
Chapter 3 
Efficient Mining of Volunteered 
Trajectory Datasets 

Axel Forsch, Stefan Funke, Jan-Henrik Haunert, and Sabine Storandt 

Abstract With the ubiquity of mobile devices that are capable of tracking positions 
(be it via GPS or Wi-Fi/mobile network localization), there is a continuous stream 
of location data being generated every second. These location measurements are 
typically not considered individually but rather as sequences, each of which reflects 
the movement of one person or vehicle, which we call trajectory. This chapter 
presents new algorithmic approaches to process and visualize trajectories both in 
the network-constrained and the unconstrained case. 

Keywords Trajectories · Data mining · Indexing · Driving preferences · Map 
matching · Anonymization · Isochrones · Processing pipeline 

3.1 Introduction 

An abundance of volunteered trajectory data was made openly available in the last 
decades, fueled by the development of cheap sensor technology and widespread 
access to tracking devices. The OpenStreetMap project alone collected and pub-
lished some 2.43 million GPS trajectories from around the world in the past 17 
years. Such datasets enable a wealth of applications, as, e.g., movement pattern 
extraction, map generation, social routing, or traffic flow analysis and prediction. 

Dealing with huge trajectory datasets poses many challenges, though. This is 
especially true for volunteered trajectory datasets which are often heterogeneous in 
terms of geolocation accuracy, duration of movement, or underlying transportation 
mode. A raw trajectory is typically represented as a sequence of time-stamped 
geolocations, potentially enriched with semantic information. To enable trajectory-
based applications, the raw trajectories need to be processed appropriately. In the 
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following, we describe the core steps of a general processing pipeline. Of course, 
this pipeline may be refined or adapted depending on the target application. 

1. Anonymization Trajectories are personal data and can reveal sensitive informa-
tion about the recording user. As such, the user’s privacy needs to be protected. 

2. Preprocessing Given the raw data, trajectories are usually first filtered and 
cleaned. For trajectories that stem from movement in an underlying network 
(e.g., car trajectories), the preprocessing typically includes map matching, which 
aims at identifying the path in the network that most likely led to the given 
movement sequence. Map matching helps to reduce noise that stems, e.g., from 
sensor inaccuracies and enables more efficient storage. 

3. Storing and Indexing For huge trajectory sets, scalable storage systems and 
indexing methods are crucial. Storing often involves (lossy or lossless) compres-
sion of the trajectories. Furthermore, several query types, such as spatiotemporal 
range queries or nearest neighbor queries, should be supported by such a system 
to allow for effective mining later on. Therefore, indexing structures that allow 
for efficient retrieval of such query result sets need to be built. 

4. Mining Trajectory mining tasks include, among others, clustering, classification, 
mode detection, and pattern extraction. Mining tasks often benefit from the 
availability of a diverse set of trajectory data, covering, for example, large spatial 
regions or time intervals. Most applications depend on successfully performing 
one or more mining tasks. 

5. Visualization The results of the processing steps are often hard to interpret 
for non-expert users. To improve the accessibility of the results, appropriate 
visualizations are needed. 

This chapter is a review of the achievements made inside the projects “Dynamic 
and Customizable Exploitation of Trajectory Data” and “Inferring personalized 
multi-criteria routing models from sparse sets of voluntarily contributed trajec-
tories” inside the DFG priority program “Volunteered Geographic Information: 
Interpretation, Visualization, and Social Computing” (SPP 1894). We will discuss 
achievements for each step of the pipeline. 

First, we describe a method to protect the privacy of the user who provided 
their trajectories. In specific, an algorithm is presented that anonymizes sensitive 
locations, such as the user’s home location, by truncating the trajectory. For this, a 
formal attack model is introduced. To maximize the utility of the anonymized data, 
the algorithm truncates as little information as possible while still guaranteeing that 
the user’s privacy cannot be breached by the defined attacks. This section is based 
on Brauer et al. (2022). 

Then, we present a new map-matching method that is able to deal with so-
called semi-restricted trajectories. Those are trajectories in which the movement 
is only partially bound to an underlying network, for example, stemming from a 
pedestrian who walked along some hiking path but crossed a meadow in between. 
The challenge is to identify the parts of the trajectory that happened within the 
network and to find a concise representation of the unrestricted parts. A method
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based on the careful tessellation of open spaces and multi-criteria path selection that 
copes with this challenge is presented. This section is based on Behr et al. (2021). 

Afterward, we present the PATHFINDER storage and indexing system. It allows 
dealing with huge quantities of map-matched trajectories with the help of a novel 
data structure that augments the underlying network with so-called shortcut edges. 
Trajectories are then represented as sequences of such shortcut edges, which 
automatically compresses and indexes them. Integrating spatial and temporal search 
structures allows for answering space-time range queries within a few microseconds 
per trajectory in the result set. This section is based on Funke et al. (2019). 

Then, we review new algorithms for driving preference mining from trajectory 
sets. Based on a linear preference model, these algorithms identify the driving 
preferences from the trajectories and use this information to compress and cluster 
the trajectories. This section is based on Forsch et al. (2022) and Barth et al. (2021). 

Finally, we present a method to visualize the results of preference mining to 
improve their interpretability. For this, an isochrone visualization is used. The 
isochrones show which areas are easy to access for a user with a specific routing 
profile and which areas are more difficult to access. This information is especially 
useful for infrastructure planning. This section is based on Forsch et al. (2021). 

The overarching vision is to build an integrated system that enables uploading, 
preprocessing, indexing, and mining of trajectory sets in a flexible fashion and 
which scales to the steadily growing OpenStreetMap trajectory dataset. We conclude 
the chapter by discussing some open problems on the way to achieving this goal. 

3.2 Protection of Sensitive Locations 

Trajectories are personal data, and, as such, they come within the ambit of the 
General Data Protection Regulation (GDPR). Therefore, the user’s privacy must 
always be considered when collecting or analyzing users’ trajectories. For this, 
location privacy-preserving mechanisms (LPPMs) are developed. In this section, 
we review the LPPM presented in Brauer et al. (2022), which focuses on protecting 
sensitive locations along the trajectory. 

Publishing trajectories anonymously, i.e., without giving the name of the user 
recording the trajectory, is not sufficient to protect the user’s privacy. An adversary 
can still extract personal information from this data, such as the user’s home and 
workplace. This extracted information can link the published trajectories back to 
the user’s identity by using so-called re-identification attacks. 

A widely used concept to prevent re-identification attacks is k-anonymity 
(Sweeney 2002). A k-anonymized trajectory cannot be distinguished from at least 
.k − 1 other trajectories in the same dataset. LPPMs that k-anonymize trajectory 
datasets (e.g., Abul et al. 2008; Yarovoy et al. 2009; Monreale et al. 2010; Dong 
and Pi 2018) make use of generalization, suppression, and distortion. While k-
anonymized trajectory datasets still retain the characteristics of the trajectories 
when analyzing the dataset as a whole, the utility of single trajectories in the
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dataset is greatly diminished. To counteract this, anonymization can be restricted 
to protecting sensitive locations along the trajectories. Sensitive locations are either 
user-specific, e.g., the user’s home or workplace, or they are universally sensitive, 
such as hospitals, banks, or casinos. LPPMs that focus on the protection of sensitive 
locations (e.g., Huo et al. 2012; Dai et al. 2018; Wang and Kankanhalli 2020) are  
more utility preserving and thus allow for better analysis in cases where no strict 
k-anonymity is needed. In this section, a truncation-based algorithm for protecting 
sensitive locations is reviewed that transfers the concept of k-anonymity to sensitive 
locations. 

3.2.1 Privacy Concept 

In this section, the problem of protecting the users’ privacy is formalized. At first, 
a formal attacker model is introduced that defines the kind of adversary considered. 
Then, the privacy model to prevent the attacks defined in the attacker model is 
presented. 

Attacker Model The attacker has access to a set of trajectories . O = {T1, . . . , Tl}
that have a common destination . ̃s. Furthermore, the attacker knows a set of sites 
S that is guaranteed to contain . ̃s. In this context, sites can be any collection of 
points of interest, such as addresses or buildings, and S could contain all buildings 
for a given region. The attacker’s objective is to identify . ̃s based on . O and S. For  
this, the attacker utilizes several attack functions .f1, . . . , fa . For each trajectory T , 
an attack function f yields a set of candidate sites: .f (S, T ) ⊆ S. By applying all 
attack functions to all trajectories in . O, the attacker collects a joint set of candidates, 
which enables him to infer . ̃s. For example, the attacker could assume that . ̃s is the 
site that occurs most often in the joint set. 

Privacy Model Brauer et al. (2022) introduced a privacy concept called k-site-
unidentifiability which transfers the concept of k-anonymity to sites. Given a set 
S of sites and a destination site .s̃ ∈ S, k-site-unidentifiability requires that . ̃s is 
indistinguishable from at least .k − 1 other sites in S. Put differently, if k-site-
unidentifiability is satisfied, . ̃s is hidden in a set .C(s̃) of k sites, which is termed 
protection set. 

Recall that the attacker’s attack functions return sets of candidate sites. The 
sites in the protection set .C(s̃) are indistinguishable with respect to a given attack 
function f if either all sites or none of the sites in .C(s̃) are returned as part of the 
candidate set for f . In order to preserve k-site-unidentifiability, this property must 
be guaranteed for all attack functions. The sites in S are available to the attacker and 
thus cannot be changed. Therefore, this can only be done by altering the trajectories 
in . O. In conclusion, the problem is defined as follows:
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Given a set of sites S, a set of trajectories . O with a common destination .s̃ ∈ S, and  
a set of attack functions F , transform . O into a set of trajectories . O' that fulfills k-site-
unidentifiability for all attack functions in F , i.e., either all or none of the sites in .C(s̃) are 
part of the attack’s result for each trajectory in . O. 

In the following, an algorithm that truncates trajectories such that they fulfill k-
site-unidentifiability is presented. 

3.2.2 The S-TT Algorithm 

In this section, the Site-dependent Trajectory Truncation algorithm (S-TT) is 
explained. This algorithm truncates a trajectory T such that k-site-unidentifiability 
with respect to a set F of given attack functions is guaranteed. The truncated 
trajectory . T ' is obtained by iteratively suppressing the endpoint of T until each 
attack function either contains all sites of .C(s̃) in its candidate set or none of them. 
The S-TT algorithm is simple to implement, yet it guarantees that none of the attack 
functions can be used to single out . ̃s from the other sites in .C(s̃). For using the 
algorithm, two further considerations need to be made. Firstly, the protection set 
.C(s̃) needs to be selected. Secondly, assumptions on the used attack functions in F 
need to be made. In the following, both of these aspects are discussed. 

Obtaining the Protection Sets The choice of the protection set .C(s̃) greatly 
influences the quality of the anonymized data. There are two requirements for the 
protection sets to guarantee good anonymization results. Firstly, the sites in the 
protection set should be spatially close to each other. This maximizes the utility 
of the anonymized data, as the truncated part of the trajectory gets minimized. 
Secondly, the choice of the protection set should not depend on . ̃s. Otherwise, 
an attacker can infer . ̃s by reverse engineering based on its protection set. Both 
requirements can be fulfilled by computing a partition of S into pairwise disjoint 
subsets, where each subset contains at least k sites. Each of these subsets becomes 
the protection set for all sites included in it. The partition of the sites is a clustering 
problem with minimum cluster size k and spatial compactness as the optimization 
criterion. Possible approaches can be purely geometric-based, e.g., by computing 
a minimum-weight spanning forest of the sites such that each of its trees spans at 
least k sites (e.g., Imielińska et al. 1993), or they can take additional information 
into account, such as the road network (e.g., Haunert et al. 2021). A polygonal 
representation of the protection sets, called protection cell, is obtained by unioning 
the Voronoi cells of the sites in the protection set. 

Geometric Attack Functions The S-TT algorithm truncates a trajectory based on 
the attack functions in F . In the following, a geometric-based S-TT algorithm is 
presented by defining attack functions for a geometric inference of the trajectories’ 
destination site . ̃s. Two important characteristics of a trajectory that can be used 
to identify its destination site are the proximity to and the direction toward the
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destination site. In the following, attacks using these characteristics are formalized 
into attack functions. 

A trajectory T most likely ends very close to its destination site. Therefore, it is 
reasonable to assume that the trajectory’s endpoint .end(T ) is closer to . ̃s than to all 
other sites in S. Thus, the proximity-based attack function . fp returns the site closest 
to .end(T ) as the candidate site: 

.fp(S, T ) := argmin
s∈S

d(end(T ), s), (3.1) 

where the function . d is the Euclidean distance. Note that this attack function 
can easily be extended to return the n-nearest sites to .end(T ) to introduce some 
tolerance. 

A second aspect that can be used to infer the destination is the direction in which 
the trajectory is headed. Specifically, the trajectory’s last segment e is of interest. 
However, the segment e, most likely, does not point exactly toward . ̃s. Therefore, a 
V-shaped region .R(t) anchored in .end(T ) that is mirror-symmetric with respect to e 
and has an infinite radius is considered (Fig. 3.1). The opening angle of the V-shape 
is fixed and denoted with . α. 

The direction-based attack function . fd returns the sites that are inside .R(T ) as 
its candidate set: 

.fd(S, T ) := s ∩ R(T ). (3.2) 

The attacks . fp and . fd are simple, yet common sense suggests that they may be 
fairly successful. Figure 3.2 displays the geometric S-TT algorithm on an example 
trajectory. In the starting situation (Fig. 3.2a), the closest site to .end(T ) is . ̃s. Thus, 
the algorithm suppresses the endpoint of T until the site closest to its endpoint is 
not part of the protection set .C(s̃) of . ̃s anymore (Fig. 3.2b). At this point, some, 
but not all, of the sites in .C(s̃) are part of the candidate set for the direction-based 
attack (Fig. 3.2b), violating k-site-unidentifiability for this attack function. Thus, 
truncation continues until either all the sites or none of the sites in .C(s̃) are part of 

Fig. 3.1 Schematic representation of a direction-based attack. The sites (round dots) inside . R(T )

(colored black) are candidate sites this attack function returns. .R(T ) is based on the terminating 
segment e of trajectory T



3 Efficient Mining of Volunteered Trajectory Datasets 49

Fig. 3.2 Schematic illustration of the geometric S-TT algorithm. (a) The original trajectory T 
leads to a destination site . ̃s. This destination has to be hidden among the sites in the protection set 
.C(s̃), depicted as squares. All other sites are shown as gray points. The S-TT algorithm suppresses 
the trajectory’s endpoint until neither (b) the site closest to the endpoint is part of the protection 
set .C(s̃) nor (c) a V-shaped region that is aligned with the last segment of the truncated trajectory 
. T ' contains some, but not all, of the sites in . C(s̃)

the candidate set of . fd anymore (Fig. 3.2c). Note that at this point, neither . fp nor 
. fd allow for a distinction between the sites in .C(s̃). Thus, k-site-unidentifiability is 
preserved, and the algorithm is done. 

3.2.3 Experimental Results 

In this section, experimental results carried out with an implementation of the 
geometric-based S-TT algorithm are presented. The evaluation focuses on the 
algorithm’s utility and the amount of data lost during anonymization. In this 
experimental study, it is assumed that the origin and destination of the trajectories 
were sensitive by default and should be protected under k-site-unidentifiability. For 
this, the S-TT algorithm is applied to both ends of the trajectories. 

Input Data A dataset consisting of 10,927 synthetically generated trajectories in 
Greater Helsinki, Finland, is used for the evaluation. The trajectories are generated 
in a three-step process. First, the trajectory endpoints are randomly sampled using a 
weighted random selection algorithm with the population density as weight. This 
means that locations in densely populated areas are more likely to be selected 
as endpoints than locations in sparsely populated areas. In the second step, the 
endpoints are connected to the road network using a grid-based version of Dijkstra 
(1959)’s shortest path algorithm. Finally, using generic Dijkstra’s algorithm, the 
shortest path between the two points on the road network is computed and used 
to connect the two endpoints to a full trajectory.
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Selection of the Protection Sets In most scenarios, the sites of origin and 
destination of the trajectories are not explicitly given. For truncation, the S-TT 
algorithm does not require the destination site . ̃s but only its protection set .C(s̃). 
A naive approach to selecting .C(s̃) would be to select the site cluster belonging 
to the site closest to the trajectory’s endpoint. However, trajectory data is prone 
to positioning uncertainties. Using the naive approach, these uncertainties could 
lead to selecting a protection set that does not contain . ̃s, severely diminishing the 
anonymization quality. A circular buffer of radius b around the endpoint is used to 
account for these uncertainties. The protection sets of all protection cells intersecting 
this buffer are unioned into one large protection set. This unioned protection set is 
then used as the protection set for the trajectory. 

Evaluation The geometric S-TT algorithm, as outlined in Sect. 3.2.2, has three 
major configuration parameters: the minimum size of the protection sets k, the buffer 
radius b, and the opening angle . α for the direction-based attack function. In the 
following, the effect of these three parameters is analyzed. 

Figure 3.3 displays the mean length .δsupp of the truncated trajectory parts 
for different parameterizations. The parameters k and b influence the size of the 
protection cell. Raising these parameters has a significant impact on the results, 
with the suppressed length of the trajectories increasing almost at a linear rate 
(Fig. 3.3a and c). While these results show that small values for k and b preserve 
more of the data, the choice of these parameters mainly depends on the application 
and the needed level of anonymity. For example, to eliminate the effect of GNSS 
accuracies, values for b of approximately 50 meters should be sufficient, while 
trajectory datasets with a higher inaccuracy need a larger buffer radius. 

Regarding the parameterization of the V-shaped region for the direction-based 
attack, the results indicate that the highest data loss lies around .α = 40◦ to . 60◦
(Fig. 3.3b). The reason for this non-monotone behavior is that the direction-based 
attack function . fd can be satisfied by two conditions: either all or none of the sites 
in the protection set must be covered by the V-shaped region. In the case that . α is 

Fig. 3.3 Mean length of suppressed trajectory parts over different parametrization (a) of  k, . α =
60◦, .b = 50m; (b) of . α, .k = 4, .b = 50m; and (c) of  b, .k = 4, .α = 60◦
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very small, and therefore the V-shaped region is very narrow, it is very likely that the 
V-shape covers none of the sites in the protection set. Analogously, if . α is very large, 
the V-shape is very broad, and all the sites are likely to be covered. Comparing the 
influence of . α to the protection set parameters k and b, . α has a significantly smaller 
impact on .δsupp. 

For each suppressed trajectory point, the attack function that triggered the 
suppression is stored to evaluate the importance of the two attack functions against 
each other. Given the parameters .k = 4, .α = 60◦, and .b = 0 m, the direction-
based attack function did not trigger the suppression of any trajectory points in . 24%
of the cases. In other words, the algorithm stopped truncating the trajectories at 
the first trajectory point located outside their protection cell. Likewise, the share 
of trajectory points suppressed due to the direction-based criterion was .38%. This  
means that .62% of the suppressed trajectory points were located in the protection 
cells. 

3.3 Map Matching for Semi-restricted Trajectories 

Map matching is the process of pinpointing a trajectory to the path in an underlying 
network that explains the observed measurements best. Map matching is often the 
first step of trajectory data processing, as there are several benefits when dealing 
with paths in a known network instead of raw location measurement data: 

• Location measurements are usually imprecise. Thus, constraining the trajectory 
to a path in a network is useful to get a more faithful movement representation. 

• Storing raw data is memory-intensive (especially with high sampling densities). 
On the other hand, paths in a given network can be stored very compactly; see 
also Sect. 3.4. 

• Matching a trajectory to the road network enables data mining techniques that 
link attributes of the road network to attributes of the trajectories. This is used to, 
e.g., deduce routing preferences from given trajectories; see also Sect. 3.5. 

However, suppose the assumption that a given trajectory was derived from restricted 
movement in a certain network is incorrect. In that case, map matching might 
heavily distort the trajectory and erase important semantic characteristics. For 
example, there could be two trajectories of pedestrians who met in the middle of a 
market square, arriving from different directions. After map matching, not only the 
aspect that the two trajectories got very close at one point would be lost, but the visit 
to the market square would be removed completely (if there are no paths across it in 
the given network). Not applying map matching might result in misleading results 
as well, as the parts of the movement that actually happened in a restricted fashion 
might not be discovered and—as outlined above—having to store and query huge 
sets of raw trajectories is undesirable. 

Hence, the goal is to design an approach that allows for sensible map matching 
of trajectories that possibly contain on- and off-road sections, also referred to as
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semi-restricted trajectories. In the following, an algorithm introduced by Behr et al. 
(2021) is reviewed that deals with this problem. 

3.3.1 Methodology 

The algorithm is based on a state transition model where each point of a given 
trajectory is represented by a set of matching candidates—the possible system 
states, i.e., possible positions of a moving subject. This is similar to hidden 
Markov model (HMM)-based map-matching algorithms (Haunert and Budig 2012; 
Koller et al. 2015; Newson and Krumm 2009), which aim to find a sequence of 
positions maximizing a product of probabilities. In contrast, the presented algorithm 
minimizes the sum of energy terms of a carefully crafted model. 

Input The algorithm works on the spatial components of a given trajectory . T =
<p1, . . . , pk> of k points in . R2, referred to as GPS points in the following. 

As base input, we are given a directed, edge-weighted graph .G(V,E) that models 
the underlying transport network. Every directed edge .uv ∈ E corresponds to a 
directed straight-line segment representing a road segment with an allowed direction 
of travel. For an edge e, let .w(e) be its weight. 

Additionally, we assume to be given a set of open spaces such as public squares, 
parks, or parking lots represented as polygonal areas. The given transport network 
is extended by triangulating all open spaces and adding tessellation edges as arcs 
into the graph (Fig. 3.4). 

Fig. 3.4 Left: Movement data (blue crosses) on the open space (green) cannot be matched 
appropriately (dashed orange). An unmatched segment (dashed red) remains. Right: Extended 
network where open spaces are tessellated to add appropriate off-road candidates. Note that the 
green polygon has a hole, which remains untessellated since it is not open space
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To accurately represent polygons of varying degrees of detail and to provide an 
appropriate number of off-road candidates, CGAL’s meshing algorithm (Boissonnat 
et al. 2000) is used with an upper bound on the length of the resulting edges and a 
lower bound on the angles inside triangles. 

System States For every . pi , a set of matching candidates in the given network is 
computed by considering a disk . Di of prescribed radius r around . pi and extracting 
the set of nodes .Vi ⊆ V within the disk. Furthermore, tessellation nodes (i.e., 
triangle corners) inside the disk are considered possible matches and included in 
. Vi . Finally, the GPS point itself is added as a candidate to have a fallback. The 
optimization model ensures that input points are only chosen as output points if all 
network and tessellation candidates are too far away to be a sensible explanation for 
this measurement. 

Energy Model To ensure that the output path P matches well to the trajectory, an 
energy function is set up that aggregates a state-based and transition-based energy: 

• The state-based energy is .
Ek

i=1 ||pi − vi||2, meaning that the energy increases 
quadratically with the Euclidean distance between a GPS point . pi and the 
matching candidate . vi selected for it. 

• The transition-based energy is .
Ek−1

i=1 w(Pi,i+1), where .Pa,b is a minimum-
weight .va-.vb-path in G and .w(P ) is the total weight of a path P (i.e., the sum of 
the weights of the edges of P ). 

Note that we have three different sets of edges in the graph: the original edges of the 
road network . Er, the edges incident to unmatched candidate nodes . Eu, and the off-
road edges on open spaces . Et. On-road matches are preferred over off-road matches, 
while unmatched candidates are used as a fallback solution and thus should only be 
selected if no suitable path over on- and off-road edges can be found. To model this, 
the energy function is adapted by changing the edge weighting w of the graph. Two 
weighting terms . αt and . αu are introduced that scale the weight .w(e) of each edge e 
in . Et or . Eu, respectively. 

The state-based and transition-based energies are subsequently aggregated using 
a weighted sum, parametrized with a parameter . αc. This yields the overall objective 
function quantifying the fit between a trajectory .<p1, . . . , pk> and an output path 
defined with the selected sequence .<v1, . . . , vk> of nodes: 

. Minimize E(<p1, . . . , pk>, <v1, . . . , vk>) = αc ·
kE`

i=1

||pi − vi||2 +
k−1E`

i=1

w(Pi,i+1)

(3.3) 

To favor matches in the original road network and keep unmatched candidates as 
a fallback solution, .1 < αt < αu should hold. Together with the weighting factor . αc
for the state-based energy, the final energy function thus comprises three different 
weighting factors.
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Matching Algorithm An optimal path, minimizing the introduced energy term, 
is computed using k runs of Dijkstra’s algorithm on a graph that results from 
augmenting G with a few auxiliary nodes and arcs. More precisely, an incremental 
algorithm that proceeds in k iterations is used. In the ith iteration, it computes for the 
subtrajectory .<p1, . . . , pi> of T and each matching candidate .v ∈ Vi the objective 
value . Ev

i of a solution .<v1, . . . , vi> that minimizes . E(<p1, . . . , pi>, <v1, . . . , vi>)
under the restriction that .vi = v. This computation is done as follows. For .i = 1 and 
any node .v ∈ V1, . Ev

1 is simply the state-based energy for v, i.e., .Ev
1 = αc ·||p1 − v||2. 

For .i > 1, a dummy node . si and a directed edge . siu for each .u ∈ Vi−1 whose weight 
we set as .Eu

i−1 are introduced. With this, for any node .v ∈ Vi , . Ev
i corresponds to the 

weight of a minimum-weight .si-v-path in the augmented graph, plus the state-based 
energy for v. Thus, for . si and every node in . Vi , a minimum-weight path needs to be 
found. All these paths can be found with one single-source shortest path query with 
source . si and, thus, with a single execution of Dijkstra’s algorithm. 

3.3.2 Experimental Results 

The experimental region is the area around Lake Constance, Germany. For this 
region, data is extracted from OSM to build a transport network feasible for cyclists 
and pedestrians. In total, a graph with 931,698 nodes and 2,013,590 directed edges 
is extracted. The open spaces used for tessellation are identified by extracting 
polygons with special tags. Spaces with unrestricted movement (e.g., parks) and 
obstacles (e.g., buildings) are identified by lists of tags representing these categories, 
respectively. Following these tags, 6827 polygons representing open spaces are 
extracted. Including tessellation edges, the final graph for matching consists of 
1,148,213 nodes and 3,345,426 directed edges. 

The quality of the approach is analyzed using 58 cycling or walking trajectories. 
Off-road sections were annotated manually to get a ground truth. The length of the 
trajectories varies from 300 meters to 41.3 kilometers, and overall, they contain 66 
annotated off-road segments. 

The energy model parameters were set to .au = 10, at = 1.1, and .ac = 0.07. 
Using these values, the precision and recall for off-road section identification were 
both close to 1.0. A sensitivity study revealed that similar results are achieved 
for quite large parameter ranges. Furthermore, movement shapes are far better 
preserved with the presented approach compared to using map matching only 
on the transport network. This leads to the conclusion that the combined graph 
consisting of the transport network plus tessellation nodes and edges is only about 
50% larger than the road network, but enables a faithful representation of restricted 
and unrestricted movement at the same time. This then allows applying storage and 
indexing methods that demand the movement to happen in an underlying network 
to be also applicable to semi-restricted trajectories.
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3.4 Indexing and Querying of Massive Trajectory Sets 

Storing and indexing huge trajectory sets in an efficient manner is the very basis 
for large-scale analysis and mining tasks. An important goal is to compress the 
input to deal with millions or even billions of trajectories (which individually might 
consist of hundreds or even thousands of time-stamped positions). But at the same 
time, we want to be able to retrieve specific subsets of the data (e.g., all trajectories 
intersecting a given spatiotemporal range) without the necessity to decompress huge 
parts of the data. 

In this section, we present a novel index structure called PATHFINDER that 
allows to answer range queries on map-matched trajectory sets on an unprecedented 
scale. Current approaches for the efficient retrieval of trajectory data make use of 
different dedicated data structures for the twomain tasks, compression and indexing. 
In contrast, our approach elegantly uses an augmented version of the so-called 
contraction hierarchy (CH) data structure (Geisberger et al. 2012) for both of these 
tasks. CH is typically used to accelerate route planning queries, but has also proved 
successful in other settings like continuous map simplification (Funke et al. 2017). 
This saves space and makes our algorithms relatively simple without the need of 
too many auxiliary data structures. Only this slenderness allows for scalability to 
continent-sized road networks and huge trajectory sets. Other existing indexing 
schemes only work on small network sizes (e.g., PRESS (Song et al. 2014), network 
of Singapore; PARINET (Sandu Popa et al. 2011), cities of Stockton and Oldenburg; 
TED (Yang et al. 2018), cities of Singapore and Beijing) or moderate sizes (e.g., 
SPNET (Krogh et al. 2016): network of Denmark with 800k vertices). Our approach 
efficiently deals with networks containing millions of nodes and edges. 

3.4.1 Methodology 

Throughout this section, we assume to be given a trajectory collection . T that already 
was map matched to an underlying directed graph .G(V,E)with V embedded in . R2. 
We also assume the edges in the graphs to have non-negative costs .c : E → R+. 
Accordingly, each element in .t ∈ T is a path .π = v0v1 . . . vk in G annotated with 
timestamps .τ0, τ1, . . . , τk . 

The goal is to construct an index for . T which allows to efficiently answer queries 
of the form .[xl, xu] × [yl, yu] × [τl, τu] that aim to identify all trajectories which 
in the time interval .[τl, τu] traverse the rectangular region .[xl, xu] × [yl, yu]. In the  
literature, this kind of query is often named window query (Yang et al. 2018) or  
range query (Krogh et al. 2016), where the formal definitions may differ in detail; 
also see Zheng (2015). 

Contraction Hierarchies Our algorithms heavily rely on the contraction hierarchy 
(CH) (Geisberger et al. 2012) data structure, which was originally developed to
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speed up shortest path queries. A nice property of CH is that, as a by-product, it also 
constructs compressed representations of shortest paths. 

The CH augments a given weighted graph .G(V,E, c) with shortcuts and 
node levels. The elementary operation to construct shortcuts is the so-called node 
contraction, which removes a node v and all of its adjacent edges from the graph. 
To maintain the shortest path distances in the graph, a shortcut .s = (u,w) is created 
between two adjacent nodes .u,w of v if the only shortest path from u to w is the 
path uvw. We define the cost of the shortcut to simply be the sum of the costs of 
the replaced edges, i.e., .c(s) = c(uv) + c(vw). The construction of the CH is the 
successive contraction of all .v ∈ V in some order; this order defines the level .l(v) of 
a node v. The order in which nodes are contracted strongly influences the resulting 
speed-up for shortest path queries, and hence, many ordering heuristics exist. In 
our work, we choose the probably most popular heuristic: nodes with low edge 
difference, which is the difference between the number of added shortcut edges and 
the number of removed edges when contracting a node, are contracted first. We also 
allow the simultaneous contraction of non-adjacent nodes. As a result, the maximum 
level of even a continent-sized road network like the one of Europe never exceeds 
a few hundred in practice. The final CH data structure is defined as . G(V,E+, c, l)

where . E+ is the union of E and all shortcuts created. 
We also define the nesting depth .nd(e) of an edge .e = (v,w). If  e is an original 

edge, then .nd(e) = 0. Otherwise, e is a shortcut replacing edges .e1, e2, and we 
define its nesting depth .nd(e) := max{nd(e1), nd(e2)} + 1. Clearly, the nesting 
depth is upper bounded by the maximum level of a node in the network. 

Compression Given a pre-computed CH graph, we construct a CH representation 
for each trajectory .t ∈ T, that is, we transform the path .π = e0e1 . . . ek−1 with 
.ei ∈ E in the original graph into a path .π ' = e'

0e
'
1e

'
2 . . . e'

k'−1 with .e
'
i ∈ E+ in the 

CH graph. 
Our algorithm to compute a CH representation is quite simple: We repeatedly 

check if there is a shortcut bridging two neighboring edges . ei and .ei+1. If so,  we  
substitute them with the shortcut. We do this until there are no more such shortcuts. 
See Fig. 3.5 for an example. 

Note that uniqueness of the CH representation can be proven, and therefore, 
it does not matter in which order neighboring edges are replaced by shortcuts. 
The running time of that algorithm is linear in the number of edges. Note that by 
switching to the CH representation, we can achieve a considerable compression rate 
in case the trajectory is composed of few shortest paths. 

Spatial Indexing and Retrieval The general idea is to associate a trajectory with 
all edges of its compressed representation in . E+. Only due to that compression, it 
becomes feasible to store a huge number of trajectories within the index. Answering 
a spatial query then boils down to finding all edges of the CH for which a 
corresponding path in the original graph intersects the query rectangle. Typically, 
an additional query data structure would be used for that purpose. Yet, we show 
how to utilize the CH itself as a geometric query data structure. This requires two 
central definitions:
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Fig. 3.5 Original path (black, 13 edges) and derivation of its CH representation (bold blue, 
3 edges) via repeated shortcut substitution (in order according to the numbers). y-coordinate 
corresponds to CH level 

• With .PB(e), we denote the path box of an edge e. It is defined as the bounding 
box for the path that e represents in the original graph G in case .e ∈ E+ is a 
shortcut or simply the bounding box for the edge e if .e ∈ E. 

• We define the downgraph box .DB(v) of a node v as the bounding box of all nodes 
that are reachable from v on a down-path (only visiting nodes of decreasing CH 
level), ignoring the orientation of the edges. 

Both .PB(e) and .DB(v) can be computed for all nodes and edges in linear time 
via a bottom-up traversal of the CH in a preprocessing step and independent of the 
trajectory set to be indexed. 

For a spatial-only window query with query rectangle Q, we start traversing the 
CH level by level in a top-down fashion, first inspecting all nodes which do not have 
a higher-level neighbor (note that there can be several of them in case the graph is not 
a single connected component). We can check in constant time for the intersection of 
the query rectangle and the downgraph box of a node, only continuing with children 
of nodes with non-empty intersection. We call the set of nodes with non-empty 
intersection . VI . The set of candidate edges . EO are then all edges adjacent to a node 
in . VI . 

Having retrieved the candidate edges, we have to filter out edges e for which 
only the path box .PB(e) intersects but not the path represented by e. For this case, 
we recursively unpack e to decide whether e (and the trajectories associated with e) 
has to be reported. As soon as one child edge reports a non-empty intersection in 
the recursion, the search can stop, and e must be reported. We call the set of edges 
that results from this step . Er . Our final query result is all the trajectories which are 
referenced at least once by the retrieved edges, i.e., those .t ∈ U

e∈Er
Te.
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Temporal Indexing Timestamps of a trajectory t are annotations to its nodes. 
In the CH representation of t , we omit nodes via shortcuts, hence losing some 
temporal information. Yet, PATHFINDER will always answer queries conservatively, 
i.e., returning a superset of the exact result set. 

Like the spatial bounding boxes .PB(e), we store time intervals to keep track 
of the earliest and latest trajectory passing over an edge. Similar to .DB(v), we  
compute minimal time intervals containing all time intervals associated with edges 
on a down-path from v. This allows us to efficiently answer queries which specify 
a time interval .[τl, τu]. Like the spatial bounding boxes, we use these time intervals 
to prune tree branches when they do not intersect the time interval of the query. 

An edge is associated with a set of trajectories, each of which we could check for 
the time when the respective trajectory traverses the edge. A more efficient approach 
is to store for all trajectories traversing an edge their time intervals in a so-called 
interval tree (Berg et al. 2008). This allows us to efficiently retrieve the associated 
trajectories matching the time interval constraint of the query for a given edge. An 
interval tree storing . l intervals has space complexity .O(l), can be constructed in 
.O(l log l), and can retrieve all intervals intersecting a given query interval in time 
.O(log l + o) where o is the output size. 

3.4.2 Experimental Results 

As input graph data, we extracted the road and path network of Germany from 
OpenStreetMap. The network has about 57.4 million nodes and 121.7 million edges. 
CH preprocessing took only a few minutes and roughly doubled the number of 
edges. 

For evaluation, we considered all trajectories within Germany from the Open-
StreetMap collection, only dropping low-quality ones (e.g., due to extreme outliers, 
non-monotonous timestamps, etc.). As a result, we obtained 350 million GPS 
measurements which were matched to the Germany network with the map matcher 
from Seybold (2017) to get a dataset with 372,534 trajectories which we call 
.Tger,real. 

Our experiments reveal that on average, a trajectory from our dataset can 
be represented by 11 shortest paths in the CH graph. While the original edge 
representation of .Tger,real consists of 121.8 million edges (992 MB on disk), the 
CH representation only requires 13.8 million edges (112 MB on disk). The actual 
compression for the 372k trajectories took 42 seconds, that is, around 0.1ms per 
trajectory. 

To test window query efficiency, we used rectangles of different sizes and 
different scales of time intervals. Across all specified queries, PATHFINDER was 
orders of magnitude faster than its competitors, including the naive linear scan 
baseline but also an inverted index that also benefits from the computed CH graph. 
Indeed, queries only take a few microseconds per trajectory in the output set.
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Fig. 3.6 Visualization of trajectory data as developed in Rupp et al. (2022) 

Furthermore, the CH-based representation also allows reporting aggregated results 
easily, which is especially useful for the efficient visualization of large result sets; 
see, for example, Fig. 3.6, which is a screenshot of our visualization tool presented 
in Rupp et al. (2022). 

3.5 Preference-Based Trajectory Clustering 

It is well observable in practice that drivers’ preferences are not homogeneous. If we 
have two alternative paths .π1, π2 between a given source-target pair, characterized 
by 3 costs/metrics (travel time, distance, and ascent along the route) each, e.g., 
.c(π1) = (27min, 12 km, 150m) and .c(π2) = (19min, 18 km, 50m), there are most 
likely people who prefer . π1 over . π2 and vice versa. The most common model to 
formalize these preferences assumes a linear dependency on the metrics. This allows 
for personalized route planning, where a routing query consists of not only source 
and destination but also a weighting of the metrics in the network. 

The larger a set of paths is, though, the less likely it is that a single pref-
erence/weighting exists which explains all paths, i.e., for which all paths are 
optimal. One might, for example, think of different driving styles/preferences when 
commuting versus leisure trips through the countryside. So, a natural question to 
ask is as follows: what is the minimum number of preferences necessary to explain 
a set of given paths in a road network with multiple metrics on the edges? This can 
also be interpreted as a trajectory clustering task, where routes are to be classified 
according to their purpose. In our example, one might be able to differentiate 
between commute and leisure. Or in another setting, where routes of different
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drivers are analyzed, one might be able to cluster them into speeders and cruisers 
depending on the routes they prefer. 

A use case from recent research of our methods is presented in Chap. 11. In a field 
study, cyclists were equipped with sensors tracking their exposure to environmental 
stressors. The study’s aim is to evaluate to what degree cyclists are willing to change 
their routing behavior to decrease their exposure to these stressors. The algorithms 
presented in the following section can be used to aid this evaluation. 

3.5.1 A Linear Preference Model 

The following section is based on a linear preference model, i.e., for a given directed 
graph .G(V,E), for every edge .e ∈ E, a  d-dimensional cost vector . c(e) ∈ R

d

is given, where .c1(e), c2(e), . . . , cd(e) ≥ 0 correspond to non-negative quantities 
like travel time, distance, non-negative ascent, etc., which are to be minimized. A 
path .π = e1e2 . . . ek in the network then has an associated cost vector . c(π) :=Ek

i=1 c(ei). 
A preference to distinguish between different alternative paths is specified by a 

vector .α ∈ [0, 1]d , .Eαi = 1. For example, .αT = (0.4, 0.5, 0.1) might express 
that the respective driver does not care much about ascents along the route, but 
considers travel time and distance similarly important. Alternative paths . π1 and . π2
are compared by evaluating the respective scalar products of the cost vectors of the 
path and the preference, i.e., .c(π1)

T · α and .c(π2)
T · α. Smaller scalar values in the 

linear model correspond to a preferred alternative. An st-path . π (which is a path 
with source s and target t) is optimal for a fixed preference . α if no other st-path . π '
exists with .c(π ')T · α < c(π)T · α. Such a path is referred to as .α-optimal. 

From a practical point of view, it is very unintuitive (or rather almost impossible) 
for a user to actually express their driving preferences as such a vector . α, even if  
they are aware of the units of the cost vectors on the edges. Hence, it would be very 
desirable to be able to infer their preferences from paths they like or which they 
have traveled before. In Funke et al. (2016), a technique for preference inference is 
proposed, which essentially instruments linear programming to determine an . α for 
which a given path . π is .α-optimal or certify that none exists. Given an st-path . π in a 
road network, in principle, their proposed LP has non-negative variables . α1, . . . , αd

and one constraint for each st-path . π ' which states that for the . α we are after, . π '
should not be preferred over . π”. So the LP looks as follows: 

.max α1

∀st-paths π ' : αT (c(π) − c(π ')) ≤ 0 optimality constraints

αi ≥ 0 non-negativity constraints
E

αi = 1 scaling constraint
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As such, this linear program is of little use, since typically, there is an exponential 
number of st-paths, so just writing down the complete LP seems infeasible. 
Fortunately, due to the equivalence of optimization and separation, it suffices to have 
an algorithm at hand which—for a given . α—decides in polynomial time whether all 
constraints are fulfilled or, if not, provides a violated constraint (such an algorithm 
is called a separation oracle). In our case, this is very straightforward: we simply 
compute (using, e.g., Dijkstra’s algorithm) the optimum st-path for a given . α. If the  
respective path has better cost (w.r.t. . α) than . π , we add the respective constraint and 
resolve the augmented LP for a new . α; otherwise, we have found the desired . α. Via  
the ellipsoid method, this approach has polynomial running time; in practice, the 
dual simplex algorithm has proven to be very efficient. 

3.5.2 Driving Preferences and Route Compression 

The method to infer the preference vector . α from a trajectory presented in Sect. 3.5.1 
requires that the given trajectory is optimal for at least one preference value . α. 
In practice, for many trajectories, this is not the case. One prominent example is 
round trips, which are often recorded by recreational cyclists to share with their 
community. The corresponding trajectories end at the same location as they started. 
As such, the optimal route for any preference value with respect to the linear model 
is to not leave the starting point at all, thus having a cost of zero. Note, however, that 
this problem of not being optimal for any preference value also occurs for many one-
way trips. In this section, we review a method by Forsch et al. (2022) that allows 
us to infer the routing preferences from these trajectories as well. The approach 
is loosely based on the minimum description length principle (Rissanen 1978), 
which states that the less information is needed to describe a dataset, the better 
it is represented. Applied to trajectories, the input trajectory, represented as a path 
in the road network, is segmented into as few as possible subpaths, such that each of 
these subpaths is .α-optimal. In the following, a compression-based algorithm for the 
bicriteria case, i.e., when considering two cost functions, is presented. The algorithm 
is evaluated on cycling trajectories by inferring the importance of signposted cycling 
routes. Additionally, the trajectories are clustered using the algorithm’s results. 

3.5.2.1 Problem Formulation 

In the bicriterial case, the trade-off between two cost functions . c0 and . c1 for routing 
is considered. The linear preference model as described in Sect. 3.5.1 simplifies to 
.cα = α0 · c0 + α1 · c1, which can be rewritten to: 

.cα = (1 − α1) · c0 + α1 · c1.
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Thus, only a single preference value . α1 is present, which is simply denoted with 
. α in the remainder of this section. For each path, the . α interval for which the path 
is .α-optimal is of interest. This interval is called the optimality range of the given 
path. The search for the optimality range is formalized in the following problem: 

Given a graph G with two edge cost functions . c0 and . c1, and  a path  . π , find  . Iopt = {α ∈
[0, 1] | π is α-optimal}. 
Many paths are not optimal for any . α, and as such, their optimality range will 

be empty. For these paths, a minimal milestone segmentation and the corresponding 
preference value are searched. A milestone segmentation is a decomposition of a 
path . π into the minimum number of subpaths .{π1, . . . , πh}, such that every subpath 
. πi with .i ∈ {1, . . . , h} is .α-optimal for the given . α. Thus, the following optimization 
problem is solved: 

Given a graph G with two edge cost functions . c0 and . c1 and a path . π , find .α ∈ [0, 1] and a 
milestone segmentation of . π with respect to . α that is as small as possible. That is, there is 
no . ̃α that yields a milestone segmentation of . π with a smaller number of subpaths. 

The splitting points between the subpaths are called milestones. A path . π
in G can be fully reconstructed given its starting point and endpoint, . α, and the 
corresponding milestones. By minimizing the number of milestones, we achieve 
the largest compression of the input data over all . α values and thus, according to the 
minimum description length principle, found the preference value that best describes 
the input path. 

3.5.2.2 Solving Milestone Segmentation 

Using a separation oracle as described in Sect. 3.5.1, the optimality range of every 
(sub)path of . π is computed in .O(SPQ · log(Mn) time, where .SPQ is the running 
time of a shortest path query in G, n is the number of vertices in G, and M is 
the maximum edge cost among all edges regarding . c0 and . c1. For a more detailed 
description of the algorithm, we refer to Forsch et al. (2022). 

Retrieving the milestone segmentation with the smallest number of subpaths is 
done by first computing a set that contains a milestone segmentation of . π for every 
. α and then selecting the optimal milestone segmentation. Existing works in the field 
of trajectory segmentation use start-stop matrices (Alewijnse et al. 2014; Aronov 
et al. 2016) to evaluate the segmentation criterion. In our case, .α-optimality is the 
segmentation criterion, and the segmentation is not solved for a single . α, but  the  . α
value minimizing the number of subpaths over all .α ∈ [0, 1] is searched. Therefore, 
the whole optimality interval for the corresponding subpath is stored in the start-stop 
matrix . M. This allows us to use the same matrix for all . α values. Figure 3.7 shows 
the (Boolean) start-stop matrix for a single . α, retrieved by applying the expression 
.α ∈ M[i, j ] to all elements of the matrix. For a path . π consisting of k vertices, a 
(.k × k)-matrix . M of subintervals of .[0, 1] is considered. The entry .M[i, j ] in row i 
and column j corresponds to the optimality range of the subpath of . π starting at its
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Fig. 3.7 Depiction of a start-stop matrix of a path consisting of .h = 7 vertices for a fixed . α ∈
[0, 1]. The black line represents a minimum segmentation of the path into two subpaths . (v1, v5, v7)

ith vertex and ending at its j th vertex. Since we are only interested in subpaths with 
the same direction as . π , we focus on the upper triangle matrix with .i ≤ j . 

Due to the optimal substructure of shortest paths (Cormen et al. 2009), for . i <

k < j , both .M[i, j ] ⊆ M[i, k] and .M[i, j ] ⊆ M[k, j ] hold. This results in the 
structure visible in Fig. 3.7, where no red cell is below or left of a green cell. The 
start-stop matrix is therefore computed starting in the lower-left corner, and each 
row is filled starting from its main diagonal. That way, the search space for . M[i, j ]
is limited to the intersection of the already computed values of .M[i + 1, j ] and 
.M[i, j − 1]. This is especially useful if one of these intervals is empty, meaning the 
current interval is empty as well and computation in this row can be stopped. 

As a consequence of the substructure optimality explained above, once the start-
stop matrix is set up, it is easy to find a solution to the segmentation problem for 
a fixed  . α. According to Buchin et al. (2011), for example, an exact solution to this 
problem can be found with a greedy approach in .O(h) time; see Fig. 3.7. 

Since only a finite set of intervals is considered, we know that if a minimal 
solution exists for an .α ∈ [0, 1], it also exists for one of the values bounding the 
intervals in . M. Consequently, we can discretize our search space without loss of 
exactness, and each of the .O(h2) optimality ranges yields at most two candidates 
for the solution. For each of these candidates, a minimum segmentation is computed 
in .O(h) time. Thus, we end up with a total running time of . O(h2 ·(h+SPQ log(Mn))

where n denotes the number of vertices in the graph and h denotes the number of 
vertices in the considered path. Thus, the algorithm is efficient and yields an exact 
solution. The solution consists of the intervals of the balance factor producing the 
best personalized costs with respect to the input criteria.
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3.5.2.3 Experimental Results 

The experiments are set up for an examination of the extent to which cyclists stick 
to official bicycle routes. For this, the following edge costs are defined: 

. 

c0(e) =
{
0, if e is part of an official bicycle route

d(e), else.

c1(e) =
{

d(e), if e is part of an official bicycle route

0, else.

Hence, in the cost function, edge costs . c0 and . c1 are used that, apart from an edge’s 
geodesic length d, depend only on whether the edge in question is part of an official 
bicycle route. Using this definition, a minimal milestone segmentation for . α = 0.5
suggests that minimizing geodesic length outweighs the interest in official cycle 
paths. A value of .α < 0.5 indicates avoidance of official cycle paths, whereas . α >

0.5 indicates the opposite, i.e., preference. 
For the analysis, a total of 1016 cycling trajectories from the user-driven platform 

GPSies1 are used. The map-matching algorithm described in Sect. 3.3 (without the 
extended road network) is used to generate paths in the road network, resulting in 
2750 paths.2 

First, the results of the approach on a single trajectory are presented. Figure 3.8 
shows the path resulting from map matching the trajectory, as well as a minimal 
milestone decomposition for .α = 0.55. In this example, a minimal milestone 
segmentation is found for .α ∈ [0.510, 0.645], resulting in the milestones a, b, and 
c. For  .α = 0.5, i.e., the geometric shortest path, a milestone segmentation takes 
an additional milestone between a and b. For this specific trajectory, the minimal 
milestone segmentation is found for . α values greater than . 0.5. This relates to a 
preference toward officially signposted cycle routes. The increase in milestones for 
.α > 0.645 indicates the upper boundary on the detour the cyclist is willing to take 
to stick to cycle ways. 

Based on the compression algorithm, the set of trajectories is divided into three 
groups PRO, CON, and INDIF. The group PRO comprises trajectories for which 
a milestone segmentation of minimal size is only found for .α > 0.5. Such a 
result is interpreted that way that the trajectory was planned in favor of official 
cycle routes. Conversely, it is considered as avoidance of official cycle routes if 
milestone segmentations of minimal size exist only for .α < 0.5. The group CON 
represents these trajectories. Considering trajectories lacking this clarity, no strict 
categorization into one of the two groups is done. Instead, these trajectories form a 
third group, INDIF. The results of this classification are displayed in Fig. 3.9. The

1 www.gpsies.com, [no longer available], downloaded May 2018. 
2 Trajectories are split by the algorithm at unmatched segments. 

www.gpsies.com
www.gpsies.com
www.gpsies.com
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Fig. 3.8 The user’s path has an optimal milestone segmentation into four optimal subpaths 
.(s, a, b, c, t) presented by white nodes. Officially signposted paths are highlighted in green. 
Disregarding minor shiftings of a and/or b, this is a valid optimal segmentation for each . α ∈
[0.510, 0.645]. For  .α = 0.5, i.e., the geometric shortest path, a milestone segmentation takes an 
additional milestone between a and b 

Fig. 3.9 Size of the categories PRO (green, 998 paths), CON (red, 230 paths), and INDIF (gray, 
1522 paths) 

group PRO being over four times larger than the group CON is a first indicator that 
cyclists prefer official cycle routes over other roads and paths. The group CON is 
the smallest group with a share of . 8% of all paths. One assumption for this result 
is that this group mainly consists of road cyclists who prefer using roads over cycle 
ways. In future research, this could be verified by analyzing a dataset of annotated 
trajectories. 

Overall, more than .50% of the paths are segmented into five .α-optimal subpaths 
or less, resulting in significant compression of the data.
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3.5.3 Minimum Geometric Hitting Set 

The approach described in Sect. 3.5.1 can easily be extended to decide for a set of 
paths (with different source-target pairs) whether there exists a single preference . α
for which they are optimal (i.e., which explains this route choice). It does not work, 
though, if different routes for the same source-target pair are part of the input or 
simply no single preference can explain all chosen routes. The latter seems quite 
plausible when considering that one would probably prefer other road types on a 
leisure trip on the weekend versus the regular commute trip during the week. So, 
the following optimization problem is quite natural to consider: 

Given a set of trajectories T in a multiweighted graph, determine a set A of preferences of 
minimal cardinality, such that each .π ∈ T is optimal with respect to at least one .α ∈ A. 

We call this problem preference-based trajectory clustering (PTC). 
For a concrete problem instance from the real world, one might hope that each 

preference in the set A then corresponds to a driving style, like speeder or cruiser. 
Note that while a real-world trajectory often is not optimal for a single . α, studies 
like in Barth et al. (2020) show that it can typically be decomposed into very few 
optimal subtrajectories if multiple metrics are available. 

In Funke et al. (2016), a sweep algorithm is introduced that computes an 
approximate solution of PTC. It is, however, relatively easy to come up with 
examples where the result of this sweep algorithm is by a factor of .o(|T |) worse 
than the optimal solution. In Barth et al. (2021), we aim at improving this result by 
finding practical ways to solve PTC optimally. Our (surprisingly efficient) strategy 
is to explicitly compute for each trajectory . π in T the polyhedron of preferences for 
which . π is optimal and to translate PTC into a geometric hitting set problem. 

Fortunately, the formulation as a linear program as described in 3.5.1 already 
provides a way to compute these polyhedra. The constraints in the above LP exactly 
characterize the possible values of . α for which one path . π is optimal. These values 
are the intersection of half-spaces described by the optimality constraints and the 
non-negativity constraints of the LP. We call this (convex) intersection preference 
polyhedron. 

Using the preference polyhedra, we are armed to rephrase our original problem 
as a geometric hitting set (GHS) problem. In an instance of GHS, we typically 
have geometric objects (possibly overlapping) in space, and the goal is to find a 
set of points (a hitting set) of minimal cardinality, such that each of the objects 
contains at least one point of the hitting set. Figure 3.10 shows an example of how 
preference polyhedra of different optimal paths could look like in the case of three 
metrics. In terms of GHS, our PTC problem is equivalent to finding a hitting set 
for the preference polyhedra of minimum cardinality, and the “hitters” correspond 
to respective preferences. In Fig. 3.10, we have depicted two feasible hitting sets 
(white squares and black circles) for this instance. Both solutions are minimal in that 
no hitter can be removed without breaking feasibility. However, the white squares
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Fig. 3.10 Example of a 
geometric hitting set problem 
as it may occur in the context 
of PTC. Two feasible hitting 
sets are shown (white squares 
and black circles) 

(in contrast to the black circles) do not describe a minimum solution, as one can hit 
all polyhedra with fewer points. 

While the GHS problem allows picking arbitrary points as hitters, it is not hard 
to see that it suffices to restrict to vertices of the polyhedra and intersection points 
between the polyhedra boundaries or more precisely vertices in the arrangement of 
feasibility polyhedra. 

The GHS instance is then formed in a straightforward manner by having all 
the hitting set candidates as ground set and subsets according to containment 
in respective preference polyhedra. For an exact solution, we can formulate the 
problem as an integer linear program (ILP). Let .α(1), α(2), . . . , α(l) be the hitting 
set candidates and .U := {P1, P2, . . . , Pk} be the set of preference polyhedra. We 
create a variable .Xi ∈ 0, 1 indicating whether .α(i) is picked as a hitter and use the 
following ILP formulation: 

. min
E`

i

Xi

∀ P ∈ U :
E`

α(i)∈P

Xi ≥ 1

∀ i : Xi ∈ {0, 1}

While solving ILPs is known to be NP-hard, it is often feasible to solve ILPs 
derived from real-world problem instances, even of non-homeopathic size. 

3.5.3.1 Theoretical and Practical Challenges 

In theory, the complexity of a single preference polyhedron could be almost 
arbitrarily high. In this case, computing hitting sets of such complex polyhedra is 
extremely expensive. To guarantee bounded complexity, we propose to “sandwich” 
the preference polyhedron between approximating inner and outer polyhedra of 
bounded complexity.
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Fig. 3.11 Inner (yellow) and 
outer approximation (gray) of 
the preference polyhedron 
(black) 

For d metrics, our preference polyhedron lives in .d − 1 dimensions, so we 
uniformly .e-sample the unit .(d − 2)-sphere using .O((1/e)d−2) samples. Each of 
the samples gives rise to an objective function vector for our linear program; we 
solve each such LP instance to optimality. This determines .O((1/e)d−2) extreme 
points of the polyhedron in equally distributed directions. Obviously, the convex 
hull of these extreme points is contained within and with decreasing . e converges 
toward the preference polyhedron. Guarantees for the convergence in terms of . e
have been proven before, but are not necessary for our (practical) purposes. We call 
the convex hull of these extreme points the inner approximation of the preference 
polyhedron. 

What is interesting in our context is the fact that each extreme point is defined 
by .d − 1 half-spaces. So we can also consider the set of half-spaces that define 
the computed extreme points and compute their intersection. Clearly, this half-
space intersection contains the preference polyhedron. We call this the outer 
approximation of the preference polyhedron. 

Let us illustrate our approach for a graph with .d = 3 metrics, so the preference 
polyhedron lives in the two-dimensional plane; see the black polygon/polyhedron in 
Fig. 3.11. Note that we do not have an explicit representation of this polyhedron, but 
can only probe it via LP optimization calls. To obtain inner and outer approximation, 
we determine the extreme points of this implicitly (via the LP) given polyhedron, 
by using objective functions .maxα1,maxα2,minα1,minα2. We obtain the four 
solid red extreme points. Their convex hull (in yellow) constitutes the inner 
approximation of the preference polyhedron. Each of the extreme points is defined 
by two  constraints (half-planes supporting the two adjacent edges of the extreme 
points of the preference polyhedron). In Fig. 3.11, these are the light green, blue, 
dark green, and cyan pairs of constraints. The half-space intersection of these 
constraints form the outer approximation in gray. 

3.5.3.2 Experimental Results 

For our experiments, we extracted a weighted graph from OpenStreetMap of the 
German state of Baden-Württemberg with the cost types distance, travel time for 
cars, and travel time for trucks containing about 4M nodes and 9M edges. A set of 
50 preferences were chosen u.a.r. per instance and created a random source target
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Table 3.1 Instance 
generation and solving for 
various polyhedra 
approximations. Car graph 
with 1000 paths. Time in 
seconds 

Algo. Polyh. Arr. ILP ILP 

Time Time Sol. Time 

Inner-16 11.3 4.8 45 15.5 

Inner-64 26.9 4.9 39 1.8 

Exact 6.5 5.2 36 0.7 

Outer-64 26.9 5.1 36 0.8 

Outer-16 11.3 5.2 36 1.8 

optimal for those preferences. Our implementation was evaluated on 24-core Xeon 
E5-2630 running Ubuntu Linux 20.04. 

In Table 3.1, we see the results for a set of 1000 paths. Constructing all the 
preference polyhedra exactly costs 6.5 seconds and setting up the hitting set instance 
5.2 seconds. Solving the hitting set ILP took 0.7 seconds and resulted in a hitting set 
of size 36.While in theory, the complexity of the preference polyhedra can be almost 
arbitrarily high, this is not the case in practice. Hence, exact preference polyhedra 
construction is also more efficient than our proposed approximation approaches (in 
the table the rows denoted by Inner-XX and Outer-XX), which also only can provide 
an approximation to the actual hitting set size. 

3.6 Visualizing Routing Profiles 

In the previous sections, we reviewed algorithms to infer the routing preferences 
of a user or a group of users from user-generated trajectories. When applying 
these methods to large trajectory datasets, the trajectories, and thus the users, can 
be clustered according to their routing behavior. Each cluster has a characteristic 
routing behavior, expressed as a vector .α ∈ [0, 1]d of weighting factors of 
the d different influence factors. On the one hand, these weighting factors are 
very important for improving route recommendation because they can directly be 
used to compute optimized future routes. On the other hand, the information on 
the weighting can be used for planning purposes, e.g., for planning new cycling 
infrastructure. For this use case, the mathematical representation of the routing 
preference is not useful, as it is hard to interpret. In this section, we review an 
alternative representation of routing preferences based on isochrone visualizations 
geared specifically at a fast and comprehensive understanding of the cyclist’s needs. 
Isochrones are polygons that display the area that is reachable from a given starting 
point in a specific amount of time and are often used for network analysis, e.g., 
for public transportation (O’Sullivan et al. 2000) or the movement of electric cars 
(Baum et al. 2016). For most routing profiles, time is not the only influencing factor. 
Therefore, the definition of isochrones is slightly altered, and polygons that display 
areas reachable within a certain amount of effort a user is willing to spend instead 
of a fixed time are used. This effort is dependent on the specific routing preferences.



70 A. Forsch et al.

Even though these polygons do not display times anymore, they will be called 
isochrones in the following. The visual complexity of the isochrones is reduced 
by using schematized polygons where the polygon’s outline is limited to horizontal, 
vertical, and diagonal segments. This property is called octilinearity. The isochrones 
created with the presented approach guarantee a formally correct classification of 
reachable and unreachable parts of the network. 

3.6.1 Methodology 

The methodology for computing schematic isochrones for specific routing profiles 
can be split up into two major components: the computation of reachability and the 
generation of the isochrones. 

Computing Reachable Parts of the Road Network The first step for displaying 
the routing profiles is computing the reachability in the road network, modeled as 
a directed graph . R, for the given profile. Recall the routing model from Sect. 3.5.1, 
where the personalized cost is the linear combination of the inherent costs in the 
road network and the user’s preference, expressed as . α. Thus, given a specific 
preference, e.g., computed by the methods presented in Sect. 3.5.2 or Sect. 3.5.3, 
we can compute the personalized costs in our graph. The sum of the personalized 
costs of the edges along an optimal route from s to t is called the effort needed 
to get from s to t . Shortest path algorithms such as Dijkstra’s algorithm (Dijkstra 
1959) can be used to compute optimal routes from a given starting location to all 
other locations in the road network. Such an algorithm is used to compute all nodes 
in . R that are reachable within a given maximum effort. This information is stored 
by coloring the reachable nodes blue and the unreachable nodes red. Further, the 
road network graph . R is planarized to obtain a graph . R whose embedding is planar, 
that is, there are no crossings between two edges. This is done by replacing each 
edge crossing with an additional node and splitting the corresponding edges at these 
crossings. 

Generating the Isochrones Given the node-colored road network, we proceed by 
generating the polygon that encloses all reachable nodes, the isochrones. For this, 
we first extend the node coloring of the graph to an edge coloring by performing 
the following steps. For each edge e that is incident to both a blue and a red node, 
we determine the location on e that is still reachable from s; see Fig. 3.12a. At this 
location, we subdivide e by a blue dummy node. A special case occurs when the 
sum of the remaining distances at two adjacent, reachable nodes u and v is smaller 
than the length of the edge .e = {u, v}; see Fig. 3.12b. In this case, e is subdivided 
by two additional dummy nodes, with the middle part being colored red. Further, 
the coloring and the newly inserted nodes are transferred into the planarized graph 
. R, additionally coloring the nodes that have been introduced to planarize . R; see  
Fig. 3.12c. Each such node becomes blue if it subdivides an edge e in . R that is only 
incident to blue nodes; otherwise, it becomes red. Altogether, we obtain a coloring
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Fig. 3.12 The reachability is modeled by subdividing edges. (a) The node x (resp. y) subdivides 
the edge .(u, v) (resp. .(u,w)) at the last reachable position. (b) Special case: The nodes u and v are 
reachable from different directions. (c) The coloring of . R is transferred to . R, and the nodes that are 
introduced for the planarization (squares) are colored 

Fig. 3.13 Creating an octilinear polygon enclosing the component . C1 of all reachable nodes and 
edges. (a) The faces .f1, . . . , f5 surround the component . C1. (b) Each face is subdivided by an 
octilinear grid (Step 1). Furthermore, these grids are connected to one large grid G that is split 
by the port between . f1 and . f5 (Step 2). (c) An octilinear polygon is constructed by computing a 
bend-minimal path through G (Step 3) 

of . R, defining all nodes either blue or red. Due to the insertion of the dummy nodes, 
this node coloring induces an edge coloring: edges that are incident to two reachable 
nodes are also reachable, and all other edges are unreachable. 

Given the colored planar graph . R, we first observe that . R has faces that have 
both red and blue edges. An edge that is incident to both a blue and a red node is 
called a gate. Further, the reachable node of a gate is denoted its port. Removing  
the gates from . R decomposes the graph into a set of components .C1, . . . , Cl such 
that component . C1 is blue and all other components are red. These components are 
called the colored components of . R. Figure 3.13a shows the gates and the colored 
components for an example graph. 

Given the colored components, we are looking for a single octilinear polygon 
such that . C1 lies inside and .C2, . . . , Cl lie outside of the polygon. Our method 
consists of three steps, displayed in Fig. 3.13. In the first step, we create for each 
pair . vi , .vi+1 of consecutive ports an octilinear grid . Gi contained in . fi . In the second 
step, we fuse these grids to one large grid G. In the final step, we use G to determine 
an octilinear polygon by finding an optimal path through G.
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Fig. 3.14 The face . f2 of the example shown in Fig. 3.13 is subdivided by octilinear rays based 
on vertices on the bounding box. (a) Shooting octilinear rays from . vi and .vi+1 does not yield a 
connected line arrangement (see yellow highlight). (b–c) The bounding box of . f1 is successively 
refined by vertices shooting octilinear rays until they connect . vi and . vi+1

Step 1 For each pair . vi , .vi+1 of consecutive ports with .1 ≤ i ≤ k, we first compute 
an octilinear grid . Gi that is contained in . fi and connects . vi and .vi+1; see Fig. 3.14. 
To that end, we shoot from both ports octilinear rays and compute the line segment 
arrangement . L of these rays restricted to the face . fi ; see Fig. 3.14a. If . L forms one 
component, we use it as grid . Gi . Otherwise, we refine . L as follows. We uniformly 
subdivide the bounding box of . fi by further nodes, from which we shoot additional 
octilinear rays; see Fig. 3.14b. We insert them into . L restricting them to . fi . We call 
the number of nodes on the bounding box the degree of refinement d. We double 
the degree of refinement until . L is connected or a threshold .dmax is exceeded; see 
Fig. 3.14c. In the latter case, we also insert the boundary of . fi into . L to guarantee 
that . L is connected. Later on, when creating the octilinear polygon, we only use the 
boundary edges of . fi if necessary. 

Step 2 In the following, each grid . Gi is interpreted as a geometric graph, such that 
the grid points are the nodes of the graph and the segments connecting the grid 
points are the edges of the graph. These graphs are unioned into one large graph 
G. More precisely, G is the graph that contains all nodes and edges of the grids 
.G1, . . . ,Gk . In particular, each port . vi is represented by two nodes . xi and . yi in G 
such that . xi stems from .Gi−1 and . yi stems from . Gi ; for  .i = 1, we define .x1 = vk . 
Two grids .Gi−1 and . Gi in G are connected by introducing the directed edge . (xi, yi)

in G for .2 ≤ i ≤ k. 

Step 3 In the following, let .s := y1 and .t := x1. A path P from s to t in G is 
computed such that P has a minimum number of bends, i.e., there is no other path 
from s to t that has fewer bends. To that end, Dijkstra’s algorithm on the linear dual 
graph of G is used, allowing us to penalize bends in the cost function. In case the 
choice of P is not unique because there are multiple paths with the same number 
of bends, the geometric length of the path is used as a tie-breaker, preferring paths 
that are shorter. As s and t have the same geometric location, the path P forms an 
octilinear polygon.
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In some cases, . C1 contains one or multiple holes, i.e., one or more of the 
components .C2, . . . , Cl are enclosed by . C1. We deal with this in the following 
way. For each enclosed component . C∗, the road network . R is recolored, such that 
. C∗ is blue and all other parts of the network are red. We then proceed by computing 
the enclosing polygon for . C∗ as outlined for . C1 above and subtracting the resulting 
polygon from the isochrone of . C1. After this step, the isochrone is guaranteed to 
contain all parts of the road network that are reachable and none of the parts that are 
unreachable. We call this the separation property. 

3.6.2 Application 

Recall the classification of cyclists in Sect. 3.5.2. The cyclists are clustered accord-
ing to their usage of officially signposted cycle routes. Two different classes are 
introduced, PRO and CON, with preference values of .αPRO > 0.5 and .αCON < 0.5. 
In Fig. 3.15, these two classes are visualized by isochrones with .α = 0.65 for group 
PRO and .α = 0.45 for group CON. In Fig. 3.15a, the isochrones are stretched out 
very far in the east-west direction along the course of an official cycling route, 
reflecting the preference of a cyclist in group PRO for officially signposted cycle 
ways. Moreover, the isochrones are clinched in the north-south direction, revealing 
a deficit in the road network in this direction for this group of cyclists: while it is 
possible to get to these areas, the perceived distance will be much longer than in 
the east-west direction. Figure 3.15b highlights the routing profile for cyclists of the 
group CON. The isochrones for this routing profile are almost circular, stretching 
a similar distance in all directions. This is because in most cases, there is a non-
signposted road very close to a signposted road, such that avoiding these signposted 

Fig. 3.15 Two routing profiles visualized as isochrones. Roads (black) highlighted in blue are part 
of signposted cycling routes. Displayed are the areas that are reachable for a cyclist in group PRO 
(a) and  CON (b) within four distinct values of maximum effort (encoded by different brightness 
values)
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roads does not involve large detours and is often as easy as just switching to the 
road from the existing cycling lane. This routing profile is thus probably much less 
relevant for planning purposes. 

3.7 Conclusion and Future Work 

We have presented efficient algorithmic approaches to process and mine huge 
collections of trajectory datasets and demonstrated their usefulness on volunteered 
data. The next step is integrating our methods as well as other existing ones into 
an openly available trajectory processing pipeline, which will be flexibly adapted 
and augmented to cater for a specific application scenario by the user. This would 
allow others to easily access and benefit from our developed tools. For example, 
our anonymization as well as indexing and storing methods could be very useful 
for the VGI challenges discussed in Part III of this book. In the very next chapter, 
the focus will be on animal trajectories. Here, anonymization is less of an issue, but 
efficient mining and visualization tools are crucial. With the rich set of applications 
for trajectory mining occurring across all VGI domains, we see a clear demand for 
further development and improvements of algorithms to explore and learn from the 
information hidden in volunteered trajectory collections in the best possible way. 
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