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Abstract
This paper deals with the Cahn-Hilliard equation
,(;bt:A,U’a MZ_A¢_¢+¢31 (t,.’L‘)EJXQ,

subject to the boundary conditions
1
o V= osAY —0h — gsp +h, Ouu=0,
S

and the initial condition (0, z) = vg(z) where J = (0,00), and 2 C R” is a bounded
domain with smooth boundary I' = 0G, n < 3, and I', 05, gs > 0, h are constants.

This problem has already been considered in the recent paper of Racke and Zheng
[13] where global existence and uniqueness were obtained. In this paper we first obtain
the results on maximal Ly-regularity of solution and prove that the solution defines a
Cp-semigroup in certain Sobolev spaces. We then study the asymptotic behavior of the
solutions of this problem and prove the existence of global attractors.



1 Introduction

Let © C R™ be a bounded domain with boundary T' = 99 of class C*, and consider the
following boundary value problem for the Cahn-Hilliard equation.

Y =Ap, p=-Ap—yp+43 t>0 z€Q, (1.1)
Opu=0, t>0,zel (1.2)

oY —osAu+0p+gsp=h, t>0,z€l (1.3)
Pp=1y t=0, € (1.4)

Here v(z) denotes the outer normal of 2 at * € I', A means the Laplace-Beltrami
operator on I', and Ty, 04,95 > 0, h are constants. This problem arises from the study of
spinodal decomposition of binary mixtures that appears, for examples, in cooling processes
of alloys, glasses or polymer mixtures (see Cahn and Hilliard [2], Novick-Cohen and Segal
[10], Kenzler et al. [8], and the references cited therein.) Boundary condition (1.3) is
usually called the dynamic boundary condition since it also involves the time derivative of
dependent function 1. It is derived when the effective interaction between the wall (i.e.,
the boundary I') and two mixture components are short-ranged (see Kenzler et al. [8]).

This problem was recently studied by Racke and Zheng [13] and the global existence
and uniqueness of solution was proved there. Furthermore, it was pointed out that for
t > 0 the solution is C*°. However, it was not clear whether the solution defines a
Cy-semigroup in the Sobolev space V introduced in that paper. In the present paper
we further investigate this problem. More precisely, we prove maximal Lj-regularity of
solution which implies that the solution defines a Cy-semigroup in certain Sobolev spaces.
Furthermore, we prove the existence of a global attractor for this problem.

This paper is organized as follows. In Section 2, we first study a linear problem
associated with our original problem (1.1)-(1.4), and we establish maximal L,-regularity
results. Then we consider the corresponding nonlinear problem (1.1)-(1.4), and prove in
Sections 3 and 4 local well-posedness as well as global well-posedness in a different phase
manifold M than V', which implies that the solution defines a Cy-semigroup in M. In the
final section we prove the existence of a global attractor in My (for p = 2) as well as in V.

2 The Linear Problem
In this section we study the following linearized version of (1.1).

dv+A%n = f, t>0, z€Q,
OAv = g, t>0,z€l (2.1)
1
F—Bt'u —osApw+y0v+gsw = h, t>0,z€l
S
v = vy t=0, €.

Here the functions f, g, h as well as the initial value vy are given; o5,y > 0, and g; > 0
are given constants (7 = 1 in the original system).



Let J =[0,7] and 1 < p < co. We are looking for solutions in the class
vE H;(JJ Ly(2)) N Lp(J§H§(Q))a

which is the natural class for (2.1) in the L,-setting. Then by well-known trace theorems
(cf. [9], [1], [4]) the data f, g, vy necessarily satisfy

FELYI xQ), ge Wy V(] Ly(T)) N Ly(J; W, /P(D)), wo € W, *P(Q).

As usual, here and in the sequel W denote the fractional Sobolev spaces. Furthermore,
the traces of v and d,v on I satisfy

vlr € Wy Y4(J; Ly(T)) N Ly(J; W, 1/7(T)),

and
Buvlr € WA=Y*(J; Ly(T)) N Ly(J; W=7 ().

This leaves some choice for the setting of the dynamic boundary condition. The possibility
of lowest order is the choice h € L,(J; Wp2 ~ip (2)). Looking at the dynamical boundary
condition as a heat equation on J x I', this will result in

ole € Hy (J; Wy H/P(T)) N Ly(J; W, /7 (T)).

This regularity implies that the trace of v|r at t = 0 necessarily satisfies vy|r € W;l —3/p (.
The other extreme possibility consists in taking the regularity of the normal derivative
of v as the basic regularity, i.e. we may consider the class

h € W34 J; Ly(T) N Ly(J; W3~ 1/P(T)).
This leads to
vlr € Wy A7V (T Ly(T)) N Hy (J; Wy~ HP(T)) 0 Ly (J; W ~H2(T)).
Then necessarily vy|r € W; —3/p (') and the compatibility conditions
O Av|r = gli=0, forp >5,

and
UsAH'UO‘I‘ — ’)’8,/1)0|p — gs’Uo|I‘ + h|t:0 € W;’_5/p(f‘), for p > 5/3,

must hold.
More generally, any choice of the space for h of the type

h € Wp(J; Ly(T)) N Ly(J; Wy (L)), 0<s<3/4-1/4p, 2-1/p<r <3-1/p,

will work. Observe that for such r,s the inequality 2s < r is valid. The corresponding
trace space for vo|r now becomes W, +2-2/p (T), and in case s > 1/p also the time derivative
| has trace at ¢ = 0, which belongs to Wy ~/*P/(T).

Here is the main result on maximal Ly-regularity of (2.1).
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Theorem 2.1. Let n € N, 1 < p < o0, fix numbers s € [0,3/4 — 1/4p] and r €
2—-1/p,3 —1/p], p # 5, sp # 1, and let o5,y > 0. Suppose Q C R" is bounded with
boundary T = 0Q € C™*2, and let J = [0,T).

Then there is a unique solution v of (2.1) such that

v € Z = H)(J; Ly(2)) N Ly(J; Hy (),

and
olp € Zp i= W3 (J; Ly(D)) 0 BT W (D) 0 Ly(J; Wi (D)),

if and only if the data are subject to the following conditions.

(a) f€X =L, (JxQ), geYr:=Wy 77, L,(T)) N L,(J; W, /P(T)),
vo € Xp = {v e Wy P(Q) : vp e Wy T22P(1)};

(b) h e Xp:=Wg(J; Ly(I')) N Ly(J; Wy (I)),

(¢) OyAvolr = gli=o, if p > 5;

(d) v = USAH'U0|F — ’)’a,/l)()h‘ - gs’l)()lr + h|t:0 S W;(lfl/ps)(r)’ ifs > l/p.

Proof.  Necessity of (a) ~ (d) is a consequence of well-known trace theorems and has
been already explained. The values p = 5 and sp = 1 have been excluded since the trace
theorems leading to (c) and (d) are not true for these values of p.

For the sufficiency part, the main idea is to reduce the problem to an equation for
p = ulr on J x I'. This will be done as follows. Let A := —0osA| denote the Laplace-
Beltrami on W (I'). It is well-known that this operator is the negative generator of an
analytic Cp-semigroup which enjoys maximal Ly-regularity. First, assuming that u|r is
known, it is convenient to decompose p = u|r as

ulr =p=p+p1,

where
—A
pL=e¢€ tUO|Ta t>0,

in case sp < 1, and
p1L = e_At(’U()|F — tA’Uolr) + te_Aat’Ul, t >0,

if sp > 1; here we have set & = r/2s. Then, by (b) and (c) the function p; belongs to Zr,
as elementary properties of analytic semigroups and their trace spaces show; cf. e.g. Priiss
[12], where the necessary arguments are given.

Next we employ a recent result due to Denk, Hieber and Priiss [4] concerning the
solvability of general parabolic initial boundary value problems, which means that for
given f, g, vy satisfying (a) and (c), and p; € Wplfl/élp(J; L,(T)) N Ly(J; W:il/p(I‘))
defined as above, there is precisely one solution v; € H,(J; Ly(Q)) N Ly(J; H, (2)) of the
problem

v+ ANv=f teld ze,
OAv=g, vlp=p, teJ zel, (2.2)

V|t=0 =vo, x € .



Thus the function v; belongs to Z and is determined only by the data f, g, and vg, and
0,1 belongs to Xr, taking traces.

Next we derive the governing equation for the linear problem (2.1), i.e. the equation
for p. For this purpose we let the solution of

dv+Av=0 telJ zecq,
0,Av =0, U'F =p, t€J, z€l, (23)
'U|t:0 =0, z€ Qa

be denoted by Rp. Note that in case
p € oW, (T, Ly(D)) N Ly(J; W, =17 (T)),
then
Rp € 0Z := oH,(J; Lp(Q)) N Ly(J; H(2)).
Here, and in the following the left subscript 0 means that all existing traces at ¢ = 0
vanish. Thus v = v; + Rp solves the problem
O+ ANv=f teld ze,

OAv=g, vlpr=p+p, ted zel,
'U|t:0 =g, x €.

Inserting v into the dynamic boundary condition we obtain the following problem for p.
1
F—Btp —0sAp+v0,Rp+gsp="h1, t>0,z€T, p(0) =0, (2.4)
S

where hy given by
1
hi=h— (F—at - O'SAH)pl - 'Yauvl — gspP1

belongs to
0Zr = oW, (J; Lp(T)) N Ly(J; W, (T)),

by construction; note that s < 3/4 —1/4p and r < 3 — 1/p. Thus (2.1) is reduced to
problem (2.4) for p.

Introducing the operators L := %Bt —0sA||+gsI and Sp := 9, Rp, we may reformulate
the latter problem as an operator equation

Lp+~Sp = hi.

Since A = —osA|| has maximal Ly-regularity, L : ¢Zr — ¢Xr is an isomorphism. Let us
consider S in more detail. For obvious reasons, we would call S the parabolic Dirichlet-
Neumann operator. It has order 1/4 in time and order 1 in space. Therefore, it is
subordinate to L. Moreover, it is causal, i.e. S is an integro-differential operator of Volterra
type of inhomogeneous fractional order, and it is of order 1 and nonlocal in the variables
zel.



Now we are going to prove that L + S is an isomorphism for each v > 0. First we
show injectivity. Suppose that Lp + vSp = 0; let u denote the solution of

Ou+Au=0 t>0, z€Q,
OAu=0, u=p, t>0,z€l,
u=0, t=0,z¢€

Then
1 1
SOYVul3 + 05| Vypls + glpl”] = —v|VAuf; = w-10wpl; <0,
S

which implies 4 = p = 0, i.e. L + S is injective. Next we show that the range of L 4+ 7S
is closed. If it is not true, then there is a sequence (p,) C Zr with ||pn||z. = 1 such that
hp, = (L +vS)pn — 0 in Xr. Thus

(L7 8pn) C oW/ A=V42(J5 Ly(T)) Mo HL(J; WEV/P(D)) N Ly (J; W Y7 (1))

is bounded. Hence, by compact embedding it is relatively compact in OWII,_I/ i (J; Lp(T))N
L(J; Wﬁ e (T")), which implies that (Sp,) has a convergent subsequence in Xr. Thus,
this yields a convergent subsequence p,, — pg in Zr because L is an isomorphism. Since
S is bounded, we conclude that (L +vS)py = 0, i.e. po = 0 by injectivity of L + S, a
contradiction to ||pg||z. = 1. Therefore, L ++.S is an injective Fredholm operator of index
0, which means that it is an isomorphism for each v > 0. This completes the proof of
Theorem 1. O

Remark 2.2. There is an analytic Cy-semigroup hidden in Theorem 2.1. To see this
consider the space X := L,(2) x W (T') and define an operator A by means of

A(Ua p) = (AQUa’YaV’U - O'SA||P + gsp)a
for (v, p) € D(A), where
D(A) ={(v,p) eX: v e H]‘f(Q),p € W;+2(I‘),v|p = p,0,Av|r = 0}.

Here as before r € [2—1/p,3 —1/p]. This operator A is closed, linear and densely defined,
and (2.1) with g = 0 is equivalent to

2+ Az =F, 2z(0)= =z, (2.5)

where z = (v,p), F = (f,h) and zp = (vg, vo|r)- It is easy to see that (2.5) has maximal
Ly-regularity if and only if for each f € L,(J x Q) and h € Ly(J; W (T')) there is a unique
solution z of (2.5) such that v € Z, p = vpr € Zr with s = 0. Therefore, Theorem 2.1
implies that (2.5) has maximal L,-regularity, and then by a result in Hieber and Priiss
[5],( see also [11], [1]), —A generates an analytic Cy-semigroup in X.



3 Local Well-Posedness

In this section we want to solve the nonlinear problem, i.e.
Op + A% — Ay AP+ f, teld zeQ,
Oy AY + 0,7 o +g, teJ zel (3.1)
Fisatw—asA”zﬁ-i-auiﬁ—l-gs?ﬁ = h, ted,zel
Y=y t=0,z€

This problem has been solved in a recent paper Racke and Zheng [13]. In this section and
the next section we would like to reconsider this problem in different spaces based on the
Ly-regularity obtained in the previous section. We first want to employ the contraction
mapping principle to solve this problem on a possibly smaller time interval J, = [0,a] C J.
For this purpose, let 9y € X,, f € X, g € Yr and h € Xt be given such that the
compatibility conditions

Oy Atho|lr = Oy (=1 + 1/JS’)|F + glt=0, p>5, (3.2)
asAjholr — YO, olr — gstbolr + hli=o € WETYP(T), s> 1/p

are satisfied. Here we have used the notation of Section 2. In the sequel we denote the
relevant spaces by X (a), Yr(a) to indicate the time interval under consideration, e.g. J,,
and so on.

The main result of this section reads as follows.

Theorem 3.1. Letl<p<oo,p>(n+4)/5, s€[0,3/4—1/4p], r€[2—-1/p,3—1/p],
and let the data 1y € X,p, f € X(T), g € Yr(T), and h € Xp(T) be given such that the
compatibility conditions (3.2) are satisfied. Then there is a € (0,T] and a unique solution
of (3.1) in the class ¥ € Z(a). Furthermore, ¥r € Zr(a). v depends continuously on the
data, and for f,g,h independent of t, the map by — 1(t) defines a local semiflow in the
natural phase manifold M defined by X, and the compatibility conditions (3.2).

Proof. Thanks to Theorem 2.1, we may define a function v* € Z(T') with v*|pr € Zp(T)
as the solution of the special problem

ou + AW =f, teld zeqQ,

oAU =g — e_A2tgo, tedJ zel, (3.3)
o — osAju* +y0,u* +gsut =h, teJ zeTl,

u* =0 = %o, T €L,

where as before A = —A . In case p < 5, we set go = 0, and go = glt=0 — G, A%o|r if
p > 5. For a given a € (0,T] to be fixed later, we define

E :={u€ Z(a): ulr € Zr(a)}, andoE;:={u€k : uli—o =0},
with canonical norm || - ||; and

Ey := X(a) x Yr(a) x Xr(a), and oEy:={(f,9,h) € Ey: gli=0 = h|t=0 = 0}



with norm || - ||o. Define the linear operator L : E; — Ey by means of

O + A%
Lv = | 0,Av . (3.4)
at'U|I‘ - UsA||U|F + au'”‘F + gs'U|F

By Theorem 2.1, L : yE; — ¢ is linear, bounded and bijective, hence an isomorphism.
Next we define the nonlinear mapping F' : E; x gE; — oE; by

A(=(u* +v) + (u* +v)3)
F(u*,v) = | 9,(—(u* +v)+ (u*+0)*) —g |, (3.5)
0

where g1(t) = e 48, (—u* + (u*)?)|=0] € Yr. Then u = u* + v is a solution of (3.1) if
and only if

Lv = F(u*,v) ie v=L"1F(u*v). (3.6)
To show that F : E; x oE; — oEy is of class C, it is sufficient to show that the cubic form

u s u? is well defined and bounded from E; to Hy'*(J; Ly(Q)) N Ly(J; HZ()). In fact,
if the latter is valid, then u — Awu? is bounded from E; to X, and after taking traces, the
boundedness of u +— J,u3 from E; to Y1 follows as well. These properties then show that
F is even real analytic in (u*,v). The following lemma takes care of the cubic form.

Lemma 3.2. Letp > (n+4)/5. Then the trilinear form b(u,v,w) := uvw is bounded

from B to H21/2(J; Ly(2)) N Ly(J; HPQ(Q)), and there is a constant C > 0 such that the
estimate

[luvw]] /2 < Cllullzllvlizllwllz,  u,0,w € Z,
Hy )

(Lp)NLp(H2

1s valid.

Proof.  To prove boundedness in L,(J; HS(Q)), by symmetry we have to estimate the
two typical terms like (0;0;u)vw and (9;u)(0jv)w. The first one is estimated via Holder’s
inequality like

1(8i05u)vwllp < |[(8i0ju)ll5p/3]lv][5p|[w]|5p-
The mixed derivative theorem and the Sobolev embedding theorem yields

7 < H;*"(J; Hj”(sz)) s Lsp(J x Q),

provided 1 —0 —1/p > —1/5p and 46 — n/p > —n/5p, i.e. provided n/5p < 0 <1 —4/5p
which is possible since p > (n +4)/5. On the other hand,

Z = Hy™"(J; H)’ () = Lsp3(J; H, 5()),
provided 1 — 0 — 1/p > —3/5p and 46 — n/p > 2 — 3n/5p, i.e. provided (1 + n/5p)/2 <

6 <1 — 2/5p which again is possible for p > (n + 4)/5.
In a similar way the second type of terms (9;u)(0;v)w can be treated, obtaining

[1(8iw) (8jv)wllp < [105ullsp/2l|0v]l5p 2| [w]]sp-
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To estimate uvw in H;/ 2(J; L,(€)), we employ the embedding theorem

Z s Hy™(J; Hi? () — Hylo(J; Ly 5(),

provided 1 —0 —1/p > 1/2 — 3/5p and 40 — n/p > —3n/5p, i.e. provided n/10p < 6 <
1/2 — 2/5p which is again possible since p > (n +4)/5.

O

We note further that we have also shown the estimate

<
‘|“||H51P{53(L5p/3)nL5p/s(H§p/3) < Cliullz,

where C' > 0 is independent of the interval under consideration.
Hence,
| Aul|x(a) < Ca®[ullz@),  10vullvi@) < Ca®?lull z(a), (3.7)

on J, = [0,a].
Consider a ball B, (0) C ¢E;, where r > 0 will be fixed later, and define 7" : B, (0) — ¢E;

by means of Tw := L.-! F(u*,v). To show that T is a contraction, we infer from Lemma
2.2 and (3.7) that

ITo —Tw|li < |[L7Y][|F(w*,0) — F(u*,w)|lo
2
< Ol —wllgyrg gy + 0 = wlh il + loll)
< Cla®™5 +4r||v — w||x
1
< EHIU_w”l’ anEIBT(O)a

provided C[a?"/5 + 4r%] < 1/2, i.e. if 7 > 0 and a > 0 are sufficiently small.
To show that TB, (0) C B, (0), in a similar way we obtain that

1Tofly < (ILTHIIE (u”,0) o
* * 3
< Ol + vll a7z gy, gz + 10”911+ lgol e
< Clllu*lly +a®r + (lu*|l +7)° + llgollyp @) < 7

provided a > 0 and r > 0 are small enough. Note that ||[u*||1 — 0 and also ||go]|y;.(s) — 0
as a — 0, since u* is a fixed function.

Therefore the contraction mapping principle yields a unique fixed point v € B, (0) C
0E; which in turn gives the unique solution u = v 4+ u* of (3.1). It is clear that u* depends
continuously on the data and v is continuous in »*, hence u depends continuously on the
data as well. If f, g, h are constant in ¢, problem (3.1) is autonomous, hence translation
is invariant, which by uniqueness of solution shows that the map ug — wu(t) is a local
semiflow in the phase space X,. This completes the proof. O

Successive application of Theorem 3.1 yields a solution w on a maximal time interval
JImaz = [0, @mag). This time interval is characterized by the two equivalent conditions

li t ist in X,
i (t) does not exist in X,



and

%1l Z(amaa) + #1020 (@mas) = o0
Moreover, the function F' defined above is real analytic, and D, F (u*,v) is of lower order,
compared to . Therefore, by arguments as in the proof of Theorem 3.1 one can show that
L — D,F(u*,v) : gE; — oEq is an isomorhism for each u* and v. Therefore the solution 1
depends on the data even analytically.

4 Global Well-Posedness

In this section we want to solve the nonlinear problem

O+ A+ AYp=AY3+f, ted zeq,
OAY + 0, =0,4°+g, tedzel (4.1)

1
F—8t¢—asA“¢+8,,¢+gs¢:h, teJxzel
S

=1y t=0, ze€

globally in time in the setting established in previous sections. In particular, we would like
to show that the solution defines a semiflow in suitable phase space M. Here we finally have
to restrict to dimensions n < 4. For this purpose let data vy € X,, f € X(T), g € Yr(T)
and h € Xp(T) be given such that the compatibility conditions (3.2) are satisfied. By
Theorem 3.1 there is a unique solution on some maximal time interval Jpaz = [0, @mag)-
We fix some arbitrary 0 < a < apmaz-

To prove the global existence, it is crucial to use the following well-known energy
functional (cf. e.g. Racke and Zheng [13]):

1 1 1
Figli= g [ 907 = 7 + 51010e + 5 [0V 0P +alvlds, @2)
where ds means the surface measure on I' and V| is the surface gradient. Computing the
time derivative of ®(u(t)), we obtain by integration by parts, employing the boundary
condition and using p = —Ay — 9 + 4>
d
GFW] = [0 o~ vo + 0t + [ (005 9V b+ gp0uslds
= /Qatqp[—mp — i+ p3]dz + /1“ O[Oy — as A + gsiplds
= [@u+ puda + [ o - orw)as
Q r
== [ 1P = nfide— [ (ol = auh — ugids
2 3 2 1 2
< — [ |Vulds — 1 |Opp|“ds + 1 |h|°ds + [ | pfdz+ | pgds].
Q r r Q r

In the last step we have used Young’s inequality. The embedding HJ(Q2) < Ly(T), and
Poincaré’s second inequality

2 2 2
/Q|¢| dysc*(/ﬂww dw+|/9¢dx| )

10



imply further
| nidal < VLAl +1 [ ol

| /F gl < Clglar[[Vila + | /Q pda|),

where | - |, and | - |, denote the Ly-norms on  and on. I', respectively. Since

/,ud:v—/ d:l:-l—/( h+ 0wp + gs1p)ds

|| el < G + s + Butlar + 0l

we obtain

Combining these estimates, we deduce from Young’s inequality that

d 1
7T WO < —5IVuls + 0] + ClBLE + [l + [ f12 + gl + [hl2r]
By Gronwall’s inequality, this implies the following a priori estimates.

Lemma 4.1. Let p > 2 and suppose 1 is a solution of (4.1) on the mazimal interval
Imaz- Then there is a constant C' > 0 depending only onT" > 0, 2, and on the parameters
gs and o such that

tmam
sup [[9(t)] 1) + ¥ (O)|La@) + 19 @)z )] +/0 (kO 51 0) + 1017, (r)dt

te max

tmaw
< C{1ol my (@)nLa@)nmi () +/0 [(1f )7, 00) + 9O 1, @) + [R@)IF, r)dt}-
Actually, in this section we will use only % € Loo(Jmaz; Ha(2)). The following lemma is

an analogue of Lemma 3.2 and will lead to global existence.

Lemma 4.2. Suppose p € [2,00), n < 4, and let ¢ € Z(a).
Then there is a constant C > 0 independent of a > 0 such that

||/¢ H 1/2 »)NLp(H2) < C|‘¢||Z(a Sllp |/¢( )| )a
where § =1 forn =4 and 6 < 1 in case n < 3.

Proof. The proof is very similar to that of Lemma 3.2. We estimate as follows, using the
Gagliardo-Nirenberg inequality.

0:059%]p < 10:00lpl 5, < CIVHIE 15,00 < Clliga o) sup (1) (0
where 6 = a + 20 and «, 8 € [0, 1] are such that

a(3+n(1/2-1/p)) >1+n(1/2-1/3p), BEB+n(l/2—-1/p)) > -1+n(1/2-1/3p).
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Integrating with respect to ¢ and using Hoélder’s inequality, the first part follows.
Similarly,

0:509%lp < 10:%13p|00lapltlsp < CIVHPL* P13 78 7 < Clblfgs o sup (1) 71(q):

where § = 2a + 8 and «a, 8 € [0, 1] are such that
a3 +n(1/2-1/p)) 2 n(1/2-1/3p), BB +n(1/2-1/p)) > -1+n(1/2-1/3p).

Integrating with respect to ¢ and using Hoélder’s inequality, the second part follows.
The estimate of % in H;/ 2(Lp) is more involved. We begin with the estimate

3 2
||¢ ||H;/2(Lp)) S C‘|¢||H;(42(Lpp))|‘¢||l’po" (Lpp/)’
which follows from the characterization of H, via differences and from Holder’s inequality;
here
2 1 2

—+===-+==1
o o p p

Next we use the Gagliardo-Nirenberg inequality to obtain

112y () < UGG 1o,

where (3 +n(1/2 —1/p)) > n/2 —n/pp’ —1 and 0 < B < 1/0’. We choose p' = 2n/p if
p < n and p' = oo otherwise (then p' € [1,00]), and set

B=1/o' = [n - 2n/pp’ — 20+ /2(3 +n(1/2 - 1/p))
to meet these requirements. Next with s =1 — n/2pp’ we have
Z — Hy,™"(J; H," () = Hy(J; Ly (),
hence complex interpolation yields with a = 1/2s
18l 172ty < CIBIZIAL, %y

provided
1jo>a+(1-a)/T. (4.3)
Note that s € {3/4,1}, hence « € {2/3,1/2}. Employing the Gagliardo-Nirenberg in-

equality one more time, we get

19112, (L) < ClBIE NI "

Loo(H,'?)’

with k(3 +n(1/2—1/p)) >n/2 —n/pp—1,0 <k < 1/7T.
We choose

17 =r=[n/2=n/pp—1]4/B +n(1/2-1/p)),

12



and verify that for these choices the inequality (4.3) is valid if and only if n < 4, and the
strict inequality holds if and only if n < 3, namely:
For p < n we have p' =2n/p, s = 3/4, a = 2/3, hence (4.3) is equivalent to

__ =3y 2 n(/2-1/p)
3+n(1/2-1/p) =3 3B +n(1/2-1/p)

which is equivalent to

For p > n we have p' = 00, s =1, @ = 1/2, hence (4.3) is equivalent to
3+n(1/2 - 1/p) —2ln —2)+ > [n(1/2 - 1/p) — 1

and the claim follows easily distinguishing the two cases of n(1/2 — 1/p) being larger than
or less than 1, respectively.
Combining these estimates, we obtain

8 3—4

with
§=28+a+(1-a)k<2/c" +1/c =1,

in fact § < 1 if strict inequality holds in (4.3) which is the case if n < 3. O

It is now easy to prove global existence for p > 2 and n < 3. For this purpose let ¥ be a
solution as above. Then by maximal Ly-regularity, there is a constant C' > 0 such that

3
||¢|‘Z(a) < C+ C||¢ ||H,}/2(Lp)ﬂLp(Hg)'
Using Lemmas 4.1 and 4.2 this yields

1%l 2(a) < C + Cll9ll 305

with a different constant C'. Now, in case n < 4, we have § < 1, which yields a bound on
1%/ 2(a) independent of @ < @mqez- This in turn proves also boundedness of |[1|[ z..(a), i-e-
tmaz = T, hence the global existence follows. We summarize these considerations for the
caser =2—1/p, s=0in

Theorem 4.3. Letp € [2,00), n <3, T >0, and let the data
o € WaP(Q)nWy=3/P(T),  f € Ly(J x Q) N La(J; La()),

g € Wy % (J; L (1)) N Ly (J; Wy H/P(T)) N La(J; La(T)), k€ Ly(J; W2 HP(D)),

be given such that the compatibility condition

A APo|r + duiholr = AP + gli=o

1s valid.
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Then there is a unique global solution v of (4.1) on J = [0,T] which belongs to the
class
W € Hy(J; Ly()) N Lp(J; Hy (),

and

Ylr € Hy (J; Wy~ 1P (D) 0 Ly (J; W, /P(T)).
In case f,g,h are constant in t, the map Py — ¥(t) defines a global semiflow on the
nonlinear phase manifold

M= {p e Wp=/P(Q) : | € Wa=3/P(D), 8,[A% + 9 — ¢°]|r = g}

Note that for p < 5 the phase manifold is the linear space W,;L —4/p (Q)n W;,L 3/ (T'), since
for p < 5 no compatibility conditions are involved. In particular, for p = 2 the phase
space is H2(Q) N H§/2(I‘). Observe also that by Sobolev embedding for p > (n + 4)/4

W; —4/p (Q) is a subset of the bounded continuous functions on J x €, in particular for
p=2andn < 3.

5 Existence of Global Attractors

In this section we shall now prove the existence of global attractor for the semiflow in
M, := H?(Q) N H*T/2(D)
given by Theorem 4.3; moreover the existence of a semiflow in
V:=H (Q)nHY)

together with the existence of global attractor in V' will be obtained simultaneously. No-
tice that the basic space V was introduced in the work [13].

We should mention that for the Cahn-Hilliard equation subject to the usual linear bound-
ary conditions, i.e., 9,9|r = 9,A¢|r = 0, the problem of existence of global attractor
has been extensively considered in the literature, e.g., in the book [14]. However, in the
present paper we consider the problem of global attractor for the Cahn-Hilliard equation
subject to the nonlinear and dynamical boundary condition.

First we consider the existence of a global attractor in My for the problem (1.1). Based
on the results in the previous section, solution to the problem (1.1) defines a semiflow in
M. Therefore, for the existence of global attractor, we infer from Theorem 1.1 in Chapter
1 in the book [14] that it remains to verify : I. existence of an absorbing set, II. uniform
compactness of the orbits.

Since we work in the L2-setting, we use in this section the notation | - || for the L2-
norm, and H* for the Sobolev spaces HY, with norm || - || g«.

Step I, part a) Existence of an absorbing set

Let 1) be the solution to the Cahn-Hilliard system

Y = Ap (5.1)
po= =AY+ -y

14



1
81/#\1“ =0, F_T/Jt/l“ = USA||¢ -0 —gsp+h (5.3)

Yli=0 = Yo (5.4)

with ¢y € My. In the above I'y, 0, gs and h are given constants.
By the boundary condition 9, = 0 and (5.1) we have

/Q (¢, -)dz = /Q bodz, > 0.

Due to this mass conservation, it is similar to the Cahn-Hilliard equation subject to the
usual linear boundary conditions, we have to restrict ourselves to the metric spaces Ms
defined below. For any given vy > 0, let

1
Vyi={ypeV| @|/Q¢da;\§'y}, My, = MyNV,

and let . .
Y= ﬁ/ﬂiﬁ(ta')dﬂc = @/ﬂiﬁodﬂc-

If —Apn denotes the usual realization of the negative Laplace operator in Ly (2) according
to Neumann boundary conditions, a multiplication of (5.1) in Ly(£2) by (—An) "1 (2 — %)
yields

/ be(~An) " o — P)dz + / (A% + 4§ — ) — P)dz = 0
Q Q

Introducing H} := {v € H'(Q)| [ vdz = 0} with inner product (u,v), := [ Vu Vv dz, the
Q Q
norm || - ||=1 given by

1Bll—1 = (/Q(—sz)‘lhhdac)l/2

is just the norm in the dual space H~! := (H})*. We then obtain, using (5.3),

3 il =+ [(90P +t — v+ [l + g — h)ds
I
= i [wte s+ [ @ - w)ide+ [ (g~ mipds (55

T

Recalling from [13] the relevant energy functional (cp. (4.2))

Fly] := /Q [%w«m? + iw‘* - %«p?]dx +/F 5V w2+ L y? —hplds,  (5.6)

we have
Pl 4 IVl + ~ / el = 0 (5.7)
dt g, e = '

15



where, as mentioned before, || - || will denote the Lo(2)-norm in this section. For small
n > 0 to be specified later, we multiply (5.5) by 7 and add it to (5.7), to the result

d — 1
G{Fw+ Pw =12} + 190l + 5 [ vhas

+n | [IVYP + 9" —¢?ldz +n [ [05| V9> + gstp* — heplda
Q r
N - e
— L [@-Dds g [ - 0Fdotn [l -nTds (58

Using Young’s inequality we have

— 1 2 -
—Fis/r(zb—lﬁ)%ds < 2FS/F¢§ds+/F2%|¢—¢\2ds (5.9)
/ W —9pds < i / Y+ O (5.10)

Q Q

where C, denotes here and in the sequel a positive constant depending only on v and €.
Similarly, we have

/F(gszb -wpds< [ Be 2 ds + (5.11)
Let T
. LsGs
77 T 4
Then we deduce from (5.8) that
d n 12 n 4
CAFW+ D =920} +oFll + 1 [tz <, (512
Q
Notice that )
=22 < Cllw =1 < - [ wias+C, (5.13)

where C denotes here and in the sequel a positive constant depending only on 2.
Thus,

d — —
ZAFW+ 2l =120} + n{Fl] + Sl = I} < & (5.14)
which implies
gl + 3 — P11 < e ™ (Fliol + 3 lnbo — B2 1) + % (5.15)
Since 1
Fly) > S|4l - C, (5.16)

we conclude that there is a ball By in V,, with its radius depending only on +, 2 such that
for any initial data in Ms , which are in a V-bounded subset B C V, thereis ¢t = ¢1(B) > 0
such that for all ¢ > ¢; the orbits enter into By.

Before continuing in showing the existence of an absorbing set in Ms,, we turn to the
question of uniform compactness.
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Step II: Uniform compactness of the orbits.
It follows from (5.7) that

] 1 i
Figl+ [ IVulPdr+ - [ [ vtdsar = Fln)
0 s Jo Jr
For initial data varying in a given bounded set of V, we have
Flpo] < C

where C > 0 depends only on ||3o||v.

Thus
t
/ |V p|?dr C, / /1/Jtdsd7' <C
0
Fy@®)] < C,  lv@lv <C
Differentiating (5.2) with respect to ¢, we obtain

pir = — Aty + 3%y — .
Multiplying (5.21) by v, and integrating over  yields

IA

AN

2dt|

= / Yide = / Appdr = — / VuVipde
Q Q Q

1 2 1 2
- v
< SIVelP + 51Vl

A

Multiplying (5.22) by ¢ and integrating with respect to ¢, we obtain that

(1917 + 3 [ wtas)+ [ 7(19l? + [ wvido+ [0 6 + guviids)ds

IA

t
c / | VulPar+ [ vu? + F/ y2ds)| dr
o (o [ 1w+ [ [ivmr+ [ o as] ar

Thus, by (5.19), for ¢ > 0,

IA

1 1
V()P + / y2ds < O(1+ )
s JT

R e R dt/¢tds+/[os|v”¢t| + go7lds

(5.17)

(5.18)

(5.19)
(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

where C' in this Step II always denotes a positive constant depending at most on |||y .

On the other hand, integration of (5.18) over Q yields that

/Qud:c:/g[zp?‘—qp]da:+/[Pislbmtgsw-h]ds
T
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Using Young’s inequality, we conclude from (5.20), (5.24), (5.25) that for ¢ > § > 0,

/udm
Q

where Cjs denotes here and in the sequel a positive constant depending only on ||1g]|y and
on .
It also follows from (5.23) that for ¢ > 0,

I 1
2 [ (19wie+ [ wtdo+ [lovon + gatlas)ar <cas . G2

t
r

< Cj (5.26)

Differentiating (5.2) with respect to ¢t and multiplying by ¥y in La(Q2) yields

GV =5 Sl +5 5 [ wvtdet 5 % 09 P + gopflas

2 dt
1
IVl + g [ hds =3 [ s (5.28)
s JT Q

Since n < 3, we obtain by (5.20) that

| [ witas] <clfu],

18
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Using the Gagliardo-Nirenberg inequality, we get

e, < O ([eel el + el ) (5.29)

5

Multiplying (5.28) by ¢? and integrating with respect to ¢, we obtain

1 1 3 1
L SIvwl? = Gl + 3 [ w2ao ] [lol Vi + guiias

t 1 t
b [ e o [ tas]arb+ [Criear
0 s Jr 0

/ot T(HV%HQ 3 /Q Viidat /F[03|V||¢t|2 + gs¢t2]d3>d7

t
+3 / 72 / Yypidedr, (5.30)
0 Q
ie., by (5.29),

tQ{iwt“?’ / 1”%2”[”1/ ool V9l + 9597 ds

t
/0 (192 + / s df} [ e

= §||¢t||2+/0 T(||V¢t||2+3/9¢2¢t2dw+/r |04l V a2 + 9,7 ] ds ) dr

+

+

t
¢ [+ Il el + el (5.31)
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Using again

2 = /Q Vel dz = / Ve Vida < [Vl IV all (5.32)
Q

we have by (5.24)
20, 2 9 9 1
Sell” < ZIVwl? + o2 (14 ). (5.33)

Moreover,

[ otz twlar < sup (o) ([ tipar)* ([ riwiar)’, 50

VAN

t t . t 1 t 3
[ rwitar < vl ivular < ([ riowitar) ([ ivuee)

Ct%( /OtT||v¢t||2dT)é (5.35)

IN

where we have used (5.19).
It follows from (5.27), (5.34), (5.35) that

/Otf"’llwtlléllldftlldf < sup (r||¢t(7)||H1)0t(1+%)

0<r<t
C 1\2
< e sup 7 u(r)Fn + —#2(1+ <) (5.36)
0<T<t € t

with € > 0 being a small constant to be specified below.
Thus we obtain from (5.31)—(5.36), using (5.27), for ¢ > 0

1 3 1
t2{4V¢t2+2/¢2¢t2d$+2/r[‘78|v¢t|2+gs¢§]d5}
Q
2 } l g 2 1 2
< Ct (1+ t)+Ct(1+ t)+ ~t (1+ t)
+ & sup (72|[Yu(7) |50)- (5.37)
0<r<t

Taking the supremum with respect to ¢t from 0 to ¢ and taking & small enough and fixed
now, we deduce from (5.37) that

sup ([[g4(r) 3 < O (1 + %) ror(1+ %) voe(1+ %)2 (5.38)

0<r<t

Thus it follows from (5.37) and (5.38) that for ¢ > § > 0, where § < 1 without loss of
generality,

C 1
IV + [ witde+ [ loOpnl +aotis < G(145). (639
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By the elliptic estimate (cp. [13, (4.11)])
[9Ollas < Clluln + Welragey + hllgragey):
we obtain, using (5.24), (5.26), (5.39), for t > ¢ > 0,
%@ s < Cs (5.40)

with Cs being a positive constant depending only on §, and the norm of initial data in
V. This means that for initial data belonging to M and staying in a bounded subset
of V,, for t > § > 0 the orbits are uniformly bounded in H3(€2). To prove the uniform
compactness in My, = H2(2) N H*2(I) N Vy for t > 6 > 0, it remains to prove that
ll%(t)|| r3(ry is also uniformly bounded. From (5.39) we can conclude that for ¢ > ¢ > 0,

1%t (@) 1. ry < Cs. (5.41)

Thus, from the boundary condition (5.3) we have
1
USAH'(p = F_th + 8u'l,b +osp —h € Hl(F)
S

By elliptic regularity for A |, we get for ¢ > > 0,

IA

[ @)l ()

(Il + 2|, ) + Oy +C)
Cs (5.42)

IA

due to (5.40), (5.41).
Thus (5.40) and (5.42) imply the uniform compactness of the orbits in My , fort > 6 > 0.

Step I — part b): Existence of an absorbing set in M,

For initial data in any given bounded set in M», which naturally are in a bounded set B
in V, by (5.15), (5.16), there is a ball By in V' with its radius rp, depending only on 7,
and t1(B) such that for ¢ > ¢, the orbits enter By. Now by (5.40), for ¢ > ¢ + ¢ > 0 with
0 being fixed, e.g., 6 =1,

() ||ar, < Cs,

Cs depending only on rp, and J. Thus, the existence of an absorbing set in My , follows.
Combining the existence of an absorbing set in M5, and the uniform compactness of or-
bits in M, proved in Step I and Step II, respectively, by Theorem 1.1 in Chapter 1 in
the book [14], we have proved

Theorem 5.1. For any v > 0 there is a global attractor A, in Ms, for the semiflow
associated to the Cahn-Hilliard system (5.1)-(5.4).

Finally we want to prove that for initial data in V' the Cahn-Hilliard system (5.1)—(5.4)
admits a unique global solution which also defines a semiflow in V. This was not known
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in the previous work by Racke and Zheng [13]. This is also an essential step towards a
proof of the existence of a global attractor.

Since My is dense in V, for any initial data in V there is a sequence of initial data in
M> converging to the given initial data in V. Therefore, by the results in the previous
section, there is a sequence of approximate solutions which belong to Ms for ¢t > 0. By a
similar discussion as in the proof of the uniform compactness in My above, we can con-
clude that the approximate solutions will converge in Ms for any ¢ > 0. Thus the limit
is a global solution to the Cahn-Hilliard system (5.1)—(5.4). The uniqueness can also be
easily proved by the energy method. In a similar way as deriving (5.7), we can easily show
that the solution is also continuous in V' for ¢ > 0. Thus the solutions defines a continuous
semiflow in V. From (5.15), (5.16), (5.40) we can conclude the existence of an absorbing
ball in V, as well as the uniform compactness of the orbits in V, for ¢ > § > 0. Thus we
have proved the following result.

Theorem 5.2. The solution for the Cahn-Hilliard system (5.1)-(5.4) defines a continu-
ous semiflow in V. Moreover, for any v > 0 there is a global attractor A, in V.
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