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Zusammenfassung
Diese Arbeit beschéftigt sich mit dem reduzierten magnetoelastischem Platten-
system

wit — YAwy + dA%w — a(tottoth) -h =0 in Q

hi + rotrot h 4+ Srotrot (hw;) =0 in @

divh=0 in @

h-n(t,z1,29) =n xrot h(t,z1,29) =0 on X

w:g—wzo on X
n

w(z,0) =wy, wi(x,0)=wy, h(x,0)=hy

wobeli @ = Q x (0,7) und ¥ = 0Q x (0,7). Der Skalar w bezeichnet die
Verschiebung, h = (hy, hy) das magnetische Feld und 2 ein beschrénktes Gebiet
im R? der Klasse C2. Diese Gleichungen wurden aus [9], [10] and [11] hergeleitet.
Aus mathematischer Sicht kann das betrachtete System gesehen werden als die

Verkopplung des Plattensystems (vom Schrédinger-Typ), das Schwingungen elastis-
cher Wellen in einer diinnen Platte modelliert, mit einer parabolischen Gleichung
fiir das magnetische Feld.

Im einleitenden ersten Abschnitt fiihren wir Notationen, Definitionen, Lemmata
und Sétze ein, die wir brauchen werden. Im zweiten Abschnitt folgen wir [9], um
das lineare und das nichtlineare System magnetoelastischer Gleichungen fiir eine
diinne Platte von gleichméfiger Dicke 2h zu finden.

Man nimmt an, dass die Platte aus unserer Uberlegung eine mittlere Fliche
zwischen ihrer Ober- und Unterseite hat, welche im Gleichgewicht das Gebiet
Q) in der Ebene z3 = 0 besitzt. Wir nehmen an, die Dicke der Platte sei so
klein, dass wir nicht mit den 3-dimensionalen magnetoelastischen Gleichungen fiir
Festkorper mit Losungen, die von (¢, 21, x2, v3) abhéngen, zu tun haben werden.
Sondern wir méchten ein System von zwei reduzierten verkoppelten Gleichungen
mit Losungen, die nur von (¢, x,25) abhéngen, finden mit (z1,z5) € €.

Nach dem wir das Gleichungssystem gefunden haben, konzentrieren wir uns zuerst
auf das lineare System



wir — YAwy + dA%w — o (rot ot h) - H=0 in Q

ht+r0troth—l—ﬁrotrot<ﬁ-wt>:0 in @

divh=0 in @
h-n(t,zy,z9) =n xroth(t,z1,29) =0 on X

w:g—w:() on X
n

w(z,0) = wo, wi(z,0) =wi, h(z,0) = hg

wobei H = (Hy, Hs) ein konstantes magnetisches Feld ist. So betrachten wir in
Sektion 3 die Existenz und Eindeutigkeit von Loésungen des linearen Systems,
was wir durch Unterscheidung der Félle v = 0 und v > 0 bewerkstelligen. Wir
benutzen hier Halbgruppentheorie und die Galerkinmethode. Fiir den Fall v =0
haben wir mit Halbgruppentheorie nach [19| gearbeitet und fiir den Fall v > 0
entsprechend nach [16].

Im Sektion 4 betrachten wir die Existenz von rein imaginéren Eigenwerten des lin-
earen Systems, um Information iiber das asymptotische Verhalten der Losungen
zu bekommen. Wir reduzieren das Problem auf die Frage nach der Existenz von
nichttrivialen Eigenfunktionen fiir die Bilaplacesche mit Randbedingungen und
eine Zusatzbedingung in . Die Existenz von solchen Eigenfunktionen bleibt
offen. Finerseits wire das schwingende Verhalten bewiesen, wenn nichttriviale
Eigenfunktionen existieren wiirden. Wenn andererseits nur die triviale Losung
existieren wiirde, konnte man mit dem Lasalleschen Invarianzprinzip wie in [19]
ableiten dass, jede Losung endlicher Energie des linearen Systems im Energieraum
gegen Null konvergiert wenn ¢ — 0.

Im Abschnitt 5 arbeiten wir mit dem nichtlinearen System magnetoelastischer
Platten. Wir folgten [4], um die Existenz von Losungen mit dem Galerkinver-
fahren zu beweisen. Wir brauchten Regularitit der Anfangswerte, um unser
Existenzergebnis zu beweisen. Eine Fallunterscheidung nach ~ war nicht notig.
Es wurde Existenz von Losungen fiir kleine Daten bewiesen. Die Eindeutigkeit
bleibt offen.



Introduction
In this work we are going to study the reduced magnetoelastic plate system

wi — YAwy + dA*w — a (tottoth) -h =0 in Q

hi + rotrot h 4+ Grotrot (hw;) =0  in @

divh=0 in @

h-n(t,xy,z5) =n X 1ot h(t,z1,22) =0 on X

w:g—w:() on X
n

w(z,0) =wy, wi(x,0)=wy, h(x,0)=hy

where Q@ = Q x (0,7) and ¥ = 9Q x (0,7). The scalar w denotes the dis-
placement, while h = (hy, hy) denotes the magnetic field and €2 is a bounded
domain of R? of class C?. These equations have been derived from [9], [10] and
[11]. From a mathematical point of view, the system under consideration may be
viewed as the coupling between the plate system (which is of Schrédinger type)
modelling vibrations of elastic waves in a thin plate and a parabolic equation for

the magnetical field.

The first section is devoted to preliminaries, where we introduce notations, def-
initions, Lemmas and Theorems which we will need. In the second section we
follow [9] to find the linear and nonlinear system of magnetoelastic equations for
a thin plate of uniform thickness 2h.

It is assumed that the plate being considered has a middle surface midway
between its faces which, in equilibrium, occupies the region €2 in the plane
xr3 = 0. We consider a very small thickness and so we do not work with 3-
dimensional magnetoelastic equations for a solid bodies with solutions which de-
pend on (¢, 21, xo, x3). But we will find a system of two reduced coupled equations
with solutions which depend on (¢, 21, z5), where (z1,z5) € Q.

After we have found the system of equations, we restrict first our attention to
the linear system



wir — YAwy + dA%w — o (rot ot h) - H=0 in Q

ht+r0troth—|—ﬁrotrot<ﬁ-wt>:0 in @

divh=0 in @

h-n(t,zy,z9) =n xroth(t,z1,29) =0 on X

w(z,0) = wo, wi(z,0) =wi, h(z,0) = hg

where H = (Hy, Hy) is a constant magnetic field, so in section 3 it is studied the
existence and uniqueness of solutions of the linear system, that is done in two
cases, v = 0 and v > 0. Here we use semigroup theory as well as the Galerkin
method. We have followed [19] for the case v = 0 with semigroup theory and [16]
for the case v > 0, respectively.

In section 4 we study the existence of purely imaginary eigenvalues for the linear
system in order to obtain some information about the asymptotical behavior of
the solutions. We find that the problem is reduced to the possible existence of non
trivial eigenfunctions for the bilaplacian with boundary conditions and an extra
condition in 2. The existence of such eigenfunctions remains open . In one hand
if there are non trivial eigenfunctions then oscillatory behavior is proved. On the
other hand if there exists only the trivial solution, with the Lasalle invariance
principle as in [19] we could deduce that every solution of finite energy of the
linear system converges to zero in the energy space as t — o0.

In section 5, we work with the nonlinear system of magnetoelastic plates. Fol-
lowing [4] we have proved the existence of solutions with the Galerkin method.
We have needed regularity for the initial values in order to prove our existence
result. The two cases study for ~ was not needed. Existence of solutions was
proved for small data. Uniqueness remain open.



1 Preliminaries

The rotation of a vector field u : R2 —— R? is defined as the scalar

ul
rot ( 5 ) = 01u? — Ohut
u

Where 0; = % for j =1,2.
If the rotation of a scalar field f is defined in R? as

rot f := ( —agif)’

A = vdiv —rotrot

then the formula

holds in two and three space dimensions.

In following we denote with L?(Q), Hi(Q2), H*(Q2), i = 1,2, s € R, the same
standard spaces as in Adams [1]. We denote by (-,-) and | - | the scalar product
and norm in [L*(Q2)]* and L?*(Q2), and by ((+,-))s and || - ||s the scalar product and
norm in [H*(2)]? and H*(2).

We introduce the A operator using [14] and then give some applications.

The A operator

Let X and Y be two separable Hilbert spaces, with X C Y, X dense in Y with
continuous injection. Let (,)x and (,)y be the scalar products in X and Y,
respectively.

The space X may be defined as the domain of an unbounded self-adjoint, positive
operator A in Y (in fact A is not unique!), X having a norm equivalent to the
graph norm

1
2

(ull¥ + [Aully)*, weDA) = X. (1.1)
We define D(S) as the set of u's such that the antilinear form

vi— (u,v)x, veX (1.2)

is continuous in the topology induced by Y. Then

(u,v)x = (Su,v)y, (1.3)



which defines S as an unbounded operator in Y with domain D(5).
It can be verified that D(S) is dense in Y and S is self-adjoint and strictly positive.

In fact,

(Sv,v)y = [Jlx = cllvlly- (1.4)

Using the spectral decomposition of self-adjoint operators, the powers S? of
S, 0 € R, may be defined.

In particular, we shall use
A=S2 (1.5)

The operator A is self-adjoint and positive in Y, with domain X.
From (1.3) and (1.5) we deduce that

(u,v)x = (Au, Av)y, Yu,v e X. (1.6)

Remark: The operator S depends on the choice of the scalar products in X and
Y (without changing the topologies of X and Y') and therefore A also depends of
these scalar products.

Applications:
I
Let 2 be simply connected. Let

Y = {g € [LQ(Q)]2; divh=0 in ©Q, ¢g-n=0 on 89}
the space with the norm || - [y := [ - [;2(q)2 and
V={geY; rotge L*Q)}
with the norm

1
2
|-y = (| F0t9|%2(9) + |g|[2L2(Q)]2> ;
where the condition g-n = 0 is well defined as (g -7, f)aq = 0 for all f € H(Q).
We have that V' C Y, with dense, continuous and compact injection. Then the
bilinear form b(f,g) = (rot f,rot g), which is coercive in V' when 2 is simply
connected (see [7], [13]), generates the operator B := rotrot with domain
DB)={gecV/ BgeY}

and there exists the spectral family of eigenfunctions for the problem

8



B, = A\, in

Y, € D(B)
1I:
We know that H3(Q) C L*(Q) with dense, continuous and compact injection,
HZ(Q) endowed with the norm || - ||, and L?*() endowed with the usual norm

|- = 1 )
We have the bilinear form in HZ(Q2) x HZ(2)

a(u,v) = (Au, Av)

which is coercive in HZ(Q2) and generate the operator A := A? with domain
D(A) = {v e Hj(Q)/ Ave L*(Q)}
and there exists the spectral family of eigenfunctions for the problem
Apn = prpn  in

¢n € D(A)

We will need the following lemma later.

Lemma 1.1 (Bihari’s lemma or generalization of the Bellman lemma, see [2]).
Let Y (x), F(x) be positive continuous functions in a < x <b and k> 0,M >0,
further let w — w(u) be a non-negative increasing continuous function for w > 0.
Then the inequality

Y(2) <k + M/ Flw(Y ()t (a<z<b)
implies the inequality

Y(z) < R! (R(k) + M/ax F(t)dt> (a <2 <0b)

where

R(@:/u:% (1o > 0, u > 0)

and R~ denotes the inverse function to R.



Theorem 1.1 (Aubin-Lions theorem, see [15]) Let By, B, By Banach spaces,
with By, By reflexive. If By C B C By and the immersion of By in B is compact,
then for all 1 < po,p1 < co the space

W ={ue L’(0,T; By), u € LP(0,T;B)}

endowed with the norm

ullw = |lullLeo,7;80) + 1%l Lo (0.7:8,)-

1s a Banach space and

W C LP(0,T;B) with compact immersion.

10



2 The system of magnetoelastic plate equations

In the section we find the system of magnetoelastic equations for a thin plate of
uniform thickness 2h. In the first part we obtain the linear system and in the
second part we obtain the nonlinear one.

2.1 The linear system

The classical plate theory must be modified in order to take into account the
effect of the applied magnetic field.

We consider a thin plate P, of thickness 2h, with a median surface x5 = 0. We
use the classical plate theory of Love and Kirchoff. To obtain this model (in small
displacement theory) we assume (a) a linear strain displacement relation (strain
tensor)

1
€l = 5 (g + )

where u = u(xy, z9,x3,t) = (u1,us, u3), and (b) the linear filaments of the plate
initially perpendicular to the middle surface remain straight and perpendicular
to the deformed middle surface and undergo neither contraction nor extension.
(Thus transverse shear effects are neglected.) Hypothesis (b) imposes a nonlinear
relationship between the displacements {u;} and {v;,w}. If this relationship is

linearized we obtain the approximate relations (that is, correct up to terms of
order h?)

Uy ui:Ul'(l’l,l‘g,t)—Igg—Z(J}l,[EQ’t); 1= 1,2
= v ) (2.1)
u3 uz = w(zy, T2, t)

For the total magnetic field we have (see [9] )

H=H+b,  where H = (H, H, Hy)

Here H is a static bias magnetic field called the primary magnetic field, while
b is the induced magnetic field. Likewise, the displacement fields wuq,us, and
uz are considered to be small. The deformation is measured from the initial
configuration which carries the H-field but no initial stress. The constitutive
equation for the bias field H, is By = H + M° = uoH, where B is the magnetic
induction, M the magnetization field and pq is constant.

11



The bias field satisfies the Maxwell’s equation

vx H=0.

We will assume that H is constant.
The differential equation for the magnetic body force and stress-strain relations
is (see [9] )

Okl + Fy — poiiy = 0 (2.2)

where in (2.2) we assume that

Ey = (o — 1) (bgy — by ) Hy (2.3)
(see |9] (8.14.10)) is the magnetic body force,

Okl = Ae€rrOki + 2[Le€rr; (2.4)

are the stress-strain relations in isotropic media A, . the elastic moduli and pg
is the (constant) mass density per unit of volume.

Equations (2.2 — 2.3) are valid for three-dimensional isotropic magnetoelastic
solids. In order to obtain equations for thin plates, we employ (2.1) and perform
the following two sets of operations on (2.2 — 2.3):

(1) We integrate these equations across the thickness of the plate.
(77) We multiply the first two components (I = 1,2) of these equations by 3 and
then integrate them across the thickness of the plate.

It is customary in thin plate theory to assume that the transverse normal stress
o33 is negligible compared to the other stresses. Thus we set o33 = 0 (More
precisely is o33 = O(h?)), which gives €33 = —Aey,/(Ae + 2p.). Using this, the
stress-strain relation (2.4) becomes

Oap = 1_.2 [1/677(5@5 + (1 - V>€aﬁ]

1—

Oa3 = 033 = Oa «, 57 Y= 17 27 (25)

where

12



1
€af = §(Uaﬁ + Vg.a) — T3Wag (2.6)
E is the Young’s Modulus and v Poisson’s ratio 0 < v < % .
Operations (i) and (i7) introduce the planar forces N,g, vertical shears @,, and

couples Mg, as defined by

h h h
Naﬁ :/ Uaﬁdxih Qa :/ Oa3dzrs, Maﬁ :/ Ua5x3dx3'
—h —h —h
Using (2.5) and (2.6) we obtain

Eh

Nop = ——
P12

2005008 + (1 = V) (Vas + vg,0)],
M,s = —D[vw ,60p + (1 — V)W 4]
where D is the flexural rigidity defined by

2Eh3
3(1—v2)
We note that because of (2.5), @, vanishes. However, generally, by considering
the effect of the shear deformations this bring additional terms of order 22 to the
expressions (2.1). These effects become important for thick plates. But it’s not

D =

our case.
The operations (i) and (i7) on (2.2) and elimination give (see |9])

Eh 1 - 5
PE— (Ui,z'j + —ij,z‘z) + f; — 2poht; = 0, =12 (2.7)

1—v 1+v
2
DA*w — f + 2pohii — §p0h3Afd’J =0 (2.8)
where,
—h —h

Equation (2.7) is the differential equation for the planar motions of the plate, and
(2.8) is that for the flexural motions. We note that these equations are coupled
with the magnetic fields through f;, f and the boundary conditions.

Let 1 represent the unit normal of the undeformed surface under consideration,
and 7] represent its increment due to deformation. For 7 we have (see [9] ),

n= (Ui,jnmj5kl - Uz,k)m

13



for example, on the upper and lower surfaces x3 = +h of the plate

n=4is, H=TFw,;, 73=0, i=12.

On the contour surface 02 of the plate, we have

n= (7717 0)7
. . - . ow
i = (Mg — T3miz)ny, N3 = 8—a:jnj’
where
ﬁij = U%rmnréij — ’Ujﬂ', mi]’ = wwmnr@j — QU,ji, v, T, Z,j = 1, 2.

Now, from (2.2) we compute

Fy=(puo—1)| (2 — o) H, 4 (2 — 20

oz Oxo o1 Ox3
oo by Obo dbs by
Fy = (o = 1) | \oay — a0y ) Hi + (s — 33 ) 15
S by Obs by Dby
Fy = (o — 1) Drs Dz Hy + 15 Oxs H,

In order to obtain our reduced system, we assume

hot hi1
b= hoe | +a3| hiz |, hy(t,z1,22), i=0,1; j=1,2,3;
hos his

so, we must compute the force for this assumed b

Fy=(no— 1) { | (G2 = G ) Ho o+ G Ha| 4+ | (%2 — G2 ) Ha + G2
Fo= (o= 1) { [ (%2 — %) Hy 4+ G0 Hu ] 4y [ (G — G2 ) o+ G2

ox1

Fy = (o — 1) { __%Hl - %h—:g’Hz] + 3 [—%h—;f’H1 - %h—£H2}}
and now we use these force in (2.9) to compute f

14



Lo 01y 3 0x?  Owy0r; ox?

h 3 i 2 2 2 7
0 - 2h 0°h 0°h o°h
/ ZL‘3—F1d{E3 = —([1,0 — 1) ( 12 1 ) HQ + 13H3

h 3 r /92 2 2 7
0 - 2h 0 hll 0 h12 0 h13
9 ey = 2 (up — 1 - o+ 2"y
/_h B0, 2T (o = 1) < o3 8x18x2) ' o227

b h h
/ Fydxs = 2h(po — 1) {—8 BH, — 0 03H2]
—h

8[E1 8x2
(2.10)
then by (2.8) — (2.10) and &% = 0 we have
DAw -+ | (Gt — Z50) Hy + (Sh — 202 ) Hy + Ahig Hy| +
(2.11)

)\Vh()g . (Hl, HQ, Hg) + 4aw — bAW =0
where o = %(,uo —1)and A = —2h(uo — 1), a=2poh, v= %poh?’, d:=D
and we rewrite (2.11) to have

dA*w — arotrot hy - (Hy, Ho, H3) + AVhos - (Hy, Hy, H3)+
(2.12)
+aw — yAw = 0

now, we divide with a and we use the same names for all constants, and so we

had obtained our first reduced equation

W — YA + dA*w — arotrot hy - H 4+ AVhog - H = 0 (2.13)

We will reduce now the magnetical equation
by — Ab — Brotfu; x H =0 in Q x (0,7,
divb =0 in Q2 x (0,7,
(2.14)

b-n(xy, e, x3) =0 on 9Q x (0,7T);

rot b x n(xy, xe,x3) =0, on 9Q x (0,7)

15



to a equation where the unknown functions depend only on (x,zs). In order to
do that, we recall

b= h() + J]ghl, for hl = (hij<t,l'1,$2)) s 1= O, 1, j = 1, 2, 3, (215)

now, we use (2.1) to compute

2 [l ep) - (i, Ho)| = ey i [ (a1, )
rotju,x H| = _8%1 [(v},vf) , (HlaHQ)J_:| _ %thg +x3 8%1 [th . (Hl’HQ)J_}
—div (vtl,vf) Hg—l—th- (Hl,Hz) Athg
where vw; := (g—;"f, g—g), and so we can write
’U'l %wt
rot[u; x H]=rot|| vy | X H|—Hj3 a%gwt — xgrotrot (H -w;) (2.16)
w 0

Let H = (Hy, Hy), H* = (Hy,—H,), v = (v1,v5). We obtain from (2.14), (2.15)
and (2.16) two vectorial equations by

i) integration of (2.14) in z3 from —h to h, and

i1) multiplication of (2.14) with x3 and then integration in x5 from —h to h,
respectively

16



First case :

If we assumed H = (0,0, H3) i.e.. H = (0,0) we would obtain

hot — Ahg — 3

hy — Ahy —

_ 0 CHL
923 [Vu)t H ]

%[th‘ﬁl} =0

Athg

-~

—rot rot(Hwy)

—

__90
71 th3

hoy — Ahg — 3 —%th:z =0

—div UtHg

hig — Ahy — 3 0 =0

Au)tHg

(2.17)

(2.18)

we would have interest only in the second equation of the system (2.18), because

only w; appear. And in the same equation, the first and second component, we
can see the heat equation, while the third component together with (2.13) gives

us a system similar to the thermoelastic plate, and this is not our interest.

17



Second case :

On the other hand we have, by (2.13) and the second equation in (2.17) that our
interesting system is

wit — YAwy + dA*w — a (rot ot hy) - H + Avhgz - H =0

hiy — Ahy + Srotrot (Hw) =0

We assume hgz = 0 to obtain

wit — YAwy + dA*w — a(rotTot hy) - H =0

(2.19)
hyy — Ahy + Brotrot (Hw) =0
But
Ah; = vdiv hy — rotrot by

and
hi

0 =divb = div [ho + .Ighl] = div ho + diV(l’ghl) = div h() + h13 + x5 div h,12

b 0

so by multiplication with x3 and integration from —h to h in x3

because hq3 is independent of 3.
The condition b -7 = 0 becomes

(ho-n+x3hy-n) =0
We multiply by z3 and integrate from —h to h in x5 to obtain the new condition
hl N = 0.
Now, we work with the second boundary condition , so rotb x n = 0 becomes

rot hg X n + rot{zshy] x n =0 (2.20)

18



and

h
I'Ot[l'ghl] = .I'g(@ghlg, —(91h13,r0t ( hi; )) + (—hlg, hlb O)

0
0 0
= x3rot 0 + x3
hlg rot ( hll >
hi2

If we multiply (2.20) by x3 and integrate once from —h to h in z3, we obtain

+ (—hia, h11,0)

0
0
0
rot 0 X+ xn=0
his rot ( i )
hi2
so, we must also assume that hy;3 = 0 in order to obtain the boundary condi-
(w1, 72)
tion, and we consider 7 = | no(x1,22) |. This assumption brings Hs = 0 too.
0

so, with this assumption, we can say

but

xn=0= —rothiny =0 and rothin =0

19



and because we can not have 1, = 0 = 7y, rot h; must be equal 0. Therefore, we
have found our desireded reduced magnetoelastic plate system

Wi — YAwy + dA*w — « (rot ot h) - H=0

hy + rotrot h + frot rot <I—jf'wt> =0

where

—

h = hy = (h11,h12,0), H = (Hy, H3,0), 1= (m1,192,0)

or better to say,

Wit — YAwy + dA%w — o (rot ot h) - H=0 in Q

ht+r0tr0th+5r0tr0t(ﬁ~wt>:0 in

divh=0 in Q (2.21)

h-n(t,x,z9) =n X 1ot h(t,z1,22) =0 on X

w:a—t;:() on %

w(x,0) = wy, w(z,0) =wy, h(z,0)=ho

where @ = Q x (0,7) and X =00 x (0,7).

2.2 The nonlinear system

For the nonlinear system we shall replace the constant magnetic field H by the
magnetic field h. So the nonlinear system under consideration will be

20



wit — YAwy + dA%w — a(totToth) -h =0 in Q

hi + rotrot h + Srotrot (hw,) =0  in Q

divh =0 in @ (2.22)
h-n(t,z1,29) =n X rot h(t,z1,29) =0 on X

w = ‘g—‘; =0 on X
w(z,0) =wy, wy(x,0) =wy, h(x,0)=hy

where Q = Q2 x (0,7) and X = 0Q x (0,7). We will work with this system in
the last section.

21



3 Existence and uniqueness of solutions for the
linear system

In this section we are going to analyse the existence and uniqueness for the linear
system in two cases 7 > 0 and v = 0. For the case v > 0 we use first the
semigroup theory and then Galerkin method. The case v = 0 is also treated by
semigroup theory.

3.1 Weak formulation of the problem

Let Q be a bounded simply connected domain of R? of class C2. Let us assume
that {w, h} is a classical solution of problem (2.21), say w € C*(Q), h € C*(Q).
Then it is easily verified that the following equalities are satisfied:

% (Wi, ) + 7% (Vwy, vo) + d (Aw, Ap) — a (rot h, rot (goﬁ)) =0 Vein HZ(Q)

%% (h,x) + 5 (rot h,rot x) + o (rot (ﬁwt> , TOt X) =0 VxinV,
(3.1)
In order to prove existence and uniqueness of weak solutions of (2.21) we need
some definitions.
We use the bilaplacian operator

At HX(Q) — H (),

with domain HZ(Q)NH*(2) and which is generated by the scalar product a(u,v) =
(Au, Av) in HZ(Q), Au = A?u.
We define the space (see [19], [3])

Y ={g€[L*(Q)* divg=0 in Q; g-n=0 on 90}
and (see [13])

Y =D° =D°ND,,
where
D° = {ge[L*(Q)* Vfe H(Q); (9,vf)=—(divg, f)}
and
D, = {g € [L*(Q)]*;divg = 0}

22



We can also define (see [20]) the space Y as
Y = the closure of V in [L*(Q)]?
where
V={fe D] divf=0}
Let
W= {90; Y E (COO(Q))2, divp=0, n-¢o=0on 89}

We let (s > 0) Vi = closure of W in (H*(Q))?. V; is a Hilbert space with scalar
product ((+,-))s induced from (H?*(2))%.
Now, we define the space

V={feY; rotfeL*N)}
and V' can be defined also as (see [3])

V={feH Q) divf=01in Q f-n=0 on 90}

We note that V;, =V and Vy =Y.
The space Y is endowed with the norm in [L*(Q)]%;  [|flly = |fliz2)2, and the

space V with the norm || f|lv = (|| f]|3 + | rot f]2)%.

With these norms we have V — Y with continuous, dense and compact immer-
sion.

This, together with the scalar product in V x V, b(u,v) = (rotu,rotv)p2 and
from the assumption that 2 is simply connected (see [13] p. 157, [7] p. 360), we
have that b is coercive; therefore it generates the operator B

Bg := —Ag =rotrot g,
with

D(B)={geV; 3f €Y suchthat b(g,v) = (f,v)y, YveV}
or in other words

DB) = {g9€V; BgeY}={ge[H*(Q))*NY; BgeY}
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We note
QP =YeY =Ya{gec[l’ Q) g=vp, peH(Q)}
We will prove that

Lemma 3.1 D(B) ={g € [H*(Q))*NY; nxrotg=0 on 00}

Proof: (D) Let g € [H*(2)]*NY so that n x rot g on Q. We will prove that
BgeY.
For all f € H'(Q) we have:

(rotrot g, vf) = —(divrotrot g, f) + (rotrot g - 1, f)aq

and

(rotrot g, vf) = (rot g,rot vf) + (n x rot g, v f)aq = 0.
Therefore (rotrotg-n, floa =0 Vf € H(Q).

(C) Let g € D(B). Forall f € [H'(Q)]?> we have f = f1 + fo, where fo =
vp, pe€ HY (), andso ot fy=0.

Let f € [HY(Q)]? then rot f € L*(§), we have therefore rot f; € L*(2) and so
fi € V. Since g € D(B) we have

(rOtgarOtfl):(rOtrOtg7f1)7 Vfle‘/

but we have also

(rot g, rot f) = (rotrotg, f)+ (n x rotg, f)on
= (rotrot g, fi) + (rotrot g, f2) + (n X rot g, f)ac

and therefore

0 = (rotrot g, f2) + (n X rot g, f)ag

but, since
(rotrot g, fo) = — (divrotrot g, p) + (rotrot g - n, p)ag = 0
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because Bg € Y, we get

(n x 10t g, flan =0, Vfe[HY(Q) O

We now define the operator

Cg:=rotrotyg

with
D(C)={geU, CgeY}

where
U:={ge[L*(N))% rotge L*Q), divge L*(Q), g-n=0 on 09}
In other words
D(C)={ge[H'(Q* g-n=0, CgeY}

We observe that [H2(Q)]* ¢ D(B), because div [H2(Q)]* # 0 in Q generally. But
we can prove that [H2(Q)]* — D(C).

Remark: This is a problem if we want use Theorem 2.2 in |[12] for set #1, in order
to prove that this semigroup should be analytic because since [H2()]*> ¢ D(B),
condition H.2 not holds.

Lemma 3.2 [HZ(Q)]? ¢ D(C)
Proof: Let w € H2(Q), = wH € [H2(Q)]? = wH e U.
Let v = rot(wH), = v e HY{(Q) = rotv e Y

In fact, from

Ve H'(Q) (rotv,vf) = —(divrotv, f) + (rotv-n, f)aq = (rotv -1, f)sq

and

(rotv,vf) = (v,rot vf) — (n X v,7f)y =0

we have that rot v -7 = 0 on 9Q because rot v - 7 is well defined in H~2(99), i.c.
wH e D(C). O
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We use all these definitions in order to write the system (3.1) in operator form

Wt — vA%wtt + dAw — a(Bh) - H=0
(3.2)
Sh, + SBh + aC (ﬁ.wt) —0

—

where h = (hll,hlg,O), H = (Hl,HQ,O), n = (771,772,0).

Now, we distinguish two cases. In the first case we will have v > 0, and we
find that there exists a unique solution of problem (3.2) in the space of energy
H = Hj; x Hy(Q2) x Ya; for second case we have y = 0 and we find that the
problem (3.2) has a unique solution in the space of energy X = Hg;x L*(Q) x Y.

Lemma 3.3

/[rotrotf}-ﬁvdx:/f-rotrot <Flv> dr, Vfe [H2(Q)}2HY, Vv € HZ ()
0 0

Proof: Partial integration and v € HZ(().
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3.2 The case v > 0, semigroup theory

When v > 0 in the system of equations (2.21) the term wy is not alone and we
have w;; — yAwy in the system. In order to overcome this inconvenient situation
we will follow [16] which use a special frame in semigroup theory.
We set the space X on page 7 to be HZ, that is H3($2) endowed with the scalar
product

a1(u,v) = (u,v) gz, = d(Au, Av)r2, Vu,v € HZ(Q)

We set also Y to be H} () with
c1(u,v) = y(vu, vo) g2 + (u,v)r2, Yu,v € Hy(Q)

We define Xy, = V| with

b(f,g) = (rot f,rot g)r2, Vf,geV

and Y; = Y% with
Q

CQ(hvg):::(hvg)Y% : 3

And so there exists the operator

(h7 g)Y

B = é rotrot
«Q

so that
b<f7g>:CQ(B§va§g> vfag€X2~

On the other hand, there also exists the operator
A= (I —yA)TTA?  HY(Q) N HE(Q) — H*(Q) N Hy(Q)

so that ) X
ar(u,v) = c1(Afu, A2v), Vu,v € X

where

AZ HE(Q) — HL(Q).

We define the operator

where




-1
We also have A2 : HY{(Q) — H2(Q) and C: [HZ(Q)) — Ya hence we have

-1
2

o[a7] (@) - vy

[

With C = grot rot formally.
The variational system is

1 (wy, 0) — o (b, C(WH)) + ay(w,w) =0 Vo € H2(Q)

ealhe, h) + Gea(Bh, h) + acy(C(H -wy),h) =0 Vh eV

We suppose that {w, h} is a regular solution of our problem (2.21), i.e. h is at
least [CZ(Q)]Q. The pair {w, h} is then a solution of the variational equation

[l NI

¢ (wy, ) — aca(h, C(WH)) + cl(A%w,A W) =0 Vi e HX(Q)

(3.3)
calhe + §Bh + aC(H -wy),h) =0 Vhe V

We would like to write the first equation in (3.3) all in the form ¢;(...,w). In
order to do that, let @ € HZ(2) then

= [Af] (o) = (aal € (@)

therefore we can write

ca(h, C(wH)) = &(h, C(0H))y

:%(h,c[AFTuv)Y

and by the definition of adjoint operator

(1], o
= (H(J 47 ﬂ*h] ﬁA1w> (3.4)

|
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1 1
Now well, we can add ¢;(Afw, A2w) to (3.4), so

[l NI

- 1 1 -172]" L1
aca(h, C(WH)) — c1(A2w, A20) = ¢; (—Afw+a {0 [Af} } hﬂ,Af@)

but A? is a self-adjoint operator and in the case where
1 -1q2]" -
—Aw+a {C [Af] 1 heH
belongs to D(A?), we would have
1 —1727% L1
e (—Afw+a {c [Af } } h-H,Afw)
1 1 —172]" .
— (A2 {—Aquta [(J [Alz] } h-H} D)

where from (3.3) and density of HZ(Q) in H}() we obtain the system

*
=1
2

2 —
V= Wy = Alé {—A%w—l—a [C’ [Al } h-H] in H}(Q), Vt >0

he = —%Bh — aC [wﬁ} in Ya, V>0

Let (w,v,h) € H = H; x Hy(Q) x Yo, with v = w;.

Then, we can write the system as

) 0 1 0
100 . ot
v =0 A2 0 —Afe 0 04[0[12]}011’
h 0 0 1 0  —aC [ﬁ] o p
0 1 0
1 1 —1721*
Let A:= | Af [_Af o +a|C [Alz] } ¢ H] , then
0 —aC [-H ~ 2B



We define D (A) equal to be

{(Z)) €H/veHAQ), heD(B), —Aw+ a[C’ [ATT] hofie H?(Q)}
h

Lemma 3.4 i) D(A) is dense in H and A is dissipative.
i1) 0 € p(A) with p(A) being the resolvent set of A.

Proof: We have that A is dissipative

Tl
[
o
I
*
>
=
s
Ll NI
4
N————

Re (Az,z),, = Re {al (v,w) — ay (w,v) + ac, ([C [A
—acy (C [Uﬁ] ,h) > (Bh, h) }
—2h(h, h) + aRe [02 (h C [vﬁ]) — ¢ (C [uﬂ h)}

ie.

Re (Az,z),, = — 2| rot h|? < 0.

Now, we prove that 0 € p(A).

f1 w
For any F'= ( fa | €H, the equation Az=F has a unique solution z=| v | :
JE h

(

v=fi

1 1 —1727*
Az {—Afwjta{C[Al?] } h-ﬁ] - f

—aC [uﬂ —9Bh=fy

\
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= v:=fi,
Bh:—f3+0[v[ﬂeY =heD(B), h:=DB" [_f3+c[vﬁﬂ

and .
1 =1 — =1
—Afw—i—a[C[Al?} } h-H=AZ f,

= |lzlln < KI[(f1; f2, f3) |l

with some K > 0 independent of F. Therefore, A is closed and 0 € p(A)0

As a corollary (see Theorem 1.2.4 in [16]) we obtain that A generates a Cp-
semigroup of contracctions {eA'} 0"
Theorem 3.1 Let (w(t),wy(t),h(t) ) = e*z. If 20 = (wo,wy, ho) € H, then
problem (2.21) is globally well-posed in energy space H and the (unique) weak
solution z = (w,wy, h) of problem % = Az belongs to C([0,00); H).

Moreover, if zg € D (A), then the solution (w,wy, h) belongs to

C([0,00); D (A)) [ C*([0, 00); H)

31



3.3 The case v > 0, Galerkin approximation

In the following section we are going to treat the case ~ > 0 using the Galerkin
method. As a basis in the space HZ(Q) we choose the eigenfunctions p; € HZ(Q)
of the spectral problem for the operator A := A? relative to the bilinear form
a(u,v) = (Au, Av) as in application IT on page 9.

For the space V we choose the eigenfunctions ; € V' of the spectral problem for
the operator B := rotrot relative to the bilinear form b(f, g) = (rot f,rot g) as in
application I in page 9.

Let W, and V,, be the generated spaces by the n first eigenvectors o1, @o, ..., v,
and 1,1, ..., 1, respectively. The approximate problem is to determine w,(t) €
W, and h,(t) € V,, with

wn(t) = Z fin@)pg, ha(t) = Zgjn(t)¢j

so that they are solutions of the distributional system

(U, v) + 7L (Vi v0) + d (Aw,, Av) — (rot P, [Uﬁ]) =0

(hn,g) + (rot hy, ot g) + 3 (rot [wnﬁ} ,rot g> =0

in D0,T), YveW,, Vgel, (3.5)
w,(0) = wy = Y7, ajp; — wo in HZ(Q)

W (0) = wi =370, bjp; — wr in Hy(Q)

j=1

d
dt
da
dt

\

If we take v = ¢; and g = ¢); we have
( L (g, 01) + YL (Y, vi) + d (Aw,, Ag;) — (rot Iy, TOt [%ﬁD =0

L (hn, ¥i) + (vot by, Tot ;) + 3 (rot [wnﬁ] , TOt, dh’) =0

in D0,T), 1<i<n

\

(3.6)
first equation in (3.6) times fin, second equation times 39in and adding for 1 <

7 < n we obtain

1d .2 .2 2 o 2 o4 2
- n n d|Aw,, —|h, —|roth,|-=0
2dt{‘w‘ + y|v,|® + d|Aw,| +5| | +ﬂ]ro |

i.e.
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d

%Em(t) + g| rot h,|? = 0

and therefore
b t
Eon(t) + B/ vt hn[2ds = Ey(0) < E(0),
0
for ¢t independent of m, where
_l 212 212 2 g 2
E(t) = 5 |w|* + y|vuw|® + d|Aw|* + 5|hy
so, we have obtained

(wy,) bounded in C(0,T; HZ());
(w,,) bounded in C(0,T; Hj (2));
(
(

h,) bounded in C(0,7;Y);
h,,) bounded in L?(0,T; V).
And from
(I —yA)io, = —Aw, + o [rotrot hy,) - H
hn = —rotrot h,, — frotrot wnﬁ]
we have

||hn||\/’ < || rotrot hy, ||y + (] rot rot [wnﬁ v < cllhnllv + kw1

|| < cf|(I = yA)iy -2 < dflwnll2 + alhal g2y < KE(0).
and hence

(0,,) is bounded in L>(0,T; L*(Q));

(hy) is bounded in L2(0,T;V").

Which give us, thanks to the theorem 1.1, that (w,,), (w,) converge strongly in
L*(0,T; L*(Q)) and (h,,) converges strongly in L*(0,7T;Y")

Now without problem we can pass to the limit in (3.5). It follows that there
exists a solution {w, h} of the linear problem (2.21).
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Our next step is to prove that the sequences (wy,), (w,), (h,) are Cauchy sequences
in C(0,T; HZ(2)), C(0,T; H}(Q)) and C(0,T;Y) respectively. To do this let us
take (wy,), (W), (hn), (hm) for m >n

with . .
Wm = Z Jim@i  hm = Zgimwi
=1 =1
=1 =1 =1 =1
where
r fina Zgn — Gins Zgn
im . and im — .
/ {0, n<i<m g 0, n<t<m

and we still have wg, — wp and wq,, — wo in HZ(Q), so as hg, — ho and
hOm — ho inY.

Let us denote W,, = w,, — w,, and H, = h,, — h,,. Then from de linearity of the
problem, we can use the same reasoning as above to get

E(I;[I/;l)éE(ZZ::ZUS:)—)O’ n,m — oo

In fact, from the system

( .

(W, — Wiy 03) + 7 (Vi — VW, V0;) + d (Awy, — Awy, Ag;) +
—« (rot [Am — By, TOt [ngFID =0

3 (hm — hy, %) + 35 (rot [hp, — hy], ot ;) +

+a (rot [wm — wnlﬂ ,rot wi> =0

(3.7)

\

in which we make first equation times (fi,, — fim)’, second equation times
Jim — Gim and addition in 1 <7 < m, we obtain

| o

1 . .
o [T+l AL+ S|+ 5ot

QL

t
so that
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t
En(Wn ) —i—/ g\rotHn\st:En(())—>O; n,m — oo
Hy o

Since
WOn = Wom — Won, Wln = Wim — Win, HOn = hOm - hOn

converge strongly to zero, then (wy,), (w,), (h,) are Cauchy sequences. So, there
are functions

w e CH(0,T; Hy(Q)) () C(0,T; H3(Q)), hec(0,T;Y),

for which we have

w,, — w strongly in C*(0,T; Hy () ﬂC(O, T; H3 (%)),

hn, — h strongly in C(0,7;Y).

Uniqueness:

Let u; = (wy, w1, hy) and ug = (ws, Wy, ha) be solutions of our system (2.21). Let
W =wy —we, H = hy— hy. Then W, H are solutions of

W — yAW + dA2W — afrotrot H] - H = 0
%H+%r0trotH+ozrotr0t [Wﬁ] =0

divH=0 1in €

H-n=0 on 0f) (3.8)
nxrotH=0 on 02

W:%—VX:O on 00 x Rt

and W (z,0) = Wy(z,0) = 0, h(z,0) = < 8 ) in 0

Multiplying first equation (3.8) by W, second equation by H, integrate in {2 and
adding, we obtain

1d
2dt
Now, integration on [0, 7] we have:

(W[ + (W 2 + d|AW [ + [HI?| + |rot HI? = 0

T
|W!2+7|v|2+d|AW|2+|H|2+/ | vot H|? = 0
0

Therefore W =0 and H = 0.
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3.4 The case v = 0, semigroup theory

We denote by HZ,, the space HZ(Q2) endowed with the inner product

((u,v))m2(0) = d(Au, Av)2(q), Vu,v € HF(Q)
and by Y%, the space Y endowed with the inner product

(67

(f7 g)Y% ﬁ(f7 g)[L2(Q)]27 Vf,g ey.

Let X = Hg; x L*(Q) x Ys. From (2.21) for v = 0 we have the system

0 1 0 w
0 — [ rotrot [ﬁ} —rot rot h

with  D(S) = HZ(Q) N H*(Q) x H(Q) x D(B)
Lemma 3.5 S is dissipative and range (I — S) = X.

Proof : First of all we check the dissipativity of S :

v w
(SF,F)y = —dA2w + a(rotroth) - H |, | v
—Brotrot(vH) — rotrot h h

X

= (0.0) (e — d (A%w,0) 2+ ((rotrot h) - ,v)
- (rot rot(vH), h) — (rotrot h, h)y.,
Y B

(=1

Then Re (SF,F), = —%/ |rot h|? < 0 for all F = (w,v,h) € D(S). In the

Q
proof we have used the Lemma 3.3.
Now, let f = (f1, f2, f3) € X and let us show the existence of (u, v, g) belonging
to D(S) such that

S

U
(I=95| v = P
E
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i.e.

( u—v=f€HjQ)

v+ dA*u — arotrot g - H = f, € L(Q)

g+r0trotg+6rotrotv-]:7:f3 ey

\

We do v=u-— fi,so

u+dA2u — arotrotg- H = fy + fy = € L2(Q)
(3.9)
g+ rotrotg+ frotrotu- H = fs+ Brotrot fy - H=ry €Y

taking into account that the right-hand side (r1,75) belongs to L*(Q2) x Y. We
can use Lax-Milgram’s lemma to obtain a weak solution of (3.9). Afterwards,

by elliptic regularity we will conclude the assertion. We introduce the following
bilinear form in HZ(Q) x V, where V = {g € Y;rotg € L*(Q)}

a((u,9),(@,9) = Jq [u~1’l+dAuAﬁ—|—%g-g—i—%rotg'rotg} dr+

—a (rot g, rot(ﬂf[)) +« (rot(uﬁ), rot !7) @
L2 L2

This bilinear form is continuous in HZ(Q2) x V. On the other hand, it is coercive
since

a((,9),(u.9)) = o [[ul* + dlAuf + 3] + 5] rot g | da.

Therefore, by Lax-Milgram’s lemma there exist a unique (u,g) € HZ(Q) x V' so
that

>

)€ H(Q) x V. (3.10)

s>
g3
S

a((u, g), (

\.§>
2

) = ((r1,m2), (

)

) ))HS(Q)XV ) V(
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It is easy to see that the solution of (3.10) is a weak solution of (3.9) . On the
other hand, [H2(Q))* € D(C) therefore

ue HXQ),= rotrot(ul) € Y

we come back to (3.9) to obtain rotrotg € Y and A?u € L*(Q2) so that by
regularity arguments (u,g) € D(A) x D(B). O

As a direct consequence of Lemma, 3.5, applying the Lumer-Phillips’ Theorem, S
is the infinitesimal generator of a strongly continuous semigroup of contractions
on X. More precisely:

Theorem 3.2 Let us consider the problem (2.21) for v = 0. Let (wq, w1, ho) be
in the space X = H2, x L*(Q) x Ya. Then, problem (2.21) for v =0 is globally
well-posed and the (unique) weak solution (w,wy,h) belongs to C([0, 00), X).
Moreover, when (wg, w1, hg) € D(S), the solution (w,wy,h) belongs to

C([0,00), D(5)) N C'([0, 00), X).
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4 What about decay and large time behavior for
the linear system?

Purely oscillatory behavior is observed if there exist purely imaginary eigenvalues
of S because if

SW =W, W e D(S)\0, £e€R\0 (4.1)
then
VE>0: (e W = [le™ W lx = [Wllx. (4.2)
We remark that the spaces and the norms have been chosen such that ||V (¢)[%
w w
equals the energy of the system, where V. = w; | = | v |. Hence (4.2) ex-
h h

presses conservation of energy for data W satisfying (4.1), in particular no decay
rate at all, in this case.

Let W satisfy (4.1). Then we conclude

—|rot h|* = Re (SW, W)y = Re (i€|W|%) =0

hence rot h =0 in 2 x (0,7).

Since rot h = 0 and € is simply connected then h = vp in Q x (0,7T) for some p.
We also know that divh = 0 in ©Q x (0,7)). Therefore divvp = Ap = 0
in Q x (0,7). Since h € Y then we know that h-n =0 on 0Q x (0,7)
consequently

op Ap=20
Vp-nza—n:() ,
20

which implies that p = constant and, therefore, h = vp =0 in  x (0,7).
This implies

v =1éw
—dA*w = ifv
\ C(wH) =0
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where C(vH) = = rot(vH) = ¢1, ¢; constant, if we think about
A = vdiv —rot rot
from which we obtain the following eigenvalue problem

dA%v = [€]?v
(4.3)

U:g—”:OonﬁQ
n

That is, there are purely imaginary eigenvalues if and only if the eigenvalue
problem ( 4.3) has a solution satisfying side condition rot(vH) = ¢;.

If there does not exist a non trivial solution for (4.3) we can use Lasalle’s invari-
ance principle as same as [19] to find that every solution of finite energy of (2.21)
converges to zero in the energy space as ¢ — +o0.

On the other hand, if there exists a non trivial solution for (4.3) then we can tell
about oscillatory behavior of solutions of (2.21), and obviously no decay exists.
But the existence of solutions of eigenvalue problem (4.3) remains open.
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5 Existence of solutions for the nonlinear system

We now look at the nonlinear system of magnetoelastic plates, we define the same
spaces Y,V and norms as in the linear case. We consider too the same operators
A:=A? and B :=rotrot .

Let 2 be a open, bounded, simply connected domain in R?, with smooth boundary
0.

(W — yAW + dA*w — a[Bh]-h=0 in Q

h+ Bh+ Clwh] =0 in Q

divh=0 in Q

h-n(t,z1,29) =0 on X (5.1)
n xroth(t,z1,22) =0 on X

w = ‘3—77‘7’ =0 on X

[ w(z,0) = wy, w(z,0)=wy, h(z,0)=he in

where Q@ = Q2 x (0,7) and X =00 x (0,7).

Let us assume that {w, h} is a classical solution of problem (5.1), say w € C*(Q),
h € C*(Q). Then it is easily verified that the following equalities are satisfied:

g (W, 0) + 75 (v, 99) + d (Aw, Ap) — a (rot h, rot (hy)) =0 Ve in HE(Q)

%% (h,x) + § (rot h,rot ) 4+ a (rot (wh) ,rot x) =0 Vx in V,
(5.2)

Lemma 5.1 (see [17]) Let Q@ C R™ open, bounded and smooth and let u €
HY ()N H* (). Then:

ou_ ou
ox; _m@n

2
and |vul* = (g—z)

Lemma 5.2 Let w € C(0,T; H3(QY)), ¢ € C(0,T; H}(Q)),h,g €V, then

on 0f)

i) (rotrot(wh),g) = (rot(wh),rot g)

ii) (rotrot g, hy) = (rot g, rot(ph))
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Proof: i) Partial integration gives us
Jq rotrot(wh)gdx = [, rot(wh)rot gdx + [,,[n % rot(wh)]gdr
= [, rot(wh) rot gdz+ [, [n x v x hlgdr + [,[n X wrot hlgdr

since
rot(wh) = v X h + wrot h.

The result follows from w =0 on 012, and from Lemma 5.1 vio =0 on 0f).
Jolrotrot g] - (ph)dx = [, rot grot(ph)dz + [,,[n x rot glphdr

The result follows because ¢ € H}(Q2) O

We multiply the first equation of (5.1) times w, second equation times %h inte-
gration in () and addition, we get

/ {dAwa — a[Bh] - (hab) — v At + tini) + %ht h— %Bh -h+ aC(hi) - h
Q

1 1
d ‘2 « d|hl2

2t T 52w

1d ) . 2
_d§a|Aw| — a(rot h, rot(hw)) + 7§%|V wl*+ 5

+E‘ rot h|* + o (rot(hib), rot h)

and so, thanks to Lemma 5.2, we obtain

d o
—E(t) = —— 2de <0 .
o (t) ﬁ/Q]roth] de <0

where
1

E(t) = 5 {/Q[d|Aw|2 + v + |[b)? + %|h|2]d:v}

Therefore, the energy E(t) from solutions of (5.1) decreases along trajectories.
Lemma 5.3 w € H2(Q):g,h € [HX Q) OV :
i) (Clwhl, g) < |Ihll2]lwl]l2]g|

it) (Clwhl, g) < cllwli2llhlx]lgll
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ii) (Clwh], Bg) < cllwllaf[h]l]lgll2
i) (Bg,wh) < cl|gllaf[wll[|A]x
v) (Bg,wh) < |glla[wl][2]| Lo

Proof: i)

(Clwh], g) = (rot [vw X h+ wrot k], g) = (( ?gf(véuwxxhl% > 79)

0V X h vw X Osh
- <( —01v X h > ,g) + (( —vw X O1h > ,g)
< S lwllalloclgil + 32 19w a1l g
< Il + 1Al | ollslg!
Since H5(§2) C H () L™
< |IBllallwlalgl,  ¥h € D(B).

i)

(Clwh], g) = (rot [wh] ,rot g)
= (vw X h,rot g) + (wrot h,rot g)
< llwlslRllllglh + [wlze< (Al llgllx
< cllwll2{[All1]lgll:
i11) Clwh] = (9 rot(wh), —; rot(wh))
0; rot(wh) = 0;vw X h + vw X 9;h + dywrot h + wo; rot h
(0; rot(wh), [By|;) = (0;vw x h,[Bh],) + (vw x 9;h, [Bh],) + (Q;wrot h, [Bh],) +
+ (wd; rot h, [Bh],)

(Clwh], Bg) < l|wllz|hloclBllz + llwll2|2lls 1hll2 + [lwls 1213 + w213
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< cffwll2|213.
) (Bg, wh) < [[gll2llwllza]|h]|lz+ O

We define the continuous trilinear form d; as

di (09, x) = /Qrot [py]rotxde, (o4, x) € H'(Q) x V x V2

and the continuous trilinear form d, as

da (0,10, x) = / rot prot [xe]dz,  (p,1,x) € V2 x V x H'(Q)
Q

We define also the bilinear operators

D H Q) xV —V"2 and Dy:V2xV— HQ)

where

(Di(p, ), x) = di(p, 0, x)  (Da(p, ), x) = dalp, 9, X)
Di(ip,9) = rotrot [py)] =: C [py)]
Dy(p, ) = [rotrot ] - ¢ =: [B] -
Let W,, and V,, be the generated spaces by the n first eigenvectors 1, o,

and 1,9, ...,1, of spectral problem in application IT and I respectively. The

approximate problem is to determine w,(t) € W, and h,(t) € V,,, so that

wy(t) = ijn(t)%'a ha(t) = Zgjn(t)l/fj

For v € W,,, g €V, we have the approximation system

([ (tin, 0) + 7y (Vn, V0) + (Aw,, Av) — (xot hyy, Tot [Vhy]) = 0

(hn, g) + (rot hy,rot g) + 5 (rot [, h,],rot g) =0
w,(0) = wy = >0 ajp; — wo in D(A)
W, (0) = wi =7 bjp; — wy in HZ(Q)

hn(0) = hi = 3271 ¢jo; — ho in D(B)
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Proposition 5.1 If h € L?(0,T;D(B))(L>(0,T;V) then we have [Bh]-h €
L*(0,T; H () and [Bh] - h € L'(0,T; L*(2)).

Proof: In fact, we can also see that

Dy :D(B) xV — H1(Q)
and ([Bh] - h, x) = ([Bh], xh) < [Bhlzp Xl sl 2l a2

< |Bhlzpllxllalihlly for x € Hy(€).
Therefore [Bh]-h € L*(0,T; H*(Q)).
For h € D(B) we have too, ([Bh] - h,x) < ||h| r~|Bh||x| for x € L*(Q)

and therefore [Bh]-h € L'(0,T; L*(Q)). O

Lemma 5.4 :

rothn|? + [ | Bha|2ds < clrotho|? + 3 [y |[wn]l2]| hn|3ds

Proof: In the second equation of (5.4) we set g = Bh,, and we use Lemma 5.3 .
<hn, Bhn> 4 |Bhy|? + 8 (C [iha] , Bhy) = 0

1L rothy|* + |Bhy|* + 3 (C [nhy) , Bhy) =0

roth,|? + [ | Bhy|2ds < clrotho|* + 3 [y (C [nhy], Bhy) ds

roth,|? + [ |Bha|?ds < clrotho|? + B [ |[tin]|2]|ha|3ds O

Lemma 5.5 :
[, (0)[? + |70 (0)[* < ¢ (| Aw, (0)] + [|ha(0)[12)”

[ (0)]% < ¢ ([P (0)[l2 + 512 (0) [l 102 (0) |2)*

Proof: We set in (5.4) v = ,(0) and g = h,(0) when t =0 :
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[63,(0)|* + | (0) 2 + d(Awn (0), Aty (0)) = (P (0), C[hin(0)1 (0)]) = O
|7, (0)|2 + (rot hy, (0), rot i, (0)) + B(rot[ty, (0)h, (0)], rot ki, (0)) = 0

and so we get

[65,(0)|* = —d(A*w,(0), @ (0)) + a(Bha(0) - ha(0), s (0))

< [Awn (0)[[@n (0)] + [1on (0)[2]hn (0) oo |n (0))]

|6, (0)] < [Awn (0)] + [ (0)]]3

|V, (0)[? < [Awy (0)[| (0) [l + 7 (0)]|2[1725(0) |3 [0 (0)

|V (0)] < [Awn (0)] + (|2 (0)]]3

therefore
[t (0)[2 + 7|72, (0)[2 < (1 +7) (| Aw, (0)] + [| 5 (0)[3)°

and
|1 (0)[* < [Bhin(0)[ (0)] + ]| (0) |2l i (0) [ 2] 2 (0)]

[ (0)] < |BR(0)] + 5]l (0) i (0)[lo. T

For v = ¢; and g = ¢; we consider the problem

(wnu SOZ) + Y (vw’ﬂn V‘Pz) + (Aw’ru ASOZ) - (I‘Ot h?’M rot [@ZhnD =0
(Fns ) + (rot , xot44) 4 8 (xot [t o] , rot ) = 0 (5.5)
in D(0,T), for1<i<m

Now in system (5.4), we multiply the first equation times f;(t), the second equa-
tion times g;(t) and we add from ¢ = 1 to n to obtain the first a priori estimate

1
Bult) = 3 { [ [d10unl® #aloanl 1o+ Gl |}

d !
‘E=-2 W2
o (1) ﬁ/g\roth |“dx

= E.(t)+ % /Ot | rot h,|?dr = E,(0) < E(0)

Therefore
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(hy,) bounded in L2(0,T; V) L>(0,T;Y)

(wy,) bounded in L>(0,T; HZ(Q2))

(1,,) bounded in L>(0,T; H} (), v>0

(w,) bounded in L>(0,T;L*(Q)), v=0

But, such a estimate is not enough in regularity for h,.

So, we must work to find more regularity. In order to do that we have the
following theorem

Theorem 5.1 There exists a constant ¢ > 0 such that for all (hg,wo,w) with

v(t)=F <c (5.6)

where

F = [ Awy (0)] + [|hn (0)113 + ([ (0) 12 + Bl 2 (0) |2t (0) |2 + [0 (0) |2 + E[rothal,
ho € D(B), wy € D(A), w, € HZ(Q), there exists a solution {w,h} of the
problem (5.2) and

he L20,T;D(B)) N L>(0,T;V), he L*0,T;V)NL>(0,T; L2()),
w e L*0,T; H3(Q)), we LY0,T; HY(Q)) if v =0,
e L®(0,T; H2(Q)), @ e L=(0,T; H ().

Proof: We differentiate in ¢ the system (5.4) to obtain

(6, i 4 v (V,,, Vi H Ay, Ap;)— <rot R, TOt [hn%})— (rot h,, rot [hngpl} >: 0

(ﬁn, @Dl) + (rot h.,, TOb @DZ) + B (rot [wyh,] ,rot ;) + (rot [wnhn] , TOt %) =0
(5.7)
we make now first equation times f;,, second equation times ¢;, and summation
at 7 to get
3 LNl + a3 + Nl + Vol + 108 Rl + 8 foy € [iahn] hndrt
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~ [Bhn] Wphndz — [ [Bhy) hytindz + 8 [, C [wnhn] By = 0
then integrate on [0, 7]
| [* ([0 1T+ 13+ n | *+ [y [v0t iy [*ds = [1, (0) 24|10, (0) 1T+ (22 (0)] |3+

i () + i (Bl htin) = 8 J (C [tahn i)

by Lemma 5.5 we have
< (|Awn (0)] + ||hn(0)||§)2+(||hfz(0)||2+5||h (0)l2ltin (0)]]2)* + [|1n (0) 3+
- Jy (1Bhal hain) = B J,(C [tnha] s n)

< (|Awn (0)] + IIhn(O)ﬁ%)2 + (1P (0) |2 + ﬁth(O)IITzII"Lim(O)Hz)2 + [[in (0)[3+
+ Jo Whnllzlldnllillanllsds + 5 Jy [l o1l ]l

We add now the quantity in Lemma 5.4 to obtain
|0, |2 + V|| W02 + ||l + ]hn|2 + |roth,|* + fOT | rot hn|2ds+

T . ; T . ; :
+ [y |Bhy|*ds < F? + chn||2Hwn|!1||hn||1d8 + 8 [y il en]li+
+fo ”wnH?thH%ds

We call
G (8) = [0 ]2 + A0 |3 + 00| + [ |? + [FOthn|? + [ | v0t hyl?ds + [y | Bhy|*ds

and

pn(t) = (Jy 1Bl + J; a]2)”

and so
T ; . T 7 .
gn() < 2+ 3 3 (1l + alls] N l3ds + 3 i {1l + 11B8] I s

< P2+ f) [1Bhal? + 3] /om(5)ds

Now by Bihari’s Lemma 1.1
T .
gm(t) < [F+a/ (1Bl + a2 ds}
0
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but p,(t) < (gm(t))%, then we can write this inequality as

Pm(t) < F + app, (t)

and then we apply the following lemma (see [4]).

Lemma 5.6 Assume that certain functions p(t),y(t) € C([0,T]), p(t) >0, v(t) >
0, satisfy the inequality p(t) < ~v(t) + ap®(t) for all t € [0,T). Suppose the condi-
tion 1 —4a~y(t) > 0 holds for all t € [0,T] and pi(t) and pa(t) are the roots of the
equation ap® —p+y(t) = 0, pi(t) < pa(t). Then if p(0) < p1(0), it follows that
p(t) < pi(t) on [0,T].

Assume that the condition 1 —4ay(t) > 0 holds, i.e. condition (5.6) holds. Then,
we get the estimate

pm(t) < Cte

and hence the estimate

gm(t) < Cte
and therefore we have
w,) bounded in L>(0,T; H}())
w,) bounded in L>(0,T; HZ())

») bounded in L>(0,7;Y)

)

h,) bounded in L*(0,T;V) (5.8)
)

h

») bounded in L>(0,7T;V)

(
(
(
(
(
(hy) bounded in L*(0,T;D (B))

We will now pass to the limit in (5.4).
Let my fix, v € W,,,, and 0 € D’ (0,T). From Lemma 5.2 we get
I (vt hy, vot [vh,]) O(t)dt = [ (vot ot Ay, [Uh,]) O(1)dt
= fOT (rot rot hy,, O(t)vh,) dt
From (5.8) and Lions Aubin Theorem h,, converges strongly to hin L?(0, T; L*(2))

and since # € D'(0,T7) and v € W, 6Ovh, converges strongly to Ovh in
L?(0,T;Y). On the other hand, rot rot h,, converges weak to rot rot hin L*(0,T;Y)
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therefore
fOT (rot rot h,, O(t)vh,) dt — fOT (rotrot h, O(t)vh) dt = fo (rot h,rot [vh]) O(t)dt
For the second equation by Lemma 5.2 we have
i (ot [inhy] , Tot g) B(t)dt = [ (tuhn, Tot TOt g) O()dt
= fOT (1, hy, - TOt TOL @) O()dt
= [ (i, O(t)hy, - TOt TOt g) dt

Once h,, converges strongly in L*(0,7;Y) and for g € W,,, we have rotrotg
smooth enough. This is because W,, is generated by the eigenfunctions of the
operator B. So 0h,, - rot rot g converges strongly in L*(0,T;Y).

On the other hand 1w, converges weak in L?(0,T; L*(12)), therefore

fOT (tn, O(t)hy, - rotrot g) dt — fOT (w,0(t)h - rotrot g) dt = fo (rot [wh] ,rot g) O(t)dt

And so we have proved that there exists a solution {w, h} for the nonlinear prob-
lem.

Note that the system (5.4) may be written in operator form

{w—'yAzuw—dAw—th-h:O (5.9)

h + Bh + 3C[wh] = 0

Therefore we can easily deduce from Proposition 5.1 that for @ € L>(0,T; H}(2))
we have w € L*(0,T; H*(Q)) and w € L*(0,T; HY(Q)) if v = 0.
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