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We study the vibrational motion of mechanical resonators under strong drive in the strongly nonlinear
regime. By imaging the vibrational state of rectangular silicon nitride membrane resonators and by
analyzing the frequency response using optical interferometry, we show that, upon increasing the driving
strength, the membrane adopts a peculiar deflection pattern formed by concentric rings superimposed onto
the drum head shape of the fundamental mode. Such a circular symmetry cannot be described as a
superposition of a small number of excited linear eigenmodes. Furthermore, different parts of the
membrane vibrate at different multiples of the drive frequency, an observation that we denominate as
“localization of overtones.” We introduce a phenomenological model that is based on the coupling of a
small number of effective nonlinear resonators, representing the different parts of the membrane, and that

describes the experimental observations correctly.
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Micro- and nanoscale mechanical resonators bear rich
potential to expand their applications in a broad range of
areas, such as noise sensing [ 1], optomechanical (quantum)
metrology [2,3], nanoelectromechanical logic gates [4,5],
and parametric oscillators [6,7]. Mechanical resonators can
have different size scales, and may be even as small as
single carbon nanotubes or patterned graphene sheets [8,9].
Among larger devices, quasi-two-dimensional membrane
resonators are interesting for several reasons, e.g., they
have resonant behavior in a broad range of frequencies
(e.g., from 100 kHz to several MHz) which make them
attractive as broadband transducers for vibratory energy
harvesting [10]. They are also important in hybrid engi-
neered systems, since flexural modes can be easily coupled
to other degrees of freedom such as photons [11-14] and
cold atoms in hybrid optomechanical architectures [15,16].
Suspended membrane resonators operating in the single-
mode regime have been studied in the weakly nonlinear
limit and modeled as a Duffing resonator [17]. Increasing
the membrane deflection amplitudes enforces the non-
linearity, thereby giving rise to nonlinear coupling between
eigenmodes [18-20]. So far, experiments reported non-
linear interaction involving only two interacting modes
[21-25], and only when matching an internal resonant
condition between eigenfrequencies [26].

In this Letter, we analyze a novel, nonlinear vibrational
state of a membrane resonator, achieved under strong drive.
We observe the appearance of spatially modulated over-
tones. Upon increasing the driving strength, the membrane
adopts a characteristic ring-shaped deflection pattern in
which different parts of the membrane vibrate at different
subharmonically excited multiples of the driving frequency.
Such a ring-shaped pattern is distinctly different from the
waveform and the symmetry of the flexural eigenmodes of
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the rectangular membrane. In other words, this regular
pattern can only be reconstructed by using a superposition
of a multitude of eigenmodes of the membrane. Moreover,
the presence of subharmonically excited tones points out
that the system is in a strongly nonlinear vibrational regime.
Part of this phenomenon was reported before [27], but
remained unexplained. Here we analyze it in detail and
present a phenomenological model that captures the main
features and semiquantitatively describes the experimental
findings. The starting point of this model is that, under
driving, the deflection profile of the membrane is well
described by

u(r,t) ~ an(t)hn(r)eﬂ””fd’ +c.c., (1)

n>1

where f,; is the driving frequency and r is the radial
coordinate of the 2D membrane, &, (r) are arbitrary spatial
profile functions, and the amplitudes of vibration are ¢,,(¢),
respectively. The amplitudes g, () play the role of effective
resonators with different eigenfrequencies f, and having
sizeable amplitudes at different positions on the membrane,
described by the functions #,(r), i.e., the localized over-
tones. We assume a nonlinear interaction V = >, .,4,4q,
between a mode ¢; with eigenfrequency f; and its over-
tones. This model is referred to as a 1:n nonlinear
coupling model.

We will show that, to describe our experimental obser-
vations, a small number of modes is sufficient, representing
a significant simplification compared to the classical model
based on linear eigenmodes of a rectangular membrane.
Our conclusions are thus that spatially modulated overtones
represent, indeed, a new paradigm in the nonlinear dynam-
ics of membranes, which goes beyond previous theoretical
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pictures, based on the approach of nonlinear interaction of
few linear eigenmodes [23-25].

The sample fabrication and measurement principles of
the silicon nitride (SiN) membranes have been described
in detail elsewhere [28-32] and are summarized in
the Supplementary Material [33]. Flexural modes of the
membrane are excited by applying an AC voltage
VexeSIn(27zf 4t) to a piezoelectric ring that causes a uniform
thickness change of the piezoelectric ring actuator, result-
ing in an inertial excitation of the membrane, see Fig. 1(a).
The vibrational state of the membrane in vacuum is
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FIG. 1. (a) Sketch of the experimental setups showing the
membrane chip carrying a free-standing SiN membrane, the
piezoelectric ring and drive, the objective of the imaging white
light interferometer (IWLI) and the laser beam of the Michelson
interferometer (MI). (b) Nonlinear resonance curves (measured
by IWLI and integrated over the entire membrane area) with
varying V.., normalized to V., are plotted vs the detuning
frequency with respect to the linear eigenfrequency f,; — fo.
Here f, is the eigenfrequency of the fundamental mode
So=Su1- The top axis shows the absolute frequency values
measured with the IWLI. The red dashed lines are fits with the
Duffing model.

observed in two different set-ups providing two different
types of optical interferometry. The imaging white light
interferometer (IWLI) is able to spatially resolve the
deflection profile and to obtain the average amplitude
response by integrating the deflection profile over a
selected area on the membrane surface [28]. The
Michelson interferometer (MI) is focusing on one particular
position of the membrane with a spot diameter of ~2 ym.
In this Letter, we show data recorded on the same
membrane. Similar phenomena have been observed also
for membranes with different size or made from different
materials. An example is shown in the Supplemental
Material [33]. Further experimental details are also given
in the Supplemental Material [33]. In the linear response
regime, we find resonances corresponding to the eigen-
frequencies f,,,) of the flexural eigenmodes which are
characterized by the integers m and »n indicating the number
of deflection maxima in the two spatial directions of the
membrane plane [32]. For example, we find f(; ) =
321 kHz and f;,) = 646 kHz for the eigenfrequencies
of the (1,1) and (2,2) mode, respectively, both with quality
factors in the order of 20000, see the Supplemental
Material [33] for more details. The eigenfrequencies of
all modes discussed in this article as well as further
mechanical parameters are listed in Table 1 of the
Supplemental Material. We utilize the IWLI signal inte-
grated over the entire membrane area to record the non-
linear vibration behavior under intermediate and strong
sinusoidal excitation and with a driving frequency f,
around [ 1). With V. =2.5 mV to 5.0 mV, the reso-
nance curves exhibit a Duffing-type nonlinearity, as
shown in Fig. 1(b), but when exceeding V. > 5.0 mV,
the amplitude rises more weakly than expected for the
Duffing model. This observation signals the onset of the
spatial modulation phenomenon. The spatial deflection
profiles captured by IWLI for V.. = 15.0 mV are shown
in Fig. 2(a). When continuously sweeping the driving
frequency f, the spatial appearance of the deflection
pattern changes from single drum head type at f,; = f;
[see marker in Fig. 1(b)] to a crater type at f,; = f»,
where the amplitude at the membrane center decreases
and the central part of the deflection pattern adopts a
flat shape.

When further increasing f, to f3, the flat area evolves
into a separate drum head shape. Finally, at f, again a
minimum occurs in the center surrounded by two rings. The
observed deflection patterns reveal a frequency-dependent
spatial modulation of the (1,1) mode, which cannot be
described as a simple superposition of few (m,n) modes,
since it has a circular symmetry contrary to the axial
symmetry of the higher (m,n) modes in a rectangular
membrane. With the help of sweep-up and ring-down
experiments performed in the MI at different positions
on the membrane, one can reveal that the modulation
is caused by frequencies that are identified as overtones of
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FIG. 2. Localized overtones for near-resonant drive in the spatial modulation regime. (a) Spatial deflection patterns observed at
different driving frequencies f,; denoted as f1, f>, f3, and f4 in Fig. 1(b), associated with the spatial overtones of the (1,1) mode
(Vexe = 15 mV). (b) Power spectrum (measured by MI) of a sweep-up measurement around the (1,1) mode up to f; = 321.88 kHz
(dashed line), from where f,; is kept constant, V.. = 50 mV. Top: drive frequency as a function of time. (c) Position dependence of
relative amplitude of overtones recorded at V., = 35 mV and f, & f3 [measured by MI] for a line cut parallel to the edges through the
center of the membrane, see schematic in the inset and Fig. 2(a). The intensities of the individual overtones (up to fourth overtone
shown) and the total intensity are obtained from the sweep-up measurements.

the (1,1) mode with 2f(; 1y and 3f(; 1), as we will show in
the following.

We perform a slow sweep-up of f, at constant V.
from a starting value below the resonance frequency of a
particular mode up to a maximum frequency above the
resonance frequency but within the frequency range of
the high response amplitude. At this frequency we switch
off the drive. The measurement spot is close to one edge
of the membrane and chosen such that the maximum
deflection stays smaller than a quarter of the laser
wavelength (see Supplemental Material [33] for details).
Note that due to experimental constraints the excitations
and axis scalings in Figs. 2(a)-2(c) are different. A direct
comparison between the mode shapes n Fig. 2(a) and the
amplitudes in Fig. 2(c) is therefore not possible. A fast
Fourier transform (FFT) algorithm is performed on the
time domain deflection displacement data in narrow time
windows to get a time-resolved power spectrum of the
sweep-up and ring-down processes. Figure 2(b) shows
the time evolution during the sweep-up of the power
spectrum for a moderate excitation from a starting
frequency slightly above the linear eigenfrequency f
up to f,; = 321.88 kHz. The subsequent ring-down part
is displayed in Fig. S10 in the Supplemental Material
[33]. In contrast to the linear response regime shown in
Fig. S9 in the Supplemental Material, we observe
response at multiple frequencies which are setting in
one after another at different f,. Strong signals are
observed at f, 2f,;, and 3f, respectively. These
responses evolve during the ring-down process towards
the overtones of the first mode, namely to f(; 1), 2f(1,1),
and 31 1). We note that 2f; ;) = 642 kHz can clearly be
distinguished from the eigenfrequency f(;,) = 646 kHz

of the (2,2) mode, given the frequency resolution of the
FFT algorithm ~1 kHz, which is larger than the intrinsic
line width of the linear resonances of ~50 Hz. A similar
multiple frequency response has also been found for SiC
and Ge membrane systems [27]. The multiple frequency
response complements the observations from the TWLI
and gives a strong hint that the spatial modulation state
corresponds to spatially varying superpositions of the
fundamental mode and its overtones. In addition, strobo-
scopic IWLI measurements show [see Fig. S6(d) in the
Supplemental Material], that at f; = f3 the central part
of the membrane (inner disk with a drum head shape)
vibrates at a different frequency than the outer annulus
which moves at f,.

To further test this hypothesis of localized overtones we
perform MI measurements at different positions on the
membrane. Figure 2(c) shows the relative amplitudes of the
overtones observed in the power spectrum for a line profile
from one edge of the membrane to the other, crossing the
center of the membrane, see the inset of Fig. 2(c). At each
spot a sweep-up is performed and the intensities of the
overtones are evaluated at fixed detuning by separately
integrating the power of each time window within a
corresponding frequency range. The total intensity reveals
a large plateau that extends over a width of roughly 200 ym
in the center of the membrane. The driving frequency f,; ~
f.,1) has the highest amplitude at the outer rim of this
plateau and strongly decreases towards the center. In the
central part the intensity of the second overtone exceeds the
one of the ground tone. The third and fourth multiples of f,
have a weaker intensity and are even more centered. This
observation evidences the existence of spatially localized
overtones, confirming the interpretation of the IWLI data.
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The detailed microscopic analysis of the observed spatial
overtones and their appearance is a challenging theoretical
task and beyond the aim of this Letter. The main physical
aspects can be captured by the phenomenological ansatz
given in Eq. (1) that describes that the membrane is
vibrating at distinct sections at different frequencies. We
note that any profile function can be obtained as a linear
combination of the eigenmodes (m, n) since the latter form
a complete orthonormal basis. An example is given in the
Supplemental Material [33] in which we project the ring
shape of the deflection onto the linear eigenmodes. This
yields a very slowly convergent series: as expected intui-
tively, a superposition of many modes is needed to
reproduce a circular ring shape (N > 100) of the rectan-
gular membrane (see Supplemental Material [33]). By
contrast, the spatially modulated overtones u, can be
viewed as renormalized eigenmodes appearing only for
strong driving. They can be mathematically defined on the
concept of an invariant manifold in an elastic nonlinear
medium [34]. For simplicity we describe here the situation
with only two resonators, i.e., the 1:2 model. The general
1:n model is detailed in the Supplemental Material [33]
and in Refs. [26,35]. We thus consider the equation

u(r. 1) = o)y (P)e™ st 4 gy (1)) (r)e™ it 4 c.c.. (2)

where A (r) is localized at a ring of radius R from the center
and has the eigenfrequency f| =~ f(;;) and hy(r), is
localized at the center, with eigenfrequency 2f4, as shown
in Fig. 2(a) for f,; = f5.

Finally, in our model, we assume a nonlinear coupling
between the two effective resonators, and we set the
following coupled equations for the amplitudes ¢, and g¢,:

41(1) = —(2zf1)%q (1) = 2Ty qy (1) — 249, (1) g5(1)
— 71431 (1) + Fgcos (2zf 41), (3)

Ga(t) = =4(2nf1)2q2(1) = 20aa (1) — g3 (1).  (4)

Equations (3) and (4) mean that the membrane is effectively
composed of an inner disc coupled to an outer ring [36].
The ring resonator is characterized by a Duffing non-
linearity with strength y;, and both are damped with
damping constants I'; and I',. Most importantly, we also
postulate a nonlinear resonant interaction between the two
resonators with the interaction strength A, which can be
derived from the nonlinear potential V = Aq;%q,. This
interaction 1is important since it implies a correlated
behavior of the two amplitudes that we actually observe
in the system, as we discuss next.

In Fig. 3 we show more curves from the same data set as
depicted in Fig. 1(b). The orange lines are the same fits to
the Duffing model as in Fig. 1(b), the green curves are
calculated with the 1:2 coupling model and the blue curves
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FIG. 3. Experimental responses (symbols) integrated over the
entire membrane (shown as green frame in the inset) measured by
IWLI for V. = 2.5,4.2,5.8,6.7,7.5, 8.3, 9.1, 10.0, 10.8, 11.6,
12.5, 13.3, 14.1, and 15.0 mV. The lines are fits with either the
Duffing or the coupled model. For details see text. Inset: Fitting of
the curve recorded at 10.0 mV. The black lines show the individual
contributions of modes n = 1 and n = 2.

using 1:2 and 1:3 coupling. The fitting parameters and
their analyses are given in the Supplemental Material [33].
The model fits the experimental curves well. The small
deviations can be explained by the simplicity of the model,
e.g., neglecting the contributions of the higher overtones.

The analysis of the development of the spatial overtones
is completed by studying the deflection amplitude in a
small area. Figure 4(a) shows examples of response curves
integrated over a square with size 80 x 80 ym? in the
central area [see dashed frame in inset of Fig. 4(b)] of the
membrane for increasing V.. A zoom into the maxima is
given in panel (b). It reveals a series of maxima and
minima, before the amplitude eventually breaks down. The
number of observable maxima increases with V.. in
agreement with the increasing plateau length when inte-
grating over the whole membrane area. For small V. =
10 mV only the first maximum and minimum are acces-
sible, for V.. =93 mV four maxima and minima are
obtained. We interpret this observation as follows: upon
increasing f;, the diameter of the circular shaped overtones
increase. The first maximum signals that u; reaches the
edges of the integration window, thereby reducing the
averaged amplitude. When further increasing f,;, more
overtones are excited, increasing the amplitude and sub-
sequently leaving the central area, thereby reducing the
averaged amplitude again. As an example we fit the curve
recorded for V.. = 10 mV with our theoretical model,
comprising two tones, ¢; and ¢,. To account for the fact
that upon increasing f';, the radius of the ring increases and
partially leaves the integration area, we use a linearly
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FIG. 4. Resonance curves measured in a localized area of
the membrane. (a) Normalized averaged amplitude responses
of the central area of the membrane (blue frame in inset deflection
pattern), measured by IWLI curve for different V. from 10 mV
up to 93 mV. (b) Zoom into the maximum region. (c) Exper-
imental curve (symbols) for V. from 10 mV and fit (line) to the
1:2 model.

decreasing weight factor for mode ¢;, see Supplemental
Material [33]. The solid line in Fig. 4(c) is the result of the
fitting with the theoretical model which describes the
experimental observation qualitatively correctly. The indi-
vidual contributions and the total fitted amplitude and
further details are given in the Supplemental Material [33].
This concept can straightforwardly be extended to the
situation with three and more modes. However, the number
of fitting parameters increases rapidly. Summarizing, the
deflection amplitude in the central area of the membrane
can be interpreted as the gradual transfer of vibrational
energy from ¢, to higher overtones g,,.

In conclusion, by combination of two complementary
experimental approaches and the nonlinear 1:n coupling
model we revealed a novel deflection state caused by a
nonlinear coupling mechanism between several overtones
of a single flexural mode of a membrane resonator. This
deflection state is hallmarked by a spatial modulation
pattern, in which different parts of the membrane vibrate
at different frequencies. For rectangular membranes the
spatial modulation state can be distinguished from the
linear deflection pattern by a distinctly different symmetry.
The coupling mechanism is mediated by nonlinear inter-
action and activated by strong driving.
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