First publ.in: Journalof Physics:Condensed/atter4 (1992),pp.7709-7744

A theory for the 3-relaxation process near the liquid-to-glass
crossover

M Fuchs, W Gdétzef, S Hildebrand and A Latz

Physik Department, Technische Universitit Miinchen, D-8046 Garching, Federal
Republic of Germany

Received 6 April 1992, in final form 12 June 1992

Absiract. The mode coupling theory for supercooled liquid dynamics finds a F-relaxation
regime on mesoscopic timescales. Il is caused by the interplay between nonlinear
interactions of density fAuctuations and phonon-assisted hopping transport. In this regime
all correlation functions and spectra can be expressed in terms of a single 3-correlator
G, which is a homogeneous function of time and two relevant control parameters. It is
specified by a single number, namely the exponent parameter A. Eight regions can be
identified, where the equation for G' can be solved by series expansions., The various
possibilities are discussed in comparison with representative numerical solutions. For
temperatures T sufficiently above the critical value T; hopping effects can be neglected
and a stretched susceptibility minimum is found as a crossover from von Schweidler
decay to critical decay. For T near T; hopping effects balance the cage effect and this
resulls on logarithmic scales in a rather abrupt crossover from the high-frequency a-peak
tail to the critical spectrum. For T below T, there appears a frequency window between
two knees in the susceptibility spectrum, where hopping effects suppress the enhanced
fractal spectra. There occurs a crossover from Debye relaxation (o white noise. The
resulting susceptibility minimum in the strongly supercooled state exhibits a subtle power
law dependence on the separation parameter T — T.. The measurable features in the
susceptibility, such as position and strength of the minimum, are evaluated and shown to
characlerize transparently the liquid-to-glass crossover as caused by the underlying glass
transition singularity.

1. Introduction

The most prominent features of glassy relaxation in cooled liquids are the low-lying
susceptibility bumps, called o peaks. The timescale 7, of the o process increases
dramatically upon cooling. For a temperature T near the melting point 7, is
somewhat larger than the time ¢, specifying the dynamics of microscopic excitations
such as phonons. If T approaches the calorimetric glass transition value T, the
scale 7, is of macroscopic size. There are also subtle dynamical phenomena, referred
t0 as [ processes. They are observed within the mesoscopic window for the time f,
T, 3> 13> t; they can be measured as spectra for the frequency w within the window
TSl gw Kty ! [1). Goldstein argued convincingly [2] that an understanding of the
/3 process is the key for a microscopic explanation of the liquid-to-glass crossover in
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simple systems. In recent years the mode coupling theory (MCT) for the dynamics of
cooled liquids has been discussed, which obtains o and 3 processes resembling the
experimental results for [ragile glass formers. For an overview the reader may consult
[3] and a review of the mathematical details can be found in [4]. In this paper the
previous work shall be extended to a complete discussion of the MCT results for the
3 process.

The MCT derives from closed equations of motion conventionally defined
autocorrelation functions &, (t) for dynamical variables X [5]. The variables X
of interest are the density fluctuations pg Of wavevector g, the dipole moment D, the
stress m, a coupling variable to photons 3, Cg 1,2 Pp COnsisting of superpositions
of density fluctuation pairs, and so on. In these examples @ y(t) can respectively
be measured by neutron scattering, by dielectric loss spectroscopy, by acoustic
spectroscopy or conventional Brillouin scattering experiments, and by depolarized
light-scattering or second-order Raman scattering. The MCT cquations are regular;
the mathematical control-parameter, a vector V in some high-dimensional parameter
space K, depends smoothly on the physical control parameters such as temperature
T or density n. However, the equations bring out a spontaneous singularity V,
called the glass transition singularity, by means of a Whitney fold bifurcation [4].
This bifurcation implies slow and stretched relaxation processes. There appears
a small parameter, namely the distance from the singularity, permitting analytic
asymptotic solutions of the complicated equations of motion. These asymptotic
solutions comprise the cssential qualitative features of the MCT. It was proposed
to test whether they also reflect the qualitative features of the experiments. Only if
this were the case would one shoulder the burden and solve the MCT equations in
quantitative detail.

For @ relaxation the McCT predicts some universality features. Onc is the
factorization property:

(1) - % = hx Gl(2). (1a) |

Here f% > 0 is the Edwards-Anderson parameter, or non-ergodicity parameter, at
the singularity and A > 0 is called the critical amplitude. These time-independent
quantities are determined by the equilibrium structure of the system and they
contain all microscopic specifications of X. The time and the sensitive temperature
dependence enter via the G-correlator G, which is the same for all variables X of
a given system. L&t us mention in passing that the F-relaxation regime is defined
implicitly by requiring |hy G(1)/ 5| < 1. Within the 8 region, the correlator @, is
close to arrest near 5. For a precise definition see equation (2.5) below. Spectra are
denoted as usual by &% (w), G"(w) and they are defincd as Fourier cosine transforms
of the corresponding correlator. The susceptibilities x{w) = x/(w) + ix”(w) are
related to the Laplace transform of the correlator ®(z) = LT[®(1)](z), z = w+ 10,
by xx(w) = 2@ 5 (w) + x%. Here x% is the thermodynamic susceptibility and the
following convention is used: £7{®(2)] =i {dt©(¢)exp(izt)® (1) [5]. One gets as
an equivalent to (1.1a) the factorization

X'(W)=hxx"(w)  X(w) = x5 =hxx(w). (1.15)

Now x"(w) = wG"{w) denotes the F-susceptibility spectrum. Similarly, the relations
x'(w) = wG'(w) and x% = x% ~ f% hold. Thus up to constants i, all spectra



are the same function x"(c). This is valid not only for the dependence on frequency
but also for the singular dependence of the spectra on control parameters such as T\
The second universality feature concerns the G correlator itself, which is fixed by
the four numbers t;, A, o and . The timescale %, connects mathematical time with
physical time. The exponent parameter A, obeying 1/2 < A < 1, specifies the details
of the dynamics near V. It fixes three characteristic exponents describing fractal
decay patterns., The critical exponent a, obeying 0 < e £ 0.395.. ., follows from

I'(1-a)?

T(i=2a) (1.20)
and the von Schweidler exponent b, obeying 0 < b £ 1, is obtained from

L(1+8)*

Ti+20) A (1.2b)

These exponents decrease monotonically to zero if A increases towards unity. For
A = = /4 one finds, for example, a = 0.287..., b = 0.500. It will be shown that for
A > w /4 a further exponent c is relevant. It obeys 0 < ¢ < 0.5, decreases to zero if
X tends to unity, and follows from

TQra+e _,
I'(Z +¢)

" Throughout this paper T denotes the gamma function. The quantities (o, ) are the
relevant control parameters. The glass transition singularity is specified by o = 0,
6 = 0. Both parameters depend smoothly on physical control parameters such as T.
The zero of o defines critical control parameters such as 7T,. For example, one can
Write

(1.2¢)

T.-T
T

c

o= C ﬁ&

where C > 0 for T near 7,. The parameter o is called the separation parameter.
It is given by the equilibrium structure of the system, as is A. These two parameters
specify the cage effect of liquid dynamics. They are the same, for instance, for a hard-
sphere system obeying Newtonian dynamics and one following Brownian dynamics.
It is the potential landscape in phase space that governs the cage statistics and self-
blocking events. Details of the microscopic motion enter merely via the scale f,,
specifying the speed with which the particles explore the landscape. Within the so-
called simple version of the MCT, dealing with the cage effect only, a transition from
ergodic motion for ¢ < 0 to non-ergodic dynamics for ¢ > 0 is found. The ideal
glass is characterized by ® 5 (t — o0) = fx > 0, ie. by an extensive number of
degenerate metastable states [6]. Since there are no long-range correlations within a
glass, the activation barriers between the metastable states are finite. The parameter
& > 0 describes the rate for phonon-assisted hopping events from one state to the
other. These hopping events restore ergodicity for all o. The hopping parameter
depends on the microscopic details of the dynamics and will be quite different for
a hard sphere system in a vacuum on the one hand, and a hard spherical colloidal
suspension on the other hand. One gets

G(t) = g (t/ty, 0, 61y). (1.4)



We will not indicate explicitly in the following that the function of three variables g*
is determined by A.

Within the MCT it is important to treat wavevector dependencies properly in the
equations of motion. This is particularly essential if one wants to understand the T
dependence of the hopping rate & [7]. k1t is a non-trivial resuit that within the 8
regime all these detailed complications can be condensed to the two numbers o, 4.
The formulated results (1.1) and {(1.4) hold only in leading order for (o, &) — (0,0),
see equation (2.5). There are corrections to the asymptotic results and these are
not universal. The range of validity of (1.1) and (1.4) may be different for different
X and the deviations cannot be specified by o and é alone. In leading order the
quantities h,, C, t, and é have to be replaced by their values for T = T so that
the T dependence only enters via o. For practical applications, however, the MCT
results have been used for [T — T,| as large as 100 degrees. In those cases one has
to allow a smooth T dependence of hy, 1, and é.

So far the quantitative effect of hopping on the correlator G has been discussed
only within a schematic model [8]. Adjusting constants so that the o spectrum agreed
within an order of magnitude with the dielectric loss curves for the standard glass
former CaKNO; (CKN) it was found that 64, ~ 10~% and &1, decreased by between
one to two orders of magnitude upon lowering T" through T,. The relevance of these
findings for the B-relaxation theory is not obvious at present, but in the following we
will consider them as educated guesses for the size of the hopping effects.

Previous comparisons of experiments with MCT results have becn restricted 1o the
simple version, where the hopping cffects are ignored. In this case the 3 correlator
obeys a one-parameter scaling law:

G(t) = c 94 (1/1,) cz20  6=0. (1.5)

The correlation scale ¢, vanishes and the timescale i, diverges at the critical point,
¢, = |o|M2, t, = t,|o|~1/2%. The master functions g,, given by A, can be evaluated
easily [9]. For short rescaled times { = ¢/t one finds critical decay

g{fgl) = —i— = : (1.6)

For larger rescaled times the glass correlator arrests:

1
NIy

This mcans that the correlator gets a contribution from the Edwards-Anderson
parameter, which shows a cusp singularity at the critical point:

g, (i>1) = (1.7a)

G(t) — xoo = T% >0 E-t—-—)co 6=0 (1.7
a

On the liquid side of the transition, the correlator obeys the von Schweidler law:
g {t> 1) =~-B" &, (1.8)

Here B~ > 0 is of order unity [9]. Notice that the fractal decay laws (1.6) and (1.8)
appear, even though no fractal structures in configuration space are built into the MCT



equations of motion. The power laws result from the interplay of retardation effects
and nonlinearities. Let us notice for later reference that a power law correlator

G(1) = (r/1)" (1.94)
implies for the susceptibility similar power laws:

wG™(w) = sin (r/22) T(1 = 2)(wr)* (1.95)
wG (w) = —cos (7 /22) (1 - z)(wr)*. | (1.9¢)

The role of the hopping effect in its interplay with the cage effect is exhibited most
clearly for vanishing separation parameter. In this case one finds a one-parameter
scaling law quite similar to (1.5) [10]:

Gl8) = esg (/1) o =0. (1.10)

The master function g is independent of § and giver by A. The scales are again
determined by the exponent a: cg = (§t,)2/(W2a} ¢ = ¢,(5t,)~/(1+22) As above,
critical decay is obtained for short rescaled times g(f < 1) = 1/#¢. For large times,
however, there are two possibilities, depending on the sign of

AA=A=)y, A= %. (L.11)
For exponent parameters smaller than the critical value ), one again finds the von
Schweidler law (1.8)

g(f> 1) =-B b> 1 (1.12a)
However for AA > 0 a von Schweidler law with universal exponent 1/2 is obtained:
g(f> 1) = —(AX)"V2{? b< i (1.125)

One motivation of this paper is to investigate the susceptibility spectra implied by the
master function g and to understand the relaxation for AX = 0.

Neutron scattering experiments done for CKN [11], orthoterphenyl [12],
polybutadien [13] and propylene carbonate [14] provided some support of the MCT, as
can also be inferred from the work quoted in the mentioned papers. The validity of
the scaling laws (1.5), the validity of the master function g_ and the scale variations
with o have been successfully tested against experiments for polymer dielectric loss
spectra [15, 16], for neutron scattering cross sections of a biopolymer [17], for photon
correlation curves for a colloidal suspension [18,15] and for correlators obtained by
molecular dynamics work for a model liquid [20,21]. All those mentioned papers deal
with the weak coupling side o < 0 of the transition. Extensive tests of (1.5)—(1.8)
have been carried out recently for o > 0 and o < 0 with depolarized light-scattering
spectra, done within a four-decade frequency window for CKN, by Cummins, Li and
collaborators [22,23]. The theory accounted for the data within the large temperature
interval 23° C < T' < 195° C. The critical point was identified as 7, = (105+5)° C in
accord with results obtained from neutron scattering spectroscopy [24]. Even though
the applicability of the MCT is still highly controversial [25], the above-mentioned



quantitative confirmations of that theory appear as a sufficient justification to continue
with this approach.

For T — T, as large as 90° C the CKN light-scattering data [22,23] demonstrate
a merging of the o relaxation spectra with the microscopic excitation band, as
expected from MCT model calculations [8]. For such large (T — T.) the asymptotic
formulae, based on the ¢ — 0 limit, can no longer be used for a quantitative data
analysis. However, the light-scattering spectra for CKN [22,23] also show systematic
deviations from the A-relaxation results of the simple MCT version (1.5) for T near
T.. These deviations are suspected to be caused by hopping effects, described by
& # 0. This observation provides the main motivation of the present paper, where
the complete G correlator (1.4), in particular the properties caused by & # 0, shall be
discussed in all details. It is hoped that the results of the following calculations can
serve as the basis of future quantitative tests for the MCT predictions on the interplay
between ergodicity-breaking cage effects and ergodicity-restoring hopping events.

2. Basic formulae

The following analysis is based on the equation derived by Gotze and Sjdgren [10]
for the 8 correlator:

-+ % + A2LT[G(1](2) + (2LTIG(D)](2)) = 0. @1)

The derivation of (2.1) is based on a [eading asymptotic solution of the MCT equations
of motion near a glass transition singularity, as specified below in (2.3). The MCT
cquations in turn are obtained within the generalized kinetic equation approach
towards liquid dynamics, combined with Kawasaki’s factorization approximations;
compare [4] for details.

It is morc convenient to rewrite this scaling equation in a form that avoids Laplace
transforms [9]:

t
o — 6t + AG(1)* :Ed?_[ Gt =1")YG()dt'. (2.2)
[
It has to be complemented by the initial condition
. G(t) AN
fim O =1 G (1) = (T) } 2.3)

The critical decay G, i5 the dynamical signature of the underlying fold singularity.
At the transition (o, ) = (0,0) it describes the long-time behaviour of the full MCT
equations. :

For a numerical determination of &, equation (2.2) was discretized as done
previously for é = 0 [9]. Tb get results for dynamical ranges as Jarge as 15 decades,
the step size for the time grid was allowed to expand with increasing t. Roughly,
equally spaced time points were chosen on a logarithmic scale, A similar grid was
applied to evaluate the Fourier transforms with a Filon procedure.

The correlator G obeys a two-parameter scaling law [10]). A scaling line in the
o-bt, parameter half-plane, § > 0, shall be defined by

o=é0% 6ty = §QMt%e, (244a)
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Figure 1. The control parameter half-plane with scaling lines (2.4a) for the exponent
parameter A = 0.91. The full scaling lines through the points 3 and & are the ones with
o = Foyg, equation (3.2). The points 1-9 where the path C intersects the scaling lines
have the following coordinates {o10% §¢010%) = (14, 10), (4.2, 1.53), {—1.9,1.0),
(-0.47,0.70), (0.4, 0.57), (1.5,0.44), (2.7,0.33), (4.6,0.21), (7.0, 0.09); see text.

Here the dimensionicss frequency €2 is the line parameter. For @ — 0 the line
approaches the glass transition singularity. If the time is rescaled as

t= 2 (2.46)
the correlator (1.4) merely changes its scale:
0 (t/ty,0,6t) = cqg (1,8,8) e =Q°. (2.4¢)

The correlator is a generalized homogeneous function of the three variables t/%,, o,
. Moving the parameter pair (o, ) along a scaling line (2.4a), G merely changes in
a self-similar manner. It is sufficient to evaluate the correlator G(f) = g({, &, 8) for
the point (&, é), in order to know & for all points (o, §) on the scaling line through
(&,6). Similarly one gets for the susceptibility

x(2) = eq (%) z= Qté ‘ (2.4d)
i)

where % is the susceptibility corresponding to G(f) evaluated for (&,4). Thus, in a
double-logarithmic presentation of the susceptibility spectra, the graphs log %" against
log w referring to different points on the scaling line have the same shape. They are
created from the spectrum for (&, ¢) by a shift log & parallel to the logw axis and by
a shift log ¢, parallel to the log x" axis. Figure 1 exhibits the parameter half-plane
with some representative scaling lines. For the simplified MCT, dealing with § = 0,
only two scaling lines are involved. The half-axis o < 0 deals with the liquid states
and one can choose & = —1. The half-axis ¢ > 0 corresponds to the ideal glass
states and one can take & = +1. With (1.5) one gets g, (f) = g({,£1,0). Our
numerical solution of (2.2) has been done with & = +1, also. The result for o — 0
was obtained in the limit & — oo,



The scaling law allows for a precisc mathematical definition of the 3-relaxation
regime. Consider a path Q@ — V(Q) in control parameter space K. The
theory of the bifurcation singularity maps that path onto one in the o-6%, plane:
£ — (o(2),56(2)). Assume the latter to be a scaling line so that in particular
V{2 — 0) — V.. The correlators will vary in a complicated manner with Q, as
defined by the solution of the full MCT equations of motion: &, (t) = ®%(¢). But
in the limit of small Q one finds

S IO
dim, =255 = hy G(D). (2.5)
It V moves towards V, on a line V{(Q2), the RHs of {1.1a) vanishes in propottion to
¢, provided the time increases towards infinity as given by (2.4b). The corrections
to (1.1a), ® x (1) — f% — hx G(1), vanish in proportion to ¢4. Let us emphasize the
following: within the MCT neither an ansatz nor a scaling assumption is introduced
in order to obtain the resulss {1.1), (1.4), (2.1) and (2.5). These formulac are
mathematical implications of the existence of a bifurcation singularity of the Whitney
fold type. They reflect the centre manifold theorem of singularity theory. The
existence of a bifurcation singularity for the infinite set of equations of motion of the
MCT, derived for density and current density fluctuations for simple classical liquids,
has been proven previously; compate {4] and the original references quoted therein.

A full test of the MCT would require us to map out cxperimentally the two-
dimensional half-plane of relevant control parameters {o, 81,), shown in figurc 1. In
particular one should move on scaling lines in order to test the homogeneity (2.4)
and approach the singularity very closely in order to eliminate the corrections to the
leading-order results (1.1) and (1.4). The problem is familiar from ordinary phase
transition theories in finite systems. The present & is the analogue of the inverse
box diameter 1/L. For ordinary phase transitions one ¢an vary o and 1/L and
extrapolate, e.g., to 1/L — 0. The MCT of the liquid-to-glass crossover is more
complicated to understand, because § cannot be manipulated and extrapolation to
6 — 0 can be considered as 4 theoretical idealization only. The MCT equations
determine V' in terms of the physical control parameters, say 7. Thus the system
moves on a path C1 T — (o(T),8(T)) as sketched in figure 1 by a curve through
the points 1 to 9. This path is fixed by the microscopic details of the given system
and cannot be varied. In particular, C' avoids the singularity [10]. All functions vary
smoothly with 7. There is no sharp transition for T = T. But passing from T > T,
to T' < T, the dynamics alters drastically. This is exemplified in figure 2, showing
the evolution of the susceptibility spectra along C from figure 1. For example, for
state 2 the spectrum exhibits a broad minimum connected with a crossover from some
fractal decrease to some fractal increase with increasing frequency. But state 6 has a
much sharper minimum and on both sides of the latter there are knees in the log x”
against logw curves. The knees and the minima scale differently with changes of o.

3. The various relaxation regimes

3.1. The B-relaxation scales

In this section eight regions will be identified in the three-dimensional manifold
of variables (¢/t,,o,8t,), where G(¢) can be evaluated analytically as a power
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Figure 2. Susceptibility spectra for A = (.91 and the parameter points 1-9 specified in
figure I

series. Within these regions the 3 correlator can be understocd qualitatively as the
leading contribution to the respective series. A complete qualitative understanding
of the solution of (2.2) is achieved by interpolation between the series referring to
neighbouring regions. The various regimes are separated by surfaces, which can be
described by t = f,(o,&t,). There appear five such functions ¢_; they are the
relevant timescales for the 3 dynamics. Because of (2.4) they are homogeneous
functions of the control parameters:

to(0,88) = Q" (o022, 51,0~ (H7)y, (G.1)
It is sufficient to know the scale #,, = t_(&,4) for one pair (&,4) in order to
know it on the complete scaling line through that pair. Due ta the scaling law it
is sufficient to consider a representative cut through the (t/ty, o, 6,) manifold; the
surfaces ¢ = £, (o, 61,) yield curves on this cut. Figure 3 exhibits the cut ¢, = 1 for

a representative critical exponent a = 0.200.
Let us consider (3.1) with Q = |o|/2%. One gets for 020

1y, =t (21, (|o|/ay)~1H2e)/2e)|g|~1/2a
where
op = (6t,)2a/ (128}, (3.2)

If t,(x1,2) depends smoothly on = for small z, one gets t, =~ 1 (£1,0)[o[~1/2
for Joy/o| < 1. Thus one identifies the scales

=o'Vt = gyla]N (3-3)

as relevant for a sufficiently large separation parameter. This is the only scale that
enters the simple version of the MCT, leading to (1.5).
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Figure 3. Various dynamical regions A=, A, A+, B~ B, Bt C and M separated by
the timescales t;, #5,{,¢; and t; for A = 0.91 as defined in the text.

Let us apply (3.1) with © = (82,)1/13+22) Jeading to
toe = 1y, (0/ 00, 1) (62)~1/(1H20),

If again t,(x,1) depcnds smoothly on = for x — O, one pets #, =~
t.(0,1)(64,)~Y(1+28} for |o] « o, Thus one identifies the scales entering (1.10)

cg = (6t,)e/(1+2e) ty = ty(6t,) "W/ (1+2e) (3.4)

as relevant for small separation parameter. The hopping rate introduces oy as the
natura) scale for the separation parameter [10].

Below it will be shown in detail that the relaxation patterns are pairwise quite
different for the three cases: the liquid region ¢ < —oy, the transition region
|o| € oy and the glass region o 3> o,. The spectra in figure 2, where 1 and 2 refer
to the liquid, 4 and 5 to the transition region, and 8 and 9 to the glass, exemplify this
statement. For the characteristic separation o, hopping effects and cage cffects are
of equal importance for the 3 dynamics if t =~ t, = ;.

A natural scale t appears, if one compares the cage cffect term and the hopping
term as they enter the scaling equation (2.1) or (2.2) {10]:

i=lol/6 =0 "6|/é. “(3.5)
From f and ¢, one gets a further scale as the geometric mean

tg = (i, )7 = to/(61olo|1720)/22)112, (36)
This scale will be relevant for the glass only. Finally there will enter a scale ¢,
specifying a crossover in the liquid state

)zb/(l—zb)

t.=1t{i/t, 3.1



The scale ¢, is only relevant if b < 1/2 is fulfilled; it is shown as the chain curve
in figure 3. The value & = 1/2 plays a distinguished role for the hopping-controlled
relaxation for very long times.

The various G-relaxation results are demonstrated in figures 4-9. For the three
regions o € —oy, lo| € oy and o > o, two Tepresentative exponent parameters
are considered: A = 0.74 < A, i5 connected with exponents a = 0.31, b = 0.58 and
A=091> X leads to ¢ = 0.20, b = 0.28 and ¢ = 0.17. The full curves exhibit
the numerical solution of (2.2). The various series expansions are shown as broken
curves; they carry labels such as A, B~, and so on, referring to the respective series
such as (3.13) and (3.15), where the cocfficients are denoted by A;, B, etc. A similar
labeling is done in figure 3 to indicate the relevant regions, where the series can be
used. The recursion relations for the series coefficients are derived in appendix A
and referred to by equation numbers like (A6) or (A9).

Let us re-emphasize that the correlator G(t) or the spectrum G”(w) change
smoothly with ¢ and é. The solutions of (2.2) do not exhibit singularitics of any
kind, since the glass transition singularity is avoided, which means §(7T = T,) > 0.
Therefore concepts such as liquid, transition region and glass, or the relaxation
regimes A, B~, and so on, are fuzzy. The definition of the scales is to some
extent arbitrary; all of them can be altered by factors of order unity. The following
series expansions usually work only in the limit where the triple (¢/t,, o, &) departs
arbitrarily far from the borders of the corresponding region. Expansions near the
intersection of scales do not have a well defined mathematical meaning; therefore
the definition of the scales themselves has no relevance near these intersection points
either. Figure 3 is presented as a help only to organize the following discussion.

3.2. Short-time dynamics

3.2.1. Relaxation within the liquid regime. If one can ignore the hopping effect within
the liquid region the critical decay law can be extended to larger times by the series

s=c,(£) (1+ > ATGI) ooy 69

Here, and in the following, [ sums extend over ! = 1,2,.... The coefficients
A7 = (=1)' A} are determined by the recursion relation (AS5), where '

1
=TT+ a =)

A¥ (3.9)
The Ai* are given by A; (3.8) is the short-time expansion of g_ in (1.5). The series
(3.8) converges for ¢/t, < r; r depends strongly on A. From { < 170 we estimate
r = lim,_  [A,]~/?*, to be &5 for A = 0.74 and 0.9 for A = 0.91; r tends to zero
for A — 1.

The deviations of G(t) from the critical correlator (2.3) depend sensitively on
o. They describe the suppression of G(t) below G (%) so that there appears an
inflection point ¢, in the G(t) against log¢ graph. Near ¢;, G(t) becomes negative,
as shown in figures 4(a) and 5(a). Similarly, upon decreasing w the susceptibility
spectrum gets a c-sensitive upward bending, as shown in figures 4(b) and 5(b). In
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Figure 4. Comelator G as function of time ¢ (a) and loss spectrum x "' as function of

frequency w (b) for A = (.74 for a liquid state with separation parameter o /oy = =7.2,

The broken curves are the various asymptotic expansions described in the text, The chain
curve is the interpolation (3.17).
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Figure 5. The same as figure 4 for A = 0.91 and o /o = 7.2,

principle, a measurement of these deviations from the critical dynamics yields o,
whose cxtrapolation to zero would determine T, from the high-temperature side via
equation (1.3).

The bending of the x"(w) against w curve leads to a minimum of the susceptibility
spectrum at some frequency w, ., where x"(wp,) = Xun- Because of (3.8) these
quantities scale with the separation parameter sensitively like

“hin = ‘Y%/to‘ Xmin = 7%-66 - (310)

Here and in the following -,, -y, denote numbers, which arc independent of (o, §)
and are determined by A, In figure 2 this scaling is the reason for the o-dependent
shift of the minimum in curve 2 relative to one in curve 1. Experimental verification
of the scaling (3.10) gives a way to fix T, from the liquid side, as can be inferred
from [15, 16, 19,21-23).
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Figure 6. Correlator G(t) and loss spectrum x"(w) for A = 0.74 for a glass state with
ofog = +7.2. The broken curves are the various series expansions described in the
text and the chain curve is the interpolation formula (3.30).

3.2.2. Relaxation within the glass regime. In the glass region, where again |o| is large
in comparison to o, but now positive, one continues the critical decay as

G(t) = c, (t/t,)"° (1 +> A;f(t/t,,)m) o> o, (3.11)
!

This expression agrees with (3.8) except for changes of signs in the coefficients A}
with odd values of {. The radius of convergence is the same as for the liquid.
Equation (3.11) is the short-time expansion of g, in (L5).

The o-sensitive deviations from the critical decay imply an upward bending of the
G(t) against log ¢ curve until the plateau value x,, from (1.7b) is reached, as shown
in figures 6(a) and 7(a). Detection of the plateau value is a means to measure & and
obtain T, by extrapolation from the low-temperature side, as can be inferred from
[12,13,24]. The o-sensitive corrections to the critical spectrum suppress the log x*
against logw curve below the latter one. Thus a knee is formed at some frequency
wy where x"(wyg) = xg. These spectral features scale with the separation parameter
as

wg =1/t Xk =Y. (3.12)
Upon moving into the glass state by increasing the positive o, the cage effect becomes
more efficient. This leads to a stiffening of the dynamics upon cooling, reflected by
an increase of wy and xx. Measuring wyg or xy, for example by shifting the log x"
against Jogw curves on top of a master curve, yields ¢, or c¢,. Both quantities
derermine o and allow one to identify the critical point T, by extrapolation to o = 0,
equation (1.3), as was demonstrated in [22,23].

The described stiffening of the cage-effect dominated dynamics is demonstrated
by the spectra 7-9 in figure 2. The difference between the concave log x'' against
logc curve in the liquid and the convex curve in the glass within the described high-
frequency window is a rather drastic one. It allows one to discriminate the o < ~o,
from the o > o states at one glance on raw data of the spectra, Thercby one gets
a first estimation of T within an accuracy of £20K, as can be seen from the CKN
examples in [23].
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Figute 7. The same as figure 6 for A = 0.91 and o fog = +7.2.

3.2.3. Relaxation within the transition regime. For the transition region, where o is
small compared to o, one can find the solution

G(1) = Eeg(t/t56M)° (1 +2 Az(t/taﬁz)'(“'z“)) lo| < ay- (3-13)
i

Here

1
2[T(1—a)T'(a 4 2) — A]

A= (3.14)

and the other coeflicicnts are given by (A7). The positive parameter £ = £(o, 6)
varies smoothly with control parameters, it iS constant on a scaling line: £(o,6) =
£(&,6). The solution describes the dynamics for 7 < t < 1, as shown in figures 8(a)
and 9(a). For shorter times and o # O the expansions (3.8) or (3.11) apply. For
o = 0 the solution (3.13) has to extend the critical decay (2.3), ie. £(o =0,8) = 1.
In this case (3.13) provides the short-time expansion of g in (1.10). Therefore ¢
remains of order unity also for 0 < || < . The solution (3.13) continues (3.8)
or (3.11) with very good matching for ¢ ~ , as exemplified in figures 8 and 9. For
£ =1 the radjus of convergence is again found to be strongly A dependent: v = 1.9
for A =0.74 and r = 0.59 for X = 0.91, estimated for [ = 100. ‘

The correlator (3.13) differs from glass behaviour by not showing a plateau, and
from liquid dynamics by exhibiting the infiection point f; of the G(¢) against logt
graph not near the zero of the correlator but rather at G(f;) & X (0 = oy),
compare figures 8(e) and 9(a). The susceptibility spectrum follows the critical law
(2.3) with decreasing frequency much closer than described above for |o| > oy. This
comes about because the correction to the o-independent leading term, which is
proportional to (wiy)®, varies like (wt, )2 for |o| > oy but like {(wi;)~'-¢ for
lo| € o, The latter term decreases much faster than the former with increasing
frequency. The result (3.13) extends the spectrum just to the minimum position
Wy 1f one would fit the spectrum for w > wy;, by (3.8) or (3.11), the necessary
suppression of the above-mentioned (wi,)~° correction terns would force one to
place the minimum or the knee to frequency values much below wy,;,. This is shown
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Figure 8. Correlator G(t) and loss spectrum x''(w) within the transition region for
A=074and ofoyp = +5.210%. The broken curves are the serics expansions described
in the text and the chain curve is the interpolation (3.17). The curves A% refer to
o /oy = £5.210~°. The crosses denote the von Schweidler law X" 1/uw?.
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Figure 9. The same as figure 8 for A = 0.91 and o/op = 5.210~%. A% refer to
o/og = £5.21073,

by the fit curves A% in figures 8(b) and 9(b). Closely following the linear relation
log x"(w) = alogw + constant unti! the minimum is the most remarkable qualitative
difference of the susceptibility spectrum in the transition region as opposed to that
i the liquid. This is evident for curve 4 and 5 in figure 2. It is also apparent in the
raw data shown in [23] for CKN at T = 100° C; an observation which allows in that
case to estimate T, within +15° C,

3.3. g-minimum dynamics

The critical decay law (2.3) vyields the sublinearly varying critical susceptibility
spectrum (AS8) within the high-frequency part of the J-relaxation window. The
spectrum matches the microscopic excitation band at some frequency wy,;, = 1/4,. If
one denotes the spectral intensity x”(w = wpi) = X ONE can write the critical



spectrum as xg{w) = Xpie(w/wnic)®. A major prediction of the MCT is that the
susceptibility spectrum below the microscopic band is strongly enhanced over the
expected white noise background x{(w) = xp(w/wy,). Because a < 0.4, one
indeed finds for w <« wy, that x”(w) »> xi{w). The a peak is located at
some frequency 1/r, outside the 3 region. It produces, with its high-frequency
wing for wr, > 1, a susceptibility spectrum that decreases with increasing w.
Thus there appears a spectral minimum at «w = w,;, where the spectral intensity
X"(%min) = Xmin 15 Strongly enhanced over the white noise background. This holds,
unless there is some mechanism of suppressing the critical spectrum. The S-relaxation
theory describes a part of the high-frequency or-peak wing, thereby establishing a close
link between o« and @ relaxation. The spectral minimum is the most outstanding
feature of the G-relaxation dynamics. It will be shown that the spectral shape near
the minimum and the scaling of the parameters w,;, and x,;, with variations of T
are characteristically different for the three regions o € —oy, joj € 04 and o » oy
introduced above.

3.3.1. The 3 minimum for the liquid region. Again we consider the case ¢ € —ay. If
t, < t < 1, the hopping term can be neglected. Then series (AS) is the appropriate
solution. Noting the von Schweidler term and its leading correction only one gets

core ()] e
with
1

B = sra+ora-s -]

e e e (316)

These formulae are merely the long-time expansions of the scaling law of the simple
version of the MCT (1.5) and (1.8). The constant B~ is tabulated as a function of
A in [9]. The result (3.15) matches (3.8) very well for ¢ ~ ¢_, as shown in figures
4(a) and 5(a). It continues the convex G(¢) against log¢ graph to longer times
exceeding t,. Similarly, the susceptibility spectrum is continued on the left part of
the minimum. The scaling propertics of the minimum are noted in (3.10). Upon
cooling the cage effect becomes more efficient. This slows down the dynamics as
reflected by the decrease of wy;,, X, upon approaching the transition region from
the high temperature side.

The minimum is formed by the crossover from the von Schweidler fractal (A11) to
the critical fractal (A8). The spectrum is stretched over several decades and exhibits
the large enhancement over the white noise background, discussed above, Let us
note for later reference that the 8 minimum of the liquid is described well by the
handy interpolation formula

int

xn:;., T a :- b [b(w:in)a + “(w:h)“b]- G.17)

This is exemplified by the chain curves in figures 4(b) and 5(b). The series (A9) is
semiconvergent only [9], and can merely be used to evaluate G(t} for large times
asymptotically. This means that matching can in general not be improved by extending
(3.15).




3.3.2. The B minimum for the glass region. For positive separation parameters, i.e.
T < T, a solution of (2.2) is provided by the series

Galt) = o (14 X B 1/D)'). (319)
i

The parameters o and § enter X, and 7 via (1.7b) and (3.5). The coefficients B;"
are o-S-independent functions of A; B} = —1/2 and the other terms follow from
(Al4). This function can be considered as the o-process contribution to the dynamics
within the S-relaxation window. The solution G_(t) of the scaling equation (2.2) is
not identical with the 3 correlator, since it does not exhibit the injtial condition (2.3).
Therefore let us write

G(t) = G, (1) + Gy(t) (3.19)

where Gg(t) shall be viewed as the proper part of the 3 process. For very
small times, the function Gp(t) has to agree with the critical correlator. Since

G,(t < t, €« t) = x,, whenever o > oy, one finds G4(t) to agree with the
short-time solution (3.8) up to the subtraction term x,:

Gg(t) = c 0, (1/1,) — X0 tgt,. (3.20)

Let us anticipate that G4(t} decreases t0 zero with increasing time, so that one can
define the waiting-time moments

M, (o, 61,) = tﬂ%/ PGyt nm=0,1,.... (3.214)
iy [4]

Since G, (t) obeys the same scaling laws (2.4) as the full correlator G(t), this is true
also for Gg(t). Therefore

M, (o, 6t,) = M, Q41 3.21b
n 1} n

The moment M, for (o,&t,) on a scaling line through (&,6) can be expressed by
M, = M_(&,6) up to a scale factor. The Laplace transform of the correlator can
be written as

G(2) = G, (2) +ity D _(izty)" M,,. (3.21¢)

Let us apply (3.216) with = |o|/?2. Using the scales of section 3.1 one
finds M,(o,81y) = (t,/ty) e, M, (1,2) with = = (o,/c}1+28}/22  Anticipating
M, (1,z) to be smooth in x for z — 0, one gets the result

M 3% = 2t o o> ay. (3.22)

The +,, can be evaluated as moments of (g, ~ 1/v/1~ A} from (1.5) and (1.7). The
power series in (3.21¢) is useful only for |zt,| < 1. For vanishing hopping rate &,



the e tail is trivial: G, (1) = x.- Thus there must exist a scale w;,, which vanishes
for 6 — 0 and specifies the onset of deviation of G (t) from the plateau value

G(t) = X, t, <t € wyl. (3.23)

Combining the preceding three equations one derives for the 3 susceptibility for
Wi € W < t;1

X(w) = [Xoo - CO.(W'IEJ)Z‘YI +.. '] + ica(wta)[‘rﬂ - (wta’)z‘TZ + .. ']' (3'24)

In section 3.2.2 it was shown that the correlator tends to arrest at x, for t =~ ¢,
Equation (3.23) shows that it continues to do so up to the currently unspecified larger
time w_; , as exemplified in figures 6(a) and 7(a). The susceptibility spectrum x"{w)
continues the o-dependent knee, discussed in section 3.2.2, as shown in figures 6(b)
and 7(b). In leading order the spectrum is a white noise spectrum:

X(Wain € w € 151 = My(wiy) Myty = ¢, t, 7. (3.25a)
The reactive part of the susceptibility is a constant in leading order:
X (Win €W € 171) = Xo- (3.25b)

Equations (3.25) imply that within the specified window the o-peak tail
contribution to the spectrum can be neglected compared to the proper 3 spectrum.
However, there i a non-trivial contribution to the reactive part x.. It can be
measured in principle, for example as the reactive part of the elastic modulus. It
determines the high-frequency sound velocity in the window, where a-relaxation
dispersion is as negligible as G-relaxation contributions. Kramers-Kronig relations
connect x., with spectral integrals. With (1.1) one finds

2
2 [ @%wydo =5 + hxxen (3.26a)

2
2 [xit@)ame = 13 + hyxe. (3.260)

The first integral has to be extended over the window w g w,,;, and the second over
Inw £ Inwg;,. The frequency w,,;, defines naturally the upper end of the o peak.
The RHS of (3.26) is the a-peak area. The quantity Ay x,, is thus identified as the
temperature-dependent contribution to the «-peak intensity. This is a further link
between «- and (-relaxation established by the MCT. The temperature dependence is
singular, since (1.3) and (1.7b) imply x,  +/o « /T, — T. Measuring the a-peak
area for o > o, yields the separation parameter and therefore by extrapolation the
critical temperature, as shown in [12-14].

For times excecding w2, the proper 8 process dies out. The series (3.18) can

be used efficiently up to order ¢, and so
G() =G, (1)  wp <t (3.27)

The corrclator G (t) describes, within the specified ¢ range, the onset of the cage
decay as enforced by hopping effects, This is shown in figures 6{(a) and 7(a). The



corresponding susceptibility is given by the Laplace transform of (3.18). Since the
regular contributions due to G, can be neglected for small z = w + i0, one finds

x(2) = X (—1 - Zl!B;"(—izf)") Tl <z Cwpy. (328
!

The highest-frequency part of the o process follows a stochastic dynamical pattern
as described, for example, by a Debye law. In particular, the absorptive part exhibits
the regular decay:

(I Cw K wyy) = Mpfw M= x.0/2E. (3.29)

This is shown in figures 6(b) and 7(b).

Formulae (3.24) and (3.28) describe the high- and low-frequency parts respectively
of the A minimum within the glass, hence the notation for the relevant scale w;,.
The derived asymptotic formulae (3.24) and (3.28) do not match well for w = wy;,
cf figures 6(b) and 7(b). An obvious interpo]ation between the two asymptotic parts
(3-25a) and (3.29) is provided by Xl = Myw 4 M{w=!. This leads to an analogue

of (3.17):
SO

The chain curves in figures 6(b) and 7(b) demonstrate that this expression works quite
well. Substitution of the explicit expressions for M, M yields for the minimum
parameters

Whip = 7lg/ig Xmin = 7Y V f |a,|—1/4a . (3'31)

Here ¢, is given in (3.6) and 7 = 1/4/2vvV1— A = /4 /1 — A are expressed

in terms of the spectral weights ~;, of the glass master functlons g, in (1.5), which
are tabulated in [9].

Within the glass the S minimum is formed because hopping effects suppress the
critical spectrum. The spectral shape is utterly different from that found in the liquid.
There is no stretching, but a crossover from stochastic spectral decay (3.29) to white
noise (3.25¢). Moving into the glass by increasing o, the system becomes stiffer
and therefore w;, increases upon cooling for fixed hopping rate (6¢,). This is the
same effect, discussed above for the spectral knee in (3.12). Similarly, if the rate &%,
becomes bigger, the hopping effects can dominate for larger frequencies and so w;,
rises with 6%, Upon cooling 81, is expected to decrease [8]. This effect might partly
compensate the mentioned increase of w,,, a situation cxemplified in figure 2 by
the evolution from state 6 to 7. The decrease of § might even overcompensate the
stiffening as exemplified in figure 2 for state 9 relative to state 8. On the other hand,
an increase of o implies a decrease of x,,;,. Upon moving into the glass the spectral
intensity due to the sluggish motion near the critical point gets suppressed. Lowering
the hopping rate further reduces the intensity x,,. It would be very helpful for a
judgment of the relevance concerning the present theory to test the predictions on
the 3 minimum for T < T, by experiment. For CKN the interesting window would



extend 2-3 decades below 10 GHz, as can be inferred from {23]. The window is
outside of the spectrometer range used for the light-scattering experiment in [23],
but it is accessible by modern dielectric loss spectrometers. Due to the factorization
property (1.1), both experiments test the same 3 dynamics. The predictions refer to
a minimum in a broad background and therefore the experimental difficulties will be
connected with signal-against-noise problems.

3.3.3. The 3 minimum for the transition region. A solution for |o| « gy is searched
for that extends the short-time expansion (3.13) to £ 3» ¢;,. The series (Al12) and
(A15) are candidates. The former can be used for AX < 0, since only for b > 1/2 is
the series asymptotic for ¢ — oo. Because ¢ < 1/2 one can use (AlS) as a large-time
expansion for AA > 0. Replacing B, in (Al2) by B = .-'_?u(cﬁ)"‘fztg"”2 and Cj in
(Al5) by B = Cyt;, one gets

G(t) = —Bcs(:&) [1 + Z ol ( ) u—m] b>

G(t) = —(AN)"2¢, (%)1/2 [1 + Z C,( )l(c ”] b< L. (3.326)

N

(3.322)

The parameter B is constant on a scaling line. For o = 0 the expansion thus found
provides the large-time asymptotics of the master function g in (1.10):

-y
g(f) = —B#* (1 +> %f’(‘-%)) b>1 (3.33a)
{=1 -

lo
oD = -(aN (143 C(BNED)  b< G3)

i=l

As explained in the last paragraph of section 3.3.1, the summation should be extended
to the smallest value { = {;, for which b— (26 — 1) or } — (] — ¢) is negative. For
example in figures 8 and 9 one gets I, = 8 and 3 rcspectively. The figures show that
the series do not match nicely with the short-time expansion (3.13).

The correlators (3.32) describe the initial part of the o process, where G(t) < 0.
The corresponding susceptibility spectrum is the high-frequency o-peak tail, cf
figures 8 and 9. The dynamics is controiled by the hopping effect, The stretching
of the relaxation is not as strong as within the liquid. This is reflected by the lower
bound 1 for the von Schweidler exponent. Furthermore, the log x" against logw
curve 1s steeper near the minimum than given by the von Schweidler law. The
spectrum, which forms the low-frequency wing of the 8 minimum, falis below the von
Schweidler asymptote, shown in crosses in figures 8(b) and 5(b).

As in the liquid region, the 8 minimum in the transition range is obtained as
a crossover between two fractals specified by a and b or 1 respectively. This is a
qualitative difference to that predicted for the glass. But, as in the glass, the crossover
from onc side of the minimum in the log x" against log w curve to the other is rather
sharp; only one decade in figures 8(b) and 9(b). This is the qualitative difference to
the spectra) shape of the liquid. This difference is demonstrated most clearly by the



failure of the fit formula (3.17) as shown by the chain curves in figures §(b) and 9(b).
The scaling law (1.10) implies the o-insensitive minimum parameters

“Whin = 'y'lrlté Xmin ™ '}';‘35 . ' (334)

With increasing hopping rate 6%, the spectrum increases, thereby shifting w,;, to
larger values. The frequency range for the critical decay is largest for ¢ = 0, as
is obvious from figure 3 and as is exemplified by curves 4 and 5 in figure 2. A
measurement of the spectrum in the transition regime would be the most sensitive
means to fix the exponent parametcr A and the value for the rate §t, for T = T,.
Determination of the spectral shape on a three-decade window would provide a severe
test of the present theory. One knows from [23] that the relevant dynamical window
for CKN extends from 10 MHz to 10 GHz.

3.4. Very long-time dynamics

For times exceeding 7 and t; the hopping term &t in the scaling equation (2.2)
dominates the solution. The corresponding dynamical regime is described by the
series (A12) and (A15) for AX < 0 or AX > O respectively. The regime is shared
by the liquid, glass and transition region and should be considered as an extension
of the latter, cf figure 3. The results (3.32) hold for sufficiently large times not only
for o < oy but for all . The o dependence enters via the parameter B only. Let
us consider the details for glass and liquid separately. The term By, in (A12) shall be
replaced by £ = B,/(+/61(1-®)/2), This is equivalent to writing B = £(i/1;)(1-26)/2
in (3.32a) and yields

G(t) = eV T= R (/0 (14 TAB/ENGDOD) 651 @3%)

Similarly one writes £ = 1/4/Cyf in (Al15). This is equivalent to the substitution
& = (4;/BH/? in (3.32b) and leads to

G(1) = ~/(1= )/ A Xxo(t/T)/? (1 +> C,(t/ffz)f(c'i}) b< 1. (3.35h)

The parameter £ = £(o,8) = £(&,48) is constant on scaling lines, Hence one shows
as usual that it is independent of control parameters deep in the glass o > oy
The results scale like G, () as studied in equations (3.18) and (3.27). Hence (3.35)
continues the hopping induced decay of the cages, whose onset was discussed above
in 3.2.2. There is good matching of the present results with G_(t) for ¢ ~ {, as
shown in figures 6(a) and 7(a). The susceptibility spectrum equivalent to (3.35) is
the low-frequency end of the G regime. It describes fractal decay again, as given in
leading order by the von Schweidler law with exponents & > % or b = 1. Hence the

2
a-peak wing exhibits a knee whose parameters sensitively depend on ¢ and § via

wg =7/t xE=5Ve. (3.36)

This knee marks a crossover from fractal o decay for w < w§ to stochastic decay
for w > wg, as shown in figures 6(b) and 7(b). Notice that x§ scales like the



a-peak intensity. Measurements of o as the o-peak area are therefore not falsified,
if the frequency cutoff in the integrals (3.26) is placed somewhere in the interval
Wi < w < wy;, instead of at the minimum. Shifting the system into the glass
by increasing o decreases wg. The left part of the stochastic S-minimum increases
thereby, as shown by the curves 7-9 in figure 2. Measurements of the regular variation
of the knee position wy « o or of the correlator zero G(i,) =0, t, x o, would be
relevant tests of the present theory.

The long-time relaxation of the liquid, & € —oy, is handled as above, albeit
only if & > 1. In this case the long-time expansion (3.32a) or (3.35e) can casily be
rewritten, for example by using B} = £26(¢,)!~% in (A12). This matching parameter
£ can be chosen such, that matching with (3.15) is established for ¢ = {, as shown
in figure 4. Since the leading term in (3.15) has the same exponent b as in (Al12),
the two series describe so closely the same von Schweidler decay pattern that no
particular anomaly for ¢ = f or w = £~! can be detected in figures 4(a) or 4(b).

For b < 3 again (A12) shall be used, where B, is replaced by some other

coefficient £ = Byt® /+/|o]. The series is
G(t) = ~¢e,(t/t,)* (14 L (B/EH)(t/1)12") (37)

where the scale ¢, equation (3.7), obeys the condition { /{ » 1 for ¢ < —oy. The
leading term exhibits the same scaling as the one in (3.15). Good matching between
these formulae is possible for ¢ & £, as shown in figure 5. Equation (3.37) extends
the initial part of the o process, as described by (3.15), to times of order t.. No
particular anomaly in the dynamics is apparent for ¢ = { or w ~ 1/{. The series
(3.37) cannot be used for times ¢xceeding ., since (1 — 2b) > 0. For ¢ =~ i, there
occurs a crossover to a law like (3.356) as shown in figure 5(b). With the choncc

£ = 1/,/Cyt, in (Al5) the expansion runs

G(1) = /ol (= )t/ (1 s c,(t/(tc-sZ))“c-%)) . (3.38)

For w = 1/t the a- peak tail exhibits an anomaly, but a different one from what
was found for the « peak in the glass. With increasing frequency the von Schweidler
decay x" o< w™!/? crosses over to an even stronger stretching x” oc w™? with b < L.

4, The liquid-to-glass crossover

In section 3 the shapes of the 3 corrclators and of the susceptibility spectra were
discussed. They were characterized by various scales, The latter had been introduced
in an ad hoc manner and they were related to measurable quantities only in limiting
cases. In this section the liquid-to-glass crossover shall be characterized by various
scales to be identified as measurable features of the spectra. Let us remember the
timescale 2, the correlation scale ¢; and the separation scale oy, induced by the
hopping rate 6t via thc formulae (3.2) and (3.4). They are connected elementarily
by oy = (3/1;)* = c}. Applying (2.4) with Q@ = 1/t, one gets

a

G(t) = c;9(t/t5,0 /oy, 6 =1) = csé(t/té,a/cru) (4.1a)
x(w) = egx(wis,a /0y, 6 = 1) = ¢;X%(wt;, 0 /0y) (4.1b)



where the master functions G and R are specified by A. In practical applications
the precise connection of the relevant control parameters o and § with the physical
control parameter T is not known. But these functions are smooth; § is positive
throughout and ¢ defines T, by its zero as specified in (1.3). Figure 10 comprises
the contents of the scaling equation (2.2) for the exponent parameter A = 0.91. It
exhibits &' against log(t/t;), log(%") and %' against log(wi;) for a representative
set of o and constant ¢, = 1. The examples characterizing the liquid, transition and
glass regimes, explained in figures 5, 7 and 9 above, are shown as full curves.

The most obvious parameters specifying the scales of the relaxation process are
the position of the susceptibility minimum w,;, and the spectral intensity for this
frequency xpin = x"“(wnn). Because of (4.1H) there are two crossover functions

fi(z), f(x) so that
whin = fi{o/og) /s Xmin = fa(ofap)es. (4.2a)

The functions f) , and similar functions below are independent of control parameters
o and 4. They are completely given by A. From (3.10) one finds for the asymptotics
specifying the ideal liquid state:

filz < ~1) = 1)l ? falz < —1) = 7|z, (4.2b}
From (3.31) and (3.6) one derives the asymptotics within the glass state:

| ymp

Az > 1) = 4|z folz > 1) = =~ V4e, (4.2)

The values of the functions for zero separation parameter have been introduced jn
(3.34):

Fle=0=4T  f(z=0)=~T. - ' (4.2d)

The upper two parts in figure 11 exhibit (w,y,?y)>* and x2,, against separation
parameter o. The full curve represents the result for oy = 1 and hence the master
functions f2* and f? respectively. The broken curves are the asymptotes (4.2b) and
(4.2c). The results for other o, are found by rescaling according to (4.2a). This
is demonstrated by the two chain curves. For o, — O the curves approach the
asymptotes on the liquid side. These asymptotes are the result of the simple version
of the MCT, dealing with the ideal freezing of the liquid. In the limit &¢; — O the
functions converge towards zero for ¢ > 0. Notice that measurements of either
diagram for a given temperature-independent ¢, would yield o(T) and hence the
critical temperature T,. Let us combine the results to a third crossover function
connected with the minimum:

r""’minﬂ‘cﬂ/x;min = agl—ﬂ)lza f3(0‘/0’0). (43)

Since f; = f;/f, one derives the asymptotes from (4.2b) and (4.2¢). The defined
' combination approaches é-independent asymptotes for the liquid o & —a,, as well as
for the glass o >» o, which are proportional to o{1=¢}/2¢_ Figure 11(c) shows this
crossover function. Due to the insensitivity to temperature variations of &1, this plot
is suggested for an identification of T, from below and from above T.
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Figure 10. 8 correlators G as a function of log ¢
and # susceptibilities x’+ix"" as a function of log w
for exponent parameter A = (.91 and hopping
rate 6ty = 1. From below to above the curves
in {a) and from above to below the curves in (b)
and (¢) refer to ¢ = ~13.9, =72, =-3.7, =19,
~1.0, ~72x 107%, 5.2 % 1073, 7.2 x 1072, L0,
1.8, 3.7, 7.2, 13.9. The three full curves refer
to the parameters discussed in figures 5, 7 and 9
respectively, In (a) the symbols from left to right
respectively mark: wEl, i, “’u-:i}: and (wg)~!. The
crosses in () exhibit the interpolations (4.4).

(1)

Figure 11. Quantities specifying the susceptibility
minimum as function of the separation parameter
o, see text. The open circles are numerical results
for 6ty = 1 and the chain curves 1 and 2 are
rescaled for §tg = 10! and 10~? respectively.
The broken curves are the various asymptotic laws
derived in the text.



Within the glass the susceptibility spectrum exhibits two knees. A possibility
to define in a practical manner the parameters of the high-frequency knee wy, x¢
discussed in 3.2.2 and of the low-frequency knee wg, x§ discussed in 3.4, is the use of
interpolations for the data in the neighbourhood of the knees. For the low-frequency
knee we propose

Xhe (@) = 2xg /(@ /) + (w/wf)]. (4.42)

Here & has to be replaced by 1 in case of A > ). For the high-frequency knee one
can use

Xin(w) = 2xx [l(wg/w)® + (wg /w)]. (4.40)

Instead of the interpolation (4.4b) it seems more promising to study a plot of
x"(w)/+/w. Due t0 a < 0.4 this plot results in a maximum at s, The crosses in
figure 10(b) demonstrate that the interpolations (4.4) are quite good for o /oy = 13.9
and define the knee parameters well. The preparation of the maximum at wy leads
t0 comparable quality in determining wy and y. Each knee is described by the two
crossover functions

wg = gi{ofoy}/ts xx = gx{o/op)es (4.5)
wg = gt(o/ag)/ts X% = g5 (a/ap)cs. 4.6)

Notice that these functions are defined only for ofoy > 2" > 0or ofoy >z}, >0
respectively, since there are no kmees in the liquid. For A = 0.91 one finds
" =~ x) ~ 1.2. From (3.12) one finds for the asymptotes for the high-frequency
knee _

gle> 1) =zl gz 1) =)/ @7
From (3.36) one finds the asymptotes for the a-peak knee:
giz> D=l g5 (2> 1) =5l (4.8)

For A = 0.91 the master functions follow the asymptotes (4.7) and (4.8) very well.
Identification of wy and xy therefore is a good method to determine 7, from the
low-temperature side.

Within the liquid 3 dynamics for b < % one finds a crossover between the two

von Schweidler laws referring to exponents b and }_—; respectively. The crossover can
again be described by some interpolation formula. In section 5 it will become clear
that a-relaxation corrections in general mask this feature of the 3 dynamics.

In figure 12 the various scales defined as obvious features of the log x” against
log w diagrams are exhibited. This figure, as opposed to the schematic diagram shown
as figure 3, demonstrates the crossover dynamics in quantitative detail. Together with
the discussion of section 3 it exhibits the full contents of the scaling equation (2.2).
Let us emphasize that the identified scales do not show up so clearly in the G{t)
against logt or x' against logw diagrams, as can be inferred from figure 10. The
only obvious scales suggested by the latter two quantities are the zeros: G(t,} =0
or x'(w,) = 0. But these numbers are not directly measurable. Accessible to
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Figure 12. The various timescales calculated as function of o for A = 0.91. The
full curves denoted by min, K and K. are the inverse of the frequencies specifying
the position of the minimum, the high frequency knee and the low-frequency knee in
the susceptibility spectrum respectively. The broken curves are the short timescale 2,
defined in (5.1) and g for 5ty = 102, 10~%, 10-3. The chain curves with lables 2, 6,
8, 10 denote the o scale ¢, defined in (5.6) for 62y = 10~%, 10—%, 10~% and 10-1°
respectively. Crosses on the §ty = 10~2 curve mark the values of o /oy where o = 1.
Dots on the chain curves mark the places where to = . The asymplote (5.8a) for ta
is shown as the dotted curve for the three values of §tp = 10~%, 10~% and 10~1. The
asymptote (5.105) for t., denoted by a horizontal line, corresponds ta 5ty = 10-10.

experiment is the full corrclator ® 5 () or the full reactive part of the susceptibility
X'. These quantities differ from the one displayed in figure 10 by constants f%
and xS respectively, equations (1.1a) and (1.1b). But these constants are not easily
accessible. Uncertainties in these numbers enter as uncertainties of ¢, or w,.

Some of the experimental tests of the MCT predictions dealt with the determination
of the o-peak area fy or the high-frequency response x%. Within the simple version
of the MCT, treating a model of an ideal transition 6f, = 0, these concepts are well
defined mathematically. We could not invent a completely satisfactory definition of
these concepts within the present theory so that the quantities are directly accessible
by experiment. Tb propose measurable quantities which are as close as possible to
the concepts of the idealized liquid-to-glass transition picture, we proceed as follows.
By

fx = @x(t) (4.9a)

an cffective Debye~-Waller factor or Edwards—Anderson parameter for variables X
shall be defined. Here ¢; is the inflection point of the ®(t) against logt curve.
Because of (1.1a) one gets the prediction

Fx =T +hxAT. (4.9b)

Here Af is the part of fy that varies rapidly near the glass transition singularity.
It is given as A f = G(¢;) and deep in the glass it is the plateau value of the 3
correlator, which is exhibited for wi' € 1 < (wg)~!, of figure 10(e). From (4.1a)
one obtains a scaling law expressing the crossover in terms of a master function A:



Af = csh(o/oy) . From (1.5) and (1.7b) one derives §-independent asymptotes
within the liguid or the glass:

Af(e < -o)) =v/le]l  Af(o>oy)=VIel/VI=X. (410)

Here the number v, = g_(%;/t,) is small but not zero. If it was zero, then by
definition (4.9) fy would be identical to f§ in the liquid. Figure 13 displays the
master function h for 6ty = 1 and the asymptotes of the ideal transition scenario.
The curve exhibits .the smooth crossover as caused by hopping effects. The data
analysis in [13] applied concepts close to the above prescription and the reported
results indicate a rather smail value of 6%, for polybutadien.

6(t,)

Figure 13. Effective non-ergodicity parameter Af = G(¢;) for §¢y = 1. The broken
curves are the square root asymptotes specified in the text.

The high-frequency tail of the o peak is identical to the low-frequency part of
the @ process. Therefore any theoretical discussion of the stiffness of the system in
the regime wr, >» 1 requires an understanding of the 3 processes. A natural limit
of the «-peak process, which is directly measurable, is given by the minimum of the
susceptibility spectrum, w,,;,. By

X% = X'y (W= wypy) (4.11a2)

an effective high-frequency susceptibility shall be defined, which generalizes the
corresponding concepts of the simple version of the MCT. From (1.15) one gets

X2 = %% + hx - (4.11)

Here %3, = x/(w,,;, ) is that part of x5 that varies rapidly if the control parameter

approaches the glass transition singularity (¢,8) — 0. As above one finds the
crossover as a scaling law X2 = c;h%(c f0oy), with

%5 (0 < —ap) = v*V]e]  x&(e > o) = Vie|/VI= A (412)



Within the glass one finds the square root asymptotes given by the results of the
ideal transition scenario, equation (1.76). Here formulae (4.9a) and (4.11e) lead
to the same result. Again in the liquid %X differs from x5 due to the small 47
only. Numerically it is found for A = 0.91 that the master curve h® differs from
h only slightly. In [25] a high-frequency acoustic modulus M, was determined by
a rather involved least-square fitting analysis of Brillouin scattering data. The data
were discussed in relation to the MCT. However, we are unable to decide whether such
a fitting procedure corresponds to the above suggestion of determining M_,. This
especially holds in cases T > T, where o and @ processes are not clearly separated.

5. The 3 relaxation regime

The 3 relaxation regime is limited to small values for the separation parameter ¢ and
the hopping rate &t [t is an asymptotic expansion near the glass transition singularity
{c,6ty) — (0,0) dealing with correlators & ,{t) close to the corresponding non-
crgodicity parameter f5. The time has to be sufficicntly large in order to eliminate
short-time transient motion and corrections to the 3- scaling equation. But it also has
to be shorter than the scale specifying the o process. In this section the limits of the
£ regime shall be considered in more detail. Within a specific model the corrections
can be calculated with the 8 correlator G(¢) as input. For small (o, %) and close
to the critical non-ergodicity parameter the corrections are of order G(t)? in general.
There are further contributions proportional to o and &t which are independent of
G(t). The corrections to the leading asymptotic are not universal and therefore in
the following only order of magnitude estimations can be presented.
A short-time cutoff ¢, can be defined by requiring the correlator ¢ x(t)

% + A5 G(t) to be close to the non-ergodic value:

G(i)=1 G(t) <1 fort>1,. (5.1)

The X dependence of this definition has been omitted. Elimination of the short-time
transient motion further requires £ > t,, ie. for {o,é6t;) ~ (0,0) 3 dynamics will
be obscrved for

t>t, and t > 4. (5.2)
Equation (5.1) can be solved leading to
1, = ts f(0 oy, 0p) ' (5.3)

where f; depends explicitly on ¢ and é, i.e. it does not obey a one-parameter scaling
law. In the liquid case for ¢ « —oy and if |o| < 1 the correlator G, can be used
in (5.1) to get t, = 1,. In the glass ¢ » o, the plateau value x,, = /o /(1 - A)
becomes larger than unity leading to ¢, > 7 > ?,,,. For such high values of o, where
the plateau moves out of the specified region around f%, the mentioned correction
terms, which are independent of G(t), are in general not small even if G(¢) < 1.
Figure 12 shows ¢; and i, for different values of 6#,. A maximal valuc §* for the
hoping ratc § can be obtained by requiring the minimum in x”(w) to be in the 3
window:

tmn > Max(i;, 1) foré < 6*. ' (>-4)



From figure 12 it can be seen that equations (5.1) and (5.2) lead to "¢, ~ 10~2 for
a= 0.2

If & is close to the maximal value é*, the separation parameter o is restricted to
the transition regime

ol <o, for &= é". 5.5
0

In this case only the relaxation patterns, discussed in figures 8 and 9 can be described
by the present theory. The interesting evolution of the liquid 3 spectrum into the
transition regime upon increasingly negative o towards —o,; and the evolution out of
the transition regime upon increasing o above o lies beyond the range of applicability
of the present theory if § ~ 6*. In this case the hopping effects are so efficient that
they mask the results expected within the simple version of the MCT, dealing with an
idealized liquid-to-glass transition.

If & is sufficiently smaller than the maximum value é*, |o| is allowed to exceed o,
and the idealized cage effects can be observed. In the liquid state requiring separation
of microscopic and 3 timescales lead to o > —|o*|. In the glassy state the region of
validity is restricted by the condition that the time f,;, should exceed {,. This gives
an upper cutoff o < oy |. In general [o?] # |o%| and both depend strongly on 6t
The restriction |o| < 1 however may not be neglected, ie. 05|, [0 ] < 1 has to be
hold.

The 3 correlator diverges for large times, too. On the other hand, the complete
correlator is bounded |®, (1)} < P4 (¢t = 0). Thus a natural large-time cutoff
t, appears by the requirement ®x(t,) = fx + hxG({,) = -0 (¢t = 0). For
times comparabie to ¢, the a-decay process, which is not treated within the present
theory, depends on X. Ignoring this X dependence one gets for (o, 6) — (0,0) an
estimation for the specified scale characterizing the onset of the « corrections to 3
dynamics from the equation

G(t,)=-1. (5.6)
From (4.1¢) one finds
t, = f lofoy, o4}t;. (5.7a)

Here the function f,(z,y) of the two variables # = o /o, and y = ¢, does not
exhibit homogeneity properties. It follows via (4.1a) as the solution of the equation

é(fa(m, ¥), ey = ~1. (5.7b)

‘The chain curves in figure 12 exhibit the resuits for three values of 1.
Within the liquid state one can use the von Schweidler law (3.15) for the B
correlator in order to derive

1 1

e =0/B)ol]  y=gty  -1<o <o (5.84)

Using the von Schweidler asymptote requires

t, € iy (5.86)



This condition is ensured by the requirement |o| <€ ¢~ (A) < 1, where ¢~ (A) denotes
a constant depending on A only. Violation of (5.8b) implies that the « relaxation and
the @ process merge and are close to the microscopic tramsient motion. This merging
cannot be described by the simple power law (5.8a). In figure 12 the asymptote (5.8a)
is shown for three values for 61, For 61, = 10-% the corrections of (3.15) to thc von
Schweidler asymptote are not negligible due to o being too large. The corrections
determining e~ () depend strongly on A and are large for the case A = 0.91. The
used von Schweidler law ignores the influence of hopping events and this requires

ta < i of —o > 0o, = EétU/(B—)1/6]2ab/(a+b+2ab). (586)

If t, approaches i, the hopping effects modify the o-dependent prefactor in (3.15)
and this alters the power Jaw variation (5.8¢). The corresponding points, where
1, = 1 are marked by dots in figure 12.

Within the transition region |o| < o, one can uvse (3.32) to solve equation (5.6)
for .. Duc to having more than one divergent term in (3.32) for { — oo one can
analytically find a solution only for ét, — 0 also:

t, = tg/(Bey)Y? b>1/2 loj € oy € 1 (5.9a)

1, = t;{AX/E) b<1f2 lo| € oy < 1. (5.9)

If § « 8%, one gets t, >» t;. For § — & the o, 8 and microscopic process merge
so that the dynamics near the 8 minimum can no longer be described by the present
theory.

For the glass state the equation (5.6) is solved with the dominant contributions
from (3.35). Using only the leading von Schweidler asymptotes with b > 1/2 or 1/2
" leads to

t, = i/{(J/TEOM? for b > 1/2 (5-104)
t, = (AX)/6 for b < 1/2. (5.100)

The restriction |o| < c*(A) < 1 or ¢, 3> { has to be fulfilled for equation (5.10) to
hold; see the discussion below (5.8b). Again the corrections are strongly A dependent.
and determine the constant c*(}). In the present case, A = 0.91, the asymptote
(5.10b) is not observed in figure 12. Since ct{A) < ¢~ () the corrections in
(3.35b) even for 8¢, = 107! do not decay sufficiently fast to open the window
oy € o L ct(A).

The relevance of the scale ¢, for the theory of the o process itself is unclear
at present. Only in the liquid case o € —o, close to the transition |o| < 1 the «
process is known to obey a scaling law ® 5 (t) = Fg(¢/r) and asymptotic matching
in the von Schweidler regime gives [27]:

T =ty forc € —oy |o| 1. (5.11)



6. Summary

The MCT suggests the @ relaxation as an explanation for the anomalously large
susceptibility spectra between the microscopic band and the o relaxation. A
glass transition singularity is approached when undercooling a liquid. This causes
a slowing down of the dynamics. At the singularity the separation parameter
o «x T, — T vanishes, defining the liquid-to-glass crossover temperature 7,. Phonon-
assisted hopping transport introduces one additional relevant parameter § into the
(B-relaxation theory; & # 0 prevents the physical system from reaching the singuliarity.
The MCT calculates the g relaxation for small o and 4, ie. for temperatures
T close to T, and for experimental systems where & is small. In the specified
mesoscopic frequency window various experimental techniques probe the same G-
relaxation correlator G(t) up to intensity prefactors. The microscopic structure of
the glass forming system enters G'(¢) via one parameter A only. In the idealized
MCT neglecting hopping transport two master functions g, describe liquid and glassy
relaxation respectively. Phonon-assisted transport, i.e. §, introduces a natural scale
oy for o. Only for |o| > o, the results of the idealized MCT are recovered, In
a transition region around T, limited by o(7T) = o, hopping effects cannot be
ignored and distort the spectra.

In the liquid for temperatures T above the transition region, ie. o & —oy, the
one-parameter scaling law of the idealized MCT x"(w) = ¢, x” (w/w,}) applies to
the spectra. The interpolation formula (3.17) well describes the broad crossover from
the critical power law (w/fw,)? to the von Schweidler {(w/w,)~%. The minimum
position varies with the scaling frequency w, o« (T — T, ){1/22)

When entering the transition region upon cooling, hopping effects first appear on
the low-frequency wing of the 3 minimum. There the idealized theory falls below the
spectrum. The corrections are due to the interplay of hopping and cage effects for
w s & = §f/o. Moreover for A > = /4 the exponent of the long-time limit changes
from the von Schweidler b to 1.

Within the transition region the §-dominated susceptibility (1.10) exhibits a sharp
transition from the critical to the von Schweidler law with exponent b or 1 respectively.
The critical law w® almost extends to the minimum frequency. The minimum position
appears at a finite frequency proportional to w;.

Upon further cooling a knee on the high-frequency wing of the minimum appears
when T is below T, ie o2 oy At this knee the spectrum falls below the critical law,
A plot of x”/+/& against w results in a maximum at wy, which scales with w,. A
prediction of the MCT is that this spectral feature becomes faster upon cooling. The
full MCT predicts a minimem for T < T, and its complicated dependence on o and
6. A low-frequency knee at wg o & appears additionally.

In the glass well below the transition region the idealized 3-MCT describes the
high-frequency wing of the spectrum. The high-frequency knee at wy o w, results
from the crossover from the critical to a white noise spectrum w!, The white noise
spectrum can only be observed if knee and minimum position are well separated.
The glass minimum depends sensitively on ¢ and é (3.31) and (3.6). It is caused
by a change from a white noise to a Debye-like relaxation w=1. The temperature
dependence of the minimum position is strongly influenced by temperature drifts in
6. At the low-frequency knee at w o @ the Debye-like spectrum bends over fo the
von Schweidler or w=%/2 asymptote.

Due to the inclusion of hopping effects it is now possible to quantitatively test the



3 relaxation close to T,. Especially challenging are the results in the transition region
and in the glass. The range of frequencies w, where the present theory is predicted
to apply, is largest for T ~ T,
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Appendix A. Recursion relations

Seven power series can be identified that solve the scaling equation (2.2} in various
tegions of time and parameters (o, 8). In this appendix the recursion relations for
the coefficients «,; for these series will be derived. With two exponents v and v a
solution shall be written as

Q) =1* Y oyt (A1)

I=m1,...
Substitution in (2.2) yields

o — &t — 1 [afTy /T (1 + 2u)] — 12+ [2¢e, Ty /T (1 4 2u + v)]

[}
— Y T2 )] Y Thyone, =0 (A2)

1=2.3,... n=I}
Here the following abbreviation is used:
P =T(14+2)(1+x,,)-AT(1+2, +2,,) z;=u+ lv. {A3a)

The procedure consists of two steps. First, the four numbers u, v, o and «; are
chosen such that the third and fourth terms of (A2) cancels the first two terms.
Second, requiring the remaining term in (A2) to vanish yields a recursion relation,
expressing the o, for { > 2 in terms of u, v, oy, oy. It is written as

Qy = & o) = aa for 121
0 i L i = (ASb)
a; = [—1/2?011 Z Fn!—nanal-—n'
n=1 .
Two series treat the short-time solution for § = 0 {9]. Choosing v = —a one

obtains I'y, = 0 because of (1.2a). With v = 2e and a; = o /[2¢q,I'y,] the desired
cancellations are achieved. Equation (A3b) leads to a; = o'Af /o?' , where A}
depends neither on ¢ nor on o. The result is for o20:

G(t) = Afte (1 + Y Af[lo|Y?® /Ai]?-f). (Ad)



Here, and in the following, { sums are extended over [ = 1,2,.... The leading
coefficient AY is given by (3.9), and the others follow with A; = (-1)'A} from
{A3), where one has to identify

a= At a; = A?‘ z;, =—a+ 2e. (AS)

In order to ensure the proper asymptote (2.3) one has to choose At = A~ = 5.
The result (Ad) gets the form (3.8) or (3.11).

A third series provides the short-time expansion for ¢ = 0. One proceeds as
above but has to choose v = 1+ 2q and o) = ~§/{2e['y;). The recursion relation
leads to a; = 6'A;/o® with A, being independent of § and «. The result is

G(t) = At~ (1 + D A6t /Az]‘) , (A6)

with A, given by (3.14) and the other A; derived from (A3) with

ag=A ay = A ry=—a+2la+ 1. (A7)
From (1.9) one gets for the spectrum

x"(w) = sin(3ra)l(1 - a) Aw® + O(w™?). (AS8)

For this expression to be positive for large frequencies one has to require 4 > 0.
Let us replace A by a positive parameter £ by writing A = £1422¢2. Then (AS6)
gets the form (3.13). This choice introduces the appropriate timescale ¢; into (3.13).
Furthermore one can easily convince oneself that £(o,$) obeys the simple scaling
law £(o,8) = £(&8), ie. it is a constant on a scaling line through (&&). With this
choice of A the series in (A6) sums up terms of the form (¢/¢,£2){42), [ eaving
the scaling line o = & = 0, where (A6) was derived, only requires replacing = ¢ /1,
by { = ¢/t introduced in (3.1) and the claimed homogeneity of £ follows from
the central two parameter scaling law (2.4). Analogous reasoning applies throughout
the paper whenever the zeroth coefficients A,, B, and C, of the expansions of
this appendix are rewritten with the help of some timescale and a (&, §)-dependent
matching parameter like £.

The trick used above was to enforce T'yy = 0 by a proper choice of ». This
can exploited also with u = b, because of (1.2b). Formulac for the new scries are
obtained from above by the change ¢ — —b. The analogue of (A4) is the fourth
series of interest:

6y = -85 (1+ X B7[o/(B; 7)) (49)

where A~ has been replaced by — By, This series will be applied only for o < —a,
hence the notation. The coefficient B is noted in (3.16) and the others follow from
(A3) with

—-a= By a; = By z; =b—2b. (A10)

With (1.9b) one gets as the leading term the von Schweidler spectrum for the
susceptibility:

x" =sin(3nb)T(1+ b)( By )w™°. (A11)



Since this has to be positive, one finds By > 0. If one eliminates By in favour of a
constant B~ by By = (\/]o}/t%)B~, one gets equation (3.15).

The fifth series is the analogue of (A6), where A — —B,. Apain By > 0 is
required:

G(t) = —Byt’ (1 +5° B,(ét"”/Bﬁ)’) . (A12)

The first coefficient follows from (3.14) with @ — —b and the others follow from (A3)
with the translation list

—a":Bu GlzB‘* I'f=b+(1—26)l- (A13)

A sixth series is of particular interest since it solves (A2) for all parameter pairs
>0, 20 Letususe v =0, v=1 Then 'y = Iy = (1 - A). Cancellation
of the first four terms in (A2) can be achieved by of = o/(1~ ) = x%, and
oy = —§/[2a4(1 — A)]. The recursion relation (A3) yields a; = (5/0)’3,3? with
coefficients B} independent of o and 8. The result is noted as (3.18), where
Bf =1/2and for l > 2:

-1
Bf = =Y [(n!(l = n)}/11) - A B} Bf . /[2(1— X)) (Al4)

n=1 :

Another solution is obtained by choosing o, = —x, . However, for § — 0
this alternative would lead to arrest of the correlator at a nop-ergodicity parameter
G(t — 00) = —X4, Which is lower than the one implied by (3.19). This is not
compatible with the general properties of the solution of the MCT equations [4].
Continuity in & thus excludes the possibility of o; < 0. Examining the B; numcricaily
for I up to 170 we found a strongly A-dependent radius of convergence | B|~Y! — ry:
r = 0.55 for A =0.74 and » = 0.14 for A = 0.91.

The seventh series is found if one cancels the hopping term in (A2) against the
third term of that equation by using « = 1/2. In this case —-I'y, = AX from
(1.11). Thus for AX > 0 and o = O a solution is obtained as G(t) = a,t!/?
a; = —v/&/AMX As above the alternative with a positive o, has to be rejected.
This special solution can be generalized to «; 3 0 for I > 1, if one ensures I'y; =0
by choosing v = ¢ ~ 1/2, with ¢ given by (1.2¢). The recursion relation implies
a, = a{C; with coefficients C; solely given by X. The result is

G(1) = —/6]AXt/? (1 +3 q{c{,t]’fc-lfz)) AX> 0. (A15)

Here C; = 1 and the other coefficients follow from (A3) with

a,=C, = =1/2+1(c—1/2). (A16)



. Appendix B. The long-time decay for A — n/4

The formulae derived in sections 3.3.3 and 3.4 become invalid if the exponent
parameter A approaches the critical value )y, = = /4. In this appendix the decay
for very long times shall be considered for A = A — r /4 tending to zero. Remember,
that it is sufficient to study the scaling equation (2.1) for & =0

i6/2 + Az LT[GY(2) + [2LT[G](=))? = 0. (BD

For small A one can expand the equations (1.25) and (1.2¢) for the exponents b and
e

A=-2¢(b-1/2) + O(b-1/2)* = ¢(1/2 - c) + O(1/2 - c}* (B2)
with ( = =(2In2 — 1)/4 ~ 0.303. Obviously the series (3.32b) and (3.35b) become
meaningless for A — 0. To find a proper substitute we use an extension of the theory
of slowly varying functions, invented in another context [26].

Let us write

F(t) = (¢/19)* f(w) u = In(t/1). (B3a)

One finds the asymptotic expansion for the Laplace transform F(z) = LT[F|(z):

— 2F(z) = (—izty)~" Z %I‘(”)(l + ) ¥ (y) y = In[1/(~izt,)]. (B3b)

=01, ...

Here (¥} denotes the wth derivative of the gamma function. These formulae shall
be applied for the 8 correlator with = = 1/2:

G(1) = —(t/1y)"/?1(u). (B4

The second term in (B1) is reformulated with o = 1, f = { and the third one with
@ =1/2, f = 1. The result is an equation for the function [:

Sty— AR —2¢I = O(AL, I, 11"). (B5)

If the contribution on the RHS can be neglected compared to the LHS one readily
solves the differential equation for [:

) = [(6ty/A)(1 - e=B%/4 )2, (B64)
This yields the desired solution in leading order:
G(1) = —[8t/AV3[1 - (1,/)A1¢]V2, (B6b)

There appears a new timescale ¢, for the dynamics, specifying the crossover from
lAu/f¢| < 1to |Au/| > 1

ty = t,e8/4. (B7)



One finds in particular
G(t) = —[6tIn(/1,) /(] Kt 1, (B8}

This solution treats the long-time decay for A = = /4. For ¢ 3» ¢, one can expand
the second factor in (B6b) in order to recognize with (B2), that the closed formula
for G(t) is a summation of the series (3.35b) and (3.38).

In order to justify the concept of leading order, one has to determine the leading
corrections. This is a straight forward extension of the discussion of (BS). Let us
note the special result for AX = 0 only:

G(t) = —[6t In(¢/4;,)/¢)/*[1 4 C Inln(t/4;)/ In(¢/1,)]. (B9)

Here C is é independently given by gamma functions.

In applications to discussions of the £ decay on reasonable frequency windows,
the logarithmic functions or the functions (¢,/¢)2/¢ appear as constants that merely
assure the correct matching.
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