distance of the fastest molecules which is inversely proportional to the selected velocity
width as

1 1
Zmax = Umaxtiot — Eat%ot = —Umaxtior = Avitior == 5.3cm. (6.8)

2

The final width of Avy = 22cms~ ! corresponds to effective final temperature
Ty = $M(Avf)?/kp =~ 50pK and de Broglie wavelength Ay = h/(MAvy) = 0.1um. The
cooled molecules can be confined in the axial direction by dipole force from the evanescent
wave mirror[95].

We assume the initial spatial density is 1, = 108molecules/cm® and gas volume
V, = Az, where z, =~ lem is the axial dimension of the gas. After laser cooling, the gas
occupies the whole volume of the barrel Vy = AL = V,(L/z,) = 2V, where L = z, + zmax ~
6.3cm is the required barrel length, which is within experimental scale. The spatial density
reduces only to 1y = 1,2,/ L 22 1.6 X 10"molecules/cm?®.
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Figure 6.8: The remaining population p; after the cooling process for OH molecules with
the initial effective temperature of T; = 0.1K.(hk= Ai(ks1 + kp1)/2)

6.2.7 Entropy Modeling

Following the arguments in Ref. [1], we only need to evaluate the populations
in order to compute the internal and external entropies during the cooling process. The
transient populations of the quantum system can be modelled analytically throughout the
cooling process. During step 1 of N —th cycle the populations in states |g;) and |gys) evolve

as:
pg(Pit1)Na = W(P)(Pof(nfl)ZAfhkpl)_ZW(Po)(z'f1)2A67(P+(n7i)2A+hkpl)2/Uas
=1
—R1 (t1)W (By) (n_pjpne FHHem)*/ 780 (6.9)
pos(Piti)n = hi(t)W(P)gno1yne & Es1)?/70s (6.10)

where W(P)) = %ef(me)Q/”g,O < t; < 71, and 71 is the duration of the population
transfer in step 1, A = A(kq+ k3). The function hy(t1) = sin?7t/271 describes the time
evolution of the populations.

There are two STIRAP processes or substeps 1 and 2 in the step 2, Only the
populations in states |g;) and |gge.) change. During the first substep, the populations
change as



pgi(Pv t2)N;2(1) = (1 - h2(t2))pgi(Ple)Nil (611)
pdec(Pv t2)N:2(1) = h2(t2){W(P)(Pf(nfl)mf/\fhkpl) (6-12)

3 — n—4)2A— 2 /42
_ZW(Po)(i—l)m@ (PHn=28—A+hkp1)"/o0s )
i=1

and during substep 2,

Paec( P, t2)N:2(2) = (1- h2(t2))Pgi(P, 7'2)N:2(1) (6.13)
pgi(P, t2)N:2(2) = hZ(tQ){W(P)(PD*n2A7hkp1) (614)

n - n—t - 2 /52
_E :W(Po)(i—l)me (PH(n=)20=20+Rkp1)* /o0
i—1

The time interval for each substep is 0 < to < 79, ho(t2) = sin? mt/279, To is the duration
for one inversion and A = A(kq + kp) is the total amount of momentum transfer provided
by one STIRAP inversion process.

In the first stage of step 3, the narrow population in state |gys) is transferred to
the decaying state |d) with a m-pulse of wavevector k; and duration 7

pos(Pit3)ne = (1 —ha(t3))pus(P,T1)N:1 (6.15)
Paa(Pyt3) Nt = hl(tl)W(Po)(n—l)mef(PfhkSl+hk3)2/ggs (6.16)

where hs(t3) = sin? 7t/273, 0 < t3 < 73 and 73 is the population transfer duration from
|gvs> to |d>

Finally, the population in |d) decays to many internal levels. Assuming that only
a small branching ratio of the population from |d) decays back to |gys), the time evolution
of the populations in step 3 is simply due to the spontaneous decays from |d) to M number
of accumulation states {|acc;),j = 1..M} with the corresponding decay rates I';. The
populations dynamics can be modelled as

pad(Pta)n.a = paa(P,73)ne (6.17)
n—1
FIO-’US _ _ 2/52 ) .
Pacei(P.la)na = #e (Pofksit b/ aced {3 W(Po)i-1y2n + W(Po)m-nyea(1 — € 77)}
acc,j =
(6.18)

where 0 < t; < 74 is the time interval for step 3, 74 is the duration for |d) to empty its
populations to essentially zero (taken as 5/T") whileF; and I'; are the Franck-Condon factor

M M
and decay rate to level |acc;) with Y F; =1 and I' = )" I';. The accumulated momentum
j=1 j=1

width .. is slightly larger than o, due to the small momentum spread (about 0.5hk,)

from a single spontaneous emission. The normalization factor ‘;'”“l in Eq. 6.18 ensures that

acc

Triot{pror} = 1 and can be estimated as 04ec,j & 0yser + 0.57k; where k; = (Ey — Eqec ;) / fic.
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The transient internal entropy S7(¢) and external entropy Sep,(t) throughout the
cooling process can be computed using

Sl(t) = _kBZpaa(t)lnpaa(t) (619)

Scm (t) = _kB Z f(P7 t) In f(P7 t) (6'20)

where poq(t) = [ poq(P,1)dP and f(P,t) =3 poq(P,1).

The results are shown in Figs. 6.9 f(;lr the first three cooling cycles. On overall, the
center of mass entropy Sgm reduces (Fig. 6.9a) while the internal entropy Sy increases (Fig.
6.9b). The sum of the entropies S.m, + Sy in the end of the third cycle is slightly greater
than the initial sum, which agrees with the property of quantum entropy, Eq. 4.26. The
reduction of S, during velocity selection, STIRAP decelerations and pumping are due to
the predetermined laser directions intended to push the populations as close to zero mean
values as possible. The slight increase in S, during free spontaneous emissions is due to
the momentum spread.

The internal entropy Sy increases only during the velocity selection step and the
spontaneous emission process. During STIRAP processes and the population transfer in
step 3, there are no net change in the internal entropy although it has maximum values in
the midst of the interactions. Figure 6.9c shows that the internal entropy increases as the
number of the accumulation states increases. Of course, the number of internal states does

not affect the external entropy.

6.2.8 Conclusions

We have presented a cooling scheme for molecules based on simple and well-
establish quantum optical techniques: Raman 7w-pulse for zero velocity selection and STI-
RAP for deceleration. The kinetic energy of the molecules is rapidly removed by the fast
internal transitions. The scheme requires only 2 pairs of lasers (for velocity selection and
STIRAP) and an excitation laser (for accumulation step). This scheme requires a shorter
cooling time than our previous scheme [1] as only two STIRAP inversions are required in
each cooling cycle instead of many. We have derived an expression for predicting the se-
lected momentum width. We also found that velocity selection from all Zeeman states in
a single level can be performed simultaneously using a Raman 7w-pulse despite the differ-
ent transition coeflicients. The necessary theory for the cooling parameters is presented.
Momentum distribution for the cooling process is simulated using the density matrix equa-
tions. The total cooling time and spatial drift for OH molecules are numerically estimated.
We have modelled the evolution of the cooling process with analytical expressions for the

populations from which we compute the transient external and internal entropies.
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Figure 6.9: Evolutions of the entropies (normalized) S/kp versus arbitrary unit: a)Se,/kp
and b)Sy/kp for the first three cooling cycles with 5 |acc) states, and ¢)Sy/kp with 50 |acc)

states.

Fach cycle is partitioned with the vertical lines.

partitioned with dotted lines.

The Franck-Condon factors are Inm, where m=1,2,....N (number of |acc) states).

The four processes:velocity selection,
STTRAP inversions, pumping to the decaying state, and optical spontaneous emissions are
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Chapter 7

Conclusions

In conclusions, let us summarize the results which cover various aspects of physics
related to laser cooling of molecules which encompass the fields of molecular physics, photon-
molecule interactions, master equation with dissipation and quantum optical techniques.
The results are then used to develop a laser scheme to cool the translational degree of dilute
molecular gas down to temperature typically below microKelvin (paper [1]). Starting from
Chapter 2, we used the non-relativistic Lagrangian formulation to derive the Hamiltonian
in minimal coupling version for particles in static and electromagnetic fields. From this,
we obtained the photon-diatomic molecule interactions and the expression for molecular
dipole operator. Then, we derived the Hamiltonian in multipolar version through the gauge
transformation. By coordinate transformation from space fixed frame to molecule-fixed
frame, the c.m. kinetic energy is separated out from the free internal molecular Hamiltonian
and the interaction Hamiltonian. By expansions of the polarization and magnetization, we
derived the electric dipole, magnetic dipole and electric quadrupole interactions for diatomic
molecules in terms of the quantized molecular center of mass canonical variables (position
and momentum). We also obtained the Rontgen term which is proportional to the center
of mass momentum and polarization. The commutation relations for the canonical center
of mass variables, and the electronic and nuclear variables in molecular frame were also
derived. Interactions between molecules like collisions, dipole-dipole interactions and van
der Waals force have been neglected within the timescale of laser-molecules interaction
period. From the free molecular Hamiltonian, we outlined a comprehensive review of the
fundamentals of molecular spectra of diatomics. From the dipole interaction, we gave the
dipole selection rules and also discussed the basis behind the additional parity selection
rules. The Hamiltonian were used to study the effects of laser-molecule and radiation-
molecule interactions on the center of mass momentum involving coherent and incoherent
processes and for laser cooling schemes for a dilute molecular gas in subsequent chapters.

In Chapter 3, we have used the projection operator technique to derive general the
master equation for particles in thermal and non thermal radiation reservoir. We obtained
the dissipative Liouvillean which depends on the laser interaction Hamiltonian which is
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valid for arbitrary laser field strength. It provides the possibility of coherently controlling
the spontaneous emission rate, an important mechanism required for laser cooling. As an
example, we have used the Schrodinger equation to show how that the spontaneous emission
rate can be controlled by applying multiple 27-pulses in a V-scheme. It is a non-Markovian
effect. This provides a possibility for enhancing the infrared decay process in the cooling
Scheme 2 in Chapter 6. Formal solutions of the coupled Schriodinger equations for time
independent field were obtained by Laplace transform method, which shows field depen-
dent decay rate with non-exponential transient decay associated with the non-Markovian
property. In the absence of driving fields, we have derived the dissipative Liouvillean for
a multilevel molecule in thermal radiation with quantized momentum. It is used to de-
rive the coupled equations which contain the effect of spontaneously generated coherences.
The result is also used to study in detailed the momentum and transient dynamics of a
two-level multi-ground state of a cold gas with undergoing spontaneous decay and cou-
pled to a Markovian thermal reservoir at arbitrary temperature (paper [2]). In the paper,
we have derived the momentum-convolutionless coupled equations for momentum Fourier
transform of the populations. The cold gas regime enables the Rontgen term to be ne-
glected. These equations were solved numerically and analytically for a specific internal
scheme and for zero-temperature cases. The time and momentum evolutions of the popula-
tions were obtained by inverse Fourier transform. The momentum spread; and the transient
center-of-mass and internal entropies across one momentum dimension were computed and
compared for different internal schemes. For initial subrecoil momentum width, the o=+
transition displays a two-peak feature. The results well describe the momentum spread
dynamics of cold gas in thermal radiation at early time and complement the results based
on Fokker-Planck equation of Ref. [151]. The results of this paper apply to the momentum
spread dynamics during the accumulation step in the laser cooling schemes in paper [1] and
Chapter 6.

In Chapter 4, we established the appropriate quantities for measuring the extend of
cooling. We invoked the concepts of quasi phase space Wigner function, entropy production
rate and probability distribution and obtain analytical relations between these quantities.
The external entropy production rate is found to be proportional to the rate of probability
momentum density, and thus the decay rate. We showed that the von Neumann entropy is
consistent with thermodynamics while the Renyi entropy is not. The Wigner function can
change with time during unitary evolution. However, we showed that this does not change
the Renyi entropy. We have shown that entropy can flow between the internal (molecular)
and external (c.m.) degrees in a unitary process. This provides explanations to the transient
evolutions of the external and internal entropies during velocity selection and deceleration
steps in the cooling scheme described in Chapter 6 and paper [1].

In Chapter 5, we presented the analysis for coherent control of momentum through
the quantum optical techniques of velocity selection and STIRAP. We started from the full
Bloch equations and presented a systematic approximations to obtain the the analytical
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solutions for CW lasers, Bloch vector equation, and expression for light force. We have
derived the general relations for quantities that can be computed in a coherent process,
like mean kinetic energy, mean light force and their relations to probability density and
density matrix elements. Detailed theories of the Raman velocity selection and STIRAP
techniques for coherently controlling the momentum of a gas were presented. We derived
optimal operating conditions for efficient population transfer in Raman velocity selection
and STTRAP. In particular we obtained expression for predicting the selected momentum
width for a given Blackman pulse duration and Rabi frequency. These results were used
in the simulations and modelling of the cooling process in Chapter 6. We also presented
a simple technique for reducing the momentum width and kinetic energy in a harmonic
potential using the concept of squeezing. The conditions which give either momentum
squeezing or bunching were derived.

In Chapter 6, we discussed two preliminary laser cooling schemes for molecules
which are theoretically possible but not feasible in practice. Following this, we presented a
more feasible laser cooling scheme for molecules based on three concepts that can be real-
ized using the quantum optical processes (elaborated in the preceding chapters):- Raman
m-pulse for velocity selection, repeated STIRAP for deceleration, and a single spontaneous
emission for irreversible accumulation. The first two are coherent manipulations of the ex-
ternal (center of mass momentum) and the internal quantum states of molecules, while the
spontaneous emission is for dissipation. No closed pumping cycle nor repeated spontaneous
emissions are required, so the scheme is applicable to cool a molecular gas. Detailed results
were published in paper [1]. We also presented a modified scheme which has the advantage
from practical point of views, although both use the same concepts. The scheme uses zero
velocity selection (instead of non zero velocity selection) to create a fraction narrow mo-
mentum width population around zero momentum. So, no further deceleration is required.
Besides, only two STIRAP cycles (instead of many) are required to decelerate the hot en-
semble of gas in the initial state in order to create a finite population around zero velocity
for next zero velocity selection cycle. Thus, the cooling time in each cycle is considerably
shortened by the reduced number of STIRAP processes compared to the previous scheme.
The cooling processes in both schemes can be modelled with analytical population density.
This enables the simulations of the transient internal and external entropies throughout
the cooling process. Simulations of the model show the significant reduction of the mo-
mentum width and the c.m entropy and thus demonstrate the cooling efficiency. Numerical
estimates of the operational parameters using real OH molecular levels yield a reasonable
cooling duration. This scheme should open up new possibilities for translational laser cool-
ing of molecules, high-precision molecular spectroscopy and molecular interferometry. It
serves to fulfill the aim of the thesis, to apply and develop quantum optical techniques for
cooling of molecular gas.
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Chapter 8

Appendices

This chapter has four appendices which contain detailed formalisms and deriva-
tions required for the calculations in the preceding chapters. Appendix I contains general
expressions for the laser-molecule and radiation-molecule Hamiltonians in dipole couplings
with quantized center of mass position. In the Appendix II, we present expressions for the
photon wavector and field-vectors in terms of circular unit vectors, leading to the calcula-
tions of the angular dependent double product of the coupling constant. In Appendix III,
we give the algebras for the center of mass operators in the interaction Hamiltonians which
provide the center of mass momentum transfer, the Doppler and recoil frequency shifts. In
the last Appendix IV, we present the derivation of the exact unitary evolution operator for
a two level system in rotating wave approximation which includes the Rontgen term.

8.1 Appendix I: Explicit forms of Quantized Hamiltonians

In this appendix, the Hamiltonians of the internal molecular states, the center of
mass kinetic energy, the radiation-molecule interaction and the laser-molecule interaction
are explicitly expressed in terms of the quantized operators. The interaction Hamiltoni-
ans in both Schrédinger picture and interaction picture are given. The interactions are

characterized by dipole coupling and complemented by the Rontgen term.

8.1.1 Radiation Fields in Schrodinger picture

The canonical quantizations of the vector potential A | (f) and the field conju-
gate TI(f) follow from the commutation relations [fiq, pjer] = h8,y6;; for particles and
[A4(#), T (%)) = ihé;‘q,(F — ') for fields where ¢q,¢ € z,y, z [188]. The fields are expressed
in terms of the bosonic annihilation a;, and creation &L 5 operators for the radiation Fock
states and the center of mass position operator f.
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7 hi P 2k F * 2k F

AlF) = Z 2e,wiaV (Brre™ k)\al)\e ) (8.1)
. eohw & xR

I(r) = —ZZ 2 (Bradiin € Ek)\al)\e kE) (8.2)

: h oo ikeE o ot —ikeR
B(f) = VxA,/(f)= ZZ m(kxﬁuame ket _ kxekAal)\e k%) (8.3)
A ?

This fields commutation relation can be verified from FEgs. 8.1, 8.2 and the

transversality relation » exageyry = Oq¢ — Kty Which is equivalent to V - A(F), as
AS1,2

;%zg‘zemqebq, =i %}(@q/—nqng,) — %—g(zg) [ Br(8qq—rghl)e™ ®) = ihs L (¢ — 7).
When the p and  are quantized as canonical operators, it seems that A(F)-p # p-
2sawk>‘V{nk)‘hk
Eka|pHik,nex — 1, a) — (nie x + 1)k - 55 [p—Fhk,ni y + 1, a) } where |a) is the internal state.
The Coulomb gauge V- A(#) = 0 also means k- &) = k- &, = 0, or A(F) is orthogonal to

A(F) because p does not commute with e’6F. But [p-, A(F)]|p,nx 1, a)=

k, so actually A(f) commutes with p.
In minimal coupling formalism, the electric field of the radiation is the transverse

electric field E | () defined as

1 h -
E (f) = —g—H(f) = ——A Z ” wk)‘ f—:k,\ak)\e - f—:k)\abe ke Fy (8.4)

However, in multipolar formalism, the physical electric field is —éﬂ(f‘) and not E | (7)[190].

8.1.2 Free Hamiltonian

The total field free Hamiltonian H, = H.m + Hy + Hpg is composed of the center

of mass kinetic energy H.m, the internal molecular energy Hr and the radiation Hg

D2 2
H., = ;’W:/d?’PP |P)(P]| (8.5)
H = ) hwgla)(al (8.6)
o 1
HR = Z(al)\am+§)ﬁwk>\ (87)
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8.1.3 Laser Interaction in Schrodinger picture

The electric field of a laser can be described classically by a c-number through
unitary transformation using the displacement operator [129] to project out a single mode
quantized radiation field in coherent state [126], as shown by Mollow [128]. The equiva-
lence of the c-number description and the quantum mechanical description was shown by
Sudarshan [127]. The resultant electric field composed of the superpositions of laser fields
can be written as

ER)=) (EL,(R)e ' + Ef (R)e™") (8.8)

where ELO(f{) = %éLELO(f{) exp(kyp R+ ¢1), and £p, kr,wr, ¢y are the polarization unit
vector, wavevector, frequency and phase of the laser respectively.

If we combine two lasers of arbitrary amplitudes and polarizations, we can define
a real effective amplitude E,;(R) and the position dependent polarization vector 2.¢(R) as

1 ~ e+ R o~ i R ~ ~
5‘{Elo(R)€1€“{l Rt Byo(R)256™ ™) = B,y (R)2.(R) (8.9)

Equation 8.9 can be generalized to more than two lasers. However, there are a few
typical laser configurations:

e For a running continuous wave (CW), we have E(R,t)=2E,(R) cos(k - R—wt+¢)

e For counter propagating waves with same frequencies and amplitudes, we have
N ~ 1 Jp— 1 . = .
E(R)EEO(R)(EéleZ(k'R+¢1) + 5@261(_k'R+¢2))6_m}t + cc.

e For standing wave (formed by counter propagating waves with same polarizations),
& = 29 and we have E(R) = 2¢F,(R) sin(kz, - R + ¢) coswt.

e For lin llin configuration (counter propagating waves with orthogonal linear polariza-
tions), &1 = &, &y = ¢, we have

E(R)=-F,(R)((Z +9)cosk - R +i(& — §) sink - R)e ™! + c.c.

[N

e For ot

— o~ configuration (counter propagating waves with orthogonal circular po-
larizations), &1 = %(i‘ +iy),E2 = %(i‘ — tg) and we have

. S R 1 kR :
E(R)= EO(R)(E(JA? + i) e B | E(:fc — i)k RID) mil Lo (8110)

N —
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The molecule-laser interaction can be described by the c-number corresponding to
the coherent state of radiation [129]

-~

~ N N 1 ~" A . -~ N . -~
Vsr(Ryt) = —d-E(R) = - ) §ELO(R)(d-éLel(kL'R_wLHﬁL) + d-g3 ek RowLt+0L))
(8.11)

By using Egs. 8.43 and 8.45 with the subscript kA being replaced by L, we can write

Vor(Rit) = — Z hQLab(Sabei(kL'ﬁ_th) + Sba€_i(kL'ﬁ_th))
Lab
= — 3 WQpa(S)erRooL | g, itk Rowit) (8.12)
Lap<a
Z hQLab(Sbaei(kL-ﬁ—th)_l_S;rae—z'(kL-R—th))
Lab>a

where we have removed the phase factor 3; by the redefinition e"iqe*iﬁb = eLqe’ﬂL — €Lg-
The Rabi frequency of the laser L which couples state |a) and |b) can be obtained
with the help of Appendix II, Eq. 8.49 as

1 Sy 1%

hQLab = §EL0(R)<a|d‘5k,\|b> _ELo ab Z abGLq (813)
q= +5750

S = la)(bl =S, (8.14)

In the case of a single frequency laser with arbitrary configurations, Eq. 8.9 can
be used to obtain the position dependent effective polarization component ez,(R).

8.1.4 Radiation Interaction in Schrodinger picture

Similarly, we can write the molecule-radiation interaction as

Vsr(Rit) = —d-E (R Z ak,\d e RV RIAI) _ AT (degp et R+ﬂkf\))

- Z Z hGabk)‘(a’k)‘Sgan(k)"R) + &I;)\Sbae_z(kka))

k) a,b<a
—Z Z RGeS B 4 Q) 5] e e R)) (8.15)
kX a,b<a
with
hwk
hGabk)\ = a|d Ek)\|b = dabEk)\ Z ekAquab (816)
0 q= +5750

where it is always possible to choose (y, such that —ig} e #rx — 2y, is real.
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8.1.5 Unitary Transformation to Interaction Picture

The field free Hamiltonian can be eliminated via unitary transformation from the

Schrédinger picture to the interaction picture using the operator U (t) = Uern(8)U(8)Ug()
with Ux(t) = e#x¥/ and X € em, I, R.

The c.m. operator (Afcm (t) transforms the operator eﬂk'ﬁ as
~ . = ~ . S . = . 2 . (=3 =
Uc’rm(t)ezk-RUcm(t) _ ezk-Rezk-Pﬁez%t _ 6zk-(]?t-i—Pﬁ) _ ﬁ'k(t) (817)

Internal operator U;(t) transforms the operator |a)(b| as
U1(8)]a) (b|U1(t) = |a) (blet=te! (8.18)

Radiation operator UR(t) transforms the operator ayy as
UL (O)aaUr(t) = e @0t < UL(t)al, Ur(t) = af et (8.19)

In interaction picture, Eqgs. 8.1 and 8.4 become

. h ] - P W -
AL(R7t) = Z m(smame Zwk)‘tﬂ'k)\(t) —}—sk)\aT/\e kAtTI{A(t)) (820)
k,\ °
N h .
E (Rt) = —ZZ 2‘j A (Gpadae N (t) — Efaal, AL, (1) (8.21)

8.1.6 Laser Interaction in Interaction picture

The transformations of Eq. 8.12 using Eqgs. 8.17-8.19 gives

VgL(f{,,t) = — Z hQLab(S;a,ﬁ.L(t)e’é(*AabLt) + Sba,/:rTL(t)e'é(AabLt))
L,a,b<a
> M (Shar L ()T 4 5] A (1)) (8.22)
L,a,b<a

= Y (S} Fran(t) + Seal (1) (8.23)
L,ab<a

where Apr = Wi — |Woad), 0w = Wi + |woas| and Frap(t) = Qrep{fp(t)eitBarrt) 4
#1 ()’ @ar)}
s )

Alternatively, we can write

ViRt = — Z B SJGLPIe—iAabLP/t + SparpreiBaszerty
L,a,b<a,P’
— ) AQua(Spppre TPt 4 SpT L e neh) (8.24)

L,a,b<a,P’
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where
Starpr = |b’ Pl> <a’7 Pl+hkL| ’ SgaLP’ = ‘0’7 Pl> <b’ P,+hkL|a
Aprp = Apr—wp(P)—wl ,  Garp =oaL—wi(P)—u]
kr-P hk?
D / - L r - L
8.1.7 Radiation Interaction Hamiltonian (Interaction picture)
Similarly, the system-radiation interaction is
VéR(ﬁ'7t) = — Z Z hgabk)\(&kASJaﬁk,\(t)€_iAabk)‘t + &Ir(/\sbaﬁl)\(t)eiAabk)\t)
kX a,b<a
= ) Agaa(daa Spatia(t)e oA + a5\ S Al (t)eamty (8.26)
kX ab<a
= -1 Y (Sl Rioa(t) + Saling(1) (8.27)
L,a,b<a

where Agpr, = wix — |Woab|s Tabr, = Wk + |woas| and Rk)\ab(t) = Gapkr{GraTie (t)e PPabnt 4
"T "T 20 bk)\t
g\ Ty (B)€7ar ]

Alternatively, Eq. 8.22 can be rewritten as

VéR(ﬁ,,t) = — Z hgabk)‘(@kASJGkAPIQ*iAabkAP't + dl,\Sbak)\PleiA“bMPIt)
k\,a,b<a,P’
B Z Rgavicn (G Syggerpre ™7 WP’ &LASngAP'Gﬁ“"MP’t) (8.28)
k)\,a,b<a,P’
where
Sharrpr = |b, P’) (a, P'+7ik, | y  Staop = |a, P’) (b, P'+7k, [,
Awiop: = Agkr — Wi (P) —why 5 Capiapr = Tapkr — win (P') —wi,
k,-P hk?
D . ki )
winP) = =7 L Wi = 5y (8.29)

8.1.8 Interaction Hamiltonian with Rontgen term

In the radiation-particle, the center of mass momentum contributes to a correction
Rontgen term in the interaction Hamiltonian. The Rontgen interaction term in dipole
approximation has been derived in Ref. [236] and elaborated by Babiker[238]. The Rontgen
term from the second line in Eq. 2.84 can be expressed in quantized radiation form using
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Vis(R) = ﬁ{a «B(R)-P+P-dxBR)}

, ho o4 X KR B 5 x kR N
W’ZZ m(d XszkA-{e”kR,P}+ak)\ —d XkXEk)\ '{6 ik R,P}+GJI(,\)
k,\

~

By using Eq. 8.75 and d x kx&,, = k(d-2x,) — £xa(d - k), we have

L. h
Vis(R) = D m(akw“e Rt afye i) (8.30)
k,\ e
e = (d-2)(@R) — why)—(d - &)oat (8.31)

9 .
h roo_ PRy . h il £ ~D _ kyP
where wi, = 534 is the recoil frequency, Wy, = =37

shift operator and wyy1 = ky ék]?/['P is the transverse Doppler shift operator from Roéntgen

is the normal (longitudinal) Doppler

term. The full expressions for the transverse dipole operator d - 2\ and the longitudi-
nal dipole operator d- i are given in Appendix II, Egs. 8.46 and 8.47. The interaction
Hamiltonian which includes the Réntgen term in dipole approximation should be modified
as

~ N N 1 - N N PN N
Vsr(R) = —d-EL—I—m(de(R)-P—I—P-d><B(R))
- Z Z hgabk/\(sz:ra + Sba)(&kAxabkxei(kA'R) + @LAG*”'(I‘“'R)XZMS-?)%
kX ab<a
. N . .. ~  hky
Raia(P) = (fa-20)(1 = B+ 525) + (é ) ir - B) (8.:33)
. PP P hk
= (éa x B)(k x &xx) + (€~ Exn)(1 + 2M2)
Wk/\l\(P) Wkn(p)
= Cia
Z q b{ €kAg Wix Kq Wx }

q= +7_70

A o ~ 2 ~
where gapxa = dapi/ Z‘E‘)o’“‘j‘. e i% and Wi, | (P) = wix — u —I— sar and Wiy | = ky= MP.
We have used (&g - £)(Zxa - B) — (€4 - Exn) (A-B) = (€4 X [a)-(,«u X Eka)-

In interaction picture, the interaction Hamiltonian becomes

Vig(R,1) Z Z Figasir (Sl €™et + Syae™ o) (agene ™ N pafrion () + G, N L ()775e0)
kX a,b<a

(8.34)
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8.2 Appendix II: Polarization Components of Radiation

In this Appendix, we present the fundamental formulas for fields vector and wave
vector in terms of angular variables, the products of the dipole moment and field vector,
and the evaluations the angular and frequency summations in the coupling of the free space

radiation.

8.2.1 Field Vector and Wave Vector

We choose real field vectors &y, 2xe and the wavevector k such that they form a
right hand triad &; x g9 x £ =0.

k = (sinfcose,sinfsing,cosb)
k1 = (cosBcosp,cosfsing,—sinh)
Exa = (—sing, cosep,0) (8.35)
Zx1 cosfcosp cosfsing —sinf T
In matrix form, we have | &xo | = —sing cos 0 Y
[ sinfcosy sinfsing cosf z

8.2.2 Complex Unit Vectors (é,)

We define
éo = Z
. 1 (z +iy), & 1 ( iv)
é, = —(zx+iy),é’ = —(zx—1
+ \/§ Y). ey \/5 Y
1 . y 1 .
e = —(x—w),él =—(x+1 8.36
\/5( v) \/5( y) (8.36)
with the properties é- = €% ,é; =€* — g =¢"; and €., = bqq'.
et 1 ¢« 0 x x
In matrix form, we write | ¢ | = % 1 = 0 y |and | o | =
éo 0 0 V2 z z
11 0 &y Z5(E4 +eé)
|l i 0 e | = —%z‘(@ —é.)
0 0 v2 )\ & é

8.2.3 Field Vector and Wave Vector in Complex Unit Vectors

From Eqgs. 8.35 and 8.36, we write the field and wavevectors in terms of complex

unit vectors



167

2kl 1 €kip =€ ¥cosh e = e¥cosl €x1,0 = —V2sin@ éy
£k = ﬁ €xotr = —2e ¥ €xo_ = 16" €k2,0 = 0 é(8 7)
K Ky =e "sinf Kk_ = €e"¥sinf ko = V2 cos 6 éo
-~ _ ~ _ ~k ok
Exn = E €q€krg = E €qCkrg (8.38)
g=0,~1 g=0,~1
s ~ o Ak Kk
k = E Eqlq= E €qtiy (8.39)
q:07i1 q:+7_70

where A € 1,2 and the properties el";)\q = €k, q> h}; = k_g and expg = é;-ék,\.

Using the tensor property x12k1 + £x2fko + £k = I from Eq. 8.37, we obtain

> oty = (Ea )@ ) + (6 ) (€ - Eo)
A=1,2
= éq - {ékléi‘;l + ékQéik(Q} . é;/ = (5qu - H/q:‘i;/ (840)
a-b-— (a - I%)(l% - b) = (a . ékl)(ékl . b) + (a . ékz)(ékz - b) (841)

For g # ¢/, the ¢ integration of kyk

o and D €kageyy, are zero. For ¢ = ¢, we have

A=1,2

D erageing =1 — {8000s” 0 + @% sin 0} = {8,050 0 + 5+ (1 — %sinQ 0)} = N,(0)
A=1,2

(8.42)
We can also evaluate } &xx -8y = D0 D €kaglgng = sin? 0+ 2(1— % sin? 0) = 2.
X X ¢=0,+1
The Coulomb gauge means that > exagkg = 0.
g=0,%+1

8.2.4 Dipole Moment Operator for Molecules

The component of the dipole moment d along the field unit vector &, can be

expressed as

a-ék)\ = Z ek)\qdzz Z Gk)\qd—q: Z GiAqdq: Z Ei‘;)\ﬁqd\_q(&lﬁg)
g=+,—,0 g=+,—,0 g=+,—,0 g=+,—,0

d-k = > dp= ) dix (8.44)
q:+5770 q:+5750

where the g-component of the dipole operator czq can be expressed in terms of the dipole

components {cig} in the rotating frame of the molecule

dg=d = Y Bydy= > Y SardyiarCogan) (8.45)
g:07+7_ g:07+5_ G.,b
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where Sq, = |a)(b], dy(qp) is the reduced dipole moment and Cyy(qp) contains all the dimen-

g(ab

sionless factors, for example the Clebsch-Gordan coefficient, the Honl-London factor and/or
the Franck-Condon factor. The additional summation index ’g’ is due to the existence of 3

components in molecule fixed frame. In the case of atoms, this does not exist and Jg — ciq.

Thus Eq. 8.43 becomes

da = D Gag D D Sardgan)Cog(ar) (8.46)
g=+,—,0 9=0,+,— a)b

afi = Z ’il*(/\q Z ZSabdg(ab)ng(ab) (847)
g=+,—,0 9=0,+,— a,b

Alternatively, equation 8.43 can be rewritten as

da = Y Sadaka (8.48)
a,b

dar = (ald-alb) = D eagdy(ar)Caglan) (8.49)
q¢,9=+,—,0

8.2.5 Mode Summation in Multipolar Coupling

The radiation coupling in multipolar version is expressed as

Wk Wk *
Gabkr = dabkA\/ % Vh = \/ 5% VFh ekAng(ab)ng(ab) (8.50)
o “o q,g:+’7,0

The mode summation involving the coupling constant can be evaluated by converting the
discrete summation to integration

v

Z — Z/de,\(w) with spectral density of states Dy (w) = WwZ/dQ,\ (8.51)
e

k,) )

thus giving

w
;gabk)\gcdk,\--- - ;/dWD/\(w)gabk/\gcdk)\--- = ;/dWD/\(w)m(dabk)\)(dcdk)\)"'
(8.52)

where
(dabkA ) (dcdkk) = Z dg(ab) dg’(cdb) Z eik(/\qek)\Q' qg(ab)o— q'g'(cd) (8 53)
gagI:J"y*yO Q7qI:+7770

For polarization independent angular emission, d€2, = df2 and for isotropic space d{2 —

sin @dOd¢, we have
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v We ) _ 27 , ™ )
kZ;_)ZA:W/o w dw/dQ where /dQ:/O d<p/0 df sin 0 (8.54)

where w, is the cutoff-frequency. We combine Eqs. 8.52, 8.53 and 8.42 to obtain

d . we
(ab)%g'(cd)
E JabkAGedkr -+ = E Qi: 2‘;6 E Cyg(ab)yC-qq' (Cd)/ dwws/dQNq(H)...
kA 9,9'=+,— o

591:
(8.55)

Using [ Ny(6) sin 6d8d¢ = 5, we have

d ab d, cd $3
ZgabkAgcdkA27T5(WkA —z)= Z % Z Cag(ab) O o' (ca) (8.56)

k,A gygI:+7750 g=+,—,0
For ab = cd, Eq. 8.55 becomes
9 3 We wS
> |ganir] ...:FabWA dww—zb dQAUNG(6)... (8.57)
h C.,= ‘dg(ab)‘ﬁ“’gb C C
where 1 qp = Z 3eohmcd Z qg(ab)™~ —qg(ab) -
g:+,—,0 q:+7_70

8.2.6 Mode Summation in Minimal Coupling

The minimal coupling version is expressed as

[ 1 [ 1 \
Gabkxr = Wapdabkr m = Wab m qg;_ Oek/\ng(ab)ng(ab) (8.58)

Thus, we have

d Wapw
g(ab) "(cd)*¥ ab%¥cd ;
ZgabkAgcdkA--- = Z 2o h(2m0)P Z C’qg(ab)C_qg (Cd)/ dww/dQ]\
gsg,:+7750 =+
(8.59)
3 We o w
2

kzygabm ..._Fab@/o dwr- dQIN(0)... (8.60)

From Eqgs. 8.50 and 8.51, we find the summation of single ggpia

Zgabk/\ r C3Z/dww / dq)/ df sin QEOVE

D cogdotarCaglar) -
4,9= +7_50

(8.61)

From Eq. 8.37, we see that the angular integration of Eq. 8.61 vanishes except for €y 0 =
2sin6.
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8.3 Appendix III:Center of Mass Canonical Operators

We shall use the commutation relation of Eq. 2.58 to obtain the various operator

relations for the center of mass variables
[Ry, By = ih6yy (8.62)
The quantized momentum and position operators are expressed as
P=—ihVi R=iAVp (8.63)

For discrete variables we have f(P)|P;) =f(P;) |P) and f(R)|R;)=f(R;). Since
{|P;)} and {|R;)} form complete sets, we have the closure relations Y |P;)(P;] = 1
:
and Y |R;) (R;| = 1. From orthonormality (P;|P;) = 6;; = Y (P;|Ry) (R P;) =
2 k

7
> et Pi—Pj)Ru/h e have
k

(Pi| Ry) = PiRe/l (8.64)
For continuous variables we have f(P)|P)=f(P) |P) and f(R) |R)=f(R) |R) . Since {|P)}

and {|R)} form complete sets, we have the closure relations [d*P |P) (P| =1 and [&#R
IR) (R| = 1. From orthonormality

(P|P) = 5P —P) = [ (PIR) (R|P)R = oy [ HPPIRIR

(27h)?

we have

1

Weip'mh =p(R) (8.65)

(R|P) =

Multiplying (R|P) with |R) from left, integrating over R and using closure relation, we

have
1 P
P) = W/m)ezp R/ABR (8.66)
1 _Z' .
IR) = W/|P>e P-R/hg3p (8.67)

where the momentum and position state vectors are related by Fourier transforms. In the
following we use Eqs. 8.66 and 8.67 and obtain

3 _ 1 iP-R/E 3
R|P) = W/R|R>e PR (8.68)
D _ 1 —iP-R/k 33
PR) = W/P|P)e a3 p (8.69)
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Similarly, we have e*?&'R |P) = o h)3/2 [ et RIR)ePR/IMBR = o h)3/2 [ |R)eiPEMIR/AGE R

R PY = |P £ Bk) — (PleT*R = (P £ k| (8.70)

Also, e¥@pt|P) = ¢*wpt|P) _, (P|eFi@nt = ¢Fiwnt(P|.

Multiplying Eq. 8.70 with (P| and integrating, we have
etk R _ / d® P|P+7ik) (P| = / d*P|P) (PFHK| (8.71)

o
For a state vector |¥) we can use the Taylor series f(z + a) = ¢%?= f(z) and write

(P|®R W) = (P—hk|T) = U(P—Fk) = e " VP U (P) = ¢ By(P) = & R(P |p)
(8.72)

Using [f(x), ] = ih2LE) [z, f(p)] = in2LE), R Pe R = Pi[ikR, Pl+4[ikR, [ikR, Pl +

fp
.= P —hk and 6ika(P) —ikR — f(eiképe_ikﬁ) we have

¢k ReiaP ik R exp{i(eik'ﬁa . f’eiik'ﬁ)} = exp{ia-(P — hk)} (8.73)

From Pe*R = P ik- PR+ 1P(ik-R)?+...., and é*RP = P+ikRP+4(ik-R)>P+.... =
P+ ik(PR+ ih) — 1]62(PR2 + 2AR).... we have

FIRP = (Pnk)e™ R Ptk R = HR(Pipy) (8.74)

{¢*R P}, = (2P-hk)e™* R =R (2P+k) (8.75)

Equation 8.74 can be veritifed: LHS is ¢**RP|P) = Pe**R|P) = P|P+fik) —»RIHS is
(PFhk)et™* R|P) = (PF/ik)|P+hk) = P|P+7ik).

8.3.1 Time Dependent Center of Mass Operators

The center of mass operator in interaction picture is evaluated as

mlt) = e Qfg/fht kR —i Pihtzeik-(ﬁ+ﬁ1§) _ eik.ﬁeik-ﬁﬁei%t 8.76)
- ~ 12 . . i
— kP kR it iwnt Z |P’+hk> <P/|€zk-P t/M (8.77)
PI
. CpR2
k() [P) = |P4ik) RPRBT L (PaL(6) = (P+Akle *Pie Bt (8.78)
) L2t —ikR, L2t
() = e G (8.79)
= e““TtZ|P’—hk> (P P'ar = emiert N7 |PY) (P4 hik|e P 7(8.80)
P’ P’
=T (4 8k APt Ry
e (t)|P) = |P—hk)e" Pareimrt — (P|7k(t) = (P—hk|e™ " Me "2m (8.81)

(t
where L( t) = 7_x(t).
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- ) o R A
The time derivative of the c.m. operator is evaluated as dﬁ;t(t) = %t(t)e’k'RUE(t)—l—
3 ik-R U, 3 ik-R 2 P 2\ 75 ik R
U (e REED — L4 (0)[eR, HylUp(t) = i(5E — B0 UL (#) ek RU(¢)
dity (1) Pk R Pk Rk?
T D e () = i () (—— + 22 8.82
) Bk I ) = i B I (852
dity () L Pk RR? . S -
i = e T o) M) = im0 (7 + o) (8.83)
e i) (¢) ditic(t) \+ o -
Here, it is important to note that —k— # (—57=)". Furthermore, can write 7y (t) =

7k (t)\/7k(t) and evaluate

d ~ die(t) 1 1. Pk hk? -
Sl 1) = = i(—— - t 8.84
7 V) dt 2\ /7e(D) > (3 o) V) (8.842)
d I- dil(t 1 1., P-x hk2 [
4 [ = L S LCEELVE Ao s
dt dt o [3 2 M | 2M
7Tk(t)
Next we use Eq. 8.74 and obtain
P’ xR Pk PR Lag R
—_ TRy (g7 B 0y ke 8.85
o = e (8.85)
Since (22, 71 ()] = Uln(t)[ L, €% R0, (t),we have
P? P-k K2k
— i) = (—/—= o (t 8.86
[2M’7T:|:k( )] ( M 2M )Wik( ) ( )
P2 AP -k h2k2
1 .t
1), —] = (—— — 8.8

8.3.2 Double operators product

The products of the c.m. operators which appear in the dissiptive Liouvillean in

the master equation are obtained from Eqs. 8.77,8.80

F(®) () = ertt) Z |P/+7k) (P — ik |eiwe (tH)
PI

ﬂ((t)frl(t’) = gwr(t—t) Z [P’ — rik) (P4 Rk|e W (t+t)
PI

%k(t)ﬁl(t/) _ eiwr(t—t/) Z |P/—I—hk) <P/+hk|€z‘k-P/(t—t/)/M — miwrT Z |P/><P/|€z‘wp,r
P’ P’

Oe(t) = Ty P (PR (8.88)
PI
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8.4 Appendix IV: Solutions for Two-Level System with Quan-

tized Center of Mass Momentum

In the case of time dependent Hamiltonian V(¢) in interaction picture, the evolu-
tion operator is given by

Ut,t,) = I+ ZU(") (t.1,) = T {c¥ I W)y

UM(t,t,) = m /dtlfttldh /:nldtth W (ts)..V (ty)
= n‘ m /dtlL dts.. /dtnT {(V(t)V(t2)..V(ta)}  (8.89)

In general, U(t, t,) cannot be evaluated exactly. Even numerically, the evaluation
of the infinite series is not possible. In this Section we derive the exact solutions for the
quantum evolutions of the internal and external center of mass dynamics of fwo-level system
driven by coherent laser fields. The center of mass with Rontgen effect [239] is included.
Here, we show how U(t,to) can be evaluated precisely for arbitrary detuning in a two-
level system within RWA. The Hamiltonian of the system can be written generally as

70 — T b(t)  f) SN B By F . :
V(t) = Ia(t) + ( P —b(t) ) where a(t), b(t), f(t), fT(t) are arbitrary time dependent

operators. We introduce the ansatz

U(t) = e Jo et ( gég g“) ) (8.90)

) commutes with b(t), f(t), f*(t). Using the
V(t)U(t,t,) we have the coupled equations

where we assume that the diagonal operator a(t
equation for evolution operator aU(t to) =

to be solved

9 A 1. on  apa
gB = %{—bB + fTE}
9 1 on  an
—C = —{bC+ D}
9 1 o oy
aD = %{—bD + frC}
O = Laps i (8.91)
ot~ ik '
In interaction picture, @(t) = b(t) = 0 and from Egs. 8.91 we obtain the second order

equation

_ LU L Ly (892)
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with the boundary conditions from UT(¢)U(t) = I

C'C+ E'E=1,B'B4+D'D=1,CD"+ EB'=0,DC' + BET =0 (8.93)

The system-laser Hamiltonian in interaction picture can be written as

~ ; —w 1 ~ A W(—w -~ S 2w
Vor(t) = —Rh(STe™t 4 Se ™) Z EQL(XLWL(t)e o) 4 &1 ()X L)
L
= f)st+ flo)s (8.94)
where
S = lg)(e 8.95)
3 1 o4 i o1 io
() = _hZ§QL(XL7TL(t)6 At g7 (t)x e ) (8.96)
L
-~ * 7L(f’) * ’ P
o= Y Cpleg, Ty @), (5.97)
g=+,—,0 L
7o) = UL, (0)e™ RO, (1) = ekeRei@pteiort 8.98)
QO = dF; 8.99)

The operator X includes the Réntgen effect. If this effect were neglected, x;, — Y Cyel g
q:+5770
becomes a c-number. All other symbols are defined in Appendix I. In RWA, we have
f(t) — = %QL)ACLﬁ'L(t)e_iALt. For a single frequency laser with time independent Rabi
L

frequency, we can show ag_tt) = —f(t)iAL and fTf = fft = 1h2Q0% )A(LX} by using the
identity %t(t) = it (t)(BE + %) (from Appendix IIT), and Eq. 8.92 becomes
PB L OB 1.,
— =iA— - -O3B 8.100
oz ot T 1L (8-100)
A . Pk ik? A N
where Ap = Ap — =k — 57k and Qp = Qpx;.

We note that Q% commutes with Ay so Eq. 8.100 can be solved for B using the

Laplace transform method, giving

P P T DU Ap . 1. 14
B= Bge’ALt/ZiE sin 5 Rt + B,etrt! 2{—2‘% sin 5 Rt + cos SRt} (8.101)

where R = \/A% + Q%and B = 83;&0)'

Similarly, we obtain
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N A —idgee2 o La a4 s Ap . 14 1.
—iA . . —iA L.
C=Cle™ Lt/%E sin §Rt +Coe™ Lt/2{z? sin ERt + cos §Rt} (8.102)

Using %B #]HE and Eq. 8.101 assuming Bf) = 0, we obtain

thf OB B ZB e—zALt/2QLL() sin — Rt

= e~ ik = 5 (8.103)
Similarly, 2C = £ 7D and Eq. 8.102 gives

. GRftOB . A A (OO 1.

L AL RO T L A OLL ALY 9 (8.104)

From U7(0) = U*(0) = I, we have C, = B, = 1. The exact evolution operator for
V(t) = f(t)ST + f*(¢)S including the c.m. quantization and Réntgen effect through %,
with finite detuning in RWA is

N e e SR VO ey 2 UL R AT R
ieiALt/zQ—RL%}(t) ;r; lRt ZALt/Q{ ZAL sin 1Rt + cos % t} '
(1) = eiALt/2{—iA—1%L sin 1 Rt + cos %Rt} ie ALY/ QLX #(t) sin %]A%t
B —ieiALt/?Q—éﬁ}(t)X} sin 3 Rt e"ALt/Q{i ARL sin 3 Rt + cos § Rt}

(8.106)

A state vector evolves as |U(P,t)) = U(t) ( %E g;gia(o);‘i; ) _

N A . -th
S Co(P0)e —ZALt/Q{iﬂ sin g Rt + cos 3 Rt}|P)+ 3 Cy(P,0)ie " Art/ 2 axr ' 94 sin § Ri| Pk )
2 _ _
3 Co(P0)ie A1t 2e i 7ar 2= sin L Rt|P—hky )+ 3 Cg(P,0)e* 214/ 2{—i &L sin 4 Rt + cos LRt} P)

(8.107)
where Rii,/A2 +QLi,ALiiAL—%_2M,A _AL_PJ'\I/;L ZIJ{W and

. P+hk +h
Qs =dBr ¥ Cle (LEBEkL) e L p(PkL)y
q=T:—)
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8.4.1 Resonant Case

For resonant case Ay = 0, and neglecting the c.m. operators, we have
1 TS|
0(t) = cos 5Qpt  isingQpt | _ i3 rt(e) (gl +ghel) (8.108)
1 sin %QLt cos %QLt

A nm/2 pulse is defined as Qrt,./2 = nm/2. Thus, generally the state vector is written
as |U(tyg/p)) = €51 /4 W(0)) where S = |e)(g| + |g)(e| . For an initial state vector

|w(0)) = ( g: ) ,we have |\Il(t7r/2)) — % ( fce'e_:ZSi ) for 7/2 pulse, |¥(t;)) =i ( gz )
for 7 pulse, |‘If(t37r/2)> = % ( _zg:—l—_ZCi’g for 37/2 pulse and |U(ty,)) = — ( g: ) for

27 pulse.
As expected, the m pulse provides population inversion, 27 pulse shifts the phase
by 7 thus changing the coefficients to negative and 7/2 pulse creates entanglement between

the excited and ground states.
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