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Introduction

Throughout the last decades the miniaturisation of microelectronic semiconductor devices like
metal oxide semiconductor field-effect transistors (MOSFETS) or tunneling diodes has progressed
considerably. As a consequence, the necessity of modeling quantum effects in such devices
became apparent. In this thesis, we will present two semiconductor models which are based on
existing classical models. They have been extended to include quantum effects. Both models are
macroscopic fluid-dynamical descriptions of the electron flow in semiconductors. We consider a
variant of the viscous quantum hydrodynamic model

( on —divJ = vAn,
O] — div (£22) = V(Tn) +nVV + SnVEE = vAT =L 4 uVn,
O (ne) —div (£(ne+P))+J-VV = —2(ne— gn) + vA(ne) + pdiv J,
P = Tnidgs—5n (V@ V)In(n),
ne = % + %Tn - ;—ZnA In(n),
NAV = n-C,

which is given by the stationary one-dimensional viscous quantum hydrodynamic model with a
generic pressure term p and an additional barrier potential Vg

J = —vn
AN !/

2% (L2 =" — (pn)) + 11 = (L) = n(V + Vi),
)\ZVI/ — n — C

Here, C is the doping profile of the semiconductor. The unknown functions are the electron
density n, the electric potential V' and the electric current J. This system of equations describes
a viscous flow of electrons and the viscosity is denoted by the constant v. We may interpret these
equations as a generalisation of the stationary Euler-Poisson system which has been augmented
with additional pressure terms. Quantum effects are introduced by the Bohm potential term
% and the corresponding pressure term bears the quantum parameter e, which is the scaled
Planck constant . The second model under consideration in this thesis is a variant of the
stationary bipolar quantum drift-diffusion model

F o= Vi ha(n) - 2500,
A
G = —V+hp) -2,
div(up,nVFE) = Ro(n,p)Ri(F,G),
div(—pppVG) = —Ro(n,p)Ri(F,G),
~NAV = n—-p-C
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Introduction

for the enthalpies
hn(n) =T, In(n) and hy(p) = T, In(p),

which is given by the isothermal quasi 1D approximation

F = V+1T,In(n) —52\\//77;,

@ =AV" = n—exp(V/T,) —C,

proposed in | ] and | |. The so-called Fermi level F' is a given constant and C again
denotes the doping profile of the semiconductor. The system describes an inviscid flow of
electrons and positive particles by means of the unknown electron density n and the density of
holes p = exp(V/T,), where the electric potential V' is also an unknown function. In Chapter 2,
we will see that the stationary one-dimensional viscous quantum hydrodynamic model is actually
equivalent to the similar system of equations

F = —(V—l—VB)-l-h(n)—i—%ln(n)—2(52-{—1/2)\/\/’%/7
/ 11 /
? = () e (0 ) -

NV = n-C,

where Jy is a constant and the enthalpy h fulfills sh/(s) = p/(s) for s > 0. Both systems of
equations possess characteristic parameters which are given by the coefficients €2 and & := £2+1/?
of the highest order derivative, respectively. The main objective of this thesis is to analyse the
qualitative behavior of solutions of the respective models with respect to these characteristic
parameters.

Rewriting the quasi 1D approximation (1) of the stationary bipolar quantum drift-diffusion
model in terms of the function ¢ = y/n, we see that the square root of the eletron density fulfills
the differential equation

g2 = (V - F4+T, 1n(g2)) 0.

Since the quantity €2 is the coefficient of the highest order derivative, the solutions o = o,
potentially depend significantly on €. We want to illustrate the arising phenomena in a simple
example. Consider the boundary value problem

62 6” = fE_L in (071)7
fa(o) = 0,
fs(l) = 1,

with corresponding solutions f.. Formally letting ¢ = 0 in the differential equation, we expect
fo = 1 to be the limiting function of f. in some sense as € tends to zero. However, since all
functions admit the boundary value f.(0) = 0, it is impossible that convergence is given in spaces
with strong topologies, like L>°(0,1). And even if f. converges pointwise to fy, we already deduce
that the slope of the functions must become large in a vicinity of 0 when ¢ tends to zero. The
existence of a regime where our solutions change their behavior drastically is typical for fluid-
dynamical equations and this area is named to be a boundary layer. Usually, it has a certain
width which is proportional to a power of the characteristic parameter . All presumptions on
the behavior of f., as € tends to zero, are easily verified with the explicit representations

exp(*7%) — exp(—£)

+1
1-— exp(—g)

fz—:(x) =

8



Introduction

and considering the term exp(—%) in this expression, we also presume that the width of the
boundary layer is proportional to . To understand the behavior of the solutions inside the
boundary layer, we introduce the scaling g.(x) = f-(ex) and conclude that g. fulfills the differ-
ential equation

ge{:/ = G — 17 in (07671)7
98(0) = 0
ge(e7h) = 1

This differential equation only depends on the parameter £ at the right boundary value and
it is reasonable to expect that the original solutions f. approximately coincide with the scaled
functions ¢ (g) near x = 0, where g(y) = —exp(—y) + 1 is the solution to

g” = g—- 17 in (0700)7
g(0) = 0,
lim, ,o g(x) = 1.

Assuming that fo has a bounded derivative (which is trivial in our example), the so-called
asymptotic expansion of zeroth order

fe(z) = (9 (£) — 1) fo(0) + fo(z) + O(e)

is expected to hold. We call (g (f) — 1) fo(0) the inner function and see that it solely has a
significant influence on the solution in the boundary layer [0,¢]. For z > ¢, the contribution of
the inner function vanishes and the behavior is dominated by the so-called outer function fp.
In fact, it is easily seen that even the approximation f.(z) = —exp (—f) + 1+ O(exp(—e™ 1))
holds in our example.

The objective of this thesis is to perform a boundary layer analysis for the systems of equations
under consideration. As indicated in our example, the formation of boundary layers is not
mandatory, but a consequence of the choice of boundary values. In [ |, S. Bian, L. Chen and
M. Dreher have shown that solutions to the quasi 1D approximation (1) of the bipolar quantum
drift-diffusion equations exist for the boundary values

n(O) =0, n(l)=npg, V/(O) =pV(0)—-Vgs), V(1)=Vg, F=Vp+T, ln(nB).

The boundary value n(0) = 0 leads to a singularity in the differential equations, which yields
the formation of a boundary layer near x = 0. In | | it has been shown that a solution n.
to the formal limiting equations exists, which describes the zeroth order asymptotic expansion
of p. = /n: by means of

0- = 00Z0 (%) + Re

for o9 = /N« and a certain function Zy admitting Zy(0) = 0 and lim,_, Zo(y) = 1 exponentially
fast. It has been shown that the remainder R. actually decays with rate ' in the norm of
L?(0,1). Due to the great technical difficulties, only an estimate ||Rc| (1) < Ced/* was
established for the L*°-norm at this point. By extending the results of | | to a first order
asymptotic expansion

0- = 0070 (%) +eo1Zy (2) + O(e%/?)

with certain functions p; and Zi, we rigorously prove the optimality of the rate ' for the re-
mainder terms R, for both the L?— and the L>-norm. The derivation of differential equations
describing 01 and Z; and the corresponding existence results are carried out in Chapter 4. The

9



Introduction

main results on the first order asymptotic expansion are summarized in Corollary 4.12.
The reformulation (2) gives opportunity to prove the solvability of our variant of the viscous
quantum hydrodynamic model for Dirichlet boundary conditions (Lemma 2.9), homogeneous
Neumann boundary conditions (Lemma 2.13) and periodic boundary conditions (Lemma 2.14)
for the electron densities n and constant Fermi levels F'. For periodic boundary conditions and
homogeneous Neumann boundary conditions, we also consider the case, when the total mass
of electrons fol n(x) dzr in the device is a prescribed quantity (Lemma 2.17 and Lemma 2.18).
By means of fixed point arguments, we extend the results for periodic boundary conditions and
prescribed masses to arbitrary large, non-constant Fermi levels (Lemma 2.21). An analogous
result for homogeneous Neumann boundary conditions was derived under a smallness condition
on the Fermi levels (Lemma 2.29).
We perform a boundary layer analysis for the electron densities n = n, in the case of con-
stant Fermi levels F'. For the electron densities, we consider periodic boundary conditions and
homogeneous Neumann boundary conditions. In contrast to the situation of the quasi 1D ap-
proximation of the bipolar quantum drift-diffusion model, boundary layers do not result from
the choice of zero boundary values at the endpoints of the interval. We consider the case of
piecewise constant barrier potentials Vp and show that boundary layers emerge at any point sg
of jump discontinuity of V. In terms of the characteristic parameter x = €2 4+ 12, we establish
uniform upper and lower bounds to the electron densities n = n, for a large class of pressure
terms p. Considering the roots u, = \/n,, pointwise convergence of u, to a limiting function ug
and strong convergence of the electric potentials V, are established in Lemma 3.8 and Lemma
3.6, respectively. A subsequent discussion elaborates the details of the boundary layer analysis.
An intermediate result then locally reads as
ug(so+-) = %w (W + c,{> + O(x'/8)
for a certain function w : (0,00) — R and uniquely given positive constants c,. A unified
representation results in the zeroth order asymptotic expansion
Up = “2W, + R,
€o
with a remainder term fulfilling || Ry||z2(0,1) < CkY/? and [ Ryl oo (0,1) < CkY* (Lemma 3.20).
This thesis is structured as follows:
The derivation and motivation of the semiconductor models under consideration are carried out
in Chapter 1. The existence results on the stationary one-dimensional viscous quantum hydro-
dynamic model are discussed in Chapter 2. We give the definition of a solution to our model
and introduce conditions on the given data and the pressure term. A reformulation of the system
of equations in terms of a viscosity-adjusted Fermi level is the starting point for the solvability
results presented. We consider the cases of constant Fermi levels with periodic boundary con-
ditions, homogeneous Neumann boundary conditions and Dirichlet boundary conditions for the
electron densities, respectively. The existence of solutions for arbitrary large non-constant Fermi
levels is proven by fixed point arguments for periodic boundary conditions and prescribed total
masses for the electron densities n. An analogous result for small non-constant Fermi levels is
also elaborated for homogeneous Neumann boundary conditions. In all cases, the electric poten-
tial V' admits prescribed Dirchlet boundary values. In Chapter 3, the dependency of solutions
on the characteristic parameter x = 2 + 12 is investigated. We establish uniform estimates for
the electron densities, which render it possible to construct the zeroth order asymptotic expan-
sion of these functions. A rigorous analysis proves the convergence of the potentials V, to a

10



Introduction

limiting function V and examines the rates of the remainders of the zeroth order approxima-
tions in different norms. In Chapter 4, the stationary bipolar quantum drift-diffusion model
is considered. We will present the main results of the paper | | in which the zeroth order
asymptotic expansion of the electron densities was established. Differential equations describ-
ing the first order approximations are derived and a subsequent discussion verifies that their
solutions actually extend the asymptotic expansion. We also provide numerical results which
indicate that the first order asymptotic approximations are optimal.

The presentation of this thesis follows the usual notations and conventions. A summary of the
appearing spaces and utilised theorems is given in the Appendix. Throughout this thesis,
the symbol C denotes a generic positive constant, i.e. C' stands for a positive constant whose
value may change from line to line but which is independent from the relevant objects. To
present certain calculations in a more traceable way, we will sometimes introduce further con-
stants Cp, C1, ... (or similar). They stand for the same value at each appearance and may be
incorporated into the symbol C' at a later point in time. Unless otherwise specified, the Landau
notation O(-) refers to the L®-norm on the relevant domain.

11
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Chapter 1

Derivation of
Two semiconductor models

A fundamental approach to describe the electron flow in electronic devices is given by the many-
particle Schrodinger equation

i (t,0) = —4u S Aayult o) — qV (L a)i(ta),  (to) € Rx QM
¥(0,2) = Yola), zeQM

in a domain Q C R? with a given electric potential V : R x QM — R and inital state
Yo : QM — C. The constants i, m and ¢ stand for the Planck constant, the mass and the
charge of a single particle, respectively. A solution ¢ : R x QM — C is called the wave function
to the ensemble of M particles.

A universal problem of many-particle systems is that they are inapplicable in many situa-
tions. In particular, this applies to numerics, since the number of particles M is usually very
large. Therefore, several macroscopic reformulations, approximations and generalisations of the
Schrodinger equation have been recently considered, involving quantum mechanical, kinetic,
and fluid-dynamical viewpoints. In this thesis, we will discuss two models for the distribution
of charged particles in semiconductor devices arising from fluid-dynamical approaches. This
chapter gives a brief and rather formal derivation of these models. We follow the textbook [Ju]
of A. Jiingel and the review paper [C'D] of L. Chen and M. Dreher, where a comprehensive
presentation of the hierarchy of fluid-dynamical quantum semiconductor models was given. For
the results of the subsequent section, we also refer to the Chapters 1.4 and 1.5 of the textbook
[ | by P.A. Markowich, C.A. Ringhofer and C. Schmeiser.

1.1 From the Schrodinger equation to a macroscopic description

By a scaling of the variables in the Schrédinger equation, we may assume m = 1, ¢ = 1 and
replace i by some scaled constant . A reformulation of the Schrédinger equation by means of
the propability density matrix

ot,r,s) =t (L, s), (t,rs)eRxRM x RIM
is then given by the Heisenberg equation

{ icdo(t,r,s) = (Hg— H,)o(t,r,s), (t,r,5)€R xRM x RIM

Q(O,T, 5) = ¢O(T)¢O(S)a (Tv 8) € RdM X Rde

13



Chapter 1: Derivation of two semiconductor models

where H denotes the Hamilton operator defined by

M
2
2 4

Jj=1

Hy = — (Ay, = V(t,2), () € RxRM.

The objective of the following discussion is to transform the Heisenberg equation into the phase
space by considering the Wigner transform

1 .
w(t,z,v) = @I oo Mo (t,x+ 5,z — £n) dn,  (t,z,v) € Ry x R x RHM,

At this point, we will also make use of certain physical assumptions and approximations which
are appropriate in the situation of electron flow through semiconductor devices. The main
assumption is, that the material under consideration has a periodic structure so that the po-
tential V' is essentially given as a periodic function as well. It is a characteristic property of
semiconductor materials that the range of energies F, which fulfill the eigenvalue equations

Hy = Evy

for some wave function ¢, exhibits so-called energy gaps, so that the set of all admissible energies
of the system consists of energy bands F,, which are disjoint intervals in R. Considering a fixed
energy gap, the first energy band above this gap is called the conduction band, whereas the first
energy band below the gap is refered to as the valance band. We now consider wave vectors k
in a vicinity of a local minimum of a conduction band. After shifting, we may assume that the
minimum is attained at k = 0 and E,(0) = 0. For small k, we may employ Taylor’s formula to

deduce ,
1 d

The matrix m* := j—,:zEn(O) represents an effective mass. Since it is positive definite, we may
assume, after a change of coordinates, that it is diagonal. Supposing the isotropic situation, i.e.
the entries of the matrix are equal, we may identify the effective mass with a scalar and deduce

the parabolic band approximation

h2

2m*

En(k) = 5 —[k[*,

which describes the dispersion relation of a free electron gas with the electron rest mass m
replaced by the effective mass m™*. In this case, the mean velocity %VkEn(k) simplifies to w’?* .
Multiplying the mean velocity by the effective mass then yields the crystal momentum v = hk.

It can be shown that the Wigner-function w is a solution to the quantum Liouville equation

opw(t, z,v) +v - Vew(t,z,v) + (0[V]w) (t,x,v) = 0, (t,x,v) € Ry x RIM x RIM
w(0,7,v) = wo(x,v), (v,v)€ RM x RIM

where 0[V] denotes the pseudodifferential operator

1 o
OV]w) (t, z,v) == (@m)it /RdM /RdM eIV (¢, x, n)w(t, z,0') dv’ dn,

14



1.1: From the Schrodinger equation to a macroscopic description

(t,z,m) € Ry x R x R corresponding to the symbol 6V

SV(t,z,n) == (V(t,z+5n) - V(e —5n), (tz,n) € Ry x RM x RM,

)
€
We mention that this symbol converges, at least formally, to iV,V - n as € approaches zero.
Then the quantum Liouville equation formally passes to the classical Liouville equation, where
the expression O[V]w turns into V,V - V,w. We refer to [Ju, Chapt. 11.1] for some further
references. The quantum Liouville equation is still a many-particle system. In order to obtain
a macroscopic description, several additional assumptions are imposed:

(i) The potential decomposes into an external potential V.;; and internal potentials Viper
describing the interactions between pairs of particles:

M M
1
V(t, L1y 7‘73]\/[) - Z ‘/’emt(taxj) + 5 Z ‘/inter(wia xj)a (t,[]?) € R-f— X RdM:
Jj=1 i,j=1
and Vipter (i, 25) = Vinter (2, 2;) = O(1/M) for i,5=1,..., M.
(ii) The particles are indistinguishable, meaning that for all permutations 7w € Sy, it holds
¢(t7 Llyeeey I'M) = Sgn(¢)¢(ta Lr(1)s - - xﬂ(M))

for (t,z) € Ry x RIM,

(iii) Form =1,..., M — 1, the subensemble density matrices
g(m)(t, Tlyee Ty S1y---ySm)
= /Rd(Mm) O(E, 1y oy Tomy Zmbly e o« s ZM s STy -« s Sty Zmtls - - -y 2M ) A2Zmt1 - . d2pr,
(£, 71, T2y 81,25 7)€ Ry x R x R¥™ | initially fulfill the Hartree ansatz, i.e. at

time ¢t = 0 they can be factorised into
m
Q(m)(o, T1ye e e sTmyS1ye-y Sm) = H Ro(?“j, Sj),
j=1

d d
(F1yee ey Py STy - vy Sm) € RO X R™,

It can be shown that the third condition is also fulfilled for ¢ > 0, i.e. there exists a factorising
function R such that

m
g(m)(t, Tlyevy Ty Slye-vySm) = H R(t,7j,55)
j=1

for (t,71, ..., m,51,-+,5m) € [0,00) x R¥™ x R More precisely, R is determined by the
equation

2
e R(t,r,s) = f%(AT — Ag)R(t,r,s) — (Vege(r,t) — Veg (s, ) R(t, 7, 8),

15



Chapter 1: Derivation of two semiconductor models

(t,r,s) € Ry x R? x R, where the effective potential Vg is given by

‘/ef'f(ta .’IJ) = ert(af') +/ n(t, z)‘/inter(xa Z) dz, (tax) € Ry x Rda
R4

with the quantum electron density n(t,z) = MR(t,z,x), (t,r) € Ry x R% Then,

W(t,z,v) = / e R (t,x +5n,x — %n) dn, (t,z,v) € Ry x RY x RY,
Rd

(2m)?
is a solution to the quantum Vlasov equation

atW(ta I7U) +uv- VIW(ta 1"72)) - (9[‘/61{]W) (tal‘a U) = 07 (t,ﬂj‘,?)) € R-‘r X Rd X Rd)
W(0,z,0) = Wy(z,v), (x,v)€R?xRY

for the pseudodifferential operator [Vg],

1

(OValo) (r.0) = s [ 8Vt (e dof

(t,z,m) € Ry x R x R™M with symbol

5%H(t7x777) = (V:ef‘f(tax + %77) - ‘/;}ff(tax - %77)) ) (taxan) S R-i- X RdM X RdM'

o | .

Usually, the internal potential is given by Coulomb’s law,

4 1

- IE
TEs |z — Y|

‘/inter(xv y) = VC’oulomb(xa y) = (.Z‘, y) € RS X Rga

with a constant €; which depends on the electric permittivity of the semiconductor material. In
this situation, the effective potential is a solution to the Poisson equation

53A‘/eﬁ‘(t,.%') = n(t,:r) - C(I’), (t,x) S R+ X R?),

where the function C = —e;AV,,; specifies the doping profile of the semiconductor. We obtain
the quantum Vlasov-Poisson system, which already represents a macroscopic model for the
particle flow in the semiconductor and which also includes quantum effects and electrostatic
interactions. We are now in the position to derive the two models which are considered in
this thesis. We augment the quantum Vlasov-Poisson system with a nonlinear right hand side
Q(W), which describes short-range interactions between particles, like collisions, and obtain the
quantum Boltzmann equation

OW (t,x,v) +v - VW (t,z,v) — (0]Veg]W) (t,z,v) = QW), (t,x,v) € Ry x R x RY,
W(0,z,v) = Wy(z,v), (z,v)€R?xRY

coupled to the Poisson equation

esAVeg(t,z) = n(t,z) — C(x), (t,z) € Ry x R

16



1.2: The viscous quantum hydrodynamic equations

1.2 The viscous quantum hydrodynamic equations

The origin for the derivation of the viscous quantum hydrodynamic equations is given by the
quantum Boltzmann equation supplied with the Fokker-Planck collision operator

1 1
QW) = - div, (a1 Vo, W +0W) 4+ - divy (VW + sV, W)
0 0

for certain physical constants ci,...,c3 > 0 and a relaxation time parameter 79 > 0. The
following argumentations are meant to be a brief and formal derivation of the model which is
considered in Chapter 2 and Chapter 3. Therefore, some aspects of the physical motivation are
disregarded. The main modification to the quantum Boltzmann equation is a reformulation by
means of the moments

n(t,r) = W(t,z,v) dv, (t,z) € Ry x RY,
Rd
J(t,x) = —/ oW (t,z,v) dv, (t,x) € Ry x RY,
Rd
1
(ne)(t,x) = 2/ lo*W (t,z,v) dv, (t,z) € Ry x R
Rd

It should be mentioned that these functions can be interpreted as the particle density, the current
density and the energy density, respectively. In the following discussion, the formal abbreviation

(f)(t,2) = » f)W(t,z,v) dv, (t,z)€R; x RY

will be used. Integrating the quantum Boltzmann equation over R¢ with respect to the variable
v and assuming that W and it’s derivatives decay sufficiently fast for |v| — oo, we obtain

on(t,z) —divy J(t, z) —l—/ O[VIW) (t,z,v) dv = voAgn(t,z), (t,z) € Ry x RY,
Rd

where vy = i—i Writing W for the Fourier transform of W with respect to the velocity variable
v, the pseudodifferential operator calculus yields

/Rd OVIW) (t, z,v) dv = (2m)Y/? ((5V)(t,a:,n)W(t,x,n)) ‘77:0 =0

and we deduce the equation
orn — div J = yyAn.

Multiplying the quantum Boltzmann equation by v and integrating over R? yields

J
=0 +divy (v ®@v) —nV,V = —AyJ —1uVen + —

7'0’
where v, = 22, and using +|v|? as a multiplicator, we obtain
1 2 d
O¢(ne) + div, <v|v2> YUV = —ne+ L+ 2div + voA(ne).
2 70 To T0

At this point, it seems to be unachieveable to rewrite the expressions (v ® v) and (Fv[v|?) in
terms of the moments n,.J and ne. As a consequence, we impose so-called closure conditions.
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Chapter 1: Derivation of two semiconductor models

These additional physical assumptions render it possible to express the last two equations solely
in terms of the potential V and the functions n, J and ne. We now demand W to coincide with
the thermal equilibrium density We, up to a shift in the velocity variable v, so that

W (t,x,v) = Wey(t,z,v —u(t,z)), (t,x) € Ry x RY

with an unknown function u. The thermal equilibrium density is the minimizer of the quantum
entropy functional, which will be briefly introduced below. Let Op(k) be the linear operator
defined by the convolution

Op()9) (@) = [ Fenew) dy. e Rlp € SRI)

where k : R x R — R is a sufficiently regular function. The Schwartz kernel theorem (c.f.
[Ho, Thm. 5.2.1]) states that Op is an isomorphism. Writing

L) W)= g [ Moo+ fna—gn) dn. (e0) eRIxRY

for the Wigner transform of a sufficiently regular function p it is seen that the inverse of W is
given by

i

ezV (@) (L;y,v) dv.

mﬂ@mwz/

Rd
The quantum logarithm and the quantum exponential are then defined via the spectral theorem
by

LN(w) = W (Op '(InOp(W (w))),
w) = W (Op~(exp OpW~(w))),
for all w for which Op(W™1(w)) is self-adjoint and positive definite. The quantum entropy
functional is given by

= wl\r,v w r,v) — lUQ— i X av.
)= [ [ w0 (CN@)@) =1+ §of = V(@) dod

Its minimizer admits the representation We,(t,z,v) = EXP (A(t,:v) - 2T|,1E,|52x) + ¥83) for a

certain function 4 : R, x R — R and where T : R, x R — R denotes the electron
temperature. We wish to replace the quantum exponential by a more explicit representation.

In | ] it has been proven with considerable technical effort that the approximation
d
w2 vV g2 g2 2 g2 4
Weq = exp (A — ﬁ + ? 1+ 87TA1V + ﬁ‘va:‘/‘ - 24T3 i]g_l vivjamiaxj‘/ + 0(8 )

is satisfied. Assuming that A varies rather slowly and that T is positive, it is possible to compute
the relations

/2 14 g2 g2 2 4
n = (2rT7)¥?Aexp <> (1+ AV + 24T3NV’ ) + O(e),

T 12772
J = —nu,
52
(vev) = nu®u+nTide—ﬁn(V®V)V+O(E4),
(wo|*) = nulul®+ dT—iAV +2 Tiddfi(V@JV)V nu + O(e?)
12T RO 12T '
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1.2: The viscous quantum hydrodynamic equations

From a physical point of view it is also desirable to drop the dependency on the second order
derivatives of the potential V', which appear in the last two expressions. Taking the first equation
into account, we formally approximate

Vv
_ /2 v 2
In(n) =1In ((27TT) A) + T + O(e7).
Assuming that A and T vary only very slowly, we expect
1
(‘)j@k ln(n) = Tajakv + 0(52).

Dropping the terms of order O(g?), we obtain, after rescaling, the full viscous quantum hydro-
dynamic system
on—divJ = vAn,

8J — div (222) = V(Tn) +nVV + EnVEL = yAJ — L 4 1V,

Jn
O¢(ne) — div (%(ne +P)+J-VV = —2(ne— %n) + vA(ne) + pdiv J,
NAV = n-C
with a constant x4 > 0 proportional to 2 (c.f. [ | for the details of the scaling). Here, the

pressure tensor P and the energy density ne are given by

2
P = Tnidga —%n (V © V) In(n)

and P )
J d €
=— 4+ =-Tn— —nAl .
ne =" + gl —omn n(n)
The model was introduced by F. Castella, L. Erdos, F. Frommlet and P. A. Markowich in
[ ]. Tt describes a viscous variant of the quantum hydrodynamic equations of C. L. Gardner

[ We now assume the following situation:

The underlying domain is the one-dimensional interval [0, 1].

]

(i)

(ii) The stationary case is considered so that all time derivatives vanish from the equations.
)

(iii) The electron temperature 7" is assumed to depend on the electron density n only by means

of a relation of the form T = Tyn ! for a positive constant Ty and some v > 1.

(iv) An additional barrier potential Vg is introduced into the second equation.

The assumption that the electron temperature is given as a function of n now implies that
the third equation decouples from the system and can be omitted. Additionally, we merge the
pressure terms Tn and pun appearing in the second equation into a universal pressure term p(n).
Then the model, which is considered in Chapter 2 and Chapter 3, reads as

J = —vn
AN /

20 (V) — v = (p) + 17 = (L) = n(V +Va),
V" = n—C.

The motivation of the additional barrier potential Vg is the modeling of distinct materials in
the semiconductor devices. Since in general the barrier potential will not be continuous at the
interfaces between different materials, we have to consider the case of Vp being a non-smooth
function. Then, the second equation has to be understood in a formal sense. A suitable weak
definition of this equality will be introduced in Chapter 2.

19



Chapter 1: Derivation of two semiconductor models

1.3 The quantum drift-diffusion equations

The quantum drift-diffusion model principally focuses on the situation when many collisions
between particles occur in the relevant time interval. We equip the quantum Boltzmann equation
with the relaxation-type collision operator

where the quantum Maxwellian M[W] will be introduced in the following.
As in the derivation of the viscous quantum hydrodynamic equations, let YW denote the Wigner
transform (1.1) and let the quantum logarithm and the quantum exponential be given by

LN(w) := W(Op_l(anp(W_l(w))),
EXP(w) = W (Op~'(expOp(W ! (w))),

for all w for which Op(W~!(w)) is self-adjoint and positive definite. We recall the quantum
entropy

= wlxT w xXr) — l’112— X X av
Aw) = [ [ wl@) (EN@)a) =1+ 3o = V(@) dod

and define M [W] to be the unique minimizer (if it exists) of this functional with respect to the
constraint

M[W(z,v) dv = W(z,v) dv, z¢€R%
R4 R4

Considering the Euler-Lagrange equation of the functional, it is seen that M[W] has the repre-

sentation

M[W] =EXP(A — %|v|?)
for the function A = V — A", where \* arises as the Lagrange multiplier due to the integral
constraint given above. A rescaling of the quantum Boltzmann equation by substituting ¢ by %
and Q(W) by % for a small parameter § > 0 yields the system

SOWs(t,z,v) + v - Vo Ws(t,z,v) — (0[Ver]Ws) (t,z,v) = 3 (M[Ws] — Ws),
esAVeg(t,x) = n(t,z) —C(x),
Ws(0,z,v) = Wy(z,v)

for (t,z,v) € Ry xRxR? and n(t,z) = [za W(t,2,v) dv. The physical meaning of the rescaling
is, that the collisions should have a significant impact on the behavior of the particle flow and
that the corresponding time periods are large.

It is now possible to perform the limit § — 0 at least formally and the resulting system reads as

O —divd = 0,
J = divP —nVV,

— ) d
(12) n Rd WO( ,'U) U,

P = / v @ uvWo(-,v) do,
Rd
NAV(t,z) = n(t,z) —C(x),
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1.3: The quantum drift-diffusion equations

with
Wo(t,z,v) = EXP(A(t,2) — 3o[?)

and the renaming A\? = &,. The quantum drift-diffusion model is finally obtained by an approx-
imation of the quantum exponential. We refer to | ] for the expansion

1 1 2 1 1
EXP(A— v | =exp(A—=|v* ) [1+ Claa+ Z|VAP2 — Zo'D%Av ) ) + O(eY)
2 2 8 3 3
and conclude the approximations

o= (@0 ep(4) + O,
2
divP = Vn-— %nv (AA + ;|VA\2> + O(eh),

VA = % + O(?).

As a result, the quantum drift-diffusion model
atn —div Jo = 0,
2 A
(1.3) Jo = Vn-nVV -0V (22),
NAV(t,x) = n(t,z)—C()

3

is an approximation of the system (1.2), at least formally, in the following sense: If (n,J, V) is
a solution of (1.2) and (n, Jy, V') is a solution of the quantum drift-diffusion model (1.3) for the
same electron density n, then J = Jy + O(e?). A higher universality is achieved by the bipolar
quantum drift-diffusion model

ne = div (—e%v% L VP,(n) — nvv) :

po= div (€L + VPp(p) +pVV ),
NAV = n—-p-C,

where also the positive charges (holes) are modeled and more general pressure terms P, P, are
considered. We mention the most relevant choices P,(n) = T,n®, Py(p) = T,p’ for a,3 > 1
with lattice temperatures T},,7,, > 0. The case o, 8 = 1 is called the isothermal case, whereas
the choices a, 8 > 1 are refered to as the isentropic cases. Here, £ is the ratio of the effective
masses of electrons and holes. We now focus on the stationary case, where all time derivatives
in the equations vanish. The following stationary bipolar quantum drift-diffusion model

( F — V“‘hn(n)_eQA\/\/ﬁEa
A
G = —V+hp)-e22F,
div(up,nVFE) = Ro(n,p)Ri(F,G),
div(—pppVG) = —Ro(n,p)Ri(F,G),
—NAV = n—-p-_C,

is also refered to as the density gradient model. It introduces generation/recombination effects
by the coupling with the algebraic functions Ry, R;. The system was originally introduced by
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Chapter 1: Derivation of two semiconductor models

Ancona ([An], [ ]). Our presentation follows the paper [ ]. Here, py, and p, are char-
acteristic constants describing the mobility of the negative and positive particles, respectively.
The functions h,, and h, are the enthalpy functions of the electrons and holes and admit the
functional identities ) PI(s)
P (s s
h!(s) = ”S() and  hp(s) = -, s>0.

S

To obtain the quasi 1D approximation of the bipolar stationary quantum drift-diffusion model,
which is discussed in Chapter 4, we now impose some additional assumptions. In | ], Cum-
berbatch, Uno and Abebe considered the domain €2 := (0,1) x (0, 1) and proposed the following:

(i) The quantum quasi Fermi level F' is assumed to be constant in direction of the variable x
and the other occuring functions are supposed to depend insignificantly on the variable y.

(ii) Generation/recombination effects are omitted, i.e. RoR; = 0.
(iii) The isothermal case is considered, i.e. h,(n) = T}, In(n) for some T,, > 0.

The role of the holes, however, was ommited in | ]. The modeling of positive particles was
reintroduced by S. Bian, L. Chen and M. Dreher in | | by demanding

(iv) The quantum quasi Fermi level G of the holes is in thermal equilibrium, i.e. G = 0.
(v) The ratio £ of effective masses of electrons and holes is negligible small.
(vi) The isothermal case hy(p) = T), In(p) for some T}, > 0 is assumed.

Assumptions (iv) to (vi) then imply 0 = —V + h,(p) and we can write p as a function of V' by
p = exp(V/T,). Dropping the dependency on the variable y in the notation, the system, which
is considered in Chapter 4, now reads as

F = V+T,In(n) —SQ{Z/,

“AV" = n—exp(V/T,) —C.
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Chapter 2

The viscous quantum
Hydrodynamic equations

In the present chapter, we will prove the existence of stationary solutions to the one-dimensional
viscous quantum hydrodynamic equations with non-smooth barrier potentials. As indicated in
the derivation of the model, this non-smooth component of the equations implies that only a
weak formulation of the problem is appropriate. We will propose the corresponding definition
of a solution in the following section. Though being meaningful, the concept of weak solutions
increases the difficulties in finding solutions. Therefore, we will introduce a reformulation of the
original problem which turns the system of weak equalities into a system of strong equalities.
More precisely, we will choose the L?-based Sobolev spaces as the ambient environment for our
analysis.

2.1 Reformulation of the stationary problem in the
one-dimensional case
Definition 2.1 (Weak solutions).

Let e,7,u,A >0 and C,Vg € L*(0,1). The tuple (n,V,J) € W22(0,1) x W22(0,1) x W2(0,1)
1s called a weak solution to the equations

J = —vn,

/ 2\/
) v = @m) + 11 = () —n(V+ V),
NV = n-C,

<

(2.1) 2e2n, (ﬁ'

S

if and only if n > 0 in [0,1], J' = —vn”, \2V" =n —C in L*(0,1) and

vn T n

for all ¢ € C°(0,1).

n// 2\’
—2¢? <\f (n¢)'> F (I 6) () ) + = () = <<J> 790> +(V + Vg, (np))

Definition 2.2 (Admissible pressure term).
A smooth function p : [0,00) — R is called an admissible pressure term, if and only if p'(s) > 0
for s > 0 and if there exists an enthalpy function h : (0,00) — R fulfilling
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Chapter 2: The viscous quantum hydrodynamic equations

(i) sh'(s) =p'(s)  (s>0),

(ii) g := IFH is continuous on (0, 00),

(i4i) For all positive f € WH2(0,1), it holds g(f), h(f) € WH2(0,1) with the chain rule being

valid,
(iv) The mapping s — +/sh(s) extends to a continuous function on [0, 00).

Remark 2.3.

Note that assumption (ii) in Definition 2.2 only demands for an additive shift of the function h
in case that h has a zero in (0,00). Adding this uniquely given constant to h, we may assume
h(1) = 0 and then L’Hépital’s rule already yields the continuity of g. Since WH2(0,1) embeds
into C([0,1]) by Theorem A.6, any function n € W12(0,1), n > 0, is actually bounded from
above and away from zero. The availability of chain rules for Sobolev functions, c.f. Lemma
A.4, shows that assumption (iii) on g and h is fulfilled for a large class of pressure terms p. The
assumptions on g and h, especially assumption (i), are motivated by the technical requirements
which will arise in the subsequent analysis. We mention the choices p(s) = Tps? + ps for
To, o > 0 and v > 1 as in the derivation of the viscous quantum hydrodynamic model. The
enthalpy is then given by

h<8>:{ (To + 1) In(s), v=1,

0 — I 4 pin(s), y> L

The one-dimensional setting provides a big opportunity for the analysis of the stationary
problem: The equation J' = —vn” uniquely determines the electric current density J up to a
constant Jy of integration. We can therefore eliminate the first equation of the system (2.1) and
we are in the position to derive a reformulation in terms of the viscosity-adjusted Fermi level

F:=—(V +4+Vg)+h(n)+ v In(n) — 2(52 + 1/2)@”

T N
where h is the enthalpy to an admissible pressure term p. The following lemmas will elaborate
the details of the transformations.

Lemma 2.4.

Let e,7,v,\ > 0 and assume C,Vg € L*(0,1). Let p be an admissible pressure term and h be a
corresponding enthalpy. Let (n,V,J) be a weak solution to the system of equations (2.1). Then
there exists Jy € R such that (n,V') is a solution to

Fo= —(V4Ve)+hin) + LIn(n) - 2(2 + v3) Y,
/ 11 /
(2.2) nF' = - (%3) + 2Jyv (2% — %) + L

NV = n—C,

with equalities in L?(0,1) and, in particular, F € W12(0,1).

Proof. We use the abbreviation B(n) = ‘\//E;:. The Sobolev embedding theorems A.6 yield

n,J,V € C1([0,1]). By integrating the first equation in (2.1), we obtain

J =vn/(0) + J(0) —vn' = Jy — vn.
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2.1: Reformulation of the stationary problem in the one-dimensional case

We claim that the equality
J2\' n')? J
(2.3) —(F,(np)') = — <(7§) ,g0> + 2Jov <2B(n) - (2n)2 ,so> + 2 (1)

holds for all test functions ¢ € VVO1 2(0,1).
Using the second equation of (2.1), we have

— <F, (ngo)’> = <V + Vg, (ngp)'> — <h(n) + v In(n), (ngo)'> +2(e? +17) <B(n), (ngo)’>

T
2

= )= (s L) - ((2) o) 208 (B0 )
— (h(n) + = In(n). (ne)")
1 EAN
= (") + (p(n),¢) + — () — <<n) ’(p> +2v%(B(n), (ng)')

T

— (h(n), (ng)') + (= In(n) ,np)

for any ¢ € WOI’Q(O, 1).
Employing the functional identities for A and p, we also obtain

(p(n). ') = (h(n), (ne)) + (= In(n)',mp)

= —(n'p'(n),p) + (n'nk'(n),¢) + <;nln(n)’, g0>

(ri-e)
=({-n,p).
T

Since W12(0, 1) is a Banach algebra in the one-dimensional case (c.f. | , Thm. 4.39]), we

" 2
may use the representation B(n) = 2 — 1)

o 12 and calculate

J2\'
. <<> ,¢> — 2 () + 27 (B(n). (ng))

n

—vn')?
— <(‘]0n)7 S0/> — 2 (", ")+ 20 (B(n)n/, ) + 2v° (B(n)n, ¢')

_ <‘f,¢’> — 2wy <Z/ 90/> +v? <(nTIL)2 90’> — v (n",¢')
w1 (= )
() () ) m ()
(

+ V2 n//n/ B n/)3
n om? ¥
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Chapter 2: The viscous quantum hydrodynamic equations

2\ / " N2 2 1N "3
_ 9 _
S (0 P I A it L U0 b
n n2 2 n2
) n//nii(n/)?)
v < n on? ¥
J2 / "2
:_<<o> 7¢>+2,,J0<m2<n>7(p>
n n
7Y (n')
:_<<n> ,4p>+21/J0<QB(n)— 5,2 %)

As J = Jy —vn/, we find

1 v, , Jo
- z =001 o).
T<J,<P>+T<n,<p> — (L)

Now the weak formulation (2.3) of the second equation of (2.2) follows when combining all
appearing terms. Since n is continuous, we know that there exists a lower bound C' > 0 such
that n > C > 0. Therefore, the substitution ¢ — nyp =: 9 € Wol’Q(O, 1) is bijective. Thus,

—(F,) = - <1 <J3>/,w> + 2Jov <2B7(;‘) ) ¢> +h <1,w> (1 € Wy2(0,1)).

n\n 2n3 T \n

In particular, the distributional derivative F’ is indeed an element of L?(0,1) and the second
equation of (2.2) is actually an equality in L?(0,1). O

Lemma 2.5.

Lete,7,u,A > 0, assume C, Vg € L?(0,1) and assume that the function h arising in the equations
(2.2) is induced by an admissible pressure term p. Let (n,F,V) € W%2(0,1) x Wh2(0,1) x
W22(0,1) be a solution to the system of equations (2.2) for some Jy € R which satisfies n > 0
in [0,1]. Then, for J := Jy — vn/, it holds that (n,V,J) is a weak solution of the system (2.1).

Proof. Plugging the first equation of (2.2) into the second one, the assertion follows from the
same calculations as in Lemma 2.4. O

The reformulation of the viscous quantum hydrodynamic equations in terms of the Fermi
level suggests to consider the special cases of constant Fermi levels F. In these situations, the
second equation of (2.2) is trivially fulfilled for the choice Jy = 0 and the system reduces to the
equations

B

2.4 F = —(V+Vg)+h(n)+Lin(n) — 2(e2 + v2) Y
' AV = n—C,

which are strongly related to the quantum drift-diffusion model. In the subsequent sections,
we will follow the approach of N. Ben Abdallah and A. Unterreiter | | to prove the solv-
ability of systems of equations of the form (2.4) with Fermi levels F' € L>°(0,1). We consider
the situations of (positive) Dirichlet boundary values (Lemma 2.10), homogeneous Neumann
boundary conditions (Lemma 2.13) and periodic boundary conditions (Lemma 2.14). In the
case of Dirichlet boundary conditions, we also allow € to be an arbitrary bounded C?-domain
in RN, N < 3, for the sake of generality.
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2.1: Reformulation of the stationary problem in the one-dimensional case

A-priori estimates to solutions (n, V') and the continuous dependence of solutions on their Fermi
levels (Lemma 2.12) will put us in a position, in which we can reconsider the full system (2.2)
with the aid of fixed point arguments. However, the mutual dependencies of n, F' and Jy require
some additional assumptions on the solutions. In particular, we face the problem of choosing
meaningful and appropriate boundary conditions for the functions n and F'. Since the second
equation of (2.2) is an identity for F”’, it is tempting to choose the boundary operator

Fi:=F(1) — F(0)

for the Fermi levels F. Indeed, if n, F' and V are solutions to (2.2) with the regularities as given
in Lemma 2.5, we can divide the second line of (2.2) by the positive function n and employ the

identities Y )
J, J, Voo (n))
_n<7§> - (2752> and 2°75 = opr = ()",

to obtain the equation

1 /J2\ 2
= <JO> " fy<1n(n))”+ﬁ

n n ™

(25) = - (‘@) + 20y + 22

2n2 ™

Since the Sobolev embedding theorem yields F € C([0,1]) and n € C1(]0,1]), integrations by
parts result in

F(1)— F(0) = ( ) )/ Q’E‘Jg 1n(n(m))"+TTiox) da
Foudy /O 1ln(n(x))':;;g)2 dx+§ O n(lx)dx
= 5oy :””JO o ::”"/ol e e

If we consider periodic boundary conditions n(0) = n(1) and n/(0) = n’(1) for n, the relation

1 1(,)\2
(26) Fio= Jo/ 2l/n (:C) + L dx
0= Pt T )

holds. Some important properties should be mentioned: The boundary value Fi,g is zero if and
only if Jy is zero. And taking the representation (2.5) of F’ into account, this is equivalent to
F’ = 0 or rather F' = const. Moreover, this identity enables us to define the number Jy as a
function of Fi,9p and n. However, to do so, it is crucial to gain control over the integral expression
n (2.6). More precisely, we are looking for a constraint to the electron densities n which yields
a uniform lower bound to the integrals. We will see, that the natural assumption that the total
mass of electrons fol n(x) dz is a fixed constant is a suitable choice. The necessary modifications
to solve the partial problem (2.4) are provided in Lemma 2.17. The existence of solutions to the
full system is the result of Theorem 2.21.
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Chapter 2: The viscous quantum hydrodynamic equations

Concerning homogeneous Neumann boundary conditions, analogous results are derived in Lemma
2.18 and Theorem 2.29. However, since the relation between Fi.9, n and Jy is now given by the
quadratic equation

I AR e L@ 1
Fro="5 <n<1>2 n(0)2>+J0/0 ¥t @

an additional smallness assumption to Fi,o has to be imposed.

2.2 Dirichlet boundary conditions

Throughout this section let © be a bounded C?-domain in RY, N < 3.
Assuming positivity of the function u, we may formally substitute n = u? in the equations (2.4)
and we wish to solve a system of the form

26Au = —(V+L—k@?)u, inQ,

NAV = u?-C, in Q,
(2.7) Tru = wur, on 0f,
TV = p, on 0f)

for (u, V) € W>2(Q) x W>2(R2), where £, A > 0 and L,C € L®(S), ur, Vi € By’ (99), ur > 0,
are given. We can rewrite this system of differential equations to v and V' as a sole functional
equation for u via

26Au = —(®(u?) + Vipn + L — k(u?))u, inQ,
(2:8) Tru = wur, on 0f2,
by letting ® : L2(Q) — W?22(Q) be the continuous solution operator (c.f. [ , Thm. 8.8,

Thm. 8.9, Thm. 8.12]) to the equations
NAV =4?inQ, TrV =0ondN
and choosing Vj,;, € W22(Q) as the solution to the constant part of the Poisson equation to V:
MNAViy, =—CinQ, TrV = Vr on 9.

The objective is to define a functional F : W2(Q) — R whose Euler-Lagrange equation pro-
vides the first equation of (2.8) so that any minimizer of F in the set {u € W'2(Q) : Tru = ur}
is a solution to the system (2.8). A subsequent discussion will improve the regularity results and
will show that the minimizers can actually be chosen as positive functions. The argumentations
reveal that growth conditions on k play an important role for the characteristics of solutions.
We mention that the choices k = h + ZIn with h belonging to an admissible pressure term p
(c.f. Definition 2.2) always comply with the assumptions of the forthcoming results.

Proposition 2.6 (Definition of the functional and existence of minimizers).

Let k,A > 0, L,C € L*(Q) and ur, ¢ € Bg{;(@ﬁ) with ur > 0. Let k : (0,00) — R

be continuous and strictly increasing with linr[lJ k(s) = —oo, lgn k(s) = oo and assume that
S—r S— 00

s — +/sk(s) extends to a continuous function on [0,00). Define the functional F = G + H by

G(u) = /Q%IVU(I)I2 + K (u(2)) = (Vin (@) + L(2))u’(z) do - (u€ WH2(Q))
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2.2: Dirichlet boundary conditions

and

2
H(u) = % /Q VO (u?)(z)|> dz  (u e WH3(Q)),

where

K(s) = /:k:(t) it + Ky

for some arbitrary Ko € R. Here, ® : L?*(Q2) — W22(Q) is the solution operator to the
equations

NAV =u?inQ, TrV =0 ondQ,
and Vi, € W22(Q) is the solution to
NAVign = —CinQ, TrV = Vp on 09.
Then F has a unique non-negative minimizer u on the set
U:={ue Wh2(Q) : Tru = up} .

Proof. We use Proposition A.13. By the Mazur lemma (c.f. [Alt, 6.14]) U is a weakly closed
subset of W12(€2), since it is convex and closed. Concerning the coerciveness of F, we claim
that there exists Cy > 0 such that

29) F(u) 2 G(u) = 26 Vulzg) + [ulflzey — Co (we W),

The continuity of s — /sk(s) on [0,00) yields

C
[k (s)] < 7

for all s in some neighborhood of zero and we conclude that K is well-defined and differentiable

on [0,00). Moreover,
K(S) > Knin (3 € [07 OO))

Because k(s) — 0o as s — 00, there exists sg > 0 such that
(2.10) K(s) > (IVinh + Ll poe () +1) s (s > s0).
Writing
G = [ 2WITu@)P + K () = (Vin(o) + L) (o) do
Q

= /{ . }2/{|Vu(x)|2 + K(UQ(x)) — (Vinn(z) + L(:C))u2($) da

+ [ 2V + K@) - (Vi) + L)) da
{u2>80}
= L1 +1
for u € WH2(Q), we estimate

L > 26|Vl 2 (guecsey) = Kminl vOI(Q) = 50 vol(Q)|[Vinh + Ll oo ()
= 2HHVU||%2({U2§50}) - C.
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Using the estimate (2.10) for K, we also find

u2>sq

> 2| Vulla sy +/ W2(z) da

{u2>30}
— 2 2 - 2
= 2l Vullze s sy + il /{uz<so}u e
2“|’VUH%2({U2>SO}) + HUH%Q(Q) — 59 vol(£2)
= 2/4”Vu||%2({u2>30}) + HUH%z(Q) - C.

We obtain

G(u) = I + Iy > 2w Vull72(q) + [[ul72(q) — Co,
with a positive constant Co depending on ||Vju4 + L| < (0,1), which implies the coerciveness of
F.
We show that G and H are weakly sequentially lower semi-continuous. Since the embedding
Wh2(Q) < L) is compact (c.f. Theorem A.6), any weakly convergent sequence in W12(Q)
converges strongly in L*(Q) (c.f. [Alt, Lem 8.2]). By continuity of ® : L2(2) — W?22(Q), we
conclude that H : W12(Q) — R is weakly continuous.
Concerning G, we wish to use Proposition A.14 and define J : Q x R x RY — R by

J(z,u,p) := 2x|p|* + K(u?) — Vipn(2) + L(2))u?.
Then
J(@,u,p) > K(u?) = |[Vinn + L g (yu®.
Employing the estimate (2.10) for K once more, we obtain
J(z,u,p) > u® > 59
whenever u? > sg and
J(x,u,p) > Kmin — 50| Vinh + Ll Lo (@)

if u? < sg. We now apply Proposition A.14 with the constant function
®(z) = min {50, Kmin — Sol|Vinh + Ll (0 } € L' ().

Let (un)neny C U be a sequence converging weakly in W12(Q) to some u € U. Then, as the
embedding WH2(Q) — LY(Q) is compact and W12(Q) is reflexive, u, — u in L'(Q) (c.f.
[Alt, Lem. 8.2]) and convergence is also given in L'(Q) for any subdomain € C €. For all
¢ € (L*(Q)), the mapping

u— o(Vu) (v WhH(Q))

defines an element of (W12(€2))". Hence, weak convergence of (up)nen in WH2(Q) to u implies
weak convergence of (Vuy, )nen in L2(2) to Vu. Fixing some ¢ € (L'(Q2))’, the Holder inequality
yields

o(Va — V)| < Il s IVa — Vil < ClIVE - Vun 2@y (0 € N),
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2.2: Dirichlet boundary conditions

since ) is bounded. Therefore, Vu,, converges weakly in L!(Q2) and in L*(Q’) for any subdomain
Q' C Qto Vu.
By Proposition A.14, we conclude

G(u) < liminf G(uy),

n—o0

which is the weak sequential lower semi-continuity of G.

Proposition A.13 now ensures the existence of a minimizer v € U to F. Since F(u) = F(|ul), the
minimizer can be chosen as a non-negative function. Uniqueness of the non-negative minimizer is
an immediate consequence of the pseudo-convex inequality for F which will be shown in Lemma
2.8 below. ]

Remark 2.7.

The minimizers of the functional introduced in Proposition 2.6 obviously do not depend on the
choice of the constant Ky = K(1). However, since we are mainly interested in the situation
k = h+ ZIn, with h being the enthalpy to an admissible pressure term p, it is convenient to
choose Ko := h(1) — p(1) — £. In this case, the equality

K(s) = sk(s) — p(s) — gs (s> 0)

holds, which is seen by differentiation. This identity will prove useful in the forthcoming analysis.

Lemma 2.8 (Pseudo-convexity of the functional).
Let the functional F be defined as in Proposition 2.6. Then, for 0 <t < 1 and uy,us € WH2(Q),
there holds \/tu? + (1 — t)u € WH2(Q) and the pseudo-convez inequality

J-"( tuf + (1 — t)u§> < tF(ur) + (1 —t)F(u2)
is satisfied. If u? # u3, the inequality is strict.
Proof. We abbreviate u; := /tu? + (1 — t)u3. Then u; clearly is an element of L?((2). Since

the square root function does not possess a bounded derivative towards zero, we define uj :=
\/ tu? + (1 — t)us + € for € > 0 and apply the chain rule of Lemma A.4 with

Fa) = {ﬁw(@, >0,

0, z <0,

where ¢p € C*°(R) is a smooth cut-off function satisfying ¥(x) = 0 (x < 3\f) and w( ) =

(z > 2./2). Note that the inner function u := tuf 4+ (1 — t)u3 + ¢ is an element of VVZ '(Q) b

Lemma A.5. Now,

tur Byur + (1 — £)uzd;
g = a0t (= uodiy
\/tul 1—tu2—|—6

'\/tul (1-t)u +£—\/tu1 + (1 = t)uj(x)

Since

Viui(a) + (1 = thui(e) + e + Vtui(a) + (1 - tyui ()
< Ve
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Chapter 2: The viscous quantum hydrodynamic equations

uniformly for z € Q, it follows that ui — u; in L>°(Q2) as ¢ — 0. Therefore, for i = 1,...,n
and ¢ € C°(Q), we may calculate

/ut(az)aigo(:c) dr = lim [ ui(z)0ip(x) dx
9] e—0 0

t i 1-1¢
_ _hm/ 1 (z)Oiun () + ( )Uz(«’ﬂ)aw( )(p(x) e
Q Viud(z) + (1 — t)ud(x) +
_ _/ tuy () 05w (x ) (1 — tyug(x)diug(x )
Q Vitui(z) + (1 = tuz ()
where we have used Lebesgue’s monotone convergence theorem to obtain the last equality. The

fracture on the right hand side should be read as zero if both the nominator and denominator
are zero. In other words, we have

e—0

tu1( )dﬂil( ) (1 t)ug(,r) Zu2(l‘) 0 0
azut(x) = \/tul )+(1-1) ’u,2(:r) ’ Ul(l‘) ;é OT U2 (.73) ;é )

and for x € Q with u;(z) # 0 or ug(x) # 0, there holds

(8'ut(96))2 _ (8,ul(x))2 tQU%(u’U)
i i tud(z) + (1 — t)ud (=)
2t(1 — t)uy (z)ua(x)
+5¢U1($)3i“2(f’3)w%(3;) + (1 —t)u3(z)

ey ).

| (1 —t)*u3() =
+(azu2(x))2tu%(x) +(1 —Zt)u%@c) =t

Since all occuring fractions are bounded and d;u1, d;us € L?(2), we conclude Vu; € L?(£2) and
U € Wl’z(Q).
We prove the claimed pseudo-convexity. Remember F(u) = G(u) + H(u), where
Gu) = / 2/{\Vu(x)|2 dx + / K(u2(x)) dx — / (Vinn(x) + L(m))uQ(az) dx
Q Q Q
= L[i(Vu) + I (u) + I3(u)
and

2
- )\2/9‘(V<I>(u2)) (:L')‘Q dz

for u € WH2(Q).
Concerning I1(Vug), we note that for ¢ = 1,..., n the inequalities

(t(ulﬁiul) + (1 — t)(u28iu2))2 < (t(@iu1)2 + (1 — t)(@iu2)2) (tu% + (1 — t)u%)

follow through a direct calculation. Summing up, one obtains

n n

Z(tulﬁ uy + (1 — t)ugdsug)? < (tz (Du)? + (1 —1) Z(@mz) ) (tul +(1- )u%)

i=1 i=1
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2.2: Dirichlet boundary conditions

so that

n

< 2kt i(aﬂn)? +2k(1—1t) Z(aﬂm)?

i=1 i=1

S (turdiug + (1 — t)ugdiug)?
tu? + (1 —t)u3

= 2/€t’VU1’2 + 2k(1 — t)’VUQ|2

26|V > = 2r

and therefore
Il(Vut) < tIl(Vul) + (1 — t)[l(VUQ).

Turning to I, convexity of s — K(s) follows by the monotonicity of K/ = k. Then
K(d) = K(tud + (1 — )ud) < tK(ud) + (1 - K (1)

and
Iz(ut) < tIQ(ul) + (1 — t)IQ(UQ).

The equality
I3(u) = tI3(ur) + (1 — t)I3(u2)

is obvious. Furthermore, we have

Vo (u?)|?

= [tV(d) + (1 - ) Vo(ud)|

< HVO(u)? + (1 —1)|VEe(u3)|>.
Since the mapping v + |v|?, R — R, is strictly convex and V@ is injective, equality can solely
hold almost everywhere if u? = u3. Therefore,

H(up) < tH(u1) + (1 — t)H (ug).

This inequality is strict, provided that u? # wu3. Summing up all inequalities, the pseudo-
convexity of F follows.
O

As K’ = k is not bounded at zero, well-known differentiability results like Theorem A.17
do not directly apply. Therefore, we need to introduce a regularisation of the functional to
derive the Euler-Lagrange equation. We consider a clamped version k. of k with corresponding
functionals F, defined analogously to F, where 0 < <~ is a parameter.

Lemma 2.9 (Differentiability of the regularised functional and the Euler-Lagrange
equation).

Let F be given as in Proposition 2.6 and define F., = G + H analogously to F when k and K
are replaced by

k(v), 0<s<n,
ky(s) = { k(s), v<s<,
K1), L<s,

and .
K, (s) ::/ ky(t) dt + Ko (0<vy<1),
1
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Chapter 2: The viscous quantum hydrodynamic equations

respectively. Then, for some vo > 0 and all 0 < v < 79, the functionals F, possess unique
non-negative minimizers u, € U. The functionals F., are Fréchet-differentiable in W2(Q) with

Flluh = 2 /Q 20 (Vi (2), VA(2)) + by (12 (2) ) (2) () dit

—2 /Q (Vi () + ©(u2) () + L(z) )y (2) () dz

for uy, h € WL2(Q). In particular, the Euler-Lagrange equation
2kAuy = —(V, + L — kz(u?y))uv,
where V,, = ®(u ) + Vinn, holds.

Proof. Existence and uniqueness of non-negative minimizers for F, follow by the same argumen-
tations as used in Proposition 2.6 and Lemma 2.8. It should be mentioned that K, is uniformly
bounded with respect to 0 < v < 7 from below, since

Ky(s) =2 Kmin (s €[0,00), 0 <v <)

Therefore, the constant Cy in the coerciveness inequality (2.9) is also independent of 0 < v < 7.
As k., is bounded, K, grows only linearly and Theorem A.17 yields that G, is continuously
Fréchet-differentiable with

1
G;(uy)h = 2/0 2k (Vuy (), Vh(z)) + ky(u%(:l:))uy(:n)h(a:) — (Vipn(x) + L(x))uy(x)h(x) dx
for u, h € WH2(Q). We claim that H is also Fréchet-differentiable and

H'(uy)h = —Q/Quw(x)h(a:)(l)(u%)(x) dz  (uy,h € W2(Q)).

The divergence theorem implies

2
H(u,) = AQ/Q\(W(@)) (@) d = —;/Qq>(u3)(x)u§(m) da

and we find

H(u, +h) — H(u,) — B (u,)h = —;/QhQ(:r)é(ugY 2 h + (uy + )% () da
1
—Z/QQUV(a:)h(:z:)(I)(quh)(:c) dz

= 1 + L.

Then, for small ||h]|y1.2(), we conclude that u2 +2u,h+(uy~+h)? is uniformly bounded in L*(£2)
with respect to h, since any appearing factor in the products of this term consists of elements
of L*(Q) due to the Sobolev embedding W12(Q) — L*(Q). By continuity of ® : L?(Q2) —
W22(Q) — L>®(R), we conclude |I1]| < C’||h||L2 < CllhlZeq 2()- The Hélder inequality shows

[I2] < 2”U7h||L2(Q)||¢’(U7 )HLZ < CHU’Yh”L2(Q) < CH“WHUL Q)HhHL4 () < CHhHW1 2(Q2)
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2.2: Dirichlet boundary conditions

so that ,
’H(uv +h) — H(uv) - H (“A/)h‘

[Allw12(0)

< O|lhllwr2@) — 0

as ||h||W172(Q) — 0.
Since u, is a local minimizer to F,, we conclude 0 = F (u, )¢ for any test function ¢ € C2°(€2),
which means that the Euler-Lagrange equation holds. O

Lemma 2.10 (The Euler-Lagrange equation to the original functional).
Let uy be the non-negative minimizers to F for 0 < v < vy introduced in Lemma 2.9 and let
V= @(ug) + Vipn- Then there exist Cy, C1 > 0 such that the estimates

s lw22(0) + 1V lw22() < Co,

[ury [l oo (@) + V4l e () < Co

and
Uy = Ci1 >0

hold uniformly with respect to 0 < v < 9. Uniform estimates of the same form are also valid if
the parameter function L in the definition of F. varies in a bounded subset of L>°(2).

For sufficiently small 0 < v < 7, the minimizers u = . coincide and they are the unique
positive minimizer to the original functional F. The Euler-Lagrange equation

26Au = —(V + L — k(u?))u
holds, where V- = ®(u?) + Vipp.

Proof. By continuity of ® : L?(2) — W?22(Q) and the Sobolev embedding theorems, there
holds

IVyllL(0) < ClVyllwez) < C (13 llz2) + Vinkllw22(0)
= C (It Iy + Vimnllw22(0)

< C (HWI%W(Q) * 1) '

The claimed uniform estimates to V, will therefore directly follow from a uniform estimate
[uyllwi2) < C. As the constant in the coerciveness inequality (2.9) for F, is independent of
0 <y <70 and only depends on || L1« (q) but not on the particular choice of L, we infer

[uyllL2@) + 26 Vuyll2(0) < Fy(uy) +C < Fy(u") +C < C
with some arbitrary bounded function u* € U. We conclude
1wy w2y < C;

where the constant on the right hand side, however, depends on k.
Concerning the L*-estimate to ., we consider

max(u~ (z)—C2,0)
o(z) = { w0 @) 0
0, uy(x) =0,
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Chapter 2: The viscous quantum hydrodynamic equations

for some Cy > || Tr || Lo (90) to be determined later on. By Lemma A.3 this defines an element

of VVO1 (). Using ¢ as a test function, we arrive at

0 = [ 26(Tu(0). Vola)) do+ [ (i (0)%) = (Vy(a) + L)) s (@)p(0) da
Q Q

_ 2
_ CQQFL/ |Vmax(u7(a:)2 0270)‘ dx
Q Uy ()

—i—/ (Ky(uqy()?) — (Vo (2) + L(2))) max(uy(z) — Cs,0) da.
Q

As k. is monotonically increasing with lim,_,o k(s) = oo and V;, is uniformly bounded in L>(€2),
we can choose Cs large enough such that

(ks (uy(2)?) = (Vo(2) + L(2))) > 0,

whenever u,(z) > Cy and 0 < 7y < 7 for sufficiently small «y. Since in this case both appearing
integrands are positive, we conclude that the sets {x € Q : uy(z) > C2}, 0 < v < 70, have
Lebesgue measure zero, which shows

uyll Loy < C (0 <y <)

Therefore, k‘v(u?/) — (V,,+ L) is uniformly bounded in L* and (k- (u%) — (V;,+ L))us is uniformly
bounded in L*(Q). The elliptic equation 26Au, = —(V; + L — k,(u2))u, now implies, by

continuity of ® : L2(Q) — W22(Q) in concern with ur € Bg{;(r), that
H%HW?J(Q) <O (0<y <)

We will show that the minimizers u,, 0 < 7 < 79, are uniformly bounded away from zero,
provided that k(0) = —oco. Possibly reducing 4o once more, there exists C1 > 0, |lur|z~@0) >
(4, such that
IV + Ll o) = k(u®) >0 (0 <y < 70)
whenever u < (1. By continuity of u.,, the sets
M, = {7; €Q :uy(x) = zrélguv(y)} (0< vy <)

are closed. Assuming migrzl uy(y) < C1, we conclude by continuity of u., that
ye

2 luy (2) = —(V(2) + L(=) — k(u(2)?)u(z) <O (2 € Uy,)

for any xo € M, and some neighborhood Uy, of zg. The maximum principle A.10 shows that
U~ is constant in U, and we infer that the sets M,, 0 < v < 7, are open. Since (2 is connected,
either M, = Q or M, = (. Both options, however, yield a contradiction.

Because all minimizers are uniformly bounded from above and away from zero, we conclude

Fyluy) = F5(uy)

for 0 < 7,4 < 7 and since the non-negative minimizers are unique, we see that all functions
u = U, 0 <y < 70, coincide. In fact, since the non-negative minimizer ug of F is unique and

= i = i < li =
F(u) 71{%}—7(“) Vlg(l)]:v(“v) > 71{%}—’7(“0) F(uo),

we find u = uyg. O
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2.3: Homogeneous Neumann boundary conditions

Remark 2.11.

Note that without any additional analysis it remains unclear, whether F is Fréchet-differentiable
at the positive minimizer u, since in the higher-dimensional case there is no neighborhood V C
W2(Q) of u such that v > C1 > 0 for all v € V. Differentiability at some positive u, however,
is given in the one-dimensional case, since the embedding W12(Q) — L>(Q) then shows that
positivity is preserved in some neighborhood of u.

In the case of Dirichlet boundary data, the assumption k(0) = —oo is not necessary. If k(0) € R,
we may use the Harnack inequality A.11 instead of the maximum principle to prove positivity of
minimizers in a similar fashion.

Lemma 2.12 (Continuous dependence of minimizers on F’).

For L € L*(0,1), let the functional F = F be defined as in Proposition 2.6. The mapping
M i L® — W?22(Q), which maps L to the unique non-negative minimizer u of F is well-
defined and continuous. More general, for all 1 < p < oo and any sequence (Ly)neny C L*(0,1)
which is bounded in L*°(0,1) and converges in LP(0,1) to some L € L*(0,1), it holds that
M(Ly) — M(L) in W?2(0,1) as n — o0o.

Proof. Taking the pseudo-convex inequality of Lemma 2.8 into account, we see that F = Fr
has a unique non-negative minimizer u € W%2(Q2) for any L € L>°(Q2), which yields that M is
well-defined. We first show that M is continuous from L>®(Q) to W2752(Q), where 0 < € < 1
is chosen so small, that W?2752(Q) still embeds continuously in L>°(2) (c.f. Theorem A.6). For
(Lp)neny C L>®(Q), L, — L € L>®(Q) let u, := M(Ly,) and u := M(L). Since (Lp)nen is
contained in a bounded subset of L>(£2) we gain boundedness of (uy,)nen in W22(Q) by using
the a-priori estimates of Lemma 2.10. Assuming that M is not continuous, we may extract a
subsequence (un, )ken Of (Un)nen such that [|un, —ul[y2-<2(q) > 0 for some § > 0 and k € N. The
compact embedding W22(Q) — W2752(Q) yields that some subsequence (un,)ien of (Un, )ken
converges in W?2752(Q2) and therefore in W2(Q) to some non-negative limit u € W2(Q). Since
the mapping v — FL(v) is weakly lower semi-continuous from W2(Q) to R, we find

FE@) < liminf FX(u,,) = liminf <fL"l(unl)+ /

l—00 l—00 Q

(L(0) = L) ) o)

< liminf (F* (u) + C||Ln, — Ll p1(0))
[—00

< liminf (F (u) + C|| Ly, — Ll o)
[— 00

= Fl(u).

Since the non-negative minimizer of F¥ is unique, we conclude u = %, which is a contradition
to the fact that [lun, — ully2—e2(q) > ¢ for all I € N. Continuity of M : L>(Q) — W?>?(Q)
follows from the Euler-Lagrange equation for u by continuity of ® : L2(Q) — W?22(Q). O

2.3 Homogeneous Neumann boundary conditions

We now consider the one-dimensional case 2 = (0, 1) and provide the necessary modifications to
replace the Dirichlet boundary conditions for v by homogeneous Neumann boundary conditions.

Lemma 2.13 (Homogeneous Neumann boundary conditions).
Let C € L?(0,1), L € L*>(0,1) and Vp,Vi € R. Assume A,k > 0 and let k : (0,00) — R be
continuous and strictly increasing with lims_,0 k(s) = —o0, lims_,o0 k(s) = 0o and assume that
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s+ \/sk(s) extends to a continuous function on [0,00). Then there exists a unique positive
minimizer u of the functional F defined as in Proposition 2.6 in the minimizing set W52(0,1).
The tuple (u,V) € (W%2(0,1))2, where V = ®(u?) + Vipp, as in Lemma 2.10, is a solution to
the problem

260’ = —(V+L—k(u?)u, inl0,1],
N2V = 2, in [0, 1],
V() = W,

V(1) = W,

u'(0) = 0,

u'(1) = 0.

The mapping M : L=(0,1) — W22(Q) which maps L to the unique positive minimizer u of F
is continuous. If L varies in a bounded subset of L>°(0, 1), the uniform estimates

lullw220,1) + IVIwz22(0,1) < Co,
lull (0,1 + [V Il e (0.1) < Co,
u>C1 >0,
hold for certain constants Co,Ch > 0.

Proof. We define the clamped functionals F, as in Lemma 2.9 and we find for the unique non-
negative minimizer u. to F,

1
0= (F) (uy)p = /OQRuv(m)'go(x)' dx

1
[ s = () + L4e) e ()pla)
0

for all ¢ € W12(0,1). Choosing ¢ € C°(0,1) as an arbitrary test function we conclude
2kul) = —(V + L — k(ugy))u7 (0 <~y <),

so that actually u, € W22(0,1). Since

1 1
| w@ret) do=— [ w@e@ de (o W20,0)
0 0

implies u/(0) = /(1) = 0 (choose the particular test functions p(z) = x and p(z) = 1 — =z,
respectively), we know that the boundary conditions are fulfilled.

To establish the claimed a-priori estimates, which will also remove the regularisation from the
functional, some modifications are in order. Uniform boundedness of |u|ly1.2(0,1), V5 llw22(0,1)
and ||V [ oo (0,1 follow by the same arguments as before. As it is not known in advance, that the
Dirichlet boundary values u-(0) and u.(1) are uniformly bounded from above, the maximum
principle does not directly apply. Therefore, we exploit the embedding W12(0,1) — C([0,1])
to conclude the uniform boundedness of |[wy||fo(o,1)- This in combination with the uniform
boundedness of u) = —(V + L — ky(u2))u, in L*(0, 1) yields the remaining estimate

HUVHWZ?(OJ) <C (0<vy <)
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2.3: Homogeneous Neumann boundary conditions

Uniform estimates from below to the minimizers u, require additional arguments. Since all
functions u,, 0 < v < 79, have a vanishing derivative at 0 and 1, they can be extended by
constants to a differentiable function on R. Using the maximum principle as in Lemma 2.10, we
conclude that the continuated solution is a constant if its minimum underruns a certain constant.
Then u, is of course also constant in (0,1). This, however, is not a direct contradiction, since
we do not have a lower bound on the traces u,(0) and u,(1). For this reason, we need to show
that small constant functions cannot be minimizers of F, for 0 < v < 7o.

We claim that there exists 4 > 0 such that F,(0) > F,(u) holds uniformly in 0 < v < 7.
Considering

_ _ _ ! A2
F(0) — Fy(a) = K, (0)— K, (a%) +u? </0 Vinn(z) + L(x) dw) — ?H(I)(UQ)/H%?(OJ)
= h+1 +I37

we obviously have

L] < @||Viph + Ll 0.1y < C@* (0 <y < 70)-

This estimate is also uniform in L if L varies in a bounded subset of L>°(0,1). Imposing the
condition |u| <1, we conclude that [|[®(®)']|12(,1) is bounded for any choice of . By linearity
and continuity of ®, we obtain

102200y < Ca* S 2y1.20) < C*

so that
’Ig| < C?fL2 (O << "y()).
We estimate

B = K(0) = K@) = = [ y(0) dt = —aPh(a?)
0
and therefore, for sufficiently small u,

I > |k (a?)|a?.

Since |k(s)] — oo as s — 0, we can achieve that the coefficient |k, (4?)| is arbitrary large for
some small fixed u > 0 by restricting the range 0 < v < 79 once more. We conclude

L+1,+1I3>C >0

or rather

F4(0) > Fy(u) + C.

Because |k ()?| is monotonically increasing as v N\, 0 for fixed @, these estimates are even
uniform in 0 < v < 9. Therefore, the zero function is not a minimizer of F, for 0 <y < vp. By
continuity of ¢ — F,(c), R — R, we conclude that there exists C; > 0 such that any constant
function ¢ with 0 < ¢ < (1 is not a minimizer to F, for 0 <~y < 7. O
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2.4 Periodic boundary conditions

We now investigate periodic boundary conditions in the interval (0,1). The corresponding min-
imizing set is naturally given by U := {u € W%(0,1) : u(0) = u(1)}. However, it is impossible
to impose the additional periodic boundary conditions «'(0) = u/(1) without losing the weak
closedness of U in W12(0,1). Fortunately, a closer consideration of the minimizers of the func-
tional in the set U will reveal that the periodicity of the derivatives is automatically given.

Lemma 2.14 (Periodic boundary conditions).

Let C € L?(0,1), L € L*(0,1) and Vp,V; € R. Assume A,k > 0 and let k : (0,00) — R be
continuous and strictly increasing with limg_ 0 k(s) = —o0, lims_o k(s) = 00 and assume that
s > \/sk(s) extends to a continuous function on [0,00). Then there exists a unique positive
minimizer u of the functional F defined as in Proposition 2.6 in the minimizing set

U:={ueW"(0,1) : u(0)=u(l)}.

The tuple (u,V) € (W?2(0,1))2, where V = ®(u?) + Viup, as in Lemma 2.10, is a solution to
the problem

(260" = —(V+L—k@w?))u, inl0,1],
V" = u? - C, in [0, 1],
V() = W,

V() = W,
u(0) = u(l),
u'(0) = J/(1).

\

The mapping M : L=(0,1) — W22(Q) which maps L to the unique positive minimizer u of F
is continuous. If L varies in a bounded subset of L>°(0,1), the uniform estimates

[ullwz2(0,1) + IVIIw2200,1) < Co,

[ull o (0,1) + [Vl (0,1) < Cos
u > Chp >0,

hold for certain constants Cy, Cp > 0.

Proof. U is a convex and closed subset of W12(0,1) by the embedding W2(0,1) < C([0,1]).
Therefore, U is weakly closed. Although it is not apparent at the moment, the choice of the
minimizing set will be sufficient to guarantee the desired properties of the solution. Defining the
clamped functionals F, as in Lemma 2.9, one can find non-negative minimizers u., 0 < v < 7o,
satisfying

1
0= (F)'(0) = /0 2ku (z) p(z) dz
1
+/0 (kzy(u,y(:v)2) — (Vy(z) + L(x)) uy(x)p(z) do

for any test function ¢ € C2°(0,1). It follows

2kul = —(V + L — k(ugy))u7 (0 <~y <)
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in the sense of distributions and therefore u, € W22(0,1). On the other hand, since 1 € U, we
may choose ¢ = 1 in the integral equation above and obtain

1 1
2/{/0 ul(x) = —/0 (V(z) + L(x) — k(u?y(x)))uv(x) dx = 0.

This shows u/,(0) = u/, (1) since the fundamental theorem of calculus is valid for Sobolev func-
tions.

The claimed a-priori estimates follow from the same arguments as in the proof of Lemma 2.13
with a minor modification: The solutions u are now considered to be extended periodically to
R when using the maximum principle. O

Remark 2.15.

Remember that the choice k(n) = h(n)+ % In(n) depends on the original pressure term p through
the relation sh'(s) = p/(s). If h is the enthalpy belonging to an admissible pressure term p (c.f.
Definition 2.2), we actually have k(0) = —oo and lims_, k(s) = 0o thanks to the contribution
of “In(n). The assumption that s — +/sk(s) extends to a continuous function on [0,00) is
also satisfied in this situation. We mention that the enthalpies h, which fulfill h(0) = —oo and
limg_, 00 h(s) = o0 are of particular interest, since in this case pointwise estimates from above
and away from zero can be found that are even uniform in the parameter k. This property is
given for the pressure terms p(n) = TonY + un for fized Ty, > 0 and v > 1, c.f. Remark 2.3.

Corollary 2.16.

Let F,Vg € L*(0,1), C € L*(0,1) and Vy,Vi € R. Assume that h is the enthalpy to an
admissible pressure term p. Then there exists a solution (n,V) € W22(0,1) x W22(0,1) to the
equations

!

<

, in0,1],

B

2.1) { F o= —(V 4 Vi) 4 h(n) + £ Infrn) - 2% +07) 5

NV = n—C, inl0,1],
satisfying V(0) = Vo, V(1) = Vi, n > 0 in [0,1], and fulfilling periodic boundary conditions
n(0) =n(l) and n'(0)=n'(1),

or homogeneous Neumann boundary conditions

or Dirichlet boundary conditions
n(0) =ng and n(l)=mn
for given positive boundary values ng,ny > 0.

Proof. Choosing k(s) = h(s)+ 21n(s), k = e* +v? and L = F + Vjy, + Vg, where N2V, = —C,
Vint(0) = Vipn(1), we may use Lemma 2.14, Lemma 2.13 and Lemma 2.10 to obtain n := u?
and V as a solution. Note that n’ satisfies the respective boundary conditions by the chain rule.
Moreover, n = u? € W%2(0,1), since W22(0, 1) is a Banach algebra in the one-dimensional case
(c.f. | , Thm. 4.39]). O

41



Chapter 2: The viscous quantum hydrodynamic equations

2.5 Constrained solutions: The balance of mass

From a physical point of view, it is meaningful to demand that the total amount of charge
fol n(x) dz in the device is a fixed quantity C* > 0. A constraint of this form will be very useful
for our anlysis, as it fixes the L?-norms of the minimizers u, which have led to the solutions
n = u?. On the other hand, any positive solution n has a positive integral fol n(z) dx so that
we do not have to assume that the set of solutions is reduced significantly, if C* can be chosen
arbitrarily. Imposing additional constraints to a minimizing set, however, has an effect on the
Euler-Lagrange equation of the functional F. We will see that the Euler-Lagrange equation
shifts by an additive constant 5, namely the Lagrange multiplier due to the integral constraint.
The following results will present the cases of periodic boundary conditions and homogeneous
Neumann boundary conditions. We will see that a similar result cannot hold for arbitrary
charges in the case of Dirichlet boundary values.

Lemma 2.17 (Periodic boundary conditions with balance of mass).

Let C € L?(0,1), L € L*>(0,1) and Vp,V; € R. Assume A,k > 0 and let k : (0,00) — R be
continuous and strictly increasing with limg_0 k(s) = —o0, lims_o0 k(s) = 00 and assume that
s — \/sk(s) extends to a continuous function on [0,00). Then there exist By, B1 > 0 which only
depend on the respective norms of the given data such that the unique positive minimizer u of
the functional F as defined in Proposition 2.6 in the minimizing set

U:= {U e WH2(0,1) : w(0) = u(1), u > By, HUH%2(0,1) =7, HUIH%Q(OJ) =< Bl}

s a solution to the problem

( 2k = —(V+L+B—k(u?)u, inl0,1],
XV = w?-C, in [0, 1],
V() = W,
V(1) = W,
u(0) = u(l1),
u'(0) = (1),
01 u?(z) de = C*,

where V. = ®(u?) + Vi as in Lemma 2.10 and 3 € R is a Lagrange multiplier due to the
constraint fol u? = C*. The mapping M : L>(0,1) — W2*2(Q) which maps L to the unique
positive minimizer u of F is continuous. If L varies in a bounded subset of L*°(0, 1), the uniform
estimates

[ullw220,1) + IV w2200,y < Co,
[l oo (0,1) + [Vl Lo (0,1) < Co,
u>Cp1 >0,
hold for certain constants Cy, Cp > 0.

Proof. For any choice of By and By, we may write U = U; N Uy, where

Up == {ueW"0,1) : u(0) =u(1), u> By}
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2.5: Constrained solutions: The balance of mass

and
Us = {ue WH2(0,1) : ull3a0y) = C", [6/l3a0) < B}

By the Mazur lemma Uj is weakly closed. Any sequence (uy)nen C Uz which converges weakly
to some u € W12(0, 1) converges strongly in L?(0, 1), since the embedding W12(0,1) — L?(0,1)
is compact. Then HuH%g(O,l) = C* and Hu’H%Q(OJ) < hnrgng“;LH%?(og) < Bj so that u € Us.
Therefore, U is weakly closed for any B; > 0 and By > 0. To obtain intermediate results, we
set By equal to zero. Exploiting the coerciveness of F,, we now fix By > 0 by requiring that all
minimizers u., to F, fulfill

1 1
I, 2oy < 5 (Fo(u) +C) < o (F,(VE) +C) < By (0<7< ).
The non-negative minimizers to the functionals F, are unique, since the pseudo-convexity of F,
still holds in the pseudo-convex set U. By the Lagrange multiplier rule (c.f. [Tro, Ch. 6.1.2]),

we conclude that the Euler-Lagrange equation
2kuly = —(L 4+ V)uy + k,y(u%)wY — Buy

is fulfilled, where V = @(ug) + Vipn as in Lemma 2.10 and 8 € R is a Lagrange multiplier.
We can remove the ~-regularisation of the minimizers and deduce the claimed estimates to u
in the same way as before, as soon as we have shown that the set of Lagrange multipliers 3.,
0 <7 < 70, is bounded. Multiplying the Euler-Lagrange equation by wu, and integrating over
(0,1), we find

1 1
B,C* = _/0 2rul (z)uq (z) + (L(z) + V(:L’))ug(:v) dx +/0 ky(ui(a:))ugf(m) dx
and therefore
18,C*| < 25”“’”%?(0,1) 1L+ Ve 0,1 C* A+ 1y (42 sl 12001) 1y [l £2(0,1)-

Since @ is continuous from L!(0,1) to L>(0,1), we conclude that V = @(ug) + Vipn is uni-
formly bounded in L>(0,1) for all u, with H“'y”%%m) = C*. Due to the Sobolev embedding
Wh2(0,1) < L>(0,1), we know [uy||z(o,1) < CBi. This in combination with the fact that
s — +/sky(s) is continuous and uniformly bounded for 0 < v < 7 in a neighbourhood of zero
shows that ||k, (u2)uy||12(0,1) is uniformly bounded for 0 <y < 79. We find

18,C*| < 2kB, + C*C.

Boundedness from below follows once more by the maximum principle. It should be mentioned
that the only non-negative constant function in U is v/C*. As in Lemma 2.10, we conclude that
the functionals F, and the corresponding minimizers u. as well as the Lagrange multipliers /3,
coincide for small v, so that the regularisation vanishes. Finally, since the minimizers to F are
uniformly bounded from below, we may replace By = 0 by a positive constant without affecting
the minimizers. O

The same argumentation yields a similar result for homogeneous Neumann boundary condi-
tions:
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Lemma 2.18 (Homogeneous Neumann boundary conditions with balance of mass).
Let C € L?(0,1), L € L*>(0,1) and Vp,V; € R. Assume A,k > 0 and let k : (0,00) — R be
continuous and strictly increasing with limgs_0 k(s) = —o0, lims_o0 k(s) = 00 and assume that
s — +/sk(s) extends to a continuous function on [0,00). Then there exist By, B1 > 0 which only
depend on the respective norms of the given data such that the unique positive minimizer u of
the functional F as defined in Proposition 2.6 in the minimizing set

U= {ue W(0,1) : u> Bo, [ul3a = O 30, < B }

s a solution to the problem

260 = —(V+L+p—k(u?)u, inl0,1],
N2V — 2 C, mn [0, 1],
V() = Vo,
V(1) = W,
W'(0) = 0,
u'(1) = 0,

01 u?(r) dz = C%,

\

where V.= ®(u?) + Vipp as in Lemma 2.10 and 3 € R is a Lagrange multiplier due to the
constraint fol u? = C*. The mapping M : L>(0,1) — W?22(Q) which maps L to the unique
positive minimizer u of F is continuous. If L varies in a bounded subset of L*°(0, 1), the uniform
estimates

[ullw2200,1y + IV [[w22(0,1) < Co,
[ull oo 0,1y + [Vl 2o (0,1) < Co,
u>Cp1 >0,
hold for certain constants Cy, Cy > 0.

Remark 2.19.
An analogous result does not hold for arbitrary masses C* > 0 and Dirichlet boundary values
u(0) = ug, u(1) = uy, since the coerciveness inequality (2.9) demands

(max{Juol, [u1]})® < Cllullfyzqy < C(F(u) + Co) < C(F(VC* + Co).
But this inequality is void for fixred C* and large boundary values ug,uq.

Remark 2.20 (Representations for the Lagrange multiplier).
In the situation of both Lemma 2.17 and Lemma 2.18 the following representations of the La-
grange multiplier 5 hold:

1
(2.12) B = C’l (/0 261/ ()% — (L(z) + V(z) — k(u?(x)))u?(x) dx) ,
1

1 2
5 = o (Fo [ @R - K@) - o) @0t - § o)) d)
1
(2.13) = 01* <]:(u) +/0 k:(uQ(x))UZ(x) - K(uQ(x)) - %@(u2)(:v)u2(m) d:c) ,
1 1 —1
(2.14) p = — (/0 (L(z) + V(z) — k(u2(fn))) u(x) dx) </0 u(z) d:r>
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with balance of mass

Proof. Equality (2.12) is obtained by multiplying the Euler-Lagrange equation by w and inte-
grating over (0,1) by parts. Representation (2.13) now follows by comparing (2.12) with the
functional. Finally, (2.14) follows by directly integrating the Euler-Lagrange equation, since the
integral over u” vanishes due to «/(0) = /(1). O

Using the preparative results of the last sections, we are now able to solve the original
problem, that is we are able to find solutions n and V' to the system of equations (2.2).

2.6 Existence of stationary solutions for periodic
boundary conditions with balance of mass

We now consider the case when the additional integral constraint fol n(x) dr = C* is imposed
on the original equations

1"

F = —(V+VB)+h(n)+§ln(n)—2(524—1/2)‘\//7%,

’ — N/
Fro— gy (& 2vts) - (B o, 1),

™ 2n?

NV = n—C, inl0,1].

in [0, 1],

As seen in Lemma 2.17, such a constraint gives rise to an additional term in the Euler-Lagrange
equation to the functional, namely some Lagrange multiplier 3, which fortunately vanishes after
differentiating the first line of the system. Therefore, it is still meaningful to consider solutions
of the shifted problem

FtB = —(V+Vp)+hn)+Linm) 2 +2Y, in[0,1]
/ —AvJon’ / .

NV = n—C, inl0,1].
The main theorem reads as follows.

Theorem 2.21 (Existence result for periodic boundary conditions with balance of
mass).

Let Vg € L>(0,1), C € L*(0,1), ,\,v,7 > 0 and Fy,0, Vo, V1 € R. Assume that h is the enthalpy
to an admissible pressure term p and let

ki=h+Zln and K(S)::/ k(t) dt (s> 0).
T 1

Let Vi, € W22(0,1) be the solution to =MV}, =C in (0,1), Vipn(0) = Vo, Vipn(1) = V4.
Define the continuous and linear operator ® : L?(0,1) — W?22(0,1), f + V, as the solution
operator to the equations

NV = fin (0,1), V(0)=V(1)=0.

Define the functional F : W52(0,1) — R by

1 )\2
Flu) = /0 2(e* + 1)/ (2)* = (F + Vi + Vi) u?(2) + K (u*(2)) + T |@(w?) () da.
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For any F € L>(0,1) there exists a unique positive minimizer u € U N W2(0,1) of F in the
minimazing set

U ={uew0,1) : u(0) = u(l), u> Bo, ul}01) = O, |0/|320) < B}

The corresponding maps M : L>°(0,1) — Wpl(;z(O, 1), F—u, and L : W;g,i(o, 1) — L*>(0,1),
u+— F, defined by

1 u' (y)? d JZ — 8vJou(z)u(z)

(Lu)(x) := JO/O () + 8v wi(y) Y- 2u(z)?

b w®? N\
Jo = FI;O (/ + 8v 0 dy) 5
0 Tud(y) ud(y)

are continuous. The bounds in the definition of U can be chosen in such a way thatF := Mo L :
U — U is well-defined, continuous and compact. F has at least one fixed point in U and any
fized point u solves the Fuler-Lagrange equation

(w € WL%(0,1)),

pos

where

2(e% + )" = —(F + V + Vp)u + (h(u?) + ; In(u?))u — Bu

for some B € R, where F = L(u). In this situation, the function n := u? is a solution to the

entire system (2.15) and fulfills the periodic boundary conditions n(0) = n(1), n'(0) = n/(1) as
well as the integral constraint fol u?(x) do = C*.

In order to prove the theorem, we need to introduce several regularisations for the functional
F. The main difficulty in finding suitable choices of By and Bj is that we need to take care
of the fact that the minimizer, which will surely exist for any By, B1, might not be an interior

point of {u € W2(0,1) : w(0) = u(1), u > By, Hu’||%2(0 < Bl}. In this situation, the Euler-
Lagrange equation might not hold. This equation, however, is essential to prove higher order
regularity estimates. We introduce the fully regularised functional under consideration.

Definition 2.22 (Fully regularised functional).
Let 15 € C*(R) be a chosen function satisfying v¥s > 6, |V5(s)] < 2, s(s) > % and

Il sl > 24,
vals) = {5, 0<|s| <.

For A > 0 define

—A, s<-—A,
£a(s) == 1 s, —A<s<A,
A, A<s.

Let ug € W2(0,1) satisfy uo(0) = ug(1), m[ionl] up(x) >0 and ||u0|]%2(0 =0
z€|0, ’
Let F5 g = F5 A, € WH2(0,1) be given by

L a? R dvdw@ata)
Foa(e) = o [ e e 8RO dy s G
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where

Jo:= Fip </01 Tugl( ) /03(?;)2 )

The fully regularised functional Fs a = Fs au, : WH2(0,1) — R is defined by

1
Fsalu) = /0 202 + ) (z)? — (Fs.a(x) + Ve(x) + Vipn(z)) u?(z) + K (u?(x))
+)\22\<I>(u2)'(x)]2 dr  (ue WhH(0,1)).

We gather some a-priori estimates to minimizers of F5 4 and to Fj 4.

Lemma 2.23.
Let uw € W2(0,1) be a positive function and let n = u?®. Define

1 1 / 2 1 1 / 2
I(u) ::/ PPRLAC) dx:/ AP CO R
0 0

Tu?(x) ut(x) n(zx) n3(x)

Then
(2.16) la MMz < (FI@)Y?,
(2.17) ™Y 200y < CI(u)?0712,
(2.18) I iz < CIW)'2(EV2+ 0712,
and forv < T
(2.19) ||U_1||Loo(0,1) < CI(u) 2y,
(2.20) w2200y < CI(w)r3/ w14,
For C* = 01 u?(z) dz and Jo = F1.0I(u)~!, there holds
(2.21) |Jo| < Crt|F1,0|C",
(2.22) Jo < CFiolrV/2 102,

U™ || Leo(0,1)

Jo 3/4 —1/4
(223) ") S C‘Fl;o"]' v .

U™ |[r2(0,1)

There exists a constant Cs 4 > 0, possibly depending on Fi.0,v and T, such that for any Fs s as
in Definition 2.22

(2.24) HFé,AHLoo(o,l) < Cs,a-

Proof. Inequalities (2.16) to (2.18) directly follow from the definition of I(u). Inequalities (2.19)
and (2.20) are obtained by interpolation of (2.16) with (2.18) and (2.16) with (2.19), respectively.
The Cauchy-Schwarz inequality shows

1 1 ! 1
1= —dx < 2 3 = */ W2(z)
/0 u(x)u(x) dr < lullz2 1y lu™ 2200,y = € o ui(x) @,
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which yields inequality (2.21). Combining this estimate with the inequalities (2.19) and (2.20),
the remaining estimates (2.22) and (2.23) follow. Inequality (2.24) is valid by definition of Jy
and inequality (2.22) is satisfied, because

J2 4I/JQUO€A(U6)
ol < 1Fiol +] 2 |kl
.1 2ug L°°(0,1) ng(u%) L>=(0,1)
< |F1;0| + CFE;OTV_1 + 41/‘J0|A5_3/2 =Cs.A.

O]

Proposition 2.24.
Let M : L*°(0,1) — W12(0,1) be the operator which maps Fs 4 to the unique positive mini-
mizer of F5 A and define Ls 4 by

m v (y)? J? dvJou(x)éa(u/ (z
R i B T
where
1 o 2 -1
(2.25) Jo = Fig </O Tugl(y) + 8 uié’y)) dy) .

There exist Bosa,Bisa > 0 such that Fs 4 := Mo Lsa : Usa — Usa is well-defined,
continuous and compact on the set

Usa = {u e WH2(0,1) : w(0) = u(1), u> Boga, llullfzqy =C* W72 < BL&A}'

Fs5 A has at least one fized point uw € U and the equations

F5,A = —(V+VB)+]€'(U§’A)—2(524—1/2)32:2 _B, in [0> 1]a
!
2.96 ;o 1 uf J2 dvJouéa(uj ) .
( ) Foa = o <T“§,A * 8V“§,A> B (2“§O,A + V3 (U5 4) , in[0,1],

NV = i, —C, n0,1],
hold.

Proof. The entirety of all positive minimizers us 4 of the respective functionals Fs 4 = F5 4,4, for
all ug € Uy := {u € W2(0,1) : ug > 0, u(0) = u(1), HUH%Q(OJ) = C*} is uniformly bounded
in W%2(0,1) and away from zero according to Lemma 2.17, because the corresponding functions
Fs.a = F5 A4, = L£5.4(up) are uniformly bounded in L°*°(0,1) by inequality (2.24). We choose
By,s,4 and By s 4 equal to the constants By and By which were introduced in Lemma 2.17. Then,
Fs.a = Mo Ls 4 maps the set Us 4 into itself.

To prove continuity of Fs 4, let (un)nen C Usa be a sequence converging in W12(0,1) to some
u € Us 4. By Lemma 2.12, it holds that M(Ls a(upn)) — M(Ls a(u)) whenever (Ls a(un))nen
is bounded in L>(0,1) and L5 4(us) — L5.4(u) in L?(0,1). Boundedness follows by inequality
(2.24). For u,v € W12(0,1) with u,v > 0, it follows from a short calculation that

Tu?(y) ut(y) T2 (y) vi(y)
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uniformly for z € [0, 1], where C'(u) is a constant which does not depend on v, if |lu —v||ly1.2( 1)
is small. This shows that Jy continuously depends on u. Taking the supremum over z € [0, 1]

in the inequality above, we see that u — fox Tug(y) + SVQZ/AL(E’;)Q dy is continuous from W1’2(O, 1)

to L>(0,1). Therefore, it is also continuous from W12(0,1) to L?(0,1). Another calculation

%ﬁé(“/) is continuous from W12(0,1) to L?(0,1). We have shown
V3 (u?)

that IFs 4 is continuous. As the set of all minimizers us 4 is uniformly bounded in W?22(0,1) by

Lemma 2.17, compactness of Fs 4 follows from the compactness of the embedding W22(0,1) —

Wh2(0,1). Since all elements of Us,a have a common lower bound, we know that u u? is a

Wh2(0,1)-homeomorphism between Us,a and the bounded, closed, convex set {u2 :u € Us, A}-

The Schauder fixed point theorem A.12 applies and each fixed point us4 to Fs 4 solves the

system of equations (2.26). O

2
yields that u — —2‘% +

We now derive further estimates to fixed points of 5 4, which will show that the bounds in
the definition of Us 4 can be chosen independently of 6 and A. Then, all regularisations of the
original problem vanish.

Lemma 2.25.
There exist constants Cy, C1 > 0 which do not depend on 6,&,v and A such that any fized point
us A of Fs 4 from Proposition 2.24 fulfills

1
(2.27) /0 |Fy a(x)u? 4(2)| di < C (1+ vy all 200
and
(2.28) (2 + ) 420y < Cr(1 4+ 0707 12),

In particular, the constant By s 4 introduced in the definition of Us o can be chosen independently
of A. Moreover, the set of Lagrange multipliers 5 o belonging to fived points us 4 is bounded
independently of A.

Proof. Let us 4 be a fixed point of Fs 4. Then us 4 is a minimizer of Fs 4 with corresponding
Fs.a,

Jg Avdousaa(ug 4)

B VR (VR
where
Gs.a(z) = Jo /w 21 + 81/142‘4@)2 dy (x€[0,1])
0 Tus 4(Y) ug 4(y)
and

-1
1 1 o y 2

Jo = Fiy / 5 + 8y ‘ZA( ) dy | .
0 TU(S,A(ZU) u(S,A(y)




Chapter 2: The viscous quantum hydrodynamic equations

Since Fs a(usa) < Fs5,4(vVC*) and K is bounded from below, we find

IN

1
26+ sl € [ (Prale) + Vo(o) + V(o)) (e a(w) = C°) da
1
+/ K(C) — K(u?;’A(:c)) dx
0
2 2 2 2
+5 (I9(CY B2y — 193 4 320,

1 1
/ F&A(iﬂ)ug,A(l‘) dr| + / F5 A(z)C" dx
0 0

IN

+C,

where C' only depends on A, C*, [|Vg| e (0,1) and [|[Vinall oo (0,1)- The estimate

1Gs,.allLe(0,1) < [F10]

holds by definition of Jy. Using inequality (2.16), it follows

quZxdx</G mu2xdw+/ —
/0 |Fs.a(x)ui A(z)] < |G5,a(2)|uj a () o 2u2 A(a:)
) Jo
~I—4V\/|TO/ 3/2 1/2\m [ea(uf 4(x)| da
< |F1()|C*+| o |F10|
Co T VDl )
+HCvVlAl 3/2(1L ) vy (a2 ) s all 2o
9,A L°°(0,1) L2(0,1)
< Ifﬁﬂﬂi*+—§Pﬁofaﬁ*+—Cvtﬂfﬁﬁﬂ7ﬂlﬂ(fﬁﬂ@01ﬂH“&AHL%QD
< CQ+vlug allr20.1))

where the constant on the right hand side only depends on |Fi,0|,7 and C*. Applying Young’s
inequality, we deduce

1 2
1%
A\&M@ﬁﬂ@hﬂ§0+2\%ﬂ@um
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2.6: Existence of stationary solutions for periodic boundary conditions
with balance of mass

Using inequality (2.23), we estimate

1 1 L2
FsA(z)C*| dx < / Gs.a(z C*dx—i—/ —0__C*dx
/0 |F5,a(2)C] 0 Gs.4@) 0 2uj(2)
U s a(o) |Jo| cr
iy / ’ - - [€a (s a(2))] de
0 2w 4(@) Ea@) wPd ,@)
< |F1;O|C*_’_%(|F1;0|T3/4V71/4)2
us A Jo x5—1/2,/
|| —22 C* 672 [Jug 4|
2 2 ’ L? )
1/}(%/ (u(%’A) Lo (0,1) 1/16(%5,,4) L2(0,1) .1
< FaolC* + S (Frolr® 4 4+ uCl o[/ 4052 i
5 Allzz(0,1
- C<1+V71/2+V3/4571/2Hu&AHLQ(O,l))
2
. _ _ 14
< CA+v 246 1/2)+?”UZS,A”%2(0,1)7

where we have also used Young’s inequality in the final step. Combining all inequalities and
assuming d, v < 1, we obtain

(& + 7 lug all 20,0 < O+ 670712,

Thus, the inequality

1 2
/o Fsa(z)uj 4(z) do < C + %HUS,AH%%OJ) <C(L+61w 12

is satisfied as well. We can now replace By 54 by a number B; s which is larger than C(1 +
6~'»~1/2) and independent of A. Reconsidering the representation (2.12) for the Lagrange
multipliers, we conclude that the set of Lagrange multipliers is bounded independently of A. [

Lemma 2.26.
There exists a constant By s > 0 which does not depend on A such that

Bos < usa

for any fized point us o of the mapping Fs 4 introduced in Proposition 2.24. In particular, the
lower bound By s A in the definition of Us a4 can be chosen independently of A.

Proof. By Lemma 2.25 we know that the set of fixed points us 4 to Fs 4 is bounded in W1’2(O, 1)
independently of A. Then Fs sus.4 is also uniformly bounded in L?(0,1) with respect to A.
Because the set of Lagrange multipliers 35 4 is also bounded independently of A, we may employ
the Euler-Lagrange equation

2 + v uf 4 = —(Fsa+ Ve +V + B — k(uf 4))us,a

to deduce that 2(g% + V2)Hug7 Allz2(0,1) is actually bounded independently of A. The Sobolev
embedding Theorem A.6 now implies

s all Lo,y < Cllusallw22(0,1) < Cs.
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Chapter 2: The viscous quantum hydrodynamic equations

The corresponding functions Fs 4 = Fs 4., are therefore bounded independently of A in
L*>°(0,1). Applying the maximum principle as in Lemma 2.10, we find a lower bound to the
fixed points us 4, which does not depend on A. O

We now replace the set Us 4 in Proposition 2.24 by
Us = {u e W2(0,1) : u(0) = u(L), u> Bog. [ul3aqy = C". [ l3a00) < Bus}-
where the constants By s and B 5 are given by Lemma 2.25 and Lemma 2.26. In the following,
we will drop the index A and the regularisation function £4.

Lemma 2.27.
There exists a constant By > 0 which does not depend on § such that for any fized point us of
Fs it holds

By < ug.

In particular, for small 0 < & < &y, it follows that wg(ug) = ug for the function s introduced in
Definition 2.22. The constants By s and By in the definition of Us can be replaced by positive
constants By and B1 which do not depend on §.

Proof. We show that the Lagrange multipliers 5 belonging to the fixed points us are bounded
from below independently of §. Multiplying the Euler-Lagrange equation

2(e® + v )ug = —(Fs + Vg + V + B — k(uj))us
by us and integrating over (0, 1), we obtain as in (2.12)

1
BC* = 2+ 1) luplaey /0 (Fs(2) + Vi (@) + Vi (2)) ud(2) do

1 1
- / B(u2)(x)ud(z) dr + / k(w2 (2))ud(x) da
0 0

v

— VB + Vinnl| oo (0,1 C”

1
2 4+ Ao~ | [ Folond(o) do
1 1
—i—/ \@(u?)'(m)]Q da:—i—/ k(u%(w))u(;(x)~u5(x) dx.
0 0
Since s — +/sk(s) is continuous on [0,00) and k(s) — oo for s — oo, it follows that the

(
term k(uf(x))us(z) is bounded from below and it can only be negative on a set of the form
{z €10,1] : us(z) < C}. Therefore,

1
/0 E(u3(z))us(x) - us(x) do > —C.

Using the estimate ‘fol Fs(z)us(x)? da:‘ < C (1+vlujllr20,1)) (cf. inequality (2.27)), we deduce

BsC* 2> 2(e? + v2)|ujll72(0,1) — VIIuGll 201y — C-
Boundedness of 5 from below then follows from

BsC* 2 (222 + V) |[upl 2, — C-
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2.7: Existence of stationary solutions for homogeneous Neumann
boundary conditions with balance of mass

We reconsider the Euler-Lagrange equation
2(62 + VQ)ug = — (F(; + Ve + Vipn + (I)(ug) — k(u%) + ﬁ(s) Uus,
where

JE Avdousul

_ + ,
2uy 3 (u3)

_ b uPz)  \7
b = e </0 Tu§<x>+8”u§<x> dm) ’
B ! U5 () .
Gylz) = JO/O i Py @)

Since @ is a continuous operator from L!(0,1) to L>(0,1), we deduce that the functions ®(u?)
are bounded in LOO(O, 1) independently of 6. We have ||Gs[1(,1) < F1,0 and by inequality

(2.22), we know ‘

Fy = Gs—

Lo o) < COF}? 07'1/ . Since the Lagrange multipliers 85 are bounded from
(0,1

below independently of § and k(0) = —oo, we find a constant 0 < ¢y < v/C*, which does not
depend on 4, such that

2u5

J2
(2.29) Gs — 7 4 + VB + Vipn + (I)(Ug) k(co) + Bs > 0.

Assume m[in] us(x) < ¢op. For any minimizer
z€|0,1

xg € {x €[0,1] : ug(x) = min w;(y)},
yE[O,l]

4vJous(xo)uf(zo)

/ —
we know that uj§(xo) = 0 and therefore P202(0))

= 0. By continuity of us and uj and by
inequality (2.29), we see that

22+ vH)uf <0
in some neighborhood B(zg,79) of xg. The maximum principle A.10 yields that us must be a

constant function in B(xzg, 7). This shows that the set of minimizers of us is open. Since it is
also closed, we deduce that ug is a constant function in [0, 1]. This, however, leads to

= HU6||%2(0,1) < 0(2) <Cr,

which is a contradiction. Thus, we have shown that ¢y is a lower bound to fixed points ug, which
does not depend on 4. O

2.7 Existence of stationary solutions for homogeneous
Neumann boundary conditions with balance of mass

We discuss some modifications of the last section in order to treat homogeneous Neumann
boundary conditions. The relationship between Jy, v and Fi, is obtained by integration (by
parts) of the identity (2.5) and reads as

(1 1 g u' (y)?
2.30 Flo = -2 J 8 d
( ) 1;0 9 <u4(1) u4(0)> + 0/ +ov Y

=: —JEH( ) + J()I(u)
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Chapter 2: The viscous quantum hydrodynamic equations

We want to define Jy as a function of u in such a way, that this equality holds at least in the
fixed point of F = M o L and at least for sufficiently small |F1.9|. In the case of H(u) # 0, the
solutions

u) £+ /I(w)? — 2H (u) F1y

exist. However, since we are only interested in small, real-valued Jy, the rigorous definition

Jo =

Fl;of(u)_l, H(’U,) =0,

2.31 Jo = Ji = w)— W)2—2H (uw)F.
( ) 0 o(w) Re (I( ) I(H)(QU)QH( )Fl’o) , H(u) #0,

is a promising choice. To prove an analogous result to Theorem 2.21, the estimates (2.16) to
(2.24) have to be verified. Surely, inequalities (2.16) to (2.20) are still given. We claim that by
definition (2.31) of Jp, inequalities (2.21) to (2.24) remain valid:

Lemma 2.28.
Let C* > 0. For any positive u € W2(0,1) with fol u?(x) dx = C* and corresponding Jo,
defined by (2.31), there holds

[ (u)Jo| < 2|Fiy0l.

Thus, the estimates (2.21) to (2.24) are satisfied.
The assignment u — Jo(u), W;g,i(O, 1) = R, is continuous.

Proof. We distinguish three cases:

If H(u) =0, then [I(u)Jy| < |F1,0| obviously holds.

If I(u)? — 2H (u)Fio < 0, then Jo = 7 and 0 < I(u)? < 2H (u)Fi,o = 2|H(u)||Fio| yields
[ (u)Jo| < 2[Fyol.

In the third case I(u)? — 2H (u)F1,0 > 0, we have Jy = Tw= I(Z)(ZU_)QH(LL)E;O and then, because
I(u) >0,
_ I(u) I(u)
il = [sentit(a) | o] — st |15 /1t — 2R
_ I(u)?|* I(u)?
_ ¢ ’ Hy| — 2Phosea(H()| s

The desired estimate now follows, since for any a > 0 the functions

f:(0,00) — R, zr—z—V22+az

and
g:(a,00) — R, z+—z—vV22—az

fulfill 0 > f(z) > =% for 2 > 0 and § < g(z) < a for z > a. Note that ’%?Rj (H(u))F1,0
is given in the third case, because I(u)? > 2H(u)Fy,0 = 2F1.osgn(H (u))|H(u)|. We mention

that both functions are monotonically decreasing with lim f(z) = ~2 and lim g(z) = x
2—00 2 2—00 2

It remains to prove that u — Jo(u) is continuous from W12(0,1) to R. We already know that
w — I(u), Wpoe(0,1) — R, is continuous. Exploiting the embedding W2(0,1) — C([0,1]), we
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2.7: Existence of stationary solutions for homogeneous Neumann
boundary conditions with balance of mass

also know that u — H(u), W,}éi(o, 1) — R, is continuous. Therefore, the only critical points
for the continuity of u + Jo(u) are the zeros of H. Let v € W12(0,1) with H(v) = 0. Since
I(u) > 5=, we know I(u)? — 2H(u)F1;o > 0 for small H(u) and then

) o) ~ 1) (o) = \ - 1R~ 2 () Fro - Fio
\/ “ —2F1;osgn(H(u))'gl(gj — sgn(H(u))Frol -

Taking the asymptotics of the functions f and ¢ into account, we see that I(u)Jy(u) tends to
I(v)Jo(v) when uw — v. This shows that u +— I(u)Jo(u) is continuous in v. Since I(u) > 4= > 0,
we deduce that u — Jy(u) is also continuous in v.

O

Theorem 2.29 (Existence result for homogeneous Neumann boundary conditions
with balance of mass).

Let Vg € L>(0,1), C € L*(0,1), &, \,v,7 > 0 and Fy,0, Vo, V1 € R. Assume that h is the enthalpy
to an admissible pressure term p and let

ki=h+2ln and K(s) ::/ k(t)dt (s> 0).
T 1

Let Vi, € W22(0,1) be the solution to —\? 2 ="C in (0,1), Vipp(0) = Vo, Vipn(1) = V4.
Define the continuous and linear operator ® : L?(0,1) — W?22(0,1), f + V, as the solution
operator to the equations

NV = fin (0,1), V(0)=V(1)=0.

Define the functional F : W12(0,1) — R by
1 )\2
F(u) := / 22 + 1) (2)? — (F + Vg + Vipp) v (z) + K(u*(z)) + ?|<I>(u2)’(az)]2 dx.
0

For any F € L>(0,1), there erists a unique positive minimizer uw € U N W?22(0,1) of F in the
set

U= {u € W2(0,1) : u> By, JullZagy = C*, /|22 < Bl}

The corresponding maps M : L*=°(0,1) — ngi(o, 1), F—u, and L : Wz}o’i(o, 1) — L™(0,1),
u+— F, defined by

where
Frol(u)™, H(u) =0,
Jo = Re (I(u)— 1(2)(215211@)5;0)’ H(u) £0,
with Do e 1 1
100 = || gy 8ty o H) = Gy =
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Chapter 2: The viscous quantum hydrodynamic equations

are continuous. The bounds in the definition of U can be chosen in such a way, that F := Mo/ :
U — U is well-defined, continuous and compact. F has at least one fized point in U and any
fixed point u solves the Euler-Lagrange equation

2% + v = —(F +V + Vg)u + (h(u?) + ;ln(uQ))u — fu

for some 8 € R, where F = L(u).

There exists Finax > 0 such that the function n := u
(2.15) and fulfills both the homogeneous Neumann boundary condition and the integral constraint
fol UQ(x) dx = C*, of |F1;0| < Fax-

2 is a solution to the system of equations

Proof. In Lemma 2.28 it has been shown that the estimates (2.16) to (2.24) hold for the choice of
Jo. We can now proceed as in the proof of Theorem 2.21. Note that the homogeneous Neumann
boundary conditions also allow for the integration by parts as applied in Lemma 2.27. Moreover,
the appearing function G5 should now be estimated against 2|F,| in the L*>-norm. We then
obtain a solution v with corresponding F' as a fixed point to M o L as before. To conclude that
the boundary condition Fi.g = F(1) — F(0) actually holds, we have to ensure that Jy fulfills
the identity (2.30). By definition (2.31) of Jp, this is the case if I(u)? — 2H (u)F1,0 > 0. This
situation is given for sufficiently small values of |Fi,0|: Restricting the set of admissible Fio
to some arbitrary bounded set, inequality (2.24) becomes independent of the particular choice
of F1,0 and the set of all possibly appearing functions F' is uniformly bounded in L*°(0,1) by
a constant not depending on Fi,p. By Lemma 2.18, we know that uniform lower bounds to
all possibly appearing functions u exist and we deduce that the corresponding numbers H (u)
are uniformly bounded with respect to Fi,p. Since for any u with fol u?(x) dr = C* it holds
I(u) > ==, we conclude that actually I(u)? — 2H (u)Fy,0 > 0 if |Fy,] is sufficiently small. [
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Chapter 3

The combined viscous semi-classical
limit

In this chapter, the behavior of solutions n, = u2 to the stationary viscous quantum hydrody-
namic system, where x = €2 + 12, is investigated when x approaches zero. We will mainly focus
on the special case in which the Fermi level is a constant function. We will see that even in this
case no uniform bounds to u, may exist in the usual Sobolev norms. Formally letting x = 0, we
expect to find pointwise limiting functions ug and Vg which fulfill

0 = —(F+Vp+Vo—h(ud))u, in0,1],
NV = w3-C, in]0,1].

The system of equations is degenerated and any positive solution ug must be discontinuous
at any point of discontinuity of the barrier potential V. The most relevant choices of Vp
are, however, piecewise constant functions and therefore we expect the solutions u, to behave
characteristically different in a vicinity of any point of jump discontinuity of the barrier potential.
The main result of this chapter is the analysis of fluid-dynamical boundary layers which form
up in this situation. We will focus on both the case of periodic boundary conditions and the
case of homogeneous Neumann boundary conditions for w,.

In a prelimininary step, a-priori estimates to the solutions u, and V, will be established in
Lemmas 3.1 and 3.4 as well as in Corollary 3.5. We are then in a position to prove convergence
in W12(0,1) of the potentials V, to a limiting function Vg in Lemma 3.6. This, in turn, yields
convergence of u, to a limit ug in LP(0,1) for 1 < p < oo and locally in L>°(0,1) as will be
shown in Lemma 3.8. In Lemma 3.13, a differential equation describing the interior layer of
Uy in a vicinity of points of jump discontinuities of Vp is derived. The corresponding solution
of this differential equation is then combined with the pointwise limiting function ug in order
to obtain the zeroth order summand of the asymptotic expansion of the electron densities wuy.
Corollary 3.17 and Lemma 77 present the local results at a single point of jump discontinuity
of the barrier potential. A joint representation for the whole interval (0, 1) is given in Corollary
3.19. The chapter concludes with refined remainder estimates in Lemma 3.20.

3.1 Basic interior estimates in the parameter x = ¢? + 1/°

Lemma 3.1 (Uniform pointwise estimates in x for constant Fermi levels).
Let e, \,v,7 > 0, C € L?(0,1), Vg € L*>(0,1) and assume that the Fermi level is a constant
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Chapter 3: The combined viscous semi-classical limit

function F' € R. Let h be the enthalpy to an admissible pressure term p which additionally fulfills

lim h(s) = —oco  and lim h(s) = co.
s—0 5—00

For k := % + 12, let u,. be the solution of

2kuy = —(F+Vp+Vi—h(ui) - 2In(u)) us, n[0,1],
NV o= w2 —-C, inl0,1],

Ve(0) = W,

Ve(1) = V1,

which is obtained from Lemma 2.10 for Dirichlet boundary conditions, from Lemma 2.13 for
homogeneous Neumann boundary conditions, and from Lemma 2.1/ for periodic boundary con-
ditions, respectively. Let V,, be the corresponding potential functions. There exist constants

Cy, C1,Co > 0 such that
CO < Uk < Cl

and

Vellero,n) < Co

for 0 < k < Kg. For given C* > 0, the estimates are also valid for the solutions uy,Vy of the
equations

26uy, = — (F 4B+ Ve + Vi —h(u}) — £In(u})) us, in0,1],
NV = wi-C, in0,1],
fol ul(z) de = C*,
Ve(0) = W,
Vi(1) = W,

which are obtained from Lemma 2.18 for homogeneous Neumann boundary conditions and from
Lemma 2.17 for periodic boundary conditions, respectively.

Proof. We begin with the solutions u, for which the balance of mass is not demanded. The
coerciveness inequality (2.9) shows, in particular,

|72 (0,1) < Flux) + Co < F(@) + Co = C

for a chosen function % fulfilling the respective boundary conditions. We therefore have a uniform
bound in L?(0,1) for the solutions u,. By continuity of ® : L!(0,1) — C'([0,1]) (c.f. Lemma
A.18), this yields a uniform upper bound to ||Vi||¢1(jo,1)- In particular, we have a uniform L°>°-
bound for the functions V,;. Applying the maximum principle as in the proofs of the respective
lemmas, we obtain the desired uniform pointwise estimates to u, and then the claimed estimate
to Vi also follows. Note, however, that we need to exploit the asymptotics of the enthalpy h,
since the magnitude of the term Z In(u,) depends on v.

If the balance of mass is demanded, we obviously have the boundedness of Huﬁ|\%2(0’1) =C*

and a uniform estimate to ||Vi||c1(jo,17) follows. To proceed as in the first part of the proof, we
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3.1: Basic interior estimates in the parameter s = 2 + 1/

need to find uniform estimates to the Lagrange multipliers ,. Multiplying the Euler-Lagrange
equation by u, and integrating over (0, 1), we find for £k = h + Z1n,

Co(F+5:) = 2l sy = [ (Vi + Vi + @20 + [ K
—[IVB + Vinh + ®(u2)|| oo (0, C* — C

—C,

(A\VARAYS

where the constant on the right hand side does not depend ond x. Applying the maximum
principle as before, we find a lower bound to u, which does not depend on x.

Multiplying the Euler-Lagrange equation by m and integrating over (0, 1), we obtain

F+ By
max(1, k(u2(z)))

x) + Vp(z) k(u2(z)) 9y ! ull(x) .
max( 1 H2@)) & +/ max(L, k(2 (@) /0 (o) max(1, k(2 (@)
=: 11+12+I3.

dx

We already know that [; is uniformly bounded in absolute value. Furthermore, I5 is bounded
from above independently of k. Concerning I3, an integration by parts shows

1 , 1 /
b= ) () @
o [y ) mas(0, By )+ e () () () sy )

2w [ o) w2 (@) max(L, F(2(2)))?
. / ol () max(L, k(u2 (@) + 202 ()W (62 (@) X oz oy (@)
REE (L, k(2 (2)))?

dx

dz

< 0
because of k¥’ > 0. Therefore,

F+B,<C (/01 max(1, l:(ui(w))) dx)_l

max(l,kl(ug o) dz is uniformly bounded away from

and an upper bound to F + 3, follows if fol
zero. By monotonicity of k, the equality

Q:={ze(0,1) : ul(z) < 2C*} ={z € (0,1) : k(u?(x)) < k(2C*)}
holds and the integral constraint fol uZ(x) dz = C* implies vol(Q2) > 1. Then

1 1
/ max(1, k: (u2(x / max(1, k: (u2(x))) dz = 2max(1 k(2C*))

Since F + B, is uniformly bounded from above, the maximum principle can now be applied to

gain a pointwise upper bound for u, which does not depend on x.
O
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Chapter 3: The combined viscous semi-classical limit

Remark 3.2.

Note that the bounds for F'+ B, do not depend on the choice of F' € R if the integral condition is
assumed to hold. In this case, the estimates of Lemma 3.1 are still given if we allow the constants
F = F, to vary in k. We also cover the case in which the integral condition is not assumed
to hold if we assume that (Fy)o<r<r, i uniformly bounded in L>°(0,1) so that the coerciveness
inequality yields a uniform upper bound to ||ux|[z2(0,1) as required in the proof of the previous
lemma. We also recall that the pressure terms p(s) = Tos” + us, where Ty, n > 0 and v > 1 are
fized, yield enthalpies h which fulfill the growth conditions of Lemma 3.1.

In Lemma 3.1, we have seen that solutions to the one-dimensional stationary viscous quantum
hydrodynamic equations exist for various choices of boundary values and for the most relevant
pressure terms. As the existence of such solutions with corresponding uniform estimates in & is
ensured and since the forthcoming analysis will not rely on the construction of these solutions, we
will now formulate a general assumption on the properties of the solutions under consideration.

Assumption 3.3 (Solutions under consideration).

Let \,7,C* >0, C € L?(0,1), Vg € L>(0,1), an enthalpy h to an admissible pressure term p,
a constant Fermi level F' € R and Dirichlet boundary values Vo, Vi € R be fixed. For varying
e,v > 0, abbreviate k = e + 12 and let u,, € Wime(0,1) and Vi, € W22(0,1) be solutions of

26u), = —(F+ B+ Ve+Ve—h(ul)—%In(ul)) us, in[0,1],
NV = w2 -C, inl0,1],

Vi(0) = W,

V(1) = V1,

for some B, € R if the constraint fol u?(z) do = C* is imposed and for B, = 0, otherwise. u,
is supposed to admit homogeneous Neumann boundary conditions ul,(0) = u (1) = 0 or periodic

boundary conditions u,(0) = ux(1), u,.(0) = ul.(1). It is assumed that the uniform estimates

0<Co<u,<Ci and HVHHVVEQ(OJ) < (9
and consequently

‘55‘ S C3
hold for 0 < Kk < Kg.

We will now provide some basic exterior estimates to the solutions. By Definition 2.1, the
second line of the original equations (2.1) holds in the weak sense if and only if for any test
function ¢ € C§°(0,1)

n// 2\’
e <{/% <nso>’> F0 (7, 0) — (0, 0) + - () = <<‘i> v%@> +(V 4 Vi, (n9)')

where Jy is determined by the relation J = —vn’ + Jy. Using the representation ‘\//ﬁﬁ = g—;; — n®

as well as the following integrations by parts

92 /O 1 Z;((Z)) (neY (z) da = —262 /0 1 (:T,;)/(m)n(x)cp(x) do
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3.1: Basic interior estimates in the parameter s = 2 + 1/

and . )
/ V() (ng) (z) dz = — / V! () () de,
0 0

we can rearrange the equation to see that the equivalent weak formulation

() - o)
— (e + %) /01 (n’(a:)2) o(z) do + /01 (n(m)V’(x) + JO) o(z) dz

n(x) T

1 1
(3.1) —/0 Vp(z)(n(x)e(x)) do — (2 + Vz)/o n"(x)' (z) dz =0

(p € C5°(0,1)) can be used.

Lemma 3.4 (Basic exterior estimates to solutions).
Let e,v,7,A >0, C € L*(Q) and let Vo,V € R. Assume that Vi is constant in some non-trivial
interval [zg,71] C (0,1). Let n € W22(0,1) be a positive function which fulfills homogeneous
Neumann boundary conditions or periodic boundary conditions and which solves the weak for-
mulation (3.1) coupled to the potential equation \2V" =n —C, V(0) = Vo, V(1) = V4. Assume
that the subsonic-type conditions ,

J,

P'(n) =5 > Co

and

J
MSC'l
n

are fulfilled in [xg, z1] for some constants Cy,Cy > 0. Then, for C* = fol n(x) de and u = /n,
the estimates

x1—oL xr1—oL , 4 xr1—oL
(3.2) (C’o + 4;) / u'(x)? dx + (€2 + 1?) / u(x)? + ;(6)22(2‘) dx + % / u'(x) dx
zro+olL xo+olL ro+olL
4?2 +v2)0C* | plCC,  CC*  4A(C+CHC*  ChlJol
- o4L4 + 02?2 + A2 + MNoL + 3CyT2
and
v o 1022 2 2 o w e, 104/ (2)!
(3.3) (Co + 4;) / u'(x)” do+ (e° +v°) / u' () + 96 12(z) dx
ro+oL xo+oL
4(62 + I/Q)CC* |J0’CCl ccr 201’J0‘
- odL4 + o2L? + Co)\4 + 3C07‘2 ’

where C only depends on ||C|pe(0,1), Vo and Vi and where L := 11 — xq is the length of the
interval [xo, x1], hold for small o.

Proof. Let ag := g41T and define v € W01’2(0, 1) by
ao(z — 20)*, zo <z <a0+0L,
1, o+ oL <x<x1—0L,

ap(zy —x)*, x1—oL <z <x,
0, x & [zg, 1]
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Chapter 3: The combined viscous semi-classical limit

Surely,
%%Z)SM’ T € [:Z:Ua o + O-L]a
Y (z) =<0, x € (xo+oL,xy —ol),
~ Ay €z —oL,m).

Using ¢ = %w as a test function in the weak formulation (3.1), we obtain in terms of u = /n

T ut(x)
g 14 1 Ulleul(x) x 'LLH u 2 E/ /fE X
s+ [ 200 v + W auto) + @) (0) @) a
B 1’U/($) g/ ! 1 , , 27‘]0 (l’) o) du
= s [ (L) ot 2 [uond @V @) de 22 [0 ) a,

because fol Ve(z)(n'v) (z) dx = 0 as Vg is constant on supp 1. We abbreviate the equality by
I + 4(62 + 1/2)12 =J1+ Jo+ J3.

Then .
4 (C() + ;) /0 u (2)2(x) de < I

and integrations by parts show

1 u ! o /
o= [ 2r (Be) @+ ) + @) (L) @) d
e (ua @) @) )
— [ @) - ) (UGS )+ ) a
1 O (22 W () o ()3
= /0 <u”(:p)2 -2 (u)(a;)( ) + U,Q(.%')) ) P(x) + (u"(m)u'(m) - u((a:)) ) Y (x) dx
Since
Lo/ (2 ! ()2 1 u'? !
/0 (u)(:r)( ) Y(x)de = —/0 u'(z) uzp) (x) dzx
o 1 u//(x)u/(x)2 2 u/(x)z; . u’(x)3 o) da
= - [ 2 ) - ket + S @) da,
it follows that
1 u// _1 1 U/(I)4 5 ul($)3 , ) do
| v ao = g [ e - ) 4
and therefore,
1 o ()3
= [ (v u2 ) o)+ @ @) - ) o
1 )
/0 ( 3 u2 ) Y(z) de + Izq + Ino.
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3.1: Basic interior estimates in the parameter s = 2 + 1/

Using |¢| < L-¢3/4, we get

1/4 T u1/2 z
19 " <$)2¢1/2() 32’11,(:(})
< /0 U (z)%(z) dx+/0 e 5 d
<

L Do/ (z)4 151202 ()
/0 5“’ (1’) ¢(=T) dx+/0 32u2(x)¢<m) +A WX[xo,xl] dx

by Young’s inequality. Using Young’s inequality with the exponents % and 4 we further obtain

L W) ) e
< o5 .
[lap| < 3 /0 u3/2(x) oL dz
1 [t3u(x)! 125602 (z)
< o - T o, N -
= 3 /0 4 u2(z) V() do + 1 oid X[zo,21](T) dx
b () 64u?(x)
- /0 4u2(x)w($) + Wx[xom](x) dx.
Since fo ) dz = C*, we infer

1 1.,/ 4 * *
1, 1 1 1 / o (2) 512C*  64C

- S dr < I .

/0 g (@) Pla) do+ (3 33 1) ), e WSkt T b s

Thus,

4(e2 +v2)oCH
Y

2(e2 + 12 /0 1 <u”(ac)2 + 519222(2)4 ) W(x) doe < 42 + )L +

Integrating Ji by parts, we estimate

1 / 2
h| = 4 Jou/ <";((§))) W () da
5 u'(z)? 1/2 96 4 |Jo 1/4
= / N6 @ ¥ N T oLt @
10 o [T (2)* L3072 5 g
= 96" /0 u?(x) vl $+/0 Wu%@w (z) de
10 Lo/ 3072
< 1/2/0 u2((xx))w dx + 2L2|J0|Cl
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Chapter 3: The combined viscous semi-classical limit

Concerning Jo, we find
1
Jy = /O u? (2)V(2)¢(x) dx
1
= = [ @) (V@) + Vi@ @) da

1
= —/0 u?(@)A 2 (u?(2) = C(2))e(x) + u?(@)V'(2)y/ (2) da
1 1 1

1
< - | e det 5 [ R@CEHE) det IV o [ o) do

Lty ICllLoo(0,nC*  4(C + C*)C*
< [ — b
< )\2/0 u(x)Y(x) de + 2 + ol ,

where we have used that V' can be written as V = Vj,; + ®(u?) with Vj,;, solving \*V;,,;, = —C,
Vink(0) = Vo, Vipn(1) = V4 and @ : L1(0,1) — C1(0,1) being the solution operator to A2V"” =
f, V(0) =V (1) = 0, whose operator norm is bounded by /\%

We also estimate

1
gl = 2 /0 L o1y /B0 () () da

3CoT u(x)
< /1 1 Jo (x) dz + 3C /1 u' (2)24(x) da
~ Jo 3Com?u?(x) °Jo

C1l ol
B 3Co7'2

1
—|—3C’0/0 u'(2)?e(x) de.

Combining the previous estimates yields

1 1 / 4
v 1002 2 2 non2 , 10w (z)
<00+4T)/0 o (2)2(2) dz + (262 + v )/0 <u (@ + 55wy ) V@) &
A+ 1H0CT | [H|CCy | OC* | 4(C+CHC* | il
- o4 L4 02?2 A2 Mo L 3CyT2

and because ¢ = 1 on [zg + oL, z1 — oL, the first assertion is proven. Concerning the second
inequality, we alternatively estimate Jy by

1
< 2 f gco\u%x)w”?(x)-%u<x>\v'<x>\wl/2<x> do
1

3 2 [t
< 2oy /O (o) do+ o /0 W2 (@)V (2)2 () da
1 C V/ 200 C*
< 300/ o )(@) da + 10
2 0 CO
5 cc
< = '(x)? —_—
< 200/0 (e 0la) do + Sy

Repeating the estimate for .J3 with the constant 3C( replaced by %C’o everything follows. O

Provided that u, and Vj, fulfill Assumption 3.3, we obtain the following corollary:
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3.2: Basic convergence results for constant Fermi levels as « tends to zero

Corollary 3.5 (Uniform estimates in x for the solutions under consideration).

Let uy, € Wﬁg,ﬁ(o, 1) and V,, € W22(0,1) satisfy Assumption 3.3 and assume that Vg is constant
in some non-trivial interval [xo, 1] C (0,1). Let L := 21 —x¢ and I, := [xo+&Y*L, x1 — kY/2L].
Then

(3.4) luillzzy < G

(3.5) lkulllre,y < CrYZ,

(3.6) il ey < Cx™Y4,
"

(3.7) ’2/@” < Cr'4,
Uk Loo(1,,)

with some constant C which does not depend on 0 < k < Kg.

Proof. Since F is a constant, the system of equations (2.2) is fulfilled for Jy = 0 and the functions
u,, are uniformly bounded from above and away from zero for 0 < k < k¢ by assumption. Then,
p'(u2) is uniformly bounded away from zero and (uy )o<x<s, is also uniformly bounded in L?(0, 1).

We make use of Lemma 3.4 and choose o = /% in estimate (3.3) to obtain

v x1—rK/AL z1—r/AL
(co + 47) / o (z)? dx + m/ u"(z)? < O,
T zo+k1/AL zo+r1/AL

with some constant C' which does not depend on 0 < k < kg. Inequalities (3.4) and (3.5) follow.
These estimates can now be used in the interpolation inequalities A.8 to derive inequality (3.6).

"
As Z—” is smooth in I, we find
K

/AN ’ l
2K <u”> = — (F + Vi + Vi + B — h(uZ) — Y ln(ui)> = V! 4+ 2uul b (u?) + 9 Un
Uy T T Uy

/

= V2 () + )=

T/ uy

as an equality in I,. The right hand side is uniformly bounded in L?(I,) by inequality (3.4), the
pointwise upper and lower bounds to u, and the uniform boundedness of ||V|[yy2.2(0,1)- Joining
this bound with inequality (3.5), we obtain

u
2k —L
Uk

< C.

H "

WI,Q(IN)

This inequality can be combined with estimate (3.5) in the interpolation inequalities A.8 to gain
inequality (3.7). O

3.2 Basic convergence results for constant Fermi levels
as k tends to zero

Using the basic exterior estimates from the last section, we are now in a position to prove the
convergence of V,; and u, as x tends to zero. We start our analysis by considering the potentials
Vi, for which convergence is even given in higher order Sobolev norms.

65



Chapter 3: The combined viscous semi-classical limit

Lemma 3.6 (Convergence of V, as k tends to zero).

Let (uw)o<r<ry and (Vi)o<r<r, fulfill Assumption 3.3. Let either all u, fulfill the integral con-
straint fol u2(z) de = C* for a fized C* > 0 or assume otherwise that 3, = 0 for 0 < k < Kq. Let
the Fermi level F' be a constant function and assume that the barrier potential Vp is a piecewise
constant function. Then

Vi = Vo lB20.0) + 1B = Bra> < Cri® (0 < 12 < 1 < ig).

In particular, (Vi)o<r<r, converges in W12(0,1) to some Vo and (Bx)o<r<r, converges to some
Bo € R with
Vo = Villwr2(0,1) Cr/t,
Bo = Bl < CrM* (0 <k < o).

IN

Proof. Let I',... IV be the maximal intervals in which Vp is constant with corresponding
subintervals I}, ..., I introduced in Corollary 3.5. Consider the identity

"

h(u2) = F + Vg + Vi + B + 2525 — ;ln(ui).

K

Due to the strict monotonicity of h : (0,00) — R and the pointwise estimates 0 < C3 < u2 < C%,
we conclude

R (houy) < h([CF,CE]) & b ([3C5,2CE]),

where the second inclusion is a proper inclusion of closed intervals. For sufficiently small x, we
conclude that F'+ Vg + Vi + B, is still in the range of h. Write

W =hTYF 4V +Vi+Be) + 7

with

"
Ty = h7t (F + Vi + Vot B+ 265 — = ln(Ui)> = h7H(F + Vg + Vi + Br).
T

Ug,

As b/ is positive and continuous on [%C’g, 2C?%], we know that 1/ is bounded away from zero. Con-
sequently, (h~1)" is bounded from above on the relevant range and h~! is Lipschitz continuous
on h ([C3,C3]) with some Lipschitz constant C7, > 0. We find

ro(z)| < C’L‘ZKZEg;:IH(ui(x))‘

c (‘zﬂm

which implies together with inequalities (3.5) and (3.7)

IN

+ Hl/2> (z € (0,1)),

(3:8) Il 2r,y < CxY2
and
(3.9) Il zoery < O
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3.2: Basic convergence results for constant Fermi levels as « tends to zero

for 0 < k < kp. Let 0 < K2 < K1 < Ko, abbreviate u; := uy,, Vi := Vi, Bi := By, 77 := 7, and
define V; := V; + ; for i = 1,2. Obviously V/ = V/ for ¢ = 1,2 so that an integration by parts
yields

1 1
2 [ (W@ Vi) de = = [ (@) - @) () - Tafe) dn

In this equality the boundary terms actually vanish, since

(5 5) (7).

= X281 — ) (VI() = H(0) = V3(1) + V3(0))

—<m—mWVAWme—VAWW@m)

= (B1—B2) </01u%(x) —C(z) dr — /Olug(x) —C(x) d:v)

=0
in both cases if fo ) dx = C* or B, =0 for 0 < k < kg. We split the integral into
1 ) N B _
2 [ @) e = 23 [ e ) (e - ) d
— i
N ~
—Z/Z (w3(@) — ud(x)) (Va(a) ~ Va(w)) da
=1 K1
= 51+ 52

Using the uniform pointwise boundedness of u2 for 0 < k < kg, Young’s inequality, the Sobolev
embedding W12(0,1) < L>(0, 1) and Poincaré’s inequality, we find

N

T 1/4
S1 < CZIHVI—V2HL°<>(N\I@1)H1
N
W T _9 1/2
< 0[S~ Bl 40
v
9 1/2
S C (Z HVI Vv2||12/‘/1,2(0,1) +’}/ 2/411/ )
v
—9 1/2
S C (Z 2”‘/1 ‘/2”%/[/1,2(071) + 2”&1 - ﬁQH%VIJ(O,l)) + Yy 251/ )
=1
= 2||V1 VallZz01y + 72181 = Bal* + 7% 1/2)

where K7 > 0 is a constant und v > 0 is a free parameter which will be chosen later on.
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Chapter 3: The combined viscous semi-classical limit

Concerning Sy, we calculate
N
-3 / , () - u3(o) (Vita) ~ V(o)) d
- é /11;1 (}rl(F FV+Vi(z) - h Y (F + Vg + 172(3;))) (171(95) - %(:z:)) dx

al ~ ~
=3[ @ = rao) (Hia) - Tata)) o
=1 K1

By the mean value theorem, we know that for certain &;(z) belonging to some compact set K it
follows

-y / (A7 (F + Vi + Th(2) = b7 (F + Vi + V(@) ) (Va(w) - Ta(w)) da

’L;l K1 ;
= =X [ ) () - Taw) s

i=1" "Ry

N
< —npn @Y [ (A - ) @
= —K» i\f: = ‘72H%2(1;1)-
i=1

The Cauchy-Schwarz inequality in combination with both the uniform boundedness of (V;)o<k<s,
in L2(0,1) and the estimate (3.8) implies

N N
=3[ @) = rao) (o) - o)) do <D I = rallyag [T - Balluag,
=1 K1 =1
< Kgf%/Q

and we conclude

N
Sy < —Ky Z Vi — V2H%2(1};1) + K3’€1/2'

i=1
Combining all estimates, we obtain
(3.10) ()‘2 - Kl’YQ) Vi - Vz’”%?(o;)

N
< K191 = Bof® — K Z Vi — VQH%Z(L@J + Ky 26y + Kskl/?,
i=1
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3.2: Basic convergence results for constant Fermi levels as « tends to zero

Let 6 > 0 be a parameter to be determined later on. We estimate

N
518y = Bl (L =2 = 61181 = Ballfeqsy

i=1
=62Nw Va) = (Vi = V)llagry )
N ~ ~
< 25 |V = Vel ) + 20N[Vi = Vallzago,y
i=1
N ~ ~
< 25 Vi = Valfagy )+ 20N K| V) = V3720,
i=1
with some constant K4 > 0 arising from the Poincaré inequality. We may assume I<51/ < %
that
5 Moo o
(3.11) B = Ba <26 Y Vi = VallZa(yy ) + 20N Ka|V) = Vil 0.)-
i=1
Adding estimates (3.10) and (3.11), the inequality
1)
(V—m%—%NMMW—Wﬁm@+(—Kﬁ)%—@ﬁ
< (26 — K) Z Vi = VallFqpy ) + Koy 2y’ + Kany
=1
follows. After choosing § > 0 and v > 0 subject to the conditions
o
N — K172 —26NK, > 0, 3~ Ki7? >0 and 26— K, <0,
we infer L
IV = V3llZao ) + 161 — el < Oy,
Finally, the Poincaré inequality implies the assertion. O
Remark 3.7.

Note that all estimates which follow from the Sobolev embedding theorem have to be used with
care, as the domain depends on a parameter. However, since (I,;)o<n<r, 15 an ascending sequence

of intervals as k tends to zero, a uniform constant for the Sobolev embeddings exists, c.f. Theorem
A.6.

Lemma 3.8 (Exterior convergence of u, as k tends to zero).
In the situation of Lemma 3.6 let I', ..., IN be the mazimal intervals where Vg is constant and
let I',... ,I,iv be the corresponding subintervals introduced in Corollary 3.5. Then

[ — il poe iy < CkY* (i=1,...,N)

and
Jug — upl| Lo (0,1) < CrY% (1 <p < o0),
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Chapter 3: The combined viscous semi-classical limit

where
ug = hY(F + Vg + Vo + fo) € L*(0,1)

with the limits Viy and By derived in Lemma 3.6.

Proof. First, it should be mentioned that u% is well-defined. A pointwise examination shows that
the expression F + Vg + Vy+ 5y i 1s in the range of h, since V; converges in L>°(0,1) to Vp and Sy
converges to 9. Moreover, 25— Z converges to zero in L>(I%) for i = 1,..., N. The definition
of ug by ug = ﬁ is meaningful, i.e. a positive, real-valued function, because a subsequence of
ug >0 converges pointwise to ug. We abbreviate &, := h + % In and B(u 2y = Z—l:l Since Vi, B«
and 2/-@ are uniformly bounded in L>®(I%) for 0 < k < kg and t=1,..., N, the local Lipschitz
contlnulty of k1, Lemma A.19 and inequality (3.7) imply

lug — wllreery = I (F+Ve+Vo+ Bo) =k, ' (F+ Ve + Vi + B + 26B(ul) || oo 1)

IR (F + VB 4+ Vo+ Bo) — k" (F + Va + Vo + Bo)ll oo 1)
+|ky N(F + Vi + Vo + Bo) — k' (F + Vi + Vie + Be + 26B(ul) || oo (1)

IN

< Cv+ Vo= Vi+ Bo — Br — 26B(ul)l| oo (11
< CRY2 4 |[Vo = Vill ooz, + 180 — Bl + 126 B ()| oo 1)
< COrl/%

The second inequality is obtained by

g — w2l oo, oy 1oy < g = willzoe 1y IXop0 1y e (0.1 < C (Y2,

so that

lug — uiHLP(O,l) < |ju§ — /4HL10 (0 0\UN, 11y T Z lJug — %HLP(I@) < i/,

O]

Remark 3.9 (Convergence of V, revisited, Remarks on the convergence of u,).
Considering the potential equation to Vi, Lemma 3.8 yields convergence of Vi to Vo in W22(0,1)
with rate kY8, Choosing p = 1, we also see that C*-convergence and W2 -convergence with rate
kY% is given. The rates of convergence will be improved in a following section.

Since the limiting function ug is discontinuous at any point of discontinuity of Vg, convergence
is neither possible in L>(0,1) nor in W1P(0,1), 1 < p < co. Moreover, we lack boundedness
of u, in WHP(0,1) for p > 1, since this would also imply L>(0,1)-convergence through the
interpolation inequalities A.8. In the next section, we will give some detailed information about
the slope of u, at any point of jump discontinuity of Vg.

3.3 Behavior of solutions at points of jump discontinuity in the
barrier potential

Throughout this section we suppose that the barrier potential Vg is a piecewise constant function
and that the solutions (ux)o<k<r, and (Vi)o<r<r, satisfy Assumption 3.3 with corresponding
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

constants (S, )o<r<ry, Where [, is zero in case that the integral condition for u, is not supposed
to hold. As introduced in Lemma 3.6 and Lemma 3.8, let ug and Vjy denote the limiting functions
of (uk)o<r<ry and (Vi)o<r<r,- Since

ud =h™ (F+ Vg + Vo + Bo),

we see that ug has a jump discontinuity at any point sg, where Vp has a jump discontinuity. By
the mean value theorem we then already know that the derivatives of w, must become rather
large in a neighborhood of sg as k tends to zero. Applying the scaling x — ﬁ to the differential
equation for u,, we will obtain a more precise description of the situation. First, we prove that
the magnitude of the derivatives u/,(sq) is of order £=1/2.

Lemma 3.10 (L*°-estimate to the derivatives of the solutions).
The derivatives of the solutions u, enjoy the estimate

[tz | oo 0,1) < Cr1/2.

Proof. Let I' = [s1,s2],...,I" = [sn,sn+1] be the maximal intervals in which Vg is constant
and consider &,z € [0, 1] with [, x] C [s;, 8;41] for an ¢ € {1,...N}. Let K be a primitive of
k = h + %1n. Multiplying the differential equation for u, by ] and integrating over (&,z), we
obtain

@ R = (P Vo AR ~o20) + [ R Vel 02 o) ds
= S ((F 4 Ve 4+ 802 ) — 2(©) ~ (K () ~ K(2(6)
@) ~VOE) — 5 [ Vi) ds)

= re(x,§).

As implied by Assumption 3.3, r(z, ) is uniformly bounded for 0 < k < ko and z,£ € [0,1] .
By integration, it follows that

Si41 Sit1 Si41
ﬂu;(§)2|si+1 — s = Ii/ u;(§)2 dx = Ii/ uf,i(:c)2 dx — / re(z,€) dx.

c

[si41—s4]

The coerciveness inequality (2.9) now implies rul,(£)? < for all € € [s;, si+1]. Therefore,

1wl oo 0,1y < Cr1/2,

Lemma 3.11 (Lower estimates to u/2 at points of jump discontinuity of Vp).
Let sg be a point of jump discontinuity of V. Then there exists Cy > 0 such that

ru'2(sg) > Co >0

for 0 < kK < Ko.
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Chapter 3: The combined viscous semi-classical limit

Proof. Some technical preparations are in order. Let h be the enthalpy to the pressure term p
and let K be the primitive of £ = h + Z In which fulfills

(3.12) K(2) = 2h(z) = p(z) = =2 (= >0),
c.f. Remark 2.7. Accordingly, let

(3.13) H(z) :=zh(z) —p(z) (2>0)
be the canonical primitive of h. We adopt the notations

VB(80+) = }Ll{‘% VB(SO + h) and uO(So+) = }Ll{‘% U()(S() + h)

Multiplying the differential equation for u, by w) and integrating over an interval [sg, sg + ]
where Vg is constant, we obtain

sot+x sot+x
2%/ ul(s)ul,(s) ds = —/ (F + VB(so+) + Vi(s) + B — k(ui(s))) ux(s)uy(s) ds
= 5 (F 4 V(o) + ) (w20 + ) — u2(50))

% (K(u2(s0 + 2)) — K (u2(s0)))

1 so+x 1 so+x
~ 5 (V,{ui) + / V!(s)u?(s) ds.
50

S0 2

Introducing the additional term —k(u?(so + x))u2(sp + x) into the equation and evaluating the
integral on the left hand side, we can rearrange this equality to get

(3.14) ru'?(s0) + % (F + Vi (so+) + Vie(s0) + Br) uz(s0) — %K(ui(so))

+%K(ui(so +a) - %k(ui(so +a2))d(s0 + )
= ku(so+ )+ % (F + Vi(so+) + Vi(so + ) + B — k(uZ(so + 2))) uz(so + )

1 so+x
—/ V!(s)u2(s) ds.
2 Js

We try to give a more detailed description of the slope u/.(sp) at the point of jump discontinuity
by estimating the terms on the right hand side. In particular, we are interested in the L?-norms
on the subintervals J, := [k!/*L,2xY*L], where L again denotes the length of the maximal
interval [so, so + L] in which Vp is constant. Assuming that 0 < k < kg is sufficiently small, we
have sg + J; C I, in the notation of Corollary 3.5. Employing the interpolation inequalities A.8
with the estimates (3.4) and (3.6), we obtain

w50 + )7
o lunCso + )l oy (50 + ) | oo,
Cr3/4,

g (s0 + ')2“L2(JH)

IN

IN
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

Inequality (3.5) in concern with the uniform boundedness of w,, yields

% |(F + Vi(so+) + Vielso + ) + B = k(ui(s0 +-))) w0 + )| 12,
= llmuk(s0 + Juw(s0 + ) 12,

< Crl/2.

Thanks to the uniform estimates to ||V/|| 1o (0,1) and x| (0,1), there holds

251/4[] 1/2
‘ < (/ (C’:c)2 daz) < Cr3/8.
K1/4L

L2(Jx)
We employ the identity (3.12) to simplify the left hand side of equation (3.14). An intermediate
result then reads

so+(°)
/ Vé(s)ui(s) ds
s0

(3.15) HHUE(SO) + %((F + VB(so+) + Vi(s0) + Bx) uz(s0)

~ K(u}(s0)) ~ p(u(s0 + ) = ZuZ(so )|, < ORYS,

L2(Jx)

The objective is to replace the function p(u2(so + -)) by it’s one-sided limit and to drop the
contributions of all terms which are small in £ so that we can compare u/,(sp) to a constant
rather than to a function. We therefore investigate the expression

(3.16) 5 ((F+ Vi(so+) + Vo(so) + Bo) uz(s0) — H(uz(s0)) — p(ug(s0+)))

2

— % ((F + VB(so+) 4+ Vi(s0) + Be) u2(s0) — K (u?(s0)) — p(u(so +-)) — ;ui(% " .)>
ep(u2(s0+ ) — 2p(ud(s0 +)
+%P(U(2)(50 +4) — %p(u%(so+))

where O(k%/8) refers to the norm in L?(J,;) and arises due to the replacement of Vi, B, k and
K by their limiting functions. By Lipschitz continuity of p on compact subsets of (0,00), we
find

Ip(uz(s0 + ) = p(ug(s0 + Dz < Cllud(so +) = ud(s0 + )z 1Ll 2 < Cx*F

thanks to Lemma 3.8. Because u = h™1(F + Vp(so+) + Vo + Bo) on [so, so + L], we conclude
by local Lipschitz continuity of p o h~! that

lp(ug(s0 + ) = p(ug(so+ )l r2(sy < CllVolso+ ) = Valso)llz2(s,)

2H1/4L 1/2
c ( / IVl o) 2)? dx>
r/4AL

< Cr3/3.

IN
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Chapter 3: The combined viscous semi-classical limit

We obtain
Ik (s0) — Cifll 2,y < CKP/

and consequently
(3.17) lku?(s0) — CF| < CrM4,
where the constant

GF = =5 ((F -+ Vis(sot) 4 Vi(so) + o) u(s0) — H(u(50)) — p(ud(s0+)))

only depends on x via u.(sg).
Repeating the argumentation in the area left to sg, we also obtain |ku/2(sg) — C;| < Ck'/* for
an analogously defined constant C,; and therefore,

|2/<;ug(so) —(Cr+Co) < Crl/4,

We now establish a uniform lower bound Cf + C; > 2Cy > 0, as this implies xu/2(sg) > Co > 0
for 0 < k < Kp. By definition of H, we can reshape C;I and C;;

Cr = (F + VB(so+) + Vo(so) + Bo — h(ui(s0))) uz(s0) + p(ui(s0)) — p(up(s0+)))

M—ﬂ[\D\)—‘[\DM—k

=5
—5 (F + Va(so+) + Vo(so) + Bo — h(ug(sot))) uit(s0)
—5 ((h(ug(s0£)) = h(ui(s0))) up(s0) + p(up(s0)) — p(ug(sot)))

h(ug(s0)) = h(ug(so£))) uz(s0) + % (p(uf(s0%)) — p(uz(s0))) ,

Il
N =
—~ N

where the last equality holds by definition of ug. Let the functions g* : [0,00) — R be defined
by

(318)  g*() = 5 (=) — b (o)) = + 5 (pud(s02) ~p(z)) (2 20)
Then )
g7 (2) = 5 (h(2) = h(uj(s0%))) (2> 0)

due to h'(z) = 2 lgz). Thanks to the monotonicity assumptions on the admissible pressure term
p, we find

g7(0) = 5 (P (s0)) — p(0)) > 0 = g (ud(s0+)

and observing that gt'(2) is positive for z > u2(so+), we conclude that gt attains its minimum

n (0,00). Therefore,

1

0=g"(2) = 5 (h(zd) = h(ui(s0+)))

at any point z('f € (0,00) where the minimum is attained. Since h is injective, we know that z;{
is uniquely determined by zar = u%(so—l—). By the same reasoning, the unique minimizer of ¢~ is
found to be z; = u(so—). We conclude that the lower bound 2C to (Cf + C);) exists if

[uz(s0) — ug(soH)| + [uz(s0) — ug(s0—)| = C >0
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

for some C > 0 not depending on 0 < k < kg. However, since ug has a jump discontinuity at
S0, this inequality is immediate thanks to

0 # Jug(so+) — ug(so—)| < luz(s0) — ug(s0+)| + [uz(s0) — ug(s0—)|-

Corollary 3.12.
To summarize, we have shown that there exist Coy, C1 > 0 such that

(3.19) Cor™ Y2 < |l (s0)] < CLe™1/?
and
(3.20) Cor ™2 < |ul || poe (o) < Crr™ /2

for 0 < K < Ko and for any point sy € [0, 1], where Vg has a jump discontinuity.

We now derive an ordinary differential equation describing the boundary layer. Roughly
speaking, we will extract the fast component of the solution u,, which is dominant in a vicinity
of a point sg of jump discontinuity of Vp. Without loss of generality, we focus on a regime right
to sg. The assertions can easily be transfered to the domain left to it.

Lemma 3.13.
As before, let s be a point of jump discontinuity of Vi and assume that [sg, so+ L] is the mazimal
interval where Vg is constant. There exist Co > 0 and functions wy : [0,Ce] — R such that

< OrY4,

(3.21) ‘

Uk(So + ) — W (— )H

n( 0 ) K K:l/2 LOO([O,CQK,I/2])
Proof. We approximate and rescale the differential equation (3.14) for u, in a small intervall
[0, kY 4L]. We rearrange this equality and use both the convergence results of Lemma 3.6 and
the uniform estimates for u,, V; and B, from Assumption 3.3 in order to obtain

ru(so +x) = rku2(so) + % (F + Vg (so+) + Vi(so) + Bi) u2(s0) — %K(ui(so))
—% (F + VB(S(H-) + VH(SO + :E) + ,3/{) Ui(SO + .CC)
PR (s + 7)) + / s (s) ds
9 k\20 9 . K K

= wu2(50) + 5 (F + Vis(so+) + Vo(so) + o) u(s0) — 5 H (w2 (s0)
1
E
S H( (50 +2)) + O(s)

(F + Va(so+) + Vo(so + =) + Bo) uz(s0 + x)
12 + 1 2 2 1 2 1 2
= wu2(s0) — O+ Sh(u2(s0)uZ(s0) — Sp(u2(s0) + 3p(ud(s0+)
— S H(2(50)) — 5 (F + Vi(s0+) + Vo(so + ) + o) w2 (s0 + )

—i—%H(ui(so +2)) + O(k'*)
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Chapter 3: The combined viscous semi-classical limit

for z € [0, k'/*L], where O(x!/*) refers to the L>-norm on [0, x'/4L]. By introducing the terms
+h(ud(so + x)) and using the identity (3.13) and estimate (3.17), we obtain

KuZ(so+x) = —% (F + Vi (so+) + Vo(so + 2) + Bo — h(u§(so + z))) uZ(so + )

~ 5P (s0 + )i (0 + 2)
P(ud(s0H)) + 3 H (2 (50 + 7)) + O(s)
(250 + 2)) — (w3 (s0 + 2))u2 (50 -+ ) + p(ud(s0+))) + O/

N
/E N — DN =

—

h(ug(so +x)) — h(ug(so + x)) Jui(so + )

+
N

(p(ud(s0)) = pluz(so +))) + O(x*).

In the last equality, the expression h(u3(so + x)) can also be approximated by h(uZ(so+)) on
[0, xY/4L], because h(ud) = V] is actually a bounded function. We now show that the solutions
u,, stay away from the limiting function ug at the point sg. More precisely, there exists a constant
C > 0 and ko > 0, such that

(3.22) |uk(s0) — uo(so+)| > C (0 < K < Ko).

Otherwise, there exists a sequence (kp)nen converging to zero such that |u, (so) — uo(so+)|
converges to zero as well. Then, the right hand side of

1

rg (s0) = 5 (h(ug(s0)) = h(ug(so+)))uz(s0)) + % (p(ud(s01)) = p(uz(s0))) + O(k'/*)

tends to zero, whereas the left hand side of the equation is uniformly bounded from below by
estimate (3.19), which yields a contradiction.
Introducing the variable transformation y = #, we define the scaled functions

vy ¢ [0, ﬁ_l/QL] — R, wve(y) == uk(so + /fl/Qy) = ux(So + )

and
v : [0, Fme] — R, vo(y) := uo(so + Hmy) = up(s0 + )

with the convention vg(0) := ug(so+).
For y € [0, kY 4L], the scaled differential equation now reads

2

u®)? = 5 (H©H) — (w5 (0)vz(y) + p(u(0))) + O(x'*)

(W2 ) — h(BO) () + 5 (POR(O) ~ PZ()) + O,
supplied with the initial value v,(0) = u.(so). Note that the rate in the remainder term O(x'/4)
does not change in the L>-norm. We also mention that estimate (3.22) guarantees that the right
hand side of the equation is bounded away from zero in a vicinity of v,(0). We now consider
the explicit formulation

(323 {v;@ = =/ (h0R) ~ (e3(0) 12(0) + § ((e3(0) — P(E())) + Ok,

v5(0) = ux(s0),




3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

where the sign of the root is chosen equal to the sign of u/ (sg). The classical theory of ordinary
differential equations yields existence and uniqueness of solutions as long as the radicand stays
away from zero. A regime not depending on s, in which this is the case, actually exists: Since
|uk(s0) — up(so+)| > C for 0 < k < Ko by inequality (3.22) and since v/, is uniformly bounded
for 0 < k < Ko on some fixed interval, we conclude |v.(y) — vo(0)| = |uk(so + x) — uo(so+)| > C
uniformly for y € [0,Cy], or in terms of the original variable, for = € [sg, so + Cor'/?] for some
constant Cy > 0.

We now drop the term of order O(x'/4) in the differential equation. Using the same arguments
as given above, the solution wy to

1) {w;<y> = 4/L () — h30) wR(y) +  (pR0)) — p(uR ().
we(0) = wuk(so)

exists in an interval [0, Cs], where Cy does not depend on 0 < k < kg. Note that the differential
equations in (3.23) and (3.24) can be written as

v = /gt (02) + O(k/Y) and  wf = /g (u?)

with the function g™ defined in (3.18). Classical perturbation results (c.f. [Wa, III §12 Thm.
VI]) now yield

[vr — wyl| oo (0.co)) < CrM*

with a constant C' > 0 not depending on 0 < k < kg. In terms of the original variable, this
result simply reads as

uk(so + 1) — wy <m> HLOO([O,CQM/?]) < Ok,

Remark 3.14.

In addition to the points of jump discontinuity of Vg, the solutions u, may potentially form
a further boundary layer at the endpoints of the interval [0,1] if u, satisfies periodic boundary
conditions. Since Vi, converges in W12(0,1) to Vy, the Dirichlet boundary values of Vo are
preserved and we see that the periodic extension of ug = h Y F +Vg+Vy+ Bo) to R has
Jump discontinuities at 0 and 1 if V(0) + V(0) # Vi(1) + Vi(1). In either case, the results of
Corollary 3.12 and Lemma 3.13 also hold for so = 0 and sy = 1 when constructing wy in the
same manner. Note, however, that one should choose wy as the constant function ug(0) if, by
coincidence, u,(0) = ug(0). Analogously, w, should be chosen as ug(1) if ug(1l) = up(1).

We now gather further information on the functions ws. An important property of w,y is
that it depends on the parameter x in a simple manner, as the ordinary differential equations
belonging to w, are autonomous.

Lemma 3.15.
Let sy be a point of jump discontinuity of Vp. There exist constants ¢, > 0 for 0 < k < kg such
that the unique solutions w, of the initial value problems (3.24) are given by

we(y) =w(y+c) (0<k < ko)
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Chapter 3: The combined viscous semi-classical limit

for a certain function w € C1((0,00),R). Moreover,

(3.25) lw(y) —uo(so+)] < Cexp(—/Cry),
(3.26) lw'(y)] < Cexp(—v/Ciy),
(3.27) lw”(y))] < Cexp(—v/Cry),
and

: C
(3.28) Hw (W) - uo(so+)) .- ﬁ,ﬁlq

where Cy = p/(u3(so+)).

Proof. We have already shown that the unique solutions exist in a common interval [0,C5]
because |ux(so) — uo(so+)| > C by inequality (3.22). For the sake of simplicity, we assume
that the sign of the root in the equations (3.24) is positive and we choose w as the unique
solution with initial value w(0) = wo = infocrar, Un(so) < uo(so+). It is well-known that
solutions to first-order autonomous ordinary differential equations are monotone. In our case, w
is monotonically increasing. Employing the differential equation, it is easy to see that w cannot
converge to a constant smaller than ug(so+). Then, for any 0 < k < ko there exists a constant
¢ > 0 such that w(c,) = ukx(so). By uniqueness of the solutions to the initial value problem
(3.24), the claimed identity is valid.

In the following, we will show that w indeed converges rather fast to the limit ug(so+). We
temporarily abbreviate ¢p := wug(so+), introduce the variable transform z = ¢y — w and write
E(y) := h(y?) and p(y) := p(y?) for y > 0. Employing a Taylor expansion with respect to z in
the radicand on the right hand side of (3.24), we obtain

gt (w?) =

—

h(w?) — h(cd)) w? + (p(cd) — p(w?))

(c0 = 2) = Fleo) ) (eo = 2 + 5

2
—2)?
N2+ (e >(2)

(p(co) — plco — 2))

N
>

~ 3
—|—h”’(§1)( ?) (c§ — 2coz + 2%)

N~ N RN

/\
S
S
()

[\

—~ M‘H
/\
—~
Q
(=)
~—
—~
|
N
~—

(V]
+
=
—~
I
N
~—
—~
|
I
~—
w
N———

Cl + Z’I“( 7£1a 52))

I
N

with certain &1,& € (co — |#],co + |2]), a constant C; not depending on z and the remainder
term 7 being uniformly bounded for sufficiently small |z|. Note that the coefficient of the power

LAC)]

2! actually vanishes thanks to the identity h/(y) = v Moreover, a short calculation yields

A~ ~ 1
C, = Zoh”(co) + coh’(cp) — Zﬁ”(co) =p'(2) > 0.
It is easily seen that

1 1 1 1 1
w — =

1
gt(w?) VCilco—w) co—w <\/C1 T (o — w)r(co — w,&1,62) m)
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

extends to a continuous function on [wg,cg]. Using the separation of variables formula, the
solution w is implicitely given by

w(y) )
= —_— dw
Y Z Vg (w?)
w(y) w(y)

1

/ 1 1 o + 1 / 1 d
— w w
/gt(w?) VCico—w VO co—w
wo wo

= () = = (e = w(y)) = In(eo = wo)
and I(w) is bounded for all w € [wy, ¢p]. Now,

co = w(y)| = [exp(v/Cr(w(y) + Ineo — wo) = +/Cay)| < Cexp(—/Cry)

proves inequality (3.25) and we observe that the first equality also implies |w(y) — co| > C >0
on any bounded interval of existence of w. By a continuation argument, w is defined on the
whole half-line (0, 00).

Next, we consider w”. Observe that by definition of g* (c.f. (3.18)) and the differential equation
for w, there holds

/ "(w?) 2w’ /
320)  w' = grwd) = TP ey = L) - ().

The estimate to w” now follows by boundedness of w, the local Lipschitz continuity of h and
inequality (3.25). Writing
z
/ w”(s) ds
y

for z > y, we obtain the estimate to w’ by sending z to infinity. Trivially, estimate (3.28) follows

by
/000 ‘w <ﬁ> - uo(so—k)‘ dzr < /OOOCeXp (—Eﬁ) dx = \/%/{1/2.

w'(z) = w'(y)| =

< /Z CeVO1s gs = C (e_‘/ay - e_mz)
y

Remark 3.16.

Note that the assertions of Lemma 3.15 also hold at the endpoints so = 0 and sg = 1, even if
the solutions u, do not form a boundary layer. The function w is obtained as before, and in
case that u,(0) = up(0) or ug(1) = up(1l), we formally set ¢, = 0o and w,(y) = w(oo) = up(0)
and wy(y) = up(1l), respectively. We treat the endpoints of the interval in the same way as the
points of jump discontinuity of Vp in order to obtain a unified and meaningful representation.
w (i ter)

ug(so+)

discussions. As future computations require Ry, (0) = Ry, (1) = 0, the procedure is justified and

w merely acts as a cut-off function near the endpoints of (0,1).

The remainder terms Ry, = ux(so + ) — up(so + *) will be considered in subsequent
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Corollary 3.17.

Let sg be a point of jump discontinuity of Vg and let [sg, so + L] be the mazimal interval where

Vi is constant. In a layer of characteristic length Car'/2, it holds

)W < Orl/4

Uk (S0 + ) — up(so + -
(50 + ) — uo(so uo(50T)

L (0,C2r1/2)

and inside the interval [so, So + L], we also have

)W < Crl/4

Loo(k1/AL,(1—K1/4)L)

u,{(So + ) — uo(.so + -

for the function w and the constants ¢, introduced in Lemma 3.15.

Proof. Write ug(so + ) = ug(so+) + uj(€)z. Then

w (o + )
uk(so + ) —uo(so + &) ————=

up(so0+)
T ug(§)
< uk(so+x) —w (m + c,{) + xu0(80+)w (nl/Q + c,i)
< CrM* + Ck'/?

ug(so)

for = € [0,Cyx'/?] by inequality (3.21) and by a trivial estimate to U8y, <,f/2 + c,.g>. For

z € [kY4L, (1 — k'/4)L], we estimate

w (< + )
ur(so + x) —uo(so + ) ———~—+

uo(so+)
uo(so + ) x
< Juk(so + @) —uo(so + )| + “wo(s0H) (U0(50+) —w (W+0n>)’
T
< Cm1/4+0‘u0(so+)—w<m+cn)
< cr't 4 C UO(SO—F)—U)(fM'i‘Cn)‘
K
< CrM* 4 Cexp(—/Cr(Le™ 'V 4 ¢))

by the exterior convergence result of Lemma 3.8 and inequality (3.25).

Lemma 3.18.

O

Let sg be a point of jump discontinuity of Vg and let [so, so + L] be the mazimal interval where

Vi is constant. In the remaining subinterval [C’le/Q, /@1/4L], the estimate

)w(w—i_c") < CKl/8

Uk(So + ) — upl(so + -
o) =l ) o)

LOO(anl/2,fil/4L)
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

holds for the function w and the constants c,; from Lemma 3.15.

Proof. We first consider the L°°-norm of
x

d(x) == ug(so+z) —w (,1-,1/2

n cﬁ) (z € [Cor/?, K1/4L)).
There exists z* € [Cor'/?, k'/*L] such that [l poo (corrrz pivary = £d(z*). If z* = Cak? or
z* = k4L, then | oo (comi/2 mi/ary < Cr'/* is readily shown with the aid of Corollary 3.17.
Otherwise, d(z*) is a local extremum so that

x

0=d(z*) =ul(so+z") — k20 (n1/2

+c,{>.

The differential equations for u, and w (c.f. Lemma 3.13) now imply for u* := u,(so + 2*) and
w* == w (;1—’/‘2 + c,{> that

(3.30) T (W?) + Ok = gt (w*?).

We recall that w is a monotone function. Without loss of generality, we still assume that w
is monotonically increasing so that w* < ¢y = up(sp+). We distinguish the cases u* < ¢y and
u* > cg.

Assume u* < ¢p. Without loss of generality, we also assume w* < u* so that gt (w*?) > g% (u
because gt is monotonically decreasing due to

*2)

g7 () = 5 (h(z) ~ () <0 (0<=z< ).

DO | =

Since g+//(z) = %h’ (2) = %p /iz) > 0 for z > 0, we also know that g% is monotonically increasing

and deduce

O(Iil/4) g+(w*2) . g+(u*2)
> g (w? —u? + ) — g7 ()
= gt (w? —u?+ ).

Now,
* * ! * * 1 " * *
gt w? —u? + ) = gt () + 9" () (w? —u?) + §9+ (©)(w™ —u*?)?
1 1 * *
= L O w2

for some ¢ € (w*? —u*? + ¢, c2). In particular, & € (w*2,c3) C (w?(0), ¢3) because w* > wy > 0.

Since . ©
. " . . p
inf g7 (&)= inf —h(¢) = inf > 0,
£€[w?(0),cf] © gefw?(0),e3] 2 © gefw2(0),c3] €

we conclude
(w*2 _ u*2)2 < Cﬁ1/4

and then
w? —u?| < Ck'® aswell as  |w* —u*| < CkY/5,
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Concerning the case u* > ¢, let
xo :=min{x : ug(so+x) =co}.

Since u(sp) < ¢o by inequality (3.22) and u* > ¢y, we conclude by continuity that z* is greater
or equal than zy and therefore,

|u* = col < Jlux(s0+-) = coll oo (wp n1/21)-

We estimate the norm on the right hand side. At the left endpoint xg of the interval, we have
lu (50 + 20) — co| = 0 by definition. Considering the right endpoint /%L, we find by the mean
value theorem and Lemma 3.8

lur (so + ALY — ug(so+)] lur (so + &A1) — ug(so 4+ kALY + |ub (&)L

<
< Crl/4,

If the norm is attained at an interior point Z of [xg, k'/4L], we have

0= y(s0 +3) = k% g+ (ud(s0 + F)) + O(r1/4)

so that
O = " (u(s0 + 7))
= g7 (B) + g7 (B0 +T) — B) + 507 (O (0 +7) — B)?
= 507 O +7) - B
> Clup(so+7) — ).
Therefore,

lu2(so+T) — 2| < CkY® as well as  |ux(so + T) — co| < Cr!/®

and altogether
HUH(SO + ) - COHL"O(:cO,nl/‘lL) < Cﬁ1/8,

which implies
lu* — co| < CrYS.

Rewriting the identity (3.30), we obtain

O = g (w?) —g" () + g7 (c§) — g (u?)
= g7 (A~ )+ g™ (@) w? - B

/ 1
g () = &) 2o" (@) - )P
= S @)W - AP - 5 E) W - )

for certain & € (w*?,c2) and & € (c3,u*?). It follows

(w*Z - 63)2 < C(Iil/4 + (u*2 o 63)2) < Cl‘&l/4
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3.3: Behavior of solutions at points of jump discontinuity in the barrier potential

and we conclude
w2 — 3| < CkY® aswellas |w* — ¢o| < Cr!/E.

Trivially, the triangle inequality now yields |w* — u*| < Ck'/®. To summarize, we have shown

Like in the beginning of the proof of Corollary 3.17, we then obtain

< CrY/S.

Uk(So+ ) —w (7,11/2 + c;-c) ’LOO(le/2,nl/4L)

ot o) et

Uk(So + ) — up(so + -
(S0 + ) — uo(so uo(50F)

LOO(CQH1/2,K1/4L)

Corollary 3.19.

Let sg be a point of jump discontinuity of Vp and assume that Vp is constant in the intervals
[so — R, so) and (so, so + R] left and right to sg for some R > 0. Then there exist W, : R — R
such that

) = . @ <C 1/8
s +) = valsn + )= < ow'l,
L>*(—R,R)

where ¢y = X{xgo}uo(so—) + X{x>0}u0(30+)'

Let s1 =0, sy+1 = 1 and let so9,...,sy be the points of jump discontinuity of V. There are
functions W, : [0,1] — R such that

Wi
U —UO——
€o

< Cr'/S,
L5°(0,1)

where ¢g : [0,1] — (0,00) is a positive function which fulfills (if appropriate)

Co(siﬂ:) :’LL()(SZ':E) (Z: 1,,N+1)

It holds
(3.31) We 4 < Cr'/2,
€0 L1(0,1)

Proof. Fix a point of jump discontinuity sg of Vg and let

Bu(y) wh(y+ch), y>0,
y
w(y+c;), y<0,

where w™ and ¢} coincide with w and ¢, from Lemma 3.15 and w™ and ¢,— are constructed
analogously in the regime left to so with ug(so+) replaced by ug(sp—). For s; = 0 and sy4+1 = 1,
we point to Remark 3.16. Employing Corollary 3.17 and Lemma 3.18, the first inequality follows.
Let (¢i)i=1,..N+1 C C*(R, [0, 1]) be a family of functions satisfying va;lrl ei(z) =1,z €0,1],

supppr C [0,2s5], @1 =11n [0, 1s,],
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supp @i C [si — 2(si — 5i—1), 8 + 2(siv1 — 8i)], @i =11in [s; — $(si — 5i-1), 85 + 3(si41 — 5i)]
fori=2,...,N and

1
suppon+1 C [1—2(1—sn), 1], ¢np1=1lon[l— 5(1 —sn),1].

For i = 1,...,N + 1, let @’ be the functions constructed in the first part of the proof with
correspondlng & and the conventions ¢y = ug(0+) and &' ™ = ug(1—). The function

o A

.'IZ—S

now fulfills < Ck'Y® and since W has no zeros, there exists a positive

"llre(o,1) —
function ¢y such that

N+1 — s
We(z) = > _ @, (M) oi(z) (z €R)
i=1

admits W’“ = W,i.

ot T—84
N+1 'LU,ZQ (51/2)
Since We 1 = Y (A

— \ Gz —si)

(3.28). O

— 1| wi(z), estimate (3.31) easily follows from inequality

3.4 Refined remainder estimates

Throughout this section let wu., uo, Vi, Vo, Bk, Bo be given as before and let Wy, cg be given
as in Corollary 3.19. Moreover, let s = 0, sy+1 = 1 and let s9,..., sy be the points of jump
discontinuity of Vp. We will now derive differential equations for the remainders

Uug

Run = Uk — 7Wm
co
RVN = Vli - ‘/05
Rg, = B — po,
RVK):BR = RVH + Rﬂrﬂ

in order to derive improved estimates. Differentiating R, twice, we find

IN
Uuo 1 UuQ
2R, = 2ku, — 2k (COW: + W, (Wz (Co> > )

= —(F+ Ve +Vo+ o — h(ud) + (Vi = Vo) + (Bs — Bo) + (h(uf) — k(u}))) us

IN !

Uuo "y 2

—2 —W, W
H(L’o " Wn( (00>)>

]. ’LLO N/
= R~ (08) k) e 2w W g (W2 (22))




3.4: Refined remainder estimates

Using

/
R = v; (Wg (f};‘)) + ﬁ;‘” W

and

R uo U
_2 W// Uk s — _2 W// K
Wk (Wn + Co>

we can rearrange the equation to

o (m(5))

1 N
o B 2 2 nUs 5 L 2
= —Ry, goux — (h(ug) — k(uy)) ue — 28 W’*W 2K W, <W <Co>> ’

which will be the starting point of the following refined remainder estimates.

Lemma 3.20 (Refined estimates to the remainders).
The remainders fulfill

(3.33) /W2 < "> d:}c—i—/ RY (z d:}c—l—/ R. (z)dz < Ck.

In particular,

(3.34) —— < K2,
€0 £2(0,1)
Uo 1/4

(3.35) Uy — — Wi <Ck
€0 L>(0,1)

and, by Poincaré’s inequality,

(3.36) Vi = Voll oy < Cr'2.

Proof. Multiplying equation (3.32) by R, and integrating by parts we obtain, thanks to R, (0) =
R,. (1) =0,

2/1/01 W2(x) <§V

2
u”) (x) dzx
1 i 1
[ R @R @) do [ () - K@) uale)Ra (2) do
0 0

+2k /01 W:(m);};(é)) Ry, (z) do — 2"‘/01 We() (ﬁf




Chapter 3: The combined viscous semi-classical limit

Applying Young’s inequality in the third integral on the right hand side, the estimate
1 ?
R
W2(z) (== d
o [ Wi () @ as
1

1
< /0 Ry, 5, (¢) Ru, (@)un(z) da + /0 (h(u3 (@) — k(u2(2))) (@) Ry (x) da

25 /01 W,;'(;c);‘vi(é)) Ry (z) dz + 5/01 W2(z) (ﬁ)a (z) dz

1

1
< /0 Ry, 5, () Ru, ()un() da + /0 (h(u3 (@) — k(u2(2))) (@) Ry (x) da

1
i 2 " uK/(':E) d
(3.37) + K/O W, () W () Run(z) x+Ck

follows. We derive an estimate to Rg, . Write

iz
Bu—Bo = —F V= Vet k(u)) = 2n" — (<F = Vg = Vo + h(}))
’ZL//
= —Ry, — (h(ug) - k(ui)) —2k—".

U

Let I = [s1,s2]. We use the notation I, := [s] + m1/4(52 —81), 82 — /<,1/4(52 — s1)] as in Corollary

3.5. For 0 < k < Ko, we then have

2
1Bx — Bol < —— 18k = Bollzr1..)
59 S1
2 2 v 2 uy;

< ClRv o +C1102) ~ AR 1 gy + C% D)1y + C26 |
< C||Bv,|lz2(0.1) + Cllus — wollprr,y + CKY? + C26)|ulll| 121,

Wi
< ClRv, 201 + C‘ Ry, — o (1 - ) + Cr!/?

€0/ llLy(1,)

Wi
< CHRVHHLQ(O,l) + CHRun”LQ(O,l) + C‘ 1-— E o + OK!/?
L1(0,1

C”RVK ||L2(0,1) + C”RuN HL2(0,1) + C/il/z,

where we have used the local Lipschitz continuity of s — h(s?) and the uniform boundedness
of u,, for the third inequality, estimate (3.5) for the forth line and (3.31) for the last inequality.
Using the Sobolev embedding H'(0,1) < L>°(0,1) and Poincaré’s inequality, we deduce the

intermediate result

IN

| Rv, |l oo 0,1) + 18x — Bol
CllRv,z10,1) + CllBv, |lz2(0,1) + Cll Ru Ml 220,1) + Ck!/?
ClIRy, lr2(0,1) + CllRu, |l £20,1) + Ck!/?

||RVK,BK HL°°(0,1)

IN

(3.38)

IN

which will be useful to achieve an estimate for R’Vn: Integration by parts and the differential
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3.4: Refined remainder estimates

equations for V and Vj yield

AQ ! /2 )\2 ! / /
3 . RVmﬁn( )dfC = ? ) RVN,,BK(:'E)RVN(:U) dx

1
= =5 [ Run @ () @) da
1
= [ P @R @) do s g [ R @Ry, 0) do

-3 [, i <W<<>) ) )

so that

)‘2 ! /2
? ) RVn,ﬁn( )dx

1 1 1
< — [ Frs@Ru @) dot 51 B plimn | @) de
Ol Ry o) \ 1
L1(0,1)
1 1 1 5
< —/0 Ry, 5. (@) Ry, (@) ux(x) dw‘i‘QHRVmBNHLw(o,l)/O R, (z) dx
)\2 C W, 2
HRvJ! 2 S |= -1
L2(0, 1) 22 || e L10.1)
C ||W, 2 W,
Yl R l72000y + = || — 1 +CRMV2 = 1
Tl o L1(0,1) €0 L1(0,1)
<

1 1 1
- /0 R () R (o) da -+ (3Rl +7) [ 7, @) da

c C
HRVKHLQ(Ol—i_C( + = +1>

where we have used inequality (3.38) and Young’s inequality twice (with some parameter v > 0
to be determined later on) for the second inequality. Estimate (3.31) has been used in the last
line. Since R’ RV B We conclude

)\2 1
C @ < - [ R @R ) o
1 v
+(51Rvselimon +7) [ R @) da
c C
(3.39) +C (A2+ +1>
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Chapter 3: The combined viscous semi-classical limit

Combining inequalities (3.37) and (3.39), we find

1 R 9 )\2 1 1 1
o fwie (fe) @aos 5 [ RE@ de - (G1Rvadimon ) [ R @i
0 " 0 0

1
< / (h(u2(x)) — k(u2(2))) ue(z) Ry (x) + 26W () () Ry () dz +C (; + S + 1) K,
0

where we can choose v > 0 arbitrarily small and already know || Ry, s, || Lo (0,1) — 0 as K — 0.
Therefore, it only remains to show

1
(3.40) G / R’ (2) da
0
2

! 2 1" un(x)
< - /0 (h(ug(z)) — k(up(x))) ux(z) R, () + 26W/! (g;)WH ) Ry, (z) dz + Ck

for some Cy > 0. We recall that k(u2) = h(u2) + % In(u?) = h(u?) + O(k'/?) and that W (z) =
w! (gﬁ_si) for i = 1,...,N in [s;,8; + $(sit1 — si)] holds by construction of W, in Corollary

K\ x1/2

3.19. To enhance the readability of the following argumentations, we will formally abbreviate
L=siy1—s and w=uw ([ —
= Si+1 S; an w = w, W .

K

With the representation w!” = 3 <h(w22) - h(uo(si—i—)Q) w? (c.f. (3.29)), we now calculate

si+nl/4L ) ) , uﬁ(x)
- / i (h(ug(2)) = k(ug(x))) s (@) Ru, (2) + 26 W () " (m)RW (z) dx
si+nl/4L ) ) , uﬁ(x)
- / (h(ug(x)) = h(u;i(x))) us(x) Ry, (2) + 260" (z) () R, () dx

si+rVAL v
[ @) R () do
si+r1/4L
= - / . (h(ud(x)) — h(u2(x)) + h(w?(z)) — h(uo(si+)?)) us(2) Ry, (z) d

si+rVAL v
—i—/ ;ln(ui(ar))u,ﬁ(:c)Rum (x) dzx

and conclude by Young’s inequality, for some parameter C; > 0 to be determined later, that

—/siw%(h( 2(2)) — k(12 (2))) s () R () + 2607 (@) D R 0y de 4 €
5 ug(x us(x))) uk(x) Ry, (z K ”mW,@(m’) u. (z) dx lef

si+rYVAL
= / ) (A(ug(@)) = hlug(x)) + h(w?(x)) = h(uo(si+)?)) ux(2) Ru, () dz

1
—6'1/ R? (v) dz.
0
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3.4: Refined remainder estimates

We estimate the first integral on the right hand side and write

si+rY/AL
- / (h(ug(2)) = h(ug(2)) + h(w?(2)) = h(uo(si+)?)) ux(2) Ry, () do

_ / leML < —h (“uf) )) () Ru, () da

N / jﬁML < ( uﬁ(iwz(f)) h(ud(x)) — h(w(z)) +h(u0(5i+)2)> un(2) Ry, (2) da

= I + L.

As the derivative of s — h(s?) is bounded away from zero in the relevant range, the mean value
theorem and the uniform lower bound of u, imply

si+r/AL
L >K / R: (z) dx
s
for some K > 0. Young’s inequality and the uniform boundedness of u,; yield

sitn!/2L ud(z)w?(z 2
B & [ (n () - b — ) + b (si)) e

si+rY/AL
+Cg/ R: (z)dx

for a parameter Co > 0 to be chosen later on. We consider the first integral on the right hand
side and estimate

2 2
ug(z)w*(z) 2 2 2
ST ) —h —h h(uo(s;
( iy (W) — h(w(x) + hluo(si+)?)
[ #0 8 fm
= ds
e
ud(x)
= /UO(SHF)2 P'(s) ds — wleit)” (UO(OSﬁ)2 3> ds
wQ(x) S w2(m) S
ug(si+)? 2
e B
w?(z) u0(3i+)

< CrY*ug(si+)? — w?(z)]

for = € [s;, 8 + kY/1L], because uZ = ug(s;+)? + O(k/4) in [s;, s; + k/*L]. Therefore,

C Si+}€1/4L Si+1+}€1/4L
1] < 02/ K2 ug(si+)? — w?(x)]? da + 02/ RZ (2) dx
S; Sg

C
< @Kl/QHUO(Si—i_)Q - wQHLOO(si,Si—l—nl/‘lL)||u0(si+)2 - wQHLl(si,si—f—ml/‘lL)

Si+1+f<,1/4L
+Cy / R?M (z) dx
s

i

Si+1+,‘€1/4L
CCF& + 02/ R2 (v)dx
2 s

IN

%
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Chapter 3: The combined viscous semi-classical limit

by inequality (3.28). Choosing C1,Cy > 0 by the condition C; + Cy < %, we obtain the
intermediate result

si+r1/4L sitr/AL
g / 1- R (z)dx < - / 1- (h(ud(2)) — k(u2(x))) s () Ry, ()

si+nl/4L u (J})
(3.41) —1—2,%/ W/ (1) =2 Ry, (1) dz + Ck
and similar calculations show

K[ o yae < / T (@) - MR (@))) @) R (@) da

Uk

2 Si+1—f€1/4L i+1_"‘€1/4L
st iy Us(T)
(3.42) +2/€/ W, (z) R, (z)dz+ Ck
Si+1—/€1/4L W"‘C(x)
for i = 1,...,N. We provide the final estimate for the interior parts of the intervals [s;, s;+1].

For z € [s; + KYAL, Sit1 — /@1/4L], we know that

d\? i [ —si i x — 5
W/ (x) = <d$) <wn <,~@1/2> pi(x) + wit <;<;1/2+1) 90i+1($)>
1

is actually uniformly bounded for 0 < k < kg, as the derivatives of @’ and @’ converge
exponentially fast to zero according to inequalities (3.26) and (3.27). Therefore,

< Ck.

sip1—rt/AL ug(x)
26W) (2) = Ry, () dx
/WML (@) o R 0)

Furthermore, we have
S¢+17.‘£1/4L
-/ (h(u3(2)) — k(u2(2))) () Ru () da
si+rL/AL

si+171£1/4L
- / (h(ud(x)) — hu2 (x))) ts () Ru () da
si+r/AL

y [sit1i—w'/AL
+/ In(u2(z))ug(v) Ry, () do

T S¢+I€1/4L

and Young’s inequality yields

Si+1—,‘il/4L C
-/ (b(uB()) — b)) ()R ) i+

i+H1/4L 03
Si+1—,‘il/4L si+1—nl/4L
> - (1)) = h(u2 () w0 o, () do = Cs R (@) da.
si+r1/AL si+r1/AL
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3.4: Refined remainder estimates

We rewrite the first integral on the right hand side to

sip1—kY4L
-/ (h(03(@)) — (e (2) @) R (z)

iHRYAL
siz1—KYAL W2(x)
— U2 2)) — U2 T " u(x o) de
= £i+ﬁl/4L (h( n( )) h( O( ) C(Q)(IIZ‘) >> li( )Run( )d
sip1—KYAL / Wg(x)
T /8 L W (&(x)) <U3(x) 2w u%(a:)) un(2) Ry (z) da
= L +1I

with some &(z) between u2(x) and uZ(x) W;E((g;) for x € [s; + k'/*L, 5,11 — x'/*L]. Using the mean
CO x

value theorem and the uniform lower bound of u,, we obtain

si+1—n1/4L
L >K R2 (z) du.

u
si+r/AL "

For z € [s; + k'/*L, 5,41 — k'/4L], it holds

~ xr—S; ~i+1 [ T=Sit1
W_l' — W—l vi(z) + W—l ©iy1(T)
j— . i < K3
co(w) oz — si) & (@ = sit)

< Cexp <—Ff/4> (pi(z) + pit1(x))

< Ck

by inequality (3.25). Therefore,
‘IQ’ S C K.

Choosing C5 > 0 with C3 < % and combining the estimates, we find

K S¢+1—I£1/4L Si+1—)€1/4L
> o (1) dz < —/ (h(ud(2)) = k(u(2))) us() R, (x) da
2 si+r/AL " si+K/AL

(3.43) +2/<;/W,’$’(m);;(é)) R, (z) dx + Ck.

Summing up inequalities (3.41), (3.42) and (3.43) for i = 1,..., N, we obtain inequality (3.40)
with Cp = % This completes the proof of estimate (3.33) and we immediately obtain estimates
(3.34) and (3.36). Since Wy is uniformly bounded from above and away from zero, we also derive

R /
()

Ru,

K

< CrM? (0 < K < ko)

<(C and H
£2(0,1)

L2(0,1)

from inequality (3.33). The interpolation inequalities A.8 yield ) RW“: (o) < CkY4. Then we
also have || Ry, || 1 (0,1) < Ck!/*, which corresponds to inequality (3.35). O
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Chapter 3: The combined viscous semi-classical limit

Remark 3.21.

It is expected that the rate of convergence k/?

for the asymptotic expansion of u, also holds with
respect to the L°-norm and that this rate is optimal for the zeroth order approximations Z—SWH
and Vy. A rigorous proof of this assertion follows from extending the asymptotic expansions with
uniformly bounded functions u ., V1, € L*(0,1) such that

Uy = ?W,{ + fil/QuL,.i + O(HI/Z) and Vi ="V + /‘01/2‘/1,/6 + 0('%1/2) (0 < K < ko).
0

It is supposed that V1 coincides with a common function Vi for all 0 < k < kg. For any point
of jump discontinuity sy of Vg, the local representation

ur k(S0 £ -) =ui(so £ ) Zsy+ (W) (0 < Kk < Ko)

is presumed, where u; € L*(0,1) and Zs, +, Zs, — are certain functions fulfilling Zg, +(0) = 0
and Zs, +(y) — 1 exponentially fast for y — foo.
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Chapter 4

Results on the quantum
drift-diffusion model of
Bian, Chen and Dreher

The last chapter is a direct continuation of the boundary layer analysis for the quasi 1D ap-
proximation of the bipolar quantum drift-diffusion model derived in Chapter 1. We present the
results of S. Bian, L. Chen and M. Dreher on the zeroth order approximations of the solutions to
this model and derive differential equations which yield the first order summands complementing
the asymptotic expansions.

4.1 Statement of the problem and known results

In | ], the quasi 1D approximation
(4.1) F = V(z)+T,In(n(z)) — & \/ﬁ”((a:)) (0<z<1),
(4.2) “A2V"(z) = n(z)—exp(V(2)/T,) — C(z) (0<z<1),

of the stationary bipolar quantum drift-diffusion model is considered for the boundary values
(4.3) n(0) =0, n(l)=np, V'(0)=p(V(0)—-Vgs), V(1)="Vs.

The quantum quasi Fermi level F' is assumed to be a constant function which fulfills

(4.4) F =V +T,ln(ng).

The latter is to express that the solution does not depend on quantum effects at the right
boundary of the interval [0,1]. Vp and Vg are real constants, ng > 0 and 8 > 0. The choice
of the boundary value n(0) = 0 leads to a singularity in the quantum mechanical Bohm term

SQ%, which yields the formation of a boundary layer depending on the scaled Planck constant

€ > 0. The known results on both the solvability and the relationships between n,V and the
functions ny, Vi, which solve the limiting equations

(4.5) F = Vix)+TyIn(n(z)) (0<z<1),
SRV @) = na(e) - exp(Va(@)/Ty) — Cla) (0<x < 1),
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Chapter 4: Results on the quantum drift-diffusion model of Bian, Chen and Dreher

with boundary values
(4.7)  n.(0) = exp((F = Va(0))/Tp.), nu(1) =np, VJ(0) = B(Vi(0) = Vgs), Vi(l)=Vp
are as follows:

Theorem 4.1 (Zeroth order asymptotic expansion).
The system of equations (4.1) - (4.4) has a solution (n,V) = (ne, Vz) € C%([0,1]) for any e > 0,
which satisfies n > 0 in (0,1] and enjoys the uniform estimate

52H<\/E)IH%2(071) + HV/H%%(M) < Co.

The system of equations (4.5) - (4.7) admits a unique solution (n., Vi) € C%([0,1]). There exists
a unique function Z € C2([0,00)) solving the problem

Z"(y) =Z(y)In(Z(y)) (y >0), Z(0)=0, lim Z(y)=1,

Yy—00

which converges exponentially fast to 1 and whose derivatives also decay exponentially. The
approzimations n)(x) := n.(x) Z* (vV2T,2) and Vig)(z) := Vi(z) (x € [0,1]) fulfill

. = N)lL2(0,1) — Vo) llwt2,1) > L¢g,
(4.8) | | + IV = Vi) <C
(4.9) 7 =1yl 1) < Ced/

and

(4.10) In(z) — ng)(x)| < CY/*- g 0<z<e)

for sufficiently small € > 0.

Proof. We refer to [ ], Theorem 2.1, Theorem 2.2 and Theorem 2.3. For the properties of
Z see [ , 3.38 - 3.40]. O

Remark 4.2 (Notations in the forthcoming analysis).
The results of Theorem 4.1 were obtained by considering the roots

0 == /n = Ve
We introduce the scaling
Zoly) =7 (V2Tay) (52 0)

and the additional notations

00 =+, Vo:=Vi, Rop:=0-—0020(:), Royv:=V.—Vp.

As seen in the respective proofs, the given estimates also hold with n replaced by o. and n
replaced by 002y (g), respectively. Combining inequalities (4.9) and (4.10), the useful estimate

RO,Q

; < ce*t
Zo (2)

L5°(0,1)

follows.
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4.2: Formal derivation of the first order asymptotic expansion

4.2 Formal derivation of the first order asymptotic expansion

We now discuss the ansatz

Ve(z) = Volz) +eVi(z) + O('),
0:(r) = ool )ZO( )+5Q16( )"‘0(51—’—7)»

where the zeroth order approximations Vp(z) and oo(x)Zo (£) are already known from Theorem
4.1. In the following, we will assume that the claimed expansion for g. holds for some v € (0, 1]
with respect to the L>°-norm and that g; . has the same form as the zeroth order approximation,
that is 01.(z) = 01(z)Z; ( ) for some function Z; fulfilling Z;(0) = 0 and Z; — 1 exponen-
tially. We suppose that Z(l) is continuous on [0, 00). The remainder term R; , := 0 — 00 — €01,
will be neglected frequently in the formal calculations. Based on these assumptions, we will now
formally derive relations between p1, g1 and Vi which render it possible to determine these
functions explicitly. A subsequent discussion confirms that this choice actually complements the
asymptotic expansions of g, and V%.

Let Vi o(x) be defined by the identity V. = Vp+¢eVj .. The estimates (4.8) to the zeroth order ex-
pansion of V. imply that Vj . is uniformly bounded both in W12(0,1) and L>°(0,1). Employing
the differential equations (4.2) for V. and (4.6) for Vj, we find

eV (z) = oX(x)— oo(w)® —exp (VEIEZ )> +exp <%T(Z ))

= <go(m)Zo <§> +eo1(x) 2y < > + Ry o(z )2 — 0p(x)

- (exp <V0(9U) +TiV1,e(x)> eXp( T(;B)))
— &) (Zg (g) — 1) + 2e00(2) (g) A ( )

—svl’ifx) exp <%T(;)) + O@).

Therefore, V. is a solution of the elliptic system

(e pen () e = M@ -1
+2909120( ) Z1 (£) + O(e7),
Vi = 0,
RV . 0

(4.11)

with the boundary operators
Ri\Vie = BVi(0) — Vfﬁ(O) and RoVi. :=Vi(1).

The boundary value problem is uniquely solvable, because an integration by parts shows

N2 BW(0) +)\2/ W (z dz+/ (T;))W%)dm«:o

for any solution W € W%2(0, 1) of the homogeneous equation. This implies W = 0 and unique-
ness follows from the linearity of the boundary value problem.
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We can now show that Vi . converges to a limiting function V; and that convergence is even
given in L>°(0,1). To this end, let G : [0,1] x [0, 1] — R be the Green function to the boundary
value problem (4.11) so that

Vet = [ 68 (7 (2) <1) ase2 [ G a7 (1) 2 (2) ds o)

The derivative of G is bounded on the respective closed triangles {(z,y) € [0,1]> : <y} and
{(z,y) € [0,1]* : & > y}. Therefore, G is Lipschitz continuous on [0, 1] and the constant con-

tinuation G : [0, 1] x [0,00) — R of G is Lipschitz continuous, as well. Because G, 0o and g, are
bounded functions, it follows that (z,y) — G(z,4)00(y), [0,1] x [0,00) — R, is also Lipschitz
continuous with some Lipschitz constant C'.The uniform convergence of the first integral in the
representation of Vi . now follows from

( 0( )*1> dSG(%O)@%(O)/OOOZS(t)Mtl

1/8
A (Gla,te)gd(te) — Glz,0)03(0)) (Z2(t) — 1) di

+ O(e—c/a)

IN

| 1(Gatergiiee) - Gla0)ci ) (Z5(0) - 1) [at-+ O

< scL/ tZ2(t) — 1| dt + O(e~%)
0
< Cg,

where we have used that Zy converges exponentially fast to 1.
Concerning the second integral, we find

‘2/01 G(z,s)00(s)o1(s) (Zo (g) Z (S) — 1) ds

2[[Gll Lo ((0,1)x (0,1))llQ001 | Lo (0,1 HZO <g> Z <§) - 1’
< Ce

IN

L1(0,1)

thanks to the exponential convergence of ZyZ7.
To summarize, we have shown [[V1 o — Vi|pec(0,1) < C€7, where

(412)  Vile) =Gl 0)gd0) [ (230 -1) di+2 [ Gsanls) ds (e 0.1)

Since G(+,0) is a solution of the homogeneous version of the system of equations (4.11),

1%} Vo
4.1 NV = 2
(4.13) AV T) exp <Tp> + 20001

holds and V; fulfills the second boundary condition RaV; = 0. Let ¢ and 1 be functions solving
the homogeneous version of (4.11) satisfying R = 0, Rap # 0, Rotp = 0 and R1¢p # 0.
By Liouville’s formula, the corresponding Wronksi determinant W = @1’ — ¢’ is a constant
function. Due to Rip = 0, we find W = W (0) = —¢(0) (51(0) — ¢’(0)) and therefore

()
A% (B1p(0) = ¢(0))’
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4.2: Formal derivation of the first order asymptotic expansion

c.f. [Wa, VI §26 VI] for the representation of the Green function in terms of ¢ and . This
shows R1G(-,0) = % so that

9(0) Jo~ Z3(t) — 1 dt.

(4.14) R\Vi = 5

We now consider the differential equation for g. to derive equations describing gy and Z.
Using the assumed asymptotic expansions for g. and V., the left hand side of the differential
equation e2¢? = (V. 4+ T, In(0?) — F) 0- now reads

%o (x)
= (a7 (7) +ea@ 2 (2) + Ruole))
- 2 (dom (2) + 2oz () + Sz (2))

v (cat0)z (2) + 2602 (2) + L)zt (2) ) + 210,

whereas the identity F' = V + T, In(o3) shows that the right hand side is given by

(Ve(x) + T In(02(2)) = F) ce(x)

— (Vi) 4oy [ 2% (2) FEar(@) 2 (2) + Frole)
l,e n QO(x)

X (Qg(x)Zg (g) Veor()Z (g) n Rl,g(a;))

(eVl,E(x) +20,1n (% (%)) + 2% (1 . 528 2 é

) Rl,g(ﬂf)
) oole) 2 (§)>>

To derive differential equations for p; and Z; from these identities, we formally extract the
summands of order o(e) (neglecting Ry , and it’s derivatives) and find

o8 [™8

X (Qg(x)Zg (g) Veo(x)Z (g) + Rl,g(a;)) .

x T x
(4.15) 20l(@) = 00@) 25 (2) + ¢ (20002 (2) + 121 (£)) + ole).
For those z € [0, 1], which admit #2(0?&) = o(¢), a Taylor expansion yields

0@) Zo (2) | 2o(@)Z0 (

™ |8

In (1 n EQl(x) Z1 (%) R p(x) )) _ E91(55) Zy (

In this situation, we have

(Ve(z) + T In(gZ () — F) oe(2)

- maton (3 (5) ()
+e <‘/1’5(£E>Q0($)Z0 (g + 2T, 01(x) 24 (x) +2T,01(x) In (Zo (£)> 71 <§>>

€ 5 £
+o(e).
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Comparing the terms bearing the power e! with the corresponding terms in equation (4.15), we
are led to the discussion of the differential equation

(@) 27 (2) = —200(2) 2 () + Vie(x)oo(x)Zo (2) + 2The1(x) 21 ()
+2T501(2) In (Zo (2)) Z1 (£) -

Let = € [¢'/2,1] be fixed. The pointwise limit of equation (4.16) yields the identity

Vi(z)oo(x)
2T,

(4.16)

(4.17) o(r) = -

as € tends to zero. Plugging this representation of p; into equation (4.13), we finally obtain the

elliptic system
_ ()\28:% — (T exp G{—) + %?)) i = 0,

(4.18) RV, — 02(0) fowég(t)—1 dt7

RV = 0.

It should be mentioned that V;(0) # 0, because by the unique solvability of (4.18) equipped with
homogeneous Dirichlet boundary values, it follows V1 = 0, otherwise. It remains to determine

Z1. Rewriting equation (4.16) in the variable y = £ € [0,1] and approximating all functions
which only depend on x by their value at zero, we ﬁnd
1 204(0
2w) = 0O Z1(4) - Zofw) + Zi(w) (0(Zo(w)) + 1) + OF).

2T, V1(0)00(0)

where we have also made use of identity (4.17) and [[Vi — Vi¢[[z~(9,1) < Ce?. Dropping the
remainder O(e7), a differential equation for Z; is obtained. In the following, we provide the
necessary tools for the construction of Z;.

Lemma 4.3 (A trace theorem for certain weighted Sobolev spaces).
LetT > 0, w € C1(0,T) and assume that Z : [0,T) — [0, oo) is a continuous and monotonically
increasing function with the sole zero Z(0) = 0. If fo |w'(x)Z(z)| dz < oo, then

li t)Z(t) = 0.

lm w(t)Z(1)
Proof. Essentially, the conclusion has been given in | , Lemma 4.57]. Let ¢ > 0 and
choose s € (0,7/2) by the condition [ |w'(z)Z(z)| dz < §. By the assumptions on Z, there

exists 0 € (0,s) such that Z(6)|w(T/2)| < § as well as gg ; fT/2 |w'(x)Z(x)| dv < 5. By the

fundamental theorem of calculus, it holds |w(t)| < |w(T'/2)| + fT/2 w'(z)| dx for 0 < ¢t < §. For
t in this range, we conclude by monotonicity of Z that

s T/2
ZWhw(t) < Z6)w(T/2)|+ Z(t) / |w'<x>\dx+§§‘32<s> / w'(z)) de
T/2
< 2@+ [ W@z@) o+ 2 [ @) ds
< E.
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Lemma 4.4 (Existence and uniqueness for a singular boundary value problem).

Let Zy : [0,00) — [0,1) be the solution of the boundary value problem ﬁZ(’]’ = Zyln(Zp),
Z(0) =0, limy,00 Z(y) = 1. For any Cy € R, there exists a unique solution Zy to the singular
boundary value problem

o2 = CoZl— Zo+ Z1(In(Zo) + 1),

2Ty
Z1(0) = 0,
yhﬁnol0 Ziy) = 1.

More precisely, for certain constants C, 8 > 0, the estimates

(4.19) 1Z1(y) 1] < CeV
and
(4.20) Ziy)| < e

hold for y > 0. In particular, Zy and Z| are bounded functions.

Proof. By a scaling argument we may assume ﬁ = 1. It is meaningful to assume that 2
has about the same growth behavior as Zj so that the appearing term ZjIn(Zy) is actually
continuous up to zero. We make the ansatz Z; = Zy(1 + w) for some bounded, sufficiently
smooth function w. Plugging this into the differential equation, we obtain

Z(l)/(l + w) + QZ(')w' =+ Zo’w” = C()Z(l) — ZO + Z()(l + w)(ln(Zo) + 1)
= CoZy+ Zy + Zjw + Zow

on (0,00) thanks to the differential equation for Zy. This leads to the equation
(4.21) 27w’ + Zow" = CoZ| + Zow,

which can be reshaped to

(4.22) — (230" + Z2w = —CoZ) Z.

In the following, we will introduce a weighted Sobolev space to find a solution w to this equation.
Another discussion will show that in fact w € VVIQOCZ(O, 00) so that the formal calculations can be
done in reverse order, yielding that Z; = Zy(1 + w) is actually a solution. Let

S) 1/2
LQZ§ = {u € L,.(0,00) : HuHL222 = (/ u(z)? ZE (x) dx) < oo}
0 0

and
1 . 2 2 - /
Hzg = {u € ng RS ng}a HUHH;g T HUHLZZg + Hu HLQZ3

Obviously, L2Z2 = L%((0,0),du) for the measure du = Z3d\. Therefore, H}z is a Hilbert space
0 0

with respect to the scalar product

(u,v) g2 = (uZ0,v20) 12(0,00) T <u/ZO’UIZ0>L2(0700) '
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By monotonicity of Zy and the pointwise bounds 0 < Zy < 1, the inequalities

1
4.23 < — d <
( ) HwHL2(6,oo) = Zo(E) HwHLQZ?) an ”wHL2Zg = HwHLz(O,oo)

and identical estimates for the respective Sobolev norms follow immediately for € > 0. The weak
formulation of equation (4.22) now reads

(4.24) (w,0) 33 = ~Co{Z5 Z09) 2oy = Fl9) (9 € HEs).
Since Z|) decays exponentially, there holds

[F(@)] < 1ColllZowll 2(0.00) | Zoll 2 0.00) = Cliellzz < Cllla,»
0

which shows that F' is continuous from Héz to R. By the theorem of Lax-Milgram, or rather
0
by the Riesz representation theorem, there exists a unique w € HEQ such that (4.24) holds
0
for all ¢ € HEQ. In particular, (4.22) holds in the sense of L} (0,00). We now show that
0

loc
w € I/Vl2062(0, o) and that the product rule is valid for the term (Z3w’)’. This implies that
Z1 = Zo(1 + w) is a solution to the original problem.

Differentiating the differential equation for Zy, it follows that Zy is a C'°°-function on any fixed
interval (a,00) for 0 < @ < co. Since Zy > 0 on [a,00), we conclude that any test function

Y € C(a,00) can be written as ¢ = Z3¢ for some test function ¢ € C°(a, 00). Therefore,
[ wa@w@ i = [T we (@) s (@) @) d
= [ W@z o) det [ @B @t da

- _/a Z2(x) (w (x)ZOQ(w)) Y(z) do +/a %w (2)(Z3) (x)2p(z) dz,

which shows w” = -5 ((w'Z3)" — w'(Z3)"). The norm estimate (4.23) implies w € W'?(a, c0)
0

and we deduce w” € L?(a,o0) by equality (4.22) so that w € W?2(a, 00).
We prove that Z; is continuous on [0, 00) with Z1(0) = 0. Since w € Wli’cz(O,oo), the Sobolev
embedding theorem A.6 yields w € C'*(0,00). As

1
| W@z o < 0/ Zoll g0 < 025 < o

we may employ Lemma 4.3 and deduce Z;(0) = Zp(0) + }{% w(t)Zy(t) = 0. We show that w is

bounded in a vicinity of zero: Since
1
Zy(y) = Z1(1) — / CoZy(x) = Zo(z) + Zo(2)(1 + w(x))(In(Zo(z)) + 1) dw
y
for 0 < y < 1, the existence of fol Zo(x) In(Zp(x)) dx and

1
/0 Zo(x)w(z) n(Zo(z)) dx < [[Zow]|z2(0,) [ 10(Z0) | 22(0,1) = llwll 22 [ I0(Z0) | 22(0,1) < 00
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4.2: Formal derivation of the first order asymptotic expansion

show that Z] is bounded and continuous on [0, 1]. L’Hopital’s rule now yields

lim w(y) = lim Z1(y) 1= Z1(0)

= —1.
y—0 y—0 ZO (y) Z(/)(O)

Therefore, w is bounded on [0,1]. As w € HéQ C L*>(1,00), we conclude w € L*(0,00).

We now confirm that w actually tends exponentially fast to zero. To this end, we remark
that w € C*(0,00) follows by rearranging and differentiating equation (4.21). Reshaping this
identity once more, we obtain

which is an ordinary differential equation in (1, 00) whose right hand side fulfills

l9(y)| < Cexp(—ay) (y>1),

because |Z)(y)| < Cexp(—ay) for some a € (0,1) and w € W?%(1,00) C Wh*°(1,00). Any
real-valued classical solution to this equation is given by

1 * 1 v
w(z) = cre” + coe” * + 26‘”/ e %g(s) ds — 26”“"/ e®g(s) ds
1 1

for certain constants c1,02 € R. Employing the exponential decay of g, it is easily seen
that ‘ch*x—%e T [[efg(s)ds| < Ce™®* for & > 1. Since w € W?(1,00), we already
know that w(y) tends to zero for y — oo (cf. Lemma A.7). Therefore, the remaining
part e (61 + 35 fl “Sg )ds) also tends to zero for # — oo. This implies that the factor
ca+3 fl e %g(s) ds necessarlly tends to zero as well. We make use of I’'Hopital’s rule in order
to find

1 o

141 [Fesg(s) ds
lim ! 2“[1 g() im ——g(x
T—00 —2(1 + a/2)

T—00 67(1+a/2)x

Cl+2 ST e 2g(s) ds
(1+a/2)a:

<1 for z > R and

therefore, }cl + 2 fl g ds‘ < Ce~(Ha/2)z for ¢ > 1. To summarize, we have shown that

From this, we deduce that there exists R > 0 such that

lw(z)| < Ce™ 2% (z>1).

The convergence result for Z; follows. By now, we know that w” = Z (Co —2w') + w decays
exponentially and the fundamental theorem of calculus shows that w'(y) also tends exponentially
fast to zero as y — oo, which yields estimate (4.20). O

Remark 4.5 (Properties of the function w).

As the function w, which was introduced in previous lemma, will appear in subsequent calcu-

lations, we gather some properties. We have seen w € C(]0,00)) N C*(0,00) in the proof of

Lemma 4.4. Moreover, w is bounded. By construction it holds wZy,w'Zy € L*(0,00). Since

w € W22(1,00), we also know w' € L®(1,00). It seems to be unknown whether w' is bounded
n (0,00). However, ||w'Zyl| oo (0,00) < 00 is still given by boundedness of Z1, Z) and w and the

identity Z = w'Zy + (1 +w)Z.
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Corollary 4.6.
Let Zy : [0,00) — [0,1) be the solution of the boundary value problem ﬁZ{]’ = ZpIn(Zp),
Z(0) =0, limy—y00 Z(y) = 1. For any f € L?(0,1), the problem

U" 2T, (14+1n(Zo))U = f, U e Wy2(0,1) N W2>2(0,1),
1s uniquely solvable. The corresponding solution operator, f — U, is continuous with

1U w2201y < Clfllz200,1)-

Proof. By a scaling argument, we may assume 27, = 1. We mention that any function U € WO1 2
that solves the equation is automatically an element of W?22(0, 1) because U € L*>(0,1) by the
Sobolev embedding theorem and In(Zy) € L?(0,1). The latter is easily seen with the substitution
rule. Analogously to Lemma 4.4, we define

1 1/2
LQZg = {u e L} .(0,1) : Hu||Lzz2 = (/ u(z)2Z3 () dx) < oo}
0 0

and the Hilbert space
1. 2 2 _
HZS,O = {U (S LZS U € LZS’ U(].) = O}

endowed with the scalar product (u,v) 2 o == (uZo, vZ0) 12(,1) + (4'Z0, V' Z0) 12(01)-
Similar to the beginning of the proof of Temma 4.4, the ansatz U = V Zj leads to the discussion
of the weak formulation

Voo zzo =~ (20 @)ran) (0 € Hpg ).

This problem is uniquely solvable by the Riesz representation theorem and following the ar-

gumentations of the proof of Lemma 4.4, we can show that this weak formulation is actually

equivalent to the original problem via the bijection U Z%’ WO1 2 H ég’o. At this point, the
essential property is that

v\ U UZzZ

§)-5-43

it holds that the function U = V' Zj possesses zero boundary values by Lemma

is indeed an element of L

any V € H;

2
5,07

4.3 and by definition of H é2 o- The Sobolev embedding theorem A.6 yields
0

because according to I’'Hopital’s rule Z% € C([0,1]). Conversely, for

|U" = 2T, (1 + 1n(Z0))U | £2(0,1) 1U w2201y + 27011 4+ In(Z0)|| 20,0y 1 Ul Lo (0,1

<
< ClUlw22(0,1)-

Therefore, the linear mapping U — U” — 2T, (1 + In(Zy))U is continuous and bijective from
WOI’Q(O, 1) N W?22(0,1) to L?(0,1). The claimed continuity of the solution operator follows by
the bounded inverse theorem. O

102
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4.3 Estimates to the first order asymptotic expansion

Following the preceding discussions, let V; be the solution to the system (4.18) and let g; be
defined by equality (4.17). Moreover, let Z; be the solution to

" o 29/ (0)
210 = 5 0)an(0)

with boundary values Z;(0) = 0 and limy_,o Z1(y) = 1 according to Lemma 4.4.
Let Zy and gy be defined as in Remark 4.2 and let

1

4.2
(4.25) ST

Zy(y) — Zo(y) + Z1(y) (In(Zo(y)) +1)  (y >0)

Roy = Vo=V,

Ry = Ve—Vy—el,

Roe = 0:—00% (%),

Ri, = 0:—00Z0 (%) —e01Z1 (2).

The exponential convergence of Zy and Z; implies
1Z: (2) - 1HLP(O,1) <CeVP (i=1,2) and 120 (2) 21 (2) - 1HLP(O,1) < Ce'lr
for 1 < p < co. By Theorem 4.1 it holds

lle= = aollz1(0,1) < [| = — 2020 (é)HLl(o,l) +[[(Zo (2) - 1) QOHLl(o,l) < Ce.

The potentials V. and their zeroth order approximation Vj are solutions to the boundary value
problems

§
NV = 2 —exp () = €. VAO) = BVAO) - Vi), V(1) =V,
p

and

\%
NV = g e () <€ (0) = BOAO) - Vas), Vol1) = Vi,
p

respectively. The boundary value problem for V; reads as

95(0) Jo~ Z3(H) — 1 dt

Vi Vo
~AV" = ——exp <> + 20001, V{(0) = BV4(0) — , Vi(1) =0,
! T, T, ! A2
c.f. (4.18) and (4.17).
Lemma 4.7 (L?-estimates to the first order remainders).
The first order remainders Ry and Ry, enjoy the estimates
(4.26) IAV/BI Ry (0)] + INIRL vl L20,1) + 1R |22 0,1y < Ce®/?
and
/
. Ry, 3/2
(427) 13 ZQ (g) 7 - + HRLQHLQ(OJ) S 08
0 (E) L2(0,1)

for sufficiently small € > 0.
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Proof. Ry y fulfills the differential equation

Ve Vi \%1
—\? v = 02 — 05 — (eXP (T) — €xXp <T0> <1 +e T)) — 220001
p p p

V. Vo + eV; —~
= 02— 05— <6XP <TE) — exp <0 Tg 1>> — 2ep001 + Ry
p p

where HRV HL 01) < Ce? is verified by considering the power series of the exponential functions.
Multiplying the equation by R1,y and integrating by parts, the mean value theorem and Young’s

inequality yield

1 1
N Ry (0)Ry v (0) + A° / RPy(z) do + K; / R}y (z) dw
0 0

1
< / (02(z) — 0p(x) — 2c0001) Ry () dx + Ce*
0
for some K7 > 0. Using the identity (4.14), the boundary values simplify to

MR, y(0)Ry(0) = XRyy(0) (Rpy(0) —eV/(0))
= Ry (8R00) + SO ([7 230 - 1at) - epvic0)

— X8Ry (0 +222(0) ( | 70 -1 dt) Ruy(0).

A direct calculation shows

(02 — 0f — 2c0001)

N

52
= 0-Ri— Rlﬁ*(zo( ) = 1) +ewor (% (2) 21 (2) = 1) + 5012 ()
and the inequality
/\Q—BR1V( )2+/\2/R d:r~l—/R
1
/0 0-(2) Ry () Ry (x) da
1 62 1
# [ (o) (20(2) 21 () - )+ SRR () - 47 ,0)) Ra(a) do
1 2 0
+ [ B () - 1) Rty ao B0 ([T 230 -1 at) R0

IN

2
+Cet
= L+DL+I+Ce!

follows. We estimate the parts of the second integral I>. By boundedness of gy and p; and
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Young’s inequality, it holds

1
/O coo@)ar (@) (Zo (2) Z1 (2) — 1) Ry (2) do

1 1
et @EzE - e [ R
0

C 5 [VF 2 -
=€ / (Zo(y)Z1(y) — 1)° dy + Co/ Ri v () dx
o Jo 0

C 1
< —¢ +C’0/ R? (z) dx
C(] ’

with a constant Cy > 0 to be chosen later on. Again applying Young’s inequality, we find

1 82
| 5@22 () Ry (@) ds
0

< 75 +C()/ RIV
Moreover,

1 1 ) 1 1 )
| 3R @Ry (e) de| < SR o) [ B (a) do.

In order to estimate the third integral I3, we mention that exponential convergence of Zj implies

0 1/6 1
S| zw-ra=c [z - 1w o) = [ 28(2) <1 e s 0
0 0

0
so that
1 20 )
= |[ @1 (mr B2 - 1082 oy

+0(e™*)

[@e-n [ (zzw@f)’ (s) ds do

1
O (sl mony + [Frvt |, ,) [ 128 ) =11 e 0

52 (HR/LVHLOO(O,l) + ||R1,V||Loo(071)> + O(e_c/a).

IA

IN

Since we already know ||0- — 00|l £1(0,1) < Ce and [[R1,v || 11(0,1) < Cb, it follows by the differential
equation for Ry that [|[R y[[r10,1) < Ce. Since || R] yllr10,1) < 1R yllz20,1) < Ce, we have
||R/17v||W1’1(0,1) < Ce. w2001y < Ce. The
Sobolev embedding theorem A.6, applied with the exponents p = 1 and p = 2, then yields
IR vllze=(0,1) + [[R1,v [ Le(0,1) < Cc and therefore

[I3] < Ce® + O(e™/%) < e,

Choosing Cy > 0 with 2Cy < %, the estimate
A2 A2
P Ry 0y +/ RZ, dx—i—/ R,

1
(4.28) < / 0-(2) R y(x) Ry y () das + §HR17VHL°°(0»1) / R? () du + C&°
0 0
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follows. In the following analysis we derive an estimate to R; , which will complement inequality
(4.28). As seen in equality | , 4.19], Ry, fulfills the differential equation

RY, = 2o ((e) ~Tn (% (2))) + MaRooln (20 (2)) + e-Foy = 555 (2 () )
3

so that the logarithmic identities yield

Ry, = 2Tho: [In(o:) —In(e0Zo (£) + 0171 (2))] + 2The-In <1+5Q;Z;E ;)
+2T0 Ro,oIn (Zo (2)) + 0= Rov — % (28 () o)’
—eoZy (%) - Zl(i) (72 (2) &h)"-

It should be mentioned that all occuring logarithms are defined for z > 0 and sufficiently small
e. This follows from p.(z) > 0 for x > 0 and, with the bounded function w from Lemma 4.4
that satisfies Z1 = Zy(1 + w), from

20%0 (2) +eerZi(z) = 2o (2) (o +e (L +w(3)) er)

and

o 21 (z)
142200 4214
00 Zo (%) 00 ( w(z):
since g is a positive function on [0, 1].

Employing the differential equation (4.25) for Z; and the identity o1 = —gl}:?, we compute

0

= N (‘v1<0>éo‘(0>9020( ) + Ro, 9)
—eVio: — e2Th01 71 (1) — 2T Z1 (2) In (Zo (£)) -

_€Q1Zi’(é) = 5V1< o )éo)(O)QOZO (E) + Ry, — QE—I—QoZl( )+Q0Z1( )ln (Zo( )))
)

Using this representation and the expansion

In <1+ Z;ZE ;) = i (_171%1 <EZ;28>H

n=1

valid for sufficiently small e, we arrive at
EQR,{’L) = 27,0 [IH(QE —1In (QOZO (g) + 0121 ( ))] + QTnRL@ In (Zo (7)) + QeRl,V
) 2 (22 (2) ) + Vi (bt 20Z0 (2) + Rovo)
= ()™ an())" |
+2T, (QEZ n 5Z;Z;E§; —enZy (g)

2020 (2) +e01Z1 (£))] +2TR1,In (2o (2)) + 0-Ruy
£

)

i @ Q) - 575 (2 Q) o) + 9 (vt o0 (2) + o)
Z1 (g [ . * (—1)nH 071 (%) n

o (69120 () (00 ZO(E)) +Q€,§ n <€QoZo(;)> )
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We make use of the identity

R}, — 2T, Ru,In (Zo (2)) = Zoi) (zg () (Zfl(g)))/

to reshape the equation as follows:

ij (Zg (E) (Zfl(g)> ) = 2Tnee [ln(é’s) —In (QOZO (g) +e01 21 (E))] +o.Riv
ZOE(Z) (Zg (E) Q{))/ + 82@6(0)‘/1(‘(352(0)Z6 (E)

0171 (2)
+€‘/1R07Q + 2T5¢ 00 Zo (E) RO,Q

3 N/ (=D iz (2)\"
- (@ () ) vame s, S (22

n
n=2

The definition of g1 yields

£

* (z0 (ZR())> 20 (o) - (020 2) + e12 ()] + Py

o (:
! . / V /
4 () (QO " 0w QO(O))

71 (=
+eV1 <1 _ A (€)> RI,Q

2 (z)
(4.29) +R,,
where
R, = =2 (3) ey +aZi ()W (1 - 2 8) - Zoi) (28 (2) &b
) wna 3 O (228)

with HE/E;HLOO(OJ) < Ce%. Multiplying equation (4.29) by R;, and integrating over (0,1) by

107



Chapter 4: Results on the quantum drift-diffusion model of Bian, Chen and Dreher

parts leads to

1
- _/0 0e(%) Ry o(x) Ry v (z) dx

! 'z / Vi(z)oi(x) ,
+€/O 27y (%) (00(35) - M90(0)> Rio(x) do

_g/olvl(a:) (1 — 2 Egg

where O(e¢/¢) arises due to the boundary values. We estimate the integrals on both sides.
Rewriting the following inequality in the variable z = £ it is easily seen that for any ¢ > 0 there

y
exists K9 > 0 such that
K,

_ ) > E (e — )2

2 (n(e) = Infy) (o~ 9) = 572 (@~ v
for all z,y > 0 satisfying £ > 4. For sufficiently small € > 0

QE — QE . 1 > 5

0020 (£) +eorZ1(2)  Zo(:) eo+ea(l+w(3))
actually holds for some § > 0, because ————~——— is bounded from below and the same holds
eo+eo1(1+w(2))

for Zogé), since gz((%)) = a,gfz(g)(o) > C > 0 by I'Hopital’s rule and inequality | , 4.15]. We

conclude

1 1
K /O R (z) dz < 2T, /0 0-(2) [In(ge(2)) — n (o) Zo (2) + co1(2) Z1 (£))] Riplx) da

for a certain constant Ko > 0.
We consider the remaining integrals. By Young’s inequality and the mean value theorem, we
estimate

L z / . Vi(z)oi(z) 2) da
[ 2252) (hio) - 2 0)) gl a
1
[ 27(2) f(e@) - a- Rugla) de
1 1
K2/0 Z} (%)2.%2 dx—l—lgz/o Rig(x) dx
1/e 1
e /0 Z(y)*y? dy+% /0 R} ,(z) dzx

¢ 5 Ky ! 2
K25 +8/0 Rl’g(fﬂ) dll:

IN
™
|

IA
)
|

IN
|
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4.3: Estimates to the first order asymptotic expansion

with f being a bounded function. For sufficiently small € > 0, there also holds

' 2 (2) K»
5/0 Vi(z) (1 ~ 7 (§)> Rig(x) dr| < — /0 R? olT) dz.

8
Using Young’s inequality again it follows that
C’
4 / R

1 12 1
Ry ,(x) 5
|z (s < dx + Z K. / R} ,(z)d
8/0 0(8) ZO(Q) x+8 2 0 179(1") L

£

ng( )dl’ S

Altogether, we deduce

1
(4.31) < —/0 0-(2)Ry (%) Ry v (x) da + Ce.

We already know that %HRLVHLoo(OJ) <Ce< % is given for sufficiently small € > 0. Adding
inequalities (4.28) and (4.31), we finally infer

2 2 1
(o >2+A/ R ()dm+fj;/ Ry (2) do

+a2/012§(§) (Z;Q((x)) do +/ R2,

< Ce3.

Lemma 4.8 (Preliminary L*>-estimates to R ,).
For sufficiently small € > 0, there holds

(4.32) | R1,0ll oo 0,1) < Ce.

Proof. We reconsider identity (4.29). Multiplying this equality by R; , and integrating by parts,
the same estimates as given in Lemma 4.7 yield

2 )\2 1 K
R0+ Ry dr s T R () d
2 4,

+e / Ry dﬂc+/ R
< Ce’ —2Tn/ In (Zo (f))R%Q(w) dx.
0

In particular,

IN

083 + CHRLQ

beon [ (% ()] do

2 omE /0 In (Zo(y))]| dy

= (Ope’ + 015HR1,QH%°°(071)'

|1 R1 ol 201)

IN

Ce® + C||Ry
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The existence of the last integral is easily seen with the aid of the substitution s = Zy(y) in
a vicinity of y = 0 and the exponential convergence of Zy for large y. Using the interpolation
inequalities A.8, we then deduce

1/2 1/2
|Billzen < ClRuoI 200 I BLell o

< C (COE + guRl,gH%w(o,l)) e/,
For any fixed € > 0, it holds Cpe < %HRLQH%M(OJ) or %HRLQHQOO(QU < Cpe. Both possibilities

yield
| R1,0ll Lo (0,1) < Ce.

O
Lemma 4.9.
The modified remainder Ry , := % fulfills
0\e
g2 —r 1\’ 2 T — |2

4.33 =z ) RL) + 2|12 () Rl < e,

( ) 4 0 (a) 1,0 £2(01) 9 0 (a) 1,0 L2(0,1)
. - ; . _ Zi(2) — B

Proof. A = D for i =0, 1 = £ h fe ~ —

roof. Abbreviate R; , Zo(2) ori=0,1and 0 := gy + 5ZO(€LQI SO tiat Z(2) 0+ R,
Since Z1 = (1 + w)Z for the function w in Lemma 4.4, we have Ry, = Ry, —e (1+w (2)) o1
and then, using results from the proof of | , Theorem 2.2],

Ry ,(1) = Ro (1) = O(e%) and E’l’g(l) = E[lg(l) +O(e) = O3/,

where we have made use of g1(1) = 0 for both equalities. It is easily seen with Ry ,(0) = O(e'/?)
(compare the proof of | , Theorem 2.2]) and by boundedness of Z] that

(Z5R1)(0) =0 and  Z3(2)Ry,(1) = R ,(1) + O(™/%).
Then, we also have
Ri()Z3(IF, (1) = 0(e™) and (R, 23R, ,) (0) = 0.
The right boundary values of Ry y and g1 vanish by construction, i.e.
Riy(1)=0 and p(1)=0.

Moreover, [|Roq| 1o (0,1) < Ce®* (c.f. Remark 4.2) implies the preliminary estimate

(4.34) I R1,0ll o (0,1) < ced/,
_ /
We multiply equation (4.29) by M := ﬁ (Zg () R, Q) and integrate over (0,1) in order to
olz ?
obtain

12

i /01 Zgl(f;) (Zg (é)ﬁﬁ,g) (z) dz

110




4.3: Estimates to the first order asymptotic expansion

1 /
+ [ @) + Faola) Rav (o) (7 () B,) (@) da

Vi(e)oo(a)
o go<o>) M(z) da

B 0
' 83 2 (- I\
o Zo (%) (71 (2) 01) (x)M(z) dz
1 o (_1)n+l o1 ()21 (2 n
+2Tn/O Qs(ZE)Z( 71 <EQOEI;ZE§;> M(z) da.

Employing multiple integrations by parts, we compute

) 1 1 P 2 1 R )
c /0 72 (%) (Zo (E)Rl,g) (z) d$+2Tn/0 Z§ (£) Ry ,(2)? da
€

- o e 750) ) s )
X Z3(2) Ry o) do

1
- [ 2() @+ RBdriy) @02 () R ylo) do

! I (z / Vi(z)oo(z)
- [ 2252 (hto) - T2 g 0)) M) o
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where O(e~¢/¢) arises from to the boundary values.
We estimate the integrals I; to Is. Note that 9 = g9 + (1 + w (g))gl is bounded away from
zero for sufficiently small € > 0 and that

120 (2) @l 1 (0,1) < C,

which follows by boundedness of Zyw' as stated in Remark 4.5.

Since In (1 + Rl("() )) — Rg(‘;()x) =3 %R;é()x) = O(%/?) and In (1 + Rl(g()x)> = O(e3/4)

by estimate (4.34), we can estimate I; by

C() 1 z\ C ! T\ R
L < 3 /0 73 (2) B p(@)* dw + -e” + Ce™! /0 25 (2) B y(@)* da

1
— C
co/ 23 (2) Ry ,(2)? d$+653
0 0

IN

where the constant Cy > 0, which will be chosen later on, arises due to Young’s inequality.
Using [|R1v [lw12(0,1) < Ce?, | R1y | 10,1y < Ce® and the boundedness of Z (£) o', we find

L < 1Zo§( V@) () o) da | [ R (0173 (2) Bl ) i
(£) (@) + Rup(2)) Z0 (£) R, () da
< QL BEOF P ar & [ BB ()76 b
IRy o /0 22 (5) B, () do
+C;°/01 Z3 (2) R, ,(x) d:}c—i—/ R (1) 23 (2) (8(x) + Rup(@))” da
1
< 00/0 23 (2) Ry ,(2)? d:v+g,063

The mean value theorem, Young’s inequality and the exponential decay of Zj yield

1 1
Bl< & [ 2 () @ do v i [ 2P do
C 1/e , 1 1 L ”
= G Awrucemmr aos [ 5 (BOF) @
C ! 1 A= \?
< 0153+01€2/0 Zg(g)(zg () RLQ> (x) dx,

where f is a bounded function on [0,1] and C7 > 0 is a constant to be chosen later on. We
exploit the preliminary estimate || Ro o[/ (,1) < Ce (c.f. inequality (4.32)) and the exponential
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4.3: Estimates to the first order asymptotic expansion

convergence of Zy and Z; to find

2
1 7. (Z 1 .
L < Lo Vi) (1— 1(€)> dw+0152/ ! (Zg(é)R,LQ)&(:r)d:r
0

AN

Cy
C 3/1/5 ) < Zl(y)>2 2/1 L (g )2
= — V] 1-— dy+C — (Zy (:) R d
C 3 1 1 2 -/
< - .
< Cl +Cyé? /0 Zg (%) (ZO (5) Ry Q) () dx
We integrate I5 by parts and obtain
1 o 1\ _
@ [ @23 ()Rl o]+ 2 |23 (1) 1)
C
< —¢ +Co/0 ZO()ng( )2 dx 4 Ce? ZO<>R19( )‘
Young’s inequality and the exponential decay of Z] yield
C 1 ZQ( ) ) 1
Il < — Z dz + Cye / M?(z) d
|6\_Cl/522()1() 0y (z)* dx + 160 (z) dz

= G
C 3 1/621() 1(N2 2 2/1 1 9 = \/2
= Z dy +C Z2 (2R d
o c /0 Z2(y) 1(y)70h(ey)” dy + Cre 0 22 (%) ( 6 (%) 1,9> (z) dz

gl 2/01 Zgl(g) (Zg (é)ﬁl,g),2 (z) da.

|Is] <

IN
|
e
+
Q
(O]

Moreover,

We rewrite the last integral as

L= o [ (olo)+ Fugto) (n (142520 ) 200 (2 () BL) o)
= —2Tn/01 [(Q+R1,Q) <1n <1+sgozog'§)— Zig; ]/(w)Z(? (2) R, () d
Y /Olgl(l‘) (m (1+s@1§32§x§) —ezggzggg) 72 (2) R, (z) da

o [ (w10 RiEE) B O R

1
LT, /0 (2(x) + Fag(@)) L(2) 22 (2) B, () da
=: g1+ 132+ Ig3,

where
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Note that the boundary values in the integration by parts actually vanish thanks to ¢;(1) = 0.
Using Z1 = (1 4+ w)Zy, we write L as

1w = 2 (& (4w () @K@
= ¢ (ﬂ)/ () (14w (%)) K(z) + Emggw' (2) K(z) (z€l0,1])

) (1520

In (1 4 g‘-’lZl(é)> _a4(g)

wZo(2)) " eotl)

07(2)
w70(2)

-1
with the bounded function K := ( > . Using

L=(0,1)

and the boundedness of ¢’ Z ( ), we obtain

£

1 1
1] < 254 ?(2)2Z5 (%) dv + o Z5 (2) Ry ,(2)* d
’ —_ CO 0 0 £ 4 0 0 g 1,@
C 4 CQ 1 2 -/ 2
< et 4 — Z5 (2) Ry (x)° dx
= 4 0 0 (s) 1,9( )

by Young’s inequality. Obviously there holds

1 - C, 1 -
Is2] < 052/0 7 (2) Ry p(a)? do < 2 i Z3 (2) Ry ,(2)? dov

for sufficiently small € > 0. Furthermore,

C oy Co 'y
[Ig3| < 50€4+Z ; Z5 (2) Ry y()* du

C ! 5) 92 x ! (x T
o /0 (2(2) + Fap(0))? 82! (2)? K2(2) 22 (2) da

o5 (x)

C() 1 2 (x -/ 2
+Z ) Z (g) RLQ([E) dl’
C 4 CO 1 2 12\ O 2
= —Coe +—2 ; Zy (2) Ry ,(x)* dz

C 3 Ve - 2 02(ey), 1/, N2 2 2
605 /0 (Q(Sy) + Rl“g(gy)) g%(sy)w (y) K (5y)ZO (y) dy

< Ca G [Ny (2) By (0)? dir + =8 /OO w'(y)*Z3(y) dy
C
Co

+

Co [* -
< oo+ Y[ BOR @
0
because by construction w?Z2 is integrable on (0, 00), c.f. Remark 4.5. We conclude

c 1 _
K< g+ G [ 239, (o) do
0 0
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4.3: Estimates to the first order asymptotic expansion

Choosing Cy = % and C; = %, we obtain the intermediate result
2 1

c 1 1 =\ 2 - 1\ =
2/0 ZE (Zg (E)RLQ) (z) d:z+Tn/O Z§ (%) Ry p(x)? dx < C®+Ce* | Z5 <8> RLQ(I)‘.

We need to handle the last summand on the right hand side. Since 0 < Zy < 1, we can drop
the coefficient -5 in the first integral and replace Zg by Zé in the second integral to find

z3
— / 2
(% (2) R.,)
L2(0,1)

2

e 2
2

+ 1,

Zg (5) EILQ‘ £2(0,1)

< Ced + Ce? ‘Zg (1) E’l’g(l)‘
/

< 0+ C2 || 28 () P -
< Ce’+Ce?|Z5 (£) Ry, o)

The interpolation inequalities A.8 and Young’s inequality show

2l 2\ 7 2\l 2w |2 2w |2
Ce HZO ) RI’QHLN(OJ) s Ce HZO 2) Rl’@’ £2(0,1) HZO (2) B, WL2(0,1)
< C HZS (E) R/L‘" L2(0,1)
/2 V|1
+0e2 |25 (2) P 12(0,1) (78 () ) L2(0,1)
— C
< Ce? HZg (E) R/L@’ 120.1) + 6253
N\ = 2 52 o\ = /2
+C HZg (2) Rll’@‘ Loy 4 (Zg 2) R/l’g) 120.1)
C = |2 C
< 5254+02H23 (2) R/Lg’LQ(OJ) ol
ol 2 s |2 e 2(\ P /|?
o HZO ) Rl’g‘ L2(0,1) 1 H (ZO ) Rm) 12(0,1)

where we choose Cy > 0 by the condition Cy + C5 = %’”‘ to finally achieve

2
_ |
Z2 (= R/ / + =
( 0 (a) 17Q> L2(01) 2

2 2
g

< C&3.
1 <

12(0,1)

2 (:) T,
]

Corollary 4.10 (Refined estimates to the remainders outside the boundary layer).
The estimates

4. Z2 ()R, H <
(4.35) H 0 (2) Mo L>=(0,1) — ce,
4. (*’ ‘ < 02,
(4.36) Ry, e = Ce
(4.37) IRuoll poocny < C¥2,
(4.38) HR’LQHLQ(E’D < Ce,
1/2
(4.39) 1Bl ey < Cel/?,
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hold true.

Proof. With the aid of the interpolation inequalities (c.f. Lemma A.8), the first estimate follows
from inequality (4.33). For z € [e,1], it holds 0 < Zy(1) < Zp (%) < 1. Then the second
estimate is also obtained from (4.33). By inequality (4.27), we also deduce ||R1,||12(c1) < Ce¥/?
and interpolating this estimate with inequality (4.36) leads to estimate (4.37). The identity
Zo(2) Ry, = Z5 (: )ng + 1Ry ,Z) (%) can be used to derive inequalities (4.38) and (4.39),
because || R1 020 (2) ey < Ce'/? by inequality (4.37) and

1/e 1/2
= - <€/ RY 4(ey) Zy(y)? dy)
L2(e,1) 1

00 1/2
<Cs4 /1 Zy(y)? dy> = Ce,

where we have also made use of estimate (4.37). O

—

1 .
HSRLQZ(I) (E)

™

<

™ | =

Lemma 4.11 (Refined estimates to the remainders inside the boundary layer).
Inside the boundary layer of characteristic length €, the estimates

IRioll200) < C€°

HR' ollzoe < Ce,

IR ,ll2000) < C,
and

IR0l < Ced?,

||R,1,g||L°°(O,€) < 051/27
hold.

Proof. Since p. = R1 ,+00%0 (é)+5ng1 ( ) the differential equation 2! = (V + T, In(0?) — F) 0c
turns into

Ry ,+2e00 2 (2) + 0024 (%) + 0127 (%)

_ ) 01 21 (E) Ry,
_ <Rl,v +eVi + 2T, In (2 (g)) +9T, In (1 +e QZO O oi (g)))

(QOZO( )+691Z1< >+ng)+0( )s

compare the computations in the formal derivation of the first order asymptotic expansion,
where V1 . = R1 v +€Vi. By definition of g1 = VIQO and using the differential equation (4.25)
for Z1, it holds

o2 (5) = Vi (75 () - 20 (2) + 21 () (n (20 (2)) + 1))
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4.3: Estimates to the first order asymptotic expansion

Using this identity as well as Z{] = 2T,,Zy In(Zp) and

In <1+emZ1 (2) , B )

0% (5) " 00Zo(2)
a2 (2) Ri,
02 (2) " aZo(2)

> (—1)n+1 8@ Z1 (E) Ry, "
2 ( w2 () " o (;))

(c.f. estimate (4.34))), we obtain the differential equation

: Vioo :
2 plt I ;o ¥1iee _ N 3/2
SRy, +2:7; (2) (@o 7000 00(0)> 2T, 1n (Zo () ) Rug + 2T Ri e + O,

Here, we also used || R14|lpo(0,1) < Ce (cf. (4.32)), [[R1vlL=@1) < Ce?/? (c.f. (4.26)) and

Ri,

oZo(2) < Ced/t (c.f. (4.34)). The mean value theorem yields
0Zo( £

L>°(0,1)

2224 (2) () - Tt o)) ~02) (o € e,

We conclude that the scaled remainder R1 ,(y) := Ri,(cy) fulfills the differential equation
1o(y) = 2Tu(1+ In(Zo(y))Ra(y) = OE*?) (y € (0,1))

with boundary values R1 ,(0) = 0 and Ry ,(1) = O(¢3/?), as seen in inequality (4.37). Now the
function U(y) = R1,,(y) — yR1,0(1) still solves an equation

U" —2T,(1+In(Z)U = f,
U@©) = o,
Ul = o,
where the right hand side f admits || f||z2(0,1) < Ce3/2. Corollary 4.6 yields [Ulw22(0,1) < Ce3/2,

which implies [[R1 ol[w22(0,1) < Ce3/2. Tt remains to reverse the scaling and to exploit the
Sobolev embedding W?22(0,1) — C1(]0, 1]). O

Corollary 4.12 (Refined estimates to the first order remainders).
The remainders Ry , = 0 — poZo (g) —e01 21 (g) and R1y = V. — Vo — V1 enjoy the estimates

[R1ollz2001) < Ced/?,
HR/LQHL?(o,n < Ck,

[R10lleo0,1) < Cced?,
IR} lle01) < Ce'/?

and
|R1v|lwieq) < Ce¥/?

for 0 <e < egg.
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Proof. This corollary summarizes Lemma 4.7, Corollary 4.10 and Lemma 4.11. O

Remark 4.13.
The most important consequence of the estimates given in Corollary 4.12 is the optimality of
the decay rates

[ Ro.oll22(0,1) + [ Ro.0ll Lo (0,1) + [[Ro,v [lw2(0,1) < Ce

for the zeroth order remainders Ry, = 0- — poZo (g) and Ryy = V. — V.

It is reasonable to assume that the first order remainders R1, and Ry decay with order e2. A
rigorous proof of this assertion seems possible by proving decay rates of order o(e?) for the second
order remainders Ry , 1= 0. — poZo (E) — 0121 (E) — 529275 and Ry ==V, = Vo —eVi — 52‘/2,5
with uniformly bounded functions 02, Va . to be determined.

The following section will provide numerical evidence for the conjecture of quadratic decay of
the remainders Ry, and Ry y .

4.4 Numerical Results

All numerics have been done in MATLAB. We use the built-in boundary value problem solver
bvp5c which uses a finite difference method and implements the four-stage Lobatto I1la formula.
To improve accuracy, smaller error tolerances and a grid of 80000 mesh points are used by
modifying the parameter set with bvpset(’AbsTol’, 12e-12, ’RelTol’, 12e-12, ’Nmax’,
80000). As the solver seems to respond rather sensitively to the choice of the initial value,
it is necessary to start the computations for a large value of ¢ = 0.2048. This parameter is
decreased successively until it reaches € = 0.0001. The respective results for g. and V. are used
as initial values for the subsequent computations. As mentioned in | |, the solution Z to
Z" = ZIn(Z), Z(0) = 0, Z(y) — oo (y — oo) has the derivative Z'(0) = % We use the
standard built-in solver ode45 for ordinary differential equation with the same error tolerances
as for the boundary value problems. Since the derivative Z1(0) seems to be unknown, we replace
the ordinary differential equation to Z; by a conform boundary value problem on [0, 100] with
boundary values Z;(0) = 0 and Z;(100) = 1 and it’s solution is continuated by the constant 1.
We use the same scaled parameters as in | |:

Ves [T | |2 |8 e Jos | K
~15 ‘ 0.04 ‘ 0.06 ‘ 1.0 ‘ 0.75 ‘ —2.0 ‘ V0.03 ‘ T, In(¢% — C) ‘ Vi + T, In(02)

The values of Vg and F were chosen based on the assumption ¢”(1) = V(1) = 0. The numerical
results show that the remainders o. — 00 2o (E) possess a rather large negative minimum inside
the boundary layer and a rather large maximum in a transitional section (c.f. Figure 4.2). This
is a characteristical behavior and manifests in the non-monotonicity of Z; (c.f. Figure 4.3).
As in the situation of the zeroth order numerics (c.f. Section 5 in | ]), it can be observed
that the first order remainders o, — 09 Zg (E) — 0121 (E) have their largest magnitude in the
transitional section, where the exterior and interior fittings merge. A comparison of the norms

Rigr2 = |Riollr2(01), RigLinfinity = | RiellLe(0,1)

Riviz = [Rivlizzo),  Riviinfinity = [1Riv | Le(0,1),

for ¢ = 0,1 shows that the quality of the approximations actually increases for small € when the
first order summand is introduced. Extrapolating the results for € to zero, a quadratic decay in
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PPy

e of the first order remainders can be observed for both the L2 and the L®-norm (c.f. Figures
4.4 and 4.5). We refer to Appendix A.2 for a detailed overview of the computational results.
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Appendix A

Auxiliary results

A.1 Functional analytical theorems and technical results

Definition A.1 (Spaces of functions).
Let Q C R™ be a domain. For 1 < p < oo we denote the Lebesque spaces by LP(Q)) and the
corresponding Sobolev spaces of order m € Ny by W™P(Q). We further define

WnP(Q) .= {f € W™P(Q) : f >0 almost everywhere} .

pos

The Besov spaces By, () are defined for 1 < p,q < oo and s >0, s ¢ N, by real interpolation

)

B; (9 = (1), wI(@)) .

where [s] denotes the smallest natural number larger than s. The Sobolev-Slobodeckii spaces are
then given by

WmP(Q N

W*5P(Q) ::{ . (), seN,

Bp,p(Q), s ¢ N.

For1l < p < oo and s,m € N with 1 < s < 2m, assume that Q is a C*"~bl_-domain. Any
function uw € W5P(Q) has a boundary trace u|pq and the space of all traces of all functions in
1

s—= s—1
W#P(Q) is denoted by By " (02). The norm on By " (02) can be defined by

s 1
v = inf wl|yys, v € By, (092)),
1903 o = eyl Jlestey (€ By (0

_1
or equivalently, by a localization to the spaces B;pp(R”_l). We refer to [C'r, Chapt. 1.5] for
details.

Lemma A.2.

Let Q C RY be a domain and 1 < g < p < co. For any sequence (uy)nen C LP(Q) converging to
some u € LP(Q), it holds (uﬁ/q)neN C LYQ) and Wb/t —s Pl i L1(9).

Moreover, for any f € L®(2), the mapping u — [, f(x)uP(x) dz, LP(Q) — R, is continuous.

Proof. Evidently, Wb e L9(Q). The function f(s) := sP/9 fulfills

[f(s) = f(B)] < grp/q’l\s =t (sl [t < 7).
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By Theorem [ , 3.10], the associated Nemytskij operator F' : LP(Q) — L4(Q), u — uP/, is
locally Lipschitz continuous and admits the estimate

p _
[ul’? — vP/ | gy < ?‘p/q Hw = vlle@)  (lullo@)s 10lle@) < 1),
which shows the first assertion. By the first part of the proof, we have

< Ol fllpe(oylluh, — uPll 1) — 0

/Q f (@) (w) do - /Q f (@) (2) de

as n — oo for any (up)neny C LP(€2) converging to some u € LP (). O

Lemma A.3.
Let Q C RN be a domain satisfying the segment condition, 1 < p < oo and u € WHP(Q). Then

uy = max{u,0}, w_ :=min{u,0} and |u]

are elements of WP () with

0 0
vqu:{Vu, u > 0, vu:{Vu, u < 0,

0, u <0, 0, u>0

and

Vu, u > 0,

Viu| = ¢ -Vu, u<0,

0, u =

Moreover,
Trlu| = |Trul, Tru™ = (Tru)t, Tru” = (Tru)” (uve WHP(Q)).

Proof. A proof of the differegtiability properties can be found in [Do, 5.20]. The last assertions
are true for functions in C'(Q) and follow for arbitrary elements in WP () by approximation,
since the mappings u ~ |u|, u + u*, u — u~ are continuous from W1P(Q) to WP (). O

Lemma A.4 (A chain rule for Sobolev functions).
Let Q C RY be a domain, f € CY(R), f' € L®(R) and u € VVlicl(Q) Then fou € Wlicl(Q) and
the representation

Oi(fou)=(fou)du (i=1,...,n)
holds almost everywhere in €).

Proof. A proof can be found in | , Lem. 7.5]. O

Lemma A.5.
Let @ C RN be a domain and u € W12(Q). Then u? € T/Vllocl(Q) and O;u? = 2(u)u. In
particular, if uVu = 0, then u is a constant function.

Proof. Since u € W12(€2), one has u, d;u € L*(2) and therefore udju € L}, .(Q) for i =1,...,n.
Then

| @uye == [ wdrtug) = = [ o~ [ w)e,

so that 0;u? = 2(;u)u. If uVu = 0, then Vu? = 0 and therefore u is a constant function. [
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Theorem A.6 (Embeddings of Sobolev and Besov spaces).
Let Q C RN be a domain satisfying the cone condition. Then the following embeddings hold for
1<p<oo,jeNyandmeN.
If mp > N, then
WItme(Q) —  C7(Q),
WItme(Q) = WH(Q) (p<q<o0),

if mp= N, then
WItme(Q) < WH(Q)  (p < q < o0)

and if mp < N, then

WimP(Q) < Wi(Q) (p<q< y2E).

The embedding constants only depend on N, m,p,q,j and the the dimensions of the cone pro-
viding the cone condition for €.

Assuming that Q) is a bounded domain, all embeddings are also compact, provided q # oo. In the
case of bounded domains, all embeddings are still given, if m > 0 is not integer.

Proof. A more detailed overview for integer orders can be found in [ , Thm. 4.12]. The
compactness results are known as the Rellich-Kondrachov theorems, c.f. | , Thm. 6.3].
For embedding results on Besov spaces, we refer to [17i, 4.6.1]. O

Lemma A.7 (Asymptotics of functions in W?(R)).
Let uw € WY2(R). Then
lim wu(t) =0.

t—+o0

Proof. 1t holds

‘UQ(y) - uz(‘r)‘ = 2 /(3> ds| = < 2”““L2(x,y)HuIHL2(x,y) —0

/: 2u(s)u/(s) ds

for x <y, x,y — Foo. Therefore, u?(t) has a limit for t — +oco. Since u € L?(R), this limit
must be zero and then also lim;_, 4. u(t) = 0. O

Lemma A.8 (Interpolation inequalities).
Let Q c RV beadomainandlet1§p<q<r§oosatisfy%:%+1%9f07"30m60<0<1.
Then w € LP(Q) N L"(2) implies u € LI(2) with

el ooy < Ml ooyl ey
Let Q C RN be a domain satisfying the cone condition. If either
(i) mp> N and p < q < oo,

(ii) mp= N andp < q < o0, or

(iii) mp<N(mdp<q<N

mp’
then
lull Loy < Cllullfymaoylullpfa)  (u € W™(Q),
where 0 = %p — % The constant C probably depends on m, N, p,q and the dimensions of the

cone providing the cone condition for €.
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Proof. We refer to [ , Thm. 5.8]. O

Definition A.9 (Second order elliptic operator).
Let a9, b c: RN — R (i,5 =1,...n) be bounded and measurable functions satisfying

a? =a” and |a”(z) —a"(y)| < w(|w —y))

fori,j = 1,...,n and some increasing function w : [0,00) — [0,00) fulfilling li\I‘I(I)OJ(E) = 0.
€
Then the (formal) expression

n

L= a’9,0; + Xn:b’@- +e

i,j=1 i=1

1s called a second-order elliptic differential operator if there exists a constant of ellipticity C' > 0
such that

CeP = ) (@) = ClEP® (a,& € RY).

1,j=1

Lemma A.10 (A maximum principle for elliptic operators with constant coefficients).

Assume a,b' € R and ¢ < 0 (i,j = 1,...,n) in Definition A.9. Let Q@ C RN be a domain,
u € WH2(Q) and Lu > 0 (resp. Lu < 0). If for some ball B C Q with dist(B,9) > 0

ess-sup,cp u(z) = ess-supyequ(z) >0, resp. ess-infyepu(x) = ess-infcqu(x) <0,
then w is a constant function in Q.

Proof. A proof can be found in [ , Thm. 8.19]. The authors even consider more general
operators in divergence form. d

Lemma A.11 (A Harnack inequality for elliptic operators).
Let Q@ C RN be a domain and L be an elliptic operator in the sense of Definition A.9. For
u € WH2(Q) satisfying Lu = 0 and u > 0 in §2, it holds

€sS-SUPge p(y,r) U(7) < Cess-inf e p(y ) u()

for any ball B(y,r) with B(y,4r) C Q. The constant C' only depends on r, N and the coefficients
of L.

Proof. We refer to | , Thm. 8.20]. O

Theorem A.12 (A variant of the Schauder fixed point theorem).
Let V' be a Banach space and ) # X C V be a bounded, closed, convexr subset. Assume that
F: X — X is compact. Then F' has a fized point in X.

Proof. A proof can be found in [We, Thm. IV.7.18]. O

Proposition A.13.
Suppose that (V,|| - ||) is a reflezive Banach space and let M C V' be a weakly closed subset.
Assume that E : M — R U {oo} fulfills
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(i) E is coercive, i.e. E(u) — 0o as |ju|| — oo,

(ii) E is sequentially weakly lower semi-continuous on M with respect to V, i.e. for any
sequence (Up)nen C M such that u, — uw € M weakly in V', there holds

E(u) < liminf E(uy).

n—o0

Then E is bounded from below on M and attains its minimum in M.
Proof. A proof is given in [Str, Thm. 1.2]. O

Proposition A.14.

Let Q C RN be a domain and assume that J : Q@ x R™ x RN™ — R is a Caratheodory function,
i.e. J is measurable with respect to x € Q and continuous with respect to z € R™ x RN™,
Moreover, assume that

(i) there exists ® € L' (): J(x,u,p) > ®(z) for almost all (x,u,p) € Q x R™ x RN™
(ii) J(z,u,-) is convex for almost all (x,u) € Q x R™.

Then, if un,u € T/Vlicl(Q) and w, — u in LY (), Vu, — Vu weakly in L' (') for all bounded

Q' cc Q, it follows that
E(u) < liminf E(uy,),

n—o0

where

E(u) := / J(z,u(x), Vu(x)) dz.
Q
Proof. This can be found in [Str, Thm. 1.6]. O

Definition A.15 (Gateaux-derivative).
Let X, Y be Banach spaces and U C X be an open subset. A mapping f:U — Y is said to be
Gateaux-differentiable in u € U if

his lim% (Flutth)— f(u) (heX)

t—0

defines a continuous and linear operator f(,(u) € L(X,Y).

Definition and Remark A.16 (Fréchet-derivative).
Let X, Y be Banach spaces and U C X be an open subset. A mapping f: U — Y is said to be
Fréchet-differentiable in u € U if there exists a linear and continuous operator f'(u) € L(X,Y)

such that
[f(u+h) = flu) = f'(wh]y

—0
[hllx

whenever ||h||x — 0.

f is called Fréchet-differentiable in U, if f is Fréchet-differentiable in any u € U. In this case f
is said to be continuously differentiable, if the mapping u— f'(u), U — L(X,Y) is continous.
If f is Fréchet-differentiable in v € U, then f is Gateauz-differentiable in u and f(u) = f'(u).
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Theorem A.17 ([Str], C.1 Thm.).
Let Q C RY be a bounded domain and assume that F : Q x R x RY — R is measurable with
respect to x € Q and continuously differentiable with respect to u € R and p € RN . If there exist
C, s1,89,83,t > 0 such that

(i) |F(z,u,p)] < C(L+ [l + [pl?), where s1 < 355, if N >3,

(ii) |0uF(x,u,p)] < C(1+ [ul*2 + |p|), where t < 2, if N < 2 and s, < {33, ¢ < 22 if
N >3,

(iii) |OpF (2, u,p)| < C(1+ [u|** + |p|), where s3 < 5, if N > 3,

then the functional E : H () — R,
E(u) := /QF(x,u(a;),Vu(x)) dr (ue H'(Q)),
is continuously Fréchet-differentiable in H'(Q) and
E'(u)h = /QauF(x,u(x),Vu(x))h(x) + (0pF (z,u(x), Vu(zx)), Vh(z)) d.

Lemma A.18.
The solution operator @, f + u, to the equation

u(z) = f(z) (z€(0,1)), w(0)=u(l)=0
is continuous from L?(0,1) to W22(0,1) and continuous from L'(0,1) to C*([0,1]).
The solution u to the equation
(@) = f@) (@e0,1), u(0)=uo, ul)=u
fulfills
lullero,1y < 2 (1 llro,) + luol + |ual) -
If f>0(f<0), then ®(f) <0 (®(f) > 0).

Proof. The first asserted continuity is well-known. Note that the solution operator is explicitly
given by

@n@= [ [ 1) sty | 1 [ 56y sty e 0.1,

Then
T ry 1 ry 1 ry
| [ asay—a | [ f(s)dsdy'§2 [ [ o) dsdy <218l e 0.1)
0o Jo o Jo o Jo
implies
[(@f)lloo < 201l 210,1)-
Analogously

/Ox f(s) ds — /01 /Oy £(s) dsdy‘ <2[fllgro,y  (z€0,1)),
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so that

(@) lloo < 201 £l L1(0,1)-
The estimate for inhomogeneous boundary values follows from
u(z) = (®f)(x) + uo + z(ur —uo) (x € [0,1]).

The assertions concerning the signs of the solutions are an immediate consequence of the maxi-
mum principle A.10. O

Lemma A.19.
Let h : (0,00) — R be continuously differentiable. Let I = [a,b] C (0,00) be an interval such
that

B (x) >Co>0 (xel).
Then, for fivzed 7 >0 and ky, := h + Z1In, it holds that
1R =k ey < Crv (0 < v < 1),

where J := ky,(I).

Proof. Note that J is is still contained in the range of h for sufficiently small vy, because
J C [h(a) = vollIn [ Loory, R(b) + voll In || Loo ()] € A((0, 00))
by monotonicity. Let y € J and define o, by

cone, . 9= R(hT W)
YT () - k()]

Then
h(h~Y(y)) — k(b1 vl In || oo h-
|h71(y) . k;l(y” — ‘ ( (y)) ( (y))| S H ”L (h 1(J)) S CV,
tan ay tan ay,
since tan ay, > C' > 0 for y € J follows by k' > Cy + % on I. O]
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A.2 Numerical tables

€ [ Ro.ollz201) 1R10llz2001) [[Roellz~,1) [[1R10llze(0,1)
0.2048 0.036014 0.063789 0.058474 0.17107
0.1536  0.036609 0.045875 0.07746 0.14362
0.1024  0.042444 0.029774 0.10377 0.10242
0.0768  0.047948 0.02545 0.11698 0.074982
0.0512  0.06183 0.026858 0.12133 0.047332
0.0384  0.075094 0.03001 0.1378 0.053627
0.0256 0.091092 0.033483 0.19883 0.072893
0.0192  0.096204 0.032987 0.23122 0.079604
0.0128  0.093461 0.027952 0.25355 0.076993
0.0096  0.086173 0.022754 0.25316 0.068629
0.0064 0.07196 0.015402 0.23473 0.052612
0.0048 0.061013 0.011008 0.21319 0.040939
0.0032  0.046423 0.0064041 0.1772 0.026678
0.0024  0.03737 0.0041867 0.1509 0.018796
0.0016  0.026845 0.0021942 0.11625 0.010845
0.0012 0.020937 0.0013497 0.094643 0.0070908
0.0008 0.014535 0.00065979 0.069165 0.0037379
0.0006  0.011131 0.00039024 0.054601 0.0023149
0.0004  0.00758 0.00018272 0.038515 0.0011449
0.0003  0.0057467 0.00010557 0.029796 0.00068318
0.0002  0.0038732 0.00004822 0.020545 0.00032386
0.00015 0.0029209 0.000027499 0.015693 0.00018867
0.0001 0.0019581 0.00001239 0.010669 0.000087047
€ IRovIz201) IRivlzzo1) [Rovlzewy) [Rivizeo,u)
0.2048 0.035588 0.22069 0.076797 0.72748
0.1536  0.035455 0.15697 0.076617 0.52668
0.1024  0.034929 0.093648 0.07588 0.32643
0.0768  0.034009 0.062628 0.074524 0.22728
0.0512 0.031328 0.033297 0.070278 0.131
0.0384  0.028244 0.020299 0.065011 0.085973
0.0256  0.022744 0.0096226 0.054826 0.045839
0.0192  0.018694 0.0055489 0.046711 0.028783
0.0128  0.013598 0.0025189 0.035695 0.014623
0.0096 0.010631 0.0014326 0.028807 0.0089231
0.0064  0.0073774 0.00064622 0.020776 0.0043708
0.0048  0.0056427 0.00036766 0.016253 0.0026035
0.0032  0.0038358 0.00016623 0.011333 0.0012356
0.0024  0.0029051 0.000094655  0.0087039 0.00072121
0.0016  0.0019559 0.000042749  0.0059488 0.00033381
0.0012 0.0014743 0.000024284  0.0045197 0.00019193
0.0008 0.00098782 0.000010917  0.0030535 0.000087302
0.0006  0.00074276 6.179 - 1076 0.0023058 0.000049703
0.0004  0.00049646 2.7643-10%  0.0015479 0.000022364
0.0003  0.00037283 1.5597-10~% 0.001165 0.000012658
0.0002 0.00024888 6.951- 107 0.00077946 5.6595 - 106
0.00015 0.00018678 3.912-1077 0.00058564 3.1922- 106
0.0001  0.0001246 1.7382-10~7 0.00039113 1.4219-10°6
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Zusammenfassung in deutscher
Sprache

Aufgrund der stetig voranschreitenden Miniaturisierung von mikroelektronischen Halbleiter-
Elementen wie beispielsweise Tunneldioden oder Feldeffekttransistoren wurde es in den letzten
Jahrzehnten notwendig, klassische Modelle des Stromflusses in derartigen Bauteilen zu erweitern.
In dieser Arbeit werden zwei makroskopische Modelle des Stromflusses in Halbleitern betrach-
tet, welche quantenmechanische Effekte beriicksichtigen und auf fluiddynamischen Prinzipien
beruhen. In Kapitel 2 wird eine eindimensionale, stationidre Variante des viskosen Quanten-
Hydrodynamikmodells

( On —divJ = vAn,
O] — div (£22) = V(Tn) +nVV + SnVEE = vAT =L 4 uVn,
O¢(ne) — div (%(ne +P)+J-VV = —2(ne— %n) + vA(ne) + pdiv J,
P = Tnidgs—5n (V@ V)In(n),
ne = % + 4T — %nA In(n),
NAV = n-C

betrachtet, welche durch die Gleichungen

J = —vn,

) = v =y + s = (£) v+ Vs,

<

n

NV = n-C

2e2n (‘\//ﬁﬁ/

im Intervall (0,1) beschrieben wird. Hierbei stellt p einen generischen Druckterm dar, der
gewissen Regularititsbedingungen geniigen muss (Definition 2.2). Vp ist ein zusétzliches Bar-
rierepotential. Die Konstanten ¢, A, v und 7 stehen fiir die skalierte Planck-Konstante A, die
Debye-Lange, die Viskositat und die Relaxationskonstante. Eine weitere gegebene Grofie ist das
Dotierungsprofil C, welches die Materialeigenschaften des Halbleiters beschreibt. Die unbekann-
ten Funktionen sind die Elektronendichte n, das elektrische Potential V' sowie die elektrische
Flussdichte J. Da das Barrierepotential iiblicherweise eine stiickweise konstante Funktion und
damit nicht klassisch differenzierbar ist, ist es notwendig einen geeigneten schwachen Losungs-
begriff zu definieren (Definition 2.1). Den Ausgangspunkt fiir die Losungstheorie des eindimen-
sionalen stationdren viskosen Quanten-Hydrodynamikmodells bildet das dquivalente System von
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Gleichungen
F = —(V+Vg)+h(n)+ %In(n) — 2(e* + v?) \\//ﬁ;,
/ " ’
(A.1) nf = = (A) 2gw (20 - GF) 4+ &,
V" = n-C,

im Intervall (0,1). In diesem Gleichungssystem kann F' als eine viskose Variante eines Fermi-
Potentials aufgefasst werden. Die Enthalpie h stellt eine Losung der Differentialgleichung
sh!(s) =p'(s), s > 0, dar.

Es wird zunéachst der Fall eines konstanten Fermi-Potentials I’ betrachtet. Mit Hilfe von Vari-
ationsmethoden werden Existenzresultate fiir Dirichlet-Randbedingungen (Lemma 2.9), homo-
gene Neumann-Randbedingungen (Lemma 2.13) und periodische Randbedingungen (Lemma
2.14) fiir die Elektronendichte n hergeleitet. Fiir den Fall von periodischen Randbedingungen
beziehungsweise homogenen Neumann-Randbedingungen betrachten wir weiterhin die zuséatz-
liche Bedingung, dass die Gesamtmasse fol n(x) dx der Elektronen eine vorgegebene Grofe ist
(Lemma 2.17 und Lemma 2.18). In allen Féllen werden Dirichlet-Randbedingungen an das elek-
trische Potential V' gestellt. In den jeweiligen Lemmas wird mit Hilfe des Maximumsprinzip
zudem bewiesen, dass die Elektronendichten strikt positiv sind.

In Lemma 2.21 wird mit Hilfe von Fixpunktargumenten das Existenzresultat fiir periodische
Randbedingungen mit vorgegebener Gesamtmasse der Elektronen auf beliebig grofle, nichtkon-
stante Fermi-Potentiale erweitert. Unter einer Kleinheitsbedingung konnte ein entsprechen-
des Resultat auch fiir den Fall von homogenen Neumann-Randbedingungen unter Vorgabe der
Gesamtmasse der Elektronen gezeigt werden (Lemma 2.29).

Durch die Umformulierung (A.1) wird die Relevanz eines charakteristischen Parameters des
viskosen Quanten-Hydrodynamikmodells ersichtlich. Es ist zu erwarten, dass der Koeffizient
k= €2 + 12 der hochsten auftretenden Ableitung einen signifikanten Einfluss auf die Losungen
hat. In Kapitel 3 wird das qualitative Verhalten der Losungen n = n, und V = V,; untersucht,
wenn ~ gegen Null konvergiert. Wir betrachten konstante Fermi-Potentiale und die Félle von
homogenen Neumann-Randbedingungen und periodischen Randbedingungen fiir die Elektronen-
dichten. Es werden zudem die jeweiligen Falle betrachtet, wenn zusétzlich die Gesamtmasse der
Elektronen vorgeschrieben wird. In Lemma 3.1 werden zunéchst gleichméflige punktweise Ab-
schatzungen 0 < Cy < n, < (' fiir hinreichend kleine & fiir die Elektronendichten nachgewiesen.
Wir betrachten im Anschluss den Fall stiickweise konstanter Barrierepotentiale Vz. Es werden
Normabschétzungen fiir die Ableitungen von u,, := y/n, im Inneren von Teilintervallen, in denen
Vp konstant ist, hergeleitet (Lemma 3.5). Dies erméglicht es, die W2-Konvergenz der elek-
trischen Potentiale Vj; gegen eine Grenzfunktion Vj nachzuweisen, wenn s gegen Null konvergiert.
Fiir ein maximales Intervall [z, z1] der Lange L, in dem das Barrierepotential Vg konstant ist,
wird in Lemma 3.8 bewiesen, dass die Wurzeln u,, der Elektronendichten der Abschétzung

lug — ui||L°°(so+51/4L,317n1/4L) <CrM™ (0 < K < o)

fiir eine gewisse Grenzfunktion ug geniigen. Es stellt sich heraus, dass diese Grenzfunktion an
allen Sprungstellen von Vg ebenfalls unstetig ist. Wir befassen uns mit dem Existenznachweis
und der expliziten Darstellung von fluiddynamischen Grenzschichten, welche sich an den jeweili-
gen Sprungstellen sy der Grenzfunktion ug ausbilden. In Korollar 3.12 wird zunéchst gezeigt,
dass die Ableitungen v/, (so) von der GroBenordnung x~/2 sind. In Lemmas 3.13 und 3.15 wird
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eine lokale Darstellung

UO(SO + ) ( . ) 1/8
= 20T V(= O
uk(so + +) o (501) w(—m+ee)+ (k%)
der asymptotischen Entwicklung nullter Ordnung der Funktionen u, mit einer gewissen Funktion
w : (0,00) — R und eindeutigen positiven Konstanten ¢, hergeleitet. In Korollar 3.19 wird die
globale Darstellung

U
Up = "W, + R,
Co

im Intervall (0, 1) mit gewissen Funktionen ¢g und Wy, eingefiihrt. Es wird abschlieflend gezeigt,
dass die verbesserten Resttermabschatzungen

IRellz2(01) < CxY? und || Rl poe(or) < O/

erfiillt sind (Lemma 3.20).
Im letzten Kapitel befasst sich diese Arbeit mit einer Variante des stationéren bipolaren Quanten-
Drift-Diffusionsmodells

F o= V4 hy(n) - 2800,
A
G = Vi) -,
div(up,nVF) = Ro(n,p)Ri(F,G),
div(—pppVG) = —Ro(n,p)Ri(F,G),
| “NAV = n—p-2_C,

welche die Enthalpien
hn(n) =T,In(n) und hy(p) =T, In(p)

verwendet und durch die quasi 1D Approximation

F = V+T,In(n) —52‘\//2”,

“AV" = n—exp(V/T,) - C

(A.2)

im Intervall (0, 1) gegeben ist. Hier bezeichnet C wieder das Dotierungsprofil des Halbleiters, € die
skalierte Planck-Konstante und A die Debye-Lange. T;, und 7}, sind die Temperaturkonstanten
der Elektronen n beziehungsweise der positiven Teilchen p. Es werden die Randwerte

n(0) =0, n(l)=ng, V' (0)=pB(V(0)-"Vgs), V'(1)=0

und das konstante Fermi-Potential F' = Vg + T, In(np) betrachtet. Die Wahl des Randwertes
n(0) = 0 bewirkt die Bildung einer fluiddynamischen Grenzschicht an der Stelle z = 0, deren
Nachweis in | | von S. Bian, L. Chen und M. Dreher erbracht wurde. Dort wurde gezeigt,
dass die Elektronendichten n = n. und die elektrischen Potentiale V' = V, fiir ¢ — 0 gegen
Grenzfunktionen n, und V, konvergieren und dass die asymptotischen Entwicklungen nullter
Ordnung

0 = 0020 (g) +Ro, und V:=Vo+ Roy
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gegeben sind. Hierbei ist o. = /ns, 00 = /%, Vo = Vi und Zy die Losung der Differential-
gleichung Z{| = 2T,,Z1In(Zy), Zy(0) = 0, lim,_,oc Zo(y) = 1. Dariiber hinaus wurde in | ]
gezeigt, dass die Restterme den Abschéatzungen

HRQQ

l2001) < Ce, || RollLeo(0,1) < Ce®* und [ Ro,v[lwr2e,1) < Ce

geniigen. In Kapitel 4 werden durch formale Rechnungen Differentialgleichungen fiir Funktionen
01, V1 und Z hergeleitet, welche die asymptotischen Entwicklungen zu

0: = 0020 (£) +e01Z1 () + R, und Vo=Vy+eVi+ Ry

erweitern. Die Differentialgleichung fiir die Funktion Z; (vgl. (4.25)) ist singuldr und ein
entsprechendes Existenz- und Eindeutigkeitsresultat ist der Inhalt von Lemma 4.4. Umfang-
reiche Rechnungen zeigen die Resttermabschiatzung

[721,] 32

£20,1) + |1 R1oll o0,y + 1Ry lw201) < Ce

(Korollar 4.12). Anschlieende numerische Ergebnisse weisen darauf hin, dass in dieser Ab-
schiitzung sogar die Konvergenzrate 2 zu erwarten ist.
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