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Stability for thermoelasticity of type III

Ramon Quintanilla and Reinhard Racke

Abstract: We consider initial-boundary value problems in a hyperbolic thermoelastic system, called
thermoelasticity of type III. First, we prove the exponential stability in one space dimension for different
boundary conditions with energy methods and spectral methods, respectively. Then the exponential
stability in more two or three space dimensions is proved for radially symmetric situations. Finally, the
equipartition of energy is investigated.

1 Introduction

The classical theory of thermoelasticity as exposed for example in Carlson’s article [1] has found
generalizations and modifications into various thermoelastic models that run under the label
hyperbolic thermoelasticity, see the surveys of Chandrasekharaiah [2] or Hetnarski and Ignaczak
[9]. The notion hyperbolic reflects the fact that thermal waves are modeled, avoiding the physical
paradox of infinite propagation speed of the classical model. Of course, it is a natural question to
ask whether the dissipation through the hyperbolic heat equation — mathematically represented
through a system of wave equations with a kind of damping — is strong enough to produce a
similar stability of the system as would be predicted in the classical hyperbolic-parabolic theory.

For some models like that of thermoelasticity with second sound, the exponential stability
for bounded reference configurations in one space dimensions was recently established in [22],
also the exponential stability for radially symmetric situations in two or three space dimensions,
see [23].

In the decade of the 1990’s Green and Naghdi proposed three new thermoelastic theories
based on an entropy equality rather than the usual entropy inequality [5, 6, 7, 8]. The constitu-
tive assumptions for the heat flux vector are different in each theory. Thus, they obtained three
theories that they called thermoelasticity of type I, thermoelasticity of type II, and thermoelas-
ticity of type III, respectively. When the theory of type I is linearized we obtain the classical
system of thermoelasticity. The theory of type II does not allow the dissipation of the energy and
it is usually known as thermoelasticity without energy dissipation. It proposes the coupling of
two hyperbolic equations. We believe that the mathematical and physical analysis could help to
clarify the applicability of these theories. Several previous contributions [15, 16, 17, 18, 19, 20, 21]
and the present paper are adressed to this end. Here we shall investigate the system of thermoe-
lasticity of type III. We shall first look at the one-dimensional situation. There the governing
differential equations for the displacement (function) u = u(t,z) and the temperature difference
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0=0(t,x),t >0, x € Q:=(0,L), L >0 fixed, are given by

Ut — QUgg + B0, = 0 in [0,00) x (0, L), (1.1)
O — 00, + YUty — KOz = 0 in [O, OO) X (0, L), (1.2)

ut=0)=u, w(t=0) =ul, t=0) =6 6,t=0) =86, (1.3)

uwrz=0)=ulz=L)=60(x=0)=0(z=L)=0 (1.4)

or

u(z=0)=u(lz=L)=0,(x=0)=0,(xz=L)=0. (1.5)

We shall show the exponential stability proving the exponential convergence of the associated
energy for both boundary conditions.
Remark: Instead of the positivity of 8 and +y it is sufficient to require that Sy > 0 holds.

For simplicity we assumed a homogeneous medium being reflected in the constance of the
coefficients in the differential equations, see below for a general non-homogeneous (and in more
than one space dimension also possibly anisotropic) medium. The exponential stability results in
one dimension for both types of boundary conditions also extend to the case of non-homogeneous

media. The energy method used for boundary condition (1.4) — in contrast to the spectral
method used for boundary condition (1.5) — can be carried over for both types of boundary
conditions.

In more than one space dimension we do not expect more dissipation and decay, respectively,
than in the hyperbolic-parabolic case of classical thermoelasticity. For the latter it is known, that
one cannot hope for exponential stability in general, but radial symmetry (reference configuration
Q2 and data) suffices. Hence we shall prove here, that for thermoelasticity of type III still the
radially symmetric case produces exponentially stable solutions. The differential equations —
for the general non-homogeneous, anisotropic case — for the displacement (vector) u and the
temperature difference 6 are

uy — (2u + A)Vdivu+ VO = 0  in [0,00) x Q,
Htt — 0A0 + ’)’diV’U,tt — mAOt = 0 in [0, OO) X Q,

where p and A\ (the two Lamé constants) as well as 3, d,v and k are positive constants. Addi-
tionally, we have the initial conditions (1.3), and we consider the boundary conditions

U|3Q = 0, 9|39 =0. (18)

Under the assumption that V x u vanishes identically, which is satisfied in particular for the
radially symmetric case, we shall obtain the exponential decay of the associated energy. In
general, the behavior of the system is expected to be at least as “hyperbolic” as for classical
thermoelasticity, that is, in general there will be no uniform decay, cp. [11] for classical ther-
moelasticity. Hence, the exponential stability in radially symmetric situations seems to be the
optimal result one can hope for.



Finally, we shall prove the asymptotic equipartition of energy for the general non-homogeneous
system

pii; — (aijenung) i+ (aif) ; = 0 in[0,00) x Q, (1.9)
(0 — (kij6,) 5 + aijitig — (bib); = 0 in[0,00) x £, (1.10)

where a dot - and a subscript ,j denote differentiation with respect to ¢ and z;, respectively,
and where the Einstein summation convention is used. The conditions on the coefficients will be
made precise in Section 3. Again we have initial conditions (1.3) and the boundary conditions
(1.8).

The paper is organized as follows: In Section 2 we prove the exponential stability first for
one-dimensional models in Subsection 2.1, for the boundary conditions u = # = 0 using an
energy method, and for the boundary conditions v = 6, = 0 using a spectral method. In
Subsection 2.2 the exponential stability is proved for the radially symmetric case in two or three
space dimensions. Section 3 presents the proof of the asymptotic equipartion of energy.

2 Exponential stability

The existence theory for the initial-boundary value problems considered in our paper is not too
difficult (cp. [11, 15, 22, 23] for related approaches), but omitted here. Hence we shall assume
in the sequel that all functions have the regularity needed for the manipulations performed.

2.1 One-dimensional models

In one space dimension we consider the equations (1.1), (1.2) together with the initial conditions
(1.3) and either the boundary conditions (1.4) or (1.5). If v := u; denotes the velocity field, we
obtain from (1.1)—(1.3)

Vi — QUgg + PO = 0 in [0,00) x (0, L),
Htt — 501z + YUtz — Hgtamc =0 in [O, OO) X (O, L), (22)

v(t=0)=0":=u!, vw{t=0)=0v":=aud, —B0%, O6(t=0)=6° 6,t=0) =0" (2.3)

The associated energy of first order is defined by

E() Elt’l)e

l\')lb—l

L
/ ’yth + avvi + ﬁ@f + 5ﬂ0§) dz
0

We shall also need the second-order energy term
Eg(t) = E1 (t; Ut, 975)

in the next subsection.



2.1.1 Energy methods for the boundary conditions u =6 =0

Using the energy method, i.e. appropriate multipliers to construct an appropriate Lyapunov

functional, we shall prove the exponential decay of the energy term

F(t) = El( )—I—E2

16 5 Ozal

The energy method was a useful tool for classical thermoelasticity, cp. [11], as well as for
thermoelasticity with second sound, cp. [22, 23]. For the initial-boundary value problem (2.1)—

(2.3) together with the boundary condition (1.4) we have
Theorem 2.1

ICr>0 Fdp>0 Vt>0: F(t) < Coe ©'F(0).

PROOF: Multiplying (2.1) by yv; in L?, and (2.2) by $86; in L?, and summation yields

d

L
ﬁEl ﬁﬁ/@?zd:c,
0

similarly,
—E2 —Bk / Ottz

Multiplying (2.2) by # in L? we conclude

L

L L
LY 00+ 562 440,00 dz S = [62ds—s 92d:1: + o [ vgbpda
dt 2"z

0 0

0

-~

=:F1(t)

< /02d:1:—6/02dm+51/2d:1:+ /02dx

where ¢ > 0 (will) denote(s) various positive constants and €1 > 0 is still arbitrary.
Multiplying (2.1) by —%2 in L? yields

d |1 7 1 7 7
dt{ /vmvwdx} = a/vf /vmdz+ /t‘)mvmdx
0 0
2 i 1
0

Multiplying (2.2) by O%Uta: in L2 and partial integration leads to

L L L L
3 30 3 3 30
—/vfwd:z: = ——/Hmfutmdzz:—l— —/Htmvtd:v—i— —K/Htmvmdx—i— —[Ozvm]
@ ayJ @y ) ay / ay

=L
z=0

(2.4)

(2.5)

(2.6)

(2.7)



L L L
36 d 34 3
- /vamdx + —/Hm'l)mdx-l— —/Htmvtd:v
avy dit / ay ay

L
3K
+— /Htmutwdx +c
i 0

|| Loo (a02) va L=(09)"
Observing
]w:L

bl

L
d
/etxx'vta:da: = _a /etx'vwwdm + /attwvwwdw + [Hta:'ut;v
0 0 0

and using the differential equation (2.1) again we obtain

L L
3 / Rde < -4 {é / Opvudz + K / Ot;cvmdw} 36 4 { / 0 omdx}
a ay dt | «
0 0 0

L

L L

1 1

+6 /vimdx + > /vfwda: + c/9t2m + 0%, dx
0 0 0

+c( 2| o) T H% LOO(BQ))HUm Lo0(99)" (28)
Adding (2.8) to (2.7) we get
1 16
{/ avmvm Hmvtt —I— 9 2Otz )dr + — /thvmdx}
0 7
*:};(t)
L
< 2/1} dac——/vtmda:+c(/0§x+9§tmdx>
+c( 7 poogomy T H9t$ Lo 6Q))H | oo (a0)” (2.9)
Multiplication of (2.2) by %= in L? yields
L |k
/Qixda:g—g/ﬁttﬁ dx—l-ﬁ/  dz 4~ /02 dz ——{ /0 }
0 0
which implies
1 L L 9 L
Y
{ /92 dw} < —5/93wdw+c/0§tm + 02dx + W/vfxdx. (2.10)
0 0 0
Applying the Sobolev imbedding W1((0, L)) < L*°((0, L)) we get
9 L L
C
o e%o/eiwdx + 2 0/9§dx, (2.11)



and, using (2.2) again,

o],

L
Lo < / 02 + 62, + v,)dz + 632 /efzdx, (2.12)
2
0 0

where €9 > 0 is still arbitrary.
Combining (2.11) and (2.12) with (2.9) we obtain

L
d 1 1
an < 5/ v dz — a/”mdx‘FC/otQm + 67 dx
0 0
L L
+eey / (02, + 03)dz + / 024z + &5 |v1a . (2.13)
/ o €3 / z Lo (892)

The term vaH Leo(aq) 18 also dealt with as similar terms in classical thermoelasticity (cp. [11,
Section 3.1.1]).

Let
2

o(r) =1-— I

Differentiating (2.1) with respect to ¢ and multiplying the result by 282 gy in L? yields

L
d ) 2e &
7 {?/Uttgovmdx} = o /vttds 62/vmds+ ol /vttd
N

0 onN

L
482 282,3
+— I Ut:tdm
0

/ Gm YUty dx. (2 14)

If
5 L
€
Fg(t) = Fg(t) + ?2 /’Utt(p’l)tzd.’L'
0
then we obtain from (2.13), (2.14) choosing €5 small enough (only depending on L, c)

L
d 1
EFP’( ) < _Z v, dx — o /Umda:+c/0m + 0%, dx

+ceg/0mdm + = /Ozdac +— /vttdac
Observing from (2.1) that

'Uft < 202 . 2ﬁ2 s

we conclude
d 1] 17
—F3(t) < - 2
TR T; 20/”“d$ 8/” de 4a/vm
0

L
—i—c/0t2aC + 0%, dx + cez/efmd:v + 6% /O?de. (2.15)
2
0 0 0



Now, multiplying (2.1) by v in L?, we get

L L L L
%/vtvdw < —%/U%dm+/v?dx+c/9§w dzx. (2.16)
0 0 0 0
We have
L L L L
/U?dm < cp/vfx, /03 + 0%dx < cp/H,?z + 02 . dz, (2.17)
0 0 0 0

where ¢, := L? /7.
The desired Lyapunov functional G = G(t) is now given by

G(t) = N(BL(0) + Ba(0) + My (1) + Fa(0) + 1 [ oult,z)olt,2)d,
P

where N, M > 1 have to be chosen appropriately, namely:

Choosing 2 small enough (essentially for the 6,,-terms), then M large enough (essentially for
the ,-term), then ¢; small enough (essentially for the v,-term), finally choosing N large enough,
we conclude from (2.4)—(2.6), (2.9), (2.10), (2.15)—(2.17)

%G(t) < —e1F(t) (2.18)

with ¢; > 0 being constant. Since for sufficiently large N we have
deo,ec3 >0 Vt>0: CQF(t) < G(t) < C3F(t) (2.19)

we conclude from (2.18)

9 60) < ~dy600)

with some dy > 0, hence G decays exponentially,
G(t) < e P'G(0)

and the proof is completed using (2.19) once more.

Q.E.D.

Remark: For the boundary conditions studied in the next section, the energy method also
applies in an even simpler manner since the boundary terms would disappear. Then one has to
work only with the first-order energy F(t) that can be shown to decay exponentially, without
any need to work with higher-order energy terms as above.

2.1.2 Spectral methods for the boundary conditions u =60, =0

We now consider the system (2.1)—(2.3) together with the boundary condition (1.5). Without
loss of generality we assume L = 7. Now, (v = 0,0 = ¢gt), cp # 0 can be a solution for which



the first-order energy Fi(t) = ﬂ—'cgﬁ does not decay at all. Observing from (2.2), (1.5) that

% Jo 6(t,z)dz = 0, we can define

0t ) == 0(t,z) — ; /O "0 (2)d — % /0 " 09(2)dx

and (v, 0) satisfy the same differential equations and boundary conditions as (v, #), but now we
have

/07r O(t, z)dz = 0 (2.20)

for all ¢t. In the sequel, we work with  but write § again for simplicity.
For the boundary conditions under consideration, the ansatz

i )sin(nz), 6(t,z) = f: by, (t) cos(nx)

n=1 n=1

is compatible with the differential equations and with the boundary conditions (as well as with
(2.20). The coeflicients (ay,,b,) have to satisfy for all n € N

an + an’a, — ﬁnbn = 0,

Bn + 6n?b, + YNy, + mnzi)n = 0,

which implies that both a, and b, satisfy the following differential equation

D oot) + kn2Loot) + (a4 6+ pr)n?-ean(t) + annt Lus(t) + ant = 0
dt4 Ii’nd3’w (87 ’yndtQ'lU arn dtw aon = uU.

To assure the exponential stability of the first-order energy, we shall prove that the roots of the
associated characteristic polynomial

xn(z) = z* + kn?2® + (o + 0 + By)n2z? + asn’z + adn?
have a strictly negative real part, i.e. we shall prove

Theorem 2.2
Je, >0Vn e NVz,xn(z) =0: Rz < —e,.

PROOF: It is equivalent to prove that for y := x + ¢ any root of the polynomial
pa(y) = (y — &) + wn’(y —e)* + (@ + 8 + fy)n’(y —€)? + arn'(y —¢) + adn’
has negative real part for some (sufficiently small) e. Rewriting

pu(y) =yt 4+ [ —4e +rn?y® + [662 — 3kne +(a + 6 + By)n?|y’+

=:P3(¢) =:Ps(e)

[—4e3 + 3kn%e? — 2(a + § + By)n’e +arntly+

=Pi(c)




[e* — kn?e® + (a+ 6 + By)n’e? — arnn'e +adn]

—:Po(e)
3 .
=yt 4 > Ly
=0

we can apply the Hurwitz criterion which assures that the real parts of all the roots of p,, are neg-

ative if the following two conditions on the coefficients and the associated Hurwitz determinants
are satisfied:
(4 1;>0, j=0,1,2,3.

L Loly 0
(i1) szz‘ L0 0S0, Hy:=|13 Iy I |>0.
Is Iy
0 1 s

It is easy to see that the first condition (i) is satisfied if
e<er
for some €1 > 0 depending at most on the coefficients. We compute
Hy = [asn* + Pi(e)][(a+ 3 + By)n? + Po(e)] — [adn* + Py(e)][wn® + P3(e)]
= (a+py)arn® +Qi(e)
with
Q1(e) := arnPy(e) + (a + 6 + By)n2Pi(e) + Pi(e) Py (g) — adn'P3(e) — Py(e) P3(e).

Since Py, P, P3 are at most quadratic in n, and Py is at most of order 4 in n, we conclude that
@1 is at most of order 6 in n, with factor € in each summand. Therefore, we have that Hy is
positive if
€< ey
for some €9 > 0 depending at most on the coefficients.
Finally, we consider H3 and observe that

Hs = I3Hy -2
= [wn® + Py(e)][(e + By)ann® + Q1 (e)] — [ann® + Pi(e)]”
= Pryor’n® + Qa(e),
where (Q2(¢) is at most of order 8 in n, with factor € in each summand. Therefore, we have that

Hj is positive if
e<eg

for some €3 > 0 depending at most on the coefficients.
Choosing
Ex 1= min{61,62,63} >0

the conditions (i) and (ii) of the Hurwitz criterion are satisfied and we have completed the proof
of the Theorem.

Q.E.D.



2.2 Radial symmetry in R", n = 2,3

Already in classical thermoelasticity the dissipation through heat conduction is not strong
enough to lead to exponential decay in general, for example if there exist reflecting rays in
the reference configuration €2, see the work of Koch [12] and Lebeau and Zuazua [13], or [11].
On the other hand it was possible to show also for thermoelasticity with second sound that it is
not worse than classical thermoelasticity. That is, for radially symmetric situations — domain
Q and data —, u and @ decay uniformly to zero. We shall prove that still the same holds for
thermoelasticity of type III considered here.

In the homogeneous isotropic case the differential equations are given by (1.6), (1.7) with initial
conditions (1.3) and boundary conditions (1.8). Let v := u; denote the velocity field and assume

Vxv=0 in [0, 00) x €. (2.21)
If @ := 2u + X\ we obtain from (1.6)—(1.8)
vy —aVdive+ Ve, = 0 in[0,00) X Q, (2.22)
On — 0AO + ydive, — kA = 0 in [0,00) X €, (2.23)
v(t=0) =20 :=u', w(t=0)=0":=aVdivu® - VE°, 6(t=0)=6° 6,(t=0)=86"

(2.24)
Remark: We recall that the rotation in R? is defined for a vector field w : R2 — R? to be the

scalar X
w 0
rot ( ’11}2 ) = 81’11]2 — 82’1111, <8J == a—.’L‘]> ,

and for the scalar g : R> — R to be the vector field
029
rotg := .
( —Oi9 )

A = V div — rot rot
holds in B2 as in R3. Moreover, we have for any u € (W?22(Q) N W,?(€2))" satisfying (2.21)

/|Vu|2dx:/|divu|2dw. (2.25)
Q Q

Then the formula

The first-order energy is given by
1
() = 5 /(fy\vt|2 + ay| Vo + 802 + 5B|VO]2)dz = B (t;,0)
Q

the second-order energy by
Ez(t) = El (t; Vt, Ht)

Let

166
Q

We shall prove for the initial-boundary value-problem (2.22)— (2.24), (1.8):

B = Byt + Balt) + L [ |A0%d

10



Theorem 2.3 If (2.21) holds, then we have

3C; >0 3d; >0 VE>0: E(t) < Cre™'E(0).
Corollary 2.4 Let Q be radially symmetric, and let the initial data ug,u1, 69,01 (resp. vo,v1,60,01)
be radially symmetric. Then we have

3C; >0 3Fd; >0 VE>0: E(t) < Cie” 1t E(0).
PROOF of Corollary 2.4: For R € 0(2) (orthogonal group in R?) resp. R € SO(3) (special
orthogonal group in R3) let

w(t,z) :== R'v(t,Rx), (t,z) :=06(t, Rx),

R’ denoting the transposed matrix. Then (w, ) satisfies the same initial-boundary value prob-

lem (2.22)-(2.24), (1.8), hence, by uniqueness (w, ) = (v,6). Thus (w, 1)) is radially symmetric,
in particular V x w = 0. Now Theorem 2.3 applies.

Q.E.D.

Remark: For a characterization of radial symmetry cp. [23, 10] or [11].
The following proof is an adaption of those in [23, 10], in combination with the proof of Theorem
2.1.

PrOOF of Theorem 2.3:
As in Section 2.1.1 — see (2.4)—(2.10) — we obtain using (2.25)

%El R / V6, 2ds, (2.26)
Q
d 2
EEQ = —ﬂm/W&tt\ d.’L', (227)
Q
L [0+ 51907 +7divos)d
dt t 2 Yydawuv X
N Q S
:Jﬁ@)
< /93 —6/|V9|2—|—51/|divv\2dx+ Ei/|v9t|2dx, (2.28)
Q Q Q ! Q

where g1 > 0 is still arbitrary,

1
d {/(—V’Utvv + gvgvtt + M—ﬂVGVHt + 3—KV0tVdiV U)d.’l?}
[0} sy (67 ary

dt 2
. Q 7 P
—Fy(1)

1 1

< —5 / |AU|2d.T — a / |V’Ut|2d$ + C/ |V0t|2 + |V9tt|2d$

Q Q Q

tes / divoPds + = / 18,012 + 8,0, ds, (2.29)

on 289

11



where g9 > 0 is still arbitrary,

1
%{/g'M'%} < —5 [ 180Pdo +c [ 1904 + [VOPda
Q A J

0 2
+W/|d1vvt| dzx. (2.30)
Q

Since 0 is assumed to be smooth, there is a vector field o € (C'(Q2))? such that o equals the
exterior normal v on 9. Then

/|a,,0|2ds=/|avm2ds,
oN o0

and we conclude from the imbedding W1 !(Q) C L'(0Q) and elliptic regularity that

/ 18,0/2ds < &2 / A2z + < / V0|%da, (2.31)
£
o0 Q 2 Q

and, using the differential equation (2.23) again,

/|8,,9t|2ds < 53/(|9tt|2+ IAO? + |div v |)da + %/|V9t|2dx. (2.32)
o0 Q £ Q

Combining (2.31) and (2.32) with (2.29) we obtain

d 1 1
SR < —§/|Av\2dx— a/|Vvt|2dx+c/\V9t|2+ V0, 2dz
Q Q Q

e / A0 + / IV6|2dz + e / div v [2ds. (2.33)
Q 2 Q o0N

The last boundary integral can be dealt with as in [23, 10] using [11, Lemma 4.1]. We get

d 2
a4 =2 ook dr < —62/|divvt|2ds+c€2/|’utt\2—|—|Vvt\2dw
dt g+ A
Q 80 Q
2
_ 2Pe / V63,0404 vyds. (2.34)
u+AQ

Let 9
£
F3(t) = FQ(t) + i /UttO'kak’Utdm.
M+XQ

Choosing e9 small enough it follows from (2.33), (2.34) that

d 1 2 1 2 1 / 2 / 2 2
J— < e — _ — -
th(t) 1602 /|’utt\ dz 8/\Av| dz 1 |Vo|“dz + ¢ [ |[V0* + |VOu|*dz

e / A0z + & / Vo dz. (2.35)
Q &2 Q

12



As in (2.16) we have
a @ 2 2 2
I dz < 5 |Vol*dz + [ |ve] + ¢ [ |VO|“dx. (2.36)
Q Q Q Q

The Lyapunov functional G = G(t) is defined in analogy to Section 2.1.1 by

G(t) = N(Ei1(t) + Fa(t)) + MFy(t) + F3(t) + 4;% [ ottt 2)as,

¢p being now the Poincaré constant in (fz lw|?dz < cphf |Vw|2dz for w € (W, ()™

Choosing N, M large enough and €1, €2 small enough similar to Section 2.1.1, we obtain
d G(t) < E(t)
— —c
ae V=

with some constant ¢ > 0, and it follows the assertion of the Theorem.

Q.E.D.

3 Equipartition of energy

The partition of the energy for several kinds of elastic and thermoelastic problems was developed
by several authors [4, 14, 3]. We study the general, possibly non-homogeneous, anisotropic but
with a center of symmetry case, where we have the differential equations (1.9),(1.10), i.e.

pii; — (aijkpung),j + (a0); = 0 in [0,00) x Q,
€O — (kij0;) 5 + aiji;j — (bi50;); = 0 in[0,00) x Q,

together with the initial conditions (1.3) and the boundary conditions (1.8). Here the Einstein
summation convention is used, and the indices run from 1 to n, n being the space dimension.
(u;) is the displacement vector p denotes the mass density; ( denotes the specific heat; (a;;xp)
is the elasticity tensor; (a;;) is the matrix of thermal expansion; (b;;) is the matrix of thermal
conductivity and (k;;) is a matrix which is characteristic of this theory. All coefficients are
assumed to depend smoothly on z € 2 and to satisfy:

(i) There are positive constant pg, (o such that p > py and ¢ > (p.

(ii) The tensors a;jk;, ki; and b;; have the following symmetries:

Qijrs = Qrsij, kij = k]'i’ bij = bJZ

(iii) There exist positive constants ag, kg, by such that
Gijrs€ij€sr = G0Ci;€Ci5,
kijTit; > koTsT4,

bijTiTj > boT;iT ;-

13



for all symmetric tensors (e;;) and all vectors (7;).
Introducing 7° as solution to

(kij'r,(z]'),j = po' + aiju},j, T‘%Q =0,
and defining the common new thermal variable 7 by
t
(b, z) = / 0(s, )ds + 7°(z) (3.3)
0

we obtain from (3.1)—(3.3) the following system of differential equations

pi; — (aijkpunk),j + (ai0); = 0 in [0,00) X €,
(7 — (kijTa) 5 + aijii; — (bij6;),; = 0 in[0,00) x €,

together with the initial conditions
wit=0)=u’, wt=0=u", 7t=0=7° nit=0=71":=46 (3.6)

and the boundary conditions
upgn =0, 790 =0. (3.7)

We recall an energy equality which is well known, cp. the energy estimates in the previous
sections. If (u,7) is a solution of the initial-boundary value problem (3.4)—(3.7), then the
equality

1 t
E(t) = 2 /Q(CO2 + kijT’iT,j + pti;u; + aijklui,jul,k)(t, x)daz + 2‘/0 /Q(bijo,ig,j)(sa .’IZ)d.’L'dS
= E(0), t>0, (3.8)

is satisfied.

Lemma 3.1 Let (u,7) be a solution of the initial-boundary value problem (3.4)-(3.7), then the
equality

2/ pq},iuidx+/ bijT,iT,jd$+2/ kij'r],i'r,jdx

Q Q Q2
t

=2 / / (Pt + kijTiT,j — aijrri jug g — c0”)dads + 2 / piiuidz
0 Jo @

¢
+2/ /QO(S)dxds—I—/ bijT(ng-da:,
0 Ja Q 77

is satisfied, where
t
n(t,-) = /0 7(s,-)ds and ® := aiju?’j - (bijTg-)’i + ch°.

PRrROOF: Using the differential equation (3.4) we obtain

/qui?lidiv = /qugﬂ?dwiF/Ot/Q(Pﬂi(s)ﬂi(S) + pu;(s)ii(s))dzds

t
= /qugugdw +/0 /Q(pu,(s)uz(s) — QijhkUi Uk p + aiju; j0)drds.

14



After an integration of the equation (3.5), we see
aijij = aijug; — o + (kijnga)  + (bigra) 5 + e = (byyT3) 5.

Thus, we get
t
/ pu;t;dx +/ /(kij’q,je,i + bz'jTng’i)d:Cds
Q 0 JQ

t ¢
:/ /(,ouzuZ — QKU jUkh — c6?)dzds +/ pu?d?da:%—/ / DY (s)dxds.
0 Ja Q 0 Ja

If we recall that J
—(kign,;7i) = kijn 0 + ki 75,
ds

and
d, 1

I (2b,]7',]7' ;) = bi;T,;0.;.

the lemma is proved.

Q.E.D.

Lemma 3.2 Let (u,7) be a solution of the initial-boundary value problem (8.4)-(3.7), then the
equality

2/ pﬂiuidx+2/ kijn,n,jda:—k/ bijT,iT,jd.'I)

—/ 0 (26) + ulis (21) da:+/ bij707 ;(2t)dz

2t
-I-/ /@9 d:vds—/ /@9 )dzds

ProoF: First, we recall the equality

is satisfied.

2 /Q o (1)t (£)d = /Q p(@du;(2t) + uli; (2t))de

- /ot /Q(p“i(zt — 8)iii(s) — pui(s)iii(2t — s))dads.

It follows that

+ /Ot /Q(aije(s)ui,j(2t — 8) — a;;0(2t — s)u; (s))dzds.
But
/ (aijO(s)ui;(2t — s) — a;;0(2t — s)u; ;(s))dz

= / kijni(2t — )0 da:—/ bijTi(2t — 5)0 ;(s)dx
+/ kzg"]z 2t — 3 d:z: +/ b”TZ )g,j(Qt — S)d.’E

15



+ /Q (D0(s) — DOt — s))da

From the previous equalities, we obtain
2 / st — / (@0 (2t) + udi; (26)) do
Q Q
t
[ ] k02t = )~ na(2t - 5)6,1(s))dods
t
+ / / bij (70,42t — 5) — 74(2t — 5)0.(s))dds
0/

t
-|-/0 /Q(<I>9(s) — ®0(2t — s))dzds.

If we recall the equalities

d%(kij(—n,z’(S)T,j(% —8) = n,i(2t — 8)7,5(5))) = kiz(n,i(s)0,;(2t — s) — n,i(2t — 5)0,5(s))
and g1
75 200 (- Ta(8)7,5(2t = 8)) = bij(1,i(5)0,5(2t — 5) — 7i(2t = 5)0,5(5)),
the lemma is proved.
Q.E.D.

In order to formulate the result on the equipartition of energy, it will be useful to introduce the

functions:

1t -
K(t) = o /0 /Q(puwi + ki Tt j)dwds,
1t 9
V(t) = 27:/0 /Q(C9 + ikt jur ) dods.
1 t
D(t) = [ [ ct*(s)dads,
2t Jo Ja

1 [t
F(t) = 2_t/0 /Qaijklui,jul,kdxds.

Theorem 3.3 Let (u,7) be a solution of the initial-boundary value problem (3.4)-(3.7), then
we have

tllglo D(t)=0 (3.9)
and
Jim K(t) = Jim V(t). (3.10)

PROOF: The proof of (3.9) is a direct consequence of the energy equality (3.8).
To prove (3.10), we notice that Lemma 3.1 and Lemma 3.2 imply

t
.. 2
/0 /Q (ptiithi + kijTiTj — aijrius jurk — c0”)dzds

1 1 2t
= —/ p(tdu;(2t) + ulu;(2t))dz — —/ /<I>9(s)d:vds—/ piduddz.
2 Ja 2Jo Ja Q
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2/ bZ]T 7'] (2t)d 2/%7’ T’g-d.’L'.

Now, we can estimate

1 2t
= | — 0,0 -0, 0, 1
|K(t) - V()| =| /pu u; —|—4t/P(Uzuz(Qt)—l—uZu,(Qt))d - q,</0 0(s)ds)
4t/ ngT T,] 2t /bZ]T d:I,'|
O 0
1
+§/Qp(uz(2t)uz(2t) +uz(2t)ul(2t))dm+|_/Q(I>(7_(2t) —To)d:]:|

8t/ bi;Ti(2t)7 ;(2t)dz + o /bZ]TZTde
< St/ (@04 + ulul)de + st/p (i3 (2 )it (26) e + s (28)ui (28))deo
1/2 1/2 1/2 /2
+4—t /Q<I>2dz (/Q(TO)?d ) +4t(/ 2dz) +(/QTQ(2t)da:)
1
Q/Qbiﬂ,i(%)r,j(?t)dx—kgi/ bijT’(ng-d.’E
1
8t/ p(adad + udud)dr + — ” / p(u; (2t)u; (2t) + gui(Zt)ui(%))dac
1
+Q/Qbij7',i(2t)7',j(2t)d$+ Q/QbijTngdm

+41t(/ <I>2d$)1/2[(/9(70)2dm)1/2 + (/§2T2(2t)d$)1/2].

From the energy equality (3.8), we deduce

/ pisidz < 2E(0), (3.11)
Q

/ puldz < 2-L— E(0), (3.12)

Q apm

1
2de <2—F 1

/QT dv <2, (0), (3.13)

/ bijTi(2t)7(2t)dz < 2C7 E(0) (3.14)
Q

where m depends on 2, and C* depends on (b;;) and ko. In view of the estimates (3.11)—(3.14),
it follows that

|K(t) -V ()| < %, (3.15)

where C is a constant that depends on the constitutive parameters, the geometry of 2 and on
E(0). From (3.15), it follows that

lim K () = lim F(2).
— 00

t—o0

If we recall (3.9), the theorem is proved.
Q.E.D.

Remark: Similar results can be obtained for other boundary conditions.
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