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1. Introduction

A set S C K" defined as the intersection of finitely many polynomial non-strict inequalities is
called a basic closed semi-algebraic set. Sets formed by finite unions or complements of such basic
closed sets are known as semi-algebraic sets. A key result in real algebraic geometry, due to Tarski and
Seidenberg, states that the class of semi-algebraic sets is closed under polynomial maps. However,
obtaining an explicit description of the image of a given semi-algebraic set under a specific polynomial
map is often highly non-trivial (Andradas et al., 2012; Fernando, 2014). Moreover, while the image
of a semi-algebraic set under a polynomial map remains semi-algebraic, the image of a basic closed
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semi-algebraic set is generally not basic closed. This article examines a special class of polynomial
maps that send basic closed semi-algebraic sets to other basic closed ones.

Let K denote either the real numbers R or the complex numbers C, and let G be a finite group
acting linearly on K". A foundational result by Hilbert states that the ring of invariant polynomials is
finitely generated:

K[X1,..., Xal¢ =K[m1, ..., 7m] CK[X]:=K[X1, ..., Xn].

This inclusion defines the Hilbert map IT : K" — K™, where the image lies in the variety Vi (If)
determined by the algebraic relations (syzygies) among the generators w1, ..., Tpy.

In the case where K = C, the algebraically closed setting, the Hilbert map is surjective and induces
a homeomorphism between the orbit space C"/G and the variety V¢ (Ir7). More precisely, the image
of the map corresponds to the categorical quotient C"//G := Spec(C[X]°).

For finite groups, the categorical quotient coincides with the affine variety defined by the invari-
ant ring and reflects the orbit structure faithfully. Unlike the set-theoretic quotient C"/G, which
merely identifies points lying in the same orbit, the categorical quotient is defined functorially:
any G-invariant morphism from C" to an affine variety factors uniquely through the quotient map
m:C"— C"//G. Since all orbits are closed and the map 7 is finite, the categorical quotient separates
all orbits and retains a natural algebraic structure (see, e.g., Derksen and Kemper, 2002; Procesi, 2007).
The situation changes when K = R. The map R" — R"//G := Spec(R[X]%) is typically not surjective
onto the real points of the quotient variety. The image is a semi-algebraic set, which can be described
as a finite union of basic semi-algebraic sets defined by polynomial equalities and inequalities. This
follows from the Tarski-Seidenberg Theorem, which ensures that projections of semi-algebraic sets re-
main semi-algebraic. Remarkably, compared to general polynomial maps, this situation is very special:
while the image of a general polynomial map is not necessarily basic closed, and explicitly describing
it can be difficult, Procesi and Schwarz (1985) showed that the image of the Hilbert map is a basic
closed semi-algebraic set. Furthermore, in the case of compact Lie groups, the defining inequalities of
this image can be derived explicitly from the chosen fundamental invariants. This makes the Hilbert
map a particularly tractable and structured example in the broader study of polynomial images.

For a polynomial p, we define the differential dp as

n
ap
dp = —dx;.
p Z 3)(]' 1
Jj=1
For a finite (compact) group G, we have a G-invariant inner product (-, -), which, when applied to
differentials, gives

L 9p g

dp. dq) = C—
{dp,dq) ox; Bx;

j=1
Since the differentials of G-invariant polynomials are G-equivariant, the inner products (dm;, drw;) for
i,je{l,...,m} are G-invariant. Thus, every entry of the symmetric matrix polynomial

Mp = ((dTl’i, d]‘[]’))

1<i,j<m

is itself an invariant polynomial. With a slight abuse of notation, we represent it as a matrix polyno-
mial in 71, ..., Ty. Using this construction, Procesi and Schwarz (1985) have established the following
result.

Theorem 1 (Procesi and Schwarz). Let G € GL,(R) be a finite group, and let T1 = (71, ..., Ty) be the funda-
mental invariants of G. Then the orbit space is described by the following polynomial inequalities:

MR" = {z e Vr(In) €R™ | M (2) is positive semi-definite} ,

where Iy CR[z1, ..., zm] is the ideal of relations among 71, ..., Tp.
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This theorem has numerous applications across areas such as differential geometry, dynamical
systems, and mathematical physics (see, for example, Field, 2007; Dubrovin, 1998; Huisman, 1999).
Combined with Artin’s solution to Hilbert’s 17th problem, the semi-algebraic description of the or-
bit space yields an equivariant Positivstellensatz, which has proven useful in polynomial optimization
(Riener et al., 2013; Moustrou et al., 2023). This broad applicability makes the theorem a powerful
tool in real algebraic geometry. However, it is worth noting that the original proof was not formu-
lated directly in the language of real algebraic geometry. Moreover, particularly in applications, it is
natural to seek a minimal or more efficient description of the orbit space, as such refinements can
significantly improve the performance of algorithms based on this structure. This article contributes
to both of these lines of research.

Contributions The goal and contributions of this article are twofold. In the first part, we demonstrate
that the orbit space is a basic closed semi-algebraic set using only elementary results from real alge-
braic geometry, in the case of finite groups. Specifically, in Theorem 6, we show that basic closedness
follows directly from sums-of-squares techniques combined with foundational results in invariant the-
ory. In essence, the key insight is that the polynomial ring is a finite module over the invariant ring,
which suffices to establish the result. Additionally, we provide a short proof of the Procesi-Schwarz
description. While a more elementary proof for the finite group case was already given by Procesi and
Schwarz (1988), we believe our version is even more direct and accessible. Furthermore, by invoking
standard tools from invariant theory, such as Luna’s slice theorem, the results for finite groups can be
extended to the setting of compact groups. Hence, any elementary proof in the finite case is essen-
tially generalizable. Our motivation, however, is not only to provide a simplified proof, but also to lay
the groundwork for more efficient descriptions of orbit spaces—an issue that forms the central focus
of the second part of this paper.

Given any basic closed semi-algebraic set, it is natural to ask about the minimal number of in-
equalities required to describe it. A well-known result by Brécker (1991); Scheiderer (1989) shows
that any basic closed semi-algebraic set in R" can be described using at most n(n — 1)/2 polynomial
inequalities. In contrast, the description provided by Procesi and Schwarz is often more efficient: it
involves only m inequalities, where m is the number of fundamental invariants, i.e., the dimension
of the space into which the orbit space is embedded. However, as observed by Procesi and Schwarz,
if the order |G| of the group G is odd, the Hilbert map is surjective, and no inequalities are needed
to describe the image—even though their construction still yields m inequalities. This naturally leads
to the question: how is the number of inequalities related to the structure of the group G? Brdcker
(1998) provided a complete answer: the number k of inequalities needed to describe the orbit space
generically (i.e., up to a lower-dimensional subset T) is precisely the maximal k such that G contains
an elementary abelian 2-subgroup of order 2k. Although this characterizes the minimal number of
inequalities, Brocker’s proof is non-constructive.

In the second part of this article, we study the first class of non-trivial examples where we ex-
plicitly construct a description using the minimal number of inequalities, as predicted by Brocker’s
theorem. For instance, in the case of abelian groups, we present in Theorem 27 an explicit description
involving few inequalities of low degree, which may be particularly useful in optimization contexts.
Moreover, we address a question raised by Brocker: we construct an example where the generic de-
scription predicted by his result is not sufficient to describe the entire orbit space—that is, an example
where one must explicitly include the lower-dimensional set T to obtain a complete description.

To the best of our knowledge, the literature does not offer fully constructive treatments of these
questions; when addressed at all, they are typically handled only partially or in a non-constructive
way. Our results represent initial steps toward a comprehensive constructive understanding of Brock-
er’s theorem. It is perhaps not surprising that such constructive approaches are significantly more
challenging, but we hope that our work provides a foundation for further developments in this direc-
tion.

This article is structured as follows: In the following section, we provide elementary arguments
to establish that the orbit space is a basic closed semi-algebraic set and give a new proof for the
description due to Procesi and Schwarz, which is obtained by going through subgroup chains. The
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third section provides the construction of orbit spaces with the least number of inequalities, and we
conclude with some open questions.

2. Real orbit spaces for finite groups

We now aim to provide firstly a constructive argument for the remarkable fact that TI(R") is a
basic closed semi-algebraic set and then secondly give an elementary proof for Theorem 1. Throughout
this section, G is a finite group and we use the notations of Theorem 1.

2.1. Notations

Let G act linearly on K", then we get an action on the ring of polynomials defined by

h® = h(o~1(x)), forallo €G.

Furthermore, we will use that the polynomial ring K[X] is a K[X]® module. Notice that K[X] is
integral over K[X]°. Indeed, for any f € K[X], we have a monic characteristic polynomial

xp (1) =[] (T = f7) e K[XI°IT].

oeG

Therefore, K[X] is a finitely generated K[X]¢-module. Moreover, we can define a simple projection
operator, called the Reynolds operator which gives a projection from K[X] to K[X]C. It is defined by

To work in the algebraic setting of ring extensions, it is practical to identify the points in K" with
ring homomorphisms from K[X] to K. In this way we identify Vi (Ig) with hom(K[X]%, K) and
every z € Vi (I7) is identified with the ring homomorphism ¢, defined to be the evaluation in z. On
the other hand, since every ring homomorphism is determined uniquely by the image of X1, ..., Xy,
we can equivalently identify every ¢ € hom(K[X]%, K) with a unique point zy € Vi (I).

Proposition 2. With the above identification a point z € Vix (I7) is in the image of I1 if and only if ¢, can be
extended to a ring homomorphism from K[X] to K.

One of the basic notions in real algebraic geometry is the notion of sums of squares and our proofs
will rely on the set of invariant sums of squares.

Definition 3. A polynomial f € R[X] is called a sum of squares if it can be decomposed into the
form f = f2+...+ f2 for some polynomials fi, ..., fr € R[X]. We will write R[X]? for the set of
all these polynomials. Furthermore, we set (ER[&]Z)G =YR[X]>* NR[X]C. More generally, we call a
symmetric matrix polynomial A € R[X]¥* a sum of squares matrix polynomial, if A = L{L for some

L e R[X]¥*¢ and we say that a sum of squares matrix polynomial is G-invariant if all of its entries
are G-invariant polynomials.

Notice that the set of invariant sums of squares (ZR[&]Z)G defines a quadratic module in the ring
R[X]¢, which in general is not finitely generated (see Cimpri¢ et al., 2009, Example 5.3). However,
using the fact that R[X] is a finitely generated module it can be conveniently represented using sums
of squares matrices. Indeed, let b1, ..., b; € R[X] be generators of R[X] over R[X]® and define

B € (R[X]1%)™! by Bij := R (bib)),

then we have the following characterization (see Gatermann and Parrilo, 2004; Blekherman and
Riener, 2021; Moustrou et al., 2023 for details):
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Proposition 4. Let f € R[X]¢. Then f € (R[X]%)? if and only if there exists a G-invariant sum of invariant
squares matrix polynomial A € (R[X]%)!*t with a factorization A = LtL from some L € (R[X]%)¥*¢ such
that

f=Tr(A-B)

Proof. We sketch the proof for the convenience of the reader. We only consider the case when f
is the sum of the orbit of one square - and the general case follows directly in the same way. Let
g e R[X] with f =R¢(g?) and write g = Y"i_, a;b; for some ay, ..., a € R[X]C. Then

l l
f=Re(g)=Rc()_ aajbibj)= Y aiajR¢(bibj) =a’ Ba=Tr(aa'B)
i,j=1 i,j=1

where a:= (aq,...,a)T. O
2.2. Orbit spaces as basic closed semi-algebraic sets

Based on the previous discussions it is almost directly clear that the semi-algebraic set IT(R") is
basic closed. Indeed, it will be a consequence of the following simple observation.

Proposition 5.Let z € VR (If)) such that TI=1(z) ¢ R", then there exists f (ER[X]Z)G such that
¢2(f) <O.

Proof. Set £ =T1"1(z) e C"\ R", let 1 <i <n be such that Im(£;) # 0, and consider the polynomial
h:= (X; — Re(&;))2. Clearly, h(¢) < 0. Let O¢(h) denote the orbit of h under G. We now construct the
univariate polynomial p € R[X]¢[T] by

p(M= ] T+n).
heOg(h)

Each of the coefficients of p is in (ER[X]?)¢. We evaluate these coefficients in z and observe
that the resulting univariate polynomial will have at least one negative coefficient by Descartes’
rule of signs. Thus, for some 1 <k <[ = |O¢g(h)| we have an elementary symmetric polynomial

fr=eh®1,... k%) e (SRIX1?) such that ¢,(f) = f(¢) <0. O

Combining this observation with Proposition 4, we immediately get a description of TI(R") as a
basic closed semi-algebraic set.

Theorem 6. The semi-algebraic set TI(R") is basic closed, it can be represented as
MR" = {ze Vr(In) S R™ | ¢,(B) is positive semi-definite} .

Proof. Clearly, the condition that B(z) is positive semi-definite is necessary. Indeed, for z € TT(R")
there exists by definition x € R" such that IT(x) = z, and therefore ¢,(B) = B(x). Let v € R™. Then
vIBv e (ZR[X]>)C, so vT¢,(B)v = (v Bv)(x) > 0. On the other hand, assume that ¢,(B) is positive
semi-definite but that ¢, cannot be extended. By Proposition 5 we know that there exists an invariant
sums of squares polynomial f with ¢,(f) < 0. Furthermore, by Proposition 4 we have

f =Tr(LL'B).

However, since ¢,(L)¢, (L") and ¢,(B) are positive semi-definite matrices, we have a contradiction. O

5
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Remark 7. This result can be made constructive: It suffices to find generators of R[X] over R[X]¢. If
G is of order I, R[X] is generated by

X7 Xyt aef{0,...,1-1)"

over R[X]¢ (use Atiyah, 2018, Proposition 2.16, Proposition 5.1 and Corollary 5.2). Furthermore, in
the case of finite reflection groups these generators can be found very directly and with combina-
torial methods (Hubert and Bazan, 2022; Debus and Riener, 2023). Moreover, one can also use the
G-harmonic polynomials, which can be obtained as the partial derivatives of the determinant of the
Jacobian of the Hilbert map (see Helgason, 1984, Chapter III 1.1, 3.6 and 3.7).

2.3. An elementary proof for Theorem 1

We now want to show an elementary proof for the concrete description given in Theorem 1. To
begin, we reformulate the statement in terms of homomorphisms.

Proposition 8. The following are equivalent:

(i) MR ={ze VrUn) | ¢.(Mn) is positive semi-definite}.
(i) Let ¢ : R[X]® — R be a ring homomorphism. Then ¢ can be extended to a ring homomorphism ¢ :
R[X] — R ifand only if

o ((df ,df)) >0 forall f e R[X]°.

Proof. Let z € Vg (In). Note that z € IT(R™ if and only if ¢, can be extended to a ring homomor-
phism ¢ : R[X] — R. Furthermore, since 1, ..., T, generate the ring of invariants we have ¢,(Mp)
is positive semi-definite if and only if ¢,((df,df)) >0 for all f e R[X]®. O

Note that ¢,(My) being positive semi-definite in (i) is clearly necessary for z being in the image
of the real Hilbert map. Equivalently, ¢ ((df,df)) > 0 for all f € R[X]C is necessary in order to extend
a homomorphism ¢ : R[X]® — R to a homomorphism R[X] — R. So we will show that this is
also sufficient, and our strategy consists in extending homomorphisms in steps, first to the ring of
invariant polynomials for some subgroup H of G. In order to do this we have to make sure that our
positivity condition in (ii) extends also to R[X]" in this case. The following is in fact the core of the
argument.

Proposition 9. Let H be a subgroup of G and let ¢ : R[X]® — R be a homomorphism. Suppose

¢((df . df)) = 0 forall f € RIX],
and ¢ can be extended to a homomorphism ¢y : R[X]" — R. Then

ou((df,df)) > 0forall f e RIX]".

Proof. The ring of invariants R[X]" is a finitely generated R-algebra, say R[X]¥ =R[p1,..., px] and
write ; = q;i(p1,..., px) for some gq; € R[Yq,..., Yi]. Consider

IM:C"— Vedn), x— (@1 (X), ..., Tmx)),
P:C"—= Vcdp), x> (p1(X), ..., pr(x)) and
Q:Velp)— Velm), x— (q1(X), ..., qr(x))
and furthermore, define the points
z2:=2zy:=($(m1), ..., ¢(Tm)) € VRUn) and y := yg, = (pu(P1), ..., ¢u(Pr)) € VR (Ip)

6
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corresponding to ¢ and ¢y. Since P is surjective, there is x € C" with P(x) =y, so I1(x) = z. Denote
the corresponding total derivatives of IT, P and Q in x, respectively in y, by

Dy :C™— C*, D} :C¥— C"and DY : C™ — C".
We can assume furthermore that the stabilizer Gy of x in G is trivial and therefore included in H
(otherwise we can perturbate y and therefore x and z a little bit by continuity). So dim(im(D})) =

dim(im(D};)) (see Abud and Sartori, 1983) and therefore im(D}) = im(D7;), since im(D%) 2 im(D},)
is trivial. So for every v € CK there is some u € C™ with DY, (u) = D} (v) and so the identity

v=D} W)+ (v— Df(u)) €imDy, +ker D}

shows that im DY) + ker D} = C*.

Let now f e R[X]H, say f = g(p1,...,px). Then there is u € kerD}, and v € imDJ(’2 with a :=

(dg)(P(x)) =u +v, ie. D} (u) =0 and there is w e C™ with v = Djé(w). Because a and y are real,
we can assume that w € R™. Then

e ((df . df)) = {@df) (%), (df)(x))
= (Dp(a), D} (@)
= (D} (u+v), D} (u+v))
= (Dp(u) + Dp(v), Dp(u) + Dp(v))
= (D} (Dg (W), D} (Dgy (w)))
= (Dfy(w), D (w))
= ¢ ((dh,dh)) = 0,
where h:=wim + - + Wt € R[X]C. O
Now we will collect some facts about invariants of groups of order two because we will extend

our homomorphism first to the ring of invariant polynomials for some order two subgroup H of G.
This order two subgroup will correspond to a complex point and its complex conjugate point.

Lemma 10. Let H be a subgroup of G.

(a) RIX]H = R[X]C @ ker (RdRm]H).
(b) If|G/H| = 2, then ker (Rdmﬁy)z c R[X]C.
Proof. (a) Let g € kerR¢ NR[X]C. Then g = R¢(g) =0, so kerR¢ NR[X]¢ = {0}. Now let f €
R[X]". Then
f=Ra(f) + f = Ra(f) € RIXI @ ker (Relppxy)
and

RIXIC @ ker (Relgpyy ) € RIXI"
is clear. ,
(b) Denote G/H ={H,o H} and let r € ker (RGthH) . Then

0=Re( =50 +17),

so r? = —r and therefore (r%)° =12, i.e. r? is G-invariant. O
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From these elementary considerations we now can give a proof of Theorem 1.

Proof of Theorem 1. We will show property (ii) in Proposition 8: “=" is clear.
“«" by contradiction: Let ¢ : R[X]® — R be a ring homomorphism such that

¢ ((df ,df)) > 0forall f e R[X]®

and ¢ cannot be extended to R[X], i.e. z:= (¢ (71), ..., ¢ (7Tm)) ¢ ITI(R™). There is x € C" such that
[1(x) = z. Since T1(x) = z, there is o € G such that o1 .x=x. Then o has even order. Now consider
the subgroups C5 = (o) and C,2 = (62) of G. Since

fRO=f®=Ffo0=Ff®=Ffk
for all f € R[X], we can extend ¢, to a homomorphism ¢ : R[X]% — R.
By Proposition 9, ¢((df,df)) > 0 for all f e R[X]%.
Since x ¢ R", there is a linear | € R[X] with I(x) = i. Consider now

f=Rc, ) ~Rc, () ekerRe,.

Note that (df,df) € R.o, because f is linear. Since C, acts trivially on x and o~ 1x =X we get that
f(x) =1 and therefore ¢ (f2) = f2(x) = —1 < 0 with f2 € R[X]% by Lemma 10.
Now

$((df?,df?) = p(2fdf . 2fdf)) = p(4f>)(df ,df) <O,
which is a contradiction to ¢((dg,dg)) >0 for all g e R[X]%. O

3. Describing orbit spaces with few inequalities

In the previous section, we obtained inequalities describing the orbit space as a basic closed
semi-algebraic set. The aim of this section is to find descriptions of the orbit space involving fewer
inequalities. To this end, we fix again a finite group G and introduce some notation. Recall that the
dimension of a semi-algebraic set is the smallest dimension of a variety containing it.

Definition 11. We say that the orbit space TT(R") (or R"/G) is described by f1, ..., fi € R[X]C if

NR") ={zeV(n) | ¢:(f1) =0, ..., ¢:(fi) > 0}.
Furthermore, we will say that TI(R") is generically described by f1, ..., fi if

MR") ={ze VUn) | ¢2(f1) >0,...,¢:(fr) >0} UT,
where T is a semi-algebraic set of lower dimension than the orbit space.

It was already observed that if G has odd order, then one needs no inequalities to describe the
orbit space R"/G, i.e. the Hilbert map is surjective. More generally, Brécker (1998, Proposition 5.6.)
proved the following about the number of inequalities needed to generically describe the orbit space.
Recall that an elementary abelian 2-subgroup is a subgroup isomorphic to (Z/2Z).

Theorem 12 (Bricker). Let k be the maximal number for which G contains an elementary abelian subgroup of
order 2X. Then the orbit space TT1(R") is generically described by some f1, ..., fi € R[X]C.

Note that the proof of Brocker’'s Theorem is non-constructive. The goal of this section is to con-
struct these few inequalities for the case where k =1 and for abelian groups. We answer first an
open question raised by Brocker (1998) and point out an imprecision in his Theorem: Brécker writes
that he does not know any example where T is required. He also states Theorem 12 with non-strict
inequalities. The following example shows at the same time that sometimes some lower-dimension T
is needed and that the strict inequalities in Theorem 12 cannot be replaced by non-strict inequalities.

8
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Example 13. Consider C4 = ((1, 2, 3,4)) acting by permutation on R*. Denote by 71, ..., 7 the fun-
damental invariants and by

Mm: C*— ck

the Hilbert map as usual. Suppose TT(R*) is described by one inequality f > 0, where f €
R[X1,..., X4]%. Since

g(a,b,a, b) = g(13)(24) (a,b,a,b) = g(a, b,a,b) = g(a,b,a, b)
and
g2(a,d,0,0) = g""¥(0,d,0,0) = g(@,0,d,0) = g(a,d,0,0)
for all a,b € C and for all g € R[X1,..., X4]%, we get that
M(a,b,ab)eR* and T(a,a,a,a) eR,
for all a, b € C. Therefore
f(a,b,a,b)<0
for all a, b € C, where the inequality is strict for a or b are not real. So we get that
f(a,b,a,b)=0
for all a, b € R. This means that the 2-variate polynomial

g:= f(X1, X2, X1, X2)

vanishes on R?, so g =0 and thus f(i, —i, i, —i) = g(i, —i) = 0, contradicting (i, —i, i, —i) ¢ TI(R*).
In a similar way one can show that the strict inequalities in Theorem 12 cannot be replaced by
non-strict inequalities. Assume

NR" ={zeV(Un)|¢.(f)=0}UT,

where dim(T) < dim(IT(R")) for some G-invariant f. We get again
fa.b.a,b)<0

for alla,bc C. If
f(a,b,a,b)=0

for all a, b € R, then we get the same contradiction as before. So

f(@a,b,a,b) <0

for some a,b € R. So

f < 0 on some neighbourhood of (a, b, a, b) in R4,

which is a contradiction to dim(T) < dim(IT(R")).

9
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3.1. Strategy for constructing few inequalities

In this subsection, we introduce a strategy and some tools to prove a constructive version of Brock-
er’s Theorem. This is easy if G is already an elementary abelian 2-subgroup. Therefore, one might be
tempted to try the following approach:

(1) First one tries to find an elementary abelian 2-subgroup H that corresponds to all complex con-
jugations that might appear. If such a subgroup exists, then we can extend every homomorphism
¢ :R[X]° - R to a homomorphism ¢ : R[X]? — R (see Lemma 15).

(2) Now one constructs H-invariant polynomials hq, ..., hy describing the orbit space R"/H.

(3) Then one tries to symmetrize these polynomials. If one finds G-invariant polynomials g1, ..., g
describing the orbit space R"/H, then these will also generically describe the orbit space R"/G.

In general, the first step fails, as presented in Example 19. It is therefore interesting to have classes
of groups for which this step is fulfilled. This is in particular true if G contains a so-called broad
subgroup. Recall that an involution is an element ¢ € G such that o2 =id.

Definition 14. An elementary abelian 2-subgroup H of G is called broad, if every involution of G is
conjugate to an element of H.

For the following Lemma, note that if G acts effectively, then almost all points have a full orbit or
equivalently a trivial stabilizer. Such orbits are also called of principal orbit type.

Lemma 15. Let H be a broad subgroup of G. Then every homomorphism ¢ : R[X]® — R of principal orbit
type can be extended to a homomorphism ¢ : R[X]" — R.

Proof. Let ¢ : R[X]® — R be a homomorphism of principal orbit type. There is an extension 1 :
R[X]— C of ¢. Then E is also an extension of ¢, i.e. there is 0 € G such that

oy =1.

Now o2y = and therefore ¢ is an involution, since v has principal orbit type. Since H is broad,
there is h € H and g € G such that hg = go. Consider now the extension v := g/ : R[X]— C of ¢.
Then

W =hgy = goy =gy =V

and therefore

V() =v (M =hi(HH=v(f)
for all f e R[X]". S0 ¢ := 1Z|R[MH : R[X]¥ — R is a real extension of ¢ to R[X]". O

There are at least three types of groups that contain broad subgroups. The first result, given by
Guralnick and Robinson (2022), concerns quasi-simple groups, namely groups G that are equal to
their commutator subgroup and such that the quotient of G by its center is a simple group.

Theorem 16 (Guralnick and Robinson). Let G be quasi-simple. Then G contains a broad subgroup.

Remark 17. As mentioned in Guralnick and Robinson (2022), S, also contains a broad subgroup. In-

deed
H=(1.2.6.9.....(2[ 5] -1.2[5]))

is a broad subgroup of S;.

10
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Another particular situation in which we can find broad subgroups is the following:

Lemma 18. Assume all maximal elementary abelian 2-subgroups of G are of order 2. Then every involution of
G generates a broad subgroup of G.

Proof. This follows from the fact that two involutions are either conjugate or commute with a third
involution: Let o, T € G be involutions. Then

o)k =1
for some k € N. If k is even, then 0 and T commute with the involution (o t)%. If k is odd then
k=1 k=1 ~1
0070 (007) =1 O
In general G does not always contain a broad subgroup.

Example 19. Consider the dihedral group

0 1 01
2= (5 0)-(3 o))
with corresponding invariant ring

R[X1, X217 =R[XZ + X3, XT + X31.
e N ——
T %)

It is easy to check that D4 has no broad subgroup. Furthermore, there is no elementary abelian 2-
subgroup H such that every homomorphism of principal orbit type ¢ : R[X]P4 — R can be extended
to a homomorphism ¢ : R[X]" — R. To show this it suffices to show this for all maximal elementary
abelian 2-subgroups:

0D )

Consider the homomorphism

case 1:

¢: R[X]P4 —> R, g(mr1, m2) > (0, 2).
Now f:=X1Xy € R[X1, X21" with f2 e R[X;1, X2]¢ and
2

$(f) =0 (@) —_1<0,

so ¢ cannot be extended to a homomorphism ¢ : R[X]" — R. Furthermore, it is easy to check
that ¢ has principal orbit type, since it corresponds to the complex preimage (1, i).

w=((o 5)-(3 )

Consider the homomorphism

case 2:

¢: RIX]P* —> R, g(m1, 72) > (0, —8).
Now f:=X? — X2 e R[X1, X21" with f? € R[X;, X2]° and

11
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p(fH=¢ (2712 - nf) =-16 <0,

s0 ¢ can not be extended to a homomorphism ¢ : R[X]" — R. Furthermore, it is easy to check,
that ¢ has principal orbit type, since it corresponds to the complex preimage (1 +1i,1 —1i).

3.2. Brocker’s theorem fork =1

In this subsection, we will present how to generically describe the orbit space by one inequality if
k=1 in Brocker's Theorem 12. To this end, we need to understand how to do step (2) in this case,
i.e. we have to construct a polynomial describing the orbit space for groups of order two.

Lemma 20. Let G be a group of order two. The orbit space IT(R") is described by

n
f=Y 1}
i=1
where fi := X; — R¢(Xi).

Proof. It suffices to show that a homomorphism ¢ : R[X]® - R can be extended to a homomor-
phism ¢ : R[X] — R if and only if ¢(f) > 0. First note that f is G-invariant by Lemma 10, so
¢(f) € R and one implication is clear because f is a sum of squares. For the other implication, let
¢: R[X]° - R be a homomorphism such that ¢(f) > 0. The homomorphism ¢ can be extended to
a homomorphism ¢ : R[X]— C. Note that

R[X]=R[XI®[f1, ..., fa]

Case 1: gz)(fiz) =0forallie{1,...,n}. Then ¢(f;) =0 for all i € {1,...,n} and therefore im¢® C R.
Case 2: <p(fi2) > 0 for some i € {1,...,n}. Then ¢(f;) e R\ {0}. Now ¢(fj) eR forall je({1,...,n}
since @(fi)@(fj) =@ (fifj) € R by Lemma 10. So again im¢p CR. O

This Lemma is the first step in order to get an explicit description when k = 1:

Theorem 21. Let G be a group such that all maximal elementary abelian 2-subgroups of G are of order 2. Then
T1(R™) is generically described by some g € R[X]°.
More precisely, if |G| = q2! with q odd and

Hi€H,CS---CHCSG

are nested subgroups with |H;| = 2, then one can choose

g= [] (RH[ (i‘ (Xi — Ry (Xi) )2>>0 :

oHeG/H; i=1

Proof. It suffices to show that there is some g e R[X]®, such that for every homomorphism
¢ : R[X]® - R of principal orbit type, that ¢(g) > 0 if and only if ¢ can be extended to a ho-
momorphism R[X] — R.

By Lemma 18, Hq is a broad subgroup of G. So by Lemma 15 every homomorphism of principal
orbit type ¢ : R[X]® — R can be extended to a homomorphism ¢y : R[X]#1 — R.

Since H is of order 2, there is a Hi-invariant sum of squares

n

fi= Z (Xi — Ru, (Xi))2

i=1

12
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such that ¢y can be extended to a homomorphism ¢ : R[X] — R if and only if ¢y(f1) >0 by
Lemma 20. The argument now follows from the following two lemmas.

Lemma 22. For every 1 < i <1 there exists a sum of squares f; € R[X]"i such that ¢ can be extended to a
homomorphism ¢ : R[X]— R ifand only if oy (fi) > 0.

Proof. We go by induction on i. The base case i =1 is done above. For the induction step from i to
i+ 1 we suppose the claim holds for some 1 <i<I—1, ie. there is f; € R[X]"i such that ¢ can be
extended if and only if ¢y (fi;) > 0. Either f; is already H;,1-invariant and we are done or
ROOM =R (f)) =R (f7).
H

Consider the sum of squares fi1q:= fi + f7 € R[X]Hl, where H;y1/H; is generated by o € G. If ¢
can be extended to a homomorphism ¢ : R[X] — R, then ¢y (fiy1) >0, since ¢ is real and fiq is
a sum of squares.

If o (fit1) =0, then ¢y (fi) =0 or gy(f) =0, because f7 is Hj-invariant. In the first case we
are done by the induction hypothesis and in the second case we consider the homomorphism o !¢y
instead of ¢y : The homomorphism ¢ ~l¢y is a real extension of ¢ and o'y (f;) >0, so we can
use the induction hypothesis. O

By Lemma 22 there is a Hj-invariant sum of squares f; such that ¢ can be extended to a homo-
morphism ¢ : R[X]— R if and only if ¢y (f;) > 0.

Lemma 23. ¢ can be extended to a homomorphism ¢ : R[X] — R if and only if
o T[] fH=o.

o HieG/H;

Proof. The if case is clear, since f := HUHIEG/HI fC is a sum of squares. For the other direction
assume that ¢(f) > 0 and consider a complex extension ¢ : R[X]— C of ¢. Now

o<eH= [] ¢uH= ] odlruxpm).

oHieG/H oHieG/H;

If the image of o @|r(xj# Is not real for some o, then also its complex conjugate appears in the prod-
uct, so their product is positive. Since |G/H;| is odd, there has to be o H; € G/Hj, such that c@(f;) >0
and angRmH is a real homomorphism. Now we apply Claim 1 to o¢|y instead of ¢|y. O

The proof now follows directly from Lemmas 22 and 23. O
Note that Theorem 21 is constructive. We give some examples.
Example 24.

(1) Consider S3 with the standard action on R[X7, X2, X3]. Following the proof of Theorem 21 we
consider first some order two subgroup of S3, say S, = ((12)). We obtain using Lemma 20 the
Sy-invariant polynomial

f=X1—Rs,(X1))? + (X2 — Rs,(X2))? + (X3 — Rs,(X3))? = (X1 — X2)?

in Claim 1. This polynomial is symmetrized in Claim 2 and we get, that the orbit space R3/S3 is
generically described by the discriminant

2
g=]1r"= ] &xi—xp
i=0 1<i<j<3

13
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(2) Consider the Quaternion group

0 -1 0 O 0 0 -1 0 00 0 -1

/|1 0 0 O 0 0 0 1 00 -1 O
Qs = 0o o 0 -1)’fr 0 O OO 1T 0 O
0 0 1 O 0 -1 0 O 10 0 O

with the canonical action on R[X7, X5, X3, X4]. Consider again first the unique order two sub-
group H = (—I4). In Theorem 21 Claim 1 we obtain the H-invariant polynomial

=X+ X3+ X3+ X3

using Lemma 20. Since f is already Qg-invariant, we don’t need to apply the second step. So the
orbit space R*/Qg is already generically described by f.
(3) Consider the Dihedral group

0 0001 0 0001

100 00 000T1O0
D5:< 01 0O0O0],]00T1O0TO0 >

00100 01 00O

0 0010 1 00 00O

with the canonical action on R[X1, X2, X3, X4, X5]. Theorem 21 yields that the orbit space R>/Ds
is generically described by

((X1 = X5)?+(X2 — X)?) (X2 — X1)? + (X3 — X5)%) (X3 — X2)* + (X4 — X1)?)
((Xa — X3)* + (X5 — X2)*) (X5 — Xa)* + (X1 — X3)?).

3.3. Brdocker’s theorem for abelian groups

In this subsection, we want to give a constructive version of Brocker’s Theorem 12 for abelian
groups. To this end, we need to understand first what happens if we have a normal subgroup of G.

Lemma 25. Let H be a normal subgroup of G. Assume that:

(1) There are g1, ..., g € R[X]¢ such that every homomorphism @g : R[X]® — R can be extended to a
homomorphism ¢y : R[X]" — R, ifand only if oc(g1) > 0, ..., ¢c(gk) = 0.

(2) Thereis h € R[X]" such that every homomorphism ¢y : R[X]" — R can be extended to a homomor-
phism ¢ : R[X]— R, ifand only if ¢y (h) > 0.

Then a homomorphism ¢ : R[X]® — R can be extended to a homomorphism ¢ : R[X] — R, if and only if
96 (Rg(h) >0, 9c(g1) >0, ..., 9c(8k) > 0.

Proof. Let g : R[X]® — R be a homomorphism.
“=:" If ¢¢ can be extended to a homomorphism ¢ : R[X]— R, then

©c(g1)=0,...,905(g) =0

by (1). For every o € G we have that O'i‘lgﬂlR[X]H is an extension of ¢g, so

@(h?) 207]§0|R[§]H (h)>0

by (2) and therefore @¢(R¢(h))) > 0.

“«<:" Suppose ¢c(Rg(h)) >0, ¢c(g1) >0,...,9c(g8) > 0. Then ¢; can be extended to a ho-
momorphism ¢y : R[X]F — R by (1). Now h® is H-invariant for all o € G, since H is a normal
subgroup of G. Now

14
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> 0u(h?) = [Glgn (R () = Gloc(Re(h) = 0

oeG

and since all the terms are real, ¢y (h®) > 0 for some o € G. Then o~ gy (h) = py(h°) > 0 and
o gy e hom(R[X]H, R), so we can extend o "'y to a homomorphism ¢ : R[X]— R by (2). O

Note that Theorem 21 includes in particular cyclic groups of even order. The following example
shows that Lemma 20 together with Lemma 25 give a polynomial of lower degree describing generi-
cally the orbit space in this case. Moreover, this example generalizes Example 13 above.

Example 26. Let G = C;; be a cyclic group. If m is odd, the Hilbert map is surjective, so we need no
inequality. If m is even, write m = 2Xg, where g is odd. Furthermore, consider the cyclic subgroups
{id}j=CicCaCCsC---CCx CCpy

and the Cp-invariant polynomials

n 2
fi:=Rc, Z (Rcz,»_l (Xj) = Rey, (Xj)>
j=1
Then from Lemma 20 and Lemma 25 we obtain that the orbit space R"/Cp, is generically described
by fi. Furthermore, R"/Cy, is described by f1,..., fi: For every non-real preimage x € C" \ R", there
is o of order 2! with ox =X (replace o by o' for some odd r). Now it is easy to check that f;(x) < 0:

fiy=Re, [ Y (RCZH (*j) = Rey (Xj))z

j=1
n 1 2i-1 2
ol (A DT e
‘ [Cyiz1]
j=1 =1
1 n oi-1 oi-1 2
= HRC’" 23 0 %0) = 3 o)) + 02 ()
2 j=1 \ I=1 I=1
1 n f2i-1 2
j=1

n 21 1 2
21
ZU (xj —xj)
reCm j=1 =
n

2— Z(tx}—t*x}) <0.

7eCp \ j=1

In general, R"/Cp, cannot be described by less than k polynomials, which can be observed in a similar
way as in Example 13.

We can now prove Brocker’s Theorem for abelian groups.

Theorem 27. Let G be abelian and choose k € Ny such that the maximal abelian 2-subgroups of G are of order
2k, Then R" /G is generically described by f1, ..., fi € R[X]C.

15
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Proof. Since G is abelian, it is isomorphic to the direct product of cyclic groups, say G = Hq x --- X
Hy x Hgy1 X -+ x Hp, where Hi, ..., Hy are of even order and Hy,1, ..., Hn are of odd order.

By applying iteratively Example 26 and Lemma 25 we find g1, ..., g € R[X]® (1 <i <k) such that
every homomorphism ¢¢ : R[X]® — R of principal orbit type can be extended to a homomorphism
@i+ RXHiwrxxHm 5 R if and only if ¢ (g1) >0, ..., @c(g) = 0. Since Hgyq X - - x Hy, is odd, we
can extend every homomorphism ¢y : R[X]Mk+1%*Hm 5 R to a homomorphism ¢ : R[X]— R. O

The following example illustrates how to use the proof of Theorem 27 to construct inequalities
describing generically the orbit space of abelian groups.

Example 28. Consider the abelian group

0 001 -1 0 0 O
1 000 0 -1 0 ~
¢={lo1o0o0f|o0o o -1 0 >:C4XC2

0 010 0O 0 0 -1
-1 0 0 0
0 -1 0 0 |\ . P .

and the subgroup H := 0 0 -1 0 = C, of H. The orbit space R*/H is generically

0 0 0o -1

described by the polynomial
2 2 2 2
h=X7+X5+ X3+ X}
by Example 26. Furthermore, we can also apply Example 26 to the ring extension
R[X]® € R[x]"

and get tha~t a homomorphism ¢ : R[X]® — R of principal orbit type can be extended to a homo-
morphism ¢ : R[X]" — R if and only if ¢(g) > 0, where

g=(X] — X9+ (X3 — XD + (X1X2 — X3Xa)® + (X1 X4 — X2X3)°.
Now by Lemma 25 the orbit space R*/G is generically described by the polynomials g and R¢(h) =

h.
By considering first
00 01
1 00O
H2:< 0100 >
0010

instead of H, one obtains that R*/G is also generically described by

ha = (X1 — X3)* + (X2 — X4)* and
4 4
g2=Q_X0® + QXD + (1 X3 + X X3 + X3 XG + XaXD)?,
i=1 i=1
4. Conclusion and open questions
We conclude with several open questions and directions for further investigation. These naturally
arise from our study of the Hilbert map, sums of squares representations, and the structure of orbit
spaces under finite and compact group actions and point towards both conceptual generalizations and

algorithmic refinements.

16
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4.1. Theorem of Procesi and Schwarz for compact Lie groups

In Section 2, we presented a new proof of the theorem of Procesi and Schwarz for finite groups.
This result extends to compact Lie groups via Luna’s slice theorem, as originally shown in Procesi and
Schwarz (1985). Here, we sketch an alternative approach based purely on algebraic considerations,
which could lead to a direct reduction from the compact to the finite case.

When the group G is not finite, the field of invariants R(X)¢ is no longer algebraic over
R(X). That is, there exist transcendental elements Tq, ..., Ty € R(X) such that the extension R(X) |
R(X)¢[T1, ..., T¢] is algebraic, and R(X)®[T1,..., T¢] | R(X)C is purely transcendental. Without loss
of generality, we may assume T; = X; for i =1, ..., k. Then,

RX)C[X1,..., Xkl = RO,

where H =Stab(X4, ..., Xi), and H is finite since the extension R(X) | R(X)" is algebraic.
To extend a given homomorphism ¢ : R[X]® — R, one may define ¢y : R[X]" — R by choosing
values x1,...,x; € R freely and setting

on(Xp) =x; and ¢u(f) =9 (f)

for all f € R[X]C. If one could always choose the x; such that the corresponding Procesi-Schwarz
matrix My, .. x,m. defined with respect to H, is positive semi-definite, then this would reduce the
compact case to the finite case.

Although we have not yet succeeded in proving this rigorously, such a reduction would provide an
elegant algebraic approach toward a real algebraic proof of the Procesi and Schwarz Theorem beyond
the finite setting.

4.2. A constructive variant of Brocker’s theorem for the symmetric group

We have been able to verify Brocker’s result constructively for certain classes of groups. However,
the techniques developed here do not appear to directly apply to some other interesting cases. For
example, note that the symmetric group S, contains the broad subgroup

Hoi=(1.2.6.4..... (2[5 | -1.2|5]))

for all n, as noted in Remark 17. Still, our current methods do not yield a generic description of the
orbit space R"/S, using | | inequalities for n > 4.

By Theorem 27, we know that R"/H, is described by the | 5| polynomials

fi=Xa =X for=Xa= X0 o flg= Ky = X p Y

Since H, is a broad subgroup, Lemma 15 implies that every homomorphism in hom(R[X]5", R) can
be extended to a homomorphism in hom(R[X]"", R).

A natural approach might be to symmetrize the polynomials fl,...,fL%J in such a way that
their vanishing set remains unchanged. This could potentially yield a description of R"/H, using
Sp-invariant polynomials, and hence also describe R"/S,. However, we have not yet succeeded in
producing such a symmetrization.

Scheiderer has mentioned to us a construction that generically describes R#/S4 using only two
inequalities, under the action of S4 by permutation. We include this example with his permission.

Example 29. The invariant ring R[X]54 is generated by the elementary symmetric polynomials
e1, ez, e3, e4. Denote the corresponding Hilbert map by E. Then z € E(R#) if and only if the univariate
polynomial

f=T* =T+ 2,T? — 23T + 24
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has only real roots. It is well known that the nature of the roots of f is governed by the eigenvalues
of its Hermite matrix Hy. The number of real roots of f is equal to the signature of Hy, which is
generically determined by the number of sign changes in the sequence p1, p2, p3, p4, Where p; is the
i-th leading principal minor of Hy. Since pq =4 is constant, the matrix Hy is positive definite if and
only if pops > 0 and p3 > 0. Therefore, the orbit space R*/Sy is generically described by the two
inequalities p,p4 > 0 and p3 > 0.

This example can be generalized to obtain n — 2 inequalities that generically describe the orbit
space R"/S,. Nevertheless, it seems promising that a refined approach may lead to a description
using only L%J inequalities, which would match the bound given by Brécker’s theorem. This setup
is particularly interesting, as the orbit space R"/S, can be interpreted as the space of hyperbolic
univariate polynomials.

4.3. Sums of squares approaches

Another promising direction concerns the relationship between the sums of squares approach de-
veloped in Section 2 and general descriptions of orbit spaces. In Procesi and Schwarz (1985, Theorem
4.9), the orbit space is described using covariants. Our Theorem 6 encompasses this case naturally, as
covariants form a natural subset of the ring extension employed to express sums of squares.

However, our current description often includes redundant inequalities. It would be interesting to
investigate whether these redundancies can be systematically eliminated to yield more compact or
even minimal representations.

In particular, the matrix polynomial M induces a quadratic module in the invariant ring:

{Tr(A - Mp) | A is a matrix polynomial that is a sum of invariant squares} C R[&]G.

This quadratic module lies within the cone of invariant sums of squares, but may in fact be signifi-
cantly smaller. Quantifying this difference is a natural and potentially fruitful question, particularly in
view of applications where sparse or minimal representations are critical.
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