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1. Introduction

In the year 2011, the Gesellschaft fiir deutsche Sprache has elected “Stresstest” as the word
of the year. In its statement [1], the Gesellschaft fiir deutsche Sprache made the indistinct
claim that the expression originated in human medicine and has been adapted for banks,
train stations, governments and nuclear power plants. What was lost in translation about
the etymology, is that the German “Stresstest” is a loanword of the English “stress test”,
which is used metaphorically in human medicine and all other listed examples. Stress tests
are conveyed literally in engineering and material testing. It is used to study, if the testes
material can sustain an applied constant stress for a long time, and if not, when will it break
or yield. This question is one of the major topics of this thesis.

It studies the nonlinear response of glass—forming dispersions under applied time—dependent
deformations. Applying a load can provide a further comprehension of the process of yield-
ing. The comparison of both, stress—controlled and strain—controlled rheology, is a method to
find the underlying universal concepts that describe the dynamics of a glass—forming liquid.
Therefore, an improved comprehension is gained of what makes a glass.

Glass—forming dispersions are modeled as an infinitely large system of monodisperse hard
spheres suspended in a solvent. This model is a good approximation for all glass formers,
highly repulsive on short ranges (below the particle diameter) and do not show long-range
interaction. The solvent is treated as continuum, neglecting hydrodynamic interactions.
Applying stress would affect a deformation response which the solvent mediates in such
a way, that the deformation field might be time dependent but remains homogeneous in
space. The deformation is considered to be an incompressible flow, the particle number
density remains homogenous. The suspended spheres undergo Brownian motion [2], just as
the dispersed pollen in Browns observations did. One example for a physical system which
can be described by such a model are colloidal suspensions. These suspension consist of a
homogeneous solvent and dispersed particles, the colloids. In order to qualify as colloids,
the sedimentation of the particles has to be negligible, at least during observation time.
One advantage of colloidal suspensions is their large size, compared to molecular and atomic
particles. This makes it possible to observe colloids in optical microscopy and due to the
slow velocities of their Brownian motion, it is feasible to track single particle trajectories.

The following chapter, chap. 2, introduces the theoretical framework, used in this thesis.
Starting from the microscopic picture of Brownian motion, the MCT-ITT formalism describes

ensemble averaged nonequilibrium quantities using generalized Green—Kubo relations. Shear
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stress is given as an integral through the transient density—fluctuation correlation functions.
Without shear flow, the theory predicts a transition from viscous fluids to ideal glasses. Close
to the transition point, a schematic model can be used.

This model is used to describe the history—dependent material properties after a reversal
of shear flow in chap. 3. The effects are discussed in their relation to the Bauschinger—effect
and yielding is read as a transition from dominantly reversible anelastic response to the onset
of an irreversible plastic flow.

In chap. 4, stress and strain change their roles. The strain response of applied stress is
studied in form of creep under constant stress and the strain response resulting from stress
ramps.

Chap. 5 gives an English and a German conclusion. A discussion on the numerical de-
tails, A, the used mathematical techniques, B, and the parameters of the schematic Mode—

coupling model, C, have been added in the appendices.



2. Theoretical framework

This chapter introduces the underlying theoretical concepts of this thesis. It starts with a
short introduction on Brownian motion and the projector operator formalism developed by
Zwanzig [3] and Mori [4]. The nonlinear response of glass—forming dispersions under applied
time—dependent deformations is computed using the Mode Coupling Theory (MCT), which
is introduced in the third section of this chapter. A simplified schematic model of the Mode
Coupling Theory is described subsequently to the theory which forms its base. An application
of this schematic model to strain—controlled rheology is discussed in chap. 3 and is important
for a detailed understanding for the chosen approach to compute the deformation response

under applied stress, discussed in chap. 4.

2.1. Brownian motion

In his botanical studies [2], Brown observed under a microscope the random motion of pollen
dispersed in water and concluded that this motion of the pollen is not caused by flows of the
water or evaporation. Einstein studied the phenomenon of Brownian motion theoretically [5].
He connected it to disordered thermal motion and derived a result for its diffusion. Further
work on this topic has been carried out by Smoluchowski [6], describing the particles motion
as a result of several collisions.

This motivated Langevin to describe the Brownian motion by formulating stochastic forces
of the thermal collisions. The underlying equation for this description is the Langevin—
equation [7],

m& = —6mnRx + f. (2.1)

It describes the force acting on a Brownian particle as the sum of a damping force and a
stochastic force, f, described in the subsequent section in more detail. Overdamping the

Langevin—equation, m& = 0, leads to the following Fokker—Planck equation [8, 9],

d 0 0?
= —=ZAD L =A@ ) 2.2
dtzp ( Ox * Ox? v (22)
The microscopic starting point of the model underlying this thesis is the Smoluchowski
equation for Brownian motion of an ensemble of particles. The state that describes the posi-

tions, 7;, of each particle, ¢, can be abbreviated by a single variable, T" [10]. The Smoluchowski
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equation reads,

D,
o) =3V (Dovi - MF) $(0,1), (2.3)

which describes the time evolution of the distribution function, (T',t), with the Smolu-

chowski operator,

D
Qeq = ZVZ : (Dovl - k_B%—,F’L> . (24)

In this thesis, I will follow the convention of using reduced units, by setting the constants

that appear in the Smoluchowski equation to one,

Do =1, (2.5)
kpT =1 (2.6)
d=1. (2.7)

Length scales are expressed in units of the particle’s diameter, d. The energy is expressed in
scales of the thermal energy, kpT', and the Stokes—Einstein—Sutherland coefficient, Dy, to-
gether with the particle diameter define the reduced time scale, g—z. If length scales are given
in units of the particle’s radius, R, instead of the diameter, an the time scale is accordingly
changed, I will specify this explicitly.

The Smoluchowski operator reads in the reduced units,

Qeq =Y Vi (Vi— F). (2.8)

2.2. Slow variables

The dynamics of the system corresponds to a motion in phase space, a Hilbert space. From
the full set of functions of phase space variables, f({z;,p;}), one can choose a set of slowly
varying phase space functions A({z;,p;}) and describe trajectories in phase space, i.e., the
dynamics of the system, as functions, F(A), of these slowly varying functions [3, 4, 11]. This
set of dynamical variables, A, belong to a subspace of the full Hilbert space. The variables
should be chosen in such a way, that they represent the relevant variables, which are of
interest.

To project into the subspace of the variables, A, Zwanzig defines an operator [11],
P =|A)(A,4)7 (4], (2.9)

which fulfills the following requirements,
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e it is idempotent, P? = P,
e on the subspace of slow variables, (A|, it acts as the identity operator, PA = (A],

e the sum of the subspace of slow variables and the complementary space make up the
full space, so that any variable , B, can be decomposed into, PB = (B, A) (A, A)~" (A],
and, (1 —P) B = (B| — (B, A) (A, A) " (A].

The operator, £, which could be the Smoluchowski operator from eq. (2.3), can be split

into two parts,

L=PL+(1-P)L. (2.10)
The following operator identity,
t
et[, — et(l—’P)ﬁ +/ dS e(t—s)ﬁpﬁes(l—P)£7 (211)
0

can be either proven by differentiation or by using the Laplace transforms. When the operator
on the left—hand side of the equations acts on (1 — P)LA, this yields,

e“(1 = P)LA =e'*LA — *PLA (2.12)
:%etﬁA — (LA A) (A, A) " etr A (2.13)
:%A(t) — (LA, A) (A, AT A(1). (2.14)

Analogously, the operator from the right—hand side gives,
t
= PIE(L —P)LA+ / ds e EpLest-PIE(1 - P)LA (2.15)
0

t
=e!0=P)L(1 _P)LA + / ds <ceS<H’>ﬁ(1 - P)EA,A> (A, A et=9L4 (2.16)
0

Using the abbreviations, f(t) = ¢!0=P)E(1 — P)LA, iQ = (LA, A) (A, A)"" and K(t) =
(LF(t),A) (A, A)~", the Zwanzig-Mori equation is obtained,
a t
& A(1) = i0A(H) - / ds K(t — ) A(s) + f(1). (2.17)
0
Time—correlation functions, C(t) = (A(t)A(0)), can be obtained by taking the inner prod-
uct with the variable at a previous time, A(0). If one does this for each term in eq. (2.17),

the inner product with the noise term, f(t), vanishes, as the noise term is perpendicular to
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the variables, A. The resulting equation for the time—correlation function is,

%C(t):iQC(t)— /O ds K(t — 5)C(s). (2.18)

2.3. Mode coupling theory

Mode-Coupling Theory (MCT) is a microscopic theory which describes the dynamics of
viscous and glass—forming liquids. Initially it was developed by Gotze, Bengtzelius and
Sjolander [12]. Its major prediction is the glass transition from a liquid to a non—ergodic
glass at a critical temperature T, or critical density n., often given in terms of the critical
packing fraction ¢, = 37 R3n,.

MCT uses the Zwanzig-Mori projection—operator formalism and factorization approxima-
tions, to describe dense matter with density—fluctuation modes as slow variables. At the
glass transition, it predicts a critical slowing down of the structural dynamics which sepa-
rates glassy and fluid dynamics. In this section, I will recapitulate the underlying theory of
this thesis, the Integration through transients—Mode Coupling Theory developed by Fuchs
and Cates [13, 10]. The integration-through transients (ITT) formalism uses the concepts of
quiescent Mode—coupling theory and extends it, that as a consequence it can also describe
non—linear response. By imposing incompressible flow, the ITT formalism describes explicitly
a non—equilibrium scenario. Nonequilibrium averages are given by generalized Green—-Kubo
relations.

A detailed discussion of the microscopic theory goes beyond the scope of this thesis. In

the following, I will summarize the theory in the form of ref. [14] by Brader et. al.

2.3.1. Smoluchowski equation under shear flow

If one considers shear flow, the Smoluchowski operator from eq. (2.3) is extended in the

following way [14]

Qt) = Qg +6Qt) =Y _ Vi (Vi = F; — x(t) - 1), (2.19)

with the velocity gradient or strain rate tensor, x;; = Ov;/dz;. This thesis will focus on

simple shear flow,

0

0], (2.20)
0

with the only nonvanishing element, k() = 4(t), and the shear rate, §(t).
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The Smoluchowski operator is given again in reduced units. In reduced units, the velocity

)
gradient tensor is quantified in terms of the dimensionless bare Péclet number, Pey = %.

The solution of the Smoluchowski equation, 9y (t) = Q(t)y(t), is written with a time—

ordered exponential as time—evolution operator,

W(t) = el g (2.:21)

The Smoluchowski operator can be split into two parts, the equilibrium operator of eq. (2.4)
and a nonequilibrium part. The analogous splitting for the distribution function into the
equilibrium distribution function, the solution of eq. (2.3), and a nonequilibrium part of the

distribution function yields,

Q(t) =Qeq + 0Q(1), (2.22)
V(t) =theq + 6U(1). (2.23)

If one considers that the time derivation of an equilibrium distribution function vanishes,
Qoqeq = 0, (2.24)

and that this thesis only studies incompressible fluids,

Trk = 0, (2.25)
and defining the tensor,
6o =0ap— er]rf, (2.26)
one finds in accordance with ref. [14],
AUt eq = [ : 8] Ve (2.27)

In the last equation, the following abbreviation for tracing over two tensors, X, and Y, has

been used,

(X:Y] =) XopYpa- (2.28)
a,B
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Now the Smoluchowski equation can be written as,

Oy (Yeq +09(1)) = (Qeq + 0Q(1)) (theq + 09(2)) (2.29)
= 05(1) =0(5U(E) + [ - 6]t (230
- / at'el” ) [ 6] 4. (2.31)

0

Solving the Smoluchowski equation yields the full time-dependent distribution function and

determines the nonequilibrium contributions,

w<t) :'(/)eq + 5'(/)(t) (2.32)
t

:'L/)eq _i_/dt/e{rtt/ dsQ(s) [K . 6'} weq- (233)
0

The expression for the distribution function allows to express a nonequilibrium average for

an arbitrary variable, f,

(N =(f)+ / dr / at’ fel ) fic: 8]t (2.34)

_|_

/dF/dt’ : 6] heqel” V) (2.35)

+/dt’

0

/\

] el 591 f> . (2.36)

2.3.2. Wave—vector advection

Assuming an undercooled equilibrated liquid as described in the previous section, one can

introduce a translation of the spacial coordinates,
' =z + at, (2.37)

with some arbitrary vector, a. For homogeneous flows, expressed by a velocity gradient
tensor which does not depend on spacial coordinates, the Smoluchowski equation does only
depend on the relative coordinates of the particles. Therefore it remains invariant, if the
coordinated of each particle is translated by a vector, a.

A proof, that the distribution function, 1 (t), that solves the Smoluchowski equation for a
homogeneous flow is also translationally invariant, is given in ref. [14].

In the same ref., a proof is given that a two—time correlation function of wave—vector—
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dependent fluctuations,

oo (t.1) = / dry () frel 4 O g, (2.38)

which is the time—correlation function of the slow variables in Mode—Coupling Theory, re-
mains invariant under spacial translations if the wave vector, g, is the advected wave vector

of the wave vector, k, at an earlier time,

dsk(s)

q=k(t.t)=kel (2.39)

For simple shear flow, as defined in eq. (2.20), the time-ordered exponential can be ex-

pressed exactly as an expansion,
el () + O(k2), (2.40)

which conveniently can be truncated after the term of linear order, as the velocity gradient

tensor for simple shear flow vanishes in higher orders, k - k = 0.

2.3.3. Exact projections onto density modes

As in sec. 2.2, one can again define a projector onto the slow variables. In MCT, the slow
variables are the density modes, pg = Y, €/4". The operator and another projector onto the

subspace perpendicular to it are defined,

P =" lpx) (il (241)
k
Q=1-7, (2.42)

so that PQ = 0.
The number of particles is conserved, 9;N = 0, and the flow is considered to be incompress-
ible, (k(t): 6) = 0. As a consequence, the integrand of eq. (2.36) vanishes, if the density

mode at the wave vector zero is chosen as variable, f = pg—o,

<[" : 6]l dsm(s)pq_0> (2.43)
—N ([x : 6]) (2.44)
0. (2.45)

This expression has to vanish as well for any other p;-mode, due to translational invariance.
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Because of this, one can rewrite eq. (2.36) in the following way
(f)ret = +/M< &) Qel #'C w> (2.46)
0

Using the operator identities

t
t 1507 (s t ds T(s > ds t ds (s
GJidsls) _ Jhaseols) | /H/f;dﬂ ) pQi(s)els 42 (2.47)
t/
't ds (s t/ S f(s
e{t/d (9}9] ( )Q :e{t d QQT( )QQ’ (248)
with the latter as a simple consequence of the idempotency of Q, one can find the exact

expression for eq. (2.36) in this form

<ﬁm—m+ijme&“mf w> (2.49)
0

2.3.4. Mode—coupling approximations

Higher moments for a Gaussian distribution can be expressed as a sum of second order
moments. MCT introduces an ad-hoc approximation of the factorization of an average of a
product into a product of averages, <p’,;p;pkpp> ~ Py k) <p;pp> to define a projector onto

density pairs,

= lokpp) (okpp]

k>p

If one uses this approximation for the result in eq. (2.49), an approximation for the stress

response reads

5001 (s ~
ot < QP el 1599 )QPQQG> (2.51)
t, dsQQT s
<pk,pp Ji )9 pkpp>
1 , k% YA 2.52
kz>: V/ ([ : 6] Qpw ppr) <kaPQG> N2Sy Sy N2Sy S, ( )
I pl O
k'>p
t, dsQQf (s
[ e <pk'p” - N pkpp>
_ 1 dtV, v ’ 2.53
Z V/ k’, k,p NZSk/Sp/NQSkSp ( )
k>p 0
k'>p’

10
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where the vertex functions are,

~ dS ,
VI, = ([k(t) : 6] Qowoppr) = k(t) : K ® p = d’;/ St —pr (2.54)
s
V(Z) <pkpr(r> k® pk’d];cé (2.55)

The four-point correlation function is approximated as a product of two-time correlation func-
tions and regarding the fact, that the density modes are the slow variables, the Q-projected
dynamics is approximated with the full dynamics. This is done under the assumption, that

the fast variations will not make relevant contributions. The result of these approximation

t, dsoQt(s)o W dsQf % tt, dsQf (s
<Pk'P I © Plcpp> <Pk' & ¢ )Pk> <Pk/€{ ( )Pk>
~ . (2.56)
N25,5, N25,.S, N25, 5, N25, 5,

reads,

The expression for the stress tensor can be written as,

« ,:/ dsQf (s % 'tt, dsQf (s
<Pk'€{ ( )pk> <Pk/€j— ( )Pk>
=y /dt Vi v . (2.57)

Vi N2S}/ Sy N28;.: Sk

k>p

k'>p’
Translational invariance can only be conserved in this approximation for the constraint, k/ =
k(t,t'). Rewriting the upper expression with evaluation of the Kronecker-ds and replacing

the summation over discrete wave—vectors by an wave—vector integration yields,

2
f/
t 1 2 et
o) = [ar [0 ] T (258)
4 2(27’(’)‘3 S;% NSk(t,t’) ’
d3k N N k®Ek S35k k(")
/ 2.
/dt/ SRR O e T ). 59)

2.3.5. Transient density correlation functions

In the last equation, eq. (2.59), the transient density correlation function is defined as,

% tt, dsQf (s)
<pke{ pk(t,t’)>

ot ') = N5 : (2.60)

11
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In order to describe the density correlation functions, which remain invariant under spacial
translations, it is necessary to introduce the advected density fluctuations,

— [} dssQf (s)
’PE(t,t/)> =€q f Pr) (2.61)

with the adjoint operator,
5N (t) => ri - k" (t)- V. (2.62)
i
Analogously to eq. (2.61), the authors of ref. [14] define,

= (pr] el 40 (2.63)

<pl_c*(t,t’)
where the advection operator acts to the left and the operator, §Qf(¢), has to be chosen as,

3 (t) = S r kT (1) - (Vi + F), (2.64)
to obtain the scalar product as wanted,

(Filaw) = [ 4T b fe(D)gu (D). (2:65)

With the propagator,

b dsQt (s — t/ 607 (s
U(t,t'):e{t/d‘Q (9)e+‘ft dasf( ), (2.66)
it is possible to write the transient density correlation function,
< preli s @) >
¢k(t t/) _ ko k(') _ <pl>:»U(t7t/)pk> (2 67)
’ NSy NS ' '
Using time—dependent projection operators,
Pt,t) =3 ‘pk(m,» <p£(t’t/) (2.68)
k
Q(t,t') =1 —P(t,t'), (2.69)

the authors of ref. [14] find the following Zwanzig—Mori equation for the transient density

correlation function,

t
O (t, 1)) + T (t, ) pr(t, ') + /dsMk(t, s, ) or(s,t') = Ag(t, t). (2.70)
o

12
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A remainder term, Ag(¢,t'), will not be discussed in this section. The initial decay rate

I'x(t,t") depends on a Hermitian operator, Qf (¢,¢'),

(PR (8, ) o) K2(t,t)

Tg(t,t') = — NStery  Sewr)’ (2.71)

with the operator,
Of i, t) ft, dsam(s)QZq jrft, dsmf(s) (2.72)

The memory kernel can be written as,
kel G0 )

My(t, s, t") = — NSror) , (2.73)

using the operator,
G(t,t') = el VO g pyaf o7 I BN, (2.74)

2.3.6. Generalized friction kernel

In order to express the dynamics in terms of a generalized friction kernel, mg(t, s,t’), the
authors of ref. [14] perform a split of the dynamics into a reducible and an irreducible part
following Chichocki and Hess [15]. A discussion, why this step is performed, can be found in

ref. [16]. Starting with the time derivative of the propagator Ult, s, ') = e{s deg (s’ ),

QU (t,s,t") = Ult,s, t")G(t, 1), (2.75)

G(t,t') is split using the non-Hermitian, time-dependent projection operators

Z k) T— (o (1], (2.76)
<PkQ (t, ¢ )Pk>
O(t,t") =1 —P(t, 1), (2.77)
0, U(t,s,t') =Ul(t, s, t")G(t,t') (2.78)
=U(t,5,)G () (P(t, 1) + O(t, 1)) (2.79)
=U(t, 5,8 )Grea(t,t") + U(t, 5, )Gire (£, ). (2.80)
The term U(t, s,1')Grea(t, ') is treated like an inhomogeneity to solve the equation,
t t ~ t s G (s’
Ut s,1") = el 45 Grelst) / A" T (1", 5,8 )Grea (", 1) 4 T, (2.81)

To obtain the generalized friction kernel, the authors then take matrix elements by multi-
plying the term, (Bj (s, t')| = (pp (s, )], JAR(E, ) =G, ) pr),
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2. Theoretical framework

from the right,
(Bils, )0 (t,5,t) A(t, 1)) = <B,:(s7t’)eg ds’ gi"(s“’)Ak(t,t')> (2.82)

t t rG. (st
+ / dt” <B;;(s,t/)0(t",s,t’)gmd(t",t')e&“ da” Grer ’t)Ak(t,t’)> (2.83)

S

and with the generalized friction kernel,

(Bi(s, el 3 g a1

t,s,t') =
mk( y S, ) NSE(s,t/)Fk(S7t/)Fk(t’ t/) 7

(2.84)
the following relation between diffusion and friction kernel is obtained,
t
My (t,s,t") = —Tg(s,t")mg(t, s, t )Tk (t, t") — / dt" My (t", s, t" Ymg(t, ", ') Ti(t, t'). (2.85)

Eq. (2.70) is rewritten as a Volterra equation of the second kind,

1

t
(. t) = 7;/ ds Mi(t, s, )px(s, ') —
t

0 , ,
Pu(t, ) Ju XAD) <8t¢k(t’t)Ak(tvt)>v (2:86)

and the second term is treated as an inhomogeneity, to finally yield the following form of the

equation of motion,

t
Oy pr(t,t") + Tre(t, ) qbk(t,t’)—i—/ds mu(t, s, )0y dr(s, ') | = Ap(t,t'). (2.87)

t

The remainder term on the right hand side is identified as,
~ 1 tds’ G (s’ .t
Bltt) = 5 <p*e{sd Grer ’t)g(t,t')pk>. (2.88)

To express the memory kernel as a functional of the transient density correlation functions,

the propagator is approximated,

e{*" ds’ Girr(s,t)) ~ e{s ds’ Go(s',t")Q(s',t )’ (2.89)

¢ 4507 (s ot (s
with the operator, Go(t,t') = el 4200 mQ(t, Qe Jur ds091(s) i approximation is mo-

tivated by setting two strain energy operators to zero. The authors of ref. [14] argue, that

this is necessary and give further insight in their motivation.

The remainder term vanishes, when the same approximation is applied. A second approx-
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2.3. Mode coupling theory

imation, following from the same argument,

— [5ds’'sQf (s — [ ds'sQf (s
¢ i ds'Q7(s") er Ji ds’eQt( )7 (2.90)

is applied to the memory kernel, that reads after these approximations,

% o ds’ 5Qf (s ;‘ ds’ Go(s',t'")O(s' ' tt/ dssQf (s
<pk(s,t’)QlQ(S t/) = J )8{ of )Q( )6£ ( )Q(t, t/)szk>

t,s,t') =
mp(t,s,t") N Sg(s)Tie(5, ¢ )Tie(t, 1)
(2.91)
With the time-dependent projection operator onto density pairs,
’pzj(t,t’)pf)(t,t’)> <p>’i tt/ Pp tt
Po(t,t) = Z q(t,t")"p(t,t’) (2.92)

= N25q(1,1)Sp(t,17) 7

the numerator of the memory kernel is approximated,

/dS 6QT S tds El s ,ds6Q s
<pk(s t/)Q Q(s,t')Pa(s, ey = Ji (s") f Go(s't)Q(s 1)) f, ()73( )Q(t7t/)Qipk>

(2.93)
( )Vk(z) (t,t) 5 ds'5AT(s) [ ds’ Go(s' #)O(s 1) [ dssQ (s)
~ Z <pq<t Ppeaner el 7T ST el qu<t,t/>ﬂp<t,t’>>7
Q>P
q >P
(2.94)
with the vertex functions,
V(l) ( t’) <p;’;(sﬁt/)QiQ(sv tl)ptj(s,t/)pﬁ(s,t’)> (2 95)
s,t') = , .
kav N Sq(s.1)Sp(s.t')
D5 i P s o QU s r 4 >
2 q'(t,t")Fp'(t,t) ePk’(t,t)
Vi) (1) = < . (2.96)

NSq(t,6)5p (¢,

Using the Ornstein—Zernike direct correlation function [17],

1 1

with the particle number density, p = N/V, and the factorization approximation for triplet
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2. Theoretical framework

static structure factors, Siqp = SkS¢Sp, the vertices are expressed as,

ngzlzp( I) :E(S t/) (q(S t )Cq(e t) —|—p(s t) ;5 st/ )p(sk,q+ﬁa (298)
v,i;)p (t,1") =K' (t,8') (@' (5, )cqr(s,ry + P(s: ) (5.1)) PO g1 (2.99)

Again the four—point correlation function is split into two—point correlation functions and

the Q—projected irreducible dynamics are replaced by the full dynamics,

o ds’ sQt(s") [tds’ Go(s',t')O(s,t") tt, dssQf (s)
<'0Q(t ) Pp(ttr) e+f f ° { pq(t7t’)pp(t,t’)> (2.100)

“N2Sq(s,t/)Sﬁ(s,t’)@}(s,t’) (t,8)bp(s,ir) (t58)0q.q' Ok ke - (2.101)

This gives the memory kernel in its final approximation,

_p 39kt a(s,4)Sp(s.t') (1) @)
mk(t787t,) - 1671'3 /dq %Q(S,t’)k (t t,) qup( )qup(t t)qu(s,t/)(ta3)¢ﬁ(s,t’)(tv5)7

(2.102)

with the integration over g—space carried out under the restriction, p = q — k.

2.3.7. Glass transition

Without flow, viz. k = 0, the memory kernel is equivalent to the kernel in quiescent MCT [18].
In the long—time limit, the solutions of eq. (2.87),

A ox(t) = f, (2.103)
tlim mg(t,0,0) = F(f), (2.104)
fulfill the following equation [12],
Jr
F(f) = . 2.105
=12 (2.105)

With the Percus—Yevick structure factor for hard spheres [19, 20], this equation has a bifur-
cation at a critical packing fraction, ¢, = 0.517, when aside from the trivial solution, fx = 0,
a finite solution, fg, occurs.

A finite solution, fg, in the asymptotic limit, ¢ — oo, means that the density fluctuations
have not completely decorrelated, even after infinite time. Fourier back transformation to
real space can show [21], that the correlation of the asymptotic position and its initial position

does not vanish in a small region around it,

3
f(r):/(;iﬁ(;e_iqrfq. (2.106)
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2.3. Mode coupling theory

non-ergodicity parameter f

0 5 10 15 20 25 30 35 40
wave number k d

Figure 2.1.: Finite asymptotic solutions for the density correlators, fj, as functions of their
wave number ,k = |k|. The results have been computed on a quasi one-
dimensional k—grid with the wave—number times particle diameter, kd, running
from 0.2 to 39.8 with step size, Ah = 0.4, using the Percus—Yevick structure
factor for hard spheres and the Ornstein—Zernike direct correlation functions at
a packing fraction, ¢ = 0.52.
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2. Theoretical framework

0.2

0.1

X

Figure 2.2.: Density plot of the Fourier transform of the non—ergodicity parameter, f(r), in
the z, y—plane. Black contour lines mark steps of 1 for the function, f(r).

The nonvanishing collective probability around the initial position is shown in fig. 2.2, the
Fourier transform of the non—ergodicity parameter, f(r) can be understood as a collective
probability for each particle to have moved by the vector, r, from its initial position. This
gives rise to a picture of interpretation, that each particle is caged by its neighboring particles
(fig. 2.3). In a fluid, a particle will explore its own entire phase space. In the asymptotic
limit, density correlation have to vanish. In contrast, the finite solutions, fx # 0, imply that

the ergodicity is broken. Therefore fj are also called non—ergodicity parameters.
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2.3. Mode coupling theory

Figure 2.3.: Schematic illustration of the caging effect. Each single particle (e.g. the blue
particle) is surrounded by its neighbors (red), which constrain the blue particle’s
available phase space.

2.3.8. (-scaling

At small distances from the critical density of the glass transition, € “’CT_‘E, the equation

for the nonergodicity parameter, eq. (2.105), has two solutions [18§],

fq =f§i(1—fc)2\/%e?,, (2.107)

which coalesce at the critical density, ¢ = 0. This bifurcation of the solutions is a cusp
singularity [22]. A more detailed discussion on bifurcation theory and catastrophe theory
can be found in [23].

In ref. [18], a proof is given, that the set of coupled equations for the slow variables,
eq. (2.87), reduces to an equation for a single scalar function. The time evolution is deter-
mined by a single dangerous mode.

Consequently, one can factorize the density correlation function close to the glass transi-
tion [24],

balt) — F5 = hq - (1), (2.108)

into an amplitude, hq, and the scaling function, G(¢). This scaling function, G(¢), has been
studied for the quiescent model [25], an isotropic approximation of MCT-ITT [13] and,
regarding also the anisotropy, for MCT-ITT [26]. Up to the orders, ¢, (¥t)?, the scaling

function, G(t), solves the following [-scaling function,

o0

e— (1) +AG (1) = % / arg(t —t)G(t'). (2.109)
0
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2. Theoretical framework

This equation is valid only for a constant shear rate. In the quiescent MCT the summand,
c¥(#t)?, vanishes. For any shear flow, which breaks time—translational symmetry, the equa-
tion above does not hold. The scaling function for time-dependent flow, G(¢,t'), depends on
two time parameters. But within time regimes, when the shear flow can be approximated
by any time—translational invariant version, viz. for negligible small accumulated strains,
~(t,t') < 1, or within time regimes of steady flow, y(¢,t') = (¢t — '), the time—translational

symmetric equation, eq. (2.109), is a valid approximation.

2.4. Schematic Fg)—model

In the previous section, I discussed that close to the glass transition, the dynamics can be
described with a single scalar time—dependent function, G(¢). This motivates the replacement
of the full, g—vector dependent dynamics by a scalar model, which provides the same scaling
as in eq. (2.109).

One example of such a scalar model is the schematic Fl(; )-model. The schematic model
simplifies the mode coupling equations by restricting them to a single normalized mode,

@(t,t"). This single mode solves an equation of a similar form as eq. (2.87),
t
Ot t")+ T | o(t,t") + /dt”m(t, t" )ouo(t" 1) | =0. (2.110)
t/

The initial conditions at the time, t = ¢, are

o(t,t) =1, (2.111)
oot t")|,—py =—T. (2.112)

The memory kernel is a functional of the correlator, m(t) = F[¢p]. The Fl(; )_model without
shear, 4 = 0, uses a polynomial ansatz with a linear and a quadratic coupling [27], in order
to capture the shear—induced loss of memory caused by shear advection of the vertices in
egs. (2.98), (2.99), the model is extended to include the h—functions [28],

m(t, t" ') = hy(t,t)ha(t,t")hs (", 1) (1o(t, 1) + 1297 (¢, 1)) . (2.113)

Without shear, the h—functions are equal to one and the schematic model of quiescent
MCT is recovered. This model has been studied in detail in refs. [27, 18].

The parameters, v1, and v», are chosen as,

Je
1- fc7
vy =2. (2.115)

v =2v2-2+¢ (2.114)
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2.4. Schematic model

This set ensures, that in the absence of shear, the schematic model features at the separation
parameter, ¢ = 0, a type B glass transition [27]. This is the same type found in MCT for
hard—spheres at the critical packing fraction [25].

As in previous implementations of the schematic model [28], T set the function, h3, to unity.
In order to be consistent with the schematic model employed for steady shear [29, 30, 31, 32],
I set the function, hj, to unity as well, repeating the choice that was made in ref. [33]. The

h—function is defined as,

2
vz
ho(t,t') = ——, (2.116)
72 + ()
with the accumulated strain, v(¢,t') = ftt, ds¥(s), and a strain scale, 7., which sets the scale
for the decay of the transient density correlator. This form was originally chosen because it
shows for steady shear the same scaling behaviour as an isotropic approximated version of
MCT-ITT [29]. A generalization of the h—functions for other types of flow than simple shear

has been introduced in ref. [28].

2.4.1. (B-scaling

Analogously to the previous section, one finds for the S-regime a scaling of the mode
o(t) = fe+ (1= f)*G(t) + O(e). (2.117)

This ansatz leads to the following equation for the scaling function, G(t), up to the orders,

e, and (¥t)2,
t

e = ()* + G (1) = %/dt’ Gt —t)G(t"). (2.118)
0

This equation is identical with the S-scaling equation of MCT-ITT, eq. (2.109). Therefore,
one identifies the parameters of the schematic model, ¢, A\, with the separation and the

exponent parameter of MCT.
For ¢ = 0, and 4 = 0, the ansatz, G(t) = (t/to) ™7, solves the scaling equation (2.109) under
the following constraint for the exponent, =, and the exponent parameter,

I*(l—ua)

A=——-"=. 2.119
(1 —2x) ( )

For 1/2 < A < 1, this transcendental equation has two solutions for the exponent, x,
a>0 and 1>-b>0. (2.120)

The parameter, ), is called the exponent parameter, as it generates the critical exponents of
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2. Theoretical framework

the S-relaxation. This solution is equivalent to the density correlator,

t—t
to
t—t

Ta

ot t") =f.+ (1 — f)? < )a, for short times, (2.121)

b
o(t, ) =fe— (1= f)? ( > , for intermediate times, (2.122)

with time constants, tg, 7,. The later is called v. Schweidler law [34].

The intrinsic time scales of the scaling equation can be analyzed by using its homogeneity
properties [13]. Introducing an arbitrary scale, Q@ > 0, the authors of ref. [13] show, that the

scaling function fulfills,
G(t,e, ) =" G (z? = %Q,é =eQ7% 4 = ﬁtOQ_l_a> ) (2.123)
The following power—series ansatz,
G(t) =) ant™, (2.124)
n=0
has proven useful [35, 13, 26]. Inserting the ansatz into the scaling equation leads to,

n
g — C;Y(’.yt)z = agl“o’otz“ + 2()&0()41F071t2u+y + Z t2u+m, Z Fn—n’,n/an—n/oénH (2125)

n=2 n’=0

with the abbreviation I'y, ,,» defined as

T = Nl4+u—n)T'(1+u+n'v)

’ T+2u+(n+n)) A (2.126)

For glassy solutions, € > 0, and without imposed shear, 4 = 0, choosing u = 0, leads to a

solution. The constant term of the power series has to fulfill, ap = /7= . This means that

the non—ergodicity parameter in the glass is [29, 31],

Pt =+ 00)=fo=fe+(1- fC)Q\/Z. (2.127)

The two—parameter scaling law, eq. (2.123), defines the corresponding time scale,

te = toe . (2.128)

For fluid solutions, € < 0, and without imposed shear flow, ¥ = 0, the second solution of
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2.4. Schematic model

eq. (2.119), b, is connected to a second power law [29, 31],

t

g(t) = ()b (2.129)

Ta
with the time scale, 74, which can be determined by the two—parameter scaling law, eq. (2.123),
To :to’TA’0|E|7’Y, (2130)

with a second constant, 79, determined by numerical computation, tab. 2.1.

For a constant shear rate, 4 = const., the scaling function merges for long times into an

asymptote [29, 31],
Gt) =——, (2.131)
with the time scale of the shear-induced decay, 75, set by the shear rate,

1 [A—3
=\ —==. 2.132
TR (2132)

The numerical computed value of the exponent parameter for a Percus—Yevick structure

factor is, A = 0.735 [25]. For the F'?>-model, A\ = %, is conventionally chosen [29]. The

solutions of the transient equation are then approximately given by the values of tab. 2.1.

A vy U3 fe
0.707 | 2.00 | 0.828 | 0.293
a b y %
0.324 | 0.629 | 2.34 1.54
to 7o a* B*
0.426 | 1.71 | 0.021 | 0.864

Table 2.1.: Parameters for the Fg)fmodel, parameters of the first row and the critical ex-
ponents can be determined analytically in dependence of A, the scales of the last
row are found numerically and identical to the results of ref. [31] .
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2. Theoretical framework

2.4.2. Dynamic moduli

The scaling laws can be seen in the spectra of the linear storage modulus, G'(w), and the

linear loss modulus, G”(w), defined by,

G'(w) :w/dt' sin(wt")Geq(t'), (2.133)
0

@ () =w / dt’ cos(wt')Gog(t)) o (2.134)
0

G () + i () —iw / dt'e " Gog (1), (2.135)
0

The last formula gives the moduli as real and imaginary part of the Laplace transform of the

equilibrium shear modulus.

If T approximate the generalized shear modulus, Geq(t), for the short time dynamics in

accordance with the solution of the S—scaling equation,

Geq(t) = Go <f2 +2f(1—f)? (;) : ) : (2.136)

the resulting moduli are,

G'(w) +iG" (w) =Go f? +2Go f(1 — f)? (iwte)* T(1 — a). (2.137)

Analogously, I receive for the intermediate time regime with,

b
Gualt) = Guf? ~26Gof (1 - 17 (L) (2.138)
the resulting moduli,
G (w) +iG" (W) =Go f? — 2Go f(1 — f)? (iwTa) " T(1 + b). (2.139)

The a—decay is often fitted by Kohlrausch functions [36] for longer times, as they agree

with the t~®~decay. For even longer times it can be fitted by an exponential,

Ta

Geq(t) = Gof? exp (—dt> , (2.140)

with some constant, &. The respective linear storage and loss modulus for this exponential
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10° F

35

10" ¢

storage and loss modulus G'(w), G”(®)

frequency Pe,,

Figure 2.4.: Linear storage modulus, G'(w), (red) and linear loss modulus, G (w), (blue) in
the fluid regime, ¢ = —10~*. The red short dashed line marks Gy = 100, the
red dash—dotted line marks G, the red and blue dotted lines show the small—
frequency approximation of eq. (2.142), the blue dashed lines show the power
laws for an exponent parameter, A = %,the blue short-dashed line gives the

contribution of the high—frequency viscosity, eq. (2.144).
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fit are,

2 ~
1 el _ 2 w g w
G (w) +1G"(w) =Gy f (f‘; o +Z7'a & +w2> . (2.141)

In the lowest order, the small frequency approximation of the result above,
o (T2 o Ta
G (w) +1iG" (w) =Gy f (N‘;w + i~w> , (2.142)
Qa a

with a linear storage modulus increasing quadratically in the frequency, w, and the linear loss
modulus increasing linearly in the frequency, shows a good agreement for small frequencies,
w K 3—”, with the results from the schematic model, as it is shown in fig. 2.4.

When the generalized shear modulus is extended with an additional term,
Geq(t) +n56(1), (2.143)
the high—frequency viscosity, %, will add the following term to the linear loss modulus,
G’ (w) + nw, (2.144)

and does not affect the storage modulus.
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storage and loss modulus G'(®w), G”'(®)

10

Figure 2.5.:

2.4. Schematic model

10°® 10 10 10° 10
frequency Pe,,

Linear storage modulus, G’(w), (red) and linear loss modulus, G”(w), (blue) as
they would appear in the glassy regime. These moduli have been computed with
a separation parameter, ¢ = —10~7, in the fluid regime for numerical efficiency,
but the plot range has been restricted to the part, in which the result agrees with
the moduli in the glassy regime. The red short dashed line marks Gy = 100,
the red dash—dotted line marks G, the blue dashed line shows the power law,
G"(w) x w®, for an exponent parameter, A = %, the blue short—dashed line

gives the contribution of the high—frequency viscosity, eq. (2.144).
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2.4.3. Stress vertex

The transient density correlation function, ¢i(t,t’ ), as a function of the wave vector, k, is
bounded by zero and one at every time point. Therefore, one can apply the mean value
theorem pointwise to the integrand in eq. (2.59). The resulting expression is mathematical

identical to the stress term in eq. (2.59),

(2)

. 1)
¢ Bk Vi k) ek
o(t) = dt’%t,t’/ (8.27)k(t.2) "k, 2.145
(t) /O ¢z (¢, 1) 2 (2n)° 52 ( )

L , dk® [0 ) ko k
:/0 dt q&%(t,t)/r%)g {875’ (k:-B(t,t)-k:)] R D)

Because the mean modes, ¢;(t,t'), are obtained pointwise, their time dependence is unknown.

SeSk(s.11)

2.14

But the time dependence of the stress integral can be approximated. For simple shear, the

off-diagonal o,,—element of the stress tensor is of interest,

D (1) (2.147)

In the last step, Gotze’s factorization theorem has been inserted. One can identify,

‘ k3 K2k, (t, )k, [ Sk
— !/ (4! x Y\ Y ’ 2
O—a:y<t) _/O de /2(271’)37(15) k’k(t,t/) S]% fk(t,t’)
¢ k3 K2k, (8,8 ky | SkSker
ar (1) At )y ' 2 i e b en G (8t
+/0 2(271')37( ) Tk (L, 1) Sl% Jr@ e heenG(t, 1)
' i3 K2k, (t,)ky | SkShn ]
ar’ () R )y GO 1 p2 G2 (¢t 2.14
s [Car [ B | PO gty (209
t
:/ Aty (e (t, 1) (f> +2fX2G(t, 1) + A1G (¢, 1)) . (2.150)
0
The factorization ansatz,
G(t,t") = va(t, 1) p(t,t")?, (2.151)

which factorizes the generalized shear modulus into a function, v, (¢,t'), given by the vertices,
Vk((1 t) ) Je(t,t) and Vk(?,g, and the transient density correlators, is only exact at the bifurcation
point, €,% — 0. In quiescent MCT, the vertex function, v, (¢,t’), is a constant, because the
wave vectors are not advected, k(t,t') = k, without flow, v(¢,¢') = 0. This constant stress—

vertex, motivated by the results for quiescent MCT, has also been used in the schematic
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2.4. Schematic model

model for flowing dispersions [37, 31, 38, 39, 40].

The stress vertex function, v, (¢,t'), as defined in eq. (2.149), depends only implicitly on
time via the time dependence of the accumulated strain, y(¢,¢’), that enters in the strain—
advected wave vectors.

When the scaling function, G(¢,t’), is small, the dominating term of the stress vertex is
the first summand of eq. (2.149),

dk3 K2k, (t, )k | SeSkar
h(t,t’):/2 y(t, )y [ e (2.152)

(2m)3  kk(t,t) S?

The crucial part of its time dependence is a dephasing of the derivatives of the static structure
factor, S}, and S,’ﬂ(tl ) [41]. The product of the derivatives can even become negative. At a
certain strain, these negative contributions dominate the integral, I (¢,t'), and it becomes
negative.

For simple shear deformation, the integral, I, can be easily computed on a three-dimensional
k—grid in spherical coordinates, with kd running from 0.2 to 39.8 with the step size, Ah = 0.4,
the inclination angle, ¥, running from 0 to 199/2007t and the azimuthal angle, ¢, running
from 0 to 199/1007 in steps of 7t/100 to receive the result shown in fig. 2.6. close to the glass
transition, the resulting vertex function does show a strong dependence on the density of
the hard—sphere system. The numerical resolution of kd, ¥ and ¢ varies the resulting vertex
approximately by a constant factor. Therefore, it is shown in fig. 2.6 normalized by the initial
value, I1(0,0). The qualitative transient time dependence is an algebraic decay crossing zero
at a fixed strain followed by a slower decay to zero. MCT is known to overestimate the strain
scale of this yielding. The results, shown in fig. are rescaled by a factor, v.cs = 3.12, to shift
the point when the function, I, equals zero to the strain, v = 10%, which agrees with an
empirical Lindemann criterion of shear melting [40].

To describe this time dependence of the stress—vertex function, the following ansatz was

chosen [32],
ve (t,t') = Gy (1 - <7(it/)>2> exp (— (@)j : (2.153)

Originally this ansatz was developed by fitting the resulting shear modulus of an isotropic
approximation and experimental measurements, but the comparison in the inset of fig. 2.6
shows also a good agreement of the vertex function for the initial decay with the respective
quantity from the microscopic theory, although the shape of the negative part cannot be
sufficiently captured by the compressed exponential in eq. (2.153). The phenomenological
stress—vertex function can also be found with the squares replaced by the exponents 4 [32, 42].
This choice of setting both exponents to four was made for an improved agreement with the
experiments. As my major objective is to discuss results for the schematic model, I restrict
the stress vertex to the form which shows best agreement with the underlying microscopically

motivated theory.
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2. Theoretical framework
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Figure 2.6.: Rescaled integral term, I1(¢,t')/11(0,0), as function of the accumulated strain,
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~(t,t'), (red). The accumulated strain has been rescaled by the strain, ypes =
3.12. I(t,t') is computed on a k-grid with the wave—number times particle
diameter, kd, running from 0.2 to 39.8 with step size, Ah = 0.4, the inclination
angle, ¥, running from 0 to 199/2007t and the azimuthal angle, ¢, running from
0 to 199/1007t in steps of 71/100, at a packing fraction, ¢ = 0.52.

The inset shows the vertex function, v,(t,t')/Go, from eq. (2.153) rescaled by
the instantaneous modulus, Gy, as a function of the accumulated strain, y(¢,t")
(blue, dashed).



2.4. Schematic model

The factorization ansatz for the generalized shear modulus in eq. (2.151) works in a direct
comparison between the schematic model and MCT-ITT results [32] asymptotically close
to the glass—transition point, viz. |¢] < 1,4 < 1. For higher shear rates, preasymptotic
corrections have to be made, and the strain scales of the vertex function, eq. (2.153), increase
with the shear rate.

With a constant vertex function, v, (t,t') = Gy, the high shear rate viscosity nJ, has been
determined [37],

Nl = ﬁli_}rr;o 09) = + % (2.154)
with the high—frequency viscosity, 1%, eq. (2.144). The preasymptotic correction for the
vertex strain scale, 7., in ref. [32] indicate, that v, increases faster than linear in the shear
rate, . Other parameters have been kept independent of the shear rate, so that in the limit
of high shear rates, the generalized shear modulus, G(t,t'), decays exponentially and the

decay is not dominated by the vertex function,

lim ~, > 2. (2.155)
If this extrapolated limit holds, the asymptotic of the flow curve for high shear rates is the
same as in ref. [37].

To emphasize, that eq. (2.153) is just one possible choice for a vertex function, I introduce

another example,

(v(t,t’)>4

vo(t,8) = Go [ 1= i , 2.156

Ak 1_ (w(t,t')>2 n (w(tt/))‘* .
= —

which captures the shape of the stress overshoot, or the dip in the modulus better, at cost

of the agreement for smaller times.
The influence of the dephasing of the structure—factor derivatives, the time-dependence of

the stress vertices is shown in the following chapter.
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3. Reversal of the shear flow

In this chapter, I will discuss the results of the schematic MCT model for a simple time—
dependent shear protocol.

In the subsequent section, I will introduce the reversal of shear flow and the numerical
methods I used to study the problem. The following sections present the results in dependence
on what would be the control parameters in an experimental setup, the strain of the preshear
before the reversal, v, the separation parameter, ¢, that corresponds to a relative packing

fraction and the shear rate, 7.

3.1. Shear reversal

One way to probe a materials viscoelasticity and to study the importance of the stress—
vertex function, v, (t,t'), is to apply a simple shear protocol of a non constant shear rate
4(t) # const. In such a protocol, the accumulated strain is not time—translational invariant
anymore, which gives insight how the response is affected by the symmetry of the equations
of the model under time translations.

One example of this is the shear reversal, the shear rate is kept constant up to some

time—point; then its sign is reversed,

0 for t <0,
Y(t) = q+5 for 0 <t <ty, (3.1)
—3  for t > ty.

This shear protocol leads to the following time dependence of the accumulated strain,

At—1t) for 0 <t/ <t < ty,
V() = Q5 (2t — (t+1) for 0 <t <ty <t, (3.2)
—(t—1) for t, < t'.

Dense amorphous materials close to the glass transition show under this protocol a response
rich in phenomenons.
For start—up steady shear, these materials exhibit an increase of the shear stress, followed

by a stress overshoot, before finally reaching a steady state of constant stress. After a reversal
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3.1. Shear reversal

of the shear flow, the stress might have a stress overshoot with the opposite sign, or rather a
stress undershoot, but it will decrease in its magnitude after a shear reversal. The slope of the
stress response as a function of the strain, the stress—strain curve, will also decrease, which
corresponds to a softening of the material. These changes in the transient material properties
depending on their history have been studied in the past by Johann Bauschinger [43]. The
dependence of a materials yielding under applied stress on the direction of a previous load,
viz. compressional or tensile load, is therefore denoted as the Bauschinger effect. As the
mechanism that affects the yielding after shear reversal is related to the Bauschinger effect, in
ref. [33] the reversal of shear—flow is studied under the scope that the phenomena of history—
dependent response can be generalized. The memory effects are studied in a molecular
dynamics simulation and the schematic model to rationalize the Bauschinger effect. The
schematic model of MCT provides new insights in explaining the Bauschinger effect as a
history—dependent transient response phenomenon and is confirmed by a molecular—dynamics
(MD) simulation, which connects the macroscopic stress response to microscopic particle
motion.

Bauschinger effects are observed as well for amorphous solids in stress-controlled proto-
cols [44] and in the flow—controlled equivalent [45].

The stress response of a viscoelastic material differs significantly from the stress response
of a linear elastic solid or a Newtonian fluid. For a linear elastic solid, the relation between
stress and strain is linear [46]. In the case of simple shear, the relation between shear stress

and shear strain reads,
o= G, (3.3)

with shear stress, o, shear strain, v and the elastic shear modulus or Young modulus, G. On
reversal of the direction of strain, the stress would decrease linearly along the same line it

was increased before. The deformation of an linear elastic solid is reversible.

4 — —
' | T |
T 3 20 1
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Figure 3.1.: Left panel: Stress—strain curve of a shear—flow reversal for a linear elastic solid.
Right panel: Shear reversal for a Newtonian fluid.

33



3. Reversal of the shear flow
A Newtonian liquid on the other hand relates the shear stress, o, and shear rate, ¥, linearly,

o=mny, (3.4)

with the Newtonian shear viscosity, n. If one imposes simple shear with a steady shear rate
upon a Newtonian liquid, the shear stress jumps immediately to the value in accordance
with eq. (3.4), when the direction of shear is reversed, the stress will jump immediately to
the negative value. All of the work imposed on the Newtonian liquid to shear it, has been
dissipated and it will not be restored on reversal unlike the work imposed on a linear elastic
solid.

3.1.1. Solving shear reversal with the schematic model

To compute the shear stress, the schematic MCT model of sec. 2.4 is adapted. The shear

protocol of the reversal enters via the shear rate in the constitutive equation,

o= / At ()G (', []), (3.5)

— 00

the strain dependence of the stress—vertex function,

0s(t,) = G <1 - (Wy“)) exp ( (f”)) , (3.6)

and the strain—dependence of the so called h—functions in the memory kernel,

1

) = R

(3.7)
As the memory kernel is not time-translational invariant for the reversal of shear, eq. (2.110)
has to be solved with explicit dependence on the time parameters, ¢t and ¢/, for 0 < t' < t,, < t.
The time dependence simplifies to a time—translational invariant dependence on the time
difference, t — t/, for 0 < ¢/ < t < t,, and t,, < t. For reasons of numerical efficiency,
this motivates that I solve only the not time-translational invariant regime with two time—
parameters. I simplify the numerical equations for the latter two time regimes, so they depend

only on a single time parameter, ¢ — t'.

The equations are discretized as described in sec. A.1. The time-step duration is doubled
every N steps. N is a number between 2000 and 4000 and chosen with the constraint, that

the prestrain is reached exactly at a time step, before the duration is doubled again.
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3.1. Shear reversal

3.1.2. Broken time—translational symmetry

The continuous time translational symmetry of eq. (2.87) is broken for any non-steady flow.

The equation,

¢(tv tl) = ¢>(t - t/’ 0)7 (38)

does not hold for a shear rate which varies in time.

100000 ,

d.t)
1.0

80000
0.8
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0.6
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0.2

0

20000 40000 60000 80000 100000 0

time [t

time I t'

Figure 3.2.: Transient density correlator, ¢(¢,t'), as a function of the two time parameters, t
and t', rescaled by the initial decay rate, I'. Contour lines mark values in steps
of 0.05 of the density correlator.

Fig. 3.2 shows the solutions for the density correlator which was obtained by the methods
described in the previous section. The time of reversal is in the middle of the ¢t— and the
t'—axis, respectively. The region for ¢ > ¢ is non—causal. The remaining half of the time
plane is separated by the reversal into three parts. The two triangular sections in the lower
left and upper right corner correspond to those times when the accumulated strain is given
by, v(t, ') = +4(t — ), and ,y(¢, ') = —5(t — t') respectively.

Therefore, the equation of motion is invariant under time translations within each of these
time domains. The solutions for the density correlator in these two time domains have been
computed by equations with a single time parameter. The square in the lower right corner
of the time plane is the time domain, in which the accumulated strain is given by eq. (3.2),

and thus the time-translational symmetry is broken. The density correlator does not depend
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3. Reversal of the shear flow

on the time difference, t — ¢/, but is a function explicitly of both time parameters. Physically
the resulting correlator shows, that the structural relaxation is slowed down by the reversal
if it is compared to the shear induced relaxation for steady shear.

This result shows the the density correlator is not a function of the strain, displayed
in fig. 3.3. The density correlator, ¢(t,t'), decreases fast, when the absolute value of the
accumulated strain, |y(¢,¢')|, is large, which corresponds to the red and purple areas in
fig. 3.3. But the density correlator, ¢(¢,t’), decreases as well, when the difference of the time
parameters, ¢t — t’, is increased. This is easily seen along the line of, ¢t + ' = 2t,,, the red
dashed diagonal in fig. 3.3. Along this diagonal, the accumulated strain remains zero. But
the density correlator decays, albeit very slowly.

In ref. [33], Th. Voigtmann introduced a generalized Maxwell model to explain the history
dependence of the stress response. The constitutive of the generalized Maxwell model is of
the same form as eq. (3.5). Simplifying the complex two—time dependence of the transient
density correlator, the model captures shear—thinning , e~(—t)17(t)1/3%  The generalized

shear modulus reads,
G (t, 1) = v (t, t)e= TtV HEI/Fe (3.9)

Comparing the results of the generalized Maxwell model with the results of the schematic
MCT model enables an estimation, how the history—dependent stress response is affected by

the complex time dependence of the transient density correlator shown in fig. 3.2.
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3.2. Preshear—strain dependence
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Figure 3.3.: Accumulated strain, v(¢,t'), as a function of the two time parameters, ¢t and ¢,
rescaled by the initial decay rate, I'. Contour lines mark values in steps of 0.2 of
the strain, v(¢,¢"). The dashed red line marks the line of zero strain, v(¢,¢') = 0.

3.2. Preshear—strain dependence

A hysteresis for a strain recovery is associated with yielding [47]. In ref. [33], we discussed

two regimes of elasticity—dominated and plasticity-dominated prestrain.

3.2.1. Hysteresis in the stress—strain curve

Peg € Gy r Ve Y
10> [ 1073 | 100 | 100 | 0.35 | 0.1 | 0.12

Table 3.1.: Fg)fparameters used in the MCT computations for this section.

As it is shown in fig. 3.4, the stress response in the elasticity-dominated regime is not
linearly elastic, but might rather be called anelastic. The deviation from a linear stress—
strain relation is mostly caused by the structural relaxation in the short—time diffusion and
the fast S—process. The enclosed area of the stress—strain curve corresponds to the energy
that was dissipated by those two processes during the steady shear.

At larger prestrain, a crossover to the plasticity—dominated regime occurs. The strain,

needed to reverse the stress completely, does not increase further. In this regime, the strain—
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3. Reversal of the shear flow
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Figure 3.4.: Stress vs. strain curve for a shear reversal at preshear strain, v, = 0.05, with
parameters as stated in tab. 3.1.

induced relaxation is the dominant mechanism and the contribution of the S-relaxation
becomes less important.

The viscoelasticity or anelasticity is quantified by the residual strain, g, that the system
still experiences after the shear stress has been decreased to zero. The prestrain, v;, which
marks the onset of a residual strain, is interpreted to be the true yield strain in strain—
recovery experiments on amorphous polymers [48]. The shear protocol in these experiments
differs from the shear-reversal protocol, eq. (3.1), as in the experiment a larger shear rate
has been imposed than for the preshear. Fig.3.6 shows that the prestrain dependence of this
quantity can be divided into two regimes. For small prestrains, v+ 5 0.1, the residual strain,
7o, grows linearly with the preshear strain, v, but its slope is significantly smaller than one.
At larger prestrains, v4 Z 0.3, the residual strain is given by the prestrain minus a constant,
Yo = 7+ — 0.11, which accounts for the initial anelasticity.

The viscoelasticity can be visualized by comparing the prestrain, v, , in one direction and
the respective strain in the reversed direction, |vo — 74|, applied to unload the shear stress
again to its original amplitude of zero shear stress. Fig. 3.6 displays how the required strain
to unload the shear stress depends on the previously applied prestrain. As it is shown in the
figure, a linear elastic solid requires the same strain on reversal as was applied previously,
to unload. In a Newtonian fluid, the unloading is instantaneously and the strain needed

for unloading the stress is constantly zero. For the viscoelastic glass and dense fluids, the
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3.2. Preshear—strain dependence
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Figure 3.5.: Stress vs. strain curve for a shear reversal at preshear strain, v, = 1.00, with
parameters as stated in tab. 3.1.

required strain for the unloading follows qualitatively the shape of the stress—strain curve of
startup—flow.

In the anelastic regime, the unload strain, |y; — 7o/, grows linearly with the prestrain,
albeit with a factor of proportionality smaller than one. This shallow ramp is a result of the
dissipation in the fast S—process, eq. (2.121), and for very small prestrains it is due to the
diffusive short-time dynamics, eq. (2.112).

The unload strain, |y+ — 70|, peaks at a strain larger than +*, the strain of maximal
stress. For larger prestrains, the strain required to unload the stress stays constant as for
the Newtonian fluid. This is expected for preshear strains, which mark the onset of a non—
equilibrium steady state. In contrast to the Newtonian fluid, the initial (an)elastic response
shifts the unload strain to a nonzero value. The residual strain, 7y, is determined numerically
by a linear interpolation between two data points, the numerical error can be estimated

through the fluctuations which the unload strain, |y; — 7o|, shows for large prestrains, v, .
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3. Reversal of the shear flow
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Figure 3.6.: Residual strain, 7y, at the point of zero shear stress, o = 0, after a shear re-
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versal. Blue circles show the results for the schematic model computed with
the parameters given in tab. 3.1. The dashed line highlights the initial increase
of the residual strain, g, with approximately 0.3 x v, the dotted line shows
the asymptotic linear dependence on the preshear strain, v, , with an offset of
approximately 0.11.



3.2. Preshear—strain dependence
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Figure 3.7.: Unload strain, |yo — 74|, vs. preshear strain, v, . Blue circles show the results
for the schematic model for parameters as in tab. 3.1. For comparison, the full
black line shows the result for a linear elastic solid and the dotted red line the
respective result for a Newtonian fluid.
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3. Reversal of the shear flow

3.2.2. Decreasing stress overshoots

The most notable effect after the reversal of the shear flow are the decreasing stress overshoots.
This phenomenon becomes more prominent with increasing prestrain, v,. Fig. 3.8 shows the
decreased overshoot, quantified by its stress value, opeak. It is smaller than the peak of the
start—up shear stress. In order to separate the discussion from the effects of a flow curve,
discussed for schematic models in refs. [31, 32], I focus on the relative height of the stress
overshoot compared to the steady—state stress, ogteady. After a reversal of the shear flow, the

long-time limit of the shear stress, ostcady, changes its sign but not its magnitude.

051 4

shear stress ¢
(@)

0.5} Osteady Opeak ]

-0.4 -0.2 0 0.2 0.4
shear strain vy

Figure 3.8.: Stress vs. strain curve for a shear reversal at prestrain, v, = 0.32, with the
separation parameter, ¢ = 1073, and the shear rate, Pey = 1073, and the other
parameters as in tab. 3.1.

A direct comparison of the stress—strain curves for start—up flow and the resulting stress—
strain curve after a reversal of the flow from fig. 3.8 in absolute values of the stress and strain
is given by fig. 3.9. After the reversal, the stress overshoot has noticeable decreased compared
to overshoot of the start—up curve.

In the anelastic regime, i.e. for small preshear strains, v, the height of the stress overshoot
after the reversal of the shear flow is almost unchanged compared to the overshoot of a start—
up curve. Fig. 3.8 shows that the height of the stress overshoot after the reversal, opeax,
is significantly smaller, when the prestrain, ., approaches the strain ,v*, which marks the

strain value at which the stress overshoot occurs. The overshoot height after the reversal as
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3.2. Preshear—strain dependence
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Figure 3.9.: Absolute shear stress, |o|, vs. shear strain, ||, and shifted shear strain, |y — 7o/,
for start—up flow (red) and after a reversal of the flow at a prestrain, v, = 0.32,
(blue), respectively. All parameters as in fig. 3.8

a function of the prestrain starts to decrease fast, until it almost vanishes for a reversal in
reek ] ag a function of the prestrain,

Osteady

4, decays like a compressed exponential. The shape of the result in fig. 3.10 depends in the

the steady—state. The relative overshoot height,

F;’Qfmodel strongly on the form of the stress—vertex function, v, (¢,t"). As the stress—vertex
function, v, (¢,t’), given in eq. (2.153), does not fully capture the shape of the stress overshoot,
the results cannot be overgeneralized. With the methods of studying the vanishing overshoot
after a shear reversal with the schematic model, it is not likely to find a universality that
quantitatively holds also for the microscopic MCT-ITT approach, experimental observations

and the results of simulations on particle level.
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3. Reversal of the shear flow
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Pey = 107%, and the other parameters s in tab. 3.1.

Figure 3.10.: Relative height of the stress overshoot — 1, after a reversal of shear

3.2.3. Softening

The third phenomenon observable after a shear reversal is the apparently softer stress re-
sponse, i.e., the slope of the stress—strain curve after reversal is lower compared to the slope
of a start—up curve, fig. 3.11. As the slope for the stress—strain curve is given by the linear

shear modulus G4, I will name the slope after a shear reversal the effective modulus Gg-.

The effective modulus is computed as the difference quotient of the slope of the stress—strain
curve at the strain, |y — 9| = 0.028. After a shear reversal, the slope of the stress—strain
curve, Geg, seems smaller than the slope, G, of the start—up stress—strain curve. This can

be seen in the direct comparison of both stress—strain curves in fig. 3.12.

Fig. 3.13 shows, how the apparent elasticity in form of the effective shear modulus, Geg,
depends on the preshear strain, v, . By construction, the effective modulus is equal to the
plateau modulus of the glass for vanishing preshear. The strain, |y — 79| = 0.028, at which
the difference quotient is evaluated, has been chosen as a strain, at which the shear modulus
for start—up strain reaches the plateau shear modulus, G,. For larger preshear strains,
v+ > 0, the effective shear modulus after the reversal of the shear flow is smaller. It exhibits
its minimal value at a preshear strain, which coincides with the preshear strain, at which

the unload strain, |ygp — 4|, has its maximum. For larger preshear strains, the effective
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3.2. Preshear—strain dependence
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Figure 3.11.: Stress vs. strain curve for a shear reversal at the preshear strain, v, = 1, with
the separation parameter, ¢ = 0, the bare Peclét number, Pey = 107°, and the
other parameters as int tab. 3.1. The decreased apparent shear modulus, Geg,
after the reversal and the linear shear modulus, G, of the start—up curve are
indicated by the respective dotted black lines.

shear modulus remains constant. This hints, that the preshear has indeed approached a

non—equilibrium steady state for the preshear.
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3. Reversal of the shear flow
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Figure 3.12.:
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Absolute stress, |o|, vs. strain, 7, and shifted strain, |y — o[, for start—up
flow (red) and the resulting stress—strain curve after a reversal of the flow a a
prestrain of v = 0.32 (blue), respectively, from fig.3.8. The decreased apparent
shear modulus, Gg, after the reversal and the linear shear modulus, G, of
the start—up curve are indicated by the respective dotted black lines.
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3.2. Preshear—strain dependence
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Effective shear modulus, Geg, as function of the preshear strain, v;, for the
separation parameter, ¢ = 0, the bare Peclét number, Pey = 107°, and the
other parameters as in tab. 3.1.
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3. Reversal of the shear flow
3.3. Density dependence

3.3.1. Unload strain |y — v4|
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Figure 3.14.: Unload strain, |yo — 74|, vs. preshear strain, v, for six separation parameters,
e=-10"1,-10"3,-107%,0,107%,1073, increasing from the bottom to the top
the bare Peclét number, Peg = 1072, and the other parameters as in tab. 3.1.
Dashed lines highlight that the result for large preshear strain, 4, is shifted
proportional to the square root of the separation parameter, +/¢, for the glassy
curves and, —y/g, for the fluid curves.

The variation of the strain, |y9 — 4|, required to unload the shear—stress response to a
previously applied preshear strain, v, is shown in fig. 3.14. The initial anelastic regime
and the following regime of plastic flow seem separated by a maximum of the unload strain
as a function of the prestrain. This separation is observed for each separation parameter
except the one corresponding to the lowest packing fraction, viz. ¢ = —107!. As the a—
relaxation time, 7, diverges at the glass transition, eq. 2.130, there exists a density for
each shear rate, 4, so that the dressed Péclet or Weissenberg number is smaller than one,
Pe = 41, < 1. For these low densities and shear rates, I do not probe the nonlinear response
of the material anymore. The shear modulus decays so fast, that it remains almost unaffected
by the imposed shear flow. For the lowest separation parameter, ¢ = —10~!, the result of
the unload strain is so close to the expected result of the unload strain for a Newtonian

fluid, as shown in fig. 3.7, that an initial anelastic regime cannot be identified. In fact, the
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3.3. Density dependence

unload strain for the smallest separation parameter, e = —107', is so small, that it is of the
same size as the numerical error of the linear interpolation, used to determine the residual
strain, 7g. Closer to the glass transition, the unload strain, |4+ — |, remains constant after
a shear—flow reversal approximately at a preshear strain, v 2 0.3. This unload strain after
large preshear strains scales with the density. The deviation from the result at the glass
transition, € = 0, is proportional to the square root of the separation parameter, \/\? , for

small separation parameters, |¢| < 1,

lim [yy —v0(e)| = [v4 —v0(e = 0)] £ ey Vel (3.10)

V0

with a constant, c,.

3.3.2. Decreasing stress overshoot
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Figure 3.15.: Relative height of the stress overshoot, :”7‘1’“ — 1, after a shear reversal at the

steady
preshear strain, 7., for the separation parameters, ¢ = 10~%,1073,0, 103,, the
bare Peclét number, Pey = 107, and the other parameters as in tab. 3.1.

If T keep the parameters of the stress vertex function, v, (t,t’'), constant and vary only the
separation parameter, ¢, i.e., if I neglect preasymptotic corrections of the stress—vertex func-
tion, the relative overshoot height of the start—up strain curves increases with the separation

parameter, €. As the overshoot height of the start—up curves changes with the density, so
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3. Reversal of the shear flow

does the overshoot height after a shear reversal at a small preshear strain.
Far from the glass transition, ¢ = 107!, the fluid does not exhibit a stress overshoot and
its stress response can be described by linear response theory. Trivially, the yielding does not

change after a reversal of shear flow.

3.3.3. Softening
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Figure 3.16.: Effective shear modulus, Geg, as a function of the prestrain, vy, for the sep-
aration parameters, ¢ = —1073, —107%,0,107%,1073, the bare Peclét number,
Pey = 107%, and the other parameters as in tab. 3.1.

The value of the effective shear modulus, Geg, after a reversal of the shear flow, varies
for small preshear strains, v, , with the square root of the separation parameter, v/¢. This
scaling is expected, as the plateau shear modulus depends on the nonergodicity parameter,
fe, eq. (2.127). Fig. 3.16 shows the effective modulus for the shear rate, Peg = 107°, and
for various separation parameters. The effective modulus has been computed as the slope
of the stress—strain curve at a fixed strain, |9 — 7| = 0.028, because the slope of the start—
up curve has approached the plateau modulus, G, at this value for the strain, . The
effective modulus as a function of the preshear strain, «,, decreases onto the value observed

after a flow reversal in the steady state. The effective modulus after shear—flow reversal in

C
oo

the steady state is about half the size of the critical plateau modulus, G¢_, and it does not

visibly depend on the separation parameter, €. Results for the lowest separation parameter,
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3.4. Shear-rate dependence
e = 107!, cannot be given, as the a-relaxation time, 7., is smaller than the time it takes
to strain a material up to the chosen strain scale, |y — y(f)| = 0.028, at this shear rate,
Pey = 1075,

3.4. Shear-rate dependence

3.4.1. Unload strain |y, — 74|
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Figure 3.17.: Unload strain, |yg — 4|, vs. preshear strain, v, for a separation parameter,
¢ = 0, various shear rates, Peg = 1077,107%,107%,107%,1073, and the other
parameters as in tab. 3.1.

The strain, |y — 74|, required to unload the shear—stress response to a previously applied
preshear strain does not show a significant shear-rate dependent scaling in the anelastic
regime within the range of the accuracy of the results, fig. 3.17. In the regime of plastic flow,
i.e., for larger preshear, the unload strain does scale with the shear rate. For the four lowest
shear rates, i.e., close to the glass transition point, the unload strain is proportional to the
logarithm of the shear rate, |79 — v+ | o< log(5). For the highest shear rate, Peg = 1073, this
scaling is does not hold. The yielding occurs before the shear modulus approaches the value

of the plateau modulus, G .
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3. Reversal of the shear flow

3.4.2. Decreasing stress overshoot
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Figure 3.18.: Relative overshoot , peas
steady

eter, ¢ = 0, various shear rates, Pey = 1077,107%,1075,107%,1073, and the
other parameters as in tab. 3.1.

—1, vs. preshear strain, 4, for a separation param-

The relative height of the stress overshoots decreases as a compressed exponential of the
preshear strain. The shear-rate dependence of the overshoot height is discussed for steady
shear in ref. [32]. For vanishing preshear, the overshoot height shows the same dependence.
The decay of the overshoot height as a function of the preshear strain is slower for larger

shear rates.

3.4.3. Softening

Fig. 3.19 shows the effective modulus, Geg, as the numerical derivative of the stress—strain
curves at a fixed strain, |y(¢) — 0| = 0.011. The result for vanishing prestrains, v, coincides
only for the lowest shear rate with the corresponding bare Peclét number, Pey = 1077,
with the plateau shear modulus, G,. For the larger shear rates the generalized modulus is
still larger than the plateau modulus. Therefore, fig. 3.19 shows the anelasticity for small
times and motivates to evaluate the effective modulus at different strains, depending on the
respective shear rates. In order to compare the effective modulus for each shear rate, I try
to determine the strain, -, for each shear rate. This is done in such a way, that the slope

of a start—up curve does not deviate from the plateau modulus, G, at that strain. The
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3.4. Shear-rate dependence
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Figure 3.19.: Effective shear modulus Geg, viz. the numerical derivative of the stress strain
curve at |y(t) — 40| = 0.011 as function of the previously applied strain.

values of the obtained strains are given in tab. 3.2. For the largest bare Péclet number,
Pey = 1073, the decay onto the plateau with the power law, t~%, and the strain-induced
yielding are overlapping, so that no intermediate plateau is observable. The resulting effective
shear moduli, Gg, as functions of the prestrain, v;, are shown in fig. 3.20.

By evaluating the effective moduli at the respective strains, it is ensured that the effective
moduli are equal to the plateau modulus for vanishing preshear. The effective moduli decrease
with increasing preshear strain until their minimal value at approximately the same preshear
strain, at which the unload strain, |yo — 4|, maximizes. For even larger preshear strains,
the effective moduli increase again onto a value, which remains constant for further preshear.
This asymptotic value for the effective modulus after large preshear decreases for increasing
shear rates. When the flow is faster, the response is softer after a flow reversal. This result
for the effective modulus, Geg, contrasts with the dependence of the plateau modulus, G,

as a shear-rate independent quantity.
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3. Reversal of the shear flow
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Figure 3.20.: Effective shear modulus Geg, viz. the numerical derivative of the stress—strain
curve at |y — vo| = 0.011,0.018,0.035,0.043, as function of the preshear strain,
v+, for the separation parameter, € = 0, and the other parameters as in tab. 3.2.

ok

Peg | y(t) =l |e| Go | T | 7 | v |«

107 0.011 0100 [ 100 | 0.35 | 0.1 | 0.12
106 0.018 0| 100 | 100 | 0.35 | 0.1 | 0.12
10-5 0.035 0100|100 |035]0.1]0.12
104 0.043 0100|100 | 035 0.1]0.12

Table 3.2.: F15 parameters used to compute the effective shear modulus, Geg, as the slope of
the stress strain curve at the respective strains, |y(t) — vo|

In this chapter, I have shown the history—dependent response under shear reversal. The
starting point, before applying preshear, is a quiescent glass or fluid at equilibrium. In this
state, the material does not exhibit a macroscopic stress or strain. On the start—up of the
preshear, the stress response increases with the preshear strain, the slope approaches the
plateau modulus. At a critical strain, the stress response crosses over to a constant value.
This crossover is observed in form of a stress overshoot. After a reversal of the shear flow,
the stress decreases again, but at a nonvanishing strain. The stress decreases further, with
smaller slope than for the response starting from a quiescent state. After the reversal, the
stress overshoot has vanished or decreased compared to overshoots observed for start—up

shear. I have discussed the preshear dependence of the residual strain, the relative overshoot
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3.4. Shear-rate dependence

height and the apparent elasticity. Any of the quantities shows qualitative different results
for preshear smaller and for preshear larger than a critical strain scale. This transition, the
yielding transition, can be explained in the context of microscopic MCT [41, 26], the critical
strain is connected to the maximal elastic deformation of the cages formed by neighboring
particles. Further strain causes the cages to break and thus marks the onset of irreversible
plastic flow. This corresponds to the onset of the nonlinearity of the response, a new type
of dynamics compared to the quiescent scenario. The schematic MCT model predicts for
any nonvanishing preshear strain a nonvanishing residual strain. Instead of an ideally elastic
regime without residual strains and a sudden onset of the residual strain as signature of the
yielding, the residual strain gradually increases with the preshear strain. Yielding causes a
transition between the slow increase in the anelastic regime of preshear and the fast increase
in the regime of plastic flow. That the unload strain, the difference of preshear and residual
strain, remains constant for any preshear strain in the regime of plastic flow is consistent with
its nature as a nonequilibrium steady state. The relative overshoot height decays smoothly
with the applied preshear. The shape can be approximated by a compressed exponential
function resulting in a still prominent overshoot after a flow reversal in the anelastic regime,
and an almost vanished overshoot for a reversal in the steady state. I measure the slope of
the stress—strain curve after a reversal of the shear flow at the respective strain corresponding
to a point, when the slope of a start—up curve is equal to the plateau modulus. This slope
decays with the preshear strain in the elastic regime and, after an undershoot, it remains
constant for any preshear strain corresponding to the steady state. By varying the separation
parameter, I have studied the density dependence of the preshear—-dependent quantities. I
can explain this dependence with the dependence of the plateau modulus on the separation
parameter. This dependence goes back on the dependence of the nonergodicity parameter on
the separation parameter, well-understood in quiescent MCT. The density dependence of the
offset of the unload strain for large prestrains shows that the offset is a result of the initial
anelasticity. For the relative overshoot height and the effective modulus the dependence on
the separation parameter gradually vanishes with increasing preshear strain. Different shear
rates, have also on impact on the history dependence. The unload strain, relative overshoot
height and effective modulus, show a strong shear-rate dependent result for large preshear
strains. This demonstrates the strong shear—rate dependence of the nonequilibrium steady
state, the starting point after a reversal for large preshear strains, compared to the quiescent

states, the starting points of start—up flow.
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4. Inverted flow results

This chapter discusses the results for stress—controlled rheology obtained by numerical inver-
sion of the model used in the previous chapter to describe rate—controlled rheology. The first
section of this chapter introduces the method, how the strain response to an imposed stress is
computed. The following sections, sec. 4.2, sec. 4.3 and sec. 4.4, discuss the subsequent time
regimes of creep, or rather the strain response under constant stress. and connect the strain
response to known dissipative processes of the glass and undercooled fluids. Sec. 4.5 summa-
rizes the results for the strain response under constant stress and focuses on the implications
on the yielding transition. Sec. 4.6 compares the theoretical results with the measurements
from rheological experiments. The last section of this chapter, sec. 4.7, gives an overview of

the strain response to imposed stress ramps.

4.1. Strain response

The concepts introduced in the previous sections to obtain the nonlinear stress response for
applied shear can be inverted to find the matching mechanical response for a given stress.
In linear response theory, the generalized shear modulus, G(¢,t, [¥(¢")]) is approximated

by the equilibrium modulus,
Gt [1(t")]) = Geq(t —t') + O(%), (4.1)

the higher orders in the external force, in this case the shear rate, are omitted.
The resulting Green—Kubo relation under the assumption that the system is at equilibrium

at time, t =0,

o(t) = /dt’ F(t)Geq(t — 1), (4.2)

can be easily inverted to find the shear rate response to an applied stress,

t

A(t) = / 0 o (#)Yereon(t — 1), (4.3)

0

with a generalized linear creep response function, Xcreep(t)-
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4.2. Instantaneous creep

The Laplace transforms of the linear response functions, £[Xcreep(t)] = Xereep(2); L[Geq(t)] =

Gleq(2), fulfill a simple relation,

f(creep(z) = Geq(z)v (4'4)

which enables the the computation of linear creep response simply from the results of quies-
cent MCT.

However, the transition to nonlinear response is another question. I will solve the con-
stitutive equation for the nonlinear stress response by numerical inversion as described in
sec. A.1. The equations are discretized. The time-step duration is doubled every 8192 steps.
The memory demand of an array of discretized time—correlation functions is close to the
limit of the available random—access memory. The numerical inversion, as can be seen by
the results in sec. 4.4,e.g. in fig. 4.15, is a well-conditioned problem for applied stresses far
below the yield stress, o < o,, and as well for applied stresses much larger than the yield
stress, o > o,. But close to the dynamical yield stress, small changes in the applied stress,
oy + 00, cause large changes in the resulting shear rate, 4(oy, +00). As the condition number,
W%, increases for stresses, o, close to the yield stress, the numerical inversion
is ill-conditioned close to the yield stress. In order to keep the algorithm of the numerical
inversion stable, each step has to be carried out with an increased relative accuracy, which

magnifies the demands in memory and computation time.

4.2. Instantaneous creep

4.2.1. Instantaneous strain

In this part of the thesis, I want to study the strain response under constant applied stress,
viz. creep.

The stress response to a step strain was studied in detail using the schematic model for
time—dependent flows [49, 28, 40]. Ref. [40] distinguishes between instantaneous step strains
and fast ramps. For the discussion of step stresses in this chapter, the results for instantaneous
step strains, 4(t) = 70d(¢), are relevant. But one should keep in mind, that as the authors of
ref. [40] argue, the schematic model is motivated by ITT-MCT for small bare Peclet numbers,
Pey = 4719, and an instantaneous step is certainly outside the time regime of S—scaling. As
a consequence, the interpretation of the constant, v,, as an instantaneous modulus, Gy, has
to be taken with care.

The important result of step strains, from the perspective of studying step stress, is that

an instantaneous step strain causes a step stress followed by a stress relaxation [28],

o(t) = % G(2). (4.5)
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4. Inverted flow results

Inverting cause and effect, this stress relaxation is the reason, why a step stress cannot cause
only a step strain response of the form, 4(t) = 40d(t). The same processes, which cause the
stress to relax (partially) after a step strain, have to be compensated by a delayed shear rate,
0%(t). The delayed shear rate is non—zero only for times, ¢ > 0, if the stress is kept constant
after an instantaneous step. This leads effectively to the ansatz for the strain response to an

applied stress step, o(t) = 06(t), that was originally used in ref. [50],

Y(t) =0 + 05(1). (4.6)

The shear strain-rate response consists of an instantaneous elastic strain response, yd(t),
and a delayed shear rate, §7(t), which compensates the (partial) stress relaxation observed

for step strains.

Therefore, the strain response of a stress step is composed of the instantaneous step re-
sponse and the contributions of the delayed strain rate, v(¢t) = 7o - 6(t) + fg dt’ 4(t'). Then

the solution of the constitutive equation becomes [50],

o(t) = JL o dr 5t - Gt 1) (4.7)
o - G(t,0) + [o dt' 4(t') - G(t, t). (4.8)

I will apply this approach to the schematic MCT-model, which was introduced in sec. 2.4,
and study the strain rate which solves the constitutive equation for a constant stress step.

If T choose the product ansatz of ref. 2.4.3,
G(t, t/) = o (l, tl) ¢2 (t, t/)a (4.9)

the term G(¢,0) in eq.(4.8) becomes G(0,0) = Gy at time ¢ = 0, if I set the applied stress,
c(0) = 0. For t = 0, the integral vanishes and the constitutive equation simplifies. The
resulting equation is

0'(0) =70 ° G(). (410)

This equation determines the instantaneous strain, 7p, or instantaneously elastic response,
as it is called in ref. [51], given as the applied stress over the instantaneous shear modulus,
0/Go, fig. 4.1. In other publications [32, 33, 42], the instantaneous shear modulus is denoted
by v or v0. It is a parameter in the schematic model, which sets the scale for the moduli

and the stress.

As the creep response, v(t), scales with the stress, I will give the following results for creep

curves for the rescaled strain, v(t)/vo. The ratio between the creep strain, ~(¢), and the

58



4.2. Instantaneous creep
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Figure 4.1.: Shear strain response, ~(¢), (full lines) for a given stress step, o, separation
parameter, ¢ = 1072, and the other parameters as in tab. 4.1. Dashed lines show
the approximation, ~yg, for small times, ¢t < 1/T.

applied stress, o, is called the creep compliance,

Jo(t) = B (4.11)

Therefore, the rescaled strain is equal to a dimensionless creep compliance, J.(t)Go.

* *ok

Go | T Yo | v 0l
100 | 100 | 0.75 [ 0.1 | 0.111

Table 4.1.: Fg)fparameters used in the MCT computations for this section.

4.2.2. Instantaneous flow

As discussed in the previous subsection and in ref. [40], a step strain causes a step in stress,
which will relax. The delayed strain rate, 6%(t), has to compensate this relaxation, i.e. the
decay of the generalized shear modulus. For small times, ¢t — ¢’ < 1, instead of eq. (2.110),

one can omit the memory integral and consider the following linear differential equation for
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4. Inverted flow results

the density correlators,
0o(t, ')+ Top(t,t') =~ 0, (4.12)

with the initial conditions, ¢(t,t) = 1, and 0;¢(t,t')|,_,, = —I'. This equation is solved by

an exponentially decaying correlator,

o(t,t) ~exp (=T (t—1t)). (4.13)

0.8

0.6

0.4

0.2

transient density correlator ¢ (t,t)

ot) ——
exp(-T(t-t) ——

0 1 1
102 10t 10° 10t
timeI'(t-1)

Figure 4.2.: Transient density correlator, ¢(¢,t'), (red) for a given stress step, o = 1072,
separation parameter, ¢ = 1075, and the other parameters as in tab. 4.1 and its
approximation, exp(—I'(t — t)), (blue) for small times, ¢ — t < 1, rescaled by
the initial decay rate, I'.

The constitutive equation is then approximated by,
t
o(t) =9 - Go - exp(—2T(t — 0)) + / dt’ (') - Go - exp (=2 (t — t)) (4.14)
0
t
& / dt’ 4(t') - exp (2't') = (exp (2T't) — 1) - 0, (4.15)
0
which is solved by the delayed shear rate,

o = A(t — 0) = 2Ty = QFGLO. (4.16)
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4.2. Instantaneous creep

Hence, the solution for the strain for times, 0 < t < 1, is given by,

~(t) ~ o - (1420 - 1). (4.17)
- - E— :
18 L 0=200x10° ——  0=640x107" 6=2.05x 107> — ]
, 6=400x10"° ——  06=128x10° ——  6=410x107> ——
10% + _ _ _ .
O 1 62800x10° —— 62256x10° ——  06=8.19x10°2 ——
10 F o=1.60x10% ——  6=5.12x10° ——  o=1.64x 107" ]
~ i
;;1&_cﬁmxm4 6=1.02x102 ——  6=328x 107" |
> I
I ——
glo = E
B 102 |
10-3 L
104 E
-5
10
1072

timeI't

Figure 4.3.: Shear rate, 4(t), (full lines) for a given stress step, o, separation parameter,
e = 1073, and the other parameters as in tab. 4.1. Dashed lines show the
approximation, 2I'vyg, for small times, t < 1.

In shear rate controlled rheology [37], the asymptotic stress for large shear rates for a

constant stress—vertex function has been identified,

Ooo (¥ — 00) zﬁ/dt’ Goe 2T (4.18)
0
:%%. (4.19)

In sec. 2.4.3, I discuss that the same limit can be also received for a time-dependent stress—
vertex function, if the strain scale of the vertex function, -,, rises faster than the strain scale
of the asymptotic exponential decay, 4/T". The result shows that the instantaneous shear
rate of creep deformation, ¥ = %‘)’, is related to the high shear-rate asymptotic stress in
previously applied models. The computations of the instantaneous creep response assume a
finite elasticity, that remains unaffected when a step stress is applied. If the magnitude of the

stress step approaches a critical stress scale, 0 — G« this is certainly not valid anymore,
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4. Inverted flow results

as an instantaneous strain of this amplitude would deform the cages beyond the scale, at

which they start to collectively break.
As the creep shear rate, ¥(t), shows the trivial scaling as stated in eq. (4.17) and displayed

in fig. 4.3 for small times, I will display further results for the creep shear rates rescaled by

this initial shear rate, §(t)/o.

In quiescent mode—coupling theory [18], one finds an alternative version for the differentio—
integral equation. This version contains also second derivatives. Analogously to the calcu-
lation above, I can omit the memory integral for small times, ¢t — ¢’ < 1, and obtain the

following differential equation

2 9 / .

(1) + oap;

and the initial conditions are, ¢(¢,t) = 1, and é(t, t) = 0. This equation is solved by,

t 1 in (1402 — 2t
ottt exp (=5 ) cos 5 492—u2t>+u51“(2492_y2” ) ey

Using this approximation in the constitutive equation yields for the strain an approximate

solution, which increases quadratically in time,

() A~y - (1+ %QQtQ) +O(t%). (4.22)

4.3. Creep resulting from the 3—process

4.3.1. Fast 3—process

B-scaling shows, that at the critical packing fraction of the glass transition, e = 0, the density
—a
correlator decays, @(t) ~ f.+ (1 — fe)? (%)

If one inserts this approximation in eq. (4.7),

o(t) = / a3t (ff rer-ar (S8) - pt (S t)) s
0

a Laplace transformation, defined as,
LT(H0) () = ) = [at e (1.21)

is helpful to find approximate solutions.
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4.3. Creep resulting from the beta—process

The Laplace transform of the constitutive equation reads,

~ 24(2)Go (; +2fo(1 = f)PT(1 —a)z7 T + (1 — fo)*2T(1 — 2a)z_1+2“) , (4.25)

w|Q

and it is solved for the Laplace transform of the shear rate, %(t),

o 1

. — A 4.26
LT [y(t)] =27(2) Gof? | N 2(17fc)2fl“(17a)tg sa 4 (1ffc)41;(2172a)t%“ L2 ( )
o 1
- S - —. (4.27)
G 1 + 2(1—fc)f1;(1—a)t0 Ly (17fc)4r}(2172a)tg »2a

Instead of finding an exact inverse transform to obtain the shear rate, the expression above
can be differently approximated for three time regimes.
If |z| > 1/to, the third term of the denominator will dominate,

z&(z)cv(;’i].f;)4r“1f}§a>t%lzza )
. g 1 1 Con

’Y(t) zGioﬂT (1 — fc)4r(1 o 2a)t8az (429)
=2 1 —142a

T Go (1= fo)'T(1- 2a)I‘(2a)tgat . (4.30)

The regime of |z| > 1/tg, is equivalent to the short—time regime, ¢ < tg, so the approx-
imation obtained for the shear rate would only hold for short times. But for those times
the approximation of eq. (4.23) does not hold, the density correlator has, ¢(t,¢t) = 1 and
0ip(t,t')],_,, = —T', as initial conditions. I discussed the evolution of the creep on short
times in the previous section, the the Laplace transform, 2%(z), is only relevant asymptoti-

cally, |z] < 1, to determine the long—time evolution of the glassy dynamics.

4.3.2. Andrade creep

At inter mediate values of |z|, the middle term of the denominator in eq. (4.26) becomes

dominant
N o 1
Z,‘Y(Z) %@ 2(1_fc)2r(1_a)t8 L (431)
fC
V(1) A LT Je za (4.32)
e 2(1— fo)’T(1 — a)t '
. Je g-1+a, (4.33)

Goo 2(1 — fc)?T(1 — a)T'(a)t

This power law is not an asymptotic power law as it is only dominant on intermediate

times. Additionally, due to the fact, that the approximation in eq. (4.23) does not agree
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4. Inverted flow results

with the initial conditions of the schematic model, it does not agree with the computations.
It is mentioned here nevertheless, because 4(t) oc t=1%¢ is close to so—called Andrade creep
4(t) oc t=2/3 found for metal wires [52] and simulations for dislocation dynamics [53]. If one

takes the initial strain step (4.8) into account, the corresponding strain reads,

1
t) ~ 1 t¢ 4.34
200 (14 37— e 30
which reminds of Andrade’s result [52],
1(t) = lo (1 + m%) , (4.35)

where the result of the schematic MCT-model is, § = 2fc(1—fc)2a11"(1—a)1“(a)t8" Andrade’s

exponential long—time behaviour is discussed in sec. 4.4.5.
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Figure 4.4.: Creep shear rate, (t), rescaled by the instantaneous shear rate as a function of
rescaled time, I't, for a given stress step, o = 107°, various separation parame-
ters, e = —10',...,107!, and the other parameters as in tab. 4.1 compared to

ot f -1+ i
shear rate prediction, émt @, For an enhanced comparison, the

result from eq. (4.33) has been multiplied with a factor of 0.48 (full black line).
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4.3. Creep resulting from the beta—process

4.3.3. Asymptotic result for the fast S—creep

The long-time results for the shear rate of the fast S—process are found if one considers
|z| < 1/to, then the third term in the denominator of eq. (4.26) can be neglected and the
expression for the Laplace transform of the shear rate can be expanded as a geometric series,

o 1

#y(2) ~e P A e (4.36)
f
2(1 — (1 — a)te
:GU (1 _ ( fC)f ( a) 0 Za =+ O (22a)> (437)
o0 C
2(1 — £.)°I(1 — a)td
4(t) zGicT‘l {1 _ A fc)f (1=a) Oza] (4.38)
o0 (&
:L 6(t) _ 2(1 _fC)ZF(l _a’) St—l—a (4 39)
Goo ch(fa) .
o 2(1 — f.)2atd |
=— | 6(t)+ ————¢ o, 4.40
e—100x 107" - I ' " elo77x 107 - I ' " x| I
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Figure 4.5.: Creep shear rate, %(t), rescaled by the instantaneous shear rate as a function of
the rescaled time, I't, for a stress step, 0 = 107, various separation parameters,
¢ and the other parameters as in tab. 4.1. Dashed lines correspond to positive
separation parameters, dotted lines to the negative separation parameters.

Close to the glass transition, € ~ 0, the creep shear rate, 7, approaches the asymptotic

prediction from eq.(4.40) as shown in fig. 4.5. The figure shows the results for a very small
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4. Inverted flow results

stress value, o = 1075, as the numerical computations run faster for the small stress values,

but does not change significantly for stresses up to 10° times larger.

4.3.4. Strain Plateau

The results of sec. 4.3 show that for stresses below the dynamical yield stress, o < oy, the
shear rate decays faster than logarithmically, 1/t. The stressed glass behaves similar as a

deformed solid and is strained up to a finite strain,

(1) ~ Y (1 - 2Jf3t—a> , (4.41)

with the asymptotic limit in zeroth order,

g
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Figure 4.6.: Creep strain, y(t), (full lines) for various stress steps, o, the separation parameter,
¢ = 0, and the other parameters as in tab. 4.1. The dashed lines show the
corresponding plateau strains, Yoo = 0/Goo-

Fig. 4.6 proves, that the plateau strain, v, is proportional to the applied stress, o.

This is the strain expected from an elastic solid with constant elastic shear modulus,
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4.3. Creep resulting from the beta—process

G(t) = G- The constitutive equation for this case reads,

t t

o(t) = / dt'§(t')Goo = Goo / dt'4(t). (4.43)

0 0

The existence of such states, when the internal stresses in the glass are stationary for a
vanishing shear rate, ¥ = 0, are known within the framework of MCT from the results for

residual stresses [42, 54].

For simple shear, Hooke’s law for the shear stress reads,
0= Goo'Yoo = GOff’Yooa (444)

and it is found to hold up to a density dependent stress scale, the yield stress o,. Deeper in

the glass, for ¢ > 0, the asymptotic strain depends on the separation parameter,

Goo(e) - Go (fc+)\2\/3+0(5))2’

with the dependence of the nonergodicity parameter, f. = f. + A2,/ = + O(¢e), following

Yoo(€) = (4.45)

from (4.45). Fig. 4.7 shows, how the asymptotic strain in the glass depends on the separation

parameter.

At the time, t. = tosfi7 the power—law of the f-relaxation crosses over to an exponential

decay onto the plateau,

3

N\ o~ 2
¢(t7t)"‘fc+)\ 1\

(14 a"exp (—5%t/t.)). (4.46)

As the scaling function fulfills the scaling law of eq.(2.123), the time scale of the exponential

decay is, t. = toe’ﬁ. For the efficiency of notations I will use the abbreviations,

€

= 2 4.4
fo=fet Xy T (4.47)
Qe =\2 | ——a*. (4.48)
1-A
This exponential decay induces an exponential decay of the shear rate,

. _ B* +toz ]
t) Ay LT ! 4.49
1= {B*fz + 200tz + [Pt (4.49)

20" B2

=V - t]). 4.50
1 2a, + 22 P < (2a. + f2)t. (4.50)

Terms containing only constants and delta—distributions have been omitted.

67



4. Inverted flow results
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Figure 4.7.: Creep strain, 7(t), rescaled by the instantaneous strain (full lines) for a stress
step, o = 10_6, various separation parameters, £, and the other parameters as in
tab. 4.1. The dashed lines show the corresponding plateau strains, Yoo = 0/Goo-

Close to the glass transition, this exponential decay agrees with the numerical computed
shear rate for various separation parameters, ¢, as is shown in fig. 4.8. As the non—ergodicity
parameter in eq. (4.47), fe, is obtained from S-scaling, the agreement between the estimated
exponential decay and the computed curves is only comparable for densities sufficiently close

to the glass transition, |g| < 1.

At the same time, when the creep curve reached a plateau, the transient density correlation
function, ¢(t,0), of the schematic model is close to its nonergodicity parameter, f. The time—
evolution close to the nonergodicity parameter is based on the S—scaling of MCT—ITT. This
implies that the transient time-correlation function of the density modes, ¢q(: 1) (t,0), are
close to their respective nonergodicity parameters, fq. Inverse Fourier transformation, as in
sec. 2.3.7, yields a collective probability, f(r), for a particle to have moved from its initial
position by the distance, r(t,t'). Fig. 4.9 shows the result, the distorted version of the
quiescent cage. For the figure, I have chosen the strain of the distortion at a strain, v = 10%,
too large for the linear response approximation, but smaller distortions are barely significant

on a linear scale.
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4.3. Creep resulting from the beta—process
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Figure 4.8.: Creep shear rate, 4(t), rescaled by the instantaneous shear rate as a function of
the rescaled time, T't, for a stress step, ¢ = 1076, various separation parame-
ters, € and the other parameters as in tab. 4.1. Dashed lines correspond to the
exponential decay predicted by eq. (4.50).

4.3.5. Logarithmic creep

The asymptotic creep law, eq. (4.40), and the exponentially decaying creep, eq. (4.50), are in
contrast to the results found in experiments [55, 56], and also the predictions by a generalized

Maxwell model [50] and theories for soft glasses [57].

For the mentioned experiments and theories, the asymptotic shear rate decays as
A(t — 00) o t7h (4.51)

Its integral, the strain, will creep logarithmically.

For the schematic model, I do not find such a decay, slopes proportional to ¢t ! exist only

in the crossovers between power laws.

4.3.6. Intermediate time creep, the von Schweidler law

In the fluid, the second solution, eq. (2.122), of of the S-correlator equation induces another

power law for the creep for longer times, ¢t ~ 7,. Solving the corresponding constitutive
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4. Inverted flow results
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Figure 4.9.: Density plot of the Fourier transform of the non—ergodicity parameter, f(r), in
the plane of shear direction, x, and gradient direction, y, at a packing fraction,
¢ = 0.52, and the strain, v = 0.1. Black contour lines mark steps of 1 for the

function, f(r).

equation,

o(t) ~ /tdt’ﬁ(t’)Go (ff —2(1— f)*fe (t ;t/)b) ;

analogously as eq. (4.40), yields for the shear rate,

o 1

e S ACE A,

c

o (1 HAPIO )

2(1— fe)’T(1+0b) _,
chg ?

zGL (5(t) L2 ) f_ T{C)th—w) .

+ O(z—%)]

oo

{ NL -1
A(t) e LT [1 +

(4.52)

(4.53)

(4.54)
(4.55)

(4.56)

When the time approaches the a—decay time, 7., the shear rate will deviate from the
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4.4. Flow regime, steady—state creep

previously stated power law, eq. (4.40), and decrease approximately as,

A(t) ~ ’JQWFHZ’. (4.57)

Fig. 4.10 shows this power law, which becomes more prominent closer to the glass transi-
tion. For the curves computed far from the glass transition the scaling does not hold. Closer
the the glass transition, the onset of the creep with the power law from eq. (4.57), is shifted
to later times, as the a—decay time, 7., diverges. At this long times, numerical errors in
the result for the shear rate start to have an impact, as can be seen in fig. 4.10 for the two

separation parameters closest to the glass transition, e = 1.22 x 107°, and 6.10 x 1076,

e=—1.00x 107"
6 £=-5.00x 1072
10° | e=250x1072
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10 o e=244x10"
e=122x107
£=6.10x 107

shear ratey (t) Gy /26T
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timeI t

Figure 4.10.: Creep shear rate, 4(t), rescaled by the instantaneous shear rate as a function of
the rescaled time, T't, for a stress step, o = 1075, various separation parameters,
¢ and the other parameters as in tab. 4.1. Dashed lines correspond to the v.
Schweidler—induced creep predicted by eq. (4.57), the gray dashed line shows
the asymptotic power law of eq. (4.40) for a comparison.
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Figure 4.11.: Creep strain, y(t), rescaled by the instantaneous strain as a function of rescaled
time, I't, for a given stress step, ¢ = 107%, for various separation parameters
corresponding to a fluid, i.e. € < 0, and the other parameters as in tab. 4.1.
Dashed lines show the asymptotic linear increase predicted by eq. (4.60).

4.4. Flow regime, steady—state creep

4.4.1. Linear fluid

The asymptotic behaviour of the strain in the fluid is always flow, v ¢, the strain increases
linearly in time. This linear increase can be mapped to strain—controlled situations. The
relation between the given stress, o, and the obtained long—time limit for the shear rate, ¥,
is the same found for a given shear rate, 4, and the obtained long—time limit of the stress, 0.
If the stresses are sufficiently small, that the creep response can be approximately described
as linear response, the a—process shows good agreement with Kohlrausch fits [58]. For the
longest times, the Kohlrausch laws can be replaced by exponential fits, as I have discussed in
sec. 2.4.2. Exponential fits restrict the time domain, in which they show a good agreement
for the obtained approximation, further than Kohlrausch fits, but they have the advantage
of being easier to handle under Laplace and inverse Laplace transformations. Following the
assumptions that an exponential fit agrees with the MCT results on long—time scales, the
generalized shear modulus obeys, G(t) = f2e~2¢e!/Ta with a constant, c,, introduced to
compensate the replacement of the Kohlrausch law, e~ (*/ Ta)b, by an exponential, e~ ¢et/Ta,

For the parameters as used in tab. 2.1, the constant is, ¢, = 3.9.
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4.4. Flow regime, steady—state creep

The long—time limit for the shear rate in the linear-response flowing state is given by,

. Yo —1 2¢q

t) ~—=L 1+ — 4.58
(0 ~per |1+ 22 s

o 2604
== |dt)+ — ). 4.59
7 (00+72) )

The corresponding strain increases linearly in time,

0 2Ca

t) ~ ——t. 4.60
ORE = (1.60)

The exponential fit has to fulfill the two—parameter scaling law, eq. (2.123), the decay time,

Ta, is consequently the a—decay time from eq. (2.130).
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Figure 4.12.: Creep shear rate, §(t), rescaled by the instantaneous shear rate as a function
of rescaled time, I't, for a given stress step, ¢ = 1076, for various separation
parameters corresponding to a fluid, i.e. € < 0, and the other parameters as in
tab. 4.1. Dashed lines show the asymptotic shear rate predicted by eq. (4.59).

Fig. 4.11, and fig. 4.12 show the asymptotic flow result for the strain, v, and the shear rate,
4, of a linear-response fluid. The asymptotic flow of these fluids agrees with a—scaling, but as
for the v. Schweidler law, deviations from the predictions occur far from the bifurcation point
and due to numerical issues for long times as well. The scaling is highlighted in fig. 4.13,

where all asymptotic shear rates coincide with the previously described exceptions.
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Figure 4.13.: Creep shear rate, §(t), rescaled by the asymptotic shear rate, eq. (4.59), as a
function of time, ¢, also rescaled by the asymptotic shear rate for a given stress
step, o = 1076, for various separation parameters corresponding to a fluid, i.e.
€ < 0, and the other parameters as in tab. 4.1. The black dashed line marks
one.

4.4.2. Shear—melted glass

In the glass, the same asymptotic behaviour of flow, i.e., linearly increasing strain, is found
for sufficiently large stresses. The imposed stress has to be larger than the yield stress, o,.
The yield stress can be related to a yield strain, v, = g—; 7Yy is related to the strain scales,.,
and v*, that mark the point when shear advection begins to induce the decay of the memory
kernel and the generalized shear modulus for the schematic model, respectively. Fig. 4.14
shows, that also the glass flows asymptotically for large imposed stresses. The asymptotic
shear rates of this flow are discussed in the following subsection, the onset of this asymptotic

flow is discussed at the end of this section.
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4.4. Flow regime, steady—state creep
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Figure 4.14.: Creep strain, ~(¢), rescaled by the instantaneous strain (full lines) for various
stress steps, o, the separation parameter, ¢ = 1073, and the other parameters
as in tab. 4.1.

4.4.3. Flow curves

The memory kernel, m(t, s,t'), and the shear modulus, G(¢,t'), decay when a constant shear
rate is applied. This implies that also the memory of previous deformations does not influ-
ence the response, if a constant shear rate is applied long enough. This holds naturally for

asymptotic flow, when the shear rate is applied for infinite long times.

As flow curves have been shown to be monotonous [31], only one asymptotic shear rate
agrees with the applied constant stress. The fact, that shear induces the decay of the memory
kernel and the modulus, does not lead automatically to asymptotic flow under constant stress.
But together with the monotonicity of the flow curves from constant rate computations, it
implies that if asymptotic flow is a solution, than it is unique. As the flow curves are unique,
if one defines the flow curve as steady stress vs. steady shear rate, this also implies that
there can be now asymptotic flow, viz. a constant asymptotic shear rate, for applied stresses

smaller than the dynamical yield stress found for rate controlled computations.

Fig. 4.15 compares the flow curves from fixed-rate computations and fixed—stress compu-
tations, viz. steady shear and creep. The flow curves agree, when a steady state has been
reached. The blue discs placed on the axes of fig. 4.15, correspond to stresses, for which no
asymptotic flow or creep which increases logarithmically or faster has been observed. For

three stress values, o = 0.45,0.5,0.55, the computation could not be run sufficiently long to

(0]



4. Inverted flow results

determine the asymptotic result. The corresponding blue discs have been left out of the plot.
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Figure 4.15.: Flow curves for parameters as in tab. 4.1. Blue circles show the flow curves for
a glass, € = 1073, The red squares show the flow curves for a fluid, e = —1071.
Filled symbols correspond to the asymptotic shear—rate results for fixed stresses,
empty symbols correspond to asymptotic stress results for fixed shear rates.
Blue circles placed on the axes have not exhibit asymptotic flow within the

time of the computation.

4.4.4. Constant stress vertex

If T follow the ansatz of a constant stress—vertex function [37, 31, 38, 39, 40], v, (t) = Gy, the

onset of the flow of the fluid and the glass is given by an approximation,

o(t) = /dt’q'/(t’)Go (f2=2f(1—f)?c(t—1)), (4.61)

0
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4.4. Flow regime, steady—state creep

with a constant, ¢, motivated by the scaling behaviour found in refs.[29, 31, 26]. Solving this

equation in Laplace space gives,

P (| z
) ~ g £T ! — (4.62)
:% <6(t) + % + (’)(t)) . (4.63)

One possibility for a decay of the modulus, linear in time, ¢, in the first order, would be

an exponentially decaying modulus,
G(t) x exp (—ct), (4.64)

with a constant, ¢. This modulus generates the following solution for the shear rate,

A(t) =%£T—1 [5 t 1 (4.65)
:% (5(t) +¢). (4.66)

This shows, that an approximately exponential decay of the modulus, which agrees in first
order with the results found in the S—scaling analysis for steady shear [29, 31, 26], generates
a constant shear rate, viz. asymptotic flow. For a constant vertex function, the asymptotic
flow results are consistent with the results of the schematic model under steady shear.

Fig. 4.16 shows the resulting creep curves. Although they do not show a delayed yielding
as in fig. 4.14, the numerical computations show the same problems, that the computed
curves are no smooth functions in time, especially close to the yield stress and after many
decimation steps. This can be solved by computing the results with a higher precision, on

the other hand this increases the computation time.
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Figure 4.16.: Creep strain, y(t), rescaled by the instantaneous strain as a function of rescaled
time, I't, for various given stress steps, o, the separation parameters correspond-
ing to a glass, i.e. ¢ = 1073, a constant stress—vertex function, v, (t,t') = G,
and the other parameters as in tab. 4.1.

4.4.5. Super-linear strain (tertiary creep), delayed yielding

In chap.2, T have shown the time evolution of the so—called stress—vertex function, eq.(2.153).
It is connected to the strain—induced cage breaking at a given strain scale. A direct com-
parison between fig. 4.14 and fig. 4.16 shows that it is also connected to the phenomenon,
which is known as delayed yielding for soft glasses [59, 60] or tertiary creep [50]. If the creep
strain approaches a level close to the strain scale of the vertex function, v — v, ~ 10%,
one can see that the onset of asymptotic flow is preceded by a superlinear creep or sudden
enhancement of the creep compliance. Therefore, it is a sound assumption that this effect
might be connected to the same microscopic dynamics which induce stress overshoots and

the Bauschinger effect in the form discussed in previous chapters.

The quantitative results of the schematic model for the onset of the flow are strongly
determined by the choice of the vertex function, v, (t,t'). Fig. 4.17 shows the results for a

time dependent vertex function as in eq. 2.153.

The result shown in fig. 4.17 can be interpreted in another way, if one introduces a time—
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Figure 4.17.: Creep shear rate, 4(t), rescaled by the instantaneous shear rate as a function of
the rescaled time, I't, for various stress steps, o, and the separation parameter,
e = —1073, and the other parameters as in tab. 4.1.

dependent viscosity,
n(t) =~ (4.67)

as in ref. [61]. Normalizing the time—dependent viscosity by the instantaneous viscosity, 79 =
02, which I can identify with the high-shear—rate viscosity from rate-controlled experiments,
makes it dimensionless.

Fig. 4.18 shows how the apparent viscosity evolves after a step stress was applied. For
all stresses, the viscosity starts at the viscosity, no = 12, the lowest viscosity of the glass.
At times, t > tg, the viscosity increases, the glass starts to vitrify. According to eq. (4.40),
the viscosity diverges like a power law, followed by an exponential divergence, eq. (4.50),
for large times, ¢ > t.. For applied stresses, larger than the yield stress, a bifurcation is
observed. In fig. 4.18, these are the eight bottommost curves. The apparent viscosity, n(t),
follows approximately the diverging viscosity curves up to some value and then starts to
deviate and increase to a lesser extent, before it decreases again on an asymptotic constant
value. The decrease of the time-dependent viscosity, n(¢), is connected to a strain scale. In
the schematic model, this is the parameter, ..

The bifurcation between a finite asymptotic viscosity, n(t — 00) = 7, and a diverging

79



4. Inverted flow results

6=005 —— =075 ——
6=0.10 6=0.80 ——
4 | i
210 F 62015 —— o0=085 ——
: 6=020 —— =090 ——
*\;- (P L 07065 6=0.95 |
> 6=0.70 6=1.00 ——
2
B 107 | 1
>
|5
8 4
% 10t | ]
10° | 1

timeI't

Figure 4.18.: Time—dependent viscosity, 1(t), as function of the rescaled time, I't, for a glass,
e = 1073, for various applied stresses, o and the other parameters as in tab. 4.1.

viscosity, n(t — 00) — oo, corresponds to the yielding transition from a shear—melted glass
to a deformed solid glass. If the divergence of the viscosity was linear, the deformed solid
glass would be replaced by a logarithmically creeping glass. A fluid, € < 0, does not show
a bifurcation in the viscosity. For each applied stress, o, the time-dependent viscosity, n(t),

converges to a constant value for times larger than the a—decay time, t > 7.

4.5. Yielding transition

Since the earliest research on plasticity and viscosity, efforts have been made to categorize the
experimental results. Bingham, who differentiated between viscous and plastic behaviour,
proposed one of the simplest models [62], that features a critical stress, the yield stress. Below
that yield stress, no flow is observed. Later studies question the existence of such a yield
stress [63], and claim that all yielding materials show asymptotic flow if the measurement is
sufficiently accurate for small stresses.

Fig. 4.19 provides a schematic overview for the results of the previous sections in this
chapter. It shows the resulting dynamics in an applied stress vs. separation parameter (or

packing fraction) plot.

Corresponding to the states known at zero stress [18], the diagram is separated into a fluid
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Figure 4.19.: Schematic phase diagram for supercooled fluids and glasses under constant
stress.

region, € < 0, and a region of glassy dynamics, ¢ > 0. The existence of asymptotic flow is
found for the schematic model, as defined in sec. 2.4, in the whole fluid region and for the
shear—melted glass, viz. for applied stresses above the dynamical yield stress. The dynamical
yield stress, oy, is zero for the fluid and nonzero for the glass in accordance with ref. [29].
As the shear rate decays faster than logarithmically, eq. (4.40) and eq. (4.50), for applied
stresses below the yield stress, the strain will converge to a finite asymptotic strain value.
Hence, I attribute the section for the glassy dynamics below the yield stress to a deformed

solid. The fluid dynamics is divided into a linear and a nonlinear response regime.

If T move along lines of constant stress from the linear response fluid towards the glass
transition, the a—decay time, 7., which marks the onset of asymptotic flow in this regime,
diverges as in eq. (2.130). Along lines of constant stress in the regime of the deformed solid
towards the glass transition, the time scale that marks the onset of glassy arrest, . , diverges
as in eq. (2.128). In fig. 4.19, the transition line between the linear and nonlinear response
regime for a fluid is placed at approximately the same stress value as the critical yield stress,
oy But flow curves resulting from rate-controlled computations show, that along the critical
yield stress the time scale connected to the asymptotic flow, 1/4, diverges slower than in the
linear response regime, eq. (2.130). Hence, the nonlinearity of the fluid is in evidence for

applied stresses of the magnitude of the critical yield stress, o =~ oy
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4. Inverted flow results

The yielding transition is numerically very demanding to analyze with the discussed meth-
ods. Close to the yield strain, the solutions which show asymptotic flow or arrest are very

close to each other. This slows down the iteration methods used for the numerical inversion.

Following the assumption, that the numerical inversion is legitimate, I can rule out, that
asymptotic flow is caused by an applied stress smaller than the dynamical yield stress. Steady
shear shows, that even the smallest applied shear rate results in a finite stress above the
dynamical yield stress in the long—time limit. As a consequence, any applied stress larger
than the yield stress results in asymptotic flow,

tll)rgo ~(t) o t. (4.68)
The f—scaling analysis for scaling equations with a single time parameter are only valid, when
either the accumulated strain, v(¢,t'), is negligible or given as a function of the difference
of the time parameters, viz. time-translational symmetric, v(¢,t') = 4 (¢t — ¢'). This allows
the analysis to be carried out in the regions of arrest and flow, but not for the transition
in between. As the accumulated strain cannot be neglected, this might add intermediate
correction terms. If they are slower than logarithmic, the asymptotic strain will be constant.
Otherwise they will result in a sublinear increase of the strain. Using an alternative definition
of the static yield stress as the instantaneous stress level which has to be overcome to start
plastic flow of the material, viz. y(t) o ¢, the so defined static yield stress can be identified
with the dynamical yield stress. However, it is important to note, that the static yield stress

is often defined in a different way.

A finite answer how the strain evolves in the schematic model under constant stress just
below the yield stress, o(t) < o, , cannot satisfactory be given without an analysis of the 5
scaling equations for two time parameters. The question if the exponent, x, of the asymptotic
strain evolution,

lim ~(¢) o< t%, (4.69)

t—o0

changes continuously or jumps at the yielding transition, viz. the answer if the yielding
transition is a first order or second order transition, is not provided by the methods which
are used in this thesis. As the form of the stress—vertex function is phenomenological, the
numerical inversion of the schematic model would be only valid for the specific model and

the specific choice of the vertex function.

The yielding transition can also be understood as the transition from linear to non-linear

response. For a linear stress response,

o(t) = / At’ () Geg (t — 1), (4.70)
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4.5. Yielding transition

higher orders in the shear rate 4 can be omitted, at least approximately. In particular, the
shear modulus, G(t — t'), does not depend on the shear rate and can be replaced by the
solution from quiescent mode—coupling theory. In the fluid regime, the linear response is
an approximation for small applied stresses. In flow controlled rheology, any applied shear
rate, 4, will set the time scale of the relaxation of the shear modulus and of the density
correlators, eq. (2.132). As the shear induced decay is faster than the quiescent a—decay, this
will make the shear modulus dependent on the shear rate for any shear rate. For the sake
of completeness, I have to add, that the changes in the long—time tails of the modulus will
decrease with the shear rate. In this way, the computation of the influence of the small shear
rates requires at some point a numerical accuracy which cannot be provided.

Thus I have to conclude, that the linear response for the fluid is for any finite stress only an
approximation, similar to the linear response of the glass which requires that the strain term
in the f—scaling equation can be omitted as well. Steady—shear analysis provides nevertheless
numerical methods to fairly quantify the dynamical yield stress as an asymptotic value of
a sequence of steady stress response for decreasing shear rates, viz. the asymptotic stress
response to steady shear with the constant shear rate, ¥ — 0+. Quantifying a transition
line between the linear and the nonlinear fluid is not that easy. Close inspection of the data
reveals, that any applied stress accelerates the decay of the shear modulus. Analogously,
the so—called linear regime of the flow curves of rate—controlled computations is concave at a
closer look.

Therefore, any transition line between the linear and the nonlinear fluid depends on an
arbitrarily chosen level of accuracy. In fig. 4.20, I choose as criterion for the transition the
relative deviation of the flow curve from its linear extrapolation at the smallest computed
shear rate, Pey = 10~'4, which exceeds 5 percent. The obtained transition line between the
linear and non—linear fluid increases in stress when the density or separation parameter is
decreased. This shape agrees intuitively with the observation, that dilute dispersions show
rather Newtonian—like behaviour than shear—thinning effects. If the relative deviation, that
marks the transition from linear to nonlinear response of the fluid, is set to a larger value,

the corresponding transition line in fig. 4.20 is shifted to larger stress values.
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Figure 4.20.: Schematic dynamical phase diagram for the transition between a deformed solid
and viscous flow.

4.6. Comparison between the theory and experiments

4.6.1. colloidal glasses

Rheological experiments lack the idealizations assumed in the previous sections. The instan-
taneous step deformation response, v, would require the rheometer, which applies a step
stress, to accelerate infinitely fast. But each rheometer has a certain moment of inertia.
As discussed in refs. [64, 65], proportionality between applied stress and torque as well as

between shear strain and angular displacement give rise to the equation,
ay = Oappl — Oresp; (471)

with a constant, a, which includes the moment of inertia of the rheometer and the constants
of proportionality, determined by the rheometer’s geometry.

For colloidal glasses, the solvent’s viscosity, 7, or any equivalent quantities of the domi-
nating dissipation processes have to be considered in the model as an additional aspect.

The discussed Kelvin-Voigt models [64, 65] are reproduced for the MCT ansatz if one
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4.6. Comparison between the theory and experiments

approximates the shear modulus by the elastic modulus G(t) &~ G. The occurrence of the
inertio—elastic oscillations also depends on a critical elasticity, G. = 12 /4a, the resulting
strain response differs from the previously discussed results for an idealized response. The

strain evolution onto the plateau value, v, now approximately reads,

() & oo (1 e (cos(wt) + ’7°°)> : (4.72)

2aw sin(wt)

with the frequency, w = 1/ E= — (

a

Noo
2a

if one replaces the constitutive eq. (4.7) by,

)2. The creep curve, v(¢), can be obtained numerically,

Tappl(t) = / dt’y(t') - G(t, 1) + nea (1) + a¥ (1), (4.73)

—o0
with the initial creep,

00

= 2at2 +O(t?). (4.74)

Y(t)
Via integration by parts and omitting boundary terms, I can rewrite eq. (4.73) in such a
way, that the high—frequency viscosity and the inertia term become a part of a generalized

shear modulus,

Tappl(t) = /t dt’ 3(t") - (G(t, ') + 1ecd(t — t') + adpd(t — 1)), (4.75)
—0

This shows that the viscosity, 7., can be identified with the viscosity term, n%, which I
have discussed in eq. (2.144). In previous works [30, 50], this contribution has been called
the high—frequency viscosity, as they dominate the linear loss modulus for high frequencies.
Its domination of the linear loss modulus for high frequencies can be seen in fig. 2.4.

The inertia of the rheometer and of the sample affect the linear storage modulus for high
frequencies, G’(w) + aw?, as the inertia adds a term which increases quadratically in w.

The high—frequency viscosity, 7., and the inertia constant, a, define a time scale, Typeo =
17%. For times small compared to this time scale, stress—controlled rheology will be dominated
by by the effects of the high—frequency viscosity and the rheometer’s momentum of inertia
and geometry. If the time, 7160, becomes small compared to the time scale of the initial
decay, 1/T", the experimental results can be compared to the results for the schematic model
in the previous section. Fig. 4.21 shows, that the shear rate increases linearly for the smallest
times before it decreases onto the instantaneous shear rate, known from eq. (4.17).

In good agreement with the results from sec. 4.4, the steady—state flow curve from constant—
rate experiments and from stress—controlled experiments are consistent [50].

The experimental results by M. Siebenbiirger for creep curves as in fig. 4.22 differ not only

because of inertio—elastic oscillations from the predictions in the previous sections. For a
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Figure 4.21.: Creep shear rate, ¥(¢), rescaled by 20T'/7g, compared to the constant shear
rate prediction, 2voT'¢, (dashed gray line) and to the prediction for a critically

G
damped system with constant modulus, "’OTGOe* v Tott, (dashed green line).

glassy creep curve, it is expected from the perspective of the schematic model, that the creep
curve stays on a plateau for asymptotically long times. In contrast, the measurements on

thermosensitive microgels show an anomalous creep.

Before imposing a constant shear stress in the experiments, a preshear with constant shear
rate was applied followed by a waiting time, ¢,,. Other experiments [60] and simulations [66]
confirm that the onset of flow depends on the waiting time, although the simulation, in
difference to the experiment, considers the waiting time since a temperature quench and
the authors of ref. [60] performed oscillatory preshear. However at large waiting times,
tw = 6000s, as in fig. 4.22, the aging-dependence should converge. This is reflected by the
almost vanishing deviations between the resulting shear rates for the smallest imposed shear

stress, cR3/kgT = 0.1, for the two larges waiting times, t,, = 3600, and t,, = 6000s.

The anomalous creep occurring in the long—time limit for the smallest imposed shear stress
in the experiment on colloidal glasses could be connected to an activated process, as discussed
in ref. [30]. An asymptotic power law for the shear rate, ¥ oc t~17%, can be understood as a
slow decay of the shear modulus from the plateau, —t*, in lowest order analogously to the
result of eq. (4.57). This slow dissipative would occur in the linear loss modulus as power

law, decreasing o< w7, eq. (2.139). As shown in fig. 4.23, the long—time asymptote of the
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Figure 4.22.: Creep curves, y(t), measured in a stress controlled experiment for three different
stress steps, o, after the waiting time, t,, = 6000s, [50] (gray symbols) and the
corresponding fits from the schematic model with fit parameters as in tab. 4.2
(colored lines).

anomalous creep for the lowest imposed stress in fig. 4.22 can be approximated via nonlinear

fitting without the first 500 data points, the resulting power law is,
A(t)To = 7.07 - 1075(t /79) ~0-5%3. (4.76)

Analogously, the linear loss modulus should exhibit a power law for small frequencies with
the exponent, 0.553 — 1,

"

G (w) oc w0443, (4.77)

Previous experiments on the same material have shown a slow dissipative process for small
frequencies in the glassy regime [30].

Although this agreement might support an interpretation of an additional slow dissipative
process in the glass, that determines the long—time dynamics, the variation of the fit param-
eter for additional dissipative processes, tab. 4.2, indicates more complex dynamics in the
glass under stress.

As the schematic model is based on MCT-ITT, it describes homogeneous, incompressible

flows. Hence, it can be understood as a benchmark to distinguish the onset of homoge-
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Figure 4.23.: Fit (red line) to creep shear rate, §(t), measured in a stress controlled experi-
ment for the largest waiting time, t,, = 6000s [50] (gray symbols).

neous and heterogeneous flows. In ref. [50], the shear rate response for an imposed stress,
oR3/kpT = 0.5, after the waiting time, t,, = 3600s, shows a prominent S—shape. In exper-
iments on carbopol microgels [67], the onset could be analyzed with local velocimetry. In a
similarly S—shaped strain rate curve, the onset of flow is initiated by a fail at the walls followed
by total wall slip. Shear banding gradually establishes a linear velocity profile again, which
remains linear for the steady state. The same evolution for velocity profiles was found again
for carbon black colloidal gels [68]. All three experiments used the same stress—controlled
rheometer.

For colloidal glasses, numerical simulations [66] show for the onset of flow heterogeneous
local mobilities, as well as shear banding after longer aging times, which the authors connect
explicitly with the waiting—time dependence of the results in ref. [50]. The velocity profiles
of the simulation [66] display transient heterogeneities.

In soft—glass rheology [69], transient shear—banding is also found during tertiary creep.

The discussion of the heterogeneous flow during tertiary creep is related to the discussion
of shear-banding for steady shear in the time interval between the occurrence of an overshoot
and the onset of the steady state.

MCT explains both phenomena with a mechanism that agrees with homogeneous flow, and
at least for the stress overshoots in steady shear, the existence of homogeneous flow has been

confirmed by both Brownian—dynamics (BD) simulations [70] and molecular dynamics (MD)
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simulations [33].

The Percus—Yevick structure factor for hard-spheres [20] is crucial to the yielding transition
of the schematic model. The question remains thereby open, how a non—vanishing softness
of the core shell microgel particles might influence the onset of the flow and the asymptotic
creep. In the memory kernel of the model which I used to compute the creep curves in this
chapter, eq. (2.113), I set the functions, h; and hs, to one in accordance with the models used
for steady shear. At a strain of about v ~ 1%, roughly the strain scale of the creep curve
for the smallest imposed stress in fig. 4.22, the function, hi, can be treated like a constant
close to one, that barely varies in time. The time-dependence of the function, hz, and the

resulting influence on the creep curves has not been studied yet.

It remains a subject to further research, if the inversion of the constitutive equation,
eq. (4.7), has unique solutions. As described in the appendix, sec. A.1, I use a one-sided
iteration scheme, which ensures that I find the largest attractor of the iteration for the
transient density correlator, ¢(¢,t¢'). Through the numerical inversion, this algorithm finds the
smallest possible solution for the creep strain, v(t). If larger solutions, i.e. faster increasing

solutions, exist, the algorithm does not find them.

* *ok

o € Go r Ye y ~ 1)

0.1 1075|125 ] 130 0.85 | 0.08 | 0.086 | 5x 10~8
0.5] 1076|125 | 130 | 0.85 | 0.1 | 0.107 | 5x 10~7
09| 107% | 125 | 130 | 0.85 | 0.17 | 0.192 | 6 x 1077

Table 4.2.: Fg)fparameters used in the MCT computations for this section.

4.7. Stress ramps

4.7.1. Instantaneous response

For a stress ramp, i.e. the applied stress rises linearly in time, o(t) o ¢, one observes for

small times, i.e. t < 1/I', an initial shear rate of,

G
Yo = —. 4.78
70 Go ( )
When the short—time decay of the generalized shear modulus sets on,
G(t —t') = Goexp (—2T't), (4.79)

the shear rate response will increase linearly and the strain will increase quadratically in
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time,

A(t) = & (1+2Tt), (4.80)
y(t) JTG(? + 2T t2. (4.81)

Fig. 4.24 shows the shear rate response to stress ramps compared to the prediction from
eq. 4.80.

Yo(1+2l't) =wmemm

-~
L

P

10° ¢ .

shear ratey (t) G,/ ©

107% 1077 10° 10
timeT ¢

Figure 4.24.: Shear rate response, (t),rescaled by the instantaneous shear rate of eq. (4.78),as
a function of rescaled time, I't, for a stress ramp, & = 1070, separation param-
eter, ¢ = 2 x 1077, and the other parameters as in tab. 4.1 (full red line) and
the short—time approximation from eq. (4.80) (dashed black line).

4.7.2. [3—process

In the following analysis, I assume that the strain, v(¢), will be small compared to the scales

of the strain—induced decay of the modulus and the density correlator,

v(t) < Y and ¥(t) < Ye. (4.82)

This ensures that I am approximately in the regime of linear response.

90



4.7. Stress ramps

Due to the fast S—process, the generalized shear modulus decays onto its plateau value,

Gt —t) =~ Goo +2(1 — fo)* fe <ti)> + O(t*). (4.83)

Similar analysis as in sec. 4.3 yields an asymptotic shear rate predefined by the S—process.

Eq. (4.23) is solved for an linearly increasing stress, o(t) = &t, by the shear rate,

: -1
0 o1 2

72 14 2r(1 At q

F _ [ 12( 21"1—a)t0 a)} (4.85)
o [~ 2T (1—a)\"
‘ﬁ(ZX: 2 )ru—mﬂ' )

n=0

A(t) ~ (4.84)

The shear rate is increased to a plateau value at the same time, the generalized shear

modulus reaches its plateau,

i) = 5 (1 Bl il P ou-%) , (4.87)

f2

which means that the strain response approaches a linear increase,

a(t) 2% — fo)*tg 1 1-2
t)=——2 — 2 Je) W04l-ay ol 4.88
it = Z2 - T G (4.89)

At the glass transition, the shear rate plateau is in zeroth order,

. o 0 Yo
MG T G2 T 1

(4.89)

The plateau shear rate, 41, depends on the separation parameter, e, analogously as the

plateau strain in sec. 4.3,

Ypi(e) = e (4.90)

Go (f.+ 2, /755 + 0(5))2'

In the fluid regime, the generalized shear modulus will decay from the plateau at times

close to the a—decay time, 7,

b
Gt —t") = Goo —2(1 — f.)?f. (t> + O(t*). (4.91)

(03
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Figure 4.25.: Shear-rate response, 7(t), rescaled by the instantaneous shear rate, as a func-
tion of rescaled time, T't, for a stress ramp, & = 10719, separation parameter,
e =2 x 1077, and the other parameters as in tab. 4.1 (full red line) and the
approximated result from eq. (4.87) (dashed black line).

This will result in the shear rate increasing faster than linearly,

A(t) = GL <1 + W#’ + O(tm’)) : (4.92)

For longer times the decay of the a—process might be fitted by a Kohlrausch law. For the
longest times, an exponential decay might be a good choice for a fit, as it is indicated by the

agreement for small frequencies in fig. 2.4. An exponential decaying shear modulus,

Gt —t) =G exp (—2@t> , (4.93)

Ta

causes the shear rate to increase linearly and the strain to increase quadratically in time,

A1) :Gi (1 4 at> , (4.94)

To

v(t) == + AP (4.95)
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Figure 4.26.: Shear-rate response, 4(t), rescaled by the instantaneous shear rate, for a stress
ramp, & = 10_10, various separation parameters, € > 0, and the other parame-
ters as in tab. 4.1 (full lines) and the corresponding plateau shear rate predicted
from eq. 4.90 (dashed lines).

The result of the strain increasing quadratically in time is only observable, if the approxima-
tion of linear response holds. This requires a stress rate so small, that at time, 7, the strain
has not reached the scale of the yield strain, which can be estimated as,
G
o< W (4.96)

Ta
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Figure 4.27.: Shear-rate response, ¥(t), rescaled by the instantaneous shear rate for a stress
ramp, & = 10710, various separation parameters, € < 0, and the other parame-
ters as in tab. 4.1 (full lines) and the corresponding shear rate increase predicted
from eq. 4.92 (dashed lines).
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Figure 4.28.: Shear-rate response, (¢), rescaled by the instantaneous shear rate for a stress
ramp, & = 10710, various separation parameters, € < 0, and the other param-
eters as in tab. 4.1 (full lines) and the corresponding linear shear rate increase
predicted from eq. 4.94 (dashed lines).
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4.7.3. Yielding

For stress ramps with a stress rate larger than the threshold given in eq. (4.96), the onset
of a fast increasing strain will be observed, when the yield strain, v,, is approached. As the
decaying time of the a—process diverges at the glass transition, this observation is expected
in the glassy regime, € > 0, for any finite stress rate. Fig. 4.29 shows, that the onset of
superlinear flow is connected to the time scale set by the dynamical yield stress, oy, and the
stress rate, 6. At the glass transition, i.e. € = 0, the superlinear flow starts close to a time,
oy /0. For higher packing fractions, € > 0, the onset of yielding is shifted to later times, as

the dynamical yield stress is shifted to higher stress values as well.

T T T T T T T
Nej
< J
(501 0 ]
——\ 1
o~ J 1
%
-
@ £=2.00x107 ———— £=205x10¢ ———
_& £=4.00x 107 ———— £=4.10x10"4 ———
£=8.00x 107 ——— £=8.19x 10 ———
e=1.60x10° ——— e=1.64x 107
0 £=3.20 x 10‘2 e=328x 107 Coe
£=6.40%x 10~ £=6.55%x107 — t=c6./0
107 ¢ e=128x10° ——— e=131x107> ———— y oy
£=2.56x10° ———— £=2.62x1072 ————
£=5.12x10° ——— £=524x1072 ———
e=1.02x 107 e=105x10"" ———
" 1 " 1 " 1 " 1 " 1 1 " 1
-2 0 4 6 8 10 12
10 10 10 10 10 10 10 10

timeTl ¢

Figure 4.29.: Shear—rate response, %(t), rescaled by the instantaneous shear rate, as a function
of rescaled time, I't, for a stress ramp, & = 10719, various separation parameters,
€, and the other parameters as in tab. 4.1.
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In this chapter, I have discussed the mechanical response under applied stress. I have
obtained the creep response, the strain deformation under constant stress, by numerical
inversion of a schematic MCT model. Although this method demands a substantial amount
of memory and computation time, it has been able to provide results on the numerous time
regimes of creep. My analysis of S—scaling has confirmed a relation between the observed
increase of the strain and the decay of the generalized shear modulus known from quiescent
MCT and the results of ITT-MCT for shear—controlled rheology. This has enabled me to
link the various types of increase in the strain response to dissipative processes. Before the
onset of the nonlinearity of the response, I can approximately describe the creep response
using linear response theory. I have found, that the dynamical yield stress, as known from
shear—controlled rheology as steady stress for asymptotically small shear rates, is also a yield
stress in stress-controlled rheology. It is the smallest stress, which causes asymptotic flow. I
stress—controlled rheology, I can also study stresses below that critical stress value. I have
observed a linear response of the glass and its transition to the shear—-melted glass, which I
can relate to the shear—melted glass known from shear—controlled rheology.

The comparison to the experimental results for a well-studied material, underline the
validity of the theoretical approach. Experiments carried out with additional velocimetry, as
well as molecular dynamics simulations providing information on the velocities of the single
particles put the homogeneity of the yielding flow into perspective. However, the schematic
model predicts a mechanism which makes homogeneous yielding possible. Therefore, the
contribution of heterogeneities to the process of yielding can be quantified.

The linear increase of the external stress applied onto the material, a stress ramp, has
been also studied as a second class of stress—controlled rheology problems. The changes in
the constitutive equations link the linear shear-rate response of a stress ramp with the linear
strain—response of a stress step, which has confirmed the differentiation between linear and
nonlinear response. The nonlinear shear-rate response of the stress ramps differs qualitatively

from the nonlinear strain response of stress steps.
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5. Conclusion

In this thesis, I have discussed the nonlinear response of glass—forming dispersions under
applied time-dependent deformations. This topic provides insight in the dynamics of such
materials close to the glass transition. The nonlinear response offers a further comprehension
of the glass transition and the nature of the glass. I have described the process of yielding
as a transition from the anelastic stress response to plastic flow and as a transition from a
deformed to a shear—melted glass. The schematic MCT model, which I have used to describe
the response to time—dependent shear flow and to applied stress, gives the transient time—
dependence of the response. By omitting the wave—vector dependence, I have lost structural
information. I can interpret the structural dynamics only in the context of the microscopic
MCT theory, by relating the density correlation function of the schematic model to the
corresponding correlation functions of the microscopic theory.

By an instantaneous change of direction of the imposed shear flow, I have studied the
history—dependent response of materials in proximity of the glass transition. In equilibrium
physics, a change in the observables can be explained by a change of the variables defining
each state. The schematic MCT model obtains a nonequilibrium observable by taking the
whole deformation history into account, based on the ITT-MCT approach [10].

Using this history—dependence of the response to a shear reversal, I have probed the dy-
namics at the time of the reversal. I have rationalized the phenomena of residual strains,
decreased overshoots and a softer apparent elasticity as results of stress contributions of the
preshear, the shear flow before the reversal of its direction. By systematic computations of
the quantifying observables of these phenomena for preshear strains from zero to one, I have
discussed the effect of the yielding transition on the preshear dependence. This discussion is
consistent, with the interpretation of the yielding as the transition from a (mostly) reversible
anelastic regime to the steady state of irreversible flow.

The density—dependence of the elasticity of the quiescent glass and the shear-rate depen-
dence of transient stress overshoots and steady states persists in the results for a shear—flow
reversal. I have traced the scaling with the separation parameter, that corresponds to a
relative density, back to the scaling of the nonergodicity parameter.

Using the numerical inversion of the schematic MCT model, I have computed the strain
response under applied constant stress, known as creep. The inversion simplifies the analysis
of the relation between strain—controlled and stress—controlled rheology. In the linear response

regime, for both stress steps and stress ramps, I have connected every increase of the strain
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5.1. Zusammenfassung

to a known dissipative process in the glass. The onset of the nonlinear response depends in
my computations on the same mechanisms related to the yielding of a glass under steady
shear.

I can rule out for the schematic MCT model, that asymptotic flow is caused by an applied
stress smaller than the dynamical yield stress. Any applied stress larger than the yield stress
results in asymptotic flow. I have introduced a schematic overview, which separates glassy
from fluid dynamics and linear from nonlinear response. The yielding transition is connected
to the transition from linear to nonlinear response of the glass.

The results for the stress response after a shear—flow reversal and for strain response under
applied stress show new aspects on the onset of nonlinear response. Stress and stain response
can be described by the same fundamental principles. In this work, the process of homoge-
neous yielding is attributed to a collective cage breaking of neighboring particles, represented
in ITT-MCT by a dephasing of the derivatives of the static structure factor [41].

To advance the discussion of the transient time dependence of yielding, the underlying
structural mechanisms should be studied in the microscopic MCT and in Brownian dynamics

simulations.

5.1. Zusammenfassung

In der vorliegenden Arbeit habe ich das nichtlineare Antwortverhalten von glasbildenden
Dispersionen unter zeitabhingigen Verformungen erldutert. Es bietet Einsicht in die Dy-
namik solcher Materialien nahe am Glasiibergang und ein tiefer gehendes Versténdnis des
Glasiibergangs und der Natur des Glases. Ich habe die FlieBgrenze als Punkt eines Ubergangs
von einer anelastischen Spannungsantwort zum plastischen Flieen, und als Punkt eines
Ubergangs von einem verformten zu einem schergeschmolzenen Glas beschrieben. Das sche-
matische Modell der Modenkopplungstheorie, das ich verwendet habe um die Reaktion auf
zeitabhéngige Scherfliisse und auf konstante Spannungen zu beschreiben, liefert die transien-
te Zeitabhéingigkeit der Antwort. Durch das Weglassen der Wellenvektorabhéngigkeit, habe
ich Strukturinformationen verloren. Ich kann die Strukturdynamik nur im Rahmen der mi-
kroskopischer MCT im Verhéltnis des Dichtekorrelationsfunktion des schematischen Modells
und der entsprechenden Korrelationsfunktionen der mikroskopischen Theorie interpretieren.

Mit einer abrupten Richtungséinderung des aufgeprigten Scherflusses, habe ich die vorge-
schichtsabhéingige Reaktion der Materialien in der Nédhe des Glasiibergangs untersucht. In
der Gleichgewichtsphysik kann eine Anderung einer Observablen durch eine Anderung der Zu-
standsvariablen erklirt werden. Das schematische MCT—Modell erhélt eine Nichtgleichgewichts—
Observable, indem die gesamten Deformationsgeschichte beriicksichtigt wird, basierend auf
dem ITT-MCT-Ansatz. [10].

Mit dieser Vorgeschichtsabhéngigkeit der Reaktion auf eine Scherflussumkehr, habe ich die
Dynamik zum Zeitpunkt der Umkehrung untersucht. Ich habe die Phdnomene der Restdeh-
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5. Conclusion

nung, verringerten Spannungsiiberschwingern und eine weichere scheinbare Elastizitit als Er-
gebnisse der Spannungbeitriage des Vorscherens, des Scherflusses vor der Richtungsénderung,
begriindet. Durch systematische Berechnungen der Gréflen dieser Phédnomene fiir Vorscher-
dehnungen von null bis eins, habe ich die Wirkung der Fliefigrenze auf die Vorscherabhéngigkeit
diskutiert. Diese Darstellung ist konsistent mit der Interpretation der FlieBgrenze als Ubergang
von einem Regime iiberwiegend reversibler, anelastischer Verformung zu dem stationéren Zu-
stand irreversiblen Flusses.

Die Dichteabhingigkeit der Elastizitéit des ruhenden Glases und der Schergeschwindigkeits-
abhéngigkeit der transienten Spannungsiiberschwinger und der stationdren Zustinde setzt
sich in den Ergebnissen fiir eine Scherflussumkehr fort. Ich habe die Skalierung mit dem
Separationsparameter, der einer relative Dichte entspricht, auf die Skalierung des Nichtergo-
dizitdtsparameters zuriickgefiihrt.

Mithilfe der numerischen Inversion des schematischen MCT—Modells habe ich die Deh-
nungsantwort unter einer konstanten Spannung berechnet, die man als Kriechen bezeichnet.
Die numerische Inversion vereinfacht die Analyse der Beziehung zwischen der dehnungs— und
spannungsgesteuerten Rheologie. Im Linearen—Antwort—Regime, sowohl fiir Spannungsstu-
fen als auch Spannungsrampen, konnte ich fiir jeden Anstieg der Dehnungsverformung die
Beziehung zu einem bekannten dissipativen Prozess im Glas herstellen. Das Auftreten der
nichtlinearen Antwort hingt in meinen Berechnungen mit den gleichen Mechanismen zusam-
men, die in Beziehung zu dem Ubergang an der FlieBgrenze eines stetig gescherten Glases
stehen.

Fiir das schematische MCT-Modell kann ich ausschlieffen, dass Spannungen unterhalb
der Flieflgrenze asymptotischen Fluss generieren. Jede Spannung oberhalb der Flielgren-
ze wiederum erzeugt einen asymptotischen Fluss. Ich habe einen schematischen Uberblick
vorgestellt, bei dem ich zwischen glasartiger und fluider Dynamik und zwischen linear und
nichtlinearer Antwort unterscheide. Die FlieBgrenze ist eng verbunden mit dem Ubergang
von linear zu nichtlinearer Antwort des Glases.

Die Ergebnisse fiir die Spannungsantwort nach Scherflussumkehr und fiir die Dehnungs-
antwort bei einer angelegten dufleren Spannung zeigen neue Aspekte des Einsetzens der
Nichtlinearitéit. Spannungs— und Dehnungsantwort kénnen mit den gleichen fundamenta-
len Prinzipien beschrieben werden. In dieser Arbeit wird der Fliefiiibergang dem kollektiven
Brechen der Kifige, die aus den benachbarten Teilchen gebildet werden, zugeordnet. Im
ITT-MCT-Ansatz wird dies durch eine Phasenverschiebung der Ableitungen der statischen
Strukturfaktoren dargestellt [41].

Um die Diskussion der transienten Zeitabhéngigkeit voranzubringen, sollten die zugrunde
liegenden strukturellen Mechanismen mithilfe der mikroskopischen MCT und Brownsche—

Dynamik—Simulationen untersucht werden.
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A. Numerical details

A.1. Two—-time algorithm for MCT

The numerical algorithm to solve the schematic model as defined in sec.2.4, follows the the

algorithm developed by J. Brader and Th. Voigtmann.

The time is discretized in equidistant time steps, At, so that the time, ¢t = i - At, can be
denoted with the index . The transient density correlator, ¢(¢,t'), is discretized as ¢; ; with
one index for each time argument. The derivative in eq.(2.110), £8;¢(t,t'), is discretized in

the following way

1 3 1
TA <2¢i,j —2¢i_1,; + 2¢i_2,j> ; (A.1)

which is a three point backwards derivative of the interpolating Lagrange polynomial. The

t
memory integral, [ dt"m(t,t"”,t )0y ¢(t",t'), is written as a sum,
t/

Zmi,k (ki — Or—14) (A.2)

k=j

which requires a definition of the correlator ¢;_; ;. Causality restricts the transient density
correlator, ¢(t,t'), to the time domain of ¢ > /. The occurrence of ¢;_1 ; is only caused
formally to compute the numerical derivative, 9y ¢(t”,t')|,,_,, still included in the causal
part of the (¢',¢")—time plane. Numerically this derivative is obtained by setting the respective

correlator to one, ¢j—1,j =1

The discretized version of eq.(2.110) is then solved for ¢; ;, but the memory kernel is

explicitly not written as the polynomial in ¢; ;. The solution is,

A i—1
(1 - ¢i,j) Mij —MiiGi—1j+ >, Mik- (Prj — Pr—15) + ﬁ (—2@71,3' + %¢i72,j)
k=j+1

3 1 )
Ltmii+ 5va;
(A.3)

Gij =
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A. Numerical details

which is more conveniently written with the following abbreviations,

3 1
A; =1 ii T o A4
R VY (84)
Bij=1—¢:;, (A.5)

i—1 1 1
Cij =—miidi—1,; + Z Mig (Prg = dk-1.3) + p A7 (-2@14 + 2¢i2,j> ; (A6)
k=j+1

B; jm; j+Ci;

bij = (A7)
The memory kernel, m; , is in accordance to eq.(2.113)

i =hi ) W (0161 k + va0? ), (A.8)

which is actually dependent on the tree time indices 7, j, k. h(® is set to one in all previous
applications of this algorithm [49, 38, 39, 40, 33], its role remains to be determined. I chose
to set A1) to one, to keep the algorithm consistent with the one-time parameter dependent
equations used for steady shear[29, 71, 30, 31, 37, 72, 32]. If one chooses to keep, R £ 1,
M ond

it is numerically more convenient and efficient to factorize the memory kernel into h; ; an
,

a two-indices memory kernel m; j.

The density correlators are initialized with ¢;; = 1 and ¢; ;1 = —I'At. ¢, ; is computed
in such a scheme, that A;, B; ;,C; ; are well defined by computing all the quantities, they
depend on, before. This requires to compute all ¢, ; with 7 < = < ¢ and all m;, with
Jj <y < before ¢; ;.

As m; ; depends on ¢; ; the equations are not closed. Theoretically this could be done by
solving the quadratic equation, but the root, that one needs to take for solving a quadratic
equation, has a symmetric error. The solution of eq.(2.110) is defined to be the largest
attractor, if there exists more than one[18]. The solution of the quadratic discretized equation
might lead to a numerical solution for ¢; ;, smaller than the exact solution. As the correlators
at larger times depend numerically on ¢; ;, this triggers a fast decay to zero of the numerical

solution for the correlator which will deviate significantly from the exact solution.

In order to avoid this bug, one has to make sure, that the numerical solution stays greater

or equal than the exact solution during the whole computation. Therefore an one sided
iteration scheme is used, which computes the memory kernel ml(»’oj) with an initial value ¢£OJ)

The choice of qbgoj) = 1 ensures, that the value fulfills the requirement, ¢£0]) > ¢(t,t'). For
monotonously decreasing time—correlation functions, qﬁg?j) = ¢;,j+1 is a more efficient initial

value. As this thesis considers non—monotonic strains, the first choice is the one to be made.

(n)_ 4(n—1)
5271), until the relative change %

(2%

In the following iterations, qbgz) is computed with m,
is smaller than a chosen level of accuracy.

Every N time steps, the width At of the time steps is doubled. To operate on an equidistant
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A.2. Brent’s method

grid and keep the amount of allocated memory constant, the solutions of gbiAf computed with

the step width At are saved on a hard drive and the algorithm maps % (¢éﬁ;) + ¢(21A£)11) —
(2A1)

bi;

with step width 2At¢. For the numerical inversion, the strain -; and the shear rate 4; have

. As a result, the density correlator is known for the first % time steps of the new grid

to be mapped analogously.

A.2. Brent’s method

To find a solution for the equation

£60) =ot) - [ ar'5@)6(.1) =0, (A9)
0

Brent’s method [73] is numerically applied.

This method requires a given interval, in which the solution, viz. the root of the given
function, f(§(t)), is searched for. Starting with the shear rate at the previous time step,
4(t — At), the shear rate is increased in steps of 1 percent of this value, 0.01 - 4(t — At),
until a shear rate, ¥, is obtained, for which the value of the function, f(%7), is positive.
Analogously, starting from the same value the shear rate, 47, is decreased in steps of the
same magnitude, until the value of the function, f(¥7), has a negative value.

Two competing objectives have to be balanced. I want the interval being found in a
small number of steps, as each step in the shear rate includes a complete time step in the
computation of the shear stress as described in the previous section. On the other hand, I want
a small interval around the expected solution. A larger interval might cause the algorithm to
fail, as the resulting shear modulus might be computed as zero, when the amplitude of the
shear rate is set to a too large value, || > 1. An adaptive method, that searches the interval
based upon the value of the previous time step, seems to be favorable to meet this dilemma.
The choice of the step size as 1 percent of the value of the shear rate at the previous time
step, §(t — At), is a guess and could be improved under the constraints of the described
objectives.

Having established the interval, [y_,%7"], and the initial estimate, 49 = ¥(t — At), for the

shear rate, 4(t), the prerequisites for Brent’s method are met.
t
If the values of the term, f = o(t) — [ dt'¥(¢')G(t,t'), for the estimated shear rate, %,
0

is unequal to the values, f_, fi, obtained for the lower and the upper boundary, 4_,%7T,
an inverse quadratic interpolation is performed. Otherwise, instead of the inverse quadratic
interpolation, the secant method is used. The result of the interpolation step, ¥;41, is only

accepted, when it is in the interval, [Sﬁ’zﬁ ,"y+}. Also the change, |¥; — ;-1], between the

two previous iteration steps must exceed a predefined threshold of tolerance. The change of
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A. Numerical details

the current iteration step should not exceed half of the change in the previous iteration step,
[iv1 — il < %m — 4i—1|. Otherwise a bisection step, Y;41 = %, is performed. If the
previous iteration step was an interpolation step, the change between the previous iteration
step and the iteration step before, |4;_1 —%;_2|, and %|"yi_1 —4i—2|, are compared respectively.
This method ensures, that it does not run much slower than the bisection method. It re-
quires less or equal then the number of the steps required by the bisection method squared [73],
Nirent < NPioetion- This estimate regards only the worst—case scenario. For well-behaved
functions, it converges superlinearly with the inverse quadratic interpolation. Therefore, this
574 > 1, and strains, [227

stresses, o =~ o, and strains, v & ..

method is fast for stresses, |

> 1, and it remains robust for
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B. Mathematical techniques

B.1. Laplace Transform

In this thesis, I use the following convention for the Laplace transform, LT [f(t)] (z), of a
function, f(¢), defined on the time domain, ¢ € [0, oo,

LTI () = f(2) = / at e~ (1), (B.1)
0

with z as a complex number.

In sec.2.4.2, the Laplace transform is used with z = iw. The dynamic moduli are given
as the real and imaginary part of the Laplace transform of the derivative of the generalized
modulus. Taking the time derivative corresponds to a multiplication with iw in Laplace
space.

For the results in this thesis the Laplace transform of a function, which describes the decay

onto or from a constant value, is of major interest,
ft) =co+ert”, (B.2)

with x, any real number but a negative integer, x € R\Z .

Its Laplace transform can be easily obtained, as the Laplace transformation is a linear

transformation,

LTf®)] (z) =LT [co + e1t*] (2) (B.3)
=LT [eo] (2) + a1 LT [t*] (2) (B.4)

_¢co I(l+x)
—; + Clw.

The convolution theorem states, that the Laplace transform
¢

of a convolution, [d¢' f(¥')g(t—1'), is given as the product of the Laplace transforms of each
0
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B. Mathematical techniques

function,

t

cT / at’ f(t)g(t —t')| (2) =LT [F(1)] (2)LT [9() (2)- (B.6)

0

I can find the asymptotic behaviour of a function, f(t), via its Laplace transform, as for
the asymptotic of a function, f(¢), is connected to its Laplace transform, LT [f(¢)] (z), for

small z,

li t)= 1 t . B.
Jim f(t) = Tim LT [7(0)] () (B.7)
The asymptotic solutions for the shear rate for a given approximation of the shear modulus
is obtained in this way.

In the linear response regime, the constitutive equations give the stress as a convolution of

the shear rate and a generalized modulus

t

o(t) :/dt’ Y(G(t —t), (B.8)
0
= 4(t) =LT! {m] (t). (B.9)

If a back transformation of % is unknown, I obtain the asymptotic solution of the

shear rate by finding an expansion for % around z = 0 and taking the inverse Laplace

transform of this approximation.
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C. Parameters of the schematic MCT

model

C.1. Control parameters

e ¢ is the separation parameter, which denotes the relative separation from the glass
transition point. Close, to the glass transition, it can be given as a relative packing
fraction in relation to the critical packing fraction £ %. In the fluid regime, the

time scale of the a—process scales with €, 7, o |g| 7.

e 7 denotes the shear rate, 4 = gtiaz.

e o denotes the shear stress.

C.2. Material parameters

e )\ denotes the exponent parameter. It generates the critical exponents of the S—scaling.

o (7p denotes the short—time shear modulus. It is the ratio between the immediate stress
response to a step strain and the step strain’s height Gg = % and vice versa. It
also describes the ratio between the plateau modulus and the nonergodicity parameter
squared at the glass transition Gy = Cjc—:;’

e 7" denotes the strain scale of the shear—induced decay of the stress kernel from the
plateau. In steady shear it marks the shear strain, at which the generalized shear
modulus equals 0 and the stress response displays a peak. In creep curves this strain
scale marks the onset of tertiary flow or yielding. Close to the glass transition, ¢ =

0,7 = 0, it is constant. For larger shear rates it starts to increase.

e v** denotes the strain scale of the shear—induced decay of the stress kernel to zero.
Comparison between the schematic model, Brownian simulation and the results of the
microscopic ITT approach for steady shear have shown, that this parameter depends

linear on ~*.

e 7. denotes the strain scale of the shear—induced decay of the memory kernel.

107



C. Parameters of the schematic MCT model

e [ denotes the time scale of the short—time decay of the density correlator and the shear

modulus.

e 1% denotes the high-frequency viscosity. It can be seen as the asymptotic slope of the
loss modulus for high frequencies. It can also be determined from the asymptotic slope

of the flow curve n%, + % for large shear rates.

e a denotes the inertia parameter, introduced in comparison to rheological measurements

with a rheometer. It can be determined from the initial creep itQ for a stress step o,

N2
and from the frequency w = GT’O — (Z%:) of inertio—elastic oscillations.
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