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Recently introduced magnetic materials called altermagnets (AM) feature zero net magnetization but a
momentum-dependent magnetic exchange field, which can have intriguing implications when combined with
superconductivity. In our work, we use the quasiclassical framework to study the effects of such a material
on a conventional superconductor (S) in an AM/S bilayer. We discuss the superconducting phase diagram and
heat capacity of AM/S while making a comparison with a ferromagnet-superconductor bilayer. Furthermore, we
examine the density of states and analyze the system’s response to an external magnetic field. We illustrate the
anisotropy of spin susceptibility and magnetization of AM/S by considering an external field in the in-plane and
out-of-plane directions, thereby facilitating the scope of experimental detection and characterization of an AM

in an AM/S hybrid system.
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I. INTRODUCTION

The interplay of superconductivity and magnetism has
been receiving significant attention in condensed matter
physics for decades [1-5]. Nevertheless, the discoveries of
novel hybrid materials and new experimental techniques con-
stantly provide new interesting phenomena to study [6—12].
One of the latest additions to magnetic materials is a collinear
symmetry-compensated antiferromagnet [13—15], for which
the term “altermagnet” was introduced [16—19]. Recently,
experimental evidence for that new type of magnetism has
been reported [20]. Intrinsic anomalous Hall effect [21,22]
and enhanced thermal transport [23] have also been pre-
dicted for these materials. The idea to combine this new type
of material with superconductors emerged [24] right after
theoretical predictions of altermagnets. Andreev reflection
[25-28], Josephson effect [29-31], superconducting diode
effect [32], topological superconductivity [33,34], magne-
toelectric effect [35], spin-filtering effect [36], and inverse
proximity effect using Bogoliubov—de Gennes formalism
[37] were studied theoretically in altermagnet-superconductor
(AM/S) hybrid structures. Intrinsic superconducting proper-
ties like finite-momentum superconductivity [38], allowed
pairing symmetries [39], and topological superconductivity
[40] have also been explored in altermagnets.
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It is known that a spin-split band structure modifies the
properties of a superconductor leading, e.g., to an inho-
mogenous superconducting state [41,42]. Spin splitting also
modifies the superconducting transport in a variety of sit-
vations. This holds for magnetic barriers [43], magnetic
insulators [44], as well as metals [1-3,45]. The manifestation
of odd-frequency long-range triplet pairing has surged many
experiments [6,46,47]. Spin effects can also be induced by an
antiferromagnetic insulator [48—50] depending on the details
of the interface coupling. Also, the proximity effect in anti-
ferromagnets has been studied and led to the prediction of
so-called Néel triplets [S0-52].

In this work, we investigate the characteristics of a thin-
film AM/S bilayer. Our objective is to study the magnetic
inverse proximity effect that results in properties that can
be experimentally measured and distinguish an AM/S bi-
layer from bilayers incorporating other magnetic materials.
By formulating a minimal model of a bilayer of a thin super-
conductor in contact with an altermagnet in the quasiclassical
framework, we find that the density of states of the super-
conductor in an AM/S bilayer has distinct features, and can
lead to gapless superconductivity for a strong AM. We also
study the superconducting phase diagram of the AM/S bilayer
and find that the superconductor to normal metal (N) phase
transition with increasing temperature is always second order.
Further, we find that spin susceptibility and magnetization
of AM/S in the presence of an external magnetic field show
features that can serve as experimental signatures of d-wave
altermagnetism.

II. MODEL

We consider a thin film of a conventional s-wave super-
conductor interfaced with an insulating altermagnet such that
the thickness of the superconductor is much smaller than its
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FIG. 1. (a) Superconductor’s density of states (DOS) in an altermagnet-superconductor bilayer (AM/S) for different exchange strengths
Huwm of the altermagnet is plotted for spin o. Since the DOS of AM/S is found same for both spins, the curve for only spin-1 quasiparticles is
shown. Here, the DOS is plotted at temperature 7 = 0.1 Ay, N(0) is the DOS of a normal metal for each spin, the gray curve is the DOS of an
isolated superconductor, and A is the superconducting order parameter of an isolated superconductor at zero temperature. (b) Phase diagram
of AM/S as a plot of its superconducting order parameter A for different values of 7 and Hay, obtained irrespective of its initial guess value
in the self-consistency calculation. The blue and red regions correspond to superconducting and normal states of the AM/S, respectively.

coherence length. We assume the AM affects the supercon-
ductor by imparting a momentum-dependent magnetic ex-
change field on the electrons of the superconductor [Fig. 2(a)
inset]. Such spin- and momentum-dependent exchange field
can be created by specular scattering off a magnetic insulator,
which has been studied previously for the case of momen-
tum dependence [53,54] or pure spin dependence [3,55,56].
Independent on detail, we therefore assume the presence of
a momentum-dependent exchange field H.q(k) in the super-
conducting film that bears the symmetry of the altermagnetic
magnetization. A microscopic derivation for the quasiclassi-
cal Green’s function formalism follows from the analysis in
[44,57] which we will not repeat here. The strength of the
induced exchange field will vary depending on the interfacial
coupling as well as the thickness of the superconducting film
similar as discussed, e.g., in [58]. We emphasize here that
the strength of the induced field is not equal to the internal
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exchange constants of the altermagnet, which is usually much
larger. Hence, in the quasiclassical framework, the conduc-
tion electrons of the superconductor can be described by the
following Eilenberger equation [59,60]:

[0.(60 ® %) + A — i Hrh) -G @ 7, 8, ()] =0, (1)

where w, = 2n+ 1)nT is a Matsubara frequency for an
integer n, T is the temperature, k= cos(¢)x 4+ sin(¢)y is the
two-dimensional unit vector along the crystal momentum k of
the electron on the Fermi surface being described, and ¢ is
the polar angle in the plane of the film. Matrices ¢ (7o) and
04 (Ty) with o € {x,y, z} are identity and Pauli matrices in the
spin (Nambu) space. We have neglected the derivative terms in
Eq. (1) since we assume the thickness of the superconductor is
much smaller than the coherence length. The superconducting
pairing is described by A = A(6y ® %), where A (assumed
real) is the s-wave superconducting order parameter. The
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FIG. 2. Superconductor’s temperature dependence of heat capacity per unit volume c, in (a) altermagnet-superconductor (AM/S), and
(b) ferromagnet-superconductor (FM/S) bilayers for different values of exchange field strengths. The insets show the schematic diagrams of
the corresponding (a) AM/S and (b) FM/S bilayers with their normal-state Fermi surfaces of spin-up (blue) and -down (red) electrons drawn

in the k,-k, plane.
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electrons of the superconductor experience an effective d-
wave exchange field, Heﬂ(lg) = ﬁeff(¢) = Ham cos(2¢)Z, due
to its proximity to the AM [27,30]. This means the energies
of spin-up and -down electrons with wave vector k get shifted
by FHam cos(2¢). Here, Hay is the amplitude of the alter-
magnetic exchange field and a larger Hay means a stronger
altermagnet. The quasiclassical Green’s function g,, , written
in spin ® Nambu space, contains all the relevant information
of the system [61]. The commutator form of Eq. (1) en-
sures that g, satisfies the normalization condition g,, g, = i

[60,62]. By satistying Tr g, =0and g, g, = i, we get

8tton  iftvon  8the.  iftte,
iff 3 iff z
3 (/2) _ on 8 Lo, oo 11wn
o itwn  ibon 8lbon 11w,
il e, Bthon ifie  Ette
1 . . R 1 . R N
= 5(00 +06:)®84.,,(@)+ 5(00 —6,)®8_,, (9),
(2)
with
. [w, FiHamcos(29)]T; + AT
Bi0, (@) = —F% s - 3)

Vo, F i Ham cos )2 + A2

The order parameter A is calculated self-consistently as [61]

No 2 d¢
A= in)LTZ/(‘) E[fw,wn + f1t.0.]5

n=0

“

where A is the interaction constant, Ny = [(Qpcs/7T —
1)/2] depends on the BCS cutoff frequency Qpcs =
%Ao e'/*, and A, is the superconducting order parameter of
an isolated superconductor at zero temperature.

Using this simple model, we describe how the AM modi-
fies the properties of the superconductor in a thin-film AM/S,
leaving questions about microscopic details like boundary
conditions for future works. Since altermagnet candidates
like MnTe [63], MnSe [64], and RuO, [65] have Néel
temperatures much higher than the critical temperatures of
conventional superconductors, the exchange field of the AM
is assumed to remain constant for temperatures and magnetic
fields varying within an order of A. Therefore, in our work,
AMY/S represents the superconducting layer of the AM/S bi-
layer. Although the exchange interaction responsible for AM’s
magnetic ordering is strong, the exchange field strength Hay
that gets imprinted on the superconductor should be weak
enough to let the superconductivity survive in the AM/S bi-
layer. Our self-consistent calculation of A [Fig. 1(b)] shows
that superconductivity survives only for Haym < Ay, hence
determining the regime for our calculations.

III. DOS, PHASE DIAGRAM AND HEAT CAPACITY

The density of states (DOS), N, (E), of quasiparticles with
energy E and spin o in the AM/S can be calculated, by
replacing iw, with E + in in Eq. (2) of g, (k), as

Ny (E) /2" de
= —R oo, 1j in’
N(O) 0 2 e[g ’ "]lwn_>E+"]

&)

where n is a small positive number and N(0) is the DOS
of each spin in a normal metal at the Fermi surface.
Figure 1(a) shows the DOS of AM/S for different strengths
of altermagnetic exchange field. In AM/S, the change in the
sign of H.g(k) with changing ¢ in the k space ensures that the
DOS of spin-1 and -], quasiparticles are same at each energy.
We find that N, (E')/N(0) has peaks at E = +|A + Hapy| with
logarithmic divergence and shoulderlike structures at E =
+|A — Ham| for Hav < A. For Hay > A, the two shoulder-
like structures of the DOS overlap with each other and lead
to the closing of the gap in the spectrum, while retaining su-
perconductivity, as in the case for the green curve in Fig. 1(a).
The DOS evaluated for AM/S resembles the normalized total
DOS, [N+ (E) + N (E)]/2N(0), of the superconducting layer
of an FM/S bilayer weighted averaged over the magnitude of
exchange field varying from O to Hapm.

In order to compare the superconducting phase diagram
of AM/S with that of FM/S, we calculate A self-consistently
and plot it, in Fig. 1(b), for different values of altermagnetic
exchange strength Hay and temperature 7. We performed the
self-consistent calculation of A starting with two different ini-
tial guess values Ajiia = 1.5 Ag and Ay = 0.01 Ag. For
both cases, we get the same solution for each value of Hyy.
Since the solution of self-consistent calculation converges to
a local minima of the free energy near the initial guess value,
this implies that the local minima near Ajnia/Ag = 1.5 and
0.01 is the same and it corresponds to the global minima.
This is different from the case of an FM/S, where the self-
consistent calculation gives two different sets of solutions
for Ainitiai/ Ao = 1.5 and 0.01 (see Appendix) and a rigorous
comparison between different free energies becomes essential
to get the physical solution [66,67].

In the case of AM/S, the free energies of the metallic layer
in its superconducting state (F5) and normal state (Fy) for the
critical altermagnetic amplitude Hap ., the highest value of
Han for which the superconducting state is stable, at zero
temperature are related as

2 d¢ 5
Fy — Fs = N(0) / 2 tHawe cosCOF. (6
0 T

Comparing it to the BCS condensation energy Fy — Fs =
N(0)A3/2 gives critical altermagnetic strength Ham, = Ao
which is larger than the critical exchange field of an FM/S
[68]. Furthermore, the unique solution of A in Fig. 1(b)
obtained irrespective of the value of Ajy from the self-
consistent calculation satisfies the Pauli paramagnetic limit for
AMY/S, Ham,c = Ao, reaffirming that it corresponds to the sta-
ble solution. Therefore, the plot of self-consistent solution of
A in Fig. 1(b) is a phase diagram of the AM/S obtained with-
out accounting for Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)
states which could be stable in the presence of an alter-
magnetic exchange field [31,38]. From the phase diagram in
Fig. 1(b), we observe that the S-N transition in AM/S with in-
creasing temperature is a second-order transition at all values
of Ham. This is unlike the phase diagram of an FM/S, where
the S-N transition becomes first order for larger exchange field
strengths [66].
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We now consider the heat capacity per unit volume c,,
which is given by the expression [69]

& _ 4S5 R
N(©) dT [N(O)}’ .

where S, is the entropy per unit volume calculated as
Su(T) = —/dE[NT(E) +NU(E){f(E)In f(E)

+ [1 = f(E)]In[1 — f(ED]}, ®)

and f(E)=1/(*/T +1) is the Fermi-Dirac distribution
function with the Boltzmann constant set to 1. Figure 2
shows the temperature dependence of c¢,/N(0) for AM/S
[Fig. 2(a)] and FM/S [Fig. 2(b)]. The insets of Figs. 2(a)
and 2(b) show the schematic diagrams of AM/S and FM/S
bilayers. The calculations for FM/S are done by substi-
tuting ﬁeff(lz)=HFM2 in Eq. (1) and solving it. From
Fig. 2(a), we observe that the c¢,/N(0) versus T curves
of AM/S, for small 7, gradually transition from expo-
nential to nonexponential behavior with increasing value
of H AM-

IV. RESPONSE TO AN EXTERNAL FIELD

Since AM/S under study has a unique d-wave spin-splitting
field, its magnetic response to an external magnetic field can
help in probing it experimentally. To incorporate an external
magnetic field h=he%+ hy$ + h. Z applied on AM/S, we
substitute He(k) = Hei(¢) = h + Han cos(2¢)2 in Eq. (1),
disregarding its orbital effects for simplicity as in [70,71].
We then solve it for g, (k) by satisfying Tr g, =0 and
80,80, = i, and using projector operators P (¢) in the spin
space for each k and find

2o, ) =Pr(#)®%y 0, (@) +P_ 0 (@) @&, (9). (9

where

(10)

R o, F ilHer(@)1E; + Aty]
810, () = =
Jion F ilfa(@)IP + A2

and Po(¢) = [1 £ 7i(¢) - 3]/2 with 7i(¢) being the unit vector
in direction of Hef(¢p). From g, , the magnetization carried by
the conduction electrons is calculated as [70-72]

My =My = SeNO)T Y Tr (60 ® 7, Bz (1)

Wy

where « € {x,y, z}, M, is the magnetization along & axis,
(...); means averaging over all directions in the k space, and
MY = yN(H.(¢)); - & = xVh, is the magnetization of the
normal metal in an AM/N bilayer, and xN = 2N(0) is the
linear spin susceptibility of the normal state.

The magnetization is found to be independent of the direc-
tion of 7 in the x-y plane [Fig. 2(a) inset] of AM/S. However,
it has a different dependence on the z component of h. We,
therefore, study two cases: (a) when the external field is ap-
plied in the x-y plane (in plane) by choosing h = h3%, and (b)
when the external field is applied out of plane as h = hZ.From
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FIG. 3. Superconductor’s linear susceptibility in an AM/S bi-
layer is plotted as a function of temperature 7" for different values
of altermagnetic exchange strength Hay. The curves with “x” and
“0” markers correspond to the in-plane (x;) and out-of-plane (x )
susceptibilities, respectively. Curves of the same colors correspond
to the same AM/S parameters. Here, an applied field of magnitude
h =0.01A, is used for the calculation and xN is the normal-state
susceptibility.

now on, || represents that the applied field is in plane and L
represents that the applied field is out of plane.

We first study the linear susceptibility as it can be use-
ful in characterizing the pairing symmetry of the AM/S.
The in-plane (out-of-plane) linear susceptibility xj (1 of the
superconducting layer of AM/S can be calculated from its
magnetization M)lcl(i)L ) in response to a very small magnetic
field applied along x (Z) direction as

I
xnw . M
YN T RS0 NI (12)
x(2)

where Mi\tq ) is the magnetization along X (Z) for an ap-
plied in-plane (out-of-plane) magnetic field in an AM/N. The
temperature dependence of linear susceptibilities of AM/S is
shown in Fig. 3, where it is clear that x  /xN > x;/xV at
all temperatures. The in-plane susceptibility curves (x;/x™)
are convex and similar in shape to that of an isolated super-
conductor (black curve in Fig. 3). Whereas the curves for
the out-of-plane case (x1/x"N), get modified from convex to
roughly linear to highly concave curves with increasing Ham.

Since the intrinsic Iz-dependent exchange field of the AM/S
is in the out-of-plane direction, it does not have a direct ef-
fect on the in-plane susceptibility. However, AM’s exchange
field modifies the DOS of the superconductor in its prox-
imity, leading to an indirect quantitative effect on y;/xN.
This means that the y;/ xN curves for a superconductor get
modified quantitatively and not qualitatively on interfacing it
with an AM. On the other hand, an external field in the out-of-
plane direction modifies the d-wave intrinsic exchange field
of the superconducting layer of AM/S such that the electrons
experience stronger spin splitting in the k, direction and a
reduced magnitude in the k, direction. Applying the external
field along 7 is therefore different in nature and allows one to
probe the d-wave exchange field of the AM/S.
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FIG. 4. Superconductor’s magnetization in an AM/S bilayer nor-
malized by its normal-state value M /MN-+ (MI/MN1) for « €
{x,y, 2z}, is plotted as a function of temperature 7 when an ex-
ternal magnetic field h=hz (h=h3) is applied out of plane (in
plane). Here, the altermagnetic exchange strength is taken to be
Ham = 0.7A¢, and only the nonzero components of magnetization
are plotted.

Figure 4 shows the temperature dependence of the super-
conductor’s magnetization in an AM/S bilayer for different
strengths of applied magnetic fields in the in-plane and
out-of-plane directions. We observe that the magnetization
M ZJ- /M ;I L, when the applied field is out of plane, behaves sim-
ilar to the linear susceptibility x, /x" (red curve with circle
markers in Fig. 4) for a weak applied field, whereas it becomes
nonzero at zero temperature for stronger fields. In presence of
an out-of-plane applied field, the effective spin-splitting field
is Heff(¢) = [Ham cos(2¢) + h]Z. When Hay + h > A, the
superconducting gap in the DOS [Fig. 1(a)] closes at zero tem-
perature making quasiparticles available for magnetization.
However, one can see that it is possible to have |ﬁeff(¢)| =

v H/EM cos?(2¢) + h* < Aq (for all ¢) for the same magni-
tude of the external field if it is in plane, which provides a
qualitative difference in the magnetization behavior at low
temperatures (see the green and violet lines of Fig. 4).

The magnetization M)U /M)IC"’H curves for an in-plane mag-
netic field in Fig. 4 behave similar to that of an isolated
superconductor with a modified superconducting critical tem-
perature 7. This is because the AM’s intrinsic exchange field
is out of plane and does not affect the in-plane magnetization.

The suppression of 7, of an AM/S is stronger when the
magnetic field is applied in plane (Fig. 4). This is because
the magnetic field gets partially (in a part of the k space)
screened by the AM’s intrinsic exchange field when applied
out of plane, which does not happen in the in-plane case.

Figure 5 shows the magnetization of the superconductor in
an AMY/S bilayer as a function of in-plane and out-of-plane
applied magnetic field at 7 = 0.1A,. In AM/S, the super-
conductor’s magnetization M||/MN'I in an applied in-plane
magnetic field behaves similar to an isolated superconductor
(black curve in Fig. 5). This is consistent with Figs. 3 and
4 which show that the AM does not have a direct effect on
the superconductor’s in-plane magnetization. However, the
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FIG. 5. Superconductor’s magnetization in an AM/S bilayer nor-
malized by its a normal-state value, M1 /MN+ (M!/MN1) for o €
{x,y, z}, is plotted as a function of A, the magnitude of applied field
h=h3 (ﬁ = h3X) in the out-of-plane (in-plane) direction. Here, only
the nonzero components of magnetization are plotted, and the tem-
perature is 7 = 0.1A,. Close to the transition, the physical behavior
may differ from the curves shown both here and in Fig. 4 due to
considerations of the free energy in presence of uniform exchange
field [66].

out-of-plane magnetization M:-/MN-+ curve shows a very
different trend as the out-of-plane applied field interferes with
the d-wave nature of the intrinsic exchange field of AM/S.
Also, the magnetization in the out-of-plane case is always
larger than that in the in-plane case. This is because the maxi-
mum magnitude of the exchange field in the out-of-plane case

Hawm + h is larger than that in the in-plane case v H3,; + h*.

V. SUMMARY

In summary, we applied the quasiclassical Green’s function
approach to study a few properties of the AM/S bilayer. To this
end, we calculated the DOS for such a system and demon-
strated that it resembles the DOS of an FM/S bilayer averaged
over the varying exchange field. We plotted the specific heat
and the phase diagram, which differs from the ferromagnetic
case by the absence of first-order transitions for higher ex-
change fields. Another feature that can differentiate and help
characterize such a bilayer is its response to an external mag-
netic field. The spin susceptibility shows strong anisotropy,
specifically in-plane susceptibility being qualitatively similar
to the case of an isolated superconductor, while the out-of-
plane field reveals the d-wave nature of the magnetism in
AM. These results are essential to understand the properties of
new hybrid materials constituting AMs and superconductors.
Moreover, the unique features of the AM/S bilayer should
allow for experimental verification if the hybrid structure does
possess both altermagnetic and superconducting properties or
if the proximity effect suppresses either of them.
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APPENDIX: SELF-CONSISTENT SOLUTIONS
OF A IN FM/S

In this Appendix, we discuss the case of a thin-film FM/S
bilayer. We solve Eq. (1) of the main text for Hef}‘(]%) = HpmzZ
to calculate A self-consistently using Eq. (4), where Hpy is
the magnitude of uniform exchange field imparted by the
insulating FM on the electrons of the superconductor. The
set of solutions obtained by calculating A self-consistently
starting with an initial guess of Ajpiga/Ao = 1.5 is plotted in
Fig. 6. When the self-consistent calculation is started with an
initial guess of Ajnia1/ Ao = 0.01, the solutions are different.
A comparison between these two solutions is shown in the
inset of Fig. 6 by plotting T versus the minimum value of
Hem, Hewm e, at which the solution vanishes for a given 7' and
Ainitia- The self-consistency field converges to different set of
solutions for different values of Ay because there are multi-
ple local minima of the free energy and the solution converges
to the nearest local minima. One needs to compare the free
energies at all these local minima and determine the global
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FIG. 6. Solution of order parameter A of a superconductor prox-
imitized with ferromagnet, calculated self-consistently starting with
an initial guess value Ajia = 1.5 Ag, for different values of tem-
perature T and ferromagnetic exchange field Hpy. Inset: A plot of T
versus the minimum value of Hgy, Hpy ¢, at which the self-consistent
solution of A vanishes. It shows the two solutions of Hgy . obtained
from the self-consistent calculation of A starting with two different
initial guess values Ajniiy. The physical solution of A and Hpy . are
obtained by minimizing the free energies [66]. For example, at zero
temperature Hey e = Ao/ /2 as indicated in the plot by an arrow.

minima which will correspond to the physical solution of A.
In Fig. 6, the color changes from blue to white to red with
increasing temperature for lower values of Hpy. The absence
of the white region at higher Hgy values indicates first-order
S-N transition. A similar behavior where the S-N transition
with increasing temperature is second-order for smaller values
of Hry and first-order for larger Hgy is observed in the phase
diagram of an FM/S bilayer [66,67]. However, in the case
of AM/S, S-N transition with increasing temperature always
has the white region indicating second-order transition for all
values of Haym [Fig. 1(b)].
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