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Abstract

We consider the linear thermoelastic plate equations with free boundary conditions in the L, in
time and L4 in space setting. We obtain unique solvability with optimal regularity for the inhomo-
geneous problem in a uniform C*-domain, which includes the cases of a bounded domain and of an
exterior domain with C*-boundary. Moreover, we prove uniform a priori-estimates for the solution.
The proof is based on the existence of R-bounded solution operators of the corresponding generalized
resolvent problem which is shown with the help of an operator-valued Fourier multiplier theorem due
to Weis.

1 INTRODUCTION

Let © be a domain in the N-dimensional Euclidean space R with boundary I'. In the present paper we
consider the linearized thermoelastic plate equations given by

e + A%u+ A0 = f  in (0,00) x 9,

1-1
0y — AO — Auy = fo  in (0,00) x Q (-1)

with initial conditions
utmo = ug in 9,

Utlt=o =u1 in £, (1-2)

e‘t:() = 90 in Q.
In (1-1)—(1-2), we omit all physical constants for simplicity of presentation. These equations model the
behaviour of a thin plate with the elastic properties being influenced by the temperature (see, e.g., [14]).
In (1-1), w = u(t, ) stands for the vertical displacement at time ¢ and at the point x = (x1,...,2n) €
while § = 6(t,z) describes the temperature relative to a constant reference temperature. For (1-1),

several boundary conditions are of interest, see, e.g. [15] for a survey on physically relevant boundary
conditions. In the present paper, we consider free boundary conditions which are given by

Au—(1-B8)A'u+60=g; on (0,00) xT,

O (Au+(1—B)A'u+06) =go on (0,00) xT, (1-3)
0,0 =g3 on (0,00) x T
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In (1-3), B € [0,1) is a parameter which is fixed throughout this paper, A and A’ stand for the Laplace
operator in  and the Laplace-Beltrami operator on I', respectively, and 0, denotes the derivative in
outer normal direction. Note that the term 6 can be omitted in the second line of (1-3) if we replace g2
by g2 — gs.

There is a rich literature on the thermoelastic plate equations under various kinds of boundary
conditions. Exponential stability of the associated semigroup in Lo (in the case of a bounded domain)
has been proved by Kim [12], Munos Rivera and Racke [22], Liu and Zheng [21], Lasiecka and Triggiani
[15] —[16], and Shibata [26]. For a survey on general von Karman evolution equations, we refer to Chuesov
and Lasiecka [2]. It turns out that the generated semigroup is even analytic, see also Liu and Renardy
[20], Liu and Liu [18], and Liu and Yong [19] in the Lo-setting. This means that the effect from the
heat equation in @ is strong enough to obtain analytic behaviour of the whole system although the first
equation in (1-1) is a simply dispersive equation (the product of two Schrédinger equations) with respect
to u.

Most of the results mentioned above are obtained in an Ls-setting, where energy methods are avail-
able. However, as the original equations modelling thermoelastic plates are non-linear, an L,-approach
is also relevant in order to handle equations with low regularity of the data. Therefore, several results
on (1-1) in L,-spaces were obtained. In the whole-space case, analyticity of the generated semigroup in
L,, was shown by Denk and Racke [4]. In the case of the half-space and of bounded domains, equations
(1-1) with Dirichlet boundary conditions

u=0,u=0=0 on (0,00)xT

were studied by Naito and Shibata [24] and by Naito [23]. It was shown that in L, an analytic C°-
semigroup is generated and that even maximal L,-L,-regularity holds which is the key property for
the analysis of the non-linear equations. By Denk, Racke and Shibata [5], [6] energy estimates for the
generated semigroup in L, were shown.

The proof of maximal L,-regularity for the linearized system and a rather complete analysis of the
non-linear thermoelastic plate equations can be found in a recent paper by Lasiecka and Wilke [17]. In
that paper, the boundary conditions

u=Au=60=0 on (0,00)xT

are studied. From a mathematical point of view, these boundary conditions are easier to handle. This
is due to the fact that the operator A% appearing in the first line of (1-1) can then be interpreted as
the square of the Dirichlet-Laplace operator, and solvability of (1-1) can be shown by abstract operator-
theoretic methods. For the boundary conditions (1-3) studied in the present paper, such an abstract
approach seems to be not available, and one needs a thorough analysis of the (localized) solution opera-
tors.

The purpose of this paper is to prove maximal L,-L4-regularity of the initial boundary value problem
(1-1)-(1-3). In our approach, setting v = u; we rewrite (1-1) as a first-order system acting on U =
(u,v,0)T, where M T denotes the transposed of M, and being of the form

U —ADWU=F in(0,T)xQ, BDU=G on(0,T)xT, Ulo=Uy inQ (1-4)
with operator-matrices A(D) and B(D) being defined by

0 1 0 A-—(1-BA" 0 1
AD):=[-A%2 0 —A|, BMD):=[8,(A+(1-B)A) 0 0
0 A A 0 0 8,

Settlng F= (07 fla f2>T7 Uo = (UOaula 90)T7 G= (gl7927g3)T? and U = (u7ut79)T in (1_4) represents the
equations (1-1)-(1-3). To prove maximal L,-L,-regularity of problem (1-4), we prove the existence of an
R-bounded solution operator of the problem:

ANU—-AD)WU=F inQ, BDU=G onT (1-5)

with F = (0, f1,f2)" € Ly()? and G = (g1,92,93)" € HZ(Q) x H}(Q)?, which is the generalized
resolvent problem corresponding to problem (1-4).



To state the main results pricesely, at this point we introduce several symbols used throughout
the paper. N, R, and C denote the sets of all natural numbers, real numbers, and complex numbers,
respectively. Set Ng = NU{0}. For any multi-index x = (k1,...,/,) € N}, we write || = k1 +- -+ 51,
and 0F = 0! C AN with 9; = 0/0x;. For any scalar function f and vector-valued function g =
(g1,---,9K), let

Vf=(0uf,...,00f), Vif=(0%f | |a| = 0),
Vg:((’)igj|i:1,...,N,j:1,...,kz), Vegz(vegl,...,vggk).

For any domain D, let L,(D), H;"(D) (m € N) and B; (D) (s € (0,00) \ N) be the Lebesgue space,
Sobolev space and Besov space, while |||, (p), || [l (p) and [|-|| 5 (p) denote their norms, respectively.
We write HY(D) = Lq(D) and Bj, (D) = W;(D). Let X and Y be Banach spaces, and let £(X,Y) be
the space of all bounded linear operators from X to Y. We use the abbreviation £(X) = £(X, X). For
an interval J = (0,7T) with T € (0,00], L,(J, X) denotes the X-valued Lebesgue space and H)"(J, X)
(m € N) the X-valued Sobolev space, while || -[|,(7,x) and || - ||z (,x) denote their norms, respectively.
For any domain V in C, C(V, X) denotes the set of all X-valued functions f = f()\) defined for A =
v+ i1 € V which are continuously differentiable with respect to 7 when A € V. Let ¥y and Xy ), be the
sets in C defined by

o ={Ae C\{0} | |argA| <V}, Zyxr, :={rA€Zy||A] > Ao} (1-6)
for any 0 < 9 < 7 and Mg > 0. Let X4 ={f = (f1,...,fa)7 | fie X (i=1,...,d)}, while the norm of
X4 is written by || - ||x instead of || - || x« for short. In particular, we write

Gl (pyxme (D)2 = g1l e (D) + (92, 93) |l e (D) for G = (91,92,93)" € HJ"(D) x HS(D)2.
Let

Gq(D) = {(Fa G) | F= (07f13f2)—r7 (f17f2) € Lq(D)27 G = (91792793)T S H(?(D) X H;(D)2}7
I(F, G)lle,(p) = lI(f1, f2)llL,0) + IGllaz2(D)x 12 (D)2
X,(Q) == {H=(F,G.G.g))| F'=(f1,f2)" € Ly(V)*,

G =(g1,92,93)" € HZ(Q) x H ()%, G = (g1, 95,95) " € Hy(Q) x Lg(Q)?, g7 € Ly(Q)},
1H]x,0) = 1(f1, f) |, 0) + 1Gl 2 (D)< 52Dy + |G |2 (Dyx Ly (D)2 + 197 | 24(D)- (1-7)
For any A € C and (F,G) € Gy¢(D), let Hy\(F,G) := (f1, f2, G, M/2G, Ag1) with F = (0, f1, f2) T and
G = (g1,92,93) . In particular, G’ and g} are the corresponding variables to M/2G and A\g;. For any
exponent ¢ € (1,00), let ¢ = ¢/(q¢ — 1) be the dual exponent of q. The letters C' and ¢ denote generic
positive constants and the constant C, ;.. depends on a, b, .... The values of the constants C, ¢ and

Cap,... may change from line to line.
Next, we introduce two definitions (see, e.g., [3], [13]).

Definition 1.1. A family 7 C L(X,Y) of operators is called R-bounded if for one (and then all)
p € [1, 00) there exists a constant C' > 0 such that for all m € N, (T )k=1,...m C T, and (xg)k=1,...m C X

we have . .
HZTkafk‘ < CHZTlcfk‘
i L, (0.11.Y) o

Here the Rademacher functions ry, k € N, are given by ry: [0,1] — {—1,1},¢ ~ sign(sin(2*nt)). The
smallest such C is called the R-bound of 7 on £(X,Y’) which is written by R, (x,y)(7) in what follows.
Note that we omit the dependence on p in the notation of the R-bound.

L, ([0,1],X)

Definition 1.2. A domain € is called a uniform C*-domain if there exist positive constants «, § and K
such that for any zo € I' there exist a coordinate number j and a C*-function h(z’) defined on B/ (x})
such that ||h|| g4 (B (2y)) < K and

QN Bs(zo) = {z € RY | 2; > h(a') (2’ € B, ()} N Bg(ao),

PN Baao) = {o € RY | ;= ha') (&' € Bl(wh))} N Ba(ao).



Here, 2’ has been defined by 2’ = (z1,...,2j-1,%j41,...,2,) for x = (x1,...,2,),
Bl (zp) = {2’ e RN | |2/ — x| <a}, Bs(wo) = {z € RN | |z — z0| < B}.

In what follows, Q is assumed to be a uniform C*-domain. Let ¢ : L110c(2) — LUOC(RN) be an
extension operator possessing the following properties:

(e-1) For any 1 < ¢ < oo and f € H}(Q) we have of € HJ(RY), .f = f in Q and leflmz @y <
Cq||f||H;(Q) fori=0,,...,4.

(e-2) Forany 1 < g<ooand f € H;(Q)7 [I(1— A)’l/QL(Vf)HLq(RN) < Cllfllz, -

Here, (1 —A)~1/2 is the operator defined by (1 —A)~Y2f = Z (14 |£]?)~1/2.Z f] with the help of the
Fourier transform .# and its inverse transform .# ~! defined by

1

(FOO = [ @ (R, (FO) = G [ e @R,

For the existence of such an extension operator, we refer, e.g., to Schade and Shibata [25, Appendix A].
In what follows, such ¢ is fixed. Let W '(2) be the space defined by

W, Q) = {f € Luaoe® | 1wy = 11— &) 7720l v < oo}
Finally, we state the main results of this paper.

Theorem 1.3 (Maximal L,-L,-regularity). Let T > 0. Let 1 < p,q < co. Assume that ) is a uniform
C*-domain in RN. Then, there exists a number \y such that for any initial data Uy = (umul,@o)—r IS

BapYP(Q) x B2,2/P(Q)2, right-hand side F = (0, f1, f2) T with (f1, f2)7 € Ly((0,T), Ly(R)?) and bound-
ary data G = (g1, g2,93) " with

G € Hy((0,T), Ly(2) x WH(Q)?) N Ly((0,T), HF () x Hg(Q)?)

satisfying the compatibility condition: Gli—o = B(D)Uy on Q, problem (1-4) admits a unique solution
U= (u,ut,0)" with

2 1
we (VHL(O,T), HE24(), 0 () HA(0,T), HZ (%))
=0 £=0

possessing the estimate:

2 1

S 10%ull, o,y + 22 10801, oz, m2-24cyy < €77 {10l a7y + Mol =20 g
=0 =0

+ [(frs ), 0,7y, 0 2) + G, (0,7),H2(0) x HE(92)2) + ||3tG||L,,((O,T),Lq(g)xwgl(ﬂ)2)}
with some positive constant v > 0 independent of T .

Concerning the compatibility conditions, we remark that G|;—¢ and B(D)U, both belong to the
space Boy 2/p (Q) x (Bpg 2/p (€2))? in the case p > 2. For simplicity, we assume that the compatibility
conditions holds in €. In view of the nonlinear equation, we typically assume 2 < p < co, N < ¢ < 00,
and 2/p + N/q < 1. In this case, the traces of G|,=¢ and B(D)Up on the boundary exist, and the
compatibility condition can be formulated with respect to these traces.

In this paper, to prove Theorem 1.3, we prove the existence of R-bounded solution operators associ-
ated with problem (1-5). Namely, we prove



Theorem 1.4 (Existence of R-bounded solution operators). Let 1 < ¢ < oo. Assume that  is a
uniform C*-domain in RYN. Let G,(Q) and X, () be defined as in (1-7). Then, there exist a number
¥ > m/2, a positive number Ao, and an operator family B;(\) (i = 1,2) with

Bl()‘) € C(Zﬁ,)\ovﬁ(‘){q(g)a H;(Q)))v 32(/\) € C(Eﬂ,)\o’ E(XQ(Q)7H§(Q)))’

such that problem (1-5) admits a unique solution U = B(A)H(F,G) with B(A) = (B1(X\), AB1(\), B2(A\)) T
for any (F,G) € G4(Q) and A € Sy 5, where Hx(F,G) = (f1, f2, G, A\'?G, A1) for F = (0, f1, f2) T and
G = (91,92,93) ", and there hold the estimates:

R, iy (LT ) W2BIA) [ A € By a}) <C (s =0.1, j=0,1,2,3,4),

; . (1-8)
Ry mz—i @) L0 WPBa (W) [ A € By a0 }) <O (s =0,1, j=0,1,2).

2 ANALYSIS IN THE WHOLE SPACE

The purpose of this section is to prove the existence of an R-bounded solution operator associated with

the resolvent problem:
AN —AD)U=F inRY (2-1)

with F' = (0, f1, f2) T. One main tool for the proof is the following lemma due to Denk and Schnaubelt
[7, Lemma 2.1] and Enomoto and Shibata [9, Theorem 3.3].

Lemma 2.1. Let 1 < ¢ < oo and let A be a set in C. Let m = m(\§) be a function defined on
A x (RV\{0}) which is infinitely differentiable with respect to & € RN\ {0} for each A € A. Assume that
for any multi-index o € NYY there exists a constant C, depending on o and A such that

0gm(\,€)| < Calgl™™ (2-2)

for any (X, &) € A x (RN \ {0}). Let Ky be an operator defined by Kyf = 355_1[771()\,5)?]”(5)]. Then,
the family of operators {Ky | X\ € A} is R-bounded on L(L,(RY)) and

N < _
R,y ({Ex [ A€ A}) < Cy v max Co (2-3)

with some constant Cy n depending only on g and N .

The symbol of the operator matrix A(D) is given by

0 1 0
A©) = (-t 0 fgP ],
0 -l kP
i.e., we have A(D) = .7 1A(:).Z. Thus, by the Fourier transform equation (2-1) is transformed to
(A = A(E)U () = F(¢) (2-4)

with U = (Fu, Fv,Z60)T and F = (0,.Z f1,.Z f,)T. The analysis of the inverse matrix (A — A(£))~?
was essentially done in [24]. As we need some variants of the results in [24], we summarize the main
properties of (A — A(¢))~! and give a short indication of the proofs.

In the following, define 1,2, 73 by the equality

p(t) =13+ 12+ 2t 4+ 1= (t + 1) (t +72)(t +73) (2-5)

with 71 € R, 72 = 43 and Im~, > 0. Then vy, € (0,1), Rey2 = Revy; € (O,%), and det(A — A(¢)) =
Hj?:l()\ +7,1€|?) (see [24, Lemma 2.3]). Let ¥y > 7/2 and 91 > 7/2 be chosen in such a way that

)\%Tl €Xy, (1=1,2,3) for X € Xy,. (2-6)



Then the inequality
Myt 1EP > e(1A] + 1€) (2-7)

holds for any A € Xy, and ¢ € RY with some positive constant c.
It was shown in [24, Section 2] that for all A € ¥y, we have

0140 = i [ O 0k
— T = — —+ —+
detA = AE©) €l° MR A+ g

Since 717273 = 1 as follows from Vieta’s formula, we have det(A — A(€)) = [[°_, (A, + [€]?), and then
a solution U = (u, M, 0) " of problem (2-1) is given by U = .Z ' (Al — A(&)) 1.7 f(€)), ie.,

_ At g2 . €2
=7 FhE)|+F 7 f2(8)|,
0= oot e M i o) .
ba) = -7 [ zp(] + 7 [z p).
[Timi vy +1€12) [Limi My +1€17)
Let the operator Sp(A) acting on f be defined by
3 —1
SN S =7 (TTOw + 1) Z1©)]-
=1
By Lemma 2.1 and (2-7),
Rz, oy ({(70)° (9202 80(0) | A€ %9, }) < Cha (5 =0,1) (2-9)

for j € Ny and a € N} with j+|a| = 6. Moreover, by (2-8) u = S;(\)F and § = So(\)F for F = (f1, f2) "
with

Sl(A)F = (/\ — A)So(A)fl — ASO(}\)fQ,
SQ(/\)F = )\AS()()\)fl + ()\2 + AQ)So()\)fg

At this point, we introduce some fundamental properties of R-bounded operators and Bourgain’s results
concerning Fourier multiplier theorems with scalar multiplier.

Proposition 2.2. a) Let X andY be Banach spaces, and let T and S be R-bounded families in L(X,Y).
Then, T+S={T+S|TeT, SeS}is also an R-bounded family in L(X,Y) and

Rex (T +S8) S Rexv)(T) + Rex vy (S)-

b) Let X, Y and Z be Banach spaces, and let T and S be R-bounded families in L(X,Y) and L(Y, Z),
respectively. Then, ST ={ST |T € T, S € 8} also an R-bounded family in L(X,Z) and

Rex,2)(ST) S Rex vy (TR, z)(S).

c) Let 1 < p, q < oo and let D be a domain in RN. Let m = m()\) be a bounded function defined
on a subset A in C and let M,,()\) be a map defined by M,,(A\)f = m(\)f for any f € Ly(D). Then,
Ry 0) {Mm(A) [ A € A}) < Cngpllmllr.a)-

d) Let n = n(t) be a C'-function defined on R\ {0} that satisfies the conditions |n(T)| < v and
|mn/(T)] < v with some constant ¢ > 0 for any 7 € R\ {0}. Let T,, be the operator-valued Fourier
multiplier defined by T,,f = F ' (n.Z[f]) for any f with Z|[f] € (R, Ly(D)). Then, T, is extended to
a bounded linear operator from L,(R,Ly(D)) into itself. Moreover, denoting this extension also by T,
we have

| Tolle(z, ® Ly(D))) < Cpg,07V-

Here, 2(R, L,(D)) denotes the set of all Ly(D)-valued C™-functions on R with compact support.



Proof. The assertions a) and b) follow from [3, p.28, Proposition 3.4], and the assertions ¢) and d) follow

from [3, p.27, Remarks 3.2] (see also Bourgain [1]). O
Since 258
85 (7'87—)‘ ( 3 (71) 2 )‘ < Ca|§| o
[T (M + 1€%)

for any s € {0,1}, j € Ng and 8 € NYY with j + |3| = 6 and ()\,£) € Xy, x (RY \ {0}) as follows from
(2-7), by Lemma 2.1 and Proposition 2.2 a),

Rein, @y ({(70:) (V202N = A)So(N) [ A€ By, }) <% (s=0,1, j=0,1,2,3,4 j+|a| =4),
Re(L,@v){(70,)*(VPOTASH(N) [ A € 2p,}) <0 (s =0,1, j=0,1,2,3,4, j+|a| =4),
R, @) ({(70:)*(N/200(AAS) (V) [ A€ Ty, }) <70 (s=0,1, j=0,1,2, j+]|o| =2),
Re(n, @y ({(T0:)*(NM/202(N + A%)So(N) [ A€ Dy, }) <% (s=0,1, j=0,1,2, j+l|a|=2)

for some constant vy > 0. Combined with Proposition 2.2 ¢), this yields the following result.

Theorem 2.3. Let 1 < ¢ < oo and Ao > 0. Let ¥y be the number given in (2-6). Then, there exist
operator families S;(X) (i = 1,2) with

S1 € C(Eﬂo,)\m‘C(LQ(RN)27H3(RN)))7 S € C(Eﬂo,)\wE(LQ(RN)27H§(RN)))

such that problem (2-1) admits a unique solution U = (S;(\)F', AS1(A\)F', So(A)F') T for any X € Xp, »,

and F = (0, f1, f2) T with F' = (f1, f2) T € Ly(RN)2, and there hold the estimates:
Rc(Lq(RN)aHé‘*j(RN))({(Tar)s(vmsl()\)) [ A€o, )) <Cro (s=0,1, j=0,1,2,3,4),
Rﬁ(Lq(RN)Q,Hg’j(RN))({(TaT)S()‘j/QSQ()‘)) A€ Topn}) <Crro (s=0,1, j=0,1,2),

with some constant Cy, > 0.

3 SOLUTION OPERATORS IN THE HALF-SPACE

Let RY = {z = (z1,...,2y) € RY | 2y > 0} and RY = {& = (z1,...,2n) € RN | 2, = 0}. The
purpose of this section is to prove the existence of R-bounded solution operators of the generalized

resolvent problem:
AU —-AD)U=F inRY, B(D)U=G onRY (3-1)

in the half-space Rf with U = (u, M, )", F = (0, f1,f2)" and G = (g1,92,93)". The boundary
condition in (3-1) is represented componentwise by

Au—(1-B)Au+0=g onRY,
Oy (Au+ (1 —B)A'u) =go on Ry, (3-2)
0y0=g3 onRY.

Here, A’ = Z;v:_ll 8J2-. Then, the main result of this section is

Theorem 3.1. Let 1 < g < 0o and \g > 0. Then, there exist a number ¥ > w/2 and operator families
T:(A) (i =1,2) with

such that problem (3-1) admits a unique solution

U = (Ti(\)HA(F,G), A\Ti(\) HA(F, G), T:(\) HA(F, G)) '



for any (F,G) € G4(RY) and X € Xy, and there hold the estimates:

Ryt @y ({0 (VPTIA) [ A € oag}) < Cnvgny (s=0,1, j=0,1,2,3,4),
RL(XQ(M),H?"(M))({(Tar)s()\j/sz()\)) A€o }) <Ongry (s=0,1, j=0,1,2).

In what follows, we prove Theorem 3.1. Let ¢;, be the Lions extension operator of the form:

f@ ) (zy >0),
[tnfl(z) == 4 6 : (3-3)
E:jzlajf(xx__]xN) (mN <0),
for any given f on Rf, where 2’ = (21,...,2,_,), and a; are real numbers satisfying the relations:

6
S(—i)Fa; =1 fork=-1,0,1,....4.

j=1

Let S(A\) = (S1()\),S2(A)) T be the solution operator given in Theorem 2.3, and let the operator Sy ()\) =
(S+1(N),S42(N\) " acting on F' = (f1, f2) € Ly(RY)? be defined by

SLNF = SN (wF') (i =1,2). (3-4)

Obviously,
V = (St @ F ) AS 11 (V) F), SN (n F1))

satisfies the equation: A\V — A(D)V = F in RY with F = (0, f1, f2) " and the estimate:
RL(LQ(M)Q,H(?”'(M))({(Tar)s()\j/z&l()\)) [ AE Dy n}) SOy (s=0,1, 7=0,1,2,3,4),

o . (3-5)
RL(Lq(MP,H?‘j(M))({(Tar)é()\]m&z()\)) [ AEByn}) SOy (s=0,1, 7=0,1,2).

Setting U = V+W yields that W should solve the equations (3-1) replacing F' and G by 0 and G—B(D)V'.
Since the second component of W coincides with A times the first component, in what follows, it suffices
to consider the equations:

Nu+A%u+A0=0, N —A0—-IAu=0 inRY (3-6)

with non-homogeneous boundary condition (3-2).
Applying partial Fourier transform

FH(E ) = / w(e! z, e € ',

RN-1

where £ = (&1,...,&,_,), to (3-6) and (3-2) yields an ordinary differential equation system in z, > 0:

Nw + (05 = €17 w+ (0, —[€F)7=0 (x> 0),

X — (@ — €27~ M@ — [€Pw =0 (xy >0) 0
with initial conditions
(@2 — 1€12w(0) + (1 - B/ Pw(0) +7(0) = #[a1] €. 0),
0, (82 — 1€ 2)u(0) - (1 - BIEPw(0) = #'[g2) (€', 0). (38)
9, 7(0) = #'[gs)(€'.0).

Here we have set w(&',z,) = (F'u)(¢,zy) and 7(¢' 2, ) = (F'0)(&, zy).



We find solutions w and 7 of (3-7)—(3-8). For this, we use the representation formula of w and 7
which was derived in [24, Eq. (3.15)]. There it was shown that every stable solution of (3-7) has the
form

3
w(€ay,A) =Y Prexp(—Ai(¢, Nay),
1=1

3
7-(6/7 :I’.N?)\) =-A Z(’VZZ + 2>PZ exp(—Ai(fl, )\)xN)

i=1

(3-9)

Here 71, 72,73 are given by (2-5). The numbers A; appearing in (3-9) are defined by

ARE N =M 1G22 (R=1,2,3), (3-10)

and Py, Py, P3 are constants which will determined later by the boundary conditions. Inserting (3-9) into
the boundary conditions (3-8), we get a linear equation system for the coefficients P;:

3
D (A7 = BIEP = A7 +2) P = Z'[g](€,0),
i=1
3
Z(*A? + Ai(2 = B)E PP = F'[g2) (€, 0),
=1
3
D> A +2)P = F[gs](€,0).
=1

Noting A2 = My, ' 4+ |¢|? and v, ' =472 —2 = %(1 — 3 —27v;) = —v; by p(—;) = 0, the linear equations
above are re-written of the form:

AN (P, Py, Ps) T = (F'[g1](€,0), F'[g2)(€,0), F'[g5] (£, 0)) T (3-11)
with
—mA+¢ —72A+(¢ Y3+ ¢
A(EN) = Al(—%1 +¢) Az(—% +¢) As(—$3 +0) |- (3-12)

Mi(7F+2) Ma(3+2) As(rE +2)

Here ¢ := (1 — 3)|¢/|?. The matrix A(&’,\) is called the Lopatinskii matrix of (3-6), (3-2).
It is the most important of this paper to analyze the inverse matrix of the Lopatinskii matrix. For
this purpose, we introduce some classes of multipliers.

Definition 3.2. Let V be a domain in C, let = C (R¥~1\{0})x V, and let m: = — C, (&', \) = m(&, \)
be C! with respect to 7 (where A = v + i7) and C*° with respect to £’.

(1) m(&',N) is called a multiplier of order s with type 1 on = if there hold the estimates:
108 m(&, N < Cor (N2 4 1€ 7%, 108 (ro-m(€/, M)] < Coo (A2 1€/ T (3-13)

for any multi-index ' € NJ'~! and (¢, \) € Z with some constant C» depending solely on #’ and

—_
—

(2) m(&',A) is called a multiplier of order s with type 2 on E if there hold the estimates:
108 m(& )] < Cor (I + 1)1, 10 (7mm(€, \)] < Cor (N2 +1€])°1€17171. (3-14)

for any multi-index ' € N)Y™! and (¢, \) € Z with some constant C, depending solely on #’ and

—
—

Let M, ;(Z) be the set of all multipliers of order s with type i on E (¢ = 1,2). In the standard case
E = (RV=1\ {0}) x V, we write M ;(V) instead of M ;(Z).



Obviously, M ;(E) are complex vector spaces. Moreover, the following lemma follows from the
inequality (JA|*/2 + [¢/)~1e'l < |¢/|~1*'] and the Leibniz rule immediately.

Lemma 3.3. Let s1, sy be two real numbers. Then, the following three assertions hold.
a) Given m; € Mg, 1(2) (i = 1,2), we have mymg € My 44, 1(Z).
b) Given €; € M, ;(E) (i =1,2), we have {145 € M, 4, 2(Z).
¢) Given n; € Mg, 2(E) (i = 1,2), we have ning € Mg, 44, 2(E).

Due to 850‘,/5@ =0 for |&/| > 1, we have (£, ) — & € M 1(Zy,). Similarly, due to 8?,'|§’\2 = 0 for
|a’| > 3 we obtain for ¢ := (1 — B3)|¢’|? (see (3-12))

08¢l < COAY2 + 1€/, (3-15)
which yields that ¢ € My 1(2y,). Here and in the following, Jy is the number given in (2-6). By (2-7),
c(IAY2 +1€']) < Re Ai(€/, ) < [A4;(€, M) < COAV2 + [€')) (3-16)
with some positive constants ¢ and C', which furnishes that
A(€,0)° € M (Bg,), (A€, 0) +[E€) T € Mo 2(Z,), (3-17)
where s is any real number. The property of the Lopatinskii matrix A is given in

Theorem 3.4. There exists a number § < ¥ <7 such that the inverse matriz A(¢', AL exists for any
AEXy and & € RVN7L. Let
AE N = (953 N)ig=1.2-

Then,
Agin € Mo 1(Ey) (1=1,2,3), Agsj € M_11(Zy) (1=1,2,3, j=2,3). (3-18)

Moreover, there exists a positive constant og > 0 such that

3
Agit € Moa(Bn.0,) (1=1,2,3), > g € M 25(Es0,) (i=1,2,3),
. (3-19)
)‘gij S M—l,Q(Eﬁ,Uo) (Z = 17 27 33 j = 273)7 Zgij S M—B,Q(Eﬂ,ao) (Z = 17 27 37] = 27 3)
1=1
with
Eo.00 = {(E,N) RN L By | oole'| > [MY2, AeDy). (3-20)

The proof of Theorem 3.4 is the highlight of this paper, But, it is postponed to Section 4 and using
Theorem 3.4, we are going to investigate the solution operator of the parameter-dependent system (3-6)
and (3-2). By (3-9), (3-11) and Theorem 3.4,

3
w(€ zy, A) = Y e M NI g (e 0.7 [g](¢,0),
i,5=1

3
T(€ iy, A) = =AY e MOV (9F 4 2)55(€, ) F g ](€1,0),
ij=1
Let ¢ be a C* function on R such that #(¢) = 1 for ¢ < 1 and %(¢) = 0 for ¢ > 2, and set
o€/, 0) = Y(col€/|/IAIY?) and oo (€', X) = 1 — o (¢, A). Note that

L ifelg’| < A2, (3:21)
0 ifcolé’| > 2\,

0 if col¢’] < [A[V2,
/7)\ = oo /7)‘ =

10



In view of Theorem 3.4, we write

i,j=1
3
= Y e M ENTN o (€, N) g€, M) F [5)(€,0)
i,j=1
3
+ 3 e M ENI o (€ N)gi (€ N)F (g5, 0)
i,7=1

3
+ Z (em &Ny _e=lElen) o (€, N)gi; (€, N).F'[g5](€,0)

i,j=1
3 3
+ 3 e IIE Dy {%O(g', N> g€, A)}ff’[gj](é’, 0).
j=1 =1

In what follows, let A = |¢’| for short, and let

e—Ak(E',A)xN _ e Azy

Ap(g,A) — A

My = M€z, ) == (k=1,2,3). (3-22)

We have the identities

aNMk(é./?‘TN?)\) = 767Ak(§,’)\)wN - AMk(ElaxNv)‘)7

, (3-23)
M€ my,A) = (Ap(€A) + A)e M ENTN L A2 M(E 2, N).

Let Z'~1[¢] denote the inverse partial Fourier transform defined by

1

F' el an) = @my T

[ e <ol a .
R"L*l
Let

u(z,\) = F Hw( zy, N)], 0x,\) =F €z, V)]

First, we treat u(z,\). Using the Volevich trick and (3-23) and applying the inverse partial Fourier
transform, we rewrite u(z, \) = 22:1 T;(N)g, g = (91,92,93) ", with

0o 3
Tl(A)g(z) = - A ‘9\/71 |: Z gij(gl, )‘)900(517 )‘)eiAi(g ’A)(INerN)y/[aNgj](g/a yN):| (xl) dyN7
i,j=1

00 3
Ty(Ng(x) = /0 FUY g3 (€ Npol€, e HEN @00 4, 0. [g,)( s yy) | () dy

ij=1

o 3
TNgla) == [ F 3 g€/ Mpa (€ A (E A Vi) At
0

ij=1

Z[049,)( )| (@) dys.

00 3
Ta(N)g(z) = /0 F DT 9(€ Moo N { (A€, 0) = A)em M EN@n ),

ij=1

11



+ A(e—Ai(g/,)\)(wN‘f‘yN) _ e—A($N+yN))}9/[gj](§lv?JN)} (LC/) dyN

g = [ 5 1[2(2%5 0))@el€ Ve A0 5110, 0,16 ,)] () dy

0 =

To(Ng(w) = /Ooo [i(ignf X)) oo (€', N Ae AN 00 2 g€,y | (o) dy

j=1 =1

To construct R-bounded solution operators associated with problem (3-1) and (3-2), we use the following
lemma due to Shibata and Shimizu [30, Lemma 5.6].

Lemma 3.5. Let 9 > 7/2 be the same number as in Theorem 3.4 and let Ax(§',\) and Mg(§',z,, \)
(k = 1,2,3) be functions given in (3-10) and (3-22), respectively. Given £y(§,,\) € M_s1(Xy) and
6(E,N) € Mg o(2y), we define the operators L;(A) (7 =1,2,3,4) by

[La(AM)h](z) = /ODO T (€ NN e A EN ) Z (), )](2') dyy

LahIG) = [ F 6 M Ae AVl ) ZRE (o) dy
LaVHI) = [ F (€ N A A IF )]0
[La(M)h](z) = /OOO FHO(E NAME(E wy 4y, V)T )€ yy))(@") dyy-
Then,
RL(Lq(M))({(T&T)S(x\jm&g‘Li()\)) IAEXY}) <Cnyg (s=0,1, j+|a|=2, i=12,34).
From Lemma 3.5 and Lemma 3.3 the following lemma follows immediately.

Lemma 3.6. Let ¥ > w/2 be the same number as in Theorem 3.4 and let Ax(&',X) and My (&' x, \)
(k = 1,2,3) be functions given in (3-10) and (3-22), respectively. Given mo(&',\) € M_y1(2y) and
mi(§,\) € M_y2(Zy), we define the operators M;(N) (j =1,2,3,4) by

[Mi(A)h](z) = /0 T o (€, NN 2 ARE N ) (€, ) )
[Ma (W] () = /0 T (€, ) A A E N ) Z (€, (@) dyys
Ma(A@) = [ 5 (€ N A=A ) FE )
[Ma(Mh](2) = /0 (€ N AEMA(E 2 + s NF TR 5,)) () d
Then,
R, @y ({(T0:) (W2OEM(N) | A € 59}) < Cnvyg (s =0,1, j+la| =4, i=1,2,3,4). (3-24)

Proof. Since Amg(&',A) € M_q 2(2y), it follows from Lemma 3.5 that (3-24) holds for i = 1 and j+|a| = 4
with j = 2,3,4. Let a, b € {1,...,N —1}. We have

OaOp[ M1 (A)h] (x / T Eabymo(A, €N 2e M ENEx ) ZIRI(E Ly, )](2') dyy,

00y [M1(A)h](z) = —i / FHEAE N mo(N, €)AY 2 AE N @ntun) 2/ R (€ y )](a') dy,
0

12



9% [My (A)h](z) = /Ow FTUA(E NP mo(X, €N 2e= A EN @) ZU (€ y, )](2') dy, -

Since &, and A (&', \) € My 1(2y), it follows from Lemma 3.3 that £,§mo (&, N), LaAr(€, N)mo(E', N),
and A (€, 1)*mo(€’, \) belong to M_5 1(Xy), so that it follows from Lemma 3.5 that (3-24) holds for i = 1
and j + |a] = 4 with || = 2,3,4. Since Am1(§',\) € M_32(Zy), it follows from Lemma 3.5 that (3-24)
holds for i = 2,3,4 and j + || = 4 with j = 2,3,4. By Lemma 3.3, £,&mi (€, A), . Ak(E, N)ma (&, N),
Ap(€,0)2ma (€, N), EaAma (& N), and A%my (&, N) belong to M_52(y). It follows from Lemma 3.5
that (3-24) holds for ¢ = 2,3 and j + |a| = 4 with |o| = 2,3,4. Since &,&mq (€, A), EaAmq(E, ),
(Ap(€,0) + A)Amq (€, N), and A%my (&', N) belong to M_s 5(2y), it follows from Lemma 3.5 that (3-24)
holds for i =4 and j + |a| = 4 with || = 2, 3,4, which completes the proof of Lemma 3.6. O

To define the solution operators, we change the formulas T;()). First of all, we rewrite T7(\)g as
follows:

3

Ti(\)g(x) = - / TS (e (€ Neol€ VT N0, 01](E )

k=1

3
D AT 25 (€ 20 (€ N F [0 41 )(€ sy ) )N 2 AEN k00 (3 iy,
=2
Recall that G’ = (g, g5, g4) and ¢/ correspond to A\Y/2G = A\/2(gy, g2, g3) and Agy, respectively. Let
X, (D) ={(G,G",g{)| G € Hj(D) x Hy(D)?, G' € Hy(D) x Ly(D)?,g{ € Ly(D)},

and let

3
UG, C g} () = — / F S (A g (€ 20 (€ N F [0, 611(E uy)

k=1

+ ZA*”gkj(fscxmo(scA)f’[aNgﬂ(g’,yN>)Al/%ﬂ“k““”““yw]<x'>dyN.
j=2

Obviously, Ti(\)g = Ui(N)(g,\'/2g,\g1). Moreover, it follows from Theorem 3.4 and (3-21) that
A Lgrn (€, N0 (€, A) and A™Y2g,5(€7, N o (€', N) (5 = 2,3) belong to M_y 1(Xy), which, combined with
Lemma 3.6, furnishes that

Re s )., wy ) ({(70:) (V202U (V) | A € 54)) < Oy (5 =0,1) (3-25)

for any j € Ny and o € N} with j + |a| = 4.
Next, analogously to T1(\)g, we rewrite T5(A)g as follows:

IS 3
TN = [ 77 [3 (3 (€' Aol€ VA AN F Danl (€ )
k=1
3

+ 37 ks (€ Mol NAR(E MATLF N 2g,1(€] ) ) A2 AHE N b)) (27) dy,

=2

Let

o 3
(GG a)(@) = [ 773 (0 (€ Vol VALE NN 2 {1 )

k=1

+ Z 915 (€, N0/ MAR(E NATLF g€ ) ) A 26 M EN N0 (1) dy,

=2
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Obviously, To(\)g = Us(N)(g,\/2g,\g1). Moreover, it follows from Theorem 3.4 and (3-21) that
gkl(g/a )‘)QOO(f/) A)Ak(flv A))‘_S/2 and 9kj (517 A)900 (g/a )‘)Ak (§/7 A)A_l (.] = 27 3) belong to M—4,1(219)a WhiCh7
combined with Lemma 3.6, furnishes that

Rec(aey w022 ({70, (V202Ua(N) | A € 5}) < Oy (5 =0,1) (3-26)

for any j € Ny and a € N} with j + |a| = 4.
Next, we consider T5(\)g. Using the identities

N-1
A= (AR(E, ) + A)(ARE ) - =) (&) (i€ A2, (3-27)
=1
we rewrite T3(\)g as follows:
00 3 N-1
O [Z( Mgk (€' Moo (€, N (AR(E', V) +A4) (6 A™ ) F (00,91 (€ )]
k=1 =1

3
- Z )‘gij(glv )‘)ono(glv )‘)(Ak?(glv )‘) + A)_IA_zgl[aNgj}(€l7 yN))A2Mk(§/7 Ty + va)‘)‘| (‘rl) dyN'

j=2
Let, Us(N) (G, G, gY) = T5(\)g. Since the multipliers symbols:
A1 (€, Moo (€, N (AR(E',X) + A)TH €A™, Agij (€', N) oo (€', ) (AR(€,2) + A) 7T A2
(j = 2,3) belong to M_4 2(3y) as follows from Theorem 3.4 and (3-21), by Lemma 3.6 we have
RL(X;(RQ),LQ(R%)({(Tar)s()\jﬂaguB()\)) Y Eﬁ}) <Cn,g4 (5=0,1) (3-28)
for any j € Ny and « € NYY with j + |a| = 4.

Using (3-27), we also have

Ti(N)g(z) =

h
8

Ve 1 (Agr1 (€, Moo (€, M) (Ar(E' ) + I NAn](E Yy
’[Z {( oo (€1 N (AR(EN) + A) T AT [Ag](€yy)

3 -1

3D A (€ Moo (€ N (Ak(€, N) + A) AT i) 019 )(€ s u))

1

2

~
Il

Jj=2

(Ae_Ak (5/7A)($N+y1\’) + AQMk(§I7 TN + Yns A))}‘| (xl) dyN .

Let Us(\)(G, G, g") = Ty(\)g. Since the multipliers
AL (€', Moo (€', M (AR(E,A) + A)THAT, Agii (€1, Moo (€, M (AR(E,A) + A)THAT3 (i)
(7 =2,3) belong to M_4 2(Xy) as follows from Theorem 3.4 and (3-21), by Lemma 3.6 we have
Ry ey ({70 V205UV | A € Bp}) < Oy (5= 0,1) (3-29)

for any j € Ny and a € N} with j + |a| = 4.
Using the second indentity in (3-27), we rewrite T5(\)g as follows:

S 3 N—-1
T5(\g(z) = /0 F' l{(ng(g’,A))sooo(f’,A)A—?’ N & 1000, 91)(€ 1y
k=1 =1
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3 3
3 (X 9 (€ 0 ) eael€, A)A—lﬁ’[a]vgj]@',yN>}Ae—A<$N+yN>1 (2') dy, -

i=2 k=1

Let Us(\)(G, G, gY) = T5(N\)g. Since the multipliers:

(igk1(5/,)\)>sﬁoo(f/,)\) 3(i&), (ng]f )\)%O(g A)A™
k=1

(1 =2,3, £=1,...,N —1) belong to M_42(Xy) as follows from Theorem 3.4 and (3-21), by Lemma
3.6 we have

Rty ey ({0 (V/205Us (V) | A € 89}) < Ony (5 =0,1) (3-30)

for any j € Ny and o € NYY with j + |a| = 4.
Finally, using the second identity in (3-27), we rewrite T(\)g as follows:

TiNgla) = - [ 7 [{(fjgm@c N)) 9o NATF (A€ yy)

D)

j=2 ¢=1

Let Us(M\)(G, G, g{) = Ts(N\)g. Since the multipliers

N—-1

(ng €,0)) ool 1) A <z‘fe>f'[aegj]<£',yN>}AeA@N*W] (') dyy.

(ngs N)) o€, 1)A (ngs N)) 9 (€, M A2(i0)

(1 =2,3, £=1,...,N — 1) belong to M_42(Xy) as follows from Theorem 3.4 and (3-21), by Lemma
3.6 we have

Ry @) L@y ({(707)° (W/205Us (V) | A € B9}) < Cnyg (s =0,1) (3-31)

for any j € Ng and o € NYY with j+|a| = 4. Thus, setting V; (\)(G, G’, g) = Z?Zl U(N)(G, G, ¢¢) and
using (3-25)(3-31), we see that u(x, \) = V1(\)(g, A'/%g, \g) and that

Ry )., ey ({702 (W25 (V) | A € S9}) < Oy (5= 0,1) (3-32)

for any j € Ny and « € NYY with j + |a| = 4.
Next, we consider 0(x, )\) F'r(¢, 2, N)](z'). Applying the Volevich trick and using the identities
(3-27) and A (&, \)* = 7. A2 + 2771)\142 + A4 we have

——AZ (3F + 2" gy (€ N V2w Z[g,](¢1,0)] @)
k,j=1
3
= > (F+2) / FIH e M0 g (€0 F [0, 951(€ w0 (@) dyy
Jj=1
3

=

(212 / - 1 — AN @) NAL(E N)gii (€ N).F (9] (€, yN)} (') dy,

=

=1

3 00

S0E+2) [ F A (€ N AN N N ) Fd0, )€ )| o)
k=1
N-1

«

(vi +2) /OO 3‘\/71{)‘gkl(ﬁla/\)Ak(él,/\)d(i&m !

=1 (=1
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AemAHEN @y 1) 2(0,0,01)(€' )| () dy

3 3
3N +2) / T Mgy (€ M A€ )72

j=2 k=1

Mo A& Ny ) 29 g.1(€, yN)} (z') dy,,

NE

3 o
2D i+2) / T/ Mg (€, ) AR(E, )T A A E Nt F(0, g,)(€ )| (0) dy
0

k=

<.
(V]
=

w |l

(2 [ o€ DA 02 (A ) F g )
0

x>
=

+ 2771AA6_A’“(5/’”\)(“'N+yN)35[)\g1] — Ade M EN @y TN FIN g1](€ )\))} (2') dy,

Mm

3
> D (i +2) / F7 g (€ N AKE N T (T AN e M EN O ) F 0 g€ y,.)
k=

<.
U

[N

—_

N—-1

= D (i) AT A M EN @ b0 F[0,6,](¢ y,e) ) | (') dy.

=1
According to the formula above, we define an operator V»(\) acting on (G,G’, ¢¢) by

V2(M(G, G gf)

I
Mw =

("2 +2) /O [Agu(f Ny tAR(E N T2AR e AR D ey *yN%@Ngi](g’,yN)](m’)dyN

1

>
«@
=2

-1

- (%% +2) /O e Agia (€ ) A(E' )72 (i) A

=~
I
A
~
I
-

Ae= A E Ny +u8) Z(9,0, 91)(€, yN)}(a?’)dyN

3 oo
S6E+2) [ g€ A A )2

Mw

+
Jj=2 k=1
)\%eiAk’(gl’A)(zN +yN)55[6N9jK5/7 yN)} (:17/) dyN
3 3 ,
+3 Y (i +2) / F'! [Agw(écA)Ak(fs’,A)—zAAe—Ak@ ’”“N*yfv)«ff[alvgj](f”.m} («) dy,
j=2 k=1
3

(o]
(7 +2) /0 F7 g (€ N ALE N T (12NN e A EN O ) (g1 (¢, )
k=1

T2y Ade AHE Ny 1) ] AAe A EN 1) FIN () )| (@)

3 3
DI R / 7 Agis (€ N AE N (3 AN e A E D) Fgl ¢y, )

=2 k=

<.
—

N-1

= Y () AT A ANt 209, (€ y,) ) | (&) g
{=1
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With this definition, we obtain VQ()\)(g,)\l/Qg, Ag1) = 6. Moreover, by Theorem 3.4 we see that the
multipliers

Mgt (€, N ARE N 72, Agii (€0 Ak(€,0) 72N Agra (61, 0) A (€1, 0) 72AV2,
belong to M_s 1(Xy) and that the multipliers
Agr1 (€, M) Ak (€, \) 72 (1€0) A0, Agng (€1, M)A (€',0) 24,
Mg (€ N Ar(€', )7 A, Mg (€, \) Aw (€', 0) 71 (i&) AT
belong to M_3 2(Xy). Thus, by Lemma 3.5, we have
RL(X;(Rﬁ),Lq(Rf))({(Taf)s()\jpa?vﬂ)\)) A€ Xp}) <Cnyg (s=0,1) (3-33)

for any j € Ny and a € NYY with j + |a| = 2.
Let Vi(A) = S°0_, Us(N) and V(A) = (Vi(A), Va(A))T. Then
U = (X1(A)(9, 229, 1), AV (M) (9, 129, A1), Va(A) (9, A %9, Ag)) T
satisfies the equations (3-1) with F' = 0. And, by Proposition 2.2 c), (3-32), and (3-33), we have
R ey i ey LE0) Vi) [ A € Bo0g}) < Oy (= 0.1,2,3,), .
Rc(x;(Rf),Hgff(Rf))({(Taf)S(Aj/QVk()\)) | A€ Zon}) £COngro (1=0,1,2, k=2,3),

for any Ag > 0 and s =0, 1.
To define T (A) required in Theorem 3.1, we want to apply V(\) to g — B(D)S(A\)F’ with S;(\) =
(S+1(A), A811(V), S12(N)) T where Sy 1(A) and S;2(A) are defined in (3-4). Observe that

B(D)S,(NF' = (A — (1= B)A)S(NF +SiaWF, 0x(A + (1= B)A)S: 1 (N F, xSy (N F) T
Thus, we define T(\) acting on (F', G, G, g{) by
TOF',G, G g]) = St (NF +V(N(G, G, g]) = VIN(B(D)S4 (A F, A2B(D)S (AN F', Gs)
with G5 = (A — (1 - B)A)S 1 (N +S4>(\F'. By (35),
Re(n, @y, mi-s @) L) (W28 (N) | A € By a0 }) S Cxy (s =0,1, j=0,1,2,3,4), (335
Rc(Lq(M)aH%a'(M)){(Tat)s(”/25+2(/\)) A€ Zpoa}) SOy (s=0,1, 7=0,1,2),

and therefore, by (3-34), (3-35) and Proposition 2.2, we obtain Theorem 3.1.

4 PROOF OF THEOREM 3.4

The purpose of this section is to prove Theorem 3.4. For this, we start with the uniqueness of the solution
of the system of ordinary differential equations:

Nw + (0% = [§1)*w + (0% — €' =0 (zy >0),

2 2 2 2 (4-1)
AT = (0 = 1§17 = A0 = [§)w =0 (zy >0)
with boundary conditions
(0% = 1€'[)w(0) + (1 = B)[€'*w(0) + 7(0) = 0,
9y (02 — 1€'11)w(0) = (1 = B)I¢'[Pw(0)) =0, (4-2)
0,7(0) =0.

Let w and 7 be C'*°-functions defined on (0,00). If w and 7 satisfy equations (4-1) and (4-2) and the
condition: |w(z, )|+ |7(zy] < Ce™*"~ with some positive constants C' and ¢, then w and 7 are called
stable solutions.
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Lemma 4.1. Let A € C\ {0} with ReA > 0 and ¢ € RN7L. If w and 7 be stable solutions of problem
(4-1) and (4-2), then w =71 = 0.

Proof. Following [24, proof of Lemma 4.1], we multiply the first equation in (4-1) by Aw, the second by
7, take the sum and integrate over (0,00). We get

S = MAPw]? + M2 — [€'*)*w, w) + M(9% — |€'*)7,w) + Al
—{(@% = 1E'P)r,m) = X0, — |€)w, ) = 0.

Here (-, -) is the scalar product in Ly((0,00)) and || - || the norm in L((0,00)). First we show that for all
w satisfying the boundary conditions (4-2), we have

(02 = 1€'1*)*w,w) = s — 7(0)d, @(0)
with a real and non-negative number s. For this we write by integration by parts

(02 =€) w,w) = (|0 w]]? + 2[¢ Pllayw]* + [¢'[*|lw]]?
— 32 w(0)w(0) + 02 w(0)9,w(0) + 2|¢'|?0, w(0)w(0).

Inserting the boundary conditions (4-2) yields that

(0% = 1€'1P)Pw, w) = 1|82 w|? + 2[¢" |0 wl]|® + ¢'[*|w]]?
— (2= B)[¢'P0,w(0)@(0) + (BI¢'Pw(0) — 7(0))8, @(0) + 2|¢'[* D, w(0)@(0)
= 5 — 7(0)9,@(0)

with s := ||812Vw\|2 + 21" 12[|0wl|? + |€')H|w]|? + 28|¢€"|* Re (w(o)an(o)). Since

| Re (w(0)d,@(0))| < |w(0)d, w(0)| = )/OOO a, [w(xN)an(a:N)]dmN‘
- w(z,)|? w(x 2 w(x €T w)|? w| - ||6% w
g/o [0y w(@ )2 + ()02 (a )l day < [0 w]+ [w] - 192wl

noting that 8 < 1, we have
s > [|0% wll* + 1€/ [*lwl|* — 211 [[w]] 9% w]| > 0.
With integration by parts again, we have

S = AMAP[Jw]? + As — AT(0)d,, w(0)
= MOy, 05 w) = A0, 7(0)@(0) — M [*(r,w) + AlI7I|* + 0, 7I|* + 0, 7(0)7(0)
HIEPITI? + Moy w, 0y 7) + A0, w(0)7(0) + AlE'*(w, 7) = 0.
Taking the real part and noting that 0, 7(0) = 0 yield that
0=ReS =ReA[AP[w]* + s + [7lI°] + 10, 7II* + €[ 7]
AsReA > 0and s > 0, we obtain |0, 7|| = 0. Therefore, 7 is a constant and from 7(z,) - 0 (z, — o0)

we get 7 = 0. Inserting this into the second equation in (4-1) and noting A # 0 yield that (9% — |¢'|*)w =
0 (zy >0). From the first equation in (4-1) we now get A>w = 0 and thus w = 0. O

In what follows, let A(&’, ) be the Lopatinskii matrix defined in (3-12). To prove Theorem 3.4, one
of the tasks is to analyze the determinant of A(¢’; ). The determinant is given by

det A€/, ) = A=A + ) A2 s | (-2 + O +2) = (-2 + (35 +2)]

F A=A+ Qg [(=2 + O +2) = (=2 + (03 +2)]
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A=A+ QA Az [ (—2 + (3 +2) = (-2 + (3 +2)]
with ¢ := (1 — B)|¢’|%. A simple calculation shows that for i # j we have

(=2 + 007 +2) = (=2 +O0F +2) = (37 = — 0.

A
Y273

det Ag', A) = M (0 = 18) A2 As(nA = O + (0 = 1) As Ar(12A — O + (0 — 7)) A1 As(3sA — ) |-

Moreover, recalling that v;v2y3 = 1 we have ¢ = 11 A — (. Therefore, we get

(i) Firstly, we estimate det A(¢, \) for (¢/,\) € RV =1 x 3y, with || < 0¢|¢’|?, where ¥ is the number
given in (2-6) and og is a small positive number chosen later. We derive an asymptotic expansion of
det A(E',N\) in t:= ﬁ for t — 0. In what follows, the order O(t’) (£ = 1,2) means that there exists a

C*-function g(t) defined on [t| < o such that O(t*) is represented by O(t*) = t‘g(t). Let f(t) = t‘g(t),
and then by the Bell formula we have

08" fOVIE'P)] < Crar (A1) 1€ 7 (4-3)
for any o/ € NJ'~" whenever |\|'/2/|¢/| < 0o. In fact, we have

o]

08 FOIEP) < Car SO IFMOVIER 30 0 IE P -+ 105 (IEP)
m=1 “/1+"‘+°‘;n,:0‘/
Jaf1>1

< Crar (IMIEP) €171

provided that |A|'/2/[¢| < oo(< 1).
Since gg will be chosen as a small positive number eventually, we may assume that UO\'yj|_1 <1/2

for j =1,2,3. Let t = A\/|¢|? and |t| < 0¢/2. By the Taylor formula, we have A; = 1/7;1/\4— |€'2 =
I€'|(1 4 (2;) "'t 4+ O(t?)). Since
YA = C=pA = (1= B =[P (vt — (1 - B)),
we obtain
det A(€',)\) = >\|§’|6{(7§ —13)(1+ 55 +0(%) (1 + 55 + 0(t%)) (mt — (1 - B))?

(12 = 72) + O() (1 + 2 + O() (1 + 54 + O(2)) (12t — (1 — B)?

+ (03 =D (1+ 5 +O(2) (1+ 24 + 0() (st — (1 - B))}

=N¢[%(co + et + O(t?)), t—0.

Here
co=1=8*((3-13)+0i—1B)+05—17) =0
and 1
c1 = 5(1 — B)%e11 — 2(1 = Bern
with

e =5 =) (55 +55) +(F =3 (55 +50) + (3 =) (55 + 55)-
ci2= (3 =¥+ 0f =132+ (3 =)

Making use of ’y]:-” = nyQ- — 27; + 1 and y1y2y3 = 1, straightforward calculation shows

C11 = Ci12 = (71 - 72)(’71 - 73)(72 - ’73)-
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Consequently,

2) o

= (n—7)m—2)02—73)(1 - ﬁ)( — g -

We obtain
A

I

det A(&', ) = |¢']*\? (a+0(t) (t= ) (4-4)

for |t| < o¢ with sufficiently small o9 > 0. R
_ (ii) Secondly, we estimate A(¢, ) for (£,A) € RV~ x C with oo|¢/|* < |A]. Let A = Ar~2 and
€ =&t with r = (A +]¢|2)'/2, and then, |\| + |¢'|> = 1. Note that

det A(re’,72)\) = r¥det A(E',N)  (r > 0).

Let

- S - 1
S={(@NeRYN IxCIAN+IEPR=1, A>-20 &P<
(@ <IN+ P =1 82 77, EP<

2

€ Zfor (€', \) € RN~1xC with go[¢/|> < |A|. By Lemma 4.1, we know that det A(', \) #

Note that (é ) €
0 for (€/,)) € = with Re \ > 0. Since det A(g’ A) is a continuous function, there exists a ¥ > 7/2 such

that det Az ''X\) # 0 for (£,\) € Z with A € 2y, which furnishes that
| det A(E',N)] > ea(|A[V? +[€))® (4-5)
with some ¢ > 0 provided that (&',\) € R¥~! x Xy and 0¢|¢|? < |A[.
Next, we consider A(&,A)~! = (gi;(£, N)). Let
Zo00 ={(, ) ERTTI xSy oole| = A2, A e Ty},
2oy =€ N) ERN I X By ool < IAY2, X e Ty}
(iii) Firstly, we consider g;1(£’, A). The coefficient of g1; is given by

911(5 A) = M4 )[(* A

det A, N) %JFC)(’Y?%*Q)*(*%*C)(”@JF@}

:Wf‘b)p(v%_ﬁﬁ_?)ﬂ(ﬁ_ﬁ)}

det A(&', A Y3 Y2 V3 M2
AAz Az v5 =3 + 272 — 273 2_ .2
p— A J—
detA(&l,)\) |: a3 + C(’YS 72):|
AAs A3

= dera@ 2 T WOA=0)

where we again used 77 +2v; =77 + 1 and 17273 = 1. By (4-4) and the Bell formula, we have
08/ (det A/, X)) < Car (A2 4 1) 751 (4-6)

for any o/ € NYY™! and (¢,)) € EY 5, S0 that by the Leibniz rule, (3-15), (3-17) with s = 1, and the
permutation of indices, we have

108 911 (€, 0)] < Car((AV2 + €721 (1= 1,2,3) (4-7)

for any o/ € N(J)\F1 and (¢, ) € 529,00'
Moreover, by (4-4)

€N =5 g (14 55) (14 55) 05 — Dt - (L= B) + 0()
1 A
X(/“l""O( ) (t= W)
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2 2
with pq, = fw for any (¢, \) € 2y,5,. By permutation of indices, we get the same result for
g21, 931 with

NG R ) (-0 -p)
Por =—"——"""—"—", M1 =—"" """,
Cc1 C1
so that we have ) ,
108 (Agir (€', X) — par)| < Car M€ (1 =1,2,3) (4-8)

for any o/ € NJ'™! and (¢/,\) € 29,4, which, combined with (4-7), furnishes that
08 Agir (€, M) < Car (A2 4 [€) 71T (1= 1,2,3)

for any o/ € N)Y ™" and any (¢/,)) € RN~1 x %y, Here, we have used the fact: ||~} < C(|A\[*/2 +|¢/])~!
for (¢/,)) € RN~ x ¥y with |\ < col¢’|?.
Moreover, since 11 + pio1 + 31 = 0, by (4-8) we have

3
102 (3" gi1 (€, N)] < Carl€| 7271 (4-9)

i=1

for any o/ € NJ' ™! and (¢/,)) € Zy.0,
(iv) Secondly, we estimate g;2. The coefficient of g1 is given by

A

g12(§',\) = det AN {(—’Ys/\ + Q) A2(73 4+ 2) — (—12A + ) As(3 + 2)}-

By (4-6), Leibniz rule, (3-15), (3-16) with s = 1, and the permutation of indices, we have
198 9i2(€, ) < Car (V2 + 16D 72711 (i =1,2,3) (4-10)

for any o/ € NJ'"* and (¢/,)) € EY oo
The asymptotic expansion for ¢ = ﬁ — 0 is given by

for any (&', A) € 2y ,. By permutation of indices, we get

1
umzci(l—ﬁ)(v%—v%), M22=l(1—ﬁ)(7§—712)a pz2 = — (1= B)(7i — 73).
1 C1 C1

Thus, noting that p1s + pao + pes = 0, we have

3
108 Agia (€', M) < Carl€| 771108 (D g (€', M) < Carl'| 72711
i=1
for any o/ € NJ'™! and (¢/,\) € 29, Moreover, using (4-10), we have
08 Agia (€, M)] < Car (A2 €)1 (i = 1,2,3)
for any o/ € NJ'™! and any (&/,\) € RN~ x ¥y.
(v) Thirdly, we estimate g;3. The coefficient of g13 is given by

1 A A

"A) = ————— (=7 As( — — —(=y3A As — — .
g13(§', ) Aot AE ) (=72A+¢) 3( 73+§) (=32 +¢) 2( 72+<)]
By (4-6), Leibniz rule, (3-15), (3-16) with s = 1, and the permutation of indices, we have

108 gia (€, M)] < Car(AIV2 + €)1 (1 =1,2,3) (4-11)
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for any o/ € N’ and (¢',)) €&}, .
The asymptotic expansion for ¢ = ﬁ — 0 is given by
€' t

g13(€'A) = X2[¢/[4(c; + O(1)) [((1 = B) = 72t) (1 + i) ((1 -B) - %>

(=) = (14 5= ) (=8 - =) +00)
1

_ €'l _ dy
= %@ 1 00) [d1t+ O(tz)} = e [Cl + O(t)]
for any (¢',\) € Ey,q,, where
di = (=01 = B)+ (1= 87~ —(1-5))
—(—n=B)+ 5= - —(1-5)
—(-A0a - - 1-0(5+5) (5 - )
It is easily seen that d; # 0, and we get g13(£',A) = ﬁ(ﬂ:ﬂ + O(t)) with

= L0 i (1)

for (§,\) € Ey,5,- For gog and gs3 we obtain the same result with

Mszzé(l—ﬁ)(%—%— (%‘Fg)(%—%));

1 1 Byvs1 1
- Lo-nnn-GeB)E-2)
H33 Cl( B)(v2—m 2+2 =
Thus, noting that pz; + p32 + p33 = 0, we have
3
108 Agia (€', M) < Carl€| 7711108 (D 91 (€', M) < Carl'] 72711
i=1
for any o/ € NJ'™! and (¢/,\) € Zy5,. Moreover, using (4-11), we have
108 Agis (€', )] < Car((AITY2 |1 (1= 1,2,3)

for any o/ € NJ'~! and any (&/,)) € RV=1 x 2.
Analogously, we can treat 79,g;;(£’, A), so that we have proved Theorem 3.4.

5 Problem in a bent half-space

Let ® be a diffeomorphism of class Hi from RY onto itself and let ®~! be its inverse operator. Let
Vo(x) = A+ B(z) and VO~ 1(y) = A_1 + B_1(y), where we assume that A and A_; are orthonormal
matrices with constant coefficients and B(z) and B_;(y) are matrices of H3 (R )-functions which satisfy

the conditions:
(B, B-1)llporvy < My, [[V(B, B-1)llgz vy < Mo. (5-1)

We choose M; small enough eventually, so that we may assume that 0 < M; <1 < My without loss of
generality. Let O = ®(RY) and I';. = ®(R{’) and let v be the unit outer normal to I'y.
In this section, we consider the equations:

AU—ADWU=F inQ, BDU=G onTl, (5-2)

with F' = (0, f1, f2) " and G = (g1,92,93) . The purpose of this section is to prove

22



Theorem 5.1. Let 1 < ¢ < oo and let ¥ be the same number as in Theorem 3.1. Let My in (5-1) be
sufficiently small. Then, there exist a constant Ay > 0 and operator families T+;(A\) (i = 1,2) with

Tia(N) € C(Zoan, L(X(24), Hy(24))),  Tra(A) € C(So,n,, L(X (1), H (21)))
such that problem (5-2) admits a unique solution
U= (TN HA(F, G), AT 1 (N HA(F, G), Too (N HA(F,G)) T
for any (F,G) € G4(24) and X € Xy ,, and there hold the estimates:
Rﬁ(Xq(QJr)’H;kj(fH))({(TaT)S()‘j/QT+1()‘)) | Ae 2197/\0}) < CN,qJ\o (5 =0,1, 7=0,1, 27374)’

RL:(XQ(QJr),Hg*J’(Q”)({(Taf)s(Aj/2ﬁ2(>‘)) [ AEXyr}) SCOngae (s=0,1, j=0,1,2).

In what follows, we prove Theorem 5.1. We use the change of variables: y = ®(x) to transfer problem
(5-2) to the half space case. Let

oz
aﬁyi(@(x)) = Ajk + Bjk(x), (5-3)
and then, by (5-1)
N N
D ApAje = AwiAy =0k, IBikllo@y) < My, | VBjkllgz @yy < Ma. (5-4)

j=1 j=1
Since I'y is represented by zny = ®_ n(y) =0 with @~ = (®_1,...,P_ y), we have

8£CN 8.’£N

_ g1
V+(y)* d (ayl 7"'7ayN

Jw) wery) (5-5)

with d = \/Zjil(axN/ayj)?. By (5-5), we may assume that v, is defined in RY. Moreover, choosing
M; > 0 sufficiently small, by (5-3) and (5-4) we have

vy = —(An1, ..., ANN) + T4 (5-6)
with some vector of functions 7, defined on RY satisying the estimate:
174 [lL@yy < CMy, Vi |g2 ®yy < Cu,, (5-7)

where C)y, is some constant depending on M. Using the relation

N

0 =0 O 0
67:'./]‘ = 2 aT/JaT;k = ;(Akj + Bkj(x))aixka (5-8)
by (5-4) we have
Ay =A,+EY(D), A=A+ E*D), (5-9)

where E'(D) and E?(D) are some partial differential operators of the form:

E' (D)= > e\(2)07, E*D)= Y €(x)ds,
1<[al<2 1<[al<4
with
lebllr vy <CMy (lal =2), el @y) <CMy (Jaf =4),
Vel @y < Ca, (lo] =2),  |Vel|lgz @) < Cary (Jof =4), (5-10)
ez @y < Car, (lo] =1), ||€i||Hgg\—1(RN) <Cum, (1< ]af <3).
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Moreover, by (5-1), (5-4), (5-6) and (5-7),

0

v

od =0y + E*D), A=A, +EYD) (5-11)

where A, = Zj\;l 9%, and E3(D) and E*(D) are some partial differential operators of the form:

N-1 N-1
E3 (D)= > €30y, E'D)= Y eh0;0n+ > €}0;.
la|=1 Jik=1 j=1

with
ledll oy < CMi,  [IVedlnz vy < Crs
lefell@yy < CMy,  [[(Vej, i)z @yy < Cu, (5-12)
Thus, problem (5-2) is transformed to

AU~ AD)U -~ P(D)U=F inRY, B(DU-QDU=G onRY (5-13)

with F = Fod, G= (g1 0®,—go 0 ®, —g30®)". For simplicity, we continue to write F' and G instead
of F and G, respectively.

0 0 0 A-(1-BA, 0 1
P(D) = | —E*(D) 0 —E'(D) B (D)= [on(A+(1-B)Ar) 0 0 |,
0 EYD) E\(D) 0 0 Oy
EY(D)—(1—-B)EYD) 0 0
- Q21(D) 0 0 ,
0 0 E3(D)

Q21(D) = B*(D)(A + (1 = f)Aw) + (O + E*(D))(E'(D) + (1 — B)EY(D)).

QD) =

Recall that
H\(F,G) = (f1, f2, G, \"2G, \g1) for (F,G) € G,(RY) with F = (0, f1, f2) " and G = (g1,92,93) " -

Let T;(A) (i = 1,2) be the operators given in Theorem 3.1. Setting 7(\) := (T1(A), AT1(A), T2(A)) " and
U :=T(A\)Hx(F,G), we have

AU — A(D)U — P(D)U = F — P(D)T(\)H\(F,G) inRY, (5-14)
B'(D)U — Q(D)U =G — Q(D)T(\)Hx(F,G) on RY
with F' = (O,fl,fg)—r. Let
L\(D) = (\I - A(D) — P(D), B'(D)-Q(D)),
UNTF', G, G g) = (P(D)T\(F',G, G, g7), QD)T (MN(F',G, G, g7)),
where I is the 3 x 3 identity matrix. Then, problem (5-14) can be written in the form
LA(D)T(NHA\(F,G) = (F,G) —UNHX\(F,G) = (I —UN)H,)(F,G) onRY xRY (5-15)

with F = (0, f1, f2) " and G = (g1, 92,93) . In the following, we will show that I — H () is invertible.
Noting that

0
P(D)T(N(F',G, G g}) = (—EZ(D)Tl()\)(F’, G.G',g) — EXD)T:(\)(F',G, G, g;')) :
EYDIATIN(F, G, G, ) + EN(D)T: (M (F', G, &, g)
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we have
—EB*(D)Ti(\)(F', G, G/agll
HAUWN)(F', G, G, ¢! = ()()F’G, G 97)

N EQUDITON (' G, gf)
MEHD)T(N) ~ (1 - BB D)TN)(F, G, ¢ gf)

) = EYD)(M(F',G, G, g1
EY DTN (F, GG gi) + EAD)(N(F', G, G, gf
(

Recall the definition of X,;(D) given in (1-7). By Theorem 3.1, Proposition 2.2, (5-10) and (5-12), we

will show that

R ey @) ({(70:) T (HNUN)) [ A € By 5, }) < CMy+ Cap A2 (s =0,1)

(5-16)

holds for any A; > Ag. Here, Ao is the same number as in Theorem 3.1, and C and Cj,, are constants,

where C is independent of M;, My and Ay and Cjy, independent of M; and A;. In fact,

/01 H irk(w)P(D)T()\k)(Fé7Gk’ ;ﬂglk)’ q
k=1

Lq(RY)?

Ly (RY)
n

< [ [P rmoo ot
0 k=1
+Cu, (w)

q
/ ! 1
T W) FL G Gl ) o

k=

e )]

Lq(RY)
q
7 2
+CM2||ZT1< )M T (Ae) (B, G, kaglk)HH;(M)
2 - / r a
+M1 V Tk'( ),TQ()\k)(FkaGlﬁGkaglk)) N
L,(RY)

k=1
n

q
+ Chr, Z w) T2 (Ax)( FkaGk’Gk,gllk)HHé(Rf)}dw

— - q
g(CMl—i—CMz)\ll/z)/o IS re()(FL G, ;,glk)HX(RN)dw,
k=1 i

which, combined with Theorem 3.1, furnishes that

R, @), La@yys {P(D)T(A) | A € By x, }) < OMy + Car Ay 2

for any Ay > Ag. By Theorem 3.1, Proposition 2.2, (5-10), and (5-12),

[ I rammon e el o

H2(RY)x H}(RY )2

<C/{ ’V“Zrk T (FL G Grogl))|.

Ly (RY)
n

q
> e TiOw) (s G 91|

+ Cum
2 — H3(RY)

n q
+M1HV2( T]g(w)E(/\k)(F]éaGka;wgi/k))‘
k=1 La(®)
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+Cu,

- ! ! 1 4
;Tk(w)ﬁ()\k)(Fm G, k»gm)HHé(M)} dw

1 n q
<@+ X7 [ S G gt de
0 k=1

Xy (RY)

1 n
/0 HZT’“(W)A}C/QQ(D)T(M)(F)@,Gk,kaglfk)Hq
k=1

HY(RY) X Lq(RY)?

1 n a
<0 [ |7 N T G Glath)|
; — q(R}

n

q
+ Casy | D rr @A *Ti ) (F, G, G, gi/’“)‘ 2(RY
k=1 i)
n q
+ M1HV(Z Tk(w)kzlg/QE(Ak)(Flg’ G, ;“g/llk))HL (RY)
k=1 o
n q
+ C, Zrk(w)/\,lcﬂﬁ(/\k)(Flvak’ ;f’glk)’ L (RN)}dw
k=1 o
< (CM1+CM2)\1 1/2)Hzrk(w)<FIQaGka ;caglk)‘x (RY)
P a(Ry

Moreover, setting A'(\) = (E*(D) — (1 — 8)E*(D))T1(\), which is the first component of Q(D)T ()), we
have

/ ||Zrk A )L G Gl gL,

< C/ {M1HV2(XL: Tk(w)Akﬂ()\k)(FéyGk,GZagilk))‘ '
0 k=1

Ly (RY)

+ Cu,

n / /! a

— q
<@+ o [ Hzm (G Gl Ly o
a(Ry

Therefore, we have

—1/2
Ry w3 223 < ey ({QID)T(N) | A € Dy x, }) € CMy + Cag Ay 2,

1/2
R, (v, 012 (2w Lo 217 (A PQD)T(A) | X € o0, }) < CMy + Car AL 2,
~1/2
R, @), L,y {AAL(A) [A € By x,}) < CMy + O, Ay /
Summing up, we have proved that
R,y {EUN) | X € Ty, }) € CMy + Car Ay /2
Analogously, we have

Ry ({T0- (HAUN) | X € £y x, }) < CMy + Cap A 2

Therefore, we have obtained (5-16).
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Choosing M7 > 0 so small that CM; < 1/4 and A1 > Ag so large that Cyy, A;1/2 < 1/4, respectively,
we have
Rex,@y)y) {(70-)°(HAUR)) [ A € Zo ., }) <1/2 (s =0,1). (5-17)

Thus, by Proposition 2.2, (I — H\U(N)) ™" = T+ 372, (H\U(N))7 exists in L(X,(RY)) and satisfies the
estimate:

R, @y ({(70:)° (I = H\UN) ™) [ A €Dy }) <2 (s=0,1). (5-18)

Recall the definition of space G4(R%) and its norm || - ||Gq(Rf) given in (1-7) with D = RY. For any
A #£ 0, there exists a positive constant ¢y depending on A such that

ey I HA(F, Gllx,@y) < N(F.Gllg, @) < exllHA(F, Gl x, @), (5-19)
ie., ||Hx(F, G)H«’\@(Rf) is an equivalent norm of G,(R%Y). By (5-17),
AU HA(F, G) | x,zy) < 5IHA(F,G)ll 2, 2)

which yields that (I —U(N)Hy)~ ! = I+Z;’;1(U()\)H>\)j exists in £(G4(RY)) for any A € ¥y 5,. In view
of (5-15), U := T (A Hx(I — U(N)Hy)"L(F, Q) satisfies the equation

Ly(D)U = (I =UNH\)I —UNH\)HF,G) = (F,G),
that is, U satisfies equations (5-13). Thus, we define the operator V() by
V(A) = TN — HUN)™,
we obtain U = V(A)H,\(F,G). In fact, noting that
(I — H\UN) "Hy = Hy+ Y _(H\UN)Y Hy = HA(I+ > (UNH)) = Hy(I = UNH)) ™,
j=1 j=1

we see that V(N)HA(F,G) = T(A)Hx(I —U(N)H))" (F,G) = U. Therefore, U = V(A H,(F,G) is the
unique solution of the equations (5-13) for any A € £y 5, and (F,G) € G4(RY). Here, the uniqueness of
the solution follows from the existence of solutions of the dual problem. (For this, see also Shibata and
Shimizu [29, Proof of Theorem 4.3] for a similar argument.)

Setting V(A) = (V1(A), A\V1(A), V2(A) T, by (5-18), Theorem 3.1 and Proposition 2.2, we have

Rc(xq(Ry),H;**f(M))({(Tar)s(/\j/2vl(>\)) [A€Xon}) <COnga, (s=0,1, 7=0,1,2,3,4),
Rc(xq(M)ﬂﬁ*j(M))({(Tar)s(/\j/QV2()\)) [AeXyr}) SCOngn (s=0,1, 7=0,1,2).
Finally, defining 71,(\) (i = 1,2) by
T+i(N(F', G, G g1) = Vi(N[(F',G. G, g{) 0 @]) 0 @71,

we see that T;;(A\) (i = 1,2) are the operators satisfying the required properties in Theorem 5.1, which
completes the proof of Theorem 5.1.

6 PROOF OF THEOREM 1.4

First of all, we state several properties of a uniform C*-domain.

Proposition 6.1. Let Q be a uniform C*-domain in RN with boundary T'. Then, for any positive
constant M, there exist constants My > 0, d € (0,1), an open set U, at most countably many functions
®; € HX (RM)N N CHRYN,RYN) and points x; € I’ such that the following assertions hold:

(i) For every j € N, the map RN 5z — ®;(z) € RN is bijective.
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(ii) Q(Z ()JU Uj=1 (®;(RY) N Ba(x5)), ®;(RY) N Ba(x;) = QN By(x;), and T N Ba(z;) = ®;(Ry’) N
Bd Zj)-

(i) There exist C*°-functions ; and (,:j (j=0,1,2,...) such that
supp Co, supp o C G, supp ¢, supp §; C Ba(z;), 1€ ll zra_mvy < co, ”CNJ'HH(‘;(]RN) < ¢p,

(o) (o)
(j =1 onsupp(;, Z(,}Zl on Q, Zgjzl onT.
=0 j=1

Here, cq is a constant which depends on My, N, q, ¢’ and r, but is independent of 7 =0,1,2,....

(iv) V®; =R;+R;, V(®;)"' = R_; + R_;, where Rj and R_; are N x N constant orthogonal
matrices, and R; and R_; are N x N matrices of H3, -functions defined on RN which satisfy the
conditions: HR]'”LOO(RN) < Ml, ||R—j||LOQ(RN) < Ml, ||VRJ||H§O(RN) < Mg and ”v‘R—jHHEC(RN) <
Ms forany j=1,2,....

(v) There exists a natural number L > 2 such that any L+ 1 distinct sets of {U; | 7 =0,1,2,...} with
Up=U and U; = ®;(B4(0)) (j =1,2,3,...) have an empty intersection.

In what follows, we write Q; = ®;(RY), and I'; = ®¢(R{’). For f € Ly({2), we have

Z ”&f”qu(Q,z) + ||<~Of||L 2(RN) < C ||f||L ()" (6‘1)
=1

For (F,G) € G4(Q), let Uy and U, be solutions of the equations:
AUy — A(D)Uy = {F in RY, (6-2)
AUy — A(D)U; = F  in Qp, B(D)U; = (G onTy. (6-3)
By Theorem 2.3 and Theorem 5.1, there exist operator families Sp1 (), So2(N), Se1(A) and Se2(A) with
So1(A) € C(Zo g, LIL(RY)? HG(RY))),  Soz2(A) € C(Syn, L(Lg(RY)? HIRY))),  (6-4)
Se1(X) € C(So.n0: L(Lg()?, Hy (), Se2(A) € C(Su,n0, L(Lg(20)?, HF () (6-5)
such that
Uo = (Sor(\)GoF’, ASor (NG F', Soa (M) G F') T
Ur = (S (N HA(CF, GG, ASu (M HA(GF, GG), Sia (V) HA(GF, G@G)) T

uniquely solve (6-2) with A € 3y 5, and (6-3) with A € Xy y,, respectively. Here and hereafter, H) is
an operator acting on (F,G) defined by H\(F,G) = (f1, f2,G,A\/?G, \g1), where F = (0, f1, f2) and
G = (91,92, 93). Moreover, we have

(6-6)

Re(p,@mNy2 i@y {(70,)*(N/2801 (V) | A € By ae ) S k1 (5 =10,1,2,3,4);
R @y, m2- ](RN))({(737)8()\]/25020\)) [ A€y }) <k1 (7=0,1,2); (6.7)
Ry (90,14 J(Qz))({(757)5()\]/2&1()\)) IANeZya ) <k (1=0,1,2,3,4),
Reix 90,02~ 5y {0 (W2S8i(N) [ A € By n 1) <m (=0,1,2),

for s = 0,1 with some constant x; independent of £. We may assume that 0 < Ay < A;. By (6-7),

4 2
S IN 2o i vy + D 1IN (00, 00) | 25 gy < #all (Co s o fo)ll oy,
=0 =0 (6-8)

4 2
DIVl i, + D 1IN (06 00) | 23,y < Bill(Cefr, Cefer Gy AV2EG NG9 2, (000)
j=0 j=0
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where we have set Uy = (uo,vo,00)" and Uy = (ug,ve,00)7. For any (F',G,G',g}) € X,(Q) and
A € Xy a,, we define an operator A; () acting on (F',G,G’, g{) by

AN (F, G, G, g) = (oSoi(A +Z@s& (CF', GG, GG Gugl) (1=1,2).  (6-9)

By (6-1) and (6-7),

R, .miay {0 NV 2AIN) [ A € B9 0, }) < Cyma (s =0,1, j=0,1,2,3,4), (6-10)
RL(Xq(Q),Hg’j(Q))({(TaT)S()‘j/QAQ()‘)) [ A€ Zpn}) <Cgrr (s=0,1, j=0,1,2).

For any C*°-function ¢, we define operators Ar(¢, D) and Br({, D) acting on U by

AR(¢, D)U := A(D)(CU) = CA(D)U,  Bg(¢, D)U := B(D)(CU) — (B(D)U,
and then we have
AR(¢, D) = (0, Apa(¢, D)U, Aps(¢, D)U) T, Bgr(¢, D)U = (Bri (¢, D)U, Bra(¢, D)U, Brs(¢, D)U) T
with
U = ~{A((AQu +2(VC) - (V) + (AQ)(Au) + 2(VC) - (VAu) + (A0 +2(V() - (VO)},

(¢, D)
(€ D)U = (AQv +2(V() - (Vo) + (AQ)E + 2(V() - (V)
Bri(¢, D)U =2(V() - (Vu) + (AQu — (1 = B)(2(V'Q) - (V'u) + (A'Q)u),
(¢, D)
(¢, D)

b

U =0,{2(V() - (Vu) + (AQu+ (1 = B)(2(V'Q) - (V'u) + (A'Qu)} + (0,0)(A + (1 = B)A)u,
U =(9.0)9,

)

b

where U = (u,v,0)". Let A(\) = (A1(\),AA1()), A2(A\)) T and then by (6-2), (6-3) and (6-6), we see
that U = A(X)H\(F, G) satisfies the equation:

AU — AD)U = F —U;(\)(F,G) inQ, B(D)U=G—TUs(\)(F,G) onT, (6-11)
where
Ui(M(F, G) = Ar(Co, D )+ ZAR ¢, D Hy(CeF, GG),
Z Br(Ge, D)Se(N) HA(GF, (@),

Setting Ly(D) = (M — A(D), B(D)) and U\ (F,G) = (U;(\)(F, G),Ux (M) (F,G)), we have
LA(D)ANHA(F,G) = (I — U\)(F,G) onQxT. (6-12)

By (6-2) and (6-3), we have

Ar(Co, D)So(N) (G F) . AREC& ; E; /\ECZF @Gg
_ 0 Br(¢e, D CoF, &G
UG = 0 = N Ba(G DSV f(@F[@G) ’
0 ~ \ABgi(Cr, D)(Ser (N H (G F, GG

where F = (0, f1, f2) " and F' = (f1, f2) . We have

H\U)(F,G) = U\ HA(F,G) (6-13)
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with

Ar(C. D)SoNGF) [ Ar(G ) NG, GG, GG Gl
/ ] 0 Br Cb ()‘)(C <€G CZGI Cfg )
AN (F =
UONF, G, G 01) 0 2| e SN (GF' GG GG gl
0 ABp1(Ce, D)(Ser(A)(CeF', $eG, GG, Cogl)
By (6-1), (6-7) and Proposition 2.2, we have
Ry ) ({70 UN) | A € Sy, }) < Comidy /? (s =0,1) (6-14)
for any Ao > A;. We choose Ay so large that
Coridy /2 < 1)2. (6-15)
y (6-13), (6-14) and (6-15), we have
[HAUN)(F, G) |l x, ) < 31 HAF, G)|lx,0)- (6-16)

By the equivalence of the norms |[Hx(-)|lx, ) and | - llg, ) (cf. (5-19)), the inverse (I — U(X))™"' =
T4+ 507 UA)™ exists in £(G4(2)). Let V= AAN)H\(I —U(\) ! (F,G), and then by (6-12) V solves
the equation:
L\(D)V = (F,G) onQxT. (6-17)

The uniqueness of solutions follows from the existence of solutions of the dual problem, so that V is the
unique solution of the equation (6-17).

On the other hand, by (6-14) and (6-15), I —U(X) = I + > 7 U(N)" exists in C(Xy,x,, L(X,(2)))
and satisfies the estimate:

R, ) {70 T —UN) [ A €Sy, }) <2 (s=0,1). (6-18)
Moreover, by (6-13),
Hy(I-UW\)™' = Hy + i H\UN)™ = (I + Zu "Hy = (I —UN)) " Hy. (6-19)

Let B;(A) = A;(A\)(I —U(N\)~! (i = 1,2). Then, by (6-9), (6-18) and Proposition 2.2,

R, ity ({0 NV 2BIA) [ A € Soa 1) < Cgma (s =0,1, j=0,1,2,3,4),

R, c.m2- ) {70 N 2Bs(N) [ A € B0, }) < Cma (s =0,1, j=0,1,2).
Moreover, setting B(\) = (B1(A), AB1()\), B2(A\)) T, by (6-19) we see that

B(A)HA(F,G) = AN HA(I =UW)) " (F,G),

and therefore V = B(A\)Hy(F, G) is the unique solution of the equation (1-5) (cf. (6-17)). This completes
the proof of Theorem 1.4 replacing Ao by As.
7 PROOF OF THEOREM 1.3

To prove Theorem 1.3, we start with

Lemma 7.1. Let 1 < p,q < co. For any 6y € Bg;wp(Q), Uy € B;;)Q/TJ(Q), and uy € By, pZ/p( 0), there
exist w and w such that w|i—g = Oy, W|i—o = ug, and dw|i—o = uy in £,

2
w e ﬂ H((0,00), H (), w e () Hy((0,00), Hy (%),
=0
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and

1
4
; Hatw”Lp((o,oo),Hg’”(Q) < CHHOHB;;?/P(Q)?

2
Z HawaLp((O,oo),Hé_pﬂ(Q) S C(||U0||B§—2/P(Q) + ||U1“B§;2/p(9)).
£=0

with some positive constant C.

Proof. To prove the lemma, we consider the shifted heat equation:
Ow+v—Av=f in (0,00) x RN, w|j=¢ = vp. (7-1)

Employing the same argument as in the previous sections, it is easy to prove that for any f € L,((0, 00),
Ly(RN)) and vy € B2,/ (RY), problem (7-1) admits a unique solution v € Ni—o H((0,00), HZ72(RN))
possessing the estimate:

1
D 1080l 0,00y 122 @y < Cllvoll gz-2/» @y + 11|z, ((0.00).L4(2))- (7-2)
=0

Assume that vy € Bap”/P(RN) and f € Ni—o H/((0,00), H272(R")). Then, for any multi-index a € N{
with |a| < 2 we have

1080 4 0% — AdYv = 9%f in (0,00) x RN, 9% = 0%0p.
Thus, the unique existence of solutions of (7-1) yields that

v e () Hy((0,00), Hy **(RY)),
£=0

1 (7-3)
Z ||8fUHLp((o,oo),Hgf"‘@(RN)) < C(||UOHB;1;2/P(RN) + HfHLp((o,oo),Hg(RN)))-
£=0
Moreover, the relation: 97v = —9v + Adyv + O, f yields that 87v € L,((0,00), Ly(RY)) and
1
||at2”HLp((0,oo),Lq(RN)) < C(HIUOHB;;Z/?(]RN) + Z ||aff||Lp((opo),Hg*“(RN)))- (7‘4)
=0

Let ¢j, be an extension map as given in Introduction satisfying property (e-1). Let w be a solution of the
shifted heat equation:

Ow+w—Aw=0 in (0,00) x RY, wlt=0 = trbo.
Since tp8) € Bg;Q/p(RNL by (7-2) with f = 0 there exists a unique w € ﬂ}:o Hﬁ((O,oo),Hg_%(RN))
satisfying the estimate

1

Z HafwnLP((OM)’H?M(RN)) < CHLheoHBZz/p(RN).
=0 '

Since 50y = 6y on Q and ||Lh90||3272/p(RN) < CHGOHBzfz/p(Q) with some constant C > 0, the restriction
q,pP a,p
of w on € is the function satisfying the required properties.
Next, let f be a solution of the shifted heat equation:

Of+f—Af=0 in(0,00) xRN, flimo = w0
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with vg = tpu1 + tpug — tpAug. Since vg € Bg,;Q/p(RN) and
||UO||B§;2/17(RN) < C(||U1 HB(?E)Z/P(Q) + HUOHB(‘;;Q/P(Q))’

there exists a unique f € ﬂé:o Hf;((O, 00), H(?*%(]RN)) satisfying the estimate:

Z HaffHLP((o,oo),Hg—“(RN)) < C(”ulHBg;?/P(Q) + ||U0HB;1;2/P(Q))~ (7-5)
=0

Let w be a solution of the shifted heat equation:
dw—+w—Aw=f in (0,00) x RN, wl—¢ = tuo. (7-6)

Then, by (7-3), (7-4) and (7-5), there exists a unique w € nj:o Hﬁ((Opo),H;‘*%(]RN)) satisfying the
estimate:

¢
D N19fwll, 0,001, m2¢@ny) < Cllunllgz-2rm gy + ol ga-2rmqy)-
(=0
Moreover, by (7-6), Oiw|i=0 = vo — thug + Atpug = tpuq, so that the restriciton of w on  satisfies the

required properties, which completes the proof of Lemma 7.1. O

In view of Lemma 7.1, to prove Theorem 1.3, it suffices to consider the equations (1-4) with Uy = 0.
Let F' = (0, f1, fo) " and G = (g1, g2, g3) satisfy the regularity condition:

(f1: f2) € Lp((0,7), Ly()%), G € Hy((0,7), Ly() x W (Q)*) N Ly ((0,T), Hy () x Hy(2)?)

and the compatibility condition: G|;=9 = 0. In the following, given f(t,-) defined for ¢ € [0,T], fo(t, )
denotes the zero extension of f to t < 0, that is, fo(¢,) = f(t,:) for 0 < ¢t < T, and fo(¢,-) =0 for ¢ < 0,
and Erf denotes the extention of f to R defined by

folt, ) fort <T,
Erfl(t,-) = -7
Erf1(t,) {h@T_a) N (7-7)
Note that Epf vanishes for ¢ ¢ [0,27] and moreover, if f|;—o = 0, then
o f(t,-) fort <T,
MELI(L) = (@@ —t)  fort>T, (7-8)
0 for t & [0, 2.

Since Erf = f for 0 <t < T, instead of the equations (1-4) with Uy = 0, we consider the equations:
U, — AD)U = ExF inRxQ, B(D)U=ErG onRxT. (7-9)

Let £ be the Laplace transform with respect to time variable t and let £~! be its inverse transform,
which are defined by

tmmo:/w*Wx) fAfmawwo%

1 ~y+io0

~yt
FO ) AN = o / fly +i7,) dr,

= 2mi oo

where A =y +i7 € C. Let LIETF|(),-) = Jy and L]ETG]()\, ) = K. Since ErF and EpG vanish for
t ¢ 10,2T), Jy and K are entire functions with respect to A € C. Applying the Laplace transform to
(7-9), we have

)\V)\ - A(D)VA = J)\ in Q, B(D)V)\ = KA on F, (7—10)
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where we have set V) = L[U](A, ). Now, V) = B(A)Hx(Jy, K,) is the unique solution of (7-10), so that
the uniqueness of the solution yields that V) is holomorphic for A € Xy ,. Let B;(A) (i = 1,2) be the
operators given in Theorem 1.4 and set B(\) = (B1(\), AB1(\), B2(\)) ". Then, the unique solution U of
(7-9) is given by

U(t, ) =L1 [B()\)HA(JM K)\)] =Vt F1 [B()\)Hx(f[eiv'ETF], f[eiV'ETG])](t, )
Let A'/2 be the operator defined by
[AYEFI(E, ) = L7 INELLAI ](8),
and let

_ < 1/p
e Flaye = { [ e sl ar}

Since |A[*/2 < [A[(1+ |€]?)7Y/2 when |A] > 1+ |¢]? and [A|}/2 < (14 [£]2)Y/2 when |A| < 1+ [¢?, by the
Bourgain theorem (cf. Proposition 2.2) we have

He’YtAl/ZfHLp(R,Lq(RN)) < C(||e“’t6t(1 - A)_l/Qf”LP(R,Lq(]RN)) + ||€Ayt(1 - A)l/szLp(]R,Lq(]RN)))ﬂ

so that by using property (e-2) of the extension map ¢j, given in the introduction we have
e A2 fll 1, a0 < CUIE O , @ows 1@y + 17 fllL, = m1@))- (7-11)

And also, using the extension map ¢, and Proposition 2.2, we have

||€_7t6tf||Lp(R,H;n(Q)) + He_’)’tf”Lp(R,H;”Jrz(Q))

< Comg (€70 | Lyt ) + le” A2V fll oy ) + e VA Fllo, ey @)  (7-12)

for any m € NU {0}. Therefore, using (7-11) and (7-12) and applying the Weis operator valued Fourier
multiplier theorem with the help of Theorem 1.4, we have

2 1

— 4 — Y4
> e wtatuan(R’Hgfﬂ(m)+Z||e OO, gz )
£=0 =0

< C(le " Br(f1, f2)llL, @ Ly + le " BrGl L, .m2(0)« 22 (2)2)
+ ||67WtA1/2ETGHLp(KH;(Q)XLq(Q)Q) + ||677tatETgl”LP(R)L(I(Q))) o

< C(le™ Br(fr, f2)llL,@r,@) + le " ErGl L, @ m20)x 1 (2)2)
+ e HETG k1, 0wt @)2)

for any v > A\¢ with constant C' independent of v, where we have set U = (u, 0yu,8). Using (7-7) and
(7-8) and noting that G|;—¢ = 0, we have

le™ " Er(f1, f2)ll L, L, < CI(f1s f2) 0,19, L4020
le™ " BrG| L, @ m2@xm1@)2) < ClGIL,(0,1),52(@)x H1(©)2):
le™ O Br Gl k1, 0wyt @02) < CHOG L, 0,19, 1,00 < w02
which, combined with (7-13), furnishes that

1

2
Dl Ol a2 + D €T O L 220y < Clr (7-14)
£=0 £=0

with

It = [le™" (f1, f) L, (0.1) Lo + GllL, .12 (0 12 (2)2) + 10eGll 1, (1., () x W (@)2)-
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Especially, for any ¢ < 0, we have

1

2
Y4
Y 0Full L ((ooty,rmi—2tcy) T D01, ((—oo.y. 22 ()
=0

=0
2 1
<D lle Ofully, a2y + Dl 0N L, r 220y < Clr
=0 £=0

for any v > Ay, so that letting v — oo, we have

1

2
V4
MY N0l ooty a2ty T DM, ((—oo. 112240y = O
£=0 £=0

for any ¢t < 0, which implies that (u,8) =0 for ¢ < 0.

Summing up, we have proved that U = (u, 0;u,6) " satisifes the equations:

U —AD)U=F inQx(0,T), BD\U=G onlx(0,T), Ul=o=0 inQ

and the estimate:

2 1
Dl Ol o,y a2 ey + DN O, 0.1y 224y < Clr
£=0 £=0

The uniqueness of the solutions follwos from the existence of solutions of the dual problem, which
completes the proof of Theorem 1.3.
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