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Abstract

We consider a special kind of non-deterministic Turing machines. €lusachines are
distinguished by a neighbourhood relationship between accepting pBtsed on a for-
malization using equivalence relations some subtle properties of thesleimes are proven.
Moreover, by abstraction we gain the machine-independend concept of clusterset is
the starting point to establish cluster operators. Cluster operatmpscomplexity classes of
sets into complexity classes of functions where for the domain classg<€laster sets are
allowed. For the counting operator-cé#nd the optimization operators cmand cmin the
structural relationships between images resulting from these operattirs polynomial-time
hierarchy are investigated. Furthermore, we compare cluster operatotheitbrresponding
common operators-#max and min [Tod90b, HW97].

1 Introduction

Clarifying relationships between determinism and noregrinism is one of the most important
subjects in complexity theory. Except for a small numberases (see e.g. [Sav70, PPST83]) such
problems are still unsolved, in particular in the polynohtiae case. In order to throw light upon
that problem it is meaningful to analyze intermediate cptedike unambiguity or fewness. On
the side of classes of sets these concepts have lead tosranmplexity classes located between
P and NP such as UP [Val76], FewP [AlI86, AR88] or R [Gil77] Wih Gill's notion).

However, the same questions about function classes keplywithnoticed, function classes
between FP and #P [Val79a, Val79b] were not often consid@®dn exception: [HV95]). Trying
to close the gap a suitable machine concept will be develdgader polynomial time-restrictions
generally being assumed this concept should have somerpespes.g. the class of languages
decidable via such machines should be located between PRyahN counting or other operations
should be possible within the model. In that sense we shoave la concept easier than non-
determinism and harder than determinism.

*Most of this work was done as a master’s thesis at Friedradi#8r-Universitat Jena [Kos96].
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We start with an observation: Running a non-deterministimputation on an input it may
be that all accepting paths are neighbours. Say that in quetiad case the principle of neigh-
bouring accepting paths holds. Making a definition from thisciple in sense of that for a
non-deterministic machine and for every input the neighboad relationship must be satisfied
we obtain the concept of a cluster machine. A cluster is hesset of all accepting paths.

Note that we use the empty set as a cluster. Why do we remaR tBupposed the empty
set is not a cluster, then there exist no clusters on comnipntaees having no accepting paths.
On the other hand, if empty clusters are admitted then we lasteuniqueness of clusters. In
order to avoid limits to the existence of clusters we will guicsuch fuzzieness. Note also that
typically for semantic machine concepts cluster machineg@bably non-enumerable as pointed
out by Hartmanis and Hemachandra for UP-machines [HH88]allyi note that defining cluster
machines makes only sense on balanced trees caused by osordest on computation trees.
Supposing balanced trees can be essential as investiggtda\\Vo6].

Where does clustering locate between determinism and arrdinism? Obviously, every
machine witnessing a language in UP suffices for the priaaiflneighbouring accepting paths.
Hence, clustering is at least as hard as unambiguity. Rematd the acceptance power both
concepts even coincide. Intypical case this can be seerawithple thought. If a cluster machine
runs along a rejecting path, then a slightly modified mackima! continue with the next path in
a quasi-lexikographical order, and accepts if this neigiMpath is accepting. Since we have a
cluster machine our new machine has exactly one acceptihgf@nd only if actually accepting
paths for the original exist. Consequently, the languagedee in this way belongs to UP. To
prove these or similar facts exactly we use equivalencéioakato formalize our concept.

We want to go one step further. A formalization of clusterinygequivalence classes makes it
possible to embed investigations about the functional pofveluster machines in a more abstract
context. If we neglect that clustering is a concept on compuis of machines we can generally
introduce cluster sets. Cluster sets are sets of gajig) such that for every fixed the set of all
related second components only contain such polynomiallynedy that are neighbours with
respect to quasi-lexicographical order. Clearly, clustts in P represent exactly computation
trees of cluster machines. But how does clustering work tfsem NP or coNP? This question
will be tackled by applying some functional operators tcstdu sets.

Since introduced in [Tod90b, Wra77] operators became & grdgect in complexity theory.
Although first mostly restricted to classes of sets Toda tahdy defined the functional operator
# on complexity classes of sets (huim Toda’s notion [Tod90b]) as a generalization of Valiant's
class of counting functions #P [Val79a, Val79b] — such thatP¥= #P. Subsequently other
function classes such as OptP [Kre88, Kre92, GKR95], SpkiBg9, KST89], MidP [Tod90a]
or GapP [FFK94] were generalized by operators in severalnean(see e.g. [VW93, Vol94,
HV95, VW95, HW97)).

We will focus our attention to the operators shax and min [Tod90b, HW97] considered
under restriction of cluster sets. Such operators, callester operators, will be denoted by adding
the prefix letterc to the operators. Note that Volimer [Vol94, VW95] defined guerator F
using maximization on (implicitely considered) clustetssfixed on smallest words of a certain
polynomial length (representing the zero path). For tharajor F P = FP holds.



Using similar characterization as for #P we have an inctlustoucture FRC c#-P C #-P. As
we will see, further function classes, nhamely cnfZoand cminP, are located between FP andP#
Moreover we get some very interesting results inside thesgiral relations of cluster operators in
application to the polynomial-time hierarchy [MS72, Stpafid in relation to common operators,
e.g. only having the concept of cluster sets, for classes-M&and min NP we get better upper
bounds cmin coNP and cmaxcoNP respectively than pointed out in [HW97].

2 Preliminaries

We assume familiarity with general notions of complexitedhy [BDG90, BDG95, Pap94].
Throughout this paper, we use the finite alphabet {0, 1}. Our computational model is the
non-deterministic standard Turing machine [BDG95, Pap®metimes machines with the ad-
ditional facility to make outputs are considered. We désca computation of a machiind on
inputx € £* by a computation tred (x). To define what is a cluster machine we suppose strict
non-determinism, i.e. deterministic computation stegsrant allowed. Furthermore, in the case
of polynomial time-resources a computation on an inpat I* runs exactlyp(|x|) steps where
p is the polynomial. Thus, we suppose complete binary contipat&rees. On computation trees
M(x) we defineaccpy(x) as the set of all accepting pathsidfix), andoutﬁl(x) as the set of all
outputs along accepting paths ®f(x) whereas let all outputs along rejecting paths\ofx) be
contained imut,, (x).

Next review the definitions of some common operators we degagsted in.

Definition 2.1. [Tod90b, HW97]. LeCC be an arbitrary complexity class.

1. #. C is the class defined in the following way: A functidris in #- C if there exist a set
A € C and a polynomiap such thaff(x) = #ylly| = p(Ix|])\(x,y) € A}foreveryx € L*.

2. max: C is the class defined in the following way: A functidrns in max- C if there exist a
setA € C and a polynomiap such thatf(x) = maxylly| = p(x|]) A (x,y) € A} for every
x € Z* If {ylyl = p(x]) A (x,y) € A} = & then we defing(x) = 0.

3. min- C is the class defined in the following way: A functiéns in min- C if there exist a
setA € C and a polynomiap such thatf(x) = minfy|ly| = p(/x]) A (x,y) € A} for every
x € Z* If {ylyl = p(x]) A (x,y) € A} = & then we defing(x) = 0.

Note that these operators yield classes of total functiarmege(e we set the function value for
minimization to0 on empty set instea??*) as used in [HW97]). In contrary to this, e.g. so
called multivalued functions or several special casesisfftinction type (see e.g. [BLS84, Sel94,
FGH'96]) are generally partial functions.

To the purpose of comparison with later results recall sotnesiral relations between the
common operators defined above. The following results cetalyl cover valid inclusions on the
lowest stage of the polynomial-time hierarchy.



Proposition 2.2. [HW97].
1. FPC max- P C max- NP C FAS.
2. max- P C max- coNPC max- Ab.
3. max- NP C min- coNP.
4. FPC min- P C min- NP C FAS.
5. min- P C min- coNPC min- Ab.
6. min- NP C max- coNP.

Proposition 2.3. [K6b89, KST89].
1. max:- NP C #- NP.

2. #-cONP=#- A¥.

3 Clusters and Equivalence Relations

According to the principle of neighbouring accepting patiestake into a cluster such paths of
computation trees yielding an integer interval when intetgd as natural numbers. We formalize
this by introducing an equivalence relation.

Definition 3.1. Let M be a non-deterministic Turing machine and gt be two paths of the
computation tree oM (x) for an inputx € *.

1. The pathgy andz have the relationsy, ) if and only if (1) |y —z| = 1 (i.e. y andz
are neighbouring paths) and (®)(x) alongy is accepting if and only iM(x) alongz is
accepting.

2. Fork € Nandk > 0 the pathgy andz have the relatiorf‘g/l[x) if and only if there exisk—1
different pathsys, ..., yx 1 € M(x) suchthay =px) Y1,Y1 =mx) Y25+ -» Yk 1 =M(x)
z. Fork = 0, we definey E%A(x] z&8 Yy =z

3. The pathgy andz have the relatior=}, ,, if and only if there exists & € N such that
y=F,z

Generated by the relatios), () the relation=y, ., is reflexive, symmetric, and transitive
and, consequently, an equivalence relation. With respethtis equivalence relation the paths
of a computation tre@/1(x) are disjointly divisible in equivalence classes. Then a&teluis an
equivalence class whose representatives are acceptihng paiM (x). Recall that empty sets
are also clusters. We gain the concept of a cluster machirreduiring for a non-deterministic
machine that for every € * all accepting paths are always contained in an equivalelass.c



Definition 3.2. A non-deterministic Turing machin® is a cluster machindf and only if for
everyx € L* there is a patly € M(x) such thatz|z E;A(X) y Ay € acem(x)} = acem (x).

In order to prove some properties of cluster machines we tieedoncept ok-fold (weakly
k-fold, resp.) computations of a function.

Definition 3.3. Letf: X* — N.

1. A non-deterministic Turing machin® computes the functiorf k-fold if and only if
outy, (x) = {f(x)} and tacem (x) = k for everyx € £*.

2. A non-deterministic Turing machimel computes the functiofi weaklyk-fold if and only
if f(x) >0= out;\bl(x) = {f(x)} A #faccm(x) = kandf(x) =0 = out,J{,l(x) = o for
everyx € L*.

The following results show the relationship between clustachines and (weakly) onefold
computable functions.

Theorem 3.4. Letf: X* — N.

1. If a non-deterministic polynomial-time Turing machiMecomputes the functiohonefold
then there is a polynomial-time cluster machiMesuch thattaccn (x) = f(x) for all x €
>F,

2. For every polynomial-time cluster machibefulfilling #accen(x) > 0 for everyx € X*
there is a non-deterministic polynomial-time Turing maeh that computes the function
#accyn onefold.

3. There is a non-deterministic polynomial-time Turing hiae M that computes the function
f weakly onefold if and only if there exists a polynomial-tiohéster machinéN fulfilling
#acen (x) = f(x) for everyx € I*.

Proof. (1) is easy to verify and thus omitted.

(2) Let N be a polynomial-time cluster machine such that, withous los generality, the
lexicographically smallest computation paths\ofs well as the largest are always rejecting, and
N is time-bounded by the polynomial DefineK to be the machine that, on inpyte =* (a)
guesses apathe X=P(X) (b) simulates\(x) alongy, (c) simulatesN(x) alongz = y+1, where
in the case thay = 1P(™) continues witte = 0P(X)| (d) outputsy and accepts if and only if either
y is accepting ok is accepting. Sinc® runs in polynomial timeK also does. By assumption
then we have #cck (x) = 2 andout‘{(x) = {z1, zp} with |z — z5| = #accen(x) for everyx € £*.
DefineM to be the machine that, on inpute *, (a) guesses paths;, w, € K(x), (b) simulates
K(x) alongw; and alongwv, one after the other, (c) accepts if and onlwif andw, are accepting
andz; < z, wherez; andz; are outputs oK(x) alongw; and alongw, resp., and outputs
|z1 — z2|. Clearly, M runs in polynomial time, anddtcm (x) = 1 andout;(,l(x) = {#accn (x)}
for everyx € Z*. HenceM computes #ccy onefold.

(3) is similar to (1) and (2). O



Corollary 3.5. For an arbitrary setA € NPthere is a polynomial-time cluster machine accepting
A in the sense dfPif and only ifNP = UP.

This corollary illustrates the coincidence of unambiguitgd clustering in sense of NP-
acceptance. Cluster machines only accept sets from UP.

4 Cluster Operators and a cluster functions hierarchy

We want to lift our basic definitions from the machine levektds. Here, a formalization is also
based on the definition of the generator relatiop of the generated equivalence relatef) and
on understanding equivalence classes as clusters.

Definition 4.1. Let A C £*, and letA, = {y[(x,y) € A}.

1. Two wordsy, z € I* have the relatiorsy if and only if ly — z| = 1 and(x,y) € A &
(x,z) € A.

2. The relation=; is defined as the equivalence relation generateg fy

3. A setA is acluster setif and only if for everyx € LI* there exists ay € I* such that
Ax={zlz={ y A (x,y) € A}

Now we can define some cluster operators we will use.

Definition 4.2. LetC be an arbitrary complexity class.

1. c#: C is the class defined in the following way: A functidnis in c#- C if and only if there
exist a cluster seA € C and a polynomiap such thatf(x) = #ylly| = p([x]) A (x,y) € A}
for everyx € X*.

2. cmax- C is the class defined in the following way: A functidhis in cmax- C if and
only if there exist a cluster s&¢ € C and a polynomiap such thatf(x) = maxyllyl =
p(Ix]) A (x,y) € A}foreveryx € Z*. If {ylly| =p(x]) A (x,y) € A} = @ then we define
f(x) = 0.

3. cminC is the class defined in the following way: A functiéis in cminC if and only if there
exist a cluster sed € C and a polynomiap such thatf(x) = min{y|ly| = p(|x]) A (x,y) €
Alforeveryx € Z*. If {ylly| = p(|x]) A\ (x,y) € A} = & then we defing(x) = 0.

Clearly, cluster operators are monotonical, and images quart of the images of the corre-
sponding common operators.

Similar to the characterization # = #P mentioned above we have a result for the operator
c# that is easy to show.

Proposition 4.3. c#- P = {#acg, M is a polynomial time cluster machihe



The study of structural relationships between functiorssds produced by the cluster oper-
ators in application to certain complexity classes onlyef the behaviour of operators on the
lowest level of the polynomial-time hierarchy. Statemeatt®ut higher levels are easy to derive
from the monotonicity of the operators and using relatitias.

From Definition 4.2 and Theorem 3.4 we immediately obtainftilewing proposition.

Proposition 4.4. FP C (c#- PN cmax- PN cmin- P).

Theorem 4.5 shows remarkable differences in the behaviba#t oP, cmax- P and cmin P
related to analogous classes under application of commeratmpys.

Theorem 4.5. 1. cmax- P = cmin- P.

2. cmax- PC c#- P.

Proof. (1) Letf € cmax- P by a cluster sed € P and a polynomiap. DefineB = {(x,y)lly| =
p(x) A (y = 170D = (xy) € AYA (y < 1P — ((x,y) € AA(x,y +1) ¢ A))}. Clearly,
B € P and for everyk € Z* there is at most ong with (x,y) € B. HenceB is a cluster set and
f(x) = minfylly| = p([x]) A (x,y) € B}. Analogously, the converse can be proven.

(2) is a simple consequence of the first proof. O

Remark 4.6. In Theorem 4.5 the claggdcan be replaced by every complexity class closed under
complementation, intersection ard, -reductions such as ByP, XP [OH93, FFK94]or ©P.

Using Theorem 3.4 one can conclude a simple statement dimpbsition c# P with respect
to cmax- NP and cmin NP. The inclusion c# P C c#- NP is a direct consequence of the
monotonicity of c#

Proposition 4.7. c#- P C (c#- NP cmax- NPN cmin- NP).

The next theorem summarizes the relative positions of thssels c# NP,cmax- NP and
cmin - NP inside the cluster functions hierarchy. Same resulis atdd for common function
classes. The only deviation is the identity of cm& and c# NP not known there.

Theorem 4.8. 1. cmax- NP = c#- NP.
2. (cmax- NPU cmin- NP) C FAE.
3. cmax- NP C cmin- coNP.
4. cmin- NP C cmax- coNP.

5. cmin:- NP C c#- coNP.



Proof. (1) Letf € cmax- NP by a cluster seA € NP and by a polynomiap. DefineB =
{x, Wyl = pIxD) A (Fz,lz| = p(Ix]))(z > y A (x,z) € A)}. Obviously,B € NP andB =
{(x,u)/lyl = p(Ix) Ay < f(x)}. Thus,B is a cluster set anf{x) = #y|ly| = p(Ix|) A{x,y) € B}.
Hence,f € c#- NP. Conversely, lef € c#- NP by a cluster sed € NP and by a polynomiap.
Consider a seB defined a8 = {(x,y)llyl = p(IxI) A (Fz1,22,|z1] = |z2] = p(Ix]))((x,21) €
AN(x,z2) € ANy = [z1 — 23| + 1)}. SinceA € NP, we haveB € NP and, furthermore,
B = {{(x,u)llul = p(Ix]) Ay < f(x)}. Thus,B is a cluster set anf(x) = maxyllyl = p(jx|) A
(x,y) € B}. Hencef € cmax: NP.

(2) Letf € cmax- NP by a cluster seA € NP and by a polynomiap. If we define a set
B € NP asB = {{x,u)llul = p(x) A (3z,lzl = p(x]))(y < zA (x,2) € A)}, then, for every
x € X*, the valuef(x) can be computed deterministically in polynomial time byasinsearch
using queries t@. Hence,f € FAS. Analogously, one can show the inclusion for cmiP.

(3) Letf € cmax-NP by a cluster sek € NP and by a polynomigl. DefineB = {{x,y)|ly| =
p(x]) A (Vz, |z = p(Ix]))((x,z) € A — z < y)}. Surely,B is a cluster set in coNP with
f(x) = minfyllyl = p(Ix|) A (x,y) € B} for everyx € Z*. Hence,f € cmin- coNP.

(4) Similar to (3) we can verify this statement using a Bedlefined asB = {(x,y)lly| =
p(X) A (Vz, |zl = p(x[))({x,2) € A =y <z}

(5) Letf € cmin- NP by a cluster sek € NP and by a polynomigh. DefineB = {(x,y)/ly| =
p(x]) A (Vz, ]zl = p(x]))({x,z) € A — y < z)}. Clearly,B € coNP andB = {(x,y)lyl =
p(Ix]) Ay < f(x)}. Obviously,f(x) = #ylly| = p(Ixl) A (x,y) € B}. Hence,f € c#- coNP. [

From the monotonicity of the operators we obtain the indnsic# coNP C c#- Ab cmax-
coNPC cmax AE’ and cmin coNP C cmin- Ag. Thus next stage of the cluster function hierarchy
is reached. An analogous result toégoNP= #- A5 is not known for c#

Now we turn towards the question whether we get finer resutisnamore subtle proof tech-
niques are used. We show characterizations that give esédiam non-existence of such results
by finding unlike identities of complexity classes. Theorér@ contains inclusions equivalent to
UP = P.

Theorem 4.9. The following statements are equivalent.
1. UP=P.
2. c#-P=FP.
3. cmax- P=FP.

4. c#- P =cmax: P.

Proof. (1) = (2): Letf € c#- P. By Proposition 4.3 and Theorem 3.4 there exists a non-
deterministic polynomial-time Turing machiid computingf weakly onefold. Therefore, con-
sider a seA € UP defined as\ = {(x,y)llyl = p(x)) A (y = 2?() - f(x) = y) A(y <
20X — f(x) > y)}. By assumptionA € P. UsingA, for everyx € £*, the valuef(x) can be
determined deterministically in polynomial time by binasarch. Hencd, € FP.



(2) = (3)and(2) = (4) are due to FRZ cmax- P C c#- P.

(3) = (1): Let A € UP, and leftM be a machine that accepisin the sense of UP. Without
loss of generality assume that only a path> 0 might be accepting. Define a functidnas
f(y) = maxaccm (y) for everyy € =*. Clearly,f € cmax- P and, by assumptiori,e FP. Let
N be a machine that computés deterministic polynomial time. ModifyN such that, for every
x € I*, N(x) is accepting if and only if(x) > 0. Hence A € P.

(4) = (1): Let A € UP, and letM be a machine that acceptsin the sense of UP. Define
a functionf asf(x) = #accm (x) for everyx € £*. Clearly,f € c#-Pandx € A & f(x) =1
andx ¢ A & f(x) = 0. By assumptionf € cmax- P. Then, there exist a cluster & P and a
polynomialp such thatf(x) = maxXylly| = p(|x]) A (x,y) € B} for everyx € £*. DefineN to be
a deterministic polynomial-time Turing machine that crseek 0°(*)=11) € B, on a given input
x € I*. Consequentlyx € A if and only if x is accepted byN. Hence A € P. O

In order to prove Theorem 4.11 we need a characterizatio# oPc
Lemma 4.10. ¢#- P = cmax- UPN cmin- UP.

Proof. c#- P C (cmax- UPN cmin- UP) follows directly from Theorem 3.4. Let € cmax- UPN
cmin- UP. Then, there exist cluster séfse UP andD € UP and, without loss of generality, a
polynomialp such that, for every € *, f(x) = maXylly| = p(Ix|) A (x,y) € C} = minfylly| =
p(Ixl) A (x,y) € D}. SinceC N D € UP, the functionf is weakly onefold computable. Hence,
fec# P. O

Theorem 4.11. The following statements are equivalent.
1. PH=UP.

2. FAb=c# P.
3. cmax- NP =c#- P.
4. cmin- NP = c#- P.

Proof. (1) = (2) can be seen as follows: ¢ C FAE C cmax- Ag C (cmax- UPN cmin- UP).
By Lemma 4.10 the latter class coincides with &

(2) = (3) and(2) = (4) are due to c#P C (cmax- NPU cmin- NP) C FAS’.

(3) = (1): Itis sufficient to show coNRC UP. LetA € coNP, and letM be a machine
acceptingA in the sense of NP. Defind to be the machine that, on inputc £*, (a) guesses a
pathy € M(x), (b) simulatesM (x) alongy, (c) outputsl, if y is rejecting, or outputg, if y is
accepting, and always accepts. 8af) = maxout;,(x) for everyx € £*. Then,f € cmax- NP
andx € A = f(x) = 1andx ¢ A = f(x) = 2. By assumption and by Theorem 3.4 there is
a non-deterministic polynomial-time Turing machikehat computes onefold. Modify K such
that the only accepting output path is rejecting(it) = 2 or is accepting iff(x) = 1. Thus,K
acceptsA in the sense of UP.

(4) = (1) can be proven analogously t8) = (1). Here, we only have to swap the outputs
in the definition of the machin® and to define the functiohasf(x) = min outﬁ (x) for every
x € I*, O



Corollary 4.12. If c#- P = c#- NPthen# - P=#- NP.

Proof. Consequence of #P = #- NP & NP = UP [KST89] and cmaxNP = c#- NP. O

Our next theorem lists collapses equivalent to-NEoNP.

Theorem 4.13. The following statements are equivalent.

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

NP = coNP.

cmax- NP = cmin- NP = cmax:- coNP= cmin- coNP= c#- coNP= FAL = cmax- A} =
c#- AD.

cmax- AY = cmax- coNP.

. cmin- A} = cmin- coNP,
. FA§ = cmax- NP.

. FAP = cmin- NP.

FAS C cmax- coNP.

FAS C cmin- coNP.

c#- coNPC cmax- NP.

c#- cONP= cmin- NP.

c#- coNPC cmax- coNP.
c#- coNPC cmin- coNP.
cmax- coNPC cmax- NP.
cmax- coNPC cmin- coNP.
cmin- coNP = cmax- NP.
cmin- coNPC cmin- NP.
cmin- coNPC cmax- coNP.
cmax- NP C cmin- NP.
cmax- NP C cmax- coNP.
cmin- NP C cmax- NP.

cmin- NP C cmin- coNP.
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Proof. (1) = (2): Obviously, from NP= coNP follows cmax NP = cmax- coNP, cmin- NP =
cmin-coNP and cmaxNP = c#- NP = c#- coNP. Moreover, cmadNP C (cmin-coNPN FAS’) -
(cmin- coNPU FAf) C cmax- A5 C c#- AS. Finally, since NP= coNP impliesA} = NP, we
have c# A} = c#- NP = cmax: NP.

Clearly, from (2) we conclude all statements from (3) to (21)
3) = (19) is due to cmax NP C cmax: Af.

(

(4) = (21) is due to cmin NP C cmin- AP

(5) = (21) is due to cmin NP C FAP and cmax NP C cmin- coNP.

(6) = (19) and(7) = (19) are due to cmaxNP C FAD.

(8) = (21) are due to cminNP C FAb.

(9) = (21) is due to cmin NP C c#- coNP and cmaxNP C cmin- coNP.

(10) = (11), (14) = (21) and(18) = (19) are due to cmin NP C cmax- coNP.
(12) = (21) and(13) = (21) are due to cminNP C c#- coNP.

(16) = (19) is due to cmax NP C cmin- coNP and cmin NP C cmax- coNP.
(17) = (19) and(20) = (21) are due to cmaxNP C cmin- coNP.

(11) = (1): Let A € NP, and letM be a machine that accepdsin the sense of NP time-
bounded by polynomiab. Modify M such thatM outputs the path itself and acceptsMif runs
along a rejecting path, and outputs non-deterministicadlgh natural number less than the path
itself and accepts iM runs along a accepting path. Defifiec) = #yllyl = p(x]) Ay ¢
out,,(x)} for everyx € Z*. Clearly,f € c#- coNP and thus € cmax- coNP by a cluster set
B € coNP and a polynomiaj. DefineK to be a machine that checks, 09(*) 11) € B on a
given inputx € X*. Thus,x € A if and only if f(x) > 0 if and only if #acck(x) = 0. Hence,
A € coNP.

(15) = (1): LetA € coNP, and leM be a machine that accepisin the sense of NP. Modify
M such that\ outputs0 along rejecting paths and accepts, and, along acceptihg,patoutputs
non-deterministically botl® and 1 and accepts always. Defirféx) = min{yllyl = 1 Ay ¢
outy, (x)} for everyx € £*. Obviously,f € cmin- coNP and, thusf € cmax- NP by a cluster
setB € NP and by a polynomiaj. DefineK to be a machine that checks, 09 11) ¢ B, ona
given inputx € £*. Thus, ifx € A thenf(x) = 1 and #acck(x) > 0, and ifx ¢ A thenf(x) =0
and #icck (x) = 0. Hence A € NP.

(19) = (1): Let A € NP, and letM be a machine that accepisin the sense of NP. Modify
M such thatM outputs1 along rejecting paths, and outptslong accepting paths, and accepts
always. Definef(x) = maxouty, (x) for everyx € I*. Trivially, f € cmax- NP and as supposed
f € cmax: coNP by a cluster sé& € coNP and by a polynomiaj. DefineK to be a machine that,
on inputx € I*, checks(x,09()=210) € B. Thus, ifx € A thenf(x) = 2 and #acck(x) = 0,
and ifx ¢ A thenf(x) =1 and #hcck(x) > 0. Hence A € coNP.

(21) = (1): Let A € coNP, and letM be a machine that accepfsin the sense of NP.
Modify M such thatM outputs2 along rejecting paths, outpuisalong accepting paths, and
accepts always. Definéx) = min outf{/l(x) for everyx € £*. Surely,f € cmin- NP and, thus,
f € cmin- coNP by a cluster s&8 € coNP and by a polynomial. DefineK to be a machine
that checks(x, 09(™)=11) ¢ B, on a given inputx € Z*. Thus, ifx € A thenf(x) = 2 and
#acck(x) > 0, and ifx ¢ A thenf(x) = 1 and #cex(x) = 0. Hence A € NP. O
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The following two theorems show that @®NP probably does not coincide with classes inside
c#- Ab.

Theorem 4.14. 1. If c#- coNPC FA§ thenUP'P = AP,

2. If c#- coNPC cmax- A§ thenUPNP = AP,

Proof. We will use the monotonical operator technique as appligdW93, Vol94, HW97]. Say
that for an arbitrary function clasg a setA € U - F if and only if there is a functiorf € F such
that for everyx € X* holdsx € A & f(x) = 1andx € A & f(x) = 0. Note that U- c#-C =
U - #- C for every complexity clas§. Thus U- c#- coNP= U - #- coNP= U - #- Ab = UP"P,
On the other hand it is easy to see thatEAS = U - cmax- A5 = AB. Since U is monotonical
the implications hold. O

Theorem 4.15. The following statements are equivalent:
1. c#- A5 = c#. coNP.
2. cmax- A5 C c#- coNP.

3. FAS C c#- coNP.

Proof. (1) = (2) and(2) = (3) are due to BS C cmax- A5 C c#- Ab.

(3) = (1): Letf € c#- Ag. From relativized Theorem 3.4 we obtain a non-deterministi
polynomial-time oracle Turing machinel and an oracleA € NP such that &#ccy, ) (x) < 1
and if #accyya) (x) = 1 thenf(x) = out;\rA(A)(x) for everyx € X*. Define a binary function
g asg(x,y) = out;(A(A)(x) if y € accya)(x) andg(x,y) = 0 otherwise. Note that there
is a polynomialp such that #iccy,a) (x) < 2P for everyx € Z*. Clearly,g € FAD, and
henceg € c#- coNP. Consequently, there exist a cluster3et coNP and a polynomial such
that g(x,y) = #zllz| = r(Ix|]) Alyl = p(lxl) A (x,y,z) € C}for everyx € L*. Note that
for at most oney holdsg(x,y) > 0 whenx is given. Denote such by y’. Define a seC’ as
C' = {{(x,yz)lyzl = r(x) + p(Ix]) A (x,y,z) € C}. Then,C' € coNP, andC’ is a cluster
set. Define a functiog’ asg’(x) = #Hw|lw| = q(|x]) A\ (x,w) € C'} for everyx € £* where
q([x]) = r(|x])+p(|x]). Then,g’ € c#-coNP and for every € X* holdsg’(x) = g(x,y’) = f(x)
if suchy’ exists org’(x) = f(x) = 0 otherwise. Hencef, € c#- coNP. O

5 Relations to Common Operators

We will compare cluster operators and their correspondimgroon operators. As already men-
tioned, images of cluster operators are included in the @nayd the corresponding common oper-
ators. Inverstigations are limited again to the lowestllef¢he polynomial-time hierarchy.

For our considerations we need two lemmata. These reselteaamy to conclude from well-
known facts, noted in [OH93, Sch89, TO92], by inductive anguatations.

12



Lemma 5.1. The following statements are equivalent.
1. PPC 5P,
2. PPH 1=5P
3. CH==z}.

Lemma 5.2. The following statements are equivalent.
1. PPC UPX.,

2. PP = UPX.,

3. CH = UPX.,

Now we can note statements about the behaviour of the operatim relation to #.
Theorem5.3. 1. c#-P=#-Pifand only ifPP= UP.

2. c#- NP =#- NPif and only ifPP= NP.

3. Ifc#- coNP=#- coNPthenPPC UP\P.

Proof. (1) Let A € PP. Then, there exist functiorfse #- P andg € FP such thak € A &
f(x) > g(x) for everyx € X*. Without loss of generality, suppos$éx) > 0 for everyx € Z*. By
assumptionf € c#- P and, by Proposition 4.3 and by Theorem 3.4 there exist altgrministic
polynomial-time Turing machin® that computed onefold. Modify M such thatM accepts
along the only accepting pathfifx) > g(x). M still runs in polynomial time. ThusM accepts
A in the sense of UP. Conversely, we use the equivalence-RFP & C_P = UP [OH93].
Letf € #- P. Define ase€ asC = {(x,y)llyl = p(x]) A f(x) = y}. Clearly,C € C_P and,
by assumptionC € UP. DefineN to be a machine that, on inpyte =*, (a) guesses a word
y € X* with [y| = p(/x]), (b) checksx,y) € C, (c) outputsy and accepts if and only if checking
is successful. Obviouslyy computes onefold. From Proposition 4.3 and Theorem 3.4 we have
fec# P.

(2) LetA € PPYP. Thus there exist functionse #-NP andg € FP such that € A & f(x) >
g(x) for everyx € £* [Vol94, Wag86]. Without loss of generality assume that) > 0 for every
x € X*. By suppositionf € c#- NP and, by Theorem 4.8, consequentl¥ cmax- NP. Now,
there exist a cluster s& € NP accepted by a machiid in the sense of NP and a polynomial
such thatf(x) = maXylly| = p(|x]) A\ (x,y) € B} for everyx € £*. DefineN to be a machine
that, on inputx € =*, (a) guesses a worgl € £* with |y| = p(/x|), (b) simulatesM on input
(x,y), (c) computes deterministicalky(x), and (d) accepts if and only ¥1((x,y)) is accepting
along the simulation path and it holds that> g(x). Thus, ifx € A thenf(x) > g(x) and,
consequently, diccn (x) > 0, and ifx ¢ A thenf(x) < g(x) and, consequently,ccn (x) = 0.
Hence,A € NP. In order to prove the converse consider the followindusions: c# NP C
#.NP C #- Ab C c#- P*47 — c#. PPP" C c#. CH. From Lemma 5.1 we have e¢€H = c#- NP
and, hence, #NP = c#- NP.

(3) From #- AS = # - coNP and from supposition follows #A5 = c#- AS. Due to the
relativizibility of the proof of (1) we conclude P¥6 = UPNP. Lemma 5.2 gives PE. UPNP, O
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Before we explicitely compare optimization operators wapout an interesting result.
Lemma 5.4. cmax- P=max- PN min- P.

Proof. Obviously, by Theorem 4.5, cmaR C (max- Pnmin-P). Letf € max- Pnmin-P. Then,
there exist setd. € P andB € P and, without loss of generality, one polynompasuch that, for
everyx € I*, f(x) = maXyllyl = p(x[) A (x,y) € A} = minfyly| = p(x[) A (x,y) € B}.

DefineC = {(x,y)lyl = p(Ix) A (x,y) € AA (x,y) € B}. SinceA € P andB € P we have
C € P. Moreover, for ever € X*, there is at most ong € I* with ly| = p(|x|) such that
(x,y) € C. Thus,C is a cluster set in P anfix) = maXylly| = p(jx]) A\ (x,y) € C} for every
x € X*. Hence,f € cmax- P. O

Remark 5.5. In Lemma 5.4 the clasB can be replaced by every complexity class closed under
complementation, intersection ard, -reductions such as iP, XP [OH93, FFK94Jor &P.

The next theorem shows the relation between craag max

Theorem 5.6. 1. cmax- P = max- Pif and only ifNP = P.
2. cmax- NP = max- NP.

3. If cmax- coNP= max- coNPthenZ} =T15.

Proof. (1) LetA € coNP, and leM be a machine that acceptsin the sense of coNP and that
has a polynomial runtim@. Define a seB asB = {(x,1y)lly| = p(lxl) Ay € acem(x)} U
{(x, 0N 1)|x € £*}. Clearly,B € P. Define a functiorf asf(x) = maxzl|z| = p()x]) + 1A
(x,z) € B}for everyx € Z*. Obviously,f € max- P and, by assumptiofi,c cmax: P by a cluster
setC € P and a polynomiad. Consider a seéd = {x|(x, 09(X) 11} € C A (x,09(x) 210) ¢ C}.
Surely,D € P andx € A if and onlyx € D. Hence,A € P. Conversely, lef € max- P by

a setA € P and by a polynomiap. DefineB = {(x,y)lyl = p(Ix]) A (Fz,lz| = p(x))(y <

z A\ (x,z) € A)}. Obviously,B € NP and, by assumptioy € P. UsingB, for everyx € r*
the valuef(x) can be determined deterministically in polynomial time liydoy search. Hence,
f € cmax: P.

(2) Letf € max- NP by a setA € NP and by a polynomiap. Define a selC asC =
{0 Uyl = (XA Byr, vz, 1l = b2l = p(X))(y1 <y <yaAlx,y1) € AA(x,y2) € A)L
Clearly, C is a cluster set in NP. Furthermore, note thiat) = maxXyllyl = p(/x|) A (x,y) € C}
for everyx € Z*. Hencef € cmax- NP.

(3) From the monotonicity of cmaand from Lemma 5.4 we get cmagoNP C cmax- AD =
max- Ab N min - A5, By assumption, maxcoNP C min - A} and by a result proven in [HW97]
this givesth =T15. O

When proving P= NP = max- P = cmax: P we have shown more than necessary. It is easy
to see that P= NP implies max P = FP. Therefore, and from Lemma 5.4 we obtain immediately
the following result (see also [HW97]).
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Corollary 5.7. The following statements are equivalent.
1. cmax- P = max- P.
2. max- P=FP.
3. max-PC min- P.
With respect to minimization operators same results as rfEme®.6 and Corollary 5.7 hold.

Theorem 5.8. 1. cmin- P=min- Pif and only ifNP = P.
2. cmin- NP = min - NP.
3. If cmin: coNP= min - coNPthenx} = TT5.

Proof. Similar to Theorem 5.6. For statement (3) we use that neoNP C max- A5 implies
I8 =TI5 [HW97]. O

Corollary 5.9. The following statements are equivalent.

1. cmin- P=min- P.

2. min-P=FP.

3. min- P C max- P.

Finally, we note an interesting fact easy to verify from tmegs of Lemma 4.10.
Proposition 5.10. cmax- UP N cmin- UP = max- UP N min - UP.

Remark 5.11. In Proposition 5.10 the claddP can be replaced by every complexity class closed
under intersection.

6 Open Questions

Open problems particularly concern the completion of fssinl the cluster function hierarchy.
Especially the class e#oNP seems to be very difficult to deal with. The main openlertshould

be whether c#coNP= c#- A} is valid. The technique applied in [K6b89, KST89] when fingv
the analogous result for common operators has no directtemqart in terms of clusters because
this technique does not preserve a given cluster struaturernputation trees. There are also a lot
of other inclusions not known to be true: (1) cm&i° C c#- coNP, (2) cmaxcoNPC cmin- NP,

(3) cmax- coNP C c#- coNP, (4) cmax coNP C FAP, (5) cmin- coNP C c#- coNP, and (6)
cmin - coNP C FAE. The intuition is that these statements do not hold, i.e. ogehto find
structural consequences that make these statements ialpeoldMoreover, we are interested in
characterizations where we only have got implications &s ye
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Another interesting direction for research topics couldabeexact investigation of cluster sets
in some complexity classes. Therefore, one could define aheperator clusterselecting all
cluster sets from a given complexity class. Doubtless ttay be successful in order to get finer
relations on the side of classes of sets. Then some upwdaghset are provable. As an example,
if NP C cluster- NP then PP= NP. This follows from Theorem 5.3. But, how does clustsiP
really look like?

Generally we can detach from the cluster idea and only cenduivalence relations in
computation trees. Under which conditions complexity s#ss(of sets as well as functions)
defined by an arbitrary equivalence relation coincide wikksses obtained from the cluster
relation? Or, what are the connections to the leaf langupgeoach [BCS92, Ver93]? In any case
this could also be one way in better understanding the wodidie non-determinism.

Acknowledgments. | am very grateful to Gerd Wechsung for supervising my master
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