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Programmable synthetic magnetism and
chiral edge states in nano-optomechanical
quantum Hall networks

Jesse J. Slim 1,2, Javier del Pino 3,4 & Ewold Verhagen 1

Artificialmagneticfields break time-reversal symmetry in engineeredmaterials
—also known as metamaterials, enabling robust, topological transport of
neutral excitations,much like edge channels facilitate electronic conduction in
the integer quantum Hall effect. We experimentally demonstrate the emer-
gence of quantum-Hall-like chiral edge states in optomechanical resonator
networks. Synthetic magnetic fields for phononic excitations are induced
through laser drives, while cavity optomechanical control allows full reconfi-
gurability of the effective metamaterial response of the networks, including
programming of magnetic fluxes in multiple resonator plaquettes. By tuning
the interplay between network connectivity and magnetic fields, we demon-
strate both flux-sensitive and flux-insensitive localized mechanical states.
Scaling up the system creates spectral features that are precursors to Hof-
stadter butterfly spectra. Site-resolved spectroscopy reveals edge-bulk
separation, with stationary phononic distributions signaling chiral edge
modes. We directly probe those edge modes in transport measurements to
demonstrate a unidirectional acoustic channel. This work unlocks newways of
controlling topological phononic phases at the nanoscale with applications in
noise management and information processing.

The discovery of the integer quantum Hall effect (IQHE) in a two-
dimensional electron gas under amagnetic field1 sparked significant
interest in new phases of matter with unique properties. As for-
malized by Thouless et al.2, the quantized Hall conductance in the
IQHE is connected to a nontrivial topology of the bulk wavefunc-
tions in momentum space. It emerges as the magnetic field breaks
time-reversal (T ) symmetry, so that the electron’s wavefunction
acquires a nonreciprocal Aharonov-Bohm (AB) phase3 when tra-
versing the magnetic vector potential. Interference from waves
following multiple paths then creates an insulating bulk and chiral
(one-way) conducting edge states, robust against backscattering
and protected by the bulk’s topology rather than microscopic
details2,4.

As the IQHE is essentially a wave phenomenon5, it was realized
that it equally applies to classical waves6,7. The unique properties of the
resulting bosonic topological phases of matter incited considerable
fundamental and technological interest in photonic and phononic
settings8,9. While theoretical proposals for topological phases with
broken time-reversal symmetry in nanomechanical systems have been
put forward, no experimental realizations exist to date9. To induce AB
phases for such neutral excitations requires complex engineering to
break T -symmetry and mimic the effect of a magnetic field, without
relying on charge. For electromagnetic waves, this is for example
achieved with magneto-optical materials10–12 and for low-frequency
sound through rotating fluids or coupled gyroscopes13,14. Thematerials
and system limitations involved in these approaches make scaling to
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the nanophotonic and nanomechanical domain a significant challenge.
Moreover, they generally lack in situ active tunability.

Dynamical modulation offers a powerful alternative to break
T -symmetry. Using time-varying parametric drives, gauge fields for
light and sound can be engineered—and reconfigured—at will15–20. In
these Floquet systems, harmonic modulation of the coupling
between bosonic resonators with distinct resonance frequencies
enables frequency conversion, inducing a hopping (beam-splitter)
interaction between them. The modulation phase is imprinted on
the transferred excitations, and the process is nonreciprocal:
exchanging the initial and target resonators results in a phase
pickup of opposite sign, analogous to the Peierls phase for an
electron traveling in a magnetic vector potential. After connecting
resonators in a loop, such nonreciprocal hopping phases allow the
creation of an AB loop phase that corresponds to a T -breaking
synthetic magnetic flux piercing the loop. In a single loop, AB
interference enables controllable nonreciprocal transmission. In
extended lattices, combiningmany Aharonov-Bohm loops across all
unit cells, such as in Fig. 1a, mimics a homogeneous magnetic field
and enables synthetic quantum Hall phases15,20–25.

Implementing these ideas in the nanomechanical domain has so
far remained elusive. Multimode cavity optomechanical systems con-
stitute a promising route to do so, naturally providing time-varying
potentials for light and sound that can induce frequency-converting
nonreciprocal couplings and provide T -breaking gauge fields26–32. It
was envisioned that topological phases for sound and light could be
implemented in optomechanical lattices, specifically Chern insulators
akin to the IQHE33,34. While those first proposals relied on the resolved-
sideband limit, requiring precise tuning of many high-Q photonic
resonators, recently, time-modulated lower-Q cavities have offered a
flexible alternative to imprint gauge fields for MHz frequency nano-
mechanical resonators32,35–37. While optomechanical couplings have
been used to map (T -symmetric) mechanical topological states using
optical modes38 and microwave topological states using mechanical

resonators39, the realization of a Chern insulator that breaks T -sym-
metry through optomechanical driving has remained an outstanding
challenge.

In this work, we bring quantum Hall physics into the nano-
mechanical domain using a versatile optomechanical platform that
exploits multiple nanomechanical modes in a ‘synthetic dimension’.
Optical driving fully controls the coupling strength andphasebetween
each pair of resonators. The coherent hopping phase is nonreciprocal,
unlike a trivial reciprocal phase that could be established through
retardation. This control enables the creation of arbitrary resonator
networks with broken T -symmetry that feature multiple AB
loops (‘plaquettes’) with individually tunable synthetic magnetic
fluxes.We implement increasingly complex networks to study the role
of artificialmagneticfluxes inmulti-plaquette systems.Wefind that the
relative handedness of neighboring plaquettes significantly impacts
dynamics, and controls the symmetries and localization of mechanical
states within the network. Finally, in a four-plaquette lattice, we launch
and track a chiral edgemode thatwitnesses the emergenceof the IQHE
in a minimal nanomechanical network. This provides an essential
advance in the pursuit to realize topological phases of sound induced
by light33.

Unlike most experimental approaches to topological
bosonics8,9, the platform we use provides full, active, control over
each individual interaction strength and phase in the network. This
means that in a single experimental system, any network Hamilto-
nian can be ‘programmed’ at will, and the resultant response can
subsequently be probed using either coherent or thermal drives.
Our work opens the ability to study the physical and technological
implications of complex networks with broken time-reversal sym-
metry and the associated topological phases of matter. Doing so in
the nanomechanical domain is particularly interesting due to the
importance of nanomechanical resonators in sensing applications,
quantum and classical information processing, and on-chip control
of thermal fluctuations.

(a) (b)

(c)

Φ

Fr
eq

ue
nc

y 
(M

H
z)

10

3

30

Nanocavity

Drive laser

IM

Fig. 1 | Constructing resonator networks with controllable synthetic magnetic
fields. a Square lattice threaded by a uniform magnetic flux Φ per plaquette,
inducing counterclockwise chirality (arrow). A small section is highlighted for
clarity. b Resonator graph with 5 resonators connected by 8 hopping interactions.
Resonators represent mechanical overtones of a nano-optomechanical cavity,

which span a synthetic frequency dimension. Each interaction is generated by
modulating the optical drive at a mechanical difference frequency, establishing full
connectivity by superposing (incommensurate) modulation tones. c Control over
each coupling phase allows for creating lattices with highly inhomogeneous mag-
netic fields, difficult to achieve in natural materials.
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Results
Programmable network Hamiltonians with Aharonov-
Bohm phases
The employed device, described in more detail in35,37, consists of a
sliced photonic crystal nanobeam40 and is shown in Fig. 1b. It supports
multiple non-degenerate mechanical modes with frequencies Ωj ran-
ging from 3.7MHz to 26MHz, each dispersively coupled to the optical
field of a telecom-wavelength nanocavity (linewidth κ/(2π) = 320GHz).
The optical resonance frequency shifts by ∑ g0, j xj, where g0,j is the
vacuum optomechanical coupling rate of mode j and xj its displace-
ment in units of its zero-pointmotion amplitude xzpf,j. Operating in the
unresolved sideband regime (Ωj ≪ κ), the cavity enables optical read-
out of both thermal anddrivenmechanicalmotion, as displacements xj
modulate the reflected intensity of a detuned probe laser. This reveals
five optically active mechanical resonances in the thermomechanical
spectrum, with linewidths γj/(2π) ≈ 1 − 7 kHz and coupling rates g0,j/
(2π) ≈ 2−6MHz (see Supplementary Table I).

The cavity is also illuminated with a drive laser detuned from the
cavity resonance frequency by Δ= κ=ð2

ffiffiffi
3

p
Þ to induce a strong opto-

mechanical spring effect through radiation pressure back-action.
Modulating its intensity at the frequency difference Ωj − Ωk between
modes (henceforth, called resonators) j and k creates an effective
mechanical beamsplitter interaction, at a rate
Jjk = c

m
jk
�nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3g0, jg0, k

q
=ð2κÞ= Jkj , where �nc and cmjk is the average cavity

photon population and modulation depth, respectively. Crucially,
each modulation tone’s phase offset imprints a phase shift φjk on the
interaction, akin to the Peierls phase imprinted by a magnetic vector
potential on electron hopping32.

We can establish multiple mechanical couplings simultaneously,
by superposing the necessarymodulation tones on the single detuned
drive laser. Here we emphasize that it is important in our experiments
that the mechanical spectrum is irregular, i.e., that all mechanical fre-
quency differences in the system are incommensurate (to a precision
given by the mechanical linewidth). This ensures that the amplitude
andphase of each transition canbe addressedby a specificmodulation
tone.Moreover, thismeans that unwantedparametric interactions due
to frequency mixing can be avoided. The resulting temporal modula-
tion of the optomechanical spring effect thus allows programming the
effective Hamiltonian of a resonator network through modulation
depths and phases of the various modulation tones, coupling the
mechanical modes forming the nodes of the network in the synthetic
frequency dimension through frequency-converting interactions.
Precise tuning of the modulation tones to the difference frequencies
can also eliminate all on-site energies. The Hamiltonian for N resona-
tors, in terms of the resonator annihilation operators aj in frames
rotating at Ωj, then reads

H =
XN,N

j, k = 1, k≠j

Jjke
�iφjk ay

j ak , φkj = � φjk : ð1Þ

Hamiltonian (1) conserves phonon number and exhibits a U(1) gauge
symmetry, where gauge transformations aj 7!aje

iδj correspond to
shifts in the time origin that modify the coupling phases φjk. However,
the presence of closed loops (‘plaquettes’) in the system crucially
allows for AB interference, giving rise to a finite, gauge-invariant flux
Φp =

P
↺ jk2pφjk for each plaquette p. In addition to the coherent

dynamics governed by Eq. (1), each resonator is coupled to an
independent thermal bath with an occupation of nj ~ 106, leading to
thermal fluctuations and dissipation at a rate γj. We routinely achieve
coupling strengths Jjk that exceed dissipation, i.e., Jjk > γj, γk, bringing
the system into the strong mechanical coupling regime.

Similar to the adjacency matrix that encodes network
connectivity41 or the impedance matrix that governs current flow in
circuits42, the matrix J that encodes the complex elements Jjke

�iφjk in
Eq. (1) captures the strength and phase of all couplings between

resonators. Each non-zero entry in J thus defines the mechanical net-
work layout. In the experiment, adjusting the amplitudes andphases of
the modulation tones allows independent control over each matrix
element, while deterministic phase relations are obtained by referen-
cing all tones to a common clock (see ref. 35). This control makes it
possible to engineer J to mimic complex coupling geometries (e.g.,
lattices or complete graphs) threaded by synthetic fluxes of arbitrary
complexity, including highly inhomogeneous magnetic fields as
exemplified in Fig. 1c.

The simplest closed-loop network is a single plaquette, coupled
by equal rates Jjk= J and threaded by afluxΦ=φ12 +φ23 +⋯ +φN1. Here,
AB interference shifts the eigenfrequencies,

ϵk =2J cos
2πk +Φ

N

� �
, ð2Þ

of its momentum eigenmodes, labeled by k,

~ak =
1ffiffiffiffi
N

p
XN
j = 1

e�i2πkj=Naj , ð3Þ

expressed in the gauge where Φ is evenly distributed across links
(φ12 = φ23 = ⋯ = φN1 = Φ/N). For multi-plaquette networks, we later
apply Eq. (3) in a generalized sense where the label j traverses only the
outer nodes. Any flux Φ ≠ 0, π breaks T -symmetry, lifting the
degeneracy between the eigenmodes ~ak —which exhibit a chiral phase
advance between resonators of 2πk/N. In prior experiments withN = 3,
where k = {−1, 0, 1}, we observed that interference between the ~ak

states produced clockwise (counterclockwise) chiral Rabi oscillations
for Φ = π/2 (Φ = − π/2) in the time evolution35.

Interference with multiple magnetic flux plaquettes
Crucially, the collective phenomena in larger lattices pierced by mag-
netic fluxes originate from the interference of excitations on multiple
plaquettes in the lattice. For example, in the Harper-Hofstadter
model43 interference between adjacent plaquettes leads to the insu-
lating bulk and localization of chiral states on the edge of a network
that are characteristic of the IQHE. We study such emergent behavior
by constructing nano-optomechanical networks containing multiple
flux plaquettes, leveraging the platform’s reconfigurability. While flux
tunes the eigenfrequencies ϵk (Eq. (2)) of a single AB loop with equal
couplings J, its eigenstates remain evenly distributed for any Φ
(hay

j aji � cnst.). But as soon as a network containsmore than one loop,
interference between adjacent plaquettes leads to eigenstates with
inhomogeneous distributions, controlled by flux. The four-mode
‘diamond’ network shown in Fig. 2a features two AB loops a4-a1-a3
and a3-a2-a4, fused along the central link a3-a4 and pierced by inde-
pendent fluxes. The relative handedness of the fluxes critically impacts
the diamond’s spectrum and the eigenstate localization.

With opposingflux chiralitiesΦ, −Φ, the phase vorticities for each
loopalign along the central link, and thenetflux through theperimeter
vanishes. We thus choose a gauge where both fluxes are sustained by
the central link to simplify calculations. For equal perimeter couplings
J, destructive interference then leads to an antisymmetric mode
~aapex = ða1 � a2Þ=

ffiffiffi
2

p
, localized solely on the apex resonators a1, a2. The

localization keeps ~aapex unaffected by the central coupling rate Jc and
frequency-insensitive to Φ. In Fig. 2b, the thermomechanical spectra
(top) show mode ~aapex as a flat band near zero detuning, exclusive to
the apex resonators’ sidebands. In this system, the apex localization,
representing a compact localized state—where amplitude is confined
to a few select sites—stems purely from geometry and remains robust
under varying flux44. However, the same coupling principle allows
engineering nanomechanical 0- and π-flux rhombic chains in our
platform, where localization arises fromboth geometry andAharonov-
Bohm interference, leading to “Aharonov-Bohm caging.”45–49.
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The remaining three eigenmodes depend on both Jc and Φ,
affecting their frequency and localization. However, when Jc = J

ffiffiffi
2

p
, all

eigenstates become flux-independent, and are given by ~aapex and

~ak = a1 +a2

� �
=

ffiffiffi
2

p
+ e�i2πk=3a3 + e

i2πk=3a4

h i
=

ffiffiffi
3

p
, ð4Þ

with k = { − 1, 0, 1}, which represent Fouriermodes of an effective three-
mode loop obtained by removing the uncoupled apex mode.
Interestingly, ~ak preserve the phase-chiral character of the two three-
mode loops forming the diamond, with eigenfrequencies tuning
exactly as those of a single three-mode loop, as shown in Fig. 2 (top)
and detailed in Methods.

As Fig. 2 (bottom) shows, the situation is strikingly different when
both plaquettes are threaded by equally handed fluxes Φ, Φ. Their
vorticities along the central link are antiparallel, so that multi-loop
interference causes all eigenstates to have flux-dependent weights.
The perimeter is pierced by a net flux of 2Φ, which we can distribute
evenly over its links. In the basis of eigenstates ~ak of perimeter
momentum k = { − 1, 0, 1, 2}, given in Eq. (3), the hoppingmatrix—order
f~a0, ~a2, ~a1, ~a�1g—becomes block-diagonal,

J=

ϵ0 + Jc=2 �Jc=2 0 0

�Jc=2 ϵ2 + Jc=2 0 0

0 0 ϵ1 � Jc=2 Jc=2

0 0 Jc=2 ϵ�1 � Jc=2

2
6664

3
7775, ð5Þ

where ϵk are given in Eq. (2) for flux Φ → 2Φ. The central coupling Jc
mixes the opposite momentum states ~a0 $ ~a2 and ~a1 $ ~a�1, which
attain degenerate ϵk forΦ =0,π, respectively. Consequently, a spectral
gap opens at those fluxes of width Jc (see “Methods” and Supplemen-
tary Fig. 2), where (anti)symmetric superpositions of opposite
momentum states are formed. These localize excitations in the apex or
central resonators, as observed in Fig. 2b and c, bottom, for the central
site a3 by disappearing sidebands atΦ = 0, π, while the disappearance

of apex sidebands is masked at Jc=J =
ffiffiffi
2

p
. Finally, at T -breaking fluxes

Φ ≠ 0, π, the ϵk-degeneracies lift and all modes delocalize. Evidently,
the equal-handed diamond no longer mimics its constituent loops.

Edge localization and integer quantum Hall physics
When moving to larger lattices with magnetic flux, interference
between plaquettes plays an essential role in the emergence of the
features associated with quantum Hall phases. In infinite periodic lat-
tices, such as the square-lattice Harper-Hofstadter model, a constant
magnetic field controls the fractal complexity in the spectrum known
as the Hofstadter butterfly, related to the competition between the
lattice length scale and themagnetic length43. A larger lattice uncovers
more of the butterfly’s details by accommodating a broader range of
commensurate and incommensurate ratios (“Methods”). In a finite
Hofstadter system, the characteristic chiral edge modes appear in the
gapsof thebutterfly spectrum,with energy localizedon theouter edge
of the lattice while the magnetic flux renders the bulk insulating.
Similar effects are observed in other planar discretizations, including
triangular, hexagonal Kagome lattices, and hyperbolic tilings50–54.

The mechanisms at play can be observed in systems that contain
even just five resonators. We construct the five-mode wheel graphW5

(Fig. 3a), with four resonators aj forming a ring (rates J) and connected
to a central hub resonator a1 (rates Js). With oppositely handed fluxes
through adjacent plaquettes (Fig. 3, top), the vorticities of neighboring
plaquettes in W5 align along their common links. This results in flux-
insensitive antisymmetric eigenmodes, ða2 � a4Þ=

ffiffiffi
2

p
and

ða3 � a5Þ=
ffiffiffi
2

p
, similar to the diamond’s apex state. For equal couplings

Js = J, the remaining states behave like a three-mode loop with unequal
couplings J, J

ffiffiffi
2

p
(Fig. 3b, top; further details inMethods). Interestingly,

at the special ratio Js=J =
ffiffiffi
2

p
, all states become flux-independent and

delocalized, and the system acts as a fusion of its constituent loops.
A striking shift occurs with equally handed fluxes, where the

thermomechanical spectrum reveals states confined to the perimeter
and tunable with flux (Fig. 3, bottom). We will call these states “edge

a3

Φ

Φ

a1

a2

a4

a3

Φ

Φ

a1

a2

a4

(a) (b) (c)

Fig. 2 | Interference between two adjacent plaquettes in a diamond config-
uration. a Four resonators aj form a diamond configuration with two adjacent
plaquettes, pierced by opposite fluxesΦ, −Φ (top) or equal fluxesΦ (bottom). The
perimeter coupling rate is J/(2π) = 5 kHz, and the central link is coupled at Jc = J

ffiffiffi
2

p
.

bMeasured thermomechanical spectra around the frequencyof the apex resonator
a1 (left) and central resonator a3 (right) for varying fluxΦ. The spectra for the other
apex and central resonators are similar. In the diamond with opposite fluxes (top),
eigenmodes with flux-independent localization emerge. One antisymmetric mode,

~aapex, is localized at the apex and remains unaffected byΦ, while the other modes
are delocalized and tune like those of a three-mode plaquette with Jc = J

ffiffiffi
2

p

(Methods). For equal-handed fluxes (bottom), all eigenmodes tune with flux, both
in frequency and localization. The central link couples opposite momentum states,
and atΦ = 0 andΦ = π, their superpositions localize entirely on either the apex or
central resonators. cWeight of central resonator a3 in each hybridized eigenmode
~ak of the diamond. The weight of apex resonator a1, as shown in Supplementary
Fig. 1a, is complementary.
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states” because of their confinement to the perimeter of this small
lattice. Writing the Hamiltonian in the momentum basis of the edge
states bk according to Eq. (3) and choosing a gauge where the spokes
carry no phase yields

HW 5,↻
= Js ay

1b0 +b
y
0a1

� �
+

X2
k =�1

ϵkb
y
kbk , ð6Þ

where ϵk are given by Eq. (2) for N = 4 andΦ→ 4Φ (perimeter net flux).
The spoke couplings Js hybridize the hub state a1 with the zero-
momentumedge stateb0, opening a spectral gap as observed in Fig. 3b
and c, bottom. At Φ = ± π/2, only the edge state b±1 remains at zero
detuning.

To study the character of the zero-detuning edge state experi-
mentally, we construct ‘field maps’ of the distribution of mechanical
amplitude over the nodes of the network. Figure 4a shows the recor-
ded fluctuation amplitudes in the five network nodes, obtained by
integrating the thermal fluctuations around the frequencies of each of
the five resonators (betweenΩj ± 2 × 2π kHz). Maps are shown for both
homogeneous fluxes Φ = π/2 and Φ = − π/2. As can be seen in Fig. 3b
(bottom), this corresponds to mapping the excitation of the mid-gap
edge state for positive and negative magnetic field, respectively. The
field maps in Fig. 4a again show that these edge states are confined at
the perimeter, with minimum amplitude at the hub node. The slight
variation in amplitude among the different perimeter nodes can be
explained by the variation in their damping rates and bath
occupancies.

As the edge states are extended over the entire perimeter, their
chiral nature is not revealed in this type of field map. We therefore
perform a different type of measurements, probing the transport of
coherent (continuous-wave) excitations of a single driven reso-
nator. Figure 4b shows the response as a function of drive frequency
in each of the five nodes, at T -breaking flux Φ = ± π/2. Driving the
hub resonator a1 at Δm = 0 fails to excite the edge state, but driving
the perimeter resonator a2 elicits a sharp response near Δm = 0
across all perimeter resonators, with the hub’s response remaining

flat. Crucially, as there is a trade-off between coherent energy
transfer through the network and dissipation at each site (see
Supplementary Fig. 3), the amplitude is attenuated further away
from the source, and the decaying amplitude reveals energy flow.
The relative heights of the zero-detuning peaks thus indicate that
the amplitudes decay along the edge with a clockwise or a coun-
terclockwise direction (Fig. 4b), depending on the sign of the flux,
revealing the chiral nature of the energy flow. In Fig. 4c (left), we
show themeasured fieldmaps of the driven experiment; regrouping
the edge amplitudes under resonant driving (Δm = 0) for both signs
of the flux. These experimental field maps explicitly show the
reversal of chirality—a direct result of tunable time-reversal sym-
metry breaking. They capture small differences in amplitudes due
to inhomogeneities in the network (i.e., the damping rates not being
equal). Both the chirality and the detailed amplitude distributions
of the experimentally mapped edge states correspond well to the
theoretically obtained field maps in Fig. 4c (right).

We thus observe chiral transport along the perimeter of the W5

network, enabled by AB interference between plaquettes. As the single
hub site a1 is shared among the four plaquettes that make up W5,
destructive interference suppresses the excitation of a1 as the edge
wave propagates. These mechanisms ensure that the basic character-
istics of the chiral edge states that exist in Chern insulators featuring
the IQHE can be recognized in optomechanical networks, even if they
are composed of a modest number of resonators. As such, the
experiments reported in Figs. 3, 4 witness the emergence of the IQHE
in small optomechanical lattices, including edge confinement, chiral
transport, and destructive interference in the bulk. Indeed, this beha-
vior of edge state formation due to interfering flux plaquettes is not
unique to the specific W5 network. In Supplementary Fig. 4, we show
similar phenomenology in a network with three interfering plaquettes.
In that same Supplementary Fig., we further emphasize the program-
mability of the networks by comparing to a specific example of inho-
mogeneous fluxes parametrized as (0, −Φ,Φ + π). With that choice of
fluxes, the network’s eigenmode localization is observed to tune
strongly with the flux parameter Φ, while its eigenfrequencies are

(a) (b) (c)

a5

Φ

a2

a4a3

a1

Φ

Φ

Φ

a5

Φ

a2

a4a3

a1

Φ

Φ

Φ

Fig. 3 | Multi-plaquette interference in a wheel graph. a Hub resonator a1 is
coupled to four perimeter resonators aj in a wheel graph configuration with equal
rates J = Js. Thewheel has four plaquettes piercedby either alternating fluxesΦ, −Φ

(top, J/(2π) = 3 kHz) or equal-handed fluxes Φ (bottom, J/(2π) = 4 kHz). b Thermo-
mechanical spectrumof the hub a1 (left) and perimeter a2 (right) for varying fluxΦ.
With alternating fluxes, the spectrum mirrors the opposed-flux diamond, forming

two degenerate, flux-insensitive eigenmodes that decouple from the hub
(ða2 � a4Þ=

ffiffiffi
2

p
and ða3 � a5Þ=

ffiffiffi
2

p
), while the other three modes delocalize over all

resonators.With equalfluxes, twomodesdelocalize across all resonators, and three
phase-chiral modes localize on the perimeter. cWeight of hub resonator a1 in each
of the hybridized eigenmodes ~ak of the wheel. The weight of edge resonator a2, as
shown in Supplementary Fig. 1b, is complementary.
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completely insensitive to Φ—in stark contrast to the quantum Hall
behavior induced by uniform magnetic fields.

Discussion
Despite involving only a few interfering nanomechanical plaquettes,
our experiments could capture core features of chiral edge states as
they are known to exist in extended lattices with the IQHE. The con-
nection of the above observations in the W5 network to the IQHE in
extended systems can be made more concrete in multiple ways.
Indeed, the W5 lattice could be extended to a larger lattice with
topological band structure by continuously adding resonator nodes.
For example, a square tiling of theW5 graph (Fig. 5a) forms a so-called
‘Union Jack (UJ)’ lattice, a.k.a. tetrakis square tiling55,56. This lattice
forms aChern insulator, featuring bandswith opposite Chern numbers
C = ± 1 separated by a direct band gap, as shown in Fig. 5b and analysed
in Methods. Boundaries of the UJ lattice under a uniform flux support
chiral edge states that span the gap, as illustrated in the dispersion of a
finite-width ribbon in Fig. 5c. The edge states, depicted in Fig. 5d for
various different wavevectors, are localized near the edge, with the
degree of localization determined by the spectral position of the
state’s energy within the gap. Alternatively, the W5 lattice could be
extended to a triangular or square lattice with equal flux along each
plaquette, which are also known Chern insulators with full topological
band gaps.

A natural question is how the optomechanical platformwe exploit
can be expanded to employ larger numbers of modes, and thus more
complex networks. First, we recognize that a larger number of physi-
cally separated beams could be used, thus expanding the system by
adding one or two spatial lattice dimensions to the synthetic (fre-
quency) mode dimension that we use here. In ref. 32, a two-
dimensional resonator lattice of sliced photonic crystal nanobeams
was envisioned, connected and programmed by usingmultiple optical
cavities, which could be addressed from free space using a laser field
that is shaped in a suitable fashion. Alternatively, multiple opto-
mechanical resonators could be coupled through optical waveguides
on the surface of a chip. In either case, to keep the number of control
tones manageable, some of the mechanical modes in the network

could have equal frequencies, such that single modulation tones can
address multiple connections in the network. Depending on the net-
work one aims to create, this is not necessarily a problem: Indeed, only
a finite set of independently tunable hopping phases is needed to
implement the IQHE, due to gauge invariance23. Second, we envision
that even in a single optical cavity, many more mechanical modes
could be coupled than we have demonstrated in this work. The phy-
sical phenomena we demonstrated here require coupling rates ∣Jjk∣ to
significantly exceed the mechanical linewidths γj, γk, i.e., strong
mechanical coupling andnormalmode splitting. Since ∣J∣ is of theorder
of the maximal optical spring shift, the above requirement is equiva-
lent to having the optomechanical cooperativity C =4g2

0
�nc=ðκγÞ sig-

nificantly exceed unity. This can be reached for a larger amount of
mechanical modes by for example increasing the laser power, redu-
cing the optical linewidth κ, or reducing the mechanical linewidth γ.
The mechanical linewidth in the platform studied here would be
reduced naturally bymore than an order ofmagnitude by operating at
cryogenic temperatures57.

Importantly, many different optomechanical resonator systems
across various scales and materials reach the regime of large
cooperativity58, and one can thus imagine the use of optomechanical
lattices in systems that naturally featuremanymechanicalmodes, such
as membranes with phononic hole arrays59 in a cavity, phononic
waveguides coupled to an optical nanocavity60, multiple levitated
particles coupled to a joint cavity field61, or high-frequency bulk-
acoustic wave resonators62.

In conclusion, we employed in this work a versatile nano-
optomechanical platform to engineer phononic networks threaded
by artificial magnetic fields, demonstrating Aharonov-Bohm inter-
ference between multiple loops. We found that the relative handed-
ness of neighboring loops greatly impacts their dynamics: Networks
with loops that have their vorticity aligned along shared links (i.e.,
staggered fluxes in contiguous plaquettes) behave like their con-
stituent loops, while those with opposing vorticities show richer, flux-
dependent, localization. Specifically, in theW5 network, we uncovered
a chiral edgemode that canbe associatedwith topologically protected
edge states in lattices with broken T -symmetry. This minimal

Thermal

1 3 50 2 4

Experiment Theory

Fig. 4 | Field maps and transport along the perimeter of a wheel graph:
observation of chiral edge states. a Field maps of thermal fluctuations in the W5

network. These plot the root-mean-square thermomechanical amplitude of the
zero-detuning mode for each resonator in the network (integrated between
Ωj ± 2 × 2π kHz), for homogeneous fluxesΦ = ± π/2. At these frequencies and fluxes,
the edge states aremapped.bAmplitude response of the five-mode wheel network
W5 with equal-handed fluxΦ = ± π/2 (Fig. 3, bottom) to continuous wave driving of
the central resonator a1 (left) and perimeter resonator a2 (middle and right).
Coupling rates J/(2π) = Js/(2π) = 4 kHz. Driving the perimeter resonator a2 excites
the edge mode at zero detuning, while driving the hub resonator a1 does not.
Measured amplitudes are in good agreement with the predicted responses (black

lines,Methods),with all necessary parameters (coupling J, dissipation γj and driving
strength fj) determined independently. c Field maps of locally driven edge states:
Amplitude response at each site of the networkwhen resonantly driving a2 (Δm = 0,
indicatedby dotted lines in panel a). Clockwise (counter-clockwise) chiral transport
along the perimeter is observed for Φ = π/2 (Φ = − π/2) from the decay away from
the source, due to the trade-off between vibration transfer and decay at each site
(see Supplementary Fig. 3). Differences in clockwise and counter-clockwise trans-
port are explained by disorder in the dissipation rates (Supplementary Table I).
Experimental data is shown on the left, theoretical simulations of the driven
experiments (including the measured dissipation rates) are shown on the right.
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demonstration of a nanomechanical IQHE marks an essential step in
the realization of Chern insulators for sound at the nanoscale9, and
complements other experiments that achieve helical, bidirectional
edge modes without breaking time-reversal symmetry38.

The platform and mechanisms we demonstrate open a wealth
of new directions for exploring how symmetry breaking and
topology influence functionality and performance metrics of reso-
nator networks, including sensing, thermodynamics, signal routing,
and information processing. While we focus on IQHE physics here,
the complete network programmability illustrated in this work
allows programming various different phases of matter. In parti-
cular, the laser-controlled couplings will allow studying the physics
of media and materials with time-varying Hamiltonians. The
demonstrated optomechanical Aharonov-Bohm control could
enable nanoscale devices with slow sound or phononic localization,
enhancing energy-efficient control and acoustic sensing through
flat band engineering and enhanced sound-matter interactions63,64.
Furthermore, this platform’s weak, tunable nonlinearities from
optomechanical interactions, combined with controllable con-
nectivity, offer potential for analog computing, including Ising
optimizers65 and neuromorphic computers66. Finally, the proposed
principles could extend to hybrid quantum nanomechanical
systems67, where qubit-induced strong nonlinearity and flat bands
enable strongly correlated chiral states akin to those in super-
conducting cavity arrays68,69.

Methods
Experimental methods
The experimental set-up and methods for fabricating and character-
izing the nano-optomechanical device, calibrating the programmable
interactions, phase referencing, read-out, and driving of the resonator
networks are described in detail in refs. 35–37. We summarize them
here for completeness.

Optomechanical system
The nano-optomechanical device used in this work is fabricated in-
house and consists of a suspended, sliced silicon nanobeam that
incorporates a photonic crystal cavity. The optical cavity mode is
simultaneously coupled to several non-degenerate flexural modes of
the sliced beam, with spatial profiles shown in Fig. 1b. Optical access to
the cavity is achieved via free-space coupling by focusing a laser beam
at normal incidence onto the sample. To suppress direct reflections
while collecting light escaping the cavity, we employ a cross-polarized
detection configuration. Thedevice ismounted in a room-temperature
vacuum chamber (pressure 2 × 10−6 mbar) and aligned to the laser
focus with a piezo-actuated precision stage. Supplementary Table I
lists the relevant parameters of the five nanomechanical modes and
the opticalmode used in this study, determined as described in ref. 35.

Optically-mediated mechanical interactions
Direct mechanical coupling between the flexural modes is negligible
due to their large frequency separation and narrow linewidths. How-
ever, effective interactions can be engineered via radiation
pressure35–37. In particular, intensity modulation of the laser drive
provides parametric control of the cross-resonator optical spring
effect, which, if the modulation matches the frequency difference
between two resonators aj and ak, induces an effective beam-splitter
interaction with rate

Jjk = c
m
jk �nc

g0, jg0, kΔ

Δ2 + κ2=4
= cmjk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δωjδωk

q
2

, ð7Þ

between aj and ak. Here, cmjk is the modulation depth, �nc the average
laser-induced cavity photon population, g0,j the vacuum optomecha-
nical coupling rate of resonator j,Δ =ωL −ωc the detuning between the
laser frequency ωL and the cavity resonance ωc, and κ the cavity
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Fig. 5 | Example of extension to a large lattice: Union Jack lattice. a Square tiling
of theW5 network forms a Union Jack (UJ) lattice, featuring a two-site primitive unit
cell (gray).bTwo-dimensional band structure of a Union Jack lattice pierced by flux
Φ = π/2. Two bands with opposite Chern numbers C = ± 1 are identified, separated
by a gap. cBand structure of a UJ ribbon, finite in the x-direction (widthN = 33 sites)
and infinite in y. Two edge states traverse the topological gap, localized on either

boundary of the ribbon. d Transverse edge state profiles in a unit cell of the UJ
ribbon, at different values of ky indicated by the colored dots in panel c. The panels
show a single unit cell of the ribbon, which is extended to the top and bottom. The
states are localized at one edge of the ribbon, depending onpropagation direction.
The transverse decay length depends on ky. For ky = ± π/2, edge states fully localize
on the outer two sites.

Article https://doi.org/10.1038/s41467-025-62541-z

Nature Communications |         (2025) 16:7471 7

www.nature.com/naturecommunications


linewidth. Moreover, the coupling phase φjk is crucially controlled by
the phase offset of the modulation tone.

Alternatively, Jjk can be succinctly expressed in terms of each
resonator’s optical spring shift δωj =2�ncg

2
0, jΔ=ðΔ2 + κ2=4Þ. For a given

optical input power, δωj and thus Jjk are maximized by detuning the
control laser (Toptica CTL 1500) to the flank Δ= ± κ=ð2

ffiffiffi
3

p
Þ of the

optical resonance. To calibrate the interaction strengths Jjk, we note
that the spring shift δωj for each resonator j can be easily and accu-
rately measured.

As mentioned in the main text, multiple modulation tones can be
superimposed to induce several beam-splitter couplings at the same
time. In experiment, modulation tones are generated by a high-
frequency lock-in amplifier (LIA; Zurich Instruments UHFLI) supple-
mented by several additional signal generators (Siglent SDG1062X and
SDG2122X). To achieve phase coherence between all tones, the signal
generator clocks are synchronized to the LIA37. After amplification,
control signals are imprinted on the control laser field using a fiber-
coupled intensity modulator (Thorlabs LN81S-FC).

Excitation and readout
The instantaneous displacement zj(t) of each mechanical resonator is
transduced onto the reflected intensity of light from a secondary laser
(Toptica CTL 1550), far detuned from the cavity resonance
(Δdet = −2.5κ). This light is spectrally isolated from reflected control
laser light by a tunable band-pass filter (DiCon) and detected by a fast,
AC-coupled photodiode (New Focus 1811).

To extract individual resonator signals, the photodiode output is
demodulated in the LIA with a 3 dB-bandwidth of 50kHz (third order
filter). The resulting complex amplitudes are then normalized to the
detector voltage level corresponding to each resonator’s zero-point
motion xzpf, as obtained from thermally driven reference measure-
ments without coupling modulations. Under thermal driving, spectral
analysis of the demodulated amplitude fluctuations then yields the
thermomechanical spectra shown.

For the coherent response measurements shown in Fig. 4, we
imprint a LIA-generated modulation resonant with a particular
mechanical mode on the control laser intensity, in addition to the
coupling tones that form the network. The response amplitudes of all
resonators are analysed coherently by the LIAwith a lock-in bandwidth
of 10Hz. Each data point in Fig. 4 is the average of 10 repetitions.

Analysis of the diamond network
In this section, we include further analysis of the diamond network
shown in Fig. 2. First, we show that the dynamics of the chirality-
opposed diamond (which has aligned vorticity along the central link),
dubbed↑↓, ⋄ and shown in Fig. 2a, top, can bemappedonto the three-
mode AB loop. The coupling matrix of a three-mode loop with one
phase-carrying link of strength Ja and two reciprocal links of equal
strength Jb is given by

J3 =
0 Jae

�iΦ Jb
Jae

iΦ 0 Jb
Jb Jb 0

2
64

3
75, ð8Þ

where Φ is the flux that pierces the loop. Next, we express the matrix
J↑↓,⋄ of the chirality-opposed diamond in the basis f~aapex,a2,a3, ~asymg,
where ~asym = ða1 +a2Þ=

ffiffiffi
2

p
is the symmetric apex mode, to find

J0"#,� =

0 0 0 0

0 0 Jce
�iΦ J

ffiffiffi
2

p

0 Jce
iΦ 0 J

ffiffiffi
2

p

0 J
ffiffiffi
2

p
J

ffiffiffi
2

p
0

2
6664

3
7775=

0

J3

	 

: ð9Þ

From Eq. (9), we see that the antisymmetric apex mode ~aapex is
decoupled, while the remaining modes fa2,a3, ~asymg evolve as a three-

mode AB loop with couplings Ja → Jc, Jb ! J
ffiffiffi
2

p
. Moreover, when

Jc = J
ffiffiffi
2

p
, the effective three-mode loop exhibits equal couplings and is

rotationally invariant.
For the equal-handed—vorticity-opposed– diamond shown in

Fig. 2a, bottom,we calculate the spectra andeigenmodes for a rangeof
central link strengths Jc. The results are shown in Supplementary Fig. 2.
For Jc = 0, we recover the spectrum of the four-mode AB-loop defined
by the diamond perimeter, with all eigenmodes completely deloca-
lized. As discussed in the main text, the introduction of a coupling
Jc > 0 along the central link couples the loop modes of opposite
momenta ~a0 $ ~a2 and ~a1 $ ~a�1. These become degenerate forΦ = 0
and Φ = π, respectively. Consequently, a spectral gap opens at these
fluxes. The associated (anti)symmetric superpositions of momentum
states fully localize either in the apex or the central resonators.

Analysis of the W5 wheel graph
In this section, we include further analysis of the W5 wheel graph
network, shown in Figs. 3 and 4.Wemap the dynamics of the opposite-
chirality wheel graph in Fig. 3a, top, onto an effective three-mode AB
loop. This network is dubbed↑↓,⊠ . First, we note that theW5 network
canbe seen as a fusionof two vorticity-aligneddiamondnetworks. This
suggests us to express the wheel graph’s Hamiltonian matrix J↑↓⊠ in
the basis f~a2�4, ~a3�5, ~a2 +4, ~a3 + 5,a1g, where ~aj ± k = ðaj ±akÞ=

ffiffiffi
2

p
are

symmetric and antisymmetric superpositions of the perimeter reso-
nators, to find

J0"#,2 =

0 0 0 0 0

0 0 0 0 0

0 0 0 2J Js
ffiffiffi
2

p
e�iΦ

0 0 2J 0 Js
ffiffiffi
2

p
eiΦ

0 0 Js
ffiffiffi
2

p
eiΦ Js

ffiffiffi
2

p
e�iΦ 0

2
6666664

3
7777775

=

0

0

J03

2
64

3
75:

ð10Þ

Similar to the apex mode in the diamond, the two antisymmetric
perimeter modes ~a2�4, ~a3�5 are decoupled. The remaining modes
evolve under the Hamiltonian J03 of a three-mode AB loop with
couplings Ja → 2Jc, Jb ! Js

ffiffiffi
2

p
, pierced by a net flux of Φ → 2Φ that is

distributed evenly over the last two links.

Independent prediction of W5 response
In the homogeneousW5 network, we predict the response to coherent
driving, as shown in Fig. 4a, from the network’s susceptibility matrix

χ
a!ðΔmÞ= iðΔm1� J+ iΓ=2Þ�1: ð11Þ

Each resonator j canbedriven individually, through radiationpressure,
by modulating the intensity of a weak drive laser with a coherent tone
at a frequencyωd,j close themechanical resonance frequencyΩj. In Eq.
(11), Δm = ωd,j − Ωj is the global detuning of all driving tones, while

J=

0 Js Js Js Js
Js 0 Je�iΦ 0 JeiΦ

Js JeiΦ 0 Je�iΦ 0

Js 0 JeiΦ 0 Je�iΦ

Js Je�iΦ 0 JeiΦ 0

2
6666664

3
7777775

ð12Þ

is the network’s Hamiltonianmatrix and Γ = diag(γ1,…, γN) encodes the
mechanical dissipation rates γj, as listed in Supplementary Table I. In
our experiment, the drive laser is resonant with the optical cavity.

The vector α
! of the resonators’ complex response amplitudes αj,

expressed in units of the zero-point motion xzpf,j and in a frame that
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rotates along with each resonator j, is then given by

α
!=χ

a!ðΔmÞ f
!

: ð13Þ

Each element of f
!

encodes the complex amplitude

f j = ie
iϕd, j cd, j

g0, j�nd

2
ð14Þ

of the tone driving resonator jwithmodulation depth cd,j, phase offset
ϕd,j and corresponding optomechanical coupling rate g0,j, while �nd

denotes the average cavity photon population contributed by the
weak, resonant drive laser.

Drive and response amplitudes are normalized such that

αj = f j=ðγj=2� iΔmÞ ð15Þ

when all resonators are uncoupled (J = 0). In practice, we establish the
value of the proportionality constant dj = g0, j�nd=2 between ∣fj∣ and cd,j
in a calibration experiment where, for each resonator j individually, we
measure αj as a function of Δm for fixed cd,j. We then fit Eq. (15) to the
results to extract dj. For the experiments shown in Fig. 4a, we used
driving strengths f1/(2π) = 1.91 MHz (left) and f2/(2π) = 2.07 MHz
(middle and right).

Topology of the W5 lattice
In the main text, we have explored W5 graphs threaded by synthetic
fluxes. By concatenating these W5 building blocks, one can construct
the Union Jack (UJ) lattice, where each W5 graph forms the funda-
mental unit (Supplementary Fig. 5a). This lattice is generated by sub-
dividing the squares of a standard square lattice into triangles,with the
diagonals and edges naturally forming the connections of the W5

structure. Within theW5 lattice, the sites can be distinguished into two
sublattices based on their roles and connectivity. The central or “hub”
sites of theW5 graphs form one sublattice and link directly to the four
surrounding peripheral or “rim” sites. The peripheral sites, which
belong to the second sublattice, form a closed loop and are shared
between neighboring W5 units.

In the simulations, the Union Jack lattice is constructed by first
defining a basis with two sites: one site a at the origin (0, 0) and
another site b at (ℓ/2, ℓ/2) – the site to become a hub. The primitive
vectors of the lattice are then chosen as ‘

!
1 = ð‘, 0Þ and ‘

!
2 = ð0, ‘Þ,

which define a square unit cell of side length ℓ. We label each unit cell
by its position indices j and k along the lattice vectors j ‘

!
1 + k ‘

!
2. The

standard nearest-neighbor connections between the sites aj,k at the
corners of the squares form the perimetral structure of the lattice.
Diagonal connections are then added between each of these corner
sites and the central site bj,k in the same and neighboring unit cells,
creating the characteristic structure of the UJ lattice.

Hofstadter butterfly spectra
The Hofstadter butterfly spectrum describes the energy spectrum of
excitations on a 2D periodic lattice subject to a synthetic flux per
plaquette, Φ = 2πp/q, where p and q are coprime integers. The spec-
trum, plotted as a function of Φ, reveals a fractal pattern of gaps and
bands resulting from the interplaybetween the geometric length, lg ~ ℓ,
set by the lattice spacing, and the magnetic length, lΦ � 1=

ffiffiffiffiffi
Φ

p
, which

characterizes the spatial extent of the synthetic flux’s influence. In the
square lattice, when Φ is rational, lg and lΦ commensurate, splitting
each energy band into qmagnetic subbands and producing the fractal
Hofstadter butterfly43, as shown in Supplementary Fig. 6a.

For the triangular lattice, the Hofstadter butterfly appears more
intricate. Each energy band splits into q magnetic subbands when
Φ = 2πp/q53,70, Supplementary Fig. 6b. The shorter path connectivity of

the triangular lattice distorts the fractal symmetry and modifies the
gap structure compared to the square lattice, resulting in a richer but
less symmetric spectrum. For the Union Jack lattice, shown in Sup-
plementary Fig. 6c, the Hofstadter butterfly spectrum combines fea-
tures of both the square and triangular lattices. The hybrid
connectivity of theUnion Jack latticecreates a unique energy spectrum
where the fractal structure of the Hofstadter butterfly still emerges,
but with distinct gap patterns and subband structures characteristic of
its geometry. This spectrum reflects the influence of both square-like
perimetral bonds and the central hub connections, highlighting the
interplay of the lattice’s hybrid nature with the magnetic flux.

Band structure of the UJ lattice with Φ = π/2
For a planar UJ lattice with translational invariance in both directions,
where each triangular plaquette is pierced by a homogeneous flux
Φ = π/2, the magnetic unit cell (Supplementary Fig. 5b) is equal to the
lattice unit cell. The Hamiltonian H that governs the lattice is specified
by the matrix elements

haj, k jHjaj + 1, ki= J, haj, k jHjaj, k + 1i= J,
haj, k jHjbj, ki= � J, hbj, k jHjaj + 1, k + 1i= J,

hbj, k jHjaj, k + 1i= � iJ, haj + 1, k jHjbj, ki= � iJ,

ð16Þ

and their Hermitian conjugates. These elements encode the couplings
within and between unit cells as shown in Supplementary Fig. 5b by
solid links, where J is the coupling strength.

To calculate the band structure of this infinite, two-dimensional
lattice, we take the dynamical matrix of the magnetic unit cell and
apply the Bloch theorem for periodic boundary conditions,

∣ða,bÞj +n, k +m
E
= eiðnkx +mkyÞ∣ða,bÞj, k

E
, ð17Þ

for wavevectors kx and ky in the x and y-directions, respectively. The
matrix elements ofH that drive rim site aj,k correspond to all links that
connect to the a-site in Supplementary Fig. 5b (solid and dashed), and
are given by

haj, k jHjaj + 1, ki= J, haj, k jHjaj, k + 1i= J,
haj, k jHjaj�1, ki= J, haj, k jHjaj, k�1i= J,
haj, k jHjbj, ki= � J, haj, k jHjbj�1, ki= � iJ,

haj, k jHjbj�1, k�1i= J, haj, k jHjbj, k�1i= iJ:

ð18Þ

Likewise, the matrix elements that drive hub site bj,k are given by

hbj, k jHjaj, ki= � J, hbj, k jHjaj + 1, ki= iJ,
hbj, k jHjaj, k + 1i= � iJ, hbj, k jHjaj + 1, k + 1i= J:

ð19Þ

By combining Eqs. (18) and (19) with boundary condition (17), we
arrive at the 2 × 2 Bloch Hamiltonian HB for the unit cell sites a and b,
specified by matrix elements

ah ∣HB∣ai= J e�ikx + eikx + e�iky + eiky

� �

ah ∣HB∣b
�
= J e�iðkx + kyÞ � 1� ie�ikx + ie�iky

� �
,

b
�

∣HB∣ai= J eiðkx + kyÞ � 1 + ieikx � ieiky

� �
,

b
�

∣HB∣b
�
=0:

The band structure of HB is given by its two eigenvalues

ϵ±

J
= cosðkxÞ+ cosðkyÞ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4+ ðcosðkxÞ � cosðkyÞÞ2

q
, ð20Þ
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which are plotted in Fig. 5b.

Chern numbers for flux Φ = π/2
We study the integer quantum Hall effect, a well-known topological
phase of matter, in this UJ lattice. Topological phases exhibit
properties that are robust against local perturbations, with quan-
tized conductance values tied to global invariants in condensed-
matter systems. In this case, the quantized Hall conductance is
linked to the topology of the system’s electronic bands, described
by the Chern number. Similar concepts extend to topological
bosonics, e.g., topological photonics, where the Chern number
governs robust light transport, enabling unidirectional edge states
immune to backscattering8.

Starting from the Bloch eigenstates ∣u± ð k
!Þi corresponding to the

two eigenvalues ϵ± of HB, the Berry curvature Ω± is calculated for each
band as

Ω ± ð k
!Þ= 2 Im ∂kx

u± ð k
!Þ





∂ky
u± ð k

!Þ
� �

, ð21Þ

having only one component in 2D. The Berry curvature acts as a
momentum-space curvature, and its integral reveals the topological
nature of the band. The net flux of Berry curvature over the Brillouin
zone (BZ) gives the Chern number:

C ± =
1
2π

Z
BZ
d k
!

Ω± ð k
!Þ: ð22Þ

This invariant reflects the global structure of the band in a manner
analogous to the Gauss-Bonnet theorem, where the integral of
Gaussian curvature encodes a topological property (the Euler
characteristic) of a surface71. We calculate the Chern numbers for the
UJ lattice symbolically, using MATHEMATICA software, and find

C ± = ± 1: ð23Þ

This result indicates that the UJ lattice hosts topologically nontrivial
phases, with C+ = 1 and C− = − 1 corresponding to chiral edge states
propagating in opposite directions, as per the bulk-boundary
correspondence.

Direct retrieval of edge states
A ribbon geometry imposes translational symmetry along the y-
direction (infinite) while keeping the network finite in the x-
direction to form a ribbon of fixed width N. This setup isolates
edge states, allowing the study of chiral modes induced by the
flux Φ.

A natural gauge choice for the ribbon is the Landau gauge, where
link phases vary only in the x-direction. In Supplementary Fig. 5c, we
show how the UJ lattice can be constructed with arbitrary fluxΦ in this
gauge. The ribbon consists of a single row of N primitive unit cells,
labeled by their index j along the x-direction, and comprises the sites aj
and bj. To ensure termination on a rim site on both ends, we remove
the final hub site bN.

To calculate the band structure of the infinite ribbon (asplotted in
Fig. 5c) and the corresponding eigenstates (as plotted in Fig. 5d), we
construct the Bloch Hamiltonian HB in a similar fashion as before. We
find that it is specified by the matrix elements

aj

D
∣HB∣aj

E
=2J cosðky � 4jΦÞ,

aj

D
∣HB∣bj

E
= J e2iΦ + e�iky e�ið3 +4jÞΦ

� �
,

bj

D
∣HB∣aj

E
= J e�2iΦ + eiky eið3 +4jÞΦ

� �
,

ð24Þ

that couple sites within a cell j, and the inter-cell matrix elements

aj

D
∣HB∣aj + 1

E
= J,

aj + 1

D
∣HB∣aj

E
= J,

bj

D
∣HB∣aj + 1

E
= J e�3iΦ + eiky eið4+4jÞΦ

� �
,

aj + 1

D
∣HB∣bj

E
= J e3iΦ + e�iky e�ið4+4jÞΦ

� �
,

ð25Þ

while all other elements are zero. Again, the eigenvalues of HB deter-
mine the dispersion of the ribbon, while the corresponding eigen-
vectors determine its wave states.

Data availability
The data in this study are available from the Zenodo repository at
https://doi.org/10.5281/zenodo.16001393.
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