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Zusammenfassung

Die vorliegende Arbeit untersucht geladene, kugelférmige Teilchen (Kolloide oder Makro-
ionen) in einer Suspension zusammen mit kleinen Ionen (Mikroionen). Diese Suspensio-
nen grenzen an Substrate mit oftmals anderer Dielektrizitatskonstante als die der Sus-
pension. Wir betrachten dabei hauptsachlich die Wechselwirkung der Kolloide mit der
Grenzfliche (Wand-Kolloid-Potential), sowie die Wechselwirkung der Kolloide untere-
inander (Kolloid-Kolloid-Potential) in Anwesenheit von verschiedenen Grenzflachen.
Ausgehend von diesen Wechselwirkungen untersuchen wir Struktur und Phasenverhal-
ten von Kolloiden an einer Grenzfliche. Dazu benutzen wir die Poisson-Boltzmann
(PB) Theorie und Monte-Carlo-Simulationen. Unsere Ergebnisse konnen wir wie folgt
zusammenfassen:

Ausgehend von der linearisierten PB-Theorie fiir eine punktférmige Ladung nahe
einer Grenzfliche, betrachten wir effektive Wand-Kolloid-Potentiale fiir ein System
von Makroionen in einer mikroionischen Losung der Dielektrizitatskonstante ¢ und
der Abschirmkonstante k, sowie einer dielektrischen Wand mit der Konstanten €.
Durch Renormalisierung der Gesamtladung Z des Kolloids beriicksichtigen wir seine
endliche Groe. Besondere Beachtung finden hierbei sog. ”confinement” Effekte, also
Effekte, die durch die rdumliche Einschrinkung durch die Wand verursacht werden,
und Bildladungseffekte, die durch Spriinge der Dielektrizitatskonstante an der Wand
hervorgerufen werden. Mit Hilfe der exakten Gouy-Chapman-Lésung fiir einen Elek-
trolyten vor einer geladenen Wand und den Potentialen, die im Rahmen der linearen
Theorie gewonnen wurden, kénnen wir naherungsweise Wand-Kolloid-Potentiale er-
halten, die in einem gewissen Parameterbereich Giiltigkeit haben, in dem die Nichtlin-
earitit der PB-Gleichung wichtig wird. Die Giiltigkeitsbereiche fiir die verschiedenen
Parameter dieser Potentiale werden systematisch untersucht, indem wir sie mit Poten-
tialen vergleichen, die durch exakte numerische Simulation der PB-Gleichung erhalten
worden sind. Die Messbarkeit der genaherten effektiven Potentiale wird demonstriert



durch einen Vergleich mit einem TIRM (Total internal reflection microscopy) Exper-
iment, wo gute Ubereinstimmung gefunden werde. Sowohl fiir ungeladene als auch
fiir geladene feste Wénde mit € < € ist das effektive Wand-Kolloid-Potential fiir alle
Abstiande des Kolloids von der Wand immer repulsiv. Ein Zellenmodell mit der nicht-
linearen PB-Theorie fiir eine kolloidale Suspension vor einer ungeladenen Wand zeigt
jedoch, dass im selben Fall (¢’ < €) ein Ungleichgewicht zwischen echter Ladung und
Bildladung des Systems zu einer netto attraktiven Kraft auf das Kolloid fiithren kann.
Unser Zellenmodell zeigt weiterhin, dass die effektive Ladung der Makroionen in der
Nahe der Wand reduziert wird.

Wenn wir uns nun an einer Luft-Wasser-Grenzflache befinden, kann das Kolloid in
die ”Wand” eindringen. Wir zeigen, dass das effektive Wand-Kolloid-Potential, welches
eine elektrostatische Barriere fiir die Adsorption eines Kolloids aus der Losung an die
Grenzfliche darstellt, durch Erhéhung der Salzkonzentration betrachtlich verringert
werden kann. Dies kann ein Einfangen der Kolloide an der Luft-Wasser-Grenzflache
einleiten. Wir zeigen allerdings auch, dass dieses ”trapping” an der Grenzfliche eher
durch die Oberflichenspannung als durch die Elektrostatik dominiert wird.

Fiir die Luft-Wasser-Grenzflache betrachten wir im Rahmen der linearen Debye-
Hiickel-Theorie die Paarpotentiale geladener Kolloide, die an dieser Grenzflache gefan-
gen sind. Wir zeigen, dass eine zusatzliche Substrat-Grenzflache, parallel und sehr nah
an der Luft-Wasser-Grenzfliche, die Paarwechselwirkung in einer bestimmten Art und
Weise beeinflussen kann, die von der Dielektrizitatskonstante des Substrats relativ zu
der von Wasser abhiangt. Anschliessend verwenden wir die Paarpotentiale in einer Ein-
Komponenten Monte-Carlo-Simulation, um ein Fliissig-Fest Phasendiagramm in der
[L : ¢sure]-Parameterebene zu erhalten. L ist dabei der Abstand zwischen den Gren-
zflachen und ¢gy,¢ ist der Bedeckungsgrad der Kolloide. Als wichtigstes Ergebnis ergibt
sich dabei: Ein Substrat, dessen dielektrische Konstante sehr viel kleiner ist, als die des
Losungsmittels, z. B. Luft, verstarkt die repulsive Paarwechselwirkung und fiihrt bei
abnehmendem L dementsprechend zu einer Kristallisation bei Dichten, bei denen in
Abwesenheit des Substrats das System in fliissiger Form vorliegt. Ein Substrat, dessen
dielektrische Konstante hingegen sehr viel grosser ist als die des Losungsmittels, z.B.
ein Metall, verhalt sich gerade umgekehrt. Wir erweitern unsere Untersuchungen auf
Parameterbereiche, die passend fiir globuldre Proteine sind, mit dem Ergebnis, dass ein
Substrat vom erstem Typ (¢’ < €) nur dann einen positiven Einfluss auf die Kristalli-
sation hat, wenn L sehr klein wird, d. h. von derselben Grossenordnung, wie die
Proteingrosse, und die Bedeckungsgrade zudem sehr hoch sind.

Abschliessend diskutieren wir den Giiltigkeitsbereich unserer verschiedenen Studien
und zeigen zukiinftige Entwicklungsmaoglichkeiten auf.



Summary

This thesis presents studies concerned with the effects on charged colloidal spherical
particles (colloids or macroions) suspended in solutions of small ions (microions), due
to the presence of interfacial substrates which often have different dielectric constants
as that of the suspension. We consider mainly, interaction potentials of these colloids
with the interfacial walls (wall-colloid potentials) and also interactions among them-
selves (colloid—colloid potentials) in the presence of one or more similar or dissimilar
interfaces. We also investigate the structural and phase behaviour of these interfacial
colloids, resulting from the interaction potentials. As tools for these studies, we work
within the framework of Poisson-Boltzmann (PB) theories and Monte-Carlo (MC) sim-
ulations. The various studies and results can be summarized as follows:

Starting from the linearized PB theory for a point-charge near an interface, we first
consider effective wall-colloid potentials for a system of a macroion in a microionic
solution of dielectric constant € and screening constant x, and a charged or uncharged
dielectric planar wall of dielectric constant €¢’. The finite size of the colloidal macroion
is then accounted for, by a renormalization of the macroion total charge Z. We empha-
size the role of confinement and image-charge effects due to the spatial and dielectric
discontinuities introduced by the wall. Using the Gouy-Chapman exact solution for an
aqueous electrolyte next to a charged wall and potentials derived in the linear theory,
we obtain approximate wall-colloid potentials that are valid also in some parameter
regime where the non-linearity of the PB equation becomes important. The range of
validity in the various system parameters of these potentials are systematically inves-
tigated by comparing them with potentials based on the exact numerical solution of
the PB equation. The measurability of the approximate effective potentials is demon-
strated by comparison with a TIRM (Total internal reflection microscopy) experiment
with good agreement. For both neutral and charged hard walls, for which ¢ < ¢, the
effective wall—colloid potential is always repulsive for all wall-colloid separation dis-
tances. A non-linear PB cell model scheme for a colloidal suspension near a neutral
hard wall, however, shows that for the same case (¢’ < €), an imbalance between the
real and image charges of the system can lead to a net attractive force on the colloid
due to the interfacial wall. Our cell model methods further reveal that the effective
charge of colloidal macroions is reduced near a dielectric wall.

When the interfacial wall is an air-water interface the colloid can penetrate the
wall. We show that the effective wall-colloid repulsive potential which constitutes an
electrostatic barrier to adsorption of the macroion from the bulk to the interface can
be lowered considerably by increased salt concentration. This can initiate trapping
of the colloid at the air-water interface. We show also that the trapping is however



dominated by surface tension forces rather than electrostatics.

Still on air-water interface, we consider, within the linear Debye-Hiickel theory, the
pair interaction potentials of charged colloidal particles assumed trapped at this inter-
face. We show that introducing additional substrate interfaces parallel and very close
to the air-water interface can affect the pair potentials in a particular way, depending
on the dielectric constant of the substrate relative to water. We then apply the pair
potentials in a one-component Monte-Carlo simulation to obtain fluid — crystal phase
diagrams in the [L : ¢gyf| parameter plane, where L is the separation distance between
the two interfaces and ¢y, s is the surface fraction of the interfacial colloids. The main
result is as follows: A substrate whose dielectric constant is much smaller than that of
the solvent, e.g. air, enhances the repulsive pair interaction, and consequently induces
crystallization with decreasing L at densities where the system particles exhibit fluid
order in the absence of the substrate. A substrate whose dielectric constant is much
larger than that of the solvent, e.g. metal, behaves in the opposite way. We extend the
investigation to parameters appropriate for globular proteins with the result that the
substrate, even if of the former type can facilitate crystallization only when I becomes
very thin, being comparable to the protein particle size, and at much higher surface
fractions.

Finally, we identify some shortcomings of the various studies and suggest possible
ways to improvement in future studies.
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General introduction

1.1. Colloid basics

Suspensions or solutions of colloidal particles have been described by Overbeek [1] as
the world of neglected dimensions. In a colloidal suspension, the solute particles (also
referred frequently here as colloids) are sufficiently small not to be affected significantly
by gravitational forces but large enough compared to the solvent molecules. The size
range of colloidal particles have been set arbitrarily as ~ Inm (107°m) to ~ 10um
(10 °m). The much larger size of colloidal particles and as a result much lower number
concentration relative to particles in ordinary solutions lead to the marked deviations
in properties of the former from the latter type of solutions. They include, very low
osmotic pressures, very low solute diffusion coefficients, and very low freezing point
depressions. In addition, colloids do not pass through dialysis membranes and the
solutions are often turbid and scatter light.

Colloidal suspensions exist in great varieties. Some common examples are: paints
pigments in an organic solvent, casein agglomerates in milk, clay platelets in a river,
soap in water, e.t.c. Colloids find many applications in both basic science and tech-
nology. Brownian motions, light scattering, long range forces (e.g. electrostatic and
van-der-Waals forces), nucleation, crystal growth, bio-chemical systems (e.g. DNA,
RNA, proteins, membranes), fractals, e.t.c, are some areas of research that have bene-
fited from studies in colloid science. The industrial importance of colloids arises from
the fact that many products are colloidal suspensions or derivatives of colloidal suspen-
sions. They are found in many chemical, pharmaceutical, food and cosmetics products,
e.g., paints, magnetic-tapes, micro-emulsions, dairy products, foams,detergents etc.

1



2 General introduction Chapter 1

1.2. Colloidal stabilization and phases

Particles in colloidal suspension can be made to exhibit various phases, from dilute
gas to solid crystal, analogous to phases in atomic or simple molecular systems. The
much slower dynamics to equilibrium, of the colloidal particles compared to atoms or
molecules in the ordinary systems makes it possible for direct experimental investi-
gation of structural and phase changes in colloidal suspensions, such as nucleation,
crystallization, clustering, aggregation, e.t.c. These phases and orders can easily be
obtained by the combination of the effects of varying particles densities, strength and
range of the interaction potentials between the particles.

The most basic interaction potential between all types of colloidal particles is that
related to the van-der-Waals forces, whose origin is due to fluctuating dipoles in neutral
bodies [2,3]. The van-der-Waals interaction potential between two spherical particles
of diameter o whose centers are separated by a distance r is given by, [4]

vvdw(r):—% [072+(3)2+21n (1—‘:—22)] >0 (1.1)

r?Z — g2 r

The strength of this is given by the Hamaker constant A which depends on the dielectric
functions of the particles and the solvent. The potential v,qw(7) varies as —r~° at large
distances and as —(r — o)~ ! as r becomes comparable with the diameter o, where it

develops a deep minimum.

A system where the van-der-Waals interactions are the only dominant forces will
eventually lead to aggregation, flocculation or coagulation and eventual settling of
the particles. Therefore other compensating repulsive interaction forces are needed to
stabilize the suspension. To this end, two methods (and a combination of the two)
are commonly employed, namely charge and steric stabilization (see Figs 1.1 and 1.2).

In the latter method, short polymer brushes are adsorbed on the colloids’ surfaces
dispersed usually in apolar solvents (Fig. 1.1). The brushes cause short range repulsions
between the particles, which may balance or exceed the van-der-Waals attractions.

In charge stabilized systems, the colloidal particles have or can be made to have
ionizable surface groups. In a polar solvent (e.g. water), they aquire net surface
charges and a large number of counterions (microions) are released into the solution
to form a layer of charges around each particle (Fig. 1.2). This layer charges and
the colloidal surface charges constitute what is frequently called the electric double
layer (EDL). The EDL results in long-range electrostatic repulsive forces that keep
distances between the charged colloids outside the range of the van-der-Waals attractive
dispersion forces. Ref. [2] is strongly recommended for a comprehensive theory of the
EDL. In general, the stability of charged colloids in aqueous media is highly sensitive
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short polymers

Figure 1.1: Steric stabilization: short polymer brushes are formed around the colloid particles which
prevent the particles from coming too close together.

]
I—QOQO—I
|

(@) SOLH

Sulfonated Polystyrene

Figure 1.2: Charge stabilization: (a) A sulfonated polystyrene of n-monomers with the ionizable
surface group, SO3H. Polystyrene particles have very high monodispersity and are used very frequently
in colloid experiments. (b) In a polar solvent such as water, the surface group dissociates leaving fixed
SO3 on the particle surface and releasing H as mobile counterions.

to the presence of added electrolytes (e.g. salt ions). Addition of electrolytes have
been known to cause coagulation and flocculation followed by settling in an otherwise
stable suspension. Although in most applications undesirable, salting effects has been
used to study aggregation kinetics and the resulting fractal shapes of the aggregates.
We will also show, as part of the work in this thesis that near dielectric interfaces such
as the air-water, addition of electrolytes can initiate trapping of colloid particles at the
interface, useful for studies in two-dimensions.
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The present thesis is concerned mainly with systems of charge stabilized colloidal
suspension for a number problems relating to this type of colloids. A major tool
used throughout the studies here is the Poisson-Boltzmann (PB) equation which is the
starting point of the theories of the EDL, and hence the need to introduce it in the
next section.

1.3. The Poisson-Boltzmann equation and theories

The basic equation for the determination of the electrical properties of a system of
charges in a medium of uniform dielectric constant, € is the Poisson equation which

states that;
4
V2y(r) = — Amelr). (1.2)
€
where t(r) is the local electrical potential at a point r from an arbitrary origin, o(r)

is the local charge density for a system of M ionic species,

o(r) = Z ezipi(r) (1.3)

where for each ion type 7, p;(r) is the charge density per unit elementary charge, e, z;e
is the charge on an ion with z; the number (valency with + sign) of the unit charges.
e(r) is the local dielectric constant of the medium.

The space charge is formed, if e.g., a reference charge is taken as positive, by an ex-
cess of negative ions attracted and accumulated in the neighbourhood of the ion, while
inversely, the positive ions are repelled and pushed away from it. The effect of these
electric forces is counteracted by the random thermal motion of the ions, which gives
the diffuse charge layer its spatial extension. In order to take this thermal equilibrium
into consideration, the concentrations p; are expressed as Boltzmann distributions,
where it is assumed that p;(r) at a given point can be calculated from the average
value of the electric potential ¢(r) at the same point, thus;

pi(r) = c,e” %), (1.4)

where ¢, is the bulk ion (salt) concentration, ¢ = ef% is the normalized electrical
potential with 5 = 1/kgT the inverse thermal energy; kp being the Boltzmann constant
and T, the absolute temperature. Substituting eq. (1.4) in eq. (1.2) we obtain the
Poisson-Boltzmann (PB) equation:

4 Be?
V2¢(r) = — mpe chzie*“"’(r) (1.5)
€ -
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The assumption that we can describe the actual bulk charge distribution in terms of
the average potential ¢(r) makes the PB equation an example of a mean field approx-
imation.

It is expedient to consider only monovalent symmetric electrolytes where z, = +1

and z_ = —1. Then the summation in eq. (1.5) is simply,
Pios e ) = et — et w6
= p; —p_ = —2sinh ¢(r).
Using eq. (1.6) in eq. (1.5) we obtain,
V2¢(r) = k?*sinh ¢(r) . (1.7)
K = 8mc, g, (1.8)
where x is the Debye screening constant and
Ap = €e’B/e (1.9)

is the Bjerrum length, defined as the distance at which the interaction between two
unit charges is 1/3. The bulk dielectric constant € has been employed instead of the
local €(r). Equation (1.7) is the form of the non-linear PB equation used in most of
the work reported in this thesis. The fixed charges, e.g. charges of a colloidal particle
or a wall surface enter the problem through the boundary conditions specific for the
particular problem, as we see in the following chapters.

If the electric potential is so small that ¢(r) is everywhere much smaller than one,
eq. (1.7) may be linearized by expanding the sine hyperbolic function up the linear
term in ¢ to get,

Vo(r) = ?¢(r). (1.10)
Equation (1.10) is the well known starting point in the Debye-Hiickel (DH) theory for
strong electrolytes which deals with the calculation of the electric potential in the ionic
atmosphere around a reference ion. However, very close to a highly charged colloidal
particle where ¢ > 1, the use of eq. (1.10) becomes a highly questionable approxima-
tion. Nevertheless, eq. (1.10) has continued to find relevance in problems of charged
colloids, especially since the bare charge of a colloidal particle can be renormalized to
a much smaller effective charge. [5]

In most of the problems investigated in the present work, eqs (1.7) and (1.10)
along with the appropriate boundary conditions form various sets of boundary value
problems (BVP) which have been solved in most cases by numerical methods and in
some cases analytically with tolerable approximations. In some cases we have also
employed conventional Monte-Carlo (MC) simulation techniques [6,7], to verify or
compliment results with the PB-BVP formalism.
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1.4. Effect of interfacial walls

We here introduce the main subject of this thesis — the effect of interfacial walls on
macroionic colloidal suspensions. In particular, we are interested in how the colloidal
macroions in microionic solutions behave very close to interfacial walls formed by sub-
strates that may or may not have the same dielectric properties as the suspension.
The usual bulk behaviour (absence of dielectric interfaces) is expected to change sig-
nificantly when the macroions are in close proximity to a neutral or charged interfacial
wall, immersed in, or confining the suspension to a half-space. Examples are; elec-
trodes, container walls, air, probes, e.t.c. The expected change in behaviour near such

Bulk macroion Interfacial macroion
%

»

n +

+

+ +
I nterface . SRt

0 e - -

Figure 1.3: (a) A macroion in the solvent bulk with spherical EDL. (b) A macroion at an interface;
the spherical EDL is distorted and there may be image-charges in the €’-halfspace whose sign and
magnitude depend on the ratio €'/e.

interfacial walls becomes obvious from the following considerations (see Fig. 1.3):

e The particles no longer just interact with themselves but also with the walls —
the interaction may be significant if the wall is charged.

e Charged particles may have image-charges across the interface, resulting in ad-
ditional interactions.

e The particles’ degrees of freedom may be reduced, as in e.g. colloids trapped at
a liquid-gas interface.

e Symmetries around the macroion may be broken leading for example, to distor-
tion of the EDL.
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e The solvent is confined to a half-space.

While in bulk, charge stabilized colloidal suspensions have been the subject of a vast
number of theoretical and experimental investigations [2, 8-11], a lot more still needs to
be done on understanding the structural properties of interfacial colloidal suspensions
which have received only a handful of consideration in the literature [12-17], in most
of which the specific roles of the interfaces are lacking. Interfacial suspensions are well
suited as model systems to study, in general, the basic effects of dielectric discontinuity
on the structural properties of a suspension of charged objects, be it an ion near a pro-
tein or a single DNA molecule (carrying a large net charge) near a membrane [18-22].
With respect to membrane/electrolyte systems, only a few studies exist that have yet
addressed the question of image-charge effects [23,24]. Furthermore, the importance
of studies on interfacial suspensions is underscored by the ongoing debate in the liter-
ature [25-29] about the unexpected findings of attractive interaction between colloids
near and between planar glass walls [30-32] and curious structures at the air-water
interface [33-36]. A clear understanding of the specific role played in these findings by
the effect of interface walls, e.g., image-charges is a necessary prerequisite for coming
to any consistent interpretation of the experimental observations.

1.5. Relevance to experimental studies

The studies reported in this thesis are theoretical, and theoretical models are often
caricatures of the real systems probed in experiments and applications. This is mainly
due to simplifying approximations and averaging to make the system tractable to
mathematical analysis. A typical example is the protein, where the complex three-
dimensional structure of the polymer may be averaged into simple geometries like
spheres and rods.

Nevertheless, good theories, in spite of approximations are able to interpret ex-
perimental data qualitatively and/or quantitatively, and have the advantage of mak-
ing predictions where existing experimental apparatus and materials have limitations.
That has been the guiding principle in our studies — to interpret experimental results
and make predictions to guide further experimental studies.

To mention some examples: In chapter 2, we have obtained simple analytic ap-
proximate expressions for effective interaction potentials of a system of one macroion
and a charged planar wall. One of these expressions is shown to agree remarkably
well with experimental measurements using the TIRM (Total internal reflection mi-
croscopy) technique. We then went further to provide in a systematic way, regions in
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the relevant parameter space where each approximate analytic potential can be used
in estimating the exact wall-colloid interaction potential.

The work presented in chapter 3, can be used to interpret an experimental observa-
tion by Kesavamoorthy et al [16], where stable macroions in suspension suddenly pop
up and get trapped at the air-water interface.

Crystallization of macroions at the air-water interface with a supporting substrate,
studied in chapter 4, was originally motivated by an experiment on two-dimensional
protein crystallization in an interface between the protein solution and an oxygen
atmosphere, with mercury as the supporting substrate [37]. Our results, however,
showed that a certain class of dielectric material other than that to which mercury
belongs should make a better supporting substrate in macroions crystallization.

1.6. Outline and overview

In this section we outline the various studies presented in the remaining chapters. We
give an overview of the objectives, methods used and results obtained in each chapter.
A few general remarks are necessary: Each chapter proceeds with an introduction
which sets the problem of the topic and a short review on it. An appendix to clarify
points made in a chapter appears at the end of that chapter. The meaning of a symbol
should be taken from its definition — closely related symbols may represent completely
unrelated quantities, as can be seen directly from the list of some symbols provided in
P. xi. Also provided is a list of abbreviations (P. ix).

The main studies are presented in chapters 2 to 5, while in chapter 6, we give a
brief summary of the results and an outlook on the subjects for further studies.

Chapter 2 deals with the electric double-layer force between a charged colloidal
sphere and a charged or uncharged dielectric planar wall. To introduce the problem
and to uncover the basic physics involved, the effective wall-colloid potentials that
one obtains in linearized PB theory is first reviewed. The important key concepts
in this context are: charge renormalization, confinement effects, charged interfaces,
and image-charge effects due to the dielectric discontinuity at the wall. Starting from
the potentials derived in linear theory, approximate wall-colloid potentials are derived
that are valid also in the parameter regime where the non-linearity of the Poisson—
Boltzmann equation becomes important. The range of validity of these potentials
is systematically investigated by comparing them with potentials based on the exact
numerical solution to the PB equation. The important parameters of the calculation are
the salt content of the electrolyte solution, the colloidal sphere radius, and the surface
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charge densities on both the wall and the colloid. The chapter closes with a short
report of an optical experiment that has been performed to measure the approximate
wall—colloid potentials investigated here.

Chapter 3 is an extension of the work in chapter 2. Here the interfacial wall is
specified as an uncharged air-water interface which can be penetrated by the colloidal
particle. Still within the framework of linear and non-linear PB theory, we study the
effective interaction of a single charged colloidal sphere in an aqueous electrolytic solu-
tion with the air-water interface. The effects of varying the salt concentration and the
colloidal surface charge density on the effective interaction are investigated, with a view
to understanding some physical phenomena, which include electrostatic adsorption and
trapping at the air-water interface. Results show an electrostatic double-layer barrier
against the colloid approaching the interface. This barrier can be lowered considerably
by increasing the salt concentration of the suspension. At high enough added salt, the
charged colloid should be able to suddenly pop up at the air-water surface, an effect
which has actually been observed in recent experiments. The relevance of the results to
other experimental observations is also discussed, and we emphasize the close analogy
between the problem considered here and the classical problem of the interaction of
two colloids in a bulk suspension.

In chapter 4, we study two-dimensional systems of macroions trapped at the in-
terface between air and an aqueous electrolyte solution, in the presence of a dielectric
substrate approaching the air-water interface from the water side. Working within the
linear DH theory, we investigate how the microion-averaged interaction potential be-
tween the macroions is affected by the presence of the dielectric substrate. Using these
potentials in a one-component MC simulation, we further study the structural changes
and phase behaviour of the 2D colloidal system in response to the position of the sub-
strate relative to the air-water interface. The scope of investigation covers two classes
of colloidal particles, namely highly charged particles of tens of nanometers radius (e.g.
latex particle), and particles of a few nanometers radius carrying relatively small num-
bers of total charge (e.g. proteins). Probing the bond-orientational order parameter
®g as a function of the 2D particle surface fraction ¢g,s and the air-water/substrate-
water separation distance L, our simulations show that structural formations at the
air-water interface are strongly influenced by the presence and the dielectric nature of
the supporting substrate. Specifically, our [L : @gu] phase diagrams reveal that the
transition from the fluid to the crystal phase is shifted to higher surface fractions, if
the approaching substrate is metallic, and to lower surface fractions, if it has a very
low dielectric constant. These phase diagrams may be useful for choosing materials
and substrate interfaces for growing, e.g. the elusive crystals of protein particles in 2D.
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Chapter 5: As opposed to the previous chapter where studies are based on the
DH theory and one-component MC simulation, we here employ non-linear PB theory
and primitive MC simulation in cell model approximations, for suspensions where the
macroions are just below the surface. In primitive model simulation, all types of ions
in the suspension are explicitly accounted for. We investigate some properties of the
interfacial colloidal suspensions, which include the total electrostatic force acting on a
macroionic sphere due mainly to image-charge forces and confinement. We also show
how these effects can modify the effective charge of the interfacial macroion. For a
broad range of possible system parameters used in the calculations, it was possible to
scale down the parameters in both the MC simulation and the PB theory in the salt-free
approximation. The MC simulation result also reveals effects due to correlation and
finite-size of the microions integrated out in most PB theories. We discuss how both
confinement and image-charges affect the structural properties of interfacial colloidal
suspensions.

Note on bibliography

Finally, we mention some few books and papers, which may or may not have been
cited directly in the text, but have played a vital role in the writing of this thesis.
They include: the highly recommendable book of Verwey and Overbeek [2] dealing
with the theories of EDL; Books by Schmitz [8],Russel [38], the review articles of
Nigele [10], Lowen and Hansen [39] for a good introduction to the field colloids and
EDL theories; the books of Israelachvili [3] and Overbeek [1] on surface forces; Evans
and Wennerstrém [9], an interdisciplinary book; a collection of articles on experiments
edited by Arora and Tata [11]. Most of our needs on computer simulation techniques
were met by the books of Allen and Tildesley [6] and Frenkel and Smit [7]. The
old but classical paper by Stillinger [40] on DH theory of interfacial macroions, and
the experiment of Pieranski [12] on two-dimensional colloidal crystals at the air-water
interface formed the backbone and motivation for most of this work, which in turn has
resulted directly or indirectly in the following list of papers:

1. H.H. von Griinberg and E.C. Mbamala, Colloidal suspensions at dielectric inter-
faces, J. Phys.: Condens. Matter 12 (2000) 10349-10370.
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particle with an air-water interface, J. Phys.: Condens. Matter 14 (2002) 4881-
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Effective interaction: A charged
colloid with an interfacial wall

2.1. Introduction

This chapter is concerned with the apparently simple question of how a charged col-
loidal spherical particle (hereafter colloid or macroion) inside an electrolyte solution
interacts with a planar wall which has a dielectric constant that is different from that
of the solution and which may or may not bear any surface charges. That the answer
is, in fact, not straightforward, becomes obvious from the list of observations made
already in sec. 1.4, chapter 1, where the structure of the double layer of a spherical
particle undergoes a sharp alteration very close to a wall. For a charged wall, there is
an additional complexity arising from the double layer formed by the fixed charges on
the wall and the mobile electrolyte ions. The complex density distributions of the mi-
croions around and between the colloid and wall for every possible wall-colloid distance,
further complicate the calculation of the grand potential, the relevant thermodynamic
function of the system. This quantity, when seen as a function of the wall-colloid dis-
tance, can only be regarded as the effective wall-colloid interaction potential where the
term ‘effective’ is a reminder to the fact that an initial multi-component system has
been reduced to a smaller system consisting of just the colloidal sphere and the wall.
Obtaining such effective wall-colloid potentials is the main subject of this chapter.

To show that this subject, besides being fundamentally interesting, is also of prac-
tical interest, a few recent experiments are here recalled, where charged latex colloids
or biocolloids near an interface play a major role. There is a series of optical exper-

13
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iments where the effective pair potentials between colloids near a glass surface have
been measured, with the surprising finding that at long range, colloids may attract each
other, even though they bear like charges [30-32,41-43]. As earlier mentioned, this un-
expected attraction has caused a long theoretical debate on whether or not this can be
explained within the Poisson-Boltzmann (PB) theory [25-29,44-47], and has also been
interpreted in terms of hydrodynamic interactions [48]. Another set of studies related
to this topic are concerned with the adsorption of charged poly-electrolytes, specifically
DNA molecules, on fluid or glass-supported cationic lipid bilayers [18-22, 49, 50], where
image-charge effects might be of considerable importance [51]. Finally there is the
TIRM, an optical method based on the evanescent wave near an interface, designed to
measure the interaction between a single colloidal particle and a wall [52-57]. There will
be a short report on a TIRM experiment in the last section of this chapter. Another
interesting example can be found in Ref. [58] where the effective interaction between a
biological cell and a smooth surface has been studied using the TIRM method. Other
works related to the present subject include studies of the interaction and structural
properties of interfacial colloidal suspensions [13, 59, 60], wall-induced layering in col-
loidal hard-sphere glasses [61], and super-cooled colloidal suspensions [62]. There are
studies on image-charge effects on colloidal crystal ordering [14,15,17], the huge field
of lipid-protein interaction—see for instance [24]—and works on colloidal aggrega-
tion [33], two-dimensional crystallization and melting [12, 16] affected in someways by
interfacial walls.

The procedure here is to solve the PB equation numerically to determine the mean-
field electrostatic potential and, from it, the effective interaction potential between the
colloid and the wall. We compare the numerically determined potentials with approx-
imate analytical potentials obtained through linearized and corrections to linearized
PB equations, and check systematically in what parameter regimes these potentials
can be used. Carnie and co-workers (see e.g. Refs [63-68]) have made similar studies
on the interactions between two similar or dissimilar spheres in the bulk electrolyte
solution, including recently [67] a sphere and a plate. In most of these studies, they
have compared results obtained by numerical solution of the PB equation with those
from approximate models, e.g. the linear superposition approximation, the Derjaguin
method, etc. Warszynski and Adamczyk [69], also treating two dissimilar spheres and
sphere/wall interaction, have gone a step further in their numerical scheme, to include
the electric field distributions within the particles and wall which are usually neglected
in most studies including the present one. Bhattacharjee and Elimelech [70] used a
method that they referred to as surface element integration to determine the van-
der-Waals and electrostatic double-layer interaction between a sphere and an infinite
plate, starting from the well-known energy of interaction between two infinite paral-



Section 2.2 Formulation of the problem 15

lel plates. Their method, which basically integrates the flat-plate interaction energy
per unit area over a planar projected area on the particle surface, seems to agree well
with a numerical solution of the problem and improves on the conventional Derjaguin
method.

In the three studies [67, 69, 70], the PB equation has been solved in the sphere/wall
geometry and compared to approximate models that are often themselves based on
numerical solutions. The philosophy here is somewhat different: we obtain less sophis-
ticated analytical potentials, similar to those to be found already in classical books
on colloid, e.g. by Verwey and Overbeek [2], which have however the advantage of
being more handy for experimentalists as they are of purely analytical form. This, in
conjunction with the fact that we have systematically explored the range of validity
of these potentials, should make this study useful primarily to those who need a quick
estimate of the wall-colloid interaction energy but not the best accuracy possible. An-
other feature of the study here is that we emphasize the role played by image-charges.
Contrary to other studies, we have taken account of their contribution to the effective
wall—colloid interaction potential, which results in a non-zero interaction even when
the wall is uncharged.

The next section (sec. 2.2) is devoted to the formulation of the PB boundary value
problem (BVP) and clarifying the concept of ‘effective interactions’. This is followed
by sec. 2.3 where a detailed discussion of studies on the effective wall-colloid inter-
action based on the linearized PB theory is made. Potentials obtained by non-linear
corrections to the linear-effective potentials are presented in sec. 2.4, and their range of
validity discussed in sec. 2.5. The chapter closes with a brief discussion on the TIRM
experiment (sec. 2.6).

2.2. Formulation of the problem

We consider a charged spherical colloid in the vicinity of a planar interface between an
electrolyte solution and a dielectric substrate. At this interface, there can be additional
static surface charges. The electrolyte is assumed to be unbounded; that is, there is a
reservoir of electrolyte ions coupled to the system, so the number of ions in the system
can vary. The thermodynamic variables that are fixed are thus: the temperature 7', the
chemical potential of the salt ions u,, and the volume of the system V. The ensemble
that we work in is then the grand-canonical ensemble with the grand potential 2
being the relevant thermodynamic potential. The principal question that guides this
study is: how does the grand potential of the whole system depend on the distance
h of the centre of the colloidal particle from the interface wall? This function can be
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regarded as the effective wall-colloid interaction potential [71,72]. The strategy here
for calculating the effective potential is, (i) to solve the mean-field PB equation for a
fixed wall—colloid distance h to determine the electrostatic mean-field potential ¢, and
(ii) use this potential to evaluate the grand potential. Repeating this procedure for
varying h, we then obtain the effective interaction potential as a function of h.

The colloidal sphere of radius a bears Z negative surface charges, while the confining
wall has a surface charge density of —eo,,. These charges, which are fized, in contrast to
the mobile salt or counterions ions (of screening constant &), enter the problem through
the boundary conditions. Let us call the boundary given by the z = 0 interfacial wall
0G,, the surface of the colloid particle 0G., the region of the electrolyte solution
between the two surfaces GG, and the negative z < 0 half-space G.; see Fig. 2.1. At

Substrate Interfacial wall Electrolyte Colloid surface

G< aGw G aGc

Figure 2.1: The model system: a colloid of charge —Ze and radius a inside an electrolyte solution
of dielectric constant €, a distance h away from a substrate of dielectric constant €.

0G. we then require the normal component of the electric field to be identical to the
colloidal surface charge density o, = Z/4ma? (the constant-charge boundary condition),
while at 0G,, we must demand that the normal component of the electric displacement
field jumps by the amount 4reAgo,,. With the boundary condition at dG., we have
assumed (for simplicity) that the dielectric constant of the colloid is vanishingly small.
In addition, we assume that the potential vanishes at infinity.

The PB equation, eq. (1.7) along with these boundary conditions, then leads to the
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following BVP for the potential, ¢(r):

V3¢ = k?sinh¢ reG

V¢ = 0 reG.

en,, V¢‘z:0+ —é'ny,, V¢‘z:0_ = 4dmelgo, T € 0G, (2.1)
n.Vo = dnlgo, r € 0G,
o = 0 r — oo

where ¢ is the dielectric constant of the substrate. n,, and n, are unit outward vectors,
normal to the surfaces of the wall and the colloidal sphere, respectively, and pointing
towards G. Since there is still rotational symmetry about the z-axis (see Fig. 2.1),
eq. (2.1) can essentially be represented in two spatial variables, i.e. 7 — (s, z) where

s = /2% + 3%

Furthermore, in the numerical scheme to solve the BVP, eq. (2.1), the complex
boundaries of the real system are mapped into simple rectangular boundaries. This
is achieved by converting the (s, z)-coordinates to the bispherical coordinate (BSC)
system (7,6, ¢) [73], as has been done by others before [65,74,75]. Here and in the
next chapter, the general procedure in the numerical scheme involves expressing the
Laplacian appearing in the PB-BVP in the appropriate coordinates. The mildly nonlin-
ear elliptic BVP, in which the nonlinearity arises solely through the potential function
is reduced to a sequence of linear elliptic problems by the Newton-Raphson itera-
tion method [76, 77]. Each iteration requires the solution of a linear elliptic problem,
achieved using the HERMCOL [77], a publicly available code. This method uses a
fourth-order discretization based on collocation with bi-cubic Hermite basis functions.
The resultant linear equations are then solved with a band solver. And the resulting
potential in every iteration is used in the numerical integration for the grand poten-
tial, also expressed in the appropriate coordinates. This continues until the iteration
converges to the desired accuracy.

2.2.1. The boundary value problem in bispherical coordinates

Scaling all lengths by x~! and introducing

Sw = )‘Baw/’{
Se = ABoc/K (2.2)
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the BVP of eq. (2.1) for the special case € /e = 0 can be written in the following form:

V2p sinh¢p red
n, Vo = A4drg, r € 0G,,
n.Vo = d4dng, r € 0G,

o = 0 r — 00.

(2.3)

In the absence of any charged body (e.g. the colloid) in the electrolyte solution,
the problem reduces to only the double layer of the wall. The solution of the resulting
BVP is the Gouy-Chapman potential ¢“C given in eqs (2.47) and (2.48). We define
the potential qNS as the difference of the true potential ¢ and ¢““ which leads to a new
BVP in ¢%C and ¢ as follows:

V2$ = sinh(¢+ ¢%C) —sinh¢C re G
n,Vé = 0 r € 0G,
n.Vé = drg, —n,VeGc r € 0G,

p(c0) = 0 r — oQ.

(2.4)

We thus calculate not the double layer in front of the wall, but its perturbation due to
the charged colloid.

The BSC are related to the cylindrical coordinates (s, z), where s(z, y) is the radial
part; z = (bsinf cos ¢)/(coshn — cos#) and y = (bsin#sin ¢)/(coshn — cos ). Hence,

bsin 6
s = ———
coshn — cosf
(2.5)
bsinhn
VA =

coshn — cosf’

Using eq. (2.5), the region external to the colloidal sphere becomes the rectangular
domain (Fig. 2.2 with n; — ng in (¢)): my < n < n. and 0 < 0 < 7, where 1y = 0 and
n. are coordinate surfaces of constant 7 corresponding to the interfacial wall and the
colloid respectively.

The constant 1 spheres are of radius I, and their centres are at a distance C,:

kb
= sinh n
(2.6)
kbcoshn
= ———— = hn.
Cy Sinh 7 kbcothn

The constants b and 7, are defined by requiring that R, = ka and (), = kh.
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Figure 2.2: The bispherical coordinate system: The system consisting of the colloidal sphere and its
image across the interface (z=0), in the (s, z)-coordinates in shown in (a). In (b), the region external
to the sphere whose surface corresponds to a constant n-coordinate surface, 7., can be mapped onto
a rectangular volume, V5 as shown in (c).

We can now write the BVP in eq. (2.4) in terms of the (7, #)-coordinates, expressing
the Laplacian also in bsc [73] and using the boundary conditions for ¢ on the four sides
of the rectangle (see Fig. 2.2(c)) as follows:

. 1 — cosh, cos 6 Arrbe,
0,0 _ = 2kbsinh(®,,/2) — 1L s

N="c

(coshn. — cos#)?  (coshn. — cosf)
3nq~5‘n:0 - a9q;|e:7r - a"‘ﬂe:o =0 (2.7)
6(n=0,0=0)=0.

For the new BVP we can now employ the Newton—Raphson iteration scheme, which
takes the form

V2hn 41 — cosh(dn + ¢%C) dpi1 = sinh (@, + ¢“C) —sinh ¢ — cosh (¢, + ¢“) b, (2.8)

where a new estimate (/3n+1 of the solution of the non-linear PB equation is obtained
from a previous estimate, ¢,,.

And once we know ¢, we can proceed to calculate the grand potential of the system:

2.2.2. The grand potential

For our system, assumed to be coupled to a reservoir of electrolyte ions, the number of
the microions is not fixed, and the appropriate thermodynamic function is the grand
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potential, .

In the grand-canonical description, the bulk concentration ¢, of electrolyte ions
(monovalent salt) is a fixed input parameter of the calculation, and is directly related
to the chemical potential of the salt, Bu, = logcsA3., with A3, being the usual thermal
wavelength. The local density of positive/negative microions can be obtained from
pr = c,eT®, so the net charge density at a given point r in the solution is p(r) =
p+ — p_ = —2c¢,sinh ¢(r), and the total ion number density is py + p_ = 2¢, cosh ¢(r),
see eq. (1.6).

Von-Griinberg [78] in the manner of Netz et al [79-82], has employed a field theoretic
formulation of the grand canonical ensemble partition function, to obtain €2 for our kind
of system. Following Ref. [78], the grand potential for our system in units of the thermal
energy, € can be written as:

1 2 €/e 2
o /Gdr (Vo) + - /G< dr (V9)

ns /G dr py(log piAd — 1) (2.9)
i=+

O =

- ,B,us/ dr (py +p_) +/ dr 2c;,.
G G

The first and second terms give the energy stored in the electric field in G and G~
respectively. The third gives the entropy of mixing of the microions, and the last terms
account for the fact that the number of ions in the system varies. The energy of the
Z elementary charges on the colloid surface in their own Coulomb potential (Z?\p/2a
which diverges if a vanishes), is contained in eq. (2.9). On substitution of p.(r) and
Biis, €q. (2.9) becomes

O = ! [/Gchr(V<;s)2+€—l/G<dr(vgb)2

8T AB €
+2,.;2/ dr (¢sinh ¢ — cosh ¢ + 1)} . (2.10)
G
Using Green’s first identity, we can decompose the terms [ dr (V¢)?, to have
1 €
pQ = ST [— /ac;w ds [nw Vonl, o, — ~Dw Vn Z_O_} on
— / dS n. Vo, ¢y, + /~€2/ dr (¢ sinh ¢y, — 2 cosh ¢y, + 2)} ) (2.11)
aG. G

This can be further simplified by inserting the boundary conditions of the BVP in
eq. (2.1), which leads to

Oy

B = —— ds th—ﬁ/ ds qﬁh—i—cs/ dr (¢y, sinh ¢, — 2 cosh ¢y, +2). (2.11a)
2 Joa, 2 Jac, G
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The position of the boundary G, in eq. (2.1) depends on the wall-colloid distance
h, thus for one specific value of the external parameter h, we have one BVP to solve.
In eq. (2.11), we have thus written ¢, to stress that ¢ still depends parametrically on
h, and so does the grand potential. It was however, found more convenient (only in
this non-linear numerical scheme) to calculate the force on the particle and integrate
it with respect to A to obtain the grand potential. The force calculation (in bispherical
coordinate system) is given in the appendix (sec. 2.8.1).

We define the effective wall-colloid interaction potential SV (h) as the total change
of the grand potential when the colloidal sphere is brought from the bulk, h = oo to a
finite distance A close to the wall:

BV (h) = B(Qn — Qo). (2.12)

With the numerical solution of eq. (2.1) used eq. (2.12), we thus arrive at the effective
interaction potential in full non-linear PB theory.

2.3. The interaction potential in linear theory

Due to the non-linearity of the PB equation, the BVP of eq. (2.1) can in general only
be solved numerically. Analytical work is feasible merely in the special case where ¢
is everywhere smaller than one, in which case linearization of the BVP of eq. (2.1)
becomes possible. But even then, as we will see soon, further approximation is needed
to arrive at analytical expressions for the effective potential. Nevertheless, we begin by
studying the linear case, mainly for the reason that the basic features of our problem
can best be understood at this level of approximation. In sec. 2.4, we return to the
non-linear theory formulated in eqs (2.1) and (2.11).

Linearizing the PB equation in eq. (2.1) leads to the following BVP:

V¢ = k2¢ reG
Vi = 0 reG.
€n,, Vqﬁ‘z:(H —€'ny,, V¢‘z:o— = 4dmelgo, T € 0G, (2.13)
n.V¢ = drlgo. r € 0G,
o = 0 r — 00.

The grand potential, too, becomes much simpler after the linearization, because the
volume integrals in eq. (2.11a) vanish due to the fact that ¢y, sinh ¢, —2(cosh ¢, —1) = 0
if ¢ < 1. This leaves us with

Oy

B = =22 [ dS ¢, — @/ ds ou. (2.14)
2 Jaa, 2 Jaa.
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We see that, in linear theory, the grand potential reduces to just the electrostatic energy
of the system—that is, the electrostatic energy which the colloidal (o.) and interfacial
charges (o,) have in the mean-field potential ¢. Carnie et al solved this BVP and
calculated the effective colloid potential from it [66], which they later on compared with
the numerical solution of the full PB equation [67]. Related studies on the double-layer
interaction of two spheres in linearized theory can be found in [63, 68, 83].

2.3.1. The uncharged interface: interaction in the point-ion
approximation

The case of an uncharged interface (o, = 0) already reveals most of the physical
content subsumed in the effective wall—colloid pair potentials. That there is a non-
vanishing effective interaction potential even in this case might at first seem surprising,
but it becomes obvious if one realizes that the ionic double layer surrounding the
colloid is heavily distorted from its usual bulk shape by the presence of the wall that
is impenetrable to the ions. In addition to this confinement effect, we have to expect
image-charge effects arising from the dielectric discontinuity across the interface. We
now aim to discuss both effects by considering the case of a colloid near an uncharged
wall.

Since the BVP of eq. (2.13) still poses severe problems due to the complicated
geometry of the region G, i.e., the shape of the boundaries 0G. and 0G,,, we simplify
the problem a little further, and replace the colloidal sphere of finite size by a fixed
point-charge ton—an approximation that is applicable when the particles are separated
by distances much larger than their radii. We will refer to the case of a colloid of finite
size in linear theory in sec. 2.3.2. For such a point-charge, the linearized PB-BVP of
eq. (2.13) takes the form

V2 = w2+ A4nApZ[5(h— 2)é,

+0(z)é, + d(y)é, reG
Vi = 0 reGe (2.15)
en, Vo|,_,, —€n,Vo| = 0 r € 0G,
o = 0 r — oo,

where we used the fact that o, = Z/4ma®. This BVP has long been solved by Still-
inger [40], and independently by Schmutzer [84]. The Stillinger solution for the po-
tential around a reference point-ion of charge —Ze at the distance h (see Fig. 2.1)
reads

St(s,2) = —Zk)p / de Jo(/fusﬁ)% (e7"I==hl 4 g (0)erl=tm)Ey (2.16)
0
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where s = s(x,y), £ = (1 + £2)"/2 and £ is just a convenient dimensionless variable
having no physical meaning. J, is the zero order Bessel function and the quantities
X(¢) and y are given by

el —el  all+10)—1¢

b = drel all —€)+ ¢ (217)

and ,
€—¢€

e+
where o = €/(e + €') gives a relation between the dielectric constants of the electrolyte
solution and the substrate. The nature of the Stillinger potential can best be under-
stood in the infinite-dilution limit x — 0, when eq. (2.16) becomes [40]

X =2a—1 (2.18)

1 n X
vt — hé,|  |r+he,l]|

Py(s,2) = —Z\p (2.19)
In this limit, there is no screening by salt ions any more, and we are left with the
purely electrostatic problem of a single point charge near a dielectric substrate, which
is the classical test case for the image-charge method [85]. And, indeed, the second
term of eq. (2.19) can readily be identified as the potential due to the image-charge at
z = —h, while the first term is just the simple Coulomb potential of our original charge
at z = h. This image-charge has a magnitude of xZe. The Stillinger potential in
eq. (2.16) for finite x has very much the same structure, with the first term, the direct
term, coming from the (now screened) point-ion and the second term, the indirect
term, arising from the screened image-charge. Consistently with this association, the
first term becomes in the bulk limit (infinite wall—colloid distances) just the Yukawa
potential of the standard DH theory, while the second term vanishes.

In order to arrive at an effective potential, we next need to determine the grand
potential as a function of h. Equation (2.14) in our case (uncharged wall, point-ion)
becomes

B0n= =7 lim  gi(s,2) — BWOP. (2.20)

s—0,2—

Here we need to subtract the divergent Coulomb self-energy SW*F of the point-charge
for the grand potential to be finite. It is better to write

Z .
ﬂQh = _5 s—}égl—)h [ ft(sa Z) - QSI?(Sa Z)] (221)
where
C 1 00 —k|z—h|l
oy, (8,2) = —ZA\p———— = —ZKAp Jo(ksl)e d/¢ (2.22)
v — hé,| 0



24 Effective interaction: A charged colloid with an interfacial wall Chapter 2

is just the direct Coulomb potential of the point-charge, which we have rewritten using
the identity [40]

1 o
o K/ Jo(kst)e™ ¢ d. (2.23)
0
Placing eq. (2.22) and (2.16) into eq. (2.21) and taking the limits, we obtain
Z%kdp [ I 7
8Q, = 248 / de (: + = x()e 2K 1) (2.24)
2 0 I
which for h — oo becomes
ZQ o] ZQ
B0 = ”’\B/ d (é . 1) __ZKs (2.25)
2 J, 7 )

This latter energy looks familiar from the DH theory, where it is known as the DH self-
energy, i.e., the interaction energy of a point test ion located in the bulk of a symmetric
electrolyte and interacting with its ion atmosphere. With eqs (2.24) and (2.25) we have
finally arrived at the effective wall-colloid interaction potential:

VAT /°° Call+0) =€ o
Vii(h) = B(Qh — Qo) = T
BVulh) = (i = o) o La(l—0)+¢

5 (2.26)

The integral depends essentially on o (= €/(e + €') and kh and can be evaluated only
numerically. But in the two most interesting limits, « = 1 and a = 0, eq. (2.26) reduces
to simple Yukawa-like potentials:

ZQKZAB e—?h‘,h ]
BVsi(h) = 5 < 5T ) ifa=1 (2.27)
and
ZQI{/\B e—Qrch )
BVsi(h) = — 5 ( 5 ) if = 0. (2.28)

The oo = 1 case is the limit where the dielectric constant of the substrate €, is much
smaller than that of the solution (realized, for example, in the case of a glass-water or
air-water interface) that ¢ can be neglected against ¢; €’/e ~ 0. The opposite limit,
€/€ ~ 0 (o = 0), describes the case where a substrate of extremely large dielectric
constant is in contact with a solution of much smaller dielectric constant, e.g., a metal-
water interface. In the limit of zero salt concentration (k — 0), we know from our
discussion of eqs (2.18) and (2.19) that in the two limits, « = 1 and « = 0, the point-
charge has image-charges of the same magnitude. They differ, however, in their charge
polarity, having the same polarity when o = 1 and just the opposite if & = 0. Thus, the
point-charge at position h sees a potential +Z\g/2h and the wall—colloid interaction
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potential is FZ%\p/4h, which is negative if o = 0 and positive if & = 1. A single point-
charge in water is therefore attracted to a metal surface, but repelled from an uncharged
glass surface. Now, if there are salt ions present (x > 0), this changes only inasmuch as
the image charge is screened by the salt ions, which produces just the screening factor
e~2%h in the potential, £ZAge~2¢"/2h, and the interaction potentials then become the
screened Yukawa-like potentials of eqs (2.27) and (2.28). These effective potentials can
therefore be understood as the interaction of the point-charge with its own screened
image-charge, which is attractive if ¢ > e and repulsive if ¢ < e. All other cases,
0 < a < 1, are covered by the effective potential of eq. (2.26), which when plotted
against the distance from the planar interface always lies between those of egs (2.27)
and (2.28), as is evident from Fig. 2.3.
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Figure 2.3: The effective wall—colloid interaction potential 3Vs;(h)/Z?Agk of eq. (2.26) for various
values of a = €' /(e+¢€'), calculated in linear theory. The macroion is considered as point-like (ka = 0).

In Fig. 2.4 we show the effective potential of eq. (2.26) when the point-charge
nearly touches the wall (kh = 0.8,1.0,1.2), as a function of . This quantity may
be interpreted as the energy gained or lost in bringing the point-ion from infinity to
the surface of the wall, and can be used to make predictions about the adsorption
behaviour of colloids on dielectric walls. We see that adsorption is favoured if a = 0,
while desorption is favoured for e = 1, as one would intuitively predict from our simple
electrostatic considerations in the x — 0 limit.
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Figure 2.4: The effective potentials as in Fig. 2.3 (eq. (2.26)) at fixed values of xh, but here as
functions of a.

In his paper, Stillinger presented a similar curve (Fig. 2 of Ref. [40]) where the
interaction energy W of the point-charge at A = 0 with its ion atmosphere is plotted
as a function of . The far more important interaction between the point-charge and
its image has however been rightly subtracted due to divergence. This curve shows a
monotonic decreasing behaviour, with W changing its sign from + to — at a = 0.645.
From this figure, Stillinger predicts adsorption if & = 1 and desorption if @ = 0. This
conclusion is not correct since the mechanism for such adsoption is not favourable.
It is just the other way round, as we have seen, and the error is clearly due to the
neglect of the direct interaction of the point-charge with its image. The same error
has been made by Earnshaw [59] who predicts an electrostatic trapping of colloids at
an air-water interface due to decreasing interface—colloid interaction potential towards
the interface. The correct role of electrostatic forces in the trapping of colloids at the
air-water interface is clarified in the next chapter. However, it suffices from the above
discussion to say that a colloid in an aqueous suspension will be repelled from, and not
attracted to an air-water and similar interfaces.

If the substrate has the same dielectric constant as the solution, € = €' (i.e. « = 1/2),
there are no image-charges, as we can see from eqs (2.18) and (2.19). And still, the
colloid is repelled from the wall; see Figs 2.3 and 2.4. This is accounted for by the
fact that the shape of the colloidal double layer deviates from its perfect spherical bulk
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shape when the colloid approaches the wall. This is so because of the presence of a wall
which, though having the same dielectric constant as the solution, is impenetrable to
electrolyte ions. This distortion will restrict the motion of the microions, leading to an
increase in the free energy. Therefore, repulsion is to be expected, when the particle is
sufficiently close to the wall. We thus learn from Fig. 2.3 that the effective wall—colloid
interaction is dominated by two effects: the confinement effect, on the one hand, and
the image-charge effect, on the other, which both have a repulsive effect if « > 1/2, and
which compete with each other if & < 1/2 (this means that a case is conceivable where
the effective wall-colloid interaction is repulsive in spite of an attractive interaction
between the charge and its image).

Both effects are usually present, though their relative importance for the effective
potential is strongly dependent on . To discriminate between one effect and the other,
one has to choose a substrate having the same dielectric constant as the solution, thus
eliminating all image-charges and leaving just the confinement effect.

We remark that the potential, eq. (2.16) is well known in the theory of the electric
double layer. Most of the discussion on image-charge and confinement effects is usually
also in this context and can be found in good review articles on double-layer theory, for
example in Ref. [86]. Also potentials similar to eqs (2.27) and (2.28), have appeared in
the literature as early as 1924 in studies by Wagner [87] and Onsager and Samaras [88]
on surface tension of electrolytes.

2.3.2. Renormalizing the colloidal charge

We intend here to amend the potential around the test point-ion to take account of
the finite size of a colloid. This follows from renormalizing the colloidal charge from
Z — Z* = Z/g, a standard method known from the theory of effective colloid—colloid
interaction in bulk [71]. The primary error that is involved in representing the colloid
by a point-ion is that it allows microions to be in the region r < a (r is the distance
from the centre of the colloid, a its radius), where in reality they are excluded. If one
determines the total charge (colloidal charge minus the total charge of salt ions) inside
a virtual sphere of radius a, one obtains a charge Z which is only a fraction g of the
colloidal point-charge Z, Z = gZ. The renormalization trick now consists of the idea
of taking a larger value Z/g for the colloidal point-charge, so that the total charge of
all ions inside the sphere of radius, a becomes Z = gZ/g = Z, i.e. the actual charge of
the colloid. Then we can take this virtual sphere of effective charge Z as representing
our colloidal sphere of radius a. This should work well as long as the ion distribution
around the point-charge is essentially spherical, because the electric field outside a
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charged sphere contains no information about the field-producing distribution of ions
inside the sphere; any spherically symmetric distribution of the same total number of
ions inside a has the same field at r > a.

Let us start by considering the bulk situation (h — o0), where the electrostatic
potential around our colloidal point-charge in eq. (2.26) reduces to the usual DH po-

tential: P
e RT
o(r) = —==— = (2.29)
and the ion charge density becomes
ZK2e k"
= 2,0 = ———. 2.30
pr) = —2e,6 = = (2.30)
The net charge inside the virtual sphere is hence
Z=guZ=27-— 47r/ p(r)r? dr (2.31)
0
which leads us to the familiar result
1
oo = 10 (2.32)
eK;G

Translating these ideas now to the situation where A is finite, we have to carry out
a two-dimensional integration to determine the net charge inside the virtual sphere,
since the Stillinger potential depends on two variables, s and z (see eq. (2.16)):

h+a

p(2)
Z(1—gp) = 27r/ dz/ s ds pp(s, 2) (2.33)
h 0

—a

with pp(s, 2) = —2¢,¢3%(s, z) which is derived from the Stillinger potential and p(z) =

v/a? — (z — h)?. Using the integral identity

B B
/ Jo[Az]z dz = = J;[AB] (2.34)
0 \A
eq. (2.33) can be reduced to
) 1 5 i
=1— /O 107 (1+ (e ) ae (2.35)
with ;
10 =2 [ dg(¢ = )P 6 - €)1 e (236)
0

where & = k(z — h) and ( = ka. For ease of evaluation, we take the limiting case
X(l) =1 (a = 1) in eq. (2.35) and solve the resulting equation for g, by numerical
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integration. In Fig. 2.5, g5, is shown for various values of ka. It rises from the wall
(interface) and approaches, as it should, the bulk limit g, as kh becomes large. The
first value of each curve corresponds to a situation where h = a, i.e. where the particle
touches the wall. Interestingly, this first value becomes first smaller with increasing
ka, up to ka = 1, and goes up again for ka > 1. This behaviour allows us to draw
the conclusion that g, will never deviate by more than a few percent from g.,, and it
is thus not only convenient, but also a good approximation to replace g, by the much
simpler expression for g.,. This approximation will henceforth be adopted. We can best
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Figure 2.5: The ratio of the macroion charge renormalizing factor near the interface (gp,) to that of
the bulk (g ), versus the macroion—wall distance kh, for a = 1.

summarize the results obtained so far by repeating the effective wall—colloid interaction
potential for the case « = 1. This is a case that is naturally of prominent interest in
our context, since colloids in most experiments are suspended in aqueous solutions, and
water has a very large dielectric constant in comparison to practically most dielectric
wall materials, so making the assumption that €¢’/e — 0 is reasonably justifiable for
colloidal systems. In the following we shall therefore focus on this important limiting
case. Inserting Z/g. with g from eq. (2.32) into eq. (2.27), we obtain the potential

ZZeQnaK)\B e—2nh
2(1 + ka)? \ 2kh

BVsi(h) = (2.37)

which demonstrates that increasing particle size results in increased repulsion from the
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wall. The potential in eq. (2.37) is just half of the usual repulsive double-layer potential
of DLVO theory between two like-charged spheres that are separated by a distance 2h
from each other. This is clear: the BVP given in eq. (2.13) reveals that the normal
component of the electric field at the interface is zero in our case where €’/e = 0. This is
exactly the same situation as on the mid-plane between two identical spheres. In other
words, the electric field lines on the positive side of the symmetry plane are identical in
the two cases (wall-colloid and colloid—colloid). The only difference is that in the latter
case the total volume filled by the electrolyte solution is just twice the volume in the
former. Since the grand potential is obtained from the integration over this volume, it
produces just a factor 1/2, which then remains the only difference between eq. (2.37)
and the effective colloid—colloid interaction in the bulk.

2.3.3. The charged interface: the superposition principle

After having considered the case where the surface charge density at the wall is zero
(0w = 0), we now return to the starting point of this section, the BVP in linear theory,
formulated in eq. (2.13). The great advantage of linearization of the PB equation is that
one can make use of the superposition principle; that is, if one knows the electrostatic
potential ¢ for a single point-charge, one can calculate the potential for an arbitrary
charge distribution just by superposing the point-charge potentials. Therefore, we can
reuse the Stillinger potential (which is just the potential for a single point-charge) as
a Green’s function for the more complex distribution of fixed charges appearing in the
BVP of eq. (2.13).

To be specific, let us assume that the single point-charge, which in the Stillinger
BVP of eq. (2.15) has been located at z = h, is now at the position (hy, hy, h;). This
point-charge we now assume to have a charge +e. The Stillinger potential, given in
eq. (2.16), has to be modified then in the following obvious way:

9r(z,y, 2) = KAg /000 de Jo (kl[(z — hy)® + (y — hy)2]1/2)
14

e —k|z—h|E ~ —k(z+hz)
XZ (e + x(£)e ) : (2.38)

This function is in fact the Green’s function of the problem, eq. (2.13); see Refs [75, 89].
Given an arbitrary distribution of fixed charges o(h), we can now generate the corre-
sponding potential by convoluting o(h) with this Green’s function:

8,5, 7) = / 63 (2., 2)o(h) dh. (2.39)
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For example, setting o(h) = —Z6(h;)d(hy)d(h, — h) and performing the integration in
eq. (2.39) leads back to the original Stillinger potential, given in eq. (2.16). For the
homogeneously charged interface at z = 0, we demand o(h) = —0,,0(h,), which when
inserted in eq. (2.39) gives a potential

O-TU)‘B e—nz

¢0w (33, Y, Z) = —Ar (240)

K

that can easily be verified to be a solution to the BVP of eq. (2.13) when there is no
colloid. We note, in passing, that eq. (2.40) is independent of €, which is reasonable
since the electric field at z < 0 is zero and the dielectric property of the wall material
thus irrelevant. The general solution to the BVP in eq. (2.13) may be obtained from
convoluting

o(h) = —0ud(h,) — aca(\/hg + B2 + (h, — h)* — a) (2.41)

with the Green’s function, eq. (2.38) This, however, amounts to an inconsistency, since
we assumed a vanishing dielectric constant inside the colloidal sphere in our BVP of
eq. (2.13), while a superposition of potentials of point-charges fixed at the surface of
the colloids implies that the dielectric constant inside the sphere is the same as that
outside. But since this is a rather involved undertaking [63, 66] leading again to non-
analytical expressions, we must once more be content with the point-charge assumption
for the colloid:

o(h) = —0y,6(h,) — Z6(hy)0(hy)d(h, — h) (2.42)

resulting in a potential which is nothing but the sum of the potentials of eqs (2.16)
and (2.40), ¢3¢ and ¢7v.

To obtain the effective potential, we need to look back at eqs (2.12) and (2.14)
which lead us to

Ow

BV(h) = pVal) =G [ asait = S () (243)

where the first term is the effective potential in the case of an uncharged wall, given
in eq. (2.26), while the second and third terms give the interaction of the interfacial
charges with the field produced by the colloidal point-charge and vice versa. These two
latter terms are equal, so

BV (h) = BVsi(h) — Z¢°* (h) (2.44)
which for « =1 (¢'/e — 0) takes the form

Z2l€)\B e 2h Uw)\B _kh
T2 (2nh)+Z4ﬂTe '

BV (h) (2.45)
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From this expression it is evident that the colloidal point-charge interacts with two well
separated charge distributions at the same time: with the interfacial charges, on the
one hand, and the image charge, on the other. Both are screened, but one of them is

a distance h away, and the other 2h. The second term (~ e™*")

, describing the direct
interaction of the point charge interacting with the unperturbed double layer of the
charged wall, will therefore be the dominant one for larger distances. The image-charge
term, though having a pre-factor that goes as Z2, becomes important only for small
distances and small values of the ratio 0,,/Z. We expand on this further, below. Again,

renormalization of the colloidal charge is useful, thus:

72k ef2n(hfa)
BViin(h) = 3)2 (

g )\B _ _
ZAg—2C2 g rh—a) 2.46
2(1+ ka 2kh )+ Tk ¢ (2.46)

(1 + Ka)

We remark that Netz [79] in a recent work derived the Green’s function of eq. (2.38)
within a field-theoretic formalism. He considered the more general case, where there are
mobile ions within the interface itself (salty interface) and two solutions with different
salt concentrations and dielectric constants on either side of the interface. Such a
two-dimensional salt solution is realized, for instance, by membranes consisting of
cationic and anionic lipids [18-22, 49, 50]. Netz [79] shows that, though the interface on
average is still charge neutral, this planar accumulation of ions may lead to additional
electrostatic attraction between the wall and the colloid. Thus, the repulsive effect of
image-charges tends to be less pronounced if there are mobile screening ions in the
interface, but the distance dependences (~ e~2*" /2kh) of the two effects are the same.

2.4. Approximate potentials with non-linear correc-
tions

The BVP of the non-linear PB equation given in eq. (2.1) can only be solved numeri-
cally, and consequently, an analytical expression for the effective wall-colloid potential
that is valid in a parameter regime where the non-linearity becomes important is not
possible. And unfortunately, the condition ¢ < 1 for linearization is rather restrictive,
and most experiments are carried out in a parameter regime where this condition is not
fulfilled. One way out of this problem is to make use of the charge renormalization con-
cept, part of which has already been applied in the last section to take account of the
finite size of the colloid. Further renormalization of charge is possible for the purpose
of including, on a rather phenomenological level, non-linear effects [71]. Another way
to go beyond linear theory is to use the few known solutions to non-linear problems
in other geometries (for example, planar wall) in order to improve on the potentials
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calculated in linear theory. That is what we want to do here, starting from eq. (2.45),
which is valid for the case & = 1 (the only case considered in this section). Since we
can obtain the exact numerical solution of eq. (2.1) and with it the effective potential
in non-linear theory, eq. (2.11), we can test in what parameter regime and to what
extent these augmented potentials work. Testing of the validity of classical theories of
effective colloidal pair potentials against accurate numerical results has been done in a
similar way for two spheres in bulk [65, 89].

The BVP of eq. (2.1) can be solved analytically if there is no colloid in the electrolyte
solution, but just a charged planar wall. The solution, due to Gouy—Chapman theory [9]
can be written as

¢%“(z) = 4 arctanh[e™"* tanh(®,, /4)] (2.47)

with ®,, being the potential at the wall. The derivative of this potential with respect
to z at z = 0 is —2k sinh ®,,/2 which according to eq. (2.1) must be equal to 4w \goy,.
This gives the Graham equation [3, 9] relating the surface charge densities to the surface
potentials:

4T A0y = —2ksinh @,/ /2, (2.48)

where we have additionally introduced the subscript, c referring to the colloidal charge
densities and surface potentials. Using eq. (2.48), we introduce another abbreviation:

1 2T ABOw /.
Yw/e = [tanh @,,/./4| = tanh [5 arcsinh (w)] . (2.49)
K

If kz > 1, eq. (2.47) becomes
$9C(2) = —4ye (2.50)

because 7, cannot be larger than one. If &, < 1, eq. (2.50) reduces to the linear
potential, eq. (2.40).

The second term in the interaction potential obtained in linear theory, eq. (2.45), is
just the electrostatic energy of a point-charge Z in the unperturbed double layer of the
charged wall. We can go beyond linear theory and improve this interaction potential
just by taking ¢%“(2) of eq. (2.50) instead of ¢ (z), eq. (2.40), in expression (2.44).
This, along with the usual renormalization of charge Z/g (9o from eq. (2.32)), leads
to the potential

ZQ)\B ef2n(hfa) Z47
Vacu(h) = Y g r(h=a) 2.51
BVacu(h) 2(1 + ka)? ( 2h ) * 1+ /we ( )

which henceforth we call the Gouy-Chapman-based (GCH-based) potential. If the
surface potential of the wall becomes small, 3Vgcor(h) reduces to SVirn(h) of linear
theory, eq. (2.46), because ¢“(z) reduces to ¢« (z).
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If ka > 1, the colloidal sphere might be treated as a planar charged wall. We
can then use eq. (2.47) to represent also the double layer due to the colloidal particle.
Formally, this can be done by renormalizing the charge once more. Starting with
eq. (2.29) with Z replaced by Z*/g., and requiring ¢(a) to be just #“¢(0) of eq. (2.50),
one finds Z* = 47,.(1+ ka)a/Ap; see Ref. [71]. Using this Z* instead of Z in eq. (2.51),
we obtain

BVpia(h) = @emww) 4 16097 wiha). (2.52)

hAp AB

Conventionally, eq. (2.52) is derived by calculating the free energy of an electrolyte
solution in between two parallel plates having surface charge densities o, and 0. and
then integrating over these energies to account for the curvature of the colloidal sphere
(the Derjaguin approximation [2, 3]). However, we emphasize that this derivation gives
only the second term in eq. (2.52), while the calculation here includes also the image-
charge interaction terms. In the following, we will refer to the potential of eq. (2.52)
as the Derjaguin-based (DJG-based) potential.

The derivation of the potentials in eqs (2.51) and (2.52) might appear rather ad hoc,
and it is therefore an advantage that we can calculate correct mean-field interaction
potentials to test the validity of Vgor(h) and Vpse(h). The most prominent deficiency
of these two potentials is an obvious inconsistency: in just adding the image-charge to
the direct interaction one has still relied on the superposition principle that is strictly
valid only in linear theory, while introducing at the same time the double-layer po-
tential of the non-linear Gouy-Chapman theory. One should therefore expect a good
agreement with the potentials derived from PB theory only if the non-linearity is weak.
In the highly non-linear regime, this inconsistency is almost bound to produce a sub-
stantial error, and, as we will see, the case can occur where it is even better to ignore
the image-charge contribution than to include it in this inconsistent way.

We have now introduced four interaction potentials based on approximations that
are valid in different parameter regimes. These are Vp e (h) of eq. (2.52), Vaonu(h) of
eq. (2.51), Viin(h) of eq. (2.46), and, the limiting Stillinger potential Vs:(h) for the
uncharged wall, eq. (2.37). By comparing each of them with the exact PB solution ob-
tained from eq. (2.12), we aim to find out for what range of parameters these potentials
are reasonably good approximations to the exact PB mean-field potential. There are
again four parameters on which the four potentials depend, two specifying the surface
charge densities of the wall and the colloid, and two for the size of the colloid and its
distance to the wall, both in units of 1/x. While the latter two parameters are there-
fore just ka and kh, the first two are best expressed in terms of surface potentials, @,
and ®,,, which can be obtained from eq. (2.48) for any given pair of surface densities.
The parameters ®, and ®,, are only used here for convenience and are not intended
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to imply anything about the boundary conditions; we reiterate that we used constant-
charge boundary conditions in all of the calculations. For eq. (2.51), we need a value for
Z Ak, which is also specified by ®, using o, = Z/4ma?, then ZAgk = 2(ka)?|sinh ./2|.
To quantify the accuracy of the potentials under investigation, we define the relative
percentage error

(2.53)

lytical — ical
% Frror — (ana ytical — numerica > « 100.

numerical

This equation will reveal where the approximate theories overestimate (positive val-
ues) the interaction and where they are underestimated (negative values). Results are
presented for various ®,,:®. ratios up to 4:4, for particle radius xa from 1 to 10 and
minimum wall-particle distance x(h — a) up to 5. Table 2.1 relates some values of ka
and ®,,/. through the Graham relation, eq. (2.48) to 0y, a and Z for an arbitrary
screening length k~! = 50nm and Bjerrum length A = 0.715. This gives us a feel of
the bare parameters.

Table 2.1: Some values of the surface potentials ®,,,, and ka with the corresponding surface densities
0w/, colloid radius, a and number of charge, Z, for an arbitrary screening length, k7!
length, Ap.

and Bjerrum

k~! =50.0nm and Az = 0.715nm
Dy /e Ka Ow/c (nm™?) a (nm) Z
1.0 1.0 0.00232 50.0 73
2.0 2.0 0.00523 100.0 657
3.0 5.0 0.00948 250.0 7445
4.0 10.0 0.01615 500.0 50725

2.5. Further results and discussions

The Stillinger potential, Vs;(h): We begin the presentation of our results again with the
case of an uncharged wall and concentrate on Vg;(h) of eq. (2.37) (which is identical to
Vecn (h) and Virn(h) when @, = 0). In Fig. 2.6(a), we compare this potential with the
PB-based potential for &, = 1.0, 1.5, 2.0 taking a fixed value for xa of 5.0. Evidently,
the Stillinger potential tends to systematically overestimate the correct potential. To
quantify this error, we use the curves of Fig. 2.6(a) and calculate from eq. (2.53) the
percentage error for all three values of ®.; the results are shown in Fig. 2.6(b). For
®, = 1.0 the agreement between the PB-based potential and Vs;(h) is better than 10%
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for nearly all wall-colloid distances (x(h — a) > 0.6). Recalling that ® = 1 marks the
value where the non-linearity becomes important, this is what one would have expected
for the Stillinger potential, since it is derived in the linear approximation. For larger
values of ®., going up in the weakly non-linear regime only, we see that the Stillinger
potential soon becomes rather poor, with a percentage error as high as 30% at all wall—
colloid distances for a value of only ®. = 2.0. So far we have just considered the case
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Figure 2.6: Uncharged wall, ka fixed: (a) The interaction potential versus the wall-colloid mini-
mum separation, k(h — a); comparing the interaction potentials based on the approximate potential,
eq. (2.37) (labeled St), to the that based on the numerical solution (”Exact”) of the PB-BVP, eq. (2.1)
(labeled PB). Different values of the reduced surface potential ®. of the colloid are considered. (b)
The accuracy of the approximate potentials in (a), percentage error versus k(h — a).

ka = 5. To get a more systematic overview of the accuracy of Vs;(h), in particular for
different combinations of ka and kh, we now introduce a different form of presentation
of our data, used first by Glendinning and Russel [83] and later extensively by Carnie et
al [63,65]. Tt is that of indicating in the parameter plane [ka:xh| the regions where the
percentage error is less than 10%. In Fig. 2.7, we have plotted these lines of 10% error
for the Stillinger case, for the three values of ®. already used in the previous figure
(®. =1.0,1.5,2.0). Each line in this plot separates a region in the [ka:xh] space where
the magnitude of the error in Vg;(h) is under 10% from a region where it is greater than
10%. In this plot and all those of this type that follow, the arrows always point into
the region where the error is under 10% and thus where the potential investigated is a
reasonably good approximation to the exact PB-based potential. Since the Stillinger
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potential Vg, (h) depends merely on three parameters, ka, kh, and ®. (®,, = 0), Fig. 2.7
contains information on the error of Vg, (h) for all possible combinations of parameters.
We produce such contour diagrams from error curves like those of Fig. 2.6(b). For
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Figure 2.7: Uncharged wall (®,, = 0): Regions in the [ka : kh] parameter plane where the error
of the approximate potential, eq. (2.37), is below 10%. Arrows point to the regions with under 10%
error. The values of ®. are the same as in Fig. 2.6.

example, the error curve for &, = 1.0 in Fig. 2.6(b) is between —10% and +10% for
k(h—a) > 0.6, which is consistent with the solid line of Fig. 2.7 going through the point
(ka, k(h —a)) = (5.0,0.6) and with the arrow on the solid line pointing into the region
where k(h — a) > 0.6. Fig. 2.7 shows clearly that the Stillinger potential, eq. (2.37),
produces an error smaller than 10% for almost all values of ka as long as ®. < 1 and
k(h—a) > 0.6. Thus we can make the general statement that the Stillinger potential is
within 10% error over the whole linear regime (®. < 1) just as long as k(h —a) > 0.6.
For larger values of ®., this potential soon fails, as we have already noticed in Fig. 2.6.
For a moderately high value of the surface potential of only &, = 2.0, V;(h) has an
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error below 10% only if xa is rather small (ke < 1)—see the dotted line in Fig. 2.7—
and this is true for all wall—colloid distances. For even higher values of ®., the region
of validity of the Stillinger potential in the [ka:xh| plane will become even smaller, and
at ®, = 3.0 there is no point left in this plane where V;;(h) has an error below 10%.

The linear potential Virn(h) and the GCH potential Vgon(h): Let us now turn
to the case where the wall bears surface charges (|o,| > 0). Fig. 2.8(a) compares
the linear (eq. (2.46)) and the GCH (eq. (2.51)) interaction potentials, with the exact
PB-based potential, again for ka = 5.0 and &, = 1.0 and &, = 2.0 as in Fig. 2.6(a),
but now with a surface wall potential of ®,, = 1.0. Again, the analytic potentials
overestimate the correct potential for larger values of ®., which is shown more clearly
in Fig. 2.8(b), where the curves of Fig. 2.8(a) have been used to calculate the percentage
error according to eq. (2.53). Again, for ®. = 1, both potentials Vj,;n(h) and Vgeu (h)
show error less than 10% for almost all values of k(h — a), while the error for ®, = 2.0
can reach values between 30% and 40%. Because the Stillinger potential is part of
Viin(h) and Vger (h), this is what one would have anticipated from the failure of the
Stillinger potential in this weakly non-linear regime found in Fig. 2.6(b). Figure 2.8(b)
also demonstrates that Vgog(h) always has a smaller error than Vi y(h), a statement
whose validity we have tested for a large number of input parameters. As Vi;y(h) is
merely a limiting case of Vger(h) in the limit of small surface wall potentials, this
is not surprising; it is still reassuring to know that the replacement of eq. (2.40) by
#YC(2) of eq. (2.50) in the derivation of Vgog(h) does indeed mean an improvement
of the potential. As Vi;n(h) is thus contained in Vgon (h), we do not need to consider
it any further and can instead concentrate on Vgcom(h). An overview can again be
obtained from a contour plot in the [ka:xh| parameter plane, Fig. 2.9, showing regions
where the error is under 10%. We have generated this contour plot by analyzing error
curves like those given in Fig. 2.8(b). We tested eight different combinations of &,
and ®., fixing the colloid surface potential at &, = 1.0 and varying ®,, between one
and four in Fig. 2.9(a), while fixing the wall potential and varying the colloid surface
potential in Fig. 2.9(b). The two figures together now help us to identify the region of
the four-dimensional parameter space where the GCH potential is a reliable and useful
effective potential:

(i) As long as ®. < 1 and k(h — a) is well above one, Vo (h) is almost always a
suitable potential, working well even for very large surface—wall potentials and
showing only a very weak dependence on the colloidal size. That is what one can
learn from Fig. 2.9(a).

(ii) If the colloid surface potential @, is increased (Fig. 2.9(b)), the performance of
Vecnu (h) becomes poorer, and the region in the [ka:xh] plane where Vgeoy(h) has
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Figure 2.8: Charged wall, ka fixed: Comparison of the effective wall-colloid interaction potentials
based on (i) the linear potential (LIN), eq. (2.46), (ii) the approximate potential (GCH), eq. (2.51),
and (iii) the exact numerical solution of the PB-BVP. For a fixed wall-surface potential &, = 1.0,
the colloid surface potential is varied from ®, = 1.0 to ®. = 2.0. (a) The interaction potential,
4w ApKBV (h), versus the wall-colloid minimum separation, x(h —a). (b) The accuracy of the effective
potentials in (a), percentage error versus k(h — a).

a small error shrinks. For example, if ®,,:®, = 2:2, Vg (h) is useful only if ka
is small (ka < 2) (dashed—dotted line Fig. 2.9(b)).

It has earlier been pointed out that both approximate potentials, eq. (2.51) and eq. (2.52),
suffer from the same basic problem. In linear theory, the total electrostatic potential
around interacting charged objects in an electrolyte solution can be obtained just by
adding the separate potentials for each object in isolation, and as a result of this super-
position principle the effective interaction between the objects is a simple sum of terms
associable with the different charge distributions. This is not valid in non-linear theory,
and still both potentials, eq. (2.51) and eq. (2.52), are obviously based on this principle
as they are sums of direct and image-charge interactions. One might wonder whether
this inconsistency is responsible for the bad performance of Vgep(h) at high &, and
whether or not the inclusion of the image-charge effect in eq. (2.51) improves the effec-
tive potential at all. Figure 2.10 clarifies this point. We plotted the percentage error of
Vacu(h) for @,,:®, = 1:1 and @,,:®, = 2:2, with (solid line) and without (dashed line)
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Figure 2.9: Charged wall, ka varies: an error contour diagram as in Fig. 2.7, but now for the GCH
potential, eq. (2.51). The arrows point to the regions with under 10% error.

the first term in eq. (2.51). We first observe that both lines in both cases converge for
larger values of kh; because the distance is too large for the image charge to have any
effect at all (the image-charge interaction goes as e~ 2*("~%) and the direct interaction as
e~*h=2)) " We furthermore observe that for ®,:®, = 1:1 inclusion of the image-charge
contribution considerably improves the accuracy of the potential, in particular in the
range 1 < k(h — a) < 3. The case ®,:P, = 2:2, on the other hand, shows that adding
the image-charge term can also increase the error, thus demonstrating that the direct
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and the image-charge interactions are not additive in the non-linear regime. But we
also note that the error is still quite large even if the image-charge effect is ignored.
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Figure 2.10: The contribution of image-charge term to the GCH potential, eq. (2.51), for two
combinations of ®,,:®., ka = 10.0: the full lines show the error of the GCH potential calculated
with image-charge contributions (ICC), while the dashed lines show the error calculated with no
image-charge contributions (NICC).

Since it is the aim of this study not only to test approximate theories, but also to rec-
ommend for any given set of parameters (ka, kh, ®,, ®.) a handy analytical expression
that is as close as possible to the mean-field result, we have to check whether one may
substantially enlarge the total region with an error below 10% in Fig. 2.9 by totally
ignoring the image-charge effect. The answer is negative. For the specific combinations
of parameters which we found Vgeog(h) to be a suitable potential, we have explicitly
tested that inclusion of the image-charge effect does indeed improve the agreement
with the ezact PB-based potential. This is not so for Vpg(h), which we discuss next.

The DJG potential Vpjg(h): Like in Fig. 2.10, we check in Fig. 2.11 the importance
of the image-charge interaction term, but now in the DJG potential Vp;(h). The same
parameters as in Fig. 2.10 are used. Again, including the image-charge effect improves
the result for ®,:®. = 1:1, but causes a larger error for ®,:$, = 2:2. In contrast
to Vger (h) in Fig. 2.10, Vp(h) becomes better at larger distances when going from
®,:®. = 1:1 to ¢,,:®. = 2:2. One recognizes that for ®,,:®. = 2:2 the error without
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Figure 2.11: The contribution of the image-charge term to the DJG potential, eq. (2.52). The
parameters are the same as in Fig. 2.10. The full lines show the error of the DJG potential calcu-
lated with image-charge contributions (ICC), while the dashed lines show that with no image-charge
contributions (NICC).

the image-charge contribution remains well under 10%, while it goes up to 20% if the
image-charge term is taken into account. This shows that naively adding the image-
charge contribution can render a potential useless that would otherwise reproduce
the mean-field result well (error < 10%). We have checked this more systematically by
producing 10% error contour maps as in Fig. 2.9 for the DJG potential with and without
the image-charge contribution. We have found that for low values of ®. and/or low
values of ka, the first term in eq. (2.52) is important. However, comparing the errors of
Vpisc(h) and Vgep(h) in this regime we have found that Vgop(h) generally produces a
smaller error and is thus preferable to Vp;z(h). On the other hand, in the parameter
region where Vpjg(h) performs better than Vgeon(h), inclusion of the image-charge
effect may considerably increase the error of V;5(h), as seen for example in Fig. 2.11
for ®,:®. = 2:2. The conclusion to be drawn from this is that adding direct and image-
charge interactions as is done in eq. (2.52) introduces an error that can sometimes be
larger than the error that one produces by completely ignoring image charges. Of
course, this conclusion is not meant to deny the existence of image-charges, nor is it
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to say that they are unimportant; it just refers to the quality and usefulness of certain
approximations. Moreover, it is true only in some region of parameter space relevant
for the DJG potential. We therefore discard the image-charge term in eq. (2.52) in the
following, and consider henceforth

16a7vy:vw o Hlh—a)

BVpaa(h) = g

(2.54)

For this potential we present in Fig. 2.12 the 10% error contour plot in the [ka:kh]
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Figure 2.12: An error contour diagram as in Figs 2.7 and 2.9, but now for the DJG potential,
eq. (2.54), for various combinations of ®,,:®..

plane for various combinations of ®,:®.. As is evident from this figure, the DJG
potential becomes almost always tolerably good just provided that ka is sufficiently
large. With increasing ®. the region with an error below 10% becomes larger, while it
becomes smaller with increasing ®,,. ®,,:®. = 4:2 produces the same error boundary
as ¢,:9, = 3:2.

We have seen that Vgor(h) cannot be used if the colloidal surface potential is high
and ka is at the same time large. But this is exactly the parameter regime where
BVpige(h) performs exceedingly well. If one compares, for example, the ®,:®, =
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2:2 error lines in Fig. 2.9 and 2.12, one can see that Vgen(h) and SVpyee(h) are
complementary in that Vgog(h) works for ka < 2 while 8Vpga(h) is useful if ka is
roughly greater than 5.

In summary, we have outlined the regions of validity of the three potentials Vg;(h),
Vecu(h), and BVpga(h) using 10% error contour plots in Figs. 2.7, 2.9, and 2.12; this
should be of use if one wishes to estimate the quality of one of the three potentials
starting from a given set of input parameters (ka, kh, ®,,, D.).

2.6. A TIRM experiment: a colloid near a wall

To demonstrate that the effective wall-colloid interaction potentials discussed here can
actually be observed in an experiment, we want to close this chapter by briefly reporting
the results of a recent TIRM (Total internal reflection microscopy) [52-57] experiment.
The experimental detail is reported in [90]. Here we restrict ourselves to a rough sketch
of the main idea of this experiment. A colloidal sphere (polystyrene; a = 10 pum) of
unknown negative surface charge density o, is brought into a highly deionized (salt
concentration in the yM regime) electrolyte solution. Due to gravitation, the particle
sinks to the bottom of the glass container, and is thus located in the vicinity of a glass
surface. This surface bears again an unknown amount of negative surface charges (o),
so there will be double layers both in front of the glass surface and surrounding the
colloid. The colloid, being repelled by the repulsive double-layer forces and attracted by
gravitation, will thus find a stable position at a finite distance from the glass interface,
with small fluctuations in position due to Brownian forces.

When light is totally reflected at an interface, an evanescent field is created whose
intensity I decays exponentially with distance z perpendicular to the interface, I(z) =
Ipe™%, with w being the inverse penetration depth of the evanescent wave. What is
important here is that w is a quantity known a priori. The central idea of the TIRM
method now is to measure the scattered intensity of the interfacial colloidal parti-
cle, which is located in this evanescent wave, and to deduce the wall-colloid distance
from the measured intensity through the known relation I(z) = lye™#*. In order to
obtain the spatial dependence of the potential energy of the particle, one has to mea-
sure the separation distances sampled by the colloidal sphere for a statistically long
period of time. From this, the probability of finding the particle at any separation
distance can be calculated; it is related to the potential energy via the Boltzmann
distribution. This potential energy is the sum of the gravitational and double-layer
potentials. Fig. 2.13(a) shows the measured potentials for ten different salt concen-
trations (10 nm < k! < 100 nm) when the gravitational contribution is subtracted.
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Thus, Fig. 2.13(a) represents a direct experimental observation of what we have dis-
cussed in this chapter: the effective wall—colloid potentials due to double-layer forces.
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Figure 2.13: (a)Effective double-layer potentials between a glass surface and a colloidal sphere,
experimentally determined for various salt concentrations using the TIRM method [90]. The function
16ae—*("=2) /\p is plotted as solid line. (b) The potentials of (a) divided by 7,7, all collapse onto
the simple function 16ae~"(h—2) /AB, appearing as the solid line in the logarithmic plot. Thus, the
interaction potential in eq. (2.54) is experimentally confined.

To find out which of the approximate potentials, eq. (2.51) or eq. (2.54), is appro-
priate for this experiment, we need to specify the surface potentials using eq. (2.48),
which however is possible only if we know the surface densities o., 0,,. In Ref. [90],
explanation on how to use such salt-dependent measurements of double-layer forces to
determine surface densities is given. We find that &, and ®. are both of the order
of one. While these values lie within the range studied theoretically here, the values
of ka are not. The double layers in the experiment were extremely thin, with values
of ka ranging between 50 and 500, which is far beyond the range studied in Figs. 2.9
and 2.12. Such high values of ka cannot be calculated with our numerical scheme for
solving the PB equation, and one thus depends on extrapolating a sequence of error
curves for increasing xa. The general trend of Fig. 2.12 suggests that since the DJG
potential in eq. (2.54) seems to work for every combination of ®,,:®. just as long as
the ka-value is large enough, the agreement with the PB theory should become bet-
ter as the ka-value becomes larger. This is indeed the case, as shown in Ref. [90] for
a set of parameters adapted to the experimental conditions. The calculation shows
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that the potential, eq. (2.54), should be almost identical to the full mean-field result
in the parameter regime under consideration. As for the image-charge contribution,
we found that it becomes less important as xka becomes higher, and Fig. 2.11 shows
that at ka = 10.0 the image-charge contribution for ®,,:®. = 1:1 already has a rather
small effect in the distance regime explored experimentally (x(h—a) > 2). Thus in the
experiment with ka > 50, the colloid is too large and too far away from the surface to
be sensitive to image-charge repulsion, and eq. (2.54) should be appropriate.

Recalling that the v, -factors in the potential, eq. (2.54) still depend on the salt
concentration—see eq. (2.49)—we now understand that the salt dependence of the
interaction potentials observed in Fig. 2.13(a) comes in through the product 7,7, in
the interaction potential. Given the values of o, and 0., we can determine 7,7,
for all measured salt concentrations. Dividing each experimentally determined po-
tential in Fig. 2.13(a) by the product 7,7, we see in Fig. 2.13(b) all ten poten-
tial curves collapsing onto one master curve (solid line), which is just the function
BV (h)/Yeyw = 16ae "= /X\p. The agreement is remarkably good and demonstrates
quite interestingly, that the wall-colloid interaction potential of eq. (2.54) can be mea-
sured experimentally.

2.7. Summary and conclusions

We have been concerned with the question of how a charged sphere inside an electrolyte
solution of dielectric constant € interacts with a charged wall of dielectric constant €.
We first considered the colloidal sphere as a point-charge, and discussed its interaction
with both an uncharged and a charged wall. Renormalizing the charge by a factor gj,
one can afterwards correct these interaction potentials to account for the finite size of
the colloidal sphere. Starting from these linear potentials, and making use of the known
solution of the one-dimensional non-linear PB problem, we arrived at two potentials:
eq. (2.51) (GCH potential) and eq. (2.52) (DJG potential) approximately valid also in
the non-linear regime. The range of validities of these analytic approximate potentials
were then checked by comparing them with the exact interaction potentials obtained
from the full numerical solution of PB-BVP, eq. (2.1). We may summarize the main
points as follows:

For an uncharged wall of dielectric constant €, the effective wall-colloid potential
is repulsive if €' /e — 0 and attractive if ¢/’ — 0. A charged colloid in an aqueous
suspension will therefore be repelled from e.g. an air-water interface, and attracted
to e.g. a metal-water interface. In contrast to conclusions in Refs [59] and [40], there
is no electrostatic attraction of colloids to an € /e < 1 interface. Even if there are no
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image-charges present (¢/ = €), a colloid is still repelled from an uncharged interface
due to a confinement effect. The h-dependent renormalization factor g, is found to
be negligibly different from g¢.,. In linear theory and if € /e — 0, the interaction
of a colloid of finite size with an uncharged wall is just half of the usual repulsive
Yukawa double-layer potential of DLVO theory between two like-charged spheres (see
eq. (2.37)), where one sphere is the screened colloid at z = h and the other, being
located at z = —h, represents nothing but the screened image of the colloid. Then
only the factor 1/2 in the potential remains as a reminder of the fact that we are
concerned not with a colloid—colloid interaction, but with a wall-colloid interaction.
One can reuse Stillinger’s potential for a point-charge near an uncharged wall as the
Green’s function for the linearized PB equation for the case of an arbitrary distribution
of fixed charges. Using the point-charge approximation, the effective potential is then
a sum of the potential for an uncharged wall and the interaction of the colloid with
the unperturbed double layer of the wall. We checked the validity of SV (h) for the
uncharged wall and found that it produces an error under 10% for all values of ka
as long as k(h —a) > 0.61 and ®, < 1. Adding to SV (h) the interaction energy
of a renormalized point-charge Z/g, in the unperturbed Gouy—-Chapman layer, we
arrive at the GCH potential, eq. (2.51), which we have found to be appropriate for
all ka provided that k(h —a) > 2 and ®. < 1, in accord with the range of validity
found for 8V, (h) alone. We have explicitly checked that inclusion of the image-charge
contribution improves the accuracy. If &, > 1, the DJG potential, eq. (2.52), without
image-charge contributions is almost always tolerably good for all k(h — a) provided
only that ka is sufficiently large (error under 10% if ka > 6 for ®,,:®, = 2:2). With
increasing ®, this region with error below 10% becomes larger, while it becomes smaller
with increasing ®,,. A TIRM experiment to measure the effective wall-colloid potential
was found to be in good agreement with the DJG potential.

We note that when a suspension of colloids is considered, the wall—colloid interaction
potential considered here will compete with the colloid—colloid interaction potential,
with neighbouring colloids in the bulk. If the latter is more repulsive as in the case of
an uncharged wall with € /e > 0, the interfacial colloid may experience an attractive
force towards the wall. This situation is the subject of chapter 5, where the problem
is addressed via the cell model approximation.
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2.8. Appendix

2.8.1. Force via the stress tensor

The force F acting on a particle enclosed by a surface S can be calculated by integrating

the stress tensor T°:
F = / dST -n (2.55)
S

where n is a unit normal pointing into the surface. Here the total stress tensor is the
sum of an osmotic pressure term and a Maxwell stress

T = (H + —52) - &g (2.56)

£ is the electric field, T'is a unit tensor, and II is the difference in local osmotic pressure
from that in the bulk electrolyte:

BIl = (py + p_) = 2¢5(cosh ¢ — 1), (2.57)

cs being the familiar bulk salt concentration. Rewriting the stress tensor in thermal
energy units (with also E = ef€) we have

—
=

[E2I . 25]2} . (2.58)

J_é =2 h¢ —1
B cs(coshg — 1) + ST
Since the system is symmetrical about the axis, z, passing through the centres of the
colloid and normal to the wall, see Fig. 2.2(a)), the direction of the force on the particle
is normal to the wall, i.e.

8F, = / ds, ¢, n . (2.59)
Sn

In the BSC system, the enclosing surface S, is an n-coordinate surface (no < n < n.),
where n =1y = 0 and n = 7, coincide with the wall and the colloid surfaces respective
(see Fig. 2.1). n is a unit vector normal to the n-coordinate surface, n = ¢é,, where &,
and also € are the corresponding unit vectors in the BSC system: €, = 0,r/ |0,r| and
59 = 691'/ |891"

with r = s(n, 0)é; + z(n, §)€,. Therefore,

& -T-n=¢ T =Ty & -&+Tsé e (2.60)
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Using eq. (2.5),
1 — coshncosf

— —

67]'6 ==

coshn — cosf

o sinh 7 sin #
g, = - SmhsmY 2.61
e (coshn — cos 0) (261)

)2 sin 6
2.62
/dS / coshn—c0s0) d9 (2.62)

1 — coshncosf

and with

eq. (2.59) then becomes

T 1
F,=2 2¢s(cosh¢ — 1) + ——(E; — E;
P W/O {[C(COS ¢ )+8 AB (Es ")] coshn — cos 6

1 sinh 7 sin @ (kb)?sin O
——FE,FE, dé. 2.63
i [47r/\3 K 0] coshn — cosh 0} (coshn — cos 6)? (263)

Recalling that ¢; = £?/87Ap and choosing the enclosing surface S, to be the interfacial

wall corresponding to n = 0, the dimensionless force on the colloid f = 4rAg[F, takes
the form

f=m /0” df [2k*(cosh ¢ — 1) + Ej — E?] % (2.64)
The electric field E; /9 can be written in terms of ¢:
bE, = (1 — cosf) 0,¢
bEy = (1 — cos ) Opop
and substituting this in eq. (2.64) we finally write the reduced force as
f= W/Ow d0<(21(ﬂ_b)c%g)02(cosh¢ —1)+ [89(152 — a"qﬂ sin 9) ,,:o. (2.65)

Noting that 0,¢ at n = 0 is known from our boundary condition, we have that

2
a"¢2‘n=0:(a"¢GC)2‘n=0 = (ﬂ) sinh? @, /2

1 —cos@
1 2kb 2

and we can simplify eq. (2.65) to

[T 2(kasinhn,)?sin f 09 ay
f= 7r/0 d0< (1= cos0)? [cosh ¢ — cosh @,,] + 20 sin 6 Y (2.67)

This force can be calculated once ¢ is known. All of the error estimates of the analytical
potentials obtained in this chapter were made on the basis of the force, f. Where

potentials are plotted, we have obtained them from numerically integrating the forces.






Effective interaction: A charged
colloid with an air-water interface

3.1. Introduction

In the preceeding chapter, we addressed via PB theory the problem of the effective
interaction of a charged colloidal sphere in an electrolyte solution, with an interface
formed between the solution and an interfacial wall, where such a wall is assumed to
be hard, i.e. the colloid is not allowed to penetrate the wall. Here in this chapter,
the same formalism is being employed to extend the investigation to the case of a
penetrable interface, specifically, the air-water interface. The main idea is to clarify
the role of electrostatic double layer forces in the observed trapping of certain charged
particles at the air-water interface.

Colloidal particles can be trapped at the interface between two fluids. A direct
microscopic observation of stable 2D colloidal crystals of polystyrene spheres at the
air-water interface was first reported by Pieranski [12]. Since then, the study of 2D
colloidal particle at the air-water interface has afforded the possibility of investigating
in two dimensions such interesting problems as crystallization, melting, aggregation,
phase separation e.t.c. [16,33, 34, 91-96].

We have mentioned earlier that colloidal systems can serve as good models for some
biologically oriented questions e.g., crystallization of proteins and other macromolecules
often referred to as biocolloids. Adsorption of proteins generally at fluid-fluid interfaces
and their behaviour in the adsorbed state play an important role in the formulation
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and stabilization of different foam-based and emulsion based products in the food and
drug industries [97-99].

Most of the above cited studies deal mainly with the various interparticle interac-
tions between colloids already stable at the interface. These interactions lead to the
various structural and phase behaviour, as we shall also investigate in the next chapter.
There are however, very few reliable studies on the interaction of colloids in solution
with the air-solution interface. The present chapter focuses just on this interface—
colloid interactions, and here, in particular, the effective interaction of electric double
layer origin, between a charged colloidal particles with an air-water interface.

Hurd [13] investigating the effective pair interaction potential of trapped charged
colloids, has defined interfacial colloids as consisting of particles dispersed on an inter-
face between two fluid media and held there by surface tension. This definition follows
perhaps from the work of Ref. [12] where it is concluded that a polystyrene latex sphere
is trapped at the air-water interface in a huge surface tension energy well which domi-
nates by many orders of magnitude, any thermal or gravitational fluctuations present.
The influence of electrostatic forces for the charged latex particle, however, was totally
ignored in this analysis as regards the trapping. We will show in the present chapter
that the electrostatic contribution to keeping a colloid at the interface is also very
small compared to the surface energy trap. But it (electrostatics) however, provides
an important barrier to spontaneous precipitation of the colloids in the vicinity of the
interface.

We have shown from the results of chapter 2 that a particle approaching a neutral
interface between two media of different dielectric constants (such as air-water) expe-
riences repulsive image-charge force, if it does so from the medium with the higher
dielectric constant (see e.g., sec. 2.3.1, Fig. 2.6). This electrostatic energy barrier is
in the focus of this chapter. We calculate its height and salt-dependence within the
framework of PB theory in the same manner as in chapter 2.

3.2. Formalism

3.2.1. Effective interaction: non-linear theory

Our model system illustrated in Fig. 3.1 is similar to Fig. 2.1, but with the ¢’-e boundary
definitely an air-water interface penetrable to the colloids. For air, ¢ = 1 is very small
compared to water, ¢ &~ 80 that we again approximate the ratio €/e to zero. The
colloidal particle of radius a is assumed to bear a fixed surface charge density, —eo,
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Figure 3.1: The model system: A colloidal sphere of uniform surface charge density —eo and radius
a inside an electrolyte (water) of dielectric constant €, and a distance h from an interface formed by
air of dielectric constant €. (a) The colloid is completely immersed in the electrolyte (h > a), (b) the
colloid just touches the interface (h = a), and (c) the colloid emerges at the interface (h < a).

which when totally immersed in water (h > a) bears Z (= 4ma%0) fixed negative
homogeneously distributed charges, while the confining air-water interface bears no
surface charges.

We point out the controversy in the literature that the air-water interface can
be associated with some surface charges. This is supposedly due to the preferred
orientation of interfacial water molecules. It has been reported that as a result of this
orientation, a thin electric double layer at the interface is established with the outermost
portion (facing the gas phase) of the double layer being negative and the innermost part
(facing the liquid phase) being positive [100-102]. Sengupta and Damodaran [97] have
given the value of the inner potential as about 184.7mV. On the other hand, works
involving air bubbles in water report that the bubble-water surface potential (facing
the liquid phase) is negative and of value —25 + 10mV [103]. Ducker [104] lamenting
the uncertainty in the exact magnitude of the potential (air-water interface) assumed
values from zero to —25 mV. Even if we assume an air-water interface of oppositely
charged layers, the electric flux through any surface enclosing such layers is zero and
hence it is more accurate to assume that the interface is electrically neutral and bears
no net surface charges, as we have done here. It is also noteworthy that Wagner [87],and
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Onsager and Samaras [88] also treated the air-water interface as being charge neutral
in related studies.

With the above characterizations, the PB-BVP of eq. (2.1) now becomes,

V2¢ = k?sinh ¢ red

n.V¢ =4ngo r € 0G, (3.1)
n,Vo =0 r € 0G,,

p=0 r — oo

where the symbols and notations retain their definitions in eq. (2.1) except the colloids
surface charge density which here is just o.

Equation (3.1) is solved for three cases corresponding to colloid position in the
water relative to the air-water interface in different coordinate systems suitable for the
interface—colloid configuration as follows:

(a) Colloid wholly in solution (h > a; Fig. 3.1(a) ): the bispherical coordinate (BSC)
system (1,0, ¢).

(b) Colloid in solution but just touching the interface (h = a; Fig. 3.1(b) ): the
tangent-sphere coordinate (TSC) system (u, v, ¢).

(c) Colloid partly in solution and partly in air (0 < h < a; Fig. 3.1(c) ): the toroidal
coordinate (TOC) system (a, we).

The BSC coordinate system as mentioned earlier, has been frequently used for calcu-
lating the effective interaction between two charged spheres in bulk solution and also
in the preceeding chapter for the interaction between a colloidal sphere and a charged
or uncharged hard planar interface. A description has been given sec. 2.2.1. The use
here of the TOC and TSC systems are quite new and some details are given in Ap-
pendix A (sec. 3.5.1). The reason and advantage of choosing the various coordinate
systems have been emphasized. In trying to transform the complex boundaries of the
system as they appear in the ordinary Cartesian coordinates to simple geometries, a
coordinate system that works well in the BVP numerical scheme for a particular set
of interface—colloid separation distance breaks down for another set. Figure 3.2 shows
the correspondence between the BSC and TOC schemes, where we have plotted the
potential profiles along the radial axis (interface), s (= /22 + y?) and along the axis
of symmetry, z. In Fig. 3.2(a), along the interface, the potential ¢(s) increases in
magnitude for decreasing interface—colloid separation given as kh, as expected. As
the particle barely penetrates the interface, kh = 4.8 < ka, |¢(s)| deeps more, and
then begins to depreciate as kh decreases further. Figure 3.2(b)) shows the potential
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Figure 3.2: The potential, ¢ along different axis with the bispherical and toroidal coordinate schemes,
for particle radius, ka = 5.0, and various interface—colloid separation distance, kh = 3.0, 4.0, 4.8
(toroidal) and kh = 5.2, 6.0, 7.0 (bispherical): (a) along the midplane (interface), ks(a, w) — toroidal
and ks(n,0) — bispherical. (b) along the side of the symmetry axis, kz(a,w), k2(n,0) as indicated in
the upper illustration.

profiles along the symmetry axis (z) on the right side of the particle as indicated in
the upper illustrative diagram. The profiles as expected show no sensitivity to the
interface—colloid separation, the shift between any two curves being just the difference
in the separation distances (kz). The increase and decrease in ¢(s) at the interface will
be discussed in sec. 3.3. The curves of Fig. 3.2 are only intended to show that there is
no error in switching coordinate systems.

Once ¢ is known we proceed to calculate the grand potential, {2, of the system as
given as eq.( 2.11), chapter 2. The effective interface—colloid interaction SV (h) is the
total change in the grand potential when the particle is brought to a finite distance h
near the interface from infinity.

BV (h) = B — BQic (3.2)

where {2, , can be determined by solving the PB problem for an isolated particle in the
bulk electrolyte solution, in spherical coordinate system. It can also be obtained from
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solution in BSC by taking a sufficiently large interface—colloid separation (h — o0).
When the colloids is completely removed from the solution to the air, where we assume
it bears no surface charges, therefore {2_,, =0

3.2.2. The no-screening limit

Our numerical schemes for solving the BVP, eq. (3.1) and hence the grand potential
works well for various microion concentrations characterized by k, except for the case
k = 0 (no screening) when convergence problems occurs. Though not realistic, the
case k = 0 is still interesting, not only as a limiting case, but also as an introduction
to the following section.

The effective potential in the salt-free limit, V°(h), consists only of the self energy
of the particle’s fixed charges in their own Coulomb potential,

BVO(h) = Byt — it (3.3)
with the self-energy
1
st =5 [ dseshm (3.4)
2 Jaa,

where ¢? is the potential due to the colloidal surface charges. When h — oo, the
potential has perfect spherical symmetry and, for a colloid with a constant surface
charge density —oe = —Ze/4ma?, one obtains ¢°(a) = —Z\p/a and thus

Z*\p

Qself:
post = =22,

h—oo. (3.5)
If the colloid is very close to the interface (h > @), the potential is no longer spherically
symmetric since there is a jump in the dielectric constants at z = 0, requiring that
V¢ =0 at z =0 when € /e ~ 0. This boundary condition can conveniently be satisfied
using the method of image-charges. If ¢ /e ~ 0 and if we approximate the colloid by
a point-charge, the colloidal image-charge is of the same sign and magnitude as the
colloidal charge. The separation distance between the real and image-charges is 2h,
and the resulting potential, SQI"*¢ = Z2X\p/4h, (see sec. 5.3.1 for details). One then

obtains,
ﬁQZelf — BQZmage"{_BQiglf

2 (3.6)
=Z>\B<1+1), h > a.

2 \2h a

The next stage is reached when the colloidal particle breaks through the air-water
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Figure 3.3: S} is the surface area of the part of the colloid in water (the shaded surface), S, =
2ra(a + h) = 2ma®(1 + cosfy). If Soo = 4mwa? is the surface area of the whole colloid, the charge on
the wetted part, Zj, is defined such that Zp,/Z = Si /S, where Z is the bulk charge.

interface (h < a). We assume that the total charge on the particle falls as the de-
wetted surface. We note that this assumption is not explicit in the BVP numerical
schemes where the colloid surface charge, o remains constant as long as part of it is in
contact with the solution. Assuming uniform wetting or de-wetting without meniscus,
the now h-dependent total charge Z can be expressed as (see Fig. 3.3),

7
7y = 5(1 + h/a), |h| <a. (3.7)
The electrostatic potential of this partially charged sphere in spherical coordinates
reads

Zxg [T ., . T dy!
P (r,0,p) = -2 df' sin '

h A7 0, 0 V R
R =124 a®> — 2ar cosfcos§' — 2rasinfsin b cos ¢/,

(3.8)

where 6}, is the contact angle of the colloid with the air-water interface (see Fig. 3.3).
Interestingly, numerical integration of eq. (3.4) with eq. (3.8) substituted, shows that
the self energy (for h < a) can reasonably be approximated as,

Z25 (1 1
poeetf = Zh78 (— + —) : h<a (3.9)

2 2 a

where we have just replaced Z in eq. (3.6) by Z,, assumed now to be located at the
center of the wetted part, A’ from the interface. Here, A’ is taken to be the radius of a
sphere equivalent to the volume of the wetted part, Vj, and Vj, = Z(h+a)?*[3a— (h+a)].
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Applying eqgs (3.6) and (3.9) in eq. (3.3), we thus arrive at the following approximate
effective potential,

Z°\p
>
4h hza
BVO(h) = (3.10)
Zg)\B a Z2
1422 .
% ( T bl <a

The interaction potential, eq. 3.10 sets the limit which that obtained from the numerical
solution of the PB-BVP, eq. (3.1) should approach as k — 0.

In sec. 2.3, chapter 2, we have described how to obtain the effective interface—colloid
interaction from Stillinger’s [40] potential derived for a point-charge in an electrolytic
solution (€) near a neutral dielectric substrate (¢') using the linearized PB equation
(V2 = k%¢). If € /e — 0, the following Yukawa-like interaction potential is found

(Z/90V A8 e

> 3.11
Ak h2a (3:11)

BVsi(h) =
where ginfy, (see eq. (2.32)) is just the DH charge renormalization factor to take care
of the finite size of the colloidal particle. It is immediately seen that eq.( 3.11) is
consistent with eq. (3.10), as the k = 0 limit of eq. (3.11) gives just the bare image-
charge interaction Z?\g/4h. The parameter regime of validity of eq. 3.11 have been
tested extensively against the exact PB result in the previous chapter.

3.2.3. Other forces

It is important to emphasize that eq. (3.2) accounts only for the energy stored in the
double-layer. As long as h > a, this is indeed equal to the total interaction energy
between the colloid and the interface. However, when the colloidal particle breaks
through the air-water interface, i.e. if h < a, additional contributions to the interaction
energy should be considered. The most important of these additional energy terms,
we denote by F, — is due to capillary forces and is estimated further below. Other
terms arise due to the fact that a part of the colloidal surface is exposed to air when
h < a. Estimating these terms requires knowledge of some subtle details about the
de-wetted colloid surface. We can only speculate about the precise state of charge of
the de-wetted surface. Two cases mark the extreme: the de-wetted part remains fully
charged, or, it completely discharges by binding some ions either from the air or from
water. Let us first consider the former case. The charges on the de-wetted parts of
the colloidal particles are then transferred from a region of high dielectric constant to
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one of low dielectric constant. There is an energy penalty known as Born repulsion for
transferring charges from a high to a low dielectric region [105]. The repulsion would in
fact be high enough to make it virtually impossible for any colloid to break through the
interface. This, however, would contradict all the experimental observations reporting
stable 2D colloidal particles trapped at the air-water interface [12, 16, 106].

The alternative, namely a discharging of the de-wetted surface will cost free energy
as well. A colloidal particle put in the bulk of an aqueous solution, would become
spontaneously charged: its solvation energy Uy, is negative. If pgeyei(h) is the fraction
of the colloidal surface that is de-wetted, then —Usy X Dgewer(h) could, in principle, be
used to estimate the energy cost of discharging the particle. Being however a quantity
that depends heavily on the microscopic details of the solvation process, Uy, would
vary from colloid to colloid. Since we here wish to keep our considerations as general
as possible, we have assumed the case of full discharging of the de-wetted surface
(sec. 3.2.2), but completely ignored the energy contribution due to this discharging
and concentrate instead on the only safe piece of information, that is, the energy
change that goes along with the changes of the double-layer near the wetted surface as
the particle goes through the interface. This assumption of de-wetting is also made in
Ref. [12] in calculating E;, as we discuss in the next section. We finally note that full
discharging of the de-wetted part of the colloid implies that 0G. for A < a in eq. (3.1)
refers to only that part of the colloidal surface exposed to water.

3.3. Results and discussions

3.3.1. The electrostatic and surface energy barriers and traps

We have solved the PB-BVP of eq. (3.1) numerically for a charged colloidal particle
near and at an air-aqueous electrolyte interface, at finite salt-ion concentrations char-
acterized by the Debye screening constant . The solution enabled us to determine the
grand potential and the effective interaction, eq. (3.2) between the charged particle and
the air-water interface. Other relevant parameters that have gone into the problem are:
the equilibrium temperature of the system characterized by the Bjerrum length Ag, the
colloid or particle radius a, the particle surface ion density ¢ and the interface—colloid
separation distance h. We have then five input parameters; x, Ag, a, o and h that gov-
ern the interaction potential. By scaling all lengths by a and the interaction potential
as ApfBQ (see eq. (3.26)) we can reduce these parameters to only three independent
input parameters: %, h and &, where A\g = A\g/a, & = ka, h = h/a, and & = ao)p.
The scaled form of the surface density is suggested by the first boundary condition in



60 Effective interaction: A charged colloid with an air-water interface Chapter 3

eq. (3.1).

The reduced inverse screening length, & is varied from 0 to 3. The colloid position is
varied from the bulk solution where & >> 1 to the surface where h < 1. The magnitude
of the reduced surface charge density || is changed from about 0.02 to 0.15 when we
begin to encounter convergence problems in the numerical schemes for the BVP. A
sphere of radius 1um carrying Z = 1000 elementary charges corresponds to ¢ = 0.057
at room temperature. Because the fixed charges are assumed to be homogeneously
distributed on the colloid, ¢ is constant and independent of A, but Z can vary with A
when the particle pops out of water, see eq. (3.7). In the following presentation, it does
not matter if o or Z is given as positive or negative, they always appear as products
in the energies. The choice and range of these parameters will enable us to explore the
linear and to some extent nonlinear regimes of the potential ¢y,.

Figure 3.4 shows the plot of the scaled grand potential :\BﬁQ(iNz) as a function of
the reduced interface—colloid separation distance, h for various values of the reduced
screening constant £k = 0, 0.5, 1.0 and 2.0 at fixed 6 = 0.08. The & = 0 curve is
obtained from limiting potentials, eqs (3.6) and (3.9). All curves show a repulsive
interface—colloid interaction at & > 1 and a well-resolved peak at A = 1. For h < 1, the
particle begins to de-wet. The fraction of the colloid surface exposed to water decreases
and accordingly the double-layer energy goes down, resulting in an obvious minimum,
BQ(h < —a) = 0 when the particle is completely discharged. This minimum is not
shown in the plots. We re-iterate that Fig. 3.4 shows just the double-layer interaction
energy and that for & < 1 the energy contributions due to the discharging and the
capillary forces have not yet been added. The figure reveals an electrostatic barrier to
adsorption of the charged colloid to the interface from the bulk electrolyte. This barrier
is lowered on increasing the salt content of the solution. Let us define the adsorption
barrier height as

ABLVaa = ApB[Q2(h =1) — Q(00)] . (3.12)

There is also a double-layer barrier to pushing the particle from the interface back to
the solution,
A8V = ApBlQ(h = 1) — Q(—00)], (3.13)

which we call double-layer desorption barrier ( 2(—oc) = 0 ). Figure 3.5 shows the
variation of these quantities with &, for & = 0.05, 0.08 and 0.10. Both barrier heights
decrease with increasing &, i.e. increasing salt concentration. Note that both graphs
of Fig. 3.5(a) and (b), are plotted to the same scale showing that for a given &, the
desorption barrier is far higher than the adsorption barrier.

We now turn to the other forces that the colloid experiences at the interface. Most
important are the forces resulting from the surface tension which lead to a trap for the



Section 3.3 Results and discussions 61

h<a h=a h>a

|

Figure 3.4: The grand potential given in the reduced form ApBQ(h) as a function of the interface—
colloid separation distance, h for various values of the screening constant. The reduced colloid surface
charge density, & is fixed at 0.08. The & = 0 curve is obtained from the limiting case, eqs (3.6) and
(3.9), while the rest are through numerical solution of the non-linear PB equation. All lengths are
given in the unit of the colloid radius, a, denoted by the tilde symbol. The sketch at the top of the
plot show the relative position of the particle with respect to the interface in different regions of the
graph.

colloidal particles at the air-water interface. It is instructive to compare the depth of
this trap with that resulting from the double-layer forces just considered. Pieranski [12]
has reported that polystyrene particles are trapped in a surface energy well with a
minimum when a particle is immersed about two third of its diameter in suspension
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Figure 3.5: (a) The double-layer energy barrier height to the colloid adsorption to the air-water
interface from the electrolyte, Ag3Vaq defined in eq. (3.12), as a function of the inverse screening
length, %, for various scaled surface charge densities, & (numbers labeling the curves). (b) The
analogous barrier height to desorption back to the electrolyte from air, ABBVye defined in eq. (3.13),
also as a function of &.

(h ~ 1/6). This surface energy is made up of three contributions [12]; the surface energy
of the particle-air interface (27ypea?[1 — h]), the surface energy of the particle-water
interface (27y,,0%[1 + 71]), and the negative surface energy of the missing air-water
interface (—myawa?[1 — h?]). The total energy can be expressed as,

BES(iL) = B7a27aw (FLQ + 2(/7])111 - f_YPa)iL + 2(’7pa + ’_ypw) - 1) 3

where pa = Ypa/Yaws Yow = Ypw/Yaw; Ypw> Vpa a0 Yy are respectively the surface
tensions of the particle-water, particle-air and air-water interfaces. Figure 3.6 shows

the total surface energy, SE; as a function of h. The energy well (the trap) is several
orders of the thermal energy, 5. For the minimum energy, one obtains

BES(iLmin) = 571'@2711111 (2('71711) + '7;0(1) - (pr - ’7;0(1)2 - 1)

(¥pa — Fpw) found from minimizing eq. (3.14). The corresponding desorp-

h<1 (3.14)

(3.15)

with }Nlmm =

tion barrier, BF,, for the surface energy is then given by,
ﬁEde = BES(B = 1) - BES(;me) .

Dividing the surface energy desorption barrier by a? we obtain a quantity 3FE4./a® that
is constant for all particle sizes. On the other hand, the double-layer desorption barrier

(3.16)
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Figure 3.6: The capillary surface energy of a polystyrene colloidal sphere: a = 100nm, 7y,, =
35erg/cm?, vy, = 10 erg/cm? and 74, = 72erg/cm? [12].

reduced in the same manner, 3V, /a?, still depends on the sphere radius as well as the
surface charge density and the screening constant. To compare the two types of barrier
for a polystyrene sphere, we have to resort back to the un-reduced parameters namely
a, A, k and o. Figure 3.7(a-c) show the variation of the double-layer desorption
barrier per a? with the surface charge density |eo| for three particle radii ¢ = 50nm,
100nm, and 200nm and for (a) £ = 0.0lnm ! and (b) x = 0.005nm '. Ap is fixed at its
room temperature value for water (0.715nm). The straight line in Fig. 3.7 is SEg./a?
(x107%). The values for 7,4, Ypw and 74, are taken from Ref. [12]. The figure shows
that 8Vy./a? increases with increasing a, increasing |ec| and decreasing . However,
for the highest surface charge density and largest particle investigated here, the surface
energy trap still leads the electrostatic trap by more than an order of magnitude. This
implies that the stability of a colloidal particle at the air-water is dominated by the
surface tension forces.

Figure 3.8 is meant as a summary of the preceeding considerations. Presented
is a schematic drawing of the total interaction energy of a charged colloid near and
at an air-water interface, i.e., the sum of the electrostatic contributions,3€2; and the
energy due to the surface tension forces, SE;. The force on a colloid, approaching
the interface from bulk where h > 1, is repulsive, but for a particle of finite size the
repulsive energy barrier has a finite height. This barrier height at A = 1 is the larger
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Figure 3.7: Comparing the double-layer barrier height to desorption with that of the surface energy,
specifically for polystyrene spheres, and with unscaled parameters [a, Ap, k, ec]. By dividing both
double-layer barrier height, 8V, and the surface energy barrier height, SEs by a?, BEs/a* remains
constant while 3V, /a? varies with a,x and 0. The axes labels are the same for the two plots.

the higher the colloidal surface charge or the lower the salt content of the electrolyte.
When the colloidal particle breaks through the air-water interface, i.e., when h <1,
surface tension forces become important and hold the colloid in a trap that is orders
of magnitude deeper than the height of the double-layer barrier.

It is an interesting observation that this picture of the interaction between a charged
colloid and an air-water interface resembles our classical understanding of the effective
colloid—colloid interaction in bulk (the DLVO theory [2]): in both cases, there is a
repulsive and salt-dependent energy barrier at large distances that prevents particles
collapsing into an attractive well at shorter distances that is orders of magnitudes
larger (van-der-Waals attraction in DLVO theory, attractive surface tension force in
our case). This, for instance, means that just in the same way as one can induce an
initially stable colloidal suspension to aggregate by adding salt (’salting-out’ effect),
one should be able to cause colloids to pop up to the air-water interface by reducing
the energy barrier through added salt.

It is necessary to point out again that the terms, adsorption and desorption used
repeatedly in this study are only convenient terminologies to describe the behaviour of
the particle in the vicinity of the interface. Ion adsorption or desorption is a complex
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Figure 3.8: Schematic plot of the total interaction energy of a charged colloidal particle at the air-
water interface with a repulsive double-layer energy barrier at large distances and an attractive well
resulting from surface tension forces at shorter distances.

process which should include the explicit structure of the solvent (water) molecules. For
similar reasons also, the potentials used in the analysis are regarded as effective, in that,
contributions from solvent interactions (colloid-solvent, air-solvent) and contributions
from lateral interactions (colloid—colloid) are not included.

3.3.2. Relevance to experiments

The forgoing results can be applied to explain qualitatively some experimental ob-
servations. (i) As mentioned earlier, Kesavamoorthy et al. [16] have described the
observation of a layer of 2D triangular polystyrene crystals in a thin suspension film
confined between glass and air. Below the air-water interface, the crystalline particles
are separated by about two times the particle diameter. But on exposing the film to
an intense laser light, some water is drained from the suspension and some particles
suddenly pop out at the air-water interface, and subsequently collapse into a compact
2D structure. The sudden emergence of the particles at the interface can be explained
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in the light of our results: By draining water from the film, the salt concentration
is increased, increasing the screening constant k, thereby reducing the electrostatic
adsorption barrier height, A5BV.qe. The particles can then overcome the barrier and
are subsequently trapped in both electrostatic and surface capillary energies, but most
dominantly in the latter, as we have shown in Fig. 3.7.

(ii) The adsorption rates of some charged proteins at interfaces have been observed
to increase with increasing ionic strength of the solvent. MacRitchie and Alexan-
der [107] quite long ago have studied experimentally the rate of adsorption of the
charged globular proteins, bovine serum albumin and lysozyme at the air-water inter-
face. Varying the electrostatic potential by addition of NaCl, the rate of adsorption
was found to increase as the potential was decreased. This is in agreement with our
result in which the interface—colloid interaction potential is decreased with increased
screening, resulting in lowering of the adsorption barrier. Furthermore, the much talked
about non-reversibility of proteins on adsorption at air-water interface which has been
attributed largely to denaturing once at the interface [98], may well also be due to the
trapping of the protein at the interface.

(iii) A recent Atomic force microscope (AFM) experiment [108] involving a direct
measurement, of the force of interaction between an air bubble attached to the base of
the AFM piezo stage and a single polystyrene sphere attached to the AFM cantilever all
in an aqueous electrolyte, shows some barrier (suspected to be of electrostatic origin)
to the particle approach to the air-water (bubble-water) interface. However, direct
comparison of data from AFM experiments with theoretical results such as ours is not
quite straight forward for the following reason: The conversion of the direct measurable
AFM stage position and the cantilever deflection, to the more relevant interface—colloid
separation is problematic due to the deformability of the bubble interface. That is, the
position of the interface shifts as the particle approaches the interface. A good deal
about the AFM experiments for particle — air-water interface interaction can be found
in Refs. [109,104] and in Appendix B (sec. 3.5.2 of the present chapter) where we
have also given a simple procedure for coming to the interface—colloid distance from
the AFM observables. The idea is to provide a guide to the AFM experimentalist
to use his system properties to come to the theoretically accessible interface—colloid
separation distances from the piezo positions.

3.4. Summary and conclusions

This chapter presents essentially a numerical study of the interaction of a single charged
colloidal particle of radius a with an air-water interface, where special emphasis has
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been put on the electrostatic aspect of this problem. Based on the PB equation, the
effective electrostatic double-layer interaction was calculated for all possible interface—
colloid separation distances h, including the cases, when the particle touches and breaks
through the air-water interface — situations not considered in the preceeding chapter.
The PB boundary value problems could be solved numerically using geometry-adapted
coordinate systems for the three situations h > a, h = a and h < a. For h > a the
colloid experiences a repulsive double-layer force which becomes attractive for A < a.
The resulting double-layer energy barrier has its maximum value at h = a. We studied
its dependence on the colloidal surface charge density and the salt concentration of
the electrolyte, and compared it with the depth of the surface tension trap, located
directly at the air-water interface. For the system experimentally studied in Ref. [12],
the energy contributions due to surface tension forces are some orders of magnitude
larger than those resulting from electrostatic forces. The electrostatic aspects of the
problem are therefore mainly important in the distance regime where the colloid has
not yet broken through the interface, i.e., at h > a. In the distance regime h < a,
a thorough calculation of the interaction potential is still awaited; it must take into
account a) the detailed discharging process of the de-wetted part of the colloidal surface,
and b) the capillary forces with a realistic description of the meniscus.

An interesting analogy that we have mentioned in this work, is that between the
DLVO problem of two colloids in bulk and our problem of a colloid near the air-
water interface. From an electrostatic viewpoint, this analogy is obvious from the
image-charge concept: A charged colloidal particle a distance z = h from the air-
water interface behaves as if there were another colloidal particle of the same charge at
z = —h (apart from a factor 1/2 in the interaction potential). The resulting interaction
is repulsive. But the analogy to the classical DLVO picture extends a little further: in
both cases, electrostatic double-layer repulsion at large distances contrasts with a much
stronger attraction at smaller distances. It is due to dispersion forces in the DLVO
case, and caused by surface tension forces in our case. Important is that the repulsive
double-layer barrier, preventing the particle from being pulled into the attractive well,
is salt-dependent, and can thus be easily manipulated experimentally. In the same way
as a colloidal suspension can be caused to become unstable, we can induce a colloidal
particle to pop up to the air-water interface — by adding salt. Experiments in which
this interesting effect has actually been observed are mentioned and discussed in the
text.
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3.5. Appendix

3.5.1. A: Solution of the Poisson-Boltzmann equation and the
grand potential in the various coordinate systems

In our numerical scheme, the PB equation and the grand potential for the problem
have been written and solved in different coordinate systems. They include BSC, TOC
and TSC systems. Each coordinate system is suitable for a particular interface—colloid
configuration (Fig. 3.1). They enable the complex system boundaries to be transformed
into 2D rectangular forms. The BSC system is suitable when the particle center to
interface separation distance is greater than the particle radius and has been described
elsewhere in chapter 2. The TSC and TOC systems for touching and penetrated
configurations respectively, are described here in a similar manner.

Under constant charge boundary condition, the BVP, eq. (3.1) can be written as:

VZ¢ = k?sinh ¢ reG
n. V¢ = 4né r € 0G,

1
n,Veo =20 r € 0G,, (3:17)
p=0 r — 00

where all lengths including the Laplacian have been scaled by the particle radius a;
R = ka, 6 = aocAg. Any reduced length is indicated by the tilde (~) symbol.

Toroidal coordinates
The TOC system («,w, @) [73] is related to our (s, z) coordinates, where again for the

radial s(z,y); = (bsinh a.cos ¢)/(cosh a — cosw) and
y = (bsinh asin ¢)/(cosh o — cosw), so that

bsinh a
§= ——n—————
cosh o — cosw
bsi
PR L (3.18)

cosh o — cosw’

The parameter, b is as defined in Fig. 3.9.

The coordinate surfaces include pairs of intersecting spherical bowls (w = £w). To
make the system adaptable to our problem, one pair of the spherical bowls is assumed
to correspond to the colloid and its image (Fig. 3.9(a)).



Section 3.5 Appendix 69

s . (b)

s(w,a)

IS

(wa) |2

070 3 a, a

(c)

Figure 3.9: The toroidal coordinate system: (a) The coordinate surfaces are toroids of constant «
(), spherical bowls of constant w (+w.), and half planes about the z-axis (¢). Using eq. 3.18 the
boundaries in (b) are mapped into the rectangle (c).

The equation of the coordinate surface of interest, the spherical bowls is given

by [73],
bZ

s°+ (z — beotw)? = —;

; . (3.19)
sin” w
The particle of radius a, centered at h is a surface of constant w, w, with the following
important relations:

a =b/sinw,

h  =bcotw, . (3.20)

h/a = cosw,

We proceed to express eq. (3.17) in the (a,w) coordinates, starting with boundary
condition on the four sides of the rectangle (Fig. 3.9(c)):

O (oo, W)
0.9(c, 0)
9a6(0,w)

)

0
0
0
O, w.) = (4) (—4no) . (3.21)
cosha —cosm
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The Laplacian in the PB equation transforms as:

53 0 (sinh o 0¢ 10¢
2 — - R
Ve = b? sinh v {8a ( o 8@) +Smha3w (5 8w)}

8 [10°¢  18°¢ (1 —coshacosw) ¢ _ sinw 9¢ (3.22)
d0a? 6 0w? 62 sinh o o 62 Ow '

where 6 = cosh a—cos w. Equation (3.22) along with the boundary conditions eq. (3.21)
are then applied in the Newton-Raphson iteration scheme in the form:

V%01~ (cosh g)n 1 = sinh 6, — (cosh 9n), (3.23)

where the index n is an iteration step.

The surface and volume integrals appearing in the grand potential (see eqs (2.11)
and (2.11a) can be expressed in the present coordinates thus;

/ dv = / / / b sinh ~dadwdyp
cosh a — cosw)?

h
=27 // “sinh dadw (3.24)
cosh a — cosw)?
and
~ b? sinh o
dS =2 dao. 3.25
/ 7r/ (cosh a — cos w)? “ (3:25)
The grand potential, following eq. (2.11) can then be written as
b2 sinh o
/\BﬁQ = WU/¢h do (326)
cosh o — cos w,)?
b3 sinh o

+Z/da/dw [fn sinh ¢, — 2(cosh ¢y, — 1)]

(cosh o — cosw)?

with b = b/a.

Tangent-sphere coordinates

The tangent-sphere coordinate system (u,v, ) is similar to the toroidal coordinate
system with the two fused spherical bowls now two tangent spheres. The coordinate
surfaces are: the half-planes of constant ¢, toroids of constant p, and pairs of tangent
spheres of constant v (+uv.), which are convenient for describing our system if the
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Figure 3.10: The tangent-sphere coordinate system: The surfaces numbered 1 ... 4 in the (s, 2)-
coordinates (a) forms the rectangular boundaries in (b) using eq. (3.27).

particle just touches the interface (h = a). Again, the second sphere is assumed to be
the particle image. The configuration has cylindrical symmetry and relates with the
coordinates (s, z) thus (see Fig.3.10):

g—__ M
u? + 1/2
v

The surfaces of constant p are toroids without center opening. The equation of the
tangent sphere can be written as,

1\> 1

2

- =—. 3.28
s°+ <z 2]/) (3.28)
That gives as in eq. (3.20) the following relations,

a = 1/2v,
ho= 1/2, (3.29)
hja = 1.

The BVP can be summarized in the following equations:

Po L (P-iDde
2 2 oe o _ )
vy e + 92 + p o 271/81/ sinh ¢;
Opp (oo, v) = 0
Oyp(p,0) = 0 (3.30)
0,6(0,v) = 0
1 ~
al/¢(l“” VC) = <,U/2+V2) (_47T0)’
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where v = p? + 2. The grand potential in this coordinate system can be derived as
< i 7

=2
+% /d,u/dy [¢p, sinh ¢p, — 2(cosh ¢, — 1)] Fﬂyz)g

Bispherical coordinates (7,6, ¢)

Having described the bispherical coordinate scheme fully in the previous chapter, it
suffices here to write down the grand potential in this coordinate system as in eqs (3.26)
and (3.31):

o
ApBQUR) = —76 / n (Coshbnsmo do (3.32)

— cos 6)?

b3 sin @

(coshn — cos 0)3’

~2
+%/dn/d0 |:¢h sinh ¢h — Q(COSh (bn - 1)

where all symbols have their definitions as given in sec. 2.2.1,chapter 2.

3.5.2. B: The Atomic force microscope

The interaction of solid colloidal particles with fluid interfaces is often measured by
the Atomic force microscope (AFM). Ducker et al [104] measured forces across water
between a silica probe particle attached to the AFM cantilever and an air bubble
sitting on the piezo-driven stage. Similar experiments have been reported by other
workers [108,110-112]. Chan et al [109] basing their study on AFM experiments have
recently probed the effect of disjoining pressure on particle-fluid interface interaction
in an analytic manner to describe the total force exerted on the probe particle as
a function of the distance of the piezo stage. They also displayed numerical results
based on the solution of the PB equation using the Derjaguin method [2], a reasonable
method in the limit where the interface—colloid separation is much smaller than the
particle radius, as for the AFM probe particle (a ~ 1 — 3um).

The difficulty in analyzing AFM results lies mainly in converting the particle-piezo
stage distance, [, and the cantilever deflection d (see Fig. 3.11(a)) to the particle—
interface minimum separation, Dy (in our study Dy = h — a), a major parameter in
theoretical schemes. The difficulty arises because the air-water interface (or bubble
interface) is no longer planar as the particle approaches the interface but is deformed
according to the elasticity of the interface. Sticking to the labels used by Chan et
al [109] for the AFM setup, we outline below, a rather simple recipe for the conversion.



Section 3.5 Appendix 73

yybe particle
L (fixed) \ A water

| (adjustable)

(a) (b

Figure 3.11: (a) Geometry of the AFM measurement. (b) Estimating the bubble ”spring constant”,
k.

From Fig. 3.11(a) we observe that D, can be expressed as;
Dy=d+1l—1 (3.33)

where lg = L — 2a — z5. The direct measurable quantities are; L which is fixed as
shown, [ the adjustable piezo stage, a the particle radius and d, the cantilever deflection
measured by light reflection technique. [y and hence z; the deformed height of the
bubble can be estimated from the elastic properties of the interface. If the interface is
assumed linearly elastic, then we may write the force F', exerted by the probe on the
interface as;

F = k(21 — 2) (3.34)

where z; is the undeformed height of the bubble (also measurable [104]) and £, is the
effective "spring constant” of the interface. We also have that,

F = ke, (3.35)

with k. the spring constant of the AFM cantilever. Hence from eq. (3.34) and (3.35),

we find that L

20 = k1 — —Cd (336)
ky
or
ke
lo=1l; + -5d, (3.37)
ke

where |; = L — 2a — 2.

What is now left is to estimate k;. Consider the flat bubble surface deformed by
the force on the particle, as shown in Fig. 3.11(b). Because the bubble is too large
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compared to the particle, the particle sees a flat environment. The elastic free energy
of changing the flat cross sectional area, Ay to the depressed area A; can be written
as;

E(s) = (A1 — Ag) (3-38)

where s (= 21 — 2¢) is the height of the surface depression (Fig. 3.11(b)) and , is the
bubble-water surface tension (7, = 0.072N/m). It is hence straightforward to show
that

Ay — A = 782, (3.39)

so that
E(s) = mys°. (3.40)

The corresponding force, F'(s) is then,

F(s) =2mys (3.41)
= 2myp(21 — 20)-
Comparing eq. (3.41) and (3.34), we have,
lfb = 271")/1,, (342)

which remarkedly turns out to be simple and solely dependent on the elasticity of the
bubble-water interface characterized by the surface tension 7,. Putting all together,
eq. (3.33) now becomes

k
Dy=(h—a)=(1 SNd+ 1y — L. 3.43
o=(h-a)=(1+ 5 )d+ 1, (3.43)
This relation would make it possible to compare the F' over [ force curves measured in
the AFM experiment (with F' = k.d) with theoretical calculations like e.g., the forces
derivable from the interaction potentials obtained in the present study.



Interaction and phase behaviour of 2D
systems of macroions at an air-water
Interface

4.1. Introduction

Having established in chapter 3 that a charged colloidal particle (macroion) can be
trapped at the air-water interface in a deep capillary surface energy well [12], we study
here in the present chapter, a 2D system of such macroions trapped at the interface
between air and an aqueous electrolyte solution (referred here again as the air-water
interface). Such system has been studied theoretically by others before [92,113]. Im-
portant in our context is the work of Terao et al [92] who have performed Monte-Carlo
(MC) simulations in 2D, of colloidal particles at the air-water interface at low salt con-
centration and low surface particle densities. The major result of their work includes
finding a two stage melting transition of 2D crystals with the hexatic phase interme-
diate between the solid and the fluid phases. However, this study may be inconclusive
since some of the motivating experiments — including notably the observation of 2D
colloidal crystals and clusters [12,16,34], and, more importantly, crystallization of
proteins at the air-water interface [37,114] — involve an additional dielectric interface
apart from the air-water interface, which has not been considered in [92,113].

The present chapter therefore focuses on the role of this additional surface. We
address the question of how the phase behaviour of the 2D colloidal system at the air-
water interface is affected when the system is further confined by some substrate having

75
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different dielectric characteristics (dielectric constant €3) from that of the suspension.
The additional interface is expected to induce effects due to confinement and image-
charges, depending on the distance L between the air-water and the substrate-water
interfaces. This in turn is expected to have consequences on the interaction and thus
on the phase behaviour of the system. After first deriving a pair interaction potential
that accounts for the additional dielectric substrate (sec. 4.2), we follow Ref. [92] and
systematically probe in sec. 4.3 and 4.4, also via MC simulation, the effect of the
additional substrate-water interface on the phase behaviour of the 2D colloidal system.
The two key parameters of the our system are the dielectric constant €3 of the additional
substrate and the distance L. In order to keep the number of variables as small as
possible, we consider only three representative substrates, e3 = oo (metal), 3 = 78.3
(water) and €3 = 1 (air), marking the extremes and thus spanning the possible range
of changes expected due to the additional substrate.

Two classes of macroionic particles are investigated, namely, large and highly
charged colloidal particles, such as latex particles and relatively smaller globular pro-
tein particles carrying only few charges. We warn again that modeling proteins as
spherical colloids can certainly be a rather crude approximation, 'crude’ in the sense
that protein particles can be highly anisotropic. However, regarding e.g. the more gen-
eral non-specific physico-chemical properties of the 2D systems of charged interfacial
particles, the present study of 2D colloid arrays may offer certain insight, particularly
into the question of whether or not the growing of 2D arrays of proteins can be influ-
enced by an additional dielectric substrate. Indeed, protein particles in solutions have
been reported to form various forms of arrays including crystals at the air-water inter-
face with various types of supporting substrate [37,114,115]. The need to obtain 2D
arrays of proteins arises due to the fact that large 3D single crystals are often difficult
to obtain, and the subsequent structural analysis by x-ray techniques can be rather
time-consuming. On the other hand, 2D arrays of proteins if obtained lend themselves
to rapid analysis by electron microscopy techniques and requires only small amounts of
sample material [116]. Another application of 2D protein arrays, showing the potential
usefulness of these systems, is suggested in Ref. [117] where ferritin (a globular protein
with iron core) arrays could be used as the component of an ultimate memory device.

It is obvious that the formation, quality, forms and stability of 2D arrays depend
largely on the strength of the attractive and repulsive interparticle forces at play.
The interaction between particles at air-water interface are governed by (i) lateral
capillary forces [118-120], (ii) electrostatic forces [12,13,92,121] for charged colloids,
(iii) magnetic forces [122-124] for the case of magnetic particles, and (iv) the short-
ranged van-der-Waals forces. We here concentrate exclusively on the second type of
interparticle force. While the last two types of forces can be safely ignored in the
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system under investigation, a word of caution is in order regarding the capillary forces.

The main cause of the lateral capillary forces is the deformation of the liquid surface,
which is supposed to be flat in the absence of the particles. The larger the interfacial
deformation created by the particle, the stronger the capillary interaction between
them. Hence the origin of this force is essentially the particle weight. However, capillary
forces can persist even for particles of vanishing size and weight, when particles, instead
of being freely floating, are partially immersed (immersion capillary forces) in a thin
liquid layer on a substrate [125]. The deformation of the liquid surface in this case is
related to the wetting properties of the particle surface, i.e to the position of contact
line and magnitude of contact angle, rather than to gravity. Hidalgo-Alvarez and
coworkers [126] have, however, shown that for the sizes of latex particles commonly
investigated in the literature (particle diameters < 1um), lateral capillary forces can
be neglected. And in the ignorance of any specific wetting properties we can also
ignore the immersion capillary forces in this study. Wetting/de-wetting effects are also
essential in reducing the total charge on the interfacial particle relative to its value
in the bulk due to partial exposition to the low polarizability half space — the air
(chapter 3).

We finally remark that one of the potentials investigated in [113] for structural
analysis include that derived by Chang and Hone [127] for particles sandwiched between
two dielectric walls (sandwich geometry). Similar studies on structures corresponding
to systems in sandwich geometry abound, see e.g. [128,129]. The sandwich system
though very similar, is subtly different from the scenario of particles trapped at an
interface, e.g. air-water (where additional dipole-dipole interaction plays a role) in the
vicinity of a second substrate, e.g. glass, metal, e.t.c.

4.2. Formalism

We here wish to calculate the electrostatic interaction potential of two point-macroions
a distance r apart, each carrying a total number, Z elementary charges e, trapped at
the interface formed by a gaseous phase (air) of dielectric constant €; (region 1) and
an electrolyte solution of dielectric constant €, (region 2), see Fig. 4.1(a). Next we
introduce a substrate of dielectric constant €3 (region 3) such that the electrolyte could
become a quasi-2D film of thickness L (Fig. 4.1(b)). Hence we have three distinct
regions resulting in two interfaces; the €; /¢, interface we shall identify as the air-water
or air-solution interface, and the ey /€3 interface we refer to as the substrate-water or
substrate-solution interface, where substrate can be any material (including also air and
water) without any mobile or static charges. Only the electrolyte (region 2) is allowed



78 Interaction and phase behaviour of 2D systems of macroions at an air-water interfaceChapter 4
to contain mobile microions, characterized by the inverse Debye screening length k.
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Figure 4.1: Two macroions, a distance r apart, trapped at an air-water interface; (a) no substrate
and (b) with a dielectric substrate of separation distance L from the air-water interface.

4.2.1. Debye-Hiickel theory in slab geometry

Within the DH theory, the electrostatic potential ¢ at a position r due to a point-
source Ze located at r’ in the vicinity of two parallel semi-infinite slabs separated by a
distance L along the vertical axis, z can be given by the differential equation,

A Ze

€

Vip(r,r') = klo(r, ') — §(r — '), (4.1)

where k; (i = 1,2, 3) is the inverse screening length in region i of dielectric constant ;.
Equation (4.1) can be re-expressed for convenience as;

kBTGZ'
A Ze?

where ¢ = ey /kgT is the normalized electrostatic potential. Expressing eq. (4.2) in
cylindrical coordinates; r = r(s, z), where s = y/22 + y2, we have
kBTGZ' |:62 62 9

mze |0 T 02 ”i] P8, 57 2) = =0(s = )0(z = 7). (4.3)

[V? = Ki]é(r, ') = —é(r — 1), (4.2)

We take the Fourier transform (FT) of eq. (4.3) with respect to the coordinate variable,
s to obtain;

. 2 ~ P
kgl [— >+ 9 1112] ok, 2,2') = —6(z — 2')e ™,

A Ze2? 022
k TE,; 82 ~
h [@ — (K* + KZQ):| ok, z,2") = —d0(z — 2), (4.4)
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where we have put s’ = 0 without loss of generality.

We can write eq. (4.4) for our earlier described model system where we assume that
regions 1 and 3 contain no charges, i.e. k1 = k3 = 0, region 2 contains water with some
finite amount of mobile microions of screening constant ko = k. In the three regions
we now have;

T 2 1.
iﬁz; [% — K| p(k,2,2") = —d(z = 2);  2<0
kgT 52 1
47§Z2 [@ — (K + )|k, 2,2") = =d(z—2); 0<z<L (4.5)
bl e 82 ] ot ! !
4§Z@g [@_kz ¢k, 2,2") =—=0(z=2"); 2>1L

The solution to the set of eqs (4.5) can conveniently be expressed in terms of the
eigenfunctions in the three regions;

U (2) = e,

U (z)=e P 1=1,2,3 (4.6)

2

where p = Vk? + k2.

In writing the solutions, we note that the potentials have to vanish at infinity, i.e.
¢(o0) — 0, in addition to the boundary conditions where we demand continuity of the
potentials and their normal derivatives across the regions.

There are different possible solutions (/3?, i,n=1,2,3 to eq. (4.5) for various loca-
tions (2') of the point-source evaluated at various positions along z in the three regions.
For example, ¢3 is the potential at any point in region 2 (the e;-medium) due to the
test ion in region 3. We shall however, narrow ourselves to ¢3(k, z, z') where the point-
source is located and observed in the solution (region 2). We will later take limit of
z' — 0 when the point-charge is adsorbed at the boundary between regions 1 and 2.
Hence with ¢2(k, 2, 2') = @(k, 2, 2') we have;

ok, 2,2') = [AV](2) + BY, (2)] [CUS (<) + DT, ()]
ACeP+?) 4 BCe %) 1 ADeP*=2) 4 BDe7PE+)  (4.7)

The coefficients can be obtained from the boundary conditions as follows [81];

° —2pL
AC: 27TZ)\B ){326~ (48)
p 1 — X12X32e 2P
R
BC = 28 | XizXse (4.9)
p 1 — X12x3202PL
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2
AD = 2™ A5 _ 1~ (4.10)
P 1 — X12X320~2PL
Bp = 2"4s X2 (4.11)
p 1 — X12X320~2PL
where "
- €p — €1
= 4.12
X12 € -+ €1k ( )
- €p — esk
= - 4.13
X32 eop + €3k ( )

and A\p = e?/kpTe, is the familiar Bjerrum length. Substituting eqs (4.8 - 4.13) in
eq. (4.7) and simplifying we obtain,

- 2 Z\ W 2mZ\ 1
Bz ) = T DRere L SIS ( V19N ane—2 L)
D D 1 — X12X320™7P
X (2;2125(329,—2” cosh[p|z — 2'|] + X126 P +2) (4.14)

+ >~<32e—2pLep(z+z’)) )

We now take the inverse Fourier transform of eq. (4.14) to obtain the potential in
real space, noting that the Fourier transform for a function of two variables f(z,y) =

f(s), (s =22+ y?) is
F(k) = 2 /0 " s f(5)Jo(ks)ds

and the inverse transform is
1 o0
f(s) = 2—/ kF(k)Jo(ks)dk.
0

™

Then the inverse Fourier transform of J)(k, z,2"), ¢(s, z,2") is obtained as;
! oo k —plz—2|
#(s,2,2") = ZAp dk—Jy(ks)e™?
0 p
>k k
+Z\p / dk— ( Jo(ks) ) (4.15)
0

p \ 1 — X12X326~2PL
x (2X12Xsre ™" coshlplz — #[] + Rize PEH) o Fpe Hher=t))

We mention that Carnie and Chan [130] obtained a similar expression for the same
problem, but due perhaps to an oversight omitted the e=2"X factor in the coefficient of
the cosh-function in eq. (4.15).
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4.2.2. The pair interaction potentials

The appropriate ion-ion interaction for a pair adsorbed on the interface between media
1 and 2, may readily be obtained from eq. (4.15), by setting 2’ = 0 and z = 0, so that
s = r. The resulting expression provides the value of the potential at distance r along
the interface from an adsorbed point-ion of total charge Z. The pair interaction is equal
to this potential evaluated at the appropriate pair separation, times the charge on the
other ion. If both ions have the same number of charges Z then the pair interaction,
BU(r, L), is

BU(r,L) = Z¢(s=r,z=2 =0)

= Z2/€)\B/ d/ :J()(K,TE) [1 + < T ~>
0 14 1 — X12X32e28L¢
X (25(125(328_2”” + Xi2 + )2326_2%5)} (4.16)

where we let k = xf so that p = VK2 + k202 = g, £ = (14 ¢£%)'/2. It can be seen
immediately that in the limit of large L in which the problem reduces to that of only

one interface (formed by media 1 and 2), eq. (4.16) reduces to the form obtained by
Stillinger [40], namely

© LJy(krt
BU(r, L — 00) = 272K\ ges / olkrt) 4y (4.17)
0o €l + el
The same is not true of the expression derived in [130], due to the ommission pointed

out.

We can now write eqs (4.16) and (4.17) for various values of Y12 and Y32 correspond-
ing to various systems of interfaces in the slab geometry, and for finite and infinite slab
thickness L . We will consider only the following representative cases: the air-water
only, the air-water-metal, the air-water-air and the air-water-water systems, with the
following acronyms: AW, AWM, AWA and AWW respectively.

Case I: Air-water only (AW) system

Here the appropriate pair interaction, SU?"(r) results from eq. (4.17), with ¢, = 1 and
€o = 78.3. As Hurd [13] has shown, eq. (4.17) can be separated into an exponential
and algebraic decaying terms

BU™ (r) = BUM™ + pU™ (4.18)

where the first term

Uk = 2z2ng [ ) gy open, (4.19)

0o V1+1£2 KT
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is the familiar Yukawa potential with a factor 2, and the second term is

BU™ = —27%k\g / 0 Jy(kre) (16&) de (4.20)
0

with £ = £/0 = £/(1+%)"/2 and €;5 = € /€;. A numerical analysis of the integral term,
eq. (4.20) shows that it grows from weakly negative values at very small pair separations
to a positive maximum and decays algebraically to zero at large pair separations.
The net interaction potential in eq. (4.18), however, remains repulsive for all range of
interactions (see Fig. 4.2).

1.5 I I I I | I
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Figure 4.2: Analysis of eq. (4.18): (a) the exponential decay interaction u*'* = wY"/272k\p
versus pair separation distance, xs. (b) the integral term, u*!"* = '™t /2725 )\ 5 versus ks and
(c) the net interaction, equation (4.18) remains repulsive.



Section 4.2 Formalism 83

Case II: Air-water-metal (AWM) system

We first consider an approximate limiting case where Y12 = 1 and Y32 = —1. From
eqs (4.12) and (4.13), these values correspond respectively to €12 = €;/e2 = 0, an
approximate description of an air-water interface, and €35 = €3/€5 = oo for a metallic
substrate-water interface. From eq. (4.16) the resulting pair potential, U™ is

o
pUM™(r, L) = 222/@\3/ 0Jo(kre) tanh(kLE)de (4.21)

0
We see immediately that the approximation €15 = 0 is crude enough to kill the second
term in eq. (4.18), i.e. eq. (4.20), leaving the system with only the Yukawa interaction,
eq. (4.19). We will hence avoid this approximation, i.e. maintain yis # 1, in our pair
potentials. Then, from eq. (4.16), the pair interaction for the air-water-metal system,
U™ is obtained as

BUA™(r. L) = 272k ) g / Chlert) (4.22)

o coth(kLl) + egol

Case III: Air-water-air (AWA) system

Here x12 = X32. This situation would ideally represent particles suspended in a thin
film of water in air. It would also model systems where the e3-substrate is a low
polarizability medium (e3 ~ 1 — 6) where the ratio €3, is of the same order as €. The
pair potential 3U*¥?(r, L) for this system is obtained as

BU™(r, L) = 22%k\p / Jo(rre) [2ttanb(LO £ 1), (4.23)
0 tanh(kLf) + 2¢10f

Case IV: Air-water-water (AWW) system

In this case, e = €3 so that Y3 = (17 -0/ (Z + 1). This represents a hypothetical
situation where the substrate has the same dielectric constant as water but without
mobile charges. It exposes the effect of the confining substrate on the interaction
without image-charge forces. The pair potential is obtained as follows,

U (r, L) = 2Z2/£/\B/ Jo(kre)
0

tanh(kLl) + 1/¢
(1/€ + €150) tanh(kL{) + €15 + 1

) de. (4.24)

The potentials above are still in their integral forms. Unfortunately they cannot be
performed analytically without severe approximations. We have therefore performed
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the integrals numerically in order to capture sufficient details in the electrostatic in-
teraction. Figure 4.3(a-c) shows the variation of the pair potentials with the pair
separation, xr for various interfaces’ separation distances, kL. The full solid curve is
for the AW system, eq. (4.18) (no substrate) corresponding to KL = oo for any of the
other cases: pU"™, fU*® and SU*"Y for the AWM, the AWA and the AWW systems
respectively. The latter (AWW), is plotted in Fig. 4.3(a) to show the small but finite
effect of pure confinement without any dielectric change across the substrate-water in-
terface. The plots clearly show how the pair interaction between two ions trapped at
an air-water interface is modified by bringing a substrate from the bulk of the solution
to a finite distance very close to the air-water interface. Of particular interest is the
opposing effects of the two extreme classes of substrates (AWM and AWA) being inves-
tigated. While the effect of decreasing the AWA interfaces’ separation L is enhancing
the repulsive pair interaction (Fig. 4.3(b)), the effect of the same action for the AWM
system is weakening the repulsive interaction, becoming very short ranged for very
small kL (Fig. 4.3(c)). Fig. 4.3(a) for the AWW shows small but similar effect as the
AWA system, and confirms again that confinement leads to repulsive interaction. The

AWW system will not be investigated further, as its behaviour can be predicted from
that of the AWA.

This behaviour can again be explained with the electrostatic image-charge forces
discussed in sec. 2.3.1 (see e.g., eq. (2.18) and Fig. 2.3). When a metal substrate
(e3 > €5) is brought close the air-water interface, the image-charge of the macroion
in the metal is of the same magnitude but opposite in sign as the real-charge. The
total potential observed at the position of the second macroion is then the sum of
terms—positive and negative. The potential then tends to vanish as L — 0. It is the
direct opposite in the case of a substrate of the dielectric constant of air (e3 < €).
The macroion image-charge in such a substrate is almost the same magnitude and of
same sign as the real-charge and the total potential due to the macroion increases in
magnitude as L — 0. Electrostatic screening of charges by electrolyte ions does not
change this picture qualitatively, but leads just to an additional screening factor in the
potential (see e.g., eqs (2.27) and (2.28)). Now, for our case with two point-charges
at the air-water interface, this implies that one point-charge (the test charge) sees the
potential of two other charges, namely the real charge +Ze at z = 0 and its image-
charge —Ze(+Ze) at z = 2L in the AWM(AWA) systems respectively. The electrostatic
potential at the position of the test charge and thus the interaction potential then
reduces in the AWM system and increases in the AWA, relative to the value it has in
the absence of a substrate.

Figure 4.3 is plotted only up to a few xr. To reveal the full range functional
behaviour of the potentials, we replot Fig. 4.3 in log-log scale up to xkr = 20. The
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Figure 4.3: Linear plot of pair the potentials, SU(r, L) versus pair separation distance, kr for the
various system of interfaces; (a) the air-water-water (AWW), (b) the air-water-air (AWA) and (c) the
air-water-metal (AWM). The solid line, kL = oo corresponds to the air-water only (AW) system.

result is shown in Fig. 4.4(a) and (b) for only the AW, AWA and AWM systems.
The plots show for various kL, dominant exponential decay at short pair separations
and algebraic (~ r73) decay at large separations, in agreement with Hurd [13]. The
w = BUYR/27%k\p of eq. (4.19) is included to emphasize the deviation of the
potentials from the pure Yukawa potential decay.
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Figure 4.4: Log-log plot of the pair potentials, SU(r, L) versus the pair separation, kr for; (a) the
AWA system and (b) the AWM system. The thin solid line 4Y"* is the pure Yukawa exponential
decay, eq. (4.19). The AWW system is not included.

We have thus established that the presence of an additional interface has both
qualitative and quantitative effect on the pair interaction of macroions adsorbed at
an air-water interface. In what follows we are going to probe these potentials further
for structural effects on 2D colloidal suspension of particles trapped at an air-water
interface via MC simulation.
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4.3. One-component Monte-Carlo simulation model

Good fits of the pair potentials, eqs (4.18),(4.22) and (4.23), have been made to ob-
tain energy parameters used in the canonical ensemble MC simulation of the quasi 2D
system of colloidal particles trapped at an air-water interface with and without addi-
tional substrate interfaces. On the one-component level, only the configurations of the
macroions are sampled. The microionic degrees of freedom are averaged out; the pair
potential is thus an effective potential. The fit formulas are of the general form for the
reduced potential

ble—bg(m") N b4
(kr)bs (kr)bs’

u(kr, kL) = (4.25)

where u(kr, kL) = BU (kr, kL) /2Z*k\pg with U (kr, kL) as given in eqs (4.18), (4.22)
and (4.23). Values of the parameters b; (i = 1,2,3,4,5) for various different values of
kL and the three systems AWM, AWA and AW are listed in Table 4.3 in the appendix.
The AWW system is not considered.

In the simulation, the particles are no longer taken to be point-like ions, but have
finite size of diameter 2a. Hence the density of the 2D system of particles is best
described by the particle surface fraction @gur = ma?p,g, Where p,g = N/Spox is the
number density with N the total number of the particles in the simulation box of
surface area Spox. The new pair interaction (U — BV) then includes a hardcore part,

00; r < 2a

BV(r) = { 2(Z/gs0)? Ak u(kr,kL); T > 2a, (4.26)

where, the introduction of finite size for the macroions demands the familiar DH cor-
rection of the total charge, Z in the form, Z — Z/g.,, see eq. (2.32), sec. 2.3.2. The
validity of this correction in the present situation is doubtful since only a half of the
particle surface is assumed immersed in the aqueous phase and hence only this part
carries surface charges. But since for the sizes of colloidal particles being considered
here, the g.-factor makes only a small difference, we will leave it at that. It is con-
venient to work with reduced units and we take a as the new unit length scale in the
following. Then the independent parameters of our calculation are ¢g¢, A = Z2\p/a,
¢ = ka and L/a. Equation (4.26) becomes

o0; r/a <2

N2 ¢ u(Crfa,CL]a); rfa> 2 (4.27)

oV /o) = {
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Table 4.1: Possible combinations of the parameters, Z, a, k and Ap resulting to the various values
of the reduced parameters, A and (.

A =27*\g/a (=ka Z a(nm) k' (nm) Ap(nm)
3433.0 0.250 200 90.0 200.0 0.714
3433.0 0.167 200 50.0 300.0 0.714
1752.0 0.250 350 50.0 200.0 0.714
171.4 0.175 20 3.5 20.0 1.500
87.5 0.175 20 3.5 20.0 0.766

Table 4.1 shows possible combinations of the parameters, Z, a,x and Ag resulting
in the values of A and ( used in the analysis of the simulation results. In all simulation
runs, the 2D rectangular simulation box, with aspect ratio 2 : v/3 contained a total of
N = 1024 particles. The preferred aspect ratio makes the box a unit cell of the target
crystal structure (triangular lattice). This minimizes the influence of the simulation
box upon the structure of the system. We varied the surface fraction, ¢g.s, only up to
2% for the latex particles, where the average particles’ separation distance is about 6
particle diameters, thus remaining in the low concentration regime. For the proteins
however, the variation was up to 20%. Particles were moved only in the lateral v — y
directions with periodic boundary conditions according to the standard Metropolis
algorithm [131]. Each starting configuration consisted of particles uniformly distributed
over the simulation box on a triangular lattice. The systems were equilibrated with
about 20000 to 50000 MC cycles by monitoring the energy. One MC cycle corresponds
to N (= 1024) attempted moves of a particle. About 5000 to 10000 MC cycles were used
to obtain the statistical averages of the density dependent quantities characterizing the
particle structures at the interface. These quantities are; the bond orientational order
parameter ®g, the 2D pair-correlation function g(r) and the orientational correlation
function gg(r), introduced in the following:

The order parameter ®g was introduced by Nelson and Halperin [132] to characterize
the structural order in 2D systems. It is viewed as the absolute value of the sixth
Fourier component of the bond angle distribution function, which is constant in the
isotropic fluid and consists of six equally spaced peaks in the solid phase. It can be
given as [92,133]

1 N 1 Ny
Po=(—Y — ) ey, 4.28
- (rEwze) 0

The angular brackets indicate the configurational average and #6,,, is the angle
between some fixed axis (e.g., z or y axis) and the bond joining the m'™ particle
with another n'® neighbouring particle, and NV, denotes the number of such particle-
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Figure 4.5: Illustrating the determination of the bond orientational order parameter: 6 is the angle
between a fix axis y and a line joining the centers of a reference particle m and a neighbouring one n
whose center-center separation must be equal or less than d,,,, the mean separation distance.

neighbour bonds. Various definitions of particle-neighbour distances have been given in
the literature, but as long as the shell of the next-nearest neighbours is excluded, details
of the neighbourhood definition have a negligible influence on the results [134]. In this
present work, we declare two particles as neigbours if their center-center separation is
equal or less than d,, = 1/,/pn4, the mean separation between particles in a system
of 2D number density p,4. The square of the absolute value of the bond orientational
order parameter |®g|? is used to characterize the structural order of the system [129].
When the system belongs to the fluid phase, |®¢|> ~ 0. On the other hand, |®¢|? ~ 1
when the particles form perfect crystalline order of triangular lattice structure.

For further clarification on the structure and phase behavior of the system, the
pair-correlation function g(r) and the orientational correlation function gg(r) are also
determined by MC simulation. The g¢(r) determines the translational order of the
particles and can be defined as [6]

g(r) = (0(x")o(x' — 1))
_ <€3;X 3 - rij)> | (4.29)

i g>i

where Spo, is the 2D volume of the simulation box. On the other hand, the particles’



90 Interaction and phase behaviour of 2D systems of macroions at an air-water interfaceChapter 4

bond-orientational order is determined by the gg(r) defined as [135],
g98(r) = ({Qs(r)s(r' — 1)) / (6(r")0(r — 1)),

= <ZZ¢6 )¥5 (r;)d(r rij)>/g(r), (4.30)

i >t

where g(r,,), m =i, j is the local bond-orientational order parameter

Yo(rm) = ~ D ebilmn, (4.31)

The bond-orientational correlation function is often used to identify the so called hex-
atic phase where a system possesses short range translational order but a quasi-long
range orientational order, being intermediate between the solid crystal phase and the
fluid phase. The region in parameter space of existence of the hexatic phase in most
systems is very narrow. Hence in order not lose focus on the main aim of this study,
we will not pay much attention in identifying this intermediate phase.

4.4. Results and discussion

4.4.1. Latex particles

From the equilibrium states of the various systems studied (AW, AWA and AWM),
we investigate the concentration dependence of the squared bond-orientational order
parameter |®g(Psurr)|?, as well as the pair-correlation function g(r) and the bond-
orientational correlation function gg(r), with a view to understanding the electrostatic
influence of supporting substrates on the structural behaviour of charged particles
trapped at an air-water interface.

Figure 4.6 shows the variation of the order parameter |®g|? with the surface fraction
¢surt- The two outer curves correspond to fixed distances L/a = 4.0 in the AWA and
AWM systems, while the middle curve corresponds to particles of the AW system
(L — o0) in the absence of any additional interface. The other two parameters are
fixed at A = 3433 and ka = 0.25. These parameters are typical of latex particles in
highly de-ionized water (for example: ' = 200nm, ¢ = 50nm, A = 0.714nm and
7 = 500, see Tab 4.1). Any other possible combination of the parameters leading to
the same values for A and ka will lead to the same result. In all three curves, we
see that |®g|? ~ 0 for a range of colloid densities, indicating that the systems belong

to the fluid phase. Then, there appears to be a critical density at which the system
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Figure 4.6: The square of the orientational order parameter, |®¢|? versus the particle surface fraction

Gsur for the air-water only system (AW), the air-water-air (AWA) and the air-water-metal (AWM)
systems when the reduced interfaces separation distance, L/a, is held at 4.0. Other fixed parameters
are: A = 3433 and ka = 0.25.

experiences a jump in the order parameter (to |®¢|?> ~ 0.5 ) when the system makes
transition to the crystalline phase. This |®¢|? behaviour is quite in agreement with
that presented in Ref. [92]. The substrate-water interface again as in the case of the
interaction potentials shows a reversing effect in going from the AWA system to the
AWM system with respect to the AW system. The AWA system exhibits crystals at
densities where the AW and AWM systems shows fluid structures, obviously due to
the enhanced repulsive pair interaction potential observed in Fig. 4.3, while bringing a
metallic surface near to the 2D system at the air-water interface induces a shift of the
freezing density to higher densities. This confirms that, and shows how the additional
dielectric substrate affects the crystallization behavior of the 2D colloidal system.

To further expose the distinct effects of the two classes of interfaces, we characterize
in Fig. 4.7 the structural features of the systems (parameters as in Fig. 4.6) at a partic-
ular density, ¢gurt = 0.008. Figure 4.7 shows (a) equilibrated configuration snapshots of
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Figure 4.7: Two dimensional structural characterization of the particles trapped at the air-water
interface at ¢sy,r = 0.008. The columns: (a) snapshots, (b) the pair-correlation function g(r) and (c)
the bond-orientational correlation function gg(r), and the rows: (i) the AWA system (L/a = 4.0), (ii)
the AW system (L/a = 00), and (iii) the AWM system (L/a = 4.0). Other fixed parameters are as in
Fig. (4.6). dnn = \/Pna is the mean interparticle distance at the given density p = @gurs /ma.

the particles, (b) the pair-correlation functions g(r) and (c) the orientational-correlation
function gg(r), for the three systems: (i) AWA: L/a = 4.0, (ii) AW: L/a = oo and (iii)
AWM: L/a = 4.0. The figure reveals that at ¢g,s = 0.008, the AWA system displays
clearly a solid phase from the g(r) with quasi-long range translational order, and crys-

talline order from the point of view of gg(r) with finite and long-ranged non-decaying

values. At the same density, the AWM system shows an isotropic fluid phase where

both g(r) and gg(r) display short range order. The snapshots directly clarify these

features. Intermediate between the systems discussed is the no substrate AW system.
In this system, while the ¢g(r) shows a short range order, gg(r) appears quasi-long
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ranged, showing a slow decay to zero. This behaviour is an evidence of the existence of
the hexatic phase in the melting transition of 2D colloidal suspension at the air-water
interface investigated in Ref. [92].
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Figure 4.8: Phase diagram in the [¢sysr : L] plane for a set of system parameters corresponding
to A = 3433 and ka = 0.25. The regions of the indicated phases are: isotropic fluid phase (fluid),
crystalline solid phase (crystal), and either of both phases depending on the dielectric nature of the
additional supporting substrate. In the AWA system, this region is crystalline (crystal-AWA), while
it is fluid in the AWM system (fluid-AWM).

In what follows, we will not invest much effort in locating the exact transition
density from the isotropic fluid phase to the crystalline solid phase, or vice versa, often
achieved by the cummulant method [134]. We will rather assume that transition occurs
at around the jump in |®¢|?, i.e., at values of ¢gys corresponding to |®g|? =~ 0.5, which
is reasonable from the point of view of Fiig. 4.6 discussed. Figure 4.8 is a phase diagram
based on our model, obtained with the above criterion by systematically calculating
|®g|? as a function of ¢gys as in Fig. 4.6, for varying values of L/a. In this diagram,
the reduced parameters are again A = 3433 and ka = 0.25. The figure shows in what
regions of the lines drawn for the two systems, AWA and AWM, one expects to find
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the fluid phase and the crystalline solid phase. The region labeled ’crystal-AWA’ and
'fluid-AWM’ belongs to the crystal phase for the AWA system and to the fluid phase
for the AWM system. It is seen that at large L, the two lines join into one with values
equal to those obtained for the AW system.
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Figure 4.9: Same as in Fig. (4.8) but for (a) ka = 0.167: the crystal phase is dominant, and (b)
A =1752: the fluid phase is dominant.

Figure 4.9(a) and (b) show the effect of changing the reduced parameters, A and xa.
In Fig. 4.9(a), A is as in Fig. 4.8 while xa is decreased to 0.167. This could imply, for
example, reduction in the screening by reducing the ionic strength of the electrolyte
solution (e.g. from £~! = 200nm, to x~' = 300nm for a fixed @ = 50nm). This is
equivalent to decreasing kL in Fig. 4.3 which leads to stronger and weaker repulsive
pair interactions in the AWA and AWM systems respectively. The overall effect on
the phase diagram is a quantitative shift in favour of the crystal phase. In Fig. 4.9(b),
ka = 0.25 as in Fig 4.8 but A takes a smaller value, 1752, realized for example by
decreasing Z (see Tab 4.1). Again from Fig. 4.3, this will lower the amplitude of the
pair potentials for all the systems — AWA, AWM and AW, producing again a shift in
the phase diagram but now in favour of the fluid phase.
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4.4.2. Protein particles

In the light of the results of the preceding section, we extend the simulations to pa-
rameters relevant to protein particles at the air-water interface. Some protein particles
studied at the air-water interface are known to be of the order of a few nanometers in
dimensions and carry quite small numbers of charges. The net charge on a protein par-
ticle is pH dependent and can be varied from negative to positive, taking a vanishing
value at the iso-electric point of the protein solution. See Table (4.2) for a list of a few
proteins and some of their relevant characteristics. We investigate again the possible
influence of a supporting substrate on the phase behaviour of protein particles at the
air-water interface. We see immediately from Table (4.2) that the electrostatic coupling
quantity, A will be very small (~ 100) for any realistic combination of the composite
parameters, compared to the latex particles. This is essentially due to the low net
charge carried by proteins. We will therefore focus only on the AWA model, which
according to the results on latex particles enhances the tendency to crystallize and
therefore provides the only possible chance of finding the crystal phase at reasonable
particle densities.

Table 4.2: Some proteins particles studied at the air-water interface with some relevant properties
and sources.

Protein Tertiary Dimensions Hydrodyn.
particle structure (nm x nm X nm) radius (nm) Charge (pH) Ref.
Lysozyme globular 4.5 x 3.0 x3.0 1.967 I?z (;75;)) [97], [136]
BSA* globular 14.0 x 3.8 x3.8 3.579 17 (7.0) [97]
B-Casein d‘s,frdered 3.579 -13 (7.0) [97]

coi
Myoglobin globular 4.4 x 4.4 x2.5 ;g S‘5)’ - [136]
Ribonuclease globular 3.8 x 2.8 x2.2 +13 (3.5) [136]
Apoferritin** globular 6.000 undetermined [137]/ [138]

* Bovine serum albumin
** Apoferritin is the protein, ferritin with a spherical core of about 6nm in diameter containing iron
oxide [138§]

In the simulations, we probed A = 87.54 and 171.42. The former value could corre-
spond to; 2a = 7.0nm, Z = 20, and Ag = 0.766nm (water: T = 278K, e, = 78.3), while
the latter is obtained by increasing Ag to 1.5nm assuming a lower polarizability solu-
tion of dielectric constant, e, ~ 40.0. This assumption is not unreasonable considering
that in experiments of protein crystallization, the protein solution is often a concoc-
tion whose resultant dielectric constant may be well below that of water. However, the
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AWA acronym will still be used to describe the resulting air-solution-air system. For
€2 = 40, a different set of fit parameters must be obtained and are shown in Table 4.4
in the appendix. For salt concentrations typical of protein solutions [97, 136], we fixed
ka at 0.175.

Figure 4.10(a) shows the variation of the order parameter |®4|? with the surface
fraction ¢g,+ when the AWA interfaces’ separation distance L is equal to the particle
radius (L/a = 1.0). The figure shows that with A = 87.54, the protein particles could
not form crystal for the range of surface fraction shown. But increasing A to 171.4,
the order parameter performs the characteristic jump (here at ¢, = .018) to a high
value, so that we can expect well defined crystalline structure at ¢g,s = 0.02 at the
air-solution interface. Figure 4.10(b) shows that the crystalline order existing at the
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Figure 4.10: The order parameter |®4|? versus (a) surface fraction @, and (b) air-water/substrate-

water separation distance L/a, for sets of parameters appropriate for protein particles at air-solution
interfaces as labeled. In both (a) and (b), ka = 0.175.

surface fraction, ¢g,r = 0.02 in Fig. 4.10(a) collapses to an isotropic fluid phase with
also a sudden plunge in the order parameter |®¢|?, when L/a is increased from 1.0. The
point on the horizontal axis L/a = oo corresponds to the AW system (i.e. air-solution

only interface).

In Fig. 4.11, we plot the [¢gys : L]-phase diagram for the protein particles (A =
171.4, ka = 0.175) with the same freezing criteria used for Figs 4.8 and 4.9 for the latex
particles. But unlike the latter, the AWM branch is not included due to the earlier
given reason. The protein phase diagram (Fig. 4.11) while qualitatively identical to the
latex particle ones, however shows much larger region in [¢gy : L] plane for the fluid
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phase. The system exhibits the crystal phase only at rather very high surface densities,
about an order of magnitude larger in comparison with densities for the latex particle.
Fig. 4.11 reveals how effective the additional substrate now becomes in promoting
crystallization: already at relatively large separations of L/a = 5 one observes a clear
shift of the freezing transition point from its original value (no substrate) at about
Gsurt = 0.18 t0 sy = 0.15, and at L/a = 2.5 freezing sets in already at dgur =
0.06, that is, at a protein surface fraction which is a factor 3 smaller than it is in
the no substrate system! Figures 4.10 and 4.11 thus demonstrate that, using the

25 B 1 | 1 | 1 | 1 |
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Figure 4.11: Phase diagram for a set of system parameters corresponding to A = 171.4 and ka =
0.175 appropriate for protein particles, obtained only for the AWA system.

model pair interaction potentials described in this work, a low polarizability supporting
substrate, whose dielectric constant is much smaller than that of water (e3 < €3),
is capable of inducing crystallization in an otherwise fluid 2D protein system when
the separation distance between the substrate and air becomes comparable to the
particle size. We however also remark that at such high densities, the average particles’
separation distances, d,, become comparable to the particles’ size. Apart from the
technical problem of requiring more particles in the simulation (which demands more
computation time), the neglect of the van-der-Waals attractive forces (which become
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more effective with increasing salt concentration) in the model then becomes certainly
less justifiable. Also, when L/a — 1, for the small protein size, the use of the DH mean-
field theory which neglects correlation of the microions should also be questionable.

4.5. Summary and conclusion

The present chapter has considered the pair interaction potential of two macroions
adsorbed at the boundary between an aqueous electrolyte and a gaseous medium, with
and without the presence of an additional dielectric substrate in close vicinity of the
air-water interface. We considered only three but representative substrate-solution
interfaces giving rise to the following system of interfaces: air-water-metal (AWM),
air-water-air (AWA) and air-water-water (AWW). Metal represents media of dielectric
constants much higher than water (€meta1 ~ 00), air represents media on the opposite
end (€ ~ 1), while the AWW system model systems where the substrate is of the
same polarizability as the electrolyte (water). Two similarly charged particles at an
air-water interface are known to interact via repulsive electrostatic dipole-dipole po-
tential in addition to the well known Yukawa-like screened Coulomb potential. We
showed that the presence of the additional interface results in a modification of the
total electrostatic repulsive interaction potential, enhancing it in the case of the AWA
system but with a diminishing effect in the AWM system. Applying these model pair
interaction potentials, we investigated via MC simulation the density dependent quasi
2D structural and phase behaviour of two classes of colloidal particles, namely, highly
charged spheres, such as latex particles and charged globular protein particles, using
the bond orientational order parameter, the pair and the bond-orientational correlation
functions.

In the case of latex particles, we obtained fluid to crystal transition phase diagrams
in the particle density-interfaces separation distances plane [¢g,s : L] for low salt con-
centrations. While the AWA system facilitates formation of crystals at low particle
concentration relative to the air-water only (AW) system, the AWM system behaves
otherwise, in accordance with the opposing behavior of their pair interaction poten-
tials. This then is the essential conclusion of this chapter: it is possible to influence the
crystallization behavior of 2D systems of charged particles at the air-water interface by
an additional dielectric substrate, brought into the neighbourhood of the air-water in-
terface. This might bear some relevance for protein crystallization in 2D. The positive
influence of the AWA system on 2D crystallization of latex particles motivated the ex-
tension of the model to investigate 2D crystallization of proteins, where the total charge
on the particle is very low (Z ~ 15). The protein particles phase diagram obtained
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showed some sets of system parameters where it is possible to form 2D crystals when
the interfaces separation distance, L becomes comparable with the particles’ sizes. The
results obtained in this study should be insightful enough to guide the experimentalist
in choosing materials and substrate interfaces for growing 2D structures, e.g. crystals
at air-solution interfaces.
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4.6. Appendix

4.6.1. A: The fit parameters for the pair interaction potentials

In Tables 4.3 and 4.4, we tabulate for reproducibility purposes, the fit parameters b;,
in the fit function f(r,b) = bye 2" /(kr)®s + by /(kr)?, for the interaction potentials
u = BU/2Z%k\p with BU from eqgs. (4.18),(4.22), and (4.23). To obtain very accurate
fits for the potentials, it was necessary to separate the pair separation distance, kr into
small and large.

Table 4.3: The fit parameters b; for ¢ = 1.0 and e; = 78.3. The values corresponding to kL marked
%7 are obtained for the air-water-air system, '**’ are for the air-water-metal system, and kL = oo is
for the air-water only system.

KT

Small separation: kr =0—7 Large separation k7 = 7 — oo

kL b1 bz b3 b4 b5 bl bz b3 b4 b5
0.25* | 436968 1.03332 0.38666  0.05188 1.41822 | 6.75770 0.79906  1.34639 0.75897 3.20032
0.35* | 3.16919 1.06816 0.32458 0.07366 1.87064 | 4.61932 0.84437  1.16922 0.39803 3.20639
0.50* | 213406 1.01331 0.39440 0.05023 2.22335 | 4.72500 0.80606  1.49737 0.16537 3.13671
0.75* | 1.30101 0.870893 0.662179 0.02989 2.39797 | 1.92150 091642 0.86393 0.09282 3.20049
1.00* | 0.99245 0.77318 0.91866  0.00996 2.51205 | 1.39635 0.93328 0.78978 0.05493 3.18530
2.00* | 095501 0.95065 1.01137  0.00543 1.35189 | 0.76352 0.94202  0.80309 0.02030 3.10277
4.00* | 098485 0.99191 1.00018 0.00115 1.36693 | 1.29557 0.90959  1.42098 0.01608 3.07225
00 0.98395 0.99158 1.00029 0.00126 157368 | 0.81882 1.02088 0.81871 0.02700 3.28884
4.00** | 0.98562 0.99227 1.00009  0.00083 1.38556 | 1.07694 0.98345 1.09445 0.01593 3.07056
2.00** | 1.01685 1.03296 0.98923 -0.00379 1.36667 | 3.47061 1.02433 193716 0.01384 3.04663
1.00** | 1.23932 1.47238 0.90124 -0.00658  1.46043 | 102.86300 0.437491 7.39092 0.00796 3.02246
0.75** | 143582 191032 0.83769 -0.00451  1.55401 | 0.00520 0.58665  2.31473 0.00469 2.95943
0.50* | 1.86138 2.89575 0.73788 -0.00177 1.81432 | -8.46E-05 0.10370 1.58336 0.0028  2.90339
0.25** | 2.84005 5.92461 0.64324 -144E-05 543621 | -4.17E-06 0.21541 0.32290 0.00059 2.76656

Table 4.4: The fit parameters b; for ¢, = 1.0 and e2 = 40.0 obtained for protein particles in the
air-solution-air system.

KS

Small separation: ks =0—7 Large separation ks = 7 — o0

kL bl b2 b3 b4 b5 bl b2 b3 b4 b5
0.175 | 590557 1.11571 0.30643 0.19672 1.30551 | 16.69520 0.46874 2.73382 2.20759 3.08202
0.250 | 4.24392 1.10785 0.29197 0.14138 1.51621 | 9.89539 0.60330 2.20350 1.26082 3.13354
0.350 | 2.83067 1.00914 0.38945 0.08782 1.69163 | 7.10615 0.67153 1.97503 0.67289 3.14514
0.500 | 1.73127 0.84728 0.60044 0.05126 1.81383 | 4.73814 0.73498 1.73526 0.34197 3.14931
(o) 0.97308 0.98551 1.00007 0.00154 1.14008 | 2.00690  0.82914 1.92410 0.02845 3.02717




The Cell model method for interfacial
suspensions

5.1. Introduction

As in the previous chapter, the present one involves suspensions of colloids near typical
dielectric interfaces. But as opposed to the former where studies were based on the DH
theory and one-component MC, we here come back to the non-linear PB theory, and
primitive MC simulations, in cell model approximations. In a primitive MC simulation,
all types of ions in the suspension are explicitly accounted for. The work in this chapter
will reveal the influence of the other macroions in the suspension on the total force on
a macroion near a dielectric interface as opposed to the work in chapter 2 where only
a single macroion was considered. Another comparison with the system in chapter 2
is that the wall is also hard and impenetrable. Again the key words here as in all
other chapters, include image-charges and confinement effects. We also show how
these effects can modify the effective charge of the interfacial macroion.

The cell model approximation is a common method to reduce the complicated
many-body problem of a macroionic colloidal suspension to an effective one-body sys-
tem [139-144]. A difficult alternative to the cell model is the many-body primitive
(MBP) model. In this model, the solvent is treated as a continuum, being characterized
by just its dielectric constant. The macro- and microions are modeled as charged hard
spheres in the solvent, though the microions are often also treated as point-charges. A
major limitation of the MBP model is that the total number of particles, N (macroions
plus microions) that can be simulated is rather small being limited by the speed and

101
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efficiency of computation. This is because N is proportional to the total charge on the
macroion Z. For example, in a system of IV, macroions, each releasing N, = Z mono-
valent counterions (microion), the total number of particles N = N,,(1+ Z). Addition
of salt ions further increases the number. In their various studies relating to colloidal
suspensions, Linse et al. [145-149] have made steady progress in the number of particles
simulated, achieving recently, Z = 60, which for a mere N,, = 80 macroions results
in N = 4880 particles, quite a large number for any average computers. One further
approximation to the MBP model is to eliminate the microionic degrees of freedom.
This results in the one-component model, in which the charged colloids and their at-
mospheres of microions are averaged into dressed macroions. The dressing microions
are characterized by the Debye screening constant x. This method enables the use of
more macroions in simulations, as has been used already in the previous chapter in
2D systems of colloids at the air-water interface. The use of the one-component model
is mainly justified when one is not particularly interested in the actual distribution
of the microions but rather in the equilibrium configuration of the macroions. A less
approximate approach is the description, on a mean field level in which for a colloidal
suspension, one has to solve the multi-centered PB equation for every possible colloidal
configuration {R} to obtain the mean-field electrostatic potential ¢({R}) and then the
appropriate thermodynamic functions [78].

The cell model approximation provides a way out of the difficulties or shortcoming
of the above described methods provided its own assumptions are tolerable. These
assumptions include:

1. Each macroion is located in a cell whose volume equals the volume per macroion
in the suspension.

2. Every macroion has identical environment and hence every cell is identical in
volume and shape.

3. Each cell is electrically neutral, and the cell boundaries, whichever geometry is
assumed, are assumed to be surfaces of zero electric field.

It therefore suffices to consider just one cell instead of the whole suspension. The many-
body effects as opposed to an isolated macroion, come from the boundary conditions
on the cell surfaces as well as the macroion density or volume fraction relating to the
cell volume.

The cell model can be constructed and analyzed for various geometrical shapes of
the cell, e.g. spheres, cubes, cylinders, e.t.c., and for various configurations or positions
of the macroion in the cell — centric or eccentric, see Refs [78, 150-152] for some details.
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We will be concerned here mainly with constructing and describing interfacial cells
where the boundaries of the cell are no longer just only the fictitious constructs, but
include real walls whose dielectric constant may be sharply different from that of the
suspension. As usual, we will look for effects due to image-charges and confinements.

This chapter is divided into two main parts: In the first part, the essential features
and results of an interfacial cylindrical PB cell model [78,153] are presented. More
details can be found in the latter references. The presentation is necessary for com-
pleteness, since the PB methods in the previous chapters have produced only effective
interactions. The second part is devoted to a primitive MC simulation in a similar
but cubic cell model, the geometry of the cell in each technique being for convenience.
Results from both techniques are compared and discussed where possible.

5.2. Interfacial Poisson-Boltzmann cell model

5.2.1. The cylinder model

The charge-stabilized colloidal suspension is here being modeled by colloidal charged
spheres that are suspended in a solvent and surrounded by microions. A finite concen-
tration n,, of these spherical macroions is assumed, so that the volume per macroion
is Vivs = 1/n,, (this is equal to the Wigner-Seitz (WS) cell volume in the crystalline
phase). The macroion has a radius a and fills a volume V;, = 4ma®/3. Each bears Z
positive charges and thus produces the same number of singly charged, negative, point-
like counterions, whose concentration then is ¢y = Z/ Vivs with Viys being the part of
the WS cell volume that is not already occupied by the macroion, VWS = Vws—V,,. For
simplicity of calculation, the system is assumed salt-free, i.e. the microions are made
up only by the counterions. This assumption is good for highly de-ionized solutions
and/or for suspensions of sufficiently high concentration.

The forces between the macroions are determined by the (inhomogeneous) distri-
bution of the microionic fluid between them. On a mean-field level of description, this
distribution of the mobile microions can be calculated from the PB equation [154].
Though being originally designed for the case of isolated charged objects in an ionic
solution, the PB theory applies equally well to concentrated suspensions of charged
colloids, provided the cage of neighboring macroions is modeled by a cell of finite vol-
ume, to which the macroion is confined. The entire problem of finding the density
distribution then reduces to solving the PB equation inside a single cell only. In a bulk
suspension, each macroion is assumed to be located at the center of its cell, and all
the cells of the suspension have the same volume and shape, most commonly spheri-
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cal cells [5,155]. The presence of the other particle of the suspension are taken into
account by the appropriate choice of the boundary conditions. The boundary condi-
tions plus the PB equation then constitutes a BVP whose solution provides the mean
electrostatic potential and thus a microionic density distribution. From it, one can
then derive general thermodynamic quantities of the suspension, such as, for instance,
the osmotic pressure [5], or more specific quantities, such as the effective pair-forces
between the particles [151].

Considering here a suspension that borders to a dielectric interface, a cell model
is suggested that is adapted to a planar interfacial wall (Fig. 5.1). The WS cell of a
colloidal particle near to a dielectric interface is now assumed to have the shape of a
cylinder of radius ¢ and length z; (the z-axis is perpendicular to the wall, with z = 0
defining the interface). rq is given by the volume of the WS cell, Viys = mréz;, with
the additional assumption that the cell has the same aspect ratio as a cube, z; = 2r.
The macroion inside this cell is situated at z = 2y and r = 0. At z = 0, the dielectric
constant of the medium changes from € to e.

o
»

—

J@l

Figure 5.1: The interfacial cell model: a colloid of charge Ze is located at a position 2y inside a
cylindrical Wigner-Seitz (WS) cell of length z; and radius ro with 2rg = 2. This cell is filled with Z
counterions and confined by three surfaces Si, S2 and Ss3, of which S is a dielectric interface where
the dielectric constant of the medium changes from € to €¢’. In the ¢ medium, there is the mirror
image of the original cell, the image cell, with the confining surfaces Sy, S} and S5.

Inside this interfacial cell, the PB equation (in cylindrical coordinates) to be solved
in the salt-free case under consideration reads,

V2¢(r, z) = 4nAgp(r, 2) (5.1)
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with a charge density p(r) that depends on ¢, the now familiar normalized mean electric
potential, in the following way

p(r, 2) = coe®™O(R(r, 2) — a) + pm(r, 2) . (5.2)

The charge distribution p(r, z), eq. (5.2), consists of two terms of which the first is the
contribution of the microions in the region exterior to the colloid. This is ensured by
the © step function, which changes from zero to one when its argument becomes greater
than zero. R is the radial distance from the center of the colloid, R? = r*+(z—2¢)%. The
second term in eq. (5.2), pn, is the charge distribution of the colloid, whose charges are
usually assumed to be homogeneously smeared out over the colloidal surface. To reduce
grid errors in the numerical procedure, they are however taken to be homogeneously
distributed in a thin spherical shell near to the colloidal surface. This shell is defined
by the two radii b and a (b < a, a — b << a). The colloidal charge density then reads

_ 370(a— R)O(R — b)
P = T (@ =)

(5.3)

and is not dependent on the electrostatic potential.

In order to be able to set up a BVP, one has to specify the boundary conditions
for the cylinder cell. Let us label the three confining surfaces of the cell 57, S5 and
Ss3, the first one being the interface to the dielectric medium, the second is the surface
of the cylinder and the last is the surface bordering the next cell towards the bulk
suspension (see Fig. 5.1). If for the moment one assumes the colloidal particle to be
located at the center of the cell, zo = 0.5z, then the boundary conditions at S, and S3
follow from the assumption that the corresponding surfaces lie sufficiently near to the
mid-planes between two neighbouring colloids where, for symmetry reasons, the electric
fields exactly cancel out. The boundary condition at the S; surface follows from the
requirement that the jump in the normal component of the electric displacement field
across the interface must be equal to the surface charge density, —ec at the interface.
Put together, the following BVP is obtained:

(83 + 10, + 83) é(r,z) = 4mAp (coe‘p(r’z)@(R —a) + pp (1, z))

Sy 682¢|z:0+ = 6’6Z¢‘z:0_ + 4me?fo (5.4)
Sy o9 = 0
53 : (92¢ = 0.

In addition, one requires that (i) the potential is continuous across the interface and
that (ii) the WS cell must be electrically neutral. One therefore chooses the additive
constant of ¢ such that

co/ e?dV =7+ %; (5.5)
s
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because the total number of counterions in a cell equals the sum of the colloidal charge
number plus the interfacial charge number, ¥ = o7rg.

It is more convenient to work in reduced units and for all length scales the radius
a of the colloid is taken as the unit in the following. Recalling that ¢y = Z/Viys and

realizing that
1- ¢vol

¢vol
with ¢,o = Vin/Vivs being the volume fraction and V,, = 47/3 the volume of the

colloidal particle, eq. (5.4) using egs (5.3) and (5.6) can be written as

(83 + 30, + 8§)¢(r, z) = 3XBZ(—1;¢’;°;01 QR — 1) — QUL-RIOF D) )

1—53
Si: 32¢|z:0+ - 6?’ Z¢|z:0— +4no
52 . 81~¢ =0
Sg . 8z¢ =0 s

(5.7)
where A\g = Ag/a and 6 = algo. From eq. (5.7), one can notice that the input
parameters of the whole problem have been reduced to just four independent input
parameters, which are the volume fraction ¢,,, the ratio of dielectric constants €' /e, the
scaled colloidal charge Z\g and the scaled interfacial surface charge &. The parameter
b (b < 1) also appearing in eq. (5.7), has been introduced for technical reasons only
and does not affect the results.

That the problem can be reduced to four independent parameters only, is owed to
the fact that the PB equation in the salt-free case scales with ZAgz/a, an observation
made also by Groot [155]. This scaling property is lost when salt ions are present
which is the main reason for considering the salt-free limit. It enables one to study the
problem by playing through only four parameters. However, since the main interest
here is to study the image-charge effects on colloidal particles, the problem is simplified
further by setting o = 0.

In a purely electrostatic problem, the complicated boundary condition at S; in
eq. (5.7) is satisfied by means of the image-charge method, where every ion of charge
g in the neighborhood of the dielectric wall has an image-charge, gx in the z < 0
half-space. The factor y first defined in eq. (2.18) can be expressed as,

1€/

=Trere (5.8)

X

For the most experimentally relevant cases, it suffices to investigate the ratios €' /e
between zero and one only, so that y varies between y =1 (for €//e = 0) and x = 0 (for
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€'/e = 1). That means that the image-charges for ¢'/e = 0 will have the same sign and
magnitude as the original charges, while they will be nonexistent when ¢'/e = 1. The
image-charge method can be applied directly in MC simulation, but only implicitly
in a PB problem, through the boundary conditions as e.g., the iterative procedure
explained below to solve eq. (5.7) [78, 153].

Note that the BVP of eq. (5.7) leads back to a bulk cell problem, if we choose 0 = 0
and ¢ = 0. For then, the electric field at all three sides are the same in accordance
with the symmetry requirement in a bulk situation. The only difference to the standard
PB cell model [5,155] then remains the cylindrical shape of the cell as opposed to the
spherical cells usually assumed. But with regards to the density profiles, this difference
has proven to be insignificant. At first, one might think that a choice ¢ = € should
give the bulk situation; but from eq. (5.8), we know that ¢ = 0 means that the image-
charges take the maximum values (x = 1). The ion distribution in the cell at z > 0 thus
has perfect mirror picture at z < 0. The latter then simulate the density distribution
in a next neighbour cell in bulk. Hence, for symmetry reasons, the normal component
of the electric field must vanish at z = 0. The bulk situation is thus recovered.

In the iterative procedure, the boundary condition at S; when €' # 0, is utilized to
link the potential at z > 0 to the potential at z < 0 which is a solution to the Laplace
equation. To calculate the potential at z < 0 an image cell in the negative half-space
(z < 0) is constructed, where the dielectric constant is € (see Fig. 5.1). It is the mirror
image of the original interfacial cell at z > 0, with confining surfaces; S;, S, and S%.
There are no real charges in this cell, so the problem to solve is the following BVP,

<8,? + 20, + af)qﬁ(r, z) = 0

51 6, = v(r) (5.9)
S o¢ = 0
Sy - d,0 = 0.,
with a potential v(r) at S; to be specified soon. Equation (5.9) has the following
solution
> r Z+ 2
= A Jo(Yom — h (yom 5.10
¢(r, 2) mz::I o(%o 7“0) cosh (o o ) (5.10)
where the coefficients A,, are given by
21y 2 72 -Lfre z
A = 2(cosh (?JOmT_)ToJo (y()m)) v(x)xJo(yomT—)d:c : (5.11)
0 0 0

In these expressions, Jy and J; are respectively the Bessel functions of order zero and
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one, and Yo, is the m'™ root of the function J;. The derivative of eq. (5.10) at z = 0 is

- r, [T x
9:9(r,0) = Z BmJO(yOm%)/ U(x)xjo(%m%)dﬁ (5.12)
m=1 0
with

21 2yOm
By, = tanh (Yom—) =555, - 5.13
(0 To)Tng(yOm) ( )

With eqgs (5.9) to (5.13), an iterative scheme to solve eq. (5.7) can be given. Let
#™ be the potential in the n'* iteration cycle. To obtain this potential one needs
to know 62¢(")|z:0+,
turn is based on the knowledge of the potential at z = 0, that is on v(r), for which
the potential from the previous iteration step ¢~ is taken. Equation (5.7) can be
rewritten once more as follows,

which can now be obtained from eq. (5.12). This expression in

(83 + 70+ a§)¢<"> (r,z) = 3XBZ(—1;¢’;;I /M Q(R — 1) — SEUHRD )

1-b3
Sl . az¢(n) |z:0+ = %’(Zoozl BmJO(yOm:_O) 0”‘0 ¢(n—1) (l‘, 0)$J0(y0m%)d.’b)
+4no
SQ . 8T<b(") =0
SS : az¢(n) = 0 )
(5.14)
plus the condition
co/ AV =72+ % (5.15)
VWS

for the choice of the additive constant of ¢(™. The coefficients B,, appearing in
eq. (5.14) are to be taken from eq. (5.13). As an initial value for the potential one
can take the solution of eq. (5.7) for ¢ = 0. In practice, one varies the ratio €'/e
starting from €' /e = 0 and takes the solution for a given value of this ratio as an initial
guess for the next higher value.

5.2.2. Force on the colloidal sphere

Given the solution ¢ from eq. (5.14), the force acting on the colloid can be calculated.
Due to cylindrical symmetry, this force is directed in z direction with z component,

F,. Tt can be obtained by integrating the stress-tensor ff,

—
—

T = (H —E2)1 _ “EE, 5.16
+ 8w 4 ( )
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(IT is the local osmotic pressure, E the electric field) over a surface S enclosing the
colloidal particle,

Fz:/dSﬁ-T-éz. (5.17)
S

71 is a unit vector directed normal to the surface S, €, is a unit vector in the positive
z direction. A natural choice for the enclosing surface are the three surfaces confining
the cylindrical cell, i.e. S;, So and S;. Equation (5.17) can be evaluated to take the
form:

T, =9F(z=0) —vF(z = 21), (5.18)

where the factor v = 4\g[ renders the force dimensionless, and

" 16AZbuol 0

vF(z) = / [137(;5%“5“ #) (&qﬁ(r', 2)? — 0,¢(r', 2)2)}7"'d7"' : (5.19)
0 — Pwol

The first term in eq. (5.19) is due to the local osmotic pressure while the second accounts

for the stress induced by the electric field.

5.2.3. Results and discussion: Poisson-Boltzmann cell model

We seek to obtain an idea as to what an effect a dielectric interface will have on the
structure of a concentrated colloidal suspension, and this means in particular, if there
is an additional wall-induced force acting on an interfacial colloid. In the framework
of the interfacial cell theory presented above, we are now in the position to answer this
question with the help of eqs (5.14) and (5.18). As mentioned earlier we expect two
distinct relevant effects namely, confinement and image-charge effects. By confinement
effect, we mean that the electrolyte is confined to the half-space where z > 0 by the very
existence of the wall. A spherical double layer around a colloidal particle approaching
this wall will therefore become distorted and this distortion will necessarily cost free
energy. Therefore, repulsion is to be expected, when the particle is sufficiently close to
the wall for this effect to occur. Image-charges exert additional forces on the ions in the
interfacial cell. To predict their effect on the colloidal particle, we need to remember
that the colloid is located at the center of a cell that borders not only to the dielectric
medium (at S, see Fig. 5.1) but also to the next cell bordered by Ss;. The ions inside
the interfacial cell will therefore be exposed not only to the image-charges from the
region z < 0 but also to the charges of the neighboring cell at z > z;. It is again
necessary to point out that these charges do not appear explicitly in the PB scheme,
but enter the calculation through the boundary conditions in eq. (5.14). This is the
reason why the actual force in eq. (5.18) is the difference between two terms: one
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arising from the image-charges, 7F'(0), the other from the charges in the neighboring
cell, vF(z).

For all cases where xy < 1, we can thus predict an attractive net force pulling
the colloid towards the wall because the image-charges with a charge of xq will exert
a force that is, though repulsive, not strong enough to balance the forces from the
corresponding ions in the cell at z > 2, i.e. YF(0) < vF(z1) in eq. (5.18). The effect
resulting from this charge imbalance has been termed ”image-charge effect” [78,153].
When ¢ = 0 (x = 1), the image-charges are expected to match the charges from z > 2,
and a totally symmetrical, bulk-like situation is recovered where there is no net force
on the colloidal particle, vF(0) = vF(z).

Z)\B/2a=7.5 .

....... - Zh\/2a=25 ~.

-0.4 T T T T T I T
0.0 0.5 1.0
]
e'le
Figure 5.2: The total force acting on a colloid located at the center of an interfacial cell for varying

ratios of €'/e. The force is attractive and grows with increasing volume fraction ¢, and scaled
colloidal charge ZAg/2a.

Figure 5.2 gives the net force acting on the colloidal particle in the center of its
cell as a function of the ratio ¢ /e for various values of Z Mg and ¢py. The figure shows
that, indeed, for a centric configuration of the colloidal particle in the cell, the force
acting on the colloid is always attractive and directed towards the wall. The force-free
position for the colloid is therefore expected to lie at some point z < z;/2. This should
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be so because the imbalance between vF'(0) and yF(z) and thus the net force is largest
when the image-charges vanish, i.e. when € = ¢, and that it is zero when ¢ = 0. The
force increases with growing €' /e, with increasing volume fraction and with increasing
colloidal charge,
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Figure 5.3: The partial forces vF'(0) and vF'(z1) acting on the colloid a centric position (zg = 0.521)
and when its center position is shifted to zg ~ 0.4z; (closer to the wall), as a function of the reduced
colloidal charge ZAp /a. The net force follows if the force vF(z;) acting from the bulk side is subtracted
from vF(0). In the eccentric case the net force is always positive as against the centric case in Fig. 5.2.

To investigate the full effect of confinement, the colloid is displaced slightly from
its centric position. This results to different boundary conditions and a new and more
complicated BVP. This is discussed further in Ref. [78,153]. The result however shows
that for wall-colloid distances zj a little smaller (zy ~ 0.42;) than half of the mean bulk
colloid—colloid distance z;, the net force on the colloid becomes invariably repulsive due
to the strong confinement effect (see Fig 5.3). This holds for all values of € /e between
zero and one, all volume fractions and all scaled colloidal charges ZAg/a. That the
latter statement is true even though we stopped at only ZAg/2a = 25, follows from
the well-known phenomenon of ion condensation, a typical feature of the nonlinear
PB theory [71,5,155]. Values for the scaled charges higher than Z\g/2a = 25 will
therefore produce no new results.
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5.3. The cell model in Monte-Carlo simulation

The PB-BVP and results given in the preceeding sections show that a slight pertur-
bation in the wall-colloid separation distance from a centric position in the interfacial
cell results in the net force on the colloidal particle being repulsive. In this section we
use a cubic cell in MC simulations to complement the PB results by addressing the
effects of the counterions correlation, and whether the results are changed when the
counterions are allowed to have a finite core radius, since these cannot be treated within
the PB scheme described above. To see how big the finite-size effect can become, we
study the extreme situation where the colloid touches the dielectric wall (Fig. 5.4(a)).
Here finite-size effects can be expected to be most pronounced because of the spatial
confinement of the ions in the narrow region between the colloid and the wall. For
counterions with both finite and vanishing core radii, we will calculate the free en-
ergy for a colloid in such a touching position and compare it with the free energy for
the colloid in a bulk suspension (Fig. 5.4(b)). If this energy difference is positive and
only weakly dependent on the counterion size, we may conclude that the results of the
PB calculation remain the same even for counterions of finite size. We also follow in
the manner of Groot [155] to determine the possible effective charge of an interfacial
colloid.
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Figure 5.4: The cubic cell model: (a) An interfacial cell containing a colloid of total charge, Z and it
cloud of counterions in a medium of dielectric constant, . The colloid here is shifted along the z-axis
from its usual center position to touch the interface wall. The image of the cell is drawn behind the
interface (dielectric constant €), showing the colloid image of charge Z' and its image-counterions. (b)
A bulk cell, far from the interface wall. There are no images.



Section 5.3 The cell model in Monte-Carlo simulation 113

5.3.1. Computational details

Our MC simulation setup is based on the cubic cell model — a macroion of radius a
and charge Ze in a cubic cell of length L (x € [-L/2,L/2], y € [-L/2,L/2], and z €
[0, L]) neutralized by inhomogeneously distributed microions and suspended in water
of dielectric constant ¢ = 78.3. The cell model MC simulation is usually performed
in a fixed configuration of the single macroion while the microions (counterions) are
allowed to explore the configuration space. In the bulk situation (Fig. 5.4(b)), it is
conventional to fix the macroion at the body center of the cubic cell. Hence we locate
the macroion at the Cartesian position (z,y,z) = (0,0,L/2). We shall call this the
Bulk scheme (BS). Here, no dielectric interface is involved and hence no image-charge
effects. For a WS cell at the interface (Fig. 5.4(a)), we have the Interface scheme (IS),
where the macroion is made to touch the € dielectric wall at z = 0, i.e., its position is
at (0,0,a).

The simulations were performed in the canonical ensemble (constant-NVT) at room
temperature corresponding to the Bjerrum length of Ag = 0.715nm. The cell volume
(and thus L) is determined by the macroion volume fraction ¢,, = V,,/L3. In the
following simulations, ¢,, = 0.01,0.05,0.10 are investigated. We again consider the
salt free case where the microions are all monovalent counterions. We have already
noticed that the PB equation then scales with ZAg/a. Beyond the mean-field level,
this, of course, ceases to be valid, and our MC results will also depend on the ratio Ag/a.
We study values for Ag/2a ranging from Ag/2a = 0.6 (small particle) to Ag/2a = 0.03
(large particle).

In each scheme, the macroion remains fixed, and the counterions are moved through
the cell to sample the configuration space according to the traditional Metropolis al-
gorithm [131]. Periodic boundary condition, minimum image convention or Ewald
summation schemes [6, 7] are not applied in summing the Coulomb interactions. This
is a consequence of the cell model which assumes that contributions from neighboring
cells are negligible. The validity of this approximation has been tested against a pe-
riodically repeated system where the Ewald summation scheme was applied [155, 156]
and found to be reasonable. In the IS, the situation is similar to an electrolyte con-
fined between a charged and an uncharged planner walls described by Wennerstrom et
al [142]

In the BS, the total configurational potential energy of the ions,

BU = Zﬂuij(rij) s (520)

1<j

is averaged over the simulation, calculated in each run using the pair interaction po-
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tential (8 = 1/kgT)
QZQJ/\B

Tij

511,1']'(7“1']') = rep + — (521)
where the charge valence ¢; is Z (5 < Z < 300) for the macroion and —1 for the
counterions. The term u”p is the repulsive hard-sphere interaction

(5.22)

U — { oo if Tij < dij

g 0 if Tij > dij

where d;; is the minimum distance of the centers of the i and j* ions. d;; = (d;,+d.)/2
for a macroion-counterion pair, and d;; = d., for a counterion-counterion pair, with
d,, = 2a being the macroion diameter. The counterion diameter d. is chosen to be
0.425nm and zero (point-charge).

In the IS system, the electrostatic image-charges of all ions in the solvent have
to be taken into account. An ion ¢ with charge ¢;e and coordinate (z;,y;, 2;) in the
positive half-space, z > 0, has an image ¢ located at (z;,1;, —2;) in the ¢ medium
whose charge is ¢ie = xg;e with x defined in eq. (5.8). These image-charges contribute
to the potential in the € medium, hence the total internal energy U, for N real ions
in the cell becomes the sum of contributions from the real charges, eq. (5.21), and
image-charges (u™™). Thus:

U= Z wij(rij) +u (Ti) +Zu"” i) (5.23)

1<J

where u;;(r;;) is the real charge contribution, eq. (5.21),

ABXGiG;
Buir (rij) = BXYid; . (5.24)
2 2 2]1/2

is the real-image pair interaction potential, and

1 Apxq?

my ., —_
Bui(z) =5 22

(5.25)

is the interaction potential of a real charge with its own image (self-image potential
energy). The factor % that appears explicitly in the self-image energy and implicitly in
the w}7*(r;;) pair energies is clarified in the following:

Let us consider, for simplicity, only two ions ¢ and j (each having a single charge
e) located respectively at r; = (z;, y;, 2;) and r; = (2, y;, 2;) in a medium of dielectric
constant €, and close to a wall of dielectric constant €. This results in the formation of
image-charges 7' and j' located at ry = (z;,y;, —2;) and rj = (z;,y;, —z;) respectively
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for 7 and j. Then the relative distances between the ions (real and image) are: r;; for 4
and j, r;v for ¢ and j', ry; for j and ', r;y = 22; between ¢ and ', and finally r;; = 2z;
between j and j'. The potential ¢ at the position of i is;

e (& (&
W = + XL X (5.26)

€ryj €Ty 2€z;

where ye = e(e — €')/(e + €') is the charge on an image-ion. The first term is due to
the real ion j, the second due to its image j' and the third term is from the self image
i'. The potential at j is the same as eq. (5.26) except that ¢ and j are interchanged.

Therefore the total electrostatic potential energy, SU = g J pyp dV for a system of
ions now becomes
A A 1 1 1 1
ﬁU:—B+iX< + +—+—). (5.27)
'rij 2 Tz'jl T’z”j QZZ 2Zj

This equation cleanly separates into purely real (first term) and real-image interactions,
showing explicitly the factor 1/2 in the real-image interaction. For planar interfaces
it = ryj. We can generalize eq. (5.27) for N ions each of charge gxe in the region e,
and find

N 7 (0 A N Xq2

PRV oY VI (A WEVE < Uy (5.28)

— Tii i 2 - 221

1<J J J =1
which is same as eq. (5.23). In eq. (5.28) the factor 1/2 is implicit in the real-image
pair interaction and care must be taken to avoid double counting.

The total configurational energies were averaged over the simulation as in the previ-
ous scheme. For both schemes, in each MC run, the system was equilibrated for about
45000 - 90000 MC cycles, depending on the Coulomb coupling strength, and averages
taken in the next 15000-30000 cycles. One MC cycle here corresponds to an attempted
move of all mobile ions in the system. Equilibration was ensured by arriving at roughly
the same energy by starting the simulation from a completely random configuration
corresponding to infinite temperature, and starting from a condensed configuration of
the counterions on the macroions.

For the determination of the effective charge of the macroions, the counterion den-
sity, p*(r) in the region between 1.2a (a being the radius of the macroion) and the
edges of the cell was used. This is similar to the method used by Groot [155]. The
scheme is illustrated in Fig. 5.5: (a) for the IS and (b) for the BS. The effective charge

Z* is defined as
Va

A
V;) |r|>1.2a

P (r)d®r, (5.29)

where V, is the volume available to the counterions, V} is the volume over which the
density is integrated in eq. (5.29), and the volume ratio ensures that the effective charge
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Effective chargeregion

\\\ 1.2a \\
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Figure 5.5: The scheme for the effective charge measurement: (a) the Interface scheme (IS) and (b)
the Bulk scheme (BS). The effective charge of the macroion (radius a) is determined by the counterion
density in the region outside the visual sphere of radius 1.2a.

Z* coincides with the bare charge Z for homogeneous density profiles, i.e., for \g — 0
and Z — 0

5.3.2. Results and discussion: Monte-Carlo/Poisson-Boltzmann
Interaction energies

The scaling of the PB equation with ZAz/2a has been demonstrated by Groot [155]
for the effective macroion charges. Likewise the configurational energy per counterion
scales with ZAp/2a in the sense that (BU)/Z = f(ZAg/2a), where f is a unique
function and (U) is the ensemble average energy. This scaling behavior implies that
properties of particles, which simulation is presently out of reach (as for instance,
micron particles with Z ~ 10%), can be extrapolated from data of particles that can
easily be simulated. For example, if we characterize a system whose coupling strength
is ZAp/2a = 10 (i.e Ag/2a = 0.1, Z = 100.0), then we can predict the behavior of all
systems with the same coupling strength (e.g. Ag/2a = 0.01, Z = 1000.0).

Figure 5.6 shows the energy per ion (SU)/Z against the scaled macroion charge
ApZ/2a, in the bulk situation, together with the PB scaling function. In consis-
tence with Groot’s observation on effective charges [155], the MC energies gradually
move away from perfect scaling shown by PB (which provides the upper limit), as
the coupling increases from Ap/2a = 0.03 (large particle, d,,, = 23.8nm in water) to
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Figure 5.6: The average total internal energy per counterion, (8U)/Z as a function of the scaled
colloidal charge, ZAg/2a. The solid line is the result of the PB cell theory, while the dashed, dotted
lines and their combinations are results of MC simulations for the various scaling parameter Ag/2a.
All points in the figure were obtained at 1% macroion volume fraction.

Ag/2a = 0.6 (small particle, d,,, = 1.2nm). This behavior is due to ion-ion correlation
among the counterions which is well accounted for in MC but neglected by PB theory.
Fig. 5.6 confirms once more the well-known fact that PB becomes correct in the limit
)\B/a — 0.

A more interesting result is the quantity A{BU)/Z = ({(8Urs) — (BUgs))/Z which
measures the electrostatic internal energy gain or loss per counterion between the two
macroion configuration systems (BS and IS), as a function of ZAp/2a. Figure 5.7(a)
shows A(BU)/Z vs ZAp/2a for (i) an ¢/¢ = 0.08 interface (typical of a glass-water
interface) and (ii) three macroion volume fractions ¢, = 0.01, 0.05 and 0.10. Fig-
ure 5.7(a) shows negative A(BU)/Z values for high ZAg/2a coupling for all the three
Opor- This means that from the purely electrostatic point of view, the situation where
the colloid touches the wall can become energetically more favorable than the bulk
situation where it is in the center of its cell in an isotropic environment. This result
is first surprising considering the large repulsive self-image interaction, eq. (5.25), of
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Figure 5.7: The variation of the internal energy difference A(SU)/Z with the macroion Coulomb
coupling parameter ZAp/2a for a finite counterion diameter d. = 4.25 : (a) For ¢ = 0.08¢ and the
volume fraction ¢y, = 0.01, 0.05, 0.10. (b) For a fixed ¢vo = 0.01, € = 0.08¢ and ¢’ = €.

the colloid in the IS. The crossing-over behavior of A(U)/Z with increasing coupling
strength can be understood as follows: The positive A(BU)/Z for small ZAg/2a is in
the regime of small electrostatic coupling, where the density profile is only weakly sen-
sitive to both the position of the colloidal particle and the image-charges. The positive
value of A(BU)/Z is then caused by the strong (unscreened) repulsion of the colloid by
its own image. The change of sign of this quantity in the regime of strong electrostatic
coupling, on the other hand, can be attributed to the fact that there are much more
counterions attracted to the colloidal surface in the IS than in the BS. This is due to
the ”contact” of the colloid (with charge Z) and its image (with charge xZ) in the wall
situation where the counterions are now attracted by a total charge (1+ x)Z = 1.857
being much larger than the colloidal charge Z in the BS. The preferred region for these
counterions is the wedge region between the colloid surface and the wall where the
counterion density is particularly high. The image-charge contribution to the crossing
over becomes clear from Fig. 5.7(b) which directly compares €' /e = 0.08 with ¢'/e = 1.
In the later, there are no image-charges.

The above analyzes have not accounted for the entropic effect due the inhomo-
geneous distribution of the counterions in the system. Actual adsorption should be
determined from the total free energy. A direct determination of free energy or en-
tropy is not possible from the constant-NVT MC simulations [6,7]. Nevertheless, we
can determine the total free energy difference A A from A{BU) presented above through
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the following thermal integration [157]

AA [P AU)Y

which by a change of variables we transform into an integral over the function f(z) =
A(BU(z))/Z with x = ZAg/2a

1 ZAB/2a
ABA(ZAs/20) = /0 F(z)da . (5.31)

The free energy difference as a function of ZAg/2a is plotted in Fig. 5.8 for: the case
€/e = 0.08 (x = 0.85), i.e., when the image-charges are almost fully switched on;
two volume fractions, ¢, = 0.01, 0.10; and for point-charge (d. = 0) and finite size
(d, = 4.25A). Figure 5.8 reveals that the effect of the finite size of the counterions
is relatively small and the free energy difference is always positive for both volume
fractions.

€ =0.08¢

~ -
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~

BAF/Z
(@)
%

0.0
0 2 4 6 8 10

Z)\B/2a

Figure 5.8: The free energy difference per counterion, BAA/Z, obtained by integrating the A(BU)/Z
of Fig. 5.7. The labels are as defined in Fig. 5.7. The plots show the small but finite effect of the
changing the counterions from point-charges to finite size ions.

For the finite size counterions only, Fig. 5.9 shows an extension of the result in
Fig. 5.8 to distinct dielectric interfaces, including €’ > € realized for example in the
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case of metal-water interfaces. Here is plotted the free energy difference as a function
of ZAg/2a for: three volume fractions and three distinct interfaces namely €'/e = 0.08
, € /e = 1.0 (dielectric continuity — no image-charges but confinement) and €' /e = oo
(e.g. metal-water interface). While the first two interfaces show positive free energy
difference for all ¢,,; as in Fig. 5.8, the later is seen to be negative again for all ¢,,. In
this case (¢'/e = 0o) the image-charges are opposite in sign and equal in magnitude to
the real charges in the WS cell. Consequently, point-ions cannot be used, otherwise,
ions can collapse on each other to produce unphysically high energies. The height
of the repulsive barrier or the depth of attraction as the case may be decreases with
increasing volume fraction, @,,- The €'/e = oo interface is however not discussed any
further in this chapter.

d =4.25A
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Figure 5.9: The free energy difference per counterion, SAA/Z, asin Fig. 5.8 for finite size counterions;
for various interfaces (€'/e) and volume fractions ¢ye;.

We have seen from Fig. 5.7 that the configurational energy difference for large
coupling strength becomes negative. The positive free energy difference of Fig. 5.8 must
therefore be due to a negative entropy difference that over-compensates A{(SU)/Z.
In view of the confinement effect analyzed in the previous section, the explanation
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for this can obviously be found in the reduction of counterion entropy due to the
distortion of the double layer from its spherical shape when the colloid touches the wall.
We thus again end up with the recognition that for small wall-colloid distances this
confinement effect is a significant mechanism that hinders the colloid from becoming
adsorbed to the wall. Figure 5.8 indicates that this result remains unchanged even if
the counterions have finite size. However, in the unlikely limit where the electrostatic
internal energy is dominant (vanishing configurational entropy), there exist conditions
where the adsorption of the colloid at the wall is favourable, in spite of its own repulsive
image-charge.
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Figure 5.10: The scaled effective charge Z*\p/2a against the scaled bare charge Z\g/2a for various
values of Ag/2a: 0.03, 0.10, 0.30 and 1.0 in the MC. The PB curve as usual forms the upper limit.

Effective charges

We have estimated the effective charge, Z* of the macroion for various bare charges,
7, and the coupling parameter Ag/2a using method illustrated in Fig. 5.5. Figure 5.10
shows a plot of scaled effective charge, Z*\g/2a against the scaled bare charge ZAg/2a
for various values of Ag/2a, in the IS system. The curves are also similar for the
BS system. This behaviour of the curves is in qualitative agreement with that of
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Groot [155] (spherical cell model), namely, that the effective charge exhibits a maximum
rather than a plateau, when the coupling, Ag/2a becomes large.

What is worth pointing out here is how the effective charge of a macroion at the
interface (the IS system) Z;4 compares with the effective charge of the same macroion
in the bulk (the BS system) Zjs. It turns out, interesting, as shown in Fig. ??, that
Z7s becomes smaller than Z5¢ as the bare charge increases for a given coupling. This
is also true of the results from the PB cell theory included in the plots.

— PB
o - MC: A\,/2a=0.03

0 | | | | | | |
10
Z\ B/2a

Figure 5.11: Comparison between the effective, Z*Ap/2a for a macroion in the bulk (Z%g) and for
the macroion at the interface (Zjg) for PB and MC (Ag/2a = 0.03).

The explanation of this phenomenon can be viewed in this way: In the IS system, the
macroion is pressed to the wall, and hence very close to its own image-charge resulting
to a net charge (real plus image) almost double of the real charge for, e.g. the glass-
water interface under consideration. Consequently, more counterions are attracted
close to the surface of the macroion, in the region a < r < 1.2a, (Fig. 5.5), thereby
increasing the ion density near the macroion surface. This leads to lower effective
charge in comparison with the bulk system where there are no image-charges.
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5.4. Summary and conclusion

Any charged object in the neighborhood of an interface between media of different
dielectric constants, experiences image-charge forces arising from the dielectric dis-
continuity. In a concentrated suspension of macroions (these can be everything from a
globular protein to a simple latex particle), these forces compete with the usual double-
layer forces between the macroions. A macroion next to such an interface experience
an anisotropic environment: towards the bulk-side it has the next neighbour colloid
screened in the usual way by its microions, while towards the wall it sees the image-
charge of its own charge and those of its double layer. Since the image-charges in most
experimentally relevant cases are weaker than the real charges, this imbalance leads to
an attractive wall-induced force on the colloid.

In this chapter, we have been concerned with the question how strong this attrac-
tion can become and whether it could overcome, in principle, the confinement-induced
repulsion that is due to the distortion of the double-layer through the wall. To answer
this question, we have suggested a cell model where the colloid plus its counterions is
confined to a finite volume that is just the reciprocal of the colloidal density. The ion
distribution inside this cell can then be calculated from the PB equation. Of crucial
importance are the boundary conditions at the cell boundaries because it is through
them that the physics of the problem come into play. By requiring the electric field to
vanish at one side of the cell, while accounting for the dielectric jump at the other, we
take account of the anisotropic environment of the interfacial colloid, with there being
a colloid in the next neighbor cell, on one side, and an interface, on the other.

In our MC simulation, we have proposed a cell model in cubic approximation of the
Wigner-Seitz cell. The centric configuration of the macroion was compared with the
situation where the macroion is fixed on the surface of the substrate interface which
results in distortion of the counterionic atmosphere around the colloid and maximum
effect of surface polarization due to image-charges. Free energy calculation for the class
of dielectric interfaces commonly encountered in experiments (¢’ < €) reveals that this
adsorbed configuration of the macroion is never favoured relative to the bulk situation
where confinement and image-charge effects are absent. This result holds for both
finite-size and point-like counterions. Further application of cell model methods to in-
vestigate macroion effective charges show that at the interface (for € < €), the effective
charges become smaller than the bulk values for large bare charges. Correspondence
between the PB and MC results reveals the importance of the counterions correlation
not included in the PB schemes.






Summary and Outlook

The work presented in this thesis has considered a set of closely related problems bor-
dering on, the effect on charged colloidal spherical particles in microionic solutions, due
to the presence of interfacial substrates which often have different dielectric constants as
that of the solution. We have considered mainly interaction potentials of these colloids
with the interfaces (wall-colloid or interface—colloid potentials) and also interactions
among themselves (colloid—colloid potentials) in the presence of one or more similar or
dissimilar interfaces. We have also investigated structural and phase behaviour of these
interfacial colloids, resulting from the interaction potentials. As tools for our studies,
we have worked within the framework of PB theories and MC simulations. While we
have obtained interesting and useful results in the various studies carried out, it is
necessary to point out some shortcomings and possible ways of improvement in future
studies.

In chapters 2 and 3, the wall-colloid interaction potentials obtained are considered
7effective” in the sense that they considered interaction of an interfacial wall with just
a single colloidal particle in a medium that in reality hosts other interacting colloids.
While the effective potentials can be useful as we have shown from the agreement
with experiment (Fig. 2.13), a lot still remains to be done to include the many-body
effects present in actual colloidal suspensions. The cell model approximation method
presented in chapter 5, which is supposed to take care of the many-body effects, is itself
based on assumptions which are hardly satisfied in colloidal suspensions. They include
mainly, that every colloidal macroion has the same environment, which can only be
true in crystalline order of the macroions. A more accurate technique of many-body
description of a colloidal suspension termed Poisson-Boltzmann — Molecular dynamics
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(PB-MD) hybrid method has been suggested [78]. This method essentially combines
a continuous PB description of the electrolyte microions with a MD simulation of the
colloidal macroions: One solves the PB equation in an electrolyte solution of microions
for a fixed colloidal configuration {R} and in the external field of the macroions,
from which the net force on each macroion is deduced. This force is then used in a
MD simulation to generate a new configuration. The force calculated in this manner is
expected to be superior to the pair-force commonly used in the one-component system.
The one significant flaw of the method (PB-MD hybrid) is the neglect of correlation
between the microions which is a characteristic of mean-field PB theories. Dobnikar
et al [158] have applied this hybrid method to plot the solid — liquid phase diagram
of charge stabilized colloidal suspensions. Further studies are therefore suggested with
the PB-MD hybrid method, with extension to the interfacial regions where additional
image-charge forces are expected to play important roles.

Chapter 3 dealt with the effective interaction of the single colloidal macroion with
specifically an air-water interface which can be penetrated by the colloid. We discussed
how an electrostatic double layer adsorption barrier (barrier to pushing the colloid
from the bulk solution to the interface) resulting from such interaction can be lowered
considerably by increased salt concentration, to initiate trapping by surface tension
forces at the interface. We also conceptualized an ‘electrostatic trap’ in the sense
that calculated electrostatic desorption barriers, (barrier to pushing the colloid from
interface back to the solution) are much larger than the adsorption barriers, for the same
set of system parameters. Within the validity of the effective potentials used in arriving
at these conclusions, our results are correct and reliable as far as the colloid is still in the
solvent (water), i.e. there is indeed an electrostatic energy barrier to the approach of
the colloid in water to the air-water interface. But the analysis so far, as the charged
colloid emerges at the air-water interface still leaves much to be desired. We have
analyzed the electrostatic and surface tension forces without; (a) accurate description
of the detailed discharging mechanism of the de-wetting part of the particle’s surface
as it pops to the interface, if at all discharging occurs, and (b) realistic description of
the meniscus, following the deformability of the air-water interface. These should be
done in future studies, and only then can we be certain that the observed stability of
colloidal particles trapped at the air-water interface is due mainly to surface tension
forces as we have been led to conclude in chapter 3.

Finally, in chapter 4, within the linear DH theory, we have considered the pair
interaction potentials of charged colloidal particles assumed trapped at the air-water
interface. We found that introducing additional substrate interfaces parallel and very
close to the air-water interface can affect the pair potentials in a particular way, de-
pending on the dielectric constant of the substrate relative to water. We then applied
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the pair potentials in a one-component Monte Carlo simulation to obtain fluid — crystal
phase diagrams in the [L : ¢g,¢| parameter plane, where L is the separation distance
between the two interfaces and ¢g,¢ is the surface fraction of the interfacial colloid.
The main result is as follows: A substrate, e.g. air whose dielectric constant is much
smaller than that of solvent, e.g. water, enhances the repulsive pair interaction and
consequently induces crystallization with decreasing L at densities where the system
particles exhibits fluid order in the absence of the substrate. A substrate, e.g. metal
whose dielectric constant is much larger than that of the solvent behaves in the oppo-
site way. The investigation was also extended to parameters appropriate for globular
proteins with the result that the substrate, if of the former type can facilitate crystal-
lization only when L becomes very thin, being comparable to the protein particle size,
and at much higher surface fractions (Fig. 4.11).

However, while these results are insightful and correct at the macroion and salt
concentrations investigated, the real picture may be different at extreme densities. At
very high densities, the van-der-Waals attractive forces must be included, especially
when the particles are very close to a substrate of the metal type where the electro-
static interaction appears to vanish. At very low macroion densities, when the average
separation distances between the particles are so large that both the van-der-Waals
and electrostatic forces become vanishingly weak, lateral capillary forces which are
known to be long-ranged [159], should be taken into account. The lateral capillary

Figure 6.1: Optical microscopy images of (a), (b) clusters, voids, and chains and (c) foam-like
structures formed by 1 um colloidal particles at the air-water interface

interactions can result from the weight or the wetting of particles at the interface, and
are known to be attractive for two similar particles on a liquid interface [160, 118, 120).
Such an attractive interaction will result in a secondary minimum in the total interac-
tion potential (DLVO plus capillary) at large pair distances. Recently, Majia-Rosales
et al [161] have used model square potentials to demonstrate via computer simulations,
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that the depth and range of such secondary minima may be responsible for the various
2D arrays of colloidal particles observed at the air-water interface, in addition to just
the isotropic-fluid and crystal orders that result from our model potentials. Some of
these 2D arrays are shown in Fig. 6.1 taken from Ref. [161]. It is therefore necessary in
future studies, to look at specific systems and make accurate description of meniscus
formation and wetting properties of the particles for any hope of accurate interpretation
of experimental observations and data.

The most basic deficiency of most of the studies reported here is the use of the PB
mean-field theory itself. As has been mentioned at various points, this theory totally
neglects the interionic correlations. The effect of this neglect has been demonstrated in
Fig. 5.6, where we have compared energies calculated from the primitive MC simulation
model and from the PB theory in the salt-free limit. In this limit the PB energies scale
with the coupling parameter Ag/a. The comparison in the figure confirmed the fact
that the mean-field PB theory becomes correct in the limit of low electrostatic coupling
(Ag/a — 0). The accuracy of the results presented should therefore be subject to this
limit.
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