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The transition-metal dichalcogenides featuring Ising spin-orbit coupling in so-called Ising superconductors
offer a unique system to study the interplay of singlet and triplet superconductivity. The presence of high critical
fields, spectral properties such as the mirage gap, and field-tunable charge and spin currents in Ising supercon-
ductor Josephson junctions are some of the important features. In this Letter, we study an Ising superconductor
Josephson junction with a transparent interface and show that Andreev bound states are spin split due to a relative
misorientation of in-plane fields in the superconducting contacts. Correspondingly, supercurrent-phase relations
display a strongly nonsinusoidal behavior. Introducing additional spin-polarized channels with low transmission
results in a nonreciprocal current-phase relation with a diode effect that can be tuned by the in-plane exchange
fields. The diode efficiency reaches high values of the order of 40% and is not sensitive to disorder in the
junction. Such structures can be realized in van der Waals heterostructures of two-dimensional superconductors
and magnets.
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Introduction. The interplay of superconductivity and mag-
netism has recently given rise to exciting physics, contributing
to the field of superconducting spintronics. Transition-metal
dichalcogenides which consist of monolayer to few-layer
superconductors with an intrinsic Ising spin-orbit coupling
(ISOC) have emerged as suitable platform in this regard
[1–15]. The ISOC makes these superconductors robust against
in-plane magnetic fields [16–18] much higher than the Pauli
limit [19,20]. Therefore, superconductivity in the presence
of strong ferromagnetism can be studied in such Ising su-
perconductors. The in-plane field in these materials induces
spin-triplet correlations [15,21–25], leading to the prediction
of spectral features such as mirage gaps [25–27]. Ferromag-
netic (FM) Josephson junctions have been predicted to show
0 and π states, useful to construct φ0 junctions [13,14]. FM
Ising superconductor junctions [28,29] and Josephson junc-
tions with half-metal barriers [30,31] focus on spin-triplet
Andreev reflection. The charge and spin currents in Ising
superconductor Josephson junctions are shown to be field
tunable [32].

Andreev bound states (ABSs) exist in the proximity of
superconductors, often localized within the region of super-
conducting barriers, enabling the flow of supercurrent [33,34].
The ABSs play a crucial role in superconducting hybrid struc-
tures, opening the possibilities for topologically protected
qubits for quantum computation [35–37]. However, the study
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of ABSs in the Ising superconductor Josephson junctions has
received limited attention.

Moreover, recent advancements in the field of diode effect
for superconductors have gathered significant attention, in the
pursuit of nonreciprocal current transport [38–53]. The break-
ing of inversion or time-reversal symmetry is necessary for
an asymmetric current-phase relation (CPR) as a function of
the Josephson phase [46]. A supercurrent interferometer with
two junctions with one nonsinusoidal CPR and one sinusodial
CPR is the most basic textbook example for a diode effect
[42,43]. Note that this proposal requires to flux bias the su-
perconducting quantum interference device (SQUID) for the
diode effect to appear.

Motivated by these developments, we explore the ABS
spectrum in a single-channel Ising superconductor Josephson
junction with a transparent nonmagnetic constriction as shown
in Fig. 1(a). The FM layers provide in-plane exchange fields
to the superconductors. We obtain the spectrum of ABSs as
a function of the Josephson phase in Fig. 1(b). The relative
orientation of the in-plane exchange fields present in the su-
perconductors splits the spin-degenerate ABSs. The degree
of spin splitting of the ABSs is maximum for antiparallel
alignment of the in-plane fields and increases with the strength
of the exchange fields. The ABSs diminish with increasing
strength of the in-plane fields due to the pair-breaking effect.
The behaviors of the ABSs are directly reflected in the CPR
which follows a nonsinusoidal behavior [see the red curve
in Fig. 1(d)]. The quantum circuit theory [54] is employed
to numerically calculate the supercurrent for the system in
Fig. 1(a) for arbitrary transparencies. We then construct a
different junction by adding a fully spin-polarized FM barrier
between the superconductors as shown in Fig. 1(c). The total
CPR is then a sum of the CPRs of the nonmagnetic and FM
barriers. This results in a nonreciprocal CPR, or diode effect,
as seen from Fig. 1(d). The diode efficiency is highly tunable
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FIG. 1. (a) Schematic plot of the Ising superconductor Josephson
junction with a nonmagnetic channel of high transmission. The rela-
tive angle between the exchange fields is θ and the phase difference
is φ = φ1 − φ2. The effective exchange field Jeff has an angle γ to
spin-orbit coupling. (b) Andreev bound states (black) and spectral
supercurrent (color scale) for θ = π/2, βso = 7�0, and J = 3�0

(black curve). The spin splitting is parametrized by φθ illustrat-
ing the spin splitting by the noncollinear in-plane exchange fields.
(c) Schematic plot of the Andreev-Ising-Josephson junction. A spin-
polarized magnetic barrier (in green) and nonmagnetic transmissive
channels (in red) connect two superconductors. (d) Current-phase
relations for the junctions with a transparent nonmagnetic barrier
(red curve) and a ferromagnetic tunneling barrier (green curve).
The total current-phase relation (blue) is highly nonreciprocal with
positive and negative critical currents Ic indicated by dotted lines.
The conductance ratio of the nonmagnetic and the magnetic parts is
1:10, while J = 3�0, T = 0.01Tc, and θ = 0.9π , and supercurrents
are in the units of 2G0�0/e.

by varying the relative orientation of the exchange fields and
the conductance ratio between the FM and nonmagnetic bar-
riers. Our system offers a practical approach that eliminates
the need for flux piercing, unlike the Josephson diode effects
studied earlier in Refs. [42,43].

Andreev bound states. An Ising superconductor in contact
with an FM layer, with a singlet order parameter � and su-
perconducting phase φα can be described by a Bogoliubov–de
Gennes Hamiltonian near the K (K ′) valley by neglecting the
contribution from the 	 point [15]. The effective Hamiltonian
can be written in the Nambu basis (ck,↑, ck,↓, c†

−k,↑, c†
−k,↓) as

HBdG =
[

H0(k) �eiφα iσy

−�e−iφα iσy −H∗
0 (−k)

]
, (1)

where H0(k) is given by

H0(k = p + sK ) = ξpσ0 + sβsoσz − J · σ. (2)

Here, s = +1 corresponds to the valley K and s = −1 to K ′.
The deviation of the momentum from K or K ′ is denoted by
p. The Pauli matrices σx, σy, and σz act on the spin space, and
σ0 is the corresponding unit matrix. The dispersion measured

from the chemical potential μ is ξp = |p|2/2m − μ. The ISOC
strength is denoted by βso. The Zeeman term J · σ arises from
the in-plane exchange field J provided by the FM layer. Note
that due to the exchange field the main superconducting gap is
reduced to 2�eff with �eff = �βso/Jeff and Jeff = √

β2
so + J2.

We first consider a model based on the scattering ap-
proach for two identical Ising superconductors separated by a
nonmagnetic scatterer in a single-channel approximation [see
Fig. 1(a)]. The two superconductors have identical ISOC and
we assume the relative angle between the two exchange fields
provided by the two adjacent FM layers is denoted as θ . The
condition for ABSs in the junction with ideal transmission can
be found through determinant relation [55]

det(1 − R1S1R2S2) = 0. (3)

The Andreev scattering at each superconductor α (=1, 2) is
described by a spin rotation matrix Rα and an electron-hole
scattering matrix Sα given by

Rα =
[

eiγ nα ·σ 0
0 e−iγ nα ·σ

]
, Sα =

[
0 re(φα )σ0

rh(φα )σ0 0

]
.

(4)

The unit vectors n1 and n2 denote the orientation of
the in-plane exchange fields with n1 = (1, 0, 0) and n2 =
(cos θ, sin θ, 0). The angle γ = arccos(βso/Jeff ) is between
the z axis and the effective field Jeff as shown in
Fig. 1(a). The Andreev reflection coefficients are re/h(φα ) =
exp(±iφα + iχ ) with the superconducting phase φα and χ =
arccos(E/�eff ). Simplifying Eq. (3) we obtain φ + 2χ ±
φθ = 0 where φ = φ1 − φ2 is the Josephson phase and φθ is
the spin-splitting parameter defined as

cos φθ = cos2 γ + sin2 γ cos θ. (5)

This leads to the ABS energies given by

E = ±�eff cos [(φ ± φθ )/2] (6)

and is shown in Fig. 1(b) as a line. The parameter 2φθ denotes
the difference between the zero crossing of the ABSs and is
due to the interplay between noncollinear exchange fields and
ISOC. Obviously, from Eq. (5) the spin-splitting parameter
φθ vanishes at θ = 0 or J = 0. Since the function arccos(x)
decreases monotonically in the range of −1 < x < 1, φθ is
maximal at θ = π and increases with increasing the exchange
fields. The supercurrent carried by spin-split ABSs is given by

I0(φ) = (2e/h̄)
∑

(∂E/∂φ) tanh [E/(2kBT )], (7)

where the summation runs over all the four solutions of E in
Eq. (6).

To corroborate the simple picture, we perform calculations
using quasiclassical Green’s functions. In the following, we
fix the ISOC strength to βso = 7�0 where �0 is the su-
perconducting gap in the absence of external fields at zero
temperature. A broadening parameter of 0.01�0 is taken into
account. The reduced superconducting order parameter � due
to the in-plane exchange field and the finite temperature is
calculated self-consistently as described in Ref. [32]. The
ABSs given by Eq. (6) are shown in Fig. 1(b) for θ = π/2 and
they overlap the numerically calculated spectral supercurrent
obtained using Green’s function methods discussed later. The
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FIG. 2. (a) The spin-splitting parameter φθ vs the relative magne-
tization angle θ at different exchange-field strengths J . (b) Andreev
bound states at θ = π . (c) Current-phase relations for various θ

at J = 3�0. (d) Current-phase relations at θ = π . The supercur-
rent is in the units of 2G0�0/e. The temperature in (c) and (d) is
T = 0.01Tc.

4π periodic cosine curves in Fig. 1(b) indicate spin-split ABSs
with the splitting is characterized by φθ . Figure 2(a) shows the
dependence of φθ on relative magnetization angle θ for vari-
ous exchange fields and it agrees with the previous discussion
on Eq. (5). The spin splitting is maximal when the in-plane
fields are antiparallel, i.e., θ = π . Moreover, the splitting in-
creases with the exchange field and reaches a maximum at
a critical value where the superconductivity is destroyed. As
the superconducting gap diminishes with increasing the ex-
change fields, the ABSs also diminish as seen from Fig. 2(b).
The ABSs eventually vanish at the critical value of the ex-
change fields.

The analytical treatment above provides results for a per-
fectly transparent nonmagnetic barrier. We now employ the
quantum circuit theory [54,56] to obtain the CPRs at arbitrary
transparencies of the junction. The expression of the super-
current for a single-channel junction with transparency D is
given by

I (D, ϕ) = G0

8e

∫ ∞

−∞
dε tr[τ3σ0 ÎK (ε)], (8)

with G0 = 2e2/h being the conductance quantum. The
Keldysh component of the matrix current ÎK is given by

ÎK = 2(ÂRX̂ K + ÂK X̂ A), (9)

with Ǎ = 2D[ǧ2, ǧ1] and X̌ = [4 − D(2 − {ǧ2, ǧ1})]−1, where
[ǧ2, ǧ1] is the commutator and {ǧ2, ǧ1} is the anticommuta-
tor for the Green’s functions. The Green’s function ǧα with
α = 1, 2 denoting the two superconductors is in Keldysh
space and has the structure of

ǧα =
(

ĝR
α ĝK

α

0 ĝA
α

)
, (10)

where ĝR
α , ĝA

α , and ĝK
α are, respectively, the retarded, advanced,

and Keldysh components of ǧα (ε). The calculation details
for the Green’s function are provided in the Supplemental
Material [56].

The spectral supercurrent Ics defined as tr[τ3σ0 ÎK (ε)] for
D = 1 is plotted in Fig. 1(b) and it agrees well with the
ABSs given by Eq. (6). To understand how ABSs influence
the supercurrent we compute CPRs using Eq. (8) as shown
in Fig. 2(c). At the parallel magnetization configuration, we
observe the well-known sawtooth shape. The supercurrent
becomes increasingly nonsinusoidal as the magnetization con-
figuration changes from parallel to antiparallel as seen in
Fig. 2(c). This change directly reflects the increasing spin-
splitting of ABSs. For an antiparallel configuration as shown
in Fig. 2(c), the current switches parity and vanishes at two
different phases other than φ = 0 and φ = π , due to a pair of
ABSs crossing zero energy at these phases. This signifies the
presence of the second harmonics in addition to the first one
in the CPRs. Figure 2(d) shows the decreasing supercurrent at
stronger in-plane fields. This is expected as the diminishing
amplitude of the ABSs at higher fields [see Fig. 2(b)] con-
tributes to lower supercurrent.

Superconducting diode effect. A simple approach to ob-
tain nonreciprocal critical currents for forward and reverse
biases in a superconducting junction involves utilizing two
different CPRs, as discussed in Refs. [42,43]. Specifically,
a junction with a CPR that is the sum of two different
types: I ∝ sin (φ + φ0) and I ∝ sin (2φ) with nonvanishing
φ0 is required for the diode effect. In our work, we have
already achieved CPRs with components of sin(2φ) using a
transparent nonmagnetic barrier. Previous research [32] has
demonstrated that phase-shifted sinusoidal CPR can be real-
ized in an FM-Ising Josephson junction even in the tunneling
limit. Based on these findings, below we perform a numerical
assessment to achieve the diode effect.

As depicted in Fig. 1(c), we combine a nonmagnetic junc-
tion having perfect transmission with an FM junction in the
tunneling limit to form a Josephson diode. The nonmagnetic
barrier contains Nc transparent channels with conductance
GN = NcG0 so that the supercurrent is IN (φ) = NcI (1, φ) ob-
tained from Eq. (8). The FM channels are assumed to be fully
spin polarized with a magnetization pointing out of plane. The
supercurrent through the FM barrier is expressed as [32,56]

IF = IFc sin (φ + θ ), (11)

where IFc is

IFc = GF

8e

∫ ∞

−∞
dε tr(τ3σ0 ÎR) tanh [ε/(2kBT )], (12)

with the conductance of the FM tunnel barrier GF . The re-
tarded matrix current ÎR is given by

ÎR = Re
[
ĝR

2 + {
κ̂, ĝR

2

} + κ̂ ĝR
2 κ̂, ĝR

1

]
, (13)

with the spin matrix κ̂ = diag(σz, σz ). The total current IT in
this system would then be

IT = IN + IF . (14)

It should be noted that the conductances GN and GF differ
in the number of transmission channels and the transmission
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FIG. 3. (a) Efficiency η vs conductance ratio GF /GN for different
θ at T = 0.01Tc. (b) Efficiency η vs GF /GN for different temperature
T at θ = π/2.

values. This implies that the conductance ratio GF /GN in
principle be controlled by the respective numbers of channels.

The CPRs for IN , IF , and IT are plotted in Fig. 1(d). The
CPR for the nonmagnetic barrier with perfect transmission
deviates from the sinusoidal behavior. The current vanishes
at four values of φ including φ = 0 and φ = π . The CPR for
the FM tunnel barrier is perfectly sinusoidal shifted by the
relative magnetization angle θ of the two superconductors. For
the total current of the system IT , there exists a nonreciprocal
critical current for forward and reverse bias directions. Thus, a
Josephson diode effect can be achieved. The diode efficiency
η that measures the nonreciprocity of the critical currents is
defined as

η = |I+
T − I−

T |
I+
T + I−

T

, (15)

where I+
T and I−

T are, respectively, the absolute values of
the maximum and minimum of the total supercurrent IT . For
the case with conductance ratio GF /GN = 10 and relative
exchange-field angle θ = 0.9π , the diode efficiency is as large
as about 0.4 in Fig. 1(d). In the following, we provide a
systematic investigation on the diode efficiency.

Figures 3(a) and 3(b) display the diode efficiency as
a function of the conductance ratio for various relative
exchange-field angles and temperatures, respectively. The
diode efficiency vanishes under the parallel and antiparal-
lel configurations of the exchange fields where the CPR for
the FM barrier follows IFc sin φ or −IFc sin φ as shown in
Eq. (11). For a given conductance ratio, there is an optimal
θ for the largest diode efficiency. The diode efficiency is
sensitive to temperature and decreases with it as seen from
Fig. 3(b). This is due to the fact that increasing temperature
reduces the nonsinusoidal behavior or the second harmonics
in the CPR of the nonmagnetic barrier. As shown in Fig. 4(a),
the CPR becomes more sinusoidal with decreasing transmis-
sion D for the junction of nonmagnetic barrier.

In order to model a more realistic situation we now
assume a large number of channels with a distribution
of transmissions [57]. As a generic example, we use the
Dorokhov distribution of transmissions given by ρ(D) =
GN/(πG0D

√
1 − D) with GN being the conductance of the

diffusive part. The supercurrent for such a short diffusive

FIG. 4. (a) Current-phase relations for different transparencies of
the nonmagnetic barrier with θ = π/2. The black curve represents
the average current-phase relation using the Dorokhov distribution
for a diffusive short junction. The supercurrents are in the units of
2GN�0/e. (b) Efficiency η vs conductance ratio GF /GN for different
θ where the transmission in the nonmagnetic barrier follows the
Dorokhov distribution. The temperature is T = 0.01Tc.

nonmagnetic barrier is [57]

IN (φ) =
∫ 1

0
dDρ(D)I (D, φ). (16)

The corresponding CPR is displayed as the black curve in
Fig. 4(a). Remarkably, the diffusive CPR is still quite non-
sinusoidal, which means that the diode efficiency could be
substantial. We explore the nonreciprocity of the junction by
combining the short diffusive nonmagnetic barrier and an FM
tunneling barrier, where the total current is IT = IN + IF . As
shown in Fig. 4(b), a significant diode efficiency is present in
this more realistic disordered many-channel situation [41,47].
This gives hope that our predicted diode effect is robust
against disorder and might be accessible to experiments.

Conclusion. We have investigated the transport properties
of Ising superconductor Josephson junctions under the influ-
ence of in-plane exchange fields. For a Josephson junction
with a transparent nonmagnetic constriction, the ABSs are
spin split due to the interplay of the exchange fields and
ISOCs. The spin splitting can be controlled by the strengths
and the relative orientation of the exchange fields. The prop-
erties of the ABS are directly reflected in the supercurrent.
We further demonstrate a Josephson diode effect by adding an
FM tunneling barrier to the Ising superconductor Josephson
junction with the nonmagnetic channel of high transmission.
The diode efficiency is tunable by varying either the rela-
tive exchange-field orientation or the conductance ratio of
the barriers. Furthermore, the effect is insensitive to disorder
and should be observable in generic Andreev-Ising-Josephson
contacts with magnetic elements. Our work provides a prac-
tical scheme in realizing the superconducting diode with
two-dimensional heterostructures.
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